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Abstract
It’s well known, that the classical algorithm of the Walsh-Hadamard fast transform
needs only n log, n additions moreover n is a power of two. A problem of decomposition
of Hadamard matrices of arbitrary order n, n = 0(modd) by orthogonal (—1,+1)-
vectors of size k is investigated in this paper. An algorithm of the Hadamard fast
transform which needs only nlogg k+n(n/k—1) addition operations and in some cases
is more efficient than the classical algorithm is proposed.

Thesquam (—1,+1)-matrix H, of order n is called Hadamard matrix, if conditions
H.H, = H, H, =nl,, (1
take place, where T' is transposition sign, I, is an identity matrix of order n.
Itwa.spruvedt.hatl.fH.,maHadam&rdmatnxofcu'derﬂthenn=2orn—0(ﬂwd4)

The inverse problem hasn’t been yet solved [1].
It is known that the Kronecker product of two Hadamard matrices of orders n and

m is Hadamard matrix of order mn. According to multiplicative theorem of Agayan and
Sarukhanyan [1-3] there exists also Hadamard matrix of order mn/2. Later in [4], starting
with four Hadamard matrices of orders m, n, p and g the existence of Hadamard matrix of
order mnpg/16 is proved. In [5] for any natural number k, k > 4 the existence of Hadamard
matrices of order 2%, where n; are orders of Hadamard matrices, is proved.

The analysis of the given results shows that they all are particular solutions of the
following problem: what conditions must satisfy (0, —1,+1)- and (-1, +1)-matrices A; and
Xi,i=1,2,...,k with sizes py X p; and q; X go correspondingly, moreover p;q; = pagz =
n = 0(mod4), fart.hematrixH=):f_,X.-xA.- be Hadamard matrix of order n.

Below we'll consider & particular case of this problem, when X; are the orthogonal
(—1,+1)—vectors of size k. Such Hadamard matrices we’ll call Hadamard matrices of type
A(n, k) or simply A(n, k)—matrices.

Theorem 1. Matriz H, of order n is A(n, k)-matriz if and tmly if there ezist (0, —1, +1)
malrices A;, i=1,2,...,k of size n x n/k, salisfying the following conditions:

4}:-*,«4,=0, PG Li=12....k
Y A isa (-1,+1) — matriz;
=1

k
SAA] = (n/k)I;
A= /)l 4=0, i), Li=12..k

(2)
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where » is Hadamard product [1].

Proof. Prove the theorem for k = 4. Let H, be A(n,4)-matrix, i.e. H, represents as:
Hy=[(++++)x A+ (++ ——) # Ag + [+ — —+) x A3 + [+ — +=) x A,, where the
sign + means +1, the sign — means —1, and ¥ is a Kronecker product. From definition of
Aln, 4)—marrices it just follows the first tree conditions of (2). Further, from the conditions
(1) we obtain a system of equations in the unknows A7 A, i, = 1,2,3,4. The solution of
this system gives two last conditions of (2). The sufficiency is proved by direct verifying the
definition of Aln, 4)—matrices

Note. Any Hadamard matrix of order n is A(n, 2)-matrix.

Theorem 2. Let there ezist A(n, k)-matriz and Hadamard matriz of order m (m = 0(mod
k})). Then there also exists Hadamard matriz of order mn/k.

Proof. Represent Hadamard matrix H,, of order m as follows: HZ = (P],... P]),
where P; are (—1,+1)-matrices of size 2 x m. Itisn't difficult to show that the matrix
* . P # A; is Hadamard matrix of order mn/k, where matrices A; satisfy the conditions
(2).
The following theorem is correct.

Theorem 3. Let there exist Hadamard matriz of order m and A(n, k)- mairiz. Then for
any even numbers r such that m,n = O(modr), there exist (0,—1,+1)-matrices B ;, i =
1,2,...,7/2, 3=1,2,...,k of size s mn/r x mn/k, salisfying the following conditions:

B‘.i*BlJ=01 I#J, i,j=1,2,...,k‘ i=1,2,....r{2:
&
S By isa (-1,+1)—matriz, t=1,2,...,r/2;

i=1

> H €
ZBi.tBj_r =0, i #j‘l i,j= 1!2I"'lr!2;
g it

Z EB‘-"BM = {mnﬂk)I(.,.,.,,.J.

t=] i=1

Corollary 1. (Agayan-Sarukhanyan [1]). If there exist Hadamard matrices of order
m and 7 then there exists Hadamard matrix of order mn/2.

Really, according to theorem 3, for k = r = 2 there exist (0,-1,+1)-matrices B, ; and B 5
satisfying conditions (3). Now itisn’t difficult to show that (++4) x Byy + (+—) x Bipis a
Hadamard matrix of order mn/2.

From theorem 3 it follows also

Corollary 2. (Craigen-Seberry-Zhang [1,4]). If there exist Hadamard matrices of
order m, n, p, and q, then there exist Hadamard matrix of order mnpg/16.

Direct and inverse Hadamard transforms of vector-column f = {f;}]; are correspond-
ingly determined by formulas [6,7]

F=1H.f ed f=H,F, (4)

For Walsh-Hadamard transform, i.e. when H, is Hadamard matrix of order n = 2,
there is developed a fast. algorithm using only nlog, n addition operations [6,7].

w
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Below there is proposed the Hadamard transform fast algorithm for the cases, when
Hadamard matrix’s order isn’t a power of two.

Let H, = vy X Ay +---+vg X Ax be A(n, k)-matrix. According to the theorem 1 mat.nc:s
A; satisfy to the conditions (2) and v; are the orthogonal (—1,+1)—vectors of length .
Represent vector-column f as follows I = E;'_’fzi x P;, where z; is a vector —qunm of tl?e
form: ; = {fi(i-1)+i}j=1» 80d P is a vector—column of length n/k whose i-th element 15
equal to 1, and the other elements are zero,

Now the direct Hadamard transform of vector f is represented as follows (normalizing
coefficient 1/n is omitting).

k nfk
H.f = Z ZWJ:; x AP (5)

i=1 j=1
Consider a.pa.rt of sum (5) having a form
0Ty X A1 P+ vazj X AgP; + -+ upT; X ALy (6)

From the condition (2) and definition of the matrices P; it follows that A;P; is j-th
column of the matrix A; which has n/k non-zero entries. The product v;z; x A;P; means
that i-th element of the Walsh-Hadamard transform of vector z; is located in n/k positions
of j-th column of the matrix A;, Hence, the calculation of all elements of of n-dimensional
vector (5) needs k log, k addition operations. Note that the expression (5) is the sum of n/k
vectors of the form (6). Hence, there is required only D = nlogg k + n(n/k — 1) addition
operations to compute transform of the form (5) by A(n, k)—matrix. Now it follows that for
n = k the estimate D coincides with the estimate for the fast Walsh-Hadamard transform (
n is the power of two). ¢

Give the graf of the fast Hadamard transform for the matrix of order 12. Consider the
Hadamard matrix of order 12 of the form: Hiz = vy X A; + v3 X Ap, where v; = (++),
vy = (+—=), and A; and Aj are block-circulant matrices whose first block-rows represent as:
(Ro, Ry, Ry) and (Tp, T3, T;), where

11 0 -1 0 -0

1.0
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Figure 1.Vector z; transform and sending diagram R;(J', k)

Repreaeant the vector-colomn f being transformed as: f = ELIzi x P, where z; =
{fa-1y3} 41+ = 1,2, 6. According to the formula (5) we have: Hiaf = 8 (vizs x
Alﬁ,‘ -+ vgxy X Azf’j}.

The computational grafs of the vectors {Fj(i)}:2,, i = 1,2,...,6 of the form vz; x

Ale-&-ngijng aregiveninﬁgurel. :
From grafs mentioned above it isn't difficult to calculate that the number of additions is

72.

Introduce the notations: Ri(j,k) is i—th diagram of sending of the components with
number 5 and k (for example, R;(1,2) corresponds to the first graf in figure 1), FHT(z;)
is the fast Walsh-Hadamard transform of the vector z;, and FHT(z;); is j-th component of
the transformed vector z;.

Now give the general algorithm of the Hadamard transform for the vector f of the lenght
6 2*. Denote the rows of the Walsh-Hadamard matrix of order 2* by v¥, i = 1,2,...,2"%.
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1
Then Hadamard matrix of order 12 will represent as: Hy =] x Al + v} x A3, where Al
A} as above. :

Tt is possible to show that Hepe = 52", v¥ x A* is Hadamard matrix of order 6-2",
A;iqu}xﬁ'4&=ﬁxﬁni=1.2n---.2‘4.H&re.ﬁ is vector-column of the lengt
whmei—thelemmtisequa.ltol.andtheotheralemmf.smequnltosem. .

Hmnthestuﬁngvectorfwefnrmnixvector—wiummby:heﬁnﬂmﬁngfomulﬂ! zf =

el
{fn*{i—lm g1 5 dyvac 6. z
In this notations the Hadamard transform of the vector f represents as: Hynf =

g x A%P,.
zﬂﬁi’ gix’z*f‘ommfa y fulfil the fast Walsh-

where
h 2*

it follows that to compute Hg.gx f it is necessary to
Hadama:dt.rn.naformsforsixv;c_‘mdthelength?,andthentoformvectorsofthefﬂﬂn
{m ({FHT(Zf)z{.-_.u_g.j}: 1)} i=1,2,...,6, and to add them. One can compute that
- rm]
the general number of additions will equal to 6 - 2%(k + 5).
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