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Preface

These are the notes of the lectures that I delivered in the scope of the Summer School “Non-
linear Hyperbolic Partial Differential Equations”, which was organized by Michael Reissig at
the Technical University Bergakademie Freiberg during June-August, 2010. The focus of the
course was on the fundamental solutions for the linear operators with variable coefficients
with an emphasize on some applications to the problem of the global in time existence of
the solutions of the Cauchy problem for nonlinear equations.
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Beyer, Christiane Bohme, Torsten Herrmann, Christian Jah, Silke Konsulke, David Krieg, Si-
mon Liebing, Simon Lomowski, Sascha Matthes, Jens Seidel, for their interests and construc-
tive participation in lectures, seminars, and discussions. Special thanks to Michael Reissig,
Daniele Del Santo, Fumihiko Hirosawa, Anahit Galstian, Christiane Bohme, Torsten Her-
rmann, and Christian Jah, who gave numerous seminar presentations on various interesting
related topics and made this Summer School unforgettable for all participants.

The preparation of these notes for publication recalls me how much I enjoyed the summer
school at TU Bergakademie Freiberg and gives me the opportunity of thanking most heartily
Michael Reissig for the invitation to Freiberg and for the warm hospitality, for his help and
comments during my lectures and for the creating very friendly and fruitful atmosphere. He
also helped me to minimize the number of misprints (although many more surely remain)
in the manuscript and put plenty of efforts to link material of my lectures to that part of
the audience, which has taken his courses on partial differential equations and on pseudo-
differential operators offered in TU Bergakademie Freiberg.

I express my gratitude to the Deutsche Forschungsgemeinschaft for the financial support
under grant GZ: RE 961/16-1 AOBJ: 577386 and the TU Bergakademie Freiberg for the
hosting this Summer School.
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’Lecture 1. June 25, 2010‘

1 Duhamels Principle and Fundamental Solutions of
Hyperbolic Operators

1.1 The fundamental solutions at a glance

P(z,t, Dy, Dyu(z,t) = f(x,t)

Example:

n n a 2 n 82
P=0%—A, A::Z@i:Z(a—%> :Zaxf'
i=1 i=1

We look for £ such that
PE =TI (identity operator) .

We will write formally € = E(z,t, D, D;). We call € a fundamental solution of the operator
P.

In general, the operator can have several fundamental solutions.

If £ is a fundamental solution of the operator P, then

u(z,t) = (£f)(z,1)

since

P(z,t,D,, D)u(z,t) = (P(z,t, Dy, Dy)E) f(x,t) = I f(x,t) = f(x,t).

Consider now the Cauchy problem

{ Pu(z,t) — Au(z,t) = f(x,t), (t,z) € R

U(ZE, O) = QD[)(ZL’), ut(x, O) = 901(1’), reR™. (1.1)

To solve it we will look for the operators &(z,t, D,, D;) and & (x,t, D,., D;) such that

(0752 - A)€0($7t7 Dl‘a Dt) = Oa
Eo(z,0,D,, Dy) = I (identity operator), (9;&) (z,0, D, Dy) =0

and

(8752 - A)(c:l(x?ta D:L“a Dt) =0,
E(x,0,D,,Dy) =0, (0,&) (2,0, D,, Dy) = I (identity operator)

We call & and &; the fundamental solutions of the Cauchy problem for the operator P.

If £ is a fundamental solution of the operator P while & and &; are the fundamental
solutions of the Cauchy problem for the operator P then the solution of the problem (1.1)) is

u(z,t) = & (po = (Ef)le=0) + &1 (01 = ((E)) li=0) + Ef (1)
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In particular, if £ is a fundamental solution of the operator P such that
8<$,0,Dx,Dt) :O, (8t5) (.CE,O, Dz,Dt) :0,

then
uw=2E (po) +& (p1)+Ef.

Moreover, it is easily seen that

u=po+tor +E(f — Pl + ter)) (1.2)

and, consequently, if we have such &£, then we do not need & and &; to solve the Cauchy
problem.

2. Operators and convolution
More precisely, let us look for the distribution & (z,t) € D/(R"™) (Pay attention, we use
same notation!) such that & (z,t) € C°((—o0,00); E'(RY)), that is

< & (z,t), p(x) > C°(R), for every ¢ € C°(RY)
and such that

{ (02 — A)E(x,t) = 0, (t,z) € R™T,
E(z,0) =0, (&) (x,0) =0d(x) r € R,

and define the operator & (x,t, D,, D;) by

E1(,t, Doy Dy)ip(2) := (E1( 1) x () (, 1)

We will write it formally (distribution notation)

n

E1(ast, Do, D)) = / Eia -y () dy,  Vi(z) € CFRM

Example: The fundamental solutions of the string operator P = 97 — 92.
It is known, that for the Cauchy problem

{@Qu(:ﬁ,t) — Ou(z,t) =0, (t,z) € R?

u(z,0) = @o(x), wx,0) = p1(z), z €R, (1.3)

with smooth functions g, 1 the solution is
1 T+t

wat) = 5 (e ) +ale =) +3 [ et ds.

We plug formally in the last representation formula ¢y = 0 and ¢; = 6(z) and obtain the
corresponding (formal) solution:



Therefore, we define

if 0€[z—tx+t],

N | —

51 (iIZ’, t) =
0 otherwise.

The last function is locally integrable & € L}, .(R?), and defines a distribution by the
integral:

<&, >= / E(x, t)(x, t) de dt, Vib(z,t) € C5°(R?)
R2

Proposition 1.1 The operator defined by the formula

E1(ast, Dy, D) pla) = / Ea -y 0)ply)dy,  Vola) € CR(R),

is a fundamental solution & (x,t, D,, D;) of the Cauchy problem for the operator P. Thus,
in the operator notations that means

(07 = 07)& =0,
Eili=o =0,  (0&1) |1=0 = I(identity operator),

while in the distributions notations

%W—%M@ﬂ

=0, in D'(R?),
E(x,0) =0, (0:&)

(,0) =d(z) in D'(R).

Proof. Take ¢(x,t) € C5°(R?) and consider < P&, 1) > with the test-function . Then
< P& >=< (0 — 02,0 >=< &1, (0} — O2)¢ >

by the definition of the derivative of a distribution. Since & € L}, (R?), we obtain

< &, (0} - / / E1(x,1)(0F — 0?)Y(z,t) dx dt.



We make change of variables

{l:x—l—t z=1(l4+m) D(x,t) 1
m=x—t’ t=3(l—m)”’ D(l,m)| 2
In the new variables the operator is
2
P = _48_ — _421

olom olom

Hence,

/ Ei(x, 1) (0} — *)Y(z,t) do dt

o0 v —00

_ /: 0051(3:,15)( 4%81) w(:c(l,m),t(l,m))%dldm

—0o0

1 o 0 1
= — | —4=— x(l,m),t(l,m)) =dl dm
/{l<0,m>0}u{l>0,m<0} 2 ( ol 8m) vl )+ ) 2

o 0
- 5 ) Y(x(l,m),t(l,m))dldm
/{l<0,m>0}u{l>0,m<o} <8l 8m) 77Z)( ( ) ( ))

We denote I := {l < 0,m > 0} and I := {l > 0,m < 0} and consider two integrals,
respectively. We have

/z<0m>o} (az am> Y(x(l,m), t(l,m))dl dm
= /_Oodl/o dm <%8im) Y(x(l,m), t(l,m))

LG L (&) rmam )

= [ 5 el c0) 1t 00) — va(1.0). 41, 0) d

= — 7mg(¢(x(l,0),t(l,0))dl

= @D(l"(—oo,())’t(—ooao) - w<x(0>0)7t<070))
= —4(0,0).

Similarly,
o 0
[,m),t(l,m))dldm
/l>0m<0} (al am) vl ) )

- [T / dm (81 8m) Wl m), 11, m)
_ /0 (az /Oo (;n) e (l,m),t(l,m))dm) dl

8



8

(w@j(la 0)7 t<l7 0)) - w@j(lv —OO), t(lv _OO))) dl

((x(1,0), ¢(1,0)) di
0),£(0,0)) — ¥ (x(—00,0), t(—00, 0)

|
208
e=

I I
S\i\oh
Vo W

=

Thus,

0 0 0 0
/{zgo,mzo} (5%) Y(x(l,m),t(l,m))dldm + /{lZO,mg(]} (a%) Y(x(l,m),t(l,m))dldm =0

implies
< P&, >=0  Vi(z,t) € C(R?).
Consequently PE; =0 in D'

To check initial values we note that

£1(2,0, Dy, Dy)pla) = / Ei(x—y,0)p(y)dy =0,  V(z) € CF(R)

since the interval [x — y, z — y| has measure zero. On the other hand

< (0;&1)(,0),9(x) > = lim 1{< Ei(x,t),Y(z) > — < & (x,0),¥(z) >}

t—0+ ¢
_ t%%g & (x,t),d(z) > —0}
_ t%% < &z t), () >
~ lim L 1¢(y)dy = (0) =< 6,9 > Yp(z) € C°(R).

t=0+ 1 [x—t,z+t]Nsuppyp 2

Exercise: Prove, that & (z,t) € CP°((—o00,00); E'(R,)) (The operator P is partially hypoel-
liptic in the direction of time.) Proposition is proven. O

Exercise: Verify that the distribution & (z, t; o, to) := &1 (x — xo, t —tg) solves the following
Cauchy problem:

{ (8152 - Aaz)gl(ajata antO) = 07
81<x7t0; CCo,to) = 07 (atgl) (%tm antO) = (5(1’ - :CO) .

Exercise: Verify that the distribution &, (x,; xg,to) defined by

1

— if 0 € Dy (xg,to),
g+($,t;l’0,t0) {2 +< "

0

otherwise,

9



where
D, (o, t0) := {(x,t) € R" ™ ||z — 20| <t — 10},

is a fundamental solution for the operator. Moreover, it solves the following Cauchy problem

{ (02 — A)E4 (2, t; 20, t0) = 8o — 20)3(t — to),
(€+($,t0; x07t0> = O, (at(c:Jr) (l',t[); l'o,to) =0.

Moreover, supp & (x,t;xg,t9) = Dy (0, to)-
1.2 Representation formula for Three Space Dimensions

Theorem 1.2 The classical solution uw = u(x,t) of the Cauchy problem

Pu(z,t) — Au(z,t) = f(x,t), zeR3 >0, (1.4)
u(r,0) =0, w(x,0)=0, z€&R3, '
15 given by
1 _
47 /B, (0) |y

Proof. First, for a given function u = u(z,t) we define the spherical means of u about point
x:

1
I(z,rt) = o S2u(x+'r’y,t)d5y,

where w, denotes the area of the unit sphere S? C R3®. Then we define an operator €2, by
Q. (uw)(z,t) :==rl,(z,rt).

One can recover the functions according to

1
u(z,t) = lirr(l)lu(:v,r,t)zlir%;QT(u)(a:,t), (1.6)
.1 .1
u(z,0) = l%;Qr(u)(x,O), ut(:v,O)—lgr(l);QT(ﬁtu)(x,O). (1.7)

Exercise: Prove that A,Q,.h = %th for every function h € C?*(R3).

Therefore we arrive at the following mixed problem for the function v(z, r,t) := Q,(u)(x,r, ):
v,y t) — vz, 7y t) = Fx,r,t) forall t>0, r>0, ve€R3,
v(2,0,t) =0 forall t>0, z€R3
v(z,7,0) =0, v(z,r,0)=0 forall r>0, xeR3,
F(z,rt) := Q.(f)(x,t), F(z,0,t)=0, forall ze€R3.

It must be noted here that the spherical mean I, defined for » > 0 has an extension as an
even function for » < 0 and hence €2,.(u) has a natural extension as an odd function. That

10



allows replacing the mixed problem with the Cauchy problem. Namely, let functions v and
F' be the continuations of the functions v and the forcing term F', respectively, by

_ vz, rt), if r>0 ~ | F(z,rt), if r>0
o, t) = {_U<$7_T7t)7 if r<0’ Fla.nt) = {—F(x,—r,t), ifr<0-

Then v solves the Cauchy problem

@Am,r,t)—’ﬁ,«r(a:,?“,t):ﬁ(x,r,t) forall t>0, reR, xe€R3?,
0(x,7,0) =0, v(x,r,0)=0 forall reR, xzeR>

Hence, one has the representation

t 1 r+t—1
o(x,rt) = / dr <—/ F(xz,r,7) d?“1>.
0 2 r—t+T7

- ;
u(x,t) = lirré vz, t) ),
r— T

Since

we consider the case of r < ¢ in the above representation to obtain:

t
u(z,t) = lir% vz, 1)
r— T
1 t 1 r+t—7 .
= lim- [ dr (—/ F(z,r,7) drl)
r—07r 0 2 r—t+1
1 t 1 t—1
= lim- | dr (—/ F(xz,r+z,7) dz)
r—0 T 0 2 —t+T
110 =~ T
— lim = dT—{/ F(SE,T+Z,T>dZ+/ F(:c,r+z,7')dz}
=07 Joo 2 U er 0
t 1 t—r . t—7 —
— lim = dT—{ F(x,r—z,T)dz—l—/ F(x,r—l—z,T)dz}

t 1 t—r _ t—7 -
= / dTlim—{/ F(m,r—z,T)dz—l—/ F(x,r—l—z,T)dz}
0 =0 2r | /o 0

t t—r 1 . -
= /dT/ lim2—{F(x,r—z,r)+F(x,r+z,T)} dz .
0 0

Then by definition of the function F , we replace

1 = 1
hm—{F(%T—ZvT)JrF(%TJrz,T)} = lim o {=F(z,z —r7) + Fz,z +7,7)}

r—=0 2r r—0 2r

1
= lim—{F(x,z+nr,7)— F(z,z—r,7)}

r—0 2r
with 5
(aF(x, T, 7'))

r=z

11



in the last formula. The definitions of F'(x,r,t) and of the operator 2, yield:

t t—T1 1 . .
u(z,t) = /dr lim2—{F(x,r—z,T)+F(x,7"+z,7')} dz
0

_ / ir / (%m(fxm)m dz

t t—1 a r
= d x+ry,7)dS dz,
/O 7-/0 (87” W2 S2 f< vT ) y)r:z

where € R3. Thus, the solution to the Cauchy problem is given by

/dT/ 8r47r f(x—i—ry, )dSy)T:Zdz. (1.8)

(Note that if we have with some function K a similar formula, like

/ dT/ K(t,2) (97"47r f(a:—i—ry, )dSy)T:Zdz,

then we cannot apply Newton-Leibniz formula to get rid of the derivative and of the inter-
mediate integral! But, on the other hand, it will be shown later that such function K(7, z)
opens a way for the generalizations.) Finally we show (Exercise!) that

1 flaty.t—1yl)
t) = — d

where

By(0) :={y e R?|Jy| < t}.

Theorem is proven. O

’Lecture 2. July 2, 2010‘

1.3 Representation formula for n-Space Dimensions

Theorem 1.3 | For p; € Cg°(R"™) | and for x € R", n =2m+1, m € N, the solution u(z,t)
of the Cauchy problem

Uy — Au = 0, U(l’, 0) =0, ut(x> O) = (,01(1’) ’

s given by

1o\ "
u(z,t) = (¥§> o) /Sn1 o1(z +ty) dS,, (1.9)

n

12



wherec(()n)zl-S-...-(n—Q).
Forx e R", n=2m, m € N,

(2,1) (15)%2 2 / L ozt ty)aV, (1.10)
ul\z, =\7T5 —F—=p1\T Yy ) :
Lot w,ael? Jrpo) /1 -yl !
where ¢ =1-3- ... (n—1).
For ¢y € C§°(R™) | and for v € R", n =2m+ 1, m € N, the solution u(x,t) of the Cauchy
problem

uy — Au=0, u(z,0) =po(x), wu(z,0)=0,

s given by
9 1o\ t"?
1 ::—(——) L ty) dS, , 1.11
wet) =z 7o on 1l /Sn_l polw +ty) dSy (1.11)
where ¢ =1-3- ... (n—2).
Forx e R", n=2m, m € N,
d 1oy 2! 1
u(z,t) == —(——) —n/ —o(x + ty)dV,. (1.12)
ONLO) el Jaro) V1= Tyl ’
where cén) =1-3-...-(n—1). The constant w,_; is the area of the unit sphere S"' C R".

Sketch of the proof of the n-D analog of formula (|1.5)):

o2 Loym1, 1

o Wn—1 Jgn-1 r=t—b

Consider the case of x € R", where n = 2m + 1, m € N. For the given function u = u(x, t)
we define the spherical mean of u about point x:

1
I(z,rt) = / u(x +ry,t)dS,,
Sn—1

Wnp—1

where w,,_; denotes the area of the unit sphere S"! C R™. Then we define the operator Q,
by
1 9 \m-1
Q)at) = (55-) e,

One can show that there are constants c§-n), 7 =20,....,m — 1, where n = 2m + 1, with
M =1.3.5---(n—2), such that
1o\m-1, m_l ) O
(Gar) et =3



Exercise: Prove that ¢{” =1-3-5---(n — 2).
One can recover the functions according to

: ) 1
u(x,t) = ll{)r%) I(z,rt) = ll_r}(l) C(()n—)TQT(u)(a:,t) : (1.14)
1 1
u(z,0) = lim WQT(U)(J}, 0), ux,0)=Ilim WQT(@U) (x,0). (1.15)
r—0 ey r—0 ey

Exercise: Verify that A,Q,h = BB—;QTh for every function h € C*(R").

Therefore we arrive at the following mixed problem for the function v(z, r,t) := Q. (u)(x,r, t):

vy (w7, t) — UTT(JZTt) F(z,r,t) forall t>0,r>0, z€R",
v(z,0,t) =0 forall ¢t>0, ze€R"

v(x,r,0) = vy(z,7,0) =0 foral r>0, zeR",
F(z,rt):= ()(:E t), F(z,0,t)=0, forall zeR".

Let the functions ¥ and F be the continuations of the functions v and the forcing term F',
respectively, by

- vz, rt), if r>0 ~ | F(z,mt), if r>0
o, t) = {—v(:v,—r,t), ifr<0’ Fa,rt) = {—F(:L’,—?“,t), ifr<0’

Then v solves the Cauchy problem

i}'tt(x,r,t)—ﬁw(x,r,t):ﬁ(x,r,t) forall t>0, reR, zeR",
o(x,r,0) =0, v(x,r,00=0 forall reR, zeR™

Hence, according to the result for the 1-d case, one has the representation

_ t 1 r+t—71
v(x,rt) = / dr (—/ F(z,r,7) d7’1> )
0 2 r—t4+1

- y
u(z,t) = lin% dznt) >,
r— T

Since

we consider the case of r < t in the above representation to obtain:

u(z,t) = / db/ drq hm F(x,r+r1,b)+ﬁ(x,r—'r’1,b)}.

r—=0 71

Then by definition of the function F,

liml{f(:c,r —r1,b) +f(m,r—|—r1,b)} = 2(82

r—0 7T r

F(z,r, b))

r=ri

in the last formula. The definitions of F'(x,r,t) and of the operator (2, yield:

u(w,t) = /db/ ( i;) 2m1[f(x,7’,b))r:ﬁ,

14



where x € R", n =2m + 1, m € N. Thus

2 [t [t %) 13 |
u(z,t) = @/0 db/0 dry (5 r5r> r oy o flz+1ry,b) dSy)

It follows ((1.13)), that is,

r=r1

m—1 1
u(z,t) = (n)/ db/ dr— ;E) r2ml f(x+ry,b)dsS,

Wp—1 Jgn-1
19 ooy 1
_ @/0 db((r(%) = f(:c—l—ry,b)dSy))

(Note that if we have with some function K the similar formula

2 [t [ 9 (10 _
u(z,t) = @/0 db/0 dry K(b,ry) (8r<r@r> r2m 1If($,r,b)> :

r=r1

r=t—b

then we cannot apply Newton-Leibniz formula to get rid of the derivative and of the inter-
mediate integral! On the other hand, such function opens a way for generalizations.)
Exercise: Employ the method of descent to complete the proof for the case of even n,
n=2m, m e N.

Theorem is proven. O

Fundamental solutions. We set ¢go(z) = d(x) and ¢y (z) = §(z) in (1.9) - (1.12)), and we
obtain: if n is odd, then

bule, 1) = wn_11-3-51...-(n—2) (%%) ;6(|x| -1,
folrt) =213 51. - 2)%(%%)7123%5(”' 9
while for n even we have
f@t) = wn_11-3-52...-(n—1) <%%>Tﬁ;—|x|ﬂ3t(”’
Eolz,1) = wn_11-3-52...-(n—1)%(%%)%2ﬁ%|x|2mw

Here X p,(») denotes the characteristic function of the ball B,(x) := {x € R"; || < t}. The
constant w,_; is the area of the unit sphere S"~! C R". The distribution §(|z| —t) is defined
by

O-1=1),90)) = U(x)dz for < e CF(R").

|z|=t

Exercise: Prove that the above formulas indeed give the fundamental solutions.
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1.4 Duhamel’s principle revised: Integral transform

The text of this subsection is taken from [27].
Duhamel’s principle: The Cauchy problem with source term f(z,t) € C*(R?):

Uy — Ugy = f(m,t) in R* u(z,to) =0, u(w,tg) =0 in R. (1.16)

The solution can be written as an integral
t
u(z,t) = / v(x,t;7)dr
to

of the family of the solutions v(z,t; 7) of the problem without the source term, but with a
parameter-dependent second initial datum

Vg — Ve =0 inR? w(x,7;7) =0, v(x,7;7)= f(xr,7) inR.

(The parameter 7 is both in the function f and in the initial hyperplane.) Hence,

t r+t—T
u(z,t) :/to (% /thﬁ f(y,7) dy) dr .

We revise the Duhamel’s principle. More precisely, we write

/:H_Tf(yﬂ')dy _ /H fla+2,7)dz

—t+7 —(t—71)

0 t—1
= / f(x+z,r)dz+/ fx+2,7)dz
—(t—71) 0

t—1

= f(x—z,7)dz+/t_Tf(x+Z,T)dZ.
0

0

Our ’ﬁrst observation‘ is: if we denote

w(et57) = 5(f(e 6.7 + flw — 1,7),

then

t t—r1
u(z,t) = / dT/ w(z,z;7)dz . (1.17)
to 0
Here w = w(x;t;7) is the solution of the Cauchy problem
Wit — Wy =0 in R w(x,0;7) = f(x,7), wi(x,0;7) =0 inR. (1.18)

This formula allows us to solve problems with the source term if we solve the problem for the
same equation without source term but with the parameter-dependent first initial datum.

16



Exersise 1.4 Prove that the formula

u(z,t) /dT/ w(z, 2 7) (1.19)

can be used also for x € R", n € N. More precisely, it holds also for the Cauchy problem
uy — Au= f(z,t) in R"™ w(x,ty) =0, wuz,tg) =0 inR",
with the function w = w(x;t; ) solving

o — : n+1
{wtt Aw =0 in R, (1.20)

w(z,0;7) = f(x,7), w(z,0;7)=0 in R™

Note that in the last problem the initial time t = 0 s frozen, while in the Duhamel’s principle
it 1s varying with the parameter 7.

The | second observation| is that in

u(z,t) /dT/ w(z,z;7)dz,

the upper limit t — 1 of the inner integral is generated by the propagation phenomena with
the speed which is equals to one. In fact, that is a distance function between the points
reached from the origin at time ¢ and 7.

Our ’ third observation‘ is that the solution operator G : f —— w can be regarded as a
composition of two operators.

o The first operator
WE: fr—w

1s a Fourier Integral Operator, which is a solution operator of the Cauchy problem with
the first initial datum for the wave equation in the Minkowski spacetime.

e The second operator
K: w+—u

is an integral operator given by wu(x,t) f dt f w(z, z;7)dz.

Thus, G = K o WE and we have the diagram

Y4

Figure 1: Diagram for the solution operator
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The Aim is that based on this diagram to generate a class of operators for which we will
obtain explicit representation formulas for the solutions. That means also that we will have
representations for the fundamental solutions of the partial differential operators.

In fact, this diagram brings into a single hierarchy several different partial differential
operators. Indeed, if we take into account the propagation cone by introducing the distance
function ¢(t), and if we provide the integral transform with the kernel K(¢;r,b) as follows:

lo(t)
(x,t) / db/ K(t;r,b)w(z,r;b)dr, x € R" t>tg, (1.21)

then we actually can generate new representations for the solutions of different well-known
equations. Below we illustrate the suggested scheme by several examples.

1.5 Examples of Integral transforms.
Example 1: Klein-Gordon equation in the Minkowski space-
time.

1. Bessel functions: J,(z), v € R, is a solution of ODE

A%y dy 2
@—i-z%jt(z — vy =0,

9= e )

kz (k+y+ 1) (g)”“*”.

Figure 2: Graph of Function Jy(x) Figure 2: Graph of Function Iy(z)

'(z) = / e dt, Rz>0.
0

18



2. The representation formulas. If we choose the kernel K (t;r,0) as
K(t;r,b) = %( @-@2-#), (1.22)

where Jy(z) is the Bessel function of the first kind, and if we choose the distance function as
¢(t) = t, then we can prove (see Theorem [1.5( below) that the function

t t—b
u(z,t) = / db/ Jo (x/(t —b)? — 7"2) w(x,r;b)dr, v € R, t > to,
to 0
solves the problem for the Klein-Gordon equation with a positive mass equals to 1 in the
one-dimensional Minkowski spacetime,
Uy — Upe +u = f(z,t) inR* wu(x,tg) =0, wulz,tg)=0 inR,

provided that w(x,r;b) is a corresponding solution of the problem for the wave equation in
the Minkowski spacetime. We emphasize that the function w = w(z,t;b), with b regarded
as a parameter, and the function u = u(z, t) solve different equations. This is fundamental
distinction from the Duhamel’s principle.

If we now choose the kernel K (t;r,b) as
K(t;rb) = h( @—@2—ﬂ>, (1.23)

where [y(z) is the modified Bessel function of the first kind, and the distance function as
¢(t) = t, then the function

t t—b
u(z,t) = / db/ I (\/ (t—0)2— r2) w(z,r;b)dr, x € R", t > to,
to 0
solves the problem for the Klein-Gordon equation with an imaginary mass in the one-
dimensional Minkowski spacetime,
Uy — Upe —u = f(z,1) inR?  wu(x,to) =0, wulz,tg)=0 inR,

provided that w(z,r;b) is a corresponding solution of the problem ([1.18]) for the wave equa-
tion in the one-dimensional Minkowski spacetime.

According to the next theorem the representation formulas are valid also for the higher
dimensional equations.

Theorem 1.5 (K.Y. [27] Rend. Istit. Mat. Univ. Trieste 42 Suppl. (2010) )
The functions u = ugp(z,t) and ug(x,t) defined by

t—b
(x,1) / db/ JO (t—10)2— ) w(x,r;b)dr, v € R", (1.24)
(z,1) / db/ IO (t—0b)2— ) w(x,r;b)dr, x € R", (1.25)

= |M|, are solutions of the problems
— Au+ M?*u = f(z,t) in R"™ wu(z,t0) =0, uy(z,to) =0 in R,
with M? > 0 and M? < 0, respectively. Here w(x,t;b) is a solution of .
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We emphasize that ug(z,t) and w(x,r;b) solve different equations.

Proof of Theorem We give a proof for the case of real mass M =m =1 > 0, only,
since the proof for the imaginary mass is similar. By straightforward calculations we obtain

Oyug(z,t) /fxbdb+/db/ L(z,r;0)d

/db/ J’ (t—b)2— ) (ti_b)l;_ﬂw(x,r;b)dr.

Then, one more differentiation and the equation for w imply

"t—b
Otugp(w,t) = f(x, 1) +A/ db/ xrbdr—/ Tw(w,t—b;b)db
to

/db /t b{JO — )2 r?)at< (ti_b)l;_ﬂ)
w75 ( (t—b)2—r2>( (ti;)g_ﬂ)Z}w(x,r;b)dr.

Consequently,
OPugp(z,t) — Aug(z,t) + up(x,t)

t—b
:—A/db/ JO (t— )2 —7"2) xrbdr+/db/ JO (t— )2 —r2> w(z, r; b)dr
t—b
flz,t) + A db w(z,r;b)dr — T — b;b) db
t—b _
/db/ {JO (t — b)? —r2 ) =0
V=022
t—b
" o 2
+Jo< (t—0) >< e —r2) }wxrb

Since Aw = 9?w(x, r;b) we obtain

Otug(z,t) — Augp(z,t) + um(x t)

t—b t t— b
/ db/ a JO (t—b)2 — 7“2>) w,(w, 7 b)dr —/ 5wl t —bib) db
to
/db/ Jo (t—b)? —r2)w(:c,r;b)dr

+/to db/o {J{) (\/(t—b)_2_r"2> &( (t:)i’_r?>
+J{)’< (t—b)2_r2>< 0 i;)i_ﬁ) }w(x,r;b)d?“.




On the other hand

/tdb/o 6J0 t—b)—r2>)wr(xrb)d

"t—b
—w(x t — b;b)db

/ db/t b{J” _7~2> ( (t—2)2—7~2)
+J; ( (t—b)2— r2> Oy (— G _2)2 = r2> }w(a:,r; b)dr,

then

Hence
Ofun(w,t) — Aug(z,t) + ugp(z,t)
+/t:db/0t b {J() (\/(t— b)? —r2> (t—2)2 _
+o (V=02 =72) + 75 (V=07 =) }w(m,r; b)dr
— St
Theorem is proven. O

Let s € R be a given number. For every function ¢ € C§°(R") we denote

@) = [ (14 ) ).
where 1(€) is the Fourier transform of ¢(z), that is,

vle) = n) " [ i@ ds, 9O = 2m " [ et da.

n
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Exercise: Prove, that if s is a positive integer, s € N, then one has

[ (=

- / S ot 00 (@) P e

artos+...+ap<s
Find the constants cu,a,...a,, -

Corollary 1.6 For the solution the following estimate holds
- 2 I - 2
D NOsus(@,O)|Fa@n < E/t sinh(m(t =) > [10r.f (@, b) |37z db
i=1 0 i=1

Proof. For the solution w = w(z,r;b) of the Cauchy problem for the wave equation
wy —Aw =0 w(z,0,b) = f(x,b), wx,0,b) =0,

we have the conservation law

> 105 w(x,t,b)]

=1

D 10w, 0,0) 1 3s any + 100w (a0, b) |3 gy -
i=1

Trs @y + 10w (2, 1, )70 n)

That implies

Zna w(x, t,b)|?

=1

sy + 10aw(@, t,0) |37 gy Z 10z,.f (, b)I3

Hs(Rn) -

Hence, since I (m (t—15)?— r2> is positive, we obtain

Z 10z, u(z, 1)
=1

s Rn)dr

e, < /db/ m/(E D)2 2>Z||@w1fxb)|
< /to;Hazif(a:,b)\ﬁ{s(m)db/ot Io (m (t—b)2—r2>dr.

We denote 7 :=¢ —b. Then

/Otbfo(m (t—b)Q—r2>dr = /OTI()(m 7'2—7"2)d7"

and we make the change of variable z = m+/72 — r? in the integral
mT

T 1
/ Iy (m T2 — 7’2> dr = — - Iy(x)dx.
0

m Jo (m7)? — a2
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Exercise: Show that for ¢ > 0 one has

(x)dxr = sinh(a).

@ T
/0 Nz _xQIO

Finally, using the last identity with a = m7 we obtain

n 1 t . n
D 10n ()| oy < E/Slnh(m(t—b))zHaxif(:c,b)H%s(Rn)db-
i=1 to i=1

(0

Corollary is proven. O

Problem. Show that the kernel sinhm(t — b) of this inequality is an optimal one, that is,
if with some continuous function K (t,b) the following estimate

n t n
D N0sus(, Olis@ny < /t K(t,0) ) 10s.f (2, b) 37 b
i=1 0 =1

holds for all ¢, ty and f(z,b) € C°(R™"1), then

K(t,b) > — sinh(m(t — b)).

1
m
Problem. Derive for ug(x,t) a corresponding estimate.

3. The fundamental solution for the Klein-Gordon equation in the Minkowski spacetime. If

we choose the kernel K (¢;7,b) as in ([1.22) and choose the distance function as ¢(t) = ¢, then
it can be easily verified (see Theorem below) that the distribution

t—b
E(x,t: w0, t0) = H(t — to)/ Jo ( t—b)? — 7«2) EYave(y 30 7)dr,
0

r € R" t € R, is a forward fundamental solutions for the Klein-Gordon operator with a
positive mass equals to 1 in the Minkowski spacetime,

(atQ - A+ ]-) 5($, l; o, t()) = 5(1’ - 'TO)(S(t - tO) n Rn—H, Suppg - D+(:L‘07 t0)7

provided that £P*¢(x,t) is the fundamental solution of the Cauchy problem corresponding
to the first datum with the source at the origin, for the wave equation in the Minkowski
spacetime.

We emphasize that the distributions &(x,t; zo,ty) and £V*¢(x,t) solve different equa-

tions.
If we now choose the kernel K (¢;7,b) as in ((1.23) and the distance function as ¢(t) = t,

then the distribution
t—to
E(x,t;xo,t0) = H(t — to) / Iy < (t—15)2— r2> E " (x — o, 1)dr,
0

xr € R" t € R, is a forward fundamental solution for the Klein-Gordon operator with an
imaginary mass in the Minkowski spacetime,

(07 — A =1) E(x, t; w0, t0) = 6(x — 20)d(t — o)  InR™, supp& C D (o, to).

The following theorem can be easily proved by direct substitution.
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Theorem 1.7 (K.Y. [27] Rend. Istit. Mat. Univ. Trieste 42 Suppl. (2010) )
The distributions Ex(x,t; zo,t0) and Ex(x,t; x0,t) defined by

t—to
Ex(w,t; o, t0) = H(t — to) / Jo (m (t—10)2— 7’2) EY(x — o, r)dr,
0

t—to
Es(x, t;xo,to) = H(t — to) / Iy <m (t—10)2— 7“2) Ey " (x — o, 7)dr,
0

r € R" t € R, are forward fundamental solutions for the Klein-Gordon operator with a real
or an 1maginary mass

0} — A+ M? in R™™,

with M? > 0 or M? < 0, respectively. Here m = |M| > 0 and EX™(x,t) is the fundamental
solution of the Cauchy problem corresponding to the first datum with the support at the
origin, for the wave equation in the Minkowski spacetime.

’Lecture 3. July 16, 2010‘

1.6 Examples of Integral transforms.
Example 2: Tricomi-type equations.

1. The Gauss’s hypergeometric function.

d*u du
z(l—z)@—l—[c—(a+b+1)z]%—abu—0,
['la+n
(a)p=1, (a)p=ala+1)---(a+n—1) :%, n=1,23,...,
- Q)n b n n
F(CL, bu & Z) :nZ:O ((Z):n)' z (: 2F1<a7 b,C, Z)) :
If Re > Rb > 0, then there is the Euler formula

—r@?i)_ 3 /0 =11 — 1)1 (1 — t2)“dt .

2. The representation formulas. The first example linking to an operator with a variable
coefficient is generated by the kernel
(6(t) — $(b))* — 7“2)
. (1.26)
o b

— ¢
(@(t) + &(b))* — 12

with ¢, = (k + 1)7#/(k+D2k/(k+1) " the distance function ¢ = ¢(¢) and the number v defined
as follows

(1)

F(a,b;¢;2) =

K(tirb) = %«ww+¢@f—r%”F(mmn

L _ 2 k z

R — t2 : 2k =1 1.2
e LA S eNU{0}, (1.27)

T 2%k+2 20+2)

where N is the set of natural numbers, while F(a,b;¢;() is the Gauss’s hypergeometric
function.
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Figure 3: Graph of the function F'(1/3,1/3;1;z)

Theorem 1.8 (K.Y. [I7]J.D.E. 206(2004) Representation theorem)
For an integer non-negative | and for the smooth function f = f(x,t), the function

t o(t)—¢(b)
u(x,t) = Cl/o db/o (o) +0(b))* —7*) "

(6(t) — ¢(b))* — 1
(@(t) + ¢(b))* — 12

x F (7,7; 1; ) w(z,r;b)dr, t>0,

solves the Tricomi-type equation
uy —t'Au= f(z,t) in R :={(z,t)|z €R" ¢t >0}, (1.28)
and takes vanishing initial values
u(z,0) =0, w(x,0)=0 in R" (1.29)
Here the function w(z,t;b) is a solution of the Cauchy problem
wy — Aw =0, w(z,0)= f(z,b), wiz,0)=0.

The next theorem gives representation formula for the problem without source term but
with initial data.

Theorem 1.9 (K.Y.[23] Z. Angew. Math. Phys. 58 (2007)) The solution to the Cauchy prob-
lem

wy —t'Au=0, u(z,0)=p(x), ulr,0) = (z) (1.30)
can be represented as follows:
1
u(z,t) = 22_27%/ Vo (7, 0(t)8)(1 — s*)7 ds (1.31)
I'2(v) Jo
re-—-2y) (! _
27y 2\ n
+12 =) /0 Vg, (2, 0(t)s)(1 —s7)7ds, xz€R", t>0.

Here the function v,(x,t) solves the Cauchy problem

vy —Dv =0, v(r,0)=p(r), v(r,0)=0.
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One can write ([1.31]) also as follows

o(t)
u(a,t) = ¢(t)1272227—£2(%3§ /0 o (2, 7) (G2(1) — 727 dlr (1.32)

I'(2—2y)
I2(1-7)

We remind that here the function v,(z,t) is given by formulas (1.11)) and (1.12]). More
precisely, for ¢ € C°(R") and for x € R", n =2m + 1, m € N,

$()
+tp(t) 122 / Vg, (2, 7)(¢%(t) — ) Vdr, x €R", t>0.
0

o /1oNT "2

N DAOYE I s
U@<x ) at tat wnilcén) gr—1 QO(QJ—F y) Y
while for x € R", n =2m, m e N |

-2

910\ 2t 1
PISKATE S ey

nflco

3. Huygens’ Principle. Consider the formula that gives the solution for the Cauchy
problem for the wave equation for odd n:

O\ 10\ 2
019 = (=) (== —/ 0 4 ty)d 1=0,1.
v ) {(at) <t8t> w1l Jona pla+ty) Sy} ’ "

t=t0

It shows that the value of the solution at point z = 2° at a moment ¢t = t° depends only on
the values of the function ¢ and its derivatives on the sphere

S Ha%) = {z e R" ||z — 2°| =t°}.

This observation is called the Strong Huygens’ Principle.

On the other hand, the corresponding formula for the Tricomi-type equation
1
u(z°,1°) = Cl/ Vg (27, p(t°)8) (1 — s%)7ds
0
1
—i—tcg/ vy, (2°, 0(t%)s) (1 — %) 7ds, x € R",
0
contains integrals, and, consequently, it collects information from the initial values via v,
and v, for all times 7 = ¢(t°)s € [0, ¢(t°)] with positive weights (1 — s?)7~! and (1 —

s?)77, respectively, where s is running over [0, 1]. For instance, consider the first term with
Vo (20, ¢(t°)s). The last value depends on only values of ¢q and its derivatives on the sphere

S77H (") = A{z e R"|[o — 2"| = 6(t")s}.
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Figure 4: Cone of dependence for wave equation

Since s runs over [0, 1], these spheres fill the ball
Byoy(2°) = {z € R™ | |z — 2°| < ¢(1")s}.

Thus, the strong Huygens’ Principle does not hold. At the same time, we have found a
dependence domains for the point (2%, %) with ¢t° > 0:

D" = {(x,t) e R ||z — 2% < o(t) — (1), 0 <t <t} CR",
Dl o= {z e R[]z — 2" < ¢(t")} C R™

Figure 5: “Cone” of dependence for equation u; — t°Au = f

Thus, the value of the solution at the point (z°,t°) depends only on the values of the data
©o, 01 on the domain D™ ', and on the values of the source term f on the domain D™.
Sometimes this observation is called a Weak Huygens’ Principle.

4. Pointwise estimates for wave operator in the Minkowski spacetime. Denote

[0 (2) |35 ny = Z 1051052 - - - Ogm ()] 72 ny

artas+...+an<s
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and

@l = D 1051052 - 02 () | o) -

a1tas+...+ap=s
The deﬁnitions of the homogeneous Sobolev space W™z ! (R™) and homogeneous Besov space

Bln 2 (R™) will be given later. The following is well known and we skip its proof.

Proposition 1.10 For the Cauchy problem
uy — Au=0, u(x,0)=po(z), w(r,0)=q¢(x)
in n dimensions space the bound for u for odd n is given by
u( ) < Cat™" T (Ilollyy ozt gy + 1610 npts g )+ 7 ERY €0,

while for even dimensions

n—1
u(x,t) < Cpt™ 2 oll - nta + o1 ne1 ), reR" t>0.
e, ) (o0l 25 g, + s

5. Pointwise estimates for the Tricomi-type operator.

We give just one example of the pointwise estimate. Let M(n) be a space of functions where
we have the estimate similar to the given in Proposition for the solution of the wave
equation,

u(z, )] < Gy

= (ol memyen + el mmyen), ©€RY, >0,

Corollary 1.11 For the solution v = u(x,t) of in n =2 space dimension the bound
for u is given by

1 1
lu(z, )] < Ci <t_§(k+1)||900||M(2)(R2) + tl_a(k+1)||901||M(2)(R2)> , TeR* t>0.
Proof of Corollary. First we set ¢p; = 0 and obtain
3(t)
et < 60 [ o DI - 7
0

According to the pointwise estimates for the solution of the wave equation:

_n-1
[Vgo (T, 7)< em7 2 [[pol| meymn) -

Hence,

o(t

) -1
lu(z,t)] < Cz¢(t)127/ 77 |leollmey@n (0°(t) — 72) " Hdr
0
1-2 ¢(t) 2 1
< G0 ol me e / (1) — )N
0
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Exercise: Prove that for a > —1, b > —1, and ¢ > 0 one has
(&
/ 7% — 72)dr = Cypet T2
0

Thus, we plug ¢ = ¢(t) in the previous formula, and obtain

n—1

6(t)
[ @ -y tar st
0

n—1
Here we have used the assumption that the dimension is n = 2, that is < 1. It follows

(k+1)

lu(z,t)] < O llpollmeymnd(t) —CHSOOHM ®myt 2

Now, if ¢y = 0, then
o(t)
lu(z,t)] < C’ltgzﬁ(t)271/ [V, (2, T)[($%(t) — 72) Vdr, z€R", t>0,
0

and we repeat the previous arguments. Corollary is proven. Il

There are estimates similar to the given by Proposition without singular (at ¢ = 0)
weight ¢~ "2 but with the loss of derivatives. Those estimates allow to obtain corresponding
mequahtles for all dimensions n.

6. H*(R") estimates for the Tricomi-type operator.

Corollary 1.12 For the solution u = u(z,t) of the Cauchy problem , one has

tk+1 blc+1 n

n t
. S n < S n .
S l0.ute Oy < C T e 0 Dl 0,120

i=1

Proof of Corollary For the solution w = w(z,r;b) of the Cauchy problem for the
wave equation

wy —Aw =0 w(z,0,b) = f(x,b), wx,0,b) =0,

we have the conservation law

> 105 w(x,t,b)]

?{s(Rn) + ||atUJ(l‘7 t, b)| 2

H*(R™)
i=1
Z “azzw(x’ 0, b)| %S(R") + ||atw<x7 0, b>| %JS(R”) :
i=1
Hence,
Z 10z,w(z, ¢, )] ?{S(R") < Z 10,0 (z, 0, b) % (R™) Z 10z, f (2, b ) I (R7) >
i=1
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and, consequently,

i=1 i=1

Hs (Rn) .

It follows,

Z 10z, u(z, 1)
i=1

t B(t)—¢(b)
e / b / ((6(6) + 6(b))* = 72)

L0 =P Y
<F (071t Sy ) 2 Wt

The argument of the hypergeometric function is bounded,

(6(t) — ¢(b)* —r* _
0 G ot S forall 0<b<t and 0<r<olt)— o).

Since 2y < 1, the function F (v,7;1; () is bounded on the interval ¢ € [0, 1], we have

ZH@%uxt
o(t)—o(d
/db/ T 6(b))? Zl\afxb!

3(t)—(b) B
0/0 db;”@xif(x,b)HHs(Rn)/o ((p(t) + ¢(b))* —r*) "dr, t>0.

He(R")

IN

IN

To estimate the integral
o(t)—9(b) _
[ s omy - an e
0
we take into account that z := ¢(t)/p(b) = (t/b)**! > 1 and rewrite it as follows:
Hb)(=-1) ) 1 )
/ (0(0)*(z+1)* = %) dr = ¢(b)1—%/ (41 =y*) " dy.
0 0

Since 1/2 +~ < 3/2, the function F' (%, Vi %; a:) is bounded on the interval = € [0, 1], and we
have

[ =)y = oy (G5 S

< Clz—-D(z+1)™™
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uniformly with respect to z € [1,00). It follows,

> l10su(zt)
i=1

t n
ey < € [ 3 1005 )l 90 = 1)z 1)
0 i=1

c/ 3 10..f(.b)
0 i=

IN

() — é(b)
TEY(Gt) + o(b)2

t
¢(t)
S / O, f (2,1) | 1=y b
0 (¢()+¢ szH ) s )
t gkl pktl n
< C By f (2, 0) || s ey b
- /0 (th+1 4+ bk+1k+liz|| S (@ 0) || 1= ()
Corollary is proven. -

Lecture 4. July 23, 2010‘

7. Fundamental solutions.

Theorem 1.13 (K.Y. [17] J.D.E. 206(2004) Fundamental solution)
The distribution E(x,t; xo, to),

b(t)—¢(to) B
E(x,tyxo,ty) = 20 H(t— to)/o ((o(t) + (o)) — %)

(0(t) — ¢(to)
(6(t) + ¢(to)

is the forward fundamental solution for the Tricomi-type equation , r e€R™ ty >0,
with the support in the forward light cone

Do, to) = {(z,t) € R" [ |z — x| < (t) — B(to)}-

2

=Y g sy

X F (%7;1,

Thus,
(O — t'A) E(z,t;20,t0) = 6( — 20)0(t —tp) in RY™:={(z,t)|z €R", t > 0}.

Here £y (x,t) is the fundamental solution of the Cauchy problem corresponding to the first
datum with the support at the origin, for the wave equation in the Minkowski spacetime,

(@ =0
guave(z 0,) = 6(x),  (BELe) (x,0) = 0.
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1.7 Examples of Integral transforms.
Example 3: Klein-Gordon equations in the Robertson-Walker
spacetime

1. The representation via Fourier transform (Galstian [6]) The equation
uy — e Au=0, (1.33)

is suggested and studied by Galstian as an example of hyperbolic equation with time depen-
dent coefficient that can be solved via Fourier transform in terms of the Bessel functions and
in terms of confluent hypergeometric functions. More precisely, in [6] the resolving operator
for the Cauchy problem

at2u - e2tAu - 07 U(ZE, O) = (p0<$)7 ut(xa 0) = ()01<I> ’ (134)

is written as a sum of the Fourier integral operators with the amplitudes given in terms of
the Bessel functions and in terms of confluent hypergeometric functions. In particular, it is
proved in [6] that for ¢ > 0 the solution of the Cauchy problem (1.34) is given by

u(z,t)

. 2—7 ifz-E+(et—1)€]] 1. Lot 3 ;. 0,
= Z _Z(Zﬂ)" /n {e H+<§, 1; 2ie |£|>H, (5 — 73— 2],2z\§|>

7=0,1

. " 1 3 .
_ ifzE—(ef=1)[¢]] S 1.95 0t QO a9 99 2(1—4) .
e H_(Q,mze |5|)H+(2 53 = 2520kl ) PO F () (e

In the notations of [2] H_(a;v;z) = €™ (a;v;2) and Hy (a;7;2) = €U (y — a;v; —2)
with the confluent hypergeometric function ¥(a;¢; z) defined in [2, Sec.6.5]. Here F(¢)(&)

is a Fourier transform of op(x).
This equation under time inversion, t — —t, becomes uy — e 2 A u = 0.

It turns out that (|1.33]) describes matter waves (particle) in the so-called Anti-de Sitter
model of the universe that appears in the Mathematical Cosmology. Equation uy —e 2 Au =
0 describes particle in the so-called de Sitter model of the universe.

2. Real mass
Uy —e P ANu+ Mu=f.

The integral transform and, in particular, its kernel and the Gauss’s hypergeometric function,
open a way to establish a bridge between the wave equation (massless equation) and the
Klein-Gordon equation (massive equation) in the curved spacetime. Indeed, if we allow
the parameter 7 of the function F(v,7;1;z) to be a complex number, v € C, then this
continuation into the complex plane produces the following representation formula.

Theorem 1.14 (A.G.-K.Y. [2I] Comm. Math. Phys., 285 (2009).)
One can write

t e_bfe—t |
u(z,t) = 2/0 db/o drw(z,r;b)(4e )M ((e7 +e7) — Tz)———zM
1 .1 (670 — e~t)2 — 12
F |- M. — M:1: L
X <2+Z 72+Z 9 7(671,_’_671‘/)2_7,,2 9 ( 35)
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Light Conein anti—de Sitter spacetime

Light Conein de Sitter spacetime

Figure 6: Graphs of the dependence and influence domains

where the function w(z,t;b) is a solution to the Cauchy problem for the wave equation
wtt_Aw:O: U)(Q?,O,b):f(l’,b), wt<x?0;b)zo‘

A similar formula holds for the fundamental solution &, (z,t;xg, %) for the Klein-Gordon
operator in the de Sitter spacetime.

Theorem 1.15 (A.G.-K.Y. [2I] Comm. Math. Phys., 285 (2009).)

e to—et )
Ep(x,tizo,ty) = 2H(t —to) / (de oy M ((e70 +e7")? — rz)_%_ZM (1.36)
0

(e—to _ e—t)? _ ,,,.2

<€—t0 + e—t)2 _ 7»2

1 |
><F<—+iM,§+z'M;1;

5 )58”““6(95 — xg, 1) dr,

where the distribution EY¢(x,t) is the fundamental solution of the Cauchy problem for the
wave equation.
The non-negative curved mass M > 0 is defined as follows:
2
M? :=m?— n > 0.
4
e The parameter m is a physical mass of particle.

e The fundamental solution &_(z,t;xg,ty) with the support in the backward light cone
admits a similar representation.

e The fundamental solutions &, (x,t; g, ty) and E_(x, t; xg, ty) are constructed in [21] for
the case of large masses m > n/2, that is M > 0.

e The integral makes sense in the topology of the space of distributions.

e The fundamental solutions for the Klein-Gordon operator in the anti-de Sitter space-
time can be obtained by time inversion, ¢ — —t, from the fundamental solutions for
the Klein-Gordon operator in the de Sitter spacetime.
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3. Imaginary mass
Moreover, the analytic continuation of this distribution in parameter M into C allows us to
use it also in the case of small mass 0 < m < n/2. The corresponding equation

Uy — e 2t Au— Mu=f,

can be regarded as a Klein-Gordon equation with an imaginary mass. Equations with imag-
inary mass appear in several physical models such as ¢* field model, tachion (super-light)
fields, Landau-Ginzburg-Higgs equation and others.

More precisely, for small mass 0 < m < n/2 we define the distribution &, (z,t;x,t9) by

—t —t

cre —3+M
Eq(x,tymo, ty) = 2H(t — to)/ (46—t0—t)—M((e—to Fet)? 7"2) 2
0
1 1 (efto _ e’t)2 _ 2 o
xF(3= M5 = M;1; = L) — wo,r) dr.

1.8 Examples of Integral transforms.
Example 3: Proof of case n = 1.

The Riemann Function
In the characteristic coordinates [ and m,

l=x+e", m=x—e ", (1.37)

the operator § of the equation reads as follows:

L, - ([ 0 1 o 0 1 )
S=5E ¢ @*M——“—m){amm—za_m)(a—a—ﬁ——a_m)zM}-

In particular, in the new variables the equation

0?5 2\ g e A 1 o 0 1 _
<ﬁ_€ @jLM)u_O implies {alam—Q(l_m)<a—a—m>}u——Mu—O.

1
We need the following lemma with v = 3 + M.

Lemma 1.16 (A.G.-K.Y. [2I] Comm. Math. Phys., 285 (2009).)
The function

V(l,m;a,b) = (1 —b)""(a— m)_7F(%7; 1; (g - Z) m— b)>

solves the equation

0? 1 o 0
{azam - (Z—mﬂ(@ N a_m)}w’m’a’b) =0
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Proof. In fact, the result follows by direct computations and basic properties of the hyper-
geometric function. We leave a proof to the reader. (A complete proof one can find in [21].)
The lemma is proven. O

Lemma 1.17 (A.G.-K.Y. [2I] Comm. Math. Phys., 285 (2009).)
For ~ € C such that F(vy,v;1; z) is well defined, the function

E(l,m;a,b) = (a—b)"2(1—m) 2V (l,m;a,b)
N U L T T R e GRS

solves the equation

o2 1 o  9\) ~ 1 1 .
{azam—2<z_m><a—a—m)}E“’m’a’b)*—(z_m)Q (5—7) E(l,m;a,b) =0.

Proof. Indeed, straightforward calculations show

(a- b)_%;{alaazm N 2(zim) (% N %) * m (% _7)2 }E

W(Vz—Vm)] =0.

1 1
B R =
The lemma is proven. O

Consider now the operator
. 0? 1 0 0
= Blom T2l —m) (& " om
which is a formally adjoint to the operator
0? 1 0 0 1
Sen = Bam 2(1—m) (E a %) B mMQ'
In the next lemma the Riemann function (see, e.g., [3, Ch.V, §5]) is presented.

Proposition 1.18 (A.G.-K.Y. [21] Comm. Math. Phys., 285 (2009).)
The function
R(l,m;a,b)

= (l—=m)E(l,m;a,b)
; ; 1 1, r 1 (I —a)(m —10)
— _b'LMl_ 1+le_b M o ZMF(_ M. = M:1: )
(0= (=) (= M =) (G i i e
defined for alll, m, a, b € R, such thatl > m, is a unique solution of the equation S} R = 0,
which satisfies the following conditions:
1
i) R = mR along the line m = b;
1
(ii) Ry, = —mR along the line | = a;
(iii) R(a,b;a,b) = 1.

) B _lm)Z(M2 +1),
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Proof. Indeed, if we denote v = 5 + iM, then for the Riemann function we have
R(l,m:a,b) = (a—b)"2(1—m)" 2V ([,m;a,b) = (I — m)E(l,m;a,b) .

The operators Sg;, and S}, can be written as follows:
s . o 1 ((3 0 >+ 1 AN
T dlom  2(l—m)\dl  om (I —m)? TT3)
0? 1 o 0 1 1\?
£ = A [ — P
= Blom 20 —m) (az am> (= m)? ( (7 2> )
Direct calculations show that, if the function u solves the equation S.,u = 0, then the

function v = (I — m)u solves the equation Sfv = 0, and vice versa. Then Lemma [1.17]
completes the proof. The lemma is proven. O

Proof of Theorem [1.15]

Next we use the Riemann function R(l,m;a,b) and the function E(x,t;x0,ty) defined by

1 im

E(z,t;z0,t0) = (4e_t°_t)iM<(e_t +e )2 — (z — x0)2> ’ (1.38)
1 1 (e7to —e )2 — (2 — x)?
F(5+iM, 5 +iM; 1; ).
g g T (et +e )2 — (x — x0)?

to complete the proof of ((1.36)), which gives the fundamental solution with support in the
forward cone D, (z,1), xo0 € R", ty € R, and the fundamental solution with support in the
backward cone D_(zg,to), zo € R™, ty € R, defined by

Do(zo,t0) = {(m,t) e R™; |z — 20| < £(e™t — ™) } . (1.39)

with plus and minus, respectively.
We present a proof for €, (x,t;0,ty) since for £ (z,t;0,ty) it is similar. First, we note
that the operator S is formally self-adjoint, S = §*. We must show that
<&, Sp>=p(0,ty), for every o € C3°(R?) .

Since the distribution &, (x,; 0, tg) is locally integrable in R?, this is equivalent to show that

// Ei(x,t;0,t0)Sp(z,t) dv dt = p(0,ty), for every ¢ € C5°(R?). (1.40)
R2

Let (b, —b) := (e ", —e ') be the image of the point (0,?y) in the characteristic coordinates
[ and m (see (1.37))

l=x+¢e ", m=x—e".

The image of the interior of D (0,%y) in the characteristic coordinates [ and m is the open
triangle
T.(b,—b) :=={(I,m) eER*|l >m, m>—e " [ <e™}.
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For the functions ¢ and E in the new variables we use notations ¢ and E , respectively, that
is o(z,t) = @(I,m) and E(x,t;0,ty) = E(l,m;b, —b). It is evident that ¢ € C5°(R?) and

supp @ C {(I,m) € R*|1 > m}.
In the mean time D)
x,t
9 — l— —1
D(Lm)‘ ¢ =m)

is the Jacobian of the transformation ((1.37)). Hence the integral in the left-hand side of ({1.40))
is equal to

// Ei(x,t;0,t0)Sp(x,t)dr dt = / dt/ E(x,t;0,t0)Sp(x,t) dz
R2 —t—e~
02 0 1 5| ~
/ / Rl m;b, - ){azam (l—m) (az o) i—mp" }Spdldm'(l"“)

The rest of the proof is standard (see, e.g., [3, Ch.V, §5]), but we give it to make this section
self-contained. We consider the first term of (1.41]) and integrate it by parts

e b 0%
/_b dm/_oodl R(l,m;b,— >8l8m

= —p(b,—b) —/Zo dm (%R(b,m;b,—b)) p(b,m)

b
0
— b, —b) | @.

—i—/ dl(alR(l —b; b, — ) (I,—b) + / dm/ dl(@l(’)m (I,m;b, ))gp

Then, for the second term in equation (|1.41)) we obtain
o b 1 0 0
— R(l,m;b,-b0)——— (= —— )@
/_b dm/_m dLR(l, msb, )2(l—m)<8l am)

b 00
= —/ R(l,—b; b, b)Z(Zib)N(l,—b)dl—/b R(e_b,m;b,—b)m

/dm/ dll_ R m: b, —b)3(Lm)
+/ dm/ dl 1— (gl a(;)R(lmb b)]@’(z,m).

Using properties of the Riemann function we derive

_/_Zodm/_oole(l,m;b, ){azaam (Zim) (%_8%) S —1m)2M2}&
= (b, —b) = (0, t0) .

Theorem is proven. O
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2 Function Spaces
2.1 Notations
0.1 Denote Ny := NU {0}. Let @ be a multi-index a = (g, g, . .., o) € Nj. We define

Oé—‘_ﬁ = (Oél—i_ﬁla"wan_'_ﬁn)?
ol = a1+ +ay,

6 S «, if 6% Sai7i:]‘7"‘7n;
al = aql...ap!
o ol
Oa p— pu—
’ (6) Bl(a — ).
¢ = (z)* ... (M), for z€R",

— a1\ o\
0 n ((91’1) <8xn> ’

1o\ 1o\
@ - [ = R — (e
b (i@xl) (z@xn> (=070 -

0.2 Let f be a function from C(Q2), and 2 C R™ be an open set. Support of the continuous
function f is defined as the closure in Q of the set of all x € Q, such that f(z) # 0, i.e

supp f = {z € Q; f(z) # 0} N Q.

Thus, f =0 on Q\ supp f.

2.2 Sobolev spaces

Let Q C R™ be an open set and let u € L} (). For a given multi-index o = (v, ag, . .., o) €

loc
N we define the distributional derivative

gy (0N (0N, O
-\ 0z ox,, ~ 9% gan

Tn

to be the linear functional on C§°(§2) given by

< 0w, >i= (1) /Qu(x)(‘?ago(x) de,  VYoeCr(Q).

We say that 0%u € LP(Q2), 1 < p < oo, if there exists v € LP(2) such that

< 0%, p >= / v(x)p(x)dr, Vo € C5°(Q) .
Q
For k € N, 1 < p < oo, we define the Sobolev space as a liner space

WE2(Q) := {u € LP(Q) | 0%u € LP(Q) for all a such that |a| < k}
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with the norm

lullwro@) =D 10%ulloey -

o] <k

The spaces W#P(Q)) are Banach spaces.

For p < oo smooth functions u € C>* N WP (Q) are dense in W*?(Q).

We denote by Wi?(Q) the closure of C5°(€2) in the W*?(Q)-norm.

The special case of the Sobolev spaces with p = 2 usually are denoted as H*(Q) := W"?(Q)
If Q = R", then we write simply W*? and H*.

. The space W*? can be also defined via Fourier transform even for all real £ € R by means
of the norm

SN el .

lullwrs = [1(1 = A)*2u o

where A is the Laplacian on R™.
7. One can proved the space H*(2) with scalar product

def a o
(U, V) Hs() = Z((’? u, 0V) 2(q) -
lor|<s

Then, H*(Q2) is a separable Hilbert space.
8. Denote by B* the Banach space of all functions u € C¥(R") such that 9%u, |a| < k, is
bounded on R"™, that is,

B = {ue C*(R")|for every a, |a| <k, there exists C,, such that
|0%u(x)| < C, for all z € R"}.

Theorem 2.1 (Sobolev embedding theorem.)
If s > 5§ + k, then the space H® is continuously embedded in B, that is H®> C B*. More
precisely, for every a, |a| <k, the function 0“u(x) is continuous and

sup0u(z)| < C(n, k, s) ]
RTL

Hs-
Proof. For any function u € C§° we have
O%u(z) = (2m) /2 A £%e LG (€)dE .
Then
0%u(z)| < (2m) /2 - € la(€)lde

= @m)™ [ 1A+ IEP) )l + |gf?) > 2de

Rn

on ([ asipriora) ([ i)
ety ([ v eteeriaerae) ([ o)

- ( | @ty d&) )

39

IA

IN

< C(n,k)ul




The integral [, [(1 + [£]*)** d€ is convergent since s > g + k, and we set

C(n, k) /n(l + [k de = C(n, k, 5).

Exercise. Complete the proof of the theorem.
Theorem is proven. U

If 1 < p < n, the Sobolev conjugate of p is

" np
p* = )
n—p
Note that
I 1 1
P p n

Theorem 2.2 (Gagliardo-Nirenberg-Sobolev inequality)
Assume 1 < p <mn. There ezists a constant C' = C(n,p), depending only on n and p, such
that

lul| o < C(n,p)||Vu| e for all u € CH(R™).

Proof. It is enough to check it for u € C§°(R™). We have

lu(z)] < / 0z, u(T1, .o i1, Yj, Tjgns - - - )|y Vu € Cg°(R™).

o0

It follows .
u(@)" <[ / O, uldy;  Yu € CF(RY)
j=17-00

and
1

[u(w)[»=1 < M5, (/ |0z, (1, L1, Y, T, - - - ,xn)|dyj) .

Now we set p = 1 and integrate with respect to x; and apply the generalized Holder inequal-
ity,
1 1 RPN
ur -+ um| dz < JJugl|zor - -+ [[tml|em Vp; € [1, 00], o Tt = 1, u; € Cg°(R™).
R™ 1 m

For the case of a general n and p =1

/ ()75 day

—00

[ oslan) ™ ([ o)
= (/ |8x1u|dy1) ) / (/ lamu\dyg) L (/ \&cnu]dyn) ) dzq
= (/ |8x1u|dy1) . {(/ / |ax2u| dxldyQ) e (/ / |axnu dwldyn) }n
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where
Po=...=pp,=n—1.

Then we integrate with respect to xs:

[ [ s arsae,
[ ()
x {(/_OO /_OO |8x2u|da:1dy2) (/_Oo /_OO 9,1 dazldyn) }nil .
- (/ / |8m2u|d$1dy2) -
/ (/ ’a““'dyl) (/ / ‘axgu|dx1dy3> L
(/ / 0. uldl'ldyn) - das .

Applying once more the generalized Holder inequality, we find

[ @ e e,
(/ / |8x2u| dxldyQ) . (/ / |(9x1u|dy1 dl‘g) N
X (/ / / |0 ut| dy dl'gdy:))) R (/ / / |0, u| dxy dx2dyn> L

IN

X

We continue by integration with respect x3,...,x, , eventually to find
n n 00 00 ﬁ
lu(z)|»Tde < H(/ / |01 dxl...dyi...d:cn>
= [IVul;i.

The case of p =1 is proven.
Consider now the case of p € (1,n). For every v > 1, the function v := |u|?, is a
C'-function, and we can apply already proved case with p = 1:

n—1

(Wmmﬂmﬁng WWM@MW
7 [ @) Vuta)] da

p—1

7( muwvnfum)p ( |vmwwm)p.
Rn Rn
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We set

_pn=1)
n—mp n—1
Then

( |u(g;)|p*dx> to< 7( |u(:)3)|p*da:) ’ ( |Vu(x)|pd:1:)p
Rn R R®

implies the desired estimate
1 1

(Rn () dx)p* < 7(/]@ yvu(a:)wa:)’l’

Theorem is proven. O

p*

Theorem 2.3 (Estimates for W'?(Q), 1 <p < n.)
Let Q be a bounded, open subset of R™, and suppose that its boundary 02 is C1. Assume
1 <p<n, then

WP (Q) C LF (Q).

Moreover, there is the estimate
ull Lo ) < C(n, 0, Q)[[uflwrr ), for all uwe W(Q),

where the constant C(n,p,$2) depends only on n, p, and Q.
Proof. We skip proof of the theorem. O

Theorem 2.4 (Poincaré’s inequality. Estimates for W, ?(Q), 1 < p < n.)
Let Q be a bounded, open subset of R". Assume 1 < p < n. Then for every q € [1,p*] there
is a constant C(n,p,q,Y) depending only on n, p, q, and Q, such that the estimate

|u|lLay < C(n,p,q, V|| Vul L), for all wue Wol’p(Q).

Proof. We skip proof of the theorem. O

Remark 2.5 On the space W, " (Q) with a bounded, open U, the norm ||Vul|r(q) is equiv-
alent to ||u|lwirq).-

Exercise: Prove that the function u = loglog (1 + ﬁ), where B;(0) C R? is an open unit
ball, belongs to W12(€2), but not to L>(1Q).

Lecture 5. July 29, 2010‘
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Theorem 2.6 (Rellich-Kondrachov Compactness Theorem.)
Let Q be a bounded, open subset of R™. Suppose that its boundary 02 is C*. Assume
1<p<n. Then

WhP(Q) cc LYQ)

for every q € [1,p*].

Proof. We skip proof of the theorem. U

Theorem 2.7 (General Sobolev embeddings.)
Let Q be a bounded, open subset of R™. Suppose that its boundary 0 is C'. Assume

u € WkP(Q).
i) 1 )
R
p
then u € L(S2), where
11k
¢ p n

Moreover, there is the estimate
[ul|Lage) < C(k, n, p, Q)|[ullwer ),

with a constant C(k,n,p,Q) depending only on k, n, p, q, and €.

(i) If
k>
p
then
we ol @)
where

{—} +1——, if — isnot an integer,
v=4Lp p p
n
any positive number < 1, if — is an integer.

p
We have in addition the estimate

||“||Ck7[%]71,y@ < Cllullwerg)

with the constant C' depending only on k, p, n, v, and ).

(iii) If
L
p
then for k, 1 < k <n,
weWFP(Q) = weLi), thatis WFP(Q) C LYQ), 1<p<g<
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and
HUHLQ(Q) < C(k,n,p, Q)HUHW’W(Q)~

Moreover, if p =1 so that k = n, embedding W*?(Q) C L4(Q) exists with ¢ = oo as well; in
fact,
WmHQ) € C%(9).

Proof. We skip proof of the theorem. U

Remark 2.8 In fact, the statement (i) is true for every ¢’ < q, that is

HUHL‘Z/(Q) S C(ka n,p, Q)l|u||Wk,p(Q)

Sobolev spaces with multiplication (algebra) property.

Theorem 2.9 (Algebra.)
Let 2 be a bounded, open subset of R". Then for s > % the space H*(S2) is an algebra. Thus,
for u,v € H*(Q) we have uv € H*(Y) and

wv s ) < Cllullms@l|v] ms@)-

Proof. Indeed, for u,v € H*()) and any multi-index a with |a| < s, by the product rule

we have
0% ()] < Co Y 1(0%u)(@)] -
Bty=a
If s —|3] > %, then by (ii) of Sobolev embedding Theorem we have

107l L) < CllO"ull omtoi-31-15 ) < CllO"u]

-ty < Cllul

H(9)-
Similarly, the following inequality holds if s — |y| > &
187 0[] oo (0) < ClO0]| goti-51-15 gy < CNO 0| ety < Cllvllas(@)
Hence,
1(0°u)(870)|| 20 < Cll0%ull L@ 187 0]| 20 < Clluell ss ([0l ()

In the remaining case we have s — |3| < § and s — |y| < 4. On the other hand, for the
nonnegative numbers a and b we have

1 _
a:i=—-— i |5’>0 and b:= - —

2

—_

s — |7
n

>0.

N |

Meanwhile,

— 1 — 1 1
° |6’+——S—M<— — a+b< ;.

2 <4 —
n + 2|a S - - 5 5

DO | —
(N}



Now we choose p and ¢ such that 1 < p,q < oo and

1 1 1 1
=>4+, 2>a>0, ->b>0.
p q p q
Then, in the case of s — [3| < § we use (i) and in the case of s — |B| = § we use (iii) of

Theorem [2.7| to estimate [|0°ul|1»(q). If we denote by p; a number defined by

1 1 s —|P|

mo 2 n

then p < p; and, according to Theorem since €2 is bounded, we have

10%ul| o) < Cll0%ul| () < C[|07ul

o) < Cllullgs) -

1 1 —
Similarly, defining ¢; by — = = — S_M
Sl

we obtain
2 n

1070l ooy < ClO™] ey < Cll07

-l < Cllvllas) -

Thus,
10°)(070) 2y < ClNOull w7l ey < Clul

Theorem is proven. O

@ vl s @) -

Exercise. Prove that for s > g the space H*(R™) is an algebra. Thus, for u,v € H*(R")
we have uwv € H*(R™) and

||’LL?}| Hs(Rn) S C||u| HS(Rn)||U| Hs(]Rn).

Superposition of functions in Sobolev spaces.

If P(2) is polynomial, then by induction on the degree, for any polynomial we find that

Poue H*(Q) for we H*(Q) and s>g7

| P o ul

o) < C(1+ HUH%S(Q))SZEP HP(Z) o ul| e (q)

dl
where PU(z) = @P(z)
By density of polynomials in C¥ _(R), for any function ¢ € C*(R) and any u € H*(Q),

k > s, we conclude that the composition g ou € H*(2) and that

o) < C (14 |u

lg o ul ?{s(g))silipllg(” o ul| (e

dl
where g(2) = @g(z)
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Interpolation.

For every given «, |a| < m, and numbers ¢ and r we define p(«) by

m  m—|af |
= + —.
p(a) q r

(2.42)

Theorem 2.10 (Interpolation) Let 1 <r < oo, 1 < ¢ < oo, and let m be an integer > 2.
If we LAR™) and u € L"(R™) for all v with |y| = m, then 0%u € LP()(R™) for every
a, |a| < m. Moreover, for every j, j=0,1,...,m,

i m—j

- —
‘SLllp 10%ul| Lot (mny < 4m=y) (SUP ”87U||LT(R”)> HUHLq(R@L) - (2.43)
a|=] y|=m

Corollary 2.11 If u,v € L*®(R") and 0*u, 0% € L"(R"™) when |a| = m, then

0%(uv) € L"(R™), when |of=m,

> 0% (wo) |y < Cm(HUHLw(Rw > Mo ull ey + lulloegeny D Ha%HU(Rn)).

lod=m jal=m la=m
A more general version of the proceeding estimates is useful:

Corollary 2.12 If vy, va,..., v; € L®(R™) and 0%y, 0%, ..., 0®v; € L"(R") when |a| =
m, then

J
8”‘1@18a202 s 80‘7'1)]- € LT(RH> s Z |aj| =m
1

Haalvlaa2v2 . ]UJHL’V‘ (Rm) < 23 maX {(H ||UkHLoo(Rn ) SU.p HE}’ /UZHL’I‘(RTL } .

1<i<y bt _

Corollary 2.13 Letu € L®(R",RY), let F € C™(RY), and assume that 0u € L"(R",RY)
when |a] =m. Then

0%F(u) € L"(R"), when |a]=
|S|up 0% F ()| Lrmny < C’m( sup | M (u )]||u|||£’lo(%n ) ‘Slup 10%u||Lrny  if m > 0,(2.44)

1<y |<m

while for m =0 one has
[1F(w) = F(O)||r@ny < MlJul|Lrgny

if M is a Lipschitz constant for F in the range of u.
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Corollary 2.14 The more general version of where F € C™(R™) also depends on
x, 18

sup ]|8O‘(F(:1:,u(q:)) - F(xao))HLT(R")

|a|=m
<C'  sup sup  |020)F (2, v)| [ull L oy 10| e
1<higlal ol<ull oo )

+ C" sup sup 1000, F(z, 0)|[|0%u|| £rgn) -

la|=m |[v|<||ul| Loo (rny

3 Energy Estimates for Linear Equation

Lemma 3.1 Denote
E5<t> = HatUHHs—l(Rn) + H'U/|

n+4

Let s > . Then for f € C([0,T); H*"*(R™), solutions
u € C([0,T); H¥(R™) N C([0,T]; H*"Y(R™) of the equation

up — Y ay(r, g = f(,t),  (z,t) €R" x [0, T, (3.45)
satisfy the a priori estimate

Es<t>§c(Es<o>+ / Hf(ﬂum—w)czf), refo.1], (3.46)

where the constant C' depends on the coefficient functions a;;, their L>-norms of the deriva-
tives 00 0la;;(x,t), with 1 <1, |B] < s —1, and numbers s, T.

Proof. In order to make an idea of the proof clear, we start with the simple case of an

equation with constant coefficients a;;(z,t) = a;;. With |a] < s — 1 we apply 02 to the
equation,

8? (utt — Z aiju,»j> = 8§f — 8§utt — 8? Z QU5 = 8§f .
Z‘?j ‘7 j=

that is,

/ (6§utt)8§‘utdx—/ < Z aijﬁg‘uij> ag‘utdx:/ (02 f) Oduy da .
Ry n R7

& \4,j=1,..n



Consider all terms of the last equation separately. For the first term we have

1d
/;L () O e = 2dt 7 (05u)* da.

The second term can be transformed as follows:

/ Z aw (05u;5) 05wy dr = / Z aij (8;“3%8%@ Oy uy dx

z 4,5=1,..., zz] .
/ZZJ;. Qi @O‘axlu (9 aac]utdl'_ th /n 4 Z azg a a:vlu (8aa$]u)

For the source term, using algebra property of the Sobolev space, inequality |o| < s—1, and
the definition of the energy, we obtain

< 107 fll ey 195 uel| L2 ) -

/ (02 f) Oduy dx

Thus, we have obtained

1d X
2 Jo, d“m/nuz 5 (0500 0) (9702,0) dv < || vy 19 el 2
or
1d X a
2dt RD (O we) S zzJE 1 (920 (8 8zju) < e e 107 el L2y -

We sum up all such inequalities for o with |a| < s — 1, and arrive at the inequality

th / Z aaut dx+/ Z azj a axlu (aaax]u>

¢ Ja|<s—1 Rz la|<s—1

w105l ey -

la|<s—1

IN

/]

Exercise. Derive in a similar way a conservation law used above.

Moreover,
3 dt / ) > (Ouy)® dr+ / > i (050m,u) (050,,u) do (3.47)
T |o|<s—1 R || <s—1
1/2
< Az e / > (Ow)? dw+/ 7 4y (0205,u) (920,,u) de
R lor|<s—1 Rz o] <s—1
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Now we note that since the matrix a;; is positive, the function y = y(¢) defined by
1/2

/ > (00w)? da + / Z ai; (0%0,u) (020,,u) dx p

Rz lal<s—1 Rz \0<|<S 1
i,7=1,.

is continuous and nonnegative. Then (3.47)) implies

9 2(0) < YO s a
for all ¢ € [0, T]. Then, the last inequality implies (check this statement)

H<c / 17(7)

/ > (08w)? dr + / >y (020,u) (920,,u) da

% Jal<s—1 R Jolge—1

2
< C’(/O ||f(7_)|Hsl(R’rzL)d7—) )

Now we have to take into account that in the left hand side of the last inequality the term
|w(t)]|L2(rny is absent, while it is present in the energy FE,(t). We estimate that term as
follows:

|Hs—1(R£) dT,

that is

t
la(®) e = [u(0) + / wr(7) dr | aga)
t
< Nul0) oz + / e () 2y

t
< ||E5(O)||L2(Rg)+/ Ey(r)dr.
0

Since |a;;| < C' we obtain

/ > (w) do+ / > ai; (000,,u) (050,,u) dx (3.48)

T |a|<s—1 R |a\<s 1

2
< cEs<o>+c( / ||f<¢>|%qs-1<m)d7) |

On the other hand, since > a;;&&; > ¢|€[?, the left hand side of the inequality (3.48)) can be
estimated from the below, and we obtain
2
| 2HS*1(R;L) d7> .

g0 < cxo+o( [

Exercise. Complete the proof for variable coefficients a;; = a;;(x, ).
Lemma is proven. O

Exercise. Derive the energy estimates from the representation formula for the solutions of
the equation.
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4 Uniqueness

In this section we consider real-valued functions and use the notations
zg :=t, u = (uj) = (O, Vu) =: (Opytt, Oy, t, . . ., Op, ),
OF (z,u, v, u")
ank '

u’ = (Uzg) = (axiaxju)i,jzo,l,“.,na ij(%%U/,U”) =

Theorem 4.1 (Local Uniqueness.)
Let u € C? be a solution of the differential equation
F(x,u,u/,u") =0 (4.49)

in a neighborhood of 0 € R*"™ with F € C?. Assume that it is strictly hyperbolic at the
origin with respect to the plane oy = 0, that is the polynomial

S E0,ul0), o (0), " (0))6,6

7,k=0

is strictly hyperbolic in the direction of the & axis. Thus, the quadratic equation

> Fi(0,u(0), u'(0),u”(0))&;&, =0,

j,k=0
for & has real distinct roots for all & +& +...+& =1.

Then any other solution v € C® of with 0w = 0®v when xy = 0 and |a| < 2 is
equal to u in some neighborhood of 0.

Proof. By Taylor’s formula we can write

F(z,u,u u") — F(z,v,v",0") = Z ao (2, u, ', u" v, 0 0")0%(u —v)

o] <2

where a, € C! as a function of z, u,u’,u”,v,v',v"”. Hence u — v satisfies a linear differential
equation with C! coefficients which by hypothesis is hyperbolic with respect to the plane
xo9 = 0 at 0. Moreover, it is strictly hyperbolic with respect to the plane xo = 0 in some
neighborhood of the origin because we consider real-valued functions, only. (Exercise: Prove
the last statement.) Since the Cauchy data are 0 it follows from the energy estimates for
linear equations proved before and from the Holmgren’s transformation that u — v = 0 in
some neighborhood of 0 € R+, O

Exercise. Prove that, if the equation is quasilinear, that is, linear in the highest order
derivatives,

Ugp — Z a;j(u, Ou, Vu)u;; = f(u, O, Vu), (z,t) € R™*,
ij=1,...n

the statement of the theorem is true if u,v € C?.

Lecture 6. August 6, 2010
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5 Local Existence
Consider the Cauchy problem
up = Y ay(u, Vu)uy +u= f(u,Vu),  (2,t) R, (5.50)

u(z,0) = @o(x), w(z,0) = ¢1(x), x €R™, (5.51)

where w;; := 0;,0;,u, and a;; and f are smooth functions of their arguments. The matrix
a;;(u,n) is assumed to be positive uniformly for all its arguments, that is,

0<e < Z a;j(u,n)&é; forall welR, n,&eR" [ =1.

i,7=1,...,n

Example. a;;(u,n) = 6;;(1 + [n|*) or a;;(u,n) = d;; (2 + u* + sin(1 + |n]?))

5.1 Local Well-Posedness Theorem

Theorem 5.1 (Local Well-Posedness).
Given nitial data
((,00,901) € H* x H* !

4
for some s > %, there exists a number T > 0 such that the Cauchy problem (5.50),(5.51):

Uy — Z a;;(u, Vu)uy; +u = f(u, Vu), (z,t) € R™,
U(ZL‘,O) :900(‘7;)7 Ut(l',()) :Qpl(x)v ZEER“,
is locally well-posed in the space C([0,T]; H®) x C([0,T]; H*™Y), that is
(u,u;) € C([0,T); H*) x C([0,T); H*™1).

Proof. We use the notation for the “energy”

Eq(t) := ||0yul

Hsfl(Rn) ‘I" ||u| Hs(Rn) .

Denote by X the space of functions u € L?([0,T] x R™) such that
U, Uy, s - - 5 Uy, € LZ([0,T); H) ﬂ C([0,T); L?)
with the norm defined according to

|lullx == sup E4(t).

0<t<T
Then, denote for M > 0 the subset

Xy = A{u € X[u(0) = ¢, u(0) =¢1 |ullx < M}.
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We provide the set X, with the metric p(u, v) defined by

(lu = v||gs + ||Opu — Opv|

plu,v) = Hs-1) -

up
0<t<T

Exercise. Prove that (X, p) is a complete metric space.
Define the map
L:Xysv—uelX,

where u solves the Cauchy problem for the linear equation
Uyt — Z a;j(v, Vo)u;; = f(v, Vu), (x,t) e R" x [0,T],
u(z,0) = po(x), u(x,0) = p1(x), r € R".

Step 1. First we prove that L maps X, into itself provided that 7" is small enough. Indeed,
according to the energy estimates, we have

Hsfl(Rn)dT .

Et) < CuE(0) +C(|lv]x) / 1wz, 7), Volz, 7))

According to the property of the superposition of the functions and of the Sobolev embedding,
we have

1f (v, 7), Vo, 7)) g1 @) < Cs([lu(z, 7)]

Hs(Rn)) .

Hence,

Hsfl(Rn)dT

Ei(t) < CoEs(O)JrC(Ilvllx)/0 1 (v(z, 7), Vo(z,7))|

Hs(Rn))dT

< CoBy(0) + C(Jullx) / Cu([lo(z, 7)]
< CoEL(0) + TC(||v]lx)Cs( sup |Jv(x,7)|

0<r<T

Hs(Rn))7 t E [0, T] .

Now we choose M = 2CE,(0) and then 7" small enough, so that
CoEs(0) + TC([[olx)Cslllvllx) < M

and we can conclude that
Jullx < M.

Step 2. Second, we prove that L is contraction on X,;. Indeed, for vi,ve € X, let
uy, us € Xy be the corresponding solutions of the Cauchy problem. Then,

(i — o)y — Y ay(vr, Vor ) (un — ug)y;

= f(?)l, VUl) — f(UQ, VUQ) —+ ' Z (aij(vl, V'Ul) — Gij('UQ, VUQ)) (Ug)i]’, (l’, t) € R™ x [O,T],
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while
(u; — ug)(x,0) =0, (u; — ug)¢(z,0) =0, r eR".
From the energy estimate we have
pur, us)
Cllblle) [ {1501 90) = £ 702

+ Y (a1, Vor) = aij(va, Vo)) ()]

i,j=1,...n

C(llollx) / 1 (1, Vor) — F(v2, V)|

IN

Hs—l(Rn) }dT

IN

Hsfl(Rn)

Hs—1 (Rn)dT .

Olloll) [ 1Y (auon, Von) = iy, Too)) s

1,...n
To make the estimates more transparent we take case of
fo, Vo) = [Vul*,  a;j(v, Vo) = ay
with the constants a;;. Then, since s — 1 > n/2, we derive by product property

|f (v1, Vor) — f(vg, Vg)|

iy = [Vl = Vool o1 @ny

[(Vur = V) - (Vur + Vo) || a1 (mmy
Vo1 — Vo a1y [[ VUi + V|
|1 — v Hs(Rn)||U1 + vy
2M ||vy — vy

2M sup [|vy — va|| s
(0,77

2M p(vq,v2) .

Hsfl(Rn)

Hs(R"™)

Hs(R")

VAN VAN VAR VAN

IN

Hence,
plui,uz) < TCO(||v|x)2Mp(v1,v2) -

Again, for T sufficiently small we obtain

1

plug,ug) < §p(v1,vz)-

By the contraction mapping principle, L has a unique fixed point that depends continuously
on the data.

Exercise. Complete the proof by discussion of the case of the general a;;(v, Vv) and
f(v, Vo). (Hint: Provide the set Xj; with the metric p(u, v) defined by

pr(u, ) := sup ([lu— vl + 0w = Ol r2) -
0<t<T
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Prove that (X, p) is a complete metric space. In order to estimate
Z ’ (az‘j<vlu Vi) — a;j(ve, VU2)> (u2)ij
1]

use condition on s, namely, s > § +2 = s — 2 > £. Then Sobolev embedding implies

L2 ((R")

Haxz‘anUQHLOO(Rn) < CH@Iiaxqu‘

HS_2(]R") S CHUQHHS(R") S CHU2HX S CM) .
Theorem is proven. O

6 Counterexamples to the Global Existence

6.1 Nirenberg’s Example. Method of Representation Formula

The following one is an example of an equation without global classical solution u € C?(R x
R3) to the Cauchy problem with large initial data in R?:

uy — Au = |Vul* — |u*,

w(0,2) =0, w(0,2) =¢1(x), r € R?,

where further conditions on ¢; are given below. If u = u(t,z) is a solution to this Cauchy
problem, then the function v = v(¢, ) defined by

o(t, z) = et
solves the following Cauchy problem for the wave equation

Vit — AU = O,
U(O,J,’) = 17 Ut(07I> - ()01<I>7 YIS Rs'

The solution v is unique and there is an explicit representation for v:

t
v(t,z) =1+ — o1(z + ty)dS, .
AT Syt

If v > 0, then one obtains

t
u(t,z) = log 1+—/ p1(x +ty)dS, | .
AT Jiyi=1

For every given positive ¢y and point zg € R? one can find a function ¢, (x) € C5°(R?) such
that solution u(t,z) develops singularity not later than at time ¢, at the point xy. Indeed,
1 has only to satisfy the following relation:

to

yp ©1(zo + toy)dS, = —1.

lyl=1
On the other hand, it is easily seen from the next proposition that for sufficiently small data
solution exists for all .
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Proposition 6.1 If p1(z) = O(|z[!) as |z| = oo, |Ver|lnws) < 47, |lei1]lpems) < 1,
then u is defined globally, that is, for all x € R® and allt € R .

Proof. We note that for the “large time”, ¢ > 1, there is some decay of the varying part
v(t,z) — 1 of the solution v = v(t,x) to the wave equation. Namely the L>*-norm of that
part satisfies the following estimates:

t,x)—1 = — — drdsS,
pea) -1 = | [ [ et

t
= _/ / (Va1)(x + Ty)drdS,
Ar |/ py1=1

t ds,
— E/ dT/IZ B chl)(x—l—z)T

t
< —/ dT/ (Vo) (z + 2)]dS.
47'(' \z|
1
< — Vi (z + 2)|dz
ATt J iz

1 1
< —|IV <-<1.
< Vel <3
The same estimate holds for ¢ < —1. For the small time ¢, |t| < 1, that difference vanishes

at t = 0, and we have

4t7 /
gol(:L' ty)ds
ly|=1

Therefore, v(t,z) is positive for all (t,2) € R x R* and v = u(t,x) is defined globally in
R x R3. U

o(t,z) = 1] = < [tlllerllee < 1.

From now on through this lectures “blow-up” means the nonexistence of the global in
time classical solution u € C?(]0,00) x R™) to the Cauchy problem under consideration.

Exercise: Prove that for every given positive t, and point xy € R? one can find a function
o1(z) € C5°(R3) such that the solution u(t,z) of the Cauchy problem

Uy — tl Awu + (ut)2 - tl Z(um]-)2 = 07 U(O,Z‘) = 07 ut(07x) = Sol(x) ) LS Rna
j=1

develops a singularity not later than at time ¢y at the point x.

6.2 Parametric resonance breaks down the small data solution

We give an example of the influence of the behavior of a time-dependent coefficient a = a(t),
and in particular its oscillating behavior, on the global existence of solutions to nonlinear
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hyperbolic equation. More precisely, for arbitrary small initial data we will construct blowing
up solution. To this end we consider in R x R" the equation

uy — a*(t,x) Au+ui —a*(t,z)| Ve ul* =0, (6.52)

where u = u(t,x) is a real-valued unknown function. We restrict ourselves to the case of
a(t,x) = b(t):

n

g — D2(1) A u+ () = V() Y (ug,)* =0. (6.53)

Jj=1

The next theorem shows that if the function b = b(t) differs from the constant, for instance,
oscillates, the situation with the global existence for small data changes dramatically. It was
first detected in [16]. In the next theorem ||¢||(s) denotes the norm of the function ¢ = p(x)
from the Sobolev space H*(R").

Theorem 6.2 (K.Y [16], J. of Math. Anal. and Appl. (2001))
Let b = b(t) be a defined on R, a periodic, non-constant, smooth, and positive function.
Then for every n, s, and for every positive 0 there are data ug € C§°(R"™) and uy € C°(R™)
such that

[ol|(s1) + [[un][s) < 0 (6.54)

but a solution u € C*(R, x R™) to the problem with data
u(0,2) = ug(x), w(0,z)=uy(x), r e R", (6.55)

does not exist.

Proof. We skip proof of the theorem. U
For a simplest example of the equation (6.53]) one can take

b(t) = 1+ esin(2nt), e€(—1/2,1/2), € #0.

The oscillations are responsible for the blow-up of the solutions. Indeed, if we switch off
them, that is, if we set ¢ = 0, then for all n > 3 the problem has small data global in
time solution. (See, e.g. [§].) The proof of Theorem is based on the well-known in
Physics parametric resonance phenomena. The main feature of the parametric resonance is
the exponentially increasing amplitudes of oscillatory system, whereas in ordinary resonance
they increase with a power law.

6.3 Coefficient stabilizing to a periodic one. Parametric resonance
dominates.

After studying the periodic case the next question is that for corresponding results for
equations with a coefficient stabilizing to a periodic one. Equations with the coefficient
being a product of periodic function and a function stabilizing to a constant, are considered
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in many papers and books (see, e.g., Ch.4 [4]). Following this let us restrict to the model
equation
Uy — exp(2t*)b(t) A u + (ur)? — exp(2t*)b*(t)|Vul> = 0, (6.56)

t €]l,00), x€R" for« € R, @« < 0. Here b = b(t) is a real-valued, defined on R, a
periodic, non-constant, smooth, and positive function. We study the global solvability of the
Cauchy problem with the data prescribed on ¢ = 1:

u(l,x) = ug(x), w(l,z)=wu(z). (6.57)

In Section 11 [I8] we proved the global existence for small data for the equation ([6.56]) with
the fast oscillating coefficients, that is, for the case o € [1/2,0).

The next theorem shows that for equation with a coefficient stabilizing to a periodic one,
the oscillations, which approach for the large time the pure periodic behavior, in general
break the global existence. (See also [16]).

Theorem 6.3 (K.Y. [I8] Oper. Theory Adv. Appl., 159, 2005)

Let a € (—o0,—1) while b =0b(t) be a defined on R, a periodic, non-constant, smooth, and
positive function. Then for every n, s, and for every positive 0 there are data ug € C3°(R™)
and uy; € C§°(R™) such that the inequality

ol s+1y + lluolls) <6 (6.58)

is fulfilled, but a solution u € C*([1,00) x R™) to the problem (6.56)), (6.57)) does not exist.

’Open Problem:‘ Consider the case of o € [—1,0) U (0,1/2).

| Lecture 7. August 17, 2010

6.4 Functional method. Second order differential inequalities

Second order differential inequalities with power decreasing kernel play a key role in proving
blow-up of the solutions to semilinear equations. Kato’s lemma [9] allows us to derive from
the second order differential inequality the boundedness of the life-span of solution with the
property w; > a > 0.

Lemma 6.4 ([9] Kato, Comm. Pure Appl. Math.1980)
If p>1, b> 0, there is no global solution to the differential inequality

W > bt PP, t> R >0 large
such that wy > a > 0 and w > at > 0.

Proof. We skip proof of the lemma. U

The next lemma (Lemma 4[12]) is a version of Kato’s lemma.
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Lemma 6.5 ([12] Sideris, T.C. J. Diff. Equations (1984))
Suppose F(t) € C*([a,b)), and for a <t < b,

F(t) > Co(ko +1)",
F(t) > Cy (ko +t)T1F(t)P,

where Cy, Cy, and ko are positive numbers. If p > 1, r > 1, and (p — 1)r > ¢ — 2, then b
must be finite.

Proof. We skip proof of the lemma. U
For the equation in de Sitter spacetime
U — e A u+ M =0,
the kernel of the corresponding ordinary differential inequality decreases exponentially:
W > be MiywP, p>1,b>0, M>0, ¢t large.

There is a global solution to the last differential inequality. Hence, to generalize Kato’s
lemma we have to look for proper supplementary conditions on the involving functions. It
is done in the following lemma.

Lemma 6.6 (K.Y. [26] Discrete Contin. Dyn. Syst. Ser. S 2 (2009))
Suppose F(t) € C*([a,b)), and

F(t) > cA(t), F(t)>0, EB(t)>~OAG)PF#)? for all t € [a,b), (6.59)

where A,y € C'([a,>)) are non-negative functions and p > 1, ¢y > 0. Assume that

tlg& A(t) = o0, (6.60)
and that
d
yr (Y@)A[#) ™) <0 forall telab). (6.61)
If there exist € > 0 and ¢ > 0 such that
Y(t) > cA(t)(In A(t))**® forall t € [a,b), (6.62)
then b must be finite.
Proof. We skip proof of the lemma. U

We note here that the equation
F(t)y=eMF@t)P, d>0,

has a global solution F(t) = cFezf%lt, where cp = (d/(p — 1))**™ while the corresponding
A(t) = cae®, a > 0, and (t) = c,ePr=Dt The condition (6.62) implies a > d/(p — 1). On
the other hand, the first inequality of (6.59)) holds only if a < d/(p — 1).
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6.5 Functional method. Nonexistence of global solution for the
semilinear Tricomi-type equation

The next example illustrate the so-called Functional Method to prove blow-up phenomena.
Example. (K.Y. [I§]) Assume that u = u(z,t) is a smooth solution of

uy — a*(t)Au=m(t)|ul’ on [0,T]xR*, 0<T < o0,
u(x> O) = 900(1.) ) ut(xa 0) = (,01(1') on Rna
where for the speed of propagation a = a(t) and for the function m = m(t) with some
positive constants C' and k the following conditions are fulfilled:
t

0<ap<a(t), a(t),m(t) e C®Ry), A(t):= [ maxa(r)ds,

0 T7<s

m(t) > C(k+1t)~¢(k + At))"®™ Y for large t with c<p+1.

Suppose that
supp o, supp¢1 C {x € R"; |z < R }.

By the domain of dependence property,
suppu(t,-) C {z € R"; [z < R+ A(f) }.

By integrating the equation with respect to spatial variables we obtain

/n (utt(t, r) — a®(t) Ault, :L‘)) dr = / m(t)|u(t, z)P dz.

n

On the other hand the divergence theorem gives

/n a®(t)Au(t, ) dx = a*(t) / Au(t,z)dr =0,

n

while » oPult, z)
u(t,
Hence,
d2
— [ ult,z)dx :/ m(t)|u(t, z)P dz .
dt R7l n

Now we introduce a functional

then
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Using the compact support of u(t,-) and Holder’s inequality we get with 1/p + 1/ = 1,
p/q=p—1, 7, the volume of the unit ball in R",

/u(t,x)dx = ’/ u(t, x) dz
" |z|<R+A(t)

p/q
< (/ lu(t, z)P dx) (/ 1d:v>
|| <R+A(t) || <R+A(t)

- ( 5 m<t)yu<t,x)\pdx) Tn%u—z At
1

o (R+ A(t))"/e.

p p

= F()m,

Thus

B(t) = m tm(t)(R+ A() "V ()]
for all ¢ in the interval [0, T]. In particular, F(t) > 0, and so F(t) > F(0)t + F(0). Now

F(0) = / u (0, ) de = / p1(z)de = C, .
If C,, >0, then
F(t) > (pos. const.)t, t large.

The Lemma with 7 = 1 and ¢ = ¢ satisfying (p — 1)r > ¢ — 2, shows that the function
F(t) cannot remain finite. Hence, T < oc.

Example. (Tricomi-type linear part.) If we consider the Cauchy problem for the equation
uy — t*Au=m(t)|uff on [0,T]xR", 0<T < oo,
u(x,0) = po(x), w(z,0) =pi(x) on R",

that is with a(t) = t* and m(t) = t™ for large ¢, then the assumptions on these functions

imply
nk+1)+1+m

nk+1)—1

p <
Example. (Semilinear wave equation in Minkowski spacetime.) If we set k = 0, n = 3, and
m = 0 in the previous example, then the condition on p is
p<2.
It is known (see,e.g, [18]) that for the semilinear wave equation in Minkowski spacetime
ug —Au=|uf’ on [0,T]xR", 0<T <00,
the last condition can be improved

l<p<l++2.
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For the general n > 2 denote by p, the positive root of the equation
(n—1p2 —(n+1)p,—2=0.

Conjecture (W. Strauss [15]): For the semilinear wave equation in Minkowski spacetime
for n > 2 blow-up for all data if p < p,, and global existence for all small data if p > p,.

Open Problem:‘ Prove Conjecture [19]: For the Cauchy problem

wy — t*Au=|ulP on, [0,T]xR", 0<T <o0,
u(z,0) = po(x), u(z,0) =pi1(x) on R",

if n =3, then for p, given by
3k +4

>
3k+2’
the small data solution exists globally, that is T = oo.

7 Global Existence Theorem

7.1 Invariance of the wave operator under Lorentz group and ho-
motheties.

The 4-dimensional spacetime (ct,z,y, z) in which we find ourselves is called a Minkowski
space, and a point in such a space is termed an event. The equation
2 — 242

s —P =yt =22 =0

defines the light cone. Events that have s> > 0 are called timelike; events that have s? < 0
are called spacelike; events on the light cone (s?> = 0) are called lightlike. Timelikes events
can be causally connected to the origin with signals for which v < ¢, but spacelike events
cannot be connected to the origin except by signals for which v > c.

The special theory of relativity is based on the two following postulates:
(1) the velocity of light in vacuum is constant in all inertial systems (an inertial system is a
system of reference in which Newton’s first law of motion holds),
(2) the laws of physics are invariant under transformations between inertial systems (covari-
ance).

Thus Lorentz transformation of the variables xg, z1, x2, x5 (o = t) is any linear homo-
geneous transformation of these variables

3
yzzzazjxja i:07172737

=0
with real coefficients a;; which leaves invariant the quadratic form

2_ .2 _ .2 _ .2
Ty — T] — Ty — Ty .
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That is

2 2 2 2 9 2 2 2
Yo — Y1 — Y2 — Y3 =Ty — L1 — Ty — T3

More general inhomogeneous Lorentz transformations (Poincaré transformation) are defined

by
3
yi:Zaijxj+bi, i:O,1,2,3.
j=0

The homogeneous Lorentz transformations form a group, called homogeneous Lorentz group
(often just termed the Lorentz group). This group is a 6-parameter Lie group in four dimen-
sions. The 3-dimensional orthogonal group of rotations O(3) is a subgroup of the homoge-
neous Lorentz group.

We now write down a formula for a special class of Lorentz transformations which have the
property of leaving invariant two of the last three (spatial) coordinates. Such transformation
has the form

Yo = axg + Bry,

Y1 = YTy + 0T,

Y2 = T2,
Y3 = 3.

For such transformations the identity

2 2 2 2
Yo — Y1 = Ty — X3

must hold. Substituting in this identity the expression for y, and y;, we get
(azo + Br1)® — (yao + 011)* = 2 — 2f .

Whence
042 _ ,YQ — 1’
62 - 52 = -1 )
aff —v0=0.
In particular, these equations are satisfied if we put
a =0 =coshi,
B =~ =sinh,
where 1 is an arbitrary number. Then
Yo = (cosh¢))zg + (sinh¢)xy,
y1 = (sinh¢))zo + (coshp)zy,
Yo = T2,
Ys = xs3.
If we denote tanh = v/c (Jv/c| < 1 for any v), then we obtain the usual formulas for the
class of Lorentz transformations of this special case:

v/e

_ 1
Vo= o0 * Jiojor L
_ v/c 1
= —|— ,
(*) = o 0 T o !
3/2 == Ty,
Ys = xs3 .
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Any Lorentz transformation is a combination of an orthogonal transformation of the variables
x1, T2, x3 which leaves x( fixed, a transformation of the form (x), and a possible change of
sign of one of the variables (a reflection).

Theorem 7.1 FEvery non-singular linear transformation of the variables t, x1, xo, x5 with real
constant coefficients which does not change the form of the wave equation is a combination
of a Lorentz transformation, a translation of the origin in the space (t,x1,Ts,x3), and a
similarity transformation in that space.

By the statement that some transformation “does not change the form of the wave
equation” we mean that any function u(t, z1, xs, r3) which satisfies the equation
Pu  Pu  Pu Pu

Ozt 023  0x3 0}

0

goes over, after transformation of the x; into the y;, into a function u(yo, y1, y2, y3) satisfying
the equation
Pu  Pu  Pu  Pu

o T T .
oy Oyl  Oys  Oy3

Homotheties transformations are the transformations given for every positive number «

by

Yo = Qxg,
= axy,
Y2 = T2,
Y3 = arg,

with a generator coinciding with the identity matrix.

7.2 Homogeneous fields

By Z = Z(x,0,) we shall denote any one of the vector fields

5 0 ,
ZJk(‘T7 am) = gj]<0)xja_xk - gkk(())‘rka_x] ) Ve k = 07 ceeyy 1T
Zo(x,0;) = ;xjaixj (radial vector field),

where ¢/%(0) = diag(1,—1,...,—1) are the coefficients of the d’Alembertian. We shall call

these vector fields the homogeneous fields since their coefficients are homogeneous of degree
one. We often omit (z,0,) and write shortly Zy, Zj.

Zjr with 0 < j < k < n are spatial angular momentum operators. Zj is a generator of
the representation of the homotheties transformations.
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Generators of the representation of the Poincaré (inhomogeneous Lorentz) group are
given by

0,01, -, 0n,  Zit = ¢7(0);0/0x — ¢"*(0)240/0x; , 3 k=0,...,.,n

For example 715 is the infinitesimal generator of the representation of the group of rotations

{T12(h)} given by
Yo = To ,

y1 = (cos h)zy + (sinh)z,,

Yo = —(sinh)x; + (cosh)zs,

Ys = Ts3.
We denote by Z! any product of |I| such vector fields.

Exercise: Check the following identities

Zyl=0Z — Zp0=0, jk=0,...,n,
DZO] DZO Zo0 =20,

[mB

[

[Zo, Zjx] = 0,

[Zo, ] aj, i=0,1,...,n,

(Zij, Zw) = —g"™(0) Zs — ¢1(0) Zi + ™ (0) Zji + ¢"M(0) Zyy, 4,5,k 1 =0,...,n,
(Zij,01] = —g™(0)0; + ¢*(0)0;, i,5,k=0,...,n

In what follows, we shall denote
807817"'78n7 ZO: ZOla"'7Zn—l,n

respectively by I';, i = 0,...,m(n).
Exercise: Find number m(n).

At times we shall suppress the subscript. Also, if (ag, ..., ), m = m(n), is a multi-index,
we shall write
re=rgere...rom, m=m(n).
Exercise: Prove that: (i) for homogeneous fields (h.v.f.) we have the commutativity rela-
tions
[FZ‘, FJ] = Z Ciijk7 Fi, Fj ch.vi.

for certain fixed constants, where the sum just involves homogeneous vector fields; (ii) the
commutator of two homogeneous vector fields is a linear combination of homogeneous vector

fields; (iii) commutator of J; with a homogeneous vector field is a translation invariant vector
field:

[Cx, 0; Z agrd;,  Tp:hvf. (7.63)

since the above calculated commutators:
[Zo,é?k}:—é?k, k:O,l,...,n,
(**) [8k, ZOj] = 50k8j + 5jk80 y
[&C,Zz-j]: jkai—éikﬁj, 0<Z<]§TL
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If we introduce the three families of first-order operators

Q = (Zz]> s
1<i<j<n

Q = (ZZ]> s
0<i<j<n

7:: (20757@07"‘7an>)

then commutator relations imply that the R-linear span of each of the families is a Lie-algebra
with bracket [-,-]. (Check that statement.)

Proposition 7.2 Letr = |z| and 0, = r~* Y"1 | x;0;. Then in R\ 0 we can write

(t=1)0r = ao(t,x)Zo + Y _ a;(t, ) Zoi (7.64)
i=1
where the coefficients
|| t oy
ag(t,r) = —————, ai(t,r) = —— —,
ot,) |z + ¢ (t,2) ] + ¢ |z

are smooth, homogeneous of degree zero and satisfy bounds of the form
0% (t,z)| < Cyolt +|z)710 forall || > 6t,

and all o with 6 > 0 fized. Also,

(t =) |0ui(t, x)|” < 2<|Zgu(t,:v)|2 + > |(iju)(t,x)|2) : (7.65)

i=0 0<j<k<n

Proof. We skip proof of the lemma. Il

There are some useful formulas:

(t—r)arzrit(ﬁ—r?) = ( Z o - ) , (7.66)

(t—T)at:T+

. <tZO - Zl xiZOZ) : (7.67)

t* + |z[%) Z]@uta: Z |(Zju) ta:|2+Z|ngu )(t, )| (7.68)

Jj=2 0<j<k
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if Ou=0 then OZ'u=0 forevery I,
Zip(|z]| =) =0 j,k#0,

Zow(|z| — 1) = (|o] = t)zw/|2x|, k#0,

Zo(lx| —t) = |z| —t.

Lemma 7.3 The vector fields Z;x, Zo form a basis for all vector fields when t* # |x|?, that
is outside the light cone A = {(t,z) € RM™™  |t| = |z|}:

gz,
8J: - <"  _ir. 92 ZO il s J = 07 s
T Yo 9, Z Zk ngkz %
t "L T oy .
0= gl 2 gl 0= —gonlo= ) gl i =0 n
k=1 k=0

Thus,

0]-:Zajy(t,:v)Zy, j:O,...,n,

where Z,, is any labeling of the vector fields Z, Zy, and a;, is in C°(R™™\ A) and homo-
geneous of degree —1.

Proof. We skip proof of the lemma. O

Lemma 7.4 Span of the homogeneous vector fields at the point (t,z) € R\ 0:

a) Ift* # |z|?, that is if (t,x) is not on the light cone, then homogeneous vector fields span
the full tangent space above (t,x);

b) Ift? = |x|?, then they only span the tangent space to the light cone;

¢) Ift? = |x|?, then the missing normal component vanishes only to first order.

Proof. We skip proof of the lemma. O

7.3 Variant of Sobolev’s theorem

The proof of the estimates we shall require will use this proposition as well as the following
variant of Sobolev’s theorem for R".

We shall use the energy integral method to estimate ||Z7u(t, )| and deduce maximum
norm estimates from the next proposition.
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Proposition 7.5 ([8]) There is a constant C' such that

(L4t + )" A+ (] = fzlDlut2) P <O Y 125ult, ), (7.69)
1< (n+2)/2

ifueSin (t—1,t+1) x R", say. Here by Z it is denoted any one of the vector fields Zy,
Z]'k or 80, 81,.. . (9n

Proof. We skip proof of the proposition. 0

7.4 L*°-weighted estimate for the solution to the wave equation

Proposition 7.6 ([8]) If u is solution of the homogeneous unperturbed wave equation with
Cauchy data g, p1 € C(R™), then

n—1 _1
sup (1 + [¢) = (14 |[t] — [#]]) 2 |u(t, 2)| < Cpypy < 00,

Rn+1

where constant Cy, ., depends also on the diameters of the supports of data.

From Section 6.2 [8] we know that these estimates have the right order of magnitude
near the boundary of the light cone, that is, when ||t| — |z|| is bounded. However, the best
bounds are

n—1 n—1

sup (14 )" (1 + [[¢] — Jal)) 7" (lu(t, 2)] + |/ (¢, 2)]) < o0,

and they cannot be obtained from L? estimates of Z'u.

7.5 Global existence theorem

In this section we shall study the Cauchy problem in R!*"

Z ¢ (u)0;00u = f(u), (7.70)
k=0
u(0,2) =epo(z), Jou(0,z) = cpi(x). (7.71)

We assume that v = 0 is a solution of (7.70) and that the linearization at this solution is
the wave operator, that is,

we assume that Z gjk(O)é)j@k =0 and that [ wvanishes of second order at 0.
k=0

Theorem 7.7 ([11] S. Klainerman, Comm. Pure Appl. Math. (1980))
The Cauchy problem (7.70), (7.71) with ¢; € C*(R™), j = 0,1, has a C* solution fort > 0
if n >4 and € is sufficiently small.
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Proof. We skip proof of the theorem.

The graphics in this lecture notes were made by Mathematica 7.0.0.
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