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1. INTRODUCOTION

Were Young [15], Boas 1], and then Haywood [3] who have studied the mtegrahility

of the formal series

{1.1) g(z) = Z Gy, 8N T
n=1

and

{1.2) flz) = an COB NT
n=1

imposing cerfain conditions on the coeflicients a, and b, respectively (we denote
Ay, oither a,, or b, )

Their results deal with above mentioned trigonometric series whose coefficients
are monotone decreasing. Lagely, the monotonicity condition on the sequence {A,}
was teplaced by Leindler [5] to a more general ones {A,} € R BVS.

A sequence ¢ == {c,} of positive numbers tending to zero is of rest bounded

variation, or briefly R BV S, if it possesses the property

o0

{1.3) Z lon — cng1| < K(o)om

n=m
for all natural numbers m, where K () 1s a constant depending only on e
Later on, Németh [8] considered weight functions more general than power
one and ohtained some sufficient conditions for the integrability of the sine series
with such weights. Namely, he used the so-called almost increasing (decreasing)
SEQUENCes.
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A sequence v := {~,} of positive terms will be called almost increasing (decreasing)
if there exists a constant C := C(v) > 1 such that

Cvn 2 Ym  (Yn < Cym)

holds for any n > m.

Here and in the sequel, a function 7(z) is defined by the sequence v in the

following way: v (%) := 7,, n € N and there exist positive constants C; and C
such that C1y, < v(x) < Covypyq for x € (nLH, %)
In 2005 S. Tikhonov [11] has proved two theorems providing necessary and sufficient
conditions for the p—th power integrability of the sums of sine and cosine series with
weight ~. His results refine the assertions of such results presented earlier by others
which show that such conditions depend on the behavior of the sequence .

We present Tikhonov’s results below.

Theorem 1.1 ([11]). Suppose that {\,} € RfBVS and 1 < p < cc.

(A) If the sequence {7y, } satisfies the condition: there exists an 1 > 0 such that

the sequence {y,n"P~1%€1} is almost decreasing, then the condition

(1.4) D PN < 0o

n=1

is sufficient for the validity of the condition
(1.5) Y(@)lg(x)” € L(0, 7).

(B) If the sequence {v,} satisfies the condition: there exists an e3 > 0 such that
the sequence {y,nP~1752} is almost increasing, then the condition (1.4) is

necessary for the validity of condition (1.5).

Theorem 1.2 ([11]). Suppose that {\,} € RfBVS and 1 < p < oco.

(A) If the sequence {7, } satisfies the condition: there exists an €3 > 0 such that

the sequence {y,n~17%3} is almost decreasing, then the condition

(1.6) D mnP 2N < 0o

n=1

is sufficient for the validity of the inclusion

(1.7) V(@) f(@)|P € L0, ).

(B) If the sequence {~,} satisfies the condition: there exists an 4 > 0 such that
the sequence {y,nP~1=%1} is almost increasing, then the condition (1.6) is
necessary for the validity of condition (1.7).
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Some new results pertaining to related problems, with those we mentioned above,

one can find for example in [12] when

{Mn} € {{Ck} : i ek — k| < K (c) Cn} :
k=m

in [13] when

2m—1 [am]
C
el fat: D lan—anl <K@ Y ]j
k=m k=[m/a]

for some ¢ > 1, in [2] when

{An} € ¢ {ert: Z lek — cpt1] < K (¢) m?-1 Z %

k=m k=[m/a]

for some a > 1 and 6 € (0, 1], in [10] when

o0 o
_ Ck
{An} e {e}: Z ek — Crgr| < K (¢)mP1 Z 70
k=m k=[m/a]

for some a > 1 and 0 € (0,1] and r € N, in [4] when

[e’e) 2m—1
Dt € {{ck}: S Hlex — epl < DTS k|ck—ck+2|}7
k=m

m
k=2m

where K (c) is a positive constant depending only on a nonnegative sequence ¢ =

{ex}
Now, for further investigations we recall an another class of sequences. Namely,

was again Leindler [6] who introduced a new class of sequences which is a wider
class than the class R§ BV'S.

Definition 1.1. A sequence ¢ := {cx} of nonnegative numbers tending to zero
belongs to RBVS_T;(S, if it has the property

o0 m
K(c
E lek — cpr1] < ﬁ E e,
k=m n=1

for all natural numbers m, where r,6 € R and K(c) is a positive constant depending

only on the sequence c.

As is pointed out by Leindler [6], if 0 < § < 1 and ¢ € RjBVS, then ¢ €
RBVS:F"s also holds true. Indeed,

m
em <mt e, < K(c)m*“l*‘S E n e,
n=1
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Subsequently, the embedding relation Rar BVS C RBVSQ(; holds true as well.

Moreover, it is clear that for a nonnegative sequence {c;} and m € N

1 - 1 - 1 -
r+1 d2—01 Z r+1 Z r+1
o 2 :k Ck < mrH1+os (m) ke < mrH1+os ke,
k=1 k=1 k=1

when 65 < d1, r € R and

m m

R o T A Sy s U o R P B
mritite k= yritits k= yratite k>
k=1 k=1 k=1

when r, <71, § € R. Hence

RBVST™ C RBVSY® (8, < 61)
and

RBVS™® C RBVS  (ry <71).

Therefore in this paper we are concerned about finding the necessary and sufficient
conditions on the sequence {\,} € RBVS:F’(S so that ~v(z)|f(x)|? € L(0,7) and
~v(x)|g(z)|P € L(0, ), which indeed is the aim of this paper.

To achieve this goal we need some helpful statements given in next section.

2. AUXILIARY LEMMAS

Lemma 2.1 ([7]). Let A\, >0 and a, > 0. Then

00 n p %) ) P

S, (z ) <3N (zxy) R
n=1 v=1 n=1 v=n

Lemma 2.2 ([9]). Let A\, > 0 and a,, > 0. Then

oo %) p oo n p
S, (z) <Y AT (ZM) e
n=1 v=n

n=1 v=1
3. MAIN RESULTS

At first, we prove the following.

Theorem 3.1. Suppose that {\,} € RBVSTS, r>0,0<d<1andl <p< 0.
If the sequence {v,} satisfies the condition: there exists an €1 > 0 such that the

sequence {v,n " P} is almost decreasing, then the condition

(3.1) Z ApnPCO72)NP < 5o

n=1

is sufficient for the validity of the condition

(3-2) 7 (@) g () |7 € L(0,).
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Proof. First we denote

Dy (z) = Zsink‘w, n €N,
k=1
Using Abel’s transformation, \, — 0, and the well-known estimate |D,,(z)| =

O(1/z) we have

o] N-1
Z Apsinne = A}im < Z (A — Ant1)Dn(x) + AnDy(z) — )\m+1Dm(x))
n=m-+1 = n=m-+1
= Z ()‘n - )‘n+1)l~)n(x) - Z ()‘n - )‘n+1)l~)m(x)~
n=m-+1 n=m-+1
Whence, for x € (n+1’ n} since |sinnz| < nz, | Dy, (z)| < €. and {\,} € RBVS:"S

we obtain

lg(z)] < C( Zk)\k+n2|)\k_>\k+1>
C<1Zk’\ +szr+1 )
n & BT e —
( Zk/\k+ Z )ngmk
k=1 k=1

IN

IN

Here and elsewhere, C' denotes positive constant, which may be different in different

cases. So, we get

[Fmarae 5[ onsors <5 (£

The use of Lemma 2.1 implies

/0 v(@)|g(2)[Pdx < CZ( 2+5p) (nAn)” (:_On k;ﬁs;;) ’

Since {mal_ép_lvm} is almost decreasing sequence, then we get
oo
V& Z In
k2+5p k1+§p €1 k1+51 — n1+§p €1 k1+61 — n1+§p'
k=n k=n
Thus, we obtain
s o0
| r@lg@prs <0 Ym0,
0 n=1
The proof is completed. O

Theorem 3.2. Suppose that {\,} € RBVS ,r>0,0<d<1landl <p< co.
If the sequence {~,} satisfies the condition: there ezists an €2 > 0 such that the
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sequence {y,nP~17%2} is almost increasing, then the condition

e}
(3.3) Zvnnp‘;_Q)\fl < 400

n=1

is necessary for the validity of condition (3.2).

Proof. Let us show first that g (x) € L(0,7). Namely, if 1 < p < +oo and
p + q¢ = pq, then applying Holder’s inequality, we get

Aﬂqu¢ns([fvumgunmm)”p(Aﬂvu»-wmm)wf

Now using the estimation (see [11], page 440)

([werM<a

/Oﬂ lg(x)|dz < C (/Oﬂ y(x)|g(x)|pdx)”p e

Let p = 1. Then we can set up that {~,} is almost increasing, and whence

we have

s o0 1 %
[l < 3o [T s@le@les
0 n—=1 Tn HLH
1
<

—_— z)|g(x)|dr < +o00.
& | "@lsta)

Therefore, for all p € [1,+00) we showed that g (z) € L(0, 7). Using this fact we

can integrate the function g (z) so that we have

r > r Sl nx
F(x) := / t)dt = )\n/ sinntdt = 2 20 sin? =,
@)= [ o= x | 3 e

n=1

Denoting

™

d, = /V lg(z)|dx, v eN,
ey
and taking into account that {\,} € RBV S%°
TN, /2 C &
> n (2) 2 2
F(r/m) > cn; - (m) — > A

n=1

C & 1 i

—+1 _ o—1 r+1

mr2 > n T =Cm oL D_on
n=1 n=1
Cmo ! & Cmo=1\,

> — > - -7

Y

then
Ay < Cn'=°F(m/n) < Cn'~° Z d,.

v=n
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So we have

[e%e] [e’e) [e'e) p
I:= Z*ynnp‘sd/\fl < C’X:'ynnp*2 (Z dy>
n=1 n=1 v=n

The use of Lemma 2.2 gives

I<C’Zd” AP~ 2 <Z'y P~ 2)

The sequence {7, npfl’”} is almost increasing, by assumption, which implies

P
2 P)/VVP 1-e2
I < anl diy (™ (Z ==
o n 1 p
_o\1—p _1—e
< ¢ Z dfl (V"np 2) (’YTLHP e Z y1—62>
n=1 v=1
< Oy () () < O dhyan® Y,
n=1 n=1
Now, if 1 < p < 400 and g = , then applying Holder’s inequality, we easily get
Ed p Ed
& = ( / |g<w>|dw> <cntt [* g
EEay i

Subsequently, we obtain that

C’Z’yn/ x)|Pdx

n+1

CZ/ z)|g(x |pdx<c/ z)|Pd.

For p = 1, we also have

I<CZ%d <c/ v (x)|g(x)|dx.

n=1

1

IN

IA

The proof is completed. a

Theorem 3.3. Suppose that {\,} € RBVS ,r>0,0<d6<1landl <p< co.
If the sequence {v,} satisfies the condition: there exists an €3 > 0 such that the
sequence {v,n°*"1} is almost decreasing, then the condition (3.1) is sufficient for

the validity of the condition
(34) v (@) |f (x) [P € L0, m).

Proof. Similar as in the proof of Theorem 3.1, we have

zn:)\k coskx| + i A cos kx
k=1

k=n-+1
> X+ DI = Mg | [D(@)] + A [Dn ()]
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where

= icoskx, n € N.

Hence, for = € <n+1, 1} since | Dy, (z)] < € and {\,} € RBVS:;(5

n

f@)] < C <Z Ak +nz Ak — )\k+1|>
o(Snt ke zww)
C <Z M + Z k15/\k> <C zn: k'O
k=1 k=1 k=1

IN

IA

Therefore

/ z)|f (@ V’da:Z/ 2)|f(@)Pdz < CZ% <Zk1 Mk)p.

Using Lemma 2.1 and the fact that {m®~1v,,} is almost decreasing sequence, we

obtain similar as in the proof of Theorem 3.1 that

k=n

n 1— B e ksgfl p
(%) p(ﬂl 5/\n)p (Z 7]]:/,1-1-53 >

=N

IA
Q
NE

IA
Q
M8

< C’i (ln)l—p (nha/\n)p (%nﬂ)p < Ciwnnp(275)72>\ﬁ’

n=1 n=1

This ends our proof. O

Theorem 3.4. Suppose that {\,} € RBVSQ’&, r>0,0<d<1landl<p<oo.
If the sequence {v,} satisfies the condition: there exists an €2 > 0 such that the
sequence {y,nP~17%2} is almost increasing, then the condition (3.3) is necessary
for the validity of condition (3.4).

Proof. Similar as in the proof of Theorem 3.2 we can show that the condition

(3.4) implies f (z) € L(0, 7). Integrating the function f, we write

/ f@)dt= 2 sinna.
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Now, we prove if {\,} € RBVS_T;‘S then {22} € RBVSQ(;. Suppose {\.} €
RBVS7°. Then for m € N

< W”H—lki [ A% _/\k+1|+,§nk(kl+1)§|)\l — Ayl
= m2+r+5 Zl A, + Z A= A Z 2
n
< mlgpls Zl i+ Z A= A
n= I=m
% Ti:lnml)\n < (1 ‘:niﬂr& z?ib: ?n’

whence {22} € RBVSQ‘S.
Applying Theorem 3.2 to the function H we obtain

T

S I < C / o (2) |H ()" dz,

n=1 0
where {v}} satisfies the following condition: there exists ¢ > 0 such that the
sequence {v;n?~17¢} is almost increasing. For v, = ~,,n?, this condition is obviously
satisfied. Then

I = Z’y nPo- 2)\”*27 nPnP°~ 2<)\ )

n=1

= Zv nPo=2\P <C/ z)|P dx

1)
. sora) o
=

+

IN

CZ/H

p

< oY | [ir@iar| =€ 3
n=1 0 n=1

Denoting

[f @)l dt

1M
A\c\a

fv:/\f(t)ldt veN

v+1

and using Lemma 2.2 we get

1<CY 3n™ 2 (fa).
n=1
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Now, if 1 <p < +o00 and ¢ = then applying Holder’s inequality, we easily get

pl’

s p s
= ( | If(:c)ld:c> <ctn [ |fapda,

n+1 n+1

Subsequently, we obtain that

CZ%L/ (x)|Pdx

+1

OZ/ 2| |”dx<C/ (2)|Pd.

For p = 1, we also have

I<Cnynd <C/ x)|dz,

and the proof is completed. O

1

IN

IN

Remark 3.1. Since R:{BVS’ C RBVSQI, then Theorem 1.1 and Theorem 1.2 are

consequences of our results.

Remark 3.2. We know that the class of zero monotone decreasing sequences is a
subclass of the class R(J{BVS. Whence, our results also hold true when condition
{\} € RBVS:‘S is replaced with condition {\,} € M :={c: ¢, | 0}.

4. CONCLUSIONS

The integrability of functions defined by trigonometric series has been attractive
for lots of researchers during last six decades. The questions of integrability with
weight of such functions, whose coefficients of their trigonometric series belong
to various classes of sequences such as the decreasing sequences [3], the power-
monotone sequences [8], the quasi-monotone sequences [14] and the general monotone
sequences which is very important class for such questions, see [5], [2], [10], [12] and
[13], are of the great interest. Here, in the present paper, we go one step further,
finding the necessary and sufficient conditions for the power integrability with a
weight of the sum of the sine and cosine series whose coefficients belong to the
RBVSTs, r > 0, class and in the same time covering the results proved previously

by others. In our results, 0 < § < 1, we assume that the quantities

o0 oo
Z AunPP=0=2)P  and Z VPO T2NP
n=1 n=1

are finite, which both coincide, 6 = 1, with finiteness of the famous quantity

oo

-2
g P TEND
n=1
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Among this, we have showed as well the embedding relation

RBVST™ C RBV S}, when 0 < §; < §; < 1.

The RBVS:_"S class seems to be considered here for the second time since it has

been introduced and employing it, especially in the proof of our findings, shows

that it could also be useful in other topics similar to this already considered here.
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