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Abstract

In Aslyan [1] the representability of arithmetical predicates by means of general
form recursive equations is proved. Here we show that arbitrary hyperarithmetical
predicate P(z;,...,7;) is representable by the system of recursive equations. On the
other hand it is shown that the class of hyperarithmetical predicates is the largest
class of predicates representable by meens of recursive equations. This presents a
new characterisation of hyperarithmetical sets "from outside”, where, characteristic
functions of hyperarithmetical sets are described as a unique solutions of G.F.R.E..

1 Introduction

In this article we are concerned in with a problem of determination of a class of number-
theoretic (N-T) predicates represented by general form recursive equations (G.F.R.E.) intro-
duced in Marandjian [11]. We define a language Rec of recursive terms and a set Recldz C w
of indexes of recursive functionals, represented by means of terms of language Rec in a fixed
interpretation, to make our consideration complete. Each recursive term of language Rec
will denote a partial recursive functional as well as the corresponding index will reflect the
generation of it by a series of applications of substitution, primitive recursion and minimiza-

tion. If @ € Rec then by [Q] € Recldz we will denote the index of corresponding functional

represented by term Q.
Definition 1.1 for arbitraryi,n,q.k,0<j<n
1. 8 € Rec ; (1,1) € Recldz .
2. C7 € Rec; (2,n,q) € Recldz .
3. PP € Rec ; (3,n,3) € Recldz .
4. fI' € Rec ; (4,n,i) € Recldz .
5. If gj, f € Rec for 0 < j < n with indezes
[9:1,[f] € Recldz correspondingly then

Sub (f-yh saxy gl) € RBC
and (5,m,([f1,[g,), - [9,])) € Recldz .
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6. If f,g € Rec with indezes [g],[f] € Recldz correspondingly then

Pr[f,g] € Rec,
and (6,n+1, [f], [¢]) € Recldz .

7. If f € Rec with indez [f] then
1[f] € Rec and (7,n — 1, [f]) € Recldz .

It is easy to see that the set Recldz is primitive recursive. When the meaning is r:leaf WB
use the term Recldz as a name for corresponding set and as a designation of its cha.racter:ﬂ_tlc_
function. For any term F we write F[fy, ..., fi] (21, ..., Z,,) to indicate that a term I cor_mmts
occurrences of function symbols fp,..., fi and the value of F depend on integer variables
(21, 0 Za)s

e TR

Definition 1.2 Lei a finite set Fy,..., Fn, Gy, ..., Gy of recursive terms be given, Mm'-'fw
system of equations of the form (1) is called a system of general form recursive equations
(G.F.R.E.).

Fb [fa, ...,fg] {31, ,Im) Gg [fa, wany fg} (:rl, wany .'.‘:m)
F!I Uﬂu ey fk] (311 -"rsz ; Gn [fUI siny fﬁ] (31! '"lxl'ﬂ)

Definition 1.8 We will say that the solution fo, Tk of the system of G.F.R.E. (1) with
respect to the function symbol f;,0 < j < k represents a N-T predicate P (zy,...,%,) if the
system of recursive equations (1) has a unique solution in the class of N-T functions, and
the function f; (z,,...,x,) from the list fy,...,fy is the characteristic function of predicate
P(zl,...,:c,).

R

(1)

Definition 1.4 Lel the recursive term F* [_f,':‘,...,f,’:‘] (T4, oy Z4,,) be given, then the num-
ber (m, (ny, ..., ny)) we will call the signature of the functional F*. Here by P iema)) [_f} (%)
we denote a universal function for functionals of the signature (m, (ny, ..., ny)) and by

T(m+2,(naeeima)) [ f] (e, Z,y) we denote Kleene normal form predicate. By W™ we denote recur-

sively enumerable set usually defined as W™ E Arg{ﬁj”'-m 0 (z:, ...,z,,.)}. By the symbols
¢, L, R we denote the terms for pairing function on w and inverses to ¢ respectively, with the
properties below . *
Lic(zy) ==
R(e(z,y) =y
c(L(z),R(z)) ==z

Before performing our task we will construct the set Hypldz C w of indexes of hyper-
arithmetical sets and assign corresponding hyperarithmetical set JP from the set Ji'€ Hyp
of hyperarithmetical sets to each element i of the set Hypldz C w. Roughly speaking an
index i € Hypldz will encode an information on consecutive steps in the process of con-
struction of the set JP'. The definition of hyperarithmetical sets given below is taken from
Shoenfild [14] and differ from the original definition of Kleene [7.

Let O be the Church-Kleene [2] system of recursive ordinal notations. For each e € O
Kleene defines H, to be the subset of w obtained by iterating the ordinary jump operator
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ong e, beginning with the empty set. Then a subset of w is said to be hyperarithmetical if it
is recursive in /1, for some e € 0. Later in Kleene [8]it is shown that hyperarithmetical sub-
sets of w are exactly the Al sets (the sets which are both I} and IT} definable). Theorem 2.8
below states the representability of hyperarithmetical sets by means of G.F.R.E. providing a
pew characterization of them. Excellent sources of information on classical hyperarithmetical
theory are Hinman [4],(5], Harrison [3].

Definition 1.5 For arbitrary e,m
1. (0,e) € Hypldz .

2. Lete € Hypldz then (1,¢) € Hypldz.

4. Let W} be non empty and let Yy € W) = y € Hypldz then (2.e) € Hypldz .

Now for arbitrary m let define the mapping J™ from the set Hypldz to the set Hyp of
hyperarithmetical sels .
For arbitrary e, m.

1. Let (0,¢) € Hypldz then Ji,, = W € Hyp.

2. Let (1,e) € Hypldz then Jt,, = J* € Hyp.

3. Let (2,e) € Hypldz then J , = li’w Jt € Hyp.
: yeEWws

2 Representability of Hyperarithmetical Sets

In this section we will prove that for arbitrary hyperarithmetical predicate P (z, ..., 7,) €
Hyp there exists recursive equation

F [f‘r'n’ ft‘IMl] (zﬂ”:ls seay z!ll!y] =~ Or

so, that the solution of which with respect to the function symbol fi*,0 < j < k represents
the N-T predicate P (zy, ..., Zm).

Theorem 2.6 For arbitrary m there ezists a primitive recursive function p("') N —- N
such that for any z € HypIdz we have p™ (z) € RecIdz and the solution 7", '+ of the
system of G.F.R.E. (2) with respect to the function symbol fi*

Sy [ 5] (@w) = (2)

represents the hyperarithmetical set JT.
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Proof. Before carrying out the proof let us assume that there exist recursive functions
g™, k™) : N — N;r, g : N x N — N; with the properties 1-4 below. The existerct
of such functions are provided by Lemmas 6.14 -6.16 in appendix.

1. For any index e of the set W, and partial recursive function ¢, (z)
Wye) (@) = {z | 30 (p) |=a&p € W.}.
2. Let an index e of the set W, be given. Then g™ (e) is an index of a functional of

the signature (m + 1, (m, m + 1)) such that the solution of the system of G.F.RE. (3)
with respect to the function symbol S represents the set W™

miiimaid) [ i) (7,4) = 0. ®

3. Let an index e € Recldz of a functional of the signature (m + 1, (m,m + 1)) be given
and let the solution of the system of G.F.R.E.
pmt 1 (mm+1)) [ T f,;’,"""] (%, y) = 0 with respect to the function symbol f§" represents
a N-T predicate P (%1, ...,Zm) . Then k(™ () € Recldz is an index of a functional of
the signature (m + 1, (m,m + 1)) such that the solution of the system of G.F.RE. (1)
with respect to the function symbol f§" represents the predicate P (21 ey Zon)»

gl iimmtih) [ o] (2,y) = 0 (4)

4. Let an index e of the set W2 be given such that for any z € W} we have that z € Recldz
and z is an index of a functional of the signature (m +1,{m,m + 1)) so that the

solution of the system of G.F.R.E.
B{m+1i{mmn+1)) [ fon fon ‘] (Z,¥) = 0 with respect to the function symbol fi* represents

some predicate P (zy, ..., Z;,). Then r(™ (e) € Recldz is an index of a functional of

the signature {m + 1, (m, m + 1)) such that the solution of the system of G.F.R.E. (5)

with respect to the function symbol fi* represents the predicate U P (zy, ..., Zm) -
; Zew}

s [, 1 ) =0 5)

Now define the function ¥(™ (z,y) in the following manner

e (((”3:)0 }“ ) if Iz(y) = 2% (1) =0
o™ (2,4) Y K (800 ((),)) i lz(y) =2&(y)y=1
ED =9 o g ()y,2) i o) =2 (1) =2 £
0 otherwise
Kleene's second recursion theorem states that for any partial recursive ®(z,y) there exists
such zq that ® (zo,y) = &0 (y). In accord with this we define p™ (y) = ¥ (z,y) =
o0 (y). Then we have ,

a™ ((v),) if lz(y)=2&(y), =0

& =J K (o™ ((3),)) i Lz (y) =28 (g)g = 1
PO = ) (g (), 20) i Lo () = 26 (y)y = 2 &
0 otherwise
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Now we will prove that the function p™ (y) has the properties stated in the formulation of
the theorem.

Basis : Let z € Hypldz be of the form (0,e). Then according to the Definition 1.5
¢ is an index of the set Jjg, = W, It follows from (7) that for such z p™ (z) = g™ (e).
According to point 2 above this provides that ﬁ:,':'.‘,':;:-"'""*m [}'] (%,y) = 0 represents the set
W™ with respect to the function symbol f7".

Induction step:

Case 1: Let z € Hypldr be of the form (1,e), then according to the Definition 1.5
, z is an index of the set J™ = Ji. It follows from (7) that for such a z, p'™ (2) =
k™) (p'-""‘ {ej). According to our inductive hyphothesis p™ () is an index of a func-
tional of the signature (m + 1, {m,m + 1)) such that the solution of the system of G.F.R.E.
4,;";‘,,‘;;""“*“* (7] (2, ) = 0 with respect to the function symbol " represents the set J".
Now from the properties of the function k™ stated in the point 3 above k™ (p(™ (e}) is
an index of a functional of the signature (m +1, (rn,m + 1)) such that the solution of the
system of G.F.R.E. ¢im;;:;’::“’ m (%,y) = 0 with respect to the function symbol fi"
represents the predicate J7* = J.

Case 2: Let z € Hypldz be of the form (2,e), then according to the Definition

1.5 =z is an index of the set J" = Ul Jr. From (7) it follows that for such a 2,
yEW)

2™ (z) = r™ (g (e, zy)). According to the properties of the function g stated in the point
1 above, g (e, z) is an index of the set Wy = Val{p™ (W.)}. It follows from our
inductive hyphothesis that Yk € Wy(es,) = k € Recldz and k is an index of a func-
tional of the signature {(m + 1, (m, m + 1)) such that the solution of the system of G.F.R.E.
g mm ) [ fmed] (%, y) = O with respect to the function symbol f§" represents the
predicate Ji*. Now from the properties of the function r™ stated in the point 4 above,
™) (g (e, z9)) is an index of & functional of the signature (m + 1, (m, m + 1)) such that the
solution of the system of G.F.R.E. PmHl{mmiD) { f] (Z,y) = 0 with respect to the function

rim) (gle,z0))
symbol fi* represents the set J". O

3 The Class of Representable Sets

It is shown in the previous section that an arbitrary hyperarithmetical predicate P C w"
could be characterized or represented as a set which characteristic function is a unique
golution of a system of G.F.R.E. (1). Here we show that arbitrary predicate P representable
by this mean belongs to the class Hyp.

Theorem 8.7 Let a system of G.F.R.E. (1) be given and the set of functions fo, ... fi be
the unique solution of the system (1). Let Val(f) = {0,1}, then the predicate P (%) o
{z | f; (%) = 0} belongs to the set Hyp.

foy <oy fic | foy sy fic is & solution of the system
Sol (f - fe) = of general foximrocimeive equations (1)

Proof. An eT verification shows that the predicate
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has a I19 representation for fixed system (1). Now we have that
P(@) ﬁaﬁ,, . 36, (S0l (foy . ) &F: (%) = 0), hence the predicate P () has T} representa-
tion. On the other hand it is follows from the proof of the Theorem 2.6 that Lhe.prcdlcnt»c
P (z) is also representable by some system (obtained from the given one by replacing all the
occurrences of term f; (Us, .., Un) With 37 (f; (Un, --., Un)) )of general form recursive equation

and also belongs to the class Xj. Hence P (Z) € Hyp. O

4 The Number-Theoretic Functions Represented by Means of General Form
Recursive Equations

In previous sections the notion of representation of N-T predicate by the system of G.F.R.E.is

given and the class of N-T predicates representable by G.F.R.E. is determined. In particular

it is shown that arbitrary representable predicate is hyperarithmetical and vise versa. From

this follows that the class of N-T predicates represented by means of G.F.R.E. coincides with

the class of hyperarithmetical sets.
In this section two definitions of representation of N-T function by means of G.F.R.E. are

given and the equivalence of this definitions is shown. From the Definition 4.8 given below
it is evident that the class of hyperarithmetical functions is those of representable functions.

Definition 4.8 We will say that the solulion of the system of G.F.R.E (8)

Fo[fo, - fil (@1,:Zm) = Golfo, ..y fill (1, Zm) @
Fa [fl:lt seey fl’] ("'1! iy zﬂl) ; G'l Uﬂ! '"’fk} (31, weey xﬂl)

with respect to the function symbol f; 0 < i < k represents a number theoretic function f* (%),

if the system of (G.F.R.E) (8) has a unique solution f,, ..., fy in the class of N-T funclions

and the equality (9) holds for arbitrary T € w™

fi (z) = (z) (9)
Definition 4.9 A N-T function f* (Z) is called representable by means of G.F.R.E (8) if
the predicate Ty (Z,y) o 2 :’; (z) =:: is representable with respect to the function
symbol f; 0 <i < k from the system of G.F.R.E (8). ;
Proposition 4.10 A N-T function is representable by means of Definition 4.8 if and only
if it is representable by means of Definition 4.9 . :

Proof. =Let a N-T function f* (Z) be representable by means of Definition 4.9 and let
(8) be a system of G.F.R.E. which has a unique solution fy, .., fi such that f, (%) = f* (%).
Then consider the system (10)

F [foy s Sl (21, -ons Zm) 2 Go[foy - fi] (Z1; 00y Zm)

Fn foy ooy Si] (@1, 000y ) G [fos s fi] (21, ey
Fn+1a[fa, --:fln .Ika] (T1, ey Tms 1) 0 i S ol

(10)

R
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where waf
Fost oy oo Sy frsa]} (1 eees Zoms HJ
Jf‘,,l (%, fi (Z)) + }'_j (37 (fis1 (F,1)) — 1) . Now it is easy to see that the system of G.F.R.E

(10) has & unique mlut:on fo, -y Fis fes1 Where fooq (F) =Ty, ().

<= Let the system of G.F.R.E (8) be given and let a system of functions f, ..., f; be the
unigue solution of the system of G.F.R.E (8), such that f = I'r- (Z) . Then consider the sys-
tem of G.F.R.E obtained from (8) by joining the equation F_,,_l [fos wees Jes Fraa] (T, coes Ty ) 2=

0 to the system (8) where Fo.; [fo, ..., fi, fe+1] (21, .- :,,) .fg (Z, fis1 (Z)). It is easy to
verify that the obtained system has a unique solution fg, ..., fs, fusy wherefo; (Z) =f* (7). O

5 A Characterization of J. Myhill’s Finitely Representable Functions Via
General Form Recursive Equations

In Kuznecov and Trahtenbrot [10] a class of N-T functions ’effectively closed in Baire Space’
have been introduced. Later, from entirely different starting-point, Myhill [12] introduced
the same class of N-T functions (so called finitely representable functions) as N-T functions
‘which can be effectively given’. In this section we will prove a characterization of the class
of finitely representable functions, utilizing the notion of G.F.R.E.. To describe the class
of finitely representable functions Myhill considers a formalism (the set of finite formulas)
defined below.

For each non-negative integer n it contains a numeral 7 denoting n. It also contains one
place functional constant f denoting a N-T function. Terms are built up from numerals 7
and one place constant function symbol f in usual manner. Then each identity £, = t,
where 1,1, are terms, is an atomic formula. Formulas of our formalism are formed from
atomic formulas by connectives of propositional calculus.

1. Each atomic formula is a finite formula.
2. If Ay, A, are finite formulas then A;8&A, A; V Az, A; — Aj, —A; are finite formulas.

Each finite formula refers to only finitely many values of the function denoted by f and
hence asserts finitely testable properties of the function denoted by f. It is obvious what
does it mean a N-T function f satisfies a finite formula A. Now let some Gddel numbering
of finite formulas be fixed. A function f is a model of a set = of finite formulas if f satisfies
each formula in Z. A function f is a standard model of a set = of finite formulas if for each
term ¢ in = the value of £ is a number. A N-T function is called finitely representable if there
exists an axiomitizable system = of finite formulas such that f is the unique standard model
of =
Definition 5.11 Let a recursive equation (11) be given and let for arbitrary N-T function
f and ¥ € w F[f](Z) |. Then the recursive equation (11) we will call an effectively testable
properly (E.T.P.) on N-T functions. If the function f is a solution of recursive equation (11)
then we will say that an effectively tesiable property (11) is salisfied by the function f. -

Flfl(z) = 0 (11)

Theorem 5.12 A N-T funclion f (z) is finitely representable if and only if there exists an
effectively testable property (11) on N-T functions such that the function f(z) is @ unique
function satisfying (11).
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Proof. —>Let f(z) be finitely representable function and let W, be recursively enumer-
ablesetmchthat.fOIan}'yyEW,ﬂyiaaGﬁdelnumberofasomeﬁniteformlﬂﬂﬂnd let
f (z) be & unique standard model of axiomatizable sysiem =% (F,:yeW.}. It is easy 0
construct an everywhere defined functional on N-T functions ’

o 0 if = isaGodel number of finite formula
Test [f] (@) ¥ and F, satisfied by the N-T function f.
1 otherwise
Consider the equation
Test[f] (g(z)) =0 (12)

where Val{g} = W;. It is evident that an equation (12) is an E.T.P. on N-T functions
satisfied only by N-T function f (z).

«—Let the function f (z) be a unique solution of recursive equation (11). In Myhill [12]
it is proved that a N-T function f is finitely representable if and only if there exists a partial
recursive functional Q [f] such that Q [f] is undefined, while for each N-T function f' #f, 0[f
is a number n such that (3z < n) (f (z) # f (z)). For such £ consider the partial recursive

functional o
U [f] Z p2T (e, py3g (F [f] (¥)), 2)

where e € Recldz is an index of functional F'[f] (y). It is easy to see that € [f] undefined
,while for each N-T function f' # f  [f] is a number n such that

@z <n)(f (=) #f (=)

This completes the proof of the theorem. O

6 Appendix

Lemma 6.18 There erists a recursive function g (e, z) such thal if an indezes e, z € Recldz
then Wytes) (z) = {z | 3p800) (p) L= zkep € W}

Proof. Let f,g have the following property

W, = Val®yz)& [W, # 0 = &y, is general recursive| (13
Wetz) = Val ®, i )

For the existence of the functions f, g with the property (13) see Rogers [13]. Then one may
define the function g (e,2) ¥ ({5, (1), (z. f (¢)))). O

Lemma 6.14 There ezisls a recursive Junction g™ (z) such that if an indez e € Recldz of
the set W™ is given then '™ (e) is an indez of a functional of signature (m + 1, (m, m + 1)),
such that the solution of the system of G.F.R.E. (3) with respect to the function symbol fi"
represents the set W™,
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Proof. Let us define F [f", fi"] (£,5,6) &

& agraimmti [, 4] (@, 300)

¥n [fg'. “"I fz v.8)+ R[5 @)

where F; _fo (3 y,e) = =4 |7 (2,y) = T (e,%,y)| and
B (r,y,e: g

(,..z ["‘*‘fz f,_o +1) i fFr@)=
= if f"‘{!)alkf"'"{z Pyt «
1 otherwise
From the definition of F it is easy to see that (3) holds if and only if

R[G5 (2,5,) = 0 (14)

R[5, ] (F,y,¢) = (15)

Then (14) is satisfied only in the case if f** (’.f.‘ y) = T (e, Z,y). Now we will prove that
the recursive equation F [f"‘,ﬂ'“’ (%,y,e) = 0 has a unique solution ", f**! where fg" is
the characteristic function of the srt wr.

Let %1, ..., Zm, Y € N be arbitrary non-negative integers.

Case 1: ff" is the characteristic function of the set W;".

1.1; Let {z),...,2m) € W™ then IyT0) (e, Z,y) & By{f;""l (Z15 Tms V) =0] and
F" (1, ..., Tm) = 0. From the construction of F} it is evident that F [, ] (%, y,¢) =

1.2: Let (21, ..., Zm) ¢ W™ then VyT™0) (e,Z,y) & & Yy [f;""" (21, -3 Zm, ¥) = 1] and
f* (1, .., Zm) = 1, hence for arbitrary y we have F [, ™| (%,y,¢) = 0

Case 2: fi* is not the characteristic function of the set, W;".

2.1: Let 3z, ..., 7}, ({1, ..., Tim) € WEST (23, ..., Zm) = 1) then we have
F, [f, 7] (21, ..., z;y) 1 by construction of F .

2.2: Let 3], ..., 23 ({T1, ooy Tm) & WIEFT (21, ..y Tm) = 0) then
VY [0 (@1 T 8) = 1] Bence B [, (22 i) -

Now let us define ¢™) (&) £ ST+ (wy, €). O

Lemma 6.15 There eists a recursive function k™ (z,) such that if an indez e € Recldz
of functional of signatire (m +1,(m,m + 1)) is given and if the solution of the system
of G.F.R.E. @m+himmi1)) [fﬁ“,f,;"“l (F,y) = 0 with respect to the funciion symbol f3"
represents N-T predicate P (zy,...,Tm) then k™ (e) € Recldz is an indez of a functional
of signature (m + 1, (m,m + 1)), such that the solution of the system of G.F.R.E. (4) with
respect to the function symbol fi* represents P (zy, ..., Tm).
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Proof. Let h = [ (z0)] and let R(e,t) ¢ Recldz (e) & (e)o = t. Now we define the
function k(™ (e) as following.
K (e) €
(e R(e,1)VR(e,2)V
VR (e,3)
R(e,4)&(e), =0

is' (€);(hse)) R(e,4)&(e), #0

BRE KR EBRR B

23 (5.0 (K ((@0) 1 K™ (@) ¥ RS

6, (e); » k™ ((e)a) » ktm) {(e}s)) R (e, 6)

7.(€)5 k™ ((3)2» R (e, 7).
otherwise

0
Using the fact that the set of primitive recursive functions is closed under the defini-

tion by cases and course-of-value-recursion, it is evident that the function k™) is primitive
recursive. It is easy to see from the construction of k™) that if e € Reeldz is an index
of functional F [f7", f7+] (z,) then K™(e) is an index of functional F'Jj;“, s @)
obtained from original one by replacing all the occurrences of term & (th, ..., Un) with
35 (f* (Us, -, Um)). Now if the solution fo, f; of recursive equation F* [fo, Y] @w) 20
with respect to the function symbol fi* represents the predicate P (z1,...,Zm) then the so-
lution of F* [fg", f7*'] (2,3) = 0 do the same for P (z,..., z). This completes the proof

of the lemma. O

Lemma 6.16 There exists a recursive function 7™ (t) such that if an indez e of the set
W2 is given and for any z € W} we have that z € Recldz and z is an indez of a functional
of the signature (m + 1, (m,m + 1)) so that the solution f*, f{** of the system of G.F.R.E.
{m+Li{mm1)) { e i l] (%,y) = 0 with respect to the function symbol fi" represents some
predicate PP (zy,...,Tm). Then r™ (e) € Recldz is an index of a functional of the signa-
ture (m + 1, (m,m + 1)) that the solution of the system of G.F.R.E. (5) with respect to the
function symbol fJ* represents the predicate Lilw P®) (zy,...,Tp) .

ZeWw]

Proof. Let us define the numbers hy, ..., i, ¥1, ---Um, to, 1 and'the function d™ as follows:
by (PP, b S [PRAE '

b & [e(Pntt, PRED)],

w ¥ (PP, vm & [P21,

to'e [R (famj)]

0 g [L()]

™ (y,4) “
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(v if Riy,1)v
VR(y,2)V
VR (y.3)
(3, (y);, lto, 2, + 1,4) , by, hmei, him)) if R(y4)&
&(y), = 0&
&ly),=m+1
def | (5,(y);, (1, (2,m,8) 11, Um)) if R(y4)&
. &ly),=0&
] k(yjz =m
(5. (y); {dfﬂu ((y)zln s ‘.) gonny 8 ((V)a,;,(m,] ' ‘)>> if R(y,5)
(6, (y)y 4™ ((4)y,5) ,d™ ({y)3.9)) if R(y,6)
(7, y),,d™ ((y)3,1)) if R(y,7)
otherwise

0

From the fact that the set of primitive recursive functions is closed under the definition
by cases and eourse-of-value-recursion it follows that the function d™ is primitive recur-
sive. From the construction of d™) it follows that if z € ch}' dz is an index of functional
F f"‘ f"““] (%, y) then d™(i, z) is an index of functional F* f‘"‘”J {Z, y) obtained from the
onprmI one by rep]amng all the occurrences of terms ff* (Uy, ..., Un) , fI* (Vi; oovs Viny Vine1)
with R (fi** (i, Us, .., U)) a0d L (S (4, Vi, oy € (Vom, le])) respectively. Now if

Flfy ,f"'“l (Z.y) =~ 0 with respect to the function symbol fi* represents the predicate
P(z1,..., %m) and for some ", ! F [f", £*1] (%,y) = 0 then for arbitrary f™* () such

that
¢ R(F™) (i, 21, ..., Z)) = 0 & P (21, ..., Zm) (16)
L (fM+I (i, L1y ey € {z’lll Im'l-l))) = f{“‘-] (21, me=y z’“'z"""l)

P [ *] (z,y) =
Now let an mdex e of the set W, be g'wen with the properties stated in the formulation
of Lemma 6.16 and let for some f§*, fi**"*
@{mstfmm1) (g, gn+1i] (7,y) = 0 for z € We. Then 8 (0), #58 (1), .. 817 (3),
., where f is a function with the properties mentioned in Lemma 6.13 , is an enumeratlon
nf the set W, . By mea.ns of the function d™ we define the functional

R[5 (ezy) 2 ‘*—“’ ‘"'*"f';:*;,”. [£5*"] (z, R (y)) From (16) it is easy to see that
-a a(-l(o,{;, (-Li)
Fy [f™4] (e, %,y) = 0 holds for some f™*! uniquely determined by e with the properties

R (i, 23, .-; Zm)) = 06 PO (25;..., Trn) 5 an)
L {Fm+i (i) LYy ey € (zm: 3m+1))] = ﬂ“‘ﬂd (zl! woey Ty 3m+1]' -

Hence f™*! is the solution of G.F.R.E. F} [f™"] (e,%,y) =~ 0 and the functions fg*', f{**."
Vi € w are recursive in f™*! according to (17).

We define the functional F* [£3", f5**'] (%,) as following:

F* [ I, f&"‘”] (e,7,y) = 4 R [,a""“‘llI (e, %, y) + Fa [f"‘, f‘"“] (e,Z,y) where the functional
f'g 18

Fl fan'ﬂn+l (i‘,y} =
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Hg ) =0]+1) if fFrE) =0
AT L S -

undefined otherwise . .
The proof that, F* [f,;". fﬁ"“] (e, T,y) =~ 0 has a unique solution and with respect to the

ol it represents the predicate : ]
ﬁﬁcﬁ;?z?(::l:wfm), goes almost without changes like that of lemma 6.2 and we leave it
wi

as entirely a matter of routine. Now define (™ (e) & S7™*! (wp, e) where wg is an index of
functional F*. O
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