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Abstract. The vacuum expectation value of the surface energy-momentum tensor of a charged scalar 

field is investigated for two parallel branes in anti-de Sitter spacetime with a compact spatial 

dimension. The existence of a constant gauge field is assumed, which leads to an Aharonov-Bohm 

type effect because of the nontrivial topology of the considered space. The contribution due to the 

presence of the hidden brane is extracted from the vacuum expectation value, and it is shown to be a 

cosmological constant type energy density on the visible brane. This cosmological constant is a 

periodic function of the magnetic flux through the compact dimension and, depending on the 

parameters of the problem, can be either positive or negative. For interbrane distances solving the 

hierarchy problem between the Planck and electroweak energy scales, the cosmological constant on 

the visible brane is naturally suppressed. 
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1. Introduction 

Anti-de Sitter (AdS) spacetime is the maximally symmetric solution of the vacuum Einstein 

equations for the gravitational field with a negative cosmological constant. Because of high 

symmetry a relatively large number of physical problems are exactly solvable on its 

background. This has provided an opportunity for discussion of principal questions related to 

the quantization procedure on curved backgrounds. In contrast to quantum field theory in 

Minkowski bulk, the field theories in AdS spacetime have several new features such as the lack 

of global hyperbolicity and the presence of both regular and irregular modes. In recent 

developments of the gravitational physics and cosmology, the AdS geometry plays a crucial 

role in braneworld scenarios (for a general review see [1]). Well known examples of the latter 

are the Randall-Sundrum braneworld models [2]. They provide an interesting alternative to the 

standard Kaluza-Klein compactification of the extra dimensions and were initially introduced to 

resolve the hierarchy problem between the energy scales for gravitational and electroweak 

interactions. The AdS spacetime appears as the background geometry in these models. The 

main idea to resolve the large hierarchy is that the small coupling of 4-dimensional gravity is 

generated by the large physical volume of extra dimensions. 

The background geometry in the original Randall-Sundrum models is a slice of 

(4 1)+ − dimensional AdS spacetime that is defined by a 1 2/S Z  orbifold with respect to a single 

or two fixed points. The latter correspond to the locations of (3 1)+ − dimensional branes. In the 

RS1 model with two branes the negative tension (visible) brane contains the standard model 

fields and corresponds to our Universe. Depending on the specific model, in addition to those 
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fields, bulk fields can be present for which the extra dimensions are accessible. The presence of 

the branes induces boundary conditions on bulk fields. In quantum field theory the boundary 

conditions modify the spectrum of vacuum fluctuations and lead to the Casimir effect (for a 

review see [3]). In particular, the Casimir forces acting on the branes may provide a mechanism 

for the stabilization of the distance between the branes (radion field). Related to that possibility, 

the Casimir effect in braneworld models with AdS bulk has been investigated in a large number 

of papers (see, for example, references given in [4]). From the point of view of the back 

reaction of quantum effects on the bulk geometry, an important characteristic of the vacuum 

state is the vacuum expectation value (VEV) of the energy-momentum tensor. In braneworld 

models on AdS bulk that VEV has been investigated in [5]-[10] for scalar, fermionic and 

electromagnetic fields. In manifolds with boundaries the energy-momentum tensor in addition 

to the bulk part contains a contribution located on the boundary [11]. In braneworld models the 

boundaries are realized by the branes. For a real scalar field, the VEV of the surface energy-

momentum tensor on the branes was investigated in [12]-[14]. In the present paper we 

investigate the effects of nontrivial topology of the background geometry on the VEV of the 

surface energy-momentum tensor for a charged scalar field in braneworld models with two 

branes and with locally AdS spacetime. 

The paper is structured as follows. Section 2 contains the detailed description of the 

background geometry and the periodicity and boundary conditions for the field under 

consideration. In section 3 the VEV of the surface energy-momentum tensor is evaluated. It is 

divided into two parts: the first one corresponding to the model with a single brane and the 

second one being the contribution induced by the second brane. It is shown that the contribution 

in VEV due to the presence of the hidden brane corresponds to a cosmological constant type 

energy density on the visible brane. In section 4 we consider the Planck scales and the 

cosmological constants on the branes. The asymptotic behavior of these quantities is 

investigated for various regions of the parameters in the problem. It is shown that at separations 

between the branes solving the hierarchy problem between the Planck and electroweak energy 

scales, the induced cosmological constant on the visible brane is naturally suppressed without 

an additional fine tuning.  

 

2. The problem setup  

The AdS spacetime is a solution of vacuum Einstein equation in the presence of a negative 

cosmological constant. If D  is the number of spatial dimensions, the corresponding metric 

tensor in Poincaré coordinates is given by the line element  

 2 2 / 2 ,i k y a

ikds g dx dx e dx dx dy 

−= = −  (2.1) 

where diag(1, 1, , 1) = −  − , with , 0,1, , 1D  =  − , being the metric tensor for the D -

dimensional Minkowski spacetime and the indices ,i k  run over 0  to D . The parameter a  

determines the Ricci scalar R  and the cosmological constant   through the relations 
2( 1) /R D D a= − +  and 2( 1) / (2 )D D a = − − . In what follows, unless noted otherwise, we will 



Induced Cosmological Constant In 2-Brane Models || Armenian Journal of Physics, 2019, vol. 12, issue 4 

331 
 

use lowercase Latin letters to denote indices running from 0  through D  and lowercase Greek 

letters to denote indices running from 0  to 1D − . In addition to the coordinate y , 

y−   + , we define the coordinate z  in accordance with /y az ae= , 0 z   , in terms of 

which the metric tensor is written in a manifestly conformally flat form: 2( / )ik ikg a z = . One 

of the key features of the AdS spacetime is the lack of global hyperbolicity due to the timelike 

boundary 0z =  in the conformal infinity (AdS boundary). The hypersurface z =  

corresponds to the AdS horizon.  

     In the present paper the local geometry of the spacetime coincides with that for the AdS and 

is described by the line element (2.1), however, the global properties will be different. Namely, 

it will be assumed that the spatial dimension 1Dx −  is compactified on a circle of the length L , 
10 Dx L−  , whereas for the remaining dimensions ix , 1, , 2i D=  − , as usual, one has 

ix−   + . The proper length of the compact dimension measured by an observer residing 

on fixed y  is given by /

( ) ( / ) y a

pL a z L e L−= = . The proper length decreases with increasing y .   

     Having described the background geometry, we consider a charged scalar field ( )x  with 

x  standing for a spacetime point. Assuming the presence of an external gauge field iA , the 

corresponding field equation reads  

 ( )2 ( ) 0,ik

i kg D D m R x + + =  (2.2) 

where k k kD ieA= +  is the gauge extended covariant derivative operator and   is the 

curvature coupling parameter. The topology is nontrivial and, in addition, the periodicity 

condition must be specified along the compact dimension. As such we shall consider the 

condition  

 1 1 1 1( , , , , ) ( , , , , ),D i Dt x x L z e t x x z − − + =   (2.3) 

  

with a constant phase  . In what follows we consider a gauge field configuration with 

constant vector potential iA . In this case the corresponding field strengths are zero, however 

due to the nontrivial topology of the spacetime the constant field iA  gives rise to Aharonov-

Bohm like effects. Those effects for the VEV of the current density in braneworlds have been 

discussed in [4], [15-18]. In the case of a constant iA , with the gauge transformation 

( )( ) ( )ie xx e x − = , ( )i i iA A x= + , where ( ) i

ix A x = , one can pass to a new gauge, with the 

zero vector potential, 0iA = . The periodicity condition for the new field is transformed to  

 1 1 1 1( , , , , ) ( , , , , ),D i Dt x x L z e t x x z  −  − + =   (2.4) 

were the new phase is defined as 1DeA L  −= + . The physical quantities do not depend on the 

gauge and in the discussion below we will work in the gauge ( ( ), 0)ix A   =  omitting the 

primes for the sake of simplicity. In this gauge, one has k kD =  in the equation of motion 
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(2.2).   

     Here we are interested in the VEV of the surface energy-momentum tensor for the complex 

scalar field ( )x  in the geometry of two parallel branes localized at 
1y y=  (

1z z= ) and 
2y y=  

(
2z z= ). It is assumed, that the field obeys the Robin boundary conditions on the branes:  

 ( )(1 ) ( ) 0, , 1,2,j i

i jn x z z j +  = = =  (2.5) 

where ( )j  are constants and in  is the normal directed to the region under consideration. The 

VEVs in the regions 1z z  and 
2z z  are the same as those in the geometry of a single brane 

at 1z z=  and 2z z=  when the second brane is absent. The corresponding VEV for the surface 

energy-momentum tensor has been investigated in [14] and here we shall consider the region 

between the branes, 1 2z z z  . In that region one has ( )|
j

i j i

z z Dn n = = , where (1) 1n =  and 

(2) 1n = − . For the evaluation of the VEV the complete set of positive and negative energy 

solutions to the field equation (2.2) obeying the periodicity condition (2.4) and the boundary 

conditions (2.5) is required. We shall denote that set by ( ) ( ){ ( ) ( )}x x  + − , where   is the set of 

quantum numbers specifying the solutions.   

     For the background geometry described above the positive and negative energy solutions 

are presented in the following factorized form  

 
( ) /2( ) ( ) ,

r
rik x i tDx z Z z e 

   =  (2.6) 

where ( )Z z   is a linear combination of cylinder functions of the order  

 
2 2 2/ 4 ( 1) ,D D D m a = − + +  (2.7) 

and 2 2k = + , 
1

2 2

1

D

i

i

k k
−

=

= . If the order   of the cylinder function is imaginary the 

corresponding vacuum state becomes unstable [19-21]. For that reason, we shall consider only 

the values for the parameters in the problem for which 0   (Breitenlohner-Freedman bound). 

The components of momentum are determined as follows  

 
1

, 1, , 2

2
, 0, 1, ,

 

2

 i

D l

k i D

l
k p l

L

 
−

−   + =  −

+
=  =   

 (2.8) 

The complete set of quantum numbers   consists of the components of momentum rk , 

1,2, , 1r D=  −  and the "radial" quantum number  .   

     In the region between the branes, 1 2z z z  , by making use the boundary condition (2.5) 

on the brane 1z z= , for the function ( )Z z   one gets (see also [12,13])  
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 (1)

1( ) ( , ),Z z C g z z    =  (2.9) 

where  

 ( ) ( ) ( )( , ) ( ) ( ) ( ) ( ).j j jg u v Y u J v J u Y v    = −  (2.10) 

 

Here ( )J v  and ( )Y v  are the Bessel and Neumann functions and the notation with the bar is 

defined as  

 
( ) ( ) ( )

( ) ( )( ) ( ) ( ), 1 , .
2

j j j
j j

j j j j

n D
F x A F x B xF x A B n

a a

 = + = + =  (2.11) 

From the boundary condition on the second brane it follows that the allowed values of the 

quantum number   are the roots of the following equation  

 1 2( , ) 0,g z z   =  (2.12) 

where (1) (2) (1) (2)( , ) ( ) ( ) ( ) ( )g u v J u Y v Y u J v    = − . We shall denote by n , 1,2,n = , the positive 

roots of the equation (2.12) with respect to  . The constant C  in (2.9) is determined from the 

standard normalization condition and is given by the expression  

 
(2) (1)3

2 2 1

1

1 2

( ) / ( )(2 )
| | , .

4 ( , )

D

nD

Y z Y z
C

a L g z z

 


 

  
 

  

−

−
= =


 (2.13) 

     We are interested in the VEV of the surface energy-momentum tensor. For a manifold with 

a boundary sM , the VEV can be presented in terms of the VEV of the field squared as 

[11,14]  

 ( ) †0 | | 0 ( ; ) 0 | | 0 ,
js

s

c
T x M

a

 

     = −     (2.14) 

where the delta function ( ; )sx M   locates the VEV on the boundary (branes in the problem 

under consideration) and we have defined  

 ( )

( )

2 1/ 2
.j

j j
c n a






−
= −  (2.15) 

Hence, the problem is reduced to the evaluation of the VEV †0 | | 0   on the branes. For the 

brane at jz z=  the VEV (2.14) is presented as  

 ( )0 | | 0 ( ; )diag( , , , ),s

s j j jT x M p p

    =  −  −  (2.16) 
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with sM  corresponding to 
jz z=  and the energy density 

j  and pressure 
j jp = − . For an 

observer living on the brane, the VEV (2.16) corresponds to a gravitational source of the 

cosmological constant type.   

3. Surface energy density  

 

Having the complete set of the mode functions, the VEV of the field squared is evaluated by 

using the mode sum formula  

 † ( ) ( )0 | | 0 ( ) ( ),x x 


  − −  =  (2.17) 

where a summation is understood for discrete quantum numbers and an integration for 

continuous ones. Substituting the mode functions, the VEV of the field squared on the brane at 

jz z=  is presented as  

 

3 1

† 3

/2 1 0

( )

2 2 2
1 1 2

2
0 | | 0

( / 2 1)

( , )
,

( , )

  
j

n

D D D

j j D

z z D
l

j

jj

n
l

B a z
dK K

D L

g z z

g z zK p



 
 




 

 





− −  
−

= −
=−



=
=

  =
 −


+ +

 



 (2.18) 

where the expressions with 1j  =  and 2j =  provide two equivalent forms of the 

representation. The expression on the right-hand side is divergent and a regularization is 

needed. For the purpose of regularization, as in [14], we make the replacement 

2 2 2 2 2 2 /2( ) s

l lK p K p  −+ + → + +  and consider the values of the complex parameter s  in the 

range where the expression corresponding to (2.18) is convergent. In addition, to keep the 

dimensions of the right-hand side, an arbitrary mass scale   will be introduced. The function 

obtained in this way from (2.18) will be denoted by ( )j s . Evaluating the integral over K , the 

corresponding expression is presented as  

 

1

/2 1
( ) ( ),

(4 )

D D

j j

j jlD
l

a B z
s s

L




− 

−
=−

 =   (2.19) 

where the generalized partial zeta function is introduced in accordance with 

 ( )
( )

2 2

1
1 1 2

( , )( )
( ) ,

( / 2) ( , )

s

n

j

jjs
jl ls

n

g z z
s p

s g z z

 

 
 

 
  

  






+
=

=

 −
= +
 − 

  (2.20) 

and ( ) / 2 1s D s = + − . The renormalized value of 
†0 | | 0

jz z =   is obtained by the analytic 
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continuation of ( )j s  at 1s = − .   

     The computation of the VEV of the surface energy-momentum tensor requires the analytic 

continuation of the function ( )j s  to the value 1s = − ,  

 
1( / ) ( ) | .j j j sc a s =−= −   (2.21) 

In accordance with (2.19) the analytic continuation of the function ( )j s  is reduced to the one 

for the function ( )jl s . This is done in a way similar to that used in [12,13] by using the 

residue theorem. As a result the surface energy density on the brane at 
jz z=  is decomposed as  

 
(1) ,j j j  = +  (2.22) 

where (1) j  is the surface energy density in the geometry of a single brane at jz z=  when the 

second brane at 
j

z z = , j j  , is absent. The part j  is induced on the brane jz z=  by the 

brane 
j

z z = . This second brane induced contribution is given by the expression  

 
( )

( )
3

2 2(1 )/2 2 2
( ) 1 2

(1) (2) (1) (2)| |
1 2 1 2

( , )2(4 )
,

( 1) / 2 ( ) ( ) ( ) ( )l

D

D D
l jj j j

j D p
l

x x p F xz xzc B z
dx

D La K xz I xz I xz K xz



   




−

−  

=−

−
 =

 − −
   (2.23) 

where lp  is given by (2.8) and we have defined the functions  

 
(2) (1)

(1) (2)(1) (2)

( ) ( )
( , ) , ( , ) .

( ) ( )

K v I u
F u v F u v

K u I v

 
 

 

= =  (2.24) 

Here, ( )I x  and ( )K x  are the modified Bessel functions and the notation (2.11) is used. The 

additional energy densities (2.23) are induced on the sides 1 0z z= +  and 2 0z z= −  of the first 

and second branes, respectively. The surface energy densities on the sides 1 0z z= −  and 

2 0z z= +  are the same as those for the corresponding geometries with single branes and 

0j =  for 1 0z z= −  and 2 0z z= + . The single brane part (1) j  is investigated in [14] and in 

what follows we shall be concerned with the contribution j . First of all, by the redefinition 

of the summation variable l  in (2.23) we see that j  is a periodic function of   with the 

period 2 . So, we can take   in the region   −   . For 0 =  the mode 0l =  

corresponds to the zero Kaluza-Klein mode.   

     In order to clarify the behavior of the induced energy density we consider limiting cases. 

For large values of the AdS curvature radius compared to the interbrane distance, 

2 1( ) / 1y y a− , the order of the Bessel functions is large and we use the uniform asymptotic 

expansions of the Bessel functions for large orders [22]. As a result, for the energy density we 
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obtain  

 ( )

( )

2 1

3
2 2 2(1 )/2 ( )

2

( )2 2

1
(1) (2)

2 ( )

(1) (2)

2(4 )
(1 4 )

( 1) / 2 1

1 1
1 ,

1 1

  
l

D

D j
l

j ju
l

u y y

u u
duu

D L u

u u
e

u u

 
 



 

 

−

−  

=−

−

−

−
  −

 − −

 − −
 − 

+ + 

 
 (2.25) 

where 2 2

l lu p m= + . The expression on the right hand side of  (2.25) corresponds to the 

energy density in flat background spacetime. For large distances between the branes we 

consider two cases. The first one corresponds to 2 1lp z  and 1 1lp z . By using the 

asymptotic expressions for the modified Bessel functions with the arguments 2z  we can see 

that in (2.23) the separate terms with given l  decay as 22| |lp z
e
−

. In the second case we assume 

that 
1 1lp z  for a fixed 

2lp z . Replacing the modified Bessel functions with the arguments 

1z  by the corresponding asymptotic for small arguments it can be seen that 1  is suppressed 

by the factor ( )
2

1 2/
D

z z
+

 and 2  is suppressed by ( )
2

1 2/z z


.   

     Now let us consider the limiting values for the length of the compact dimension. For 

2L z  the dominant contribution to the series over l  in (2.23) comes from large values of | |l  

and, in the leading order, we can replace the corresponding summation by the integration. This 

gives  

 
( )

(1 )/2 2 2

( ) 1 2

(1) (2) (1) (2)0 0
1 2 1 2

2(4 ) ( , )
.

( 1) / 2 ( ) ( ) ( ) ( )

D D D

j j j j

j D

c B z w F xz xz
du dw

D a K xz I xz I xz K xz



   






− −
 

 
 − −   (2.26) 

where 2 2x w u= + . Now we introduce polar coordinates ( , )x   in the plane ( , )u w . After the 

integration over the angular coordinate we get  

 
( )

/2 2 1

( ) 1 2

(1) (2) (1) (2)0
1 2 1 2

2(4 ) ( , )
.

/ 2 ( ) ( ) ( ) ( )

D D D

j j j j

j D

c B z x F xz xz
dx

D a K xz I xz I xz K xz



   




− −


 
 −  (2.27) 

The expression in the right-hand side coincides with the induced energy density in the model 

where the dimension 1Dx −  is decompactified. For a real scalar field, the latter was investigated 

in [12]. Note that the condition 2L z  is written as 2 /y a
Le a

−
. This means that in the limit 

under consideration the physical length of the extra dimension on the brane at 2y y=  is much 

larger than the curvature radius.  

     For 2L z  for all the terms with 0l   one has 2| | 1lp z  and it can be seen that for the 

modes with given l  the corresponding contributions to j  are suppressed by 22| |lp z
e
−

. For 

0 | |    the dominant contribution comes from the mode 0l =  and the induced energy 

densities are suppressed by the factor 22| | /z L
e

−
. For 0 =  the dominant contribution comes 
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from the zero mode with 0lp =  and one gets  

 
( )

(1 )/2 2 2

( ) 1 2

(2)0 (1) (2) (1)

1 2 1 2

2(4 ) ( , )
.

( 1) / 2 ( ) ( ) ( ) ( )

D D D

j j j j

j D

c B z x F xz xz
dx

D La K xz I xz I xz K xz



  




− −


 
 − −

  (2.28) 

This limit corresponds to small physical lengths of the compact dimension on the brane 2y y=  

with respect to the curvature scale, 2 /y a
Le a

− . In the limit 
1L z  and for 0 | |    the 

arguments of the modified Bessel functions in (2.23) are large and by using the corresponding 

asymptotic expressions we get  

 
( )

( )

( )
( )2 1

3
( )2 2 2(1 )/2 2 1 2

2

2 ( )| | ( )

4(4 )
,

( 1) / 2 l

D
jD D

lj j j j j j x z z

j D jp j
l

j j jj j j

A n B xzx x pc B z
dx e

D La A n B xzA n B xz






  



  

−

− +   − −

=−

+−
 

 − −−
   (2.29) 

where , 1,2j j = , j j  . If, in addition, ( )2 1L z z− , the dominant contribution comes from 

the mode with 0l =  and the induced energy densities are suppressed by the factor 
( )2 12| | /z z L

e
− −

. 

For 0 =  and for ( )2 1L z z− , the dominant contribution comes from the zero mode with 

0lp =  and, to the leading order, the energy densities are given by (2.28).  

 

4. Planck scales and the cosmological constants on the branes  

 

Let us denote by 1DG +  the fundamental ( 1)D + -dimensional Newton's constant. For the 

corresponding Planck mass one has 1/(1 )

1 1

D

D DM G −

+ += . After the Kaluza-Klein reduction of the 

( 1)D + -dimensional gravitational action, we can see that the effective ( 1)D − -dimensional 

Newton's constant ( )

1

j

DG −
 on the brane at jz z=  is expressed as  

 
2

2 1

/ ( 2)( )

( ) 1
1 ( 2)( )

( 2) .
1

j jy a D y y

j D
D D y y

G e
G D

aL e

+ − −

+
− − −
= −

 − 

 (2.30) 

For the corresponding ( 1)D − -dimensional effective Planck mass scale one has 

( ) ( )1/( 3)

1 1

j j D

D DM G −

− −= . For the ratio of the effective and fundamental Planck scales we get  

 

1
( ) 2 3

21 1 2
1 1

1 1

1 ( / )
.

2

j D D
jD

D

D

zM z z
M Lz

M z D

− −
−

+

+

 −
=  

− 
 (2.31) 
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Note that the length of the compact dimension measured by an observer on the brane 
jz z=  is 

given by 
/

/jy a

jLe aL z
−

= . If the interbrane distance is large, from (2.30) one gets 

1 /(1)

1 1~ / ( )y a

D DG G e aL− +
, 2 1 2(2 )( )/ /(2)

1 1~ / ( )D y y a y a

D DG G e e aL− −

− +
. These results show that in the limit 

under consideration the gravitational interaction on the brane 2y y=  is exponentially 

suppressed. This feature provides a geometrical solution of the hierarchy problem between the 

gravitational and electroweak energy scales and has been used in the Randall-Sundrum 

models.   

 

         

 

    

 For an observer living on the brane at jy y=  the corresponding effective ( 1)D − -dimensional 

cosmological constant (integrated over the compact dimension) is determined by the relation  

 

/

/( ) ( )

1 1 ( ) 3

1

8
8 .

j

j

y a

y a jj j

D D j j D

D

Le
G Le

M

 
 

−

−

− − −

−


 =  =  (2.32) 

For the ratio of the induced cosmological constant (2.32) to the corresponding Planck scale 

quantity in the brane universe one gets  

 

/( )

1

( ) ( ) 1 ( ) 1

1 1 1

.
8

jy aj
jD

j j j D j D

D D D

Le
h

G M M





−

−

− −

− − −


 =  (2.33) 

By using the expression for ( )

1

j

DM − , this ratio can be written as  

Fig. 1: The dependence of the quantity defined by (2.38) on 
2z L  for a minimally coupled scalar field for 

1 / 1a = −  (left picture) and 
1 / 1a =  (right picture) with 

2 / 0.2a = , 5D = , 0.3 =  and for 

three different values of the mass of the scalar field. 
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where we have defined the dimensionless quantities  
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Note that one has the relation  
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For large interbrane distances, 2 1/ 1z z , for the ratios (2.31) and (2.33) one has 
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In this limit, for the quantities jb  two qualitatively different cases should be considered. For 

the first one 2 / 1z L  and to the leading order we get ( )
2 1

, 2 1 2( / ) /
D

j jb f z L z z




+ −
 , with the 

functions , 2( / )jf z L  defined as  
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where  
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For jh  this gives  
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 (2.40) 

By taking into account that 2 /

2 / / y az L a Le−= , we see that in this case the proper length of the 

compact dimension for an observer on the brane 2y y=  is of the order of the curvature radius. 
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 In Figures 1 and 2 we have depicted the dependence of the quantity defined by the equation 

(2.38) on the location of the visible brane and on the phase of the periodicity condition along 

the compact dimension. The dependence on the phase is periodic with period 2 , as expected, 

and depending on the parameters in the problem the quantity can be either positive or negative.  

    In the second case we assume that 2 1/ 1z z  and 2L z . Now the dominant contribution to 

jb  in (2.35) comes from the mode with 0l = . For 0 | |    there is no zero mode and for 

0jB   the functions jb  are approximated by  
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In this case we have an exponential suppression by the factor 22| | /z L
e

−
. For 0 =  the 

contribution of the zero mode with 0lp =  dominates and the leading term coincides with the 

0l =  term in (2.35) putting 0lp = . Expanding with respect to 1 2/z z  one gets  
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with the functions (2.39).   

     Let us apply the results given above to a generalized 5D =  Randall-Sundrum type model 

with an additional compact dimension. In these models it is assumed that the energy scales 

1DM +  and 1/ a  are of the same order. The brane 2y y=  corresponds to the visible brane on 

which the standard model fields are localized. For the corresponding Planck scale one has 

Fig. 2: The dependence of the quantity defined by (2.38) on   for a minimally coupled scalar field for 

1 / 1a = −  (left picture) and 
1 / 1a =  (right picture) with 

2 / 0.2a = , 5D = , 
2 0.5z L =  and for 

three different values of the mass of the scalar field. 
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(2)

1DM −
 16~ 10  TeV. We assume that the fundamental Planck scale is of the order 

1 ~ 1DM +
 TeV. 

For the case 2 1/ 1z z  and 2 / 1z L , from (2.37) and (2.40) we get  
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where 2 225 / 4 30 m a = − + . As seen, for 
2 /z L  and 

1 1Dz M +
 of the order of 1, the hierarchy 

problem is solved for 2 1( ) / 25y y a−  . In the standard Randall-Sundrum model without 

compact dimensions (with 4D = ) for the solution of the hierarchy problem between the 

Planck and electroweak energy scales one needs 2 1( ) / 37y y a−  . From the estimate (2.42) for 

2h  we see that for a  of the order of 11/ DM +  one has a natural suppression for the induced 

cosmological constant with respect to the Planck scale on the visible brane. In the case 

2 1/ 1z z , 2L z , and 0 =  one has  
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 (2.43) 

Assuming that 1z  and L  are of the order of a , the hierarchy problem is solved for 

2 1( ) / 37y y a−  . Again, for that values of the interbrane distance we have a natural 

suppression of the ratio 2h  by the factor 
( )64 1 /2

10
− +

. And finally, in the case 2 1/ 1z z , 2L z , 

0   the estimate for 2 1/z z  remains the same as in (2.43) and for 1z  and L  of the order of a  

the ratio 2h  is suppressed by the factor 22| | /z L
e

−
. Here the suppression is much stronger than in 

the previous two cases. 

5. Conclusion  

In the present paper we have investigated the VEV of the surface energy-momentum tensor 

for a charged scalar field in the problem with two parallel branes on background of the locally 

AdS spacetime with a compact dimension. The branes are parallel to the AdS boundary and the 

field operator obeys the Robin boundary conditions on them. The surface energy densities on 

the branes are decomposed into two contributions. The first one corresponds to the energy 

density on a single brane when the second brane is absent and the other contribution is induced 

by the presence of the second brane. Unlike the single brane part, the second brane 

contribution does not require an additional renormalization and is given by (2.23) with the 

functions ( ) ( , )jF u v  defined by (2.24) for the first and second branes. For large values of the 

length of the compact dimension we have shown that the leading order term coincides with the 

induced energy density in the geometry where the compact dimension is decompactified. For 
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small values of the length of the compact dimension the behavior of the surface energy density 

is essentially different for the cases 0 =  and 0  . In the first case there is a zero mode and 

the dominant contribution comes from that mode. The leading order term is given by (2.28). In 

the case 0   and for small values of L  the surface energy density is suppressed by the factor 

22| | /z L
e

− .   

We have considered the Planck mass scales and the cosmological constants on the branes, 

given by (2.31) and (2.32), respectively. For the ratio of the induced cosmological constant on 

the brane to the corresponding Planck scale quantity one has the expression (2.34). Among the 

main motivations of the Randall-Sundrum type braneworld models on the AdS bulk was the 

possibility for the generation of large hierarchy between the Planck and electroweak energy 

scales for moderate values of the distance between the branes in units of the AdS curvature 

radius. For those values of the interbrane distance we have estimated the ratio 2h  of the 

cosmological constant induced by the hidden brane on the visible brane to the Planck energy 

scale on the visible brane. The behavior of that ratio depends on the length of the compact 

dimension. For 5D =  and for 2 1/ 1z z , 2 / 1z L  the ratio 2h  is estimated by (2.42) and, 

assuming that  
2 / ,z L  1 1Dz M + , 

1DaM +
 are of the order of 1, it is suppressed by the factor 

( )64 1 /3
10

− +
. For 2 1/ 1z z , 2 / 1z L  and 0 =  the ratio 2h  is of the order 

( )64 1 /2
10

− +
 

(assuming that 1 1, / , /DaM L a z a+  are of the order of 1). In both these cases we have a naturally 

suppressed cosmological constant on the visible brane. For 2 1/ 1z z , 2L z , 0   and for 

1z  and L  of the order of a  the ratio 2h  is suppressed by the factor 22| | /z L
e

−
. In this case the 

suppression is much stronger. 

 

Acknowledgements 

I am grateful to professor Aram Saharian for continuous help and supervision during the 

project.   

Funding 

The work has been supported by Grant No. 18T-1C355 from the Science Committee of the 

Ministry of Education and Science of Republic of Armenia. 

 

Conflict of Interest 

The author declares no conflict of interest.   

References 

 

[1] R. Maartens and K. Koyama, Living Rev. Relativity \textbf{13}, 5 (2010); V.A. Rubakov, Phys. Usp. 44, 871 (2001); 

P. Brax and C. Van de Bruck, Class. Quantum Grav. 20, R201 (2003); E. Kiritsis, Phys. Rep. 421, 105 (2005). 

[2] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999). 

[3] M. Bordag, G. L. Klimchitskaya, U. Mohideen, V. M. Mostepanenko, Advances in the Casimir Effect (Oxford 

University Press, New York, 2009). 



Induced Cosmological Constant In 2-Brane Models || Armenian Journal of Physics, 2019, vol. 12, issue 4 

343 
 

[4] S. Bellucci, A. A. Saharian, H. G. Sargsyan, V. V. Vardanyan, arXiv:1907.13379. 

[5] R. A. Knapman, D. J. Toms, Phys. Rev. D 69}, 044023 (2004). 

[6] A. A. Saharian, Nucl. Phys. B 712, 196 (2005). 

[7] S.-H. Shao, P. Chen, J.-A. Gu, Phys. Rev. D 81, 084036 (2010). 

[8] E. Elizalde, S.D. Odintsov, A.A. Saharian, Phys. Rev. D 87, 084003 (2013). 

[9] A. S. Kotanjyan, A. A. Saharian, Phys. Atomic Nuclei 80, 562 (2017). 

[10] A.A. Saharian, A.S. Kotanjyan, A.A. Saharyan, H.G. Sargsyan, Mod. Phys. Lett. A, in press. 

[11] A.A. Saharian, Phys. Rev. D 69, 085005 (2004). 

[12] A.A. Saharian, Phys. Rev. D 70, 064026 (2004). 

[13] A.A. Saharian, Phys. Rev. D 74, 124009 (2006). 

[14] A.A. Saharian, H.G. Sargsyan, Astrophysics 61, 423 (2018). 

[15] E.R. Bezerra de Mello, A.A. Saharian, V. Vardanyan, Phys. Lett. B 741, 155 (2015). 

[16] S. Bellucci, A. A. Saharian, V. Vardanyan, JHEP 11, 092 (2015). 

[17] S. Bellucci, A. A. Saharian, V. Vardanyan, Phys. Rev. D 93, 084011 (2016). 

[18] S. Bellucci, A.A. Saharian, D.H. Simonyan, and V. Vardanyan, Phys. Rev. D 98, 085020 (2018). 

[19] P. Breitenlohner, D.Z. Freedman, Phys. Lett. B 115, 197 (1982) 

[20] P. Breitenlohner, D.Z. Freedman, Ann. Phys. (NY) 144, 249 (1982) 

[21] L. Mezincescu, P.K. Townsend, Ann. Phys. (NY) 160, 406 (1985). 

[22] Handbook of Mathematical Functions, edited by M. Abramowitz and I.A. Stegun (Dover, New York, 1972).  


