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1. In this paper we consider the problem of function reconstruction by its
values on the equidistant grid.

It is well known (see [1]) that for a rather smooth on [—1,1] function f

with smooth 2-periodic extension on the real line the classical trigonometric
interpolation
N } inx
]N(‘f’x)_zn:—N' n€ s
2innk

1 N 2k
— 2N+1
} - 2N+12k-Nf(2N+lje ! M

effectively solves the problem. Otherwise, if 2-periodic extension of a smooth
on [—1, 1] f function on the real line after extension is discontinuous then the
quality of interpolation near the endpoints is degraded by the Gibbs
phenomenon (see[2]).

An approach which is not eliminating the Gibbs phenomenon but mitigates
its effect is suggested in [3] where the "quasi-periodic" interpolation 7, (f.x),

meZ , m>0 is introduced. This interpolation is exact on the segment [—1, 1]

for quasi-periodic functions

inax |V 2N
{e }":‘N’a:2N+m+1’ @

with the period 2/« . Therefore, when N — o then a — 1. Interesting feature
of such interpolations is the possibility to interpolate functions on the grid

k
N

X, , k=-N,K,N (3)
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which includes also the endpoints x = +1 of the interval. Such interpolations are
known as the "full-interpolations" ([3]).
We introduce explicit formula for the quasi-periodic interpolation for all

m > (0 and investigate its convergence properties on the entire interval [—1, 1] of

interpolation in the L, norm. Exact constants of the asymptotic errors are
obtained. The results of numerical experiments confirm theoretical estimates.
Some results of this research were presented in [4] and [5].
2. In this section we derive an explicit form of the quasi-periodic
interpolation for all m>0. The cases m =0 and m =1 are presented in [3].
Consider the following formula

Iy (f,x) = ZI]cV:—Nf (]Ii’jak (x), X e [—1,1] 4)

with unknowns a, (x) . We get the following system of equations for

determination of the unknowns as we assumed that (4) is exact for the system

)

2imINx N 2irlk
e2N+m+l _ Z e2N+mHg (x), |l| <N . (5)
k=—N
For solution of (5) we add some new unknowns and equations getting the new
system

2irlNx N+m 2irlk

e2N+m+l = z eNemig (x)+8, (x), [=-NJK ,N+m, (6)
=N
where
aZ(x):ak(x) if |k|§N, and aZ(x):O if k=N+LK ,N+m @)
and

&(x)=0, ||<N.
_ 2inls
We multiply the both sides of equation (6) by e 2¥+™+! and sum over/

N+m  2irl(Nx—s) N+m N+m  2irl(k=s) N+m _ 2inls
Z e N+mtl — Z z e 2N+m+l az (X)+ z e 2N+m+181 ()C)
I=—N I==N k=-N I=N+1
By application of the DFT we get
| ziﬂl(NYf—S) 2irls
a, (x)= Z]i“” o 2N+m+l _z]i“” e 2emtg (x) (8)
2N+m+1 I==N I=N+1

Using conditions (7) we derive the following system with the Vandermonde
matrix for determination of ¢, (x)

I=N+1 (=N

2irls 2inlx 2in't(Nx—s)
N+I7l I — A~ . N P
z e 2N+m+l gl(x)_eZN-Hn-H — E e 2N+m+l s s=N+LK ,N+m (9)
After some transformations we obtain
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2intNx  2int(s—N-m)

m N
z o Vs+1,1<%’(x) — th_NeZNerHe Wemel g = 0K ,m—1

where
2in'(l+N)(N+m) 2iir(l+N)Nx
‘;%o(x) —e 2N+m+1 &N (x)_e 2N+m+1

and
2in'(l+N)

_ 51 — » 2N+m+1
v =a  ,a=e .

Following [6] (see also [7]), where the explicit form of the inverse of the
Vandermonde matrix was constructed, we derive

e ! :z‘_v_lyjalj ,L,s=1LK m,
) i=0
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" aSI Im (a —-a;
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where y; are the coefficients of the polynomial

Hzl(x—ai ) = Zioyixi .

Hence the solution of (9) can be written explicitly
2inINx 2iirl(N+m) 2imtNx 2i7Tt(S—N—m)

m—1 N
— p2N+m+l 2N+m+l -1 2N+m+l, 2N+m+l
g (x) =e +e E oo VI=Ns41 E e e

[=N+1LK ,N+m.
Substituting &, (x) into (8) we get
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m—1 N I e—
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Substituting this into (4) we get the explicit form of the quasi-periodic

interpolation
2irnNx

Ly (f3) =D By e, (10)

Ey(f3)= Fon =30 0,0 (m) Fr an

2innk
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+m+ Py

and
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i G G L0 S i s—ivTm)
— 2N+m+l -1 2N+m+l
Hn,l (m) =e Z 0 Vis+1€

S=

By Ry, (f,x) we denote the error of interpolation

Ry, (f,x):f(x)—IN!m (f,x). (12)
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3. In this section we investigate the convergence of the quasi-periodic
interpolation on the entire interval in the L, norm.

First we need some lemmas. Let f e C7*7) [-11] and

xe |1, L}

l(x) _2N+m+l
. 2N +m+1 [ 2N 2N
= e A el - R 13
S (x) f[ 2N xj g L 2N+m+1 2N+m+l} (13)
r(x), re| 2
| 2N +m+1

where

() (_ ]
l(x):zq+p‘f ( 1)(2N;]$1+1x+1jj,

ST

r(x):ZfHP f(j)(—l)(zNJ,-m-plx_le'

0 2N
By f, we denote the 7 -th Fourier coefficient of f

1 ! —irnx
I :EJ._lf(x)e dx .

Also we denote
D 1=k (1) _
()= 19 )= 79 (1), k1 =0K g
Lemma 1. Let 19 € AC[-1,1] for some q>0 and

0= r%1)=0, k=0K ,q-1. (14)

Then the following estimate holds as N — oo and |n| >N

* (_1)"+1 2n J —q-1
=— 7 L , 15
I v eme e P v e me roln) (>
where
4 1)

:uq,m(x)zzq kfI(f)(m+ ) (16)

k=0 ng-k (l.”)k+1 (C] —k)!xk+1 ’
Lemma 2. Let 17" ¢ AC[-1,1] forsomeg,m>0, g+m=#0 and

=M )=0, k=0K ,q-1. (17)
Then the following estimate holds as |n|<N and N — oo

n+l
[y — [ = ]+0(N'q'l)’ (18)
’ (2N+m+1)N? " (2N +m+1

where

243



v xX)= 1 Akq (f)(m-"_l)q_k (—l)l’(m+1) _
) S

(2r+x

S _ _ )
zj_;%mg;;(_l)(emm)f} (19)

and

(_l)r(m+1)

)k+1 :

. i m—1)x ©
(Dk’m (em'x) —e 2 ( ) Z .
Now we prove the main theorem of this paper.
Theorem 1. Let 17" ¢ AC[-11] forsome g.m>0, g+m=0 and

20
(2r+x 20

=B y=0, k=0K ,q-1
Then the following estimate holds

: 2g+1 2 B ) | ,
llmNA)oo NIt RN,m (f: x)"Lz(—l,l) —EJ._1|Vq’m (x)| dx+EJ.‘x‘>1 :uq,m (x)| dx —
iir(m+1)xh in'(m+1)xh 2
m+1 1!
2 Ja I—lvq’m (h)e oodhe \h\>1ﬂq,m (h)e 2 dh| dx

where functions v, (x) and u,, (x) are defined in Lemmas 1 and 2.

Proof. We divide R, (f,x) into three parts

R (700 )= [ R (70 =

2N 2
2N+m+1 ron 2N+m+1
= 2N _ZNENH RN,m (f: 2N XJ‘ dx:
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2
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2
1
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N J._l N,m[f: N j‘ 174 =143
where
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m+1

2
IRNm[f’m+1x_2N+m+lJ
o[

=" dx .
2N 2N 2N
First we estimate /,. We have
N . N
— *_ o 2N+m+1 * 1 2N+m+1
RN,m (-f’x)_zn:_N(.fn Fn,m)e +Z‘n‘>N . (21)

Therefore
2

2N +m+1o N * 2 2N+m+1 *
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In view of Lemmas 1 and 2 we obtain
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1 2n
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Tending N to infinity and replacing the sums by the corresponding integrals
we get

+0(N2q_1), N —> oo

1! 2 1 2
: 2q+1y _ = 2
]\lflinooN ]1 B 2 J._1|vq’m (x)| dx+ 2 J.‘x‘>1|'uq,m (x)| dx
Now we estimate L, . From (21) we get
2N+m+1 m+1
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o (‘f 2N 2N j
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N np* S Nemal 2N+m+1 Z _iﬂx2N+m+1
PINNCIN TS T * \n\>zv Jne

According to Lemmas 1 and 2 we derive

2N+m+1 m+1
Rual TWJ
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1 2n —iTX—— B
(2N+m+1)N? Zﬂqm(2N+m+l} Wt o(NY)

‘n‘>N
Tending N to infinity and replacing the sums by the corresponding integrals we
derive

lim NYR f2N+m+1_m+1x _
Nowo T oN 2N
1 ) _tir(m+1)xh 1 _tir(m+1)xh
h 2 —— 2 dh
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11 —in'(m+1)xh —in'(m+1)xh

. m+1 Zrm )X
thHOO N2q+1]2 = TJ. J.vq,m (h)e 2 - ‘h‘>1:uq,m (h)e 2 dh|2 dx .

0]-1
Similarly
+1 1|1 in'(m+1)xh iir(ln+1)xh
. 2q41; _MmH1 J' 2 _ 2 2
Jim N = E [y, (R)e oo ()¢ dh|? dx,

0]-1
which completes the proof.
Remark 1. Lemma 2 and Theorem 1 are valid also in the case g +m =0

with more strict condition f”e L,[-L1].

4. Consider the following function

f(x) = sin(x—l)
Let's denote
CNom (f) =N"? "RN,m (f’x)||L2(-1,1)
and
e (/) =1imyo N2 Ry ()], -

Table 1 presents the values of ¢y, (f) for different 7 and moderate values of
N . For comparison the last column presents the values of ¢, (). We see that

numerical results (however for this specific example) confirm theoretical
estimates of Theorem 1.

Tablel
Numerical values of ¢y, (/) and ¢, () for different values of N and m while

interpolating the function f’ (x) =sin (x - 1) by the quasi-periodic interpolation

N=16 N=32 N=64 N=128|c,(/)

m=0 |0.174552 0.172947 0.172117 0.171695 | 0.171268

m=1 |0.034082 0.03315 0.03275 0.032568 | 0.032399

m=2 | 001044 0.010017 0.009836 0.009754 | 0.009678

m=3 10.003763 0.003545 0.003455 0.003415 | 0.003379

m=4 | 000148 0.001364 0.001318 0.001298 | 0.00128

m=35 |0.000617 0.000554 0.000529 0.000519 | 0.00051

m=6 | 0.000268 0.000233 0.00022  0.000215 | 0.000211

m=7 | 0.00012 0.000101 0.000094 0.000091 | 0.000089
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L. D. Poghosyan
On L, - Convergence of the Quasi-Periodic Interpolation

We discuss the problem of function reconstruction via pointwise values on uniform
grid and in that context consider the quasi-periodic interpolation. The latest is exact for
quasi-exponential functions which allow inclusion the endpoints of the interval into the
grid. We derive explicit formulae for the corresponding interpolations and investigate
their convergence. Exact asymptotic estimate of the L, error is obtained for smooth
functions. Comparison with the classical trigonometric interpolation is performed.

L. Y. Mnnnujwui

LJuqh-yuppipuljwh htnkpynihwghugh
L, - gqmiquuuhwnnipjut dwuhb

Lutiupyynud £ $nialjghwyh JEpujuiqudwt jpinhpp hwjwuwpwsuth guugh ypu
hwjnuh wpdtputpny, b wyn huwdwnbpunnud nhnwpyynd £ pjuqh-wuppbpului
htnbtpynjhwghwt:  Zowpwynpoipynit B wewowimd  guwugnud  tkpunbine  twb
hwwnduésh swjpwljtnbpp, putth np hunkpynihwghwt &ogphwn b pjuqh-yuppbpulju
Epuynubughw) $mulghwutiph hwdwnp: Unwgyl] i hamdwywinmwupwub ptinkpun-
lhwghwtbph pwgwhuwyn pwbwdlbp, niumdtwuhpdt) b tputg qniquuhnnipmniup:
Nnnpy dniuyghwtbph hwdwp abpyuyuglty b L2 upiwh wuhdynnunulub  £2qphwn
quwhunwlui: Guunwpdl b hwdbdwnmpnit quuuljut Epwtlnibwsuhwljut
huntpynihughwyh htwn:

JI. JI. Tlorocsin
00 L,-cxoAuMOCTH KBa3UINEPHOANYECKOH MHTEPNOJIsINU

O0cyxaaercs npodiaeMa BOCCTAHOBICHUs! (DYHKIIUM 10 U3BECTHBIM 3HAUCHUSIM HA
PABHOMEPHOH CETH U B 3TOM KOHTEKCTE pacCMaTpUBAETCs KBa3UIIEPUOAUYECKAT HHTEP-
nomsanysa. TOYHOCT MHTEPHONALMK JUI KBa3UIIEPUOAUYECKHMX SKCIIOHEHIUATIbHBIX
GyHKLIUH ITO3BOJIAET BKJIIOUEHHE B CETh TaKXKe KOHIOB OTpe3Ka. llomydeHs! siBHblE
(GopMyInbl I COOTBETCBYIOIIUX HHTEPIONALMMI U U3ydeHa UX CcXO0AuMocTb. Ilomy-
4eHbl TOYHbIE ACHMITOTHYECKHE OLEHKH L, omubku Ad rragkux QyHkuuid. [Ipose-

JCH CpaBHI/ITe]'II:HI:IIL/'I aHaJIU3 C KJIACCUYECKON TpI/II‘OHOMeTpI/I‘IeCKOIL/'I PIHTepHOJ'ISILIPIeﬁ.
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