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Abstract. Let L = −∆+V be the Schrödinger operator on Rn, where n ≥ 3, and nonnegative
potential V belongs to the reverse Hölder class RHq with n/2 ≤ q < n. Let Hp

L(R
n) denote the

Hardy space related to L and BMOL(Rn) denote the dual space of H1
L(R

n). In this paper,
we show that Tα,β = V α∇L−β is bounded from Hp1

L (Rn) into Lp2 (Rn) for n
n+δ′ < p1 ≤ 1 and

1
p2

= 1
p1

− 2(β−α)
n

, where δ′ = min{1, 2−n/q0}, and q0 is the reverse Hölder index of V. Moreover,
we prove T ∗

α,β is bounded on BMOL(Rn) when β − α = 1/2.
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1. Introduction and results

The study of the theory of harmonic analysis related to Schrödinger operator
is one of the most interesting topic, which has attracted a great deal of attention
of many researchers; see [7][8],[12]-[16],[20]-[23] and references therein. The present
paper investigate the boundedness of Riesz transform associated with Schrödinger
operator on Hardy space and BMO space.

Let L = −∆ + V be the Schrödinger operator on Rn, where n ≥ 3 and the
nonnegative potential V belongs to reverse Hölder class RHq for q ≥ n/2. Recall
that given 0 ≤ V ∈ Lq

loc(Rn) for 1 < q < ∞, V is said to belong to the reverse
Hölder class RHq if there exists a constant C = C(q, V ) > 0 such that the reverse
Hölder inequality (

1

|B|

∫
B

V (y)qdy

)1/q

≤ C

|B|

∫
B

V (y)dy

holds for every ball B ⊂ Rn.

Clearly, if V belongs to RHq, q > 1, then V is a Muckenhoup A∞ weight; see
[17]. From weight theory we know that V (x)dx is a doubling measure and the class
RHq has self-improvement property; that is, if V ∈ RHq for some q > 1, then
there exists ϵ > 0 such that V ∈ RHq+ϵ. We define the reverse Hölder index of V as
q0 = sup{q : V ∈ RHq}. From now on, we always use δ′ to denote min{1, 2−n/q0}.
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As in [18], for a given potential V ∈ RHq with q ≥ n/2, the auxiliary function
is defined as

ρ(x) =
1

m(x, V )
= sup

{
r > 0 :

1

rn−2

∫
B(x,r)

V (y)dy ≤ 1

}
, x ∈ Rn.

It is well known that 0 < ρ(x) < ∞ for any x ∈ Rn.

The Hardy space related to L had been studied by Dziubański and Zienkiewicz
in [5, 6]. Because 0 ≤ V ∈ Lq

loc(Rn), the Schrödinger operator L generates a (C0)

contraction semigroup {TL
s : s > 0} = {e−sL : s > 0}. The maximal function

associated with {TL
s : s > 0} is defined by MLf(x) = sups>0 |TL

s f(x)|. The Hardy
space H1

L(Rn) is defined as follows.

Definition 1.1. We say that f is an element of H1
L(Rn) if the maximal function

MLf belongs to L1(Rn). The quasi-norm of f is defined by ∥f∥H1
L(Rn) = ∥MLf∥L1(Rn).

The dual space of H1
L(Rn) is the BMO type space BMOL(Rn) (see [1]).

Definition 1.2. Let f be a locally function on Rn and B = B(x, r). Set fB =
1

|B|
∫
B
f(y)dy and f(B, V ) = fB if r < ρ(x); f(B, V ) = 0 if r ≥ ρ(x). We say

f ∈ BMOL(Rn) if

∥f∥BMOL(Rn) = sup
B

1

|B|

∫
B

|f(y)− f(B, V )|dy < ∞.

It follows from [1] that ∥f∥BMOL(Rn) is actually a norm which makes BMOL(Rn)

a Banach space. Since H1(Rn) ⊂ H1
L(Rn), it conclude by duality that BMOL(Rn) ⊂

BMO(Rn). Some papers have studied the boundedness of operators on BMOL(Rn)

space; See[1, 3, 4].
To give the definition of Hardy space Hp

L(Rn) for n
n+δ′ < p < 1, we introduce

the Campanato type space.
Assume that n

n+δ′ < p < 1, and 1 ≤ q′ ≤ ∞. A locally integrable function f is
said to be in the Campanato type space ΛL

1
p−1,q′

, if

∥f∥ΛL
1
p
−1,q′

= sup
B⊂Rn

{
|B|1−

1
p

(∫
B

|f(y)− f(B, V )|q
′ dy

|B|

)1/q′
}

< ∞.

For any 1 ≤ q′ ≤ ∞, the spaces ΛL
1
p−1,q′

are mutually coincident with equivalent

norms, it will be simply denoted by ΛL
1
p−1

. It can be proved that the maximal

function MLf is well defined for f ∈
(
ΛL

1
p−1

)∗
.

Definition 1.3. [2] For n
n+δ′ < p < 1, we say that f ∈

(
ΛL

1
p−1

)∗
is an element of

Hp
L(Rn) if the maximal function MLf belongs to Lp(Rn). The quasi-norm of f is

defined by ∥f∥Hp
L(Rn) = ∥MLf∥Lp(Rn).
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We consider the Riesz transform

Tα,β = V α∇L−β , 0 ≤ α ≤ 1

2
≤ β ≤ 1, β − α ≥ 1

2
.

The boundedness of Tα,β has been studied under the condition V ∈ RHq for n/2 ≤
q < n. In [18], Shen showed that T0, 12

is bounded on Lp(Rn) for 1 < p < p0,
1
p0

=
1
s0

− 1
n ; he proved T 1

2 ,1
is also bounded on Lp(Rn) for 1 < p < p1,

1
p1

= 3
2s0

− 1
n .

Li and Peng in [10] obtained that T0, 12
is bounded from L1(Rn) to weak L1(Rn),

Hu and Wang in [9] established the boundedness of commutator for Tα,α, Liu [11]
obtained the boundedness of T0,β on H1

L(Rn).

If 0 ≤ α ≤ 1
2 < β ≤ 1, β − α ≥ 1

2 , V ∈ RHq for n/2 ≤ q < n, Sugano in [19]
given the Lp-estimates for Tα,β and its adjoint operator T ∗

α,β .

Proposition 1.1. Suppose that V ∈ RHq with n
2 ≤ q < n. Let 0 ≤ α ≤ 1

2 < β ≤
1, β − α ≥ 1

2 ,
1
pα

= α+1
q − 1

n .

(i) If 1 < p < 1
1

pα
+

2(β−α)−1
n

and 1
q = 1

p − 2(β−α)−1
n , then

∥Tα,β(f)∥Lq(Rn) ≲ ∥f∥Lp(Rn);

(ii) If p′α < p < n
2(β−α)−1 and 1

q = 1
p − 2(β−α)−1

n , then

∥T ∗
α,β(f)∥Lq(Rn) ≲ ∥f∥Lp(Rn).

In this paper, we investigate the boundedness of Tα,β and T ∗
α,β on Hp

L space and
BMOL(Rn) space respectively, and get the following results.

Theorem 1.1. Suppose V ∈ RHq with n
2 ≤ q < n. Let 0 ≤ α ≤ 1

2 < β ≤ 1, β−α ≥
1
2 . If n

n+δ′ < p1 ≤ 1, and 1
p2

= 1
p1

− 2(β−α)−1
n , then

∥Tα,β(f)∥Lp2 (Rn) ≤ C∥f∥Hp1
L (Rn).

By Theorem 1.1 we get

Corollary 1.1. Suppose V ∈ RHq with n
2 ≤ q < n. Let 0 ≤ α ≤ 1

2 < β ≤ 1, β−α >
1
2 . Then

∥T ∗
α,β(f)∥BMOL(Rn) ≤ C∥f∥Lp0 (Rn),

where p0 = n
2(β−α)−1 .

When β − α = 1/2, we have

Theorem 1.2. Suppose V ∈ RHq with n
2 ≤ q < n. Let 0 ≤ α ≤ 1

2 < β ≤ 1 and
β − α = 1

2 . Then

∥T ∗
α,β(f)∥BMOL(Rn) ≤ C∥f∥BMOL(Rn).

In this paper, we shall use the symbol A ≲ B to indicate that there exists a
universal positive constant C, independent of all important parameters, such that
A ≤ CB. A ∼ B means that A ≲ B and B ≲ A.
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2. Some preliminaries

Throughout this section we always assume V ∈ RHq with n
2 ≤ q < n.

2.1 Some results concerning the auxiliary function

Lemma 2.1. [5] There exists constant l0 > 0 such that

1

rn−2

∫
B(x,r)

V (y)dy ≲

(
1 +

r

ρ(x)

)l0

.

Lemma 2.2. [18] For 0 < r < R < ∞, we have

1

rn−2

∫
B(x,r)

V (y)dy ≲

(
R

r

)n/s−2
1

Rn−2

∫
B(x,R)

V (y)dy.

Lemma 2.3. [18] There exist C and k0 ≥ 1 such that

C−1

(
1 +

|x− y|
ρ(y)

) 1
1+k0

≤ 1 +
|x− y|
ρ(x)

≤ C

(
1 +

|x− y|
ρ(y)

)1+k0

for all x, y ∈ Rn.

A ball B(x, ρ(x)) is called critical. Assume that Q = B(x0, ρ(x0)), for x ∈ Q,

the inequality above tell us that ρ(x) ∼ ρ(y), if |x− y| < Cρ(x).

2.2 Atomic decomposition of Hardy space Hp
L(Rn)

Let n
n+δ′ < p ≤ 1 ≤ q ≤ ∞ and p ̸= q. A function a ∈ L2(Rn) is called an

Hp,q
L -atom if r < ρ(x0) and the following conditions hold:

(i) supp a ⊂ B(x0, r),

(ii) ∥a∥Lq(Rn) ≤ |B(x0, r)|1/q−1/p,

(iii) if r < ρ(x0)/4, then
∫
B(x0,r)

a(x)dx = 0.

By [5] and [6], the Hardy space Hp
L(Rn) admits the following atomic decomposition:

Lemma 2.4. Let n
n+δ′ < p ≤ 1 ≤ q ≤ ∞. Then f ∈ Hp

L(Rn) if and only if f can
be written as f =

∑
j λjaj , where aj are Hp,q

L - atoms ,
∑

j |λj |p < ∞, and the sum
converges in the Hp

L(Rn) quasi-norm. Moreover

∥f∥Hp
L(Rn) ∼ inf


(∑

j

|λj |p
)1/p

 ,

where the infimum is taken over all atomic decompositions of f into Hp,q
L - atoms.

2.3 Estimates for the kernel functions
Suppose Wβ = ∇L−β . Let W∗

β be the adjoint of Wβ ,K and K∗ be the kernels
of Wβ and W∗

β respectively, then K(x, z) = K∗(z, x) and we have the following
estimates.

Lemma 2.5. [9] Suppose 1/2 < β ≤ 1.
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(i) For every N there exists a constant C such that

|K∗(x, z)| ≤ CN(
1 + |x−z|

ρ(x)

)N 1

|x− z|n−2β

(∫
B(z,|x−z|/4)

V (ξ)

|ξ − z|n−1
dξ +

1

|x− z|

)
.

Moreover, the inequality above also holds with ρ(x) replaced by ρ(z).

(ii) For every N, and δ = 2− n/q, there exists a constant CN such that

|K∗(x, z)−K∗(y, z)| ≤ CN(
1 + |x−z|

ρ(x)

)N
× |x− y|δ

|x− z|n−2β+δ

(∫
B(z,|x−z|/4)

V (ξ)

|ξ − z|n−1
dξ +

1

|x− z|

)
whenever |x−y| < 1

16 |x− z|. Moreover, the inequality above also holds with
ρ(x) replaced by ρ(z).

2.4 Characterization of space BMOL(Rn)

Lemma 2.6. [1] Let 1 ≤ p < ∞, B = B(x, r). If f ∈ BMOL(Rn), then

sup
B

(
1

|B|

∫
B

|f(y)− f(B, V )|pdy
)1/p

≤ C∥f∥BMOL(Rn).

A function f ∈ BMOL(Rn) if and only if there exists a suitable constant cB

depending on B and satisfying cB = 0 whenever r ≥ ρ(x) such that

sup
B

(
1

|B|

∫
B

|f(y)− cB |pdy
)1/p

< ∞

and

∥f∥BMOL(Rn) ≤ C sup
B

(
1

|B|

∫
B

|f(y)− cB |pdy
)1/p

.

3. Proof of main results

Proof of Theorem 1.1. By Lemma 2.4, we only need to prove

∥Tα,β(a)∥Lp2 (Rn) ≲ 1

holds for any Hp1,q1
L -atom. Because 0 ≤ α ≤ 1

2 < β ≤ 1, β − α ≥ 1
2 , we can choose

q1 and q2 such that

1 < q1 <
1

1
pα

+ 2(β−α)−1
n

and
1

q2
=

1

q1
− 2(β − α)− 1

n
.

Assume that suppa ⊂ B(x0, r), r < ρ(x0). Then

∥Tα,β(a)∥Lp2 (Rn) ≤ ∥χ16BTα,β(a)∥Lp2 (Rn) + ∥χ(16B)cTα,β(a)∥Lp2 (Rn) = I1 + I2.
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By Hölder inequality, Proposition 1.1 and 1
p2

= 1
p1

− 2(β−α)−1
n , we have

I1 = ∥χ16BTα,β(a)∥Lp2 (Rn)

≲ |16B|
1
p2

− 1
q2

(∫
Rn

|Tα,βa(x)|q2dx
)1/q2

≲ |16B|
1
p2

− 1
q2

(∫
B

|a(x)|q1dx
)1/q1

≲ |16B|
1
p2

− 1
q2 |B|

1
q1

− 1
p1 ≲ 1.

We divided into two case for the estimate of I2 : r ≥ ρ(x0)/4 and r < ρ(x0)/4.

Case I: r ≥ ρ(x0)/4. In this case, we have r ∼ ρ(x0). It follows from Lemma 2.3
and Lemma 2.5 that∫

B

∣∣K(x, z)a(z)
∣∣dz ≲

∫
B

|a(z)|dz(
1 + |x−z|

ρ(x0)

)N
|x− z|n−2β+1

+

∫
B

|a(z)|(
1 + |x−z|

ρ(x0)

)N
|x− z|n−2β

∫
B(x,|x−z|/4)

V (ξ)

|ξ − x|n−1
dξdz.

For any x ∈ Ck = {x : 2kr < |x− z| ≤ 2k+1r}, k ≥ 4, we have∫
B

∣∣K(x, z)a(z)
∣∣dz ≲

1

2kN (2kr)n−2β+1

∫
B

|a(z)|dz

+
1

2kN (2kr)n−2β
I1(V χB(x0,2k+1r))(x)

∫
B

|a(z)|dz,

where I1(f)(x) =
∫
Rn

f(y)dy
|x−y|n−1 . Then

I2 ≤

∑
k≥4

∫
Ck

V (x)αp2

(∫
B

∣∣K(x, z)a(z)
∣∣dz)p2

dx

1/p2

≤ I21 + I22,

where

I21 =

∑
k≥4

(2kr)(2β−n−1)p2+n

2kNp2

1

|2kB|

∫
2kB

V (x)αp2dx

1/p2 ∫
B

|a(z)|dz,

and

I22 =

∑
k≥4

(2kr)(2β−n)p2+n

2kNp2

1

|2kB|

∫
2kB

V (x)αp2(I1(V χ2k+1B)(x))
p2dx

1/p2 ∫
B

|a(z)|dz.

Notice

p2 ≤ n

n− 2(β − α) + 1
<

n

2α
<

s

α
.
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By Hölder inequality, V ∈ RHq and Lemma 2.1 we get

1

|2kB|

∫
2kB

V (x)αp2dx ≲

(
1

|2kB|

∫
2kB

V (x)sdx

)αp2/s

≲

(
1

|2kB|

∫
2kB

V (x)dx

)αp2

≲ (2kr)−2αp2

(
1 +

2kr

ρ(x0)

)l0αp2

.(3.1)

Then
1

|2kB|

∫
2kB

V (x)αp2dx ≲ (2kr)−2αp22kl0αp2 .

Because a is a Hp1,q1
L - atom, so∫

B

|a(y)|dy ≤ |B|1−
1
p1 .(3.2)

Note

2(β − α)− 1 + n(
1

p2
− 1

p1
) = 0.(3.3)

Then, by (3.1) and (3.2) we obtain

I21 ≲

∑
k≥4

1

(2k)

(
N−l0α−(2(β−α)−1)+n

)
p2−n

1/p2

.

Taking N large enough such that N > l0α + (2(β − α) − 1) − n + n/p2, we get
I21 ≲ 1.

It is easy to see p2 < pα. Then
1

p2
>

1

pα
=

α

q
+

1

t
,

1

t
=

1

q
− 1

n
.

By Hölder inequality, the boundedness of fractional integral I1 : Lq → Lt with
1
t = 1

q − 1
n and V ∈ RHq, we obtain

1

|2kB|

∫
2kB

V (x)αp2(I1(V χ2k+1B)(x))
p2dx

≲

(
1

|2kB|

∫
2kB

V (x)qdx

)p2α/q ( 1

|2kB|

∫
2kB

(I1(V χ2k+1B)(x))
tdx

)p2/t

≲

(
1

|2kB|

∫
2kB

V (x)dx

)p2α( 1

|2kB|

∫
2k+1B

V (x)qdx

)p2/q

|2kB|p2(
1
q−

1
t )

≲

(
1

|2kB|

∫
2kB

V (x)dx

)p2(α+1)

(2kr)p2

≲ (2kr)−(2α+1)p2

(
1 +

2kr

ρ(x0)

)p2l0(α+1)

.(3.4)

Then
1

|2kB|

∫
2kB

V (x)αp2(I1(V χ2k+1B)(x))
p2dx ≲ (2kr)−(2α+1)p2(2k)p2l0(α+1).
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Noting (3.3) and taking N large enough such that N > l0(α+1)+
(
2(β−α)−1

)
−

n+ n/p2, we get

I22 ≲

∑
k≥4

1

(2k)p2

(
N−l0(α+1)−

(
2(β−α)−1

)
+n−n/p2

)
1/p2

≲ 1.

Case II: r < ρ(x0)/4. When p = 1, by Lemma 2.3 and Lemma 2.5, for δ = 2−n/q,

|K(x, z)−K(x, x0)|

≲
1(

1 + |x−z|
ρ(x0)

)N ′
|z − x0|δ

|x− z|n+δ−2β

(∫
B(x0,|x−z|/4)

V (ξ)

|ξ − x|n−1
dξ +

1

|x− z|

)
.

Then, for x ∈ Ck, we have

|K(x, z)−K(x, x0)| ≤
1(

1 + 2kr
ρ(x0)

)N rδ

(2kr)n+δ−2β+1

+
1(

1 + 2kr
ρ(x0)

)N rδ

(2kr)n+δ−2β

∫
2kB

V (ξ)

|ξ − x|n−1
dξ.(3.5)

It follows from the vanishing condition of a, (3.5) and (3.2) that

I2 =

(∫
(16B)c

V (x)αp2

(∫
B

|(K(x, z)−K(x, x0))a(z)|dz
)p2

dx

)1/p2

≲ I ′21 + I ′22,

where

I ′21 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2

rδp2

(2kr)(n+δ−2β+1)p2

∫
Ck

V (x)αp2dx


1/p2

,

and

I ′22 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2

rδp2

(2kr)(n+δ−2β)p2

∫
Ck

V (x)αp2

(
I1(V χ2k+1B)(x)

)p2

dx


1/q

.

By (3.1), noting 1
p2

− 1 + 2(β−α)−1
n = 0 and taking N ≥ l0α we have

I ′21 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2−l0αp2

1

2kδp2


1/p2

≲

∑
k≥4

1

2kδp2

1/p2

≲ 1.

By (3.4) and taking N ≥ l0(α+ 1) we have

I ′22 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2−l0(α+1)p2

1

2kδp2


1/p2

≲

∑
k≥4

1

2kδp2

1/p2

≲ 1.
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We consider the case n
n+δ′ < p1 < 1. By n/2 ≤ q < n and the self-improvement

property of the class RHq, for some p0 such that n
n+δ′ < p0 < p1 < 1, we have some

δ0 = 2− n/q < 2− n/q0 so that p0 = n
n+δ0

. Then

1

p2
=

1

p1
− 2(β − α)− 1

n
<

n+ δ0 − 2(β − α) + 1

n
.

So, we have p2 > n
n+δ0−2(β−α)+1 .

By (3.5), for x ∈ Ck, we have

|K(x, z)−K(x, x0)| ≤
1(

1 + 2kr
ρ(x0)

)N rδ0

(2kr)n+δ0−2β+1

+
1(

1 + 2kr
ρ(x0)

)N rδ0

(2kr)n+δ0−2β

∫
2kB

V (ξ)

|ξ − x|n−1
dξ.

Thus,

I2 =

(∫
(4B)c

∣∣Tα,β(a)(x)
∣∣p2

dx

)1/p2

≲ I
′′

21 + I
′′

22,

where

I
′′

21 =

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2

rδ0p2

(2kr)(n+δ0−2β+1)p2

∫
2kB

V (x)αp2dx


1/p2 ∫

B

|a(y)|dy,

and

I
′′

22 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)Np2

rδ0p2

(2kr)(n+δ0−2β)p2

∫
Ck

V (x)αp2

(
I1(V χ2k+1B)(x)

)p2

dx


1/q

×
∫
B

|a(y)|dy.

Note p2 > n
n+δ0−2(β−α)+1 . Then, by (3.1),(3.2) and (3.3) and taking N ≥ l0α, we

get

I
′′

21 ≲

∑
k≥4

1(
1 + 2kr

ρ(x0)

)(N−l0α)p2

1(
2k
)p2(n+δ0−2(β−α)+1)−n


1/p2

≲ 1.

By (3.3), (3.4) and taking N > l0(α+ 1), we get

I2 ≲

∑
k≥3

1(
1 + 2kr

ρ(x0)

)(N−l0(α+1))p2

1(
2k
)p2(n+δ0−2(β−α)+1)−n


1/p2

≲ 1.

This completes the proof of Theorem 1.1.
Proof of Theorem 1.2. For β − α = 1/2, it follows from Proposition 1.1 that

∥T ∗
α,βf∥Lp(Rn) ≲ ∥f∥Lp(Rn)
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for p′α < p < ∞.

Let f ∈ BMOL(Rn) and fix a ball B = B(x0, r). We consider two cases: r ≥
ρ(x0) and r < ρ(x0). For the case r ≥ ρ(x0), we write

f = fχB∗ + fχ(B∗)c = f1 + f2,

where B∗ = 2B. Owing to the fact that T ∗
α,β is bounded on Lp(Rn), we have

1

|B|

∫
B

|T ∗
α,β(f1)(x)|dx ≲

(
1

|B|

∫
B

|T ∗
α,β(f1)(x)|pdx

)1/p

≲

(
1

|B∗|

∫
B∗

|f(x)|pdx
)1/p

.

By Lemma 2.6 we get

1

|B|

∫
B

|T ∗
α,β(f1)(x)|dx ≲ C∥f∥BMOL(Rn).

Let Ck = {z : 2kr < |x− z| ≤ 2k+1r}, k ≥ 1. Then by Lemma 2.3 and Lemma 2.5,

|T ∗
α,β(f2)(x)| ≤

∫
(B∗)c

|K∗(x, z)|V (z)α|f(z)|dz

≲
∫
(B∗)c

V (z)α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−2β+1

dz

+

∫
(B∗)c

V (z)α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−2β

∫
B(z,|x−z|/4)

V (ξ)

|ξ − z|n−1
dξdz

≲
∞∑
k=1

1(
1 + 2kr

ρ(x0)

)N 1

(2kr)n−2β+1

∫
2kB

V (z)α|f(z)|dz

+

∞∑
k=1

1(
1 + 2kr

ρ(x0)

)N 1

(2kr)n−2β

∫
2kB

V (z)α|f(z)|I1(V χ2k+1B)(z)dz

= J1 + J2.

Observe that 1
p′
α
+ α

q +
1
t = 1, 1

t = 1
q −

1
n , by Hölder inequality and the boundedness

of fractional integral I1 : Lq → Lt we get

1

(2kr)n

∫
2kB

V (z)α|f(z)|I1(V χ2k+1B)(z)dz

≲

(
1

(2kr)n

∫
2kB

V (z)qdz

)α/q (
1

(2kr)n

∫
2kB

|f(z)|p
′
αdz

)1/p′
α

×
(

1

(2kr)n

∫
2kB

|I1(V χ2k+1B)(z)|tdz
)1/t

≲

(
1

(2kr)n

∫
2kB

V (z)dz

)α

∥f∥BMOL(Rn)

×
(

1

(2kr)n

∫
2kB

V (z)qdz

)1/q

(2kr)
n
q −n

t

≲ (2kr)
n
q −n

t −2(α+1)

(
1 +

2kr

ρ(x0)

)l0(α+1)

∥f∥BMOL(Rn).
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Due to 2β − 2(α+ 1) + n
s − n

t = 0, taking N > l0(α+ 1) we get

J2 ≲
∞∑
k=1

1

(2k)N−l0(α+1)
∥f∥BMOL1

(Rn) ≲ ∥f∥BMOL(Rn).

By Hölder inequality,

1

(2kr)n

∫
2kB

V (z)α|f(z)|dz

≲

(
1

(2kr)n

∫
2kB

V (z)qdz

)α/q (
1

(2kr)n

∫
2kB

|f(z)|p
′
αdz

)1/p′
α

≲

(
1

(2kr)n

∫
2kB

V (z)dz

)α

∥f∥BMOL(Rn)

≲ (2kr)−2α

(
1 +

2kr

ρ(x0)

)αl0

∥f∥BMOL(Rn).

Then

J1 =

∞∑
k=1

(2kr)2β−1(
1 + 2kr

ρ(x0)

)N 1

(2kr)n

∫
2kB

V (z)α|f(z)|dz

≲
∞∑
k=1

(2kr)2β−1−2α(
1 + 2kr

ρ(x0)

)N−αl0
∥f∥BMOL(Rn)

≲
∞∑
k=1

1

2k(N−l0α)
∥f∥BMOL(Rn) ≲ ∥f∥BMOL(Rn).

Thus, for any x ∈ B(x0, r), we get

|T ∗
α,β(f2)(x)| ≲ ∥f∥BMOL(Rn).

Consequently,

1

|B|

∫
B

|T ∗
α,β(f2)(x)|dx ≲ ∥f∥BMOL(Rn).

Let us consider the case r < ρ(x0). We set B♯ = B(x0, 2ρ(x0)) and write

f = fχB♯ + fχ(B♯)c = f ♯
1 + f ♯

2.

Similar to the estimates for |T ∗
α,βf2(x)|, we have

|T ∗
α,β(f

♯
2)(x)| ≲ ∥f∥BMOL(Rn).

Then
1

|B|

∫
B

|T ∗
α,β(f

♯
2)(x)− (T ∗

α,β(f
♯
2))B |dx ≲ ∥f∥BMOL(Rn).

For any x ∈ B(x0, r), let Bx,k = B(x, 22−kρ(x0)). It is obvious that

f(Bx,k, V ) = 0
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for k = 0, 1, 2. Notice

|f(Bx,3, V )− f(Bx,2, V )| = |f(Bx,3, V )|

≲
1

|B(x, ρ(x0))|

∫
B(x,ρ(x0))

|f(z)|dz ≲ ∥f∥BMOL(Rn).

So for k = 3, 4, · · ·, we have

|f(Bx,k, V )− f(Bx,k−1, V )| ≲ ∥f∥BMO(Rn) ≲ ∥f∥BMOL(Rn).

Then, for k = 3, 4, · · ·, we get

|f(Bx,k, V )| ≲ k∥f∥BMOL(Rn).

Hence, by Lemma 2.6, for any p ≥ 1 and k = 0, 1, 2, · · ·, we get(
1

|Bx,k|

∫
Bx,k

|f(z)|pdz

)1/p

≲

(
1

|Bx,k|

∫
Bx,k

|f(z)− f(Bx,k, V )|pdz

)1/p

+ |f(Bx,k, V )|

≲ k∥f∥BMOL(Rn).

For any x ∈ B,

|T ∗
α,β(f

♯
1)(x)| ≲

∫
B♯

|K∗(x, z)|V (z)α|f(z)|dz

≲
∞∑
k=0

∫
Bx,k\Bx,k+1

V (z)α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−2β+1

dz

+

∞∑
k=0

∫
Bx,k\Bx,k+1

V (z)α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−2β

∫
B(z,|x−z|/4)

V (ξ)

|ξ − z|n−1
dξdz

≲
∞∑
k=0

(22−kρ(x0))
2β−1

|Bx,k|

∫
Bx,k

V (z)α|f(z)|dz

+

∞∑
k=0

(22−kρ(x0))
2β

|Bx,k|

∫
Bx,k

V (z)α|f(z)|I1(V χBx,k−1
)(z)dz

= K1 +K2.

Notice 0 ≤ α ≤ 1 < q. By Hölder inequality and β − α = 1/2, we get

K1 ≲
∞∑
k=0

(22−kρ(x0))
2α 1

|Bx,k|

∫
Bx,k

V (y)α|f(y)|dy

≲
∞∑
k=0

(22−kρ(x0))
2α

(
1

|Bx,k|

∫
Bx,k

V (y)qdy

)α/q (
1

|Bx,k|

∫
Bx,k

|f(y)|( s
α )′)dy

)1/( s
α )′

≲ ∥f∥BMOL(Rn)

∞∑
k=0

(k + 1)

(
1

(22−kρ(x0))n−2

∫
Bx,k

V (y)dy

)α

.
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It follows from Lemma 2.2 that
1

(22−kρ(x0))n−2

∫
Bx,k

V (y)dy ≲ 2−kδ

for k = 3, · · ·, where δ = 2− n/q > 0, and from Lemma 2.1 that

1

(22−kρ(x0))n−2

∫
Bx,k

V (y)dy ≲ 1

for k = 0, 1, 2. Then K1 ≲ ∥f∥BMOL(Rn).

Pay attention to 1
p′
α
+ α

q + 1
t = 1, 1

t = 1
q − 1

n . By Hölder inequality and the
boundedness of I1 we get

1

|Bx,k|

∫
Bx,k

V (z)α|f(z)|I1(V χBx,k−1
)(z)dz

≲

(
1

|Bx,k|

∫
Bx,k

V (z)qdz

)α/q (
1

|Bx,k|

∫
Bx,k

|f(z)|p
′
αdz

)1/p′
α

×

(
1

|Bx,k|

∫
Bx,k

|I1(V χBx,k−1
)(z)|tdz

)1/t

≲ k∥f∥BMOL(Rn)

(
1

|Bx,k|

∫
Bx,k

V (z)dz

)α+1

|Bx,k|
1
s−

1
t

≲ k∥f∥BMOL(Rn)(2
2−kρ(x0))

−2(α+1)

(
1

(22−kρ(x0))n−2

∫
Bx,k

V (z)dz

)α+1

Then

K2 ≲ ∥f∥BMOL(Rn)

∞∑
k=0

(k + 1)2−kδ2(α+1) ≲ ∥f∥BMOL(Rn).

Combining the estimates for K1 and K2, we have proved the inequality

|T ∗
α,β(f

♯
1)(x)| ≲ ∥f∥BMOL(Rn)

for any x ∈ B(x0, r), r < ρ(x0). Thence

1

|B|

∫
B

|T ∗
α,β(f

♯
1)(x)− (T ∗

α,β(f
♯
1))B |dx ≲ ∥f∥BMOL(Rn).

This finishes the proof of Theorem 1.2.
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