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0. Let A and B be linear bounded operators, acting in a Hilbert space
( H; h²; ²i) and t be a complex number. Denote by SpA;W ( A) and w ( A ) respectively
the spectrum, the numerical range and the numerical radius of A. The vector-
function A+ tB is known as the pencil, generated by A and B. In some problems
the least value of kA + tBk plays very important role. Evidently there is at least
one complex number t0 such that in f

t2C
kA+ tBk = kA¡ t0Bk. In what follows we in-

vestigate this problem for a special operator B, find the best value t0, consider the
problem in greater details for three particular cases and prove some inequalities.

1. Proposition 1. Let the operator B be one-to-one. Then

in f
t2C
kA¡ tBk = s u p

kxk=1

s
kAxk2 ¡ jhAx;Bxij

2

kBxk : ( 1 )

Proof . Let a; b 2 H be two non-zero elements. From elementary properties of
the Hilbert space

in f
t2C
ka¡ tbk2 = kak2 ¡ jha; bij

2

kbk2 :

Putting a = Ax, b = Bx, where x is arbitrary non-zero element from H, we get

in f
t2C
k( A¡ tB ) xk2 = kAxk2 ¡ jhAx;Bxij

2

kBxk2 :

According to a theorem of Asplund and Ptak [1]

s u p
kxk=1

in f
t2C
k( A¡ tB ) xk = in f

t2C
s u p
kxk=1

k( A¡ tB ) xk;
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and it completes the proof.
To find the best value t0 we impose an additional restriction on B. Suppose

that B is bounded from below, i.e. kBxk ¸ ±kxk, ± > 0 . Let fxng be a sequence of
unit vectors, approximating the supremum in (1). Then
¯̄
¯̄hAxn; Bxni
kBxnk

¡ t0 kBxnk
¯̄
¯̄
2

=
jhAxn; Bxnij2

kBxnk2
¡ 2 R e hAxn; t0Bxni+ jt0j2 kBxnk2 =

= k( A¡ t0B ) xnk2 ¡ kAxnk2 +
jhAxn; Bxnij2

kBxnk2
6

6 kA¡ t0Bk2 ¡ kAxnk2 +
jhAxn; Bxnij2

kBxnk2
! 0 :

As the operator B is bounded from below, the inequality
¯̄
¯̄hAxn;Bxni
kBxnk2

¡ t0
¯̄
¯̄ · 1

±

¯̄
¯̄hAxn; Bxni
kBxnk

¡ t0kBxnk
¯̄
¯̄

is satisfied. Thus,

t0 = lim
n!1

hAxn;Bxni
kBxnk2

: ( 2 )

For B = A¤ we get in f
t2C
kA ¡ t0A¤k = s u p

kxk=1

s
kAxk2 ¡ jhA

2x; xij2
kA¤xk2 . If the operator A is

normal, then for any x 2 H the equality kA¤xk = kAxk is satisfied. In this case the
condition, imposed on B may be dropped. Indeed, the norm in the left hand side
may be calculated, taking vectors, belonging to the orthogonal complement of the
null-space of A. Hence, A may be assumed to be one-to-one. If in f

t2C
kA¡ tA¤k = 0 ,

then A = t0A
¤, otherwise the sequence fkAxnkg is bounded from below. Anyway,

we get the following result (cf. [2], (2.10)).
Proposition 2. For any normal operator A

in f
t2C
kA¡ t0A¤k = s u p

kxk=1

s
kAxk2 ¡ jhA

2x; xij2
kAxk2 :

In this case

t0 = lim
n!1

hA2xn; xni
kAxnk2

:

As jhA2xn; xnij = jhAxn;A¤xnij · kAxnk ¢ kA¤xnk = kAxnk2, we may deduce the
inequality jt0j · 1 . Evidently, for a Hermitian (or skew-Hermitian) operator A
in f
t2C
kA¡ tA¤k = 0 and jt0j = 1 .
Example 1. Let

A =

Ã
¸1 0

0 ¸2

!
; ¸1; ¸2 2 C:
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The vector, maximizing the right hand side in (1) has the coordinates

x =

( p
j¸2jp

j¸1j+ j¸2j
;

p
j¸1jp

j¸1j+ j¸2j

)
: ( 3 )

We have

in f
t2C
kA¡ tA¤k = 2

j Im ( ¸1¸2 ) j
j¸1j+ j¸2j

:

If ¸1 = 1 , ¸2 = i, we get in f
t2C
kA¡ tA¤k = 1 and t0 = 0 .

Further two particular cases of the special interest are considered. For the
first one we put B = I, where I is the identity operator.

Proposition 3. For any operator A

in f
t2C
kA¡ tIk = s u p

kxk=1

p
kAxk2 ¡ jhAx;xij2: ( 4 )

The proof will be omitted. For this case

t0 = lim
n!1

hAxn; xni: ( 5 )

Evidently t0 2W ( A ) , where the upper bar denotes the closure of the set.
Remark 1. The right hand side of (4) is known as the square root of the Bjork-

Thomee constants of A (see [3]), where it has been shown that it coincides with
Mirsky’s constant

M ( A ) = s u p fjhAu; ºij : kuk = kºk = 1 ; hu; ºi = 0 g:

From formula (4) follows Dragomir’s inequality ([4], 3.11)

kAk2 ¡ w2 ( A ) · in f
t2C
kA¡ tIk2: ( 6 )

Let A be the operator from Example 1. The supremum in the right hand side

of (4) is attained on the element x =

(p
2

2
;

p
2

2

)
. Thus,

kAxk2 ¡ jhAx;xij2 =
j¸1j2 + j¸2j2

2
¡ j¸1 + ¸2j2

4
:

According to the parallelogram law this difference is equal to
j¸1 ¡ ¸2j2

4
, so

in f
t2C
kA¡ tIk =

j¸1 ¡ ¸2j2
2

. The best value is t0 =
¸1 + ¸2

2
.

Remark 2. For the operator defined by the matrix

A =

Ã
¸1 ¸3

0 ¸2

!
; ¸1; ¸2; ¸3 2 C
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in [5] is proved that

in f
t2C
kA¡ tIk =

j¸3j+
p
j¸1 ¡ ¸2j2 + j¸3j2

2
:

According to Schur decomposition A = UTU¡1, where U is unitary and T is
triangular. As the operator norm is unitary invariant, the last formula settles the
general case in two dimensional space.

The second problem is related withm ( A) = in f
t2C
kI¡tAk. This expression occurs

when a Hilbert space operator equation Ax = b is solved by Richardson stationary
iterations ([6]). It defines the rate of convergence of iterations to the solution of
the equation. Evidently m ( A ) · 1 and a non trivial situation arises when m( A ) < 1 .

Formula A¡1 = t
1P

n=0

( I ¡ tA ) n shows that in this case A is invertible.

Proposition 4. For any operator A

in f
t2C
kI ¡ tAk = s u p

ax 6=µ

s
1 ¡ jhAx;xij2

kAxk2 ¢ kxk2 : ( 7 )

The proof may be found in [6]. Denote

p( A ) = in f
Ax6=µ

jhAx; xij
kAxk ¢ kxk : ( 8 )

According to [6] for any operator A

m2 ( A) + p2 ( A) = 1 : ( 9 )

We get

t0 = lim
n!1

hxn;Axni
kAxnk2

; ( 1 0 )

where fxng is a sequence of unit vectors, approximating the infimum in (8). Let

yn = Axn. Then lim
n!1

hxn;Axni
kAxnk2

= lim
n!1

hA¡1yn; yni
kynk2

, meaning that t0 2W ( A¡1 ) .

Proposition 5. For any operator A

in f
t2C
kA¡ tIk · kAk ¢ in f

t2C
kI ¡ tAk: ( 1 1 )

Proof. Let x have unit norm. Then jhAx; xij ¸ p ( A) kAxk and

kAxk2 ¡ jhAx; xij2 · ( 1 ¡ p2 ( A ) ) kAxk2:

Calculating the supremum of the both sides, we get (11).
Corollary. If in f

t2C
kA¡ tIk = kAk, then in f

t2C
kI ¡ tAk = 1 .
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Example 3. Let ¸1 = 2 , ¸2 = ¡ 1 in Example 1. Then in f
t2C
kI ¡ tAk = 1 and

in f
t2C
kA¡ tIk = 1 :5 < kAk, so conditions in f

t2C
kI ¡ tAk = 1 and in f

t2C
kA ¡ tIk = kAk are

not equivalent.
Recalling (6),(11), we arrive at Dragomir’s another inequality

kAk2 ¡ w2 ( A) · kAk2 in f
t2C
kI ¡ tAk2:

For the above considered two dimensional normal operator the vector, maxi-
mizing the right hand side of (7) is defined [7] by formula (3),

p =

p
j¸1¸2j

j¸1j+ j¸2j
j s g n ¸1 + s g n ¸2j;

t0 =
s g n ¸1 + s g n ¸2
j¸1j+ j¸2j

and
M =

j¸1 ¡ ¸2j
j¸1j+ j¸2j

:

As kAk = m a xfj¸1j; j¸2jg, the equality j¸1j = j¸2j implies that the both sides of
inequality (11) have the same value.

Now we suppose that in f
t2C
kI ¡ tAk < 1 . Then

in f
t2C
kA¡ tIk = in f

® 6=0

kI ¡ ®Ak
j®j · 1

jt0j
in f
t2C
kI ¡ tAk; ( 1 2 )

where t0 is defined by (10).
When ¸1; ¸2 > 0 , inequality (12) is reduced to an equality.
By the same way

in f
t2C
kI ¡ tAk = in f

® 6=0

kA¡ ®Ik
k®k · 1

jt0j
in f
t2C
kA¡ tIk; ( 1 3 )

where t0 is defined by (5).
2. It is interesting to note that considered above minimal norms for some

operators have interesting geometrical meanings. Let for any complex t the norm
of the operator A¡ tI and its spectral radius r ( A¡ tI ) coincide. Then

in f
t2C
kA¡ tIk = in f

t2C
s u p

z2SpA
jz ¡ tj:

The expression in the right hand side is the radius of the smallest circle
C ( z0; R) containing the spectrum SpA of A. Hence the minimal norm of A ¡ tI
equals the radius R of this circle and the optimal parameter t0 is the affix z0 of
the circle’s center. It is known [7] that for any compact subset F ½ C the smallest
circle exists, is unique and contains on its boundary at least two points, belonging
to F .
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For the second problem we have

in f
t2C
kI ¡ tAk = in f

t2C
s u p

z2SpA
jtz ¡ 1 j = in f

z02C

1

jz0j
s u p

z2SpA
jz ¡ z0j = in f

z02C

R

jz0j
;

so we look for a circle, containing SpA and having the least
R

jz0j
ratio among all

circles, satisfying this condition. This circle exists [8] if and only if the coordinate
system’s origin does not belong to the convex hull of SpA.

Using formulas (8) and (4), we can establish Cauchy-Bunyakovsky-Schwarz
type reverse inequalities.

Example 4. Let A = diag f¸1; ¸2; : : : ; ¸ng ; » = f»1; »2; : : : ; »ng 2 Cn. Then

kA»k2 =
X

k

j¸k»kj2 ; hA»; »i =
X

k

¸k j»kj2:

By (9) ¯̄
¯̄
¯
X

k

¸k j»kj2
¯̄
¯̄
¯

2

>
¡
1 ¡m2 ( A )

¢X

k

j¸k»kj2
X

k

j»kj2:

Denoting j»kj2 =
P
k

j»kj2 = pk; we get pk > 0 ;
P
pk = 1 and

¯̄
¯̄
¯
X

k

¸kpk

¯̄
¯̄
¯

2

>
¡
1 ¡m2 ( A)

¢X

k

j¸kj2pk: ( 1 4 )

For arbitrary set of complex numbers f¸kg an algorithm of definition of m( A ) is
described in [9].

For a particular case the last inequality is reduced to Kantorovich inequality.

If 0 < ¸1 6 ¸2 6 ¢ ¢ ¢ 6 ¸n, then 1 ¡m2 ( A) =
4 ¸1¸n

( ¸1 + ¸n )
2 and

ÃX

k

¸kpk

!2

> 4 ¸1¸n

( ¸1 + ¸n )
2

X

k

¸2kpk:

The same inequality remains true, if for example, f¸kg is a subset of the closed
circle with the center at

¸1 + ¸n

2
and of radius

¸n ¡ ¸1
2

.
According to (4)

X
pk¸

2
k ¡
³X

pk¸k

´2
6 ( ¸n ¡ ¸1 ) 2

4
;

which may be compared with Shisha-Mond inequality ([10], 5.54)
qX

pk¸2k ¡
X

pk¸k 6
¸n ¡ ¸1

4 ( ¸n + ¸1 )
:
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L. Z. Gevorgyan

On the Minimal Norm of a Linear Operator Pencil

The following problem is studying: how close one of the two given Hilbert space

operators may be approximated by the multiples of another. Some particular cases are

studied: the first, when the operator is approximated by its adjoint, and in more detailed

manner; the second, when the operator is approximated by scalar operator and the identity

operator is approximated by multiples of a fixed one. Some extremal geometrical problems

are investigated and the generalization of known inequalities are established.

Ë. Ç. Ãåâîðãÿí

Î ìèíèìàëüíîé íîðìå ëèíåéíîãî îïåðàòîðíîãî ïó÷êà

Èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à: íàñêîëüêî òåñíî îäèí èç äâóõ äàííûõ

îïåðàòîðîâ, äåéñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâå, ìîæåò áûòü àïïðîêñèìè-

ðîâàí êðàòíûìè äðóãîãî. Ðàññìîòðåíû ÷àñòíûå ñëó÷àè: àïïðîêñèìàöèÿ îïåðàòîðà

êðàòíûìè ñîïðÿæåííîãî îïåðàòîðà; àïïðîêñèìàöèÿ îïåðàòîðà ñêàëÿðíûìè îïå-

ðàòîðàìè; àïïðîêñèìàöèÿ åäèíè÷íîãî îïåðàòîðà êðàòíûìè äàííîãî îïåðàòîðà, à

òàêæå íåêîòîðûå ýêñòðåìàëüíûå ãåîìåòðè÷åñêèå çàäà÷è. Îáîáùåíû èçâåñòíûå

íåðàâåíñòâà.

È. ¼. ¶¨áñ·Û³Ý

úå»ñ³ïáñ³ÛÇÝ ·Í³ÛÇÝ ÷ÝçÇ Ýí³½³·áõÛÝ ÝáñÙÇ Ù³ëÇÝ

àõëáõÙÝ³ëÇñíáõÙ ¿ Ñ»ï»õÛ³É ËÝ¹ÇñÁ: ÐÇÉµ»ñÃÛ³Ý ï³ñ³ÍáõÃÛáõÝáõÙ ·áñÍáÕ »ñÏáõ

ûå»ñ³ïáñÝ»ñÇó Ù»ÏÁ áñù³Ý ë»ñïáñ»Ý Ï³ñáÕ ¿ Ùáï³ñÏí»É ÙÛáõëÇ å³ïÇÏÝ»ñáí: øÝÝ³ñÏ-

í»É »Ý Ý³»õ Ù³ëÝ³íáñ ¹»åù»ñ, »ñµ ûå»ñ³ïáñÁ Ùáï³ñÏíáõÙ ¿ Çñ Ñ³Ù³ÉáõÍáí, ûå»ñ³ïáñÁ

Ùáï³ñÏíáõÙ ¿ ëÏ³ÉÛ³ñ ûå»ñ³ïáñáí »õ ÙÇ³íáñ ûå»ñ³ïáñÁ Ùáï³ñÏíáõÙ ¿ ïñí³Í ûå»ñ³ïáñÇ

å³ïÇÏÝ»ñáí: ¸Çï³ñÏí»É »Ý áñáß ¿ùëïñ»Ù³É »ñÏñ³ã³÷³Ï³Ý ËÝ¹ÇñÝ»ñ, »õ ÁÝ¹Ñ³Ýñ³óí»É

»Ý Ñ³ÛïÝÇ ³ÝÑ³í³ë³ñáõÃÛáõÝÝ»ñ:
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