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Òåîðåìà (Ñ. Â. Êîíÿãèí). Ïóñòü S(x) è S(x) íèæíèé è âåðõíèé ïðåäåëû ÷à-

ñòè÷íûõ ñóìì íåêîòîðîãî òðèãîíîìåòðè÷åñêîãî ðÿäà. Òîãäà

mes{x ∈ [−π, π] : −∞ < S(x) ≤ S(x) = +∞} = 0.

Â ÷àñòíîñòè, òðèãîíîìåòðè÷åñêèé ðÿä íå ìîæåò ñõîäèòñÿ ê +∞ íà ìíîæå-

ñòâå ïîëîæèòåëüíîé ìåðû.

Äëÿ ðÿäîâ ïî ñèñòåìàì Õààðà è Óîëøà èìååòñÿ ñëåäóþùàÿ êàðòèíà. À. À.

Òàëàëÿí è Ô. Ã. Àðóòþíÿí [7] äîêàçàëè, ÷òî ðÿäû ïî ñèñòåìàì Õààðà è Óîëøà

íå ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû. Â ðàáîòàõ [8], [9]

äàíû áîëåå ïðîñòûå äîêàçàòåëüñòâà ýòîé òåîðåìû. Îäíàêî (ñì. [10]), ñóùåñòâó-

þò ðàâíîìåðíî îãðàíè÷åííûå îðòîíîðìèðîâàííûå ñèñòåìû ôóíêöèé, ðÿäû ïî

êîòîðûì ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû ïðè ëþáîé

ïåðåñòàíîâêå ÷ëåíîâ ðÿäà. Í. Á. Ïîãîñÿí [11] óñòàíîâèë, ÷òî äëÿ êàæäîé ïîëíîé

îðòîíîðìèðîâàííîé ñèñòåìû ñóùåñòâóåò ðÿä, êîòîðûé ïîñëå ïîäõîäÿùåé ïåðå-

ñòàíîâêè ñõîäèòñÿ ïî÷òè âñþäó ê +∞.

Îðòîíîðìàëüíóþ â L2[0, 1] ñèñòåìó Ôðàíêëèíà, îïðåäåëåíèå êîòîðîé áóäåò

äàíî â ñëåäóþùåì ïàðàãðàôå, îáîçíà÷èì ÷åðåç {fn(t)}∞m=1. Äàëåå îáîçíà÷èì I =

[0, 1] è mes(A)-Ëåáåãîâàÿ ìåðà ìíîæåñòâà A. Íåäàâíî áûëè äîêàçàíû ñëåäóþùèå

òåîðåìû (ñì. [4]).

Òåîðåìà À (Ã. Ã. Ãåâîðêÿí). Äëÿ ëþáîãî ðÿäà
∑∞
m=0 amfm(t) èìååò ìåñòî

mes{t ∈ I : lim
ν→∞

2ν∑
m=0

amfm(t) = +∞} = 0.

Â ÷àñòíîñòè, ðÿä Ôðàíêëèíà íå ìîæåò ñõîäèòüñÿ ê +∞ íà ìíîæåñòâå ïîëî-

æèòåëüíîé ìåðû.

Òåîðåìà Á (Ã. Ã. Ãåâîðêÿí). Åñëè äëÿ ðÿäà
∑∞
m=0 amfm(t) âûïîëíÿåòñÿ

mes{t ∈ E : lim inf
n→∞

n∑
m=0

amfm(t) = +∞} = 0,

òî ðÿä
∑∞
m=0 amfm(t) ñõîäèòñÿ íà E ïî÷òè âñþäó. Â ÷àñòíîñòè, ðÿä Ôðàíêëè-

íà íå ìîæåò ñõîäèòüñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû.

Â ðàáîòå [18] äîêàçàíû:

• Åñëè supk
nk+1

nk
<∞, òî (ñì. [18], òåîðåìà 3)

mes{x ∈ I : lim
k→∞

nk∑
m=0

amfm(t) = +∞} = 0.
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• Åñëè supk
nk+1

nk
=∞, òî (ñì. [18], òåîðåìà 4) ñóùåñòâóåò ðÿä

∑∞
m=0 amfm(t),

ñî ñâîéñòâîì

mes{x ∈ I : lim
k→∞

nk∑
m=0

amfm(t) = +∞} = 1.

Àíàëîã òåîðåìû À äëÿ ðÿäîâ ïî îðòîíîðìàëüíûì ñïëàéíàì äîêàçàí â ðàáîòå

[16]. Àíàëîã òåîðåìû Á äëÿ òàêèõ ðÿäîâ íåèçâåñòåí.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ êðàòíûå ðÿäû ïî ñèñòåìå Ôðàíêëèíà.

Ïóñòü k íåêîòîðîå íàòóðàëüíîå ÷èñëî. Ðàññìîòðèì êðàòíûå ðÿäû Ôðàíêëèíà

(1.1)
∑

m∈Nk0

amfm(x),

ãäå m = (m1, ...,mk) ∈ Nk0-âåêòîð ñ íåîòðèöàòåëüíûìè öåëî÷èñëåííûìè êîîðäè-

íàòàìè, x = (x1, ..., xk) ∈ [0; 1]k è fm(x) = fm1
(x1) · · · fmk(xk).

Îáîçíà÷èì ÷åðåç σν(x) êóáè÷åñêèå ÷àñòè÷íûå ñóììû ðÿäà (1.1) ñ íîìåðàìè

2ν , ò.å.

(1.2) σν(x) =
∑

m:mi≤2ν

amfm(x),

ãäå m = (m1, ...,mk).

Âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.1. Äëÿ ëþáîãî ðÿäà (1.1) èìååò ìåñòî

mes{x ∈ Ik : lim
ν→∞

σν(x) = +∞} = 0.

2. Îïðåäåëåíèå ñèñòåìû Ôðàíêëèíà è âñïîìîãàòåëüíûå ëåììû

Ïóñòü n = 2µ + ν, µ ≥ 0, ãäå 1 ≤ ν ≤ 2µ. Îáîçíà÷èì

sn,i =

{
i

2µ+1 , äëÿ 0 ≤ i ≤ 2ν,
i−ν
2µ , äëÿ 2ν < i ≤ n.

×åðåç Sn îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ è êóñî÷íî ëèíåéíûõ

íà [0; 1] ñ óçëàìè {sn,i}ni=0, ò.å. f ∈ Sn, åñëè f ∈ C[0; 1] è ëèíåéíàÿ íà êàæ-

äîì îòðåçêå [sn,i−1; sn,i], i = 1, 2, ..., n. ßñíî, ÷òî dimSn = n + 1 è ìíîæåñòâî

{sn,i}ni=0 ïîëó÷àåòñÿ äîáàâëåíèåì òî÷êè sn,2ν−1 ê ìíîæåñòâó {sn−1,i}n−1
i=0 . Ïîýòî-

ìó, ñóùåñòâóåò åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî çíàêà, ôóíêöèÿ fn ∈ Sn, êîòîðàÿ
îðòîãîíàëüíà Sn−1 è ‖fn‖2 = 1. Ïîëàãàÿ f0(x) = 1, f1(x) =

√
3(2x− 1), x ∈ [0; 1],

ïîëó÷èì îðòîíîðìèðîâàííóþ ñèñòåìó {fn(x)}∞n=0, êîòîðàÿ ýêâèâàëåíòíûì îáðà-

çîì îïðåäåëåíà Ô. Ôðàíêëèíîì [12].
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: tνj = j
2ν , êîãäà 0 ≤ j ≤ 2ν , tν−1 = tν0 = 0 è

tν2ν+1 = tν2ν = 1. Ïîëîæèì δνj = (tνj−1; tνj+1), äëÿ 0 ≤ j ≤ 2ν . Ïóñòü δij-ñèìâîë

Êðîíåêåðà, ò.å. δij = 1, åñëè i = j è δij = 0, åñëè i 6= j. Ôóíêöèè ϕνj îïðåäåëèì

ñëåäóþøèì îáðàçîì:

ϕνj (tνi ) = δij , j = 0, ..., 2ν , è ϕνj ëèíåéíà íà [tνi−1, t
ν
i ], i = 1, ..., 2ν .

Äëÿ íàòóðàëüíîãî ν ïîëîæèì Nkν = {0, 1, ..., 2ν}k. Äëÿ âåêòîðà j = (j1, ..., jk) ∈ Nkν
îáîçíà÷èì

∆ν
j = δνj1 × · · · × δ

ν
jk
, tνj = (tνj1 , ..., t

ν
jk

), è φνj (t) = φνj (t1, ..., tk) = ϕνj1(t1) · · ·ϕνjk(tk).

Íåòðóäíî çàìåòèòü, ÷òî
∑2ν

j=0 ϕ
ν
j (x) = 1, êîãäà x ∈ I. Ñëåäîâàòåëüíî∑

j∈Nkν

φνj (x) = 1, êîãäà x ∈ Ik, è suppφνj = ∆ν
j .

Î÷åâèäíî, ÷òî ñèñòåìà ôóíêöèé {φνj }j∈Nkν îáðàçóåò áàçèñ â ëèíåéíîì ïðîñòðàí-

ñòâå S2ν . Èìååì òàêæå∫
Ik
φνj (x)dx =

∫
∆ν

j

φνj (x)dx =
k∏
i=1

∫
δνji

ϕνji(xi)dxi =
k∏
i=1

mes(δνji)

2
=

mes(∆ν
j )

2k
.

Îáîçíà÷èâ

(2.1) Mν
j (x) =

2k

mes(∆ν
j )
φνj (x)

ïîëó÷èì

(2.2)

∫
Ik
Mν

j (x)dx = 1.

Âåðíà ñëåäóþùàÿ ëåììà (ñì. [13] ëåììà 2).

Ëåììà 2.1. Äëÿ ëþáûõ Mν0
j0

(x) è ν > ν0 ñóùåñòâóþò ÷èñëà αj òàêèå ÷òî

Mν0
j0

(x) =
∑
j∈Nkν

αjM
ν
j (x),

ïðè÷åì ∑
j∈Nkν

αj = 1, αj ≥ 0 è αj = 0, åñëè ∆ν
j 6⊂ ∆ν0

j0
.

Ïóñòü N0(t) = 1− t, N1(t) = t, t ∈ I ε = (ε1, ..., εk), ãäå εi = 0 èëè 1. Ïîëîæèì

Nε(x) = Nε1(x1) ·Nε2(x2) · · ·Nεk(xk).

12
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Ëåììà 2.2. Ïóñòü

(2.3) F (x) =
∑
ε

aεNε(x), ãäå aε ∈ R

è

(2.4)

∫
Ik
F (x)Nε′(x)dx = 1, äëÿ íåêîòîðîãî ε′.

Òîãäà mes{x ∈ Ik : F (x) ≥ 2k−1} ≥ 3−k
2

.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî∫
I

N0(t)N0(t)dt =

∫
I

N1(t)N1(t)dt =
1

3
è

∫
I

N0(t)N1(t)dt =
1

6
.

Íåòðóäíî ïðîâåðèòü, ÷òî

(2.5)

∫
Ik
Nε′(x)Nε(x)dx =

1

3k
· 1

2|ε−ε′|
, ãäå |ε− ε′| :=

∑
|εi − ε′i|.

Èç (2.3), (2.4) è (2.5) ïîëó÷èì

(2.6) 1 =
∑
ε

aε
1

3k
· 1

2|ε−ε′|
.

Îáîçíà÷èì

(2.7) A+ = {ε : aε ≥ 0}, A− = {ε : aε < 0} è a := max
ε∈A+

aε.

Èç (2.6) è (2.7) ñëåäóåò, ÷òî

1−
∑
ε∈A−

aε
1

3k
· 1

2|ε−ε′|
=
∑
ε∈A+

aε
1

3k
· 1

2|ε−ε′|
≤ a 1

3k

∑
ε

1

2|ε−ε′|
= a

1

3k

(
1 +

1

2

)k
=

a

2k
.

Ñëåäîâàòåëüíî

(2.8) a ≥ 2k −
∑
ε∈A−

aε
1

3k
· 2k

2|ε−ε′|
.

Ïóñòü òî÷êà ε′′ òàêàÿ, ÷òî a = aε′′ . Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæåì ñ÷èòàòü,

÷òî ε′′ = (0, ..., 0). Îáîçíà÷èì E = [0, 3−k]k. Î÷åâèäíî, ÷òî

(2.9) N(0,...,0)(x) ≥
(
1− 3−k

)k
>

1

2
, êîãäà x ∈ E,

è

(2.10) Nε(x) ≤ 1

3k|ε|
, êîãäà x ∈ E.

Èç (2.3), (2.7)�(2.10) x ∈ E ïîëó÷èì

(2.11) F (x) ≥ aN(0,...,0)(x) +
∑
ε∈A−

aε
1

3k|ε|
≥ 2k−1 −

∑
ε∈A−

aε

(
2k−1−|ε|

3k
− 1

3k|ε|

)
13
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Èç 0 < |ε| ≤ k ñëåäóåò, ÷òî

2k−1−|ε|

3k
− 1

3k|ε|
> 0.

Ïîýòîìó, èç (2.11) ñëåäóåò

F (x) ≥ 2k−1 êîãäà x ∈ E.

Î÷åâèäíî, ÷òî mesE = 3−k
2

. �

Ëåììà 2.3. Åñëè (σν ,M
ν
j ) =: A > 0, j = (j1, ..., jk), 0 < ji < 2ν , i = 1, ..., k, òî

mes

{
x ∈ supp∆ν

j : σν(x) ≥ A

2

}
≥ 3−k

2

mes(∆ν
j ).

Äîêàçàòåëüñòâî. Ïóñòü ∆i, i = 1, 2, ..., 2k îêòàíòû êóáà ∆ν
j . Î÷åâèäíî, ÷òî èç

óñëîâèÿ ëåììû ñëåäóåò, ÷òî íà îäíîé èç ∆i âûïîëíÿåòñÿ∫
∆i

σν(x)Mν
j (x)dx > 2−kA.

Êóá ∆i k-ëèíåéíûì ïðåîáðàçîâàíèåì ïåðåâåäåì â êóá Ik. Òîãäà ôóíêöèÿ σν(x)

ïåðåéäåò â íåêóþ ôóíêöèþ âèäà (2.3), à Mν
j (x) â ôóíêöèþ âèäà 2kNε(x). Òîãäà

èìååì ∫
Ik
F (x)Nε(x)dx ≥ 2−kA.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ ïðèìåíèòü ëåììó 2.2. �

Èç ëåììû 2.3 ñëåäóåò

Ëåììà 2.4. Åñëè (σν ,M
ν
j ) =: A < 0, j = (j1, ..., jk), 0 < ji < 2ν , i = 1, ..., k, òî

mes

{
x ∈ supp∆ν

j : σν(x) ≤ A

2

}
≥ 3−k

2

mes(∆ν
j ).

3. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Äîêàçàòåëüñòâî òåîðåìû 1.1. Äîïóñòèì îáðàòíîå, ñóùåñòâóåò ðÿä (1.1),

òàêîé ÷òî äëÿ ïîñëåäîâàòåëüíîñòè σν(x), ν = 1, 2, ...,, îïðåäåëÿåìîé ôîðìóëîé

(1.2), âûïîëíÿåòñÿ

(3.1) mes(E+) > 0, ãäå E+ := {x ∈ Ik : lim
ν→∞

σν(x) = +∞}.

Ìíîæåñòâà âèäà
[
i1
2ν ,

i1+1
2ν

]
×· · ·×

[
ik
2ν ,

ik+1
2ν

]
íàçîâåì äâîè÷íèìè êóáàìè. Ïðèìåíÿÿ

àíàëîã òåîðåìû î òî÷êàõ ïëîòíîñòè èçìåðèìûõ ìíîæåñòâ â ìíîãîìåðíîì ñëó÷àå

(ñì. íàïð. [18], òåîðåìà 2.1), íàéäåì äâîè÷íûé êóá ∆, äëÿ êîòîðîãî âûïîëíÿåòñÿ

(3.2) mes(∆ ∩ E+) > (1− γ1)mes(∆), ãäå γ1 := 2−5k3−k
2

.
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Äàëåå, ïðèìåíÿÿ òåîðåìó î íåïðåðûâíîñòè ìåðû, íàéäåì ÷èñëî L < 0, òàêîå ÷òî

(3.3) mes(E−) < γ1mes(∆),

ãäå

(3.4) E− = {x ∈ ∆ : inf
ν
σν(x) ≤ L}.

ßñíî, ÷òî äëÿ íåêîòîðûõ ν0, j0 áóäåò ∆ν0
j0

= ∆.

Ïî èíäóêöèè îïðåäåëèì ïðåäñòàâëåíèÿ

(3.5) Mν0
j0

(x) =
ν∑

n=ν0

∑
i∈Λ1

n

α
(n)
i Mn

i (x) +
∑
i∈Λ2

ν

β
(ν)
i Mν

i (x),

ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè α
(n)
i , β

(ν)
i .

Ïîëàãàÿ Λ1
ν0 = ∅, Λ2

ν0 = {j0}, β
(ν0)
j0

= 1, ïîëó÷èì ïðåäñòàâëåíèå (3.5) äëÿ

ν = ν0. Îòìåòèì, ÷òî âûïîëíÿåòñÿ (ñì. (3.3), (3.4))

mes(∆ν0
i ∩ E−) < γ1mes(∆

ν0
i ) äëÿ i ∈ Λ2

ν0 .

Äîïóñòèì èìååì ïðåäñòàâëåíèå (3.5) äëÿ ν − 1 è ïîëó÷èì åå äëÿ ν. Â ñèëó

ëåììû 2.1 èìååì

(3.6)
∑

i∈Λ2
ν−1

β
(ν−1)
i Mν−1

i (x) =
∑
l

η
(ν)
l Mν

l (x).

Îáîçíà÷èì Λν = {l : η
(ν)
l 6= 0},

(3.7) Λ1
ν = {l ∈ Λν : mes(∆ν

l ∩ E−) ≥ γ2mes(∆
ν
l )}, ãäå γ2 = 2−k · 3−k

2

,

(3.8) Λ2
ν = Λν\Λ1

ν .

Ïîëîæèì òàêæå

α
(ν)
i = η

(ν)
i , åñëè i ∈ Λ1

ν è β
(ν)
i = η

(ν)
i , åñëè i ∈ Λ2

ν .

Íåîòðèöàòåëüíîñòü êîåôôèöèåíòîâ α
(ν)
i , β

(ν)
i ñëåäóåò èç ëåììû 2.1 è (3.6). Êðîìå

òîãî, ó÷èòûâàÿ, ÷òî èíòåãðàëû âñåõ ôóíêöèé, âõîäÿùèõ â (3.5) ðàâíû åäèíèöå,

ïîëó÷èì

(3.9)

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i +

∑
i∈Λ2

ν

β
(ν)
i = 1.

Çàìeòèì, ÷òî

(3.10) mes(∆ν
i ∩ E−) ≤ 2kγ2mes(∆

ν
i ), êîãäà i ∈ Λ1

ν .
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Äåéñòâèòåëüíî, åñëè i ∈ Λ1
ν , òî äëÿ íåêîòîðîãî j ∈ Λ2

ν−1 èìååò ìåñòî ∆ν
i ⊂ ∆ν−1

j .

Ïîýòîìó (ñì. (3.7), (3.8))

(3.11) mes(∆ν
i ∩ E−) ≤ mes(∆ν−1

j ∩ E−) ≤ γ2mes(∆
ν−1
j ) ≤ 2kγ2mes(∆

ν
i ).

Èç (3.7), (3.8), (3.10) è (3.11) ñëåäóåò, ÷òî

(3.12) mes(∆ν
i ∩ E−) ≤ 3−k

2

mes(∆ν
i ), êîãäà i ∈ Λ1

ν ∪ Λ2
ν .

Ïðèìåíÿÿ ëåììó 2.4, èç (3.12) è (3.4) ïîëó÷àåì

(3.13) (σν ,M
ν
i ) > 2L, êîãäà i ∈ Λ1

ν ∪ Λ2
ν .

Äëÿ ïðîèçâîëüíîãî ÷èñëà L1 > −1000L îáîçíà÷èì

(3.14) Λ3
ν = {i ∈ Λ2

ν : mes{x ∈ ∆ν
i : σν(x) > L1} > (1− 3−k

2

)mes(∆ν
i )},

è

(3.15) Λ4
ν = Λ2

ν\Λ3
ν .

Äîêàæåì, ÷òî

(3.16) (σν ,M
ν
i ) ≥ L1

2
, åñëè i ∈ Λ3

ν .

Äîïóñòèì îáðàòíîå: (σν ,M
ν
i ) < L1

2 äëÿ íåêîòîðîãî i ∈ Λ3
ν . Òîãäà áóäåì èìåòü

(3.17) (σν − L1,M
ν
i ) = −L1 + (σν ,M

ν
i ) < −L1

2
.

Ïðèìåíÿÿ ëåììó 2.4 ê (3.17), ïîëó÷èì

(3.18) mes

{
x ∈ ∆ν

i : σν(x)− L1 ≤ −
L1

4

}
≥ 3−k

2

mes(∆ν
i ).

Ñîîòíîøåíèå (3.18) ïðîòèâîðå÷èò (3.14). Ñëåäîâàòåëüíî âûïîëíÿåòñÿ (3.16).

Ïóñòü i ∈ Λ4
ν , ò.å.

mes{x ∈ ∆ν
i : σν(x) > L1} < (1− 3−k

2

)mes(∆ν
i ).

Îáîçíà÷èì ÷åðåç ∆ν
i,j , j = 1, ..., 2k, îêòàíòû êóáà ∆ν

i . Òîãäà äëÿ îäíîãî èç íèõ,

äîïóñòèì äëÿ ∆ν
i,j(i), âûïîëíÿåòñÿ

(3.19) mes{x ∈ ∆ν
i,j(i) : σν(x) > L1} < (1− 3−k

2

)mes(∆ν
i,j(i)).

Ïîëîæèì

(3.20) Bνi,j(i) = {x ∈ ∆ν
i,j(i) : σν(x) ≤ L1}

Èç (3.19), (3.20) ñëåäóåò

mes(Bνi,j(i)) ≥ 3−k
2

mes(∆ν
i,j(i)).
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Êàæäûé êóá Bν
i,j(i), ñ óñëîâèÿìè (3.19), (3.20), ìîæåò ñîäåðæàòüñÿ íå áîëåå ÷åì

â 2k ðàçíûõ êóáàõ ∆ν
i , ñ óñëîâèåì i ∈ Λ4

ν . Ñëåäîâàòåëüíî

(3.21) card(Λ4
ν) ≤ 2ν2k3k

2

mes{x ∈ ∆ : σν(x) < L1}.

Èç (3.2) ñëåäóåò, ÷òî äëÿ ëþáîãî L1, ïðè äîñòàòî÷íî áîëüøèõ ν, èìååò ìåñòî

(3.22) mes{x ∈ ∆ : σν(x) < L1} < 2−5k3−k
2

mes(∆).

Èç (3.21), (3.22) èìååì

(3.23) card(Λ4
ν) ≤ 2−4k2ν−ν0 .

Îáîçíà÷èì

(3.24) G =
⋃
i∈Λ4

ν

∆ν
i .

Î÷åâèäíî, ÷òî (ñì. (3.23), (3.24)) mes(G) < 2−3k2−ν0 , è ïîýòîìó (ñì. òàêæå (2.2),

(3.5), (2.1))

(3.25)
∑
i∈Λ4

ν

β
(ν)
i =

∑
i∈Λ4

ν

β
(ν)
i

∫
Mν

i (x)dx ≤
∫
G

Mν0
i0

(x)dx ≤ 2k+ν02−3k−ν0 = 2−2k.

Ïîëîæèì

Hν :=
ν⋃

n=ν0

⋃
i∈Λ1

n

∆n
i .

Èç (3.10) ñëåäóåò , ÷òî

mes(Hν) ≤ 2kγ2mes(∆) = 3−k
2

mes(∆).

Ñëåäîâàòåëüíî (ñì. òàêæå (2.2), (3.5), (2.1))

(3.26)

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i =

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i

∫
Mn

i (x)dx ≤
∫
Hµ

Mν0
j0

(x)dx

≤ mes(Hµ)‖Mν0
j0
‖∞ ≤ 3−k

2

mes(∆)
2k

mes(∆)
≤ 2−k.

Èç (3.9), (3.15), (3.25), (3.26) âûòåêàåò, ÷òî

(3.27)
∑
i∈Λ3

ν

β
(ν)
i = 1−

∑
i∈Λ4

ν

β
(ν)
i −

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i ≥ 1− 2−2k − 2−k > 0.5.

Êîìáèíèðóÿ (3.25) � (3.27) ñ (3.5), (3.13), (3.16), ïîëó÷èì

d := (σν0 ,M
ν0
i0

) >
L1

4
+ 2L,

ãäå L1 ìîæåò áûòü ñêîëü óãîäíî áîëüøèì. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò

íåâåðíîñòü ïðåäïîëîæåíèÿ (3.1). Òåîðåìà äîêàçàíà.
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Abstract. In this paper we prove that the quadratic partial sums of a multiple

Franklin series with indices 2ν , ν = 1, 2, ..., cannot converge to +∞ on a set of

positive measure.
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