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1. Introduction. Let C be a nonempty subset of a Banach spacd!|)) .
The metric projection(or set of nearest pointof x onto C is defined by:
P-(X ={yOC:|x-y||=dc(X)}, where d.() is the distance functioni.e.,
de (¥ =inf{|x- ¥ yO ¢. We say thatC is Chebyshevf P.(x) is a singleton
for all xO X . Itis easy to see that Chebyshev sets are syrafaged. Blunt [3]
showed that in Euclidean finite dimensional spackebyshev sets are convex.
One of the most famous unsolved problems in appraton theory is: whether
in a smooth reflexive Banach space (or even in Weri space) every
Chebyshev set is convex? Although this problem pgeno(see [2]), several
sufficient conditions for the Chebyshev set tocbavex have been obtained,
until now. Here is the first important result:

Theorem 1 (Vlasov [10]). Let X be a Banach space with rotund dual.
Then any Chebyshev subsebofwith continuous metric projection is convex.

This theorem was previously obtained by AsplundifiiHilbert spaces.
Another important result is following:

Theorem 2 (see[4], p.193). LetX be a reflexive Banach space with the
Kadec-Klee property. Then any weakly closed Chedwsubset ofX has
continuous metric projection.

In this paper we look at the Chebyshev sets wb#hbe represented as a
finite union of closed convex sets. We give posi@nswer without Kadec-Klee
property. We consider also differentiability of @disce function in that case.

2. Notation and Preliminaries. Let X be a normed space with a given

norm ||[||, X" be its topological dual an¢lI} be the duality pairing between
X and X" . A real-valued functionf on X is Gateaux differentiablat x if
there isx’ 0 X" such that
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OhO X, lim t3( f(x+th - »)z( X, t)
t-0"
If the limit in the definition of Gateaux differaability exists uniformly in
h on the unit sphere oK , we say thatf is Fréchet differentiablat x.

The normed spacgX,||[])
(i) is rotund or strictly convexvhenever for allx, ydO X with x#y and

Ix/=131 =1 one hag 3 ¥

(i) has the (sequential)kadec-Klee propertyprovided the weak
convergence of a sequence of the unit sphere ofghee is equivalent to the
norm convergence of this sequence.

Recall that a sequendg,), from C is aminimizing sequenctr x if

IX=vy,l - dc(X). Recall also that the metric projectioR, is said to be
continuous atxO X provided P, is single-valued atx and y, - P-(X)
wheneverx, - x and y, OP-(x,). If X is strictly convex, thenyOP.(X)
and zO(y,x) ensurePy{ 2={y}. The setC is asunif, for each pointxd X
and yOP-(x), every point on the ray + R, (x—y) hasy as a nearest point in
C, whereR, :=[0,+). This notion was introduced by Klee [7] and stddy

Efimov, Steckin and Vlasov [6,9]. It is not diffiituo see that every convex set
is a sun. Indeed, let0X , yOPR-(x) and A >0, then for allzLJC

1 1
#4091 = Aoyl - G2+ (13 =y e -2

thus yOP- (Y +A(x-Y)).

Theorem 3 (Vlasov [9]). Let X be a smooth Banach space. Then every
proximinal sun subset oX is convex.

Recall that the seC is proximinalif for every xOC the setP(x) is not
empty.

To end up this section, we denote ky[TY - x the weak convergence of

n- o

<1,

the sequencéx,), 0 X to xOX .

3. The finite union of closed convex sets. The union of finitely many
closed convex sets being weakly closed, we seesimaoth reflexive Banach
space X with the Kadec-Klee property that a subset of X is convex

n
wheneverC = JC, whereC,; are closed convex sets. Our aim in this section is
i=1

to remove for such a s€& the Kadec-Klee assumption of the norm.
We start with some properties of sets which camelpeesented as a finite
union of closed convex sets.
m
Proposition 1. Let X be a normed space and Iet=UC; be a union of
i=1
finitely many closed subsets ®f. Then for anyx(D X
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@ P-(x)=U PCi (x), whereJ={i:1<i<m,d.(x) = dci(x)} ,
i0J
(b) there isd >0 such that for aluOB(x, )
maxd. (u) <mind. (u), whereJ®={1,2,...m\J.
i0J ! 03¢ i
Proof. (a) It is evident thatd. (x) :]r_nin dCi (x) and thereforeJ #0 . Let
<iIsm
j0J and zO PC]_ (x). By the definiton of J and C we have
dc(x)zdcj (x)=||x-2|| and zOC, which means, thazOP.(x). Now, let

zOPR.(x), thenC= UCi and consequentlgJC; for some j, 1< j<m. We
i=1
deduce thad. (x) = ]r_nin dCi (x) < dcj (X) €|lx=2||=d:(x), and thusjO0J and
<Ism
z0O PC]_ (%) .
(b) By the definition ofJ we have that
maxd. (X) = dq (X) <mindc (X). 1)
oy A ing¢
The continuity ofu mDrjldei (u) andu> mj:n dCi (1) and (1) ensure the
[ i0J
existence ofd >0satisfying mD:jldei (u) < migdCi (), OuOB(x,0).
| i0J
Theorem 4. Let X be a smooth reflexive Banach space. Let C be a Che

m
byshev subset ok with C = C; whereC, are closed convex sets. Th€nis
i=1

convex.
Proof. By Theorem 3 it is sufficient to show th@t is sun. Let us prove

the sun property of C. Suppose thatxUC and P (x)=y. Put
o=sudt=0:y=P.(q)}, whereq, =y+t(x-y). We want to show
that o = +c0 . Suppose thatr < +0 . Then we have
de(9o) = limde (y + t(x=y)) = lim ly + t(x = y) = vl = |9, = ¥l
that is yOP-(q,) and thereforeP.(q,)=y. Let J and J° denote as in
Proposition 1, J={i:1<i<m,d:(q,)= dCi (9, )} and J°={1,2,...,m}\J.

Then, by Proposition 1, we have

Pe(d,)= U Py (9,) @)
and there isd >0 such that for aluJB(q,,d)

maxd. (u) <mindc (). 3)

i0J ! in¢ !

By the non-vacuity 01PCi X e get from (2) that
PCi (9,)=y forall i0JJ. (4)
Let o' >0 such thaty+o'(x-y)=q, 0B(q,,9), (3) provides
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de(dy) = minde (q,)=mindc (dy)- ()
As C; is a convex and hence a sun, (4) ensW§$qg,):\|qd -yl for
all i0dJ. Finally we get thatdc(qd)=r_réiJndCi (a,)=1la, — Y|l .or equiva-

lently y=P-(q,). This contradicts the definition af and the proof is com-

pleted.
4. Differentiability of the distance function of finite union of convex
sets. Proposition 2. Let X be a reflexive Banach space with the Kadec-Klee

m
property. Let C=UC, where C, are weakly closed subsets of and
i=1

xOX\C, P{¥={y}. ThenF; is continuous ak.
Proof. Let (y,), be a minimizing sequence irC for x, i.e,
YaOC and | x- |00 0~ ¢ (3. We want to show thaty,), converges toy.

Suppose the contrary. Without loss of generalitymay assume that, for some
a>0,
I¥s = Yll>a, OnON. (6)
By the definition ofC there is an increasing sequer{cgn)), in N and
j0{1,2,....,n} such thaty,, OC, for all nON. As C, is weakly closed and

(Yqn)x is bounded there exists a subsequefi@®), of (q(n)), and y'0C,
such that(y,,), converges weakly tg' . We obtain that

de () <[x=yl[= liminf [jx =y, < limsupjx = y,[| =[x = y] = dc (x),
-0 No oo

and thereforey' = y =P.(x) and
X=Yi(ny [Ev; x=y and|x-y| O poo- [x= -
The Kadec-Klee property ensures thgt, — y. This is in contradiction

with (6) and the proof is completed.
Theorem 5. Let X be a strictly convex reflexive Banach space whih t

m
Kadec-Klee property. Le€C = UC,, whereC; are closed convex subsets Xf
i=1

and let xd X \C. Then for anye >0 there is an open subset (1 B(x,&) such
that F; is continuous otV .

Proof. Let £>0. Our aim is to find zOX and >0 such that
B(z,0) OB(x,&) and P, is singleton onB(z,J) which will ensure by Pro-
position 2 the continuity off, on int(B(z,d)). As C, are convex andX
strictly convex and reflexive,PCi u( )are singleton for alluOX and

Proposition 2 providesP.(u)z0 for all udX. Suppose that there is
x 0 B( x,%) such thatP; (%) contains at least two different points (otherwise
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the proof is finished), sayy;,y?OP-(x). By Proposition 2 there is
i1,i20{1,2,....,m such thatP- L0)= y; and P. , ()= y7. It is easy to see
i1 i

that y; 0IC., . Indeed ify; IC , thendc (%) =% — il =% ~ il = de , (%)
1

provides y%DPCZ(xl):yl2 which is a  contradiction.  Pick
i

le(yll,xl)n B(xl,gj. The strict convexity of the norm and Propositidn

ensure
P(z)= y%DC].lz and dg(z)<dc , (2). (7)
i1

The continuity of d. ensures the existence qu[o,%) such that
de (u) = mindg, (u)<dc , (u) Ou 0B(z,3,).
<i€m I jl

Consequently, we obtain that
PO [J R (u) DuDB(z,6) OB(X,é).

I<ism,
i%j?

, o, .
Suppose that there is, DIB%(zl,El] such thatP-(x,) contains at least

two points (otherwise the proof is finished). By the saeasoning as above we
find j20{1,2,...M\ {2}, 2, DB(zl,%] and g, D[o%] such that

de (u)= mind, (u) <min{de , (u),de (W} DUDE(z,,0,) D B(2,4).
- I 12
By repeating the same process, after finite steps wanothat there exist
kO{1,2,...m}, zOX and 6>0 such that d.(u)= de(u) <L_min d (U

<ism,izk 1
OudB(zd)O B %£). Thus we conclude, by Propositionl, that for all
udB(z,0) P (u)= PCk (u) and therefore?. (u) is a singleton oB(z,0) . The

proof is finished.
Theorem 6. (Fitzpatrick [5]) Let C be a closed subset of a Banaclcepa

X with Gateaux (respectively Fréchet) differentiable noffreero. Letxd C
If every minimizing sequence in C for converges, therd. is Géateaux

(respectively Fréchet) differentiable at
Theorem 7. Assume thatX is a strictly convex reflexive Banach space
whose norm is Gateaux (respectively Fréchet) differbletiaff zero and has

n
the Kadec-Klee property. L& = JC, whereC, are closed convex subsets of
i=1
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X . Let xOC. Then for anye >0 there is an open subsét 0 B(x,&) such
that d. is Gateaux (respectively Fréchet) differentiablelbn

Proof. The proof is a combination of Theorem 5 and Theorem 6
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T.A. Zakaryan

Chebyshev Set which Can Be Represented as
a Finite Union of Convex Sets

We investigate the convexity of Chebyshev sets. Well known that in a smooth
reflexive Banach space with the Kadec-Klee propextgry weakly closed Chebyshev
subset is convex. We prove that the Kadec-Klee gitgpis not required when the
Chebyshev set is represented by a finite unionasfed convex sets. We also show that,
if the norm is Gateaux (respectively R chet) differentiable, then the distance functi-

on from the finite union of closed convex sets i@tBaux (respectively R chet)
differentiable at the points of some open denseeiub

S. U. Quipupjui

Mnnighl puqunipinibibph JEppwynp vhwynpdwh nkupny
ukpuyugyny skpholywt pmqunipnibukph dwuht

Uttp htnwgnuinud Gup skpholywt puqunipiniiibph ninnighynipniip: Zwynth k,
np Yunlg-Uikk hwnlnmipjudp odndws nnnply ptditpupy putwjujut nmupwsdnipnii-
ubpnud wdkh pny) thwly skpholyub puqunipnii ninnighly k: Uklup wuyugnignid bup,
np Yunkg-Ukk hwnlnipmnitt wihpwdbown sk, tphk shpholjub puqunipmnitpn thuly
ninnighl] puquUnipnitinbph yEppwynp vhuynpniudt k: Uwugnigynud E twl, np thuly
ninnighl] puqunipinibitph Yepowdnp dhwdnpnidhg hbpwdnpnipjut $niihghwin nh-
dtpkugkh £ Guunnih pdwunny (hwdwywnwujpwbwpup® dpkpkh hdwuwnny) npno
pug uhwn Bupwpuqunipiut Yhnbpnwd, bpk tnpdwt nhtptugt|h £ Suwnnjh hdwuwnny
(hulwyuwnwupwbwpwp® dpkoth hdwuwnnd):

T. A. 3akapsin

O 4eObIIEBCKUX MHOKECTBAX, TOMYCKAIOIIUX MpeIcTaABIeHHe
B BH/I€ 00 beINHEHUSI KOHEYHOTO MHOKECTBA BHINMYKJIBIX MHOKECTB

HccnenoBaHa BBITYKJIOCTh YEOBIILIEBCKMX MHOXECTB. XOpPOLIO M3BECTHO, YTO B
rankux pedeKcuBHBIX 0aHAXOBBIX MPOCTPAHCTBAX, YAOBIETBOPSIOMINX cBOCTBY Ka-
nena —Kiee, kaxaoe cnabo 3aMKHYTOE 4eObIIIEBCKOE OAMHOKECTBO SIBJISETCS BBITYK-
neIM. B Hacrosmell crathe okazaHo, 4To cBoiicTBo Kanena — Kiee He sBisiercss Heob-
XOJIUMBIM, €CIIH YeOBIIIEBCKOE MHOXECTBO SBIIACTCA KOHEUHBIM OOBEIMHEHHEM 3aM-
KHYTBIX BBITYKIIBIX MHOXeCTB. Taroke IOoKa3aHo, 4TO eciaH HopMma anddepeHnnpyema
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o T'ato (cooTBercTBeHHO MO Dpelie), TO GYHKIMS PACCTOSHHS OT KOHEYHOTO 00be-
JMHCHHS 3aMKHYTHIX BBITYKJIBIX MHOXECTB Takxe auddepenimpyema mo ['ato (coor-
BeTCTBeHHO 10 Dperre) B TOYKaX HEKOTOPOTO OTKPBITOrO BCIOAY IUIOTHOTO HOIMHOMXKE-
CTBa.
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