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The spatial mixed dynamic problem for anisotropic plates is solved. It is assumed, that the plate has a plane of
elastic symmetry, the facial surface is imparted normal displacements that change harmonically over time, and the
shear stresses there are equal to zero. The lower facial surface of the plate is rigidly fixed. For this class of problems,
the hypotheses of the classical and well-known refined theories of plates (Reissner E., Ambartsumyan S.,
Timoshenko’s type aren’t applicable. The asymptotic solution to the problem is obtained. It is shown that
longitudinal oscillations in the vertical direction are dominant, which also generate tangential oscillations, the
amplitudes of which, however, are an order of magnitude smaller than the longitudinal ones. The conditions for the
occurrence of resonance were established and the values of resonant frequencies were determined. If the
displacements subjected to the facial surface depend polynomially on the tangential coordinates, the solution
becomes mathematically exact. The illustrative example is given.

ArajossiH JI.A, Aranossn M.JI, 3akapsu T.B., ToBmacsin A.B.
K pelueHuIo npocTpaHCTBEHHBIX CMEIIAHHBIX IHHAMUYECKHX 32/1a4 AHU30TPONHBIX IVIACTHH.

KiiroueBblie ciioBa: AHU30TPOIHNA, JUHAMHUKA, 3D cMermanHbIe KpaeBbIC 3aaa4d, pE30HAaHC, aCUMIITOTUYCCKOC
peuecHne

Pentena mpocTpaHCTBeHHass CMeNIaHHAs JUHAMHYECKas 3ajaya s aHU30TPOMHBIX IuacTuH. CuuTaercs, 4TO
IJIACTHHA UMeeT IUIOCKOCTh YIPYTOi CHMMETPHH, THIEBOIl TOBEPXHOCTH COOOIICHB! HOPMAIIbHBIC NIEPEMEIICHUS
TapMOHUYECKH M3MEHSIOIINECS BO BPEMEHHU, a KacaTebHbIE HAINPSKEHMs TaM paBHbI HyIro. HukHss nunesas
MIOBEPXHOCTh IUIACTUHBI JKECTKO 3aKperuieHa. Jlms 3Toro kimacca 3a1ad TUMOTE3bl KIACCHYECKOH M H3BECTHBIX
yrouHeHHBIX Teopuil mnactuH (Peiicaep E., AmOapriymsn C., tuma TumomieHko) HenmpuMmeHHMBI. [lomyueHo
ACHMITOTHYECKOE pelreHue 3agadd. IlokaszaHO, YTO JOMHMHHPYIOIIMMH SIBISIOTCS HPOJOJNBHBEIC KOJeOaHHS B
BEPTUKATbHOM HAIpaBICHHU, KOTOPhIE IOPOXKIAIOT TaKkKe TaHTCHIUATIbHbIE KOJIeOaHMS, aMIUIHTYyAa KOTODBIX,
OIHAKO, Ha TOPSIOK MEHBIIE IIPOAONBHBIX. YCTAHOBICHBI yCIOBHS BO3HUKHOBEHHUS PE30HAHCA U OIpPENEeICHBI
3HAYCHUS PE30HAHCHBIX YacToT. Eciu coo0ImaeMble TUIIEBOI TOBEPXHOCTH IePEMEICHHS IIOTHHOMHAIBHO 3aBUCST
OT TaHI'€HIHANbHBIX KOOPIMHAT, PellIcHHe CTAHOBHTCS MaTeMaTH4ecku TOYHBIM. [IpHBeNEH HIIIIOCTPAIMOHHBII
TIpUMep.
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Uuhgqnupny vwiknh mwpwswluh jpwnp phtwdhjwwi punhpitph pddwb dwupt

pftwpuntp’ wihgnupnuympymy, nhtwdhiw, 3D Juwep bqpuyh jubghpibp, phqnuwi,
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Introduction

Most of crystals and modern composite materials are anisotropic, part of them have a
plane of elastic symmetry. For example, such are, crystals of the monoclinic system [1,2].
There are relatively few works on determining the stress-strain states of plates and shells,
having the plane of elastic symmetry, even according to the classical theory of plates and
shells. The classical theory of plates and shells, as well as the well-known refined theories of
Reissner [3,4], Ambartsumyan [5], Timoshenko’s type [6], consider only one class of
problems: it is assumed that on the facial surfaces of plates and shells the conditions of the
first boundary value problem of elasticity theory are given, i.e. the values of the
corresponding components of the stress tensor. These theories aren't applicable when on the
facial surfaces are specified the conditions of the second (displacements) or mixed boundary
value problems. For example, the conditions of the second boundary value problem can’t be
satisfied, since in classical theory it is assumed that the normal displacement (W) doesn’t
depend on the transverse coordinate (z). By classical and refined theories a variety of static
and dynamic problems for isotropic, orthotropic and layered plates and shells have been
solved. In recent decades, many important results in the field of theory of plates and shells
have been obtained on the base of the asymptotic theory of plates and shells [7-13]. The
asymptotic method turned out to be particularly effective for solving the second and mixed,
both static and dynamic, boundary value problems of plates and shells. The fundamentally
new asymptotics, compared to the classical one, was established, asymptotics, which made
it possible to effectively solve these problems [14-20]. In this paper forced vibrations of
plates, having the plane of elastic symmetry, when to the facial surface were subjected normal
displacements that changed harmonically over time, and the lower facial surface was rigidly
fixed were studied.

1.The statement of the problem: basic equations and relationships.
It is required to find in the area D={(X,y,Z)ZOSXSa, 0<y<b,-h<z<h,

2h<<1, 1= min(a, b)} , which is occupied by a plate (Fig. 1) solutions to the equations

of motion of the three-dimensional problem of elasticity theory:
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Fig.1. The structure of plate

and the relations of an anisotropic body, which have a plane of elastic symmetry [1,2]:
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5 + 5 = a446yz + 8,50y,

ou ow

E + & =0, + 38550,

ou ov

@ + & =0, T aZGny +8;0, + aGGny
at the following boundary conditions at Z = h

+ . X

W (xy.ht) =W (Em)exp(ix), =7, n= Ty

o.(%y.ht)=0, o,(xyht)=0, 3)
andat Z=—h

u(xy,~h,t)=0, v(x,y,~h,t)=0, w(x,y,~h,t)=0 (4)

where () — the frequency of forced action.
The conditions on the lateral surfaces of the plate we will not specify for now; by them is

caused the appearance of boundary layer [13].

2.The asymptotic solution of the problem.

The solution of the formulated problem will be sought in the form
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o, (X Y, 2,t) =0, (En.C)exp(iQt), a.p=xy,z, i,j=123,

u(xy,zt)=u (&nC)exp(it), (u,v,wu,,u,u,)
By substituting (5) in equations (1) and elasticity relations (2) and in the newly obtained
system, moving to dimensionless coordinates and displacements
X z u u u
E=T M=t C=0 U=t V=t W=t ©)

)

as a result we will obtain the system singularly perturbed by the small parameter € = — :

0ou | 00 4 ¢19% | 20 — o,
o On

00, , D | 1% | g2y — g
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Y + 00 +et 004, +e72QMW =0
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ouU

a_& = 8),0y; + 8,0, + 83033 + 840,
oV

a_ =8,,0;; +8,,0,, + 853033 + 8,505,
n
_, OW

€ IE = 8,303 T 8,30,, + 833033 + 8350, (7)

oW 0oV

8_ +& —=2840, + 8,50,

n

ow  ,0U

(9_§ t+é& E = 8,503 + A55013;

oV ou

a_a + a =60y T 8550, + Q34033 + 84501,
Q2 = ph’Q?,

The solution of the singularly perturbed system (7) is the sum of the solutions of the

IOut

external problem (|OUt) and the boundary layer (I,)[13]: | = + 1, . The solutions of

the external problem( |0m) and the boundary layer (| b) can be constructed separately. The

boundary layer solution (|b) localized near the lateral surface and all quantities decrease

exponentially from the lateral surface into the inside of the plate [13]. To this also corresponds
the phenomenon of the edge effect [21]. That’s why, we don’t consider it in this paper. The
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solution for the boundary layer and its conjugation with the solution of the external problem
( |°m) can be implemented in the way described in [13].

The solution to the external problem we will seek out in the form of

o = 8’“50&5) (&m.0), 1,j=12,3, s= o,N
(UOUt,VOUt , Wout) — (U(S),V(S),W(s) )’

®)

where notation S =0, N means summation by repeating (umbral) index s from 0 to number

of approximations N. From (8) it follows that the stresses must have the same intensity.
By substituting (8) into (7) and in each equation equating coefficients at the same powers €,

we will obtain the following consistent system for determining unknown functions
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From the elasticity relations of system (9) all stresses can be expressed through displacements
by formulas

(s)
+ 845013

_ (s) (s)
= Q50,3 355013,

= amgﬁ) + azeﬁ(zsz) + a%cg? + aeeffﬁ),
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By substituting G;5,0,; into two first equations of system (9), for determining
U®, v we will obtain the system

U eyl
a —a
44 aCZ 45 acz

ou® oA ©) . .
—3456—(;2+ assa—(;z+A2Q3V( =R >(§,n,C) (12)

+A,0U% =RY (g,1,0)
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By substituting the value Of 0(333) into the third equation of system (9), for determination of
W we will obtain the equation

©
622/2 +%Q§W(S) =R(E.G (13)
3

R —_ L dog. Al[aﬁé . 56(221)) |
Ay G g on

From system (12) V' can be expressed through u®
1 v

Ve = A %y LR (14)
a2 O a45

R = Algz(a%& 4R j

and for determining U ©)

by formula

taking into acount (14) we will obtain the equation

4 1(s) 2
%+(a44 + g, ) Q2 682 +A,QU% =RV (15)
_ 2 2p(s)
Ru(”zi a_,,saR AQR“+a458R;
A, P8 o

The solution to the equation (15) is ue :Ués) +
particular solution:

Ug = DPcosb Q.6 + DPsinb .6 + Dcosh, Q.6 + DY sinb, Q.

U (gm,¢), where U®) —

(16)
bl _ \/ a'44 + a55 \/(a44 55)2 + 4a§5
2=
According to (14), (16) we have
v = D¥d cosh 2. + D{d,sinb Q¢ +
+D{Pd,cosb, . + D{7d,sinb, Q.6 + V© (17)
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According to (10), (16), (17)
S 1 S H S
o) = A_(Dl( 'd,sinb,Q.¢ — D{¥'d,,cosh Q¢ +

2

+ D§S)d123inb2£1x€ - ngs)dlchszQ*C + Gg)r)
0(253) - Ai( D¥d,sinbQ.¢ — DYd,,cosb Q¢ +

2

+D{*)d, sinb, Q. — D{d,,,cosh,Q0.¢ + G(ZZ)T)
dy :Q*bl(blz — a5 _3-44)' d, :Q*bz(bz? — 8 _a44)
d21 :Q*bl(a45 _a55d1)’ d22 :Q*bz (a45 _assdz)

@ . ou® eyl
a

O3, =8y ac —dys ac + o)
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(s (s
o) =-a ou; +a, oV, +ol),
231 45 oc 5 ac 23*

The solution to the equation (13) is

W =Wl WO (&1,0)

A
at —X>0,

Asy
W' = D¥cos /iQ*E; +Dsin /ﬁQ*C,
/\33 /\33
o) = /&Q* (_Dg;)sin /ﬂg,,g + DFcos /ﬂQ*CJ +05.,
Z&l A33 A33

A
at —1 <0,

As
W =Dlch [[2Lla.g + DEsh 21| o,
Ay A,
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The general solution of the external problem contains 6 yet unknown functions

Dgs) (é,n) - Dgs) (ﬁ,n) , which are uniquely determined using boundary conditions (3),
.
3. The satisfaction of the boundary conditions

Using solutions (16), (17), (18), (19), (20) we will satisfy the boundary conditions (3), (4).
Satisfaction of boundary conditions (3) with respect to 0,,,6,, and condition (4) relatively
to U,V leads to the solution of the algebraic system

Dl(S)dllCl - D§S)d11C2 + D§S)d12C3 - DA(IS)d12C4 = _Gissl (C = 1)

Dl(S)dZICI - D§S)dzlcz + D§S)dzzc3 - D£S)dzzc4 = _0(253)*((; = 1) 21
Di¥e, - D + DL, — Dffe, = U (¢ =-1)

Dl(S)dlcz - D§S)d101 + D§S)dzc4 - Dz(15)d203 = _Vt(s) (C = _1)

where

¢, =sinbQ., ¢, =coshb(l., c,=sinb,Q., c,=cosh,Q.

by Cramer’s formula

AV

DY =1 i-1234 2
i A j (22)

dllcl dllCZ dlZCS dlZC4

A= lecl dZICZ d22c3 d22c4
c, C C, C,

dc, dgc d,c, dyc,

=(d, —d,)(d,d,, —d,,d,, )cos2bQ.cos2b,Q2,

AES) is obtained from A by replacing j-th column with column from free terms

j=1234.
According to (22) we have
s Sinb Q. s s
Dl( )= gl (d120(23)*(c=1)—d225§3)*(C=1))+
1

cosb Q.
5,

+

(d,U9 (c=-1)- V¥ (c=-1)).
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DY = S0 (466 (¢ =1)~d 0l (¢ =1)) +
1
+Si”§19*(dzuﬁs>(g=—1)—st)(§=—1)),
:
D! = S‘”gzﬂ* (duioih (¢ =1)—dolh(c=1))+
+C°S;jg*(—dluis)(C=—1)+st)(C=—1))= @3
D = S0 (4, 068 (¢ = 1)~ doh (0= 1)) +

3

sinb,Q. s
2 (U (C=-1)+ VY (¢=-1),

4
8, =(d,d,, —d,,d, )cos2bQ., 8, =(d, —d,)cos2b Q.
8, =(d,,d,, —d,,d,, )cos2b,Q,, 84 =(d, —d,)cos2b,Q2.
At €0s2b Q2. =0 or c0s2b,(2. =0 the resonance will occur. The resonant

frequencies are
2n 1 2n+1 ,neN, (24)
h [ *). @ J’ al
Using (18), (20) and satisfying to conditions (3), (4) relatively we will obtain the system
D(S)c + D, = —W+(5) —W}S)(c =1) (25)

from whlch is follows

C, =CO0s Q., C¢g=sin [—Q,, at —>O (26)
\/ \/Ass
c;=ch / Q., c,=sh / Q,, —<O (27)

w,

ZZ’

Dy’ 2c W (g=1)- =—1)), 8)
() — L (e o _
D\ _E(W W (g=1)+W (g =-1)),

6
The resonant frequencies according to (26) are:
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A33 (2 +1) — inn neN
h pA, 2 "h pA,

At (27) there is no resonance.

4. On mathematically precise solutions

As it was stated above, if W™ is an algebraic polynomial, the iteration terminates at the

certain approximation, depending on the degree of the polynomial, as a result the solution
becomes mathematically exact. Let illustrates this when:

W' =a,+a&+an (30)
At S =0 , according to formulas (10), (16), (17), (18), (19) we will have:
u9=0,v9=069=0 o) =0

3
we W[c_c_}

2c. 2c
C. =cCos —QQ _sm\/:QC (31)
ol = Aﬂ AV o0, o9--A 4 (),
o = A33 “0,(0), o =- A“ AN (),
Q* A (S c
¢1(‘;)— 2 A_%[CG CS]’

At S =1 we will have:
U = DPcosb, Q.6 + Dsinb . + DPcosh, 0. + D{Msinb, Q.6 + UY,
v® = Dd,cosb, 2. + D{d,sinb QL +
+D{Md, cosb,.¢ + D{d,sinb,Q.C + VY, (32)
ol = Ai (DYd,sinbQ.¢ — DMd, ,cosh,Q.¢ +

2
+D{"d,,sinb, Q. — D{d,,cosb,Q.)
oo = Ai( D", sinbQ2.¢ — D{d,,cosh Q. +

2

+D\d,,sinb, 0, - Df)dzzcossz*Q)
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W =0,6%=0,6%) =006 =0, o) =0,

U(l):ﬁ(ﬁ_ﬁ_gj
' A ’
W _ol K [ A 1 [ ks AQ
Ve _Z{kzaﬁ[Azs assj AQZ{kaM \/;(A}4a+A32 )
2 \/g (ass2, a45a1)ﬂct92\/; QL.
kl 1\/7{(%1‘314"6‘34 )(__a_j 45(A34a1+A32 ))
Ay A Ay
A A
k2:Q = — Ay s )
(As [Aag a*‘j J

sinb Q)
gl (d12(as5az _a45a1)_d22 (a44a1_a'45a‘2))+
1

cosb Q. 1 1
+8—(d2u§>(c =-1)- V¥ (g=-1)),

2

DY =

cosb,Q.
Dgl) = 81 (d12 (3.55612 - a45a1) —d,, (a44a1 — 858, )) +
1
S'”;’lQ* (4,0 (5=-1)- V¥ (g=-1))
2
sinb, Q.
D3(1) _ 82 (d21( ey a45a2) 11(355 45a1))
3
COS:;zQ* (_dlurl) (C = —1) + Vr(l) (C = —1)),
4
cosb,Q,
Dz(ll) - 52 (d21 (48 — 858, ) — A (52, - a45a1)) *
3
+S'”§29* (~d,U% (L=-1)+ V¥ (¢ =-1)).
4

The iteration breaks at the approximation S =1, as a result we will have the exact solution.
w=IWexp(iQQ), o, =e'c exp(i), o, =¢"cy) exp(iQt),
o, =& ‘ol exp(it), o, =¢ ol exp(it), (33)
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u=huWexp(iQt), v=hv¥exp(iQt),
G, = o exp(iQt), o, = b exp(iQt)

Conclusions

The asymptotic solution of mixed dynamic 3D problem for plate having a plane of elastic
symmetry is obtained. It is assumed, that the facial surface of the plate is subjected the normal
displacements, which changed harmonically over time, and the lower edge of the plate is
rigidly fixed. By switching to dimensionless coordinates and displacement in the basic
equations and elasticity relations (13 independent constants of elasticity), the system of
differential equations singularly perturbed by a small parameter was obtained, which was
solved by an asymptotic method. All components of the stress tensor and displacement vector,
as well as the values of resonant frequencies were determined. It was shown, that in similar
classes of problems, the dominant role played longitudinal oscillations in the vertical
direction and the amplitudes of shear oscillations are an order smaller.
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