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HAMPSKEHHOE COCTOSIHUE KOMITO3UTA B BUJE TAKETA U3
MPOM3BOJILHOTIO KOHEYHOT' O YMCJIA KOHEYHBIX WJIN
MOJYBECKOHEUHBIX YIIPYTUX CJIOEB ITPU AHTHILTIOCKOIA
JED®OPMALNHU

I'acnapsin A.B.

Knro4eBble ¢j10Ba: KOMIIO3UT, TEOPUs yIIPYTOCTH, KOHEYHO-PA3HOCTHBIE YPABHEHUS.
Keywords: composite, theory of elasticity, equations of finite differences.
Putimh punkp’ §nduynghn, wnwdquijuinipjub mkunmpniy, Yepoun)np nwppbpnipjut
hwjwuwpnidukp:
Quuyupyub U9,
Zulywhwppe nhdnpimghuyh dudwbwl judwjwubh Jepguninn piny Yepgunp jud Yhuwwminjtpe
wnwdquljub skpntphg punjugud thwptph nkupny Yndynghnh jupjuswghts Jhdwlyp

Snipgkh yhpowynp b wdbpe uhtiniu- b Ynuhtntu-dhwthnjunieiniuitinh oqunipjudp nhunwpyynid
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Gasparyan A.V.
Stressed State of a Composite in a Form of Package Composed of an Arbitrary Finite Number of Finite or
Semi-Infinite Elastic Layers under Anti-plane Deformation
With the application of Fourier finite and infinite sine-and cosine-transforms four interrelated problems on a stressed
state of two different composites under anti-plane deformation are considered. The composites have a form of
package composed of an arbitrary finite number of finite or semi-infinite heterogeneous elastic layers with the lateral
surfaces either rigidly fastened or free of strains.

IIpy momoIM KOHEYHBIX M OECKOHEUYHBIX CHHYC- M KOCHHYC-TIpeoOpaszoBaHuii dypbe paccMaTpUBAIOTCS
YeThIpe B3aMMOCBS3aHHBIEC 3aJa4l O HAIPSKEHHOM COCTOSHHUHU JBYX DPAa3HBIX KOMIIO3HTOB, COCTOSIIHX U3
MIPOU3BOJIHOTO KOHEYHOTO YHCJIa KOHEYHBIX WIH IIOXyOSCKOHEUHBIX YIPYTHX PAa3HOPOAHBIX CIOEB IIpU
AQHTHIUIOCKOH JeopMaluy Kak HpH JKECTKO 3aIeMIIEHHBIX, TaK U HPH CBOOOMHBIX OT HAIPsDKEHHI GOKOBBIX
IUIOCKOCTSIX.

Brenenne. lVccrienoBanue HanpsukEHHO-IE()OPMUPOBAHHOTO COCTOSIHHS KYCOYHO-
OAHOPOJHBIX KOMIIO3UTOB B BUAC MMAKETA U3 IMTPOU3BOJILHOI'O KOHEYHOT'O YHCJIa YIIPYTHUX TEJI
KaHOHMYECKHX (OPM HMEET TEOpeTHYEeCKOe W MpaKkTHYecKoe 3HayeHue. B srom
HarpaBJeHUH yKaxxeM Ha pabotsr [1-3].

B HacTosmeld paboTe paccMaTpHBAIOTCS YETHIPE B3aUMHOCBS3aHHBIC 3aJa4dl O
HaTPsHKEHHOM COCTOSHHH JIBYX Pa3HBIX KOMIIO3UTOB, MPENCTABISIONINX COOOW KyCOYHO-
OITHOPOJTHOE TEJI0 B BHIE MAaKeTa W3 MPOHM3BOJIHHOTO KOHEYHOTO YHCIA KOHEYHBIX WU
MOyOECKOHEYHBIX YIPYTUX CIOEB C Ppa3IMYHBIMH YIPYTUMH U TEOMETPUICCKUMHU
XapaKTEepUCTHKAMH TIPH AHTUIUIOCKON AedopMariy Kak MpH HAarpy>KEHHBIX, TaK U IpHU
CBOOOJHBIX OT HAMPSDKEHUI OOKOBBIX TUIOCKOCTSIX.

Taxue 3amaun 1151 KyCOYHO-OAHOPOIHBIX KOMIIO3UTOB, COCTOSIINX M3 MPOU3BOIEHOTO
KOHCYHOI'0 4YucCjia YIPYTUX 6CCKOHG'-IHI)IX CJ'lOéB, KOHCYHBIX HWJIHMHAPOB M KIMHBECB C
MPOU3BOJILHBIM YTJIOM PacTBOpa MPHU aHTHUILIOCKO# Aedopmaliun paccMoTpeHsl B [4-6].



1.1. IlocTaHoBKA 3a1a4u M BbIBOJ ONpeeJsIIOIIMX ypaBHeHul. [IycTb KOMIIO3UT,
OTHECEHHBIH K MPaBOil MPSIMOYTOJbHON cucTeme koopauuat (JX)Z , IpencTaBiser coboi

MaKeT U3 IPOU3BOJILHOTO KOHEYHOTO YHCIA 7 YIPYTHX CIOEB-TPSMOYTONIbHUKOB ((ur.1.):
Q, ={0<x</, h <y<h, —wo<z<ow} (k=LN)

C MOAYJIAMU CIABHUTa Gk . K Hmknelr n BerHeﬁ I'paHsAM KOMIIO3UTa y = hO n y = hn
IPUJIOXKEHBl KacaTelbHble CWiIbl uHTeHCHBHOCTEH T,(X) u T,(X), COOTBETCTBEHHO,

00ecTieuynBarOIINe COCTOSTHAE aHTHILIOCKOH Aedopmarin ¢ 6a30BO IIOCKOCTHIO Oxy H
1 1

YJIOBIIETBOPSIONIME YCIOBUK) KOMIIO3UTA J"to (x)dx= j T,(x)dx, a BeprukanbHbIe
0 0

KPOMKH IIPSIMOYTOJILHUKOB X = 0 u x=1[ cBoGomusI oT HaIPSDKEHUH, T.€.

=1,(x), Tl =1,(x) (0<x<I)

T
V2| y=p,

T

XZ [x=0 = sz x=/ :0 > (k :L_]V)

3£[er Tyz — KOMITOHCHTA KaCaTCJIbHbIX H&Hpﬂ)KCHPIﬁ, a Wk = Wk (X, y) — COUHCTBCHHAA OT-

JIMYHAS OT HyJIsl KOMIOHEHTa cMelleHuii B Hanpasiennu ocu Oz . Tpebyercs onmpeaenuTh

KOMITOHCHTBI HaHpH)KeHI/Iﬁ n CMCH.[@HI/II\/'I B KOMIIO3HMTE, KOrjga (1)yHKLlI/II/I HampsHKECHUA TO (X)

u T, (X) Hanepjc;‘}l 3a/1aHBL.
z(
B G | \ i

S
(o

=
=)

Gur. 1

OTMeTHM, YTO PEIIeHHE aHAJIOTUYHON 337a4H I KyCOYHO-OHOPOAHOTO KOMIIO3UTA
U3 TPOU3BOJIBHOTO KOHEYHOTO 4MCiia OECKOHEUHBIX YHMPYTHX CIOEB MOAPOOHO OMHCAHO B

[4].

Jdns  BeIBOJA ONpEACIAIONIMX YPaBHEHMH 3amaud  00O3HAUYMM  HEU3BECTHBIE

KacaTeJIbHbIC KOHTAKTHBIC HANPSKCHUSA HA I'paHAX ) = hk—l )51 y = hk (k = 1, N) CJI041

4



Q, uepes T, ,(x) n T,(x), coorsercrBenno. Toraa, ucnonb3ys 3akoH I'yka, as cios

(), TOIydYnM CIIEyIONLYI0 IPAHHYHYIO 3a1ady:

o'w, O'w,
5x2/ + 5y2k =0 (0<x<l, h_<y<h)
] ) (1.1)
sz =0 - T):z x=I - O
= k% =1, T, B :Gk% =7,(x) (O<x<], k:L_N).
y=h oy b, o v =l

Jus  pemrenust rpaHmgHOW 3amaum  (1.1) paccMOTpUM KOHEYHOE KOCHHYC-
npeobpaszoBanne Pypoe [9]
!

{Ek (m)swi(m, )} = [{1,(0)sw, ()} cos(mmx/l)dx - (m=0;1;2...),

u opmybl oOpaieHus

w,(x,y) = %v_vk(O,y)+%iv_vk(m,y)cos(ﬂ:mx/l)

m=l1

T, (X) =%%k(O)+%i;k(m)COS(TCm.X/I).

Torga npuaém K ciienyrolleil KpaeBoi 3aaaye:

dz_ 2.2 .
?ka— “1’2” wi =0 (h_ <y<h, k=1,N)
dw - dw - (2
G, — =Ta(m), G — =t(m).
y=ly_, y=h

Hamnee, cnocobom, ormmcanHbIM B [4], pemenne 3amgaqn (1.2) CBOIUTCS K PEIICHUIO CHCTEMBI
KOHEYHO-Pa3HOCTHBIX YPAaBHEHHUI BTOPOTO MOPSIKA:

a, tir— (b, +b,, )t +a,, =0 (k=1,N—1)

Gt =M d.=h—~h_, (k=1N) 4
k Gksh(nn;d" G T T

3necs d, (k=1,N) —ssicora k -oro cios €, .

Pemenne (1.3) omsate moapobHo omucano B [4]. [anee, mpu momMomtd (popMyIibl

oOpalleHus onpenensoTcs QyHKuuu W, (x,y) (k =1, N ), a 3aTeM — HanpsOKCHUS B

JIF000H TOYKE KOMITO3HUTA.
OTMeTHM, YTO YCJIOBHE pABHOBECHS KOMIIO3UTA IPHUBOAUT K COOTHOIICHHIO

70(0) = 1,(0). B nanbueiimem ais npocToThl GyfIEM CYMTaTh, YTO 3TO COOTHOLIEHHE

YIOBIIETBOPSICTCS TOKACCTBEHHO, T.¢. mpumeM T,(x) =71, (x) (0<x</).



1.2. YacTHble cIy4anm U YHCIOBbIE Pe3yabTaThl. PacCMOTpHUM YaCTHBIA CIydaid
JIBYXCIIOWHOTO KoMmo3uTa ((hur.2)

Yy A
T,{x)
NP PP PP
N
0 d >

A

i //K/

U3 (1.3) Haxoamm

() = wtosh(mmh, /1) + tsh(mmh, /1) ’
uch(wmh, /1)sh(mmh, /1) + ch(mmh, /1)sh(wmh, /1)

HpI/IMeHHSI (I)OpMyny oOpamieHus

T7,(x) = —11(0) += Zn(m) cos(mmx/1),

m=1

H:Gz/Gl

MOy YUM
1,(x) zzTM.([ro(t){%+K(x,t)}dH%([rz(t){ +L(x, t)}

rIe

K(xr)= Z cos(mmx/l)cos(nmt/l)sh(nmh, /1)

1 uch(nmh, /1)sh(mmh, /1) + ch(mmh, /1)sh(mmh, /1)
cos (mmx/1)cos(wmt/l)sh(wmh, /1)
Lxn= Z 1 uch(nmh, /1)sh(nmh, /1) +ch(nmh, /1)sh(mmh, /1)
Ipu T,(x) =1,(x) =1(x) u A = h, = h nonyunm
B cos(mmx/1)cos(mmt/l)

1,(x) = j r(t)[z 2 ]l }dt (0O<x<l)
a) Ben T,(X) =1,(x) = TS()C—Z/Z), (0<x<),
rae O(x)— nenbra-gyHkuus Jupaka, TO yUUTHIBAS, 9TO

0, m=2k-1

(-1, m=2k, k=1,2,..

(0<x<l).

J“E () cos—dt =

f=}

!

[r.di=1  (=02),
0

HaxoJum
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T (x)ZE l+i(_1)m cos( 2w/ 1) ush (2mumh, /1) +sh (2rumh, /1))
U2 57 peh Q[ 1sh(2mumh, 1) +ch (2rumh, /1) sh( 2 1)

Uin

PN B . cos[2nm§]{psh[2nmk]+sh[2nmk8]}
n@=3+ 2 uch [27mA8|sh[2mmA |+ ch [27mm|sh[2nmA5]

m=1

rac

E=x/l;h=h[1; 8=h[h,; 1 (E)=It,(E])/2T.

Hccenenyem nosenenue GyHKIUM T (&) B TouKe &= 1/ 2. B pesynbrate 6yaeM HMETh:

- (lj‘ 1 i {ush[2zmA]+sh [27xmA3]}

B 2 & uch [27mA8]sh [2nmA |+ ch[2nmA Jsh [2omd]

2

1. Ha ¢ur.3 npusenens rpadguku GyHKIUM %1(&) B Touke & = 1/ 2 B 3aBHCHMOCTH

oT mapamerpa L aus A = hz/l =0,1 mpu O= hl/h2 =0,3;0,5;1;2;5. U3 rpaduxos
BHJIHO, UTO T (1/2) Bospacraer npu /11//12 <1, yowBaror nipu /11//12 >1,anpu h,/h2 =1

oCTaércs INOCTOSHHBIM, T.C. HC 3aBUCUT OT “, .

©(1/2)

A S
! //4/\8:0’3 5=0,5
VR

47’/ e

@ur. 3
2. Ha ¢ur.4 noxasans! rpagukn GyHKIUM T (&) Brouxe & =1/2 B 3asucumoctu ot
napamerpa O="A /h, mna A=h,/[=0,1 mpu p=0,1;0,3;1;3;7. Hanpsxenne
T (1/2) yGeisaer m1st Beex 3HauEHMi 1, @ IPU yBETMHEHHH O MPUGIIKAETCS K HYJIO.
3. Ha ¢ur.5 npusenens! rpadhuku U3MeHeHHsT GQYHKIHMH ‘~E1(<‘i) B Touke & = 1/ 2 B
3aBHCHMOCTH OT mapameTpa A = hz/l s W=3 npu 0= }q/hz =0,1;0,3;0,5;1;2.

I'padukn moOKa3bIBAarOT, dTO ’C1(l/ 2) omsath yOBIBaeT I BCEX 3HAYEHMi S, a TpH

YBEJIIMYCHUU A TMPHOMIMKAETCS K Hymo. BHOHO Takxke, 4TO MpH OONBINNX 3HAYCHHUAX O
rpaduKy Majo OTIMYAOTCS APYT OT ApyTa.



uR \
A‘ |\ \
st
I \\
I . 8=0,1
200 ||
IR
15F |
\ \
— \\\ ™ ~
NEVENAN —
‘ ‘ S ) N e e L » A
1 2 3 g 05 10 15 20 25 30
®ur. 4 ®ur. 5

6) OueBuIHO, YTO €CIIM aHTHILIOCKast epopMalnsi ABYXCIOHWHOTO KOMITIO3UTA BbI3BaHA
OJIMHAKOBBIMU IIOCTOSIHHBIMHM CHJIaMH, TPHJIOXKECHHBIMM Ha BEpXHEH W HIKHEW TIpaHsIx

komnosuta, T.e. T,(X)=1,(x)=P=const, (0<x</), o 7,(x)=P.

2.1. YacTHblii ciay4yail IBYXCJI0HHOI0 KOMIO3UTA NPH KECTKO 3aleMIEHHBIX
BePTHKAJIBLHBIX IUIOCKOCTAX M YHCJIOBbIE Pe3yJIbTaThl. PeleHne aHaJOrn4HON 3amaqn
IPH JKECTKO 3alIeMIIEHHBIX BEPTHKAIBHBIX INIOCKOCTSX KOMITO3HTA MOJPOOHO IIPUBEAEHO B
[7]. 3necp ocTaHOBHMCS Ha 9aCTHOM CIIydae ABYXCIOWHOT'O KOMITO3UTA.

Y A
1,(x)
NP PP PP7
p Q,
G, /[
0 —>
AR
—h\
//
z )y //’////
T,(x)
®dur. 6
U3 hopmy, npecTaBieHHbIX B [7], npu 71 = 2 HaXoauMm
(m) = wtosh(mmh, /1) + t2sh(mwmh, /1) . _G @n
uch( mh, /1)sh(mmh, /1) + ch(mh, /1)sh(nmh, /1) G,
— I uchmm(h +y)/l—t0chnmy/l
,y) = —-h <y <0); 22
i) mG, shmh, /1 (h=r<0) 22
— I tochmmy/l—t chnm(h, - y)/1
)= 0<y<h,). 23

wa(5) mG, shmmh, /1 O<y<h) 23)

[Ipumensis popmyiy oOpareHus
7,(x) = %i% (m)sin(nmx/1),
n3 (2.1) non";{lHM

8



1,(x) = 27“ [T (OK (x,)dt+ % [0 0Lx,04t, 2.4)
roe

3 sin( wmx/1 )sin( wmt/1)sh(mwmh, /1)
Kxn= ; pch(mmh, /1)sh(rmh, /1) + ch(nmh, /1)sh(nmh, /1)

= sin( wmx/ 1 )sin( wmt/ 1 )sh( wmh, /1
L(x,l‘)ZZ ( /) ( /) ( ]/) (O<x<l).
2= nch(mmh, /1)sh(mmh, /1) + ch(mmh, /1 )sh(mmh, /1)
I.[GFKO 3aMCTHUTh, 4YTO C€CJIM AaAHTUILIOCKadA ﬂeq)OpMaHI/IH ﬂByXCHOﬁHOFO KOMIIO3UTa
BbI3BAHA KacCaTCJIbHBIMU CHWJIAMHU OAWHAKOBBIX HHTCHCHBHOCTeﬁ, MMPUIIOKCHHBIX Ha

BEPXHIOIO W HIKXHIOKO I'paHW KOMIIO3WTA, TO IIPHW pPaBHBIX TOJJIIHHAX CIIOEB KOMITIO3HUTA
HaMpsHKCHUE HA TINIOCKOCTH KOHTAKTa CIIOEB HE 3aBUCUT OT OTHOIIICHUS X Moz(yneﬁ caBuUra.

HeiictButensuo, npu T,(x) =1,(x) =1(x) u b = h, = h u3 (2.4) noxyaum:

o (x) = %It(t)i sin(7tmx/1)sin( wmt/1) dt (0<x<l).

~ ch(nmh/l)
a) PaccMoTpuMm dacTHBIN cilydail aHTHIUIOCKOW JedopManuy JBYXCIOWHOTO
KOMIIO3UTA IIPH ’EO()C) = ‘Ez(x) = TS(x—l/z), (O<x<l) ,
riae O(x)— nenbra-Qpyukius Jupaka. YuuThIBas, 4TO
I —
jr (t)sinn—mtdt = {0’ m =2k
’ l (-1, m=2k+1, k=0,1,2,...

0

(r=0;2),

u3 (2.4) nomyunm

() T i—l)’" sin( (2 D) psh(r2m+ Dy ) tsh(nm+ D D)
15 peh(r(m+Diy Dsh(r(2m+ Dy 1)-+ch(n(em+ D Dsh(m(2m+ D 1)

HOpu h =h, =h Haxomum:

2T & w SInT(2m+1)x/1
n@=5 ZO( D h2n@m Ol
[Tocne BBeneHMs Ge3pa3MepHBIX BENMHH
E=x/lih=h[l; 8=h[h; (&) =17, (E)/2T
¢dopmyna (2.5) mpumer B
- & sin[n(2m +DE]{ psh[m(2m + D] +sh[ m(2m +)A3]}
n)= ,; D pch [Tc(Zm + 1)%8] sh [Tc(Zm + l)k] +ch [Tc(Zm + 1)%] sh [(Zm + 1)7»8]

Vcerenyem 3aKOHOMEPHOCTH H3MEHEHHS KacaTelIbHOro 6e3pasmepHoro Hanpsokenns T, (&)

(2.5)

B (ukcupoBanHoii Touke & = 1/2

i [1) - {nsh [m(2m + DA]+sh [m(2m + 1)A3]}
Tl ==

2) ,; pch [n(2m + 1)A8]sh[n(2m + DA]+ch[n(2m + DA]sh[(2m + )A3]

[TocnenoBarenbHO TPUBOANM PE3YNIBTAThl YUCICHHOTO aHAIN3a 3TOH (HOPMYJIBL.




1.Ha ¢wur.7 npusenensl rpaduky HANPSDKEHMH T (&) BTOuKe £ = 1/ 2 B 3aBHCHMOCTH
or mapametpa [l s A = hz/l =0,5 npu &= hl/h2 =0,3;0,5;1;2;5.
Ha orux rpaukax Hampsokenus Bospactaior mpu A /h, <1 wu yGwaior npn

h, / h,>1,anpn h / h, =1 ocrarorcs moCTOSHHBIMY, T.€. HE 3aBUCAT OT L.
1

A 1'5‘;\
' 3
| o -
T
) 8 = 1 \
e R
Puc. 7

2. Ha ¢ur.8 moxasansl rpapuku M3MeHEHUS (GYHKIUU ‘~|:1 (&) B Touke &= 1/ 2 B
3aBHCHUMOCTH OT mapameTpa O = h,/h2 ms A= h, /1 =0,1 umpu n=0,1;0,3;1;3;7.
HanpskeHus yOBIBAIOT TS BCEX 3HAUEHHIA |1, & TIPH yBETHMUEHHH O MPHOIIKAIOTCS K HYITIO.

3. Ha ¢ur.9 npusenens! rpaguku byHKIHM T (&) Brouke & =1/2 B 3aBucumoctn ot
mapamerpa A = hz/l uans L=2 npu 0= hl/h2 =0,1;0,5;1;3;5.

I'paduku omsATH CHMKAIOTCS [UIA BCEX 3HAYCHUH O, a TIPU YBEITUYECHUH A TIPHOIIKAIOTCA K

FOpI/I3OHT3III:HOI>i OCH. BI/IZlHO TAK¥Ke, 4YTO IIpU OOJIBIINX 3HAYEHHUSIX O rpaq)mcn Maljo
OTJIIMYAKOTCA APYT OT Apyra.

1 (1/2) 1(1/2)
A
4 6 = 0,1
3 ~
—_
, - —
e e S e ———— ]
1 2 3 B ¥ 04 0.6 08 1.0
Odur. 8 Dur. 9

6) PaccmorpuMm Jpyrodl YacTHBIM ciydaii, Korzma aHTUIUIOCKas aedopmaris
JBYXCJIOIHOTO KOMIIO3MTa BbI3BaHA OJJMHAKOBBIMH IIOCTOSIHHBIMH CHIIAMH, PHIIOKECHHBIMH
Ha BEpXHEH U HIKHEH rpaHsIX KOMIIO3UTA:

T,(x) =1,(x) = P=const, (0<x</).

YuuteiBas, 4To
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0, m=2k

I
. Tmt
T (¢t)sin—-dt = r=0;2),
{ DS 2P k41, k=0,1,2,... ( )
mm
u3 (2.4) moryanm
. (x)zzi 1 sin(Tc(Zm+1)x/l)[;,tsh(rc(2m+1)h2/l)+sh(n(2m+1)hl/])]

n 5 2m+1 pch(n(2m + 1)k /1)sh(n(2m+1)h, /1) +ch(n(2m +1)h, /1) sh(m(2m +1)h, /1)
uny B 6e3pa3MepHBIX BETHUUHAX
o2 i | sin[m(2m+1)g]{psh [m(2m + 1)A] +sh[m(2m+ A3}

7m0 2m+1 pch [n(2m + 1)%8] sh [n(2m + l)k] +ch [n(2m + l)k] sh [(2m + 1)%6] ’
E=x/l;h=h/l; 5=h[h; 1(E)=1,(&)/P.
ITpn hl = h2 = h nomyuum
()= 2_Pi (-)"  sinm(2m+1)x/1 _

T = (2m+1) ch2n(2m+1)h/]

B Touxke & = 1/2
(1) 2& (1) {nsh[m(2m+ D] +sh[m(2m+1)A3]}
o [ j - n w0 2m+1 uch [n(2m + 1)%6] sh [n(2m + l)k] +ch [n(2m + l)k] sh [(2m + 1)7»6] '

2

PaccMOTpUM pasindHble KOMOMHALIME XapaKTEPHBIX MapaMeTpOB.

1. Ha ¢ur.10 npuBenensl rpapukn nsmeHeHus QpyHKIUU ‘El(a) B Touke & = 1/ 2B
3aBUCUMOCTH OT Tapametpa L st A = hz/l =0,5 mpu 0= hl/h2 =0,1;0,5;1;2;5.
Hanpsoxenus Bospactaior npu A, /1, <1 w y6smator npu A, /b, > 1, anpu A /h, =1 ue
3aBUCAT OT L.

2. Ha ¢ur.11 npuseness rpapuku GyHKIIHR T (&) Brouke § = 1/ 2 B 3aBHCHMOCTH
oT mapamerpa O = h,/h2 o A= hz/l =1 mpu pn=0,01;0,1; 1;3;7. Bee otu rpaduxu

3aMETHO CHIWXKAIOTCSI M TIPH OOJBINNX 3HAYCHUSAX |l Mo OTIMYAIOTCS APYT OT ApYyTa.

u(1/2)

[ N 7//””777

04 4//8 = 911",,,,,,,,,, I
“‘J / n=0,01

03 h'/‘\ a=0.5
\ i 7

02 ?\\ 8=2 7“ N

01f \*\\ /,, - \

) 2 ? \2 = g
®ur. 10 ®ur. 11

3.1. TloctaHoBKa 3aJa4y Il KOMIIO3UTA M3 NOJY0eCKOHeUYHBIX cJ0éB. [lanee
PACCMOTPUM BEIIICYKa3aHHBIC 337a4M JUII KOMITO3UTA, MPEICTABISMIONIETO COOOH MakeT u3
MPOU3BOJIHFHOIO KOHEYHOT'O YUCIIA YIPYTUX MOTYyOeCKOHEUHBIX cloéB (dur. 12 u 13).
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Q,={0<x<w, h <y<h, —o<z<ow} (k=1N)
B nepBoii 3agaue, korga rpaHb KOMIIO3UTa X = 0 cBo6omna ot HapsDKEHUH, T.€.

_GOm YN ok =TN D)
x=0 a.x x=0 ’ , ,

MIPUMEHSIOTCS KOCHHYC-TIpeoOpa3oBanus Oypre

{x )wilh )} = T{rk (x); W, (x, »)} cos(Ax)dx  (k=0,N) 3.1

Xz

1 popMyIBI 0OpameHus

{1, (00w, (x, )} = %j{%k ) wi (A, y)} cos(Ax)dr  (k=0,N) , (3.2)

0

rae A — crekTpaibHbIi mapamerp Dyphe.
Bo Bropoii ke 3ajmaue, korja rpab kommosuta X =0 skécTko 3amemsieHa, T.e.
wi(x, )| _,=0 (k=LN),

NPUMEHSIOTCS CHHYC-TTpeoOpa3oBaHust Oypre

{%k (A wi (A, y)} = T{tk(x); we(x,)}sin(Ax)dx  (k=0,N) (3.3)
u popmysl 06paIIIeHI/I$I
{1, (s, (x, )} = j { A); we (A, y)}sin(xx)dx (k=0,N). (3.4)
Ya Ya
hzzzf(xl/zm v %Y o

G. \>Q h,y q \>Qu
hi

RN NN

% ﬂrn(x) ﬂ?/ﬂ/‘/g }/% ﬂ‘rﬂ(x) ﬂ?ﬂ/\/n
0

x
®ur. 12 ®ur. 13
4 Zz

Torga, ¢ yuétom ycnoBuit

a‘/Vk (xa )’)
X

=
»

Ko

é:‘

»x

limwk(x,y):lim =0 (k=L;N-1)

pemerue obenx 3amad CBOJIMTCS K KOHEYHO-Pa3HOCTHBIM YPABHEHHSM [4]
a, -1 — (b, +bk+1)‘tk +a,, =0 (k=1,N-1)

1 , _cth(ud,)
Gsh(hd,)” " G,

IIpu sToM,

(3.5)
d,=h —h_, (k=1N).

Clk=
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G,, tash(Md,,,) + G, tinsh(Md,)
G, ,ch(Ad, )sh(rd,, )+ ch(hd,, )sh(hd,)’

3.2. YacTHble cay4ad, YHCJIOBBIE Pe3yabTaThl. B yacTHOM ciydae IBYXCIIOHHOTO

(L) = (k=1,N —1). (3.6)

KoMmo3uTa 13 (3.6) npu 71 = 2 momyuum

= ntosh(Ad,) + t2sh(rd,)
T Leh(hd)sh(rd,) + ch(hd, )sh(hd)

Torna, mocne npumenenus dpopmyi (3.1) u (3.2) B nepBoit 3agaue u hopmyn (3.3) u (3.4) Bo
BTOPO# 3aj1aue, /uisi 00enX 3a1a4 MOTyUHM:

1,(x) = 2—“T 1, (DK (x,t)dt + thz(t)L(x,t)dt, (3.8)
n 0 n 0

n=aG,/G, (3.7)

rac, COOTBETCTBCHHO,

° sh(Ad,)cos(rx)cos(At)

K(x0=|
o ush(rd,)ch(Ad,) +sh(Ad,)ch(rd,) 39)
L(x.t) = J- sh(Ad,)cos(Ax)cos(At)
o bsh(Ad,)ch(rd|) +sh(Ad,)ch(Ad,)
— JUIA IEpBOM 3a1a4uu U
K(x.0) = J- sh(Ad,)sin(Ax)sin(At)
» ush(Ad,)ch(Ad,) +sh(Ad|)ch(rd,) 310

Lixt)= T sh(Ad,)sin(Ax)sin(r7)

" I ush(Ad,)eh(Ad,) +sh()d, )ch()d,)
— JUJIsl BTOPOM 3a/1auu.
Tenepr npumem T, ()C) =1, ()C) = TS(x—xo), (xo > O), rae 5()6) — ¢dynkus
Hupaxa. Torma, u3 (3.8)-(3.10) omst mepBoii U BTOPO# 3aa4, COOTBETCTBEHHO, TIOIYIHM:
£ () = 2_T]‘2 cos(Ax) cos(XxO)[ush(Kdz) +sh(\d, )] ~

w3 ush(id,)ch(rd,)+sh(Ad,)ch(Ad,)

2T ¢ sin(Ax)sin(Ax,) [ush(?»dz) +sh(A\d, )] ™

Tl(x) = ? ) },lShO\-dZ)ChO\'dl ) + sh(kdl)ch(Kdz)

Jlerko 3aMeTWUTh, YTO IPU PABHBIX BBICOTAX CIIOEB (dl = d2) HampspkeHue T, (X) HE

@3.11)

3aBHUCHUT OT OTHOLICHUA MO[LyHeI?'I caBura CHOéB M .
BBGHH 6e3pa3MepHLIe BCIINYHNHBI
a=M; E=x/d; n=x,/d; 8=d,/d; u(&)=dr(Ed)/2T,

u3 (3.11), COOTBETCTBEHHO, TIOTYIHM:

0

() = lj« cos(a&) cos(om)[psh(ad) + sha | "
sy ush(ad)cha +shoch(ad)

) = lT sin(a.&) sin(om) [psh(ad) + sha | "
sy ush(ad)cha +shach(ad)
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B Ta6u.1 1 2 npuBenens! 3uauenus 6espasmeproro Hanpsokenus T1(E) Bouke & =& =1

JUTS Pa3IMYHBIX 3HAYEHHUI MapamMeTpoB O H Ll JJisl epBOii 3a1aun.

Tabmuma 1

g\ 0.2 0.5 1 2 3

0.001 | 1.2496 | 0.5016 | 0.2715 | 0.1749 | 0.1356
0.01 1.2426 | 04998 | 0.2715 | 0.176 | 0.1374
0.05 | 1.2142 | 0.4902 | 0.2715 | 0.1805 | 0.1448
0.1 1.1811 | 0.4829 | 0.2715 | 0.1760 | 0.1529
0.5 0.9844 | 0.4309 | 0.2715 | 0.2116 | 0.1922

1 0.8353 | 0.3936 | 0.2715 | 0.2279 | 0.21504
3 0.5827 | 0.3348 | 0.2715 | 0.2506 | 0.2450
5 0.4875 | 0.3142 | 0.2715 | 0.2577 | 0.2542
10 0.3943 | 0.2951 | 0.2715 | 0.2641 | 0.2622
20 0.3376 | 0.2840 | 0.2715 | 0.2676 | 0.2667

Tabnuna 2

K 0.01 0.03 1 5
o

0.01 25.1336 | 21.1797 15.9181 | 7.4660
0.1 2.4844 2.1198 1.6142 0.8228
0.5 0.4998 0.4532 0.3936 0.3142

1 0.2715 0.2715 0.2715 0.2715
0.1374 0.1767 0.2150 0.2542
5 0.0948 0.1532 0.2034 0.2512

B Ta6u1.3 npuBenens! 3uaueHus 6espasmeproro Hanpsokerns Ti(E) Brouke & =& =1

JUTA PA3INYHBIX 3HAYEHUH TApaMeTpoB O U Ll IS BTOPOi 3a1aum.

Tabmuma 3
d 0.2 0.5 1 2 3

b
0.001 | 1.2492 | 0.4979 | 0.2284 | 0.0754 | 0.0315
0.01 1.2426 | 0.4959 | 0.2284 | 0.0769 | 0.0336
0.05 1.2140 | 0.4873 | 0.2284 | 0.0835 | 0.0425
0.1 1.1808 | 0.4773 | 0.2284 | 0.0910 | 0.0525
0.5 0.9824 | 0.4190 | 0.2284 | 0.1310 | 0.1051
1 0.8310 | 0.3761 | 0.2284 | 0.1590 | 0.1385
3 0.5693 | 0.3064 | 0.2284 | 0.1937 | 0.1851
5 0.4680 | 0.2815 | 0.2284 | 0.2055 | 0.1999
0.3666 | 0.2579 | 0.2284 | 0.2160 | 0.2130
0.3035 | 0.2441 | 0.2284 | 0.2219 | 0.2204

—

0
0

N

U3 HpI/IBGIIéHHBIX B Ta6nnuax JaHHBIX BHUJHO, 4YTO B obeunx 3aJadyax 6e3pa3MepHoe
KOHTAKTHOC HAIIPSIKCHUC TPOABJISICT TO KE IMOBEACHUEC, YTO U B IICPBLIX JABYX 3aJadax, T.C.:
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a) Bospacraer npu d, / d, >1 n y6eiaer npu d, / d, <1 B 3aBucumoctn ot |1, a npu
d,/d, =1 ocraércs MOCTOSHHEIM, T.€. HE 3ABHCHT OT [1;

6) yObIBAET B 3aBUCHMOCTH OT O JUTA BCEX 3HAUCHUI L.

3akmiouenue. [loctpoeHo 3¢ dexTHBHOE pemeHne 3a0a9 O HaNpsHDKEHHOM COCTOSHUH JBYX
KOMIIO3UTOB, COCTOSIIUX W3 TPOU3BONBHOTO KOHEYHOTO YHCIA KOHEYHBIX FIIH
MOJyOCCKOHEUHBIX YIPYTHX Pa3HOPOIHBIX CIIOEB MPH aHTUILIOCKOH AedopMaliiu, Kak mpu
Harpy>KEHHBIX, TaK U IIPU CBOOOTHBIX OT HANPSHKEHUH OOKOBBIX INIOCKOCTSIX.

HpI/l IIOMOIIM YMCJICHHOI'O aHaiu3a IJIA ﬂByXCJ’lOﬁHbIX KOMIIO3UTOB IIOKa3aHO, 4TO
Oe3pa3MepHbIC KOHTAKTHBIC HAMIPSHKCHUS HA IIOCKOCTH KOHTAKTa CIIOEB:

a) He 3aBHCUT OT OTHOIICHUS MOAYJICH CIBHTA CIOEB, €CIH CIOW MMEIOT OJUHAKOBEIC
TOJIIIINHEL,

0) Ipu Bo3pacTaHUM MapaMeTpa |l BO3PacTaeT, €CIU BEPXHMI CIIOH TOJIIEe HUXKHETO U

yOBIBaeT, €CIIM HIDKHUH CIIOH TOJNIIE BEPXHETO.
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2U8UUSUULP @hSNhE3NRLLENP U2 USHL UYUNEURUSE SENtUUah,
W3BECTUSI HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Uthuwtthlju 68, Ne3, 2015 Mexannka

YK 539.3
STABILITY OF A BEAM WITH PERIODIC SUPPORTS
Avetisyan A.S. , Belubekyan M.V., Ghazaryan K.B.

Kew words: Floquet theory, inhomogeneous beam, stability, periodic supports
Kuaouesble cioBa: Teopus Dioke, HEOTHOPOHAS OaKa, yCTONUHBOCTD, IIEPUOIHICCKHE OIOPEL.
Putwh punkp. nlkh nbkunipnil, wthwdwubn hiswh, Juyniinpmnil, yuppbpuljut
htbwpwtubp:
Udknhyuwh U.U., Bimphljjut U. 9., Tmqupjui 4.0,
Nuppbpwluwh httwpwuttpng htdwih Yuyniuinpeiniup:

dinhth nmbunmpyut oppwbwlubpnid phunwplduws b wwuppbpwljut hkwpwbtbpny, ubndjws
wihwdwubn htdwuh Juyniumpiub punhpp: Uwubtwdnp ghypoud ptwpldws £ hwdwubke tyniphg
hkdwl, hwjwuwpwhtn wbnupuwouiduws hbtwpwbubpny: Ubnudws htswth Juyniunipjub

whpnyputpp npnpdws b whwhwnhy:

AserucsH A.C., Beayoexsin M.B., Kazapsn K.B.
YCToiYHBOCTD HATKH ¢ MEPHOAMYECKHMH ONIOPAMH

B pamkax Tteopun @ioke paccMOTpeHa 3afada YCTOMYHBOCTU CIKATOTO HEOJZHOPOIHOTO CTEPXKHS C
NepHoANYeCKUMH onopaMu. YacTHbIH citydailt OZHOPOIHOTO CTEPKHS C PaBHOMEPHO pacIpeeaéHHBIMUA ONTOpaMH
H3y4eH; 00JIaCTH YCTOMYMBOCTHU CXKATOH OaJIKU OIpe/eIeHbl aHATUTHICCKH.

In terms of the Floquet theory the stability problem is considered for a compressed inhomogeneous beam
with periodic supports . The special case of homogeneous beam with periodic supports of the uniform span is
studied, the stability and instability regions of the compressed force values are determined analytically.

Introduction. Problems of vibrations and stability of beams (plates, shells) and beam
structures are very similar. Mathematically, in many cases they lead to the same eigenvalue
boundary problems. However, there are cases where the analogy breaks down. A great
number of papers is devoted to the analysis of wave propagation in periodic structures
that consist of a number of elastic structural different elements (commonly with large contrast
in elastic properties and densities ) joined together in periodic manner to form the whole
structure. [1-9]. Interest to these problems is due to the existence of complete elastic band
gaps within which all vibrations are forbidden.

The gap band structure of flexural bending wave in the periodic beam and beam on
elastic foundation are studied in [5-7 ] . Propagation of bending waves in a homogeneous
beam with periodically interfaces of incomplete elastic contacts is considered in [8,9 ].
What is an analogy with the stability problems of such beams and what is the difference?
It is clear that the problem of stability of an infinitely long, non-uniform beam does not
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make sense. The problem of stability of a beam with periodically inhomogeneous periodic
structure of supports should be similar to the vibration problem of the same beam.
1.Statement of the problem. We consider an infinite one-dimensional periodically
composed beam with the unit cell of a period d =| T+ |2 consisting of two piecewise-
homogeneous parts having different bending rigidities. The joints between beam different
parts are simply supported ones. (Fig 1.) The beam is compressed by the axial force

P applied at beam infinity edges.

-I: 0 I3

P—37 7 NN N 7 A Y — P

Sy A i

Fig.1. Piecewise compressed beam with periodic supports

The beam stability equations can be written as [10,11]

d*w d*w P

S+ol—=0, aj=—r (1.1)
dx dx E.J
where superscripts 1 =1,i =2 show that the functions belong to beam unit parts

0<x< |1 and —|2 < X< 0, respectively, W (X) are the transverse displacements, P is

the axial compressive force applied at the infinity edges of the compound beam structure,

E J. —are the bending rigidities of unit beam piecewise-homogeneous parts.

The following contact conditions at point X =0 should be satisfied
dw,  dw, d’w,
dx  dx dx’

Here B=/(E,J,)/(EJ,) -

By analogy with the vibration problems of a periodic inhomogeneous beam the

2
, dw,

W=, =0, dx? ’

B

(1.2)

Floquet boundary conditions of quasi-periodicity can be taken as
V\/1(|1)=0, Wz(—|2)=0,

d’w,
dx’

5, AW

aw | dw,
dx

dx

(1.3)

x=I x=-1, x=1,

17



A= expl:ik(|l +1, )] , K is the Floquet number.

2. Solution of the problem. Solution of eq.(1.1) has the form

W (X) = A +Bx+C sin(o,X)+ D, cos(o;X); 1=1;2 2.1

where A, B,C,, D, are arbitrary constants,

Substituting these solutions into the contact conditions (1.2) and Floquet quasi-periodicity

boundary conditions (1.3) a simultaneous set of equations with respect to the arbitrary

A.B, CI , D, are obtained . Equating the determinant of the simultaneous set of equations

to zero will produce the equation

F(P)cos[k(l, +1,) |-S(P) =0, 2.2)
where
S(P)=1,1, a; o p*cos(l, &, )cos(l, o, )+1, o sin(l, o, ) +1, a; B* sin(l, o, ) —

—(I1 ol +1, 0B’ )[(xl cos(l, a,)sinl, o, |+, B> cos (I, o, )sin(l, o, )J+

2 2 4
L1 (ol + a3 B)

2

+a, o, | B~ sin (1, a, )sin(l, o.,) 2.3)
2 . )

F(P)=a,a,pB ['1 o, —sin(l, o, ):[I2 o, —sin(l, az)]

For given values of the axial force P Eq. (2.2) determines the Floquet number K. The

regions of P where

cos| k(I +I >1 (values of K are complex ) correspond to beam stability regions .
[ 17 p p y reg

The regions of P where ‘Cosl:k(|1 + |2):” <1 ( values of K are real ) correspond to

beam instability regions.

3. Special cases of a beam and supports structure . Let us now consider the
homogeneous beam of the uniform span of periodic supports

=1, EJ,=EJ,, o,=a,=a 3.1

|1_|2

In this case instead of eq. (2.2) we have
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[1-(1-201%) cos(2al) +4al -sin(al) - 4al -sin(2al) |
cos(2kl) = > (3.2)
2(sin(0c|)—0c|)
which can be transformed to the following eqution
cos’(K)=F*(al)
. —gi 33
F (al)= al - cos(al) —sin(al) (3.3)

ol —sin(al)
Since for any values of ol the function F (OL| ) <l and F (0) = -2, the regions of

ol where F (OL| ) <-1 (F2 (OL| ) > l) will correspond to beam stability regions , for

all values of all outside of these regions the beam becomes instable.

The boundaries of stability and instability regions are determined from equation
F(al)=-1 (34)
Equation (3.4) can be transformed into

cos(al/2)-(al -cos(al/2)—2-sin(al/2)) =0 (3.5)
from which follows the simultaneous set of equations

cos(al/2)=0, tg(al/2)=0al/2 (3.6)
The roots of the equations (3.6)

(al ):) =(2n-m;

(2) ) S
(al), =0,(al)” =2n+hr-g, n=L2...
define the boundaries of beam stability (instability) regions.
In(3.7) g,<<m, ¢,,<¢€, ¢&,—0, g =04417
Thus. the stability intervals of axial force P (OL| ) can be found as
al e (0,m)ul J(@n+Dr-¢,,2n+Dr), (3.8)

n=1
In these intervals equation (3.3) has no roots corresponding to real Floquet number K .
It is worth to note that the lengths of second and consequent intervals are very small,
practically reach to zero for N> 5.
The values of ol which do not belong to (3.8) intervals correspond to critical values of

axial force P under which the beam structure is unstable.
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Let us now consider the beam structure when the rigidities of materials of periodic parts

are significantly different. When the beam parts with index | =2 are substantially rigid

as compared with other parts with index i=1 o,l, <1, taking in (2.3)

Si1’1(|2 (12) ~ |2 OLQ,COS(|2 OLZ) ~1 we come to the equation which does not depend

from Floquet number K
2(cos(o,l))=1)+al, -sin(a,]l) =0 (3.9)
The equation (3.9) is convenient to transform to the following form

sin(ay,l, /2)[a ], cos(a |, /2)—2a ], -sin(a ], /2)] =0 (3.10)

From (3.10) it follows that minimal critical value (Oc1|1 ) is the first root of the equation

(OLJIJ 2
tang| —L |=—;
2 )l G11)

(al) =1.721

4. Conclusion

In the framework of the Floquet theory the analog set between stability and vibration
problems of inhomogeneous elastic beam periodic structure. The infinite compressed beam
is considered consisting with periodic piecewise-homogeneous parts of different bending
rigidities. The periodic joints between beam different parts are simply supported ones. The
equation relate to Floquet number and compressed force is obtained which enables to
define the stability and instability regions of the compressed force values. The special case
of homogeneous compressed beam with periodic supports of uniform span is discussed in
detail. The beam stability and instability regions of the compressed force are determined
analytically. The minimal value of critical force is defined for beam when the rigidities of
materials of periodic parts are significantly different.
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2U8UUSULDP &hSNPhE3NRLLENP UL2aUShL UYUNEURUSE SENEUUS R,
W3BECTUS HAIIMOHAJBHOM AKAJIEMHUA HAYK APMEHUA

Ukwthlu 68, Ne3, 2015 Mexannka

YAK 539.3
OB O/ITHOM 3AJIAYE U3TUBA MMOJYBECKOHEUYHOM IJIACTUHKH C
ABYMS ITPOTUBOITIOJIOKHBIMU INAPHUPHO-
3AKPEILTEHHBIMU KPASAMU

MaptupocsH K.JL., Jlapounsan A.3.

KnioueBble cioBa: monyOecKOHEYHAs IUTACTHHKA, IMIAPHUPHOE 3aKpEIUICHHE, M3TH0, mepepesbl-
BAIOIIME CHJIBI, MOMEHT, IIPOTHO.
Key words: semi-infinite plate, simply supported, bending, crosscutting forces, moment, deflection.
Putmh punbkp. Yhuwwidbpeg uwy, hnpuljuwnpk wdpulgnud, spnud, Yupnn nidbp,
Unukn, £4Yubdp:
Uwpuhpnuyub L.L., fupphiywi U.Q.
Znypuljuynpb wdpuljgdus pnt hwinhwwlug Ynndtpng fhuwwidtpg vaygh sodwl pungph dwuht
Zhnwgnunud £ juyiwljutt uvwhpbph wqpbgnipnip’ uwh hwinhywlwug Ynndbph hnpuljuwnpki
udpuhgduts ypupdwih nhuypnd Jhuwwi]bpy uw-okpinh Sndwb pinpmud: Manhpp nhunwplpynud &
nuuwlul nbunipjut [1], wowehtt Yupgh &oungpujws nbunipyut b pupdp Jupgh Lowngpufus
nbunipjul hhtwib Ypu: Ripqus £ uunh &ywspubph, Yunpny nidbph, dndbintbph hudbdwnnuip®
Nrhjutbp-Qhulh-Uhtyhuh wbunipjudp wuhbh quphwinng [2] b Zudpupgnudjuth wbunipyudp [3]:
Martirosyan K.L., Darbinyan A.Z.
The problem of bending semi-infinite plates with simply supported boundary conditions at two opposite
edges
In this article is investigated the action the transversagl shears the problem of plate bending semi-infinite plates

when two opposite edges are simply supported boundary conditions. The problem of bending of a plate the action
of tangential loads is considered on the base of classical theory[1], on the base of refined theory of first order, on

the base of refined theory of high order. The comparisons between deflections, crosscutting forces and moments
by theory of Reissner-Genki-Mindlin by Vasilyev variant [2], and the theory of Ambartsumyan [3].

B Hacrosieii pabore uccieayercs BIMsSHUE MONIEPEYHbIX CABUIOB HPH U3rnde 1noxyO0eCKOHEYHOM IIIaCTHHBI-
TOJIOCH TIPH YCJIOBHM INAPHHPHOTO 3aKPEIUICHHS IPOTUBOIOIOXKHBIX CTOPOH. 3ajJada paccMaTpHUBaeTCsl Ha
OCHOBE KiIaccHyeckoil Teopus [l], yTOUHEHHOU TEOPHUH IIEPBOTO NOPAAKA U YTOUYHEHHOU TEOPUH BBICOKOTO
nopsijka. IlpuBesieHsl cpaBHEHHs UIs NPOruda IUIACTMHKU [ NEpepe3bIBAIOIIUX CHJI, MOMEHTOB IO TEOPHHU
Peiicuepa-I'enku-MunuinHa o Bapuanty BacunbeBa [2] u no teopuu C.A.AmOapiymsHa [3].

BBenenne. B Hacrosmiee BpeMs B pPa3MYHBIX 00JAcTAX TEXHUKH B KadeCTBE
palMOHANIbHBIX KOHCTPYKTHUBHBIX 3JIEMEHTOB IIMPOKO MPUMEHSAIOTCA  IUIACTUHKH.
TpeGoBanue oOecrieueHHs MPOYHOCTH IJICMEHTOB TOHKOCTCHHBIX KOHCTPYKIIHHA MPUBOJUT
K HEOOXOJUMOCTH aHajK3a BO3MOXHBIX COCTOSHHI 3THX KOHCTPYKIUil. B 3ToM acmekre
BOIIPOCHI HUCCIICIOBaHHS HAIPSKEHHO-IS()OPMUPOBAHHOTO COCTOSHUS IUTACTHHOK TIPU
MPWIOKCHUU HATPy3KU MPEACTABISAIOT O0bInoi uHTepec. Lllupokuii mHTEpEC K yTOYHEH-
HBIM TEOPHSIM 000JIOUEK W IIACTHH UMEET BIIOJHE €CTECTBCHHOE 00bsicHeHne. Kimaccuuec-
Kasg Teopws, NMOCTPOCHHAs HAa OCHOBAaHWU THIOTE3Hl HeAe(QOpMHUpYyEeMBIX HOpMalei, He
OTpa’kaeT yKa3aHHBIC BBIIIE SBICHUS, CBS3aHHBIC C YUETOM IOMEPEUHBIX AedopMaruii u
HaNpSDKCHUH, U Ta€T CyIIeCTBEHHBIE IMOTPEITHOCTH NP PACCMOTPEHHUH 3a7ad 000JI09eK U
IUIACTUH M3 COBPEMEHHBIX KOMIIO3MLMOHHBIX MaTepuayoB. bojee Toro, kiaccuueckas
TEOpHsI M3ruda IUTACTHH ONMCHIBACTCS YPAaBHEHHUEM YETBEPTOTO TOPSIIKA, M B CBS3H C OTHM,
B YaCTHOCTH, JJIs1 YJOBJICTBOPEHHUS TPAHUYHBIM YCIOBHSAM CBOOOTHOTO Kpasi MPUXOANUTCS
HCKYCCTBEHHBIM O0pa3OM MOHHM3WTh YKCJIO T'PAHHYHBIX YCIIOBHA M BBECTH 000OMIEHHOE
MoTMepeyHoe ycuwine. B yIIIOBBIX TOYKAaX IPAHHYHOIO KOHTYpa O0OOIIEHHOE MOMEPEeYHOE
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YCUJIME MOXXET HUMETh OCOOEHHOCTh, KOTOpash 4acTo HWHTEPIPETUPYETCS  Kak
COCPEIOTOUCHHAs TOIepeYHas CHja, PEalbHO JCHCTBYIOIIAas B YIJIOBOW TOYKE WM
¢ukTuBHas [2]. A B YTOYHEHHBIX TEOPHAX YUET MONEPEUYHBIX CABHTOB MPUBOIUT K
MOBBIIIICHHUIO TTOPAIKA YpaBHEHUH n3ruba miacTuH [3] ¥ mosSBILeTCS BO3MOXKHOCTE Ooiee
TOYHOT'O Y/OBJIETBOPEHHUSI TPAHUYHBIM YCJIOBHSM HAa KPOMKE IUIACTHHKH. 3/1€Ch HCYE3aeT
HEoOX0AMMOCTh BBeieHHs 00001EHHOr0 yemust Kupxroda, a Hannuue yriaoBeiX TOYEK HE
BBI3BIBAET MOSIBJICHUS] 0COOEHHOCTEH.

1. ITocranoBka 3agaun. PaccmaTtpuBaercs moimyOecKOHEYHas! TUTACTHHKA TOJIIIHHON
2h , Ha MMLIEBBIX TIOBEPXHOCTAX KOTOPOH 3a/aHbl KacaTelbHble HArpy3Kku. [IpaMoyrosbHas
JlekapToBas cuctemMa koopauHat (X, ),Z) BeIOpaHa Tak, YTO CPEIMHHAS IUIOCKOCTH

mnacTHHKE coBramaer ¢ miockocteio (Oxy). Ilpenmonaraercs, uto Ha  JIMIEBBIX
MOBEPXHOCTSIX 3a/1aHbl KacaTelIbHbIE Harpy3KH:
. — p— + —_—

z=h: 034 =0,0,, =X"(x,»), 65, =0 (1.1
z=-h:063=0,0;5 ==X (x,y),05, =0

OtHocuTenbHO nepemenienuii, no Teopusim (K), (R) u (A), cooTBeTCTBEHHO, NPHHU-
MaroTcs cienyromye agomyuenus [4]:

ow ow

U, =U-z , U,=V-—z—, U, =W (1.2)
Oox oy ;

U,=U-20,, U,=V-20,, U, =W (1.3)
ow z z 1

U, =U - +—| X, +—X, |+ — s

! o ZG( IEY? Zj G (e (1.4)
ow 1

U,=V -z

+—g(z s Uu,=w
3y Gg( )o, 3

Iepememenns cpenuuuoi wiockoctu U,V , nporu6 mnacturku W u dynkumn
@1,@2,91,62 HE 3aBUCAT OT KoopauHatel Zz; G — MOOydb CHABHWIa,

X|=X"-X", X,=X"+X, g@ :z(1—22/3h2).

VYpaBHeHUs] HANPsHKEHHOTO JIeOPMHUPOBAHHOTO COCTOSIHUSI TUTACTHHKH 110 TEOPHSIM
(K) u (R) onpenensrorcs COOTHOIICHUSIMU:

AU+68[6U+8VJ:— 2X,
aler ) CO-v) | 14y (15)
I-v
AV+66(6V+6UJ=O,
d\y o

o Teopud (A)

2X X -vaolx
AU.}.GE 67U+67V — 2 _% a 22+1 Va 22
ox\ ox Oy Cl-v) 3E{ ox 2 oy (1.6)
2
AV_;,_BQ al_{_al :_ﬂaXz
oy\ dy oOx 12G 0Oxoy
YpaBHeHus n3ruda miacTuHKA noxyvarorcs mo reopusM (K), (R), (A):
Ay~ 90X, (1.7)
D 0x
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00 00

aw-—L__2_9
ox oy
00 00 (1.8)
D| AB +6i 1,2 +4Gh(a—W—6]= 2h)(
1 x| Ox Oy 1-v\ ox 1 1-v 1
00 00
D| AB +6i 2 1 +4Gh a—W—O =0
2 oy | Oy ox 1-v\ oy 2
% 0, _ 30X
x o 4o’
3 3 (2 o (1.9)
DEAW—% Acp]+6é %+% +4—hcp]: 2h 8)2(1+17v6)2(1 ,
Ox 15 ox\ & Oy 3 31-v)\ ax 2 oy
3 3 2
DL a8 pp <02 0 || 4 _HOOX
oy 15 y\ & Oy 3 3 ooy
2. Pemienne 3agaum. IlycTp mpsMoyroipHas IUIaCTHMHA 3aHUMaeT 00JacTh
0<x<oc, 0LZy<b, —h<z<h. TpunoxenHas Harpy3Ka 3ajaHa B BHJE
X, =1,sinky, X,=0, rie A=1/b. 2.1)
Kpas mnactunet ¥ =0, b maprupro 3akperiensl mo Tteopusim  (K), (R) u (A),
COOTBETCTBEHHO:
o'w
W=0, —=0 mpu y=0,b; 2.2)
dy
00
W=0, 06,=0, —2=0 npu y=0,b; (2.3)
Oy

5 oW 4 0
W=0 ¢=-"X, 6 0-"2220 nuy=0,b, 2.4)
8 oy-  5G oy
a Ha JIMIEBBIX [MOBEPXHOCTSAX IPWIOKEHBI TONBKO KacaTenbHble Harpy3ku (1.1).
Cnezyer orMernth, uto B cinydae X, = 0 0606IEHHOE MI0CKO-HAMPSDKEHHOE COCTOSHHE
HMeeT HyJIEBOE pelIeHHe.
Pemenust ypaBHeHuii u3rnba B nBymepHoM citydae 1o teopusim (K), (R) u (A) mpu
TPaHUYHBIX yCIoBHAX (2.2), (2.3), (2.4), mo ananoruu ¢ 3amadeit Hamam [1], mpu X —> o0
JOJDKHBI YIOBJIETBOPSTH CIICAYIOIINM YCIOBHSM:

limW =0 2.5)
imW =0, 1m0, =———2%— 1im0, =0 2.6)
x—0 x—0 2G(n + 1) x—0

. : 502 .

limW =0, lime, =-—1,, limg, =0 . (2.7)

X—>00 X—>00 SX X—>00

men=h/\3,  x=h"\s(+&)2,  &=.2/5hh.

OTH yCIoBHS CIEAYIOT U3 perieHnid ypaBHenuid nzruoda (1.7), (1.8), (1.9) B ogHOMEp-
HOM clTydae.

Pemmenne cuctem ypaBHEHHH, YAOBIETBOPSIONIEEe TPAHUIHBIM yermousaMm (2.2), (2.3)
u (2.4), COOTBETCTBEHHO, MPENICTABIISIETCS B BUAC:
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mo teopmwiMm (K), (R)u (A)

W =W, (x)sin Ay, (2.8)
mo teopun (R)

0, =0,,(x)sinAy, 0, =0,,(x)coshAy, (2.9)
no teopun (A)

Q, =¢,,(x)sinAy, @, =0, (x)cosAy. (2.10)
VYcnoBust cBoboaHorO onrpanus no Teopuu (K) nmeror Bum:

2 2
W =0, aVZVZO, aWZO. (2.11)
ox Ox0y

3mech U3 TPEX yciuoBuil mis GyHKkuuu nporuba W GepyTcsa TombKO IepBBIE IBa, M TOTAA
3amavya w3ruba ¢ TpaHWYHBIMU ycimousMu (2.11) coBmamaer ¢ 3amgadeil IMIapHUPHOTO
3aKperIeHusl. 31eCh, KaKk U B CIy4ae CTECHEHHOTO CKOJbB3SIEr0 KOHTAKTa, NMPHUMEHEHHUE
yTOUHEHHOHN Teopuu Heobxoammo [5], [6], [7].

ITo teopusm (R) u (A) ycrmoBust cBOOOTHOTO OTIMPAHUS NMEIOT BUI:

w=0, DDy BB _g @.12)
ox oy oy Ox
oo O 4(d0 d9.)_ 10X
T oox* 5G| ox oy 2G ox
X (2.13)
oW _2 (09 09, 1 X
oxoy SG\ oy Ox 4G oy

YaoBierBopsis TpaHWYHBIM ycioBHsiM (2.12) u (2.13), momyumm  cuctemy
anreOpanyecknx ypaBHeHHd 1o TeopusaM (R) u (A), oTKyaa BeIpaKeHUs Ui TPOTHOOB
OyIlyT, COOTBETCTBEHHO:

W = (\/ge_M xn(4n3 —41’]2p+(\/—1)p)1:0 sin Xy/4Gp(\/§p—
—233n0° (1+0) + 202 VBp(1 + 0) 1+ 4n’p” —4n’p—(1-v)np))
_ E(-1+ v)xe‘“ro sin\y
4Gy((1+28%)* —&y(1-v)(1+P))

e p=+/1+M°, y=41+E".

U3 coortHomenmit (2.14) um (2.15), oueBmamo, ciemyer, uto mpu AA <<l
OTHOIIIEHHUE BEJIMYMHBI Tporuda, mojacuuTanHoro mo teopuu (R), k BemmumHe mporuoa,

(2.14)

(2.15)

TTOICYMTAHHOTO 110 TeOpuH (A), paBHO 5/ 6.

3akarouenne. PacuéTHble Benmaunbl st Momenta M (0, y) o TeopusM (R) u (A)

COBIANAIOT M TOXKICCTBEHHO PAaBHBI HYJIO. A pacyéTHHIE BENMYHMHBI Iepepe3bIBArOLINX
CHII, COOTBETCTBEHHO, o TeopusiM (R) m (A) ompenenstorcss BBIpaKCHUSMH, TIPH

242
CPaBHEHMH KOTOPBIX OYEBMJIHO, ClIedyeT, uto npu A A~ <<1 mepe pesbiBaomue CUIbI

N, (0, y) coBmazatoT 1o reopusiM (R) u (A), cooTBETCTBEHHO
N,(0,y)= ht,siniy. (2.16)

a mepepesbIBarole CHibl [V, (x,O) o TeopusiM (R) u (A) umeroT By
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xo

fmr, e " —2nte ™ |; (2.17)

I-n1-v)
Shér,
6(1-¢(1-v))

OTKy/la HETPY/IHO MOKa3ath, uto npu A\ << 1 B yrmosoii Touke x = 0,y = 0 nomyuaem,

N,(x,0) =

N,(x,0)= (e""c —28%e™ ) (2.18)

YTO OTHOIICHHUEC BCINYHWHBI r[epepe3},IBa}01ueI”4 CHJIBI, IIOACYHUTAHHOTI'O IIO TeOpI/II/I (R), K
BEJIMYIHE TIepEPe3bIBAIOIICH CHITBI, ITOICYUTAHHOTO 0 TeoprH (A),
N2 R

N2 A
1.09 +

1.08 +

1.07 ¢+

01 02 03 04 \015(
rae §=(1—V)hA, pasuo 4/6/5 .
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2U8UUSUULP @hSNhE3NRLLENP U2 USHL UYUNEURUSE SENtUUah,
W3BECTUSI HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Ukwthlu 68, Ne3, 2015 Mexannka
YK 539.3

MATEMATHYECKASI MOJEJIb U3TNBHOMN JED®OPMALIUU
MATHUTOYIPYTOCTU MUKPOIIOJISIPHBIX
SJEKTPOIPOBOISIIUX (HE@EPPOMATHUTHBIX) TOHKHUX
BAJIOK C HE3ABUCUMBIMH NOJISIMHA NEPEMEIIEHUN U
BPAILEHUI

Capxucsn JI. C., Capkucsn C. O.

KiioueBble €J10Ba: MUKPOIIOJISPHBIiL, SIEKTPOIPOBOISIINI, MAarHUTOYIPYrOCTh, MOACIb, TOHKHIL, OasKa

Key words: mikropolar, electrically conductive, magnetoelasticity, model, thin, bar

Putiwh punkp. Uhiypnwynpjup, BEjupwhwnnpphs, dwqihuwwnwdquljuinieint, dnghk), pupul,
htdwl

Uuwpquut L. U, Uupquuh U. 2.
Eitynpuwhwunnpyhy (ny bpndwquhuulub) nkuhnjumpinibukph b yunygnubph withuju qguyntpm]
Uhypnynup pupul hkswubbkph dodwt nghpnpimghuyh duqhuwwrmwdquijuinipyut
Uwpbdwnhljuywl dnghp

Ushuwtnwupnid phipynid kb pupwly ninnulnit gniquhtnwthunh dwquhuwwnrwdquljuinipjui
hwpp (upqusughtt Jhdwljh hhdbwlwt hwjwuwpndibtpp, kqpuyhtt b twpbwlwb wuydwbibkpp:
Clpunpbny wyiinthtunl, np niqulnmt gqniquhbtowhunh dhohtt hwppnipniup wpuwhwjnng
npnubljut  pwpdpnipniip pwwn wbqud  thnpp £ tpw Gpiupnipinithg, mmpuulniu
qniquhbpwthunp Jipuhnhynud b pupuly hidwuh dnpbjh: Cugniubing wuhdywnnnhly hhdtwdnpnid
niukgnn qupyusutp, jupnigynud E dhipnynjjup wpwdquljub LEjupwhwnnpphs pupwly hiswh
dwquhuwwnwdquijuinipjut Jhpwpwlwt vhwswth dnpkip: Uju dnpbjh hwdwp wpunwsynud
Eukpghugh  hwpdblpnh  hwdwuwpnidp, wpynmibpnid  wwywgmgkny, np  pwpwl hhdwlh
dwquhuwwnwdquijuinipjut Eqpuyht-twptwlw jpunhpp niuh dhwl nisnud:

Sargsyan L. S., Sargsyan S. H.
Mathematical model of bending deformation of magnetoelasticity of micropolar electrically conductive (non
ferromagnetic) thin bars with free fields of displacements and rotations

In the present paper equations, boundary and initial conditions of megnetoelasticity are introduced for stress
strain state of thin rectangular parallelepiped. Further, accepting that the height of the rectangle, which introduces
the middle plane of the parallelepiped, is smaller compared with its length, rectangular parallelepiped is converted
to the model of thin bar. Accepting asymptotically confirmed hypotheses, applied one-dimensional model of
magnetoelasticity of micropolar thin bars is constructed. Energy balance equation is obtained for this model and, as
aresult, it is proved that the initial-boundary value problem of magnetoelasticity of micropolar thin bar has a unique
solution.

B pabore mpuBeneHB! OCHOBHBIC ypaBHEHHS, IPAHHYHBIC W HAYAJIBHBIC YCIOBHS MarHHTOYNPYTOCTH IS
IJIOCKOTO HANPSDKEHHOTO COCTOSHMS TOHKOTO HMPSIMOYTOJIBHOTO Mapaiienenunena. Jlaagee, Domyckas, 4To BbICOTa
MIPSIMOYTOJIBHUKA, KOTOPBIH IpeCTaBiIseT co00i CpeIMHHYIO INIOCKOCTh MapasleeNuIesia, HIMHOTO MEHbIIE ero
JUTHHBL, IPSIMOYTOJIBHBIH ITapajulelienuie ] Ipeo0pa3yeTcs B MOJIeIH TOHKOU Oaiku. IIpuHnMast rumoTessl, KOTopble
HMMEIOT aCHMITOTHYECKYI0 II0YBY, IOCTpOEHAa IPHUKIAJHAS OAHOMEpHas MOJElIb MAarHUTOYHNPYTOCTH
MHKPOIIOSIPHBIX TOHKUX Oanok. J[jist 3ToH Monenu BBIBOAUTCS ypaBHEHHE OalaHca JHEPrHH, B pe3yibIaTe,
JOKa3blBas, 4YTO HavalbHO-KpaeBas 3ajadya MarHHTOYNIPYTOCTH MHKPOIIOJSIDHOM TOHKOH Oalku HMeer
€IMHCTBEHHOE PEeIICHHE.

Beenenue. B nene nocrpoenus oouiei NpukiIa HONH TEOPUH MarHUTOYIIPYTOCTH TOHKUX
IJIACTHH M 000JIOYEK Ha OCHOBE KIACCHYECKOH TEOpHU YIPYTOCTH OCHOBOIIOJIAralOIUMU
OBUTM THIIOTE3bl MarHUTOYNPYrocTH TOHKUX Ted [1-4]. B pabore [5] acumnrornueckum
METOJIOM, KakK TIIoJlaraercsi, MOJAPOOHO H3y4YeHA CHHTYJISPHO-BO3MYILEHHAS C MabiM
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TeOMETPUYECKHM IapaMeTpOM HadalbHO-KpaeBas 3ajada (B KIACCHYECKOH ITOCTAaHOBKE)
TpEXMEPHON IMHEHHOW TEOPHUH MATHHUTOYNPYTOCTH UL TOHKOH OOOJIOYKH, M TIOCTPOCHA
ACHMMITOTUYECKAsl TEOpUsi MArHUTOYIPYTrOCTH TOHKUX obosouek. Jlanee, B padore [5], Ha
OCHOBE aCHMIITOTHYECKOTO MTO/IX0/1a BBISIBIICHBI OCHOBHBIE KAYECTBEHHBIE XapaKTEPUCTHKU
MOBE/ICHHS PellleHHs] TPEXMEPHOM 3a/1a4i MarHUTOYIIPYTOCTH B TOHKOW 001aCTH 000JIOUKH,
c(hOpMYJIMPOBaHbI  aJICKBATHBIC TMIIOTE3bI, 00OOINAOINIME THIIOTE3bl MAHUTOYIPYTOCTH
TOHKHUX IUIACTUH K 000s10ueKk pabot [1-4] u, Takum 00pa3oM, MOCTPOEHA ACHMITOTHYECKH
000CHOBaHHAs TPUKIIAHAS TEOPHS MArHUTOYIIPYTOCTH TOHKHX ITACTHH M 000JI0UEK.

B paGotax [6-9], HA OCHOBE aHAJIOTMYHOTO MOAXOJA MOCTPOCHBI ACHMITOTHYCCKU
000CHOBaHHBIE MPHKJIAJHBIE TEOPHH MHUKPONOJISAPHBIX YIPYTUX TOHKHX OajoK, IUTACTHH U
00o0I0ueK.

B paborax [10, 11] ¢dopmynaupoBaHsl TpEXMEpHBIE 3aJadll MAarHUTOYIPYTOCTH
MHUKPOTOJISPHBIX TEJI C HE3aBUCUMBIMH TIOJISIMHU TIePEMEIICHIH 1 BparieHuii. B pabotax [12,
13] wm3yyeHO acCHUMNTOTHYECKOE [IOBEACHHWE pEIIeHHMs HadaJllbHO-KPaeBOM 3amayuu
MHUKPONOJISIPHOW MarHUTOYIIPYTOCTH B TOHKOH o0jactu 000JOYKH, CcHOpMYITHPOBAHEI
aJIeKBaTHbIE THMIIOTE3bl W  IIOCTPOEHA TPHKIAJHAs TEOpPHS MAarHUTOYIPYTOCTH
MHKPOIIOJISIPHBIX TOHKHUX 000JIOUeK.

B nanHO# paboTe (OPMYIHUPYIOTCS THIIOTE3bI, UMCIOIINE ACUMIITOTUYCCKYIO TTOYBY,
Ha OCHOBE KOTOPBIX IIOCTpOEHa MareMaThueckas MoJelb H3rMOHON jaedopmanun
MarHUTOYNPYTOCTH MUKPOIIOJISIPHBIX TOHKHX OaJIOK.

1. TlocranoBka 3agauym. PaccMOTpHM 3ajady MarHUTOYNPYTOCTH H3TMOHOH
nedopmanuy  HM30TPOIHOTO MHKPOIOJSIPHOTO  3IIEKTPOIPOBOAAIIETO MPSIMOYTOJIBHOTO

o *
napajjiesnenuineia moCTOAHHOU BbICOTHI Zh, JUIMHBL 2@ ¥ TOJIAHBI 2h , HAXOOA1IECrocs B

HayaJbHOM IOCTOSHHOM MarHUTOM IIOJI€ HanpshkEHHOCTH H () = {O,H 02,0} (¢wur.1).

a)

Xz

x1

Hy

sessssssnsndessssssnnnsale

trresssnssnieoiiiiiiiiiiiifiiiiiiiiiiiiiiiiiisiieane ..P

0)

X3

dur.1
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KoopaunatHad  IJIOCKOCTb  X;X;  IIOMELIEHA B CPEIMHHOM  ILIOCKOCTH

napajjienenuinesia, OCb x; HalpaBJICHA I10 BBICOTE, a OCh X; — 10 JIMHE ITapajuieJIenumneaa.

o * * .
[peamnonoxumM, 4YTO  HapaUICNENUIe]l TOHKUI (Zh << 2a, 2h << Zh) U B HEM
OCYILIECTBIICHO IIOCKOE HANPSDKEHHOE MArHUTOYIIPYTOe COCTOSIHUE B HALIPABICHUH OCH X,

[11]. B aToM ciy4ae 3amady MarHHUTOYIPYTOCTH MOXEM pacCMaTpUBaTh B CPEIUHHON
TUTOCKOCTH TIJTACTHHKY Mapaijiesenunena x,x; (puc. 10).

OCHOBHBIE TPYIIITH ypPaBHEHUH TTOCKOH 3a1a4ll MUKPOIOJISPHOW MarHUTOYTIPYTOCTH
C HE3aBHCHUMBIMH TIOJISIMHU TIEPEMEIICHAN 1 BpaleHnii uMeroT Bum [11]:
[.YpaBHEeHus 1I10CKOH 3a4a4l MUKPOIIOJISIPHOM TEOPUHU YIIPYTOCTU € YUETOM CHUIT
3IEKTPOMArHUTHOTO TIPOUCXOXKICHHUS:
YpaBHEHUs! IBUKEHUS:

00y, , 00y | o _ o°U, 0oy, , 00y | 1 o o°U,
& o, e’ o, oxy, oot
(1.1)
Ol | Oy, 0’w,
—+—=—-(6,;,-0y)=J ;
ox, o, (O3 ~on) =S50

3nece Oy;,055, O3y, O3 — cuioBbIe HapsDKEHHUS; |ly,, L3, — MOMEHTHBIC HANPSOKCHUS,
U,, U;— nepemeuienus, (0, — CcBOOOJIHBIH TOBOPOT TOYEK NPAMOYTOJBHUKA; p-
IUIOTHOCTB, J — Mepa MHEPLUUH IPU BpaIlleHHMd MHUKPOIOJLIPHOrO Marepuana; f u F;—

DS
MPOEKLUH CHIIBI 3JIEKTPOMATHUTHOTO MPOHUCXOKACHHS (F =—H,-j|Haocu X U X3,
c

KOTOPBIC BBIPAKAKOTCA TAK:

1 . 1 .
Flz_zHoz‘ha F3=;H02'/1a (1.2)

TZ€ j;, /3 — IPOEKIMU HA OCH X; M X3 BEKTOPA IMJIOTHOCTH 3JIEKTPUIECKOTO TOKA IPOBO-

JIUMOCTH ={jl, JorJ3 }, BO30YKIEHHOTO B MapajUiesIeNuIeie, ¢ — CKOPOCTh CBETa B ITyC-

tote. [y BekTOpa ]I/IMeeM:

. - 10U -

j=0 E+—8—U><H0 , (1.3)
c Ot

3nech  E — BEKTOp HANpsOKEHHOCTH 3JIEKTPHYESCKOrO MMOJs, BO30YXKIEHHOTO B Mapa-
nenenunene; O —3JIEKTPONPOBOJMMOCTh Marepuana mnapauienenunena. KoMmoHeHTHI

BEKTOpa j BBIPAXKAIOTCS TaK:

) 1 oU ) ) 1 oU
h=0|E-——H, >\, J,=0k, Jy=o| E,+—H,, > ; (1.4)
c ot c ot
DHU3UKO-T€OMETPUYECKUE COOTHOIIEHUS
ou, 1 oU L+ o nL—a
Y= P 1 =—(0,,—V0y), V3= ? to, = O3~ G35
x, E X, 4pou 4pou
oUu, 1 oU W+ o nL—o
Vi3 = ﬁx; :E(Gn —V0,)), V3 :aT;_“)z :4“—(1631 _4p,—(1613’ (1.5)



oo, 1 oo, 1

X2 = ox, —Eulza A = ox, —Busz-

raeY > Yazo Yizs V31— Aehopmaruu; Y5, X3y — H3TUOBI-KPYUEHUS;

, B— YIPYI'He IOCTOSIHHbIE MUKPOIIOISIPHOIO MaTepuaa.

Ev,u=——-,a
i)

II. YpaBHeHUs KBa3MCTalMOHAPHON JJIEKTPOAMHAMUKH BO BHYTPEHHEH 00jacTH mapai-
nenenuena (3T ypaBHEHHs IPUBEICHBI B pallnoHAM3UpoBaHHoil cucreme enuanl CI'C):

rotﬁ :l]’, rotE = —l% R
c c ot (1.6)

divi =0,  divE =p,.

3nech /1 — BEKTOp HANPHKEHHOCTH MATHUTHOIO MOJIA, BO30YXKIEHHOrO B Mapal-
nenenunene; P,— 00bEMHAS IOTHOCTh IEKTPUUYECKOTO 3apsia B Hapasielenuesie.

B ocHOBe HammcaHHO#H cucTeMbl ypaBHeHHH MaxkcBemna (1.6) (ypaBHeHHS
KBa3UCTAL[MOHAPHOW 3JICKTPOJANHAMUKH) JISKUT MPECHEOPEIKEHUE TOKOM CMEILICHUS IpU
W3yYEHHH SBJICHUS MEXaHIMYECKOTO OBEJCHHUS YIIPYTroro mapauienenunena [14-16].

OTMeTHM, YTO I DIEKTPONPOBOASIINX Ted [14-16] BeTUUMHBI AWAIEKTPUICCKON
NPOHUIIAEMOCTH € M MarHUTHOW NpOHWIAeMocTH |l He OyIOyT OTJIMYaThCsi OT X

3HauYeHUH Ui BakyyMma, T.e. € = 1, w= 1 Y, 3TUM CaMbIM, BEKTOPbI HANPS)KEHHOCTEN U

uaaykuniik £ w d, h m b ( d —Bekrop snekTpudeckod MHAyKIMH, a b — BeKTOp
MarHUTHON MHAYKLUH) He OyIyT pa3InyaThCs.

OTMeTHM TaKXKe, YTO U3 CUCTEMbI YPaBHEHUH KBAa3MCTATUUECKOH 3JIEKTPOIUHAMHUKH
(1.6) cnenyer crnemyroliee BEKTOPHOE YpaBHEHHE:

divj =0. (1.7)

III. YpaBHEeHHsT KBa3UCTAIMOHAPHOW AIIEKTPOAMHAMIKH U BaKyyMa (B O€CKOHEUHOU
o0J1acTi TPEXMEPHOTO MPOCTPAHCTBA, OKPY’KAIOMIEH HapalIeNeTnIe):

l@ﬁ(e)
c Ot
divi =0, divE" =0,

e e . o o o )
rze A ),E ©@_ BEKTOPbI HANPSHKEHHOCTEH MAarHUTHOHM M 3JIEKTPUYECKOHN IMoJiel, Bo30yx-

roth'®) = 0, rotE") = —

M

(1.8)

JIEHHBIX B BaKyyMe.
[Ipy n3yueHnu 3aa4u MarHUTOYIPYTOro U3rnba MUKPOIOJISIPHOTO MPSIMOYTOJIbHUKA

B INIOCKOCTH X;X;, CIIEAYET UMETh B BHJY, YTO U3a61390319032»u12aE19Ezah39peaj1_

YETHBIE 10 X; (dbyHKIIHH, & U 12071150335 H3ys hl , h2 , E3 N j3 — HEYETHBIE 10 X; (hyHKIHU.

K ypaBuenmsiMm mMukponossipHoir marautoympyroctu (1.1)-(1.8) ciexyer mpucoenn-
HUTb 'PAHUYHBIC W Ha4YaJIbHbIC YCJIOBHA.

KaK MEXaHUYCCKHUEC T'paHUYHBIC YCJIOBUA, 6yueM CUnuTaTh, 4YTO Ha JIMICBBIX JIMHUAX
NPSIMOYTOJIbHUKA X; =t/ 3aJaHbl CHJIOBBIC U MOMEHTHBIC HANPSDKCHHs. DTH IpaHUYHbIC

YCIIOBHSI IMEIOT TOT K€ BHJ, YTO M MIMEJIM MECTO B 3ajJjaye TEOPHUH YIIPYyTroCTH 0€3 ydacTHs
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3JIEKTPOMATHATHOTO oI [16], 3T0 ITOTOMY, 9TO NpHHKMAs ycious € = 1, pn= 1, stum

caMbIM, Ha TPaHMIIE pa3zena cpex (B JaHHOM CIIydae YIpyroro 3JeKTPONPOBOISIIETO Tela
¥ BaKyyMa) pa3HOCTb TEH30pPOB HATsDKEHHH MakcBesula paBHa HYJIIO.

Taxkum 00pa3oM, Ha JIHMIEBBIX JUHUAX MPSIMOYTOIbHUKA JUIA 3a/a4d M3ru0a MeXaHH-
YeCKHe TPaHUYIHBIE YCIOBHS NMEIOT BUJ:

1 1 1
O3 ZE‘]p O33 =i§q3, M3 :iEmz npu X3 = th. (1.9)

Ha TopueBbIx rpaHUYHBIX JIMHUAX NPSMOYTONBHUKA X, =ta MOTYT OBITh 337aHBI KaK
CHJIOBBIE M MOMEHTHBIE HAIPSHKEHHUS, TaK U MIEPEMELICHUS U TOBOPOT, JTMOO CMELIaHHBII UX
BapuUaHT.

Ha rpaHudYHBIX TIIOCKOCTSX paslena NapajulesieluIesa W BaKyymMa JIOJDKHBI
BBIMOJIHATECSL TPaHMYHBIE YCIOBUSA dNeKTpoauHamMuku [17] ¢ ydérom ycrnoBuil

8:1, le CornacHo 3THUM IpaHUYHBIM YCJIIOBUAM, UMECM, YTO TaHI'€HUHAJIbHBIC

KOMIIOHCHTBI BEKTOPA E uBce TP KOMIIOHCHTBI BEKTOpa h Ha II0CKOCTSIX pasaciia AByxX

Cpell HeTpepBIBHBI, HOPMAaJbHAs K& KOMIIOHEHTa BeKTopa £ Oy/eT mperepreBars pa3pbiB
(3TO0 O3HAuaeT, YTO Ha IUIOCKOCTSX pasziena cpell OyAyT NpOSBIATbCS IOBEPXHOCTHBIC
pacripeniesIEHHbIE HIIEKTPUUECKHE 3apsi/ibl).

Kpome atoro, 111 KOMIOHEHT BEKTOpa INIOTHOCTHU IEKTPHUUECKOr0 TOKA UMEIOT MECTO
CJIEIYIOLINE €CTECTBEHHbIE PAaHIUHBIE YCIOBUS:

Ji =0, Jjl,_,, =0 (1.10)

xj=ta

HauanpHbie ycioBusa 6y,£[yT XapaKTepu3oBaTb ABMIKXCHHUE TEJIa W M3MCHCHUA
B036y)KZ[éHHOFO QJICKTPOMArHuTHOI'O ITOJIA (KaK B TCJIC, TaK U B BaKYYMe) B HaYaJIbHBIA
MOMCHT BpEMCHU t=0.

OtMmeruM crenyromee. MeXaHWYeCKHE BEIHYHHEL: UI,U3,032,GH,C33,613,

Os15 My Wy, — byHKIMM OT X|,X;,¢, U, — QyHKIMSA 0T X,X,,X;,¢ [18]. Uto xacaercs
BEJIMYMH JIEKTPOMArHUTHOTO Nois (Kak BO BHYTPEHHEH, TaKk W BO BHEIIHEH 3aadax), TO
MOEM KOHCTaTUPOBAaTh, YTO |, j3, £, E; 1 P,— QyHKIMH OT X;,X;,! (HmKe yOeammcd,
4yTo h, —TOoXKE (QYHKLIUSL OT X,X5,f), @ OCTaJbHBIE XaPAKTEPUCTUKHU IJIEKTPOMArHUTHOTO
nons hy,hy, E, — GyHKIOUM OT X;,X,,X5,1.

2. OcHOBHBIE THNOTE3BI MIOCTPOEHNSI MO/IEJIH MATHUTOYNIPYTOCTH MUKPOTIOISPHBIX
TOHKHX Oajok. JlomycTuM Temepb, YTO OJHOBPEMEHHO C  HEPEBEHCTBAMHU

* *
2h <<2h, 2h <<2a, AMEET MECTO TAKXKE HEPEeBEHCTBO 2h << 2a. B atom ciyuae

TOIYYHM, YTO JBA MOMNEPEUHBIX pasMepa mapamienenumesa 2k u 2k OJHOBPEMEHHO
HAMHOTO MEHBIIIE €ro pa3Mepa mo minHe 2d. DTO 03HAYAaeT, YTO MPU TaKHUX YCIOBHSX
napajuieielune]] MepexonuT B KadyecTBe TOHKOIO CTEpXKHA (B HAmIeM cilydae — TOHKOW
Oarmku, T.K. m3y4aeM 3amady usruoda (¢wur. 2)).

I X1 x
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B xnaccudeckoit TeopuH YIPYyTroCTH, HCIOIB3YS JINOO METOT MHOTOWICHOB U IIPHHITUT
Cen-Benana [ 19], mubo acummrornaeckuit Metor [20], 3 IByMEpHBIX YpaBHEHHIA ITIOCKOTO
HaNpsHKEHHOTO COCTOSIHHS BO3MOXKEH TEpexo] K MPUKIaIHOW Monenu ynpyroi 6anku. B
pabore [21] U3 ABYMEpHBIX ypaBHEHHI MHKPOIOJISIPHOW YIPYrOCTH aCHMITOTHYECKHM
metonioM (a B pabore [6] GopMynnpoBaHueM aJeKBaTHBIX TUIIOTE3) OCYLIECTBIEH MEPEX0.
K IPUKJIJHOW MOJIENIN MUKPOTIOJISIPHBIX OaJIoK.

OCHOBHBIMHU NpeANnoOChbIJIKaMH U1l IIOCTPOCHUA HpHKﬂaﬂHOﬁ MOJCJIIM MAr”HuToO-
YIPYrOCTH MUKPOTOJISIPHBIX TOHKHX 0aJIOK Oy YT IPEJICTaBIATh CPOPMYIHPOBAHHBIE HHXKE
THITOTE3bI, KOTOPBIE aJJeKBAaTHO BHIPAXKAIOT CBOMCTBA ACHMIITOTHYECKOTO PEIICHNS Hayallb-
HO-KpaeBOHM 3a3/1aud IUIOCKOM MuKponosspHoi Mmarauroynpyroctd (1.1)-(1.9) B Tonkom

h
IpAMOYTONbHUKE (T.e. Korma 2/ <<2a umu O =— <<1, koTopelii npencrapnser coboii
a

MaJIblii FeOMETPUYECKUH TTapaMeTp 3aJau).

[IpuHsATEIE HIXKE THIIOTE3BI MOXKEM PA3ZIEINTh HA JIBE TPYIIIHL:

a) KMHEMAaTHYECKHe U CTaTUYECKHE THIIOTE3bl IOCTPOCHUs JWHAMHUYECKOH TEOpUH
nu3ruOHOU AedopMaIi MUKPOTIOJSIpHOU Oanku [6, 22];

0) 0000IIEHHBIE THTIOTE3BI MATHUTOYTIPYTOCTH TOHKHX Tel [5].

Teneps chopMyrpyeM yKa3aHHBIE THIIOTE3HI 00Jiee 00CTOATENBHO.
1) Kunemamuueckaa zunome3a [6,22]. bynem cuutath, 4YTO HOPMAJBHBINA 3JIEMEHT,
NepBOHAYAIILHO TEPIICHINKYISPHBIA K OCH CUMMETpPHM npsiMoyronbHuka O, ocTtaéres
nocie aeopMaIiy MpsIMOJIMHEHHBIM, HO yKe He EPIEeHANKYIISIPHBIM K Ie(hOpMUPOBaHHON
ocu, CBOOO/IHO BpaIlaeTcsi Ha HEKOTOPBIH YToJl, He U3MEHsIs IIPH 3TOM cBoel JuinHbl. Kpome
TOT0, IPUMEM, YTO CBOOOAHBIII IOBOPOT M, — IOCTOSHHAS 110 KOOPAUHATE X3 (YHKIHS.

Benencteue 3Toro mMeem ClieAylolMid 3aKOH u3MeHeHus nepememennid U;,U; u

CB060)1HOFO IIOBOpOTa M, IO KOOPAUHATE X3 :

U3 :W(xlat)a U] :x_?, '\Vl('xlat)a (21)
Q) =QZ(x17t)a (22)
rae w— nporud 6anku; €2,— yron cBOOOJHOIO MOBOPOTa HOPMAILHOIO BJIeMeHTa, a /) —

MOJIHBIHM YTOJI MOBOPOTa HOPMAIILHOTO DJIEMEHTA.

lumotesa (2.1) ans mepeMeIeHuii — 3TO W3BECTHAS KIacCHYecKas KHHEMaTHYecKas
runote3a TuMmomneHko [23] mis MOCTPOSHHUs MOJAeTH W3rHOHOW aedopMaru JHHAMUKA
YOpYyToi TOHKOHM Oallkd ¢ y4éToM molepedHoro casura. Kuaemartmdaeckas runoresa (2.1),
(2.2) B memnom, kak B pabdote [6-9, 22], HazoBEM rHIIOTE30i1 THMOIIEHKO, 0000MIEHHON Ha
MUKPOMOJISIPHBIIA ciiyyai;

2) Cmamuueckue zunomeswt [6, 22 |: a) B 3akone I'yka (1.5), B dopmyne s

nedopmanuii Y|, CUIOBHIM HAIPSKEHHEM G;; OyldeM HpeHeOperaTb OTHOCHTENLHO

CHJIOBOTO HanpspkeHuss O,,; ©) npu onpeneneHun aedopmanuii, M3ruOOB-KpydeHHH,

CHJIOBbIX U MOMCHTHBIX HaHpH)KeHHﬁ, JJI1 CUJIOBOT'O HAIIPSAKCHUA 031 CHaydaJia npuMeM
0

Gy, =Gy, (x,,1). (2.3)

Ilocne mnomnHOrO ONpCAC/ICHNA YKa3aHHbIX BbINIC BCJIWYMWH, 3HAYCHUC 631
OKOHYATEIbHO ONpEJeIM KaK CyMMy 3HaueHus (2.3) W pe3yjbTaTa HHTEIPHUPOBAHUS
nepBoro ypaBHeHus ABmwkeHHA u3 (1.1) ¢ TpeGoBaHMEM YCIOBHS, YTO yCpEAHEHHAS IO
BBICOTE IIPAMOYTOJIbHUKA (110 KOOPAUHATE X3 ) BEIMYMHA, [IOJyYEHHAs [10CNIE YKa3aHHOTO
WHTETPUPOBAHUS, ObLIA paBHA HYITIO.

3) I'unome3swt 3nexkmpomazuumuozo noas ¢ yeaom [1-4, 5]: a) Ipenmonoxum, 4to
TaHTCHI[MAJbHBIC KOMIIOHEHTHI BEKTOPA HANPSKEHHOCTH BO30YKAEHHOTO DIIEKTPHUECKOTO
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MOJISL ¥ HOpMallbHast KOMITIOHEHTa BO30y>KAEHHOTO MarHUTHOTO MOJISL BO BHYTPEHHEH 3a/1a4e
KBa3UCTATHYECKOH MIEKTPOJMHAMUKY — IIOCTOSHHBIE 110 KOOPAMHATE X3 GYHKLUH, T.€.

Ey = E\o(x1,0), Ey =Ey(x1,%5,0), Ty =hso(xp,X,,10); 249
6) KOMIOHEHTOH j; BEKTOpA TUIOTHOCTH 3JIEKTPUECKOTO TOKA TMPOBOMMOCTH | MOMKEM

npeHeOperars;

B) NPH PACCMOTPEHHH JJIEKTPOMArHUTHOTO TOJS BO BHENIHEW 3amade (B BakKyyMme),
BHEIITHIOIO 00J1aCTh MOXKEM CUMTATh KaK BCIO IBYMEPHYIO INIOCKOCTB C Pa3pe3oM I10 CpetHen
JIVMHUH TIPSIMOYTOJIbHUKA M CYUTATh, YTO IO JJMHUM 3TOTO pa3pe3a TEUET AEKTPUIECKUH TOK,
KOTOpBIA MPENCTaBIsieT C000i yCpelIHEHHBIH TOK IO BBICOTE IPSIMOYrOJbHUKA, T.€.
BEJINYMHA:

h
Jio = jjldx3' (2.5)
“h

3. Onmnpenelenne Ppacy€éTHBIX BeJIUYHUH HANPSKEHHO-T1e(OPMUPOBAHHOIO
COCTOSIHHMS M 3JIEKTPOMATHHTHOI'O NOJISL.
Ha ocnoe mpunsteix runores ((2.1),(2.4)) u nepsoit ¢popmyisl u3 (1.4) nnst 06bEMHOIM

IIDIOTHOCTH 3JIEKTPUYCCKOT'O TOKa jl 6yz[eM HUMCTH:

hi=itt=0 Elo(xnt)_;HOz % )

Kak Bunno u3 gopmynst (3.1), Tok J| 10 BBICOTE NPSIMOYTOJBHUKA (T.€ O KOOPAHHATE

3.1)

X3) pacnpenenéd paBHOMEPHO, CJIE€A0BATENBHO, OCPEJHEHHOE 3HAYEHHUE DTOTO TOKA I10

BBICOTE MPSIMOYTOJIBHUKA (T.€. BeTnIuHa (2.5)) MpuMeT BHI:
om(x;, 1)
ot

Junst mpoeximit F{ U F; CHIBI 3IEKTPOMarHUTHOTO IPOMCXOXKACHUS ¢ Y4ETOM (DOPMYJIbI

) } 1
Jio = Ji(%,1) =20h Elo(xlat)_ZHoz' (3.2)

(3.2) u runoressr 30) HOMyYHM:

1 .
F =0, Fy=——Hp: jio(x,0). (3.3)
2hc
HUcnone3ys kuaemarndeckyto runoresy ((2.1), (2.2)), u3 ypasuenuii (1.3) s nedopmanmii,
M3rHOOB-KpyUeHHUH OyIeM NMETh:

Yo =%-K,, V33 =0,

Yis =T, Yy =15 3.4
oQ,
= M = 0’
Xi2 o, X3
IJie IPUHSATHI CIIEYIONINe 0603HAUEHHS:
K, :%7 I, :@"'Qz’
X, OX,
(3.5)
0Q,

r‘31 =V, _sz klz = A
1

Nmes B Bugy popMyisl knHemaTndeckoi runotessl ((2.1), (2.2)), popmyinst (3.4) n
CTaTMYECKHE THIIOTE3b, Ul CUJIOBBIX 1 MOMEHTHBIX HANPSDKEHHH MOTYYHM:
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o,=x-E-K,, o,=(ut+to)l;+p-o)l;,

0 0o 1 o*w
o=+ +(u—-a)y;, oy=—x|—2+—H, jo,—P— |,
31=(p Wy +(u—a)ly; 33 3[@)61 he @ Jio patzj
0 0 o°Q
Hyp =Bk, H32:x3{_ aL;z+(Gl3—G31)+J- 81‘22} (3.6)
1
I
0 W x:)| don O’y
G, =cu(x,)+| — = || —— L1,
0 =0(0:0) [6 2} o © ol
rae
1
on=E-K,. 3.7

Ecnmu  ucmonb3oBaTh  cienyomiee  (PU3MKO-TE€OMETPHYECKOE  YPABHEHUE  IUIOCKOTO
HanpspKEHHOTO cocTostHMS [ 18]

oU \%
2
Yoo = :__(011"'633 >
ox, E )
KOTOPOE C y4ETOM CTaTHUECKON TUIIOTE3bI 2a) IPUMET BUJ
ouU, \Y%
=~—7%u
0ox, E
umes B BuIy popmyny ana O, u3 (3.6), ans nepememenus U, OyneM HMETh:
oy, (x,,1)
_ _ 1\ Mo
U,=—x,xvK, =—X,x;y ———=. (3.8)
Oox,
Temneps 00 orpeaeIeHNH BEITUUUH JIEKTPOMArHUTHOTO I0JIsl BO BHYTPEHHEH 3aj1aye.
W3 nepBoro CKaJsIpHOTO ypPaBHEHUs BEKTOPHOIO YpPaBHEHUs roth =— ]
C

(cMm. dopmynsl (1.6)), misa A, nomydyum:

|
by (xy,X5,1) = x5 - b2 (x,,1) (3.9)

1 1
rae hy =———jo(x,0). 3.10
2 thjlo( 1>0) ( )

OtmernM, u9To npu mnoiydeHun Gopmynsl (3.9), oTHocHTenbHO j(X;,f) OBLIO
Oh;
npeHebpekeHo BenmunHamn —- [S].
X2
Ha ocHOBe kMHEMaTHYeCKHil TUTIOTE3BI A1 TepeMEIeHH, THITOTe3bl 30), a Takke
npuHUMast B BULy BTOpyIo u3 (1.4) dopmymy, s E; Oyaem UMeTs:

0 ,t
E = Ly it 3.11)
c ot
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1.
PaccMOTpeB TpeThe CKalsSpHOE ypaBHEHHE BEKTOPHOTO ypaBHeHus TOth =— j (r.e.

ypaBHEHHE: % —% =0), umes B Buny dopmyiy (3.9) mna i, (a Takxke popmymy (3.10)),
X X2
Ui hy TIOJTyJnM:
L Qig(x1,0)
h = =Xy Xy —————. 3.12
1 > 2he ox, (3-12)
Jst onpenienieHust BEMUUMH /5, £, UMeeM CIeyrolye ypaBHEHUsL:
oh oh, 1. OE, 1oh
___:_Jza - =TT >
ox, 0Ox, c ox, c ot (3.13)
J, =oL,.

OtmerumM, uto nepBas u3 (3.13) dopmyn mpezacrasnsier coOol BTOpoe CKAISIPHOE

ypaBHEHHE BEKTOPHOIO YPAaBHEHUS roth =—j; BTOpoe ypaBHeHHEe 3 (3.13) — TpeTbe
C

CKaJSIpPHOE ypaBHEHUE U3 BEKTOPHOI'O YpaBHEHHS rotE = ——— (cm. (1.6)); Tperbe
c ot

ypaBHenue u3 (3.13) — ato nmocneanee u3 (1.4) ypaBHeHue.
Cucremy ypaBHeHuii (3.13) MoKeM MpPHUBECTH K YPAaBHEHHIO OTHOCHTENIBHO /i3

CIEAYIOIIETO BAIA:

2 0 (x,,t
8}? :%%—x2 ! jw(fl ). (3.14)
ox;, ¢ ot 2hc  Ox,

[Tocne pemenns 3Toro ypaBHeHus E, omnpenensercs mo ¢popmyie:

E, =£(%—%} (3.15)

ol ox; Ox
B KOTOpPOM A, ompezensiercst popmyoii (3.12).
3nas  E; :Elo(xl,t), E, :Ezo(xl,xz,t) n £ :E30(x1,x3,t), BEIMUMHY P,

OTIpesieIMM U3 YeTBEPTOro ypaBHEHUS cucTeMsl (1.6).
3aberas Bepéz, OTMETHM, YTO T€ BEIMYMHBI, KOTOPHIE OJIHOBPEMEHHO (DYHKIIMHU U OT

x, (310 U. z,h,}g,Ez, P,), oHH He OyAyT BXOAMTH B CUCTEMY PaspeliaroluX ypaBHEHUMH

NPUKIIaIHOW MOJAENIN MHUKPOIOJISIPHOH MarHUTOYIPYrocTH TOHKUX Oaynok. OHM Bce OynyT
OIPEJEJICHbl IIOCJIE PpEUICHHs OCHOBHOM HAayaJIbHO-TPAHMYHOM 3aaud  yKa3aHHOM
NPUKIIQIHONW MOJIEINH.
[Mepeiiném Temepb K ONPEAEIECHHIO XapaKTEPUCTHK 3JIEKTPOMArHUTHOTO IIOJSI BO
BHEIIIHEH 3a/1aue (B BaKyyMme).
OcHoBBIBasich Ha rumnote3e 30), cuctemy ypaBHeHuil (1.8) BHemHe#d 3amaun
3JIEKTPOMATrHUTHOTO TI0JISI MOKEM IPEICTaBUTh TaK:
B ~ B 7 (e)
roth"” 218(x3)6 (~a<x <a)j, rotE"Y = _Loh
c c ot

b

(3.16)
divhi =0,  divE" =0,
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rae 8(x3)—,uenLTa-q)yHKuHﬁ Jlupaka, a 0O (—a <x < a)— ¢bynkus XeBucaiina, a
BEKTOP j WMMeET BH:
J10
J=3J2 s 3.17)
0

Jio BBIpaxaercst popmynoit (3.2), a j, — nocnenneii Gpopmyuoit n3 cucremst (3.13).

o 1onY

Ecnu u3 06enx 4acTeli BEKTOPHOTO ypaBHeHust TOtE

B3SITh OIIEPATOp

c
rot, ucnone3ys nepBoe BEKTOPHOE ypaBHEHHE U3 cHCTeMbl (3.16), momyuuM:
(e 1 g
rotrotE = -8(x,)0(-a < x, Sa)(_zai} (3.18)
c” ot

Jlanee, ucrnonb3ys N3BECTHOE BEKTOPHOE TOXECTBO [17]
rotrotE'® = graddivE' — AE"
rae A(-)— omeparop Jlamnaca, umest B Buay nocienaee u3 (3.16) ypasHenue, BMecto (3.18)

[IOJIy4YHM CJIEAYIOIIEE YPaBHEHHUE:
AEY) =§(x,)0(~a < x, Sa)(—z—j. (3.19)
Cc

Tak xak KOOpAMHATHAs CHUCTEMA X|,X,,X; — IPSAMOYTONbHAs JEKapTOBas, CIEeJOBATEIbHO,
BeKkTOpHOEe ypaBHeHue (3.19) pacmeruisercss Ha TPH OTHENbHBIC CKAIAPHBIC YPaBHEHHS
OTHOCHTEIBHO El(e),Ege),Ege), TIPH 3TOM, TIPH BEIYKMCIIEHUH IPABBIX YacTeN STUX YPaBHEHUI
Heo0xoauMo yuecTb Gpopmyny (3.17).

CremyeT c4uTaTh, 4TO El(e) , Kak ¥ ero BHyTpeHHHH aHajor E;, He 3aBHCHT OT X,
T.e. 9T0 (QYHKIMA OT X;,X3; U !, TOrJa, IepBOe CKALIPHOE ypaBHEHHE, BBITEKAIOLIEE M3
BEKTOpHOTO ypaBHeHus (3.19), mpumer Bux:

O’E (x,,x.,t) O*EY(x,x..t 1o
1a(x121 3 )+ 18(x321 3 ):6(x3)e(_a§xlga)(c_25j’ (3.20)

1€ TOYKH (xl,x3) MpUHAAJIC)KAT BCcel Z[ByMepHOﬁ BBKHHHOBOfI miockoctu. Ha Oeckoneu-

HOCTHU MM€EM YCIIOBHsI 3aTyXanus [17].
Wmest B Bumy, uro anst ypaBHeHms Jlammaca B nBymepHOM ciydae ¢yHKOus ['puHa
BEIpakaeTcs popmymoit [24]

1 [xl x| jz (x3 T
—In, /|- +| =], (3.21)
2% a a a

pemenne ypaBHeHus (3.20) MOkeM NpEAICTaBUTH TaK:

!

2
a 2 .
E1(6)(x1ax3at)zizij-ln ﬁ_x_l +(£J .%dxl’ (3:22)
¢ 2n -,

a a a ot

rae (x;,x;) € R® (R — Best 9BKIMIOBA IIOCKOCTB).
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OtmeTuM, 4YTO AN BBIYMCICHMS BEIHIMH Ege),Ege) u h,(f)(kzl,Zﬁ) MOXEM IOJIY4UTh

COOTBETCTBYIOIIYE UHTErPaIbHbIE (HOPMYIIBL.

4.IlocTpoeHne MNPHUKIAJAHONH MOAEJH MATrHHTOYNPYTOCTH AWHAMHYECKOI
H3rHOHOW JedopMalIid MHUKPOMOJAPHBIX TOHKHX Oanok. C 1eiapi0 TPUBEACHUS
JBYMEPHOH 33/1a4il MarHUTOYTIPYTOCTH JJIsl MEKPOTOISIPHOTO TOHKOTO NPSIMOYTOJIHUKA K
OJTHOMEPHOIA, YTO YK€ BBIMIOJIHEHO JUIsl IEPEMELICHUI, TOBOPOTa, nedopmanuii, H3rudos-
KpY4EHHH, CUJIOBBIX 1 MOMEHTHBIX HAIIPSXKEHUH, a TaKoKe, JUT BEJTMIHMH, XapaKTePH3YIOIINX
3JIEKTPOMArHUTHOE MOJIE, B MOJAEIH TOHKUX 0aJI0K BMECTO KOMIIOHEHTOB TEH30POB CUIOBBIX
U MOMEHTHBIX HaNpsHKEHUH BBOJUM CTaTUYECKM HKBUBAJICHTHBIE UM MHTETpaJbHbIC
XapakTtepucTuku [6]: ycwmss N;;,N;, # MOMeHTHl M,;,L,,, KOTOpbIE BBIPAXKAIOTCS

CIEeYIOMIMHA (HOPMYITaAMU:
h

h h h

Ny = J. Opdx;, Ny = J. Oydx;, M = |x,-0,dx;, L, = Iulzdx3- 4.1
—h —h ~h —h

Hcnonesys dopmyner ais O3, O03,,0, Ly, ((3.6)), npu nomomu dopmyn (4.1) morydnm

(u3MUecKHe COOTHOMIEHHS YIPYTOCTH Tl MUKPOTIONAPHOI Gamku:

Ny =2h(p+o)l'; +2h(p—o)ly,,

Ny =2h(p+ o)l + 2h(n—a)l'y5, (4.2)

2ER’
M, :T'Km L,=2Bh-k,.

Otmertnm, uTo GopmMymsl (3.5) OyAyT MpencTaBiIsATs COOOH TeOMETPHIECKIE COOTHOIICHHUS
M3ruOHOM e opMaIii MUKPOTIOJISIPHOW TOHKOH OaJku.
Ecnu ucnone3oBats Gopmynsl A Oy, Oy, Wy, (eM. (3.6)), TOraa yaoBIETBOPSAS

rpaHugHBIM ycnoBusM (1.9) Ha JMOEBBIX JHHAAX MPSIMOYTOJIBHHUKA, NPUXOAUM K
CIeNYIOIM YpPaBHEHUSM JBIDKCHUS MHKPONOIAPHOW Oainku ¢ y4€ToM  cui
JIEKTPOMATrHUTHOTO TIPOMCXOKICHUSL:

ON,; 1 o’w

a_xl"‘ZHoz'jlo_zpha_tz:_%:
oM, 2ph’ O’y
Ny —— = =aqh. (43)
1
2
oy N, Ny=2n- T
ox, ot

OtmernM, 4TO B TIEPBOM YPaBHEHHMH JIBIDKEHHS! U3 cUCTeMbl (4.3) BermuuHa jlo(xl,t)—

Hem3BecTHas! (yHKIMS (KOTOpas NpPEACTaBIseT CO0OH YCpEAHEHHYIO IO BBICOTE TOHKOIO
NPSIMOYTOJIFHUAKA TUIOTHOCTh JJICKTPUYECKOTO TOKA 3JICKTPOIPOBOAMMOCTH), TO3TOMY IS
NPUIaHKST 3aMKHYTOCTH cUcTeM ypaBHeHui (4.3), (4.2) m (3.5), HeoOXomuMoO OTHENBHOE
YpaBHEHHUE JUTSI ONPEENCHUS BEIMYMHBI ) (x1 ,t). st aToro oOpariaemcst K BeipakeHuto (3.22).

HOZ[CTaBJ'ISISI B OTOH (bopMyne X3 = 0 1 u3MeHsIA X, OT —a 00 a, UCIOJIb3ys IIPU OTOM,

4TO El(e) (x,,0,¢)

=F, ()c1 ,t ) , TPUXOJUM K CIEIYIOIIEMY YPaBHEHHUIO:

x€[-a,a
. 9 n XL
2me” ot ?,

!

X . ! !
— Lo (x ,0dx,,  a<x <a. (4.4)
a

E (x,t)=
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Teneps ucnonesysa ¢opmyny (3.2), Belpaxass E,, uepe3 j,,, BMecTo ypaBHeHUs (4.4)

NPUXOJMM K CleAyronieMy uHTerpomuddepenimansaomy (auddepeHuuposanue mo
BPEMEHH) YPAaBHEHHUIO OTHOCTUTEIBHO QYHKIUH o (x),7):

2ch ow(x,,t)
Jio(x,8) = 2 8tjl p ]10(x1 ’t)dx] - B Hy,- atl )

(4.5)

—a<x<a.
Hns j,(x,,¢) Ha rpaHMIax oTpes3Ka [— a,a] MMEEM €CTECTBEHHBIE TPAaHUYHBIE YCIIOBUS

(xoTopble (haKTUYECKH BBIpakaroT rpannyuHble ycnous (1.10) wisa j, ):

Ji(x,,1) =0, J, (xl,t)|x|:a =0. (4.6)
J1st MexaHM4YecKOH 4acTH 3aJaud 'PaHUYHbIE YCIOBUSA (HAIp., IPH X, = @ ) BBIPAKAIOTCS
Tak [6]:

My =M, nma Y, =, Ny=Njum w=w", L, =L, um Q, =Q. 4.7)

X|=—a

Heobxomumo 3amaBaTh Takke HadaibHble ycraosus npu (=0 g1a  Benmumn
oy, ow o o, .

Vs s Wo——, 349, > Jio-
ot ot ot

VYpaBHenust aBwxkenus (4.3), coorHomeHus ynpyroctu (4.2), reoMeTpUvecKue
cootHomreHus (3.5), unterpoauddepenunansHoe ypaBHeHue (4.5), TpaHUYHbBIE YCIIOBHUS
(4.7), (4.6) 1 HayaNbHBIE YCIOBUS ONPEACISIOT MPUKIAIHYIO MOJIENb MarHUTOYIPYTOCTH
MHKPOTIOJSIPHBIX ~ 3JIEKTPOIPOBOISIINX TOHKMX Oajlok ¢ HE3aBUCHMBIMH  ITOJISIMU
MepeMEILIEeHU M BpauleHu. B 3Toil MOAENnM NOJHOCTBIO YYMTBHIBAIOTCS IOINEPEUHbIE
CABHUTOBBIE JIe(POPMALINH.

Ecmu moxacrasute (3.5) B (4.2) 1 momydeHHOE — B ypaBHEHUS IBIDKEHUS (4.3), TOIydnMm
pa3pelalonyl0 CHUCTEMY YPaBHEHMH MarHMTOYNPYTOCTH TOHKHX OaloK, B KOTOpPOii

onpenensiembie bynxim 6ymyr W(X,,1), W,(x,1), Q,(X,1) u ji,(x,,0):

o’w oy, 0, 1 H o’w q
+a +(u-a +20—24——2 = =
(hra) g e e o 10 =P Ty
ow Eh* 0’y ph’ 0*y, ¢
—a)—+(p+o)y, —20Q, — L=— Ly AL,
(hmo)z Hlray, T3 a3 a2 s
2 2 )
6 2, —20c@+20u|1l 40Q, Ja L ﬂ,
6x1 ox, or’  2h
Gh 0 | 2ch ow(x,,t
Jio(x,,1) = jl ]lo(x1 ,t)dxl - H,- (8t1 ), —a<x <a.

K cucteme ypaBHeHuit (4.8) HEOOXOAMMO MPUCOCTUHUTE TPaHUYHBIC YCIoBuUs (4.7), (4.6)
HavyaJIbHbIC yCIIOBHSL.
Korna kpaii 6anku (Hamp., x; = a ) >XECTKO 3alIeMJIEH WIN IIapHUPHO ONEPT, IPaHUYHbIE

YCJIOBHS BBIpA3sATCsA TaK:
a) JKECTKOE 3alleMIICHHE!

w=0, y, =0, Q, =0, Jio =0 mpu x, =a; 4.9)

0) mapHUpPHOE ONHpaHHe:
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a\Vl — 0 aQZ
ox,  ox
Ecnu B Mmozmenu (4.3), (4.2), (3.5), (4.9), (4.7), (4.6) MarHUTOyNPyroCTH MUKPOIOISPHBIX
TOHKHX OaJIOK CUUTATh, YTO

ow
Y, =——, (4.11)

w=0, =0, j,=0 mun x=a (4.10)

TO, BO-TIEPBBIX, BMECTO 00OOMIEHHON KMHEMaTn4ecKol rumore3sl TuMomenko (2.1), (2.2),
MOy4YrM 0O0OIIEHHBI HAa MUKPOIIONISIPHBIN CITy4ail KWHEMaTHIeCKyIo TuoTe3y bepHymmmn
¥, BO-BTOPBIX, COXPAHSIS TIPH 3TOM CTaTHIECKUE TUIIOTE3HI 2), THIOTE3bI 3JIEKTPOMArHUTHOTO
1oy 3), HOMyYUM MOAETHh MArHUTOYIIPYTOCTH MHUKPOIOJISIPHBIX TOHKNX OAJlOK Ha OCHOBE
0000IIEHHON KHHEMAaTHYECKOH rUmoTe3s! bepHymm.

Ecnu B ¢u3uyYecknx COOTHOLICHUSIX MHUKPOIOISPHON ymnpyroctu (4.2) mojacraBuTh
o =0, to u3 cucremnr (4.2), (4.3), (3.5) u rpaHmuHbIX ycnoBuid (4.7), (4.6) Oynmer

OTHEJATHCS CIEAYIOLIAsl MOJICUCTEMA YPABHEHUI U TPAHUYHBIX YCIIOBUH:
YpaBHEHUS IBUKEHUS

oN, 1 , o*w
— 2+ —Hy i —2ph—5 =4,
c ot

ox,
oM, 2ph* & @
Y P v
Ny ——+ : zlz%‘h,
ox, 3 ot
®Du3MUECKHE COOTHOIIEHHUS YIIPYTOCTH
Ny =Ny =Ny =2hp(U' 5 +T5) = 2hpl s,
2ER’ (4.13)
M, = T K,
I'eomeTpuueckrue COOTHOLIEHUS
T,=v, +@, K, _v, (4.14)
OX, ox,

K ypaBHenusim (4.12), (4.13) crneayer NpPUCOEAMHHUTH HUHTErpoaAU(PepeHIaIbHOS
ypaBHeHUE (4.5) 115l THHEHHOU TUIOTHOCTH 3JICKTPUYECKOTO TOKA IMTPOBOIUMOCTH:

a ! . 9
Jio(Xp51) ZG—}ZE In|f - o (x, D) dx, — ch H, ow(x,, 1)
TC 8t7 a c ot

b

(4.15)

—asx <a.

I'parnunble ycnoBus (Hamp., IpH X, = a )

M, =M, umn v, =\|/T, N, ZN{'F3 Wi w=w", j,=0. (4.16)
VYpaBuenus ppwxenns (4.12), ¢usmueckue cooTHomeHus ympyrocta (4.13),
reoMeTpudeckue cooTHomeHus (4.14), wuaTerpommddepeHnnaANbHOe ypaBHEHHE IS
JUHEWHOW IUIOTHOCTH TOKa 3JeKTporpoBoauMoct (4.15), rpanmunsie ycmosus (4.16) u
HavallbHbIEC YCIIOBUSI ONPEAENSAIOT IPUKIAAHYIO TEOPUIO KIaCCHUECKO MarHUTOYIPYTOCTH
TOHKHX 0aJloK ¢ Y4ETOM TOMNEPEYHBbIX CIBUrOB (T.€. YTOUHEHHAsl TEOPHs KIACCHYECKOM
MarHUTOYTIPYTOCTH TOHKHUX OaloK).
Ha ocHoBe (4.12)-(4.14) MoeM TOJIyYHTh pa3peliaroulylo CUCTEMY ypaBHEHHH OTHOCH-

TenbHO GyHKUMEA W, Y|, 1 J,
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o’w oy, +1'H02 . 0w 4

+ =
o ox ) e 2 TP

2 2 2 2
ow|_Eh’ Oy, __ph OV, 4 (4.17)

ox, 3 ox 3 o 27

, och 0 ¢ |x x| ., ' ' 2ch ow(x,,1)
]10(x15t):?5£1n_]_71’]10(x1’t)dxl - B Hy, - at] >

9

Hiw,+

!

—a<x <a.

K paspemaromeii cucreme ypaBHeHHH (4.17) KiacCHYecKOH MarHHUTOYNPYTOCTH TOHKHX
O6amox (mMpu KOTOPOW TMOJHOCTHIO YYHTHIBAIOTCA IIOTEPEYHBIC CHABHUTH) CIEIyeT
NPUCOCANHNTH TPAaHUYHBIC U HAaYaJIbHBIC yCIOBHUS:

TPaHUYHBIE YCIIOBHS JKECTKOTO 3aIeMiIeHns Oy ayT (Harp., Uit Kpast X, = a ):

w=0, vy, =0, j,=0,

a 'pPaHUYHBIC YCJIOBUA HIAPHUPHOT'O OIMUPAHUS !

0 .
w=0, -9, j, =0.
ox,
ow
Ecim  nmpumem  KMHeMaTH4eCKyro TunoTesy bepnymm |y, :_8_ , TOpH OTOM,
X

OCTaJIBHBIC THITIOTEC3bI 6y£[eM CUHTAThb Z[eﬁCTByIOHII/IMI/I, pa3peiiaronias CucTeMa ypaBHeHI/Iﬁ
KJTACCHYECKOM MArHUTOYMPYTOCTH MPUMET CIEIYIOIIHI BUI:
4 3 4 2
6w+2ph o'w —l-H i h8w+ +5%,h
4 24,2 02 " Jio = <P T +—n,
ox, 3 oxjor ¢ ot ox,

!

oh 0 ¢, |x x

2ch ow(x,, 1)

/ ’
Jio(X,t) =—— —— Jio(x, ,0)dx, — H (4.18)
1o nc® Ot Yo la a 1o 1 c " ot
—a<x <a,
TIe
3
D=2b;h (4.19)

— KJIacCHYecKast KECTKOCTb OAJIKH.

K cucreme ypaBHenuii (4.18) cneayer NpUCOETMHNTH HAadyalIbHBIE YCIIOBUS M CIIEAYOIIHE
IpaHUYHbBIE YCIOBUS:

a) KECTKOTO 3aIeMIICHHUS

ow )
w=0, —=0, j,=0 npux =g (4.20)
Ox
0) IapHUPHOTO OMUPAHUL
o’w )
w=0, —220, Jo =0 npu x, = a. 4.21)
ox

5.YpaBHenue O0ananca JHeprud NPHUKJIATHHI MOAEJH MATHUTOYNPYIOCTH
MHKPONOJSIPHBIX TOHKHX 0anok. CHauana MmojyduM ypaBHEHHE OanaHca 3HEprHu Ui
MOCTaBJIEHHOM 331a4ll MAaTHUTOYNIPYTOCTH MUKPOHOJISIPHOTO Mapaieenunesaa.
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N o,
Jnist 9TOM Lenm yMHOKHMM TiepBoe ypaBHeHHe aBrkeHus u3 (1.1) Ha R BTOpPOE — Ha
t

ou ow

8—3, a TpeThe — Ha 6—2, TOJTy4EeHHBIE PABEHCTBA CKJIA/BIBAEM W HHTETPUPYEM IO
t t

obmactm  mpamoyromphmka:  —aA <X, <a, —h<x;<h, mocne  HexoTophIx

npeoOpa3oBaHUil NPUXOANUM K cne/:[yfomeMy paBeHCTBy:

8U 8T aR a h 3 a h . aUl
ot o 8t t J;J; dxldx3 Hon;.[l]y?dxldxy 5.1
rac
a h a h
U= J. J-Uodxldx” T = I I]deldx3, 52)
—a—h —a—h

1 .. . | 1
Uy==(r +2H)'Y121 XYYt (A +2H)Y§3 +_(PH‘0C)Y§1 +
2 2 2 (5.3)

1 1 1
+E(M+O‘)V123 +§BX122 +EBX§2’

2 2
MNLANNCA RWES o
ot 2 ot 2 ot

3[[60]) UO_ MOBEPXHOCTHAA IUIOTHOCTDH HOTeHLIHaHLHOﬁ OHEPrun Z[e(l)OpMaHI/II/I, Koraga

MaTepuall TeJla MUKPOIOSIPHO-yNpyrui; U — mosiHask MOTeHIMaIbHAs dHeprus nedopma-
IIUU IPSIMOYTOJIBHUKA; ;) — IOBEPXHOCTHAS IVIOTHOCTh KHHETUUECKOH SHepruy, 1 — nosHas
KHHETHYECKasi SHEPTHsl PSIMOYTOJIbHUKA;

A= 2 Evz, A +2u= Ez, (5.5)
A+2n 1-v I-v

A u p-knaccuueckue kodhuumentsr Jlame marepuana; X' — xospduument Jlame B

CJIy4dac IMJIOCKOTro HaHp}DKéHHOFO COCTOSAAHHUA, 8_ — MOILIHOCTb BHEHIHUX KPA€BBIX yCI/IHI/Iﬁ n
t

MOMCEHTOB, IIPUJIOJKCHHBIX Ha KPACBLIX JIMHUAX IIPSIMOYTOJIbHUKA: X| = ia,x3 =zh:

I LIl +ﬁ.% my oy g -
61‘ 2 |, 2 ol 2 o,
_]l‘ 9 5_V 45 6V3 m, .8602 v+
1
N2 el 2 ol 2 o,
, ' ' (5.6)
v, v, ow
+ || P =L pr .23 22 I, —
J;’l " at =a : Xj=a ? at Xa]d :
Rl 1
h
_J' pl*l% +P1§% : O, A
4 o, o, ot |y

Jlanee, yMHOXUM CKaJISIPHO IIEpBOE BEKTOPHOE ypaBHEHUE U3 cucTeMsl (1.6) Ha BekTop E
W HCHONB3Ysl BTOpPOE BEKTOPHOE ypaBHEHHE M3 cucTeMbl (1.6), moiyuyeHHOE paBEeHCTBO
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MPOMHTETPUPYEM 10 O00BEMY Mapaiielelumena, IMocie HEKOTOPHIX IpeoOpa3oBaHMUH
NPUAEM K CIEAYIOIEMY PaBEHCTBY:

e[ T st~ ot st [ )~ (ot s +

—h-i" —a—h
“h PR Tam o ol
+CJ J[(Ezhl)—(Elhz)]dxldxz —5_[_[ _[ { Glt + aj + 6i‘ dox dxdxy = (5.7)
—a-h" —a—-h-h"
¥ hon
=5JJ J‘[Eljl + Ey joy + Es j i, dxs.
—a—h-h"

AHanornyHepIM  00pa3oM  IOCTYIMM C  ypaBHEHHMSMH  BHEIIHEH  3a1adu
anekrpoauHaMuku (1.8), BEIMONHSS MHTETPHUPOBAHHWE IO BHEIIHEH OT MapauiesieluIe/ia
OecKOHEUHOW TPEXMEPHOH 001acTH M HCIOJB3Yys yCIOBUS 3aTyXaHHUs IO Ha OecKoHed-
HOCTH, nonyan ClIelyIoIee PaBeHCTBO:

e T MW (e o ) e s -

~h-h" —a~h
—CI “ h xldx2 - J.J.J. { ) + 6(2)2 dx,dxydx; =0, (5.8)
Sl

rie R® osnauaer oGnacts TPEXMEPHOTO HBKIIHIOBA OECKOHEYHOT'0 IPOCTPAHCTBA, a V —
o0acTe mapauiesNenuIe/a.

Teneps ckagpiBaem paBeHcTBa (5.7) m (5.8), wWCmoms3ys TpaHWYHBIE YCIOBHUS
JJIEKTPOJMHAMHUKHA Ha TIOBEPXHOCTSX Mapaielienunena (Ha TIOBEPXHOCTAX pasferna
BHYTPEHHEH U BHEIIHEH cpen), MOTYyYHM PaBEHCTBO:

j'jz' J'{ - 2 hj) a(23) :|dx dx,dxy —

—ahh

() () (e)
_% I j a(hét f + b0f + a(hét f v dxydxy = (5.9)
R3—V

ot

hoh
I j Eyjy + Ey joy + Es 3 oy dxyds.

—a—h—h"
U, nakonen, ckimaaeiBas paBeHctBa (5.1) u (5.9) ¢ yuérom dopmyn (1.4), momyuum
CIIeIyIOlIee pPaBeHCTBO, KOTOPOE BbIpakaeT ypaBHEHHE OajaHca SHEpPTUU (MOIIHOCTH)
MIOCTABJICHHOM B MyHKTE 1— 3a7a4i MUKPOIIOJISIPHO# MaFHI/ITopryFOCTI/I‘

ou  or oW, oWy R
= 6[ e 6— —jj Ji+ 73 )dxldx3 +—J-J- J-szxldxzdx3 =5 (5.10)

Q—.g

—a—h —a~h-h"

rac

VVM = J.J.J-Wmt dxl de dx} > Wo_w = %(hl2 + h22 + h32 l
Vv

wle) = ” W, dxy s, W(@):%((hl(e))z+(h§@))z+(h§e))zj.
)

M oM om
(RE)y

(5.11)
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3nece W,

o H e COOTBETCTBEHHO, TJIOTHOCTh DHEPrUHM BO30YXKJEHHOrO B Tele H

0

OKpYIKaromeM MMpoCTPaHCTBE MArHUTHOIO I1OJIA, a Ww u W(e)— OHCPIrusd MarHuTHOIO IOJIA

B TeJe W BaKyyMe; CyMMa IIOCICIHUX ABYX HHTETPAIbHBIX CJAaraeMblX B JICBOH YacTH
(dopmyisl (5.10) mpencrapisieT coOoii HKOYIIEBO TEILIO, CBA3aHHOE C 3JICKTPUIECKUM TOKOM
B TeJl€ C IIOTHOCTBIO j: {jl,jz,j3 }

OcHOBBIBasiCh, 4TO B JIeBOM  yacTu ypaBHeHHus (5.10) mpHCyTCTBYIOIIHE >HEPTUH
(moTeHIMANBHAS SHEPT U 1e(POPMALIH, KHHETHYECKAs JHEPT UL, SHEPTHsl MAarHUTHOTO OIS
M JDKOYJIEBO TEIUIO) IIOJIOKHMTEILHO-ONPEAeNIEHHbIE KBapaTHYHbIE (OPMBI, M3BECTHBIM
00pa3oM JIErko JI0Ka3aTh OJHO3HAYHOCTh PEUICHWH 3aJa4d MarHUTOYNPYTrOCTH JUIs
napautenenumena (MIockoe HanpspkéHHoe coctosiHue ). Ha 9Tol e OCHOBE, HCIOINB3Ys
METO/IbI MIPUKIAAHOTO (PYHKIMOHAIBHOTO aHamu3a [25], MOXeM IoKa3aTb MPUMEHUMOCTh
BapUaMOHHOTO MeTOoAa PuTHa 11 pemenns cooTBETCTBYIONIMX HavYalbHO-KPAaeBBIX 3a/1a4
1, B UTOTE, TIOJTyYHUTh JOKA3aTEIbCTBO CYIIECTBOBAHMS PEIICHNH ATHX 3a1ad. OTMETHM, 94TO
IUISL KIIACCHYECKOTO  ClIydasl 3aJayd MAarHHTOYNPYTOCTH, IOKa3aTelbCTBa 3THX TEOpeM
MpHUBEIeHBl B pabote [5] .

[lepetiném Temeps K BBHIBOAY ypaBHEHHA OajaHCa SHEPTHH IS MTOCTPOSHHOM
NPHUKIaJHOW MOAENN M3rHOHON JedopManuy MUKPOIIOIAPHON MarHUTOYIIPYTOCTH TOHKUX
6arnoxk.

Jst 570 ey, NpUMEHSsA B OCHOBY IPHHSATHIC TUIIOTE3bI IIHKTA J1Ba, U3 yPaBHEHUH
Oananca sHeprun (5.10) monydum clieAyroliee ypaBHEHHE OallaHCa SHEPTHH MPHKIATHON
MOJIETIH MUKPOTIOJISIPHON MarHUTOYIPYTOCTH TOHKHX 0aJIoK:
ah i’

oU or ow, ow'® 2n|. 1 - R
R +—at' +—a“t +;J.]i)dx1 +;jj jjfdxldxzdx3 = (5.12)
—a —a—h—h"
U= |Uydx, T=|T,dx, (5.13)
0% 0%
w, = w,,dx, W = [[[Wdx,dx,dx;, (5.14)
M 0m™“*1
-a (R

_ 2 2, 2ER s 2
U, =7 2h(pu+a)l;+ax(u—a) 305 +2h(pu+a)l's, +TK11 +2Bhki, |, (5.15)
-1 oW, 2ph’ Oy, ., Q,

=—|2ph(—)" +—(—)" +2Ih(—>)" |, 5.16
Ozp(az) 3(at) (at) (5.16)
R J- W oy, o0, L Oy, o OW . 0Q,
—= —+qy,— My —=)dx + (M, —+ N3—+ L, —= 5.17
o _(93 o dip o 2 6m) 1+ (M o 1375, 1275 )XIZ_a ( )

x=a

3nece U, u T, —npeAcTaBIAl0oT co0OH COOTBETCTBEHHO JIMHEHHYIO IIOTHOCTb

MOTEHIMAJIbHOW M KHHEMAaTHYEeCKOl SHepruu, a U n T - nonHas NOTCHUMANBHAs K
KHHEMaTH4eCcKasi SHepTUi MUKPOTIOJISIPHON TOHKOH OaKH.

JInist TIIOTHOCTH DHEPTHM U BBIPAKCHUSI CAMOW JHEPTrHHM MArHUTHOTO HOJis (Kak st
BHYTPEHHEH, Tak W JUIS BHEIIHCH 3a1ad JJIEKTPOJMHAMHUKH) MOXKHO MPUMEHUTH T€ XKe
thopmysl (5.11) (c yuéToM KOHKPETHBIX 3aBHCUMOCTEH claraeMbIX OT KOOPIUHAT).

Jlerko ybenuThbes, 4To A HadalIbHO-KpaeBoi 3amaun (4.3), (4.2), (3.5), (4.5), (4.6),
(4.7) umeeT MecTO TeopemMa eTMHCTBEHHOCTH.

6. 3axarouenne. OCHOBHas cUCTEMa ypaBHEHUH, TpaHUYHbIC U HadaJIbHBIE YCIOBUSA
NPUKIIaIHOW MOJENIH MarHUTOYNPYTOCTH MHKPOIOJSIPHBIX TOHKHX OajlOK BBIBOJSTCS Ha
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0a3ze TEOpMH MATHUTOYIPYTOCTH IUIOCKOTO HANPSHKEHHOTO COCTOSIHHS —TOHKOTO
Tapajulelieliuiela TPH BBEACHHM HEKOTOPHIX YIPOIIAIONINX TUIOTE3, HMMEFOIIIX
aCHMIITOTUYECKYI0 T1O04YBy. BpIBeneHo wuHTerpaipHoe (uHTerpoauddepeHuantsHoe)
ypaBHEHHE (KOTOpPO€ BXOIUT B CHCTEMY OCHOBHBIX YPaBHEHHH NPUKIaTHONW MOJEIH)
3JIEKTPOJUHAMUYECKON KOHTakTHOM 3amaun. [losyueHo ypaBHeHHME OanaHca SHEpPruH,
JIOKa3aHa TeopeMa EIWHCTBCHHOCTH HAYaJbHO-KPACBBIX 3aJad MPHKIAIHON MOJIEIN
MarHUTOYIPYTOCTH MUKPOIOJIIPHBIX TOHKUX OaJIOK.
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2U8UUSULP @SNk E3NPLLENP U22U3SPL UUUEURUSE St tulahl
U3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUA

Ukpwhlu 68, N3, 2015 Mexanuka

YK 532.613.5
PACITPOCTPAHEHME BOJIHbI JJABJIEHUS B 3AMKHYTOM
KAHAJIE, HAITIOJIHEHHOM NEPUOJUYECKU YEPEYIOLINMHUCSA
IPOBKAMMH I'A30KMIKOCTHOM CMECH M TA3A

I'puropsin LL.A., Oransu I'.I'., Caaksan C.J1.

Pwtiuh puntp: wihp, uguunkp, htnnlyy, qugq:
KitoueBble ¢J10Ba: BOJIHA, IPOOKH, KHUKOCTh, I'a3.
Key words: wave, corks, fluid, gas.

Aphgnpyuit T.2., Ohwiywh 2.9, Uwhwljymb U.L.
&Kupdwb unhph wwpwdnmup thwly gpmigpmd, 1gwusd wuppkpwpwp hpup hwenpnnn
ququhbnntly jpwntnipn b quq ywpnibwlng jpgubittpng

Qsuyhtt npywspny nrunidbwuhpyws b wihph wwpwsnudp thwl opwgpnid, npmid gnynienii
nukt jugwbiikp: Gupunpymd E, np upwig Jupnigyusph wwpptpp yuwppbpwpwnp phuadnd Bu:
Unugws k nhuybpuhntt hwjwuwpniudp, npp punipugpoiud £ Eplyne uguiitbiphg juquws pohonid
Finluh wihpuhtt puh Julduémpmibp ugubbbph wy wihpughtt pUbphg: BJuyht hwpduplubkph
Uhongny npnodws b gpgenn hwdwhinipyniuutiph wpdtpubph ny puthwugkihnipjut dhewluwpkpp,
npnugnud unhpp puguljuynid

Grigoryan Sh.A., Ohanyan G.G., Sahakyan S.L.
The propagation of pressure wave in closed channel filed of periodic alternate corks
with the gas—liquid mixture and gas

The propagation of wave in closed channel filed of corks is considered. It is supposed that the discrete
structure of corks is periodic. The dispersion equation of the Bloch wave number dependence on wave numbers of
corks is derived. It is obtained the frequencies bands of transmitting waves.

Ilpy TeYeHWH Ta30)XHIKOCTHOW CMECH B 3aMKHYTOM KaHale MOXXET 00pa30BaThCsi CHApSIHBIA MOTOK,
XapaKTepU3yeMbli YETKO BBIPOXKEHHON AUCKPETHOI CTPYKTYpPOH M3 4YepemyloIuxcsi IPoOOK JKUAKOCTH U Tasa.
ITonaraercs, 4TO CTPYKTypa IOTOKA IIEPHOANYECKU MOBTOPSAETCS, BCICICTBUE YEro pacCMaTPUBACTCS CUCTEMA M3
IBYX IpOOOK, 00pasylommX 3JeMeHTapHylo sdeiiky. McciaemyeTcs 3akmounTenbHas CTaus 3apOXKICHHS
CHApsHOTO IOTOKa, KOTJla YHCTOe paszeneHne (a3 BCE eme OTCYTCTBYeT M CPEbl IPEJCTABIAIOT COOOM
ra30’KHUAKOCTHYIO CMECh C OUeHb MaJIbIM [a30Co/iepikanueM (mepBast mpoOka) 1 cCOOCTBEHHO ra3 (BTOpasi HpooKa).

BrIBeZIeHO IUCTIEPCHOHHOE yPaBHEHNUE, ONMUCHIBAIOIIEE 3aBUCUMOCTE BOIHOBOTO yncia bioxa Beeif sueliku ot
BOJIHOBBIX 4Hcel NpoOok. Ero uncnenHas peanysamus NMpoBeieHa B CIIydae BOJOBO3/IYIIHONW CMECH M BO3IyXa.
TlonyueHbl 3HaueHMs BO30OY)KIAIOIIMX YacTOT B JMANa3oHax 3alupaHus (HENPO3pauyHOCTH), HPU KOTOPBIX
PacIpoCTpaHEHHUE BOJHBI CKATHS HE IPOMCXO/IHT.

BBenenue. Ilycts B 3aMKHYTOM KaHajie OECKOHEYHOH UTHHBI ¢ aDCOMIOTHO KECTKUMHU
CTEHKaMH TEe4ET OECCTOIKHOBUTENbHAS MOHOAUCIIEPCHASI CMECh JKUIKOCTH C ITy3bIpbKaMU
KaJOPHYECKH COBEPIICHHOr0 rasa. Oddexkrtamu Mex(pa3HOro TemiooOMeHa, TPEHHs,
IMMyJbCALIMOHHOI'O ABMIKCHUS ITY3bIPbKOB M UX MOCTYIATCIbHOI'O ABUKCHHUA OTHOCUTCIIBHO
JKHJIKOCTH TpeHeOperatoTcs (0JHOCKOpOCTHas Mojenb). llomaraercs, 4YTO NpOLECCH
O6paSOBaHI/IH HOBBIX ITY3bIPbKOB, UX L[po6neH1/1e " CJIMIIaHUEC OTCYTCTBYIOT.

[Tpu chopmupoBaBiIeMcst CHapsiTHOM MOTOKE MMEET MECTO pasjeiieHue (a3 B BHIE
00pa3oBaHMi YEePEAYIOIUXCS JKUIKOW M ra30BoH MPOOOK CTPOTO JUCKPETHOM CTPYKTYPHI
[1,2]. UccnenoBaHue CKOPOCTEW paclpOCTpaHEHUs BOJNHBI CoKaTHsl MpoBeneHo B [1]. s
MEPHOANYECKON CTPYKTYPHI pacmpenesieHusi mpoOok B [3] ¢ MCHONB30BaHHUEM TEOPEMBI
®rnoke [4,5] moMyYeHO AWCHEPCHOHHOE TPAHCIEHAECHTHOE ypaBHEHHE, W3 KOTOPOTO Ha
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IpuMepe BOJBI M BO3AyXa YHCIEHHO pAcCYMTaHbl 3HAYEHHs BO30YXIAIOIIUX YacTOT
NPOIYCKAaHHs BOJHBI, 00pa3yIOIIUX TUANa30Hbl IPO3PaYHOCTH. PacipocTpaHeHne BOJIHEI B
MIEPUOTNIECKUX CTPYKTYPax Ha OCHOBAHUH YpaBHEHU XWLIa paCCMOTPEHO B [6].

1. Ucxoausle ypaBHeHHMsi. PaccmarpuBaeTcs pacnpoCTpaHEHHE BOJIHBI CKATUS B
3aMKHYTOM KaHaJle C NEPHOAMYECKH 4YepenyIoIMMHUCA sS4eiiKaMH M3 JBYX HpPOOOK, B
KOTOPBIX IIepBasi HAIIOJHEHA I'a30’KMIKOCTHOI CMECHIO C OUeHb MaJIbIM COAEPKaHHEM rasa
B <1, a Bropas — 0MHOYHBIM GONBIIMM My3bIPEM rasza, UMEIOMUM (GOPMY CHApsIa

3aHUMAIOIIUM IIOYTH BCE IMONEepEeYHOC CCUCHNE KaHaJla. I/IlleaJ'[I/I?)I/IpOBaHHaH CcX€Ma Takoro
JAUCKPETHOT'O NOTOKA MPEACTABJICHA HA (I)I/Il".l

CMECHh ras e CMECH ra3

<V

-a 0 b
Dur. 1

B npubnkennu byccunecka oiHOMepHbIe JIMHEHHbBIE ypaBHEHHS IBKEHUSI CMECH B
nepBoi npooke UMeroT Bua [2,7]:

IR @R _(1_p) TR g o R
ot? ox? 2 otPoxt ¥ R?

Oy P1o (1D
ov. 1 0P P '
— L=0 012: iir: ) plz(l_B)p10+Bp20

2 — Y
X  pC ot BPio
JIBMKeHHE Ta3a BO BTOPOil IPOOKE OMUCHIBAKOTCS yPABHEHUAMH:
2 2
aF’z_CzﬁF’z_ 8V2+ 1 aF’z_O’ , YR

_ o _ _T 1.2
at? " ox 2 pzocz2 ot g P20 -

3mecs t — Bpems, X — mpocTpaHCTBEHHas KOOPIMHATA, HAIPABJICHHAS BIOJb CTEHKH

0,

KaHaja, P — BO3MYUICHUC NaBJICHHUA, p — IINIOTHOCTB, (Dar — PC30HaHCHAad 4YacCToTa

Munnaspra, R — paamyc myssipka, Y — mokasarens anuaGatel raza, C — HEBO3MYUIEH-

Hasi CKopocTh cpeabl. Tperbe cinaraemoe n3 (1.1) OTBETCTBEHHO 3a AWCIEPCHIO BOJHEBI B
cmecu. MHaekcsl 0,1 u 2 OTHECEHBI K COCTOSHHIO PaBHOBECHUS M IapaMeTpaM Cpel B
nepBoit 1 BTOpoit mpobkax. [Tomaras

[R(xt), Vi(xt)]=[P(X), Vi.(x)]€", =12
rre ® — Bo30yXJIaromasi pacrpocTpaHeHne BOJIHBI yacTorta, ypasHenus (1.1), (1.2) mepe-
NHIIYTCS B CTALOHAPHO (hopMe 3amucH:

d’P o d’P, o o’
o et g rg T ame R
2 ar
(1.3)
v _ ke, v,k L0 @
1> 29 | ’
dx PG o dx P20C, G )

31ech 3Be30UKH B MHAEKCAX OIMYILIEHBI, 4TO OyAeT COOM0IaThCs U Jaliee.
Ha nunuu pasaena cpes X =0 J0IKHBI BBINONHATBLCA YCI0BUS HENPEPHIBHOCTH KaK
JTABJICHUS, TaK ¥ CKOPOCTEH YaCTHIL CPEe.T

R(0)=R(0), Vi(0)=V,(0) (1.4)

Kpowme Toro, Ha ymuEMaXx X=—a u X=D pasnena sueitku norpebyem BrmonHeHuii
YCIIOBHH €€ KBa3HIEPHOANTHOCTH
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R(-a)=IR(b), V,(-2)=IV;(b) 09

IoCTOSHHBIA MHOXHTENL | Oynmer ompemenéH B IpoIecce pEHmICHHS 3aladuH.
TpeOyeTcst HaiiTH Te 3HaYCHUS BO30YKIAFOIIUX YaCTOT (O, TP KOTOPBIX JINOO CYIIECTBYET
MPOIIeCC PacCHpPOCTPAHEHUS BOJNHBI (YACTOTHI TPOITyCKAaHWSA), JTHOO OH OTCYTCTBYET
(dacToThl cpe3a). B mociemHem ciydae mamaromias w3 KaKOW-THOO MPOOKH BOJHA IO
JOCTIDKEHUIO JIMHUM pas3fesia C JAPYrod IONHOCTBIO OTpakaeTcsi OT He€ W Ipolecc
pacmpocTpaHeHHs 0OpHIBACTCS.

OO6mue pemenns ypasHeHu# (1.3) 3anummyTcst B Buze:

P (X) _ Ae—iklx + Bleiklx, v, (X) :LB(Ae—iklx B B‘eiklx)
PG o

1
P20C,

rne A, B (i = 1,2) — TIOCTOSIHHBIE HHTETPUPOBAHHS.

(1.6)

P (X) — Aze—ikzx + Bzeikzx’ v, (X) (Aze‘”‘zx _ Bze”‘zx)

VYnosnerBopsist ycnoBusim HenpepbiBHOCTH (1.4) n kBazunepuonuuHoctu (1.5), mns
onpenenenns nocrosuueix A, A, B, B, nonyunm cucremy onsopoaubix ypasnenuii:
A+B-A-B =0
l o l o 1 1
— A2 B A+—B,=0
PG PG o PG, P20C,
Aelkla + Bleflkla _ IAzeflkzb _ | Bzelkzb — 0

1 o, ; 1 o - | - | -
ik a —ika —ik,b ik,b
—— A" ——Be™"-———Ae"™+——Be> =0
PG o PG o P20C, P20C,
Heo6X0MuMBIM 1 JI0CTATOYHBIM YCIOBHEM CYIECTBOBAHMS HETPHBHAIBHEIX PEITCHUI
ABNIAETCS PABEHCTBO HYIO ONpENENNTENs MATPHIB, COCTABIEHHOH U3 KOA((HUIHEHTOB

mpu A, A, B, B,. Packpuisas ero, ans onpenenenns muoxutens | nomyuum
ypaBHEHHeE:

1 1 1 () C, o |. .
—|I+=|=coskacosk,b—— PG D P © sink,asink,b

2 I 2{pyG © PG O

BBozs B paccMOTpeHHE BOTHOBOE YnCio bioxa ( Ui AYEHKH, IOITydnM:

P.C @O PG ©

cos gL =cosk acos k2b—l
PG ©® PG o

sinkasink,b (1.7)

igL
| =%, L=a+b
BOHHOBOﬁ HpOI_ICCC B H‘IeﬁKe OHpCZ[eHHeTCH HC JOKAJIbHBIMHU BOJIHOBBIMHM YHCJIaMHU

K., K,, u nexoropoii, ycpenuénnoit no sueiike, Benuuunoii (], KoTopas onpenensercs c
TOYHOCTBIO 1O Liedoro umcia 3Hawenuit 27N/ L, N==*1,2,---. OueBunno, uto mid
3HAYE€HUH BO30YKIAIONIMX YacTOT (O, IPH KOTOPBIX |COS qL| <1 (wacrora npomyckauus),

CYIIECTBYIOT BOJIHBI JIaBJICHUs (CXKaTHsi), a B cliydae |COS qL| >1 (uactoTsl 3amupanus)

BOJIHBI OTCYTCTBYIOT. B ImocienHeM cirydae BOJHA, IMOAAONIast N3 KaKOW-1100 mpoOKH, 1Mo
JOCTIDKEHUIO HAYaJbHOM T'paHUIBI MOCEeIyIOmei MPOOKH MOTHOCTRIO OTpaskaeTcs OT Heé
U aNbHEeHIIee pacpocTpaHeHHE He TPOUCXOTUT.
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2. OtcyrcrBue aucmepcuu. Takod cilydalli MMEET MECTO IpHU IPEHEOPEKECHUH
TpeTbuM wWieHoM B ypaBHeHuu (1.1). PaccMoTpum gactHyro 3amady. IlycTh BBITOMHSAETCS

yciIoBHe kla = kzb, O3Hayallee, 4TO MPH PaclpOCTPaHEHUH BOJIHBI €€ (a3za B KaXIOH
mpoOKe MEHsSeTCsS Ha ONHY M Ty JKe BenmuuHy. YpaBHeHue (1.3) mpumer ¢opmy 3ammcu

(k=o/c,k =0/c,, o, =0)

2
cosqul—l PG | 14 P sin® Q, Q=2(l—(x)L 2.1)
2 pyG, PG G

3nece a=(1—-a)L, b=al. Ycnosue kla = kzb npu (PUKCHPOBAHHBIX 3HAYCHUSX

plO 5 p20 u B onpeenseT BeJIMUMHY napameTpa O

lzﬁ:lﬁ' l@
a G \ B Pio

Od4eBHIHO, YTO KOTAa mpaBas 4acTh B (2.1) mo Momyiro OOJbIe €IMHHMITBI, BOJHBI
OTCYTCTBYIOT U, TEM CaMbIM, ONPEEIIAIOTCS AUAIa30HbI 4aCTOT HETIPOIycKaHus (cpe3a). B
MPOTUBHOM CIIy4ae BOJHBI PACIIPOCTPAHSIOTCSL.

B Tabn.l mnpuBeneHsl QuanasoHbl cpe3a (Y4acTOT 3alMpaHusi), BBHIYUCICHHBIE 110
ypaBHEeHHIO (2.1) ¢ MCXOAHBIMU ITapaMeTpaMH, YKa3aHbIMU TaM XKe.

Tab6umna 1

Q
B P =0.1MIa, y=14, L=2wu
0.66 | 0.005 | [25,748] | [799, 1522] | [1573,2296]

0.73 | 0.01 | [27,673] | [716,1351] | [1405, 2040]
0.81 | 0.025 | [31,597] | [659, 1225] | [1287, 1853]

o | B P =02Mla, y=14, L=2u
0.6 | 0.005 | [34,896] | [965,1826] | [1895,2756]

0.77 | 0.025 | [40,683] | [764,1407] | [1487,2130]
I/I3 aHaJiu3a JaHHBbIX Ta6J'I.1 CJICAYCT BbBIBOJA, YTO C€ BO3paCTaHUECM (X/, T.C

YBEINYCHUEM Ta30COACPIKAHUA B BOZ[OBOSZ[yIHHOﬁ CMECH, HNIMPHUHBI OHUAIIa30HOB CpE3a

YMCHBIIAIOTCS, a C YBEJIMUCHUCM UCXOJHOT'O JaBJICHUA F% YaCTOThI 3allUpaHUA U HIMPUHBI

JUAIa30HOB cpe3a (HEeMPOIMyCKaH!s ) IO BEINIHHE BO3PACTAIOT.
Ol

'STB | Arn AT M Ammi 4
(RLE) o (RL L]

®ur. 1a. 3aBucumocts L or €2 mpu R) =0.2 MIla,
B=0.025 a=0.81,L=2wm
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200 400 600 800 1000 1200

®ur.16. 3asucumocts gL ot Q npu

P, =0.1MIla, 3=0.025, o =0.81, L=2wm.

Ha ¢ur.la u 16 nokasans rpaduxu 3asucumoctd L ot 6e3pasmepuoii yactorsr (2

npu coorsercTBylomux 3Hadenusx Py =0.2MIla u P, =0.1MIla, xoropsie xauec-

TBEHHO COBIIAJAIOT C mpuBeAEHHBIM B [6]. W3 cpaBHenus ¢wur.la u 10 3akmovaeM, 4To
Oe3pa3MepHbIC 3HAYCHUS YaCTOT 3alUpPaHUs B IIEPBOM ClTydac OOJIBIIE O BEIUYHHE, YeM
BTOpBIC. TOT e BBIBOJ TAKXKE CICYCT M3 CPABHEHUS TPEThEH U MATON CTPOK Tab. 1.
OOpatumcss Temepp K ypaBHeHHIO (1.7), KOTOpoe B paccMaTpUBaeMOM CIIydae
TIEPEITUILIETCS B BUAE:
cosqL = cosm—acos())—b _l[ﬁ-'_%J sinw—asinw—b 2.2)
G C, 2(pnC PG G G
B Ta6u. 2a u 26 npuBeIeHBI 3HAYCHUS TUANTA30HOB YaCTOT 3allMPaHHUsI, BEIYUCIICHHBIC
o ypaBHEHHIO (2.2) ¢ yKa3aHHBIMH TaM K€ UCXOIHBIMU JTaHHBIMU. 3/I€Ch U Jlajiee TTIaBHBIC
JTNAITa30HbI Cpe3a MPEICTaBICHBI IEPBBIMU CTOJIOIAMH.

Tao0auna 2a

o, (P =0.05MIla, y=14, L=2wm)

B=0.001

0.7 | [19,668] | [670,1331] | [1338, 1386]
0.8 | [21,585] | [586,1170] | [1171, 1754]

Taoauna 20

o, (P, =0.05Mla, y=14, L=2w)

B =0.005

0.7 | [19,613] [621, 668] [675, 1237]
0.8 | [21,584] [586, 928] [932, 1170]

o

W3 cpaBHeHus Tabin. 2a u 20 BUAHO, 4TO NMpH (PUKCHPOBAHHOM [IaBJICHUH M ra30Cco-
JEp)KaHUM C yBEIWYEHHMEM OL 3HAUCHMS 4YacTOT M IIMPUHBI TJIABHBIX JHANa30HOB

ymenbmarorcs. C yBenuuenueM [3 3HaueHus 4acToT yOBIBAIOT BO BCEX JMANa3OHaX BHE
3aBUCHUMOCTH OT OL.

AHAJIOTHYHBIM 00pa3oM CTPOATCS TaOmuiel 3a U 30, KOTOpPBIC BBISBIISIOT 3aBHCH-
MOCTH YACTOT 3alMpaHusl OT BENWYMH MapameTpoB O W [}, oaHako, mpu Gonbliem
3HAYCHHUHU MCXOHOTO JIaBJICHUS.
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Tab6auna 3a

o o, (B =02MIla, y=14, L=2wm)
=0.001

07 | [37.814] | [817.1629] | [1632,2442]

08 | [42,713] | [716,1426] | [1428,2139]

Tao6auma 30

o o, (B =02MIla, y=14, L=2wm)
B=0.005

07 | 37.812] | _[817.1237] | [1243,1629]

08 | [42,712] | [716, 1422] [1428, 1855]

W3 cpaBHenust paHHbIX Tabmui 3a ¢ 2a u 30 ¢ 20 ciengyer, 4To C yBEIUYEHHEM

HCXOOHOI'0 JaBJICHUS F% YacCTOTbl 3allMpaHud 1O BCJIWYUHC BO3PACTAOT BO BCEX

JManasoHax s GUKCUPOBAHHBIX OL 1 3.

Taxum 0Opa3om, B ciIydae OTCYTCTBHS AUCIEPCHUH U3 ITPOBEIEHHOTO aHAIN3a CIEIyeT
BBIBOJ, 4YTO NpH (UKCHPOBAaHHBIX 3HaueHwsx Py u [ ¢ yBenmuenmem O €acTotsl
3alipaHns B TJABHBIX JAWAa3oHaX YOBIBAIOT C YMCEHbIIEHHEM UX MmHUpHHEL C

YBEINUCHUEM B JacCcTOThI BO BCCX AHaAlla3oHaxX 3aliupaHust y6BIBa}0T. C YBEINUCHUEM F)O

npu (bMKCHpOBaHHbIX o u B YacCTOThI IO BCJIMYMHC BO3PACTAIOT BO BCCX JqUanasoHax

cpesa.
3. Hanuume pucnepcum. Ilepelin€éM K YHMCIEHHOMY WCCIEIOBAHUIO TIOJHOTO
ypaBuenus (1.7), koTopoe nepenuiieM B pa3BEPHYTOH popme.

cosqL:cosw—lacosw—b—l[ PG &+p2‘)c2 2]sinw—lasinw—b (3.1
G G, 2(pyG © PG o G
2
® ®
Q- I-(-p)2-
N

1 ar

B tab:. 4a n 46 noka3aHbl 1UaNa3oHbl Cpe3a, ONpeIeNseMble U3 PeIeHNi ypaBHEHUS
(3.1) c yka3aHHBIMH UCXOJHBIMHU ITApPaAMETPAMHU.

Tao6auna 4a
o Ob,ru(R:7'10_3M,BZO.OOl,y=1.4,L=2M)
P, =0.05MIla
0.7 [19, 668] [670, 1151] [1153, 1337]
0.8 [21, 585] [586, 1169] [1171, 1468]
Taoauna 40
o o, (R=7-10"m, =0.001, y=14, L=2w)
P, =0.05MIla
0.7 [19, 668] [670, 1331] [1338, 1383]
0.8 [21, 585] [586, 1170] [1171, 1754]
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YMeHbIIeHHE paguyca My3bIpbKa MpH (PUKCHPOBAaHHBIX IPOYHMX MapamMeTrpax He
BJIMSICT HA 3HAYCHUSI YaCTOT 3alUPaHKs M3 TJaBHBIX JMAMA30HOB, @ B OCTAIBHBIX, T.C. [IPU
0oJiee BBICOKHMX YaCcTOTaxX, BO3PACTAIOT MO BEJIHUYHHE.

BnusiHue WCXOJHOrO JaBjeHUsi Ipu Oojiee BHICOKOM €ro 3HA4YCHHH, a TaKXKe
ra30co/iep>KaHus IPOMLTIOCTPUPOBAHBI B Tab. 5a u 50.

Taoauna Sa
“ o, (R=7-10"m B=0.001, y=14, L=2w)
P, =0.2MIla
0.7 [37, 814] [817, 1629] [1632, 2300]
0.8 [42, 713] [716, 1426] [1428, 2139]
Taoauna 50
o ®,m(R=7-10"m B=0.005, y=14, L=2w)
P, =0.2MIla
0.7 [37, 812] [817, 1186] [1991, 1629]
0.8 [42, 712] [716, 1422] [1428, 1696]

C YBCINYCHHUEM B npu (bHKCPIpOBaHHI)IX OCTAJIBHBIX MCXOAHBIX JTAHHBIX 4aCTOTbI BO
BCEX JMalria3oHax cpce3a y6I)IBaIOT. CpaBHeHI/ISI JaHHBIX Tabn. 5a u 4a YKa3bIBaKOT, YTO C
YBEINYCHUEM PO YaCTOThI 3alTMPaHUA BO BCEX AUAITa30HAaX BO3PACTAIOT 110 BEJIMYNHE.

W3 cpaBHeHMs nnama3oHOB TaOl. 4a W 2a BUIHO, YTO B TJIABHBIX M3 HUX BIIMSHHE
Jucnepcun oTcyTcTByeT. OHa NposBisieTcs pu 0oJiee BHICOKUX BO30YXKIAIOIIUX YaCTOTaX
() ¥ yMEHbIIAeT UX 3HAUEHUs.

Takum o0Opa3oMm, yBenuyeHHE O. TPHBOANUT K YMEHBIICHHIO MIMPHHBI TIABHBIX

JAWara3oHoB, a C YBCJIMYCHUCM B u F% YacCcTOThI 3allMpaHus BO BCEX AHAlla3oHax

COOTBETCTBEHHO YyOBIBaIOT W BO3pacTaroT. Jlucmepcuss MposBIAeTcs A OONBIINX
3HAYeHWH YacTOT W NPHUBOJUT K HX YMEHBIICHHIO MO BEIMYWHE B CPaBHEHUH C €&
OTCYTCTBHEM.

3akurouenue. Mccnenyrores ciaydad, KOrja B 3aMKHYTOM KaHaJle ¢ Ta305KUAKOCTHOMN
CMECBIO CYIIECTBYIOT NMPOOKH, MepBast U3 KOTOPHIX HAIOJIHEHa CMECBIO C OUY€Hb MaJbIM
ra3ocojiepxaHueM, a BTopas— ra3oM. llojaraercs, 4TO CTpPyKTypa CTallMOHAPHOTO
pexuMa  SBISETCS  KBa3WIIEPUOAMYECKOH. BhIBeIeHO AUCHEPCHOHHOE YypaBHEHHE
3aBHCHMOCTH BOJIHOBOTO uHcia biioxa Bcell sueiiki OT BOJHOBBIX 4mcenl mpoOok. B
KayecTBe IIpUMepa pacCMOTPEHbI IPOOKM U3 BOAOBO3AYIIHOW CMECH M BO3JyXa.
UncnenHas peann3anisl ypaBHEHHS IMO3BOJSECT BBIABHTH IUATA30HBI YAaCTOT 3alHpaHUS
(cTpesa), mpu KOTOPBIX BOJIHA OTCYTCTBYET, & BHE UX MPUCYTCTBYET.

I[Ipu o00O0OmIeHUH pE3yJIbTaTOB WCCICAOBAHUA Ha CIIy4al JPYTUX HCXOMHBIX
MapamMeTpoB MOXHO OOHAPYKUTh, YTO MPU PUKCUPOBAHHBIX MPOUYHX MApaMETpax 3HAUCHHUS
Y4acTOT 3alUPaHUS:

— ¢ yBeJMYEHMEM Ta30CO/EpKaHus [} yMEHBIIAIOTCA BO BCEX JMANA30HAX CPE3a,

KaK U UX IUPHHA,
— ¢ YyBeNIMYCHHEM WIMPUHBI OL BTOpOH TPOOKKM yOBIBaeT IUIIb B TIJIABHBIX
JMana3zoHax,
—  C yBEJUYEHHEM JaBJICHUS F% BO3pacTalOT BO BCEX JHMAINA30HAX, KAK W [IHMPUHEI

TJIaBHBIX U3 HUX,
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— ¢ yBeNMYEHHMEM pa3Mepa My3bipbka R He MeHSIOTCS B TaBHBIX JMANa3oHax.
O¢ddexr yBenmueHHs 3aMETEH B OCTalIbHBIX [HAaa30HaX i BBICOKUX U
CBEPXBBICOKHX YacTOT,

— ¢ yBenuuenreM mupuHbl L Beeil sueiiku yOBIBaIOT BO CTOJIBKO e Pas.

Jlucniepcuss BOJHBI TPOSBIISIETCS HPH OYEHb BBICOKMX YAacTOTaX W IPUBOAUT K

YMEHBIICHUIO UX 3HAYCHUN B CPABHEHUHU C €€ OTCYTCTBUEM.

JIUTEPATYPA

1. Martin C.S., Padmanabhan M. Pressure Pulse Propagation in Two—Component Slug
Flow // Trans. of the ASME. Vol.101. Nel. 1979. Pycckmit mnepeBon—
PacnipocTpaneHre UMIybca JaBiIeHUs B ABYXKOMIIOHEHTHOM CHapsTHOM ITOTOKE.

// TeopeT. OCHOBHI HH)KeHEepHBIX pacuéToB. 1979. T.101. Nel. C.161-171.

2. HakopsxoB B.E., Ilokycaes b.I'., Llpeiitbep MN.P. BonaoBas anHammKka ra3o- u
MapOKUAKOCTHBIX cpela. M.: DHeproatommsaar, 1990. 248c.

3. Oransn I'.T'., Caaksan C.JI. O6 ogHOW MOAENTH CHAPSTHOTO TMOTOKA T'a30KUAKOCTHOM
cmecu // Tlpobnembl nuHamuku B3aumogencTBus nedopm. cpen. Tpynsr VIII mexn.
KOH(., ceHTs0ph 22-26, 2014, T'opuc—Crenanakept. EpeBan, 2014. C.340-344.

4.  bpummosn A., ITapogu M. PacmpocTtpaHeHue BOJIH B NEPUOANYECKHX CTPYKTypax.
M.: JI, 1959. 448c.

5. bacc ®TI., bynrakos A.A., TerepoB A.Il. BeicOkO4acTOTHBIE CBOICTBAa MOITYHpO-
BOJHUKOB co cBepxpemérkamu. M.: Hayka, 1989. 288c.

6. Bunorpamoa M.b.. Pynenko O.B., CyxopykoB A.Il. Teopus Boma. M.: Hayka, 1979.
384c.

7.  Hurmartynmua P.U. Iuramuka maorodasueix cpex. Y.1. M.: Hayka, 1987. 464c.

CaeieHusi 00 aBTOpax:

I'puropsin llymanuk AxkonoBHa, K. ¢.-M. H., JoueHT Kadeapsl «Maremarika 1 MaTeMa-
trueck. Mozenuposanus» Poccuiicko-ApmsiHckoro (CiiaBsHCKOT0) YHUBEPCUTETA.

Anpec: 0051, Epesan, yn. OBcena DmuHa, 123, Teur.: (+37494) 284-718,

E-mail: grig-shushanik@rambler.ru

Oranan Taruk [pumaeBuy, K.Q.-M.H., BEIyIINA HAYYHBIH COTpyAHUK HMHCTHTyTa
mexanuku HAH Apmennn. Agpec: 0019, Epean, mp. Mapmrana barpamsiaa, 24/2,

TeuL: (+37493) 946-947, E-mail: oganyangagik@gmail.com

Caaksan Caak JleBoHOBHMY, K.].-M.H., aCCUCTEHT KadeIpbl YHCII. aHaIN3a W MaTeM.
MoJlenupoBaHus (hakynbpTeTa MHPOPMATUKU U TpukiI. Matematuku, EIY.

Anpec: 0025, EpeBan, yn. A.ManyksHa 1, Tea.: (+37477) 002-408 (m06.)

E-mail: ssahakyan@ysu.am

Ioctynuna B penakuuro 29.04.2015

53



2U8UUSULDP @hSNPhE3NRLLENP U2aUSPL UYUNEURUSE SENtUUa R,
U3BECTHSA HAIIMOHAJIBHON AKATEMUU HAYK APMEHUU

Uthuwtthlju 68, Ne 3, 2015 Mexannka

YK 517.977.56+58

THE BUBNOV-GALERKIN PROCEDURE IN PROBLEMS OF MOBILE
(SCANNING) CONTROL FOR SYSTEMS WITH DISTRIBUTED
PARAMETERS

Arakelyan Sh.Kh., Khurshudyan As.Zh.

KioueBble cioBa: meron byOHoBa—I'anépkuHa, mOABM)XKHOE yHpaBleHHE, HEJIHMHEWHas mpoOlieMa MOMEHTOB,
pacrpeenEHHas CHCTEMA, CKOJIB3SIHME PEKUMBI

Key Words: Bubnov—Galerkin procedure, scanning (mobile) control, nonlinear moments problem, distributed
system, sliding modes

Puttunh punbkp: Anipin-Qupnpyhuh tnutulp, swpdwljut nkjuwjupnud, dndkinntkph ny qéughte
wpnpibd, pupuus puntpugphsubpny hwdwlwnpg, vwhnn nkdhdukp

Unwpbjul C.1v., vmpompui U.d.
P puny-Qupnpyhth tnuwiwlp paohjws yuwpwdbtnpbipny hwdwlhwpgbtph swpdwub
nEjwjupdwi punhpubpod

Puppudus wwpwdbnptpny hwdwlupgbph jwpdwliwb nhjudupdwt jpughpubph msdwt
hwdwp wpwowplynud E oquuuqgnpst] Fnipuny-Qupnplhhth huwynih Enwbwlyp: Unwowplyny
wqnphpdp dwipudwut tjupugpdus b oipdwhwunnppuljuinipjui kpwswh gdughtt hwjwuwpdw
hwudwp: Uju pnyp £ nwhu nijujupdwi jpunph pisnudp hwqkgubnt Jipgwdnp swthwih ny gdwgh
Undktnubph wpopiidh: Fpw vnwugdwt tqnuwbwlp nhunwplynud £ obpdwhwnnppuljuiinipjut
dhuwswih hwjwuwpdwt hwdwp: Guemgnd £ unwugqus  dndbuntubph  wpnpiidh  nsnudp
dwubundnp nhuypnud: Upynibipikiph hhtwb dpu dhwywth phwypmid dnnh hwdwp hpwlwbwg]l
hwdwljwpgswihb tdwbwynid” COMSOL Multiphysics Uhgunjuwypnid: Upwnugniyl) ki nklju]updub
Inuhghugh hhdbwljwt jwpjuwsmpinibubpp unph ndyuithphg: 2nnh Jhdwljp ubpluygynud &
qpudhynpkt’ wnpymph hnbbupymput h pubh (hwununnt) wpdbph ghygpnid: Zudbdwnbng
hwdwp phpdmd 5o hudwywinwuuw wpynibpitpp’ gEjujupdwb pugulumpub (@uoyuljub
hqnpnipjudp wnpnip) phwpnud:

Poyunpbih nEjudupnudubph puyuyidws nuuh hwdwp tjupugpjus E unugdus ny qduyght
hwjwuwpnudubpph  hwdwluwpgh  pyuyhtt wppynibwdbin msdwt ujubdw: VEjudupdut
wuwpwuknpbph npnonudp hwigkgyws k ny qduyhtt Spwgpuidnpldwi wwpquqnyh fuinph:

Apakensu HI.X., Xypmyasn Ac. K.
Meton ByoHosa—T"anépkuHna B 3a1a4ax NoJBHKHOIO YIIPAaBJIEeHUS CHCTEMAMU ¢ pacnpeaeIéHHbIMH
napamMeTpaMu

Jlnst pemieHys 3a/iad IMOJBMKHOTO YIPABJICHUS] CHCTEMaMH C PAcIpeieIEHHBIMH HapaMeTpaMH IpeisiaraeM
npuMeHUTh MeTol byOHoBa—T"anépkuna. Anroput™ noapoOHO omucaH Ui TPEXMEPHOTO JIMHEHHOTO YpaBHEHHS.
TemIonpoBoAHOCTH. OH IMO3BONSET CBECTH peIIeHHEe 3alauydl yNpaBIeHHs K KOHEUYHOMEPHOU HeIHHeHHOU
npobiaeme MoMmeHTOB. [Ipornenypa momydeHus: mpoGiaeMbl MOMEHTOB HOAPOOHO JEMOHCTPHPYETCsl Ha IpUMepe
OZIHOMEPHOTO ypaBHEHHUsI TEIUIONPOBOAHOCTH. HalijieHo pelieHue Moay4eHHOH MpobiieMbl MOMEHTOB B YaCTHOM
caydae. Ha ocHOBe HONy4eHHBIX pe3y/IbTAaTOB OJHOMEpHas 3ajada Obula cumymupoBaHa B cpexe COMSOL
Multiphysics. BbISBICHEI OCHOBHBIE 3aBHCHMOCTH (DYHKIMH YIpPaBICHHS OT BXOMHBIX JAaHHBIX 3aJadd.
I'paduuecku OTpakeHbI COCTOSHUSI CTEPXKHS I Pa3HbIX (HOCTOSIHHBIX) HMHTCHCHUBHOCTEH wHcTOYHHKA. Jlst
CpaBHEHHsl IPHBEJICHBI COOTBETCTBYIONINE WMIITIOCTPAllMd IPH OTCYTCTBHU YIPABICHUsS (HCTOYHUK HYJIEBOI
MHTCHCUBHOCTH).

B ciydae pacmmpeHHOro Kiacca AOMYCTUMBIX YIpPaBICHHH MpeuiokeHa 3(QeKTHBHAsS CXeMa YHCICHHOTO
PEIICHUS ITOTyYeHHOU CHCTEeMbl HETMHEHHBIX orpaHudeHui. OnpeeneHue mapaMeTpoB yIPaBISHHs CBOAUTCS K
npocTeiinieii 3ajaye HeMMHEHHOTO IPOrPaMMHPOBAHHSL.

We suggest to apply the Bubnov—Galerkin procedure to solve scanning control problems for systems with
distributed parameters. The algorithm is described in details for three-dimensional linear heat equation It allows to
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reduce the solution of control problem to finite-dimensional nonlinear moments problem. The procedure of
derivation of moments problem is illustrated in details on the example of one-dimensional equation of thermal
conductivity. The solution of obtained moments problem is found in a particular case. Based on obtained results a
computer simulation is done using COMSOL Multiphysics platform in one-dimensional case for a rod. The main
dependences of control function against input data of the problem are revealed. The state of the rod for several
(constant) values of the source intensity is expressed in terms of graphs and illustrations. Corresponding
illustrations are brought in case of control absence (null-power source) for comparison.

An effective numerical scheme for solving the obtained system of nonlinear constraints is suggested in the
case of extended class of admissible controls. Calculation of control parameters is reduced to the simplest problem
of nonlinear programming.

Introduction

The problem of bodies heating was always of interest for both engineers and
theoreticians. In view of variety of possibilities to heat given body to a needed regime, as
well as of amount of corresponding resources spent on the heating, a natural question arises
about optimal choice of heating method. Optimality criterion may be different depending
on a particular method: time optimality, heating with source of minimal intensity, heating
with minimal quantity of sources, heating with optimal placements (fixed or changeable) of
sources with given configuration, heating with optimal change of the external temperature
field etc. Internal heat sources, heat sources with localized distribution on boundary of the
heating body, heat sources with ability to change their localization in time discretely or
continuously (scanning sources) can be used for this purpose. One may also fix the
placements of the sources and carry out the heating by controlling the power of the source,
however from control theory for distributed parameters systems point of view that problem
does not have any significance. In [1] various interesting problems of plates and shells
heating optimization are considered using methods of variational calculus.

In [2-4] a practical problem of bodies heating via electronic ray spread out from a
point source, which can be freely moved over the body outer surface along controllable
trajectory was stated by Russian scientist A. G. Butkovskiy and his colleagues. The
problem was the characterization of trajectory for the source which provides required
temperature distribution in the body when the power of the source is prescribed.
Mathematically the problem was the determination of the control function included in the
right-hand side of (linear) heat equation, naturally, in nonlinear manner. In order to solve
the problem the Fourier method of variables separation was applied initially and it was
reduced to an infinite-dimensional nonlinear problem of moments. Even though by that
time the existence and uniqueness of optimal solution of the problem was proved [5],
general algorithm for explicit solution construction was not developed yet. Further
developments in this subject allowed not only describing such an algorithm [6], but to
propose and develop other efficient approaches to solve mobile control problems as well.
Namely, in articles [7, 8] two different methods of control by right-hand side of partial
differential equations— the method of substitution and the method of implementation.
Application of those methods in turn gives a unified approach for solving mobile control
problems. Using the method of substitution first we need to determine such a distributed
control on which the required state of controlled system is achieved and is held further.
Then, using the method of implementation we are able to find unknown parameters of
mobile control close in a certain sense to distributed control obtained earlier by the method
of substitution. The algorithms of all methods described above are outlined in monograph
[9] with many illustrative examples. Articles [10, 11], published after monograph [9], are
devoted to generalization of substitution and implementation methods for two-dimensional
systems, at this the considered heat equations is nonlinear.

In a recently published article by A. G. Butkovskiy [12] the mobile control problem is
referred as one of the most important rigorously unsolved problems in control theory of
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distributed parameter systems. Since the problem has significant practical value and,
nevertheless, is rigorously unsolved, any approximate algorithm with easily implementable
numerical scheme is very important and is required. Other mobile control problems for
distributed parameter systems are considered, for example, in [13—17], mainly for vibrating
systems with distributed parameters.

The Bubnov—Galerkin procedure [18], which initially was proposed for solving
problems in elasticity theory, now is applied to solve boundary value problems arising in
almost all areas of applied mathematics. In recent article [19] an algorithm is proposed for
approximate solving control problems for bilinear systems. The solution is reduced to a
finite-dimensional problem of moments resolvable explicitly. In material distribution,
designs structure and topology optimization etc. problems, mathematically formulated via
bilinear systems, in which the control function does not explicitly depend on one of
independent variables (more often time-variable), application of Butkovskiy's generalized
method [20-25] and the Bubnov—Galerkin procedure in turn is suggested. The algorithm is
applied in one [19, 26] and two-dimensional [27, 28] cases. Its numerical scheme was
turned out to be very simple and easily implementable; solution of a nonlinear
programming problem with equality and inequality type constraints is needed.

In this paper we suggest an approximate procedure for solving mobile (moving,
scanning) control problems in dimensions three. The procedure is explained in details for
spatial linear heat equation subjected to linear boundary conditions. The purpose of the
problem is to explicitly construct a trajectory (motion law) for the heat source in order to
provide required terminal temperature distribution when initial temperature distribution in
the body is given. The solution of the (non-stationary) state equation is approximated via
Bubnov—Galerkin procedure and a coupled system of Cauchy problems with respect to
unknown coefficients of solution expansion is derived. The system is resolved explicitly.
Force the approximating solution to satisfy prescribed terminal condition with required
precision, for determination of the control function, a finite-dimensional system of
necessary and sufficient conditions are obtained. This system is treated as nonlinear
problem of moments. An example of nonlinear problem of moments derivation procedure
is provided for one-dimensional heat equation. The solution of obtained problem is
constructed in a particular case.

Based on obtained results a computational experiment is set up in order to reveal the
sensitivity of a functional on control function (exactly its length) with respect to system
external and internal parameters. Main results are discussed.

In order to derive a solution with easily implementable numerical scheme, the set of
admissible controls is extended into the set of compactly supported Lebesgue measurable
functions in order to accommodate sliding modes and the control function is represented as
a piecewise constant function. Then, the determination of control trajectory parameters is
reduced to a problem of nonlinear programming with constraints of equality and inequality
types. Numerical solution of obtained problem is described through a table and graphs.

List of Notations

Throughout the paper the following notations and abbreviations:

C » (O) — the space of piecewise-continuous in (O functions,
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Q= {q €C, [0, T]; suppgq = [0, T]}— denotes any of the space of

controls U, V um VV, and g — any of control u#,V or W.

supp @ = {x eR”, (p(x) # 0} — the support of function (p(x),

O — the closure, and 0O — the boundary of domain O,
V — the gradient,
P={pec,[0.7];

p(t)<1Lte [O,T]},
C (x, V,Z,t ) — the temperature distribution,
8(x,y, Z) = 5()6)8()/)8(2) — the spatial Dirac function,

T, (x) = CoS (m arccos x) — Chebyshev polynomials of the first kind,

w L m=p,
3, =0, = — Kronecker's symbol,
0, m=#=pu,
1, x>0,
signx =10, x=0,— sign function,
—1, x<0,
1, x>0,

0 (x) =<0.5, x=0,— Heaviside unit step function,
0, x<0,

the set {1, 2,..., N}, for short, we denote by {1; N},

c,— heat capacity,
p — density,

K — coefficient of thermal conductivity,

K
%, = — — thermal diffusivity.
C » P

1. Problem Statement

admissible

Let we are aimed to heat a solid occupying finite domain O C R’ with piecewise

smooth boundary OO, into a prescribed heat-state. Let the boundary of the solid, for
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instance, to be in heat exchange with external medium of constant (null) temperature'. To
achieve the aim we are allowed to use a point heat source with intensity varying in time

p €P, able to move over the surface of the solid along any prescribed piecewise-
continuous trajectory

T= {u eU,veV,weW;supp(x—u), supp(y-v), supp(z—w)c(?} cO,

forall £ €[0,T].

We have an opportunity to heat the body as by choosing a proper intensity law, as well as
an easily realizable trajectory for the source.

The state of the solid satisfies heat equation [2—13]
00
cppa = V[KV®]+p(t)8(x—u(t),y—v(t),z—w(t)), e}

(x,y,z,t) € (’)X(O,T).
It is supposed, that the coefficients of (1) depends on all independent variables, at this
0<c,,p,xeC, (@; C[O,T]), K' e C, (O; C[O,T]). The boundary conditions are

written as follows
©=0, (x,,21)ed0x[0,T]. )

Remark 1. The scanning source can also have other shapes. In general, it has to
satisfy restrictions [2—11]

(p(x,y,z)ZO, suppp c O, Iw(x,y,z)dxdydz=l.
o

Particular cases include cylindrical, elliptical, rectangular shapes [30, 31], and shapes
described by Gauss function [9-11] etc.

Remark 2. As it turns out in practice, control by intensity of the source is not far easy
and, moreover, very expensive in sense of resources spent. At the same time, control by
motion (trajectory) of the source is easily implementable and does not cost so much.
Moreover, there is a wide class of required heat regimes that are unreachable by appropriate
choice of source power and can be achieved only by controlling its motion [9].

The initial temperature distribution in the body is supposed to be known:

@(x,y,z,0)=®0 (x,y,z), (x,y,z)e@. 3)

! Basically, this assumption does not play any significant role for applicability of
suggesting method. In general, it can be replaced by a more practical assumption, however,
as it will be seen below, the boundary conditions, mathematically expressing that
assumption must be necessarily remain linear. Without losing the generality, the boundary
conditions may be chosen to be homogeneous [1].
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Our aim now can be expressed in terms of used notation. We are aimed to explicitly
describe the set of all piecewise-continuous trajectories T, ensuring for solution of initial-
boundary value problem (1)—(3) the following terminal condition

®(x:yvz:T):®T(x,y,Z), (x,y,Z)E@. (4)

We will additionally assume that the power (intensity) of the source is given. We require
also the consistency of boundary conditions with initial and terminal data.

2. Problem Solution

To solve the problem we are going to use the Bubnov—Galerkin procedure. Suppose that
we were able to construct an orthonormal system of ansatz (approximating) functions

{Gm (x, y,z)}meN, satisfying to prescribed boundary conditions. Then, the

approximating solution of (1) will be represented in the following form [18, 32]
0, xy,zt Z(o xy, ), (x,y,z,t)e@x[O,T], 5)

where the coefficients w,, (t ), of the expansion, according to the Bubnov—Galerkin

procedure, are obtained from the following Cauchy problem

N
o (t)—Z;IC,:mm (1)=9Q,(1), (6)
(Du (0) = ®0u’ (7

pe{l; N},

in which

K = chu (x,y,z)V[KVGm (x, y,z)] dxdydz,

Py

Q, (t) = p(t) i?i(x—u(t),y—v(t),z—w(t))csH (x,y,z)dxdydz =

= cp G“(u(t),v(t),w(t))’ peEP.

Conditions (7) are obtained by taking into account the expansion of initial conditions into
ansatz functions

x V. Z Z@Om . x y,z).

Remark 3. In order to improve the convergence of Bubnov—Galerkin procedure,
usually a system of weighted orthogonal functions is taken [31]. Especially, when the
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problem (1)—(3) is considered in a corresponding Sobolev space, in which Chebyshev
polynomials of the first kind form an orthonormal basis, the most reasonable way of

thinking might be the transformation of domain O into cube [— 1,1] X [— 1,1] X [— 1,1],
and as {Gm (x,y,z)}m _, consideration of system {Tm (x)Tn (y)Tk <Z>}m hen
1

orthonormal in [— 1, 1] X [— 1, 1] X [— 1, 1] , with weight [(1 —x° ) (1 — y2 ) (1 —z? )] N
Let us write the Cauchy problem (6), (7) in matrix form as follows

o' =Ko+Q, 8)

®(0)=0,, ©)

in which ®, Q and ®, denote vector columns consisting of unknown functions, right-

hand sides and initial function (6), (7), respectively, and JC denotes matrix consisting of
coefficients of system (6). The general solution of Cauchy problem (8), (9) gives the
Cauchy integral representation formula

o(1)=0[1,0]8, + [®[17]0(x)dx, (1)

in which ® [t, T] is the (fundamental) Cauchy matrix of the system. Force function (10) to

satisfy the expansion of terminal condition (4) with respect to chosen ansatz functions

{Gm (xa y,Z)}m (LN} :

N
®T (x,y,z) = Z®Tmcm (x,y,z),

m=l1

in order to derive a system on necessary and sufficient conditions with respect to unknown
functions in purpose of system controllability

O[T,1]Q(1)dT1=0, -D[T,0]0,, (11)

S —y

in which @T is vector column consisting of coefficients of expansion of (4) mentioned
above.

Remark 4. As a result of computation it might turn out that for some finite N, € N

approximating solution (5) is exact solution for the problem, i.e. the residue obtained by
substitution of approximating solution (5) in equation (1) vanishes uniformly. Otherwise,
the number NV of ansatz functions in (5) can be chosen in a manner to provide a required
precision. For instance, it can be chosen such that

N

®0 - Z ®0me

m=1

N

®T - Z ®Tm6m

m=1

— min, — min,

in metrics of spaces of initial and terminal data. Error estimates for Bubnov—Galerkin
procedure is carried out in [31].
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Note, that unknown controls also depends on choice of N so we should rather use
symbols (t ) s Vi (t) and wy (t) Howoever, to be short in text, we shall omit that fact
and just keep it in mind throughout the whole paper.

The only parameter in system (11) for fixed 7" is the required trajectory, the
components of which are figured out in the functional from left-hand side of the system. At
the same time, its right-hand side is the value of that functional on a particular admissible
trajectory. Namely, that admissible trajectory we are seeking for.

The components of required trajectory can be determined from system (11) in several
manners. For instance, one may choose a cost functional having proper physical
interpretation® for a particular problem and minimize it with respect to control functions
which in their turn satisfy equality type restrictions (11). This problem can be solved
through efficient numerical methods of nonlinear programming [33]. System (11) can be
interpreted as a classical problem of moments [2—6, 9, 12] as well. In view of nonlinearity
of inclusion of trajectory T into components of vector column €2, the derived problem of

moments, naturally, will be nonlinear.
3. The Nonlinear Problem of Moments in One-Dimensional Case

Let us illustrate the derivation scheme of system (11) in the simplest one-dimensional
case for a rod with constant parameters. Let the object of heating is a sufficiently thin
homogeneous rod thermo-isolated at edges. Figure 1 shows the computational model
simulating the influence of a point heat source on the rod. Then, the solution of the
corresponding one-dimensional heat equation will satisfy the following boundary
conditions (after rescaling all variables and functions)

©(-1,¢)=0(1,1)=0, 1€[0,T],

The control function (in this case the trajectory has only one component) must satisfy to
restriction ‘u (Z)‘ <1 forall t € [O,T].

2 As such a functional one may take, for instance

L[u,v,w]=1\/L22(t)+\>2(t)+w2(t)dt,

which in our treatment characterizes the trajectory of the source.
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052

0.4 0.4

Figure 1. The computational form of a point source.
Initial and terminal data are given through the following functions
®(x,0) =0, (x), @(x,T) =0, (x), xXe [—1,1].

As system of ansatz functions in this case we may consider, for instance, the system of

trigonometric sines { sin (nmx)} N obviously satisfying prescribed boundary conditions.
me
Then

m

Kt = —)((Tcm)2 isin(nmx)sin(npx) dx = —x(nm)2 8",
Q (1)= iL;)j-IS(x—u(t))sin(nux)dx =12L;)sin(nuu(t)), peP.

Instead of coupled system (6), (7) now for unknowns ®, (t ) we shall derive the

following independent system of Cauchy problems

o, (0)+ 2 () 0, (1)~ 2, (1), @
®,(0)=0,,, (13)
ne {l; N},

in which ®0u are the coefficients of the expansion of initial data with respect to chosen

ansatz functions. The general solution of system (12), (13) reads as
o, ()= {G)Ou + Iexp[x(nu)z r} Q, (r)dt} exp[—x(nu)2 t}, pe{l;N}. (14)
0

Force this function to satisfy to expansion of terminal condition with respect to chosen
ansatz functions, we will arrive at
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T
2 2
Iexp[x(nu) r} Q, (1)dt=0,, exp[x(nu) T} -0,,, ne{l;N},
0
which coincides with corresponding moment equalities from [2-6, 9, 12].

After determination of required trajectory u (l‘) from that system, the approximating

solution of corresponding one-dimensional problem will be

O, (x,t) = g[GDO“ +Iexp[x(nu)2 r} Q, (T)d‘t:| exp[—x(nu)z t]sin(n’px),
(x,1) e[~ 11]x[0,T]. (15)

Let the initial temperature distribution in the rod considered in the previous section is

given as follows @(x,O) = sin(nx), Xe [—1,1], and we are required to heat the rod
before some fixed 7' into a state
O(x,T)= {

®, =const, xe(-1,1),
0, x=4=I.

The power of the source is constant: p(T) = p, =const. Let us first determine the

coefficients of the expansion of initial and terminal functions into chosen ansatz functions.
It is obvious that

20
0, =8, Oy, = E[1-(-1)']

therefore from (14) we will have

T
Iexp[x(nu)z r}sin(nuu(r))dtz/\/lu, ne{l;N}, (16)
0
M, :ﬂ(am exp[x(np)z T}—Cpp—pSL, pe{l;N}.
0 0

It is quite easy to see that M, =0, M = O(pfl ), L —> oo, Figure 2 shows the

discrete dependence M WO, HE {1; 200} , which is almost the same for all values of
parameters taken.

For determination of control function from (16), we will first use the algorithm for
solving nonlinear problem of moments suggested in [6, 9]. Let us introduce the expression

T
Al o) = [max oy, (4o Lo Tt ), u(7)] <1,
0
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in which
N

Ay (ll,lz,...,lN,t,u) = Z:lu exp[x(nu)z ’C} sin(nuu(t))
=l

Zu’ ne {l; N } , are undetermined multipliers, at this

N
I >0.
pn=l1

Then, we calculate the derivative of expression A, (ll,lz,...,l o ’C,u) with respect to u

and find its roots. As a result we get

o,

= ng ul, exp[)((m,t)2 r} cos(nuu(r)) =0.

Figure 2. The discrete dependence /\/lH < W

The analytical exact solution of derived functional equation for any N € N is very hard to
achieve. For fixed N € N it can be done using the system of symbolic computation
Wolfram Mathematica. It has the simplest form for N =2 :

T 2

uy (1) = + L arceos| - n’ (1:)+l —n(t)},

n(t) :81—}exp[—3xnzr] > —%, t€[0,T].
2

The last equality follows from the fact that the control trajectory must be real-valued. It is

easy to see that the functional A (11 5 Zz R u) does not satisfy condition of theorem 2 from [9]

for all /,/,. In such cases according to [9] one is recommended to transform the moment

equalities into the following ones
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2 —_
exp[xnzr][sin(nu(r))—y] dt=M, —y% =M,

O —y

_Iexp[x(Zn)z 1:} sin(2nu(r))dt =0,

in which y = const is chosen in such a way that the new functional A (ll .1, u) becomes

positive for all /,,1,.

After some algebraic rearrangements, one can prove that

O, [ 1
sign 81,{22 =Fsign|/ (1i 1+2T]2] ,

thus for sign/, =1 we have

Ay (4,0, tu ) =mink, (1,5, t,u), A, (1,5, tu,)=mink, (1,5,,t,u),
Ay (0,0, tuy ) =max A, (1,5, t,u), A, (L,0,t,u,)=maxX,(4,1,,t,u),

and for sign/, = —1—

A, (ll,lz,r,ul) = mflxkz (ll,lz,t,u), A, (ll,lz,t,u4) = I’l’l:lX)uz (ll,lz,r,u),
A, (11,12,t,u2) = muink2 (ll,lz,t,u), A, (ll,lz,t,u3) = muink2 (ll,lz,t,u).
Moreover, it is easy to check that

My (1,0, T ) ==y (L, L, Tuy )y Ay (Du 0, Ty ) ==y (1,0, Tuy).

It is necessary and sufficient for solvability of system (16) fulfilment of [6, 9]

r[ni[nA(Zl,lz,u)Zl, with LM +LM, =1.

an

Since in our particular case /\/l2 =0, therefore ll is immediately defined. Substituting it

into expression of A (11 .1, u) , for solvability of problem of moments (16) we derive

min A L,,lz,u >1,
A Ml

where /, may be computed from by efficient numerical methods of nonlinear programming

[33]. If for some l; in the last inequality the equality sign takes place, then for almost

every T € [0, T ] the solution of (16) satisfies the following maximum condition [6, 9]
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1 1
M| —. 0, nu’ |[=max A, | —,0[,tu |
M “ M

In order to define an initial approximation to start computing lzn one may use the restriction

exp [—3xn2T ]

41’](1:) >-1, te [O,T], from where it follows that [, >— -
2M

. Then,

_exp [—3xn2T]

will be the required initial approximation for computing l; .

oM,
Computations are done for various values of dimensionless parameters
, L x T e, T.
=X =————and p, = p. -

PT cplT " lepT’
p p

in which / is the half-length of the rod, 7, is the prescribed heating time, p. is the

intensity of the source, and ©, is a scaling intensity for temperature distribution in the rod.

Figure 3 expresses the dependence A(ll,lz,u") 1 for ¢ =1.11-10" m%sec

(copper) and 7' =2m. In this case [, =0.088, rr}inA(ll,lz,u"): 3.97>1. If for

fixed 7y, /[, is positive, the minimum in (17) is attained with u° =u, (t), otherwise —

with u° = u, (t ) , at this in both cases l; is equal to its first approximation.

Figure 3. The dependence A(ll,lz,u4) <> [, (left) and A(ll, lz,ul) <> [, (right) for a

rod made from copper: Y =1.1 1-107* m?sec.

In order to reveal the sensitivity of control function with respect to other external and

internal parameters of the system, we have computed the length of trajectory #° for
various combinations of those parameters. It turned out, that the control function is most
sensitive with respect to rod length, at this for fixed length of the rod, the length of control
trajectory does not sufficiently depend on rod material (computations are done for rods
made from copper, aluminum, silver and steel, for which 7y has almost the same order).
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With increase (decay) of time 7, when the intensity of the source is fixed, the quantity

L [u*] irregularly decreases (increases). It turned out as well that the numerical scheme of

this algorithm requires high computational cost.

5. Numerics

On the basis of obtained results a computational experiment is set up, the main results
of which are expressed graphically on Figures 4-11. The rod has length 2 m, and its cross
sectional area (square) is equal to 1/ 40 m?. Physical characteristics of the rod are identical
to those of copper. Figure 4 (left) shows the computational analogue of the rod, which is
divided into 140 parts (elements), due to which its degrees of freedom (DOF) are equal to
4542 (2427 of them are internal). Figure 4 (right) shows so-called convergence plot,
characterizing the reciprocal of the time step size versus the time step.

400}

al of step size

Reciproc.

8 10
Time step

Figure 4. Computational analogue of the rod (left) and convergence plot (right).

On Figure 5 the temperature distribution along the rod length is plotted on fixed time
moment #, = 250 sec for four particular values of the source intensity P:- Figure 6
shows the temperature distribution in spatial model of the rod for p. =0 and £ =0
(left), t. = 250 sec (right). Figure 7 shows the temperature distribution in spatial model of
the rod for p, = 7.5 J/sec and t, = 0 (left), £, =250 sec (right).
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Figure 5. Temperature distribution along the rod length for #, = 250 sec and different
intensities of the source: p, = 0 (solid line), p, = 7.5 J/sec (dotted line), p. =12
J/sec (dashed line), p, =15 J/sec (dash-dot line).

On Figure 8 the temperature distribution along the rod length is plotted on fixed time
moment f, =350 sec for four particular values of the source intensity p.. Figure 9

shows the temperature distribution in spatial model of the rod for p, =0 (left), p, =3
J/sec (right). On Figure 10 the temperature distribution along the rod length is plotted on
fixed time moment ¢, =450 sec for four particular values of the source intensity P+-
Figure 9 shows the temperature distribution in spatial model of the rod for p, = 0 (left),
p. = 1.4 J/sec (right).
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Figure 6. The state of the rod for p. =0 £, =0 (left) and . = 250 sec (right).
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Figure 8. Temperature distribution along the rod length for #, = 350 sec and different
intensities of the source: p. = 0 (solid line), p. = 3 J/sec (dotted line), p. = 7.5 J/sec
(dashed line), p. =12 J/sec (dash-dot line).
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6. Introduction of Sliding Modes

As it was mentioned above, the realization of numerical scheme of the algorithm
chosen for solving nonlinear problem of moments requires high computational costs. The
situation gets even worse for large /V; the number of required operations, and therefore
computational time, essentially increases. Besides, there is a wide class of initial and
required heating regimes that are unreachable by piecewise-continuous trajectories of heat
the source with prescribed intensity. However, it turns out [9], that it can be circumvented
by extending the set of admissible controls including in it sliding modes. Let us extend the
set of admissible controls to the set

Z/{={ueL1 [O,T]; suppug[O,T],

u|<1},

and to represent the trajectory of the source as a piecewise-constant function [20, 25, 27,
28, 34]

u(t)ziuk [6(1—1,,)—-0(t—1,)], t€[0,T], (18)

uniquely defined through unknown parameters #, and £, ke {I;M } , which have to be
found from the following system of equality type constraints

M

;Z[eXp[x(nu)z tk]—exp[a(w)z fkflﬂsin(ﬁwk) =M, 19

x(nu)z P

pe{l;N}.

This finite dimensional discrete system is obtained by substitution of (18) into (16).
Note also, that in general the control (18) is discontinuous in switching points

t, ke {l;M }, where it has second order discontinuities.

The problem of computation of unknowns #, and 7, ke {I;M }, now can be

stated in terms of nonlinear programming, taking functional
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L=

characterizing the length of required trajectory, as cost functional. To system of equality
type constraints (19) one has to add the following restrictions of inequality type

| <1, 0<¢ <, <T, ke{;M}.

Opportunities of numerical minimization of Wolfram Mathematica 10 package allows
to solve that problem very efficiently and without too much computational costs even fo

M and N large enough (using the built-in operators NMinimize, FindMinimum,
NMinValue and FindMinValue). For solving this problem numerically with precision €

only O(S_l) operations are needed [33]. In Table 1 parameters of control function are

presented for various combinations of ratio ® / P, > coefficient o’ and parameter 7.

For instance, when O, /p0 =-0.2, 0> =4.7-10", T = 47, the control function takes

the form

u(1)=0.99[0(¢r-0.)-0(r—2.81)+6(r—2.82)-0(r-12.55) |+
+0.43[0(¢-12.55)-0(¢-12.56) | +
+0.82[ 0(1-12.56)—0(r—4m) ], t €[0,4n].
The existence of solution to the problem is checked in traditional manners [33].

Corresponding restrictions obtained as a result will allow us to underline the boundary of
application of suggested scheme.

®/py | 0’10 | T uk ty
u =uy, =us =u, =0, t,=t,=041,
0.25 386 | 2m | u,=0.78,u,=0.58 t;=t,=0.62,
u, = 0.66 t;=136,1t,=194
u, =0, u, =0.38, t,=0.,1¢=0.03,

—0.2 437 | 4n | uy=043,u, =082, | ;=281 =232,
u, =uy, =u; =099 | t,=12.55,1, =12.56
u, =0.76, u; = 0.15, t, =024, =041,
0.5 1.38 | 4n | ug=0.49,u,=0.7, t;,=0.62,t, = 0.65,
u =us=u, =0 t,=127,1, =192

Table 1. Parameters of control function for M=10.

Besides providing an efficient numerical scheme, function (18) can be easily carried
out in practice and has a simple physical interpretation; it characterizes piecewise-constant
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trajectory for the source, namely in whole time-interval [tkfl R tk] the source heats the point

X = u, ofthe rod.

Conclusion

In this article we propose a new approximate algorithm for solving problems of
mobile control for systems with distributed parameters. The algorithm is based on the
Bubnov-Galerkin procedure and is set up on example of three-dimensional heat equation
with parameters varying in time and spatial coordinates. Mathematical statement of the
problem requires determination of a control function included in right-hand side of the
governing equation in general nonlinearly. The Bubnov-Galerkin procedure allows to
reduce the problem to a finite dimensional system of equality type constraints treated here
as classical problem of moments. Numerical simulations done on the basis of obtained
formulas for one-dimensional thin rod reveal the main dependences of control function
from all other external and internal parameters of the system. A computational experiment
is set up for thin rod made from copper, the main results of which are brought graphically.

It was observed that the method of solution chosen requires high computational costs
and thus not efficient. In order to get an efficient numerical scheme the set of admissible
controls is extended into set of Lebesgue measurable functions compactly supported in
boundary of considered domain allowing to use sliding modes. The unknown function is
represented as piecewise constant (discontinuous in general), the parameters of which are to
be computed from a problem of nonlinear programming under equality and inequality type
constraints.

One of the algorithm privileges is that it also can be applied for numerical solution of
mobile control problems for nonlinear or other type of state equations (including integral,
integro-differential, differential-difference etc.), equations with wvariable coefficients,
particularly, for wave equation, for coupled systems of mentioned equations, and for
sources of other forms as well. One of essential disadvantages of the method is its
applicability only in the case of linear boundary conditions.
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