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1. Introduction. Throughout this paper Fq stands for a finite field with q 
elements, and Fq for an n֊dimensional linear space over Fq. If L is a linear subspace 
in Fgn, then the set a 4֊ L = {a + x\x G L}, a € Fq is a coset (or translate) of the 
subspace L and dim(a -t֊£) coincides with dimL. An equivalent definition: a subset 
.V C Fn is a coset if whenever i1, i2,... , xm are in N, so is any affine combination

m Jtn
of them, i.e., so is V Aji* for any AbA2,... . Am in Fq such that J^A, = 1. It can 

t=l i=l
be readily verified that any Fdimensional coset in Fq can be represented as a set 
of solutions of a certain system of linear equations over Fq of rank n - k and vice
versa.

Let N is a subset in F”.
Definition 1. A set of cosets {Hi, Hi,... , Hm} in Fq forms a linearised covering 

m
of N if N = |J //,. The length (or complexity) of the covering is equal to the number 

i=l
of cosets, i.e. m.

Definition 2. A linearised covering is the shortest for the given N if it has the 
smallest possible length.

Definition 3. Let 7tn be the number of subsets in F™, that satisfy a certain 
property II. If lim = 1 then we say that almost all" subsets of F” satisfy the n—*oo z *
property n.

The general problem of covering with cosets is stated as follows: for a given 
subset in Fq ( which is usually given as a set of solutions of a polynomial equation
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with n unknowns over Fq] estimate the length of the shortest linearised covering 
and find an effective algorithm that constructs the shortest or "close" to the shortest 
linearised covering for N. This problem was originally considered in [1,2] for q = 2 
in connection with minimization of Boolean functions. It was shown in [3] that the 
length of the shortest covering Lq(N) for almost all subsets satisfies the following 
inequalities:

Qn
2qn logq n < Lq(N) < (1 - 6n)

3q3qn logg n 
2nlogge (1)

where lim en = lim 8n = 0.
n—*00 n—*oo

The aim of the present paper is to improve the upper bound in (1) proving
that Lq(N) < const For that reason we use the techniques developed in [4].

2. Main Result. Theore II For almost all subsets in Fq

L,(N) < X, 
n (2)

where c = « 18g3֊1"2.
This theorem is a result of the following set of affirmations.
Let T = (itj) be a Boolean matrix (titj € {0,1}).
Definition 4. We say a column of T covers a row, if at the row's and column's 

intersection stands 1.
Definition 5. The sequence of columns ai,a2,... , a* is called gradient, if for 

every i = 1,2,... , k column at covers maximal number of rows, which are still not 
covered by the columns ai,«2,... Number k is called the length of gradient 
sequence.

Denote the number of rows and columns of T by p(T) and q\ / respectively. 
Let LS(T), (8 > 0) be the minimal number k, so that for every gradient sequence 
with length k takes place the following inequality

p(T) < 1
p(T) - e6 ՝

where p(T) stands for the number of uncovered rows in T. is called "the fraction 
of uncovered rows".

Lemma 1. Let f be such a submatrix ofT, that every row m T is covered b\ 
not less than xq(T) columns (* > 0) and

P(T) > (1 -c)p(T), cG (0,1),

then
LS(T) < ֊ + 1 + Q>(T). 

X
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Denote by F(n) the set of ail subsets of Fn.
Definition 6. Let us consider a probability distribution on F(n), such that

random variables
1; x G TV, 
0; i(N

are independent and equally distributed, and also = 1) = 2 .
We denote by 0a (Ar) the number of fc-dimensional cosets (0 < k < n) in 

random subset N, and by the number of such cosets ff, which satisfy x G fl 
and H \ x C jV.

Lemma 2. 1) Mihk - Xq
n

g
<7

2) Mij>l = 2-2A«‘ • v (ji*-1՜։’ qn-T

<7

(2A’r - 1) + (M0*)2, where
- <7Q

Mwk is the expectation value of'ihk, and , is the number
<7

of k-dimensional linear subspaces in F” ( called Gauss coefficient).
(1

k (/֊l)(<7*-f֊l)(<7֊l)

nLemma 3. 1) Mi) .2֊A(g*-i)

<7

2) M^)2 = 2-W-1)

pectation value of
Lemma 4. For

<7
r=0

2A<?\ where Mrfe is the ex-
Q

n — k k
k

2A<j

(AW ■

Lemma 5. If k = [logq n - logg A - 8 - 1 J, 8 G (0,1) then

Drfc k • • q™
(Mrfe)2 - qn

Definition 7. For every subset N let us define Boolean matrix T^, which 
columns are all cosets in N, and rows are all vectors in N. If a vector belongs 
to a coset then at the intersection of the corresponding row and column stands 1, 
otherwise 0.

Assume that L4(TW) = L,(N) and <p+(x) = 
Lemma 6. IIA > 1 and 6 e (0,1), then

(
nn9֊A\ n

Lf(N) ֊ 92+<Ai^-—) < -^-5-, 
n / nlog* n

32



As in [4], we divide the set of variables X = {aj,x2,... ,x„} to not intersecting 
subsets X = X1 U X2 U... U Xk U Y.

|X։| = m\ i = 1,... k = [log^n];

Suppose is an operator associating every AT C F* with a set of cosets which 
form such gradient sequence that the fraction of uncovered rows does not exceed 
e՜6 and removing the last member of the gradient sequence breaks the relation.

Let us associate every subset /V C F” with a sequence of subsets No, M,... , № 
in the following way:
1) No = N-
2) Suppose that N»_i, i < k are already constructed. j = 1,... , qn~m are subsets 
of M-i dependent only from variables of Xj. Let i/](N) = ^(NjLj U... U^(N,‘C1 "*), 
then Ni is constructed as follows: i € Nt <=> i i and x e N։_i.

Denote by vk(N) the largest gradient sequence of №, and by LVls(N)

k

i=l

Lemma 7. If X > 1 and 8 > 1 - In 2 then
№ gn.?-A^in2+ i\

2g,n2 n In 2 /
<7n 

n logg n (3)

Finally, putting A = 1 in (3) proves the assertion of the theorem
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Given an n-dimensional linear space over a finite field for an arbitrary number 
For a given subset in the linear space. It is necessary to determine the minimal numb* r 
of systems of linear equations over the same field such that the union of all vectors n pr< 
senting the solutions of the systems covers that subset. The problem is solved for almost 

all" subsets of the linear space.
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Հ. Ք. Նւււրիջանյան

Վերջավոր դաշտի համարյա բոլոր՛ ենթաբազմությունների գծայնացվոդ ծածկույթի 

երկարության մասին

Կամայական ո բնական թվի համար տրված է վերջավոր դաշտի վրա կառուցված 

ոթափանի գծային տարածություն: Պահանջվում է որոշել նույն վերջավոր դաշտի վրա 

տրված գծային հավասարումների համակարգերի նվազագույն քանակը, որոնց լուծումների 

բազմությունը ծւսծկում է գծային տարածությունում տրված ենթաբագմությանր: Խնդիրը 

լուծված Լ գծային տարածության "համարյա բոլոր" ենթաբազմությունների համար:

О. К. Нуриджанян

О длине кратчайшего линеаризированного покрытия для "почти всех” 
подмножеств конечного поля

Для произвольного натурального числа задано п֊мерное линейное над конеч
ным полем пространство. Требуется определить минимальное количество систем 
линейных уравнений, заданных над тем же полем, таких, что множество всех 
решений этих систем покрывает данное подмножество из линейного пространства. 
Задача решена для "почти всех" подмножеств линейного пространства.
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