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UnA; eANHNYHbIM Wap M R"; NPoCTPaHCTBO CO CMeLlaHHOM HopMmoOW; AApo lyaccoHa-
beprmaHa.

l. BBegeHune

BO3HWKHOBEHNE MOHATUN APOOHOr0 WHTErpupoBaHUa N anddepeHUNpPoBaHUA B
XIX Beke noHayvany OblII0 CBA3AHO C TEOPWEM WMHTerpanbHbIX U AnddepeHUnanb-
HbIX YpaBHeHUN. 1pOOHLIMK UHTErpanamMmum n NponsBoaHbIMK 3aHUManncb Abenb, Jln-
yBunnb, PumaH, Apgamap, Bennb, Xapawn, Jinttneya, M. Pucc n gpyrme, cM. MOHO-
rpapuio Camko, Kunbaca, MapuyeBa [1), rae MOXHO HaWTW MNOAPOOHbLIE CMPaBKMW.
[To3aHee, ApobHOe MHTerpoandmepeHUnpoBaHUe Hallo0 HOBble MPUMEHEHUA B TeO-
pun yHKUMKU. OHO OKasanocb BecbMa 3PMEKTMBHbLIM CPeACTBOM, B 4aCTHOCTW, B
TeOpUN Knaccnyeckux yHKUMOHaNbHbIX MPOCTPaAHCTB, cM. [2] - [9].

OAHUM N3 HeAOCTATKOB APOOHbLIX MHTErpanoB 1 NPOU3BOAHLIX ABNAETCA UX Pa3HO-
obpasne n 4acto HeCOBMECTMMOCTb APYT C APYromM, B TOM 4YuUCne B pas/IMYHbIX NPU/IO-
XeHnax. LUnpoknm BbI6Op pasnmMyHbIX TUNOB APOOHbLIX WHTErpanoB N NPOU3BOAHbLIX
obpaulaeTca B NPenmyLLlecTBO, Korga HY>XHO MUX NPUCNOCOBUTL K TOMY WKW WUHOMY
MPUMEHEHMUIO.

B HacToAWeN paboTe Mbl pa3BMBaeEM U MPUMEHSAEM K/aCCMYeCcKoe UNTerpoammec-

peHUMpoBaHne PumaHa JlnyBunns B3ajavyax U3 TEOPUM rapMOHNYECKNX MPOCTPAHCTB
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BIt ( > 2). Beegem Heobxoanmble 0603HayYeHUdA. Tlyctb B = Bn —OTKPbITbIN ean-
HUYHbLIM wap B R", = nB —ero rpaHnua, eanHnyHaa cepa. IHTerpasabHblie cpef-

HMe nopaaKa p rapMoHuyeckon yHKUUM n(x) = KU(rC) Ha cpepe |X| = 7 0603HAYEHHI.
KaK 00bl4YHO, 4yepes

Mp(wr) = u(r-) LP(s.da): 0<r<1, 0<p<oo,

roe da (7 —1)-mepHas nNnoBepxHOCTHadA neberosa mepa Ha 5, HOPMUPOBAHHAA YC/0-
BueM ( ) = 1. MHOXeCcTBO BCEX BELUECTBEHHbIX FAPMOHMUYECKUX PYHKUWUW B LUape
B o6o3Hauum 4epe3 h(B).

Onpeaennm npoctpaHcTBO h(p, €,a)(0 < p,q < 00,a € R) co CMELIAHHOW HOPMOWA

KaK MPOCTPaHCTBO Tex rapmMoHuyeckux yHKumMm n 6 h(B), AN KOTOPbIX KOHEYHa

KBa3MHOpMa
1 \ 17
1 & —r)ag~ [Miu- ), 0 < g <00,
u \\h(p,q,a) \ V<o /
Su 1- r)aMp(u;r), —00.
sup (- NaMp(u; :

[Tpn p = g < oo npocTtpaHcTBa A(p, (/,a) coBnagardT C BECOBbIMU Kraccamun bepr-
MaHa. a Npu <= 00 UX 0ObIYHO Ha3bIBAKOT BECOBbLIMM MpPOCTPaHCTBaAMU Xapawu.

MHoro paboT nocssuweHo npocTtpaHcTBam li(p, €,a) CoO cCMeLWaHHOW HOPMOW WU KX
aHasioram, cCoCcToAWNUM N3 TONOMOPMHBLIX, MAKPUTAPMOHNYECKNX U TAPMOHUYECKNX
Qy-HKUUN B Kpyre unn wape n3 Cn nam Rn.

[TpocTpaHCTBa CO CMELWaHHOW HOPMOW ANA TONOMOPMHLIX B €AUHUYHOM Kpyre
byHKUMIN 6binn BBeAeHbl Xapaun n Jinttnsyaom [2],[3]. Mo3aHee, dneTT [6[,[7] 3HAUN-
Te/IbHO pa3BW Teoputo, a B AanbHenwemM ObINN NMOAYyYeHbl MHOTOMepPHble 0606LEeHUA
pe3ynbTatoB Xapawu, Jinttneypa, ®netta B obnactax n3 C" m R7L lpocTpaHcTBa
h(p,p,a), h(p,g,a) B eAMHNYHOM WIape n3 Rn nayyanucb B pabotax [10)-[21], a npo-
cTpaHcTBa h(p. g, a), cocTodAWMe U3 -rapMOHMUYECKUX PYHKUMWN B nonuancke n3 Cn,
n3yyanuncb B ctatbax [22] - [24].

OCHOBHbIM HallMM NPUNOXeHUeM APOOHLIX O0NepaTopoB B TEOPUU FapPMOHUYECKUX

MPOCTPAHCTB ABNASETCA CreAyloLlee WHTerpasbHOe MpeacTaBNeHMe B MPOCTPAHCTBAX

h(p,q,cx) co cMewwaHHON HOPMOMN.

Teopema 1.1. Tlyctb 0<p, < o00,a >0,1n6 h{p,g,a) -- Npon3BoNbHAA PYIK-

una [TlycTb BbinonHeHo 0 < p,q < 00,73 > max{a --( - I)(I/p - 1), a}, nuobo
4
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1<p<o00 0<qg<l]ft >a Torga

(11) HT) =S -\t ~dpty)ugy)dVviy), XeB,

roe P q(X, y)aapo I‘IyaCCOHa-EeprM%Ha, onpeaeneHHoe B naparpade 5.

3ameyaHune 1.1. B yactHOM cnyyae p - g> 1 1m0 =a unau anga euwe 6onee y3Kux
KnaccoB aHanornyHoe WHTerpanbHoe npeacTasneHne nonyyvyeHo B [10L111],[13],[14],
[18], a c 6onee ob6wmmn Becamun —B [17],[19]. Ana ronomMopHbIX PYHKUUA B eaun-
HUWYHOM uiape M3 Cn Teopemy 1.1 npn 1 < p,q < 00 MOofieHO HanTwn B [25],[26], a And
N-rapmMoHUYecKnx PyHKUUN B noanmancke —B [22]

2. 0pobHOe mHTerpoamdpPepeHUNpPOBaAaHNE B EAVUNHNYHOM

KPYT'E HA TMTNOCKOCTW

B sTom naparpade mbl npuBoaAUM onpeaeneHne N3BecTHOro onepartopa Da apobHO-
ro UHTerpoandmepeHunposaHng PnmaHa Jinysunna v ogHy ero moandpukaunio b(l.
Bcerga 6ygem cumtaTb, YTO NPU MOSOXKUTENBLHOW CTeneHun a onepatopbl Dn wu
npeacTaBNAlOT ApPOOHOe AndmepeHUMpoBaHMe nopAaaka a > 0, a Npu oTpuLaTeb-
HOW cTeneHW a onepatopbl Da 1 V n Bbipa)atloT APOOHOE MHTErpmpoBaHMe Mopsaka
al > 0. B cnyyae a = 0 nonaraem, 4to DO 1 'DO - TOXAOECTBEHHble onepaTopsl, T.e.

D°f=/ nB0o/ =/.

OnpepneneHune 2.1. ([ApobHoe uHTerpoantxmpepeHumposaHe PumaHa-Jinysunng Ha
M2 TlycTb 3agaHa pyHkumns /(r) oaHou nepemeHHonm r £ [0,1). Torpa

(2.1) D2°/(r) := F(a)\JL\r- tr-"m dt- L@ JL (1 - t)a- If(tr) dt,
]\ m.
(2.2) D?f(r) := (- ) f{r), D?f(r) := D~(m-a)D? f(r),
1 -1
(2.3) Or7(r):=r-1D;af(r) = rll\7VI 1 f(tr)dt>
(2.4) DJI(r):=Z3){r“[(r)},

e 0<r<1,a>0,m€Z m>0,mMm—1<a<m.

HWXHUM MHAOEKC 2 Npu onepatopax CTaBUTCA, MOCKO/IbKY Aasee Mbl MPUMEHAEM
MX MO OTHOLLUEHUIO K PYHKUNAM, 3aaHHbIM Ha MJIOCKOCTW, U B YACTHOCTU Ha eanHNY-
HOM Kpyre D. B nocneaywLwmx pasgenax Mbl 0yaem paccmaTtpuBaTtb onepatopbl DY

TakXe rio OTHOLUEeHUD K (PYHKUMam, 3aaaHHbIM B IR7. BBepeHne moanmukauumn 2)
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00yC/nOB/IEHO TeM, 4YTO onepaTtop D% He coxpaHAeT ro/IoMopgHbIe U1K rapMoOHNYec-
Kne (yHKUuUn, a onepatop '‘DJ — coxpaHseT, T.e. . #HIO>) —»AD) n £
[?(D) — >/t(D). 3ameTnMm, 4TO onepaTop AnpeepeHUNpoBaHNA b\ nepBoro nopsaaka
He coBnagaeT C 0ObIYHOW YaCTHOM UNU KOMM/IEKCHOW MPOU3BOAHOW, MMeHHO *D\f —
A (r/)> KOTOpYlo Ha3blBalOT paananbHOW MPou3BoAHON (hyHKUWUK [. IHOrga 6ynem
nucaThb ' M QE£r, YTOObLI YKa3aTb MepeMeHHYK . N0 KOTOPOW BbIMOSIHAETCA MHTe-
rpupoBaHue nnn anm@epeHUnpoBaHue.

Onepatopbl D% 1NV  XopoLio Nnpucnocob6/ieHbl K NPUMEHEHN0 K CTENEHHbIM (PYHK-
unam. Cneayroulasga nemMma nNpoBepsaeTca NPOCTbiMU BblYNCNEHUAMN.

Jllemma 2.1. lNMpna >0, kK> 4, T6Z T >0, = D% T)(¥= ) umewT
MeCcTO clieaylollne TO>KaecTBa:

(2 5» =

F(*+1)
(2.6) Dm{rfc} f e
(2.7) - ) +  * I' «,
<28) ® “N"> = £7 )
(2.9)

[ToMmMuMOo onpegeneHna 2.1 nocpeacTBOM APOOHbLIX WMHTerpasoB MMeKTCA Apyrue
CMocobbl onpeaenenna APOOHOIo MHTerpoaAnm@epeHUnpoBanng Yepes pasnoXXeHnsa B
cteneHHble paabl, cMm. [1], [3], [B] [7). Moao6bHble pasnoXXeHnUa yaobHbl AnA pacnpo-
CTpaHeHNa ApobHOro MHTerpoandepeHUnpoBamma Ha PYHKUNN, 3adaHHble B Rn.

3. 1po6HOe MHTerpmposaHme PumaHa-JIMyBuUNNA 4019 TAPMOHUYECKUX W

HEFTAPMOHWYECKUX ®YHKUWW B R n

BHauane onpeaennm ApobHoe mnterpoandhepenumpoanme ana rapMoHNYeCcKnX
B R7 pyHKUMW. T10N0XKMUM, 4YTO rapmoHu4veckaa qyHkumna /(x) E 11(B) pas3noxeHa B

pAn Mo OAHOPOAHLIM CPEPUYECKMM TFapMOHUKaM Y*

oo dk
(3.1) f{x)="Y]} Jakjr Mcj(C) = ¥ 1QE/I" "Mcj(C)» X= £B,
A—0.7=1 K.]

0
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non (2M-n-|2)(rl

-3)!
e = - —).+K{—C-——)----- pasMepHOCTb npocTpaHcTBa KK(S) cgepnyeckux rap-
MOHWK cTerneHn K. Teoputo npocTpaHCTB 3ik(S) MOXHO HaWTW, Hanpumep, B MOHO-
1paguax [27],[16]. Xopolo n3BeCTHO MOHATUE APOOHOro MHTerpoanddepeHUNpoBa-

Hua (cm. [1],[8], [10]-[20]) ana rapmoHu4Yeckux yHKuUMK (3.1) B Rn, BbIpaXeHHOe B
BUAe paga n3 cpepnyeckKnx rapMoHuK.

OnpepeneHune 3.1.

(3.2) M =-E (*;

: afno. «>»,
k=Qj=l v "7

(3-3) Ll aer)Ne = X J ki rk (0, a > 0.

[lpyron, 6onee obLnM cnocobd onpeaeneHnsa APoOHOro MHTErpMpoBaHUA nopsaka a >

0 BbIpa)KaeTcs yepe3 ApoOHble MHTerpanbl PumaHa-/1nyBunns nogobHoO cnyyaro n =
2.

OnpepeneHune 3.2.

onat wm=— [V - dt=
r<il+n/2-1 rli r .
(34) = ~1>)~ (1 = A24{-"12 1/(0-)}

310 npsamoe ob6o6LleHNe onepaTtopa  * (cM. (2.1)) Ha /r-mepHbIN cnydvan. Kak u
npu N = 2 onpeaendem ero moangukauuo D“a (cpaBHu ¢ [12], [8]).

OnpepeneHune 3.3.

ar'nt)/(z) := =1r-N "M OT {r«/2-1/(1)} =
3.5 = 1 £ DK *)l /21
(3.5) Fa) o )T 12
[TpenmMyLLecTBO MOAUMUKAL NN nepea onepatopom D~Q cOCTOUT B TOM,
4yto onepaTtop V ~£n ) coxpaHaeT rapMoOHWYECKNE (PYHKLUKU, T.e. : [1(B) —>

h(B). 9Tum Xe npemmyLlecTsoM 06/1aaat0oT onepatopbl T>pr). NocKonbKy 06a one-
%

patopa B”£cr) m X ' N BbipaXkaloT nepBoobpasHyto nopsaaka r>> 0 yHKUum /,

TO BO3HWKAET eCTeCTBEHHbIM BOMPOC 006 MX CBA3W. Ha camom aene 3aTu onepatopbl

coBnagatoT AN rapMOHUYECKUX PYHKLUWW, YTO BbipaXkaeTcs CrneaytoLllen nemMmmon.
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NNemma 3.1. IBa onpepeneHnsa (3.2) n (3.5) ana nepsoo6pasHonm T)ny (a > 0) coB-
nagawT A4 rapMOHUYEeCcKUX yHKUuUKM B B, T.e.

®,7( ,m>/(*) = K (int)fi*) —m= *€ B, [ €J1(B).

[loka3aTenbCcTBO. [lycTb rapmoHunyeckana qyHkumus / € h(B) pasnoxeHa B psjg 1o
cpepnyeckum rapmoHukam no opmyne (3.1). Torga no onpegeneHnam (3.5) n (3.3)

V n(int)f(X) = (J- t)a 1 dt =

(1- t)a 1( £ akjtkrkFfcj(C) J I'2 1dt

_ Cakjrk YKJ(C) ( fFAN 1 -y tk+n'2 ' odt
Vy ki TS5,
r( é It + n/2‘)' rkYk (C) - »(*«o)l)lls )

ito W TpeboBanocb NnokasaTh.

B yacTHOCTW, AoencTBme onepatopa T)ma Ha MOHOMbI Tuna r7 (a > 0, 7 > —n/2)
NPUBOANT K MOJSIE3HON 40pMYy/ie

it {r7y = — f\\ tr-\trytn2Ut = — reniz)

r(«) r(a+ [ 4-n/2)

4. OnpepeneHne MmoampuukKkaumm APOBGHONW MPOM3IBOOHOIN

Pumana—Jluysumunna B Rn

Ecnu onpeneneHne 3.3 onepartopa ApoObHOro MHTErpMpoBaHna NOBOJSIbHO eCTECTBEH-
HO N yA06HO, TO onpeaeneHne COOTBETCTBYHOLLEro onepartopa IPpo6HOro AndmepeHUUpo-
BaHWA Bbl3blBaeT HEKOTOpPble Npobnembl. Mbl yXKe onpeaennnan ApodbHoe ANMHEpPEeH-
LnpoBaHue (» > 0) AnAa rapMOHWUYeCcKOW MYHKUMMN 4epe3 pa3fioXKeHue B
pAn no c(}xdH4yecknm rapmoHukam (3.2). Takoe onpezeneHne BMNOJIHE e€CTECTBEHHO
M HEMe[/NleHHO BNe4yeT 06paTMMOCTb Ooneparopa, BbipaXKeHHOe popMy/sion, BecbMa Mo-

Ne3HON B NPUNOXKEHUAX,

2\V o®r/(*) = >[(*)=1/m . | € nB).

TeM He MeHee, XOTeNOCb Obl OTCTPAHUTLCS OT FAPMOHUYECKMUX (YHKLUMIA U UX pa3fo-

XEeHUN B PAfbl MO CHepMYecKUM rapmMoHUKaM K onpeaennTb APOOHbIE MPON3BOAHbIE
8
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KakK obpaTHble K APOOHbIM NepBoo6pa3HbIM A1 60/1ee 06WKX PYHKUMKA. TTo3TOMY BY-
NeM pellaTb credyloLlyo 3agady:. HaAaUTU ABHYIO U YAOOHYIO popMYy ANA APO06-
HOW Npou3BOAHOW Xo£ KakK obpaTHOro onepartopa K APOOGHOMY WMHTerpany

b ~ n EctectBeHHOe nonyrpynnoBoe ceoncteo 'DaT)Pf = Da+”/ enatenbHo, HO He
0043aTeNnbHO.

OpaHa popma ans AopobHOW MPOM3BOAHON B HEABHOM BWIe COAePXUTCA B pa-
ooTax [10], [13] [15], [19], [20] Bbipasnum ee B TepMuHax onepatopa , CM. (2.2).

OnpegeneHue 4.1. ([JpobHaa nponssoaHas nopsaka a > 0)

(4-1) #=Db [@+n/a-,/(te) .., ~ a>0,

rae nNpov3BoHas bepeTcs No NepemMeHHon .

Bce e, 34ecb M3-3a BBeAEHUA OOMONHUTENbHOW NEPEMEHHOW TaKas opma ans
npo6bHOM MPON3BOAHOW CO34aeT HEKOTOPble HEYA0OCTBa B MPUMEHEHUMN.

Cnepytollee Halle onpeaeneHme HOBOM (MOPMbI APOOHOM NPOM3BOAHON 6onee yaob-
HO WU NPMUCNOCO6/1EeHO K Aa/IbHENLLINM NPUMEHEHUAM.

Onpepenedne 4.2. (ApobHaa nponssogHaa nopsagka a > 0)
(4.2) $“/I(*) =r-W-"DZ [+ [ -1(*)

roe nponssoaHaa D% = cM. (2.2), 6epeTcs no nepemeHHou I = \X[, Kak 0ObI4YHO.

[Tpn n = 2, o4yeBnaHO, onepatop 3) ceoautca K DJ, cm. (2.4).
TaK, Ha AaHHbIN MOMeHT B R" Mbl umeem Tpu onpegeneHnsa (3.3), (4.1) n (4.2)

nns Apo6HOM MPou3BOAHOMW. Ha camom aene 3TM TPW ONpPeaeneHus COoBMagaloT A
NPUroaHbIX YHKLUUNA.

Teopema 4.1. Tpwu onpeaeneHna (3.3), (4.1) n (4.2) ApPOOGHbLIX NPOU3BOAHbLIX COBMA-
nalvT A1 rapmMoHuyeckux yHkuun / € h(B), e

(4.3) KAH*) = K («»®)/(*) = ® Ne ). a > °

0 ns HErapMOHMYeCKMX, HO OOCTATOYHO rnagkux yHKuUuKM / coBnagarT onpeae-
nedna (4.1) n (4.2), 1.e.

(4.4) ©nf<no/(*) = a>0"
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[1loKkasaTenbCTBO. BHayane npumeHuUmMm onepatopbl K MoHoMam Tuna(k > 0)
CornacHo (4.1), (2.7), (3.3),

+ +/ 1
g M =1
KI'(a K N/2) noenip— (a+ k+n/2) K
= Uk +n/2) t=1 [(k+n/2) T
CornacHo (4.2), (2.7), (3.3),
rr (n/2- @+tn/2— r-(n/2-1)  ~JHAH+N/2-1

-(n/2- )l (B + ft- n/2) [ k+n/2_1 [cv- k-fn/2)
[(K+ n/2) [(K 4-n/2)
Takum obpasom,
F(d + K4-n/2) K
[(K+n/2) T
Tenepb NycTb rapMoHmnyeckaa B B pyHKuUMa / pasnoxeHa B pag (3.1). Beuay (4.5)

(4-5) Ve { T>R(s*7r) {7K}

N NIMHEMHOCTK OMepaTopoB MOy4HaeM

I)ﬂ(int) T akj rk Ykj (C) ID"(Jne){rfc}] , (o
[(a -flc4-n/2) "k
M (k -f n/2) YO = @Stats),
n Y fifcjir* N i (c) [3n  }] N,(C)

fc
[{a+K+n/2) K

8 [(K+n/2) T

YTO AOoKa3biBaeT paBeHcTBa (4.3).

1N HerapmoHu4Yyecknx MyHKUMmM / HaMm HY>XHO AOKa3aTb paBeHCTBO (4.4), (9)
DE£/(X), nan 4TO TO Xe

02 %k +n/2 1/(n): r-(n/2-1)Da ,a+n/2—1/0*0 Y= £B

=1

BHa4yane 3aMeTum, 4YTo OANA UENblX ra > 1
(4.6) [t"+Pf(tx)\ =r *DZ [r*"+*/(Xx)], a>0,/3>0,

YTO NPOBepPAeTCa HenocpeaACcTBEHHbIM ANPdepPeHUMNPOBaHNEM. DTO B/IeYET PaBEHCTBO

(4.4), 226(N/)/(-1) = ®n f(X) 4na nenbix a = ra > 1. lng HeuenbiXx a > 0 0603HAYNM
ra€ Z ra>1ra—l<q < ra 1. [a] = ra—1.Torpa (4.4) paBHOCUNbHO PaBEHCTBY

DII™-a)DZ ar+n/2— /(+7)

10
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a 9T0 cnepyeT u3 (4.6). 3TUM 3aBeplLUaeTCA A0Ka3aTeNbCTBO (4.4).

Taknum obpasom, A519 BCexX TUMNOB OMNepaTopoB APOOHOro anpdepeHUNpoBaHUS OY-
nemM MnoJsib30BaTbCA eANHbIM 0003HaYEHMEM

(4-7) K(ser)Ne = @n(i.t)/i(z) = 3>S/(*) =: © ;/(*), =+ Of> 0.

lemma 4.1. [Ina oocTaTo4yHO rnagkux yHKUuMn } B niape B 1, B YaCTHOCTW, O/
rapMoHunyeckux yHkumm f £ 11(B) nmeeT MecTO popmyna o6paTUMOCTN

(4.8) V%b-al/(x) = 'D:*D“/(.t) = /(*), XEB, a>o0.

[loka3aTenbCcTBO. 114 rapMoHUYeCKUX yHKUUN opmyna (4.8) oyeBmaHa BBUOY
X Pa3noXXMMOCTWN B pAf CPepUYecKUX rapmoHuK u onpegeneHumn (3.2), (3.3).

[1na 6onee o6WMX PYHKLUNW, ANPPepeHUNpyeMbIX 4OCTaTOYHOE YNCIO pa3, byaem
nokasbiBatb (4.8) nocpeacteom onpeaeneHnn (3.4), (3.5), (4.2). Beuay atux onpefe-
NNEHNN N TOX/AecCTBa (a{x) = A(X) ANa NHTErpupyembiX MYHKUUW O, NOAYHUM

LLI, B (X): =

T-(n/2-\)w ra+n/2-\r-(or+n/2-1) -a|rn/2-1 |

D% °{r”/2 1 )} =7-(«/2 )-."]- (") = f(xy

AHaNOrMyHoO NOKa3biBaeMm
'D-a'DZi(x) =D -"[r-("/a-,) " {r" +nfa- U(*)}] =
= r-(a+n/2-1)D « rn/2-1r-(n/2 I)D” |ra-Hn/2 ly(:B)}

= r~"tn2 1020202 {ra+l1"2 1/(x)} =r (M+ri2- PDra+a/2 1y(2)

34eCb Mbl BOCMO/1b30Ba/INCh TOX/1ECTBOM *D%{r*f(x)} = r*/(x), [3>a.

5. NnuTerpanbHoe npeagctaBneHue A1 rapMOHUUYECKUX PpYHKUUA CO

CMEWAHHOWMN HOPMOW

[Tepengem K npUMeHeHUO ONepaTopoB APOBHOro nHTerpoanddepeHUMpoBanna ans
M3y4YeHUA BeCOBbIX KNacCoB rapMOHUYeCKUX (PyHKUMW. Besne 6yaem Mnosb30BaTbCA
CTaHAapTHbIMM 0603HavYeHUaAMU: X = T£, y=pr], 0<r,p <1, 72 E fK—HopmMmu-
poBaHHaa -MepHaa obbeMHaa Mepa Ha wape B, dMi(X) = nrn drder(E), M(Z?) = 1
KaXxgaa rapmoHmnyeckasa yHkuua u(x) € /1(£) pasnoxuma B psaa 0AHOPOAHbIX Cge-

PDNYECKUX TapMOHUK
oo O
(5.1) n(x) = aki 7k YkNe - E X=r(e B,
fc=0.7=1 fc.i
11
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HanoMHWUM onpefeneHne pacwivpeHHoro aapa lyaccoHa B wape B, cm. [16, rnaBa 6).

OnpepeneHne 5.1. (PacwupeHHoe Aapo [NlyaccoHa B Lwape B)

0]0)

1 —
P(x,y) PO(x,y) := K:()Zk(x,y) = %ﬁOr - Jﬁm%()\)"z\%/m—)nlz, X e B, y€B,

roe ZK  30HaNbHble rapMoHuKK, cm. [27],[16].

PacwinpeHHoe aapo lyaccoHa rapmMoHMYHO B B HO KaXXAaoW M3 MEPEMEHHbIX X W
y. a TakKXe rapmoHu4Ho Ho X npu y € B. OHO obnagaeT Mone3HbIMA CBONCTBAMY
P(x>y) = P(YiIX): P{x,y) = P(ry%)> * = K? pa3naraercd B paa cdepunyeckux
rapMOHUK

00 oc die
P{x,*) = £ Zk(x,y) ="2Y 1 Yk (y) TkYkj (C).
k=0 K—O =1

Ecnn € 5, To P(X. ?) —00bIYHOE (HepacwinpeHHoe) aapo lyaccoHa B B.
Onpepennm Tenepb Aapo lyaccoHa beprmaHa.

OnpepeneHne 5.2. (Appo lNyaccoHa beprmaHa B Liape B)

(5.2) Pa(x.y) :=VAP(x,y) = . ) r"x'y» XYeD a”o
[TopobHble aapa onpeneneHbl B padoTtax [8], [10] (ons uenwix n), [11] - [15], [18§]
[20]. INpn a = 0, oyeBnaHoO, aapo (5.2) cBOANTCA K paclinpeHHoOMy Aapy [lyaccoHa
P = Po B wape B. Aapo lNyaccoHa beprmaHa (5.2) BMecTe ¢ TeEXHUKOW APOOHOro
MHTerpoanmdepeHUNPoOBaHUA NO3BOMIAET BbIBECTU WHTErpasibHyH0 opmyny us Teo-
pembl 1.1 Tuna lNyaccoHa beprmaHa agnsg @yHKuun mn3 h(p,q.a).

Jloka3aTenbcTtBo Teopembl 1.1. O603Ha4YMM WMHTErpasa B NPaBon 4acTu POPMYNbI

(1.1) KaK onepartop

(Tan)(x) := -r/ (1- |y|2“ 1 Pa(x,y)u(y)dV(y), X e B, a > 0.
«1 Ka) JD

CHayana goKaxem Tteopemy and dyHkunun n(x) G /i(1,1,/?). Ana 3Toro BHa4vane

npeanonoXum, uto n(x) € h{B) C(B). lNonarada, uto PyHKUMA U(X) pPa3noXeHa B
12
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paa cpepmyecknux rapmoHuk (5.1), npeobpasyem nHterpan (Tan)(x),

(TOn)(x) - FZ(O) Jn 1 - W20 1Pfi(x,y)u(y)dV(y)

OC

T(/3+ K+ un/2

nr(/3) \{B 1 M2)*-1 g F(K + n/2) Zk{X,y) Y 1 Gmp *mj(y)™ c/V(y)
2 @ [(/9+ [c+ n/2) @ ar ’ NO—1 .
n r(o) M(/c + n/2) my:*OjZI Far F)°7 Zk(x, y)Ymij(y) dV(y).

YuntbiBasa, uto Zk(x,y) = rhpkZk(C n), Zk((,V) = Etx bl O Ti(»?), oTaenbHO
YNPOCTUM MOC/IeAHNIA NHTerpasn, cuntasd K > 0 WMKCUPOBaHHbIM,

oo din
53~ Qqm A~ M) Zc#H)y)pmYTn(n) dV(y)
m 0 Jf=1 D
OC m
onj (@ MY 1pRMZK(C.r)Ymi{v)dV(y)
m =0 jf= D
00 d, 1
nr “m | (I1-P2)1 Xpkpm p" 1(*Jzk(Q,ToYmi*i)da(ri)) dp
m=0j =l O
y 0 d fol d
et - P2)0 1Pk+m+n-1Y,YKki(O Yki(v)Ymj(v)da()) dp
m:Oj:l /\(l t=] 5

nrk+ a kjYki(0 f (I p2f 'qp2k+nldp

j:]_ oD
80
= ar*rt + n/2 a C
2 F(/)f' gfz:+ n/2)) A y Jr(<3

34ecb Mbl BOCMO/1b30BaIMCb OPTOrOHaNILHOCTLIO B L2(S) copepmnyecKux rapMoHMK pas-
HbIX cTeneHen (K  ra). [anee, noAcrtaBnsas, nonyyaem

o 2 TEFRFNZ) KT ¢+ /) ”
(I/cy 7 Y kjiO — 1i(3)
A;=0j=I

Nckomasa pyHkuma 1i(:z) = (77r«)(x), (1.1) nonydeHa. Ana npon3BoibHOU PYHKLNY

ri(x) € Ji(1, 1,/3) npumeHUM AOKa3aHHYK 4acTb TEOPeMbl MO OTHOLLUEHUIO K PaCTAHY-

TON PyHKUMKM us(x) = u(S.r), 0 < S< 1, 4yto npmBoauT K us(x) = {Tpn&){x). lenepsb
13
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OCTaeTcsd nepentn K npegeny npn € 1~ (cm., Hanpumep, [17],[20))
(5-3) WAUs\h(1xfI) p? 6 —>1 ,

W B UTOre nosiyyaem WUCKomyro opmyny (1.1) Ana NPou3BOSLHOW (YyHKUUW © £

OOKaXeMm
Ecim 1< p <00 0< <1, > «, TO cornacHo snoxeHuam [21, Teop.1(1)-(1)]

nmeem /i(p, g,a) C /i(1,1, /3).

Echm 1< p <00, 0< <00, /3> a, To cornacHo snoxeHuam [21, Teop.1(i),(vI)]
nMmeem h(p.q,a) C/i(1,<,a) C /r(1,1, /5).

EcnmO<p<1l0<g<oc ?7>a- (n—1)(1/p —1), TO cornacHo BNOXXeHUAM
[21, Teop.1(iv),(v1)| umeem ( .qg,a) C a4 (n—1)(2/p 1)) C (1, 1, /9.

Bo Bcex cny4yaax nony4daem un{x) E/1(1,1,/3), 4TO CBOAUT A0Ka3aTe/IbCTBO K YyXe

N0Ka3aHHOMY Cnyyalo.

JameyaHue 5.1. Jlerko 3amMeTuUTb, YTO B NPMBEEHHOM, JOKa3aTeNbCTBE Mbl NNLIb
npoBepunn MCTUHHOCTHL (1.1) 6e3 KOHCTPYKTUBHOIO BbiBOAA 3TOW (POpMYy/bl. Takow
MeTO[ OoKa3aTeNbCTBa B CNeuumanbHbIX cnydadax npumeHancda, Hanpumep, B [11],
Bbifno 6bl N0OME3HO HAMTWU KOHCTPYKTUBHbLIM BbiBOA dpopmynbl (1.1).
Halle onpepneneHne apobHon npown3soaHon (4.2), Teopema. .1 n Jlemma .1 no3BONA-
0T HAaWTKU KOHCTPYKTWUBHOE U OYeHb KOPOTKOE AoKa3aTenbCcTBO Teopembl 1.1,

BTopoe nokaszaTtenbcTtBOo Teopembl 1.1. MNyctb n(x) E /r(1,1,/3), 13> 0 — npouns-
BO/IbHaA PYHKUWNA. B cuny qopmynbl obpatumoctun (4.8) u onpeaeneHna 4.2, MOXXem

npeobpa3oBaTh
n(x) = V~Bb*MM(X) = yJd (1- t)0-xV'iu(tx) tn/2-1 dt =
f\i - pd - lvenu
03 o P
2 .
\ - = J f n- I
W ) Jo R A JS : B

(1 - p2)i1 1B P(x,pru(pTi)npn 1dpda(rj)
S

CXoAMMOCTb NOCNeaAHero MHTerpasa BHyTpu wapa B cneayet 13 oueHkKU aapa llyac-
coHa beprmaHa (cm., Hanpumep, [13],[14],[18])
\Pfi{x,y)\ < C{0, ) _ ig.uri*+n-T’ e B.
14



Ob OINEPATOPE APOBHOIO UHTEINrPOANPPEPEHUNPOBAHWA

Abstract. In the paper, a new form of fractional derivative Is introduced for functions
defined In a unit ball In IM. As an application, an integral representation for harmonic

functions with finite mixed-norin in the ball 1s obtained.
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SABNCALLEE OT OPUEHTALVNNN PACIHPEAENEHWE ANV
XOPAbl KAK ®YHKUMNA MAKCUMANBHOW XOPAbl

A. I TACITAPAH, B. K. O AHAH

EpeBaHCKuI ["ocynapCTBEHHbIN YHUBEPCUTET
E-malls: aral987-87/@mail.T u; victo@aua.arn

AHHoTauusa. B [3] n [4) aBTOpbl AOKa3anu, 4To KoBapuorpamMmma W 3aBucsu,as
OT OpueHTauuunm GpyHKUKMA pacnpefeneHna ANUHbL XopAabl ANA TPpeyronbHUKa W 3/-
nnnca ABNAKTCA PYHKUMAMKM MaKCcumanbHOW xopabl tmax(u) B HanpaBneHun W.
B ctatbe nonyyeHo Heob6xoAMMOe yCnoBMe TOro, 4YTO 3aBuUCALLAas OT OPUEHTaL NN
GYHKUKNA pacnpeneneHnsa ANNHbI XopAabl O6biia 6bl PYHKLUMEN 3aBUCSHLLEN OT MaK-

CUManbHOW xopAabl. TakXe MpPuUBeAEH Knacc napannenorpamMmMoB A8 KOTOPbIX
HEOO6X04MMOEe YCNOBUE HE BbINONHAETCH.

MSC2010 numbers: 60D05: 52A22: 53C65.

KnwoueBble CnoBa: KoBapuorpaMmma, MakCUMMasibHas XOpaa; 3aBUCSLLIEE OT OPUEH-
Tauumn pacnpeaeneHue.

1. BBegeHnune

[TycTb Rn(n > 2) -mepHOe eBKINMA0BO NPOCTpPaHCTBO, D C¢ Rn - orpaHnyeHHas
BbINyKnad 06n1acTb C BHYTPEHHUMKM Toukamu, 1 Vi - -MmepHaa mepa Jlebera B Rn.
[1yCTb - ( —1)-mepHaa eAMHNYHaA cgepa c LLeHTPOM B Hayase KoopanHat. Cny-
YalHaa npamas, napannenbHas HanpaeneHuto u E Sn~I1 n nepecekatowlad D nmeet
TOUKY nepecevyeHna (0603Ha4MmM ee 4vepe3 X) ¢ nruxD, roe nruxD opToroHanbHas
npoekuma D Ha runepnnockocTtb 1 - rMNepnnocKoCTb Npoxoadllasa vyepe3 Hava-
N0 KOOPAMHAT C HOPManbHbIM BEKTOPOM K). MOXXHO OTOXXAECTBIATbL TOYKN nruxD
C NPAMbIMW, KOTOpPble nepecekaldT D K1 napannenbHbl HanpasneHuto W. peanono-
XWB, UTO TOUKa NepecevyeHns X paBHOMEPHO pacnpeneneHa B nruxD, Mbl MOXeM
onpeaennuTb CNeayowyo MyHKUUIO pacnpeaeneHus:

OnpepneneHune 1.1. PyHKUUA
V- V-1{x 6 TTrvD :v,((/(1ux) ) < *}

F ( M ) = LLI

1PaboTa nepBoro aBTopa BbIMOJIHEHA NPW YacTUUYHOW MOAAEPXKKE rOCyaapCTBEHHOT0o KOMUTETA Mo
HayKe Pecny6nuku ApmeHunsa, 'paHt 14A-1a09
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Ha3blBaeTCH 3aBUCALLEN OT OpueHTaUNK PYyHKUMEN pacnpefeneHnsa AnnHbl xopasl D
B HanpaeneHun n B Touyke € R1, roe aA(u,x) - npamaa napannensHada u e Sn~|l u
nepecekawowasa NrmntD B Touke X, a bn(u) = Vh_i1(llruxD).

OnpepneneHne 1.2. (cm. [I]). PYHKUMA
C(D,ft)y=Wn(D (D+ ft), ft€ A"\
Ha3blBaeTCcA KoBapumorpammon D. 3gecb D 4 ft= {x + h,x € D}. =

Mbl MOXeM npeacTaBUTb KaXKabi BeKTop ft 6 An kak ft = |, rge u - Hanpas/ieHNE
ft, a . ero onuHa.

Nlemma 1.1. (cm. [N MMyctb M € Sn 1u >0 Takoe, 4yT0o DPI(D-Mu) conep>kuT
BHYTpPeHHUe Touyku. Torga C(D,u,t) andpdepeHuupye.na no u

B Touke —O0 cyruecTBYyCT MPaBOCTOPOHHASA, NPON3BOAHAA IEBOW YacTW, U PaBeH-
cTBO (1.3) ocTaeTcd B cune.

)K. MatepoH copmynnpoBan runortesy, 4YTo KoBapuorpamma BbiNykKnoro tena D
onpegendeT D B Knacce BCeX BbINYK/bIX Tef, C TOYHOCTbIO A0 MnapanienbHbIX nMe-
peHocoB U oTpaxeHun (cm. [1]). T. buaHum u . ABEpKOB AOKa3anu, 4YTO KaKaas
naocKaa BbiMyK/asgs 06n1acTb onpeaendeTca B Kaacce BCeX MNOCKUX BbIMYK/bIX 00Na-
CTeEN MO KoBapuorpamme, ¢ TOYHOCTbHIO A0 NapanfenbHbIX MEPEHOCOB N OTPaKEHWUN
(cm. [2)).

[TycTtb L(uj) - cnyyanmHbiM O0Tpe30oK AnuHbl | > 0, napannienbHbin PUKCUPOBAHHOMY
HanpaB/eHNO N U nepecekarowmnm D. PaccMOoTpuUm ciaydanHyro BennumHy \L\(uj) =
Vi(L(ogj) D), roe L(uj) npnHaaneXxuT cneayroLleMy MHOXXECTBY:

( ) = {oTpe3kn ANuHbI /. nepecekawowne D ” umerowme HanpasneHue ¥ }.

Cny4yanHbin oTpe3oK L(uj), nexawmm Ha npamon y(u, X), MOXHO 3aaBaTb KOOPAMHA-
Tamun (a{n,x), y), roe a(n, X) npamas c HanpasseHnem n e Sn~I|, npoxoadaiwlaa yepes
TOUuky X € ri- xtD, a y oiHOMepHaa KoopAauHaTta LeHTpa oTpe3ka L{n) Ha npsamou
n(n,x). Hayanom kKoopamHaT Ha npsmoun a(un,x) 6epetca ofHa U3 TOYEK MepeceyeHnn
n(n, x) ¢ D. Nlcnonb3ys BblLLeyNnoMAHYTble 0003HAYeHUSA MOXKHO OTOXAeCcTBNATL (1)

C MHOXXECTBOM: |

roe x(n:x) = Vi(g(u,x) D).
18
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OnpeaeneHne 1.3. PYHKUMA

F\r\(u ) = AN A(7)  \B\(XTY) < )
11 Vn(LLin))

Ha3blBaeTCA 3aBUCALLEN OT OpuveHTauUnn PyHKLUMEN pacnpefeneHns AnnHbl cny4vamn-
HOro oTpe3ka B HanpasneHun n £ sn~1.

B [6] nony4yeHa cBA3b MexXay yHKUKWeN pacnpeaeneHnsa cnyvanHon BenndmHbl \L\{uj)
1 3aBUCHLLIEN OT OpUeHTauun (PYHKLUMeW pacrnpeieneHnsa annHbl Xopasl B Rn:

O s < Q
(1.2) Flu<t) = < 1) 2+Fu -1~ Fuz)dz
Vn(B) + IbD(u) nna o< </
1 ang = >

2. Heo6xogumoe ycnosue ha F(u,t)

3aukcupyem n e S7 1.Tyctb L(u) cnyvyanHbin 0TPe30K AsIHbI tmax(u) (tmax{w)
- Xopaa MakcumasibHOW A/IMHLI D B HanpaBneHun n € ), napannenbHbIn PUK-
CMpOBaHHOMY Hanpas/ieHNIO U N nepecekarowmnn D. TMoactandas B (1.2) \ \ = | =

tmax(u) nonyyaem:

(2.1)

nna t<aqo,
Ftmax(y) O 21+ F(u,t)(tmax(u) - t)-Jf F(u,z)dz pna 0<t <tmux(u)
0

nns  t > tmax{u)-

rne C — v;t(D)+tmL(tt)6D(u)e
JleBas yacTb (2.1) B TOUKE €CTb BEPOSATHOCTb, YTO ASIMHA NepeceyeHns D u cnydan-

HOro oTpe3ka ( ) MeHblUe 4eM £ cnepoBatTenibHO FtninT(u)(u,tmax(n)) = I* Takum
obpa3om, noacTtasndAg B (2.1) = tmax{u), nony4yaem

bD(u) - HITTO?)
22) L (D) - tmax{u)bi}(u) 2"mai(") 0 F(u.2)az

[Tocne anemeHTapHbIX Npeobpas3oBaHU (2.2) Mosyyaem cneayroLliee YTBEPXKAEHNE.

Teopema 2.1. [1na noboro Bbinyknoro Tena D u noboro HanpasneHna n E S'1
MHTEerpan 3aBuUCALLIe OT OpueHTauuu YHKUMWM pacnpeneneHus OnHbl Xopdbl Ha
nHTepsane [0, tmax(u)} paeTca cneayrowen qopmyson:

)
(2.3) F{u,7)dz — max(") Q’SES)
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Tak Kak nesad 4yacTb (2.3) HeoTpuuUaTesibHa, Nosy4daem crefyrollee cneacTeue Teo-
pemMbl 2.1:

CnepgctBue 2.1. [lna kasicooro Bbinyknoro Ttena D ¢ Rn n HanpaBneHua n € 5111
MMEeeT MeCcTO HepaBeHCTBO:

(D) < bb(n) «tmaxi'u)-

N3 (2.3) TaKXe nUMeeM:

Cnepacteue 2.2. Ana nobbIX ABYX HanpaBneHUn ni,n2 € Sn 1Takux, 4yTo tmax(ui)
ax{'*) U

cneayeT
br>(ur) = br>(u2).

[onycTtum, 4To cyulecTsyeT hyHKUMA G(X,y) OT ABYX MepeMeHHbIX Takad, 4To
F(u,t) = G(tmai(u),t)- B atom cnyyae, n3 paBeHctsa trnax(ui) = tmLX{u ) cnenyert:

CnepoBaTenbHO, U3. CIeACTBUA 2.2 MONyYaeM Cneayrowmn pesynbrar:

Cnepncteue 2.3. Ecnu 3aBucAulas oT opueHTaUUK PYHKUMUA pacnpeaeneHnsa annHbl
XOpAbl 3aBUCUT OT HanpabfeHUa TONbKO 4yepe3 £max(u), Torga Ana NoObIX ABYX
HanpasneHnn \, E 1 1 Takmx, 4yTOo tmax{u\) = tmax(n ) cnegyeT

bubli) = >( ).

Cneacteme 2.3 ABNAETCA He0OXOAMMbIM YCMOBWEM TOr0, YTO 3aBuUCALLAd OT OpU-
eHTaUuun YHKUWNA pacnpeaesieHUsa ANHbLI Xopabl 6blia Obl PYHKLWEN, 3aBUCSLLIEN

OT HamnpaB/neHUa 4Yepe3 tmaxiv) 3aBucdllada OT OpuUeHTauun PYHKUKA pacnpeaene-
HUA ONMHBL X0pAbl ANA TPeyrosibHUKOB M 3/1IUMCOB 3aBUCUT OT HanpaBeHUs 4vepes

ITmax(u) (cm. [3] u [4]), cnepoBaTeslbHO HeO6GX0AMMOE YC/I0BUE B 3TUX cCny4asax Yyao-
BnetBopsaercsd. [NpoBepum 3TO ANA TPeyrosbHUKa (ANA 3a1unca aro MoXKHo caenatb

aHanornyHo). N3 [3] nmeem, 4YTO KOBapuorpamma TpeyrosbHuUKa [l ¢ nnowaabio S
naeTca cnegywouen dopmynon:

(2.4)

roe 6 [0, tnmexqu)]. MNoatomy 13 (2.4) nony4vaem
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nC(Ad, v, ) 25

(2'5) dt (O) Nax ('/\)

C apyron ctopoHbl 13 (1.3) nmeem

(2.6) OC('Z‘;?Z ) (0) = bA(u).
N3 (2.5) 1 (2.6) nonyyaem
(2.7) S — "tax(")4 (")*

cnonb3ya (2.7), Nerko 3aMeTuTb, YTO A4 NObIX ABYX HanpaBneHn ub G511
Takux, yto tynaxto = TaxX( ), cneayet ba(rii) = 64(n2).

3. Heo6xoaumoe ycnoBsue ona napannenorpammma

[Tyctb ABCD - napannenorpamm. O6o3Haumm \AB\ = ai, |AD| = |, ZBAD =a.
PaccmoTpum HanpaBneHue nyvya AD KaK HyneBoe, a Hanpas/ieHMe MPOTUB YaCOBOW
CTPeNK/ B KayecTBe NMonoxXKutesibHoro. B [5] nony4yeHbl ABHble BbIPaXXeHUA ANA MaK-
CUMa/TIbHOWN XOpAbl U YHKUMW WWPUHBLI Ang napannenorpamma ABCD:

(3.1)
r-(ggu;q), s e (0,arcctg(SrJr7r+coto)
avsina £ o eets (rH —fcota),arcctg (cota — \§,, NP C
"Tax('M) Sin(_slj”_,1(>§ , arcctg (cota - gin
<2 m=2~0
tal) n=a
sinu+ aisin(a-r/), uG(@a
(3.2) bascobl ( ) O

sinu + a\ sin(u —a), wnb6[a,7r]

PaccmoTpmm pom6b co cTtopoHom a U | < a < |. B atom cnyyae, u3 (3.1) n (3.2),
0159 MakcumasibHOM Xopabl U OYHKUMW LLUMPUHBI NOMYYaeM:

asina N € (O, f]

sin(a—))

33 asina—yg [f,f +f],tt?4a
| sty «  UE [f+ 1)
a « u=20a

21
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\ jJa(smu +sm(a-u)), wne 0a
(3.4) BaBco(h) - {a(sinvl +sinlu- a)), wE [a

O603HaUnNM = M = 2a — rAge HatypanbHoe 4ducno. OueBnaHoO, 4TO
€ (0, 1 ana nwoboro n > 2 Tlockombky | < a < ,7T0 + < 2a < T,
cnepoBaTesibHO, € [+ T1[,7/1) ANnA pocTaTto4yHO OONbLLUOrO HaTypanbHOro ymucna n.

N3 (3.3) umeem 4yTtOo paBeHCTBO £rax(™) = ~1ax(”r) BbINOMHAETCA TOraa M TONbKO
%
TOrga, Koraa

(3.5) sin(a —ixi) = ~a)

[ToactaBnas B (3.5) 3Ha4YeHUA U1 U NIerkKo NPoBepuTb, YTO (3.5) BbINO/IHEHO.
MNOKaXkeM

HanpaBneHunm m\ n . Jlonyctum HeobxoaMMoe yC/ioBMe BbIMOHAETCA. B aTOM ciyyae
n3 (3.4) nmeem, 4to paBeHCTBO 6/1BCO(M1) = MIBCA(r) aKBMBaANEHTHO C/eaylollemMy

(3.6) a ( _sinui) = 0

MoactaBnsas B (3.6) 3HAYEHUS Ui U MOMYYAaEM 3IKBUBANEHTHOE YPABHEHME:

(3.7) sin ——sinZa - 1=0

[Tocne aneMeHTapHbIX npeobpasoBaHUit 13 (3.7) noayyaem

(3.8) Sin ( - ea )ecosa =0

YpaBHeHne (3.8) MMeeT MeCTO, ecim a = nnu -a = > rge K uenoe yucno,
c/nefoBaTesibHO ANA A0OCTaTOYHO 60/bLIOro HaTypasnbHOro umcna n (3.8) He MMeer

MecTa (Tak Kak < a < £). CnepoBatenbHO bascobll) ® babcd (u2)e

Abstract. In [3] and [4] have been proved that covariogram and orientation-dependent
chord length distribution function of a triangle and an ellipse depends on maximal
chord trnax(u) In direction u. In this paper a necessary condition for orientation-
dependent chord length distribution function as a function of maximal chord Is
obtained. A class of parallelograms Is constructed for which this necessary condition

IS Violated.
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SPECIFIC PROPERTIES OF SOLUTIONS OF FIRST ORDER
DIFFERENTIAL EQUATIONS WITH SEVERAL DELAY
ARGUMENTS

R. KOPLATADZE

Tbilisi State University, Georgia
E-mail: roinan.koplatadze&tsu.ge

m

ADbstract. The paper considers the following differential equation X'(t) + _Pi(t) x(ri(t)) = o,
»=i

t > 0, where pi G L\oc{R+;4d+)> 1y GC(/?+; A), Tj(f) < T and t‘I.>ir11_100rf-(<) = +o0c, 1= 1,...,m.

New oscillation criteria of all solutions for this equation are established.

MSC2010 numbers:* 34K11
Keywords: Oscillation; proper solution; differential equation; delay argument

1. Introduction

It 1s a trivial consequence of the uniqueness of solutions of initial value problems
that first order linear ordinary differential equations cannot have oscillatory solutions.

As for the equation

(1.1) x'(t) + p(t) x(r{t)) =0,

the presence of a delay leads to the fact that oscillatory solutions do appear. Moreover,
ITp I1Is nonnegative and the delay is sufficiently large, all proper solutions (see Definition
2.1 below) turn out to be oscillatory. Specific criteria for the oscillation of proper
solutions of linear delay equations were for the first time proposed by A. D. Myshkis

[1]. It follows from the results of [2, 3] that If the functions p : A+ R+ (#+ =

|0, +00)) and r : 1?7+ —B are continuous, r(t) <t fort € R+, *jini r(t) = +00.

+00
L

p* = limsup / p{s)ds, p+= liminf / p(s)ds

f—=+00 Jr(t) t—>+o00 J A"

and

1
(1.2) either p >1 or p*>

then the equation (1.1) is oscillatory. Note that If p, < , the condition p* > 1 can

be iImproved.

*Tlie work was supported by the Rustaveli Science Foundation. Grant no. 31/09.
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For r(i) = t —« (t = const > 0) such an improvement was carried out successively

In [4-6], where the condition p* > 1 was replaced, respectively, by p' > 1-

p > 1- 2(1Pp.) ana

.>1 1 Py oyll —2p«  y\
2
On the other hand, In [/, 8) sufficient conditions for oscillation of all proper solutions of

equation (1.1) were given, which involve classes of inequalities not satisfying condition

(1.2). In the present paper, using the ideas of [9], we establish some new criteria for
the equation

(1.3) X0+ "RiOX(ri(9) =0
1=
where
Pi € Lloc(R+\A+), Ti€ C(R+\R), Ti(t) <t for t€ R+
(1.4)

and [_Ii>%0r*(£) = +00 (isl,...,m),

to be oscillatory.

2. The main results

Throughout the paper we assume that r+{t) = min{TJ(£) :1 = 1,..., m}. Put
rr*E) = max {s :r*(s) <t} for t£ R+
»Ee(*) = »f(1t), -= % (*-2,3,...).

Definition 2.1. to £ A+. > continuous function x : [E(b +00) —»H Is said to be a

proper solution of equation (1.3) if it Is locally absolutely continuous on [gT*(to), + 00),
satisfies (1.3) almost everywhere on [rf* (E0)1 + 00), and

sup {|x(s)| :t<8< +00} >0 for t >to.

Definition 2.2.  proper solution of equation (1.3) Is said to be oscillatory if the set
of its zeros IS unbounded from above. Othel'wise it iIs said to be nonosdilatory.

Definition 2.3. The equation (1.3) Is said to be oscillatory, If any of its proper

solutions is oscillatory. Define
(22) () =0, ipi(t)=exp 1"V (TTPfA ) > =

25
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Theorem 2.1. Let there exist K € N and non-decreasing a € C(R+;R)
such that
(2.3) ) < <t, I1=1,.,77]
and
m r m ) m )
limsup M TT /  Pigs)exp{m |1 ~ (T B >
-+ 00 =1 L[li=1 r:1
1 m
(2-4) >
" e=i

Then the equation (1.3) Is oscillatory, where

p+H = IEminf i pAs)ds,
(2.5) H<>)

_ P.t —vy/l — * Pia :
ce(p.1) : g 12 *P Ple = 1,...,m

Theorem 2.1'' Let p*# < and there exist nondecreasing functions a7 € C(R+,R)

such that the conditions (2.3) are fxdfilled and for some e € (0, A*(p*))

m I m ?]r|1_

limsupn 1IN L Pi(s) exp{ (A *(P .)-e)E7 (M M 0) " }ds >
1 tl * f=

1 m
(2.6) >A - bl M -

Then equation (1.3) is oscillatory, where p*( andc((p*t) nre given by (2.5) and *( )
IS the smallest root of the equation

(2.7) n.
rn n \
(2:8) p. = £E /MM~ as >0
t=i Jrikd "~ =
Corollary 2.1. Lel t* be nondecreasing functions, PI(E) > p(£) (r = 1, p €
Lioc(/?+ : J1+) and for some e € (0, A*(pJ)
mrm rt o
lim su S) exp *m(A*(p.) -e ds >
i—»-focE)L:I.lnr:l/’ (t)p() pl (A*(p.) -e) ()
1 m
> *
(29) - _ *I_-L C (p,<)

i=1
Then equation (1.3) i1s oscillatory, where. p*I and ce are given by (2.5) and ( ) IS
the smallest root of equation (2.7).

20
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Theorem 2.2. Let there exist nondecreasing functions a, € C(R+;R) such that
conditions (2.3) are fulfilled,

m I'm <lit) m J m
(2.10) limsupJJ T[T / Pi(*) / (TTwtt)) d(ds >0,
1 >100 =1 Lt=1JVijil 7= 1
and /et
™ m 1
() E /(N p(©) Mmd$>)

Then equation (1.3) is oscillatory.

Corollary 2.2. Let T be nondecreasing functions,

I bl*) / ™ \ -1 o
(2.12) liminf /  Pi(s) / (4 p(£)) ~ >0 1L, =1, m,
-+°° T, () JI»(.) V=i ’

and let condition (2.11) be fulfilled. Then equation (1.3) Is oscillatory.

Theorem 2.3. Let Ti be nondecreasing functions,

(2.13) liminf f Pi(s)ds >0, 1=1,....m,

* >+00 yr.(1)

and let condition (2.11) be fulfilled. Then the equation (1.3) zs oscillator.

3. SOMe auxiliary statements

In this section we establish estimates of the quotient

oo )

X(t)

where x Is a nonoscillatory solution of equation (1.3).

Lemma 3.1. Let to £ R+ and x : [<>,+oc) > (0,+00) 6e a solution of equation
(1.3). Then for any 1 € {1,2,. e}

m il
(3.1) (n* (r<W))m > Ipi(t) x(t) for t > TJ*(to),

/=1

where the functions /ft* and do are defined by (2.1) and (2.2), respectively

Proof. From (1.3) for > T1/[d(*0) we have
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Using the arithmetic mean-geometric mean inequality, from the last inequality we get
m n -L
L

N ewrgn v (MM«(e>) "My 5 - cov 0 =1,

Therefore for > *( ),

X(s)
Inequality (3.1) i1s obviously fulfilled for 1 = 1. Assuming its validity for some 1| £

{1,2,...}, by (3.2) for t > T#; x(*0), we obtain
T J om m _ \%
(I (1)) m>exp ) B {L pe(s)) * Pi(s) ds L(*) = i+l (t) x(t),

t=\ i = ? J

and the result follows.

Lemma 3.2. Let < where p,, Is defined by\2.8). Then
(3.3) airn™ (Hrninf )) > A*(pJ,

where functions rpi are given by (2.2) and X*(p+) 1s the smallest root of equation (2.7).

Proof. Suppose on the contrary, that (3.3) Is not true. Let

" " " JAN — *
(3.4) r_'LrT}oe('JL“,'(QE (1)) <\*( )
Then there exists Eq > 0 such that
P
(3.5) — N1 *
{
On the other hand, for any e > 0, by (2.8) and (3.4) there exist kKE£ N and tf£ 6 R+
such that
m
0-8) E (|_| PtX8)")™ds > p+—£, 43K(t) > for t>tE and Kk > k£
j=kJre 1=i

According to (3.6) from (2.2) we get

Therefore

fc!ll—lmoo $/|II_T+gg ka(J[))7 > &F £fm &

which implies 7 > el v-. In view (3.5), this Is a contradiction, and the proof of the
lemma 3.2 1s complete.

Quite similarly one can prove the next result.
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Lemma 3.3. Let

m t 1l ,
(3.7) A -WN“ E/,, (N na<.))-*>1.
j = y €
then
(3.8) tim (||i_%xjjk\§t§ = 400,

where Xk are given by (2.2).
The proof of the next lemma can be found In [9].

Lemma 3.4. Let there exist nondecreasing functions O e C(J1+; R) such that condition
(2.3) 1s fulfilled and equation (1.3) has an eventually positive solution x : [fo, +00) —
(0,+0c). Then

(3.9) ItlrQJrlcggc x{gi[t)) > H(p,,) (=1,...,m),

where and ct(p*i) are defined by (2.5)

4, Proofs of the theorems
%

Proof of Theorem 2.1. Suppose on the contrary that the equation (1.3) has a
nonoscillatory proper solution x : Jto, -foe) —R. Since —x(t) Is also a solution for
(1.3), we confine ourselves only to the case where x(t) Is an eventually positive solution

of equation (1.3). Then there exists > to such that x(ri(t)) > 0 for > (i =

1,..., m). As we have seen, while proving Lemma 3.1
m i

(4.1) (fJSOM1t))) m> ipi(t)x(t) for t>ml'(<l) (1 =1.2,...),
/=1

where the functions * and di are defined by (2.1) and (2.2), respectively. From (1.3)

we have
(4.2) x(s) =x(t) oxp 1 E PYC)N fr t-s-t

Integrating (1.3) from aj(t) to t, for sufficiently large t, we get

m
(4.3) X(<7j(t)) = Y] Pi{s)x(Ti(s))ds + x(t).

t=l
On the other hand, taking Into account (2.3), from (4.2) for sufficiently large t, we
obtain
/4 X(Ti(t)) ( [N TCTE()
44> - )
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and

(4.5) x(ti(s)) = X<hi(t) exp { /  Y2pi(0 1} g
j ta») )

Combining (4.1), (4.3) - (4.5) and using the arithmetic mean-geometric mean inequality

for) = 1,2,...,m, we can write
D> L
- XMOQ))
X CXp
™ /' ™
> Pi(s) exp {m | () () }rds +x(t) >
r=1 (:

m[ Ax(rmi(*))L = [y [ pr(n)

cexp< £ (fj pe(oyTipkiode }ds 4 a(g)

) =1
Therefore
w(t) > mmu»(£) Pi(s)X
(0
>« =l
n
where w(t) = Yl x(aj(t))- Hence
J=1
- m * _ [ _rai(t)/-"T \ m m
lim sup Pi(s) exp {m ] ( ( "ok()dE }ds +
t=>foo i . <) £~
X m(t) 1
(4.6) Tom < m M
[1 x(ae(t))
e=i

On the other hand, by Lemma 3.4 we have

(4.7) Ién;igg “(ae(t)) > ce(p,t),
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where pt, and ct are given by (2.5). Therefore, according to (4.0) and (4.7). we get
I'n
A

limsup PJ '
t—»ocp =1 e ( )<] \ T
_|_
m m
m tn
< I{migg [ (I(i?/l O) 'Vk{0<%\ds +
+
**<<
0, C<()
m r m m JL
< limsup I |-|/ D, () exp \ Pe N () m+
=0 =1 Li=l Jai () I JTi(a) ﬂ
xm(t) 1
T om < m M
[1*M 0)

f=I
which contradicts (2.4).

Proofof Theorem 2.1'. Suppose on the contrary that equation (1.3) has a nonoscillatory
solution X : [fo, +t00) — (0, +00). Then by Lemma 3.2, the inequality (3.3) is fulfilled.
Therefore, for any e > 0, there exist tE E R+ and ko GN such that

(4.8) () >A"(p) - € for t>te,

where p+ Is defined by (2.8) and A*(p«) Is the smallest root of equation (2.7). Taking
Into account that (2.G) and (2.8) imply (2.4), 1t Is easy to see that Theorem 2.1' Is a

straightforward consequence of Theorem 2.1.

Proof of Corollary 2.1 immediately follows from Theorem 2.1', if we take Ti(t) =
J(1).

Proofof Theorem 2.2. Suppose on the contrary that equation (1.3) has a nonoscillatory
solution X : [tO, + 00) (0, +00). Then by Lemma 3.3, condition (3.8) holds. In view

of (2.10), we can choose M > 0 to satisfy

- A
m m Jn 171

171

(e M) in -limsup R ds >
t—>+00 = qD aAt( ) / " el:iI
1

(4.9) > I_I
t=|
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where and a are given by (2.5).

On the otlier hand, according to (3.8), there exist k0o € N and to 6 R+ such that

O() > M for t > f0O- Since ex > ex, by (4.9) the condition (2.4) is fulfilled for
K = Ko, and the result follows.

Proof of Corollary 2.2 is similar to that of Theorem 2.2, and so IS omitted.
Proofof Theorem 2.3. Suppose on the contrary that equation (1.3) has an eventually
positive solution x(t). Then by (2.13) and Lemma 3.4 we have
(4.10)limsup — —~— < +o00, z=1,...,m.

t—-t-00 3'V")
On the other hand, by Lemmas 3.3 and 3.4 conditions (3.1) and (3.8) hold. But this
contradicts condition (4.10), and the result follows.

Remark 4.1. Condition (2.11) for any e > 0, cannot be replaced by the condition
J

(4D ! é/ (ﬁM))))~_dS> P

=l /mMV> 1=1
Consider the differential equation
m |
(4.12) X'(t) 4J2ax(t - Al) = 0,
t=I
where ¢*, 1, € (0, +o0), 1 = 1,..., m. Choose S > 0 such that, if
m
then
HL \' n // 8\ /',I-II' \ rn tinl 1
=1 1=|
and
rn 4 rn e
1 —e T-T Mon. 1- 0
(4.14) _£<(I(‘Ic)" £ Il *<

By (4.13) and (4.14) we have

max” N e .16 [0, +00) } >

p R N - —max \ 4---- A€ [0, +00)



SPECIFIC PROPERTIES OF SOLUTIONS OF FIRST ORDER

1 rn A 1 1

=1 »=]

According to the last inequality, It Is obvious that e A°'( Is a solution of equation
m
(4.12), where AD Is the root of equation A= £ a enpg. On the other hand, by (4.14),

condition (4.11) holds, where ¢* = PI(t) and t = rt(t).
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l. Introduction

Systems with short-term perturbations are often naturally described by impulsive
differential equations (see the monographs by Bainov and Sirneonov [2], Benchohra
et al. [3] and Lakshmikantham et al. [15], and references therein). Besides, impulsive
effects and delay effects appear widely in many real-world models (see [4] and [8]).
On the other hand, fractional-order models are found to be more adequate than
Integer-order models in some real world problems. In fact, fractional differential
equations appear naturally in a number of fields such as physics, regular variation In
thermodynamics, biophysics, blood flow phenomena, aerodynamics, electro-dynamics
of complex medium, viscoelasticity, capacitor theory, electrical circuits, electron-
analytical chemistry, biology, control theory, fitting of experimental data, etc. For
details and examples we refer to [1], [5], and references therein.

The stability problem of functional equations was originally raised in 1940, by Ulam
at Wisconsin University. The problem posed by Ulam was the following: “under what
conditions there exist an additive mapping near an approximately additive mapping’?
(for more details see [18]). The first answer to Ulam’s question was given in 1941 by
Hyers In the case of Banach spaces (see |9|). Thereafter, this type of stability is called

the Ulam-Hyers stability. In 1978, Rassias [1/) obtained a remarkable generalization
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of the Ulam-Hyers stability of mappings by considering variables. As a matter of
fact, the Ulam-Hyers stability and the Ulam-Hyers-Rassias stability have been taken
up by a number of mathematicians and the study of this area has grown to be one
of the central subject In the mathematical analysis. For more details on the recent
advances on the Ulam-Hyers stability and Ulam-Hyers-Rassias stabiLity of differential
equations we refer to the monographs [10], [12] and the research papers [13], [14] and
[19].

Recently, many existence results for nonlinear initial and nonlocal boundary value
problems were established by using techniques of nonlinear analysis, such as Banach
fixed point theorem and L»eréy-Schauder nonlinear alternative. In this paper, we study

fractional impulsive differential equations with Rieinann-Liouville integral boundary
condition of the form

DMt) = f(t,y(t), t£J =J\{ ,...tm} J=[0,r],
(1.1) &y{tk) = k= 1.2,...771,
. 3(0) = OP'y(r1). 0<7< 1,

where 0 < g < 1, cDqg Is the Caputo fractional derivative, / :J X R —R Is a given
jointly continuous function, Ik : K-> K, B € R issuch that 3 [I'(p+ 1)/rf, P Is
the Riemann-Liouville fractional integral of order p, 0 <p<1,0 = £fo<<I < <
o< tm<t,+1 =T and Ay(tk) = y(t+) - y(t*), where y(t*) = lim”~o- y(tk + e)
and ( ) = limft >0+y(tk + 6) represent the left and right limits of y(t) at t — tk,
respectively.

Integral boundary conditions are encountered In population dynamics, blood flow
models, chemical engineering, cellular systems, heat transmission, plasma physics,
thermoelasticity, etc. They come up when values of a function on the boundary are
connected to Its values Inside the domain, they have physical significations such as
total mass, moments, etc. Sometimes It Is better to Impose integral conditions because
they lead to more precise measures than those proposed by a local condition (see [7]).

2. Preliminaries

In this section, we introduce some notation, definitions, and preliminary facts to
be used throughout the paper. Let C(J)R) be the Banach space of all continuous

functions from J Iinto R with norm [|wllc = slIPteJ u”™ C(J,R). By PC(J, X
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we denote the set of functions defined by
PC(J, X) = {x :J —%¥J IX€ C((tk,tk+1],X), k= 10,1,...,ra and there exist

x{t") and x(t£),k = 1,2,.... m with x(t ) = x(".)},

and notice that PC(J, X) becomes a Banach space with respect to the norm

X PC = sup |x(E)|.
teJ

In what follows, X stands for Banach spaces and b e £*(X) denotes the family of all

Its bounded sets. For description of these notion we refer the reader to Deimling [6]

4
Definition 2.1 ([11)). A function a : B YR+ defined by

a(B) = inf{d >0 : B admits a finite covering by sets ofdiameter <d}, B £b

Is called the Kuratowski measure of noncompactness.

Definition 2.2 ([11]). Let C X and let F = X be a continuous bounded map.
We say that F Is a—Lipschitz if there exists k > 0 such that

>

ct(F(B)) <ka(B), \/IBcC

If, In addition, K < I, then we say that F Is a strict a—contraction.

We say that F Is a—condensing If
a(F(B)) <a{B), VE?C I2with ot(B) > 0.

In other words, If ct(F(B)) > ka(B) implies that a(B) = 0.

The class of all strict a—eontractions F : 1 »X Is denoted by ¥ C a{ll), and the
class of all a—eondensing maps F : 1T —=X is denoted by CJI(I1).

We remark that Y Ca{bl) ¢ Ca(ll) and every F G Crt(ft) Is a-Lipschitz with
constant kK = 1. Recall also that F : ft -> X Is Lipschitz if there exists Kk > 0 such that

WFEx Fy\ < k\\x - y\| V* y€TI1,

and that F 1Is a strict contraction If Ji< 1.
Next, we state some properties of the maps defined above, the proofs of which can

be found In [11].

Proposition 2.1. IfF, G :ft -> X are a-Lipschitz maps with constants Kk and K ,

respectively, then F + G : ft —= X Is Lipschitz with constant K + K .

Proposition 2.2. If F : ft -» X Is compact, then F Is a-Lipschitz with constant

k = 0.
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Proposition 2.3. // F :Q —»X Is Lipschitz with constant k, then F Is a-Lipschitz
with the same constant k.

Now we state a fixed point theorem which will be used in the proof of the main
existence results. For details see [11].

Theorem 2.1 (Theorem 2, [11]). Let F : X X be a-condensing and
Y —{x € X: 3A€ [0,1] such that x = AFx}.

If Y Is a bounded set in X, and so there exists r > 0 such that Y C 5r(0), then F
has at least one fixed point and the set of the fixed points of F lies in Br(0).

We also will need some basic definitions and properties of fractional calculus.

Definition 2.3. If h E C(]Ja,b\) and g > 0, then the Riemann-Liouville fractional
Integral i1s defined by

h(t) = f ds.

royJa (t $Y A

Definition 2.4. Letq >0 andn = []+ 1. If h € ACn([a, ]), then the Caputo

fractional derivative of order q of h defined by

CD'~ =U |

exist almost everywhere on [a, 6], where [g] Is the Integer part, of .

Lemma 2.1 ([21]). Let g > O, then the differential equation
CDyh(t) = 0
has solutions h(t) = +\ + 2+, +Cn-ith \ Q€M 1- 0,1,...,n 1, n —

Lemma 2.2 ([21]). Let g > 0, then

cDgh(t) = co+cxt+ 2+ ...+ cn \tu_l

for some c*r€R, 1=0,1,...,n—1, n= [ + 1.

Finally, In order to discuss Ulanrs type stability for the problem (1.1), we need a
new generalized singular type Gronwall inequality with mixed t>p€ singular integral

operator.
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Lemma 2.3 (Theorem 1, [20], p. 1076). Let a(t) be a nonnegative function locally
Integrable on 0 < t < T for some T < +oc, and let g{t) be a nonnegative,
nondecreasing continuous defined on 0 < t <T such that g(t.) < K for some

constant K. Further, let y(t) be a nonnegative and locally integrable on 0 <t < T
function satisfying

y(t) < a(t) + g(t) Jf (t - s)'Y~1y(s)ds, tG (0, T)
0

uri-th some 7 > 0. Then

y(t) < af(t) + () { )1- ) ds, 0<t<T.

Remark 2.1 (Corollary 2, [20], p. 107/8). Under the hypothesis of Lemma 2.3, let
a(t) be a nondecreasing function oh [0,T). Then

y(t) <a{t)E1(g(t)r(1)t~),

where E7 1Is the Mittage-Leffler function defined by (see [16],)
)

ErY =Y. r(k)j+\y z€c’ Re(rl) > °-
Lemma 2.4. Letun € PC(J.R) satisfy the following inequality

u(\ <ci()+ f (f-.s)211|?/(.s)|dsbec3 f (@)- ) *~Lu(s)\ds + ~
)< <

where 0 ,/3 € (0,1), c\{t) Is a nonnegative, continuous and nondecreasing function

onJ and ,c3,6k > 0 are constants. Then

@41)

«(Qt < rn()(1+6 [EP (c2I(/3,)</3,)) + Efrfarmrf*)] ) [EsBi(c2UP1)iI01)+ EAT ()
for t € (£fc. tk+1], where ©= max{0fc : kK = 1,2,

Proof. We apply induction 011 k. To this end, observe first that in view of Remark

2.1, we have

(2.2) lu(t)] < ci(t) (E” (c2r(/3Y)i*) + Eu2(cnlf(y92) / 2)) for 6 [0,ti],

(2.3)

YI< A+« #(*T7) ) for t<= (tk, tk+ii.
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It follows from (2.2) that the inequality (2.1) holds for k = 0. Next, assume that

(2.1) holds for Kk = ] <m. Then taking into account that ci(t) and Ept, r= 1 2 are
nondecreasing, by (2.3) for t E (Mu-b™+r], we can write

«®)] < (a(t) +X>K=* )I) (e (car(p)”) + e*(r3r(/?2rJ1

- 1
Cl()+ *9i1Ci(tr) I +S[Ep/1ul WU KO 01) + Ep2{r3T(p2)n")\
r=1

X [Efofal (A)(*< )A) + J (An (cal (A)™) + ™ (¢ 3r(/32) / 2)

t-1
< L(«)+*E£ci(t)(i +O[EFt(c2r(A)(if) + An (*T(A)u/l)]

X [SI1 (COF(A)(*)N) + £A (CAr(P)~ 1 ( ) + £a(<*r(A)u*)

q1
Ci(*)( 1+ 0 [EA (cal (A)(*)N) + A 3r-8r(2)21)] ) (AN (<*T(A)JT) + EA3B O T/ )

and the result follows. Lemma 2.4 is proved.

Lemma 2.5. LeEn £ PC(J.R) satisfy the following inequality

M0 <n +b ) (= 1\rn(")\d6*HcJ/ (7 )*3 10 ()< for ted ,
0, 0,

where a, b, ¢ > 0 are constants. Then there exists a constant M > 0 such that

u(<)| < M.
Proof. Let m = maxtej |u(<)|, then we get

W) < a+bm «-s)ft irfs+cm / ( - )22 1ds

JO 'O

ffix 1f1 bTA C -
< a+bm— +cm-r- <a+ (——b—)m —/J1/,
~ Ol PI P2

and the result follows. Lemma 2.5 Is proved.
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3. Existence and uniqueness results

Definition 3.1. A function n E PC(J, R) whose g—derivative exists on J s said to
be a solution of the problem (1.1) i1fu satisfies ¢ D*}u(t) = / (t,y{t)) on J' and satisfies

the conditions Ay(tk) = A(y(®)), K= 1,2, and y(0) = plpy(r]), 0 < ? < 1.

To prove the existence of solutions for problem (1.1), we first prove a number of
auxiliary lemmas.

Lemma 3.1. Let 0 < r) < 1 and fl ,and leth :J x X x X —= X be a

continuous function. A function u Is a solution of the fractional integral equation
(3.1)

*Jo(v s)p+td Ih(s)ds + ( —s)g 1h(s)ds, *€ (0,I1]
[i(u(«i)) + sy+1 1h(s)ds + ( - s)4 1h(s)ds, € ( )
u(t) il )) + 72( ()) + * fob - s)p+4~1h(s)ds + r*y f*(t - s)4~1h(s)ds, t 6 (t2t
Xl = N+ X {  s)pHg 1h.(s)ds+  f*(t - s)q 1h(s)d.s, t €
where
m P+ 1)

[ (p+9)(IM(p+ 1) - f)rf)
If and only 1f u 1s a solution of the impulsive problem

cD8u{t) = h(t), t€J
(3.2) Au(tk) = ), K= 1,2,...,T0
u(0) = OPu(ri), 0<f< 1
Proof. Assume that u satisfies (3.2). If t € [0,<i], then
(3.3) DfU(t) = h(t), t€ (0,tj] with u(0) = 01pu(ri).

By Lemma 2.2, with some constant cg € 1R we get

u(t) | 4li(t) - @ s)q Ih(s)ds —co-
Then we have
p i pu(v) .
pr)p
*_) h(s)d Co
T{p)T(q)f Cor e MO RN
QP+HETLL M h(s)d No
i@ W BT R Mg "% gy @
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where the Integral

(N- S)P+9 1 J\i _ Zy-'Z41dz

(Vv-r)p Hr-sy-"dr

[(p+q)
Is evaluated with the help of substitution r = s 4-z(i] —5) and the definition of beta
function B(p, 0).
Using the boundary condition u(0) = Blpu(T]): we get u(0) = -co = plpu(r]),

Implying that
L p+1) (- s)p+q-1,,
LM - F(p+1) r(p+9) J(n)JT
Hence

“<)- I N(>+9

If £6 (* ,£ ], then we have

+LL |

DU\i(t) = /r(f) for *€ (* £7] with n(/J) = u(f2) + /im(*i )).

By Lemma 2.2, we get

u(t) = u(t+) - (L ¥ JT(1 -
= u(tr) + 1I\(mu(in)) - — I (t\-s)4-1Ih(s)ds+ — M J (t-s)4- In{8)d.
>+rr e 17 b [ TCecTir*>*>* +1fffi <-7), BA<b

If £E£ (£, 1, then again by Lemma 2.2, we obtain

()= ( )- (- )4 Inh(a)ds + — (-98)4 ()

u(q)+hiu(q)) - (<2-s), li(s)ds+)j—y ( - s)4 Ih(s)ds

(O N+N«2)+T (" P {(p\g HYdS+T(91 {t s)4~41™)ds
Finally, If £€ (Ejt.Efct]> then by Lemma 2.2 we get

ut.) = YI N(«(*M) + Xml (v @p+d~lh(s)ds + - . ( - a)9~1h(s)da,
r=1 0 |
where Kk = 1,2,..., m.
Conversely, assume that it satisfies (3.1). If t 6 (0, £1], then u(0) = ( u(r]), 0 <
77 < 1, and using the fact that IS the left inverse of 1q we get (3.3). Ift E
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(Eb tk+1]) k = 1,2,..., m, then using the fact that the Caputo derivative of a constant
IS equal to zero, we obtain

“Du(i) = ), te (thjtk+1]with ( ) = ( ) + ), K= 1,2,...m.

This completes the proof of Lemma 3.1.
Now we are In a position to state and prove our existence result for problem (1.1),
based on the following hypotheses.

(H1) The function / :./ Xx R —R is jointly continuous.
(H2) For every (tyu) GJ X R, there exist C/, My > 0 and g\ G [0,1) such that

\f(t,u)\ < Cflu\g' + Mf.
(H3) There exist constants Lf > 0 and JZ1G [0,1) such that
\f{t,u) - f(t,v)l < Lf\\u v[n.
(H4) /A : M—R and there exists a constant p|* > 0 such that

/fc(u) —Ik(v)\ < pkK\u —v|, for every n.>GR, and k= 1, 2,...,m
m

Moreover, 1t holds p/ = £p}e[0[).
t=|

(H5) For every n GR, there exist C/, M1 > 0and 6 [0,1) such that

fo(t)] < Civuvx + M.

Now we define the operators F, G and T as follows:
F :PC{J,R) ->PC(J,R) given by

K
(Fu)(t) = 53(Nn)(0, te t=1,2.....m,

where (FIWE) = 1 (), i=1,2,
1=1

G:PC@(,R) -+ PC(J,R) given by

GO T et DTy e (TIPS
BT/ 1f(s,u(s))ds,

where £G (EosMcH]» A — 11 2»
T:PC(J.R) PC(J,R) given by Tu = Fu + Gu.
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Thus, the existence of a solution for the impulsive problem (1.1) iIs equivalent to
the existence of a fixed point for operator T.

Lemma 3.2. The operator F : PC(J, R) =PC(J, R Is Lipschitz with constant pj.

Consequently F 1s G Lipschitz with the same constant pj. Moreover, F satisfies the
following growth condition: for every n e PC(J,R)

(3.4) WFullpe < m(Cj\\u\\'pC + M r).
Proof. For t e (tx, ], using (H4), we get

\(Fu)(t) - (FVv)(H)\ = \(Flu)(t) - (FIv)(DI
< p)\\u v\\pC,

foreveryu,v e PC{J, R). In general, fort e (t*, *+ ], A= 2,3,..., m., using (H4) step

by step, we conclude that F1 isa—Lipschitz with constant p\. Next, using Proposition
m

2.2, 1t 1S easy to see that F 1s a—Lipschitz with constant As for the relation
=1
(3.4), 1t Is a simple consequence of (H5). Lemma 3.2 Is proved.

Lemma 3.3. The operator G : PC(.7, R) —»PC(J, R) " continuous and satisfies the
following growth condition:

<«> VMrc< (r*+fT!)N To-"1 +FI7TTT)1<C M fc +
[or every u € PC(J, R).

Proof. We check the continuity of the operator G on C((£b tfc+i],R), Kk = 2,3,..., m,

step by step. To this end, let {uw} be a sequence on a bounded set 9 3 : = {IMic((o,t1],R)
Ki :ne C((0,ti],R)} c C((0, ti]?R) such that un ->n in 03K, ¢

We have to show that \\Gun ~ Gul|c((o,t1],R) -* O First> 1Is easY t0 show that

N1/ = rggf Iif(s, un(s)) - f(s,u(s))\ >0as n > oc due to the continuity of /. Then

for all t e [(MIi], we have

(Gu,,)(<)  (Gu)(D\ <

3[F(p + 1) *
< r(p_|_ <?)‘r(p+1) ,AP‘ \]1;) (V' S)p-l-q Il/( >U«( )) B f(S>U(S))\dS

+ ||::'{q'5 }O s)4~1\f(s un(s)) - f(s,u(s))\ds

\m 1>+ VvpHy Ty
- T(p+9+ 1) (p+1)-7] [(9+1)
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Therefore, [|G?/n —™ WIIC/((0d,R) — 0 as n — 00, Implying that G Is continuous on
[CUI]. Repeating the above process step by step, one can show that the operator G
IS continuous on (E/p,Efc+i] for k = 2,3,..., T0. FInally, the relation (3.5) Is a simple
conseqguence of (H2). Lemma 3.3 Is proved.

Lemma 3.4. The operator G : PC(J,R) —=PC(J, R) I1s compact. Consequently, G
IS a—Lipschitz with zero constant.

Proof. In order to prove the compactness of G, we consider a bounded set D C
®k, Q C((tk, tfc+1], K), k —1 , 2 and use Arzela-Ascoli theorem to show that

G(£>) Is relatively compact in C((<fgtfc+l],R) for k = 2,3, ...,TO.
For t € [0,*1], let {un} be a sequence on ® ¢ bk C C((0,ti],R). By (3.5), for
every u,, 6 X5 we have

[|G«llc((0,t,],R) < (T(p+9+DIFr'(p+1)_ /P +r(9+ 1)) (EMiV]|C«o,i11d) + MTf )
Implying that G(D) is bounded in C((0,21],R).
Now we prove that {Gun} is equicontinuous. For 0 < ti < 7- <  we can write

(Gu,,)(r1) - (Gu,,)(€2)I< fi' (( - s)9 1- (r2- s)9") |/(s,un(s))|ds
+ L1 to - s)og"\f(s,un(s))\ds

m fo' ((ri-e),1 - to - s)4 1) (C/M®)!" + Mf)ds
+ L fr'to - s)"-1(CR\un(S\* + Mf)ds

S tc,& l« - N + -'m)") s

As T2 — T{, the right-hand side of the above Inequality tends to zero, implying that
{Gun} is equicontinuous, and G(E>) C G((0,£1],R) satisfies the hypothesis of Arzela-

Ascoll theorem. Therefore, G(D) Is relatively compact in C((0,Z1],R).
For each (tk,tk+1], k = 2,3,...,m, repeating the above process, we can obtain

the compactness of the operator G on C((tk, £fc+i],R) for k = 2 , 3 Finally, by
Proposition 2.3, G Is a—Lipschitz with zero constant. Lemma 3.4 is proved.

Now we are In position to prove the main result of this section.

Theorem 3.1. Assume that hypotheses (H1)-(H5) hold, then the impulsive problem
(1.1) has at least one solution u € PC(J, R) and the set of solutions of that problem

IS bounded in PC(J, R).
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Proof. Let F, (7,T : PC(J,R) —» PC(J,R) be the operators defined at the
beginning of this section. Recall that they are continuous and bounded. Moreover, F
IS a —Lipschitz with constant pi € [0,1) and G Is ft—Lipschitz with zero constant (see

Lemmas 3.2 - 3.4). Also, by Proposition 2.2, the operator T Is a strict ct-contraction
with constant pj. We set

S={uGPC(J,R) :3 A€ [0,1] such that n = ATa},

and show that S iIs bounded In PC(J,R). Consider n e S and A€ [0,1] such that
n = ATu. It follows from (3.4) and (3.5) that

U\PC < LLLPu\\pc + WGulpc) < A(T(C/|I?X|[nC + Mr) +
. ( Iflr(p+1)if+« T< |\

(3.6) |
\T(p +q+ D\[{p+ 1) - Bif\  r(9+1)J ( /llullpc

This inequality, together with g < 1 and g2 < 1, show's us that S Is bounded In

PC(J, R). If not. we suppose by contradiction that fi := ||u||pc —»00. Then dividing
both sides of (3.6) by and passing to the limit as /i —00, we get
(3.7)

17 jj'm rieve+mo+ T tAD .
00 I

This Is a contradiction. Consequently, by Theorem 2.1 we conclude that T has at least
one fixed point and the set of the fixed points of T Is bounded in PC(J, R). Theorem
3.1 Is proved.

Finally, we prove a uniqueness result that follows. In order to obtain the uniqueness

of solutions, Instead of (#3) we impose the following assumption:
(H3# There exists a constant Lf > 0 such that

/(E, u) —f{t,v)I< Lf\u —Vv\, for eacht€ ./ and u,v 6 R.

Theorem 3.2. Assume that (HI), (H2), (H3), (Ll) and (H5) hold, then the problem
(1.1) has a unigrie solution n € PC(J, R).

Proof. By Theorem 3.1 the problem (1.1) has a solution u(-) In PC(J, R). Let

v(-) be another solution of problem (1.1). In view of (H3 ) and (HA), we can apply
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Lemma 3.1 to obtain
“(')" (9 5 g-It - + r(p/ ™+ 1 )- m [ to »I ’'-N °) -
L
+ J (t-s)4~1\u(s)-v(s)\ds,

which implies that

(1 - pi)\u{t) - f(i)] < (@ pi)u- «llpc

< dT(p+I)Lf
F(p+ 2)|F(p+ 1) - 9 S)W<? 1{n(3) —u(s)|ds
+ | (t-s)q l\u(s)-v(s)\ds.
Thus
"(1, () S @ p,)rr+PW p”™ 1)-/3-10 ’1- - --Mn*
+ (i-m)M(«) I “ * "W "* '

which, in view of Lemma 2.5, implies the uniqueness of u. Theorem 3.2 Is proved.

4, Ulam STABILITY RESULTS

In this section, we consider the Ulam stability of impulsive fractional differential
equation (1.1). Let e be a positive real number and let tp : .7 —=R+ Dbe a continuous
function. We consider the following inequalities

Dty(t) <f t€J
(4.1)
|Al/(tfc) - h W 1)) » e> k= 1.2,
(<.?21(<)) 1< Y5> *E. /T
(4.2)
AN(TS) - A(1(* )] < <> = 1,2,-, »>
D'ly(t) - f (t,y(f))| < etp(t), te./
(4.3)

IAV(tifc) - 1k(y(th ))| < K=1,2,m,

Definition 4.1. Equation (1.1) is said to be Ularti-Hyers stable if there exists a real
number Cfyln > 0 such that for each e > 0 and for each solution y 6 PC(J.R) of the
Inequality ( .1), there exists a solution x € PC(J,R) of equation (1.1) satisfying

Q- X < CLmE. te d
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Definition 4.2. Equation (1.1) 1s said to be generalized Ulam-Hyers stable if there
exists #/,m E PC(,J, R+) with 0/,m(O) = 0 such that for each solutiony E PC(J, R) of
the Inequality ( .1), there exists a solution x E PC(J, R) of equation (1.1) satisfying

\y(t) x(t)\ <0/,T (6), tE.J.

Definition 4.3. Equation (1.1) iIs said to be blam-Hyers-Rassias stable with respect
to p If there exists Cf.m,v > 0 such that for each e > 0 and for each solution y E

PC(J, R) of the inequality ( . ), there exists a solution x E PC(J, R) of equation
(1.1) satisfying

Yif) ~ 2(01 —NM<P6<AE), tE J

Definition 4.4, Equation (1.1) Is said to be generalized Ulam-Hyers-Rassias stable
with respect to If there exists Cf}I* > 0 such that for each solutiony E PC(J, R) of
the Inequality ( .2), there exists a solution x E PC(J. R) of equation (1.1) satisfying

V(1) - z(E)| < C/,m " (£), tE J.

Remark 4.1. It is clear that: (r) Definition .1 => Definition .2; (rr) Definition
4.3 => Definition 44> (wi) Definition 4-3 for p(t) = 1 => Definition 4 |

Remark 4.2. A function y E PC(J, R) is a solution of the inequality (4-0 if &d
only if there exist a function g E PC(J, R) and a sequence K= 1,2, ....,m (which

depends on y) such that

(1) MOl Me>n J and \Ok\ < 6, K ~ |12,

() c£%(<) =1/ (t,»(0) +g(t), tef,
(iii) Aliy(tfc) = ) bWk = 1,2,..., To.

One can make similar remarks for inequalities (4.2) and (4.3).
So, the Ulam stabilities of the impulsive fractional differential equations are some
special types of data dependence of the solutions of impulsive fractional differential

equations.

Remark 4.3. Let0<qg< 1 Ify € PC(J.R) Is a solution of the Inequality ( .1),

then y Is a solution of the following integral inequality

y(t) - ) - 41

Ulp+1) [ (ii-s)p+d I(s,y{s))ds
r(p+q)(T(p+1)-0rP) Jo
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<fm+ 1! + +
Fa-T1) T(p-fg+ DA+ 1 - fir}*)

Indeed, by Remark 4.2 we have
CD{y(t.) = T(t,y(t))+g(t), t£]”’

Ay(tk) = h(y(tk)) + <G k = 1,2,....m

. y(0) = [3lpy(rj).
Then, we have

K K
y(t) = £>(y(*Il)) +5 >
t=1 1=1
T R)L A~ sM If{s,y{s))ds+W )1 g~ ds
(Wp + 1) .
+ P+ <T)(F(M+ 1) -/37P) J[o {v- 8)I*4 1/(s, y(s))ds
ElM(p+ 1)
! [(p+ n)(T(p+1)- /3r/P)7I/O (V-s)plg

Hence we can write

K
y(t) - 2 Ti(y{ti )) - f (t-s)4 If(s,y(s))ds
m Up+i)
"o+ A(T(p+ 1) —fir) Jo /7 O I(Sy())ds
< P*a-11v(.9)|rfs

r<+ 1 TI(p+pa+ 1)(T(p+ 1) -Prf)
Similar remarks can be made for the solutions of inequalities (4.2) and (4.3).

Now we are going to prove the main result of this section, stating that equation (1.1)

IS generalized Ulam-Hyers-Rasslas stable.

Theorem 4.1. Let the assumptions (#1), (#2), (#3 ), (#4) and (#5) be fulfilled.

Suppose there eocist ,1 > > 0 such that for allt £ J

f {t- s)q 14>(s)ds < Xvip(t),
r{q) JO

or(p+1) f - s)prg V(s)ds < T\p<p(),
r(j2 + <N+ 1) - /v) Jo
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where >€ C{J, R+) Is nondecreasing. Then equation (1.1) is generalized Ulam-Hyers-
Rasslias stable.

Proof. Lety € PC%(J, R) be a solution of the inequality (4.2). By Theorem 3.2 there
IS a unique solution of the impulsive Cauchy problem

' cDEX(t) = f(t.x(1)), t€/
(4.4) Ax(tfc)  /fe(x(ti. ) + git, K ~ 1,2,..., N
X(0) = JSI’y(v).

Then we have

(P sx(s))ds + Q- s)1 ]/ (six(s))<ts for t 6 (0, <]

{ )+ 7J 7 X(3))ds+ L} So(( - SY* YU (*,D))<K,
fort 6 (t1, ]

Z(t) = < JI(x(tF)) + h(x{q)) + 7 So Vip+q) f ( T(s))ds+
F) 1<(* - 9" 1 isx(s)) ds>for te («,t3]

1:£ I h (x(tk)) + 7 /O—I&t " [(s,x(s))cfs + rfe JoV -s)’ 1If (s,x{s)) ds,
e=
fort € (tm,T]

where

%+ 1)

F(p-T1) - prp

By differentiating inequality (4.2) for each t € (tk,tk+1]; we obtain

2

y ( t ) )n~LWw) I («.»(«))*

O (p + D»ipHr \
Trp+o+ DIP+ 1 TR )T L

9 (p + Dr,pt+«
<
£>(x*> T <-*rV(>Ms + 5+ «+i)(r(p+1) -Pvp)

[ (j;- s)' 42 lip(@)ds < (m + A5 + 77) <p(b),
Jo
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Hence for each t € (tk,tk+1], we can write

- 1 rL
y(t) - %21W 1)) - W g (t- sy-1f (s,x(s)) ds
N pr(p+ 1)
F(p+ () (p+ 1 - 01/P)
1 t
< ()- ))
t=| rQ O
. [3r(p + 1)
TP+ MU+ 1) Ay |, 7 ST Y)Es
K
t EIN(y(<~)) -/<Ne ))!
=1
+ «[ 11/ (s, 2/(s)) - [ (*',z(s)) Ms

TO A -

0+ Q) I +1) - oW [V SPH 11 (5.2() - f(5,x(5)) \ds

I

S (m+ A, +7,)y(t) + Epft(y (t)) - (x(fk))l
k=l
L I A< .
+ ‘ - <
4 HO- XE)<i

¥*|M(p + 1)Lf :
F(p+ M (p+ 1) - V2P Jo

By Lemma 2.4, there exists a constant A/Jm > 0 independent of (Av + 77) ~(/) such

that

(r)-s)ptd X|j/(«) - x(a)|ds.

i/(s) - X(S)| < Mfm(m +  + ~fo)<p(t), te J

Thus, equation (1.1) is generalized Ulam-Hyers-Rasslas stable. Theorem 4.1 iIs proved.
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prove similar inequalities, but treating the Fourier transform of a function integrable
on the real line, rather than on the unit circle.
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l. Introduction

The problem of finding a lower bound of the L1—norm of exponential sums, known
as a Littlewood conjecture, was posed by Littlewood [2], stating that a constant K

exists such that for any set { < < ..<n”} Cz

N

(1.1) AKE S K log N,
k=1 1

where the L 1-—norm is taken on T, that is, over unit circle. In [5], the Littlewood

conjecture was proved as a special case of the following general result.

Theorem 1.1. (McGehee, Pigno and Smith) There iIs an absolute constant ¢ > 0

such that for any function f € LI(T) whose spectrum Is contained In the set { <

< ..} ¢ Z we have
€D,

(1.2) <C/ b
k=1

In this context, the spectrum of / Is the support of /. Since then, many attempts

have been done to generalize the original Hardy’s inequality, which is given by (1.2)

with rik = k.
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In this paper we prove the corresponding inequality of (1.2) for functions / € LI(R)

and their Fourier transforms ( ) = JKf(x)e x(dx. To this end, we will prove first
a continuous version of the inequality

(°) j|_51(y4 i47-1Ek<4i /bl 12) <AL,

for all / £ L!(T) whose spectrum liesin{ , ,eee} C Z. This inequality was proved
In (9] as a gapped version of the following inequality of [3]:

00/ LI \ o /! 4 - \ 172
(14 E 49 E iMni2 <cwliii+<"E E

1=] \ n= ) j=1\ ri=4i i

for all functions / £ L!(T).

We emphasize here that although inequalities (1.3) and (1.4) look very similar,
the authors In [3] and [9] used completely different constructions to prove these
Inequalities. In [9] the author used the construction applied in [5 to prove the
Littlewood conjecture, while [3] used what we call the algebraic construction. In
this paper we use the algebraic construction to prove some gapped versions of such
Inequalities. Hence, the importance of this paper Is two folded: the results themselves
and the treatment of the algebraic construction with gaps.

We refer the reader to [1] where these two, and two other constructions were
reported as alternatives to prove the Littlewood conjecture.

It IS worth to note that the recent proofs of inequalities of type (1.3) and (1.4)
used a duality i1dea, where a bounded function with certain decay properties must be

constructed, a powerful idea that has been used extensively on the circle.
In our recent works we have focused on how to deal with such Inequalities on the

real-line, that is, when having a function / £ LI(R) rather than LAT). We refer the

reader to [6] - [8] for the study of the real-line versions of Hardy’s inequality.
In particular, in [8] we have proved the continuous version of (1.4), stating that a

constant C > o exists such that for all / G b 1Ll),
/2 0 / * \ 1/2
(15) E (40 | +cE [*

Now we propose the following question: What are the real-line (continuous) versions

of the Inequalities (1.1) - (1.3)?
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Observe that an analogue of the Littlewood original conjecture (1.1) would be

> Klog(A),
E

where E Is a subset of R with a finite positive Lebesgue measure A, and K 1Is an

absolute constant. However, this inequality Is trivially true by virtue of the following
proposition.

Proposition 1.1. Let E C M be a set of finite positive Lebesgue measure m(E).
Then,

OO0

L
We claim that ||/|[I = o0o. Otherwise we would have / € LI{R)and / Is

continuous. But /, being a characteristic function, Is continuous If andonly If E = R,
contradicting the fact that m(E) < oo.

This concludes the study of the continuous version of (1.1). The purpose of this

paper is to present the continuous versions of inequalities (1.2) and (1.3). The corresponding
results are stated In Section 3 (see (3.1) and (3.2) below).

To state the aimed results, we first introduce some notation.

For /| £ L](J&), we set supp(/) = {( GM:/(£) 0} and suppose that/(£) = O
for all £ < £0o with some £o-

We then define a new sequence ] > 1} by setting
bj = inflb :m (*(bj-1,b) supp(/)*» >3 x4) 1|, | >1

where bo = £0 and m(-) Is the Lebesgue measure.

Next, we define a new sequence {l}} of disjoint sets by
lj = (bj-i,bj) supp(/), | = 1,2,3, e,

We remark that at each step J of the construction, If
m supp(/)) <3 x ™ 1

for all b > bj-1, then we set bj = sup supp(/A) and we stop the process to get finitely
many 1]'s.

Thus, for / 6 L~R) satisfying /(E) = 0 for all < withsome £o0, we have
constructed the sets {/*}, possibly finitely many, with thefollowingproperties:

1) supp(/) = 1Jjh-
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1) IfX€ 1) andy £ /j+1> then x <y.
H) m( ) =" A ?except possibly for the last one /n, If there are finitely
many of them, where we would have m(/n) <3 x4 n—
Iv) If theie are finitely many of the /j, say {l\, ee=,/n}, then by convention let
Nitl =/ + = eee= ()
If / € LI1(M) satisfies the properties 1)-1v), then we refer to it as a gapped function
with partition {l}}.
Keeping these notation In Inind, we prove the continuous version of (1.3). That

IS, for functions / possessing the above properties, we prove existence of a constant

C > 0 such that
oo / . \ 1/2
(1-6) £ 1 1/(OI12M ) < C||/||

In this context, C Is an absolute constant that does not depend on / nor on the
partition {/,}. It iIs worth to mention the advantage of (1.6) over (1.5). If, for example,
[(s) = O0forall E<4 | then in (1.5) the first nonzero integral will be multiplied by
4 ", while In the new form, this integral will be multiplied by 4 1. Although we can

shift the first block to be multiplied by 4 1in (1.5), there is no way then we shift all
other blocks. However, inequality (1.6) shifts and merges the support of / to behave
like a function whose support is continuously extended over the real line. We remark
that the 1deas of the forthcoming proofs are similar to those of |8].

2. Preliminaries

Let / 6 LI be a gapped function with partition {/j}, and assume that / is of

compact support. For ] > 1 we define the following sequence of functions:

(2.1) /,(*) = (/ 1/(014

Since supp(/) 1s assumed to be compact, for large ] we have f] = 0and IJ = do The
following lemma gives the basic properties of the sequence {/j}- The proof of this

lemma Is similar to the proof given in [8], and so Is omitted.

Lemma 2.1. Let fj be as above. Then N\ \ =4 "/2, unless fj = 0, |[/>Hoc * 1,

and

(2.2) ):A 4 -2 11 1/(014 |
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where

2.3 J(E) = / 6
(2:3) (£) * 0, otherwise.

Now we construct a new sequence of functions {F},] > 0} as follows. Put FO = 0
and for j > 0 define

(2.4) Fj+1 = -/)j+1 + (1 - e2\fj+1\2)F] - f)+IF2,

where 0 < 6 < 1is a number to be specified later.

Since / is of compact support, we have fj = O'for large J. Therefore, there exists
eee et F =

Some properties of the sequence {Fj, ] > 0} are given In the following sequence

an Index K such that F* = Ffc+1 = Ffc+

of lemmas. Again, the proofs of these results are similar, and some times identical to

those In [8]. Hence, we omit the proofs, unless It IS necessary.

\

Lemma 2.2. For eachj > 0, we have W"Lpo < 1-

Lemma 2.3. For each] > 0, we have spec(FjJ) C (Aj,bj) for some A] G R. Here
spec(F) = supp(F).

Proof. We proceed by induction on . The result is true for Fq because spec(Fo) =
. Suppose that spcc(Fj) C (Aj,bj) for some A] £ R. Observe that f] Is a scalar
multiple of the Fourier transform of gj, where gj iIs given in (2.3). Therefore, spcc(f]) =

lj ¢ (bj \,bJ), and using the fact bj < 6j+I1, we can write
spec(/j+1) C (bj,bj+1);  spec(Fj) C (A)%))
spec(|/j+i|2F,) C spec(/J+1) +spec(7J+x) + spec(F,)
C (bj,bj+1) + (—bj+1, -bj) + (Aj.bj) C {by - bj+1 + Aj,bj+i)
spec(JJ+1F]) C —spec(/j+i) + 2spec(F,) ¢ (-bj+i,-bj) + (2A],2bj)
C (—bj+i + 2Aj,bj) ¢ (—bj+i +2Aj, bj+i).

Therefore spec(Fj+1) C (A]+1, fcj+1),
where A,+1 = min{bj,A}],b] bj+1 + Aj, -bj+1+ 2A]}. This completes the proof.

Lemma 2.4. For any K >] > 1 we have

\ 1/2

(2.5) / A (014 < 16eVr4-j/2.
> - J
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Lemma 2.5. Letj > 1and K >j. Then

(2-6) ( \m ) |71 (0 |27 <18f24 ~2.

Now, recall that F = *Fk for some kK > 1.

Lemma 2.6. LeEF = 2Fk, k > 1, and lett := 7] < The following inequalities
hold:

(2*7) I|[F|U < c, where c= 144\/27r,

(2-8) Mo N(01<"r4->/0r*"6".
The following basic result will be needed In our proofs In Section 3.

Lemma 2.7. Iff,g e L2, then

f(x)g(x)dx =

Observe that if / € L1is such that / is compactly supported, then / € ZA Then
Plancherel theorem guarantees that / € L2.
Now, If F Is as above, then F € L2, and hence by lemma 2.7

(2.9) ff(X)F(x)dx =

3. The main results

Now we are ready to prove our first main result, which is the continuous version of
(1.3). Notice that although the proof Is identical to that of (1.5), we present It here

for completeness.

Theorem 3.1. There exists an absolute constant C > 0, such that for all gapped

f € Z1(1R) with partition {l}},

(3.1) - C|I/1II*

Proof. We first prove the result for / € L1 whose Fourier transform / is of compact

support. Let fj and F be as above. Recall (2.7) and observe that (2.9) holds because
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/A IS of compact support. Therefore,

45 1 > f f(x)F(x)dx
JR()()

1 1
ar P C0) « 7 oy No{ ) e * (1 )N

But. 1u view of (2.8), for f € /] we have

and hence
Implying that

Consequently, for £ /J; we have

« (M0/(0) >a (JTO1)) - 4-')(01

1/2

V274 T2 [ \f(N\ MT inoi2 4- /( .

where we have used (2.2) to obtain the last line.

Integrate both sides and then use Cauchy-Schwartz inequality to get

1/2
A

> \/27r4-1/2
) 5 JEj /KM

1/2 1/2

_~

> \/2 4~ /2 / ][(m- 2J / ][((HA_)

v/3 \ 2 \ /2
vrr 04 1/(014]  >W A 1/(014]

This proves (3.1) with C = 27rc. This completes the proof of the theorem in the case
where / s compactly supported.

For the general case, let / € L1, then apply the above arguments to / *K\, where

K\ Is the Fejer kernel of order A

To proceed to the next result, we recall Hardy’s inequality and its gapped version

(1.2), and (1.5) and its gapped version (3.1).
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It 1s natural to propose a gapped version of the real-line Hardy inequality that
states

@®
(3.2) ;o 1H9h # < ¢
9y

10

for / € L1(R) satisfying /(E) = o for all < 0. See [8] for a proof, deduced from
(1.5). To state and prove a gapped version of this inequality, we look at the gapped

generalization of the discrete inequality in the following way: the Inequality (1.2) can

be thought of as
OC

/bl [ < C-M/IIi,
t! vW

where g Is the mapping g(nk) = A which maps the supporting Integers Into the
original set of Integers.

To realize this 1dea In the real-line case, we need the following setup.

Observe first that Ij Is open, being the intersection of two open sets. Hence, we
can write

j— (ym)>
k=1

for some &j X, fijik £ R such thatt Y KLiWj"k - < 3x 4J * Consequently, we can
find {7]'k} and {rjJ'k} to satisfy

H-12 Zitk < Vjk <4Jand njdk - yjtk = Ojtk  a”k-

For each ] and k = |,...,riJ, let gJk « (<X],ki0},k) —>(Tr.e”nO be defined by
VIJAO = - (4 7jar
Then we set
0 = and 9=
n=i |

where \J,k Is the characteristic function of (ctj,k, Pj,k)-
Now we are In position to state our result that gives a gapped version of the

continuous Hardy inequality (3.2).

Theorem 3.2. Let f be a gapped function with puiiition {lj}, and let g be as above.

Then for some absolute constant C', we have

(3,3) [ <C'll/ L
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Proof. Since supp(/) C U, 1j, we have
\ 172 | . y 1/2

Inop-e)

-~E C A/~ T

Making the substitution gj,k{ ) = T In the first integral, we can write

|- (T (/7 ¥014 172
[ 1 'S \ 1/2 ] /o \ 1/2
s £ !t > . * - TITm)J\ (I 1i/(oi2del
r 3 et V2, \ J/2 / \ 1/2
<Z ("W ) U l/0l4] < if [/(O|dfi <cC'/i

where C" = v/I2C\ and (3.3) follows.
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AnnoTauyuns. B HACTOALLEN 3aMeTKe UCCneayeTcs HavalbHO-KpaeBasd 3ajada Ha
MNONOXXUTENBHOW NOMYNPSAMON ONA HEIMHEMHOINO0 WHTErpo-anddepeHumnanibHOro
YpPaBHEHMSA BTOPOro nopsaka ¢ HEKOMMNAaKTHbIM onepaTopom [rammepLuTenHa. YKa-
3aHHadq 3agada MMeeT HenocpeACTBEHHOE MNPUMEHEHME B He/IoOKa/lbHbIX 3agayax
hn3nyeckon KMHETUKU. [loKa3biBaeTCA CYLLIECTBOBaHME HEOTPULIATE/IbHOIO (TOX-
NecTBEHHO HeHYy/1IeBOro) peLleHna 3TOro ypaBHEHUs B MPOCTPaHCTBe 1Y2(1A*).
B KOHUe paboTbl NpuBeAeHbl COOTBETCTBYHOLIME YaCTHble NMPUMepPbl YKa3aHHbIX

YpPaBHEHUN, UMEIOWMX CaMOCTOATESIbHbIN TEOPETUYECKUN W MPUKNAAHON WHTE-
pec.

MSC2010 numbers: 45GXX, 45G05.

Knto4yeBble CfioBa: HeNMMHEWNHOe ypaBHEHWE, HEMNHEWHbIWM onepaTop; MPOCTPaHCTBO
Cob6o0neBa; CXO0ANMOCTb;, MOHOTOHHOCTb.

1. BBepernwne

HennHenHbIMU UHTErpo-auggepeHUmnanbHbIMKU YpaBHEHUAMKW BUaA

OC
(1.1) -yt +UY =) K(x —=t)H{t,y(t))dt, Xe R+,

0
OTHOCUTE/IbHO MCKOMOW (PYHKUWUK Y(X), ONUCbIBAETCA psaa 3a4ad COBPEMEHHOro ecre-
CTBO3HaHWA. B 4aCTHOCTU, TaKue ypaBHEHNA BO3HUKAIOT B 3aga4ax TeEOPUN HeoKaslb-
HOro B3aMMOAENCTBUA, B KUHETUYECKOW Teopun rasoB (3afada O CKUH-3IMEKTE), B
KBAaHTOBOW MexaHuKe 1 1.4. (cm. [1-5]).

B yacTHOM niMHenHOM cnydae, Korga H(t,u) = u, £€ IR+ ypaBHeHue (1.1) npw

pa3fInuHbIX orpaHnyeHnax Ha /i 1 K mnccneposanoch B paboTtax [3-5].

1PaboTa BbINo/IHEHA npu puHaHcoBon noanepkke NKH MOH PA B paMKax Hay4yHOro npoekTa
SOS 13YR-1A0003.

ol
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B cnyuae, korga H(t,u) = (7(u), roe yHkuna G(u) Ha HeKOTOpOM.OTpefSKe 0, 7]
YOB/IeTBOPAET CneaytoLmnmMm YyCNoBUAM:

(1 ) G{0) =0, G(r) =T,
G(u) >un, a€lp,1], Ge Clor/], G Ha [0, /],

[1- yncnoson napameTp, 94po0 K —HenpepbiBHag PyHKUNA Ha 1R, yA0BNeTBOPAIOLLAS
YCNOBUSAM:

+ 00

(1.3) 0 <K e Li(R) Loc(IR) K{T)B.T = fI> 0,
(1-4) K(-t)> K(t), t€H+,

+OO
(1.5) [ IrP'/Cfrdrlr < Yoo, | = 1,2

— 00

ypaBHeHue (1.1) 6b1710 U3yYeHO B HeJaBHeW paboTe 04HOro U3 aBTOPOB B MPOCTPAHCTBE
Co6onesa WNJR 1) (cm. [6]). B yKa3zaHHOW paboTe AoKa3aHO, 4TO ypaBHeHue (1.1) ¢

KpPaeBbIMU YC/IOBUAMY
2(0) = 0, y € WA(IR+)
NMEEeT HeoTpuuaTesnbHoe (TOXAECTBEHHO HEHYNEBOE) MOHOTOHHO BO3pacTaloLLee pe-

LeHne y(X) ¢ npepenom 7 Ha 6ECKOHEYHOCTH.
B HacToAllen paboTe uccneayertca craeagytouaa Kpaesaa 3agada ana ypasHeHna (1.1):

(1.6) -

-y +hy =) K(x - 0)lH(t,y(t))dt, XE£H+,

2(0) = o0, y°ew}(R+)t
N NOKa3biBaeTcsd, YTO MPU HEKOTOPbIX orpaHunyeHnax Ha H(t,u) ypaBHeHue (1.1) c

HayalbHbIM ycnoBuem y(0) = 0 MMeeT HeoTpuLaTenbHoe (TOXKAECTBEHHO HEHY/EBOE)

pelleHne 13 npocTtpaHcTBa IY{*OK+).
B koHuUe paboThbl ANng unnwcTpauum nonyyvyeHHOro pesynbrarta 6yayT npuBefleHbl

HKAUW

MON Teopembl

2. O6o3HayeHnsa M BcnomMmoraTtesibHble PaKThbl

2.1. O npeobpasoBaHMax Jlannaca AAepHbIX PYHKUUN. TlycTb A4PO

BneteopdeT ycnosmam (1.3)-(1.5). Beeaem cneayrolyo MYyHKUUIO H, onpeaeneHHyo
2
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Ha MHO)ecTBe R :

00 00
(2-1) Ax) = J el Xr) e~XiK(x -1 +r)drdz, x € R,
0 ° 0

roe J1= y/Ji. 3aMeTuMm, 4To

+00

(2.2) Re LiI(R) Loo(K), R{x)> o0, IGR, | R(r)dr = A2= /4,
+ e +00
(2.3) Y |[tp(T)(iT <+00. | =12, v(R) =] TR(r)dT = p-.

[leCcTBUTENLHO, NnocneaHne gakTbl 1erko cneaytot m3 (2.1).(1.3)-(1.5) ¢ yyeTom Te0-
peMbl ®youHK (CMm.[7]).

O603HauYnM 4yepe3 P(p) npeobpasoBaHue Jlannaca PyHKunn R(t) Ha (—00,0) :

0
(2.4) ®(p) = y R(t)eptdt, p £ IRT
-00
N3 (2.4) cneayeT, 4TO
®d(p) | Ha [0-1-0c), ®€ C[0,+00) ©n &(+00) = 0.
HuXe aoKakem, 4To
0
(2.5) ®(0) > >0, rope o = ||K|| =Y K(t)dt
[1eVCTBUTENBHO,
O 0 oo 00
R(X)dx = / /e~ e ATK (x- z + T)dzdrdx
— 00 —00 O O
00 00 O
AT eI (-7 + 1), Wb,
O O -00
X7 chXry K(t)dtdrdz >Y ¢ X1J ¢ AAY K(t)dtdrdz>
0 O -00 0 A -0C
O 00 00
= A — _'N > 0.
> Y K(t)dt, e~X 1é=Xrdrdz a0
—00 or

G3
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CnepoBaTesnibHO, No TeopemMe Kolin MOXeM yTBepxaaTb, 4To Angd Bcakoro e € (0,1)
CYLecTBYeT uncno p€ (npnyem eAMHCTBEHHOER) Takoe, 4TO

(2.6) b(pe) = g¢

3auMKcupyem 4mcno  ( cnegosaTesibHO, U PE) Ang ganbHeENLWero n3sioxXeHus.

2.2. O HEKOTOPbIX HEOAHOPOAHbLIX MHTErpasbHbIX ypaBHeHUAX BruHepa-Xonga

[Tyctb /3 (0 onpepneneHHaa Ha W'Y doyHKUMA, yaoBAeTBOpAloLLAaa cnegyrowmnm ycno-
BUAM:

0]0)

(2.7) a e Li(lR+) LOO(IR+), v+(r) = t xp(x)dx < +00,
O

\2
(2-8) p(x) > - Pe{x), X 6 m 4.

£
rae
(2.9) pNlx)= i e -x(x- T)e-p-T(1T

0 A-ptLt

PaccmoTpuMm cnegyroulee HeogHopoaHoOe ypaBHeHNe BuHepa-Xondga:

(2.10) [(.T) = a(x) + )] R(x —+)f(t)dt, x 6 IR1
0
OTHOCUTE/IbHO BeLleCTBEHHOW M3MepumMon PyHKUMK f(X) co CBOOOAHBLIM YNEHOM

00

(2.11) nx) =J T(x- fi(t)dt, 16 N +,
0

N Aapom

OO0 OO0
(2.12) T(T) =] e~XzK(T +2z)dz =] K{u)e-Hu-Tdu, TE€ R

O
B cuny ceoncte (1.3)-(1.5) aapa K u (2.7)-(2.8) dyHKunm 0(X) MOXHO ybeanTbCA,
4To
(2.13) Z€LI(R+), mi(g) < +oo, Vv{T) <O0.

Tak Kak aapo R ypaBHeHusa (2.10) obnagaet ceouctBamu (2.2)-(2.3), TO U3 pe3yb-
TaToB paboThl [8] (cTp.193, nemma 3.6) cneayeT, 4To ypaBHeHUe (2.10) MMeeT HeoT-
puuaTenbHOe CyMMUPYeMoe W CYLIeCcTBEeHHO OrpaHM4YeHHoe pelleHue /(4), npuyem
im_f(x) = 0. Huxxe aokKaXKem, 4YTO 3TO pelleHMe CHU3Y OLeHMBaeTCca (YHKUUEN

e~pex, x € IR+.
o4
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[lenctBUTENbHO, B cuny (2.6),(2.8),(2.12) n3 (2.10) byaem NMETb:

00 00
f(x) >a(x) =J T{x-)0(t,)dt > ~ J T(X —<J cI'x{*-T)clp°rdt
0 0 0
o\2 T 7 Q) ),
on [ ..1t | o 2]12
qe | & verl T(X~ 2~ X(U~7)(Ibhr = j e~T) T{x-T- z)e~Xzdzd.r
O 0 0
00 00 (0,0)
2 2
qe | C PelTl 6 X2 ~ T~1 *y”e Ndvdzdr
0 0 0 o
212 o
ae J e PCcTXx - r)dr = J R{z)e R{x Z2dz >
0 —eC
2J1 (()3 2Jb
_____ ~nN’ /] R "4 = ———C-D"XD(nE) = O'V'X
> aee pr (z)cp'4 z aeC p*XP(pL)
TaK,
(2.14) f(x)>g(x)>e.-"X.

[IBYCTOPOHHAA oueHKa (2.14) cyllecTBeHHbIM 00pa3oM byaeT UCrnosib3oBaHa B Aasb-
HEULLINX pacCy>XAeHUsX.

2.3. O paKTopu3saumMm HeEKOTOPbIX MHTEerpanbHbIX onepaTtopoB BuHepa-Xondga.
[TycTb E—0AHO M3 cnefyrowmx 6aHaxoBblX MPOCTPaHCTB: LP(JR+), 1 < p < +oo,

CMUL"Y), (M(IR I). PaccmoTpum criefyiowmin MHTerpanbHbIM onepatop BuHepa-Xondga:

(2.15) (RF)(X) = / R(x —t)f(t)dt, / € £, x € IR"

0
c AapoM R (x)—obnagatowmm csonctBamn (2.2)-(2.3). Toraga, Kak n3sectHo (cm. [8]),
R nencTByeT B KaXKaoM M3 npocTpaHcTB E, npuyem onepatop 3—A (rae J—eamHuu-
HbI OMepaTop) AONYCKaeT creayroLyo hakTopmsaumnto:

(2.16) 3-"=p V.)(J-VH)

roe V+— COOTBErCTBEHHO BEPXHME M HWXHME onepaTopbl BonbTeppa cnemytoLLeit
CTPYKTYPbI:

(V+F)(x) = Jv+(x-t)F(t)dt, (V.F)(x) = Jv-(t-x)f(t)dt.

0
€s
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31ecb aapa v —HeoTpuLaTe/IbHble CYMMUPYEMbIE CYLLECTBEHHO OFpaHNY€eHHbIe (YHK-

UMM Ha 1A+ v onpeaensatoTca U3 creayollen CUCTeEMbl HENMMHEWHbIX YpaBHEHUN (haK-
Topu3aLmnu:

(2-17) n+(30 = R(xx) +J vx(t)vA(x +1)dt, x € IR+,

O

npnyem
00 00

7- =) v (T)KIT = 1, [+ =] v+(T)/IT 6 (0,1).

2.4. O6 ogHOpPOAHbLIX ypaBHeHNAX BuHepa-Xondga. PaccmMoTpum cneayroulyro

HayalbHY0 3a4ayvy Ans OJHOPOAHOro ypaBHeHUss BuHepa-Xonda:
00

(2-18) S(x) = / R(x —t,)S(t)dt, X GIR4,

\

(2.19) 5(0) = 1,

rne R—3apaeTca cornacHo gopmyne (2.1).

Tak Kak saepHaa yHKuma R obnapgaet ceonctBamn (2.2)-(2.3), TO COr1acHO Teo-
peme Jinnann (cm. [9]), HaYyabHas 3agada (2.18)-(2.19) nmeet NonoXuTtenbHOe MO-
HOTOHHO BO3pacTalollee N CywecTBeHHO orpaHnyeHHoe Ha IR'1 peweHue, npnyem

(2.20) S(x) — , Korga x —+00.
1- 7+

N3 nemmbl 2 paboThl [10] cheayeT TakXe, 4TO

(2.21) — = 5eLI(]R +).
1- 7+

3. OCHOBHOW PE3Y/NbTAT

3.1. ¥cnoBmna Ha PYyHKLUUIO O603HauMM 4epe3 Tp cneayroLlee YUCO:
sup f{x)

3.1 L = x>0
Al 7+)

[TycTb h—onpepeneHHada Ha R BewlecTBeHHas U namepumas GyHKUMA, YyI10BNETBOPU-
IOLLAsA CMEAVIOLLMM YCAOBUSAM: CYLLECTBYET YMCAO 1j > o Takoe, YTO

1) heC]JO0,r], Ha [O,T1/],
2) (0)=0, h(p=1T, h(u)<u, u€ [0,n\

Huxe ybeanmcesa, uto 7> pe(t), € IR+, rae pe 3agaetcd nocpeactsom (2.9).
€ce
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[1enCcTBUTENBHO, C y4yeToM (2.10), (2.14) 13 (3.1) nmeeMm:

Pe{) J e-AC-1>e-"'T<iT< VXJ] e-A<-T>dT=v m~X < ij

O 0
TaK Kak

T\ > - > f(x) >g(x) >e~PeX

OTHOCUTENbHO YyHKUKKM H(t. u) B AanbHenwem b6yaem npeanonaratb BbINOMHEHNE
CNeayrowmx yCcnoBui:

a) Npu Kaxxaom ukcuposaHHoM 6 IR+ pyHKuma H(t,u) no n Ha 71,

b) wyHKuMa H(t,u) yaosnetsopsas'! ycnosmio Kapateogopm HO aprymMeHTy U Ha MHO-
ectBe IR+ X [0,r/], T.e. npu Kaxxaom ukcuposaHHoOM U e [0, 7] dyHKuma H(t,u)
namepmma no Ha IRI v noutn npu Bcex 6 IR™ 3ta PyHKLUMA HernpepbiBHA HO N Ha

c) cyuwlectByeT umcno e (E(0,1) Takoe, YTO BbINOMHAKTCA C/leayloLlne HepaBeHCTBA:
H{t,pe(t)) > Cepeit), 11(, )< ( )+0(), teJR+, u £

rae
2A2
ae

B cnepyrollem nyHKTe OyaeT AOKa3aHO, yTo ecin yHKUmA H(t,u) ynoBnetBopseT
YCNOBUAM a)—<€), TO 3agava (1.6) umeeT HeoTpuuatenbHoe (HeETPMBMAIbLHOR) PeLLeHMe.

(3.3)

3.2. ®opmMynMpoBKa M oKa3aTenbCTBO OCHOBHOIo pesynbrtata. Cnpaseaivs

cneayroLmnn pesynbTar.

Teopema 3.1. TlycTb dap0 K ypnosneTBopaeT ycnosumam (1.3)-(1.5), a dyHKUMA
H(t, u)—ycnoBuam a) —¢). Toraa 3agaya (1.G) umMeeT HeoTpULATENbHOE HEHYNeBOe
pewieHne y(x), x G1R4. bonee ToOro, ecm x > 0, TO y{x) > 0.

[loKa3aTenbCTBO pPa3obbeM Ha cneaytoLline Larn;
I war. CeegeHue 3agaun (1.6) K HEIMHENHOMY UHTerpasibHOMY ypaBHe-

HUID. YMHOXWUM 06e YacTu ypaBHeHUs (1.1) Ha e~JIX, X > 0 1 NpOUHTErpupyem no
X 0T 17 10 + 00. YMHOXaa 06e 4yacT Nosy4YeHHOro paBeHCTBa Ha e/ir, 1 > 0 un UMes

BBUAY, 4TO y(+00) = 7/(+°°) = 0 (uTo cneayetr n3y € HMNIR”)) nony4ymm:

00 00
(3.4) y'+ Xy =1/c¢c Ar m/ Kx-t)H(t,y(t))dtdx, xe IR+.
0

o/
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N3meHasa B npaBon yactu (3.4) nopaaokK mHTerpuposaHua, B cuny (1.6) npuxoamm K
cnegyrollen 3agave:

(35) v +\y =J T(x - HH(@,y()dt, Xe IR+,
0

(3.6) 2/(0) = 0, y € W2(IR+),

roe T(X) 3apmaertcs cornacHo (2.12).
O603Ha4YNM 4epes

(3-7) JAX) = y'(X) + Xyix).

Torpa, yuntbeiBaa (3.6), OTHOCUTENbHO UCKOMOW PYHKUUK PE€ NM(TMT+) npuxoaum K

cregyrowemMy HeMHEMHOMY WMHTErpanbHOMY YPaBHEHUIO!
00 [t

(3.8) P =J T(x —t)H e~x"~Tip(M)(ITj dt, x GIR+.
0 \ ©
Il war. I'ocTpoeHne NONOXXUTENTbLHOI0O M OrpaHNYeHHOro peLleHnsa 04HO-

ro BCNOMOraTte/sibHOro HEJIMHEMHOIO MHTErpanbHOro ypaBHeHnA. PaccmoTpmm

cneaytollee HeNMHEMHOe BCNoOMOraTe/ibHOe yYpaBHEHMUE:
OC

39) F(x) =) T(x- )h 1) e-At-T)(F(r) - f{r))drj dt + Q(x), x 6 IR+,
0

roe pyHKUMa h nopoxkaaetca ¢ nomoulbio h cnegyrwowmm obpasom h = F—I(T] —wn)

n 06/1a0aeT CBOUCTBAMU:

/i(0) =0, h(v)=r.

(3.10)
h(u)>u, h€C[o,f\ h t Ha [0»7]
d
OC
(3.11) Q(x) = f R(x - t)f(t)dt, Xe IR+,

0
roe /(X) —pewieHne HeoAHOPOAHOIo ypaBHeHNa (2.10).
Beenem cnepytouie nocnenoBatesibHble NMPUOINXKEHNS:

(3.12) o /
Fn+l(x) =) T(x- t)h | e-A*" T)(F,(r) - f(r))drj dt + Q(x), x 6 IR+
\
Fo(x) = f(XO) + JIrl. 00,1,2, —

63
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MHOYKUNEN MO N AOKAXKEM, YTO

(3-13) Fn{x) I no ,4eK1l1l =0,1,2,...,

(3.14) Fn(x) > A1 - 7+) () =S{x), 1 €1R+, n=0,1,2.......
B cnyyae, korgpa = 0B cuny (3.10),(2.10),(2.11) n3 (3.12) nmeem:
{ - ( r \ o0
Fi(x) =] TX~" /] [ e Al-T)* ] dt+ Q(x) <f T (X h(v)dt + Q(X) <
< A?+ Q(x) <\r) +f(x) = Fo(x).
C apyron ctopoHbl, umeem Fu(x) = f(x) + Al > > S(x), .r6 1R+ u

@ / t
Figx) > T(x-th ([ t-yft-T)({T) - f(r))dr j dt + Q(x) >
0] \0
00 {
> ) T(x-t) ¢ A" o)fs(r) - f(r))drdt+Q(x)
0 0

00

R{X - ¢)(s(x) - T{r))dr + Q(x) = S(x).

0
Tenepb npeanonaras, 4to Fn(x) < Fn_1(x) n Fn(x) > S(x) npn HekoTopom £ N,

YUuUTbiBag MOHOTOHHOCTb (PYHKUMM h Ha oTpeske [0, 7], n3 (3.12) nony4ymm:

o0 /
Fn+i(x) <J T(X-thjl e~A*"r)(Fn_i(r) - f{r))dr j dt 4-Q(x) = Fn(x)
0 \O
/ 00 [ 1
Fn+i{x) > | T(x-t)h 1l e H T)(S(r)) - f(r))dr j dt + Q(x) >
0 \O
00

> ) R(X - ©)(S(t) - f{r))dT + Q(X) = S(X).

0
NTak, n3 (3.13), (3.14) cneayet, 4To nocnegoBatenibHOCTb PYHKUNN {Fn(X)}'L0 nwve-

eT NOTOoYeYHbIN npefden, kKorgaa n -¥ oo . lim Fn(x) = F(x), npnyem

(3.15) S(X) < F(x) < XN+ f{x), X€IR"

B cuny Toro, uto h € C’[0,7/], n3 Teopembl b. JleBn (cm. [7]) cneayeT, 4UTO PYHKLMUA

F(X) yaoBneTBopsaeT ypaBHeHUO (3.9).
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TaK Kak
A?- S(x) = A1 - 7+) - - S(x) ) € L?2(1IR+) «(1 +)

(cMm. wopmyny (2.21)) u/ € (1114) Loc(IR4), To n3 cnepyroLlero AByCTOPOHHErO
HepaBeHcTBa 0 < A/ + /(X) - F{x) < Al + f(x) - S{x), x G IR+ cneayet, 4TO

(3.16) A7+ | —F € bi(LlU+) boo(lM1+),

roe L?(1R+) = {/ € Li(H+) :Tli_r>%of{x) = 0}

[1l  war. NTepayMoHHbIN Npouecc ANA HEIMHEWHOIO MHTerpasibHOro ypaB-
HeHnA (3.8). BBeagem creaytolline nocnenoBatesibHbie MPUONMXKEHUSA ANA YPaBHEHUS
(3.8):

ipn+1(x) = J T (x-t)H y,J e JI(* r)(pn(r)dTj dt} x € H b,

O
Po(x) = e PeX n=20.12, -

MHAYKUMEN MO N OOKaXKEM:

(3.17)

(3.18) D (n(x) t no , IlI) ((x) < Xj+f(x) —F(xX)y x € IR+.

CHayvana ybéeammca B noctoBepHocTn paktoB |I) n Il1) B cnydyae n = 0. 3 ycnosus
C) CPOPMYNNPOBAHHOW TEOPEMbI ClieayeT:

00 00
<Pi(x) > —- [ T(x —t)p£(t)dt = f T(x —t) [ e~xt~Te~p Tdrdt =
OLE J as J J
0 0 0
0\2 T °F \2 °F
= - [ e~PcT /| T(X —t —z)c~Xzdzdr = --—--—- /| B(X —r)c~PcTdr > c~PcX = <”o(x)
0 0 0

(CM. AOKa3aTeNnbCTBO ABYCTOPOHHEro HepaBeHCTBaA (2.14)). C apyron CTOpoHbI, B CUY
(2.14) nonyyaem <po(X) < a(x) < Xj - F(x) + f(x). [1encTBUTENbHO, NMEEM

00 /
Al) F(x)+f(x) = AT)-[ T(x—) 1Y e At T)(F(r) - f{r)d, TJ dt-Q(x)+f(x)
0 \0
00 00 / [t
v T(r)dr+ [/ T(x-t) 17- 11 e M t©)(F(t) - /(r))</r dt+g(x) > g(x),
X 0 \ \0

MOCKO/bKY
t

h e A ©)(F(t)- f(r))dr < h(v) = V.
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Ho n3 (2.14) cnenyet a(x) > e~HfT, cnegoBatenbHO 1po{X) < A(X) < Xjj- F (x) +f(X),
X € IR+, Tenepb npeanonarad, 4to $h(x) > nyhix) < Xjj- F(x) + f(x)
npu HekoTtopom n G N, B cu/ly MOHOTOHHOCTU PYHKUWUKM H(t,n) C y4eToM YyCrioBUS C),
oyaemM UMEeTh:

00 [
¥>n+i(z) >J) T(x—0OH It, /e Al TVn-i(r)drj dt = gn(x),
0 \ o0
), /
<PnH(x) <J T(x -t)H It,J) e-A*-T)(JIr, F(t) +/(r))dr dt
0 Vo
00 / t
J T(x-0OH jt,i/-rle xt+Je A*DU(r) - F(r))dr ] <
0 \ 1
00 / / t
< /[ T(* t) tU [e-A+ [ e-A-T(/(r) - F(r))rfr + 3(t) dt
0 \oN 0
00 / t
g(x) +J T(x-t) (rj- k(e M+J e At t)(F(t) - f(T))dr) Jdt <
0 \ 0

00

<gxX)+X)-J T(x-th i1l e Af n)(F(r) f{r))dr j dt
0
= 00+ A74- Q(X) - F(X) = A, - F(x) + /(X).
C ncnonb3oBaHueM ycnosua ), uHaykuuen no  u3 (3.17), Nerko MOXKHO [A0Ka3aTb,
4To Kaxkpgaa u3 pyHkumn sn(x), (n = 0,1,2,...)—un3mepmuma Ha IR4. CnepnoB.a-
TenbHO, ¢ y4yeTtom (3.18) 3aknryaem, 4YTO MOCeAoBaTeNbHOCTb U3MEPUMBIX (PYHK-
umin {™n(s0}n==0 MMmeeT NMOTOYeYHbIN Npeaen, Korga n -hoc :nll@C m(x) = <X,
npuyem ip(:x) TakXXe ABNSETCA U3IMEPUMON (PYHKLMEN N YOOBNETBOPAET CeayroLlemy

NBOMHOMY HepaBEHCTBY:
(3.19) e~p'x < <PfX) < X - F(X) + f(x), X e IR+

C ydetom (3.19) n3 (3.16) nonyuum =6 L?(1R+) LOO(K +).
3 npegensHon Teopemsbl b. J1eBu cnefyeT, 4to p(X) yA0BAETBOPSeM ypaBHEHUIO (3.8).
|V war. lokasaTtenbcTBO BKAOYeHUA tp6 HV2(IR™). CHayana 3amMeTum, 4Tto

(3.20) LUx) =" =-K{x)-a /K (n)e- (-* , x€JR

X

/1
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Tak KakK pyHKUKNA A HenpepbiBHa Ha K, To 13 (3.20) cneayeT, UTo PYHKUMA L TaKXe
HenpepbiBHA N cymmupyema Ha R.

C apyron cTopoHbl,B cuny (3.19) n ceoncTea ¢) Ana yHkuun H(t, u) cneayrowmn
MHTerpan

OC

fAL{x- O\'mH n,| e-*[-r{{T)0 dt
0 \ 0O
paBHOMEpPHO cxoautcs Ha L™ . CnenoBaTenbHO, MO U3BECTHOM Teopeme 0 AnddepeH-

LMPOBAaHMM MOJ 3HAKOM MHTerpasa MOXeM YTBepX/AaTb

(3.21) <P'X) =) b(x 1)HII,[e ( r*<p(r)drJdty x € IR+
O
C ydetom (3.20) n ycnosua c), n3 (3.21), nmeem:

OoC 00

<P'(A) |<J[K(x—t)+XT(x—t)]h /e r)4>{r)dT J dt+J K(x t)fj(t)dt+Xg(x) <
0 \O / 0
00 t 00
< J[K{x —t) + XT(x —t)]J ¢ ™p(M)drdt + ] K(x —t)fH{t)dt + Xg(x)

0 0 0
00 00 00
J o T{x —r){p{rn)dT -f Al R(x —T)(p(r)dr 4-] K(x —t)(3(t)dt + Jg(x) <
0 0 0

< co(y/ji + 1+ [xci),

rae
M= sup (p(x),c\ — sup Ofx), w
HETO+ X€IR +
(3.22) T(X) = | K{Xx - z2)e~Xdz, x £ .

0

OTctopa cneayet, Uto <p € Loo(IR+).
Ho ¢ apyron ctopoHbl Tak Kak T * £i(R), R GLI(R), W€ £i(n+), 0 £

Li(IR+), g € LI(IR f), To n3 HepaBeHCTBa
00 00 00

Na) < ) T{x —nip(r)dT + J1I R(x —)<A)rir + ] K{x —t)0{t)dt + Xg(x).

OKOHYaTenbHO nonydum, 4yto € € 1/i(IlN+). Takum obpasom, Ip€ N n *). U3 (3.7)

cneayet, 4to 7 E U/2(IR+). Teopema 3.1 noKa3aHa.
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B KOHUe paboTbl npmBeaeM HECKO/IbLKO npumepoB H(t,u) ana unnocTpaunm noj
YUeHHOro pesy/bTarta.

[Tpnmep 3.1.

HM = T+ &1 o0 B T0g >\,

4 1 P£(t)
a B KauectBe O MOXXHO Bbl6paTh cneayowyo gGyHKUMo: 0(t) = 2cEpe(t).
[Tpumep 3.2.

H(t, n) = u - _I/_I-|K-S|n2—r] + 4Acefte(t) (U +“pe(t))

rne B KayectBe  MOXHO BblopaTth /3( } = 4cepe(t). 3aecb 4ncao c5 3agaetca Mo
dopmyne (3.3).

Abstract. In this paper we study an iInitial-boundary value problem for a second
order nonlinear Integro-difFerential equation with Hainmerstein type noncompact
operator on the positive semi-axis. This problem has a direct application In the
nonlocal problems of physical kinetics. We prove the existence of a nonnegative
(nontrivial) solution of this equation in the space W”IR4). Some special examples
of these equations are also discussed, which represent independent theoretical and
applied interest.
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A BONUS-MALUS SYSTEM WITH AGGREGATE CLAIM
AMOUNT COMPONENT
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ADbstract. The paper introduces development of a bonus-malus system, where, as opposed
on to the current system, the class of a policyholder In a given year Is determined not only
the basis of the class of the previous year and on the number of claims reported in that year,
but also on the aggregate claim severity of a policyholder in that year. The movement between
classes Is modeled as a discrete time Markov chain, which is dependent on the claims number
and aggregate claim severity processes which are also assumed to be Markovian. The transition
matrices of the claims number and aggregate claim severity processes are assumed time-depen-

dent and random. In this paper, the recursive filters are proposed for related transition mat-

rices. Also, claims number and claim severity joint probability distribution Is provided.

MSC2010 numbers: GOG35, 60J10, 62P05, G5C10, 91B30, 91B70.

Keywords: insurance; policyholder; Markov chain, change of measure; hidden Markov
model; Bonus-Malus system.

1. Model description

- In this paper an example of construction of a new Bonus-Malus System (BMS) Is
considered, where the movement between classes depends on the current class of the
policyholder, the number of claims and the reported aggregate claim of a policyholder
In the previous Yyear.

Consider a set of L policyholders. Each policyholder belongs to one of a finite
number C of classes (tariff groups) sorted by order; class 1 being the one with lowest
premiums etc. That Is, each premium depends on the class to which a policyholder
belongs. Each year the class of a policyholder 1s determined on the basis of the
class of the previous year, on the number of claims and 011 the aggregate claim loss
reported during that year. If 110 claim has been reported, then the policyholder gets
a bonus expressed In the lowering to a class with a lower piemium or stay at the
lowest premium class. Otherwise the policyholder may stay In the same class or gets
maluses (penalized) by being shifted to a higher class with possibly higher premium.

New policyholders are assigned to a certain class.
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Let xR be the number of policyholders in class I at time n, where1 = 1,2,..., C.
Then Xn = (X*,..., X%) Is the distribution of policyholders among classes at time n.
It 1s obvious that the state space Sx —{”n} of Xn process Is finite.

We split the positive half of the real line into a convenient set of disjoint intervals
11, / ... ,7/c and discuss the aggregate claim of each policyholder on that intervals.
We denote by 1 the number of policyholders whose aggregate claim In the n-th
year falls in interval , 1=1,2..., K. So, row vector IIn= (Il*,..., 11 ) shows the
distribution of policyholders among the reported aggregate claim intervals.

Consider the number of reported claims. Its state space will be the space of natural
numbers {0, 1, 2 ...}. Without any distortion we can suppose that it iIs limited by
some number N. We denote by the number of policyholders who have reported |
(1 =0,1,..., N) claims during the n-th year. Then row vector Nn = (N%..., N,,)
IS the distribution of policyholders among the reported claim numbers.

Assumptions underlying the model,

(1) The processes Xn. Hn and Nn are Markov chains which, for technical reasons
(that becomes apparent later) and without loss of generality, accordingly live

on the standard basis {eb ..., C5X}, {/1,..., f\sH\} and { eoe»N\SN\}
In R|6*], IRIG"! and respectively where the r- component of each

vector el, /,» and hi 1s 1 and others are 0 (see [1]. page 5). \Sx\, [*a| and \ \
are the sizes of Sx, Sh and sets accordingly.

(2) It I1s assumed that the movement between classes Is based on the current
class of the policyholder, on the number of claims and on the aggregate
claim reported In the year. So the movement of process X n between Its states
depends on levels of Xn 1, Hn. \ and Ah_1 and the transition matrix Is not
time-dependent.

(3) The next assumption refers to aggregate claim process. It Is assumed that the
aggregate claims are not independent, so the aggregate claim of a policyholder
In any year depends on the aggregate claim and reported claims number of
the previous year. We can conclude that the movement between states of
process # n Is based on the values of #n_1 and Nn \ as well. The transition
matrix Is time-dependent and Is not known In advance.

(4) The yearly reported claims numbers for a policyholder are also suggested
dependent. It I1s assumed that reported claims number of a policyholder

depends on the claims number reported last year and on the policyholder’s
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current class of BMS. In other words, the movement from one state for process
Nn to another i1s founded on Nn-1 and on Xn i1- For this process also the
transition matrix iIs assumed a stochastic one.

The time-dependence of transition matrices can be explained by change of policyholders

behavior year by year. They can make conclusions based 011 their insurance history

and be more professional. As an example in motor insurance, the driver can be more

careful and make fewer claims If he has many claims In the previous year. On the
himself

bonus class.

Let Jn = cr{Xk, Hic-1, Nk I, K < n} be the complete Alteration generated by
processes X, H and N up to the n-th year. The use of Markov property for process X
givesi P (Xn~ g lJn_1,#n_1, M_1) = P(Xn= ¢ \Xn—1 Hh—\ Nn—)» Conditio-
nal on the event (Xn_ 1 = e*#n-1 = I, Nn-1 = ftmi, the above mentioned expression

may be rewritten as:

P (Xn —6)] IXnd 1l — JNnNn—- hm) — Pj,ikm

Let B = tpukm) . be stochastic matrix df tensor mapping

j, =1 k=\ m=1|
k |.9%||Sh|[.Snl Into RISXI] and has the form

P, 111  eee  PI\Sx ||Shns.v )

B
P\SX\AU P\Sx 1\Sx \\Sh \\Sn
where the sum of elements of each column is 1:
\Sx\
(1.1) Pjikm = 1
J=1

Recall that a process Yu is an 3n martingale increment, If E(Yn [ln 1) = 0.

Lemma 1.1. The process X n has the follouring semimartingale representation (or
Doob decomposition) Xn = BXn \ €//n-1 Nn-1--Vn, whel'e the |Sx1x1 column
vector V,, Is an !In martingale increment and €&denotes the tensor product.

The proof can be done similarly as the proof of Lemma 1 in [2).

For the transition matrix of process Hn we introduce

gs,rl(n) P (HNn=f8\Hn_A = fT} Nn-1 = hi),

where Index n indicates the time-dependence of Hn transition matrix.
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The same analysis as for Markov chain Xn shows that the Markov chain Hn has
lepresentation Hn = QnHn-1® Nn \ + Wn, where transition matrix

Qn = (q,,,,(n)) SISZH‘]. \gvg | 19/v:11 has the form:

() <2, () == 91[SH|s,v|(n)

Qn

ASH\,u(n) <25,[,1 () e <7|Sh|,|Sh{|Sa,|(7])

(2) N2 O»rl(n) = 1
4=1

and Wn i1s a \Sh\ x| column vector, which iIs an Jn martingale increment.
For the process Nn we denote

auvu (@O = P {Nn —hu INn-1 = /iv, Xn-1 = tw)

Similarly, forthe process Nn Doobdecomposition hasthe form

An=AnNni1 & —'b )
IO | 1C | 10 |
where matrix Au= (anvw(n))  Npg. N, 1 matrix has the form
m=1t;=1 "w=1
al,n(rc) <1 A2(n) XX al,|5iV]|5n|(n)
An
«|S.v|,I(r0 Olsnr|Az2(n) al|s.v|,[5n4|5x]|(n)
and
\sN
u=1

Lnisa \Sn\xIl column vector and Is a martingale increment.

To eliminate the time-depeiidencc of transition matrices Qn and An. we developed
matrix-processes, for which transition matrices are not time-dependent.

Consider the simplices U and V with nonnegative column vectors
U = {(ui,... u\sH) 3 an(*respectively V = {(vi.... v\Sn\) '} where u >0, Vj > 0
and EI=""ui=1-E n 'vi = le

By definition, each column of Qn and An Is a point In U and respectively in V.
We have the following partitions of sets U and V
m = UfcLi”b (respectively V = Ut=i V*) where U, 0,". Uj = 0 M V3 =
0). Let © = ( C[/m)|5,.1bnland O = (Vi, V2,..., Va),Sxl,5wl.That is ©

(accordingly A1) is the Cartesian product of \Sh \ I"tvl {\Sx \ [*5/V|) copies of the ordered
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set ((/, U2,..., Uqg) (accordingly (Vi, 12,..., Va)). In otlier words, It represents the
set of \SH\ X \Sh\ 'Sn | (ISNI X 1I**x1\Sn\) sized matrices generated by partition U\,

, eee Uqg(VI, ..., V) of the set U(V).

We define the following Markov chain Qn (respectively A,) on the set © () as
follows: if the first column of @ n (An) Is a point in Uix (accordingly in VM), the second
column In IX2 (accordingly In L12), ..., the last, column In *1|Y/u4n| (correspondingly
m then = (Uil"" " UIs,,\\sN\) = (K1,..M:],%X,,,v(), that 1s Qn
(An) keeps track only of the location of the columns of Qn (An)ill (¢/, 7/, ..., Uq)
(accordingly in (VI1,V2,... ,VA)). So, with the help of Qn(An) the matrix Q,, (An)

%
can be defined uniquely.

We identify the ordered set © = {Oil....... 0Q|SWISW} (correspondingly /1 = {&t...,

N s x|[Sa,|}) with the standard basis { ,,... ,bQ.W|[6V[} ({mb---"mQ|S*||s*|}) of
Ju<NAHLIATY] (KMSXTEISwI). So, for matrices Qn and An we develop processes Qn and

accordingly An (for more detail see [2]), for which transition matrices are not time-
dependent and have the following form:
Qn = DQOnNn-\ + Rn, where D = (dgp) f A SN] with dgp = P (Qn = bg | Qn_x= bp)
and {#,} 1s a sequence of martingale increments on a-field a {Qo0,0b e**»0Qn}-
Similarly, An = KAn x+Tn, where K = ( N1 A with
kgp = P [An = mg An— = rap) and {Tn} is a sequence of martingale increments
on -field a {Jicb eoe: Atl).
So, we have the following generalized BMS model:

XUu—BXn-1&Hn-\ STV + Vn
Hn = QnHn- 1&NnN-\ + Wn
(1.4) Nn —An*n—+&HXn-\ + Ljx
Qn —DQu \ + Rn
An —KANn X + Tn

It must be noted that the constructed model Is a revised and an extended one
described In [2|. It has the following peculiarities:

(a) The model, developed In this paper, Is“policyholder-oriented”, that Is the considered
group of policyholders is divided into subgroups from 3 different points of view:

(1) partition by levels of BMS;
(2) partition by groups of aggregate claim amounts;

(3) partition by number of reported claims.
/8
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(b) In [2], the partition Is applied to two different events: first of all the group of

policyholders Is divided on subgroups by BMS levels and the other partition applied
to the set of reported claims, which are sub grouped by claim amount.

(c) In [2] process Zn Is the distribution of claim numbers by claim amount intervals,

SO 12 represents the total number of claims and it means that a policyholder,
which makes more than one claim during the entire year, can appear In different

groups of claim amounts simultaneously. In the model presented in this paper, Hn Is
the distribution of policyholders among aggregate claim amount groups, so Hn
represents the number of policyholders and it means that policyholder’s location
within the aggregate amount intervals can be identified uniquely.

(d) In comparison with [2], where the transition between BMS levels depends on the
reported claims number, In the model, presented In this paper, the above-mentioned
transition depends on the aggregate claim amount, reported by policyholder as well.

2. Hidden Markov models. Change of measure

Hidden Markov model Is a general tool for representing probability distributions
over sequences of observations. The hidden Markov model gets its name from two
defining properties. Let us denote the observation at time n by random variable
Yn. First, 1t assumes that the observation at time n was generated by some process
Fn, whose state Is hidden from the observer. Second, It assumes that the state of
this hidden process satisfies the Markov property. The outputs Yn have the same
property. For more details about hidden Markov models see [1] and [3]. The processes
Qn and An, mentioned above, are hidden Markov models. To estimate their states
recursively, we define a measure P, on the measurable space (12, T), under which
processes X, H and N are sequences of statistically independent and identically
distributed random variables. The existence of measure P Is provided by Radon-
Nicodym theorem. The probability measure P 1Is referred to as the ‘“real world"
measure, under which we have the relations (1.4).

Suppose that under the measure P the processes X, H and N are I.I1.d sequences

with the following distributions:

P (Xn—eJ I Xn-\ —Ci*Hn-I —fKki 1—hm) —Pj,Ikin

P{Hn = fs IHn-1 = fry Nn~1= ) = qotri(n)

P (Nn — JIn-1 —  Xn—H —&\W) —
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where the corresponding matrices are B = (p7ibn) _'S" I"h 1 \Sn)
j,r=1 K 1 m=1
QQ”— (1;1 rl(n)) I fl_ ‘sﬂ_‘ K and /n = (<2n\r|«(|/|)) Stvl A lisxd

I =1 | V=1 w 1
Under the measure P the dynamics of Qu and An remain unchanged. Define

(2.1) An — A

t- 1
where

15x| \Si,\ \Sn\ | \(X*,ej)(Xt- 1,ei)(Ht iJKk)(Nt-1,hrn)

* =10 1”.1 |*<7m—
i,j=11Tcd m=

(2_2) ! " Iﬂ f@@\Wt/kH -1,/r>(W«_,, )

rs=1/=1 r((n) /
b onl ,
bt font L\ Q)

u,v=Ilu-I V«u,«ti-(n)

where ( , ) denotes the usual scalar product and Ao = 1

Let Sn be the complete filtration generated by #/t_1,Afc 1,0Qfc, -Ib K< nj.

Lemma 2.1. The sequence of random variables {An}n>0 S a |Su,Pj martingale

expectation E (An) = 1.

Proof. We have to show that £ (An | Sn-1) = An_J. From (2.1) we have
Al = An_1ANn. As An_1 Is Sn-1 measurable; it is sufficient to show that E (\n | Sn-1)
Using (2.2) and properties of conditional expectation, we get

E (AN I1Sn-i) =E yE (An | -b Xn-1=e~#n-i = . ™M_i hm) 9n-I)

Xniej ' Nnth
- otk ( J) darl(n) (1w .) LU (RO (Nnthu) o "
- - n L
Pj,ikm qo.ri(n) aujw(n)
Hn-1 — [, AM-1 = ISn-1)

Under the measure P all processes are independent, so the expectation of the product

can be written as the product of expectations. The calculation iIs given only for the

process X and for the others it iIs similar.

EIE ’(:,”j’ikmj‘) Sn-1, V i —e, Hfici —fkANn— hm Sn-1

E(Eg*1(g ™) P(*, =ejlXn- =€i,Hn-1 = fk,Nn i = /lm) S»-I)

= 1.
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According to Radon-Nicodym’s theorem and Kolmogorov’s extension theorem (see
[1), pages 2G, 317). with the help of measure P we can define the “real world” measure
P as follows:

2-3 4 nn
(2-3) 4P .

Theorem 2.1. Under probability measure P, as defined from P via (2.3) the dynamics
(1.4) hold.

Proof. The proof Is given only for process N. Using Lemma 2.1, the generalized

version of Bayes theorem (see [4), page 132) for the process Nn gives:

P (Nn = hul9n-1yXn— = et,Hn-1 = fk, Nn-1 = hm) —
E ((*M1h\i) An|9n-b A n-1 MNyHn-1 fk) Nn-1= hm)
E (An|Sn-i,Xn_i = ei.Hn-1= A, Nn-\ = hm)
= E (A, /iu)/n9n-b~ = fj, Hx —/& W i = /im)
Note that under the condition ( -14An-1 =et,#n_1 = fk,Nn-1 = Jir ) and (Nn,hu),
formula (2.2) takes the form:

n _ "NPjptfem\ <Xn,e™® / gSkm(n)\ [ an<Ti(n)
Pj,ikm/ \ABYKTT{"O / \  mt(n)
so, (2.4) gives:
E({Nn)ht) /In|9n-b”*n-1 = H7AL= fk )N = hrn)
1S*| T'5/1/ X/ [ \\ [
Pj,ikm \ \ /[ qQjit)yrni\P")
J_r 5=g \Pi.ikm /7 \(is,km{ll)) \ u,mi(70
o£5((Xn,6])) (Hnifs) (Nn,hu) ISn-1: *n-1 = g, Hn—H = Yc Av—31 = "m)
[BX I\sh\

= N AN APkrnQskm{nm)U'U, Tni{ll") = ~u,mt(*0>
]I=1 «=1

where the distributions of processes X n,tfn, Am under the measure P and properties

(1.1) and (1.2) have been used.

Theorem 2.2. Joint distribution of processes IIn and Nn expressed via their marginal

disUibutioris 1s as follows:

P (Hn ~ fs,Nn—hu\9n-i,Xn-i —Hn— = fki Nn— hT)

Q sy k m (70 *

T/lis mean* <ia<under the measure P processes Hn and Nn are statistically independent.
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Proof. Using again the generalized Bayesltheorem, for the joint distribution, we can
write:

P (Hn fs)y Nn — hu\Sn—44n-1 —et.Hn-1 —A, Am_! — hm)
N2 E ((A%fs) (Nn,hu) An|Sn-b *n—+ = Un— —fkINn 1—/iw) _
(- n|Sn—1j -Xfi— Hn TVh— hm)
= E ((Hn,fs) (Nn,hn)An|Sn-ij Xn-i = e,, Hn \ = A» Nn_i = hin)
In this case for (2.2) we have: An = (b™gj)) so (2.5)
takes the form:
E {(Hn, A) (A"™n, Jin) An|Sn-I» *n-1 = O, #n-1 = A, Nn 1 = /Im)
Val / Pj,ihin \ ( MaxT (tQ\ / au,mi (*)\
J N \Pj,ifcm / [ vy
E ((Xn,eN (dn,A) Wh</In) Ign_i,Xn-i =ti,Hn-1= A>SAN 1 =JIT) =
| |
= XM= PLIKINQs,kn{ri)Qu,mi(*l1') ~ SB,km(m)Oni(in)* D

Define the measure valued process gn (u,rt), which i1s unnormalized conditional
probability under measure P

(2-6) gn (w, ru) = E( N, (<$,, k) (1,,, mC)| In)
Using the generalized Bayes’ theorem, the normalized conditional probability takes
the form:
| - m 4 N 1, " 750T) |
P an —BuUAn—rnw J, |- (Q E (I'I)nﬁan) ) "
gn (w, w)

E?21S8h1|Snl EA=iX"Snl 7 (v, )

Theorem 2.3. Theunnonnalized,probability gn(u>,tv) satisfiesthe recursion:

gn (u,m) :(-E—Xn-i ® #n-1 ® Nn-\,Xn)\x 131
B 3=1
1S, | Q\Sh HISNn TA|SXx ||.Vn |

X (AWN, -1 ® Xn_i,ftu) X g ‘ duv k-cj{)9n—i (*"»")>
11=1 t;=| iy=1

(OwHn 1 ® An_j,/.,)X

where go(uj,rzi) is the initial joint probability of Qn and An.

Proof. In view of (2.1) and (2.2) and using the distributions of Hn and Nn under

measure P for (2.6) we can write:

5//||5n]
gn (M. w) = E (An (Qn, bHu) (An,mw)\Jn) —~ ~  (an_i (Qn.bw) (An,mw)Xx
8=1u=I
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x J1 JJI TT (pinkr y X™eN<Xy-, eSW—bJ1><Nx 1.%T)

i j~1 k=1m=1l \pPj,ikm]

27y x 1T n (w im 4 n>
ritintVv fertH
V TT TT ["audiJro) \<N'-, fc’><c"-, c"“> 4

*q (N .

Now recall the dynamics (1.4) for the processes Qn and An, that 1Is (Qn.b")
dw and (An,iMNs) —kw# (JIn_| 7n’\), for (2.7) we get

(" »)—E E (Iﬁ\| [T fr’\l

5=1 u=Il"* 1,J=1 fc=l m=I

| e 1
"I JAM (DI X
<X,,,ei)(Xn. l.ed)(H,,.l1,/*)<IV,,.,,fcm)

cl‘ D ;-':Qm'
‘ﬁ 11 (f~)
E MTK-

1,J=1 fc=l m=
|\
I I
XE TP B
s=1 r,$=1 /=1
X'E; OB DY -
It must be noted that the last equation holds due to distributions of Qn and Au under

the measure P. In view of (2.0) for n —1, we get the proof of the theorem.

3. Predictions for Claims number and aggregate claim amounts

It IS Important for insurance companies to predict the possible number and amount
of future claims m years into the future.

As a result of generalized Bayes’ theorem, the joint probability distribution of the
claims number and aggregate claim amount reported by a policyholder has the form:

P (Hn — }SI,VINH = [Tr |I§,IXI — _E_H_I__!_n’f’)(Nn’hm)An J”)
£E(AnNn|3n)

where the denominator IS constant.
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Having the information up to time n, the above-mentioned distribution’s behavior
at the end of current year Is presented by the following Lemma

Lemma 3.1. The unnormalized joint conditional probability distribution of reported
claims number and aggregate claim amount has the form:

E(HANNNANIOn) = ([X n J®HuU 1 ®Nn-UXn) X

9h [|5n|Q[.<?,[[5"A].9% ||5a4d

fs (Qu=Hn— @&Nn—,fs™Jdiu (AIXNn— § Xn,, , hurgn(cj, )
s=1 t/=1I bl=1 =1

Proof. Using (2.1) and (2.2) and the distributions of Hn and Nn under measure P,

we get
|"h | ISh 1|57/ 1
E(HnNNnAu |an) = 53 f,,NnAnP(Hn =/. 1j,x=T T M _,E£((An,/a>(Nn,hm) An|:
s=1 u=I
Er Q\SE\SnI EIS/VI\E E
E/ (tfn, J”Au) (Oru (M) Aw) ~n—1*
G7=I =1 1=1
\ 159 4y (Xn.CjXXn.bcXHn-b/fcX”-b/u)
(//\f)\
1J=1 fc=l m=1I
|S*I |SX ], SV(NNn-1,hv){Xn- ,ew)
1 P(Hn = fs™~n = hm I|:n)
«,«=1 =1
Iﬁl ISILIJ Iﬁ . £ (X,,,«j)(Xn-,,eD<HO_, ,/R)('V»-i>m) o
1,.7=1 fc=l m=1I (9 )
| . 1Satl .. Q|SJLSa| ISh | ||| KT
/-ERCE N [TIMUP-"H'-" <
5=1 U»=I r5 | /=1
B 'H T apid e 'I’@X
ti,v=1 u;=I
|S«<| 15iv] _
E ((/1,,1*) (7V,, /lu) (Onl (“mA,, 13n)
«1 u=1
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We assume that the processes under consideration are sequences of Independent

random variables under measure , so iInstead of condition Jn we can write Jn-1-
Then we get the following result:

E (HNNnAu\3,)) = ( -*Xn=3Y® Hh—X ® Nn-u Xn ) X

[Shi  [51y] L s 1S 1S
=1 U4 LaHr,5=1/=1
>t[SX||ISN| |[SN| 14x 1

Tn/=1 utv=1 U;=l

SPSat £ ((Hn, /%) (Nn, hu) (On, O (An, m.,)) /1, 1j,, i)
5=1 T=| E (A 1 1)

Using the proof of Lemma 2.1 and now changing Jn-1 by Jn In the condition, we get

the statement of the Lemma 3.1.

To get a formula for the m step prediction of the joint distribution function of
claims number and aggregate claim amounts given the history up to time n, first, we
will find out 1t for 2 step prediction and then extend it to m steps.

Consider the unnormalized conditional joint distribution of (Hn,/3l),(#n+1, /Sl) >

(An,/A)  (A-1jHX)s

E ((An,fs0) (An+b f91) (An, Ziw) (An+i, hUI) An+i| Ot)) —

Q|Sh|[5/VMI5x]|5n| \Sx\
A AE (AN, 150) (An+1, /«1) (A2 Aw0) (AU (Xn+1, Gj)

tsosi= 1 LWQ,Wwi=1ji=|
e (Qn,bw0) (  + , )\Animwo) (An+HTML3™ JINAN+1| ) =
Ql5wl||5nH|5x]||5n]| [5n] | , Yy <*,, n.\ I£xJ /fi (w.\\ <Xne-
O VA s R | RUeR
" v i ] ' 1 NITERT N
suuid  Guui— ji— \PJx,180U0) \A8I1,30mo(n 1) J w-1 VAul.llowCAHl)/

e (AN, /s0) (An+ii NMi) (An /i) (A+i, hui) (Xn+i, ejv)

e (Qn, buo) (DQn,bbl,) (An,mw0) (KANn, mWI) An|3n)
Using the Markov property of Qn and properties of conditional expectation, we obtain

3lAaL3nr
"ONn+],%»)15%) = £ , (On+bbbl,)P(ON+1 - bu, 1Qn  BHld) - d
LH=
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A similar relationship is valid for the process An. Note that d,,, An+1,Nn,Nn+l and
Xti+1 are not included In 3,,. Using their distributions under P, we get:

(3.1)
E ((Hr>fao) (11n+i, fSI) (Nn, hWo) (Nn+1, hUl) An+1|Dn) =
QIShIISjvI 41SX||S*| |Sx]| |.<?x|
| AdiSxa(™L) ~AN AR uot(™i))
wo,wi=| > N=1 ji=1 1=1

mE((Hu1fso) (N n,huo) 1Jn)on (wo, ~70)

Now applying the concept of mathematical induction to formula (3.1), for m steps
we come to the following statement.

Theorem 3.1. The m step prediction for joint probability distribution of the processes
Hn and Nn given the information 3n has the foiin

m Q|S« |5V

E j An+rn MM (tfn-fti fst) (Nn+t>hU)
t=0 ees(QJ —1

|SxI e

(Ril'iSQUQ * QUAii0I (ri7I))»  *

m

[1PI«+] mO«t+i,e.u.(Wi+i) saWs1tit (EA+] 1A 1
f.=1

A ((tFn? 1«0) (*n) hu{) 17n) <h (~0) G0)

4. An APPLICATION OF THE MODEL

In this section a practical example of the model described above Is presented.
Let take a BMS with “C” levels of preinium where the first level presents the lowest
premium and the last level corresponds to the highest possible premium. Let take 71 =
[0,a),/ = [a b) and /3 = [6,+00) intervals for possible aggregate claim amounts,
where 0 < a < b < -foe. We also assume that a policyholder can make 0, 1 or 2
claims per year (claims number greater than 2 Is considered as 2, so we write “2+7,

that 1s two or more claims). The transition of a policyholder between the premium

levels can be given by the following table:
86



A RONUS-MALUS SYSTEM WITH AGGREGATE CLAIM ...

Number of  Aggregate

_ Level (+/7*)
claims Claim Interval

5 oD O S O
+
o1

Table 1

As an example we explain the 6-tli row of the table as follows: If the policyholder
makes two or more claims during the year and the total loss of the company from that
claims belongs to the second interval (that is to interval [a, 6)), then the policyholder
IS penalized by 4 levels from his/her current level for the next year. It Is obvious that
In case of no claim the probability of having 0 amount of loss Is 1.

If the policyholder 1s on the first level and makes no claim In the current year,
then he/she stays at the same level on the next year. On the other side, If there Is not
sufficient number of levels to go up (for example iIf the policyholder is on the C-I'
level and makes “2-f” claims, then he/she must be shifted by at least 2 levels up, but
only 1 level remains to reach the maximum premium), then the policyholder moves

to the highest level.

/ Po PO 0 0 0 \
> 191 0 Po 0 4
20\ o \(I\ 0 0 0
D\<12 020\ oA G\ 0 0
5202 D\<12 020 0 0
i Ot D242 > 1692 0 0
P2<13 JEE P24?2 0 0
B 0 5 2U3 o\ 0 0
0 0 DD<73 0 0
{ : .
0 0 0 PO 0
0 0 0 0 Po
\ 0 0 0 1- po - po

Prom Table 1 we can conclude that the number of DMS levels must be about 01
even more than 20. Otherwise, soon after the start (in few years) the majority of
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policyholders will be concentrated about the highest level of premium. Considering

for example 20 levels of BMS and 50 policyholders, we get the cardinality \Sx\ =
20°° « 1.13 * 1065. It I1s obvious that 1t would be too hard to work with a vector of

that size In practice. When a policyholder changes his/her level of BMS, the process
X n changes Its state, so instead of transition matrix of X n it is enough to analyze the
one step transition matrix of a policyholder between BMS levels which In the case of
Table 1i1sa C x C matrix like B presented above.

Note that the r- column represents the probabilities of movements from the
current level r to the level which corresponds to the* number of row of the matrix.
Here p/c, (k = 0,1,2) iIs the probability of having kK claims (in case of Kk = 2 it Is the
probability of having 2 or more claims) and gm, m = 1.2,3 Is the probability that
the aggregate claim amount of a policyholder who made k claims belongs to the Im
Interval.

In case of insurance event during the next year the policyholder decides: “to claim”
or “not to claim” and this will the “Hidden Process”.

To get a more flexible BMS the decision-makers have to think about the values of

/Icc m and C.

5. Conclusion

The BMS model (1.4) presented In this paper, can be a tool for constructing more
flexible systems to eliminate some of the disadvantages of the current ones. The model
development Is based on the Markov property of discussed processes. With the help
of measure change techniques and hidden Markov models, the recursive formulas for

transition matrices and m step predictions for claim numbers and aggregate claim

amounts are derived.
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