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Abstract. In this paper we consider the concept of statistical causality in continuous time
between filtrations associated with stopping times, which is based on Granger’s definition of
causality. Especially, we consider a generalization of a causality relationship “H is a cause of E
within F” from fixed to stopping time. Then we apply the given concept of causality to strongly
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and orthogonality of stopped local martingales, too.
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1. INTRODUCTION

We consider causality in continuous time which unifies the nonlinear Granger’s
causality with some related concepts. Here, the concept of causality is analyzed
using the tool of conditional independence among the o-fields.

The Granger causality is focused on discrete time stochastic processes (time
series). But, in many cases, for example in economy and finance, it may be difficult
to capture relations of causality in discrete-time model and it may depend on the
length of interval between each sampling. So, continuous time models become more
and more frequent in econometrics (see, for example, [I] - [6]). In this paper we will
consider the continuous time processes. The continuous time framework is fruitful,
not only for the internal consistency of economic theories but also for the statistical
approach to causality analysis between stochastic processes that rapidly evolve (see
)}

The paper is organized as follows. After Introduction, in the Section 2 we present
a generalization of a causality concept “H is a cause of E within F”, which involves
prediction in any horizon in continuous time. This concept is based on Granger’s
definition of causality (see [3]). The concept of causality in continuous time associated
with stopping times with some basic properties is introduced in [§]. In this paper
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we give some new properties of causality concept between stopped filtrations and
between stopped processes.

The given concept of causality can be connected with the stable subspaces
of H? (see [9]) and with the orthogonality of martingales (see [I0]). Also, weak
solutions and local weak solutions of the stochastic differential equations driven
with semimartingales, as well as solutions of martingale problem can be expressed
using the given concept of causality (see [6, [IT]). The preservation of the martingale
property is directly connected with the concept of causality (see [12]).

The Section 3 and Section 4 contain our main results. The Section 4 relates
the given concept of statistical causality in continuous time to the orthogonality of
stopped martingales and stopped local martingales. Also, we investigate the case
when the processes are stopped by the different stopping times.

Some applications in finance are given in the Section 5. More specifically, we
showed that the given concept of causality is strongly connected with the question

of locally risk minimization strategy for defaultable claims.

2. PRELIMINARIES AND NOTATION

Causality is, in any case, a prediction property and the central question is: is it

possible to reduce available information in order to predict a given filtration?
A probabilistic model for a time-dependent system is described by (Q, F,F, P)
where (Q, F, P) is a probability space and F = {F;, t € I, I C R™} is a “framework”
filtration that satisfies the usual conditions of right continuity and completeness.
Foo = Vier Ft is the smallest o-algebra containing all the {F;}. An analogous
notation will be used for filtrations H = {H¢}, G = {Gi} and E = {&}. It is said
that the filtration G is a subfiltration of H and written as G C H, if G; C H;
for each t. Given a stochastic process X we denote by {F;*} the smallest o-algebra
for which all X, with s < ¢, are measurable and FX = {FX ¢ € I} is the natural
filtration of X. The natural filtration FX is the smallest filtration that makes X to
be adapted.

The intuitive notion of causality in continuous time formulated in terms of
Hilbert spaces is given in [5]. We consider the analogous notion of causality for
filtrations using the conditional independence between sub-o-algebras of F (see
[13] and [14]).

Definition 2.1. (see [2] and [5]) It is said that H is a cause of E within F relative

to P (and written as E H; F; P) if €5 C Foo, H C F and if £ is conditionally

independent of {F;} given {H,} for each ¢, i.e. Eoc L Fi|H; (ie. &, L Fi|Hs holds
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for each t and each u), or
(2.1) (VA€ &y) P(A|F) = P(AH:).

Intuitively, E|< H;F; P means that all information about £, that gives {F;}
comes via {H;} for arbitrary t; equivalently, {H:} contains all the information
from the {F;} needed for predicting €. We can consider subfiltration H C F as a
reduced information.

The definition similar to Definition was first given in [4]: "It is said that H
entirely causes E within F relative to P (and written as E|< H;F;P) if E C F,
H CF and if & L Fi|H; for each t". Instead of £, C F this definition contains
the condition E C F, or equivalently & C F; for each ¢, which does not have
intuitive justification. Since the Definition is a more general than the definition
given in [4], all results related to causality in the sense of the Definition [2.1| will also
be true in the sense of the Definition from [4] (pg.3), when we add the condition
ECF.

It should be mentioned that the definition of causality from [4] is equivalent to
definition of strong global noncausality as given in [I]. So, the Definition is a
generalization of the notion of strong global noncausality. The equivalence between
the statistical causality concept and the concept of adapted distribution given by
Hoover and Keisler in [I5] is proven in [16].

If H and F are such that H K H; F; P we shall say that H is its own cause (or,
self caused) within F (compare with [4]). It should be noted that the statement
“H is its own cause” sometimes occurs as a useful assumption in the theory of
martingales and stochastic integration (see [12]). The concept of being “its own
cause” is equivalent to the hypothesis (#) introduced in [I2]. It also, should be
mentioned that the notion of subordination (as introduced in [I7]) is equivalent to
the notion of being "its own cause"as defined here.

If H and F are such that Hk H; H\/ F (where H\/ F is a family determined by
(H\/ F); = H;\/ F;), we shall say that F does not cause H. Now, it is clear that
the interpretation of Granger—causality is that F does not cause Hif Hk H; H\/ F
holds (see []). Without difficulty, it can be shown that this term and the term "F
does not anticipate H"(as introduced in [I7]) are identical.

These definitions can be applied to stochastic processes if we consider corresponding
induced filtrations. For example, {F;}-adapted stochastic process X; is its own

cause if {F;¥} is its own cause within {F;} i.e. if

FXk FX;F;P.
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Process X which is its own cause is completely described by its behavior with
respect to its natural filtration FX (see [10] ). For example, process X = {X;,t € I}
is a Markov process with respect to the filtration F = {F;,t € I} on a filtered
probability space (2, F,F, P) if and only if X is a Markov process with respect to
FX and if it is its own cause within F relative to P. As a consequence, Brownian
motion W = {W,,t € I} with respect to the filtration F = {F;,¢ € I} on a filtered
probability space (Q, F,F, P) is its own cause within F = {F;,t € I} relative to
probability P.

In many situations we observe certain systems up to some random time, for
example up to time when something happens for the first time. So, it is natural
to consider causality in continuous time which involves stopping times, a class of
random variables that plays essential role in the theory of martingales (for details
see [18] and [19]).

If 7 is a stopping time with respect to the filtration F = {F;}, the associated
o-algebra F, = {A € F: An{r <t} € F forall t € R} is a set of events
that occur up to time 7. For a process X, we set X;(w) = X (w), whenever

7(w) < +00. We define the stopped process X7 = {X;a-,t € I} with

X/ (W) = Xipr(w) (W) = Xexge<r) + XoX{tzr)-

Note that if X is adapted and cadlag and if 7 is a stopping time, then the stopped
process X7 is adapted, too. The family of o-fields F™ = {F;\,} is a stopped
filtration (for details, see [13]).

The generalization of the Definition from fixed to stopping time is introduced
in [§].

Definition 2.2. ([8]) Let F = {#}, H = {H:} and E = {&},t € I, be given
filtrations on the probability space (2, F, P) and let 7 be a stopping time with
respect to filtration E. The filtration H” entirely causes E™ within F” relative to
P (and written as E" K H™; F7; P) if E” CF7, H” C F” and if &; is conditionally
independent of {Fia,} given {Hia,} for each t, ie. £ L Finr | Hinr for all ¢, or

(22) (Vt S I)(VA S 57—) P(A | ]:t/\'r) = P(A | Ht/\r)-

The concept of causality given in the Definition[2.2)is defined up to some specified
stopping time 7. It includes the stopped filtrations. The relation does not
consider the causality up to infinite horizon, so it does not imply .

Compared to the Definition 2.1} in the Definition [2:2] we have reduced the amount

of information needed for predicting some other filtration.
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3. SOME PROPERTIES OF THE STOPPED CAUSALITY

Some basic properties of the concept of causality characterized with the stopping

time are given in (|8]). We now prove that some new properties holds.

Theorem 3.1. Let F = {F}, H={H:} and E = {&:} be given filtrations on the

measurable space (0, F) and let T be a stopping time with respect to E. Let P and
d

Q@ be a probability measures on F satisfying QQ < P with —Q as (E;)-measurable.

dP
Then

E"kKkH;F"; P implies ETKH;F;Q.

Proof. Let Ep and Eg be a conditional expectation for the measures P and Q)
respectively, and I parametric set. Since Q < P, the right regular version of the

density process Lia-, where

Linr = LeX{i<ry + Lex(t=r)

d
is the cadlag modification of Ep(Le | Finr) where Lo = d—g is the Radon-

Nykodim derivative. Obviously, since L, is £&--measurable, we have
(31) Lt/\T = EP(Loo | ]:t/\’r) = EP(LOO | Ht/\T)'

Let E7 |< H™;F7; P holds. Because of causality, process Min, = P(A | Fiar),
for all A € &, is (Hinr, P)-martingale. Now, we proove that (ML) is a (Fiar, P)-

martingale. For s <t < 7 and F € Fsa- we have

d
/ My LipsdP = / Mo, T2 0P = / MiyprdQ; = / ManrdQs
' ' F F

4o,
/ Mo 29 qp — / Mops LonrdP,
F F

(3.2) =

and for 7 < ¢t < r, by the Optional Sampling Theorem for F' € F;,, and due to

(13.2), we have
_ _ _ dQ
Mt/\TLt/\TdP - Mt/\‘rL‘rdP - Mt/\‘rLth - Mt/\‘ridP
F F F F dp
= / Mip-dQ :/ Mp-dQ :/ Mp7 LyprdP.
F F F
Therefore,

(3'3) MinrLinr = E(M;L; | ft/\‘r)~
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According to Lemma 6.6 in [18], equalities (3.1) and (3.3), (VA€ &) (Vt € I) it
follows that

Mt/\TLt/\T = P(A ‘ ‘Ft/\T)Lt/\T = EP(XA ‘ -FtAT)EP(Loo ‘ ]:t/\T)
d
= Bp(Xaloe | Fine) = Bo(xade | Fine) = Eol(xa | Fonr)
= Q(A | ft/\'r)'

Due to 1) forall A€ &, and Lo = % we have

d
QA | Finr) = Eqlxa| Fine) = Ep<xAd—f§ | Fors)
= Ep(xa|Hirr)Ep(Loo | Hinr) = Ep(xaLoo | Hinr)
= EQ(XA | Hmr) = Q(A | Hmr)-

The result is proved. (I

Theorem 3.2. Let F = {F}, H = {H,}, E = {&} and G = {G,} be given
filtrations on the probability space (2, F, P) and let T be a stopping time with respect
to E. Assume that ET CF7, H™ C F™ and G™ C F7. Then, the following assertions
hold:

(i) EKH;F;P — E" CH",

(i) EKH,,F;P NEEKG,F;,P = E KH AG");F"; P.

Proof. (i) Let the Y;», be (cadlag process) {€;n- }-measurable. Then Y;,, is, also,
E-measurable since Enr C Eqonr = &;. According to E™ K H™; F7; P follows that
for all Yip,

(34) E(Y;EAT | ft/\‘r) = E(Y;S/\T | Ht/\r)-

Since Einr C Finr, it follows that Yia, is {Fiar}-measurable, too. According to
(3.4) we have Yinr = E(Yinr | Hinr), 80 Yinr is {Hiar p-measuarble for all ¢, and
the assertion holds.

(ii) Let E™ |< H;F; P and E” |< G™;F7; P hold. From E” |[< H™;F™; P we
have &, C F,, H" CF" and &, L Finr | Hinr,t €1, 1. VAEE,

(3.5) P(A | Hinr) = P(A | Finr).

Also, from E™ < G™;F7; P we have G C F™ and &, L Finr | Ginr,t € I, ie. for
all A e &,

(3.6) P(A | Ginr) = P(A | Finr)-
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The intersection of two o-algebras is also g-algebra, so Hinr N Ginr = Hinr A Giar-
Therefore, because of (3.5) and (3.6]), for all A € £, we have

P(A|Hinr NGinr) = E(xal|Hinr NGinr) = E(E(xa | Hinr) | Ginr)
= E(E(xa | Finr) | Ginr) = E(xa | Finr 0 Ginr)
= E(xal|Ginr) = E(xa | Finr) = P(A| Finr)
so, it follows that E™ kK (H” A G™); F7; P holds. O

Lemma 3.1. If &, C H, holds, then from HT |[< H™;F7; P it follows that ET |<
H™;F"; P holds.

Proof. The result follows directly from & C H, and H" |[< H™; F7; P, since (for
all A€ &) P(A| Finr) = P(A | Hinr). 0

4. CAUSALITY AND ORTHOGONALITY OF STOPPED MARTINGALES

The orthogonality of local martingales is considered in [I0]. We now consider the
orthogonality of stopped martingales and stopped local martingales in the sense of
the Definition [2.2] Also, we consider the case when the processes are stopped by
the different stopping times.

Let us briefly recall some basics about orthogonal martingales and properties
which will be used later (see [19, 20} 21]).

Definition 4.1. ([I9]) Two martingales X and Y are said to be weakly orthogonal
if BE(XooYs) =0.

Definition 4.2. (JI9]) Two martingales X and Y are said to be strongly orthogonal

if XY is a martingale.

If X and Y are strongly orthogonal martingales they are weakly orthogonal, too.
However, the converse is not true.

The definition of orthogonal local martingales is slightly different.

Definition 4.3. (J2I]) Two local martingales X and Y are called orthogonal if

their product XY is a local martingale.

The equivalence between the concept of causality from the Definition [2:2] and

strongly orthogonal stopped martingales is given in the following theorem.

Theorem 4.1. Let 7 be {FX} and {F} }-stopping time and let X™ = Xin, and
Y™ = Yiar be two independent F™ = {Fin; }-stopped martingales. Processes X7
and Y7 are strongly orthogonal if and only if each of them is its own cause within
{Firr}, ice. if FX K FX.F7: P and FY kK FY " ;F7; P hold.
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Proof. Let X;n, and Y\, be two strongly orthogonal and independent {F;a-}
stopped martingales. Then (XY)™ = (XY ), is a stopped martingale, too.

According to Theorem 6 in [8], each of the processes X™ = Xynr and Y7 = Yn,
is its own cause within F7 = {F;a, }, i.e.

F¥ KFY,F;P and FY kKFY,F;P

hold.

Conversely, let the processes X7 and Y7 be its own cause within {Fia;}, i.e.
(4.1) vAe FY  P(A|FR,) = P(A|Fn),
(4.2) VBeFY P(B|F..) = P(B|Fir)

Now, from independence of X™ and Y7, we have

Xt/\TY;S/\T = P(A | ‘Ft)/(\T)P(B ‘ ‘th\r)
- P(A|J_'.t/\7-)P(B‘ft/\T):P(AB‘,Ft/\T)

Due to Theorem 3 in [I2], from causality it follows that the filtration F™ = {Fia, }
is generated by processes X7 = X;n, = P(A | F,). Therefore, since xa is
FX-measurable indicator function of the set A € FX (B € FY, so xp is FY-

T

measurable) we have

E(XLYL | Fins) = E(P(A|FX)P(B|F))| Firr)
= E(E(xa | FY) | Finr)E(E(xg | FY) | Finr)
= E(XA | ft/\T)E(XB | ft/\‘r)

So, from causality it follows

E(XLYL | Fine) = El(xalFin)E(xs | Fin) = PA| Fi)P(B|FL,)
= Xt/\‘rY;t/\T'

Thus, (XY)™ = (XY):a- is a (stopped) martingale with respect to {Fia-} and X7
and Y7 are two strongly orthogonal stopped martingales. O
The concept of causality from Definition [2.2| can be applied to martingales which

are stopped at a different stopping times 7 and o.

Proposition 4.1. Let 7 be a {F;X}-stopping time, o be a {F} }-stopping time,
TVo = max(r,0) and processes X™ = (Xipr) and Y7 = (Yiny) be two independent
F7Vo = {F™V9}_stopped martingales. Processes X™ and Y are strongly orthogonal
if and only if each of them is its own cause within {F™V°}, i.e. if FX kK FX . FTVo, p
and FY" < FY":F™V7; P hold.
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Proof. Suppose that the processes X7 and Y? are two independent, strongly
orthogonal {F7V}-stopped martingales. Here we have to consider the following
two cases: 0 < 7 and 7 < 0. In the first case, 0 < 7, we have 7V o = maz(o,7) =7
and F7V?9 = F7. So, the process X7 is its own cause within F”, and according to
Theorem 6 in [8] the causality relation FX’ < FX";F7; P holds. Similary we can
prove that the process Y7 is its own cause within F7, i.e. F¥" kK FY";F7; P holds.
Conversely, let the processes X7 and Y? be two independent {F7}-stopped
martingales, for which FX" k FX";F™; P and F¥" kK FY";F"; P holds, i.e

VBeFY  P(B|Fin)=PB|F",)

Then, for all A € FX and for all B € F we have

T

E(X:Yy | Finr) = E(P(A|Fir,)P(B| Flho) | Finr) = E(xaxs | Finr)
= P(A| Finr)P(B| Finr) = P(A| FX,)P(B | Fl,)
= Xt/\T}/t/\a-

So, the processes X7 and Y7 are strongly orthogonal stopped martingales.
The proof is similar in the second case if 7 < o. O
The Theorem can be extended to a larger class of processes, the stopped

local martingales.

Theorem 4.2. Let 7 be a {FX} and {F} }-stopping time and let X™ = Xyr, and
Y™ = Yinr be two independent { Fipnr }-stopped local martingales. Processes X™ and

Y™ are orthogonal if and only if each of them is its own cause within {Fins}, i.e.
if FX K FX",F7; P and FY kK FY";F7; P hold.

Proof. Suppose that X7 and Y7 are two orthogonal, independent {F;,,}-stopped
local martingales. Then, there exists a sequence of {F7%_} stopping times {,,} —
00, such that process Xiarar, 18 { Fiar f-martingale (every martingale is local martingale,
but converse is not true). As a consequence, this process is {F7x,} martingale.
Therefore, E(X;nr, | Fing) = E(Xrar, | Finr) for all X a., (which are {FX . }-
measurable). According to previous equality, it follows that FX "™ <« FX™;F7; P
holds. Due to invariance of causality under convergence (for details see Theorem
3.5 in [22]), and by Theorem 4.1, we have that FX~ k FX™;F7; P holds.

Similarly, for a sequence of {F}, } stopping times {o,,} — oo, we obtain that
FY kK FY";F7; P holds.
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Conversely, let the causality relations hold. Then, due to Theorem 6 in [§],

processes X and Y7 are independent {F7 }-stopped martingales. Then
E((XY); | -Ft/\‘r) = E(Xgo | ft/\T)E(Y(; | -Ft/\‘r) = Xt/\T}/;f/\T = (XY)t/\T~

So, XY is stopped martingale (at the same time it is a stopped local martingale)
and according to Definition X7 and Y7 are two orthogonal stopped local

martingales. O

5. EXAMPLE

The concept of causality can be applied to the problem of local risk-minimi-
zation, that has become a popular criterion for pricing and hedging in incomplete
markets (see [23] - [20]).

The time horizon T' € (0, o) is fixed. The random time of default is represented
by a stopping time 7 : Q@ — [0, 7] U {400} defined on a probability space (2, F, P).
For default time 7 is introduced the associated default process H, given by H; =
1{r<¢y and (FH) is its natural filtration. Let W and B be two one-dimensional
independent Brownian motions and G, = F}V VFE, where {F}V} and {FP} denotes
the natural filtrations of the processes W and B.

The risky asset price S is represented by a stochastic process on (2, F, P) whose

dynamics is given by
dS; = ,U,tStdt —+ UtStth, So=50>0

where o; > 0 a.s., u, o are F-adapted processes and X; an unobservable exogenous

stochastic factor satisfying
dXt = btdt + at(det + v 1-— deBt), XO =29 € R.

Let F = {F;}, t € [0, T] be the filtration given by F; = G;VFH = FVvVFEVFH.
Investors do not have a complete information on the market, they cannot observe
neither the stochastic factor X nor the Brownian motions W and B which drive the
dynamics of the pair (S, X) and as a consequence they cannot observe the F-hazard
rate. At any time ¢, they may observe the risky asset price and know if default has

occurred or not. The available information is given by
F=FSvFl ¢ F=gvFil.=FVvFBvFH

A defaultable claim is a triplet (£, Z, 1), where promissed contigent claim ¢ is
the promised payoff received by the owner at maturity T, Z is the recovery process,

which is paid at the default time if default has happened prior to or at time T', 7
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is the default time. Process N = Ny, t € [0, T] models the payment stream arising

from the defaultable claim
T
(5.1) Ne=Z.I, = / ZydHg, 0<t<T, Ny =&l >7, t="T.
0

By assumptions in [23] the hedging stops after default, hence is considered the
stopped interval [0, 7 AT]. If M is an (G, P)-martingale the stopped process M™ =
Min- is a (F, P)-martingale ({G;} is increasing and subfiltration of {F;}, see Lemma
5.1.6 in [27]). The stopped processes W™ and B™ are (F, P)-Brownian motions. The

risky asset price ST is a (F, P)-semimartingale with decomposition

tAT tAT
ST = s0 —|—/ S;',uudu—I—/ Syo(u,Sy,)dW,, tel0,T],
0 0

tAT
Mf:/ STo(u, ST)dW].
0

Risk-minimization approach is introduced in [25].

The risky asset process S is martingale, ¥ = (6,7) is an admissible strategy,
V(¢) := 0S5 + n its value process, and the cost process: Cy(¢)) := Vi (v) — fot 0,dS,,.
An admissible strategy such that Vp(¢) = £ is risk-minimizing if minimizes the
risk process: E[(Cr(v) — Cy(1))?|F:]. Process 6* is given by the Féllmer-Schweizer
decomposition of ¢ (see [24]) ¢ = E[¢] + fOT 0:dS, + Ar, P — a.s. where A is a
martingale strongly orthogonal to S.

Strategy ¢* is mean-self-financing and Ci(¢*) = E[¢] 4+ As.

In the semimartingale case such a strategy does not exist, hence Schweizer
(in [26]) introduced the weaker concept of locally risk-minimizing strategy (under
suitable assumptions it is equivalent to pseudo optimality).

This approach in the case of a defaultable claim and in partial information
framework is considered in [23]. Here is assumed that hedging stops after default.
This allows to work with hedging strategies only up to time T'A 7.

The cost process C(¢) of a (F, L?)-strategy (resp. (F, L?)-strategy)p = (6, 7) is
given by

t
Cili) = Ne+ Vil) — [ udST,t € (0.7 A7,
0
where N is defined in (5.1)).

Due to Definition 3.3 in [23], ¢ is mean-self-financing if its cost process C(y) is
a (F, P)-martingale (resp. (F, P)-martingale).

Theorem 1.6 in [26], defines local risk minimization and formulates its equivalent
characterisation. The extension of the local risk-minimization approach to payment
streams requires to look for admissible strategies with the 0-achieving property,
that is Viar(¢) =0, P —a.s.
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Due to Definition 3.5 in [23] about the stopped Follmer-Schweizer decomposition
of random variable ¢ € L?(Fr, P) and Theorem we can say that a random
variable ¢ admits a stopped Follmer-Schweizer decomposition if it can be written

as
T
C:C0+/ 07 dST + AF..., P—a.s.,
0

and if each of processes A7 and M; ,t € [0,T A ] is its own cause within F, where
M is the martingale part of S7.
Adapting the results proved in [23] (see Proposition 3.6) to the concept of causality

between stopped filtrations (Theorem 4.1) we get the following characterization.

Proposition 5.1. Let N be the payment stream associated to the defaultable claim
(¢, Z,7). Then, N admits an (FS, F)-locally risk-minimizing strategy o* = (0*,1%)
if and only if there exists a process 87 € ©7 7 a square integrable (F, P)-martingale,
which is its own cause within {F,}, null at zero such that the martingale part of S™

is its own cause and

T ~
Nrar = Ny +/ 07°dST + AL P — as.
0
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