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Stability of Bending Form of Piczoactive Bimorphfic Plates
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The devices, which function based on direct and converse piezoeffects, are widely spreaded in 

contemporary technics. The interest in estimating the piezoccramical actuators is conditioned by their 
wide application in practical and scientific activity of human and permanently extending application 
area.

Duc to wide application of layered piezoactuators, and in particular himorpbs, in technical 
devices, the effective model developing problems and the problems of estimating electric and 
magnetic fields generated in piezoelectric, arc very actual.

Bimorphie elastic plates arc being bended on application the reverse directed electric potential to 
the facing surface. But at the same time the compression stresses occur in piezoelectric, which may 
lead to instability of the estimated bending condition In particular, by means of the electric field, it is 
possible a state of the plate when the cylindricity of bending takes place. In this connection the 
Qunpie-ssion stresses occur along the generatrix of the cylindrical surface. The critical electric 
intensity which leads lu losing the stability ol cylindrical form of bending of the plate is being 
estimated.

The problem of losing the stability of cylindrical form of bending c! the bimorphfic 
piczoccramicai plate is being solved analytically within the limits of Kirchhoffs plate theory.

Устойчивость изгибнин фирмы пьезоэлектрической бнморфнон пластики 
Белубекян М. В.. Карапетян М.Э., Саркисян М.Г.

Биморфная пьезоэлектрическая пластина изгибается под действием электрических 
потенциалов разных ih.o.ou, приложенных на лицевых поверхностях пластины и на 
поверхности раздела. Показывается, что при этом появляются сжимающие напряжения, 
которые могут привести к неустойчивости пластинки. Определяются критические значения 
напряженности электрического поля я зависимости от физико-механических и геометрических 
характеристик пластинки.

Պյե4ո1;լնկստ|ւկ յ՝իմորֆ սալի bndtuG ձևի կայուէտւթյանր
1Г.Ч. ք-ե|ռւբեկյւսս, ՄՂ*. ԿարապԽոյաճ, Մ.Դ. ԼհսթկիսյաԾ

Պ|1պոէ,|Ակւորրււ բրմորֆ սայր Շովռսէ է ղրմւսյրճ և ршОшОиц liuqipsiipjiuGGbpb վրսւ tuqqnq 
սւարքևր ն;ս;ս-, պոսւեսցիալհհրի հետևաճշոփ Ցայ<յ Է ւորկում, որ այզ г,Ապրում աոաջւսնում I. 
ubqdnq լսւրւսմ, որր կարող է բերել սսւլհ անկաււււնությւսնր հրոշվամ Նն ԼլեկտրէսկաՕ դսոսփ 
•.ւսրկաՕությսւԱկրիտհկական արժեքները. կախված սափ ֆիզիկա-մե|սան]ւկակսւն ե 
երկրսւյափակսւն ւտսրւսմեսւրե|փց:

INTRODUCTION

Iwo thin plates of a different thickness made of piezoelectric material (class 6mm) are 
glued along the front face area. Die plates are polarized by Ilie thickness. The front-face 
areas arc electrified to establish the potential difference between the front-face areas with 
tli< help ol 'he electric field. It is necessary to determine the strain-stress state of a thin 
bimorphfic plait՛, conditioned by the clcclnc heid. Il is considered that the electric field is 
given and the influence of Ihe converse piezoelectric effect is neglected. Hie influence of 
the thickness of the gluing material is also neglected.
Many authors investigated the case, when Ihe thickness ol Ihc plates is the same. The 
review of the nientionra manuals is given in (1|
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1. (XOY) coordinate space coincides with the contact plane (Pic. 1). The electric field in 
the plate is set up with the help of the applied potential difference between the front-face 

areas z = A, , z = and the interface surface Z ■ 0. Only the direct piczocffcct is 
taken into consideration and the electric field is given in the following way (Pic. 2):

’ [E^y), -h2<z<0
— ֊E(. (x,y) when Q<z^h,
E = E,k, E-, - 7 ' , „

Eo(x,y) when -h2 £ z<0 (1.1)

Taking into account the assumptions of the Kirchoffs theory for the package in general, the 
constitutive equations for the principal stresses of the piezoelectric material (class 6mm) 
have the following appearance [2]

ol։ = a„£n + a,2E22-sE„ a22 - + a]։ea - sE}

(1.2)

where

ai\ = cu-—, an = cl2-—, s - (1.3)
C33 C33 c33

Pic. 1
0 s x s a, 0 s y s b, - h2 s z s h{

Pic.2
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Taking into consideration (he assumptions concerning the character of displacements' 
modification by plate thickness the (1.2) equations take the following forms:

du
On ="nT“+"i2 dx

dv ।
dy 1

f d2w a2w\ 
"ii ~rTT + "12 ֊. 2. dx dy )

֊ sEy

du
G22 = "l2 — + "11 dx

dv ----- z
/ d2w d2w\

12 ax2 " dy2 ]
I -sE3 (1-4)

°12
c„-q2(du dv 2y2w' 

2 dy dx dxdy ?
where u,v,w are the appropriate displacements of plate's Z = 0 plane

In averaged equations of balance

f = 0 (; = 1,2,3), [ z—dz = 0 (i = 1,2)

Strains and moments are defined in the following way
A

II (du
’ a dx

<7v\ h--h2( I___ »
12 oy)

d2 w d2w 
"it •> ^1՜’ T11 dx^ dy2

du2/i an — + a 
dx

ÔV
11 T" dy

d2w 
dx

d2w 
n TTay

- 51

S = h(c,.-cn du dv -h2 d'w
dy dx 2A dxdy

2

2

(1-6)

h֊-h;M. - --------~
2

du dv
«11 —-’•"12 — dx dy

du 
dx

dv
13 .

dy

d'w
"h^T + aox

f d2w
"12 ~12 dx2

cThA
!'wj

d2uj\

ày

2 'E,>

3 2

3

3 2

4 4- d2wh = ,i; -
4

' du dv
— *՜ — ■> -> dy dx 3 hr - A; dxdy

The substitution of (1.6) to the averaged equations (1.5) brings lo the following 
equations concerning the planar displacements U,V and iv flexure:

d du d\>\ (h} -K)a}y d
Am + 0---------+ — = —------- —Ah'-

c)xNx Ay <-'ii“ci2
s(h. -Aj A£o 

A(ci։ -c12) dx

+ + ±ah,- 0-cA) jgo
AylAx Ay J Cj.-Cjz h\<d\-c\2) dy

Dà2w - h}h:s^.EQ

(1.7)

(1-8)
where
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D - — 2h - A, + /։,, e -S11S1- (1.9)
3 Cn - Cl2 \CU~Cl2;/^5

Hereby ihc expressions for the intersecting strains look like

.V, = -D — Aw +• ^2-

dx dx
, ar (L10)

■•-£)—Aw + Z^s—2- 
dy ‘ " dy

Il is necessary to mention that the equation (1.8), which defines the bending, is 

autonomous. In particular, when fly - h2 the equations defining the planar displacements 
are also being separated.
2. The boundary conditions of the problem arc determined in accordance with Kirchhoff's 
theory of plate. Hereinafter are the versions of known conditions for the plate's 
X » const edge.
For the fixed edge these conditions are not changed and have the following appearance:

u = V = 0, w » 0, dw/dx = 0 (2.1)
Boundary conditions of free supporting

Tx = 0, v = 0, w » 0, M. « 0
after some transformations lake the following form (with regard to (1.6) expressions)

Pin h h h2 \
hyteE^v-O Ç = -l+4~Ci

A, A,՜

Conditions of sliding contact

u = 0, 5 = 0, 
dx

are transformed to

u = 0,^-0,^-0, 

dx dx
At las', the conditions of free edge

r, = 0. S = 0, M, = 0.=

lake the following form

du dv II -'
°n a + ' "hdx dy 2

du dv /։ , s d"w
----  + ---- = (h - h, ) — 
dy dx---------- ' dxdy

= 0, N, - 0

d՝w h,h2 dE„ 
dx՝ D ՝ dx

O.(iï, - N, + —)

d՝w S2w 5 _ ՝
—r + ai2 —;--------- ^*0
dx! dy2 h "J
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asv
«h —+ û, 

dx
d2w 3h,h.

•12 dy2 211'

dx
d2w / xd2w

fliiTT+^ii+cu-ci2)TT 
dx dy

---------T-5------
2h3 dx

(2-4)
a

3. From the equation (1.8) and boundary conditions follow, that the electric field leads to 
bending of the plate. Hereby, in accordance with equations (1.7) the planar displacements 

appear in the plate's z «0 plane, which brings to the T..T. forces appearance. These 
forces, in general, can be compressive, which will bring to the plate stability losing (3].

As an example a rectangular plate occupying area

0 x 5 a. 0 £ y £ b, - /l. & z <, h. is under consideration. It is assumed that

E(> = const ' (3.1)

On the y = 0, hedges of plale the conditions of sliding contact are given which look like 
(according to (2.3) and condition (3.1) )

dy dy dy3
(3-2)

In ease when the plate’s X = 0, a edges are freely supported (2.2), the plate is bending to 
a form of cylindrical surface.

h,h, „ /, x\
<3-3)a)

For the planar strains the following expressions arc received

Ao = 0, = (/1, -h2) (ci։ — c12).van EQ, SQ = 0 (3.4)

In case when plate's X = 0 edge is fixed (2.1). and thex = a edge is free (2.4), cylindrical 
form of the plate’s bending surface looks like

Wo = y^sEox‘ C35>

and the appropriate strains arc determined in the following way;

o,r»-(vd։֊-k So-o (3.6)
a

From (3.4) and (3.5) follows that T2<t strain will be compressive under ’.he following 
condition:

(3.7)
4. The equation of the stability of ihe plate with given strains ((3.4) or (3.5)) take the 
following form:

£>ASv-7',o^ = O (4.1)

dy
The solution of (4.1.) equation with the appropriate boundary conditions has a following 
appearance:

vv= h;,U)+h'U։>՛) (4.2) 
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where % is the initial form of the bending of plate, rv(x,y) is arbitrary disturbance. 

The substitution (4.2) to (4.1) and boundary conditions brings to the homogeneous equation 
and homogeneous boundary conditions relative to w, j.c. brings to the known problems of 
the stability of plate.ln case when the conditions of sliding contact are given on the plate's 
y = 0,6 edges and* = (),tf edges are hinged, for the critical values of the intensity of 

electric field E() the following expression is received:

t = ֊ (43)

It is obvious that the minimal critical value will be received when m = 1. The value of n 
for the minimal critical value depends on relative dimensions of the plate.
For the square plate (b = a) n = 1 the value of the minimal intensity of the electric field 
has the following appearance:

4jt2anD

An appropriate expression for the plate with dimensions b = 2a (?) = ?) looks like

25n2a,,D 
(/t2 - h} ).s'(cn - c12)tz

(4.4)

(4.5)

The typical values of a.A and 5 (in SI system) calculated on the base of electro elastic 
modules from [2] are listed in the table 1.

Table..]

Material 10'“V/m2 c/m2 10’"F/m 10”’
N/m2

c/m2

*11 cl2 C13 C33 e3։ *33 *11 *33 an 5

PZT-4 13,9 7.8 7,4 11.5 12.7 -5,2 15,1 650 560 9,14 -14,92

ZnO 20,97 12,11 10,51 21,09 -0.59 -0.61 1.14 7,38 7.83 15,73 -1.18

CdS 8,56 5.32 4,62 9,36 -0.21 -0,24 0,44 7,99 8,44 6,28 -0,46

In a particular case of bimorphic construction = 2 A. . the expression (4.4) defining the 
critical value of the intensity of electric field, cun be expressed in a more suitable way:

/?/ \2
E. -Aj—-| -101" vim (4.6)

For the materials listed in Table 1 the k coefficient has the following values:
a =0.92 (PZT - 4), a - 23.65 (Z/tO), a » 26.47 (CdS)

From the expression (4.6) it follows that the critical value of the intensity of electric field is 
essentially dependent on the relative thickness of the plate.
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