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1. Statement of the problem. Let u;, m; (k=1,..,N) be positive
numbers such that p; # pu; for k # j. The system of linear equations

N mimje_(”i+"f)x o
pj(x) + Z @i(x) =mje *, j=1,..,N
e S
uniquely determines infinitely differentiable functions ¢y, ..., @y satisfying the
conditions e#«*lp, € L (R), k =1,...,N (see [1-3]). Note that the numbers
—uZ and the functions ¢, (k = 1, ..., N) form complete systems of eigenvalues
and corresponding eigenfunctions of a certain Sturm-Liouville operator with a
reflectionless potential. Reflectionless potentials are connected with a family of
explicit solutions of the Korteweg—de Vries equation, the so-called M -soliton
solutions (see [2]).
The set of all almost periodic functions of the form

b(x) = Z ﬁjei"f" (x ER) (1.1)

j===

where v; € R, B; € C (j € Z) and p; tﬁj for i # j, taken with the norm

Iblaew = > |5;],

j===

is a Banach algebra which will be denoted by APW (see [4]).
Let
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k(D) = (F(D) = e M (t)dt

1
el
be the Fourier transform of a function k € L, (R). W,(R) will denote the
Banach algebra {Fk: k € L;(R)} with the norm ||Fk||y, r) = l|k|l,,r)- The set
of functions A:={a=b+k:b € APW,k € L;(R)}, taken with the norm
llall4 = [Ibllapw + ||I?||W° ®)’ is a Banach algebra and coincides with the direct

sum of the algebras APW and W, (R).

Let a=b+ k€A, k€L, (R), and let b € APW be given by (1.1). We
define the operators Ty(a), Ty (a), T(a): L,(R}) = L,(R,) (R =(0,00),1<
p < o0) by the formulas

T = S fo—v + f kG- 0y,

k_—oo

(T, @y)() —me) f { f k(r)errsgntee= t)dr}go ©Oy(©)de +

Z lgkze”ﬂ/k(p (%) f %(t)y(t) dt +

fe=—00 X=Vg
X=Vk

Py ﬁkZe %, (x) f o (Oy(© dt

k=—oc0
T(a) =To(a) — Tl(a)

where we assume that y(x) = 0 for x < 0.

To(a) is a Wiener-Hopf operator with a symbol a. This fact makes it
possible to find criteria for invertibility and one-sided invertibility of the
operator Ty(a) and to describe its kernel and cokernel. In this work we will
present analogous results for the operator T'(a) which is not a Wiener-Hopf
operator, but has properties close to those of T(a). The function a will be also
called the symbol of the operator T'(a).

2. Factorization of the symbol. The mean value

t
M( ‘Mb) = 11m 215 je‘}“xb(x)dx
—¢

of the function e **b, where b € APW is given by (1.1), equals p; if
A =v; and vanishes if 1 # [vj: j€E Z}. Therefore the Bohr-Fourier spectrum
Q(b) = {2 € R: M(e™*b) # 0} of the function b coincides with the set
{vj: JjE Z}. Let APW* (APW™) denote the subalgebra of all functions b € APW
satisfying the inclusion Q(b) < [0,%) (Q(b) c (—x,0]).

Every function b € APW satisfying the condition

inf[b(D)] >0 (2.1)
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has a right APW factorization
b(A) = b_(A)e* b, (1) (2.2)
where », € R, b € APW_, b]fl € APW, (see [4], [7]). The number 3,
is called the mean motion or the almost periodic index of the function b and can
be computed by the formula

1
= lim = [(arg H)(0) — (arg b)(—0)], 23)

where arg b is to be understood as an arbitrary continuous function on R,
satisfying the equality b = |b| exp(i argh).

The function e "#*bb(1) has a representation of the form

e Mp(1) = e¥PD (1 € R)

with 1 € APW, i.e., the logarithm (1) = log(e ~»*h (1)) exists and can

be written as

Y@= ) e @eR)

k=—x
where 1), (k € Z) are distinct real numbers and ;, (k € Z) are nonzero
complex numbers satisfying the condition

i [Pl < oo.

k=-w

The functions b, in (2.2) can be chosen in the following way:

b_(x) = exp Z Pethr |, b,(x) =exp Z P et |,
Ar<0 720
Let S:L,(R) » L,(R) be the singular integral operator defined by the
formula

y(s) ds
s—t

O =— [

where the integral is to be understood in the Cauchy principal value sense,
and let Py = %(1 + S). Then

(x + )P, (xi_l_l ¢) - Z e 4 z Yt

Ay20 A,<0
1 .
i — Lﬁkx _ 2 Ak
o ()= 3 e S e
A<0 A <0

(see [4]). Since the functions b, are determined up to a constant multiple,
we may choose

1
by(x) = exp ((x + )Py (x n 1,[)))

Let
W(R) :=C+ Wy(R) ={c+ Fk:c € Ck € L;(R)}
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be the Wiener algebra on R. W(R) is a Banach algebra with the norm
lle + Fkll = [cl + llkllL, ry (see [4]).
Consider also the algebras
WE(R) = {c+ Fk:c € C,k € L;(R), k(x) = 0 for + x < 0}.
Every function d € W (R) satisfying the condition
Inf [d(t)] >0 (2.4)
has a Wiener-Hopf factorization in the algebra W(R), i.e., it has a
representation of the form
d(x) = d_(x)(r(x))*ad, (x), (2.5)
where d*l e W~ (R), di' e W*(R), g €T and
r(x) = (x —i)/(x + i) . The integer », is unique and can be computed by the
formula

g = % (argd (+) — argd(—)). (2.6)

The function r~*dd has a logarithm in W (R), i.e., there exist ¢, € R and
g € L;1(R) such that r=*dd = exp(cy + §).
The functions d_ and d, in (2.5) can be determined by the formulas

dy = exp ((x + )P, < ! (co + g(x))>>.

x+1i
Moreover, the equalities

G+ Py (= (e + §0N) = o + f eSk(s)ds + F(r,.9) (%),
1 Bw
(x + )P (x — (co + g‘(x))> = - f e’k(s)ds + F(x_g)(x)

—0

hold, where y, (y_) is the characteristic function of the set R, (R_
:= (—o0,0)) (see [4]). The last two formulas, together with the fact, that d are
determined up to a constant multiple, show that the functions dy can also be
determined by the equalities

dy = explc + F(x4q)],  d- = exp[F(x-g)].

Consider the subalgebras A, := APWE + W*(R) of the algebra A. It is

known that every function a € A satisfying the condition

XER
has a factorization of the form
a(x) = a_(x)e™*(r(x))“a, (x) (2.9)

with s, € R, #4 € Z, af' € A, and a®' € A_ (see [7)).

Assume that the condition (2.8) is satisfied for the function a = b + k
where b € APW and k € L;(R). Since (2.8) implies (2.1) (see [7]), hence the
function b is invertible in APW. Decompose a into the product a = bd where
d=1+b"1k. Since Wy(R) is an ideal of the algebra A, hence d € W (R).
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(2.8) implies the condition (2.4), too. It follows that the numbers 3, and 3, in
(2.9) are uniquely determined by the formulas (2.3) and (2.6); the functions a4
are uniquely determined by the formulas ay = by d,, (2.2) and (2.5).

The next theorem reveals the fundamental importance of the condition
(2.8) in the behavior of the operator T (a).

Theorem 2.1. Let a € A. The operator T(a) is normally solvable if and
only if the condition (2.8) is satisfied.

3. Main results. Define the operators X;,XK; : L,(R,) — L,(R,),
1 < p < o by the formulas

[ee]

(R = y@) + ) mye s [ gDy,
k=1

(Foy) (x) = y(x) + Z My Pr (%) j e Mty (T)dT.
k=1 p

From now on, the condition (2.8) is assumed to be satisfied; the numbers
"y, #q and the functions a, are assumed to be determined by (2.9). Note that
r € W(R) c A and the operator T, (rk) (k € Z) coincides with the Wiener-
Hopf operator with a symbol r¥ (see [7]). Furthermore it is assumed that the
operator T(a) acts in the space Ly (R,), 1 < p < o and the equation

T(@)y = f G.1)
is considered in the same space.

Theorem 3.1. If 3, > 0, then the operator T(a) is left invertible. In order
that the equation (3.1) be solvable, it is necessary and sufficient that the
following conditions be satisfied:

a) The function Ty(aZ )X f vanishes on the interval [0,x,] for x4 = 0.
Moreover, if gz > 0, then

f the Y (T(a=H)K, H)()dt =0, k=0,..,%5—1. (3.2)
b)O For ng < 0, the restriction of the function et (Ty(r~*@)Ty(aZ1)F, f)(t)
to [0,34] is a polynomial of degree — x4z — 1.
Theorem 3.2. If x;, < 0, then the operator T(a) is left invertible. For
1y = 0, the kernel of T (a) consists of all functions of the form
K, To(az DT (r ") g,

where g is an arbitrary function in L,(R,), vanishing on the interval

(- #p, 00) and satisfying the additional conditions

fg(t)tje_tdt=0, j=0,..,15—1
0
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forng > 0.
For 1y < 0, the kernel of T (@) consists of all functions of the form
H,To(azH)(g + q),

where g is an arbitrary function in Ly(R,), vanishing on the interval
(- y, 00), and q is a polynomial of degree at most —x 5 — 1.

Theorem 3.3. Let ), = 0.

a) The operator T(a) is invertible for ¥z = 0 and

(T(@) " = K;To(az)To(a=)%,.

b) For ng > 0, the operator KyTo(a7z)To(r d)Ty(aZ1)K, is a left
inverse of T(a), and equation (3.1) is solvable if and only if conditions (3.2)
are satisfied.

¢) For ng < 0, the operator KyTo(az)To(r *)Ty(aZ1)F, is a right
inverse of T(a), and the kernel of T(a) consists of all functions of the form
K,To(azl)q, where q is a polynomial of degree at most —xg — 1.
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H. A. Asatryan, A. G. Kamalyan, M. I. Karakhanyan
On a Class of Integro-Difference Equations

We consider a class of integro-difference equations which, by their solvability
properties, are close to the Wiener-Hopf equation with the symbol given as the sum of
an almost periodic function expanding in an absolutely convergent Fourier series and a
Fourier transform of the function summable on the whole axis.

Z. U. Uuuninpyuiiy, U. Z. Ludwjui, U. b, Ywpupuwiyub
Punbkgpujuwnupphpuljuihtt humjwuwpnidubph vh guuh dwuhb
“Yhunwplynud E htnbgpuyuunwuppipuuyhtt hwjwuwnpnudubph nwu, npntp (nt-
Shjhnipjut hwnlnipniiitpny dnwn G dhubp-Znydh hwjuwuwpdwip, nph uhdynip

ubpuyugynud t dniphth pugwpdwl qniquubtwn swppny, hwdwpuw wupphpuu

dnrughuyp b wnwugph Ypw hwbipugniudwpbih $niulghuygh dniphkh dhwthnpnipyui
gnidwnh nkupny:
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A. A. Acarpsn, A. I'. Kamansu, M. . Kapaxansin

00 o1HOM KJ1acce MHTErPaJibHO-PA3HOCTHBIX YPABHEHUH

PaccmaTpuBaeTcs Kilacc MHTETpajbHO-Pa3HOCTHBIX YPaBHEHUH, OJIM3KUX 10 CBOM-
CTBaM pa3pelIuMOCTd K ypaBHeHHIO Bunepa — Xorda, ciMBOI KOTOPOTO MpeACTaBIs-
eTcsl B BHJEC CyMMbI HOYTH NEPHOANYECKON (DYHKIMH, pasiararomeiics B aOCOMOTHO
cxomsmuiics psin @ypee u mpeodpazoBanus Pypre cyMmmupyeMoi Ha OcH (GyHKINH.
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