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Abstract

This paper proves theorems on the existence of conditionally universal functions and universal triads
with respect to the Walsh system defined by the author. The proof method of these theorems provides
a new approach to constructing universal series in the Walsh system: by varying its values on a certain
set of arbitrarily small measure, any measurable almost everywhere finite function can be turned into
a function such that, after choosing the corresponding signs for the terms of the Fourier-Walsh series
of the changed function, we can achieve the fact that the obtained series is universal in the class of all
measurable functions.
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1. Introduction

This article continues the author’s studies on establishing the existence and describing the structure
of functions (universal functions), which are universal with respect to a given classical system for
various function classes (see [1-15]).

We also consider the problem of the existence of universal pairs and universal triads with respect

to the Walsh system for the class of all Lebesgue measurable functions on [0,1].

We need some standard notation.
Let |E| be the Lebesgue measure of a measurable set E < [a,b] ([a,b]=[-7,z] or [0,1]).

Let IL” (E ), p>0 be the class of all measurable functions f on E with finite integral

jE| f (x)|p dx and I° (E) be the class of all almost everywhere finite, Lebesgue measurable

functions on E .
We denote by M (E) the class of all Lebesgue measurable functions on E .

The sequence of functions {f; (x)}; = 0 (E) is said to converge to f in 10 (E)(in M(E)),

if {f;(x)}=1 convergesto f(x) almosteverywhereon E.
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The sequence of functions {f}};-; = L” (E) is said to convergeto f in LP(E), ifitconverges
to f inthe L” (E ) metric, that is
- P
Jim o ()= 1 (x)[ ax=o0.
Let
17 1 ¢7 )
a ( f):;j_ﬁf(x)coslocdx, b (f)=— | s (x)sinkedx, k20

be the Fourier coefficients of function f e I [—7[,7[] with respect to the trigonometric system and
let

ag(f)
2

be the N -th partial sum of the function f of the Fourier series.

N-1
Sy(x.f)= + > ay (f)coskx +by (f )sinkx
k=0

Let ®:={g (x)} bean orthonormal system on [a,b] andlet f e Ih [a,b].

We denote by ¢, ( f ) the Fourier coefficients of function f € )5 [a,b] with respect to the system
@, thatis

(=] (o (2} s, <x,f>=:z:ck<f>wk<x>-

Below S will denote one of the spaces M (E) or LP(E), p>0.

Definition 1°. A series Z;O i (x), (frx =8, k=0,1,2,...), is called universal in S (universal

in the usual sense), if for each function f €S there exists a growing subsequence of natural numbers

{N,,}m_1 /", so that the subsequence { Zl]{v;"o S (x)}m=1 of partial sums of that series converges to

f in S.

The existence of functions and series which are universal (in one sense or another) in various classes
of functions has been studied by many mathematicians working in the theory of functions of real or
complex variables (see [16-29]).

The first example is due to Birkhoff [16] in 1929, who proved the existence of an entire function

f(z) with the property that for an arbitrary entire function g(z) and every r>0 there exists a

subsequence {nm;}y_; of the natural numbers, such that {f(z+mn; )}~ converges to g(z),
uniformly on the disc {zeC: |z[<r}.
In 1935 Marcinkiewicz [17] proved that for any (converging to zero) sequence h, — 0 there exists
a continuous function F e C[0,1] F: [0,1]> R having the property: for any measurable function
f(x): [0,1], there is a subsequence n; /* such that
F(x+hnk )—F(x)

By,

— g(x)
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as k —oo almost everywhere on [0,1] (see also [18]).

This continuous function F is called a universal primitive function with respect to the given
sequence { /i, } 1.

In 1952 MacLane [19] proved the existence of a universal entire function g(z) with respect to

derivatives. Namely, for every entire function f (z) and every r >0 one can choose an increasing

sequence {m;}y—; in such a way that the sequence of derivatives { g(nk)(z)}le converges to

f(z) uniformly on the disc |z|< r.
In 1986 Luh [20] proved a theorem on the universality of power series Z?: 0 ckzk . Namely, if let

r >0, there exists a power series Zfzockzk of radius of convergence r such that for every

compact set K in {zeC(C: |z| >r} with connected complement and every function h(z) that is
continuous on K and holomorphic on the interior of K there exists an increasing sequence
{N,}m=1 such that

N,

chzk — h(z)
k=0
as m — oo uniformlyon K.
We note that the first universal real power series was constructed as early as 1914 by Fekete [21],

o0
who in particular proved the existence of a real power series Zakxk with the following property.
k=0
For every continuous function g(x) on [-1,1] with g(0)=0 there is an increasing sequence of

positive integers {n; }z-; such that ;lkz 04 jxj converges to g(x) uniformly on [-1,1].

In 1987 Grosse-Erdman [22] proved the existence of an infinitely differentiable function h(x)
with universal Taylor expansion. Namely, there exists an infinitely differentiable function %~ on
(—o0,00) with 7(0)=0 function /(x)eC*(—o0,00) with 4(0)=0 such that the Taylor series at
xp =0 is locally uniformly universal in C(R); that is for each function f(x)e C(R)=C(-o0,)

with f(0)=0 and any number »>0 there exists a subsequence

1y h(’") (0) m

Sy, (7,0)= Y ———x

of partial sums of the Taylor series Yim—; of h(x) which converges to f(x)
uniformly on the [-r,r].

It is not difficult to see that from this result it follows that for every measurable function f(x) on
[—7z, 7z] there is an increasing sequence {my} /"o of positive integers such that the subsequence of

partial sums
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Mg h(m) 0
Z '( )xm
= m!
converges to f(x) as g —>oo almost everywhere on [-7,7].

The notion of a universal series in M [—7[,7[] in the trigonometric and by general orthonormal

systems is due to Men’shov [23] in 1947 and Talalyan [24] in 1957 (see also [25]-[30]). In this
direction, important results were obtained by them and their students.

The first construction of universal trigonometric series in the class of all measurable functions in
the sense of convergence almost everywhere was given by Men’shov. He proved the following
fundamental theorem.

Theorem (Men’shov). There is a trigonometric series

o0
2, Zakcoskx + by sinkx,
2 k=1
with the following property. For every measurable function f (x) on [—7[, 7z] there is an increasing

-1 of positive integers such that the subsequence of partial sums

sequence {m,},

m
q
a :
94 Zakcoskx+bks1nkx,
2
k=1
converges to f(x) as g — oo almost everywhere on [—7z,7](that is this series is universal in

M[-n,xz])

Theorem (Talalyan). Let @ :={¢p; (x)}:=1 ,x€[0,1] be an orthonormal system. There is a series
in the system {g, (x)}; - :
0
zdk¢k (x), dk -0 as k— 0,

which is universal in M [0,1].

Remark 1. As noted above, there is an infinitely differentiable function with universal Taylor series,
but there is no function Ue [! [—72',72'], whose Fourier series in the trigonometric system is
universal in M [-z,7]:

Otherwise, if there were a function U € b5 [—7[,77] whose Fourier series in the trigonometric
system is universal in M [—z, 7], then for the function f(x)=2U(x) one could find a growing

subsequence of natural numbers {N }/' oo such that

Sy, (xU)= + Z U )coskx +by (U )sinkx

converges to 2U (x) as ¢ —> oo almost everywhere on [-z,x].
On the other hand, from a well-known theorem of Kolmogorov [31] (the Fourier series in the

trigonometric system of any integrable function converges to it in L”[-7z,7],pe(0,1), in
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particular  lim,,,_,, I fﬂ‘S N, (xU)-U( x)‘p dx=0), it follows that for some subsequence

N, Y. ofsequence {N, }?_; the subsequence
{ my Sq=1 q mSm=1 q

N
Mg
Sy \ (x,U)—aOgU + Zak (U)cosx +by (U)sinkx
k=1

converges to U(x) as g —>co almost everywhere on [-7,7].

Hence, we see that U (x)=2U(x) almost everywhere on [-z,7].

This contradiction shows that there does not exist a function U € [} [—7[, 7[] which is universal for

the class M [—7:, 7r] with respect to the trigonometric system.

Remark 2. A similar analysis shows that there does not exist an integrable function U, whose
Fourier series in the other classical systems (Walsh system, Haar system, Franklin system, Vilenkin
system) is universal in M [0,1].

The above considerations suggest the following question, the answer to which is unknown:
Question 1. Do there exist an orthonormal system of bounded functions and an integrable function

U (x) that is universal for the space M [0,1] with respect to the system {g, (x)};—;?

Despite the fact that, as Men’shov proved, there is a universal trigonometric series in the class
M [—7;,7[] and (as we indicated above) there is no function U € ! [—7[,7[] whose Fourier series in
the trigonometric system is universal in the class M [z, 7].

Nevertheless, we managed to construct an integrable function U and prove that after a suitable

choice of signs {5;; &, =1} o for the Fourier coefficients of this function U, it is possible to

achieve that the newly obtained series —2 gU) + ZZ): oSk (ax (U) coskr + by (U)sinkx) would be

universal in M [-7,7].

Before formulating the main result of the paper, we give corresponding definitions.
Let ®:={¢p; (x)} be an orthonormal system on [a,b].

Definition 1. We say that a function U € A [a,b] and asequence § = {6, = 1,k =0,1,2,...}
of signs form universal pairs: (U ,5) for space S with respect to this system {¢; (x)}le in
sense of universal series, if the series Zf:o See ()@ (x) is universal in S

Definition 2. We say that a function U € ! [a, b] and a measurable set £ c [a,b] form universal
pairs: (U ,E ) with respect to the system {¢; (x)}fzo in sense of modification, if for each function
fel [a,b] one can find such a function g e b5 [a,b] coinciding with f on E, and such that

lex () =ex (U)]» k=0.12...

Definition 3. We say that a function U e 5 [a,b], asequence 6 = {0, =*x1,k=0,1,2,...} of

signs and a measurable set E [a,b] form universal triads: (U ,0,FE ) for space S with respect

5
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to the system {¢; (x)}?z o if partial sums of the series Zfzo Seer ()@ (x) are universal in S

and for each function f e 5 [a,b] one can find such a function ge L [a,b] coinciding with f
on FE,and such that

|Ck(g)| =|ck(U) , k=0,1,2,...
Definition 4. We say that a function U € A [a,b] is

1) universal for a space S with respect to the system {¢y (x)}fzo, if the Fourier series of the
function U with respect to this system is universal in S,

2) conditionally universal for a space S with respect to the system {(pk (x)}f_ 0’ if there exists

o0
a sequence of signs & =+1 such that the series Y &;cx (U) @y (x) is universal in S,
k=0
3) quasiuniversal for a space S with respect to the system {gok (x)}f_o, if there exists a

sequence of signs & =x1, with dj (Q+):1, such that the series Z?:()@cck (U)gg (x) is
universal in §, where
#(Q+ m[o,n))
d (Q+):= lim sup———F—=
now  #(AN[0,n))
is the upper density of the subset QF ={keN U {0},0; :1} with respect to the set

A =spec(U)= {k e NU{0}, ¢ (U)# O}, and #(E) is the number of elements of a finite set E,
4) almost universal for a space S with respect to the system {gok (x)}:zo, if there exists a
sequence of signs &; =*1 with p, (Q)=0, such that the series Z?:()&kck U)oy (x) is
universal in §, where
. #(Qn[0,n))
Q)= lim ———=
Pa(0):= lim #(AN[0,n)

subset Q={ke NU{0}, 5, =—1} with
A:spec(U):{keNu{O},ck(U);tO},

is the density of the

respect to the set

. . . e . . o0 . s
5) universal in sense of signs, if its Fourier series »_ f—0Ck (U) @y (x) inthe system {@ (x)}i=o
isuniversal in S in sense of signs: that is for each function f € S one can find a sequence of signs

8, ==1 such that the series Z?zoé'kck (U)@y (x) convergesto f in S,

6) universal in sense of rearrangements, if its Fourier series z;{ozock (U)@g (x) in the system

{on (x)}fzo is universal in S in sense of rearrangements: that is for each function f €S one can
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find {G(k)}le some permutation of the natural numbers, such that the series

Zleca(k)(U)wa(k)(X) convergesto f in S.

In recent years, we have obtained several results related to the existence and description of the
structure of functions (universal functions), whose Fourier series with respect to a given classical
system are universal in a certain sense for different function classes.

In particular, in [2], [3], [11], and [15] the following theorems were proved:

Theorem 1. There exists an integrable function U with monotonically decreasing Fourier—Walsh
coefficients, which is universal in the sense of signs with respect to the Walsh system for the spaces

LP[0,1] forall pe(0,1). In addition, the Fourier—Walsh series of the function U converges to it
in £'[0,1].
Theorem 2. There exist an integrable function U € I [—7[,7[] andasequence § = {6, = +1,k =

0,1,2,...} of signs, which are form universal pairs: (U,5) for space LF[-z,7z], pe(0,1)
with respect to the trigonometric system.
Theorem 3. For any pe (0,1) there exists an integrable function U that is both conditional

universal and universal in the sense of signs with respect to the trigonometric system for the class
yig [—71',7[].

Theorem 4. There exists an integrable function U , with monotonically decreasing Fourier—Walsh
coefficients, which is universal in the sense of signs with respect to the Walsh system for the space

0 [O,l]. In addition, the Fourier—Walsh series of the function U converges to it in ! [0,1].

Remark 3. It should be noted (this also follows from the above) that the existence of universal
functions and universal triads depends on the type (sense) of universality, on the system, and on the
space S . Therefore, questions in this direction are very comprehensive.

In this article we will prove

Theorem 5. There exist an integrable function U € b5 [0,1] and a sequence 6 = {6, = +1,k =

0,1,2,...} of signs and a measurable set E [a,b] form universal triads: (U ,0,F ) for space

° [0,1] with respect to the Walsh system.
Moreover, the following statement holds
Theorem 6. For any & e (0,1) there exists a function U € Il [0,1] , withsup(U)<[0,&], which

has the following properties:
a) the Fourier coefficients of the function U in the Walsh system are positive and monotonically
decreasing,

b) the Fourier—Walsh series of the function U converges to it in ! [O,l] ,
c) the function U is conditional universal for the class M [0,1] with respect to the Walsh system,

d) for any o e (0,1) exists a measurable set £ [0,1] with |E| >1-¢, so that for each function

ge I! [0,1] one can find such a function f e b5 [0,1] coinciding with g(x) on E, and such that
lee (M= (U), k=0,1,2,...,
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e) the Fourier-Walsh series of the corrected function f converges to itin L' [0,1].

Remark 4. The proof method of Theorem 5 allows obtaining a new approach to constructing
universal series in the Walsh system: by varying its values on a certain set of arbitrarily small measure,
any measurable almost everywhere finite function can be turned into a function such that, after
choosing the corresponding signs for the terms of the Fourier—Walsh series of the changed function,

we can achieve the fact that the obtained series is universal in M [—72', 7r] .
The following questions arise, the answer to which is still unknown:

Question 2. Do there exist an orthonormal system {g (x)}5~; of bounded functions and an
integrable function U (x) that is universal for the space L”[0,1] forsome pe[0,1) (oratleast for

the space M [0,1]) with respect to the system {@y (x)}5—; ?

Question 3. Are the Theorems 4 and 6 true for the trigonometric system?
Question 4. Are the theorems 1-7 true for the Vilenkin system?

Question 5. Is it possible to construct a function that is universal for the space 0 [0, 1] with respect
to the Walsh system in sense of rearrangements?
Question 6. Does a function U e I} [-7,7] exist that, for the class L [-7, 7], with respect to

the trigonometric system, is universal in the sense of permutations?
Question 7. Are the theorems 1-7 true for the Franklin system (for the Haar system)?
Question 8. Are the theorems 1-5 true for spherical harmonics?
In connection with Question 3, note that we can prove the following statement:

Theorem 7. There exist an integrable function U e b [O,l] and a sequence 6 = {6, = 1,k =

0,1,2,...} of signs and a measurable set E [a,b] form universal triads: (U ,0,F ) for space

0 [0,1] with respect to the trigonometric system.

The proof of this theorem will be given in another paper by the author. In this paper, we will prove
Theorem 6.

2. Auxiliary facts
The Walsh system, an extension of the Rademacher system, may be obtained in the following

manner. Let 7 be the periodic function of least period 1 defined on [0,1) by
r(x) = [0,1/2) (X)_Z[l/z,l)(x)-

The Rademacher system {r (x)}oo_ 0 is defined by the conditions:

n

7, (x) = r(2”x), VxeR, n=0,1,...
and, in the ordering employed by Paley (see [32], [33]), the n -th element of the Walsh system
{gon (x)}::o is given by

o0

00 () =TT (e ()%, @.1)

k=0
where Z?:o O (n)2k is the unique binary expansion of 7, with each 6, (n) either 0 or 1.
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Note that (see [34]) the Walsh system is a basis for all L7[0,1] pe(l,%), i.e., every function
f(x) is IP[0,1] pe(l») uniquely representable by the series Zfzockgok (x) in the Walsh
system by norm L”[0,1] convergentto f (x).

Let feL1 [O,l] and let

Sm(f) =2k%  a(Fer(x), (2.2)
where

1
Cr (f)zjof(x)wk (x)dx. (2.3)
In this article, we use the following lemma, which was proved in [4].

Lemma 1. Let numbers nye N, (NO =2"0 ), 0<p <py<l,e€(0,1) and polynomial W (x)

in the Walsh system {gj (x)}5~ are given. Then there exist polynomials U(x) and B(x) in the
Walsh system of the following form

2" -1 N-1
U(X)I Z bk¢k (x) , B(x): z Skbk¢k ()C), NO :27’!0’ N=2n,
k:2n0 k=N0
which satisfy the following conditions:
0<by, <b <, & =+, Vke[2"°,2”):[NO,N), 1)
B(x)=W(x) VxeG, |G|>1-¢-27", (2)
U(x);([z_,,o 1 (x)= 0, 3)
p
max jl i exbroy (x)| dx< 4]1 |W(x)|p dx, Vpe(p,py)s 4)
me[NO,N) 0k=N0 0
max .[1 i Erbr oy (x) dx < SJI |W(x)|dx, (5)
me[NO,N) OkzNo 0
1
IO|W(x)—B(x)|pdx<g vpe(p1.p2). (6)
1 m

d. . 7

We also use the following elementary result:

Lemma 2. For each function g(x)e M[0,1) one can find a sequence of polynomials {wj (x)};_
in the Walsh system with rational coefficients, which converges to g (x) almost everywhere on
[0.1).

Proof of Lemma 2. We set

G, = {x €[0,1);

g(x) <}, (2.6)

g(x)|sn}, G={xe[0.1);
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G** :{xe[O,l); g(x):ioo}, 2.7)
g(x), xeG,
g (x): sign{g(x)}n, xeG\G, (2.8)
+n, xeG™®
By (2.6)-(2.8), we have
o0
G=U G, [01)=GUGT™UG™ (2.9)
n=1
and
lim g, (x):g(x), xeG, lm g, (x):ioo, xe G, (2.10)
n—>0 n—»0

For every natural number n one can find a polynomial w, (x) in the Walsh system with rational

3

coefficients, such that

gn (x) - Wy, (x)| <—

{xe[O,l);

We set

>1-27".
o0 (e 0]
E=U N {xe[O,l); g, (x)—w, (x)|£ }
k=ln=k
Taking into account (2.9) and (2.10), we get that |E|=1andon E

lim |gn (x)—w, (x)| =0.
n—>0

I |-

From this and from (2.8) it follows that the sequence of polynomials {wj (x)}le in the Walsh

system with rational coefficients convergesto g (x) almost everywhere on [O, 1].

3. Proof of Theorem 6
Let

A (3.1)
be the sequence of all polynomials in the Walsh system {¢y (x)}f:() with rational coefficients. It is

casy to see the sequence {,, (x)};_; isdensein L”[0,1], pe(0,»). Let 6,5 €(0,1) and let
m = [—10g29]+2 . (32)
We use Lemma 1, with
_ 1
Mo =m1(N0 =M, =2ml)a o=2"0"2) p=g
in its formulation. Then there exist polynomials U. 1(1) (x) and Bl(l) (x):
U A (l () L0
U (x)= 2 b o (x), By (x)= 2 & b onc (x), My=2", Mp=2"
k=M1 k=M1
satisfying the following conditions:

10
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0<pll) <b( ) kel m,-1), eV srrelm M),
k+1 1,72 k 1,442

5 S

G1|21—2—2—2 I’l] Zl_ga
1 _ 0
uf )(X)ﬂt[ﬁl,l)(X)=0, A=2"<,

Bl(l) (x) =M (x)Vxeqy,

& (1), (1 1
e P 3 A S

fd

Again, we use Lemma 1 with

dx< max b dx<4 —2- L
me[Ml’MzI Z o (x

ny =logsM,, 6= mln{b() 1,2‘8(”2)}, p1=%> pz=%, W(X)={W1(x)—U1(1)(x)}
in its formulation. Then, we determine polynomials Ul(z)(x) and B( )(x) of the form
M;-1 M;-1
2 1), (1
U @)= % e (). 87 )= % e (x)
k M2 k:M2

satisfying the following conditions:
0<bi) <sf) <f)

k+1 -1’

Uﬁunm@uym@—ﬁ;
! IO N B N 8(1+2) 13
OWU)M(ﬂ}ﬁ(ﬂdw4 L pelgs )

dx< max I Zbk o (x dx<42_1,
m€M2 M3 k= ]\42

It is clear that by using an induction, one can determine a sequence of polynomials

W (i, W) (i 10 ()i, 1087 (x)iy o the form

(1) M2n_1 ( ) (2) ju2n+1_1 ( )
n n
Up’(x)= 2 boee(x), Uyl (x)= 2 b ok(x), (3.3)
k=Mp,-y k=M,
Ma, -1 Mppiq-1
1 2
B (x)= S &b (x), BD(x0)= 3 g (x), (3.4)
k=M3,_ k=M,
which, forall n=1,2,.. , satisfy the conditions:
M, =2"n im0 /7, g,(cn)zil, ke[My, 1.My,11), (3.5)
n n n
0< b1(\42)n+1 < ...b](H)l < b,(c )<< b](wz)n_l , ke(My,_1,M5,,1-1), (3.6)

11
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B (x)=w, (x), VxeG,. 0 (3.7)
2”!
1
USP(x)z[ﬁz,,_l,u(x)=U,£2>(x>z[ﬂ2n,l)<x)=o, B =50 (3.8)
x)|dx+  max " x)|dx<47", (3.9)
mE[MZn—l’MZn)I = ]\%nl g me[My, . My,.1)" O k AZ/IZZ,I g k g
max [ A ()| <[ () (3.10)
me[Ms,_,M>,) k=M, , 0
1 NS IRNETN Lo
1 2 —8n
IOWn(x)—JZZI(Uj (x)+B; (x)j dx <278, pe[4—n,l—4—nj. (3.11)
It is clear that (see (3.3), (3.9))
i( ) dxj< S (3.12)
n=1 n=l1

We define the function U (x) and the sequence of numbers {b; };_, in the following way:

U(x)=Up(x)+ Y (U,(}) (x)+U) (x)) =3 by (%), (3.13)
n=l1 n=0
where
M -1
x)= > o (x), (3.14)
k=0
bk :1, Vk e [O,Ml), bk Zb(n), ke [MZ}'Z—I,MZ}'H-I)’ n =1,2,... (315)

Using (3.3), (3.6) (3.8) and (3.12) — (3.15), we get that

U(x)el'[0,1], U(x)=0, xe[0,1), b >0, YkeNU{0} and {b )i o .
From the conditions (3.3), (3.9) and (3.13) — (3.15) for all me[M,, 1,M,,.1), n=12,... it

follows

1< < (
I e ¥ ([} j
k= j=n+1
< ) dx + max Ndx<27".
[M2n ! M2n)j = %n . me[Ms,,M>,1) k AZ/I:Z,,

o0

From this it follows that the series Zbkgok (x) convergesto U (x) in I [0,1], and therefore
k=0

bk =Ck(U), k=0,1,2,... . (316)

12
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Thus, the Fourier series of the function U(x) in the Walsh system converges in A [0,1], and

{ex (U)ig=o 0.
We set

1,if ke[O,Ml)U( fj [Mzn_l,Mzn)J,

& = n=1 (3.17)
g](cn)’ if ke [Mzn,Man),n >1.
We will prove that the series (see (3.3), (3.4), (3.14) — (3.17))
> gre (U)o () =Up () + S (U?) (x)+ 8 (x)) & == (3.18)
k=0 j=1
is universal in M [0, 1) in the usual sense.
We set
E, ={xe[0.1]; W, (x)- Z(US.I) (x)+BS-2)(x)j <2 (3.19)
j=1
By (3.11) and (3.19) it follows that
1
n 2
2[00\ By < L 7 () - > (uﬁl) (x)+ B (x)j i <
J:
1
n 2
<[ (-3 (uf) (x)+ B2 (x)j <2
j=l
From this we have
|E,|21-272"4 (3.20)
We put
E= Ej F% E,. (3.21)

k=1n=k
It is clear that (see (3.20) and (3.21)) |E|=1.
It is not hard to see that forall xe E

lim [Wn (x)- f (Us_l) (x)+ 35,2) (X))J =0. (3.22)

n—>% o

Let f(x)eM[0.1).

Applying Lemma 2, one can find a subsequence {¥,, (x)ig=1 from the sequence (3.1), such that
Jim Wy, ()= (¥)=Up (+) (3.23)

almost everywhere on [0,1].

13
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By (3.22) we have

lim |, ()" (Ug_l) () + B (x)) ~o. (3.24)

g—®©

almost everywhere on [0,1].
Weput N, = an —1. Taking into account (3.3), (3.4), (3.17), (3.23) and (3.24), it follows that

Ny "tq
> ere (U)or (x)=Uo ()+ 3 (01 () 87 ()
k=0 J=1
converges to f (x) almost everywhere on [0,1]. Thus, the series (3.18) is universal in A [0,1), that
is the function U is conditional universal for the class M [0,1] with respect to the Walsh system.
Now we will prove assertions ¢) and d) of Theorem 6. We put

G=0 G, (3.25)

n=1

Obviously (see (3.7), (3.25))
G|>1-6. (3.26)

Let g(x) el [0,1).In the sequence (3.1) we select a subsequence W, (x)ig=1 such that the

following conditions

|
A}l_l’)noo 0 Z::Iqu (x)—(g(x)—Uo (x)) dx =0, (2.27)
[ ;‘qu (x)dr <2784, vg>2 (3.28)

are satisfied.

Assume that the numbers v=k <..<V the functions W, (x),...,WVq_1 (x) ,

g-1 >
f1 (x),...,fq_1 (x) , and the polynomials B‘(/]l)(x), U‘(/;z)(x)B‘(/l) (x), U‘(/z) (x) satisfying the
q-1 g-1
following conditions:
n (x):Wkn (x), xeG,1<n<g-1,

Iz|fn (x)| de<2

(n+1), l<n<qg-1,

1 iy (1) (2)
(x)— U,(x)+B "/ (x)+U X dx

<272 <1, (v =0).

are already determined, where
U, (x) =01 (x)+ U (). (3.30)

We choose a function qu (x), Vy > V41 from the sequence (3.1) so that

q

14



7 '"'"" T" %, Reports of NAS RA NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF ARMENIA
] f < quu Qtnyghtp <UBUUSULP <ULLUMESNFRSUL AhSAFRISNFLLELP U2AUSHL UUUAGURY

g-1 v;—1
[ (-2 510)-| S U (x)+B) (x)+ 0P () |-, (x)|dx <
0 q = nev g+l j j q (3.31)
<73a+3)
By (3.28), (3.29) and (3.31), we obtain
[, ()< 270D, (3.32)

From this and (3.10) it follows that

H (1) ! < (Vq) (Vq) !
B (x)|dx < max g Vb Yoy (x)|dx<5| W, (x)|dx<
I “ me My, 1Mo, )IO k=MZqu_1 e Jol, (3.33)
<oa+),
We put
£y (x) =W, (x)+[Bl(/2) (x)- W, (x):|, gz, (3.34)
From (3.7) and (3.34) we have
fq (x)szq (x), xeG, g=>1. (3.35)

Next, taking (3.3), (3.9), (3.29) — (3.31) and (3.34) into account for all ¢g>1 we find that

v,—1 i
J.:) i f](x)[ jz Un(x)+B£i)(x)+U£j)(x)J dx | <
j=1 n:Vj_1+1 1
! ¢ £ 0 ()20
SIO qu (x)- 2 /; (x)- Z lUn (x)+ij (x)+UVj (x) —qu (x)|dx+
Jj= n=v; |+
1 g-1 v;-1
IS A0 S @)+ BY ()40 () [ |+
j=1 n=v;_+1 / /
v,—1
+ qz UL‘U](:) (x) dx+ﬁ)‘U,({2) (x) dxj+.[:)‘U‘(/2) (x) dx<272472 (3.36)
k=v,_1+1 1
Finally, it follows from (3.28), (3.32) — (3.34) forall g>1 that
Iz|fq (x)|dx < IZ qu (x)‘dx+IZ‘B‘(/l) (x) dx+J.l; qu (x)‘dx <
<2780 46 i ", (x)‘ dx <2797 (3.37)

Clearly, using induction we can define increasing natural numbers v <...<v, <..., functions

q

m, (x),...,qu (x) ... g, (x),...,gq (x)..., and polynomials Ul(/j)(x), - U‘(/l) (x),... to satisfy
q

(331)— (3.37) forany g>1.
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It is clear that (see (3.37))

ij10|fq(x)|dx<oo. (3.38)
g=
We now determine the required function f(x) and the sequence of numbers {7, }?: | as follows:
f(x)=Up(x)+ ifq (x), (3.39)
o0 -
L ke U [M.qu—laszq)

N = g=1 (3.40)
Vv
o), ke My, 1M, ) 1
Using (3.27), (3.35), (3.38), and (3.39) we conclude that
fEL1 [O,l]; f(x)zg(x), xeG.

Taking (3.3), (3.4), (3.13) — (3.16), (3.30), (3.36), (3.37), (3.39), and (3.40) into account, we find
that

My, -1

ﬁ) > e (U)o (x) = f (x)|dx | <
k=0

< jlof fj(x)—[ i Un(x)+B§1_)(x)+U§2_)(x)] dx |+ (3.41)

J J
n:Vj—l +1

+ i U10|fj (x)|dx) <274,

J=q+1
from this and (3.5) and (3.40) we have
ek (U)=ck (f)s me ==L (|ex (f)| = (U)), k=0,12,... . (3.42)

Letm=>1. Then forsome g=>1, me |:M2Vq 1 ,MZVq 41 ), and therefore

m

ick(f)("k(x): 2ZVq)+lck(f)cok(x)+ > () (x). (3.43)
k=0 k=0

k=M,, _
q
Taking (3.3), (3.4), (3.29), (3.30), (3.34), and (3.40) — (3.43) into account, we get

[J S e () (3)- £ ()
k=0

Vq

dx]s J ]{Z:Jr?]kck(U)gok(x)— £ ()| |+

=0

s |t s )
* .[o Z ek (U) @y (x)dx | <279 + J.O Z g by Yoy (x)dx |+
kZMZVq—l k=M2Vq_1

16
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qu_l max Il i b(n)(o (x)|dx+ max jl i b(n)(p (x)|dx <741
k k =
n=vg+1 mE[Mzn—laM2n) 0 k=M, , k me[Mzn,M2n+l) 0 k=M, k

From this (since if m —> o then as g — o) it follows that the Fourier—Walsh series of the

corrected function f converges to itin L! [0,1].

Theorem 6 is proved.
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