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Abstract. Let £ = —A+V be the Schrédinger operator on R™, where n > 3, and nonnegative
potential V belongs to the reverse Holder class RHy with n/2 < ¢ < n. Let HZ(R™) denote the
Hardy space related to £ and BMO,(R™) denote the dual space of Hé (R™). In this paper,
we show that T g = V¥VL™# is bounded from H2!(R™) into LP2(R™) for s <p1 <1and

i = ﬁ — @, where 8 = min{1,2—n/qo}, and qo is the reverse Holder index of V. Moreover,

we prove T}, 5 is bounded on BMO.(R™) when 8 — o =1/2.
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1. INTRODUCTION AND RESULTS

The study of the theory of harmonic analysis related to Schrédinger operator
is one of the most interesting topic, which has attracted a great deal of attention
of many researchers; see [7][8],[12]-[16],[20]-[23] and references therein. The present
paper investigate the boundedness of Riesz transform associated with Schrodinger
operator on Hardy space and BMO space.

Let £L = —A + V be the Schriodinger operator on R™, where n > 3 and the
nonnegative potential V' belongs to reverse Holder class RH, for ¢ > n/2. Recall
that given 0 <V € LI (R") for 1 < g < oo, V is said to belong to the reverse

loc

Holder class RH, if there exists a constant C' = C'(¢, V) > 0 such that the reverse

Hoélder inequality
1 / Vi ¢
o qudy) S—/Vydy
CIAC Bl /5"

holds for every ball B C R™.

Clearly, if V belongs to RHy,q > 1, then V is a Muckenhoup A, weight; see
[I7]. From weight theory we know that V(z)dz is a doubling measure and the class
RH, has self-improvement property; that is, if V' € RH, for some ¢ > 1, then
there exists € > 0 such that V' € RH,;.. We define the reverse Holder index of V' as
¢o =sup{q: V € RH,}. From now on, we always use ¢’ to denote min{1,2—n/qo}.
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As in [18], for a given potential V' € RH, with ¢ > n/2, the auxiliary function

is defined as

1 1
= = : < 1 Rn.
p(x) @ V) sup {r >0 e /B(z,r) V(y)dy < } , TE

It is well known that 0 < p(z) < oo for any =z € R™.

The Hardy space related to £ had been studied by Dziubaiiski and Zienkiewicz
in [5] [6]. Because 0 <V € L1

loc

(R™), the Schrodinger operator £ generates a (Cp)
contraction semigroup {T* : s > 0} = {e7*" : s > 0}. The maximal function
associated with {T£ : s > 0} is defined by M* f(z) = sup,- |T'X f(x)|. The Hardy
space H}:(R™) is defined as follows.

Definition 1.1. We say that f is an element of H}(R") if the maximal function
M~ f belongs to L' (R™). The quasi-norm of f is defined by 1l mny = [ M- fll L2 @ny-

The dual space of H}(R") is the BMO type space BMO(R™) (see [1]).

Deﬁnition 1.2. Let f be a locally function on R™ and B = B(x,r). Set fp =
\BI Jz fy)dy and f(B,V) = fg if r < p(x); f(B,V) = 0if r > p(zx). We say
f € BMO(R™) if

lmssocn) = s 1z [ 176) = 1B,V ldy < .

It follows from [T] that || f|| saro, (&n) is actually a norm which makes BMO(R™)
a Banach space. Since H' (R™) C H}(R"), it conclude by duality that BM O, (R™) C
BMO(R™). Some papers have studied the boundedness of operators on BM O, (R™)
space; See[Tl, 3], [].

To give the definition of Hardy space H7(R™) for
the Campanato type space.

n+5, < p < 1, we introduce

Assume that <p<l,and 1 < ¢ < 0. A locally integrable function f is

n+5’

said to be in the Campanato type space A’i71 e if
-1,

B - ,dy 1/‘1/
flae = s, {|B| L - v ) }<oo.

For any 1 < ¢’ < oo, the spaces A% are mutually coincident with equivalent
p

—1,q¢'
norms, it will be simply denoted by A% _,- It can be proved that the maximal
P

function M~ f is well defined for f € <A€71)*

Definition 1.3. [2] For ;5
HE(R™) if the maximal function M~ f belongs to LP(R"). The quasi-norm of f is
defined by ”f”H”(]R") = ||M fHLP(]R"

*
< p <1, we say that f € ( 1) is an element of
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We consider the Riesz transform
1 1
Tap=VoVL?, 0<a< <B<1, foa> .

The boundedness of T}, g has been studied under the condition V' € RH, for n/2 <
¢ < n. In [18], Shen showed that To,% is bounded on LP(R") for 1 < p < po, p% =
é — 1. he proved Ty, is also bounded on LP(R™) for 1 < p < p1, p% = 2370 -1
Li and Peng in [10] obtained that T} 1 is bounded from L'(R") to weak L'(R"),
Hu and Wang in [J] established the boundedness of commutator for T, o, Liu [II]
obtained the boundedness of Ty g on H}(R™).

fo<a< % <pBg<1,B—-a> %,VGRHq for n/2 < ¢ < n, Sugano in [19)

given the LP-estimates for Ti, g and its adjoint operator T, 5

Proposition 1.1. Suppose that V. € RH, with § < g <mn. Let 0 < a < % <p<
R
]% - 72(13—71&)—17 then

1 Ta, () any S IfllLo@n);

(i) Ifpl, <p< 72(5_"(1)_1 and L = % — 72(575)71, then

q
175 s (Ml Laeny SN fllze@ny-

In this paper, we investigate the boundedness of T, s and T} 5 on H 7 space and

P

(i) If1<p<@and%:

BMO_,(R™) space respectively, and get the following results.

Theorem 1.1. Suppose V € RH, with % <g<n. Let0<a< % <pB<LL,B—a>
LIy <pi <1 and L= 1 202021 ypep

1Tas(N)llLez@ny < Cllf I gor gy
By Theorem [I.1] we get

Corollary 1.1. Suppose V. € RH, with 5 < q<mn. Let0 < a < % <p<Ll,B—a>
%. Then

175 (Pl Brro, @y < CllfllLro@nys
where py = W
When 38—« =1/2, we have
Theorem 1.2. Suppose V. € RH, with § < q <mn. Let 0 < a < % < B <1 and
b—a= % Then
175 5 ()l Brmo. @y < CllfllBaos @n-

In this paper, we shall use the symbol A < B to indicate that there exists a
universal positive constant C, independent of all important parameters, such that
A< CB. A~ B means that A < B and B < A.
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2. SOME PRELIMINARIES

Throughout this section we always assume V' € RH, with § < ¢ <mn.

2.1 Some results concerning the auxiliary function

Lemma 2.1. [5] There exists constant ly > 0 such that

1 r \%
V(y)dy < <1 + ) .
2 /B(m,'r‘) ( ) p(l‘)

Lemma 2.2. [I8] For 0 < r < R < oo, we have

n/s—2
1 / R 1
VydyS() / V(y)dy.
% J Bz @) r R"2 Jp(,R) W)

Lemma 2.3. [I8] There exist C and ko > 1 such that

o ﬁ - - 1+ko
o- (le y) §1+|‘T y|§0<1+|JC yl)
p(y) p() p(y)

for all x,y € R™.

A ball B(z, p(x)) is called critical. Assume that Q@ = B(zg, p(zo)), for x € Q,
the inequality above tell us that p(x) ~ p(y), if |z — y| < Cp(z).
2.2 Atomic decomposition of Hardy space H7(R")
Let -5 <p<1<g<oo0andp#gq A function a € L?(R") is called an
HP9-atom if r < p(zo) and the following conditions hold:
(i) supp a C B(zg,r),
(i) llallpageny < [B(zo,r)V/a 17,
(ii) if 7 < p(20)/4, then [p, . a(z)dz =0.
By [5] and [6], the Hardy space H7 (R™) admits the following atomic decomposition:

Lemma 2.4. Let ;3 <p <1< q<oco Then f € H.(R") if and only if [ can
be written as f =37 A\ja;, where aj are Hp- atoms , 37, |\j|P < oo, and the sum

converges in the H7.(R™) quasi-norm. Moreover

/p

£l ey ~ it (ZM |p) ,

where the infimum is taken over all atomic decompositions of f into HY- atoms.

2.3 Estimates for the kernel functions
Suppose Wg = VL P Let Wj be the adjoint of Wp, K and K™ be the kernels
of Ws and Wj respectively, then K(z,z) = K*(z,x) and we have the following

estimates.

Lemma 2.5. [9] Suppose 1/2 < < 1.
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(i) For every N there exists a constant C' such that

| K™ (2, 2)| < Cn N ! 35 / ViEe) Td€ + ! )
(1+ ‘ﬁ(_zj') |z — 2|" B(z,|o—z|/4) 1€ — 2" |z — 2]

Moreover, the inequality above also holds with p(x) replaced by p(z).

(ii) For every N, and § =2 —n/q, there exists a constant Cn such that
Cn

1, lz—=z\N

|z —y|° / V(€) 1
oYL de +
|2 — 272810\ Jps jomzy /ey 1€ — 2770 |z — 2|

whenever |z —y| < |z

p(x) replaced by p(z).

[K*(z,2) = K™ (y,2)| <

— z|. Moreover, the inequality above also holds with

2.4 Characterization of space BMO,(R")

Lemma 2.6. [I] Let 1 < p < 00, B = B(x,r). If f € BMOz(R"™), then

1/p
5“p(|3|/ ) BV>|”dy) < Ollf I Broeen)-

A function f € BMOg(R™) if and only if there exists a suitable constant cp
depending on B and satisfying cg = 0 whenever r > p(x) such that

1 1/10
sup ( / If(y)—Cdey> <
B \IB| /g

1 1/p
I fllBaro,@ny < Csup </ |f(y) — CB|pdy) )
B \IB| /B

and

3. PROOF OF MAIN RESULTS
Proof of Theorem[I.1} By Lemma [2.4] we only need to prove

1 Tas(a)l|Les mry S 1

holds for any H2""-atom. Because 0 < o < 1 < 8 <1,8—a > 1, we can choose
q1 and ¢o such that

l<q < —L n 2B—a)—1

Po n

and
i i_Z(B—a)—l

q2 q1 n
Assume that suppa C B(zg,r),r < p(zg). Then

T, 5(a)l| Lr2@n) < IX16BT0,8(a)| Lr2@®n) + (X (16B) Ta,p(a) || L2 mry = I1 + I2.
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By Holder inequality, Proposition and p% =1 %, we have

p1

I = |Ix16BTa,p(a)|| Lr2 (rm)
1 1 1/¢]2
< |16B|r2 "2 </ Ta)ﬁa(x)|q2dm)
R'I‘L

1 | 1/Q1
s|16B|ww( |a<w>|‘hdw)
B
1 1 1 1
< [16B[7 " Bl S 1.

We divided into two case for the estimate of I : 7 > p(z¢)/4 and r < p(z9)/4.
Case I: r > p(z0)/4. In this case, we have r ~ p(x¢). It follows from Lemma
and Lemma [2.5] that

J e e s [ oS
(14 22) " o — 2p2et
+/ |a§\?)| / |§V(£|)1d§dz.
B |z—z| n— B(z,|z—z|/4 — xln—
(1+m) |z — z|n—28 /B Ja—21/4)

For any x € Cy = {x : 2Fr < |z — 2| < 2¥+1r} k > 4, we have

1
/B|K(J;,z)a(z)|dz,§ W/B\G(Z)‘dz

1
+WL(VXB(M,%HT))(%)/B\G(Z)\dZ,

where 71 (f)(z) = [z LWy Then

gl T
1/p2
p2
I, < Z/ V (2)2P? </ |K(x,z)a(z)|dz> dx < Ip1 + Iso,
where
ko (28—n—1)pat /P2
(2ky)@B—n—Dipatn | /
I = V(x)*P2d d
and
k) (@B—n)pat Ve
(2Fp)2P—n)p2tn /
Iy = V(2)°P (T, (V o P2 dz.
22 kZ 5 D] oy, VO BV e @) | o()lds
Notice
< n < AZ}, < Ei
p2_n—2(,6’—a)+1 200 @
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By Holder inequality, V € RH, and Lemma [2.T] we get

L e s (<L [ viera)
128 B] o ~ \|2¥B| Jarp
1 ap2 ri loops
3.1 S_, ( V(.]j)dx) 5 (ri)—Qapz (1 n ) .
( ) ‘QkB| 2k B p(xo)
Then
1
w e p V(aj)apzdx 5 (2167.)—2(1]322]«[00@2.
Because a is a Hzlv(h_ atom, 50
_1
(32) [ latla < 18
Note
1 1
(3.3) (B—a) (p2 pl)

Then, by (3.1) and (3.2) we obtain

1/p2

1

121 g
k>4 (Qk)(N_loa_@(ﬁ_u)—l)-‘rn)1)2_”

Taking N large enough such that N > lpa + (2(8 — @) — 1) — n + n/pa, we get
I < 1.
It is easy to see ps < p,. Then
1 1 a 1 1 1 1
>

P2 pa g t L g n
By Hoélder inequality, the boundedness of fractional integral Z; : LY — L! with
1_1_ % and V € RH,, we obtain

t q
1
w - V<.,L,)ap2 (Il (VXQ’HlB)(m))mdaj
2
1 paa/q 1 p2/t
S =m0 V(z)ldx T (Z1(Vxorrp) (@) da
126B| Jor 12¥B| Jokp
. pac 1 p2/q . (1_1
< || == V(x)d — V(z)d 28 B|P2ta Tt
< (@ L, @n) (i [, vere) e
1 p2(a+1) .
< [ — V(z)dx 2%r)P2
S (i o Vi) 2
lo(a+1
(3.4) S(ri)(2a+1>”2(1+ 2 )p“( '
p(zo)
Then
71 V(z)*2(1y (Vxar+1p)(2))P?de S ok )= (2atDpz (gkypalo(atl),
128B| Jorp
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Noting (3.3) and taking N large enough such that N > lp(a+1)+ (2(8 —a) —1) —
n + n/pa, we get
1/p2
1

I 3 < L.
22 5 16224 (2k)P2 (N—lo(a+1)—(2(,8_04)_1)_’_”_"/[)2) ~

Case IL: 7 < p(z0)/4. When p = 1, by Lemma[2.3|and Lemmal[2.5] for § = 2—n/q,

|K(x,2) — K(x,20)]

_ 1 |2 — ao|? </ VO ey L )
(1 + L”—ZI)N |2 — 2" =28\ J gy jo—s/a) 1€ — x[771 |z — 2]

p(zo)

Then, for x € C, we have

1 0
|K (2, 2)— K (z,0)| < i \ IV (2kp)n+=26+1
(1+5)
p(zo)
1 r° V(£
. d€.
(3 5) + 1 ok N (Zkr)n+5—2[3 /279B |f—l’|”_1 5
( T P(Io))
It follows from the vanishing condition of a, (3.5) and (3.2]) that
p2 1/p2
I, = / V (x)*P2 (/ |(K (z, z) — K(%CEO))G(Z)dZ) dx S Iy + I,
(16B)° B
where
1/?2
1 T(sz
I, < / V(z)*P2dx )
p(@o)
and

1/q

/ 1 T.épz ap P2
In s Z )sz (2k7)(n+0—2B)pa /Ck V(x)*r? (Il(VX2k+lB)(93)) dzx
P

By 1i noting p% -1+ w]ﬁ = 0 and taking N > lga we have

1/p2 1/p2
1 1 1
!
121 S’ Z ok Npz2—loapz Qkdp: ~ Z 92kép2 S’ 1
k>4 (1 + r ) k>4
p(zo)
By (3.4) and taking N > lo(a 4 1) we have
1/1’2 1/1)2

1 1 1

ro< < [ <
EZRS Z & Np2—lo(a+1)p2 Qkép2 ~ Z 92kép2 S L
5 ()
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We consider the case 5 < p1 < 1. By n/2 < g < n and the self-improvement

property of the class RH,, for some pg such that # < po < p1 < 1, we have some

do=2-n/g<2—-n/q so that po = 5. Then
1_1 28-a)-1_ntd-26-a)+1
P2 D1 n n
So, we havep2>m.
By , for x € Cf, we have

1 rdo
|K (2, 2)—K(z,z0)| < ) oer \ N (ri)n+50—2/3+1
( + P(fo))
1 7% / V(¢)
+ dg.
(1 L2k )N (2kr)nt00=28 [ p |€ — x|n—t
p(zo)
Thus,
1/P2
I, = </(4B) |Ta,ﬁ(a)(x)|p2dx> N I;1 + Iélza
where
1/P2
., 1 yOop2
In=| X v V(2)*rdz la(y)\dy,
grp \ NP2 (2kr)(nH00=26+1p2 [y g B
k>4 (1 + p(m))
and
1/4q
. 1 rdop2 N p2
Ly S| o \ NP2 (D) (30 —28)p / V()P (Il(VXQkHB)(x)) dx
k24 (1 + p2(zg)) c

x /B la(y)|dy.

Note py > m. Then, by 1)1) and li and taking N > [pa, we
get

1/p2
1 1 1

< <

121 ~ Z x (N=loa)pz (op\P2(n+d0—2(B—a)+1)—n ~ 1.
k>4 (1 4 2 ) (2%)
p(zo)
By (3.3), (3.4) and taking N > (. + 1), we get
1/p2
1 1
< <
LS|, N (N—lo(at1)ps (o pa(nt00—2(B—a) T —n S L
=5 (14 25) (2%)

This completes the proof of Theorem [1.1
Proof of Theorem For § — a = 1/2, it follows from Proposition that

1T 6 ey S llLe@n)
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for pl, < p < 0.
Let f € BMO£(R™) and fix a ball B = B(xg,r). We consider two cases: r >
p(xo) and r < p(zg). For the case r > p(x¢), we write

f=Ffxs+ x>y =fi+ f

where B* = 2B. Owing to the fact that T ; is bounded on LP(R"), we have

o [l s [ ITi,a(fl)(x)lpdfv>1/p5 (1 /.1 @)'pdm)l/p'

By Lemma [2.6] we get
1 *
51 L T2s0@lde < Ol lnsiocen)
Let Oy = {z: 2%r < |z — 2| < 2"*1r},k > 1. Then by Lemma 2.3 and Lemma [2.5]

T2 4 (f2)(@)] < / K™ (2, 2)|V (2)°|£(2)\d2

(B*)“'

V(z)" |f(2)]
< /(B*)C ( dz

1+ Ix—Z\)N |z — z|n—28+1

p(zo0)
Viz)~ z \%
" /(B*)C (1+ |(“7L)N |2 |—fi|")|_2’8 /B(z I (Z?L_ldfdz
p(zo) ’
Sy e [, VeI
~ — (1 N pz(;;,))N (Qk:,ra)n—Qﬂ-‘rl ok B

: Z ; )N (2’“7‘)1"_25 /sz V(2)21f(2)[ T2 (VXort18) (2)dz

2k
k=1 (1 T p(zo)

Observe that i + % + % =1, % = % — %, by Hélder inequality and the boundedness

of fractional integral Z; : LY — L' we get

G [ VOO )Gl

: ((2klr)n 2kBV(z)qdz)a/q ((2klr)n /sz |f(z)p;dz>1/p/a

) <(2k1r)n /2kB |II<VX2’“+1B)(z)tdZ) :
S <(2k1T)n /2""3 V(z)dz)a 1530, @)

2kr)™ Jorp

2k
p(o)
90
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Due to 23 —2(a+1) + 2 — 2 =0, taking N > lp(ar + 1) we get

J2 Z 2k N— lo(a-‘rl) ||f||BMO£1(]R” ||fHBMOL(R")

By Holder inequality,

1 «
s |, VeI

(e [, veres) " (e [ o) ™
(o / Vi) flloeiee

—~

A

AN

alp
2ky
< (2Fr (1+ ) ny.
< (2r)7? (7o) IfllBrro . (e
Then
& 2,3 1 1
V(2)*f(2)|dz
o . VEIG)

)"

2512a

N—alg ||fHB]\/IOL(Rn)
= (1 T P(Io))

1
Z 9k(N—loc) ||f||BMOc(R") S Hf”BMOL(]R")-
k=1

Mg HM

A

N

Thus, for any « € B(xzo, ), we get

|T;,ﬂ(f2)(x)| S ”f”BMOL(]R")-
Consequently,

Ty 5(f2)(@)ldz S || fl Bro, wn)-
|B|

Let us consider the case r < p(zg). We set B = B(x,2p(x0)) and write

I = fxms+ fxe = S+ 1.
Similar to the estimates for |T}; ;fa(2)|, we have

IT, 5(f2)($)\ S fllBaos @y
Then
1 " .
57 | T st @ = (T2 )slde S 1 msioccen
For any x € B(zo,7), let B, = B(z,22 %p(x¢)). It is obvious that

f(Bek, V) =0
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for £k = 0,1, 2. Notice
|f(Be3, V) = f(Be2, V)| = |f(By3, V)|
i)
S Ry |f(D)dz S I fllBrmoe®n)-
‘B(ﬁ,p(l’o)” B(z,p(x0)) =)
So for k = 3,4, -, we have
|[f(Bek, V) = f(Bek—1, V)| S IfllBMo@ny S I fllBro, @)
Then, for k = 3,4, - -, we get
[f Bk, VII Skl fllBrio mny-

Hence, by Lemma [2.6] for any p > 1 and £k =0,1,2, - -, we get

1 1/p
£ (2)[Pdz
<|Bl'7k| Bz,k

1/p
< (- F() — FBapVIPdz |+ [F(Bas V)|
|Boc,k| By k

S Kl fllBaos e
For any x € B,
TeaD@IS [ 1K@V )
< / Vi(z)® _ |f(2z|2ﬁ+1d

k=0 Bw,k\Bm,k+l (]. + %) |x - z|n
> Viz)~ z %4

+ Z/ fxzz‘ N A 2|725 / <§7)zf1d§dz
=07 Boi\Ba i (1+ W) |z — 2| B(z,|o—z2|/a) 1§ — 2|

. k=0 | Bz, /BMV<Z) |f(z)|dz
(227 (o)
+1€Z:0 |Bxk| /“CV |f( )|Il(VXBTk 1)( )dz
= K + Ko.

Notice 0 < @ < 1 < ¢. By Holder inequality and 8 — a = 1/2, we get

K1 ) (227 p(0))> Bl V(y)*|f(y)ldy
k=0 s :
o /(&)
1
< S @2 p(g))2 Viy qdy / )& dy
I;)( p( 0)) ‘B , B. . ( ) |Ba:k:| Bur |

<||f||BMOcR“Zk+1<22k n2/ Viy dy)
k=0
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It follows from Lemma that
1

T S e s 1 V(y)dy <27k
Tt Jy,, VO S

for k=3, -, where 6 =2 —n/q > 0, and from Lemmathat

1
(22Fp(ao))"—2 /Bk V(y)dy <1

for k = O7 1,2. Then Kl S ||fHBI\/IO£(R")-
Pay attention to pi, + % + % = 1,% =

% % By Holder inequality and the

boundedness of Z; we get

|Bi d /B V() If () TV X, ) (2)d2

1 1/p,
—_ V(z)4dz / Pody
<|B ) By k ( > (Bxk| Ba .,k | )

1
X | —— |Il(VXB$,k71)(Z)| dz
Bz,k

|Be,

1
S kllfllsvo. @y Bk|/ V(2)dz |Ba i
T, 2,k

a+1
1
< (92K —2(a+1)
S klfllBao. @y (27 " p(x0)) ((22kp(x0))"2 /Bk V(Z)d2>

Then

Ko S| fllBros me) Z(k + 1)27ko2letl) < I £l BrrO (7
k=0

Combining the estimates for K; and K5, we have proved the inequality

|T§,B(ff)($)| S ”fHBMOL(R")

for any x € B(:L'O, ,7 < p(x0). Thence

7 | T2 st@ = (T2 slde < 1 msiocen

This finishes the proof of Theorem
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