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Abstract

Let G be a graph on n vertices with degree sequence § = d; < dy < ... < d,. Let
m be the number of connected components of G, ¢ the circumference - the order of
a longest cycle, p the order of a longest path in G and o4 the minimum degree sum
of an independent set of s vertices. In this paper it is shown that in every graph G,
¢ > dy,,+m + 1. This bound is best possible and generalizes the earliest lower bound
for the circumference due to Dirac (1952): ¢ > § +1 = d; + 1. As corollaries, we have:
(i) ¢ > ds+1 +1; (ii) if dy,,+m > p— 1, then ¢ = p; (iii) if G is a connected graph with
ds+1 > p— 1, then G is hamiltonian; (iv) if dy,, +m > n — 1, then G is hamiltonian.
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1. Introduction

We consider only finite undirected graphs with neither loops nor multiple edges. A good
reference for any undefined terms is [1].

The set of vertices of a graph G is denoted by V(G) and the set of edges by E(G).
Let n be the order (the number of vertices) of G, ¢ the order of a longest cycle (called
circumference) in G' and p the order of a longest path. The minimum degree in G is denoted
by 0 and the minimum degree sum of an independent set of s vertices will be denoted by o.
Let dy,ds, ..., d, be the degree sequence in G with § = d; < dy < ... < d,. We use N(v) to
denote the set of all neighbors of vertex v and d(v) = |N(v)| to denote the degree of vertex
.

A path (simple path) of order m is a sequence of distinct vertices vy, ..., U, denoted by
V103...Upy,, such that v;_jv; is an edge for all 2 < ¢ < m. Similarly. a cycle of order m is a
sequence of distinct vertices vy, ..., v,,, denoted by viv,...v,,v1, such that v;_;v; and v,,v; are
edges for all 2 <7 < m. In particular, for m = 2, v;v5v; is a cycle of order 2; and for m = 1,
vivy is a cycle of order 1. So, by the definition, every vertex (edge) can be considered as a
cycle of order 1 (2, respectively).A graph G is hamiltonian if G contains a Hamilton cycle,
that is a simple spanning cycle.

We write a cycle (a path) @ with a given orientation by 5 The reverse sequence of

vertices of 5 is denoted by 5 For z € V(@Q), we denote the predecessor of x on 5 (if such
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vertices exist) by 7. We use P = x?y to denote a path with end vertices x and y in the
direction from x to y.

The earliest and simplest lower bound for the circumference was obtained in 1952 due to
Dirac [2] in terms of minimum degree 9.

Theorem A: [2]. In every graph, ¢ > § + 1.

Theorem A is best possible. However, the bound ¢ > § +1 in Theorem A is equivalent to
¢ > dy + 1, which is far from being best possible. In this paper we present an improvement
of Theorem A in terms of degree sequences without any additional conditions.

Theorem 1: Let G be a graph with m connected components and degree sequence § = d; <
dy <...<d,. Thenc>d,, +m + 1.

It G =mKsyq, thenc=90+1=dusem +1=4d,,+m + 1. This graph example shows
that the bound d,,, +m + 1 in Theorem 1 cannot be replaced by dy, +m + 2. Next, let
G =m(Ks + Ksy1). Then dy, v mi1 = dmsemi1 = 20 = c. This graph example shows that
the lower bound d,,, +,, +1 in Theorem 1 cannot be replaced by d,,, +m+1+1. Thus, Theorem
1 is best possible in all respects.

Corollary 1: Let G be a graph with degree sequence 6 = dy < dy < ... < d,. Then
c> d5+1 + 1.

The graph K5+ (§ + 1)K is d-connected with d; = dy = ... = dsy1 = 9§ and ds0 = 20.
Since ¢ = 26 and dgi o+ 1 = 20+ 1, the bound ¢ > ds, 1 + 1 in Corollary 1 cannot be replaced
by ¢ > ds, o + 1. Thus, Corollary 1 is best possible even for high connected graphs.

The next three statements can be obtained from Theorem 1 easily.

Theorem 2: Let G be a graph with m connected components and degree sequence § = d; <
dy < ...<dy,. Ifdy, +m >p—1, then c = p.

Corollary 2: Let G be a graph with degree sequence 6 = dy < dy < ... < d,. Ifdss1 >p—1,
then c = p.

Theorem 3: Let G be a graph with degree sequence d =dy < dy < ... <d,. Ifds;1 > p—1,
then G is hamiltonian.

Theorem 4: Let G be a graph with degree sequence 6 =dy < ds < ... < d,. Ifds;1 > n—1,
then G is hamiltonian.

2. Proofs

B}"oof gf Theorem 1. Let Hy, Ho,..., H,, be the connected components of G and let
P =wuPwo be a longest path in H;. Clearly, N(u) C V(P). Assume that

(a) P is chosen in H; so that d(u) is maximum.

Let x1, 3, ...,x; be the elements of N(u) occurring on P in a consecutive order, where
t =d(u) > 9. Observe that for each i € {1,2,...,t},

«— —
z; Pux; Pv
is a longest path in Hp, implying that
N(z;) CV(P) (i=1,2,..1).

By (a),
dw) > dz7) (i=1,2,..1), du)>d). (1)
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N
Put C = u P xyu. Clearly,

By (1),
d(u) > maz{d(zy),d(x5),...,d(z;),d(v)},

implying that
¢ 2 d(u) + 1> maz{d(zy), d(z;), ... d(zy,) d(v)} + 1.

Analogously, for each i € {1,2,...,m}, we can find pairwise distinct vertices i, y5, -, Y11
in H; such that

where u; € V(H;). Since the vertices
Y1 Y35 o Yaur) 115

y%a y%a ) yg(ug)—&—la

yi’n’ ygla ceey y:l’(Lum)+1

are all pairwise distinct, for some pairwise distinct vertices 21, 22, ..., Zd(uy)+d(uz)+..4+d(um)+m
we have

¢ 2 max{d(z1),d(22), -, d(Za(ur)+duz) +-.+d(um)+m) } +1
> max{dy, dz, ..., dauy)+d(us) +..+d(um)+m} + 1

= dg(uy)+d(uz)+..+d(um)+m + 1.

Observing also that {ui,us, ..., u;,} is an independent set of vertices, we obtain the desired
bound ¢ > d,,, 4m + 1. ]

Proof of Theorem 2. By Theorem 1, ¢ > d,, 4, +1 > p. If ¢ > p+ 1, then clearly the
cycle of order at least p + 1 contains a path with at least p + 1 vertices, contradicting the
fact that the longest path in G has exactly p vertices. Hence, ¢ = p. [

Proof of Theorem 3. Let G be a connected graph with dsy; > p — 1. Since m = 1 and
dy, +m > p— 1, by Theorem 2, ¢ = p. Let C be a longest cycle in G of length p. If p = n,
then G is hamiltonian. Let p < n. Since G is connected, we have vu € E(G) for some
veV(C)and u € G—C. Then

—
uvCwv

is a path on p 4+ 1 vertices, a contradiction. ]

Theorem 4 follows from Theorem 2 immediately.
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Gnuwdlbpmd Gpwp ghyitph dwuhG wunhdwlwjhG
hwonpnuljulnmpjniGGtnph 1bqyny

U. Lnyupqyub
Udthnthnid

Qhgnip G-G 0 GJuqugnyyG wumpdwli b 0 =d; < dy < ... < d, wunhdwlwyhG
hwonppujwlnipyniG nmGhgnn n ququpwblh gqpud) £ Gpwdh Juuwuwlguwompjub
pwnunphsGtiph pwlwyp YGwlwytlp m-ny, wditlwbtpyup ghyh Gpywpnipmnilp c-
ny, hul s wljwju ququpltph wunhdwlitiph GJuqugnyyl gnuiwpp o, -m: Ghpluw
wpfuwmnuwlpnid wwywgnigynid t, np juiwjuywl qpudpmd ¢ > d,, 1 + 11 Unwugguo
qwhwunwlwlp Gipwlw ;& pupbpuyiwl L pyphwlpuglmd £ 1952-h6G Ghpwyh Ynnihg
unwgyuo ¢ > 0 + 1 =d; + 1 gwhwnmwuinp:

O AMHHEeNIIUX IIUKAaX I'pada B TepMHUHAX
IIOCA€AOBATEABHOCTH CTEeIIeHEeM BePILIUH

M. KyaaksgaH

AnHoTanuys

[Mycts d=d1<d2<... <d,, - TOCAEAOBATEABHOCTb CTeIleHel BepIIWH N-BePIIUHHOTO
rpadpa G ¢ MUHMUMAABHOU CTeleHbio . YHWCAO KOMIIOHEHT CBsI3HOCTU rpada G
obo3HavaeTcsd 4depe3 m, AAMHA AAMHHEUIIIero IUKAA - 4epe3 ¢, a MUHUMaAbHOE
YUCAO CYMM CTelleHel s He3aBUCHUMBIX BEpIIUH -uepe3 o,. B HacTosiel paborte
AOKa3bIBaeTcs, 4To B AtoboM rpade G, ¢ > dy,+m + 1. TloAyueHHasi olleHKa
HeyAy4lllaeMa U 00001IaeT OIeHKY ¢ > 0 + 1 = d; + 1 Aupaka (1952).



