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Introduction and preliminaries. Let f be analytic in a circle

p(o.R)={z:|4<R | f(Z)=§l%Zn and %(%|/<R) pe a simple root of
equation

f (z) =1 (1)
It is assumed that all other roots of equation (1) have mottidilys greater

1
than |Z)-In this case the functio9(2) =m will be analytic at least in

some domailD(01|Zo| +€)\ {Zo} (0<¢) and z, will be a simple pole ofj.

0 —
Let 9 (Z) = nZ:lCnZn " be the power series expansiongflt is easy to see that
¢ =1and
n-1
Cn = Z akcn—k ) (2)
k=1

According to ([1], p. 42) “Ramanujan's discourse is charadtzilst brief;
o

he gives (2) and claims, with no hypotheses, 271 approaches a root of

(1)
Let

284



o Chor _
m (3)
n

Formulas (2) and (3) form the base of the Ramanujan method [4].
The following assertions should be proved.

1. All the coefficients{Cn} # 0 (at least starting from some positive integer).

Cha
2. The sequenc{C

n
3. The limit (3) is a root of (1).
Some progress in justification of this method is achieved in [1].
By Fabry's theorem [2] condition (3) implies th&tis a singular point of
the functiong .
As in the considered above case the only singularity ah the circle

} converges.

D(0'|Zo| +5) is the simple pole % we getZ =S

. w 7"
Remark. As shows the example of dilogarithm funct L|2( ) = 2 -z
the point
, n®
lim Y =1
n-e (n —1)
is not a pole.

More convincing (and independent of Fabry's theorem) justificadid
Ramanujan method (for an isolated pole of arbitrary order) lmeagbtained,
using a slight generalization of the following result ([5], Ch.2, Ex.14).

Assertion. Suppose thaty is holomorphic in an open set containing the

closed unit disc, except for a polezgton the unit circle. Then

—1 —_
inet=2

We intend to address in the next section all three challenges above in more
general situation and supply exhaustive clarifications.

Auxiliary results. Let u and v be analytic in some domaiw OC
functions andzO9 .

Definition. We say that the functionlis stronger atz than v (noted as
us, v) if

W (z)
lim W (2) =0. (4)

Lemmal. Let a,b0C; A,BD(C\ {0} ;m, pDN and

()= g
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Then
1.If |z-a|=|z-b| andm> p, thenu, v foranyz#z a,z#b.

2. If O<|Z—a|<|Z—b|, thenu >, v.
Proof. 1. We have

and

Vi (z) B I(m) D(a—z)mtéa—zj” DF(n+ p)

u(”)(z)_x F(p) (b-2)" (b-z r(n+m)’

All the terms of this product are bounded. According to Stirling's formula
r(n+p) o
n-eF(n+m)

implying

2. By the same way
Vi(z) _B (M) (a-2)" T (n+p) [éa—zj” =0.
neu(z) A T(p) (b-2)° "= (n+m)
Lemma 2. For function u from above
(n-1)
lim nu (Z)
noo U(n)(Z)

=a—z

Proof. We have
(n—l) _ _ m+n
im Y (z)=Iimn r(m+n :}M r(m)(a-z)
e ul(z) e T (m)(a-2) r(m+n)

(n-1)
u"(z
Note that ifm=1 the fractior"—7_y" is equal toa-z for anyn.
u”(2)

Proposition 3. Let h be a function analytic in a domain 2 ,z092 . Denote
by D(zr) the circle of convergence of the power series expansion of h

1
centeredat z and aOD(zr). Let U(t)zg- Then u>, h.

Proof. For anytOD(zr) we have

=)

()= 5" By

n=0
As a lies in the circle of convergence bf the general term of its Taylor series
expansion tends to zero
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n-e nl
On the other hand
Q) (Z) h (Z) "
u(z) (a-2)
and
(n)
im (2 g
n-—oo u(n) (Z)

Proposition 4. Let { fn}gl be a set of comparable (in the sense of the above
definition) functions, fo be the uni que strongest among them and
ey
Then "

F™(2) ™ (2)

limn =lim n=2

n-oco F(n)(z) n-oco fo(n)(z) )
Proof. Equality
(n) N ()
"mF_(z):“m {14_2 e (Z)] =1
k=1

n-e fo(”)(z) n-e fo(”)(z)

implies F (2)#0 atleast starting from some positive integer.
Further

(n-3) ) f0) () (0=
limn =lim — h—2— 3% =lim n—2—.
nee FOnm g0 £ E() nbe (0

0
Generalization of Ramanujan method. The equation to be solved is now
f(z)=0, (5)
where f is an analytic in some domai@ function, having a set of (not
obligatory simple) zeros.
Let zO2, f (z) #0. Denote

P (2)=1/1(2) anda(z):(d”%](z) nON ©

whered is the differentiation operator.
Remark ([3], formula (2.2).) If P, is expensive to calculate, one may

use the recurrences

n-1
P(2) =-S5 CR (2) 19 (2).n21. (7)
f(2) =
Theorem. Let P, be meromorphicin 9,z09, f (z) #0. Theformula

a=z+lim nL(Z)
~Te R () (8)

n
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definesthe nearest to z zero of f . If there are many such zeros, then a isthe
zero of the highest order. The limit does not exist if there are many concurrent
zeros of the highest order in the same distance from z.

Proof. Let {a} be nearest taz set of zeros off . Subtracting the

principal parts of the Laurent series®fwe get a function

(2) =R (2)- %

i (a-2)™
analytic in a circleD(zr). The proof may be completed, recalling Lemmas 1
and 2, Propositions 3 and 4.
Denote by Ethe set of mediatrice€ ={z:|z-z|=|z-z,}, where z,z,
are all pairs of different zeros of . According to section 2, the limit in (8)

exists at least for angC \_E, i.e. almost everywhere.

So formulas (6) (or (7)) and (8) describe the generalRadhanujan
algorithm of solution of (5).

In [3] the author says "In the present study, we give angytiof of his
(Ramanujan's) method and generalize this to approximate afromnlinear
equation with the arbitrary order of convergence"” and supposes that
f(a)=0|z-a|<1,f'(z)# 0.

Let
H,(z)= z—a+nL(z).
R.(2)
The author writes “Sincz-a | <1 and lettingn - «, we obtain

limH,(z)=0.»

The next examples show that the last assertion is erroneous.
Example. Let f(2) =62 -2-1.Theng, =-1/3.a, = 1/2 and
1 1 1 1 1
622-2z-1 52z-1/2 5z+1/3

We have
n! n!
nP.(z2) _  (z-1/2" (z+1/3"
P(z) nn_ nl '
(z-1/2)"" (z+2/3™
Forz =0
P, (0
a, =lim P (0) 1
n-= P (0) 3

Choosingz, =1/4 we get
1, . R, (1/4)

a, ==+Iim————~-+~ }.
2 e P(1/4) 2

Note that for both choiceg, —a,| =7/12< 1and|z -a,|=1/2<1.
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It is easy to see that the attraction basin of the @pas the left half-plane
n = {z: Rez< 1—12} and fora, - the right half-plane1, = {z: Rez > 1—12} :

Example 2. In the figure below the attraction basins of four roots of
equation z*-z=0 are plotted. Forz, =0 the attraction basin is the inner

triangle, marked by the lettee. For roots z,, =exp( 27k /3)k = 0,1,2 the
corresponding domains (marked by lett@;®,C respectively) are bounded by
two rays and a side of the triangle.

Fig. 1. Attraction basins for the roots of equar z'-2=0,

Remark. If a is a simple root of equation (5) then the error of iienat
(8) tends to zero as a geometric progression, otherwise-theerror is of the
magnitudel/n.
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treated. A formula is proposed, permitting to fthé nearest to given starting point zero
of the function. If there are many such zeros, tthenzero of the highest order is found
and the limit does not exist if there are many corent zeros of the highest order in the
same distance from the starting point. A descniptdd admissible starting values of
iterations is supplied.

L. Q. Qunpqyub

Utwihnhly dmuyghwikpny hwjuwuwpnidubph jnisdwi
Nwdwinigwih tnuuwijh vwuh

Zhotgynud £ wbwhwply  $niiljghwibpny bhwdwuwpnidubph  nsdwt
Nuwdwtnigwh Enutwyp, b tkpjuyugynud i npny wpyniupubtp, npnup Jupnn Gu
oquuuugnpdyty npw hhdbwynpuwt hwdwp: Lhpdnisynmud Eu inp hwuljugnipnibkp, b
wyugnigynud ki jmpuwhwwunnty winnudubp: Lubwnplynud k wdwbinipwh knubwlp
wdktwpunhwtnip  gpuépny: Unwewplynid L hwoqyupluyptt  pwbwdl, npp
htwpwynpnipnit t wmwjhu qubbknt dnibljghuyh’  twjpwwybu phnpjus Yhnhu
wdkwdnwn qpni: Gph npuip dh pwihub b, wyw gniymd L wdktwpwpdp Jupgh
qpnt, b uvwhdwbp gooipnit snith, bpt wdbbwpwpdp Yupgh b Jdhbhunyh
htpwynpmipjut Jpuw qugnn qpnubpp dh pwhut G Ljwpwgpdnud Ba bwb
hwbkpughwtph poyjuwnpbih uqpulut Uninwdnpnipniutbpp:

JI. 3. I'eBoprsin

O MeTone Pamany:xaHa penieHusi ypaBHeHU M
¢ AHAJTUTHYECKUMH (PYHKUUSIMU

IlpuBonsarcs meron PamanyxaHa penieHdus YpaBHEHHM C aHaTIUTUYECKUMU
(YHKIHAMU U HEKOTOPBIC PE3YNIbTAThl, KOTOPHIC MOTYT OBITH HCIIOJB30BAHBI IJISI €rO
000CHOBaHMS. BBOJATCS HEKOTOpBIC TMOHATHUS W JIOKAa3bIBAIOTCS  CIHCIMAJTBHBIC
yrBepxkacHus. OOcyxmaeTcss MeTon PamaHykaHa B HauOoyiee OOIIEH MMOCTaHOBKE.
[IpuBogurca pacyeTHas ¢opMysaa, IO3BOJIAIOMAS HAWTH KOpeHb (QYHHKIUH,
Habomee ONM3KWUI K 3apaHee BhIOpaHHON Touke. Ecam OGamxalmux TOdYeK
HECKOJIBKO, TO HAXOAWTCA KODEHb HAaWBBICUIEH KPAaTHOCTU, a €CIU HMeeTcs
HECKOJIPKO OIIDKaHIINX KOpHEeH HauBbICIIeH KPaTHOCTH, TO IIpejiesia He CYIeCTBYET.
OrnucaHbl TaKXKe A0MYCTUMbIE HaYaJIbHbIE 3HAUECHUSI UTepaLluil.
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