Mazhermatical ﬁuﬂdemmﬁ.m.M.

On Interval Colorings of Complete
k— partite Graphs K}

Rafayel R. Kamalian, Petros A. Petrosvan

Institue for Informatics and Automation Problems (IIAP) of NAS of RA
email srkamalian@yahoo.com, pet_petrosSyahoo.com

Abstract
Problems of existence, construction and estimation of parameters of interval color-
ings of complete k-partite graphs K3 are investigated.

Let G = (V, E) be an undirected graph without loops and multiple edges [1), V(G) and
E(G) be the sets of vertices and edges of G, respectively. The degree of a vertex r € V(G)
is denoted by dg(x), the maximum degree of a vertex of G-by A(G), and the chromatic
index [2) of G-by ¥'(G). A graph is regular, if all its vertices have the same degree. If a
is a proper edge coloring of the graph G (3], then the color of an edge ¢ € E(G) in the
coloring a is denoted by a(e), and the set of colors of the edges that are incident to a vertex
r € V(G) , is denoted by S(r,a). For a non-empty subset D of Z, let I (D) and L (D)
be the minimal and maximal element of D, respectively. A non-empty subset D of Z, is
interval, if 1(D) € t € L(D), t € Z; implies that t € D. Interval D is referred to be
(g, h)-interval if I (D) = g, |D| = h and is denoted by Int (g, h). For intervals D, and D,
with |Dy| = |Ds| = h , and a p € Z, the notation D @ p = Dy means: I (D)) +p=[(D,),
L(Dy)+p=L(Dy).

A proper coloring a of edges of G with colors 1,2,..., t is an interval f-coloring of G [4],
if for each color i, 1 < i <1, there exists at least one edge ¢; € E(G) with a(e;) = ¢, and the
edges incident with cach vertex z € V(G) are colored by dg(x) consecutive colors.

A graph G is interval colorable, if there is ¢ > 1, for which G has an interval t-coloring.

The set of all interval colorable graphs is denoted by A [5].

For G € N the least and the greatest values of ¢, for which G has an interval -coloring,
is denoted by w(G) and W(G), respectively.

In 3] it is proved:

Theorem 1. Let G be a regular graph.

1) G e N iff X'(G) = A(G).

2) If G e Nand A(G) <t < W(G), then G has an interval {-coloring.

Theorem 2 [6]. Let n = p-2%, where pis odd, and ¢ € Z... Then W (K5,) > dn-2-p—q.

; In this paper interval colorings of complete k-partite graphs K} [7] are investigated,
where

V(KR ={=z"l1<i<k1<jgn),
E(K}) ={(s2)[1Si<j<k1<psni<g<n).
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It is not hard o see that A(K%) = (k—1)-n.
From the results of [8] we imply that

0 [ (k=1)-n, if n-kis even,
’({K"J._'{fk-l}-n-.-l. if n-kis odd.

Theorem 1 implies:

Corollary 1.

1) KEEN, ifn-k is even;

2)KEE N, ifn kis odd.

Corollary 2. If n- k is even, then w(K*) = (k- 1) -n.

Theorem 3. If k is even, then W (K%) > (3£~ 1) -n—1.

Proof. Suppose V (K%) = {209 1<i <k, 1 <j<n},
E(Kz) ={(2f)11<i<j<k1<psn1<q<n).

For the graph K\ define an edge coloring ) as follows:

for i=1,., ||, =2 bi<jitj< §+Lp=1,..ng=1,..nset

*((zf’ﬁs”)) =@{+j-3)-n+p+g-1;
for i=2 i f=15=[§]+2 b i<ii+52§+2,p= 1 un g= 1, nset:
A (a2, 29)) = (i+i+§=4)n+ptg-1;
for i=3,.nf,i=§+1,. k=2 j—i<k-2,p=1,...0 g=1,..nset:

;\((z},",zy’)) = (§+J’—1’— 1)-n+p+q-—1;

for i=1,..5,i=5+1,..kj-i> 5.p=1,.,n,g=1,..nset:

A((’gl'z?))) =(@-i-1)-n+p+g-1;
for i =2, 1+ [E2], =841, 8 +|52], j—i=f—1,p=1,.0n, g=1,...n
set:
"((’g}'”a‘;”)) =2i-3)n+p+qg-1;

for i = |42] +2,... 5, j= §+1+ (82, k=1, j~i=f-1,p=1umg=1,...n
sel:




mmmumt— pnniwcnphh‘:

£
A((z0.9)) =G +j-3-nipre-l
for i=4§+Loui+ [%} -1, j=3+2..k-2i<} i+iSik-1,p=1..n
g=1,-,n sk
A((#59)) = (3= k=1 n+p+a=1;
for i=}%+ Lok-1j=d+[f+hki<hiti2ip=Lomg=l.n
set:

.\((r';,".xﬁ")) -(i+j-—-§—2)-n+p+q-l.

Lﬁmshwthn,\hanmtaul (Gk—!)-u—l)—-cdwingd‘thewhxg_
mammum-mnam'=1.2,....@&-1)-n—nhmh.nmc,es(x:)

such that A(g) =%
Consider the vertices {25, ..., z0, 20,29, ., 2®, It is not hard to see that for

ji= 1,2...;,n

1 A : ; (3] e :
S(:}’.A)=H(Iﬂ£{;,n)6n-u-l)) and §(z{",1) = H (Int(Gn)@n-({-1)).

Let T and C—be the subsets of colors of the edges, that are incident to the vertices
228, 2 and 29,29, ..., z® in a coloring A, respectively, that is: _

T=)s(",A) and T= 8 ().
=1 J=1

It is not hard to see that TUT = {1,2,..., (3k 1) -n— 1}, and, therefore, for i =
1,2,..., (3 =1) -n — 1 there is an edge ¢; € E (K}) such that A (e,) = i.

Now, let us show that the edges that are incident to a vertex v € V (K?3) are colored by
(k — 1) - n consecutive colors.

m:ﬁ"ev(fc:).whmisisk,lsjsm

Casel 1<i<21<j<n.

It is not hard to see that

=
S(;}lal ‘\) = S(xf’_.\) nle(IntU,n)en.(l.. 1)) = Int (j, (k 1) - n).
=l

Case2. 3<i<§1<j<n
It is not hard to see that
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0 ="1T
8 (=} .4\)=IUI(Intfj.n]en-(l—]j}=In¢(j+n-(§—2},{k—-l}-n).

Cased. §+1<i<k-21<j<n.
It is not hard to see that

-1
s;}",a): l_.‘l Untf.f.njen-{l—l))=fnt(j+n-(i—g),(k—n-n).
I=1=G+1

Cosed. k—1<i<k1<j<n
Itlin not hard to see that

§e-2
S (=,2) =5 (2, 2) = U Untlin)@n-(1-1)) =
£

i
Int(j+u-(§—l),(k—1j-n).

Theorem 3 is proved.

Corollary 8. Il kisevenand (k—1).n<t < (%k—l)-n-l. then K* has an interval
L—coloring.

Theorem 4. Suppose k = p- 27, where p is odd, and g € N. Then W(K,‘.‘) >
(2k—p—g)-n-1

Proof. Let V (k&) = {z{)| 1<i<k1<j< n},
E(K:)={(zi‘l.ziﬂ)[15i<jsk,15r5n,15agn}.

Consider the graph Ky, where V (Ki) = {uy,u3,...,ue}, B (Ky) = {(us,u)| 1 < i < 5 < k}.
Theorem 2 implies that if k = p- 2% where p is odd, and ¢ € N, then W(Ky) =
2k — 1 — p— q.Suppose p is an interval (2k — 1 — p — g) —coloring of K.

Define a coloring 1 of the edges of K* as follows:

For i=1,2,...,kand j=1,2,....k, i#jset:

¥ (9,2, K*) = (¢ ((ws,u)) , Ke) = 1) -m+7+ 5~ Lwhere r=1,2,...n,
§=12,..,n.

Let us show that 1) is an interval ((2k — p — g) - n — 1) —coloring of the graph K,
The definition of 1 and the equalities L (S (w, @) — (S (s, 0)) = k-2, i=1,2,....k
imply that:
L(S(u))

) S@EPw)= U (ntGmen -(m-1)=
m=1(5(u,,0))
=Int(j+n-((S(up)—1),(k—1)-n)
for i=1,2,...,kand j=1,2,...,n;

2 U 5(a.) = Int (1,2 ~p—g)-n 1),
i=1 j=1
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This show that ¢ is an interval (2 — p - ¢) - n — 1) —coloring of the graph K.

'rhmrem-itspwwd-

Corollary 4. qwmtk=p-2‘.whﬂtpiioddand0€N. fk-1)-n<t<
Gk —p-g)-n—-L then K* has an interval t-coloring.
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