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Abstract. This research is a continuation of the recent papers [20} 21]. In this paper,
we deal with the uniqueness problems on the derivative of f(z) with its shift f(z + c),
and give a new perspective on discussing the complex differential-difference equation
() =z +0).
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1. INTRODUCTION

It is well known that Nevanlinna theory has a wide range of applications in
considering the value distribution of meromorphic solutions of complex differential
equations. In addition, with the difference correspondence of the logarithmic derivative
lemma obtained by Chiang-Feng [3], and Halburd-Korhonen [7] respectively, the
complex domain differences and the complex difference equations also developed
rapidly. The related results, readers can refer to [2].

Although the research of complex differential-difference equations can be traced
back to Naftalevich’s work in [5, [16] [I7], the investigations on complex differential-
difference field using Nevanlinna theory are still very few. Therefore, the relevant
results are very limited, the reader is invited to see [11], 12} 14} 15] 19, [22].

In comparison, in real analysis, the researches on differential-difference equations
are too numerous to enumerate. For example, there are extensive studies on the
delay equations f'(z) = f(xz—k), (k > 0) in real analysis. The related results can be
found in [I]. Inspired by such results, Liu and Dong [I3] discussed the properties of
the solutions of complex differential-difference equations f’(z) = f(z+c¢). Recently,
we looked at this equation from another point of view, that is, “under what sharing

value conditions, does f'(z) = f(z + ¢) hold?” And in [20], we obtained
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Theorem A. Let f(z) be a transcendental entire function of finite order, and let
a(£0) e C. If f'(2) and f(z+ ¢) share 0, a CM, then f'(z) = f(z+¢).

Here, we pose a list of questions related to Theorem A. These questions will be
considered in the following.

1. If the condition “f’(z) and f(z + ¢) share 0, a CM” is changed to “f’(z) and
f(z 4+ ¢) share two distinct values a, b CM”, is Theorem A still true?

2. Can value sharing condition or the restriction on the order of f(z) be improved

in Theorem A?
Remark. In fact, the solutions of f'(z) = f(z 4+ ¢) must be transcendental entire
functions. Otherwise, suppose that 2y is a pole of f(z), then from f'(z) = f(z + ¢),
we know zg +nc are poles of f(z) also. Hence, f(z) must have infinitely many poles.
If m is the minimum order of all poles of f(z), then m is the minimum order of all
poles of f(z+ c¢) as well. However, the minimum order of all poles of f'(z) is 1 +m,
which contradicts f/(z) = f(z + ¢). Hence, we just need to consider the condition
that f(z) is a transcendental entire function in the following.

In this paper, we will continue to consider the uniqueness problem for the
derivative of f(z) with its shift f(z + ¢). The reminder of this paper is organized
as follows: In Section 2, for Question 1, we will give a positive answer by giving
Theorem In Section 3, we will give two uniqueness results for f’(z) sharing one

value with f(z + ¢), under some appropriate deficiency assumptions.

2. FUNCTIONS SHARE TWO VALUES CM

Theorem 2.1. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1. If f'(2) and f(z + ¢) share two distinct values a, b CM, then f'(z) =

fz+ o).
The following lemma plays a key role in proving Theorem

Lemma 2.1. [I0, Theorem 1| Suppose that f(z) and g(z) are two distinct non-
constant entire functions. If f(z) and g(z) share the values 0 and 1 CM, then they

assume one of the following cases:
(1) f(z) =d(1—e*?)), g(2) = (1 = d)(1 — e AP));
(2) f(z) =e A YT I4R), g(z) = 1T 4B, n=1,2,..
(8) f(2) = —e (VAR TN iAE) g(z) = A TN 34 = 0,1,2,...,

where d(# 0, 1) is a constant, and A(z) is a non-constant entire function.
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Lemma 2.2. [23, Theorem 1.51] Suppose that f;j(z) (j = 1,...n) (n > 2) are
meromorphic functions and g;(z) (j = 1,...,n) are entire functions satisfying the
following conditions.

(1) Tt ()9 =0,

(2) 1<j<k<n,gj(z) = gr(z) are not constants for 1 < j < k <mn.

(3) For1<j<n,1<h<k<n,

T(r, f;) =o{T(r,e? %)}, r—o0,r¢FE,
where E C (1,00) is of finite linear measure.

Then f;(z) =0.

Lemma 2.3. [2, Theorem 1.3| Let ho(2) # 0, hi(2), F(z) be polynomials, ca,c1(#
co) be constants. Suppose that f(z) is a transcendental meromorphic solution of

difference equation
ho(2)f(z + c2) + I (2)f (2 + e1) = F(2).
Then, p(f) > 1, where p(f) is the order of f(2).

Lemma 2.4. [23] Lemma 5.1] Let f(z) be a non-constant periodic meromorphic

function. Then, p(f) > 1.

Proof of Theorem Suppose that f'(z) # f(z + ¢). Set

2.1) F(z) = % G(z) = %

Then, from the value sharing assumption and Lemma[2:1] one of the following cases
holds:

Case 1. If
(2:2) f'(z) = (b =a)d(l - e*?) +a

and

(2.3) flz4e¢)=0b-a)(1—d)(1—-e @) +a.

Here and below, A(z) is a non-constant entire function of order less than 1. Then,

(2.2) and (2.3) give
(2.4) det ) 4 (1= d)A'em A — (-2  ta=o.
—Qa

Subcase 1.1. If A(z) is a non-constant polynomial, then we have A(z), A(z +¢) and
A(z + ¢) + A(z) are non-constant polynomials. Applying Lemma to , we
have a contradiction.

Subcase 1.2. If A(z) is a transcendental entire function of order less than 1. Then,

we confirm that A(z4c)+ A(z) must be transcendental. Otherwise, we suppose that
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A(z 4 ¢) + A(z) is a polynomial, then from Lemma we deduce that p(A) > 1,
which is a contradiction. Further, applying Lemma to (2.4) again, we obtain a

contradiction as well.

Case 2. If
(2.5) flz)=0b—a)(l+e+e 4. 4e ™) +a
and
(2.6) fe+e)=0b-—a)(l+er +e* +. 4+ e +a.
Then, combining (2.5) and (2.6)), we have
(2.7)
nAlenA NI 2A/€2A + AIeA - ; b . 67A(z+c) o 672A(z+c) o ean(erc) —0.
—a

Subcase 2.1. If A(z) is a non-constant polynomial, then we obtain that sA(z) +
tA(z+c) is a non-constant polynomial, where s, t(# —s) are two integers such that
52 + 12 # 0. Hence, by Lemma and , we have a contradiction.

Subcase 2.2. If A(z) is a transcendental entire function of order less than 1.
Then, using the same way of Subcase 1.2, we have AA(z) + pA(z + ¢) must be
transcendental, where ), p are two integers such that A2 4+ p? # 0. Hence, applying
Lemma to , we obtian a contradiction.

Case 3. If
(2.8) Fz)=(a=b)(e* +e? 4. e D) 4 g,
and
(2.9) fzte)=(a—b)(e* + 4+ 4T 1 g,

Then, by and , it follows that

(n+1)AemTDA Lo 424724 4 Ale? 4 .
(2.10) b—a

— e Alte) _ gm240+e) 4 L om(nHDAG+) -
and as in Case 2, we get a contradiction. Therefore, f'(2) = f(z + ¢).
Remark. From the proof of the Theorem we can find that Lemma [2.1| can
make our proof of Theorem very simple. However, without the application of
Lemma [2.1] our proof will be very cumbersome. In fact, we have already given a
complicated proof before. In addition, using Lemma we can not only give a
very simple proof of Theorem B [25, Theorem 1.1], but also improve Theorem B.
Theorem B. Let f(z) be a transcendental entire function of finite order and a,b
be two distinct constants. If Af(z) = f(z+¢)— f(2)(£0) and f(z) share a,b CM,
then Af(z) = f(2).
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In fact, we have

Theorem 2.2. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a,b be two distinct constants. If Af(z)(# 0) and f(z) share a,b
CM, then Af(z) = f(z).

The proof of Theorem [2.2 is similar to the proof of Theorem [2.1} For the
convenience of the reader, we will give a brief proof here.
Proof of Theorem Similarly as in Theorem if f(z) # Af(z), then we

have three possibilities:

Case 1.
(2.11) (1= et —de! — (1—d)e " +d+ I
—a
Case 2.
b

enA+e(n71)A+H’€A+7+67A+672A+.”+67n14
(2.12) b—a

_ e—A(z—i—c) + 6—2A(z+c) NS e—nA(z—H:) = 0.
Case 3.

DA L gnd A4 —A 24 L (kDA
(2.13) b—a

e Alte) 4 o=24(z+e) 4 4 o—(ntDAG+e) _ (.
The only difference the proof of Theorem [2.1]is that, we need to prove one more case:
A(z+c¢) — A(z) is not a constant, when A(z) is a non-constant polynomial.
Here, we only prove the Case 1, as for the Cases 2 and 3, we can prove similarly.

Otherwise, we suppose A(z + 1) — A(z) = a, where « is a constant. Then, from
Lemma [2:4] we have o # 0. Further, we have

(2.14) A(z) = az+ B,

where  is a constant. Substituting into , it follows that

(2.15) (1= d)e®* B — def)e® 1 d + ﬁ —(1—d)ePem* = 0.
Applying Lemma to , we get a contradiction. Thus, A(z+c) — A(z) is not

a constant.

3. FUNCTIONS SHARE ONE VALUE CM or IM

First of all, let’s give the definitions that we need in the following proof.
Definitions. Suppose that z is a zero of F — 1 with multiplicity m, meanwhile,
a zero of G — 1 with multiplicity n. Then, we denote by Ny (r, ﬁ) the reduced
counting function of those 0-points of F' — 1 when m > n; by Ng(?“, ﬁ) the
reduced counting function of those 0-points of F'— 1 when m = n > 2. In addition,
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L) is the counting function of zeros of F' whose multiplicities are greater

N(2 (Ta il

than 2, Ny(r, %) is the counting function of zeros of F’ but not the zeros of F and
F —1. Notations N (r, ), Ng(r, &) Na(r, &) and No(r, &) can be similarly
defined. Moreover, we define §(0, f) as following
N(r, $)
0(0, f) =1—limsu A
(0, f) mSUp

Since in [21], we have given partial results for cases “1 CM + 1IM"and “2 IM". Hence,

in the following, we just give the result of f/(z) share one value with f(z+c), under

the deficiency assumption.

Theorem 3.1. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a(# 0) € C. If f'(z) and f(z + ¢) share a CM and (0, f) > 1.
Then, f'(z) = f(z +¢).

For the sharing assumption “1 IM”, we obtain

Theorem 3.2. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a(# 0) € C. If f'(2) and f(z + c) share a IM and §(0, f) > 2.
Then, f'(z) = f(z +¢).

In order to prove Theorems we need the following lemmas. From Theorem

5.1 in [§], we can immediately obtain the following result:

Lemma 3.1. Let f(z) be a meromorphic function of hyper-order strictly less than

1. Then,
i (+2559) o () s

Remark. Here and below, we denote by S(r, f) any quantity satisfying S(r, f) =
o(T(r, f)) as r — oo outside a possible exceptional set of finite logarithmic measure.
Meanwhile, by Si(r, f) we denote any quantity satisfying Si(r, f) = o(T'(r, f)) for
all r outside of a possible exceptional set of finite linear measure.

From Lemma 8.3 in [§] and Lemma we have the following lemma:

Lemma 3.2. [3| Lemma 5.1] Let f(z) be a meromorphic function of hyper-order

strictly less than 1, then we have
T(r,f(z+¢) =T(r, )+ 5(r ).

The following result is just a simple modification of the result of meromorphic

functions with finite order in Lemma 2.5 [18]:
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Lemma 3.3. Let f(z) be a meromorphic function of hyper-order strictly less than
1, then

N (T, f(zl+C)> < N(r, %) +S(r, f).

Lemma 3.4. [23, Theorem 1.24] Suppose f(z) is a non-zero meromorphic function

in the complex plane and k is a positive integer. Then,
1 1 —
N (g ) < N0+ BN+ 810

Lemma 3.5. [24] Lemma 3] Let F'(z) and G(z) be two non-constant meromorphic

functions, and let

([ F"(2) 2F'(2) G'"(z) 2G'(2)
o0 o= (55w or) (G0 em )
If F(z) and G(2) share 1 IM and ®(z) # 0. Then,

1
F—

(3.2) NY(r,

2 < N(r,®) + Si(r, F) + 517, G),

where Né) (r, ﬁ) is the reduced counting function of the common simple zeros of
F—1and G—-1.

Proof of Theorem [3.2] Set

(3.3) P =220 e =

Then, by the sharing values assumption, we get F'(z) and G(z) share 1 IM. Moreover,
T(r,F) =T(r, f') + S(r, f) <T(r, f) + S(r, ).
And Lemma [3.2] gives
T(r,G)=T(r,f(z4+¢c))+S(r, f)=T(r, f)+ S(r, f).

Hence,
S(TvF):S(Taf), S(TvG):S(Taf)'

Further, from Lemma, it follows that

(3.4) N(r, %) < N(r, %) +S(r, f) < N(r, %) +S(r, f).
And Lemma [3.3] leads to

1 1 1
(3.5) N(TaG)<N(7';f(Z+c)>+S(T»f)<N(7"af)+S(T»f)'

Let ®(z) be given by (3.1). Then, we will discuss two cases as follows.
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Case 1. Suppose ®(z) £ 0. Then, from (3.1)) and the sharing values assumption,

we have
1
"F—1

+ No(r,

_ 1 _
N(’I’,‘I)) < N(Q(T7 F) + N(2(T

1
G-1

+NL(T’ )

+5(r, f)-

1
76)
) + No(r,

(3.6)

+ NL(T7

F’) G’>

Moreover, we have

— 1 1) 1 2 1 1 1
N =N Ny N —_— N —_—).
np =) = Ne g+ N O =) + Nulr =) + Vel =)
Noting F'(z) and G(z) share 1 IM, and so
— 1 — 1
N(r, —— N(r, ——
oy TOFD NG
’ 1
= 2N} 2N 2N 2N
E<T’F—1)+ E(T7F71>+ L(T7F—l)+ L(’G*1>
Thus, combining (3.2), (3.6) and (3.7) yields
1 1
N =) + N g =)
1 1
< N(r,®) + N (r, ——) + 2N
— (’I“, )+ E(T7F71)+ E(T’Ffl)
1
(38)  +2NL(r ) + 2N, o) + 50 f)
< N l)+N( l)+3N( #)+3N( ! )
> (QTaF (2T7G LT,F—]. LT,G_].
1) 2
+NE(r,F71)+2NE(7",F71)+N0( F,)+NO( G,)+S(rf)
Obviously,
Np(r ! )+ 2N (r L)—i—Nl)(r 1 )+2N(2(r )
"G-1 "F—1 ENT R -1 ENTE -1
1
gN(r,ﬁ)gT(r,F)JrS(r,f).
Substituting the above inequality into (3.8)) yields
— 1 — 1
N(ﬁﬁ)‘*‘N(ﬁm)
(39) < Nelrg)+ Nalr =) +2Np(r, o) + No(r, )
. = (2T7F (ZT’G LT,G 1 Ler_l
+ Nolr, 35) + No(r, ) + T, ) + 8(r, ),

On the other hand, applying the second main theorem, we derive that

T(r,F)+T(r,G)

(3.10) <N(r, %) +N(r, %) +N(r, é) + N(r, G 1_ 1)
— No(r, ;,) No(r, Gl,)+5( f).
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It is easy to see

— 1 — 1 1 — 1 — 1 1
. N — —) <N — N — N — )< N —).
(3 11) (’I“, F) + N(Q(ra F) > (’I“, F)) (T’ G) + (Q(T’ G) = (T, G)

Hence, it follows from (3.4)), (3.5) and (3.9)—(3.11), that
T(r,f)=T(r,G)+S(r,[)

1 1 1 1
< il — - -
(312) = N(T7 F)+N(’f’, G)+2NL(T7 G71)+NL(T7F71)+S(Taf)
1 1
< — e — .
_2N(T7f)+2NL(T7G_1)+NL(T7F_1)+S(raf)
Furthermore, by Lemma [3.4 and (3.4)), we obtain
1 1 1 1
. —) < —) < — < - .
(313) NL(er_l)—N(’rﬂF,)—N(TvF)—’_S(va)—N(rvf)—’_s(rvf)
Similarly, we have
1 1
. N, < N(r,= .
(3.14) Lr, =) = N(r, f)+5(r,f)

Substituting (3.13)) and (3.14) into (3.12)) yields that

T(r, f) < 5N(r, %) S0 ),

which contradicts the assumption §(0, f) > %.
Case 2. Suppose ®(z) = 0. Then, integrating twice, it follows from (3.1 that

1 a

G-1 F-1
where a(# 0) and S are constants. Rewrite (3.15) as
(B-a)G+(a=p-1)
G —(B+1)
Subcase 2.1. If 8 # 0, —1. Then, by (3.16)), we have

. 1 .
N (T7G_5H> :N(T7F)

B
From the second main theorem and (3.5), we obtain

T(va) :T(T’G)+S(T7f)

(3.15) + 0,

(3.16) F=

— 1 — 1

< N(r, é) +N(r,F)+ S(r, f) < N(r, %) +S(r, f),

which contradicts the assumption (0, f) > 1.
Subcase 2.2. If 8 = 0. Then, we rewrite (3.16) as

(3.18) F=aG—(a—1).
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If @ # 1, then by (3.18)), we have

— 1 — 1
N (T, C;'_O‘al> = N('r', F)
Similarly as Subcase 2.1, we get a contradiction as well.
If @ = 1, then by (3.18), we have F' = G. That is, f'(2) = f(z + ¢).
Subcase 2.3. If 8 = —1. Then, (3.16)) can be rewritten as
NG —
(3.19) F= %,

If @ # —1, then by (3.19)), it follows that

_ | 1
N< G_> =N, %),

a—+1
Using the same reasoning as in Subcase 2.1, we also get a contradiction.
If o = —1. then (3.19) leads to F'G = 1, which means that

(3.20) f'f(z+¢)=a*
By f'(z) and f(z+ ¢) share co CM and (3.20]), we deduce that

N <7~, f(zlﬂ)) — S(r. f).

Moreover, from Lemma Lemma on the logarithmic derivative and (3.20]), it
follows that

() e (0 f(1+c) #.0

<m( f'fz+¢) ( 1
- " f(z+c)? ffz+c)

§m( Zf_/’_cjz +mr—+S( )

i) S )

< m(r, ) S(r,f) = S(r, [).
Therefore, by Lemma [3.2] we have

T(r,f) =T(r,f(z+¢)) + S(r, f) = 5(r, f),

which is a contradiction.

Proof of Theorem Using the same way of Theorem we also obtain (3.12)),
ie.,

1 1
T(r, f) < 2N(T7?)+2NL(T7m)+NL(T7ﬁ) +S(r, f).

From the assumption that f(z) and f(z + ¢) share a CM, we know that F'(z) and
G(z) share 1 CM. Thus,

QNL(T

1
’j)+NL(T7 ):O-

F G-1
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And so,
T(r, f) < 2N(r, %) S0 ),

which contradicts the assumption that 6(0, f) > %
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