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Abstract. The concept of covariogram is extended from bounded convex bodies in R to the
entire space R% by obtaining integral representations for the distribution and density functions of
the Euclidean distance between two d-dimensional Gaussian points that have correlated coordinates
governed by a covariance matrix. When d = 2, a closed-form expression for the density function
is obtained. Precise bounds for the moments of the considered distance are found in terms of the

extreme eigenvalues of the covariance matrix.
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1. INTRODUCTION

Consider two fundamental characteristics of a bounded body D C R%. Let the
first be the covariogram of I which has a geometric nature: for any vector ¢ € R,
it represents the d-dimensional Lebesgue measure of the region shared between D
and its translated copy by vector t. We denote the covariogram of D by Cp(¢).

Let the second characteristic be the Euclidean distance between two random
points chosen independently and uniformly from I C R?. This is a well-known
random variable studied in geometric probability (see, for example [I]). We denote
it by D4(D). Extensive research has been conducted on this random variable for
various bounded bodies I, including computation of the average distance within a
cube [2], on the surface of a cube [3], within a hyperball [4], as well as bounding the
average distance within a hypercube [5] or furthermore, within compact subsets of
R? with unit diameter [4]. In dimensions d < 3, closed-form expressions are obtained
for the density function of Dy(D) in [6]-[TT] for numerous geometric shapes of D. A
unified approach for determining the density function of Dy (D) for typical compact
sets is suggested in [I2]. It also provides a good list of references for related results
of theoretical and applied character.

IThe research of the first author is supported by the Science Committee of the Ministry of

Science, Education, Culture and Sports RA: Grant 21AA-1A024. The research of the second
author is partially supported by the Mathematical Studies Center at Yerevan State University.
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When D is a bounded convex body with a non-empty interior in R?, then the

two considered characteristics of D are interrelated as follows:
d—1
(1.1) fpumy(h) = LhZ(]D)) /Sd_1 Cp(huw)du, h >0,
where S;_; is the (d — 1)-dimensional unit sphere in R?, centered at the origin, and
L4(D) is Lebesgue d-measure of D.

In this paper, we aim to extend the concepts of covariogram Cp(t) and interpoint
distance D4(ID) from bounded convex bodies to the entire space R? and establish
a relation between them.

The first problem that arises in our way is the nature of randomness of choosing
a point from I = R?. The uniform distribution is no longer applicable to this case
and therefore we will naturally replace it with a multivariate normal distribution.

The second obstacle lies in the challenge of applying the language and sense of
geometry to define the covariogram of R%. We will define it analytically based on
the following observation. If D is a convex body and P;, Py are chosen uniformly

and independently from D, then it is easy to check (see, for example, [11]) that

Cn(t)
f 1— /2 t = )
which can be equivalently written as
Cn(t)
1.2 fpi—p,(t) = .

Thus, the covariogram should be a positive function defined on the entire space
that satisfies .

We have defined the normal covariogram of R? and established an analogous
relationship to in section 4} with the foundational basis of the proof presented
in the preceding section. Notably, section [3] unveils novel findings, including integral
representations for the distribution and density functions of the Euclidean distance
between two d-dimensional Gaussian points, characterized by correlated coordinates
through a covariance matrix. Precise bounds for the moments of the considered
distance in terms of the extreme eigenvalues of the covariance matrix are found.
When d = 2, an expression for the density function in terms of a modified Bessel
function is obtained. In section [2] we independently address the scenario of uncorre-
lated coordinates and deduce the density and moments of the interpoint distance,
drawing upon the results by Mathai and Provost [13].

In the upcoming text, a d-dimensional vector v € R¢ will be assumed to be a
column vector, or, equivalently, a d x 1 matrix. The transpose of matrix A will be

denoted by A”. 0 will stand for the vector with all zero coordinates, 1 for the vector
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whose all coordinates are equal to 1. I; will represent the identity d x d matrix,
| - |la the Euclidean norm in R, and |A| the determinant of matrix A.

If X is a d-variate normal random vector having mean g and covariance matrix
3 then we denote this condition by X ~ Ny(u, ). We denote A = [A1, Aa, ..., Aa] T,
where Ay > Ao > ... > Ay > 0 are the eigenvalues of X.

From now onwards, we assume g = 0 and the diagonal of 3 consisting of 1s. If
X1,X2 ~ Ny(0,3) are independent, we denote

Dq = (| X1 — Xa2|a-

2. THE DENSITY OF Dy

Let U = X7 — Xa. Since U ~ N4(0,2%) and Dfi = UTU, then the distribution

function of D? can be written in the following form (see [13], page 95):

Theorem 2.1.
def 2
2.1 P(D? <y FzEy 77y>0,
( ) ( d ) D kZ:O ( —‘rk?+ 1)
where
1 1 k=t

(2.2) cop = , Gk =7 Y Op—pCr, K>1,

2d \% |2| k r=0

d
1
(2’3) O = 22k+ Z 7
i=1 7

and I is the Gamma function
I(x) :/ t"le7tdt, x>0.
0

When the coordinates of the Gaussian points are uncorrelated univariate standard
normal variables, then 3 = I; is the identity d x d matrix and, consequently,
A = 1. In this case, one can obtain from Theorem that Dy follows GG(a,d, p),
a generalized Gamma distribution, introduced by E. W. Stacy [I4], which has the
probability density function
(p/ad) pd—1e—(@/a)”

I'(d/p)

where d > 0 and p > 0 are the shape parameters, and a is a scale parameter. The

f(z;a,d,p) = , x>0,

result is formulated below.

Let fp,(X,) be the density function of Dg.
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Theorem 2.2.

.Rd*le*RT2
_ N

24717 ()

that is, if 33 = I; then Dg ~ GG(2,d,2).

(24) fDd (Idv R) = R > Oa

Proof. Since A = 1, (2.3)) and (2.2) imply ¢y = 27¢ and

k—1

d r
Cr = WZZL Cr, /{32 1.
r=0

It is easy to verify by mathematical induction that

1 " rd
Ckzmjl;[() <2+])7k217

which, based on the identity «I'(z) =T'(z + 1), = > 0, can be rewritten as

I'(¢+k)

2.5 = ————", k2
(2:5) = gapgEr(d)

By substituting (2.5) in (2-1) and using fp, (14, R) = 2R-% =2 (14, R?), we obtain

&+ k)RS +k)
_2RZ 2dk|4kr( T(E+k+1)

) i1<R2> Ri-1p- %
2dr (4) = k! 4 24-1T7 (4)

k=0

fDd Id7

(]
The moments of the generalized Gamma distribution are well known. If X ~
GG(a,d,p), then (see, for example [15], section 17.8.7)

r (M)
E(X")=a —22 r=0,1,2,...
r(7)
P
As a result, from Theorem [2.2] we immediately obtain the corresponding formula

for the moments of Dg.

Corollary 2.1. If ¥ = I, then

(2.6) E(D}) = 2"

In general, when X # I;, even when d = 2, it is hard to compute the coefficients
¢k from the recursive formulas (2.2)) and evaluate the infinite sum ([2.1)).
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3. AN INTEGRAL REPRESENTATION OF THE DISTRIBUTION FUNCTION OF Dy
As usual, we denote by Fp, (X, ) the distribution function of Dg.
Theorem 3.1. Let E4(X, R) be the ellipsoid

{y = [y1, y2, ...,yd]T : Alyf + /\gyg + ...+ )\dy§ < RQ}.

Then
(3.1) Fp,(Z,R) = #/ exp (—lyTy> dy, R > 0.
(2vm)4 Jexm) 4
Proof. Consider the probability density function of U = X — X5
(3.2) fu(u) = (2\/7?)2'2“/2 exp < - iuT21u>, u € R%
We denote
A At
diag(\) = , diag(A™!) = .

Ad A7t
Due to orthogonal diagonalization theorem for symmetric matrices, there exists
an orthogonal matrix @ = [g;;]laxa such that £ = Q diag(A\)Q”, and therefore,

2! = Qdiag(A~1)Q”. Denoting the i-th column of @Q by g;, we obtain
T

q%u
. 3 q;u )2
uw'S7 = [ulq, ulqo, ..., uTqq]diagX™") | . | = Z (ql)\ ) )
: =1
qiu
and therefore,
d
1 1 (g/w)’ d
3.3 SR S - d R
( ) fU(u> (2ﬁ)d|2|1/2 eXp( 42 Az , U €

i=1
Let L1, L2y «oey T > O, U = [U17 UQ, ceny Ud}T, U* = [|U1|7 |U2|, ceny |Ud|]T and
u = [u, ug, ..., ug)’. Then, due to (3.3),
def
P(|U1| < @1, |Us| < x2,..., |Ud| < 24)) = Fu« (21,72, ..., 2q4) =

1 o ™2 1 & (q7w)?
= d dus... S : d
PNGESEE / “/ 1 /Xp( 12, )“d

i=1
The joint density function of the random variables |U1|, |Uz], ..., |Uq4| can be reached

by partial differentiation of the last iterated integral, i.e.
ad

=——— Fy- (1,29, ...,24).
al‘dal‘d,1...8$1 ( ’ T )

fU* (.Il,.’l?g, "'71:(1)

Applying the Leibnitz’s rule of differentiation d times, we conclude

1 1 (q] w)?
(34) fU* (1‘175(12, ...,l’d) = W Z )eXp ( - Z Z X )7

weQ(z1,z2,..., Tq
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where Q(z1, 22, ...,2q) = {w = [wy,wa, ..., wq|" : |wi| = 24,7 =1,2,...,d}.
We now aim to replace the summing index in (3.4)) and run it over all the binary
strings of length d. For any s = (s1, 82, ...,54) € {0, 1}¢ consider the unique vector

w, = [, W w (S)] € Q(x1, s, ..., 24) such that

(s) €T; if S; = 0
w;, = ) .
—x; ifs;=1
Formula (3.4) can be equivalently written in the following form:
d

1 1 (q;[w8>2
(3.5) fu~ (1‘1,.%'2, S W Z exp ( T2 Z /\z>

se{0,1}4 i=1
Since Fp,(3,R) =P(||U*|| < R), R > 0, the formula (3.4]) implies

d
1 Tawg)?
exp <— Z E (qlAl)>dw,

BHR) 5e(0, 134 i=1

(36) Fp,(3,R) = (2\/;)}1|E|1/2/

where BY(R) = {(z1,22,....,zq) : 23+ 25+ ..+ 2% < R? z; >0,i=1,2,...,d}
is an 2%-quadrant of the d-dimensional ball By4(R) of radius R centered at the
origin, and dx = dz;dzs...dz,. Hereinafter, for any s = (s1,s2,...,54) € {0, 1}4,
the symbol B3(R) will stand for the 2¢-quadrant of By(R) consisting of the points
(z1,x3,...,xq) such that x; > 0, if s, =0 and x; <0, if s; = 1.
By interchanging the sum with the integral in and denoting
d

B 1 (q] w,)?
gs(xl,xg,...,xn)—exp(—4z N ,

we receive

(3.7) Fp,(Z,R) = G |2|1/2 > / 9s(21, T2, ...y xq)dardas.. dg.
B

s€{0, 1} (R)

Let us perform the following change of variable in the integral of g5 over BS(R):
ti = Z;, 1fsl = 0,
ti = —Z;, lfSZ =1.

The Jacobian W is either 1 or —1, therefore after this change of variable

we obtain

(3.8) / gs(thg,...,xd)dxldxg...dxd:/ go(x1, 29, ..., xq)dr1dTs...d2g.
BY(R) B3 (R)

Since the sets B5(R), s € {0, 1}¢ are pairwise disjoint and the union of their
closures is exactly equal to B4(R), from (3.7) and (3.8) we establish

1
/ go(l‘l,l‘g,...,l‘d)d.’l,‘ldl‘g...dxd.
Ba(R)

GO B0 = G
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We have wg = = = [z1, 22, ..., 24] 7, which means that
d

(3.10) go(x1, T2, ...,xq) = €Xp (— i;@)

To finish the proof, we make one more change of variable in the integral of gg over

the ball B4(R). Consider a new variable y = [y1, y2, ..., Y4, where

_ gl
Novk

Using orthogonality of @, we will have

(3.12) Dl oyt _ i i Q) = )2

(3.11) Yi

i=1,2,...d.

D(y1,y2, - Yd)
and
d d d
(3.13) D a7 = (Vhaay: + Vasgioye + -+ vV agiaya)® = Y Niv?
i=1 i—1 i=1

Now (3.1) follows from (3.9)-(3.13).

Corollary 3.1. The probability density function of Dy is representable as follows:

Rd—l R2 e
(314) fDd(z:,R) = W o exXp — Tu X7 u |du.
d—1

Proof. As we saw in the last part of the proof of Theorem [3.1] the formula (3.1)

is equivalent to

1 1
(3.15) Fp,(S,R) = 7/ exp (— wTE_lcc) d.
‘ Cvm4EI2 Jpyr) 4

The change of variable € = ru, u € Sy_1, dx = r% tdrdu in (3.15) produces
1 f (A — d—1
Fp,(3,R) = ————— du/ exp(—u - u)r‘dr.
’ CvmUZI2 Js, o 4
By taking the derivatives of both sides in the last equation, we establish (3.14)). O
As an application of the obtained integral representations, we easily found the

probability density function of the Euclidean distance between two bivariate Gaussian

points in the case when there is an intercoordinate correlation p.

Theorem 3.2. If X = [ll) p] , then

1
Re s pR?
.R) = I ,
where
@) = f: 22k
0 - 2
— ((2K)!)

is the modified Bessel function of the first kind of order zero.
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Proof. It is easy to see that A\ =1+ p, Ao = 1 — p. By (3.14)), we have

R 2 R%?cos’¢ R?sin¢
fD2(27R)47T\/1—p2/0 eXp( 4+44p 4—4p ) a

__RZ

_ Re 40-¢% " a cos 2¢

Touio 2 © @,

where
__pR?

Ay

Since || = 1 — p?, to complete the proof it remains to show that
1 us
f/ et 2y = Iy(a).
0

s

Indeed, Taylor’s expansion for e* solves this problem:

1 T acochpd _ 1 - a’k " k2 do = 1 - a’k °m k d =
p e SO*EZH cos gocpfgzﬁ cos” Ydyp =
0 k=0 0 k=0 0

N o~ a? (2k—1”7r =

2 2
:Eza 082k¢d¢:EZ(2k! Z 2k” z = ol@).

=0 k=0 k=0

O
As another application, we established lower and upper bounds for the moments
of Dy in terms of the largest and the smallest eigenvalues of the covariance matrix.

Theorem 3.3. Let E (D}) be the r-th moment of Dy. Then

2T (L) /\%

T (4) A7

(3.16) <E(D)) < ,r=0,1,2,....
r(@) e =E ST
Proof. As A\; > Xy > ... > \g > 0 then we have
1 & 1 &
Z T,\2 Ts—1 Z T,\2

Due to orthogonality of Q,
d

D (@ w)? =|lulf =1, if u e Sq,

i=1

therefore, the integral representation (3.14]) and inequalities (3.17) yield

£ nd-1 £ na1
6_4’\dR - / 6_4)\1R -
. du < fp,(Sq4,R) < 7/ du.
evmdziz Js, ! evmiziz Js,

d
The surface area of S;_1 is well-known and equal to 2(@) , SO we obtain

INE))
d—1, -2 -1 -
Ri-le™ Ré-1lem 35
3.18 e SRy < v ¢
(319) s gy = 1P ) S S s
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Multiplying all sides of (3.18)) by R" and applying integral over (0, +00) to all sides

leads to
)\d;r )\d;r
d Is 1

I(d),
where
1 too i
I(d) = 7{1/ RH=1e~F 4R,
2d—ll"(§) 0

It remains to apply (2.4) and (2.6]) to see that

1@ =205

r'(s)

4. THE NORMAL COVARIOGRAM OF R4

vl

The covariogram of a bounded domain D C R¢ is known to be the function
Cp(t) = LaDN{D +t}), tecR?

where D+t ={P +t : P e D} and Ly(-) is the d-dimensional Lebesgue measure
in R, If D is a convex body and P;, P, are chosen uniformly and independently
from D, then the probability density function of P; — Py can be expressed by the
covariogaram of D as shown in . This motivates us to extend the concept of

the covariogram for D = R<.

Definition 4.1. Let Py, P2 ~ N4(0, X) be independent and fp, _p, be the probability

density function of P1 — Pa. The function Cx : R — (0, +00) that satisfies
Cx(t)
f 1—P2 t) = 20\’

is called the normal covariogram of R® associated with 3.

By taking £ = 0 in this definition and using we immediately obtain
Cx(0) = (2vm)"[=|"2,
and then
(4.1) Cs(t) = (2vm)Z|/? exp ( — itTE_lt) t c RY.

It is remarkable that Cp,(t) = (2y/7)%exp ( — 1||t]|3). It illustrates that if R? is
considered as a space of points with uncorrelated coordinates then the covariogram
of the space is naturally independent on the direction of translation.

Taking into account , the following identity provides a further argument to

ensure that the normal covariogram naturally extends the concept of covariogram.
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Theorem 4.1.
Rdfl
4.2 fp, (X, R :7/ Cs(Ru)du, R > 0.
(4.2) (2, R) ) Js, | (Ru)
Proof. By (4.1)),
Rd-1 R4-1 R2
— Cs(Ru)du = 7/ exp ( - uTE_1u> du.
cz30) Js, , = Gumasie s, | 1

Now due to (3.14]), the right-hand-side of the above equality coincides with the
left-hand-side of (4.2).
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