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On the distribution of primitive roots that
are (k,r)-integers

T. Srichan and P. Tangsupphathawat

Abstract. Let k and r be fixed integers with 1 < r < k. A
positive integer is called r-free if it is not divisible by the r"
power of any prime. A positive integer n is called a (k, r)-integer
if n is written in the form a*b where b is an r-free integer. Let p
be an odd prime and let z > 1 be a real number. In this paper
an asymptotic formula for the number of (k,r)-integers which
are primitive roots modulo p and do not exceed x is obtained.
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1 Introduction and result

The problem of counting primitive roots in a given set is a topic in ana-
lytic number theory. Let prim(z) be the number of positive primitive roots
modulo a fixed prime p that are < z. In [8] Shapiro showed that

: o(p—1 wl(p—
prim(z) = % (:,; + O(p1/2(logp)1/22 (p 1))) :
where the O is uniform in x and p, ¢(n) is Euler’s function, and w(n) denotes
the number of distinct prime divisors of n. Moreover, Shapiro proved that

-1

prim(a. k1) = 22 (T4 01 20gp) 220
p—1 k

where prim(x, k, ) is the number of positive primitive roots modulo a fixed

prime p, that are < x and = [ (mod k). Shapiro showed that the number

of positive square-free primitive roots modulo a fixed prime p that are < x

equals

o =1) (H (1 - 1%) x4 O(x1/2p1/4(10gp)1/22”(p‘”)) SN

p—1 .
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and the number of positive square-full primitive roots modulo a fixed prime
p that are < x is

¢lp—1) (cx'? + O(a'/*p!/*(log p) P2+~ 1))) | 2)

p—1
1
c:2<1——)
p

(q|p) being Legendre’s symbol. Later, Liu and Zhang [3] improved and
showed that the number of positive square-free primitive roots modulo a
fixed prime p that are < x equals

where

*(9)

(glp)=-1

(§2¢(_p1—)§1()2) T+ O(x1/2+6p9/44+6). (3)

Since the Euler product of ((2) = [[,(1 —p~?)~", the main term of
and are identical. Recently, Munsch and Trudgian [5] improved and
showed that the number of positive square-full primitive roots modulo a
fixed prime p that are < x equals

_ /
(bi)p_ 11> (<p2 +p; - 1) C’Z(x?)l; n O(ml/g(log m)pl/g(1ng)1/62w(p1))) ’ (4)

where C), > p_S%/E. Very recently, the first author used the same method as
in this paper to improve and proved in [II] that for a given odd prime
p < x'/5 the number of positive square-full primitive roots modulo p that
are < x equals

(b(p - 1) L(3/27 XO) - L(3/27X1) 1/2
P {< L(3, x0) )“*

L(2/3,x0) — L(2/3, %2 1ol .
+( 2/ X[‘sz’XO;/ XQ))x1/3}+O(¢(p—1)3 A=l pl/2Heg 1/6)

here xo, X1 7# Xo, and X2 # o denote, respectively, the principal, quadratic
and cubic characters modulo p. The terms with the cubic characters xs # xo
occur if 3|p — 1. The symbol w; 3(n) denotes the number of distinct primes
¢ =1 (mod 3) which are divisors of n. For a complex number s = o +it, let
L(s, x) denote the Dirichlet L-function defined by L(s,x) =Y .-, x(n)n"%,
o>1.

It is natural to ask for generalized r-free primitive roots. (A positive
integer n is called r-full if for all primes p|n, we have p"|n). In this paper
we study the distribution of the number of positive primitive roots modulo
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a fixed odd prime p that are (k,r)-integers. Subbarao and Suryanarayana
remarked in [9] that in the case k tends to oo an (oo, r)-integer is the same
as an r-free integer. One might consider the (k,r)-integers as generalized
r-free integers. This is a motivation of this paper.

A positive integer n is called semi r-free if in the canonical factorization
of n no exponent is equal to r. The (k,r)-integers also include the semi
r-free integers when & = r 4+ 1. Thus, our paper also includes those semi
r-free integers that are primitive roots. The method used here is the same
as in the proof of Theorem 2.1 in [I0].

Let prim (x) be the number of positive primitive roots modulo a fixed
odd prime p that are (k,r)-integer and do not exceed x. Our main result is

Theorem 1 For a given odd prime p and real x > p*+!

¢<p - 1) L(ka XO)J;
p  L(r xo)

, we have

Primy () (x) =

+ O(a:“’b(p — 1)2¢P=Dpl/2He i oxp (—Blog3/5 z(log log x)’l/‘r’) >,
where B 1s a positive constant depending on r and k.

Theorem [1| contains the results for square-free integers and as an
(00, 2)-integer. This follows from the fact that L(k, xo) tends to 1 as k tends
to oo and the identity L(2, xo) = ((2)(1 — p~2).

Throughout this paper € denotes a fixed positive constant, not necessarily
the same in all occurrences. As usual, let p(n), ¢(n), and w(n) denote the
Mobius function, the Euler-phi function, and the number of prime factors
of n, respectively. Let ¢¥(z) =« — |z] —1/2. For r = 1,2, ... the exponent
pair is

1 r+1 1 1 )
(e 1) = <§ 2eh—1)2 " 2(2A—1)> . A=Z

2 Prerequisites

In this section we state and prove lemmas which are needed in our proof.

Lemma 1 [See Lemma 8.5.1 in [8]] For a given odd prime p, the charac-
teristic function of the primitive root modulo p is

6(p— 1) — pu(d) !
—p—l ZWZX(TL)Z

dlp—1 x€Gq 0, otherwise,

, if n s a primitive root mod p,

where G4 denotes the set of characters of the character group modulo p that
are of order d.
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Lemma 2 [See Lemma 2.6 in [9]] If qi,, denotes the characteristic function
of the set of (k,r)-integers, then

Gerl) = Y o).
akb"e=n
Lemma 3 [See Lemma 2 in [6]] Let w und k be two real numbers satisfying
w>0snd0<k#1. Then

Z n " =((k) — L W — YW+ O(w ).

Kk—1

n<w

Lemma 4 [See Lemma 8 in [6]] Let v, B,~ be three positive real numbers,
and let (k,1) be an exponent pair with k > 0. Then for x > 2

al+(B—a)k

, O(IT) forl > ~k,

Z (0 (—) = O(xa_%(ﬂ_a”) + O(xkﬁfk1 logz) forl =k,

n<zo O(I%) fO’I”l < ’}/k
Lemma 5 [See Lemma 13 in [7]] If f(n) is an arithmetic function, then

Yo f) =D ud) ) f(md).

n<w,(n,q)=1 dlq m<4

Lemma 6 [See Lemma 14 in [7]] Fora > 0,a # 1, and 0 < 8 < 1, we have

[ 1 Xl —1
Y () LI i ) P,

n<X q
n=l (mod q)
where .
((a,8) =) (n+p)"
n=0

Lemma 7 [See Lemma 17 in [7]] Let x,n, a,w be real numbers, let j and q
be positive numbers, where x > 1,a > 0,np > 1,1 < j < q, let (k,l) be an
exponent pair with k > 0, and let

R(z,m,0iq,5;w) = Y (%w) ,

n<n:
n=j (mod q)

if w 1s independent of n. Then

R(z,n,a;q,j;w) =

O(x%ﬂnl’:ﬁq%) forl > ak,
= O(1) +O(z7 V21 2¢7 ) + O(J:k+1 lognq;ff) for 1 = ak,
O((a:q @) T T aR= l) forl < ak,

where the O-constants depend on « only.
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Throughout this paper we apply Lemmas [4] and [7] with the exponent pair
(2/7,4/7).

Lemma 8 Let x be a Dirichlet character modulo p, let xo denote the prin-
cipal character, let L(s,x) be the associated Dirichlet L-function, let € be a
fixed positive number, and let I'y, be the set of all non principal characters
modulo p order d where d|k. Then for p < xV/*+D we have

P m) = L(k},Xo)x
p—1 ngm xo(m) L(r, xo) i

mis (k,r)-integer

+0 (361/7"]91/2JrE exp (—B log®® z(log log x)’l/‘r’)) :

if there exist characters x1 € I'y, then

p
—— ), xalm)=
p m<zx

mis (k,r)-integer

=0 (:171/’"193/2+E exp (—Blogg’/5 z(log log :v)_l/5>> :
if there exist characters xo # Xo and x2 & Tk, then

. 1 Z Xz(m) =0 <$1/Tp3/2 exp (—Blog3/5 z(loglog ;(;)*1/5>> 7
p= m<x
meis (k,r)-integer

where B 1s a positive constant depending on r and k.

Proof. Let x be any Dirichlet character modulo p. For x > pF*!, let

Tz k,r) = Z x(n).
n<x
nis (k,r)-integer
In view of Lemma 2], we have
Ty (x; k1) = Z w(b)x(a®v"c).

akbre<z

Let z = 21/ and 0 < p(z) < 1 (we will choose p(z) later). We write
T\ (i k,r) =

= Y uox@ v+ Y ubx(are) — > pb)x(ate).

akbre<a akbT <z b<pz
b<pz akcgl/pr akcfl/PT
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We bound the second and the last terms as

> oubxatre = > xae) Y ab)xb) <

akpre<z ake<1/pr b< %/ (x/akc)
akcgl/pr -

< D> DD ubx®n)| < C(k)pt Tt
akes1/p" 1b< {/(a/akc)

and
> ub)x(ate)= > x(de) > ub)x(
akiiqjﬂT a‘kCSl/pr bgpz
< pzp (k) < ((k)p' "2,
Thus,
T(rikr) = > pl)x(@ve) + OC(k)p Tav/").
H.kacgz
b<pz

We reduce the first term to the form

D u)x(akte) = ud)x"(b) Y xlakc).

akb'rcgz b<pz akcgbl,r
b<pz
Denote by
Sely;k) = ) x(dbo).
ake<y
Then
k r x
5 WO = w05, (218).
akbre<z b<pz

b<pz

We first investigate S, (y; k). Write

Sewik) = >0 X)) Yo x@+ D x> xla)-

a<yl/(k+1) c<y/ak e<yl/(k+1) a<(y/c)t/k
k
- ) x@ Y K.
ngl/(k+1) agyl/(lﬁLl)

If x = x0, we have

CRNE ) IEE N N EE N W EE N N

a<yl/(k+1) c<y/ak e<yl/(k+1) a<(y/e)l/k c<yl/ (k1) g<y1/(k+1)
(a,p)=1 (e,p)=1 (e,p)=1 (a,p)=1 (e,p)=1 (a,p)=1
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In view of Lemma [5], we have

Swlyik) = > > uld) { J Y () {cl/kJ_

a<yl/(k+1) d|p e<yl/(k+1) d|p
(a,p)=1 (e,p)=1
2
1/(k+l)
_ E u(d)
dlp

From Lemma Bl it follows

Syo(y; k) = @L(l{,xo)x + @L (%,Xo) Y

@ u Y (v (k) o (k) ) 06 )

k
dp /D

In view of Lemma [4]

Souddoult) Y v <

dlp tlp a< 1/(k+1)
< ZZ 1+ o/ QE+D) g1/24=1 y2/(5+2k) o
2 Yy d2/(5+2kz)t2k/(5+2k) =
p tp

-0 (pe + yl/(Q(k+1))p1/2+e + y2/(5+2k)pe) —0 (y2/(5+2k)p1/2+e) '

Similarly,
yl/k 2/(542k), 1/2
— + +e
Sud ) S o () = 0,
dlp o D
Thus,

1
Swlih) = 2P 2aly+ AL )+ 0 (PO i)

If x € T'x, we have

Sy k) =
= D, D xO+ > oxe Y 1= Y x>, b
asyl/(b+1) c<y/ah o<yl/ (s +D) asw/ol/k  e<yl/(h) asyl/(k+1)

(a,p)=1 (a,p)=1 (a,p)=1
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In view of

S xlm) = 3 x(h) E—]—’jHJ, for x % o,

m<z h<p

and Lemma [5] we obtain

Suyik) = Y x(h) > L%p—%+1J+

hﬁp agyl/(k"'l)
(a,p)=1
yl/k
SR WIUED SENF B
h<p dlp a<yl/(k+1)

a=h (mod p)

S0 {yl/wﬂ) - g " 1J S uld) L%/]CJ .

h<p p d|p

By Lemma [0 further we can write

S I < R EED SRT0) DI N D

p h<p dlp < yl/ D)
— d
e ,
SO WITID ST E = P}
h<p d|p a<yl/(k+1)

a=h (mod p)

In view of Lemma [7], we have

Y h
S ua ¥ vt <

h<p dlp e u/EFD)
— d
< 0(1) Z Z (1 + yl/(2(k+1))pl/2d—1 + y2/(5+2k)p—2/(5+2k)d—?k/(5+2k)) _
h<p dlp

O (P + YV QU1 p3/24e | y2/(5+2kz)p(3+2kz)/(5+2kz)+e) _
O (yQ/(5+2k)p3/2+e)

and

S Su Y v L)

h<p dip w1/ D)
a=h (mod p)

< 0(1) Z Z (1 + y1/(2(k~+1))d1/2p—1 + y2/(5+2k)d—2/(5+2k)p—2k/(5+2k))

h<p d|p
19, (p1+e + yl/(2(kz+1))p1/2+e + y2/(5+2k)p5/(5+2k)+e) -0 (yQ/(5+2k)p1/2+e) ‘
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Thus, for any y € 'y,

1
S (k) = @L (E x) Y r 4+ O (y¥ B3 L O(p?).

If x # xo and x ¢ Ty, we have

k
h<p agyl/(kJrl) arp p
1/k h
y
D NUCED SO PRI
h<p a<yl/(k+1) pop
V) YD)
N Y J Yy
= D XY X0 {———HJ { ——+1J:
h<p i<p p p p p
. Y h
S RO MCOUND MRIE SR
h<p i<p <1/ (b1) p p
a=j (mod p)
& ‘ yl/k h )
B DU ST S et B
h<p i<p a1/ (b+1) p p

a=j (mod p)

It follows from Lemma [7] similarly to the proof on the previous case, that

S Y v L)<

h<p Jj<p a<yl/(k+1)
a=j (mod p)

< Z Z (1 + yl/(2(k+1))p—1/2 + y2/(5+2k)p—2(k+1)/(5+2k)) _
h<p j<p

-0 (pQ i y1/(2(k+1))p3/2 i y2/(5+2l<:)p(8+2k:)/(5+2k)+e) -0 (yQ/(5+2k)p3/2)

and
1/k h
k : Y
SemE T v y) <
h<p J<p a<yl/(k+1)

a=j (mod p)

< Z Z (1 4yl @)1 /2 yz/(5+2k)p—2(k+1)/(5+2k)) -0 (yz/(5+2k)p3/2) .
h<p j<p
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Thus,
> ub)xp(b (bk) =
b<pz
, P x  op 1 x\ V/k
= Z 1(b)x(b) (ML(lﬁXo)T + QL <—,X0) (7) ) +
= P b P k b
7\ 2/(542k)
S (o ()" ) -
b<pz
_ 9(p) _ L(k,Xo)ngL O (pl—rxl/r _'_pl—r/k:xl/r +p1—2r/(5+2k) 1/7»p1/2+e) _
p  L(r.xo)
o(p) Lk, xo) 1-2
—_ . 40 r/(5+2k)x1/r 1/24€ 7
p  L(r,xo) (v .
for xy € I'g,

S oS, (LK) = 3 ot (%x) (£)s

N Z L ()0 (<%>2/(5+2k) p3/2+€) _

- O (p1—2r/(5+2k) 1/rp3/2+e) :

-
N

)

IS

o

IN

hS)

IS
’B‘

for x # xo and x & Iy,

Zu(b)x’”(b (br’k) < Z (<§>2/(5+2k)p3/2> <

b<pz b<pz
O <p172r/(5+2k)x1/rp3/2)

—A
As in [9], we choose p = exp (—log3/5(a:1/27")(log log(:cl/2r))_1/5). This
r
is based on the Vinogradov-Korobov zero-free region for the Riemann zeta-
r=8/5(5 + 2k — 2r)

function. Thus, we have B =
5+ 2k

A, and the proof of Lemma

is complete. []

3 Proof of Theorem [1

In view of Lemmal I}, for a given odd prime p, we have

primy..(z) =
=X EEDSRRUGED S5 D SR SRR

m<x dlp —1 xGG m<x
mis (k,r) integer d>1 mis (k,r) integer
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We bound the last sum by using the last two cases in Lemma [§ Thus,

p(d)
THIY L <

x€Gq4 m<zx
d>1 mis (k,r) integer

< 20PN 324 1T oy <—Blog3/5 r(loglog :17)_1/5> .

We use the first case in Lemma [8| to obtain the main term as

p  L(r,xo0)

and the error term of the first case is dominated by
2wP=1) 3/ 24€ 1T oxpy <—B log®/® (log log $)_1/5) ,

which establishes the formula.
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