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1. Statement of the problem. Let 𝜇௞, 𝑚௞ ሺ𝑘 ൌ 1, … , 𝑁ሻ be positive 

numbers such that 𝜇௞ ് 𝜇௝ for 𝑘 ് 𝑗. The system of linear equations 

𝜑௝ሺ𝑥ሻ ൅ ෍
𝑚௜𝑚௝𝑒ିሺఓ೔ାఓೕሻ௫

𝜇௜ ൅ 𝜇௝
 𝜑௜ሺ𝑥ሻ

ே

௜ୀଵ

ൌ 𝑚௝𝑒ିఓೕ௫,   𝑗 ൌ 1, … , 𝑁 

uniquely determines infinitely differentiable functions 𝜑ଵ, … , 𝜑ே satisfying the 
conditions 𝑒ఓೖ|௫|𝜑௞ ∈ 𝐿∞ሺℝሻ, 𝑘 ൌ 1, … , 𝑁 (see [1-3]). Note that the numbers 
െ𝜇௞

ଶ and the functions 𝜑௞  ሺ𝑘 ൌ 1, … , 𝑁ሻ form complete systems of eigenvalues 
and corresponding eigenfunctions of a certain Sturm-Liouville operator with a 
reflectionless potential. Reflectionless potentials are connected with a family of 
explicit solutions of the Korteweg–de Vries equation, the so-called 𝒩-soliton 
solutions (see [2]). 

The set of all almost periodic functions of the form 

𝑏ሺ𝑥ሻ ൌ ෍ 𝛽௝𝑒௜ఔೕ௫

∞

௝ୀି∞

ሺ𝑥 ∈ ℝሻ (1.1) 

where 𝜈௝ ∈ ℝ, 𝛽௝ ∈ ℂ  ሺ𝑗 ∈ ℤሻ and 𝛽௜ ് 𝛽௝ for 𝑖 ് 𝑗, taken with the norm 

‖𝑏‖୅୔୛ ≔ ෍ ห𝛽௝ห

∞

௝ୀି∞

, 

is a Banach algebra which will be denoted by APW (see [4]). 
Let 
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𝑘෠ሺ𝜆ሻ ൌ ሺ𝐹𝑘ሻሺ𝜆ሻ ≔
1

√2𝜋
න 𝑒௜ఒ௧𝑘ሺ𝑡ሻ𝑑𝑡

∞

ିஶ

 

be the Fourier transform of a function 𝑘 ∈ 𝐿ଵሺℝሻ. 𝑊଴ሺℝሻ will denote the 
Banach algebra ሼ𝐹𝑘: 𝑘 ∈ 𝐿ଵሺℝሻሽ with the norm ‖𝐹𝑘‖ௐబሺℝሻ ≔ ‖𝑘‖௅భሺℝሻ. The set 
of functions 𝐴 ∶ൌ ሼ𝑎 ൌ 𝑏 ൅ 𝑘෠ ∶ 𝑏 ∈ APW, k ∈ Lଵሺℝሻሽ, taken with the norm 
‖𝑎‖஺ ≔ ‖𝑏‖୅୔୛ ൅ ฮ𝑘෠ฮ

ௐబሺℝሻ
, is a Banach algebra and coincides with the direct 

sum of the algebras APW and 𝑊଴ሺℝሻ. 
Let 𝑎 ൌ 𝑏 ൅ 𝑘෠ ∈ 𝐴, 𝑘 ∈ 𝐿ଵሺℝሻ, and let 𝑏 ∈ APW be given by (1.1). We 

define the operators 𝑇଴ሺ𝑎ሻ, 𝑇ଵሺ𝑎ሻ, 𝑇ሺ𝑎ሻ: 𝐿௣ሺℝାሻ → 𝐿௣ሺℝାሻ  ሺℝା ൌ ሺ0, ∞ሻ, 1 ൑
𝑝 ൑ ∞ሻ by the formulas 

ሺ𝑇଴ሺ𝑎ሻ𝑦ሻሺ𝑥ሻ ∶ൌ ෍ 𝛽௞𝑦ሺ𝑥 െ 𝜈௞ሻ
ஶ

௞ୀିஶ

൅ න 𝑘ሺ𝑥 െ 𝑡ሻ𝑦ሺ𝑡ሻ𝑑𝑡

ஶ

଴

 , 

ሺ𝑇ଵሺ𝑎ሻ𝑦ሻሺ𝑥ሻ ∶ൌ ෍ 𝜑௝ሺ𝑥ሻ න ൝ න 𝑘ሺ𝜏ሻ𝑒ఓೕఛୱ୥୬ሺ௫ିఛି௧ሻ𝑑𝜏

ஶ

ିஶ

ൡ 𝜑௝ሺ𝑡ሻ𝑦ሺ𝑡ሻ𝑑𝑡

ஶ

଴

ே

௝ୀଵ

൅ 

൅ ෍ 𝛽௞ ෍ 𝑒ఓೕఔೖ𝜑௝ሺ𝑥ሻ න 𝜑௝ሺ𝑡ሻ𝑦ሺ𝑡ሻ 𝑑𝑡

ஶ

௫ିఔೖ

ே

௝ୀଵ

ஶ

௞ୀିஶ

൅ 

൅ ෍ 𝛽௞ ෍ 𝑒ିఓೕఔೖ𝜑௝ሺ𝑥ሻ න 𝜑௝ሺ𝑡ሻ𝑦ሺ𝑡ሻ 𝑑𝑡

௫ିఔೖ

଴

ே

௝ୀଵ

ஶ

௞ୀିஶ

, 

𝑇ሺ𝑎ሻ ∶ൌ 𝑇଴ሺ𝑎ሻ െ 𝑇ଵሺ𝑎ሻ, 
where we assume that 𝑦ሺ𝑥ሻ ൌ 0 for 𝑥 ൏ 0. 
𝑇଴ሺ𝑎ሻ is a Wiener-Hopf operator with a symbol 𝑎. This fact makes it 

possible to find criteria for invertibility and one-sided invertibility of the 
operator 𝑇଴ሺ𝑎ሻ and to describe its kernel and cokernel. In this work we will 
present analogous results for the operator 𝑇ሺ𝑎ሻ which is not a Wiener-Hopf 
operator, but has properties close to those of 𝑇଴ሺ𝑎ሻ. The function 𝑎 will be also 
called the symbol of the operator 𝑇ሺ𝑎ሻ.  

2. Factorization of the symbol. The mean value 

𝑀൫𝑒ିఒ௫𝑏൯ ≔ lim
ℓ→∞

1
2ℓ

න 𝑒ିఒ௫𝑏ሺ𝑥ሻ𝑑𝑥

ℓ

ିℓ

 

of the function 𝑒ିఒ௫𝑏, where 𝑏 ∈ APW is given by (1.1), equals 𝛽௝ if 
𝜆 ൌ 𝜈௝ and vanishes if 𝜆 ് ൛𝜈௝: 𝑗 ∈ ℤൟ. Therefore the Bohr-Fourier spectrum 
Ωሺ𝑏ሻ ≔ ሼ𝜆 ∈ ℝ ∶ 𝑀൫𝑒ିఒ௫𝑏൯ ് 0ሽ of the function 𝑏 coincides with the set 
൛𝜈௝: 𝑗 ∈ ℤൟ. Let APWା (APWି) denote the subalgebra of all functions 𝑏 ∈ APW 
satisfying the inclusion Ωሺ𝑏ሻ ⊂ ሾ0,∞ሻ (Ωሺ𝑏ሻ ⊂ ሺെ∞, 0ሿ). 

Every function 𝑏 ∈ APW satisfying the condition 
inf
ఒ∈ℝ

|𝑏ሺ𝜆ሻ| ൐ 0 (2.1) 
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has a right APW factorization 
𝑏ሺ𝜆ሻ ൌ 𝑏ିሺ𝜆ሻ𝑒௜ఒత್𝑏ାሺ𝜆ሻ (2.2) 

where 𝜘௕ ∈ ℝ, 𝑏ି
േଵ ∈ APWି , 𝑏ା

േଵ ∈ APWା (see [4], [7]). The number 𝜘௕ 
is called the mean motion or the almost periodic index of the function 𝑏 and can 
be computed by the formula 

𝜘௕ ൌ lim
ℓ→∞

1
2ℓ

 ሾሺarg 𝑏ሻሺℓሻ െ ሺarg 𝑏ሻሺെℓሻሿ, (2.3) 

where arg 𝑏 is to be understood as an arbitrary continuous function on ℝ, 
satisfying the equality 𝑏 ൌ |𝑏| expሺ𝑖 arg𝑏ሻ. 

The function 𝑒ି௜ఒత್𝑏ሺ𝜆ሻ has a representation of the form 
𝑒ି௜ఒత್𝑏ሺ𝜆ሻ ൌ 𝑒టሺఒሻ  ሺ𝜆 ∈ ℝሻ 

with 𝜓 ∈ APW, i.e., the logarithm 𝜓ሺ𝜆ሻ ൌ logሺ𝑒ି௜త್ఒ𝑏ሺ𝜆ሻሻ exists and can 
be written as 

𝜓ሺ𝑥ሻ ൌ ෍ 𝜓௞𝑒௜ఒೖ௫

∞

௞ୀି∞

   ሺ𝑥 ∈ ℝሻ 

where 𝜆௞  ሺ𝑘 ∈ ℤሻ are distinct real numbers and 𝜓௞  ሺ𝑘 ∈ ℤሻ are nonzero 
complex numbers satisfying the condition 

෍ |𝜓௞|
∞

௞ୀି∞

൏ ∞ . 

The functions 𝑏േ in (2.2) can be chosen in the following way: 

𝑏ିሺ𝑥ሻ ൌ exp ቌ ෍ 𝜓௞𝑒௜ఒೖ௫

ఒೖழ଴

ቍ , 𝑏ାሺ𝑥ሻ ൌ exp ቌ ෍ 𝜓௞𝑒௜ఒೖ௫

ఒೖஹ଴

ቍ. 

Let 𝑆: 𝐿ଶሺℝሻ → 𝐿ଶሺℝሻ be the singular integral operator defined by the 
formula 

ሺ𝑆𝑦ሻሺ𝑡ሻ ≔
1
𝜋𝑖

 න
𝑦ሺ𝑠ሻ
𝑠 െ 𝑡

 𝑑𝑠

∞

ିஶ

 

where the integral is to be understood in the Cauchy principal value sense, 
and let 𝑃േ ൌ

ଵ

ଶ
ሺ𝐼 േ 𝑆ሻ. Then 

ሺ𝑥 ൅ 𝑖ሻ𝑃ା ൬
1

𝑥 ൅ 𝑖
 𝜓൰ ൌ ෍ 𝜓௞𝑒௜ఒೖ௫

ఒೖஹ଴

൅ ෍ 𝜓௞𝑒ఒೖ

ఒೖழ଴

 , 

ሺ𝑥 ൅ 𝑖ሻ𝑃 ൬
1

𝑥 ൅ 𝑖
 𝜓൰ ൌ ෍ 𝜓௞𝑒௜ఒೖ௫

ఒೖழ଴

െ ෍ 𝜓௞𝑒ఒೖ

ఒೖழ଴

  

(see [4]). Since the functions 𝑏േ are determined up to a constant multiple, 
we may choose 

𝑏േሺ𝑥ሻ ൌ exp ቆሺ𝑥 ൅ 𝑖ሻ𝑃േ ൬
1

𝑥 ൅ 𝑖
 𝜓൰ቇ . 

Let 
𝑊ሺℝሻ ≔ ℂ ൅ 𝑊଴ሺℝሻ ൌ ሼ𝑐 ൅ 𝐹𝑘: 𝑐 ∈ ℂ, 𝑘 ∈ 𝐿ଵሺℝሻሽ 
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be the Wiener algebra on ℝ. 𝑊ሺℝሻ is a Banach algebra with the norm 
‖𝑐 ൅ 𝐹𝑘‖ ≔ |𝑐| ൅ ‖𝑘‖௅భሺℝሻ  (see [4]). 

Consider also the algebras 
𝑊േሺℝሻ ൌ ሼ𝑐 ൅ 𝐹𝑘: 𝑐 ∈ ℂ, 𝑘 ∈ 𝐿ଵሺℝሻ, 𝑘ሺ𝑥ሻ ൌ 0 for േ 𝑥 ൏ 0ሽ. 

Every function 𝑑 ∈ 𝑊ሺℝሻ satisfying the condition 
inf
ఒ∈ℝ

|𝑑ሺ𝑡ሻ| ൐ 0  (2.4) 
has a Wiener-Hopf factorization in the algebra 𝑊ሺℝሻ, i.e., it has a 

representation of the form 
𝑑ሺ𝑥ሻ ൌ 𝑑ିሺ𝑥ሻሺ𝑟ሺ𝑥ሻሻత೏𝑑ାሺ𝑥ሻ, (2.5) 

where 𝑑ି
േଵ ∈ 𝑊ିሺℝሻ, 𝑑ା

േଵ ∈ 𝑊ାሺℝሻ, 𝜘ௗ ∈ ℤ and 
𝑟ሺ𝑥ሻ ≔ ሺ𝑥 െ 𝑖ሻ ሺ𝑥 ൅ 𝑖ሻ⁄  . The integer 𝜘ௗ is unique and can be computed by the 
formula 

𝜘ௗ ൌ
1

2𝜋
൫arg𝑑ሺ൅∞ሻ െ arg𝑑ሺെ∞ሻ൯. (2.6) 

The function 𝑟ିత೏𝑑 has a logarithm in 𝑊ሺℝሻ, i.e., there exist 𝑐଴ ∈ ℝ and 
𝑔 ∈ 𝐿ଵሺℝሻ such that 𝑟ିత೏𝑑 ൌ expሺ𝑐଴ ൅ 𝑔ොሻ. 

The functions 𝑑ି and 𝑑ା in (2.5) can be determined by the formulas 

𝑑േ ൌ exp ൭ሺ𝑥 ൅ 𝑖ሻ𝑃േ ቆ
1

𝑥 ൅ 𝑖
ሺ𝑐଴ ൅ 𝑔ොሺ𝑥ሻሻቇ൱. 

Moreover, the equalities 

ሺ𝑥 ൅ 𝑖ሻ𝑃ା ൬
1

𝑥 ൅ 𝑖
 ሺ𝑐଴ ൅ 𝑔ොሺ𝑥ሻሻ൰ ൌ 𝑐଴ ൅ න 𝑒௦𝑘ሺ𝑠ሻ𝑑𝑠

଴

ି∞

൅ 𝐹ሺ𝜒ା𝑔ሻሺ𝑥ሻ, 

ሺ𝑥 ൅ 𝑖ሻ𝑃 ൬
1

𝑥 െ 𝑖
 ሺ𝑐଴ ൅ 𝑔ොሺ𝑥ሻሻ൰ ൌ െ න 𝑒௦𝑘ሺ𝑠ሻ𝑑𝑠

଴

ି∞

൅ 𝐹ሺ𝜒ି𝑔ሻሺ𝑥ሻ 

hold, where 𝜒ା (𝜒ି) is the characteristic function of the set ℝା (ℝି
∶ൌ ሺെ∞, 0ሻ) (see [4]). The last two formulas, together with the fact, that 𝑑േ are 
determined up to a constant multiple, show that the functions 𝑑േ can also be 
determined by the equalities 

𝑑ା ൌ exp ሾ𝑐 ൅ 𝐹ሺ𝜒ା𝑞ሻሿ, 𝑑ି ൌ exp ሾ𝐹ሺ𝜒ି𝑔ሻሿ. 
Consider the subalgebras 𝐴േ ∶ൌ APWേ ൅ 𝑊േሺℝሻ of the algebra 𝐴. It is 

known that every function 𝑎 ∈ 𝐴 satisfying the condition 
inf
௫∈ℝ

|𝑎ሺ𝜆ሻ| ൐ 0    (2.8) 
has a factorization of the form 

𝑎ሺ𝑥ሻ ൌ 𝑎ିሺ𝑥ሻ𝑒௜త್௫൫𝑟ሺ𝑥ሻ൯
త೏𝑎ାሺ𝑥ሻ (2.9) 

with 𝜘௕ ∈ ℝ, 𝜘ௗ ∈ ℤ, 𝑎ା
േଵ ∈ 𝐴ା and 𝑎ି

േଵ ∈ 𝐴ି  (see [7]). 
Assume that the condition (2.8) is satisfied for the function 𝑎 ൌ 𝑏 ൅ 𝑘෠ 

where 𝑏 ∈ APW and 𝑘 ∈ 𝐿ଵሺℝሻ. Since (2.8) implies (2.1) (see [7]), hence the 
function 𝑏 is invertible in APW. Decompose 𝑎 into the product 𝑎 ൌ 𝑏𝑑 where 
𝑑 ൌ 1 ൅ 𝑏ିଵ 𝑘෠. Since 𝑊଴ሺℝሻ is an ideal of the algebra 𝐴, hence 𝑑 ∈ 𝑊ሺℝሻ. 



107 

(2.8) implies the condition (2.4), too. It follows that the numbers 𝜘௕ and 𝜘ௗ in 
(2.9) are uniquely determined by the formulas (2.3) and (2.6); the functions 𝑎േ 
are uniquely determined by the formulas 𝑎േ ൌ 𝑏േ𝑑േ, (2.2) and (2.5). 

The next theorem reveals the fundamental importance of the condition 
(2.8) in the behavior of the operator 𝑇ሺ𝑎ሻ. 

Theorem 2.1. Let 𝑎 ∈ 𝐴. The operator 𝑇ሺ𝑎ሻ is normally solvable if and 
only if the condition (2.8) is satisfied. 

3. Main results. Define the operators 𝒦ଵ, 𝒦ଶ ∶ 𝐿௣ሺℝାሻ → 𝐿௣ሺℝାሻ, 
1 ൑ 𝑝 ൏ ∞ by the formulas 

ሺ𝒦ଵ𝑦ሻሺ𝑥ሻ ൌ 𝑦ሺ𝑥ሻ ൅ ෍ 𝑚௞𝑒ିఓೖ௫ න 𝜑௞ሺ𝜏ሻ𝑦ሺ𝜏ሻ𝑑𝜏

∞

௫

ே

௞ୀଵ

 , 

ሺ𝒦ଶ𝑦ሻሺ𝑥ሻ ൌ 𝑦ሺ𝑥ሻ ൅ ෍ 𝑚௞𝜑௞ሺ𝑥ሻ න 𝑒ିఓೖఛ𝑦ሺ𝜏ሻ𝑑𝜏

∞

௫

ே

௞ୀଵ

 . 

From now on, the condition (2.8) is assumed to be satisfied; the numbers 
ϰୠ, ϰୢ and the functions aേ are assumed to be determined by (2.9). Note that 
r ∈ Wሺℝሻ ⊂ A and the operator T଴൫r୩൯ ሺk ∈ ℤሻ coincides with the Wiener-
Hopf operator with a symbol r୩ (see [7]). Furthermore it is assumed that the 
operator Tሺaሻ acts in the space L୮ሺℝାሻ, 1 ൑ p ൏ ∞ and the equation 

𝑇ሺ𝑎ሻ𝑦 ൌ 𝑓 (3.1) 
is considered in the same space. 
Theorem 3.1. If 𝜘௕ ൐ 0, then the operator 𝑇ሺ𝑎ሻ is left invertible. In order 

that the equation (3.1) be solvable, it is necessary and sufficient that the 
following conditions be satisfied: 

а) The function 𝑇଴ሺ𝑎ି
ିଵሻ𝒦ଵ𝑓 vanishes on the interval ሾ0, 𝜘௕ሿ for 𝜘ௗ ൒ 0. 

Moreover, if 𝜘ௗ ൐ 0, then 

න 𝑡௞𝑒ି௧ሺ𝑇ሺ𝑎ି
ିଵሻ𝒦ଵ𝑓ሻሺ𝑡ሻ𝑑𝑡 ൌ 0

ஶ

଴

, 𝑘 ൌ 0, … , 𝜘ௗ െ 1 .     (3.2) 

b) For 𝜘ௗ ൏ 0, the restriction of the function 𝑒௧ሺ𝑇଴ሺ𝑟ିత೏ሻ𝑇଴ሺ𝑎ି
ିଵሻ𝒦ଵ𝑓ሻሺ𝑡ሻ 

to ሾ0, 𝜘ௗሿ is a polynomial of degree – 𝜘ௗ െ 1. 
Theorem 3.2. If 𝜘௕ ൏ 0, then the operator 𝑇ሺ𝑎ሻ is left invertible. For 

𝜘ௗ ൒ 0, the kernel of 𝑇ሺ𝑎ሻ consists of all functions of the form 
𝒦ଶ𝑇଴ሺ𝑎ା

ିଵሻ𝑇଴ሺ𝑟ିత೏ሻ𝑔 , 
where 𝑔 is an arbitrary function in 𝐿௣ሺℝାሻ, vanishing on the interval 

ሺ– 𝜘௕, ∞ሻ and satisfying the additional conditions 

න 𝑔ሺ𝑡ሻ 𝑡௝𝑒ି௧ 𝑑𝑡

ஶ

଴

ൌ 0, 𝑗 ൌ 0, … , 𝜘ௗ െ 1  
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for 𝜘ௗ ൐ 0. 
For 𝜘ௗ ൏ 0, the kernel of 𝑇ሺ𝑎ሻ consists of all functions of the form 

𝒦ଶ𝑇଴ሺ𝑎ା
ିଵሻሺ𝑔 ൅ 𝑞ሻ, 

where 𝑔 is an arbitrary function in 𝐿௣ሺℝାሻ, vanishing on the interval 
ሺ– 𝜘௕, ∞ሻ, and 𝑞 is a polynomial of degree at most െ𝜘ௗ െ 1. 

Theorem 3.3. Let 𝜘௕ ൌ 0. 
a) The operator Т(а) is invertible for 𝜘ௗ ൌ 0 and 

൫𝑇ሺ𝑎ሻ൯
ିଵ

ൌ 𝒦ଶ𝑇଴ሺ𝑎ା
ିଵሻ𝑇଴ሺ𝑎ି

ିଵሻ𝒦ଵ. 
b) For 𝜘ௗ ൐ 0, the operator 𝒦ଶ𝑇଴ሺ𝑎ା

ିଵሻ𝑇଴ሺ𝑟ିత೏ሻ𝑇଴ሺ𝑎ି
ିଵሻ𝒦ଵ is a left 

inverse of 𝑇ሺ𝑎ሻ, and equation (3.1) is solvable if and only if conditions (3.2) 
are satisfied. 

c) For 𝜘ௗ ൏ 0, the operator 𝒦ଶ𝑇଴ሺ𝑎ା
ିଵሻ𝑇଴ሺ𝑟ିత೏ሻ𝑇଴ሺ𝑎ି

ିଵሻ𝒦ଵ is a right 
inverse of 𝑇ሺ𝑎ሻ, and the kernel of 𝑇ሺ𝑎ሻ consists of all functions of the form 
𝒦ଶ𝑇଴ሺ𝑎ା

ିଵሻ𝑞, where 𝑞 is a polynomial of degree at most െ𝜘ௗ െ 1. 
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On a Class of Integro-Difference Equations 
 
We consider a class of integro-difference equations which, by their solvability 

properties, are close to the Wiener-Hopf equation with the symbol given as the sum of 
an almost periodic function expanding in an absolutely convergent Fourier series and a 
Fourier transform of the function summable on the whole axis. 

 
Հ. Ա. Ասատրյան, Ա. Հ. Քամալյան, Մ. Ի. Կարախանյան 

 
Ինտեգրալատարբերակային հավասարումների մի դասի մասին 

 
Դիտարկվում է ինտեգրալատարբերակային հավասարումների դաս, որոնք լու-

ծելիության հատկություններով մոտ են Վիներ-Հոպֆի հավասարմանը, որի սիմվոլը 
ներկայացվում է Ֆուրիեի բացարձակ զուգամետ շարքով, համարյա պարբերական 
ֆունկցիայի և առանցքի վրա հանրագումարելի ֆունկցիայի Ֆուրիեի ձևափոխության 
գումարի տեսքով: 
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Об одном классе интегрально-разностных уравнений 
 
Рассматривается класс интегрально-разностных уравнений, близких по свой-

ствам разрешимости к уравнению Винера – Хопфа, символ которого представля-
ется в виде суммы почти периодической функции, разлагающейся в абсолютно 
сходящийся ряд Фурье и преобразования Фурье суммируемой на оси функции. 
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