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The fracture problem of the materials and constructions constitutes of the contemporary topics of the
mechanics of deformable bodies. Although the fracture mechanism cannot be only referred to a
phenomenon of crack propagation, however the examination of the conditions under which the body
starts creating a crack or a system of cracks which later propagate in it, constitutes one of the main and
interesting sides of the fracture problem. This side of the problem is referred to the study of the stress-
strain state of the body in the region of the imperfections (defects) and the singular points.

The study of the problem of reinforced plates and shells becomes more complex when in the body
imperfections of the form holes, crack, notch, inclusion etc exist. In this case the determination of the
interaction of the two opposite factors, such as the reinforcement of the body and its weakening have a
great importance.

1. Let us have an infinite anisotropic (orthotropic) body S with a crack 1 which is loaded in infinite

with the stresses o%;, Gy, Oy On a certain region y of the plate, S where the crack 1 exists, an elastic

isotropic inclusion S, it is put which has as aim the reinforcement of the plate because the crack starts

propagating.
The boundary conditions of the above problem are as follows.
a) On the contact boundary y between the body S and the inclusion S; we have equal displacements, as

well as equal and opposite stresses i.e.

d
| = [uy () +ivi(®O] = — [ u(t) + iv(t)]
{ dt dt (1)
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l Gnl + 10,[1 = —(Gn + 1Gt) = f*(t).
b) On the two lips of the crack | the loadings are generally given:

T
The complex potentials ®((z,) and y(z,), on the basis of which the stress-strain state of the cracked
plate, which is loaded in the infinite and on which concentrated force X + 1Y on the point z, acts can be

studied, are given in the form [1-4]:
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where ¢(t, ), w(t, )-densities on the 1, (k = 1,2) and
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and (k= 1,2) are the roots of the equation:
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with E_, Ey, Vi Vy being elastic constants of the plate in directions x and y respectively, ny is the shear

modulus. Apart this, for the constants I, I we know that:
r-T-o WfT + BT +udl+ g3T = o
e EE T - = oo
F+T+T+ T = oy, 7
Now, we shall proceed to the determination of the complex potentials of the composite cracked plate
(SandS)).
For the finite elastic isotropic inclusion S, the complex potential is given in the form:
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The stresses and the displacements on the boundary y of the inclusion are given by the relationships

[1]:
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where k; = [3 = v)/(1 + v, puy = [(E)/2(1 + v))] and E|, v, being the elastic constants of the
indusion S,.

Taking into consideration the Plemelj formulae for the function ®(z) whenz > t, t € y [1,5]
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and solving Eq. (5) to obtain y(t), the expression of the other complex potential y(z) takes the
following form:
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Substituting, next, the limit values of ®(z), y(z) z - t € v, on the basis of Plemelj formulae, in Eq.
(6) we obtain the following singular integral equation
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where A(t) = 2p,[d/dt](u, (V) + iv (), G(D) = [(f ®)Y(A + k)] + [(M(D)/(1 + k)] - density of Cauchy
integral.

On the anisotropic (orthotropic) cracked plate where along vy the effect of the inclusion is transmitted,
it is created such a stress-strain field that can be described by the complex potentials @(z,) and y(z;)
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where ®(z)) = [1/2ni)] fa(ey)/ (t; = z)ldr;, w(zy) = (2] fy(y) / (r, = zp)ldr,, g(ty), ¥(t,)-
unknown densities along hl’ L, and ’Ck* =X+ Wy, withx +iy =z (ll2= 1,2).

Now, we shall describe the boundary conditions (1) and (2) by the aid of the boundary values of
complex potentials (10) and (11) on the basis of Plemelj formulae.
The stress components 6, ., G vy Txy and the displacements for any point of the anisotropic plate are
given by and of complex potentials by the following expressions [3]:



|f G = 2Rel 17 D(7)) + 1,2 (7,)]
4| Gy = 2Re[ D(z)) + yy(2))] (12)
| Ty =—2Re{ 1, Dy(7)) + 1ywp(2)}

and

( u(z) = 2Re[ pl(P()(Zl) + pz\lfo(zz)]

(13)
L v(z) = 2Re[ ql(P()(Zl) + qz\l’o(zz)]
where p; = [(u2)/(E)] - [(v)(E], ¢, = [U(E )] - [(v)/E ) (= 12).
By derivating Eq. (13) and taking into account the relationship
1 e210
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we obtain the following relationships on the boundaries considered:
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Solving for \|1+(t2) — y_(t,) after some algebra and taking into account the Plemelj formulae we obtain:
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2. By substraction of the Eq. (16) and taking into account the Plemelj formulae for the complex
potentials ®y(z;) and y((z,), when z — t € I, k =1, 2 after some algebra the following singular

integral equation results:
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which describes the conditions (2) and where q (t) =q (t) +q (1).
Finally, substituting in Eq. (15) the limit values of the complex potentials by the Plemelj formulae we
have the following singular integral equation on the y of the anisotropic plate.
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Egs. (9), (18) and (19) are completed with the single valuedness condition for the displacements on the
crack 1

d
J( ;t [(W—u)+i(vi—v)]dt=0 (20)
1

and the equilibrium condition of the stresses on y
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where Eq. (20), after substitution of the relationships for the displacements through the complex
functions on the basis of Eq. (15) and using Plemelj formulae, will take the following form
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Egs. (9), (18), (19), (21) and (22) give the possibility to describe the stress-strain state field of the
plane cracked orthotropic plate which is reinforced with an elastic isotropic inclusion.
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J.A. bapazokac

MeToabl Teopun PYHKIUH KOMIJIEKCHOTO0 MEPEMEHHOT0 ¥ CHHTYJISPHBIX
HHTErPAJIbHBIX YPABHEHHI B 32]a4aX YCHJIEHHBIX AHU30TPONHBIX IJIACTHH C
TPEeUUHOK

PaccMmarpuBaeTcst HamnpsyKEHHOE COCTOSHHE OPTOTPONHOM OECKOHEYHOM IJIacTUHBI C
yOPYTUM H30TPOIHBIM BKJIIOYEHHEM B (opMe NPOMU3BOJIBHOM IUIOCKOM 001acTH C TIJIaJKUM
KOHTYPOM, coJiepKaliell KpUBOJIMHEHHYI0 TpemuHy. [lnactiHa Ha OECKOHEYHOCTH IOJBEpKEHA
BO3/ICHCTBHIO PAaBHOMEPHO pACHpeIeICHHBIX HOPMAaJbHBIX W KacaTeNbHBIX CHJI, a Ha Oeperax
TPEIMHBI JEHCTBYIOT IPOU3BOJIBHBIE CHIIBL. [Ipy MOMOIIM KOMIUIEKCHBIX MOTEHIUAIOB MOTYYEHBI
ONpeAessAmas CUCTEMA CHHIYJSIPHBIX MHTErPalbHBIX YPaBHEHWMH IIOCTaBJICHHOM 3ajauy,
pa3penMocTb KOTOPOM MpH U3BECTHBIX YCIOBUSIX 0OecredeHa.



