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0. Introduction. In [ 1J the properties and the reasons of usefulness of Stable 
Laws in bioinformatics were explained. Namely, the following two-parametnc 
families of densities concentrated on R* = (0. +oo) and generated by standard 
stable densities

Г(па 4֊ 1) 
n! na+ 1

(0.1)

and

(2m - 1)!
+ 1) Jm- 2

were introduced:

s(x ՝ a 1/Ъ; a) : 0 < a < 1, <7 € Я1՜},

{/„.„(x) = 20-'/a ■ з(х ■ a-'/a-,a) : 1 < a < 2. a e «*}■

(0.2)

(0.3)

(0.1)

Here ?(•) is the Euler's Gamma Function.
They were suggested as continuous analogs of empirical frcqucncy dntribi 

tions arising in large-scale biomolecular models. It was also shown that densities 
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fa>a(x) satisfy statistical facts' on empirical frequency distributions and the Inte­
gral Representations for corresponding distribution functions (DF) were given as
follows:

A»,i(x) = f . 1j
0

7F
• for 0 < o < 1,

with

?•'«(!/) =
a — 1 sin(( 1 - a) •(/?) 

cos p V € [0.7r),

and
w/2

A».i(z) = 1 - - / exp(-jQ/(t։֊1) ■ Va(p))dp, for 1 < a < 2, 
7T J

0
with

V «(») =
cosip 

sin(a<^)
cos((a - 1) • <p) 

cos<p , y? e |0,7r/2],

(0.5)

(0-6)

(0.7)

(0.8)

In (1) the construction of frequency distributions based on discretization * 1 2 3 of 
densities (0 3)-(0.4) which also conserve statistical facts 1-4 has been done.

Based on huge datasets of great, number of large-scale biomolccular system some common statistical 
facts for empirical frequency distributions, say {pn}, arising in biomolecular models were postulated. 
Here they are. ’ jflE
1. {pn } hu* a skew to the right

2. {pn } shows a Power Law behavior as n —• OC.
3. {pn } satisfies some convexity properties

1. {pn} is unimodaJ, * ^||£

I he fact 2 is represented in [2] as a regular variation of {pn} at infinity.
2The distribution n

Pn = y f(x)dx, n = 1,2,... 

n— 1 
is called a discretization of density f(x).

In order to use any frequency distribution in bioinformatics (besides of statis­
tical facts 1-4) one needs to verify that this distribution is stable, in particular, by 
parameters. It is possible to suggest various types of stability by parameters.

1. Problem and results. We deal with the following problem for continuous 
analogs (0 3)-(0.4). Consider the families of DF of continuous analogs

and

{Fa։O(i) : 0 < or < 1,cr e /C՜} (1.1)

(1.2)
Denote

E’(o.ct:q'.(7/) = E(o', a'; a, a) = \fa,a(z) - fa>,o»(x)\dx, (1.3)
-o
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where a G R\ a' G 7?+ and either a G (0,1), a' g (0,1). or a G (1,2), □' € (1.2).
Let the constants a and a be fixed and satisfy inequalities 0 < a < a < +oc 

The constants a and a are fixed too and for the family of DF (1.1) satisfy the 
inequalities 0 < a < a < 1. For the family of DF (1.2) these constants satisfy the 
inequalities 1 < a < a < 2.

The general Problem of Stability by Distance in Variation for families (0 3)-(0 4) 
is solved in

Theorem 1.
exists

Uniformly on a G [a, a], o' E [a, aj, a G |a,a], o' G [a,a| the limit

lim E(a,<r,a'o') = 0
|a—a'|+|rr —a'|—0 '

Denote
+oo

Ei(a;a,a') = Ey{a\<r,\a} = J \fa,o(x) - fa^(x)\dx(= E(a.a;a.a')), (1.5)

0֊

+oo
E2(a;a,a ) = E2(a;o',a) = J \fa^x) - fa^(x)\dx(= E(a,a;a',a)). (1.6)

°֊
According to the inequality 0 < E(a, a: a', o') < E\(a,a,(j') 4֊ E->(a': a. o'), we 

may formulate
Remark 1. In order to prove the statement of Theorem 1 it is enough to do it in 

two particular cases. Namely, uniformly on a G [a, al, o' G [a. nJ, <r G 'a. a], a7 E [a. al 
simultaneously the limits exist

(1.7)

and

Denote

lim E2(a; a, o') = 0. |n—alpha'\ —*0

e(a, a; a', a')
oo

= i(Pk(Q»a) ~ 

fc=l

(1.8)

(1.9)

where (pn(a,a)} is the discretization of fQ.a(x) and a,a. o', a are as in (1.3).
For discretizations of families (0.3) and (0.4) the problem of Stability by Dis­

tance in Variation consists in discovering the conditions on parameters under which 
the functional e(a,a;a/,a/) converges uniformly by parameters to zero. According 
to (1.9), (1.4) we have

0 < e(n, a; o', a') = \ r r J /
OO

*=i

+ OC

0-
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as la — a*| + |<r — af\ —» 0. So, we may formulate
Theo re II 2. Uniformly on a € la, a], a' G [a,a|, a G |<z,<?], G [<Z, o\ the limit

exists
lim e(a, a; a', o') = 0. 

|Q-a'|+|<T-a'|֊*0
2. Preli II inary estimations I.
Lemma 1. Given c G (0.1) in conditions of Theorem 1 for DF of continuous

analogs there is a number zq € /?+ (tq doesn't depend on a and a) such that for all
z G [+oo)

Proof. Consider the case 0 < a <
16

1. We deal with the following series
expansion ([3), p.p. 108-109)

1 ֊ £>.<,(*) = + 52(-l)՞ 1 ՛ 1 (n°j-~sinfrna) ■ ■+. (2.2)

1 - Fn,a(z) = - f exp(-(zo/<7)l/(Q-։) • Va(<p))d<p, (2.5)
7T J

o
where, due to (0.8), the function Va(^) by in (0,7r/2) is positive. Moreover, V n(tp) 
for fixed p decreases as a increases.

, , , , , 1 \ Q 1 \ ,Indeed, the functions —----- , cos((a- 1)^), ------- =-----decrease as
sin(ay>) a — I \ 1 - (1/a) /

/ J X <։/(<։֊!)
a increases. So, the function ( —-—- ) decreases because the last function 

\sin(a<£))
is more than one for 1 < a < 2 and G (0,7r/2).

n>l

We use the asymptotic formula ([4], p.937)

f(z) ~ zx (1/2) • e 1 • x/27r, i ֊» oo. (2-3)

Hua +1) a 1/e\n0—Q) —By (2.3), —-------- L - ( - ) • o°n, n —♦ oo which proves the conver-
n • n! n _ \n/

qence of series — V" n > . That is why for a given f G (0,1) there is an
no 2—' n • n!

integer n0 > 1 such that

1 T(na + 1) c
n • n! 16 (2.1)

But for any z G (max(l, (a)1/a), +oo) from (2.2) we have

Hna+l) 1 lx— r(na + l)—---------- • ---- < --- > n > 1-------- .---
n ■ n! znfl rra ՝ n ■ n!

which, due to (2.4) proves Lemma I in this case.
Consider the case 1 < a < 2. Now, we deal with Integral Representation (0.7), 

i.e. SB
</2

102



Since the function V^ip) is positive and decreases, therefore from (2 5) for 
i G (1, +oo) we obtain

k/2
0 < 1 - Fa,a(x) < - [ exp(—(za/a)1/(o՜^ • Vo(^))d^ <

7T J
0

ir/2

- I exp(—xo/(a֊l) 
ir J

o
k/2

- [ exp(-z°^Q“1)
% J 

0

. (?)-Vta-i) . V5(V))d^, if a € (0,1),

• (?)->/<։֊•> • V^ipfidip, «/ <7 e (l,+oo).

In case a G (0, 1) we solve the equation (a)l/(Q ։) = ” with unknown
a e R*: i.e. a = and put

with a, G R+

n/2
Thus, l-FaJz) < - f exp(֊(z°/<7,)J/(a-։)- VQ(p})(Lp, for x G (l.+oo) or, due 

7r J
o

to (2 5),
1 ֊ Fq.o(i) < 1 - Fa.a.W f0r I € (l.+oo). (2-6)

Since the function 1 - Fo<a.M VQries regularly at infinity with exponent (-a), 
therefore for a given e G (0.1) there is a number xq G R such that 1 — la,o.՝ *՝՝ j՜ 
for all i G (.tq.+oo). which together with (2.6) and x G (l,+oo) prove (2.1) in this
case.

3. Preliminary esli II ations II. Denote

CT, o', a՛) - |/Q.a(0) - (3 1)

According to (0.3)-(0.4) in case 1 < a < *2

ZUO) = °՜'1 ). (3.2)

and in case 0 < a < 1, obviously, /a.a(0) — 0-
Lemma 2. In conditions of Theorem I for a given e 6 (0.1) uniform!) 

on a e [a, 5], a* 6 [a, a], a € |2,4 o’ € [s, 5| ^e inequahties hold 0 S 
iiS y(a <7 a‘ a՛) <—■ This limit relationship implies that tor la a I +1<? a , 

|o-o'|+|o-^H0 ՛ ' 16
small enough

7(a,a,a,a) < -
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Proof. The case 0 < o < 1 is obvious. Consider the case 1 < a < 2. Due to, 
(3 2). we have

■r(1 + -(y)1/o ■r(1 + > 5 

< .4, • |(a')1/Q - a‘/»| + .42 • |r(l + 1) - T(1 + 1)|. (3.4)

where ,4։ = (a)՜2 T(1 + -). ,42 = (a)1/s. Here the monotonity of Gamma Function
Ot r _i , r —1was used Next, we have: uniformly on a € |a, a], a € |a, a]

lim |r(l + ֊)-r(l + -5-) = 0.|
|a-a'|—»0 O tV

Similarly, uniformly on a G |a,a], o G [o,a], a' G |a,a], 

lim Ka')1'» - a1'»! = 0.
|<r-a'|—> 0

(3.5)

(3.6)

The relations (3.4)-(3.6) imply the inequalities in Lemma 2
For rG (0.1) denote

/r(a.<r) = y |(/a,a(0) - fa<a(u))\du.
0֊

(3.7)

Lemina 3. 1. There is a constant B G /?+ such that uniformly on a G |o. aj,
<i G q_. <71 for all x G ft* the inequality holds

d ,
dx (3.8)

2 For a given e G (0. 1) and any t G (0,t/(8/3)) uniformly on a G [a, q|, a G |a, cr]

(3.9)

Pioof. We need in the following general fact on standard stable densities’ 
derivatives of order n ((3), p 106): for x G R+

\^s(x,a,0}\< ■ (cos^Kla) ■ 0))՜^, (3.10)

where
K(a) = a - 1 + sign(l - a). (3.11)

Here a and /3 are exponent and asymmetry of the standard stable density. Let us 
apply (3.10)-(3.11) to cases: 1) 0 < a < 1, 0 = 1, n = 1, and 2) 1 < a < 2, 0 = 0, 
n = 1.

In case 1)
1 r,2x 11111 | I — j • - -

ira a (cos(7ra/2))2/a՛ (3.12)
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Since I (x) is an increasing function and cos(ttq/2) decreases (remind that 
a E (0,1)), therefore

r(^)<r(֊). («» ^)֊’/« < (cos ^)V’.
(3.13)

dThe inequalities (3.12) and (3.13) imply |—fol(x)\ <----l'(-/
dx ' 7tq odx

d
(cos(7ra/2))2/°

— 2a
' 'dx'"'" '՛ dx

"1/a • x, which implies (3.8).
(cos(7rS/2))2/«՛ Where y

d 2In case 2) we have |—/a.i(z)| < — • F(—) < — • f(—). Thus, counting by thedx na a na a * 1dx
same way we conclude that (3.8) holds.

Now, by the Mean Value Theorem, from (3.7) with the help of (3 8) we come 
d -for both cases to the same type inequality /T(a,<j) = | —fa,9(x)\x=e.r -t <t-B, where 

0 = 0T € (0,1). Thus, from the last inequality for t € iff e/(8H)) we obtain (3 9)
4. Preliminary' estimations III. For a given integer .V > 1 consider the follow­

ing series: In case 0 < q < 1

N

(4.1)

In case 1 < a < 2

(4.2)

(4.1) and (4.2) represent the partial sums of series expansions for densities 
/o.»(x), 0 < a < 1, and /„..(x), 1 < a < 2. respectively. For r € (0.1). N > 1, 
a C [a, a], a E [a, a] we have

l(n°,’ 'V°-sin(,rr)Q))<jT >/

if

0 < a < 1,

1 < a < 2.

(4-3)

Denote a,a,N(T) = J Kfa.oW “
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Lemina 4. 1. The integrals at the right-hand-side of (4.3) exist.
2. For given e € (0,1), r G (0,1) there is an integer N > 1 (N doesn't depend on a 
and a) such that

“ ’ 8
Proof. Case 0 < a < 1. From (4.3) we have

r(na + 1) 
n! (4.5)

. T-(na+l)

According to (4.5), with the help of (2.3) for N large enough

(4.6)

where Cr(a.cr) = cxp(l - a) • a • r~a. At the right-hand-side of (4 6) we have a 
convergent series, which proves the statement 1 of Lemma 4. The statement 2 is 
proved too because the last series doesn't depend on a and a.

Case 1 < a < 2. From (4.3) we have

(4.7)

A similar to case 0 < o < 1 estimations of series at the right-hand-side of (4.7) 
with the help of (2.3) imply the statements 1 and 2 of Lemma 4 in this case.

5. Solution to problem. In conditions of Theorem 1 choose for a given c G
(0. 1) a number r satisfying restrictions r G (0,e/(8B)), - > z0. Then, for |q - a'| + T

<7 — a small enough from Lemmas 1 and 3 we have the following inequalities. 
r r

>• y l/o.«(x) ֊ < I |/o./0) - /o,,-(0)|dx+

0- 0-r r
+ y l/o.tfW - /a,<r(0)|dx + y ֊ fa'.a’ (0) |d.T =

0- o-

(5-1)

where the monotonity of fuo around the origin (point zero) and (3.1), (3.6) were 
used + 00 +oo • +oo

2- y ~ /o',0^< y fao(T.)dx T f fQ/at(l)\dx —

։/r i/r ։/t

(5-2)
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In accordance with (5.1) and (5.2), for given e e (0,1) and already chosen r 
from (1.3) we obtain the following inequality (e and r are fixed)

^(a, ; O', = j \fa,o(x) ~ =

o- 
։/T +oo

-1֊ y \faAX) ~ fa',c'(,x)\dl + j \fQ,o(x) ֊ /^(l^I < 

T l/r
l/r

£ f I * *
— 7? + I \fa,a(x) — (j)|dz.

1 * - 9 i ' (5 3)
Now, let us choose an integer W > 1 such that for given e and r (4 4) takes

place, and fix /V. Then, by (5.3) and (4.4), for |a - a'| 4֊ |<7 - a'| small enough we 
come to the following inequalities

l/r l/r
/?(o, CT՜, O , (T ) = f \fa,a.N(x) — fa‘,a',N(x)\dx 4- — 4՜ [ \fa,a(x) — fa՛,o' ( x) ՝dl+ 

J J

l/r l/r
/• 3g. r

4՜ I \fa',a'(x) — fo’,ff',N(,x)\dx < — 4՜ / \fa.a.h'A) ~ fa^)\dl.

(5.4)

If we proceed as above in cases Ei(a;a, a') and E2(a,;a.o/) then we obtain the 
following analogs of (5.4)

4
(5-5)

3e (5-6)

In (5.6) we take a' instead of, which changes nothing
If we prove that for given e, t, N and |a-a'|4-|a-tf'i small enough in conditions

of Theorem 1

A/(z)|(tr < -- (5.7)

|A.,a(x) - fa>,a.N(x)\dx < ֊. (5-8)

then (5.5), (5.7) and (5.6), (5.8) imply (1.7) and (1.8). respectively, which due to
Remark I proves Theorem 1.
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Indeed, assuming that (5.7) and (5.8) take place, we may rewrite (5.5) and (5.6) 
in the forms

0 < °, o') < €, i = 1,2. (5.9)

respectively, for |a — o'| + |<7 — rr'| small enough - Tending |q — a'| + |a — <r'| —♦ 0 from 
(5.9) we obtain 0 < lim d՝,(a;a,a') < £. Now, tending € 1 0 we prove Theorem I.

*0
Remark 2. Since in (4.1) and (4.2) under the signs of sums continuous func­

tions on a and o are written and (a. a) belongs to compacts B\ = {(a, a) : 0 < a < 
a < a < 1.0<a<a<a< +oc} and B2 = {(a, a) : 1 < a < a < o < 2,0 < a < 
a < o < +oc) respectively, then according to Cantor Theorem, they are uniformly 
continuous on these compacts. Therefore, fQ,o,N(T) for 0 < a < 1 and 1 < a < 2, as 
finite sums of uniformly continuous functions on Bi and B2 respectively, are also 
uniformly continuous on these compacts. Hence, for fixed r the relations (5.7) and 
(5.8) take place. , - .. y
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On Distance in Variation for Frequency Distributions Generated by Stable Laws

Two two-parametnc families of densities generated by Stable Laws are considered 
The stability by distance in vanation by both parameters for the introduced families is 
established With the help of these families their discrete analogs are constructed and the 
obtained result is proved for the analogs.

Я. Астола, Э. А Даниелян, А Г. Аракелян

О расстоянии по вариации для параметрических частотных распределений, 
порожденных устойчивыми плотностями

Рассмотрены два двухпараметрических семейства плотностей, порожденных 
устойчивыми законами Установлена устойчивость в смысле расстояния по вариации 
по обоим параметрам для введенных семейств. С помощью этих семейств построены 
их дискретные аналоги, для которых доказан тот же результат.
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Ջ. Աստւղա, է. U. Դ-անիելյան. Ա. Հ. Առաքե|յան

Կայուն խտություններով ծնված պարամետրական հաճախականափն բաշխումների
րստ վարիացիայի հեռավորության մասին

Դիտարկվել են կայուն խտություններով ծնված պարամետրական հաճախականային 

բաշխումների երկու ընտանիքներ Ապացուցվել է դրանց, ըստ երկու պարամետրերի, 

կայունությունը' ըստ վարիացիայի հեռավորության: Կառուցվել են ևաեւ այր րնտանիրների 

դիսկրետ անալոգները, որոնց համար ապացուցվել է նույն արդյունքը:
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