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1. Introduction. Let us start with some notation. Denote
x = (ii,i2,...,Zd) € Rd,a = (օւ,օշ,E

1շ2 ■... • ij4, |q| = Qi + օշ 4-... + Qd-Denote also by IIn = nn(Rd) the space of polynomials in d variables of total degree not exceeding n:
I1J = \ P(*) = Y. “<■*“՛ °» € R, x€ R՝* I i»i<nWe have that

N := N{n,d) := &ոմՀ =

The interpolation problem with a set of knots
л. := {x“>, x>’>......X1”} C Rdnd nJ is called poised if for any data {ci.Cj, there is a unique polynomial p 6 nJ. ailed interpolation polynomial, such thatp(x(fc)) = ck,k - 1,2,...,s.107



These conditions give a system of s linear equations with N unknowns (the coefficients of the polynomial) The poisedness means that this system has a unique solution for any right side values This implies the following necessary condition for the poisedness:
s = N,i e , the number of equations equals the number ol unknowns. From now on we will assume that this condition holds.A polynomial p\ E Ild is called fundamental for the knot A = (xtK)) 6 Af. with 

X := /Yyv, if
where 6/k is the symbol of Kronecker. Note that the interpolation problem is poised if and only if all interpolation knots have fundamental polynomials. Let us also mention that in the case of poisedness all fundamental polynomials are unique, since they are interpolation polynomials. It is worth mentioning that in this case the fundamental polynomials are of exact degree n. Indeed, otherwise, if the degree of a fundamental polynomial pA is less than n, then multiplication of p*A by a linear polynomial vanishing at .4 would give a 1101110x431 polynomial in Ilf vanishing on A’, contradicting the poisedness of A.We denote by the same letter, say h, the hyperplane, and the polynomial from Ilf which gives rise to the hyperplane.Definition 1.1. .4 shift of linear space of dimension k in R4 is called k-dimension al 
flat, or k-flat.For example a point, line and hyperplane in R4 are a 0, 1 and d — 1 flats, respectively We accept that the empty set is (-l)-flat.A A-flat h we denote by h[k}. In the case of hyperplane, i.e., k — d - 1, we also use the notation h := h{d - 1}. As we will see, each k-flat can contain no more than N(n.k) knots of a G(.'n set.Definition 1.2. Let h{k] be a k-flat. A set of knots X G h{k} is said to satisfy 
i/cometnc characterization for Ilf ( GCn for short), if
1. #X = .V(n.k)
2. For each fixed knot A € X there are no more than n (k - \)-flats hf,h'J..........ht\
(m - m.A < n) in h{k} whose union contains all the knots of X but A.In the case of 2 we say that the knot A uses the (k-l)-flats hf, h'),.... /1^.In particular, in the case of h{k} = Rd, i.e., k = d, X C Rd is a GCn set if #X = N and lor each knot A € X there are no more than n hyperplanes in R4 whose union contains all the knots of X but /1 Let us note that the condition 2 in this case means that the fundamental polynomial for the knot A is a product of linear factors:

rt = 1Ah*--■hi,1U8



where ... h? are the hyperplanes used by A and yA is a constant Thus, each GY'„set is 11<poised Therefore, the number of hyperplanes used by any knot in GY\ sets isexactly n, i.e., mA - n for each A € XM. Gasca and J.I. Maeztu made the following conjecture on GY’n sets in R2
CM - conjecture. (See /1/) If X C R2 is a GCn set, then there exists a line, which

passes through n + knots of X.C de Boor generalized this for R'*:
GMti - conjecture. (See /2/) If X C Rd is a GCn set, then there exists a hyperplam

which passes through N(n.d - 1) knots of X.Above mentioned line and hyperplane are called maximalIn this paper we provide an example of GCn set in R6 with no maximal hyperplane hus rejecting this conjecture. Let us start with generalization of the concept of maximalAccording to |3j Lernma 2.1 for each fc-flal h{k} #(h{k} OAj < N(n.k).Definition 1.3. A k-flat h{/c} is called maximal for GCn set X, if h{k] contains 
<{n,k) knots of X.Thus, each line passing through n 4- 1 knots of X is a maximal line, i e maximal 1-flat r X in Rrf.Next we bring the definition of natural lattices of Chung and Yao (4]Definition 1.4. Assume that the set of n +d hyperplanes II = {h}. h.2,.... h,,^} is

ni general position. The set of all N(n,d) intersection knots of each d hyperplanes from7. is called a natural lattice of degree n in R4 or briefly NLn.It is easily seen that every NLn is GCn and each hyperplane h,.t = 1.2, ...n d. ismaximal for A’L„ Furthermore, n + </ is the maximal number of maximal hyperplanes anyset can have.Definition 1.5. Let X C Rd be a GCn set. IVe say that X has default r oi that A’
an r-lattice, if the number of maximal hyperplanes of X equals n + d - r.I Thus, NLn is 0 —lattice, more NLn lattices are characterized by the fact that they are0 ֊ latticesIn 13] we give the characterization of 1-lattices in Rrf. Next we are going to describe it.

\A e start with natural lattice of degree n - 1, i.e., intersection knots of n + d - I maximalhyperplanes We call these knots black. Then we add (n^1 ') arbitrary knots one by oneon each intersection line of the maximal hyperplanes and call them white knots We put
a restriction on white knots Namely we require that they are not lying on a hyperplane (otherwise we will get a natural 0 - lattice).109



2. An example of GC? set in R° without maximal hyperplanes.First we present some preliminaries Let us start with the following result of Carnicer and G<isca in (5]. ’ > . \ HTheorem 2.1. If every planar GCn set for n < p has a maximal line, then every
.sm h set has at least three maximal lines.In 12) C. de Boor made a natural conjecture concerning this result.Conjecture 2.1. If every GCn set in R։i has a maximal hyperplane. then every such
GC„ set has at least d + 1 maximal hyperplanes.In the same paper C. de Boor provides a counterexample G’C? set in R3 with just 3 maximal planes thus rejecting the above conjecture in the case d — 3. He the construction of the example with an 1-lattice of degree 2 in R3 with 4 maximal planes Then he shifts one of the while points from a iruix<mof hyperplanc so that the resulting set is again GC՝2, and in this way making i» «on-maximal (see Figure 1).

Figure 1: GC? sets with 4 and 3 maximal planes.Next by exploiting the idea of C. de Boor, we are going to construct GC? set without maximal hyperplanes in R6.We start with the definition of A-j-structure:Definition 2.6. (See [6/) Six nodes in R2 are said to have A 2-structure. if three 
nodes are the vertices of a triangle, and the remaining three he one by one on the lines 
containing the sides of the triangle.Definition 2.7. Let x be a black knot of a ^-structure. IVe say that wc do the 
niiivcrncnt toward the knot x if we move the white knot lying on the line, passing through 
other two black knots of the structure to the line passing through othci two white knots.
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Figure 2: The movement toward the knot A
in the Figure 2 the movement is done toward the knot AI Assume that T is 1-lattice in Rc, i.e., 7 black knots and 21 white knots one by one in lines connecting each two black knots. Notice that each black knot uses only one maximal hyperplane which is passing through the remaining black knots. In view of the Definition 2 7, by the movement toward some black knot, in a certain plane containing a Aj-slructure we turn the maximal hypcrplane used by that knot into non-maximal.I Definition 2.8. Wc say that two ^-structures are independent from each other o՛ 

just independent, if they have no more than one common knot, which is black for both.I Let us denote black knots of X by A\, A3, A3. A4. A5, Ag, A7. We can mention 7 inde­pendent /^-structures. These are: <5]: = (A|, Aj, A3), 62: = (A), A4. As). d'3: = (Ai, A(1. A-).= (Aa, A4, Afi), 6$: = (Aj, A5, A7), <5fi: = (A3. A4. A7), 67: = (A3, A5, Ae) .As we see every black knot belongs to just three /^-structures (see Figure 3).
4։ OA । Aj .Aa A 4 A% A« A 7

Figure 3: The movement toward the knot A
HI



Now to get another GC? set we do movements in all above mentioned △2-structures toward each black knot. For example, we can do the following movements: toward the knot A| in dj, A4 in 62, Аб in (S3, A2 in 64, A5 in J5, A7 in Sq, A3 in 67.Let us denote the resulted set by A*'.Proposition 2.1. The set X' is a CG? set.Note that in view of the construction all maximal hyperplanes of X are not maximal for X' But it is not excluded that Л" may have other maximal hyperplanesProposition 2.2. The set X' has maximal hyperplane H if and only if all 21 white 
knots he on H.Proposition 2.3. There is an l-lattice of degree 2 in R6 Xq such that X'o has no 
maximal hyperplane. Moreover Xo can be obtained from any 1-lattice X by moving some 
white knot along the intersection line containing it.In such way we reject GMj - conjecture for R6. Note that for Rd (d > 6) there are at least 
d 4֊ 1 pairwise independent Aj-structures Hence we can construct similar counterexample for Rd (d > 6).In |7| we provideConjecture 2.2. Each GCn set in Rd has at least (d~ J) maximal lines.Note that it also holds for the set X' constructed in this section Indeed, each movement makes a non-maximal line from maximal one and makes another maximal line from one non-maximalAcknowledgements. I am very grateful to Professor Hakop Hakopian for helpful discussions on the subject of the paper.
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GMd is provided.
U. S. Uifmqjiub

GMd i|iuplpu6ji hbppduih ЦЪршрЬррщРЪрфиЪ t CC4 puiqdnipjuiU ор’рЬшЦ unupuihmpjmbnitt, npp jnilij։ uirpufidu htiujhphuippmpjmb' wjrpqjiunQ hbppb|ntj GMd ЦшрЦшйр: 1
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A. T. Лпозян

Об опровержении гипотезы GMdПриведен пример множества GC2 в без максимальных гиперплоскостей, который опровергает гипотезу GMd.
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