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OO0 ycHJIEHHBIX MHOTOCJIOHHBIX HUJIHHAPHYECKHX 000/109KaX H3 KOMIO3UTHBIX MaTEePHAJIOB

KuroueBblie ci10Ba: LUIMHIPHYECKas 000JI04Ka, yCTOHYMBOCTD, YCHIICHHAs aHU30TPOITHAsE 000JI04Ka

BriBenieHsl ypaBHEHHsI Ul aHauM3a KOJIEOAHWH/NOTEPH YCTONYMBOCTU IHIMHIAPHYECKOH KOMIIO3UTHOH
000JI0YKH, COCTOSILEH M3 HECKOJbKMX OPTOTPOIHBIX CJIOEB M YCHJICHHOW OKCLEHTPUYECKHMMHU pedpamu
JKECTKOCTH, MOJ JIEHCTBHEM OCEBOTO CXKaTHs, OOKOBOTO IaBJICHHS W/WIM MX KOMOHMHAIlMM, Ha OCHOBE TEOPUH
Cangepca-Koiitepa. Harpysku, BbI3BIBaIONIHE IOTEPIO YCTOWYMBOCTH, IOJIyYeHBI C HCIIOIBG30BAaHHEM TEOPHI
obonouek Cannepca-Koiitepa, JIsBa u [donnemna. [{ns jpanpHEHIero npejacTaBieHUs] TEOPUH 000JIOYEK s
oIpeJie]IeHHs] Harpy3KH, BBI3BIBAIOMIEH ITOTEPI0 YCTOWYMBOCTH, PACCMOTPEH CIICIYIOIMII CiTydail: IepeKpecTHO-
cioncrasi KOHCTpyKuusi 13 N, HEYeTHO (CHMMETPHUYHO) CIIOMCTBIX, OPTOTPOIHBIX CJIOEB. B HEKOTOpBIX cirydasx
BBIBE/ICHA aHaJIMTH4eckas (opMyna [JIs Harpy3KH, BBI3BIBAIOIICH IIOTEPIO YCTOHYMBOCTH YIPOYHEHHOMH
HM30TPOIHON IMIMHAPHISCKONH OOOJIOUKY, KOIJa OTHOIICHHE OCHOBHBIX JXKecTKocTedl ciosi paBHo 1. I3-3a
BapHaIUil FeOMETPHYECKHX U (PU3HYECKUX ITapaMeTPOB B TEOPHH, IIPEICTABICHIE 3HAYMMBIX OOIIIX Pe3yIbTaToB
3aTpyJHEHO.

Tpu ynomsiHyTbIC BBINIE TEOPHUM CPABHHBAIOTCS UL HArPy30K, BBI3HIBAIOIIMX IOTEPIO YCTOHYMBOCTH, B
3aBHCHMOCTH OT PacCTOSHHS MEXIy peOpaMm »KeCTKOCTH (KOJBLEBBIMH peOpamu sxecTkocTH). [lokazano, uto
YINOMSIHYThIE TEOPHUM JAlOT pa3HbIe 3HAYCHHs HArpy30K, BBI3BIBAIOIIHX IIOTEPI0 yCTOWYMBOCTH. B HEKOTOPBIX
CIIy4asiX pacxXo)kKIeHue MoxkeT mocTurath ~25%. IlpuBonstcs Apyrue KOHKpETHbIE YHCICHHBIC NPUMEPHI UL
WDTIOCTPAUK IPUMEHEHHs NPEUIOKEHHOIl TEOPHH U BBIBEJCHHBIX AHAINTHYECKHX (OPMYJN Ul Harpys3ok,
BBI3BIBAIOIIMX TOTEPI0 yCTOHUMBOCTH. Kpome TOro, moiy4eHHbIe 37€Ch pPe3yJIbTaThl CPAaBHHMBAIOTCA C
QHAJIOTHYHBIMH, paHee OIyOINKOBAaHHBIMHU, paboTaMu.
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Equations are derived for vibration/buckling analyses of a circular cylindrical shell with
multiple orthotropic layers and eccentric stiffeners acting under axial compression, lateral
pressure, and/or combinations based on Sanders-Koiter theory. Buckling loads are obtained
using Sanders-Koiter, Love, and Donnell shell theories. To further demonstrate the shell
theories for buckling load, the following case has been discussed: Cross-Ply with N odd
(symmetric) laminated orthotropic layers. For certain cases the analytical buckling loads
formula is derived for the stiffened isotropic cylindrical shell, when the ratio of the

principal lamina stiffness is F =E, / E, =1. Due to the variations in geometrical and

physical parameters in theory, meaningful general results are complicated to present.

The three theories mentioned above are compared for buckling loads versus stiffeners (ring
stiffened) spacing. It is shown that mentioned theories give different values for buckling
loads. In some cases, disagreements can approach ~25%.

Accordingly, other specific numerical examples are given to illustrate application of the
proposed theory and derived analytical formulas for the buckling loads. Also, the results
derived herein are then compared to similar published work.

Keywords: Cylindrical shell, Stability, Reinforced anisotropic shell.

Nomenclature

U, = EE:(fh (1— v12v21) - dimensionless stiffener rigidity

u, = %(1— v12v21) - dimensionless ring rigidity

N, = ssdAsh (1— v12v21)$ - dimensionless torsional rigidity of stiffener
S

n, = si:jAh (l— v12v21)$ - dimensionless torsional rigidity of rings
.

E, . o
F = —= - ratio of principal lamina stiffness
1

1 8M(M-1)
= +
M+1 N*(M +1)°

M Zk:oddh

= —hk - called the cross-ply ratio
Zk=even k
G < Ge(l=viva)
E

- denoted expression

- non-dimensional shear modulus

134



| . . N .
=—3— _dimensionless moment of inertia for stiffeners

I AL
I . , I .
I, = Z dimensionless moment of inertia for rings

d, - stiffener spacing

d, - ring spacing

€, - distance from stiffener centroid to shell reference surface, positive when stiffener is on

outside
€, - distance from rings centroid to shell reference surface, positive when rings are on

outside;
h, - thickness of k -th layer

E, and E, - Young’s modulus of two perpendicular directions

V,, and V,, - Poisson’s ratios

INTRODUCTION

It is well known that composite materials offer the potential for lighter weight and more
efficient structures for various engineering applications. For instance, aerospace structures
such as wings or fuselages are predominantly assemblies of shell structures. Pressure
vessels are another common application where shell theory is applied in the design and
subsequent fabrication of components. The analysis of composite shell structures has been
of considerable interest to researchers due to the increasing use of composites in the design
and construction of components in industry. The rise in use of composites in engineering
applications can be directly attributed to the fact that composite designs produce lighter
components than typical construction materials, with equal or greater strength and
durability.

Shell theories developed for thin elastic shells are usually based on the Kirchhoff-Love
hypothesis. Since ring stiffened composites have a low transverse shear modulus compared
to isotropic materials, the Kirchhoff-Love hypothesis of non-deformable normal’s is not
strictly applicable for laminated, ring stiffened shell structures.

Leissa [16] provides an account and comparison of thirteen shell theories with proper
assessment of both strain displacement relations and stress resultants.

In this paper, the theory accounting for rotation of shell elements around the mid-
surface normal (Sanders-Kaoiter theory) is developed. In classic theories mentioned rotation
is omitted for various reasons. If shells are stiffened local deformations can be created due
to stiffeners. To capture local deformations (sometimes local buckling’s due to stiffeners)
without accountants of mid-surface normal can create significant disagreement between
theoretical and realistic results.

The equations of motion and different aspects of stability and vibration of shells/plates
have been discussed by many authors [1-34]. Recent bibliographies and review papers have
also appeared in [14, 22, 32]. These theories involve the thinness assumption while still
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retaining the first order, shear-deformation approximation through the shell thickness.
Donnell’s theory neglects the contribution of the transverse shearing force intensity to the
equilibrium of forces in the circumferential direction, while the Sanders-Koiter and Love
shell theories include it. For this reason, the Donnell’s shell theory is often referred to as
Donnell quasi-shallow shell equations. Love and Donnell shell theories do not include the
contribution of transverse and axial displacement in the twist terms. In view of these
differences, it is important to establish the accuracy of these shell theories for composite
circular cylindrical shell or panels, where the material could be anisotropic.

Stability studies of curved cylindrical shells with isotropic geometry under pressure,
shear, and axial compression have been reported by many authors (see Leissa [16], Rafel
[24], Rafel & Sandlin [25]). Further literature reveled that Gerard and Becker [9], as well as
Jones [12-13], developed an exact solution for the buckling of a circular cylindrical shell
with multiple orthotropic layers and eccentric stiffeners under axial compression. This
theory enables the study of coupling between bending and extensional forces due to the
presence of different layers in the shell and the presence of eccentric stiffeners. Critical
design incentives were presented by James and Whitley [23] on the buckling strength of
longitudinally stiffened curved plates. The buckling coefficient of stiffened curved plates
was determined in terms of buckling coefficient of flat plate with the same edge restraint as

4
1 12( d2y1—v?
k=k, + =5 =——"1|,
k, m Rh

where kw is a buckling coefficient of flat plate; dS is a stiffener spacing.

Governing equations or the statics and dynamics of reinforced composite shells are
developed based on Vlasov's semi-membrane shell theory by Birman [4-5]. These
equations have closed-form solutions illustrated for buckling and free vibration problems.
The buckling solution converges to the known result for unstiffened isotropic shells.

Semites [30] discussed the general instability of eccentrically stiffened thin cylindrical
panels under the action of three types of applied loads. The three loads are uniform axial
compression, uniform hoop compression or lateral pressure, and uniform shear. The
analysis is based on a small deflection theory for orthotropic shells which includes effects
of stiffener eccentricity; stiffener spacing is assumed to be sufficiently small (smeared
technique), the stiffener geometry is taken to be uniform, and the skin-stiffener connection
is assumed to be monolithic. Effects of stiffener eccentricity, panel aspect ratio, and the
curvature parameter is shown in graphical form.

The theoretical buckling strength of long curved plates in compression was investigated
by Baruch and Singer [1]. The plates considered were supported against lateral deflection
along their unloaded edges and were elastically restrained against rotation along those
edges; hence, the plates considered may be reasonably representative of plates found in
actual structures. They suggested an equation for stiffened curved plates from computing
the buckling strength of a corresponding stiffened flat plate using a method such as the
method of moment distribution.

Design information is presented on the buckling strength of longitudinally stiffened
curved plates (see Jaunky et al [11]). Design charts for determining the buckling strength of
flat plates stiffened longitudinally along the Z-section stringers were given for the plate
support and similarly stiffener to the curved plate.
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McElIman et al [18-19] extended the work to include the effect of stiffeners on vibration
and flutter. Correlation between theory and experiment was reported for static buckling
loads by Card and Jones [6].

Yi-Wei et al [34] presented axial buckling loads for a circular cylindrical shell with a
laminate, using a special stacking sequence. This showed that differences exist in buckling
loads between results obtained using Sanders’ equations and Donnell’s equations, for some
values of the fiber winding angle. These buckling loads were not compared to results from
an analysis which is independent of any shell theory.

A linear analysis method is presented for the elastic stability of structures with uniform
cross section that may be idealized as an assembly of laminated plate-strips, flat and
curved, and beams (see Viswanathan and Tamakun [33]). Each plate-strip and beam cover
the entire length of the structure and is simply supported on the edges normal to the
longitudinal axis. Arbitrary boundary conditions may be specified on any external
longitudinal side of plate-strips. The structure or selected plate-strips may be loaded in any
desired combination of in-plane biaxial loads. The analysis simultaneously considers all
modes of instability and is applicable for the buckling of laminated composite structures.
Some numerical results are presented to indicate possible applications.

The primary objective of the present paper is to assess the accuracy of Sanders-Koiter,
Love, and Donnell shell theories for buckling analysis using an analytical approach. These
shell theories are commonly used due to their simplicity. Buckling loads for laminated and
isotropic circular cylindrical curved panels are obtained for different geometrical
parameters.

GENERAL DIFFERENTIAL EQUATIONS OF STABILITY OF STIFFENED
CYLINDRICAL SHELLS: SANDERS-KOITER APPROACH

In this paragraph, the stability equations of cylindrical shells based on Sanders-Koiter
theory is introduced. Using standard procedures, kinematics expressions shown in previous
paragraph and equilibrium equations for multilayer composites, the Sanders-Koiter type
stability differential equations for circular cylindrical shells can be derived at the following
form

ol
L (U ey

where Lij (*) are operators introduced below

La(*)=A 2z 62 A8 %2 A, -8, 1D, O
R aL-

=G, (U J ) )

OXoy oy?
o° c, o°
L, ( ) (Aiﬁ 2R 16)8 2 {Alz"'/'\sﬁ (B12+Bee) 4R2 Dee}a X0y
c, c, |0
(Aze 26 2R Dee ﬁj 8y2 (2b)
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L,, ( ) (Aas = Bes + 4R2 Dsejaxz [ZAZG b} By + Rz Dzs}axay
62
(A22+2822 F\f +D,, R? j@y (2d)
1 0 0
*) = +3B —.
I—za( ) R(Aza ZGZRJGX R[Azz R]@y
3c 0° c, 0
_(BlG 2F§ Dlsj@xa _£3Bze 7D26 j@x@y
c o c o
_|:B]_2+2866 +EZ(D12 +3D66):IW—(BZG +EZD26)$ (26)
o’ o 0! o’ o’
Ly, (*) =Dy = +4DlsTay+4DzeayTa+ DZZWJF 2(D, + 2D66)ax oy
2820 5Bn O 4 Bx & A, (2f)
R Ox? R 8y 6X8y R?
L13 = L317 L23 = L32 (29)

Force operators G (-) have the following form

Gﬂ(.):_ﬁi{(NgﬁN%)@} G12(°)=%%{(NSX+N;’V)5(')]

4 oy oy OX
Gy (+) = °1: ;{(N°+N )8;;)]
o)~ g )50 2 (o) 20|
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x|l *ox Yoy ) oy ox Y oy

N;’y and ny are introduced initial stresses acting along corresponding

(333(.):ﬁ£|\|° o) EJ+Q[N% o), g 8(°)J (3a-0)

0

where N,

directions.

Elements of matrixes A, B, and D are:

shell — pshell d,

A11 A12 A16 1 2
A12 Azz Aze = Szhe” Sgell 0|+ O 0
Ao As A O 0 Al S

D11 D12 D16 Dlslhe" Dlsge" 0
shell shell

D12 D22 D26 = D12 D22 0

D26 Des 0 0 D§2e"

(12 +€2A) 0 0
+ 0 5—:(If+efA) 0
0 0 G(;JS +GéJr

In above equations C, and C, coefficients introduced to implement different shell
theories or strain-displacement relations (see also [11]).

Accordingly, when
e C, =C, =1 the first approximation of Sander’s- Koiter shell theory,
e C =1, =0 Love’s shell theory,
e C, =C, =0 Donnell’s Shell theory.
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STABILITY OF ORTHOTROPIC CYLINDRICAL SHELL UNDER COMPRESIVE
FORCES

Tz

<V

Figure 1: Orthotropic stiffened cylindrical shell under axial compressive loads.

Geometrical representation is given in Figure 1.

Let’s N =—L1p, N =-L,p,and N =0, where L, and L, are some

constants. Next, we will assume Ay, = A = 0 and cylindrical shell is closed with simply
supported boundary conditions on both edges: X =0 and X=L.

Next the solutions of Equations (1) we will search in the following form
U, =0, cos X cos| 1Y U, =0,sin| — X sin| Y
L R L R
U, =0 sm(nm coS ny
L R

with unknown coefficients U, (i =1 2,3) . It is obvious that mentioned solutions satisfying

simply supported boundary conditions. Inserting solutions U, (X, y)(i =], 2,3) into Eq
(1) and averaging

2!)IEZ.(')I[(-)dxdy

the following algebraic equation can be obtained from (1) for the unknown coefficients

0 (i=1,2,3)

kT, = pg,u;,(i=12,3) (4)

2 2
m C C n
k;, = Au(nl_ j +(A\35 Bss F\f + Dgg 4R2](R] (5a)



m) A m) c nY
k= —(T) {Fz +B, (Tj + {Blz +2B, — Ez D%H(Ej (5b)

3c 9c ) C C n\
k22=(A56+—2866+—2D J(Tj +(A22+2822§2+ DZZR_ZZJ(EJ (5¢)

2 2
C m C n
+EZ(D12 +3D,, )}(T] + (BZZ + Ez DZZ](E) } (5d)
m * n ! m ? n ?
k33 - Dll (Tj + D22 (Ej + Z(Dl2 + 2D66)(T) (Ej +

2 2

2& ﬂ + 2& ﬂ + izz (59)
RUL R\R R

Ks =Ksp  Kiz =Ky, ki, =ky, (59

gn%(mm(g]z - ee= S n) 3T

922:&"‘%“—1‘”-2)(%) ’ gzs:CZFla—z (ﬂ)’

O3 =03 93=9a1y 02=051 = 0 (6a-g)

Critical load P then can be determined from algebraic equations (4) assuming existence of
nontrivial solutions

C3f)3+C2f)2—le)+C0:0 @)
where

Co = k33 (knkzz - klelZ) + kzs (k12k23 - k22k13) +k13 (k12 k23 - kzz k13)

Cl =0y (k33k22 - k23k23) +0,, (k11k33 - k13k13)

+033 (kukzz - kizklz) + 2912 (k13k23 - k12k33) +2923 (k12k13 - k11k23)
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C,= kn(gssgzz - 923923) +ky, (911933)

+K3 (911920 — 912912 ) + 2012 (K102 — K12955) —201 (5Ks5)

C; = 01102392 — 933 (911922 - 912912) (8a-d)
Notice that the value’s of C; and C, are only O or 1 respectively. In general (when

¢, =1c, =1) the critical value for buckling load P is determined from 3™ order

algebraic equation (7). There are some particular cases when buckling load P is obtained

from second order (when C3:0) algebraic equation. In this case buckling load

p=min{p, P} (f p,>0,p, >0), and p= P, (if p,>0,p, <0),

where i, = (c:1 + JcZ—4cC, ) /2C,

When C, =C, =0 buckling load P is determined as p = C, / C,. Expression for C,
can be simplified

C, =—4cc,L, (L +L,)[-4(c, 1)L, +7°L, | (9)
From (9) it can be seen that C; = 0 in the following cases:

1) ¢, =0,c, =0 (Donnell’s theory; in this case from (8c-d) it follows that not only
C, =0 butalso C, =0 and algebraic equation (7) is first order);

2) ¢, =0,c,=1;

3) ¢, =1,¢, =0 (Love’s theory);

4) L, =0 (Axial compression);

5 L =-L,;

6) L, =0.

PARTICULAR CASES

R. Jones Results

From formulae (7) Jones [12] results can be derived: stability criterion for stiffened
orthotropic circular cylindrical shells. For that reason, we need to assume that ¢, =C, =0,

then C, =C, = 0. From (7) P can be obtained in the following way

. C 1 k.k,—k Kk KKy — k5K
p:—oz—k + k. 13712 11 23+k1 12123 322}
C1 O33 ” “ k11k22 - k12k12 ’ k11k22 - k12k12
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Results From Leissa [16]; Mikulas & McElman [20]

From formulae (7) Leissa [16] and Mikulas & McEIman [20] results can be derived.
Assuming a cylindrical shell is isotropic with Young’s modulus E and Poisson’s ratio v |

from (7) P can be obtained in the following way

212
b= p(rg;‘z ](SZLZ +L)=m(L+82)?

ol Bsls , g2[ Geds , Gide |, 54 ElL,

Dd, Dd, Dd, Dd,

12L(1-v*)[ 1+ SA, + RA, + SRA,,
h’R® A

+

(10)

where,

A, =1+2)7 (e, / R)(8° —v)+1r* (e, / R)* (1+ &%)

A, =1+2n° (g I R)(1-8%v)+n'(e, / R)*(1+5%)°

A, =>&n2[52 (1-v?)+2(1+v) (e, / R)2}+

+n*[1-v* +28° (1+v)(e, / R)* |+ 2n* (1-v*)(e, / R)’ +
+2n*(1-v?)(e, / R)* + 2n*(1+v)* (e, / R)(e, / R) +1- VA =
=(1+8%)%+28°(1+ v)(§+ S_)+(l—v2)[8_+84§+ 28°SR(1+ V):I

L TR < EA o EA
L Ehd, Ehd

n nL Eh®

r

A mmR’ 12(1-v?)
Formulae (10) is consistent to Leissa’s [16] notations.
NUMERICAL RESULTS AND DISCUSSION

Ring-Stiffened Circular Cylindrical Shell With Two Isotropic Layers Under Axial
Compression

A specific numerical example is given to illustrate application of the theory. The results are
compared to similar problems previously studied (see Jones [12]).
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For example, the stability of a ring-stiffened circular cylindrical shell with two isotropic
layers under axial compression is considered. The properties of the layers are

E, = 44x10°psi, v, =0, t, =0.04in and
E, =2x10° psi,v, = 0.4,t, =0.3in
where t; and t, are the thickness of first and second layers. The rings are of rectangular

cross section with a height of 0.25in and a thickness of 0.06in. The rings are on the
inner surface of layer one, and have the same material properties as layer one. The shell has
a length of L =12in and a radius of R =6in to the middle surface of layer one (which,
in this case, is also the reference surface).

For comparison purposes the behavior of non-dimensional axial load fo / Elh,

(h= t, +1, is a total thickness of the shell) with respect of dimensionless ring spacing is

shown in Figure 2 using Donnell’s, Sanders and Love’s theories (Red line illustrates
Donnell’s, blue line-Sander’s, and gray line-Love’s theories, respectively.

0.07

61:0162 =1

e
o
&

e
o
a

o
o
B

61:1,62 =1

o
[=]
W
X

Buckling load N;?x/Elh

o
o
N

e
o
furd

0 1 2 3 4 5 6 7
Ring Spacing d,./R

Figure 2: Buckling load of a ring-stiffened, two-layered circular cylindrical shell versus
ring spacing. Red line-Donnell’s theory; Blue line-Sander’s theory; Gray line-Love’s
theory.

Each of these theories show a limiting level of bucking load with increasing ring
spacing. The Sunder’s theory lies between Donnell’s and Love’s theories. In some cases,
the difference between presented theories can approach as much as 5~30% (More
investigation is needed for buckling load, versus modulus of elasticity of the ring, and ring
spacing). Notice that red line is consistent to Jones [12] result calculated with a formula
(25) in the mentioned work.
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Isotropic Ring-Stiffened Circular Cylindrical Shell Under Axial Compression

The material properties of the shell are
E = 44 x10° psi v, =0 h=t, =0.34in
The rings are on the inner surface of the shell. The shell has a length of L =12in and

a radius of R = 6in to the middle surface of shell (which, in this case, is also the reference
surface). Notice that red line is consistent to McElman’s [19] result, calculated with a
formula (33) in the mentioned work.

From Figure 3 it can be seen that for large values of ring spacing using Donnell’s theory
(red line, ¢, =C, =0) and Love’s theory (gray line, C, =0,C, =1), it provides a close

value for critical buckling load. In some cases the difference between Donnell’s, Sander’s
and Love’s theories is ~15%. which should be taken into account for determination of
bucking load .

Based on Equations (3)—(8) some particular cases are considered the next.
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Figure 3: Buckling load of a ring-stiffened, isotropic circular cylindrical shell versus ring
spacing. Red line-Donnell’s theory; Blue line-Sander’s theory; Gray line-Love’s theory.
Cross -Ply with N odd (symmetric) Laminated Layers

A cross-ply laminate has N unidirectional reinforced layers with principal material

directions oriented in an alternating manner at 0° and 90° to the laminate coordinate axes.
The fiber direction of odd-numbered layers is the X direction of the laminate. The fiber
direction of even-numbered layers is then the Y direction of the laminate. Two geometrical
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parameters are important: N , the total number of layers, and M , the ratio of the total

thickness of odd-numbered layers to the total thickness of even-numbered layers (called the
cross-ply ratio). Thus,

M = Z:k=oddhk / Z:k=evenhk '

and the ratio of principal lamina stiffness
F=E,/E.

Following notations are given bellow:
_M+F ~ 1+ MF

Av=To T A =T Ay = vioF A = A (1= vipvy ) B
. M(F-1 < M(F-1
11— ( )2h+“ses’ BZZ:_(—)Zh_'_urer’

N1+ M) N(@+M)

é|j =By (1-vy,v,)/ Eh,

2
QJ:IE[R(F—4)+1]+p@§+uJJﬂ
~ h2
Dﬂzﬁ{mF—n+ﬂ+M¢+Mg&

- h2 - h2

D12:EV12F' Dee:EG+(nr+ns)|—2
~ h? < h? )
DlZZEvle’ DeaZEGJr(”ﬂHr‘ﬂs)'—

D, =D, (1—v12v21)/ Eh
The expressions for kij can be simplified as

= S Viva) g
Eh

- , (LY 1LY 1(hY LY
Ky, =(m) [T/Itj +MSJ+” [Ej G+CZZ(EJ {E(Ej G+(Ej (ﬂdW)}

- L 3.1(hY LY
Ky, = _(nmn)ﬁ{vle +G-¢, Z[E(Ej G+ (Ej (ns +T]r)]
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Numerical example is given to illustrate application of the theory for cross-ply
laminated shells. For this example, the stability of a ring-stiffened circular cylindrical shell
with two layers under axial compression is considered (we assume that

F=2,M =1v,, =0.25). Parameters of stiffeners and rings are: p, =mn, =n, =0,
e, =0.0L,e, =0. The rings are of rectangular cross section with a height of 0.25in and

a thickness of 0.06 in. The shell has a length of L =12in and a radius of R =6in to
the middle surface of layer one (which, in this case, is also the reference surface).
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Figure 4: Buckling load of a ring-stiffened, cross-ply circular cylindrical shell versus ring
rigidity. Red line-Donnell’s theory; Blue line-Sander’s theory.

Figure 4 provides the value of buckling load of a ring-stiffened, cross-ply circular
cylindrical shell versus ring rigidity. Red line represents Donnell’s theory, blue line-
Sander’s theory, and gray line-Love’s theory for small values of rigidity of rings. From this
numerical calculation it can be seen that buckling load is essentially different for different
theories: Donnell’s, Sander’s and Love’s, respectively. It is visible that Love’s theory
cannot provide values for critical buckling load for large values of rigidity of the rings.

SOME APPLICATIONS IN INDUSTRY

Composite vessel designs with unique features and attachments generally require
reinforcement to increase the load carrying capacity for nozzle stresses and torsional loads;
orthogonal stiffeners, thicker cross sections, and reinforcement layers are common to
increase the load capacity. Analytical tools that allow each layer to have different elastic
and material properties will be required to allow the composite designer to optimize using
functionally graded material sets. Analysis approaches like those demonstrated will allow
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future designers to match material properties to the design need. These techniques can also
be used to analyze repairs and alterations to FRP (fiber reinforced plastic) vessels.

Stiffened cylindrical shells (vessels) have broad applications. For example, Space
Shuttle external tank (stiffened cylindrical vessel) was designed for liquid hydrogen fuel
and liquid oxygen oxidizer. Other applications of stiffened cylindrical vessels are in nuclear
industry, for storing different types of nuclear and chemical components.

More complex designs and configurations with integral nozzles and stiffened cylindrical
vessels require more sophisticated analysis tools and a design-by-stress type of analysis.

Note that stiffened cylindrical shells have tendency of local deformations (global and
local buckling). Existing classical theories do not allow them to capture all mentioned
deformations (especially the local deformations). Modified Sander’s theory is a tool that
can be used to design more complex vessels and get more accurate behavior of shells
(stresses, strains, displacements) locally and globally.

CONCLUSION

The current study presents theoretical formulations of stability analysis for stiffened
cylindrical shells. Theory is developed based on Sanders-Koiter assumptions. An example
of buckling of stiffened cylindrical shell under axial compression loads demonstrated
disagreements between various theories (Donnel, Love-Kirckhoff) compared with Sanders-
Koiter assumptions. Buckling critical loads derived and demonstrated Buckling load
variation versus rings spacing. Numerical examples are given to illustrate application of the
proposed theory and analytically derived formulas comprised of buckling loads.

The results will be practical to investigate the behavior of the composite structures
under different types of external factors (i.e. mechanical forces, thermal loads, earthquake
etc). Thus, the results will predict a design life more accurately for composite vessels which
is significantly greater than similar vessels constructed using current industry standards.
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APPENDIX

KINEMATIC RELATIONS FROM SANDERS FORMULATION
The tangential and normal displacement fields of a material point (X, Y, C) of a cylindrical
shell are expressed in orthogonal principal-curvature coordinates as

u1(x’ Y, Z) :Ul(xl y)"‘ C((P1 _(Pn(Pz)

UZ(X, Y, Z) :Uz(X7 Y)"‘C((Pz + Q.0

Uy (X,Y,2) =U,(x, y)—%@(@f +93)

Where X is an axial coordinate, Yy is a circumferential arc length coordinate, { is an
outward radial coordinate with its origin at the middle-surface; The middle surface has
radius R and length L; Ui(x, y), (i :].,2,3) are middle-surface displacements

(Ul(x, y) is an axial displacement, UZ(X,y) is a circumferential displacement and
U3 (X, y) is a radial displacement).

The linear rotation vectors components that correspond to the rotations of differential
elements coincides to the middle-surface normal at the point (X, y) and expressed as

__8U3.
1 ox
U ouU
—c, —2_"Zs.
0, 2R oy
1 [ou, au,
0 =G| -t
2 ox oy
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The nonlinear membrane strains components of the cylindrical middle-surface are given
in Sanders original paper [29] and expressed as

_0Yy 1lr o . 27
&n —g"‘z[%"'cﬂpn]'
0 _oU, U

1
- 3 2 2
€2 —W+F+E[(Pz +C1(Pn]

8(0)=£ 8U2+8U1
¥o2 ax oy

Bending strains of the middle Surface of cylindrical Shell, associated with changes in
surface curvature and torsion caused by deformations are given by

0 0 0 c
) =0y =02 1) O e B,
OX oy oy ox R
In equations two parameters C,, and C, are introduced to trace the contributions of

+C,9,0, }

various terms to the equations governing nonlinear and buckling phenomena. These two
parameters C,, and C, are equal to unity or zero.
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