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On the distribution of primitive roots that

are (k, r)-integers
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Abstract. Let k and r be fixed integers with 1 < r < k. A
positive integer is called r-free if it is not divisible by the rth

power of any prime. A positive integer n is called a (k, r)-integer
if n is written in the form akb where b is an r-free integer. Let p
be an odd prime and let x > 1 be a real number. In this paper
an asymptotic formula for the number of (k, r)-integers which
are primitive roots modulo p and do not exceed x is obtained.
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1 Introduction and result

The problem of counting primitive roots in a given set is a topic in ana-
lytic number theory. Let prim(x) be the number of positive primitive roots
modulo a fixed prime p that are ≤ x. In [8] Shapiro showed that

prim(x) =
φ(p− 1)

p− 1

(
x+O(p1/2(log p)1/22ω(p−1))

)
,

where the O is uniform in x and p, φ(n) is Euler’s function, and ω(n) denotes
the number of distinct prime divisors of n. Moreover, Shapiro proved that

prim(x, k, l) =
φ(p− 1)

p− 1

(x
k

+O(p1/2(log p)1/22ω(p−1))
)
,

where prim(x, k, l) is the number of positive primitive roots modulo a fixed
prime p, that are ≤ x and ≡ l (mod k). Shapiro showed that the number
of positive square-free primitive roots modulo a fixed prime p that are ≤ x
equals

φ(p− 1)

p− 1

(∏
p

(
1− 1

p2

)
x+O(x1/2p1/4(log p)1/22ω(p−1))

)
, (1)
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and the number of positive square-full primitive roots modulo a fixed prime
p that are ≤ x is

φ(p− 1)

p− 1

(
cx1/2 +O(x1/3p1/6(log p)1/32ω(p−1))

)
, (2)

where

c = 2

(
1− 1

p

) ∑
(q|p)=−1

µ2(q)

q3/2
,

(q|p) being Legendre’s symbol. Later, Liu and Zhang [3] improved (1) and
showed that the number of positive square-free primitive roots modulo a
fixed prime p that are ≤ x equals

pφ(p− 1)

(p2 − 1)ζ(2)
x+O(x1/2+εp9/44+ε). (3)

Since the Euler product of ζ(2) =
∏

p(1 − p−2)−1, the main term of (1)
and (3) are identical. Recently, Munsch and Trudgian [5] improved (2) and
showed that the number of positive square-full primitive roots modulo a
fixed prime p that are ≤ x equals

φ(p− 1)

p− 1

((
p2

p2 + p+ 1

)
Cpx

1/2

ζ(3)
+O(x1/3(log x)p1/9(log p)1/62ω(p−1))

)
, (4)

where Cp � p
− 1

8
√
e . Very recently, the first author used the same method as

in this paper to improve (4) and proved in [11] that for a given odd prime
p ≤ x1/5 the number of positive square-full primitive roots modulo p that
are ≤ x equals

φ(p− 1)

p

{(
L(3/2, χ0)− L(3/2, χ1)

L(3, χ0)

)
x1/2+

+

(
L(2/3, χ0)− L(2/3, χ2

2)

L(2, χ0)

)
x1/3

}
+O

(
φ(p− 1)3ω1,3(p−1)p1/2+εx1/6

)
;

here χ0, χ1 6= χ0, and χ2 6= χ0 denote, respectively, the principal, quadratic
and cubic characters modulo p. The terms with the cubic characters χ2 6= χ0

occur if 3|p− 1. The symbol ω1,3(n) denotes the number of distinct primes
q ≡ 1 (mod 3) which are divisors of n. For a complex number s = σ+ it, let
L(s, χ) denote the Dirichlet L-function defined by L(s, χ) =

∑∞
n=1 χ(n)n−s,

σ > 1.
It is natural to ask for generalized r-free primitive roots. (A positive

integer n is called r-full if for all primes p|n, we have pr|n). In this paper
we study the distribution of the number of positive primitive roots modulo
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a fixed odd prime p that are (k, r)-integers. Subbarao and Suryanarayana
remarked in [9] that in the case k tends to ∞ an (∞, r)-integer is the same
as an r-free integer. One might consider the (k, r)-integers as generalized
r-free integers. This is a motivation of this paper.

A positive integer n is called semi r-free if in the canonical factorization
of n no exponent is equal to r. The (k, r)-integers also include the semi
r-free integers when k = r + 1. Thus, our paper also includes those semi
r-free integers that are primitive roots. The method used here is the same
as in the proof of Theorem 2.1 in [10].

Let prim(k,r)(x) be the number of positive primitive roots modulo a fixed
odd prime p that are (k, r)-integer and do not exceed x. Our main result is

Theorem 1 For a given odd prime p and real x ≥ pk+1, we have

prim(k,r)(x) =
φ(p− 1)

p

L(k, χ0)

L(r, χ0)
x+

+O
(
x1/rφ(p− 1)2ω(p−1)p1/2+ε × exp

(
−B log3/5 x(log log x)−1/5

))
,

where B is a positive constant depending on r and k.

Theorem 1 contains the results for square-free integers (1) and (3) as an
(∞, 2)-integer. This follows from the fact that L(k, χ0) tends to 1 as k tends
to ∞ and the identity L(2, χ0) = ζ(2)(1− p−2).

Throughout this paper ε denotes a fixed positive constant, not necessarily
the same in all occurrences. As usual, let µ(n), φ(n), and ω(n) denote the
Möbius function, the Euler-phi function, and the number of prime factors
of n, respectively. Let ψ(x) = x − bxc − 1/2. For r = 1, 2, ... the exponent
pair is

(kr, lr) =

(
1

2
− r + 1

2(2Λ− 1)
,
1

2
+

1

2(2Λ− 1)

)
, Λ = 2r.

2 Prerequisites

In this section we state and prove lemmas which are needed in our proof.

Lemma 1 [See Lemma 8.5.1 in [8]] For a given odd prime p, the charac-
teristic function of the primitive root modulo p is

φ(p− 1)

p− 1

∑
d|p−1

µ(d)

φ(d)

∑
χ∈Gd

χ(n) =


1, if n is a primitive root mod p,

0, otherwise,

where Gd denotes the set of characters of the character group modulo p that
are of order d.
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Lemma 2 [See Lemma 2.6 in [9]] If qk,r denotes the characteristic function
of the set of (k, r)-integers, then

qk,r(n) =
∑

akbrc=n

µ(b).

Lemma 3 [See Lemma 2 in [6]] Let ω und κ be two real numbers satisfying
ω > 0 snd 0 < κ 6= 1. Then∑

n≤ω

n−κ = ζ(κ)− 1

κ− 1
ω1−κ − ψ(ω)ω−κ +O(ω−κ−1).

Lemma 4 [See Lemma 8 in [6]] Let α, β, γ be three positive real numbers,
and let (k, l) be an exponent pair with k > 0. Then for x ≥ 2

∑
n≤xα

ψ

(
xβ

nγ

)
= O(xα−

1
2
(β−αγ)) +


O
(
x
αl+(β−αγ)k

k+1

)
for l > γk,

O
(
x

βk
k+1 log x

)
for l = γk,

O
(
x

βk
1+(1+γ)k−l

)
for l < γk.

Lemma 5 [See Lemma 13 in [7]] If f(n) is an arithmetic function, then∑
n≤ω,(n,q)=1

f(n) =
∑
d|q

µ(d)
∑
m≤ω

d

f(md).

Lemma 6 [See Lemma 14 in [7]] For α > 0, α 6= 1, and 0 < β ≤ 1, we have∑
n≤X

n≡l (mod q)

n−α = q−αζ

(
α,
l

q

)
+

1

1− α
·X

1−α

q
−ψ

(
X − l
q

)
X−α+O(qX−α−1),

where

ζ(α, β) =
∞∑
n=0

(n+ β)−α.

Lemma 7 [See Lemma 17 in [7]] Let x, η, α, ω be real numbers, let j and q
be positive numbers, where x ≥ 1, α > 0, η ≥ 1, 1 ≤ j ≤ q, let (k, l) be an
exponent pair with k > 0, and let

R(x, η, α; q, j;ω) =
∑
n≤η:

n≡j (mod q)

ψ
( x
nα

+ ω
)
,

if ω is independent of n. Then

R(x, η, α; q, j;ω) =

= O(1) +O(x−1/2η1+
α
2 q−1) +


O
(
x

k
k+1η

l−αk
k+1 q

−l
k+1

)
for l > αk,

O
(
x

k
k+1 log ηq

−αk
k+1

)
for l = αk,

O
(
(xq−α)

k
1+(1+α)k−l

)
for l < αk,

where the O-constants depend on α only.
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Throughout this paper we apply Lemmas 4 and 7 with the exponent pair
(2/7, 4/7).

Lemma 8 Let χ be a Dirichlet character modulo p, let χ0 denote the prin-
cipal character, let L(s, χ) be the associated Dirichlet L-function, let ε be a
fixed positive number, and let Γk be the set of all non principal characters
modulo p order d where d|k. Then for p ≤ x1/(k+1) we have

p

p− 1

∑
m≤x

m is (k, r)-integer

χ0(m) =
L(k, χ0)

L(r, χ0)
x+

+O
(
x1/rp1/2+ε exp

(
−B log3/5 x(log log x)−1/5

))
;

if there exist characters χ1 ∈ Γk, then

p

p− 1

∑
m≤x

m is (k, r)-integer

χ1(m) =

= O
(
x1/rp3/2+ε exp

(
−B log3/5 x(log log x)−1/5

))
;

if there exist characters χ2 6= χ0 and χ2 /∈ Γk, then

p

p− 1

∑
m≤x

m is (k, r)-integer

χ2(m) = O
(
x1/rp3/2 exp

(
−B log3/5 x(log log x)−1/5

))
,

where B is a positive constant depending on r and k.

Proof. Let χ be any Dirichlet character modulo p. For x ≥ pk+1, let

Tχ(x; k, r) :=
∑
n≤x

n is (k, r)-integer

χ(n).

In view of Lemma 2, we have

Tχ(x; k, r) :=
∑

akbrc≤x

µ(b)χ(akbrc).

Let z = x1/r and 0 < ρ(x) < 1 (we will choose ρ(x) later). We write

Tχ(x; k, r) =

=
∑

akbrc≤x
b≤ρz

µ(b)χ(akbrc) +
∑

akbrc≤x
akc≤1/ρr

µ(b)χ(akbrc)−
∑
b≤ρz

akc≤1/ρr

µ(b)χ(akbrc).
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We bound the second and the last terms as∑
akbrc≤x
akc≤1/ρr

µ(b)χ(akbrc) =
∑

akc≤1/ρr
χ(akc)

∑
b≤ r
√

(x/akc)

µ(b)χ(br)�

�
∑

akc≤1/ρr

∣∣∣∣∣∣∣
∑

b≤ r
√

(x/akc)

µ(b)χ(br)

∣∣∣∣∣∣∣� ζ(k)ρ1−rx1/r

and∑
b≤ρz

akc≤1/ρr

µ(b)χ(akbrc) =
∑

akc≤1/ρr
χ(akc)

∑
b≤ρz

µ(b)χ(br)�

� ρzρ−rζ(k)� ζ(k)ρ1−rz.

Thus,

Tχ(x; k, r) =
∑

akbrc≤x
b≤ρz

µ(b)χ(akbrc) +O(ζ(k)ρ1−rx1/r).

We reduce the first term to the form∑
akbrc≤x
b≤ρz

µ(b)χ(akbrc) =
∑
b≤ρz

µ(b)χr(b)
∑

akc≤ x
br

χ(akc).

Denote by

Sχ(y; k) =
∑
akc≤y

χ(akc).

Then ∑
akbrc≤x
b≤ρz

µ(b)χ(akbrc) =
∑
b≤ρz

µ(b)χr(b)Sχ

( x
br

; k
)
.

We first investigate Sχ(y; k). Write

Sχ(y; k) =
∑

a≤y1/(k+1)

χk(a)
∑
c≤y/ak

χ(c) +
∑

c≤y1/(k+1)

χ(c)
∑

a≤(y/c)1/k
χ(a)−

−
∑

c≤y1/(k+1)

χ(c)
∑

a≤y1/(k+1)

χk(a).

If χ = χ0, we have

Sχ0(y; k) =
∑

a≤y1/(k+1)

(a,p)=1

∑
c≤y/ak
(c,p)=1

1 +
∑

c≤y1/(k+1)

(c,p)=1

∑
a≤(y/c)1/k

(a,p)=1

1−
∑

c≤y1/(k+1)

(c,p)=1

1
∑

a≤y1/(k+1)

(a,p)=1

1.
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In view of Lemma 5, we have

Sχ0(y; k) =
∑

a≤y1/(k+1)

(a,p)=1

∑
d|p

µ(d)
⌊ y

dak

⌋
+

∑
c≤y1/(k+1)

(c,p)=1

∑
d|p

µ(d)

⌊
y1/k

dc1/k

⌋
−

−

∑
d|p

µ(d)

⌊
y1/(k+1)

d

⌋2

.

From Lemma 3 it follows

Sχ0(y; k) =
φ(p)

p
L(k, χ0)x+

φ(p)

p
L

(
1

k
, χ0

)
x1/k−

−
∑
d|p

µ(d)
∑
t|p

µ(t)
∑

a≤ y
1/(k+1)

t

(
ψ
( y

dtkak

)
+ ψ

(
y1/k

dt1/ka1/k

))
+O(p1+ε).

In view of Lemma 4,∑
d|p

µ(d)
∑
t|p

µ(t)
∑

a≤ y
1/(k+1)

t

ψ(
y

dtkak
)�

�
∑
d|p

∑
t|p

(
1 + y1/(2(k+1))d1/2t−1 +

y2/(5+2k)

d2/(5+2k)t2k/(5+2k)

)
=

= O
(
pε + y1/(2(k+1))p1/2+ε + y2/(5+2k)pε

)
= O

(
y2/(5+2k)p1/2+ε

)
.

Similarly,∑
d|p

µ(d)
∑
t|p

µ(t)
∑

a≤ y
1/(k+1)

t

ψ

(
y1/k

dt1/ka1/k

)
= O

(
y2/(5+2k)p1/2+ε

)
.

Thus,

Sχ0(y; k) =
φ(p)

p
L(k, χ0)y +

φ(p)

p
L(

1

k
, χ0)y

1/k +O
(
y2/(5+2k)p1/2+ε + p1+ε

)
.

If χ ∈ Γk, we have

Sχ(y; k) =

=
∑

a≤y1/(k+1)

(a,p)=1

∑
c≤y/ak

χ(c) +
∑

c≤y1/(k+1)

χ(c)
∑

a≤(y/c)1/k

(a,p)=1

1−
∑

c≤y1/(k+1)

χ(c)
∑

a≤y1/(k+1)

(a,p)=1

1.
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In view of ∑
m≤z

χ(m) =
∑
h≤p

χ(h)

⌊
z

p
− h

p
+ 1

⌋
, for χ 6= χ0,

and Lemma 5, we obtain

Sχ(y; k) =
∑
h≤p

χ(h)
∑

a≤y1/(k+1)

(a,p)=1

⌊
y

akp
− h

p
+ 1

⌋
+

+
∑
h≤p

χ(h)
∑
d|p

µ(d)
∑

a≤y1/(k+1)

a≡h (mod p)

⌊
y1/k

a1/kd

⌋
−

−
∑
h≤p

χ(h)

⌊
y1/(k+1)

p
− h

p
+ 1

⌋∑
d|p

µ(d)

⌊
y1/k

d

⌋
.

By Lemma 6, further we can write

Sχ(y; k) =
φ(p)

p
L

(
1

k
, χ

)
x1/k −

∑
h≤p

χ(h)
∑
d|p

µ(d)
∑

a≤ y
1/(k+1)

d

ψ

(
y

ptkak
− h

p

)
−

−
∑
h≤p

χ(h)
∑
d|p

µ(d)
∑

a≤y1/(k+1)

a≡h (mod p)

ψ

(
y1/k

da1/k

)
+O(p2).

In view of Lemma 7, we have∑
h≤p

χ(h)
∑
d|p

µ(d)
∑

a≤ y
1/(k+1)

d

ψ

(
y

ptkak
− h

p

)
�

� O(1)
∑
h≤p

∑
d|p

(
1 + y1/(2(k+1))p1/2d−1 + y2/(5+2k)p−2/(5+2k)d−2k/(5+2k)

)
=

= O
(
p1+ε + y1/(2(k+1))p3/2+ε + y2/(5+2k)p(3+2k)/(5+2k)+ε

)
=

= O
(
y2/(5+2k)p3/2+ε

)
and ∑

h≤p

χ(h)
∑
d|p

µ(d)
∑

a≤y1/(k+1)

a≡h (mod p)

ψ

(
y1/k

da1/k

)

� O(1)
∑
h≤p

∑
d|p

(
1 + y1/(2(k+1))d1/2p−1 + y2/(5+2k)d−2/(5+2k)p−2k/(5+2k)

)
= O

(
p1+ε + y1/(2(k+1))p1/2+ε + y2/(5+2k)p5/(5+2k)+ε

)
= O

(
y2/(5+2k)p1/2+ε

)
.
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Thus, for any χ ∈ Γk,

S1,χ(y; k) =
φ(p)

p
L

(
1

k
, χ

)
y1/k +O

(
y2/(5+2k)p3/2+ε

)
+O(p2).

If χ 6= χ0 and χ /∈ Γk, we have

S1,χ(y; k) =
∑
h≤p

χ(h)
∑

a≤y1/(k+1)

χk(a)

⌊
y

akp
− h

p
+ 1

⌋
+

+
∑
h≤p

χk(h)
∑

a≤y1/(k+1)

χ(a)

⌊
y1/k

a1/kp
− h

p
+ 1

⌋
−

−
∑
h≤p

χ(h)
∑
j≤p

χk(j)

⌊
y1/(k+1)

p
− j

p
+ 1

⌋⌊
y1/(k+1)

p
− h

p
+ 1

⌋
=

= −
∑
h≤p

χ(h)
∑
j≤p

χk(j)
∑

a≤y1/(k+1)

a≡j (mod p)

ψ

(
y

pak
− h

p

)
−

−
∑
h≤p

χk(h)
∑
j≤p

χ(j)
∑

a≤y1/(k+1)

a≡j (mod p)

ψ

(
y1/k

pa1/k
− h

p

)
+O(p2).

It follows from Lemma 7, similarly to the proof on the previous case, that

∑
h≤p

χ(h)
∑
j≤p

χk(j)
∑

a≤y1/(k+1)

a≡j (mod p)

ψ

(
y

pak
− h

p

)
�

�
∑
h≤p

∑
j≤p

(
1 + y1/(2(k+1))p−1/2 + y2/(5+2k)p−2(k+1)/(5+2k)

)
=

= O
(
p2 + y1/(2(k+1))p3/2 + y2/(5+2k)p(8+2k)/(5+2k)+ε

)
= O

(
y2/(5+2k)p3/2

)
and

∑
h≤p

χk(h)
∑
j≤p

χ(j)
∑

a≤y1/(k+1)

a≡j (mod p)

ψ

(
y1/k

pa1/k
− h

p

)
�

�
∑
h≤p

∑
j≤p

(
1 + y1/(2(k+1))p−1/2 + y2/(5+2k)p−2(k+1)/(5+2k)

)
= O

(
y2/(5+2k)p3/2

)
.
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Thus,∑
b≤ρz

µ(b)χr0(b)Sχ0

( x
br

; k
)

=

=
∑
b≤ρz

µ(b)χr0(b)

(
φ(p)

p
L(k, χ0)

x

br
+
φ(p)

p
L

(
1

k
, χ0

)( x
br

)1/k)
+

+
∑
b≤ρz

µ(b)χr0(b)

(
O

(( x
br

)2/(5+2k)

p1/2+ε
))

=

=
φ(p)

p
· L(k, χ0)

L(r, χ0)
x+O

(
ρ1−rx1/r + ρ1−r/kx1/r + ρ1−2r/(5+2k)x1/rp1/2+ε

)
=

=
φ(p)

p
· L(k, χ0)

L(r, χ0)
x+O

(
ρ1−2r/(5+2k)x1/rp1/2+ε

)
;

for χ ∈ Γk,∑
b≤ρz

µ(b)χr(b)Sχ

( x
br

; k
)

=
∑
b≤ρz

µ(b)χr(b)
φ(p)

p
L

(
1

k
, χ

)( x
br

)1/k
+

+
∑
b≤ρz

µ(b)χr(b)O

(( x
br

)2/(5+2k)

p3/2+ε
)

=

= O
(
ρ1−2r/(5+2k)x1/rp3/2+ε

)
;

for χ 6= χ0 and χ /∈ Γk,∑
b≤ρz

µ(b)χr(b)Sχ

( x
br

; k
)
�

∑
b≤ρz

(( x
br

)2/(5+2k)

p3/2
)
�

= O
(
ρ1−2r/(5+2k)x1/rp3/2

)
.

As in [9], we choose ρ = exp

(
−A
r

log3/5(x1/2r)(log log(x1/2r))−1/5
)

. This

is based on the Vinogradov-Korobov zero-free region for the Riemann zeta-

function. Thus, we have B =
r−8/5(5 + 2k − 2r)

5 + 2k
A, and the proof of Lemma

is complete. �

3 Proof of Theorem 1

In view of Lemma 1, for a given odd prime p, we have

primk,r(x) =

=
φ(p− 1)

p− 1


∑
m≤x

m is (k, r) integer

χ0(m) +
∑
d|p−1
d>1

µ(d)

φ(d)

∑
χ∈Gd

∑
m≤x

m is (k, r) integer

χ(m)

 .



On the distribution of primitive roots that are (k, r)-integers 11

We bound the last sum by using the last two cases in Lemma 8. Thus,∣∣∣∣∣∣∣∣
∑
d|p−1
d>1

µ(d)

φ(d)

∑
χ∈Gd

∑
m≤x

m is (k, r) integer

χ(m)

∣∣∣∣∣∣∣∣�
� 2ω(p−1)p3/2+εx1/r exp

(
−B log3/5 x(log log x)−1/5

)
.

We use the first case in Lemma 8 to obtain the main term as

p− 1

p
· L(k, χ0)

L(r, χ0)
x,

and the error term of the first case is dominated by

2ω(p−1)p3/2+εx1/r exp
(
−B log3/5 x(log log x)−1/5

)
,

which establishes the formula.
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