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Abstract

We consider convergence acceleration of the truncated Fourier series by sequential appli-
cation of polynomial and rational corrections. Polynomial corrections are performed along
the ideas of the Krylov-Lanczos approximation. Rational corrections contain unknown pa-
rameters which determination is a crucial problem for realization of the rational approx-
imations. We consider approach connected with the Fourier-Pade approximations. This
rational-trigonometric-polynomial approximation we continue calling the Fourier-Pade ap-
proximation. We investigate its convergence for smooth functions in different frameworks
and derive the exact constants of asymptotic errors. Detailed analysis and comparisons of
different rational-trigonometric-polynomial approximations are performed and the conver-
gence properties of the Fourier-Pade approximation are outlined. In particular, fast conver-

gence of the Fourier-Pade approximation is observed in the regions away from the endpoints.
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Introduction

It is well known that approximation of a 2-periodic and smooth function by the truncated

Fourier series

N
Sn(fix) = fae™,
n=—N
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50 A. POGHOSYAN

is highly effective. When the approximated function has a point of discontinuity, approxi-
mation by the partial sum Sy (f) is noneffective.

In this paper we consider convergence acceleration of the truncated Fourier series by
sequential application of polynomial and rational corrections. Method of polynomial cor-
rections is known as the Krylov-Lanczos approximation (see [1], [3]-[5], [13] with references
therein). The approach was suggested by Krylov ([8]) and later (see also [16] and [19])
independently by Lanczos ([9]).

Additional convergence acceleration of the KL-approximation is achieved by application
of rational functions (in terms of ) as corrections of the error along the ideas of the
rational approximations ([2], [6], [7]). Rational approximations considered in this paper
depend on parameter ¢ which determination is the principal problem for realization of the
accelerating convergence.

Different approaches are known for parameter determination. One approach leads to
the Lo-minimal approximation ([12], [15]), the other leads to the limit function minimal
approximation ([I1]) and the third approach is connected with the roots of the associated
Laguerre polynomials ([I4]). In this paper we investigate parameter determination according
to the main stream which is considered in [2], [6] and [7] and which is known as the Fourier-
Pade approximation.

In our approach we have additional acceleration of convergence of the Fourier-Pade ap-
proximation due to application of the polynomial corrections. We consider smooth functions
and investigate convergence of the resultant rational-trigonometric-polynomial (RTP-) ap-
proximation deriving exact constants of the asymptotic errors in different frameworks: Lo-
norm, and pointwise convergence in the regions away from the endpoints z = 1. Compar-
ison with other RTP-approximations reveals the convergence properties of the Fourier-Pade
approximation. In particular, we observe the fast pointwise convergence in the regions away
from the endpoints.

The paper is organized as follows:

Section [1| displays the idea of polynomial correction and with some numerical results
outlines its properties.

Section [2| describes additional acceleration of convergence by the rational corrections.
Different approaches for parameter determination are discussed. Theoretical and numerical
results perform comparison of different RTP-approximations with each other and with the
Krylov-Lanczos approximation.

Section introduces RTP-approximation with parameter ¢ determined along the ideas
of the Fourier-Pade approximation and investigates the pointwise convergence in the regions
away from the endpoints. Comparison with other RTP-approximations reveals the fast
pointwise convergence of the Fourier-Pade approximation.

Section [3.2]explores the convergence of the Fourier-Pade approximation in the frameworks

of Ly and uniform convergence.
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On a convergence of the Fourier-Pade approximation 51

1 The Krylov-Lanczos Approximation

We recap the main ideas of the Krylov-Lanczos approximation from [13]. Let f € C471[—1,1].
Denote

A(f) =P = fP(=1), k=0,....q- 1
We limit our discussion to functions which are smooth on [—1,1] with discontinuities only
at the endpoints of the interval. Throughout the paper we suppose that the exact values of

the jumps are known.

The KL-approximation is based on the following representation of the approximated

function
q—1
fe) = F(z)+ ) Ae(f)Bi(), (1)
k=0
where By are 2-periodic extensions of the Bernoulli polynomials with the Fourier coefficients
0, n=>0
Bk,n = (_1)n+1
—_— 0
2y 7

and F is a 2-periodic and smooth function on the real line (F € C97'(R)) with the Fourier
coefficients

k=0

Approximation of F by the truncated Fourier series leads to the Krylov-Lanczos (KIL-)

approximation
N q—1
Sna(fix) = Y Fue™ 4+ Ax(f)By(2)
n=—N k=0

with the error
Ryg(fi2) = f(z) = Sng(fi2).
Next results are for further comparisons. Theorem (1| describes the asymptotic behavior

of Ry ,(f) on the segment [—1, 1] in the Lo-norm.

Theorem 1. [13] Suppose f € CI—1,1] and 9 € AC[—1,1] for some ¢ > 1. Then the

following estimate holds

i N iy (] = 144(F)le(a)

where
1

c(q) = ———0——.
(@) it /2q + 1
Table [1| shows the values of ¢(q).
Theorem |2 describes the pointwise convergence of the KL-approximation in the regions

away from the endpoints x = +1.
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52 A. POGHOSYAN

q 1 2 3 4 5 6 7 8
c¢(g) | 0.058 | 0.014 | 0.0039 | 0.0011 | 0.00031 | 0.000091 | 0.000027 | 8.1-10~6

Table 1: The values of ¢(¢) from Theorem [}

Theorem 2. [13] Suppose f € O+ [—1,1] and f9) € AC[-1,1] for some ¢ > 1. Then
the following estimates hold for |z| < 1

(—=1)N+3 sinZ(2N + 1)z

2wat1l Nat+l cos 7

Ryq(fiz) = Aq(f) +o(N"1, N = o

for even values of ¢, and

(—1)N+2 cos T(2N + 1)
2ratl Nat+l cos 75

Ry q(f32) = Aq(f) +o(NT171), N — o0
for odd values of q.

Theorem [3] outlines the behavior of the error at the endpoints of the interval in terms of
the limit function.

Theorem 3. [11] Let f € C[—1,1] and f9 € AC[—1,1] for some q > 1. Then the following
estimate holds for h > 0

h

Jim Ny, (f; - N) = A (h),

where

0,(h) (—1)1 /100 sin (The — &) .

mat+l xatl

The value of e lhax |¢,(h)| describes (asymptotically) the uniform error at the endpoints
of the interval. Taking into account that according to Theorem [2| the rate of convergence
in the regions away from the endpoints is higher than at the endpoints then the value
— max |{,(h)| is the uniform error of approximation on the entire interval. Table 2| presents

N4 h>0
the values of max |€,(h)| for different values of q.

q 1 2 3 4 5 6 7 8

r}rL1§(>)<|€q(h)| 0.10 | 0.012 | 0.0034 | 0.00074 | 0.00021 | 0.000053 | 0.000015 | 4.1-106

Table 2: The values of max |¢,(h)| from Theorem .
h>0

Now consider the following simple testing function that we use for further comparisons
f(z) =sin(x — 1). (2)

52



On a convergence of the Fourier-Pade approximation
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Figure 1: Graphs of |Rig24.2(f; )| on the interval [—0.7,0.7] (left) and at the point = 1 (right) for the
function (2).

Figure (1| shows the behavior of Ry ,(f;2)| on the interval [-0.7,0.7] (left figure) and at
the point = = 1 (right figure) for ¢ = 2 and N = 1024.

Also we calculated the Ls-norm of the error
[ R1024.2(f)|| £, = 3.9 - 107" (3)

and the uniform error
max |R10242(f, r)| =1.1-1075. (4)

ze[—1
Let us show how the actual errors in equations and coincide with the theoretical
estimates of Tables [[]and 2] According to Theorem [I] and Table
c(2) 7
~ A — - =379.1071°
1Rr020.2(f)l| o = [A2(f) 15525 = 379 - 10
which almost equals to the value of and according to Theorem |3| and Table

axy, [lo(h
max |Riossa(f37)| = \AQ(f)]M =1.04-1078

ze[—1 10242
which coincides with ([4]).

2 Rational-Trigonometric-Polynomial Approximations

Now we introduce the idea of rational corrections and recap the main ideas from [12], [14],
and [15].
Consider a finite sequence of complex numbers 6 = {6}}, _,;, p > 1 and by ARG, F,)

denote generalized finite differences

A0, F,) = F,, AX(0,F,) = AFY0, F,) + O sgn( n)A 0,F,), k>1,

\n\ 1)sgn(n) (

where sgn(n) = 1 if n > 0 and sgn(n) = —1 if n < 0. By A¥(F},) we denote the classical
finite differences which correspond to generalized differences AX (0, F,,) with 6 = 1.

23
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54 A. POGHOSYAN

We have
Ryo(f) = RN(F) + Ry(F),
where
00 —N-1
Z Fneiﬂnz, RR[(F) _ Z Fneiﬂnx.
n=N-+1 n=—o0o

The Abel transformation implies

(91FN6 m(N+1)z + 1
1+9161ﬂ$ 1_|_91617rx

Ri(F) = Z AL(O, Fp)e'™.

=N+1

Reiteration of it up to p times leads to the following expansion

: SN AN (N 28
RX[(F) _ _ezw(N—l—l)mZ k ( m)r
pt H (14 B5eim)
1
+ er Z Ap 9 F) e
(1 + er N4

where the first term can be viewed as correction of the error and the last term is real er-
ror. Similar expansion for Ry (F') reduces to the following rational-trigonometric-polynomial

approximation

q—1 N
SNiqvp(f;x) = ZAk(f)Bk(x>+ Z Fnem'na:
k=0 n=—N
pim(N+1)z O AN (0, F)
1 H’;:1<1 + Qseimr)
p

. AN F
e—ZW(N+1)z Z z k=_N (97 n) (5>
i [Lmi (14 0se™m)

k=

with the error

RN,‘LP(f;x) :f(ﬂf)—SN,q,p<f;37) qu(f? ) Nq,p(f;a:)a

where
1

qu(f .T) (1 +9ikeizwx

Z AL (6, F,)e™e, (6)

n=N+1

Approximation is undetermined until the values of 8, are undefined. Determination
of parameter 6 is crucial for realization of the RTP-approximation and different choices
have been investigated in different frameworks. Omne approach is investigated for smooth
functions in a series of papers ([I1], [12], [14], and [I5]) where the following determination
of parameters 6, is considered
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On a convergence of the Fourier-Pade approximation 55

where 7, are independent of N. Determination of new parameters 75, will be discussed below.
Now we present different theorems which outline the behavior of the RTP-approximation
in different frameworks for such choice of parameters ;. Theorem [4| shows behavior of the

RTP-approximation in the Lo-norm. Let

H(l + ) = Z%(T)xk. (8)

k=1

Theorem 4. [17] Suppose f € C9*P[—1,1] and f9P) € AC[—1,1] for some q,p > 1. If
ekzeszl_ﬁa k:L » D, Tk>07 Tj#Tia j?éla
then the following estimate holds

Jim N3 R ()l = 1A4(Flep(a),

1 00 1/2
ld) = 5 ( / r¢p,q<t>12dt) ,

where

and

Here (1) are defined by (8).

Next theorem outlines the behavior of the RTP-approximation in the regions away from
the endpoints for choice ([7)).

Theorem 5. [15] Let f € CTP+—1,1] and f9P+Y) ¢ AC[-1,1]. If parameters 0 are
chosen as in @ then the following estimates hold for |x| < 1
B (~DNFPHS SinZEQ2N —p+ 1)

Rygp(fix) = Ag(f) op+igatlg| Na+tptl cosPHL TE (=1)*(p — k + @) (7)
k=0

+ o(N“IPY N S oo,

for even wvalues of q and

g+l T p
' B (—1)N+ 5T cosZE(2N —p+ 1)
Ryvap(fi2) = Aq(f)2p+17rq+1q!]\7q+p+1 cosptl Z2 Z N

+ o(N"9PY) N — o0,
for odd values of q. Here vy, (1) are defined by (8.
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56 A. POGHOSYAN

Finally, Theorem [6] describes the behavior of the RTP-approximation at the endpoints

of the interval.
Theorem 6. [11] Let f € C9*P[—1,1] and f9P) € AC[-1,1] for some p,q > 1. If parame-
ters 0y are chosen as in (@ then the following estimate holds for h > 0

h
lim NRy gy (f, 1 - —> = Ay(f)lyp(h)

N—oo N

where

(—1)r+
lop(h) = Eq(h)+W

_irh p p 1

k—
€
R
x Re (l-q+1 T2,_, (7on + imh) Z SZ:(:)

and Ly(h) is defined in Theorem [ Here ~i(7) are defined by (8).

(imh)® k+s(q+p—k—s—1)!>,

Theorems are valid nonetheless parameters 7, are still undefined but an important
convergence property of the RTP-approximations can be seen from comparison of Theorems
and [5] without determination of parameters 7;: in the regions away from the endpoints
the RTP-approximations are more accurate than the KL-approximation and improvement
in accuracy is O(NP) as N — o0.

Parameters 75, can be determined differently and Theorems will outline approaches

towards determination of their values.

2.1 Lo-minimal and LF-minimal RTP-approximations

Estimate of Theorem |4|leads to the Lo-minimal RTP-approximations which are investigated
in [12]. This approach is connected with appropriate choice of parameters 7, which minimize
the constant ¢,(¢) and consequently the asymptotic Lo-error

Jim N7 Ry (/)] — min.

Tables [3] and [4] present the optimal values of 7, k = 1,--- , p that realize the Ly-minimal
RTP-approximation. We show also the values of ¢,(¢) and the ratio ¢(q)/c,(q) that displays
the efficiency of the Lo-minimal RTP-approximation compared to the KL-approximation.
Results for 1 < p <4 can be found in [12].

The tables show that the Ly-minimal RTP-approximation is much more accurate by the
Lo-norm (however asymptotically) compared to the KL-approximation. As larger are the
values of parameters p and ¢ as more precise is the RTP-approximation.

TableH displays the values of max |0y p(R)|. The values q A |0, p(R)| coincide with
the uniform errors (however asymptotically). We see that by uniform norm Ls-minimal

RTP-approximation is also rather accurate compared to the KL-approximation.

56



On a convergence of the Fourier-Pade approximation

q 1 2 3 4 5 6
c1(q) 0.010 | 0.0016 | 0.00031 | 0.000070 | 0.000017 | 4.2-10~6
c(q)/ei(q) | 5.7 9.0 12.2 15.5 18.7 22.0
71 1.3533 | 2.3194 3.3021 4.2916 5.2846 6.2796
e (q) 0.0028 | 0.00031 | 0.000047 | 851076 | 1.7-107¢ | 3.7- 107
c(q)/ea(q) | 210 46.7 82.3 128.1 183.8 249.7
m 2.7595 | 4.0837 | 5.3580 6.6001 7.8190 9.0202
T 0.5320 | 1.1360 1.8177 | 25460 | 3.3060 4.0890
cs(q) | 0.00095 | 0.000078 | 9.4-1076 | 1.4-1075 | 2.4.1077 | 461078
c(q)/es(q) | 61.3 185.1 411.6 771.8 1296.7 2017.4
ﬁ 0.2511 | 0.6382 1.1230 1.6731 2.2700 2.9023
. 1.2855 | 2.2363 3.2067 | 4.1869 5.1725 6.1617
T3 42225 | 5.7813 7.2573 8.6782 | 10.0589 | 11.4090
calg)  ]0.00037 | 0.000022 [ 2.3-106 [ 2.9-10-7 [ 431078 [ 7.0-107°
c(q)/calq) | 156.5 621.3 1704.4 3794.9 7377.9 | 13034.6
m 0.6663 | 0.3861 0.7379 1.1602 1.6358 2.1534
7 0.1305 | 1.3459 2.0908 2.8748 3.6852 4.5147
T3 2.2056 | 3.4131 4.5976 5.7649 6.9188 8.0620
T4 5.7355 | 7.4661 9.0951 | 10.6547 | 12.1630 | 13.6315
cs(q) 000016 | 7.8-1076 [ 6.3-107 | 6.8-10783 [ 8.7-107° [ 1.3-107°
c(q)/es(q) | 3632 | 1852.0 6166.3 | 16110.9 | 359154 | 71530.5
n 0.0727 | 0.2459 3.1216 40912 | 141902 | 6.0515
T 0.3709 | 0.8560 | 10.9048 | 12,5769 | 8.6157 | 3.4312
73 3.2540 | 4.6573 0.5057 | 2.0598 2.7304 1.6450
T4 7.2925 | 9.1544 14204 | 0.8341 12173 | 15.7573
Ts 1.2353 | 2.1655 6.0097 | 7.3263 5.0688 9.8837

Table 3:  Numerical values of ¢,(¢) and ¢(¢q)/c,(¢) with optimal values of 7, that correspond

to the Ly-minimal RTP-approximation.

Then, in the regions away from the endpoints the Lo-minimal RTP-approximation is
O(N-7771) and we have improvement in convergence by factor O(N?) compared to the
KL-approximation (compare also Figures [1] and [2).

Figure [2| confirms these observations for testing function . The left figure presents the
behavior of the error on the interval [—0.7,0.7] and the right one at the point = 1.

Also, we derived the following values for the L, and uniform norms

[ Rio2a,22(f) L, = 8.4-107%, (9)
r?afil] ‘R10247272(f; x)] =43 10710. (10)
xe|—1,

Both values are smaller than their counterparts and .
Let us show, as above for the KL-approximation, that (9)) and almost coincide with

57
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1

2

q 3 4 5 6
c6(q) 0.000074 | 2.9-1076 | 5.8-1077 | 1.8-107% | 2.0-107% | 2.7. 10710
c(q)/ce(q) | 785.7 5047.3 6680.3 61110.1 | 155008.3 | 345876.7
T 0.2172 10.8514 1.3972 14.4673 10.2897 11.6629
T 0.7246 5.9586 50.0000 8.8870 16.1694 17.8206
T3 8.8848 1.4319 3.0504 3.0073 6.4538 4.6873
T4 4.4008 0.1627 0.4943 0.6160 2.0768 1.2839
5 0.0426 3.0843 10.6365 5.3377 3.8383 2.6717
6 1.9466 0.5661 5.8693 1.5192 0.9276 7.5637
c7(q) 0.000036 | 1.1-107% | 291077 | 5.1-107°2 | 5.2-1071° | 6.1- 107!
c(q)/c7(q) | 1607.5 12813.5 | 13276.0 | 211823.9 | 607353.7 2-10°
T 1.1979 12,5591 | 12.6330 | 10.4540 11.9533 13.4172
T 0.4419 7.3084 15.9240 | 16.3382 18.1168 19.8412
T3 5.6258 0.9763 2.4915 2.2642 4.9757 3.7070
T4 0.0259 0.3858 1.1504 0.4646 0.7201 2.1181
5 0.1323 4.0881 8.0502 6.6165 2.9717 9.0691
6 2.7805 0.1109 0.4081 1.1452 1.6109 1.0190
™7 10.5071 2.1082 4.6940 4.0073 7.8504 5.9512
cs(q) 0.000034 | 1.0-107¢ | 2.3-107% | 1.6-107% | 1.4-1071° | 1.5. 107
c(q)/es(q) | 1699.1 14035.0 | 170322.7 | 681710.0 | 2.2-10° 6.1-10°
T 5.4076 11.2354 6.5631 18.1970 6.1456 4.7688
T 10.0609 | 6.7837 16.2819 7.9265 0.5676 0.8199
T3 0.0250 0.9453 0.5408 1.7362 13.6136 10.5758
T4 0.1276 0.3754 2.2544 3.0701 9.2623 15.1568
5 0.4259 3.8836 3.9676 5.0576 20.0424 21.8313
6 1.1544 0.1096 0.1915 0.3565 3.9105 7.2311
7 2.6774 2.0321 1.1780 0.8786 1.2693 1.7033
8 32.5859 | 19.2307 | 10.3970 | 12.0302 2.3396 2.9776

to the Lo-minimal RTP-approximation.

[ Rio24.2.2(f)| L, = [A2(f)]

and according to Theorem [6] and Table [5| we calculate

max |Rigz42.2(f;7)] = |A2(f)]

z€[—1,1]

maxy, |€272(h)|
10242

Both results coincide with (9] and rather precisely.

o8

—=8.13-10712

Table 4: Numerical values of ¢,(¢) and ¢(q)/c,(¢q) with optimal values of 7, that correspond

the theoretical estimates of Tables and 5] From Theorem [4] and Table [3] we have

c2(2)
102425

=4.34-10719,

One thing that worth noting is that all theorems concerning the RTP-approximations
put additional smoothness requirements on the approximated functions so it is supposed
that parameters p and ¢ are chosen such (for infinitely differentiable functions no matter

how they are chosen) that all theorems are valid and thus comparisons are reasonable.
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q=1 q=2 q=3 q=4 q=5 q=6
0.026 0.0018 0.00031 0.000054 | 0.000011 2.5-107°
0.012 0.00050 0.000074 | 9.0-107¢ | 1.8-107% | 3.1-107
0.0052 0.00015 0.000014 | 1.6-107¢ | 2.2-1077 | 3.6-107%
0.0029 | 0.000030 | 5.0-1076 | 40-10=7 | 5.7-1078 | 7.1-107°
0.0015 | 0.000013 | 1.4-107¢ | 1.0-10~7 | 1.0-107% | 1.3-107°
0.00094 | 5.5-107% | 1.3-1076 | 2.1-107% | 3.3-1072 | 3.1-1071°
0.00055 | 1.4-107% | 7.1-1077 | 7.4-107° | 7.7-10719 | 7.4-107 1!
0.00053 | 1.5-1076 | 8.4-1078 | 2.4-107° | 2.8-10710 | 2.1. 101!

i}
=
Q

SRR SRS E LS SRS H LS
Il
0N | O =W

Table 5:  The values of max |0y p(h)| with parameters 7, corresponding to the Lo-minimal

RTP-approximation.

i 4.x10°0]
3.x10°7F L

25x10717 | i
T 3.x1010}

2.x10°17 |

15x10°77 | 210710

1.x10°7 | [
r 1.x107%0

5.x10718

0.9990 0.9995

-06 -0.4 -0.2

1.0000

Figure 2: Graphs of |Rio24.22(f;x)| on the interval [—0.7,0.7] (left) and at the point z = 1 (right) that

correspond to the Lo-minimal RTP-approximation.

Paper [15] performs another approach for comparison of the KL- and the Ls-minimal
RTP-approximations. Suppose that approximated function has finite smoothness f €
CM+1[-1,1] and fM+) ¢ AC[-1,1] and all available jumps A(f), & = 0,--- ,M + 1
are exactly known. If parameters p and ¢ are chosen such that p+¢ = M then Theorem (4] is
valid for all values of p for p =0, ..., M —q and comparison of different RTP-approximations
is valid. Note that p = 0 coincides with the KL-approximation. The paper concluded that
not always utilization of all available jumps by the KL-approximation leads to the best ap-
proximation. When the values of jumps are rapidly increasing then better accuracy can
be achieved by utilization of smaller number of jumps (consequently with smaller A,(f)
in the estimates of the corresponding theorems) and appropriately chosen rational correc-
tions based on the smoothness of the approximated function. Comparisons showed that for
functions with rapidly increasing jumps the choice ¢ = 1 and p = M — 1 gave much more
accuracy than the choice p = 0 and ¢ = M which coincided with the KL-approximation. In
practice, which choice of ¢ and p is the best in such cases can be concluded from compar-

ison of the corresponding estimates. Similar investigations can be carried out for different

29



60 A. POGHOSYAN

RTP-approximations in different frameworks.

Estimate of Theorem [g] leads to another approach of parameter determination and hence
to another type of RTP-approximations. In particular, parameters 7, minimize the values
of maxy, |¢,,(h)| getting more accurate RTP-approximations in the framework of the uni-
form norm. Such approximations are considered in [I1] and are known as the limit function
minimal (LF-minimal) RTP-approximations. We are not giving detailed analysis of this ap-

proximations as, in general, they mimic the behavior of the Lo-minimal RTP-approximations.

2.2 RTP-approximations by the roots of the Laguerre polynomials

Another approach for determination of parameters 7, is connected with Theorem [5] Efforts
towards minimization of the pointwise error in the regions away from the endpoints drive
us to the RTP-approximations where parameters 75 are the roots of the associated Laguerre
polynomials L¢(x)

Li(ry) =0, k=1,...,p.

It is well-known that the roots of the associated Laguerre polynomials are distinct and

positive. Associated Laguerre polynomials have the well-known representation

p | .
B = 2 g T (1)

This representation allows calculation of parameters 7 explicitly for p = 1,2,3. For p =1

we have
Li(zx)= -2+ (¢+1), n=q+1.
For p =2
L) = &~ a(g+2) ¢ CEED)
and hence
7'1:2—1—q+\/ﬁ, 72:2—|—q—\/m.
For p =3

PSP ha R (R IR RS (R IR

and by the Cardano formula, after some manipulations, we obtain

1
1 =34 q+2+/3+ qcos (garctg\/q+2)) ,

1
To =34+ q—2+/3 4 qgcos <§arctg\/q+2)> ,
and

1 1
3=34+q—+/q+3 (cos <§arctg\/q+ 2) +v/3sin (garctg\/q—i— 2)) :
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qg=1 =2 q=3 qg=4 q=5>5 q==6 q="T7

71 | 0.7433 | 1.2268 | 1.7555 | 2.3192 | 2.9108 | 3.5256 | 4.1599
To | 25716 | 3.4125 | 4.2656 | 5.1287 | 6.0000 | 6.8783 | 7.7626
T3 | 5.7312 | 6.9027 | 8.0579 | 9.2009 | 10.3341 | 11.4594 | 12.5780
74 | 10.9539 | 12.4580 | 13.9209 | 15.3513 | 16.7551 | 18.1368 | 19.4996

Table 6: The roots of the associated Laguerre polynomial Lf(z) for different values of q.

For other values of p the values of 7, can be calculated numerically with any required
precision. Table [6] shows that values for p = 4.

Rtp-approximations by the roots of the associated Laguerre polynomials was investigated
in [14]. We recap the main results of this paper. Next theorems present the pointwise

convergence in the regions away from the endpoints. Theorem [7] investigates even values of
p and Theorem [8 odd values.

Theorem 7. [T Let p be even, f € CUPHa+1[—1 1] and frP+5+) € AC[-1,1] for some
q,p > 1. If parameter 0 is chosen as in where Ty, are the roots of the associated Laguerre
polynomial Li(x) then the following estimates hold for |z| <1

] - (—l)N"'% Sin%(QN—p—}-l) PP
Rnap(fiz) = Aqlf) Op+1 g+l Nat+p+5+1 cospHl = Op.a (0’ 2 )

+ O(N_q_p_%_l), N — oo,

for even wvalues of q, and

+1
) (=D cosFRN —p+1) PP
Rngp(fiw) = Aq<f>2p+1ﬂ-q+1NQ+P+§+1 cosptl = Op.a <0’ 2 )

+ O(N_q_p_g_l), N — oo,
for odd values of q, where

p
t+p—k+gq
) t) =

patws0) =3 (30

-
and oy s(w) is defined by (24]).

Theorem 8. [T]] Let p be odd, f € CTP+*5 +1—1 1] and f@trt™=+D ¢ AC[-1,1] for

some q,p > 1. If parameter 0 is chosen as in where T, are the roots of the associated
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62 A. POGHOSYAN

Laguerre polynomial Li(x) then the following estimates hold for [x| <1

Ryngp(fiz) = Alf)

(~D)N+3sin 22N —p+ 1) (Op—|—1 p—|—1>
pa | Y5

ratl 21 cosptl IE 2 72
o4 (f)(—l)N+%+1cos%$(2N—p+1) 0 p—1p+1
ot rat2 20tlcogptt ZL TPANTT 9 T2
b oap DI EON —p) () pal
7 matl  2p+2cospt? IE ) 2
+ (Npqul) N — oo

for even wvalues of q, and

RN,q,p(ﬁx) = Aq(f)

(— 1)N+qJ2r cos BE(2N —p+ 1) (0 p+1 p+ 1>
pa\Y 5

71"14'1 2P+1 COSp+1 ﬂ 2 ) 2
— )N+ sin TE(2N —p+ 1 -1 1
+ A-i-l(f)( ) - ( b ) 07p 7p+
1 Ta+2 2p+1 cosPt! ZE P 2 2
n A(f)(—l)NJFTCOS%(QN—p) p+1 p+1
7 e+l 2r+2 cosPt2 IE P 2 72

+ o(N7P71 &_1) N — o
for odd values of q.

Comparison with Theorem [5| shows that RTP-approximation by the roots of the associ-
ated Laguerre polynomial has extra accuracy by factors O(N2) and O(N ) for even and
odd values of p, respectively, in the regions away from the endpoints compared to the Lo-
minimal RTP-approximation. Compared to the KL-approximation it has improvement in
accuracy by factors O(NP*%) and O(NPJFPH)

Let us compare approximations by the Ly and uniform norms.

p\q¢ | q=1 q=2 q=3 q=4 q=>5 q=6

0.017 | 0.0029 | 0.00058 | 0.00058 | 0.00013 | 0.000032
0.0092 | 0.0012 | 0.00019 | 0.000036 | 7.5-10=6 | 1.7-1076
0.0059 | 0.00061 | 0.000084 | 0.000014 | 2.5-1076 | 4.9-10-7
0.0042 | 0.00037 | 0.000043 | 6.2-1076 | 1.0-1076 | 1.8-10~7
0.0032 | 0.00024 | 0.000025 | 3.2-10=6 | 4.7-10-7 | 7.6 -10~8
0.0025 | 0.00017 | 0.000016 | 1.8-107¢ | 2.4-10"7 | 3.5-1078

RVI”BI—®IR®I®IS
|
oo kx|

Table 7:  The values of ¢,(¢q) corresponding to the RTP-approximations by the roots of the
associated Laguerre polynomials.

Table displays the values of ¢ and Table |8 the values of max 14 in this case.
play D a,p

Comparlson with the results of Tables [3 l M] and [ shows worse Ly and un1f0rm convergence of
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p\¢ | a=1 | q=2 q=3 q=4 q=>5 q=6
p=11[0051| 00039 | 0.00086 | 0.00014 | 0.000035 | 7.3-10~6
p=2(0034 | 0.0019 | 0.00034 | 0.000047 | 9.9-1076 | 1.8-10~6
p=310025| 00012 | 0.00017 | 0.000020 | 3.7-1076 | 6.0-10~7
p=4[0.020 | 0.00077 | 0.000098 | 9.9-1076 | 1.7-1076 | 2.4-10~7
p=>5 | 0.017 | 0.00055 | 0.000061 | 5.5-1076 | 8.3-10~7 | 1.1-10~7
p==6[0.014 | 0.00041 | 0.000041 | 3.3-1076 | 4.5-10~7 | 5.4-10~8

Table 8: The values of max |€,»(h)| corresponding to the RTP-approximations by the roots

of the associated Laguerre polynomials.

the RTP-approximation by the Laguerre polynomials compared to the Ls-minimal approxi-

mations.

Figure shows the behavior of the error of the RT'P-approximation | Rig24.22(f; )| by the
roots of the associated Laguerre polynomials in the regions away from the endpoints and at
the point x = 1. We see the higher accuracy inside the interval of approximation and lower

accuracy at the endpoint compared to the Ly-minimal RTP-approximation |Ripes422(f; ).

4.x100} [
15x10°
3.x10%
i 1.x10°F
2.x107 |
[ 10|
Lo | 5.x10°%0 |
L Il 1 Il Il Il

-0.6 -04 -02 0.9990 0.9995 1.0000

Figure 3: Graphs of |[Ry 4, (f;2)| on the interval [—0.7,0.7] (left) and at the point z = 1 (right) for ¢ = 2,
p =2 and N = 1024 that correspond to the RTP-approximation by the roots of the associated Laguerre
polynomial.

We also calculated Lo and uniform norms of the errors

| Rio2a2(f)||z, = 3.2- 1071, (12)
max |Rigoa2(f)] = 1.7-1077 (13)
z€[—1,1]

which confirm the above statements. Low accuracy by Lo and uniform norms is connected
with low accuracy of the RTP-approximation by the roots of the associated Laguerre poly-
nomials at the endpoints of the interval.

63



64 A. POGHOSYAN

3 The Fourier-Pade approximations

Now we consider RTP-approximations where parameters 6, are determined along the ideas

of the Fourier-Pade approximation. More specifically we consider the following system

AP0, F,)=0, n=N,N—1,....N—p+1 (14)
for determination of 0y, k =1,...,p, and
AP, F,)=0, n=—-N,—-N+1,...,—N+p—1 (15)
for determination of 8_, k=1,... p.

By v (6) and ~; (6) we denote the coefficients of the polynomials

E@

1+ 60pz) = Z v (0)2". (16)

B
Il
—

and
p

[T+ 6-2) Z’m : (17)

k=1
respectively. It is well known (see [2]) that knowledge of v;=(6) is sufficient for construction

of the Fourier-Pade approximation Sy ,,(f). We rewrite and in the form
AP(9, F,) k+2% Frjs=0,n=NN—-1,....N—p+1 (18)

and

Ap(e F - n-‘rk +Zrys n+k+57 n = _N —N + 1 _N+p_ 1 (19>

which give us systems of linear equations for determination of ;7 and =, , respectively.
Such RTP-approximations we continue calling as the Fourier-Pade approximations. We
investigate convergence of the Fourier-Pade approximation in different frameworks, de-
rive exact constants of the asymptotic errors and perform comparisons with other RTP-
approximations.
In subsection we explore pointwise convergence of the Fourier-Pade approximation in
the regions away from the endpoints and in subsection the L, and uniform errors on the

entire interval.

3.1 Pointwise convergence of the Fourier-Pade approximation in

the regions away from the endpoints

First we need some lemmas revealing the behavior of the generalized finite differences when
7 (0) and v, (#) are solutions of systems and (19), respectively.
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On a convergence of the Fourier-Pade approximation

Lemma 1. Let f € O+ 1, 1] and f@+%+D) ¢ AC[-1,1]. Let systems (@ and (@
have unique solutions. Then the following estimate holds

AR(AL(0, ) = O(n™ ") +o(n™"*72), n| > N+ 1, N — oc.

Proof. According to definitions of the classical and generalized finite differences, we have

AY(AL(G, F) = > 7 (A (Fass),

where the upper signs correspond to positive n.

In view of the smoothness of f and expansion , by means of integration by parts, we

derive
>n+1 q+2p+1
Z Ap(f) By + o(n=97%72), (20)
Thus
n+1 4 q+2p+1
AZ(AL(0, F,) 20 X ADAL Br) +o(n™ )
=0 k=q

This completes the proof as

AL (Bn) = A (2((;—71):1) — Ot

and

The last estimate follows from

lim £ (0) = <p> (21)

N—oo S
which can be proved in view of asymptotic expansion and systems , . O

Lemma 2. Let f € CT2P+—1 1] with fr2+Y) ¢ AC[-1,1] and A,(f) # 0. Let sys-
tems (18) and (19) have unique solution v (0) and ~; (), respectively. Then the following
estimate holds for w >0, p > 0

y DNFEH (g g)! t+w+q
Aiy(An0.Fa)) = A (f>§Nw>+p +ir N q+1q'zﬁt ( w+q )

+ O(NTWP7972) 4 o(N"27972) N — o0

where )
BE() = (—1) ks
s=0

and yﬁ are the coefficients of the asymptotic expansion of v (6)

HOEDY VNQF Fo(N"21), N = oc. (22)
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66 A. POGHOSYAN

Proof. We will prove for "+ sign. The case of ”-” sign can be handled similarly. Existence
of the asymptotic expansion follows from the smoothness of f, systems , and
from the Crammer rule for solution of system of linear equations.

Then, definition of the classical and generalized finite differences leads to the following

representation
p w w p
AYAR0.F) = L 085 (F) = X () S OF v (23)
s=0 k=0 s=0
where v are the solutions of system ((18)).
From (20) we derive
+2p+1
(_1>N+k+s+1 q Af(f) o
Faopos ) N—a—2p
- P T = ARG
+2p+1 o
_ ( 1)N+k+s+1 < Af(f) J k + S ] B 0<N*q*2p72)
B 2 (i)t ¢) Nitl
l=q =L
2p+1 i .
_ ( 1)N+k+s+1 Ae+q(f) J+4q j—t —q—2p—2
— —Q(mrN . N ; imt \e+q (k+ )" +o(N ).

Substituting this and into we obtain

(_1)N+1 w w\ <& 2p+1 ly(t)+
AN(AL(G, Fr)) = WZ<_1)k< )Z(—l)s (Z ]i}t _|_O(N—2P—1)>

k
k=0 s=0 t=0
2p+1 7 .
1 Arq(f) (J + Q) ¢ 2p—2
R k J N q—<p
X (;Nﬂ 2 (in) \t+q (k4 s)~" 4 o( )
_ =)™ QPHLijt Ajtevg(f) (T —t+4q
2(imr N)at1 = J purdn (1m)i—t=¢ 14
Lt
< 3 (D )awabilt) +ov T,
u=0

where

Qpy = XT:(—U@@ 0. (24)
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we get

_{\N+1 2ptl Jj—w jitA~ . -
AY(AP(O, f)) = =D %Z j—t—t+q(f) (J t+q)

(im)i—t=¢ 14

w 1 ; j—t—4
2Nw (i N )at g NI e = (im)! 4w
- t+uw + —q—2p—2
<3 (o B () + o)

From here we derive

(_1>N+1 2p—w+1 1 J t

AR (AL, F)) = IN(in N)oHt > ~7 Bali—1)
=0 t=0 u=0
t
Al t+w+q\ ({+w oy
e o W—

l=u

This will complete the proof if we show that
BEGj—1t)=0,5=0,....p—1,0<t<j, 0<u<t.
System ([14]) can be rewritten in the form
AN(AL(0,F,)) =0, w=0,...,p—1
and from (25 we get
S G0 At D (T e =0

t=0 u=0 l=u
0<3<2p—w+1, w=0,...,p—1.

2p—w+1 j j—t .
_ =y ® . i — Ajeierq(f) (J tw—t+gq

(26)

(27)

We prove from by means of the mathematical induction. Let j = 0 in (27]).

Thus
AN ("7 Jawa =0

and therefore 7 (0) = 0 as A,(f) # 0. Suppose that identity is true for j = jo — 1,

Jo<p-—1
Brjo—1—-1t)=0,0<u<t, 0<t<jo— 1.

Let us prove that
B (jo—1) = 0.

67
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68 A. POGHOSYAN

For j = jo from (27) we have

Z jo — 1) Xy (w) =0, (29)

where

t
. At—é—i—q(f) t+w+q\(l{+w
Xu»t<w) - E : (Z.’]T)t_f ( ¢+ w ) < u )Oéw,éu+w~

l=u
Then can be rewritten in the form

jo t—1

YO B G =) Xusw) = D> B — ) Xus(w)

t=0 u=0 t=1 u=0
Jo
+ Y B o — 1) Xia(w) =0,
t=0

where the first term vanishes according to . Hence

> B (o — 1) Xpe(w) =0,
t=0

where

Xatw) = 4,0 (TN (T Yut-aye

t+w t

Taking into account that A,(f) # 0 we get the following system of linear equations for
determination of 3, (jo — t)

Jo

. t+w+q\ (t+w .
g + —t =0 =0,...
s ﬁt (jO )( t+w >< ¢ ) , W ) » Jo

which can be rewritten in the form

Jo
Zﬂi(jo—w(”w*q):o, w="0,....j (30)

t=0 ¢

In the Appendix we show (see ) that matrix (tﬂffrq) has nonzero determinant and as a

consequence system has unique zero-vector solution 5;(jo—t) =0, t =0,...,jo < p—1.
Thus, from (25) we obtain

LA Arerq(f) (t+w+q)

N+1
w _ +
AN(A£(€7 Fn)) - 2Nw+p Z7TN q+1 Z Z 6 (Z?T)t T —C V4 + w

t=0 u=0 Z U
C+w
( )amgww + O(N~WP7972) L o(N~27772) N — oo
u
It remains to notice that only term u = ¢ is nonzero and ay,,, = (—1)*w!. O
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On a convergence of the Fourier-Pade approximation 69

Now we prove one of the main results of this paper that reveals the pointwise convergence

of the Fourier-Pade approximations in the regions away from the endpoints.

Theorem 9. Let f € C9F2PH[—1 1] with f92+Y) € AC[-1,1] and A (f) # 0. Let systems
(@ and (@) have unique solutions. Then the following estimate holds

(—1)N*3 (p+q)p!sinZE(2N —2p+1)

. — —q—2p—1
RN,q,p(fv .T) == q(f) 22p+17Tq+1Nq+2p+1 q' COSZIhLl ﬂ.; O(N q—zp )’ N — 0

for even wvalues of q and

()N (p+q)lp cos (2N — 2p + 1)

. _ —q—2p—1
RN,qJJ(fa fL‘) - q(f) 22p+17r‘1+1N‘1+2p+1 q' Coszp'H % +O(N )7 N — oo

for odd values of q.
Proof. Let us start with estimation of Ry, (f;) (see @)

1

+ . —

Z AP (8, F,)e™=, (31)

=N+1

Recall (see (21))) that v (6) — (7 ) as N — oo and therefore

p
H (14 0re™) = (14 ™), N — oo.
k=1

Hence we need to estimate only the sum in the right hand side of (31)). By application of
the Abel transformation we derive

00 2p+1
, , A% (AP (0, F,))
imne . _in(N+1)z N\=n\Ys 4 n
Z AZ(Q’F">6 o € Z (1+6i7rx)w+1
n=N+1 w=0
1 > .
t o gramn O ATTANE F)em

(1 + 617rw)2p+2 vt

Taking into account that

we see from system that

AR (AP0, F,) =0, k=0,...,p—1.

Therefore
> 2p+1 w
Z AP(@ Fn)eiwnm _ _6i7r(N+1)zA]]D\f(AZ(9>Fn>) _ pim(N+1)z Z AN(AfL(@,Fn))
et n\"» (l_l_emx)p-H W) (1_|_6mx)w+l
1 > .
+ — Z Aip+2(A€L(97 Fn))ewmg:' (32)

(1 + ewrx)2p+2 ol
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70 A. POGHOSYAN

Lemma [ shows that
A?LPH(A{’Z(G, F,)) = 0(n‘2p—q—2), n — 00.

Hence the last term in the right hand side of is o( N=2P7471) as N — oo.
According to Lemma

A% (AP0, F,)) = O(N"w P4 1) 4 o(N~T27 1) N — oo,

As in the second term of the right hand side of parameter w is ranging from w = p+ 1
to w = 2p + 1 then this term is O(N~72P=2). Hence

. v (A6, F)

NQp(f) = 6 (1 + eurm)Zerl + 0<N—q—2p—1)’ N — oo. (33>

Now we need to estimate AR (A2(f, F,)). Again by Lemma [2| we have
(—1)N+pt1

2N (imrN)atlq!
(Z B (p +p_+q> + 3, (0 )W) +o(N71771). (34)

Now we calculate 3, (p —t) for t =0,...,p — 1. Usingforj:pandw:(),...,p—l

we derive

p—1
p+w+q\ (p+w t+w4+q\[t+w B _ B
ﬁJ(O)( bt )( . )+t§oﬁt+(p_t)( Cw )( t )—O,w—(),...,p 1.

After some simplifications we get

Soo-o("t )~ (" ) w0 @
t=0

w +q

AN(ALO, 1)) = Ay(f)

t+w+q
w—q

inverse we calculate in Appendix (see (44)). Now from (37)) we get

2 twpl s\ (q+s\(p+w+q
-0 =00 ()5 CTT)

w=0 s=0

We know that determinant of matrix ( ) is nonzero, hence it is invertible matrix and its

In view of identity ([17])

we derive

5o — 1) =~ O)(~1)" H(—DS(Q ] (36)
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Then (see (34)))

jz;ﬁ;( _t)(t+];+q) ;(0)(2];4:(])'
- <p+q>'§6f( —w(ii;q) ()2t
- ol S ( ) Sor (i) ()
- o[ Eacrion( ) ()]

Ep:(—ns(i) (Z) = 0. (37)

Finally, applying

Sl 1) - SO 1) o))

= (cap - ap ()
we get
S sitp— et O )
Then - ) )
HURD DEIRTEED St ¢ R (59
and from (B4) we get - -
(_1)N+1

AN (AL(0, Fn)) = Aq(f)

—g—2p—1
N (rN)arigll P T o,

Substitution this into implies
(—l)N p!(p+ q)! e’iﬂ'(N+1)x

N ) = —q—2p—1
RN,q,p(fa «T) = Aq(f) 2N2p(7TN)q+1 q! iQ+1<1 n eiﬂ:c>2p+1 + O(N q—2p )
Similarly
_ —1NN pl(p+q)! e~ im(N+1)z L
RN,q,p(f; Q?) = A(I(f) ( ) ( ) + O(N q—2p 1).

2N2p(ﬂ-]\])q+1 q! (_i>q+1(1 + e—iﬂz)Qp—l—l
Thus

DY (+a)W eim(N e

. — —q—2p—1
RN,II,P(f7 I) - Aq(f) qa+1 Na+2p+1 q‘ € iq+1(1 + eiﬂx)2p+1 + O(N - )

which completes the proof. O
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Comparisons show that the Fourier-Pade approximation is much more precise in the
regions away from the endpoints than the KL-approximation and other RTP-approximations
presented here. Comparing with Theorem We see that improvement in accuracy is O(N?),
compared with Theorem [5| improvement is O(NT) and compared with Theorems |7 and
improvement is almost O(N?/2).

3.2 Convergence of the Fourier-Pade Approximation on the Entire

Interval: L, and uniform errors.

In this subsection we investigate convergence of the Fourier-Pade approximation in the frame-
works of L, and uniform errors. For such investigations we need additional information

concerning the behavior of parameters 6, as N — oco. As was mentioned above it is easy to
verify that v; (6) = (?) as N — oco. In view of (16 and this means that 6, — 1 as
N — oo but this information is not enough for our purposes and we need to estimate the
second term in the asymptotic expansion of 6,

0, = 1—%+0(N‘1), 0_y = 1—%+0(N‘1), k=1,...,p. (39)

For determination of parameters 7, we compare two results that outline the behavior of
AP (0, F,).

Lemma 3. Let f € C9P[—1,1] with f@?) € AC[—1,1] and A,(f) # 0. Let systems (@
and (@ have unique solutions y=(0). Then the following estimate holds

AP0, F,) = Aq(f)2(¢(7r_n1))q:m (p ;L! q)! (1 B ﬁ) 4 o(NP)

g In| > N, N — oc.

Proof. The proof, in general, mimics the one of Lemma [2] so we omit some details. We

proceed as there and write for positive n
- (_1)n+1 - s
SO = g S0

q+p .
AM J+a\ g1
[zmz (Hq I ol

AP(0, F,)

M@

2
=i
_|_
/0\
2
JE

X
j=0 " =0
DR ' At trg(f) (t+4
zwnq“ZNﬂz_: % 2_:5@ (im)t=¢ ( 14 )
+ o(N7P) !
natl’

From the proof of Lemma [2| we know that
BIG=1)=0t+j—t<p-1
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Therefore
D 2: E: A (f)(t+q 1
Anl, Fn) = 2(imn)a+tt N» (%) fep (im)t=* < 14 ) olN )nq“

= Ay .(_mﬂ Zﬂt (p)_t )(Hq) +o(NP)

(imn)THINP (2 t

ndti ’

Application of , and identity implies

050 = 02 G () Zev (1) (1)

+ o(N ‘1”>nq1+1 = A(f )2(Z(m));§vp . ; s ; ((_%1)): 2(4)8(?) (i)

L (D)™ (p+q)! (=D (p oy 1
p — p
o) I = AN gr e o 2 ) o
This completes the proof for positive n. Negative values can be explored similarly. O
Lemma 4. [12] Suppose f € CTP[—1,1] and f(q“’) € AC[-1,1]. If
Hk—l—— Qk—l N /{:1,...,]9.
then the following estimate holds for |n| > N as N — oo

n+p+1 p ==
b(g) = (g+p=RI(=DED) |
An0) = Aq(f) 2(imn)atlq! Z Nk|p|p—F +o(N )nq—H’

where
p p

[0 +na) =2~ HHWC :Z e (7

Comparison of Lemmas [3] and [4] shows that

o (DF(g+p— k) N D
SIS (In|/N)—* () = £ (|n|/N)* (>

0= m(h)

It means that in the Fourier-Pade approximation parameters 7, = 7_; are the roots of the

and hence

associated Laguerre polynomials Li(x) (see (11]))
Li(m) =0, k=1,...,p.

Now, we are ready to proceed with Ly and uniform convergence investigation. First we

estimate the Lo-error.
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Let hy be the complete homogeneous symmetric polynomial (see [I0]) of degree k in p

variables 01,0s,...,0,

hi(By,...,0,) = Z 0;, ... 0;.

The complete homogeneous symmetric polynomials are characterized by the following iden-
tity of formal power series

where

hy (01, ,0,) ZXP:— (40)

Jj=1
N
We start with estimation of and write
1
RL (f) = AP (0, F,)e™*
N,q,p Hk 1<1+0k€z7m; %—1
— Z( )kh ezwk.r Z Ap 0 F) imnx
k=0 n=N+1
= Z (—1)%e'me Z (=1)" AL, Fy)hs—n
s=N+1 n=N+1

Performing similar manipulations for Ry p( f) we derive

2

HRN,QP ||L2 = 4 Z Z nhs nA (97Fn> . (41>

s=N+1 [n=N-+1

Theorem 10. Let f € CTP[—1,1] with f9*) € AC[-1,1] and A,(f) # 0. If systems
(@ and (@) have unique solutions then the following estimate holds for the Fourier-Pade
approzimation Sy qp(f)

lim Nq+2HRqu< PN = 1Aq(Hldy(q),

N—oo

where

R Y R N i
dy(q) = ——— dt dx
P mitl gl 1 o wrtet jz [Ty (75 — %)
and 7y, are the roots of the associated Laguerre polynomial Li(x).
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Proof. We use equation . In view of and we have as N — oo

P +s—n—1 p T -1 s—n—1
07 e = F oINPT
hs—n = Z P = NP 1 Z pN

=6 -6 = 7w+ e(1)

j=1 j=1
G G

Substituting this and estimate of Lemma |3| into , tending N to infinity and replacing

the integral sums by the corresponding integrals we complete the proof. O]
Now we calculate the limit function corresponding to the Fourier-Pade approximation.

Theorem 11. Let f € CTP[—1,1] with fU*?) € AC[-1,1] and A,(f) # 0. If systems
(@ and (@ have unique solutions then the following estimate holds for the Fourier-Pade
approximation Sy q,(f;x) for h >0

lim NYRyqp (f: 1- %) = Ay(f)9gp(h),

N—o0
where

B (p+q)! 1 > emimhz(] — x)P
Pan(h) = =Ad(f) mitlg! he i [ [hey (e +d7h) Jy potptl e

and 73, are the roots of the associated Laguerre polynomial Li(x).

Proof. According to for x =1 — h/N we write

1 B NP
[T (L +0kei™)  [Th_y (7 +imh)

Then in view of Lemma [3] we get

+ o(NP).

h NP ,
R (1= %) = [ e )

. i {Aq(f)2(i<7r_n1))qilj\fp 2 —; & (1 - n/LN)p + O(N_p)n_q_l} (—1)"e v

n=N+1

o0

_ (P+q! 1 1 1 ek 1\
= Aq(f) q! 2]\/"1(2'71')‘14—1 Hizl(Tk + z'7rh) (N n;ﬂ (n/N)qH <1 TL/N) )
+o(N™%), N — oo.

Similar observations are valid for Ry ( fil— %) Then we complete the proof by tending

N to infinity and replacing the integral sums by the corresponding integral. O]

It can be verified that estimates in Theorems [I0] and [[1] coincide with the ones in Theo-
rems [4] and B, respectively, if in the latest we put instead of parameters 75, the roots of the

associated Laguerre polynomials (see the corresponding values in Tables [7] and . From

75



76 A. POGHOSYAN

here we conclude that on the entire interval of approximation the Fourier-Pade approxima-
tion has the same Lo- and uniform errors as the RTP-approximations by the roots of the
associated Laguerre polynomials. As a consequence it has worse accuracy compared with
the Lo-minimal RTP-approximation on [—1,1]. On the other hand as was mentioned above
the Fourier-Pade approximation has the best pointwise convergence in the regions away from
the endpoints.

Figure (4] shows the behavior of the Fourier-Pade approximation for the testing function
in the regions away from the endpoints (left figure) and at the right endpoint of the
interval of approximation (right figure). Compare it with the results in Figures , and

8.x10°2 3
F 15%x10°°F
6.x1072
1.x107°
4.x1072 1
wl 5.x10°10
2.x1072 F
L L L L A A fl l h T l I h I L L L L L L L L L L L L L L L L L L
-06 -04 -02 0.2 0.4 0.6 0.9990 0.9995 1.0000

Figure 4: Graphs of |[Ry q,(f;2)| on the interval [—0.7,0.7] (left) and at the point = 1 (right) for ¢ = 2,
p =2 and N = 1024 that correspond to the Fourier-Pade approximation.

4 Appendix

Consider matrix A = (a,,;) with

Ot = (t+l§+q), w,t=0,....,.M, M >0.

Our aim is calculation of det(A) and A~!. We do it based on decomposition of A into three
upper or lower diagonal matrices.

Consider the following identities ([I7]) of binomial coefficients

<w+q+t) §(><w+q>at,w=0,...,M
(") = (1) () ww=o

S

and
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We get by sequential application of these identities
wtgHt) i t\ (w+q
t = \k k

_ i(i)é(kgs)@) wt=0,..., M

s=0

which allows decomposition of matrix A in the form
A= BCD

where B = (bys), C = (cs), D = (dyt) and

(w - q [t
bws_ (8)7 Cskk = (k_s)a dkt_ (k)

Note that B is lower and C'; D are upper triangular matrices which simplifies calculation of
det(A) and A™L.

The value of determinant can be obtained immediately
det(A) = det(B) det(C) det(D) = 1 (42)
The inverse of A can be calculated by formula
A'=D7'Cc'B7L
We denote by ay,., b3l ¢} and d;;' the elements of A~', B~} C~! and D!, respectively.
We have
_ s (W _ (q—1+s—k _ k
= o (M)t = o (T T e ().
The first and third formulae in follow from identity (see [18])

B()(0) v

S=

The second formula in follows from identity (see [17])

B )

écskcﬁ = (-1)v zw:(_l)k(k a S) (q — 1611:11) - k)
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Hence

In view of identity

we rewrite a;, as follows
M S qg—+s
Q= (1)) (w) <q N t). (44)
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