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Within the frames of assumption of classical theory of thin plate bending, the problem of low-
stress level [1-3] is considered on the edge of contact surface of compound plate, made of non-
compressible, non-homogeneous matters, that are hardening according to a power low. These two
matters are fully connected along a cylindrical surface, that is perpendicular to the plate middle
plane. We assume that the plate is affected to bending by a transversal loading, and the vicinity of
the considered edge is free of external loading.

1. Inmitial Relations. Using cylindrical coordinate system, in the vicinity of the rib r = 0 of
wedge-shaped domains, 0<60 <a, —h/2<z<h/2, and —f<0<0, —h/2< z<h/2,
where h is a plate thickness, parameters are marked with indices i = 1,2 respectively. On the Fig.l
the z =0 plane is shown. It is assumed, that for each matter, between the stress and strain

intensities the following power-law relation exists
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Fig. 1
where k = k(r,0,z) is the given spatial coordinate function, that characterises the non-
homogeneity of mechanical properties of material and is defined with m out of experiments. It is
supposed, that there properties of non-homogeneity are symmetrical relatively to the plate middle



plane z = 0. It is also supposed that in the vicinity of r = 0 this function expands by its tailor series
expansion by powers of r:

k=k0+rk1+7‘2k2+

where k; = k;(0, z) are the coefficients of this series.
Neglecting o,, transversal shear stresses and corresponding shears, and using incom-
pressibility condition &, + &g + €, = 0, for moments we obtain
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where D = Do(0) + rD1(0) + r°D3(8) + ..., Dn(8) = [ ka(0, £)2™dz, n=0,1,2... .
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2. Representation of the solution. In each considered domain we look for the plate
deflection in the following form

w; =r**1£,(6,2) (2)

where f; and A are be-sought functions and parameter, respectively. In the vicinity of r = 0, using
(2), known strain expressions through curves, and also the curve expressions through deflections,
we find
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where the following assignments are made
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Putting Eq.(3) into the balance differential equations, expressed through moments and shear
forces Q,; and Qg;, we come to the following fourth order ordinary differential equation:

Di(fi +vf)Xi]" +n(Dif; Xi) + Di(0f; + ufi)Xi =0 (4)
where
26=A—-1m[A—-1m—-1],2u=A—-1mA? -1+ A+ 1)m]l,n=2A[1+ A - 1)m].

The tangential shear force, that of an interest is determineds out of the corresponding bilance
differential equation, that sets relation between Qg; and moments

Qp; = rA-Dm-1 {[U G +vf) X +A[1+(_)\__§_)fi};’)f}(}

Corresponding generalised shear force will be



= Qpy — Lt = p(A-Im {[D fi Y vf)X] +nD, fX} (5)

For freely supported edges of the plate we have My; = w; = 0 and the boundary condition
fi'=fi=0, when 6 =a;—f (6)
On the contact surface the continuity conditions of deflection, inclination angle of deflection,
bending moment and generalised shear force should be considered. On the surface 8 = 0 we obtain
the following conditions:

fi = fa, f{ = f;’n (f]n + Vfi)X1 = "r"(.f; o Vf‘.ﬂ)X'z‘ (7)
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'Vh(fi' +vmx1] +nD1f,1 X, = \D-z(f;' + sz)Xz] +nDafyXa, ¥ = Da(0)/D1(0)

The set of differential equations (4) with the boundary-contact conditions (6)-(7) is a three-
point eigenvalue problem, that for given values determines 4 in dependence of «, §,y, m, and the
character of non-homogeneity of materials.

Considering the inverse problem, giving values 4 = 1, < 1, we find the dependence between
the given parameters. In the coordinate plane af it represents curves of the same degree of moment
(stress) concentrations. In the case of linearly-elastic non-homogeneous materials, taking m = 1,
from Eq.(4) we come to the following linear differential equation with varying coefficients

E2024304+2) f; + | (A2 =1)2+ (A +1)( é )% f; =0

B D,
AL

1’
Iv =
i [ " D; D;

2(A\2+1)+

that for exponential laws of non-homogeneity brings to an equation of constant coefficients.

3. Defining the areas of low-stress level. Condition A = 1 defines hyper surface of finite
moments, that leaves tracks on the coordinate plane af3. This family of finite moment curves, that
separate domains of low-stress level from moment (stress) concentration domains in dependence of
non-homogeneity parameters. Taking in Eq.(4) 4 = 1 and integrating, we obtain
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Trough differentiation we find
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Using (8) and (5), when A4 = 1, we obtain Vy; = E;/r. Using contact condition for Vy;, we
obtain E; = E. In the case E # 0, making assignment f; = a/E /™;(0),
n =1/m, & = signE from Eq.(8), making changes and taking into consideration Eq.(10),
we come to the differential equation
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where y; = D] /D;. For the case of freely-supported edges we have
i =¢;=0, 6=0a-p (12)
and Y1 =y, Y1 =¢; @1 + 3w, =y@" +3P)w,, for 6 =0 (13)

Here y = D,(0)/D,(0), whereas w; is defined according to the expression of X; in (9),
changing there f; with ;. In the case of exponential laws of non-homogeneity y; = const. Taking
also pu; = p, = p and making numerical integration of the system (11), for boundary-contact
conditions (12)-(13), on the coordinate plane af the limiting curves of finite moments (stresses),
that separate the domains of low-stress state (below curves) from the domains of high moment
concentrations (above the curves).

On the given graphs the characters of changing the domains of low-stress level in dependence
of non-homogeneity of materials.

The analysis of there curves, in the particular case shows the following:

In the considered problem, if for the continuous homogeneous (y = 1, u; = u, = u) plate
with apex angle more than /2 we always have stress concentration, and for the apex angle less
than /2 — absence of concentration, then for continuous non-homogeneous plate, as it is shown
on Fig. 2, this regularity breaks. For the compound non-homogeneous plate, when increasing the
indicator of non-homogeneity (), the area of low-stress level enlarges, and vice versa.
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The obtained solutions are accompanied by concentration shear forces in the discussed
vicinity, However, as it is explained by authors [4-7], it is connected with inper- fecteness of the
plate bending theory, and does not play an important role while estimating the joint strength. It is of
great interest the investigation of these problems, taking into consideration transversal shear of
plates [8-10].
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Uthwdwubn-pununpju) uvwbph phippupjudwght yhdulp

Uuwybkph sndwt puuwlut wnbkumpjut hhdwt Jpu nunidbwuhpynd BEo gw-
Juwnwjhtt dhugnipjudp wunhdwuwjhtt optupny wdpwwunynny b wthwdwubn tyniph-
nhg Juquws pununpuy vwjbph ntnwuljunughtt dwljbpbinygph Eqpoud jupdwusuyghte
Jhwlp:

Cunnitynud £, np yniph wthwdwubnnipjut hwnnipniuubpp uhdbwnphly B uwgh
Uhohtt huppnipjut tjuwndwdp: Uwh thhnthnjowlwb Ynpunnipniip Jipusynid £ wuwnh-
wiwjhtt pwpph’ punn swnwynujhtt Ynnpphtwwnh, nph htwnbwiupny dndbunubph b
Ynpnipnitubph uwbph dbke hwinbku &t quihu plbnwjhtt Ynnpphttwnhg jupudws
Ynonnipjutt niughwi: Mughpp pipynud £ thnthnjowjutn gnpéwjhgubpny 2 snppnpy
Jupgh ny gébuyhti nhdtpkughw) hwjuwuwpnmidubph hwdwlupgh® hwdwywwnwupwh
Eqpuyhu-Yntnnuljrnuyhtt yuydwbubkpny:

Sduyht-wnwdquljut yniptph hwdwp wyy hwdwlwpgp pipynud E thnthnpuwlju
gnpdwjhgubpny géuyhtt hwjwuwpnidubph hwdwljupgh: Twutwynpuybu withwdw-
ubin Wnipkph Epuwynukughw) opkuph nhypnid wyn hwdwlwpgp pEpynud £ hwunwwnniu
gnpdwljhgubpny nhbptughw] hwjwuwpnidubph hwdwlwupgh: Qrunidbwuppynd k
wquun httdws Lqpuyhtt wuwydwutbph nbwypp, npp hwdwp Gphpwswhwluu b $hqgh-
Jujut wuwpwdbnpbph nupwsmipui dbky jupmgdus tu phpjupjudnipjutt gninh-
ubpp, npnup whowwnnid ki jupnudukph Ynughinnpughnt gninhutinhg:
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MaJ’IOHal’Ipﬂ)KeHHOQ COCTOSIHUE HECOAHOPOAHO-COCTABHBIX IVIUT

Ha ocHoBe ki1accuueckoil Teopun n3ruda COeAMHEHHBIX BCTHIK PA3HOPOAHBIX IUTUT U3 yIPOY-
HAIOIIKAXCA N0 CTENEHHOMY 3aKOHY HEOJHOPOJHBIX MAaTEPHAIIOB MCCIEAYETCS HAIpPSHKEHHOE COC-
TOSIHUE Ha Kpae KOHTAaKTHON ITOBEPXHOCTH.

IIprHMMaeTCs, 4TO HEOMHOPOIHBIE CBOMCTBA MaTeprana, CHMMETPUYHBI OTHOCUTENBHO cepe-
JVHHON IUIOCKOCTH IUIMTHI. IlepemMeHHas KECTKOCTh IUIMTHI pa3jaraercs B CTENEHHOW psAn IO
pazuanbHON KOOpIUWHATE, B KOHEYHOM CUETE€ B COOTHOIICHHSX MOMEHTOB W KPHBH3H (QUTYpUPYET

TIEPEMEHHAs 110 MOJISIPHOW KOOpAWHATE (PYHKIIHS )KECTKOCTH. 3a/1ada CBOJUTCS K CUCTEME U3 JIBYX



OOBIKHOBEHHBIX HETHMHEHHBIX C MepeMeHHbIMH K03 duimentamu audpepeHnnanbHbIX ypaBHEHHN
YeThIpEX MOPSIIKOB C COOTBETCTBYIOIIMMH IT'PAaHHYHO-KOHTAKTHBIMH yCIIOBHSMHU.

Jnis TMHEHHO-yIpyTHX MAaTepuaioB 3Ta CHUCTEMa CBOIHWTCSA K JHMHEHHBIM YPaBHEHUSM C
NepeMEeHHBIMU KOd(pHUIreHTaMu. B cirydae SKCHOHEHIMATBHOTO 3aKOHAa HEOJHOPOIHOCTH TOIY-
gaercsi cuctema ¢ auhepeHInaTbHBIMI yPAaBHEHUSAMHI C TIOCTOSHHBIME Kod(duuumentamu. Pac-
CMaTPHUBAIOTCS CBOOOTHO-OIEPTHIE TPAHUYHBIE YCIOBUS, IUII KOTOPBIX B NPOCTPAHCTBE T'€OMET-
pUYECKUX U (PU3NIECKUX ITapaMEeTPOB TOCTPOCHBI 30HBI MAIOHANIPSDKEHHOCTH, OTACTISIONINE OT 30H

CHJIBHOM KOHOCHTpPAaluu HaHpH)KeHI/Iﬁ .
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