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АННОТАЦИЯ. Fusion Banach frames satisfying property S have been studied. A 
sufficient condition for the existence of a fusion Banach frame satisfying property 
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ed in terms of closeness of certain subspaces of the dual spaces in the weak*-
topology. 
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1. INTRODUCTION 

In 1952 Duffin and Schaeffer [9] introduced frames and used them as a tool in 
the study of non-harmonic Fourier series. It took more than 30 years to realize the 
importance of frames. In 1986, Daubechies, Grossmann and Meyer [8] reintroduced 
frames and thereafter a wider study of the theory of frames began. Frames have 
many properties that make them useful in the study of function spaces, signal and 
image processing, filter banks, wireless communications etc. One of these intrinsic 
properties of a frame is that, given a frame, we can get properties of the function and 
reconstruct it only from the frame co-efficients. An introduction to the frame theory 
and its applications can be found in [1, 2, 6, 7, 11, 17]. 

A number of new applications cannot be modeled naturally by one single frame 
system. In such cases, data assigned to one single frame system becomes too large 
to be handled numerically. So, it would be beneficial to split large frame system into 
a set of smaller systems and then to process the data locally within each subsystem 
effectively. This requires "distributed" frame theory for a set of local frame systems. 
In this direction, a theory based on fusion frames was developed in [3, 4, 5] which 
provides a framework to deal with these applications. 
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The concept of frames in Hilbert spaces was extended to Banach spaces by Feichtin-
ger and Grochenig [10J who introduced the concept of atomic decompositions in 
Banach spaces. This concept was further generalized by Grochenig [12] who introduced 
the notion of Banach frames for Banach spaces. Banach frames were also studied 
in [13, 14, 15]. Jain et al. [16], generalized Banach frames in Banach spaces and 
introduced frames of subspaces (Fusion Banach frames) for Banach spaces. 

In the present paper, fusion Banach frames satisfying property S are introduced 
and studied. We prove that a weakly compactly generated Banach space has a 

S 
isomorphic to c0. A sufficient condition under which a fusion Banach frame satisfies 

S 
S 

S 
the weak*-topology. 

2. PRELIMINARIES 

Throughout this paper, E will denote a Banach фасе over the scalar field K (R 
or C), E* the conjugate space of E, [xn] the closed linear span of {xn} in the norm 
topology of E, Ed an associated Banach space of scalar-valued sequences, indexed by 
N. 

A sequence {xn} in E is said to be complete if [xn] = E and a sequence { f n } in 
E* is said to be total over E if {x e E : fn(x) = 0, n e N} = {0}. A sequence of 
projections {v n } on E is total on E if x e E, vn (x) = 0, for all n e N implу x = 0. 

{xn} E E 
{ f n } С E* such that f i ( x j ) = Sij (Kronecker delta), for all i,j e N [xn] = E and 
{ f n } is total over E. A Banach space E is said to be an Asplund space if every 
continuous convex function defined on an open set U of E is Frechet differentiable 
over a G^-set dense in U. A Banach space E is called weakly compactly generated if 
there is a weakly compact subset W such that the span of W is dense in E. A Banach 

E 
E 

Definition 1. [12] Let E be a Banach space and Ed be an associated Banach space 
of scalar-valued sequences, indexed by N Given { f n } С E* and S : Ed ^ E, the pair 
( { f n } , S) is called a Banach frame for E with respect to Ed if 

(i) {fn(x)} e Ed, for each x e E, 
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(ii) there exist positive constants A and В with 0 < A < В < ж such that 

( 2 . 1 ) A\\X\\E < \ \ { f n ( x ) } \ \ E d < B\\X\\E, x e E , 

(iii) S is a bounded linear operator such that 

S({fn(x)}) = X, X e E. 

A B 

bounds of the Banach frame ( { f n } , S ) . The operator S : Ed ^ E is called the 
reconstruction operator (or, the pre-frame operator). The inequality (2.1) is called 
the frame inequality. 

The Banach frame ( { f n } , S) is called tighէ if A = В and normalized tight if A = 
В = 1. If removal of one f n renders the collection { f n } С E* no longer a Banach 
frame for E, then ( { f n } , S) is called an exact Banach frame. 

Definition 2. [16] Let E be a Banach space. {Gn} be a sequence of subspaces of E and 
{vn} be a sequence of non-zero linear projections such that vn(E) = Gn, n e N A be 
a Banach space associated with E and S : A ^ E be an operator. Then ({Gn, vn}, S) 
is called a frame of subspaces (or, fusion Banach frame) for E with respecէ to A if 

(i) {vn(x)} e A, for each X e E, 
(ii) there exist positive constants A, В (0 < A < В < ж) such that 

(2.2) A\\X\\E < \ \ K ( X ) } \ U < В\\Х\\Е, X e E, 

S 

S ( { v n ( X ) } ) = X, X e E. 

The positive constants A and В, respectively, are called lower and upper frame 
bounds of the frame of subspaces ( {G n , vn}, S). The operator S : A ^ E is called the 
reconstruction operator (or, the pre-frame operator). The inequality (2.2) is called 
the fusion Banach frame inequality. 

Definition 3. Let E be a Banach space and E* be its conjugate space, (E*)d be 
a Banach space of scalar-valued sequences associated with E*, indexed by N. Let 
{xn} С E. Given T : (E*)d ^ E*, the pair ({xn}, T) is called a retro Banach frame 
for E* with respec է to (E* )d if 

(i) {f (xn)}e (E*)d,foreach f e E*. 
(ii) there exist positive constants A and В with 0 < A < В < ж such that 

(2.3) A\\f E <\\{f(xn)H(E.)d < В\и\\e. , f e E* 

(iii) T is a bounded, linear operator such that T({f (xn)}) = f,f e E*. 
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The positive constants A and В, respectively, are called lower and upper frame bounds 
of the retro Banach frame ({xn},T). The opera tor T : (E *)d ^ E* is called the 
reconstruction operator (or, the pre-frame operator,). The inequality (2.3) is called 
the retro frame inequality. 

The following lemma is proved in [16]. 

L e m m a 1. Let {Gn} be a sequence of subspaces of E and {vn} be a sequence of 
non-zero linear projections with vn(E) = Gn, n e N. If {vn} is total over E, then 
A = {{vn(X)} : X e E} is a Banach space with norm \\{vn(x)}\\^ = \\X\\e, X e E. 

3. MAIN R E S U L T S 

A fusion Banach frame ({Gn, vn}, S) is said to satisfy property S if 

U vn(E*) 
,n£N 

= E*. 

E 
G E S 

lim || f\K,B„+I,...]|| = 0 , 
n — 1 1 11 

for all f e E*, where {xn} is some suitably chosen sequence in E. 

Proof: Let {xn} С G be a Markushevic basis with associated sequence of functionals 
{ f n } С G*. Sinee G is complemented in E, we may write E = Gi Ф [xn], where Gi 
is a closed linear subspace of E. Let v1 and v be the continuous linear projections 
of E onto G1 and G, respectively. Putting Gn = [xn-1], n = 2,3,..., we define 
vn (X) = f n - 1 (v(x))xn-1, X e En > 2. Then, for each n,vn is a linear projection 
of E onto Gn. Also, {vn} is total over E. Therefore, by Lemma 1, there exists an 
associated Banach space A = {{vn(x)} : X e E} together with a reconstruction 
operator S : A ^ E such that ({Gn, vn}, S) is a fusion Banach frame for E with 
respect to A. Further, si nee [Ա Gi]= E , 

dist f , \Jv*(E*) 
i=1 

\ [ U ° = „ + i Gi] \\, n e N, f e E*. 

Therefore, by hypotheses, for all f e E* 

dist f , [}v*(E *) 0 n . 

Hence f e У v * ( E * ) ] . 
The following corollaries can be deduced from Theorem 1. 
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E 
frame satisfying property S if E contains a subspace isomorphic to c0. 

E E 
S 

In the following result, we show that if a given Banach space has fusion Banach 
S 

S 

Theorem 2. Let a Banach space E has a fusion Banach frame ({Gn, vn}, S) satisfy-
ing property S. If for each n, Fn is a поп-zero closed linear subspace of Gn, then 
there exist a sequence {wn} of projections of F onto Fn, where F = у F n ] and 
an associated Banach space A0 together with a reconstruction operator S0 : A0 ^ F 
such that ({Fn, wn}, S0) is a fusion Banach fra me for F with respec է to A0 satisfying 

S 

Proof: Let x G F. Then, for some к G N there exist y G Gk, z G U i = 1 Gi and 
i=k 

a sequence {xn} in F such that x = y + z and limn—TO xn = x. So limn—TO vk(xn) = 
y G Fk. Also, if x G Gj \ F j , then x G F. For each n G N set wn = vn\F. Then 
{wn} is total over F. Therefore, by Lemma 1, there exist an associated Banach space 
A0 = {{wn(x)} : x G F} and a reconstruction operator S0 : A0 ^ F such that 
({Fn , wn}, S 0) is a fusion Banach frame for F with respect to A0 . Let g G F* and 
f G E* be such է hat f \F = g. Then 

dist g, U wn(F*) 
ս=ւ 

= dist f , 
OO 

U vn(E*) 
ր=ւ 

Since ({Gn, vn}, S) ŝ a fusion frame satisfying property S, 

dist g, U wn(F*) 
^ ւ 

—> 0 as n -> oo . 

Therefore, g G У~=լ w*n(F*)^nce у ~ = լ w*n(F*)] = F*. • 
Next we give a sufficient condition under which a fusion Banach frame satisfies 

S 

Theorem 3. Let ({Gn, vn}, S) be a fusion Banach frame for E with 

Gn 
լn=ւ 

= E. 

If for any sequence {xn} with 0 = xn G Gn, n G N 

lim 
n— If 0, f G [xn]* n 
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then ({Gn, vn}, S) satisfies property S. 

Proof: Suppose ({Gn,vn}, S) does not satisfy property S. Then, there exist an 
f G E* wit h \\f || = 1, an e > 0 and a positive integer m such that 

f l[U£„+1 > e, for all n > m . 

Choose a positive integer m-i^ > m and yi G Gi (m+1 < i < m լ ^ t h zլ = ՝է1ա+լ yi 

such that e < \f (Z-)\ < 1. Again, since 

f\[Ur=„1+1 G i ] > e ' 

one can choose a positive integer m2 > mլ and yi G Gi (mւ + 1 < i < m2) with 
z2 = YT=mmi+l yi such that e < \f (z2)\ < 1. Continuing this way, we get an increasing 
sequence of positive integers {mn}Ո=օ with m0 = m + 1 and yi G Gi (i > m + 1 ) 
with zn = Y^m=mn- 1 + ւ y^ n G N such that e < \f (zn)\ < 1, n G N. Now, define a 
sequence {xn} in E with 0 = xn G Gn, n G N such that whenever yn = 0, xn = zn, 
for n > m + 1. Put g = f Է^]. Then, g = 0 and 

g yi 
ւ i=mn-1 + ւ 

Therefore, we have a contradiction: 

> e , n G N . 

\\g\[xn+1,Xn+2,...] II > e ՛ f o r a l l  n >  m . 

Hence ({Gn, vn}, S) property S. 
The following result gives a necessary and sufficient condition for a fusion Banach 

S 

Theorem 4. Let ({Gn, vn}, S) be a fusion Banach frame for a Banach space E with 

Gn 
ս=ւ 

= E. 

Then ({Gn, vn}, S) satisfies property S if and only ifyn 0, where {yn} is a sequence 
in E such that limn^TO vi(yn) = 0, for aII i G N. 

Proof: First suppose that the fusion Banach frame ({Gn, vn},S) satisfies property 
n 

S. Define un = YI vi,n G N. Then, for each n, un is a projection of E ontо УԱ=- Gi\. 

By hypothesis, we may write 

E Gi 
ւ=ւ 

e Gi 
1=Ո+-
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Since ({Gn, vn}, S) satisfies property S, for each f £ E ^ d e > 0, there exists a 
positive integer m such that 

|f (x - un(x))\ < շ , \x\\ < l,n > m) 

Let {yn} be a sequence in E such that \\yn\\ < 1, n £ N and limn^TO vk(yn) = 0, 
к £ N Then, there exists a positive integer m0 > 0 such that 

\\vk (yn < 2m\\f \\ n > mo, к = 1, 2,...,m. 

So 

\f(УП)\ <\f(y n  um (УП))\ + J 2 v i ( y n )  

i=l 

< e, for all n > m0. 

Conversely, suppose ({Gn, vn}, S) does not satisfy property S. Then, there exists an 
e > 0, an f £ E*, an increasing sequence {mk} с N and a bounded sequence {yn} 
in E such that yn £ [ U + i G ^ ^ d \f (yn)\ > e,n £ N. Thus l imn^ T O vk(yn) = 0, 

w 
к £ N. But yn ^ 0. • 

S 
closeness of certain subspaces of the dual space in the weak*-topology of the dual 
space. 

Theorem 5. A fusion Banach frame ({Gn, vn}, S) for a Banach space E with respect 
to Л with 

E= Gn 
n=i 

where each Gn is closed, satisfies property S if and only if for each n £ N, 

U vl(E*) 
1=Լ 

is a closed subspace of E* in the weak* -topology. 

Proof: First suppose that ({Gn, vn}, S) satisfies prop erty S. Then, by hypotheses, 
{vn * } E *  

Ao = {{vn(f)} : f £ E * } together with a reconstruction operator S0 : Ло ^ E* such 
that ({vn(E*),vn}, S0) is a fusion Banach frame for E* with respect to A0. Further, 

Уn= 1 vn(E*)] = E*. Since each vn is weak*-continuous, 
E* * E* 

v*(E*) 
ъ=п 

is a closed 

e 
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k v*(E*) 
г=к 

E * * 

topology. Note that f £ E* has representation of the type 

f = w*- lim V f(n ), f ( n ) £ v*(E*), 1 < i < mn, n £ N . 
n—»oo ' * 

So, we have 

f - vk(E*)= f - w*- lim f ( n ) £ n— {Jv*(E*) 
i=k 

Hence E* = [{JZ1 v*(E*)]. • 

E 
E S 
We finish with the following problem. 

Problem. Let ({Gn,vn}, S) be a fusion Banach frame for E satisfying property S. 
Under which conditions: 

E 
E 
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