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Abstract 
We investigate the class of sequences ( )w n  that can serve as almost-everywhere convergence Weyl 
multipliers for all rearrangements of multiple trigonometric systems. We show that any such sequence 
must satisfy the bounds 2log ( ) logn w n n  . Our main result establishes a general equivalence 
principle between one-dimensional and multidimensional trigonometric systems, which allows one to 
extend certain estimates known for the one-dimensional case to higher dimensions. 
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1. Introduction 
1.1. Weyl multipliers 

Let 
 2= { : = 1,2, } (0,1)n n LφΦ ⊂  (1.1) 

be an orthonormal system. Recall that a sequence of positive numbers ( )w n ∞  is called an almost 
everywhere convergence Weyl multiplier (or simply a Weyl multiplier) for Φ  if every series 

 
=1

( ),n n
n

a xφ
∞

∑  (1.2) 

whose coefficients satisfy 

 2

=1
( ) <n

n
a w n

∞

∞∑  (1.3) 

converges almost everywhere (see [16] or [8]). The classical Menshov-Rademacher theorem ([18, 27]) 
asserts that the sequence 2log n  is a Weyl multiplier for every orthonormal system. The optimality of 

2log n  of this sequence was also shown by Menshov in [18], where he constructed an orthonormal 
system for which any sequence 2( ) = ( )logw n o n  fails to be Weyl multiplier. The following concepts 
are standard in the theory of orthogonal series. 
Definition 1.1. A sequence of positive numbers ( )w n ∞  is called an almost everywhere 
convergence Weyl multiplier for rearrangements (RC-multiplier) of an orthonormal system 
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1= { }n nφ ≥Φ  if it is a Weyl multiplier for every system { }nk
φ , where { }kn  is a sequence of distinct 

naturals (not necessarily increasing). 
Definition 1.2. A sequence of positive numbers ( )w n ∞  is called an almost everywhere 
unconditional convergence Weyl multiplier (UC-multiplier) for an orthonormal system 1= { }n nφ ≥Φ  if 
under condition (1.3) series (1.2) converges almost everywhere after every rearrangement of its terms. 

By the Menshov-Rademacher theorem, the sequence 2log n  is RC-multiplier for any 
orthonormal system Φ  and Menshov’s counterexample shows that 2log n  is optimal in this sense. 
The study of RC- and UC-multipliers for classical orthonormal systems is a longstanding topic in the 
theory of orthogonal series. It is well known that the constant sequence ( ) 1w n ≡  is a Weyl multiplier 
for trigonometric, Walsh, Haar and Franklin systems, yet it is not an RC-multiplier for any of them. 
Kolmogorov [17] was the first to observe that the sequence ( ) 1w n ≡  is not RC-multiplier for the 
trigonometric system. However, he has never published the proof of this fact. A proof of this assertion 
was later given by Zahorski [40]. Afterward, developing Zahorski’s argument, Ul'yanov [33, 34] 
established such a property for Haar and Walsh systems. Using the Haar functions technique, Olevskii 
[24] succeeded proving that such a phenomenon occurs for every complete orthonormal system. 
Ul'yanov [32, 36] found the optimal growth of the RC and UC multipliers of Haar system. This 
technique of the proof became a key argument in the study of the analogous problems for other 
classical systems. 
Theorem A (Ul'yanov, [36]). The sequence log n  is an RC-multiplier for the Haar system. 
Theorem B (Ul'yanov, [36]). A non-decreasing sequence ( )w n  is a UC-multiplier for the Haar 
system if and only if 

 
=1

1 < .
( )n nw n

∞

∞∑  (1.4) 

In fact, if log n  is a RC-multiplier for an orthonormal system, then any non-decreasing sequence 
( )w n  satisfying (1.4) is UC-multiplier for the same orthonormal system. This follows from a general 

result that is established in later papers [26, 35]. 
The results of Theorems A and B have extensions for some other orthonormal systems of wavelet 

type. In particular, G.Gevorkyan in [5, 6] established the analogue of Theorem B for the Franklin and 
Ciesielski systems of wavelet type. For arbitrary wavelet type systems the similar results were recently 
proved by the author in [9]. Moreover, in paper [9] authors provide a new approach that enables one 
to get analogues of both Theorems A and B for systems of non-overlapping polynomials with respect 
to general wavelet type systems (some details of the papers is given below). 

For character type orthogonal systems, such as the trigonometric and Walsh systems, the problem 
of characterization of RC and UC multipliers is not completely solved yet. These problems were first 
posed in Ul'yanov’s 1964 survey [37] and revisited in several later papers (see [36], p. 1041, [38], p. 
80, [39], p. 57). The Menshov-Rademacher theorem implies that 2log n  is a RC-multiplier for both 
the trigonometric and Walsh systems, and no sequence 2( ) = ( )logw n o n  is known to be RC-multiplier 
for either system. Lower bounds for the RC and UC multipliers of the Walsh system were studied in 
[2, 22, 23, 30]. The best result, proved independently by Bochkarev [2, 3] and Nakata [22], shows that 
if an increasing sequence ( )w n  fails to satisfy Ul'yanov’s condition (1.4), then it is not a UC-
multiplier for the Walsh system. For the trigonometric system the lower bounds for the RC and UC 
multipliers were studied in [4, 11, 12, 19-21, 29]. The analogous of the Bochkarev-Nakata [2, 22] 
theorem for the trigonometric system was recently proved by the author in [11]. We also mention a 
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recent paper [13], where it was proved that for dyadic orthonormal trigonometric polynomials the 
sequence log n  is RC-multiplier. 

For a fixed orthonormal system (1.1) one can consider orthonormal systems formed by non-
overlapping polynomials 

 ( ) = ( ), = 1,2, ,n k k
k Gk

p x a x kφ
∈
∑   (1.5) 

i.e. kG  are pairwise disjoint sets of natural numbers. 

Definition 1.3. A sequence of positive numbers ( )w n ∞  is said to be a strong RC-multiplier (SRC-
multiplier) for an orthonormal system (1.1) if it is a Weyl multiplier for any orthonormal system of 
non-overlapping polynomials (1.5). 

Observe that if ( )w n  is SRC-multiplier of an orthonormal system Φ , then it is also RC-
multiplier for Φ , since any subsequence { }nk

φ  corresponds to (1.5) with each = { }k kG n . It is of 

recent interest finding the best SRC-multiplier for a given orthonormal system. It was proved in [10] 
that for the general martingale difference systems the optimal SRC-multiplier is the sequence log n . 
An analogous result for general wavelet-type systems was proved in [9]. Hence, we have log n  is a 
Weyl multiplier for any orthonormal system of non-overlapping polynomials with respect Haar, 
Franklin and all other wavelet type systems (see definition in [9]). The optimal growth of a sequence 

( )w n  that can serve as an RC or SRC multiplier for the trigonometric or Walsh systems is still 
unknown. From the Menshov-Rademacher theorem together with the results of [2, 13, 22], it follows 
only that any such sequence must satisfy 

 2log ( ) .logn w n n   (1.6) 
In this paper, we study the RC(SRC)-multiplier problem for the multiple trigonometric system. 

Namely, we prove that this problem coincides with the corresponding problem for the one-dimensional 
trigonometric system. 
Theorem 1.1. Let ( )w n  be an increasing numerical sequence satisfying 2( ) ( )w n Cw n≤ . Then ( )w n  
is an RC(SRC)-multiplier for the one-dimensional trigonometric system if and only if it is an RC(SRC)-
multiplier for the multiple trigonometric system. 
Remark 1. Note that the bound 2( ) ( )w n Cw n≤  is natural, since Weyl multipliers are known to have 
at most logarithmic growth, and this inequality is satisfied for any sequence ( )w n  with logarithmic 
behavior. 
Remark 2. Observe that for the Walsh system the result of Theorem 1.1 is immediate, since the Walsh 
system is probabilistically equivalent to its multiple system. Indeed, the functions in both systems are 
generated by all possible products of independent random variables taking the values 1±  with equal 
probability. Such an equivalence does not hold for the trigonometric system. Nevertheless, in this paper 
we develop a technique that effectively replaces this equivalence principle in the trigonometric setting. 

Applying Theorem 1.1, one can extend the bound (1.6), known for the one-dimensional 
trigonometric system, to the multidimensional case. 
Corollary 1.1 If a sequence ( )w n  is a RC-multiplier of a multiple trigonometric system, then 

2log ( ) logn w n n  . 
Remark 3. Theorem 1.1 and Corollary 1.1 provide an example of reducing a multidimensional problem 
to the one-dimensional case. A phenomenon of a similar nature appears in a different context in the 
theory of orthogonal series. In particular, papers [1, 7, 25, 28, 31] have developed techniques that allow 
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one to deduce multidimensional Carleson-type almost everywhere convergence theorems from their 
one-dimensional counterparts. For general orthogonal series, this phenomenon was first observed by 
Tevzadze, who proved that if an orthonormal system is a convergence system, then its tensor product 
system is also a convergence system with respect to cubical partial sums. Analogous results for more 
general partial sums were later obtained by Goginava and Oniani. A similar passage from the one-
dimensional to the multidimensional case was first considered by Sjölin for trigonometric Fourier 
series, including in the setting of general Orlicz spaces. Antonov subsequently refined the Orlicz 
classes ensuring almost everywhere convergence of one-dimensional and multidimensional Fourier 
series, and in particular obtained an implicit result guaranteeing such a dimensional passage. In papers 
[14, 15] by the author and Mkoyan, a related approach was used to determine the optimal class of 
functions for which almost everywhere strong summability holds. The result of Theorem 1.1, however, 
differs substantially from the works cited above. In particular, we do not deal with multiple series; 
rather, we consider a multiple trigonometric system within a one-dimensional series framework. 
Moreover, the realization of this dimensional reduction is based on a purely number-theoretic 
argument, relying on the Chinese remainder theorem. 
 
2. Probabilistically equivalence and measure-preserving maps 
Definition 2.1. Let ( , , )X µ  and ( , , )Y ν  be probability spaces. Sequences of measurable 
functions :kf X →  and :kg Y → , = 1,2,k  , are said to be probabilistically equivalent if 
they share the same joint cumulative distribution function, i.e. we have 

 1 1

=1 =1

( ) = ( )
n n

k k k k
k k

f E g Eµ ν− −   
   
   
 

 

for every choice of Borel sets kE ⊂  , = 1,2, ,k n . 
A natural way to obtain probabilistically equivalent sequences is to use a measure-preserving 

map, as shown in Lemma 2.2 below. 
Definition 2.2. Let ( , , )X µ  and ( , , )Y ν  be probability spaces. We say a function :Θ →   
is measure-preserving map (MP-map), if for any measurable sets ,E F ∈  we have 

 
1) ( ) = ( ( )),
2) ( ) = ( ( ) ( )).

E E
E F E F

µ ν
µ ν

Θ
∪ Θ ∪Θ

 (2.1) 

Remark 4. Note that this definition of a measure-preserving map differs from the classical definition, 
in which the mapping is given as a function from X  to Y . However, as we will see below ( Lemma 
2.2), such a mapping induces the same basic correspondence between functions on X  and Y  as in 
the classical case. The use of this definition simplifies the construction of measure-preserving maps, 
which we will employ several times in the proofs below 
Lemma 2.1. If Θ  is a MP-map from a probability space ( , , )X µ  to ( , , )Y ν , then for any 
measurable sets ,E F ∈ , kE ∈ , = 1,2,k  , 

 ( \ ) = ( ( ) \ ( )),E F E Fµ ν Θ Θ  (2.2) 

 
= ( ) ,k k

k k

E Eµ ν   
Θ   

   
 

 (2.3) 

 
= ( ) .k k

k k

E Eµ ν   
Θ   

   
   (2.4) 
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Proof. Using the definition of MP-map, we obtain 
 ( ) ( \ ) = ( ) = ( ( ) ( ))F E F F E F Eµ µ µ ν+ ∪ Θ ∪Θ  
 = ( ( )) ( ( ) \ ( ))F E Fν νΘ + Θ Θ  
 = ( ) ( ( ) \ ( )).F E Fµ ν+ Θ Θ  

Thus (2.2) follows. Similarly, 
 ( ) ( ) ( ) = ( ) = ( ( ) ( )))E F E F E F E Fµ µ µ µ ν+ − ∩ ∪ Θ ∪Θ  
 = ( ( )) ( ( ))) ( ( ) ( )))E F E Fν ν νΘ + Θ − Θ ∩Θ  
 = ( ) ( ) ( ( ) ( ))).E F E Fµ µ ν+ − Θ ∩Θ  

This implies (2.4) for two sets and so for a finite collection of measurable sets. Then passing to a limit 
we will get (2.4) for any countable collection of sets. Similarly (2.1) implies (2.3). 

Let Θ  be a MP-map from a probability space ( , , )X µ  to ( , , )Y ν . Then Θ  induces a 
map that takes any indicator function E1 , E∈ , to ( )EΘ1 . The following lemma gives a suitable 

extension of Θ  to entire space 0 ( )L X  of measurable functions. 
Lemma 2.2. If Θ  is a MP-map from a probability space ( , , )X µ  to a probability space  
( , , )Y ν , then it can be uniquely extended as an operator from 0 ( )L X  into 0 ( )L Y  such that every 
sequence 0

1{ } ( )k kf L X≥ ⊂  is probabilistically equivalent to its image sequence 1{ ( )}k kf ≥Θ . 

Proof. Let ( )s x  be a simple function, i.e. 

 
=1

( ) = ( ),
m

i Ei
i

s x xα∑ 1  

where iE ∈ , = 1,2, ,i m , are pairwise disjoint measurable sets and iα ∈ . Then we define 

 ( )
=1

( ) = ( ).
m

i Ei
i

s x xα ΘΘ ∑ 1  

For an arbitrary 𝑓𝑓 ∈ 𝐿𝐿𝔹𝔹0 (𝑋𝑋), one can find a sequence of simple functions ( )ns x , such that 
 ( ) = ( )a.e..lim n

n
f x s x

→∞
 (2.5) 

Using Lemma 2.1 and a standard argument one can observe that the sequences ( )ns x  and ( )ns xΘ  
are probabilistically equivalent. Consequently, ( )ns xΘ  converges almost everywhere and the limit 
doesn’t depend on the particular choice of simple functions ns  in (2.5). We therefore define this limit 
as ( )f xΘ . It is also clear that any sequence {𝑓𝑓𝑘𝑘}𝑘𝑘≥1 ⊂ 𝐿𝐿𝔹𝔹0 (𝑋𝑋) is probabilistically equivalent to its 
image sequence 1{ ( )}k kf ≥Θ . 

 
3. A decomposition for discrete trigonometric systems 

For an integer 1l ≥  we denote = {0,1, , 1}l l −  and let 
 , ,1 1

=p p p pd d
× ×



    

be the Cartesian product of the sets pk
 , = 1, ,k d . The discrete trigonometric system (DTS) of 

order l  is the collection of l  orthonormal functions on = /    defined by 

 
1

( ) ( )
( )

=0
= ( ) = exp 2 ( ) : ,

l
l l

n l l
kk

nkt x i x n
l δ

π
−   ⋅ ∈  

  
∑ 1   (3.1) 
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where ( ) = [ / , ( 1) / )l
k k l k lδ + . The orthogonality of the system (3.1) is a direct consequence of the 

orthogonality of the discrete Fourier matrix.We consider those as 1-periodic functions on  . For 
integers 2kp ≥ , = 1,2, ,k d , consider the multiple DTS ( , , )1p pd , which is the tensor product of 

the one dimensional systems ( )pk . This system consists of the functions 

𝑡𝑡𝐧𝐧
(𝑝𝑝1,…,𝑝𝑝𝑑𝑑)(×) = �𝑡𝑡𝑛𝑛𝑘𝑘

(𝑝𝑝𝑘𝑘)(𝑥𝑥𝑘𝑘)
𝑑𝑑

𝑘𝑘=1

 

= �
𝑝𝑝1

𝑢𝑢1=1

⋯ � exp 2
𝑝𝑝𝑑𝑑

𝑢𝑢𝑑𝑑=1

π𝑖𝑖 �
𝑛𝑛1𝑢𝑢1
𝑝𝑝1

+ ⋯+
𝑛𝑛𝑑𝑑𝑢𝑢𝑑𝑑
𝑝𝑝𝑑𝑑

� ⋅ 𝟏𝟏
δ𝑢𝑢1

(𝑝𝑝1)×⋯×δ𝑢𝑢𝑑𝑑
�𝑝𝑝𝑑𝑑�(×) 

×= (𝑥𝑥1, … , 𝑥𝑥𝑑𝑑) ∈ 𝕋𝕋𝑑𝑑 , 𝐧𝐧 = (𝑛𝑛1, … ,𝑛𝑛𝑑𝑑) ∈ ℕ𝑝𝑝1,…,𝑝𝑝𝑑𝑑 , 

where ( )( )1
1

pp d
u ud
δ δ× ×  is the Cartesian product of the intervals ( )pk

uk
δ . In the sequel the notation { }a  

denotes the fractional part of a number a . For positive integers n  and p  let denote by pn〈 〉  the 
remainder when n  is divided by p . 

Proposition 3.1 If 1, , dp p  are mutually coprime numbers and 1= dp p p , then the systems 
( )p  and ( , , )1p pd  are probabilistically equivalent. Moreover, this equivalence is generated by a 

measure-preserving map : dΘ →  . 
Proof. According to the Chinese remainder theorem for any integers j p j

n ∈ , = 1,2, ,j d  there 

is a unique integer pl∈  such that 
 = mod , = 1,2, , .j jl n p j d  

This defines a one-to-one mapping , ,1
: p p pd

τ →


   such that 1 2( , , , ) =dn n n lτ  . Consider the 

mapping =1: d
j p pj

τ →    defined by 

 1 1
=1

( , , ) = ( , , ) .
d

d d
j j p

pu u u u
p

τ τ ∑   

Observe that this is a one-to-one mapping. Since the sets =1
d
j p j

   and p  both have cardinality 

p  it remains to show that τ  is injective. For 1 1( , , ) ( , , )d du u u u′ ′≠   we have  
 1 1( , , ) ( , , )d d p

u u u uτ τ ′ ′−   

 1 1
=1

= ( ( , , ) ( , , )) .
d

d d
j j p

pu u u u
p

τ τ ′ ′− ∑   (3.2) 

One can check that 1 1( , , ) ( , , )d du u u uτ τ ′ ′−   is not divisible by p , as well as 
=1

d

j
j

p
p∑  and p  

are coprime numbers. This implies that (3.2) can not be 0  and so τ  is injective. Using τ  we 
define a MP-map : dΘ →   by choosing 

 Θ(𝛿𝛿𝑢𝑢1
(𝑝𝑝1) × ⋯× 𝛿𝛿𝑢𝑢𝑑𝑑

(𝑝𝑝𝑑𝑑)) = 𝛿𝛿𝑢𝑢
(𝑝𝑝)if 𝑢𝑢 = 𝜏̄𝜏(𝑢𝑢1, … ,𝑢𝑢𝑑𝑑), 

while inside of each ( )( )1
1

pp d
u ud
δ δ× ×  the map Θ  is defined arbitrarily, provided that the measure-

preserving property is maintained. Using the definitions of τ  and τ , we obtain 
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 1 1( , , ) ( , , )d dn n u u
p

τ τ 
 
 

   

 
1 1

=1
( , , ) ( , , )

=

d

d d
j j

pn n u u
p

p

τ τ 
  
 
 
  

∑ 

 

 1 1

=1 =1

( , , ) ( , , )= = .
d d

j jd d

j jj j

n un n u u
p p

τ τ      
   
      
∑ ∑   

Thus for 1= ( , , )dn n nτ   and 1= ( , , )du u uτ   we have 

 
1 1( , , ) ( , , )exp 2 = exp 2 d dn n u unui i

p p
τ τπ π

   
⋅ ⋅   

   

 

 

 =1

= exp 2 .
d

j j

j j

n u
i

p
π

 
⋅  

 
∏

 
This implies that 

 Θ(𝑡𝑡𝑛𝑛1,…,𝑛𝑛𝑑𝑑
(𝑝𝑝1,…,𝑝𝑝𝑑𝑑)) = 𝑡𝑡𝑛𝑛

(𝑝𝑝),whenever 𝑛𝑛 = 𝜏𝜏(𝑛𝑛1, … ,𝑛𝑛𝑑𝑑). 
Therefore the systems ( )p  and ( , , )1p pd  are probabilistically equivalent. 
 
4. Auxiliary lemmas and the proof of Theorem 1.1 

Denote by d  the d -dimensional trigonometric system, which consists of the functions  
 𝑡𝑡𝐧𝐧(×) = 𝑒𝑒𝑒𝑒𝑒𝑒( 2𝜋𝜋𝜋𝜋(𝑛𝑛1𝑥𝑥1 + ⋯+ 𝑛𝑛𝑑𝑑𝑥𝑥𝑑𝑑)), where

  ×= (𝑥𝑥1, . . . , 𝑥𝑥𝑑𝑑) ∈ 𝕋𝕋𝑑𝑑, 𝐧𝐧 = (𝑛𝑛1, . . . ,𝑛𝑛𝑑𝑑) ∈ ℤ𝑑𝑑 . 
The one-dimensional trigonometric system (when = 1d ) will be simply denoted by  . 
Definition 4.1. Let ( , , )X µ  and ( , , )Y ν  be probability spaces. Sequences of measurable 
functions :kf X →  and :kg Y → , = 1,2, ,k n , are said to be probabilistically equivalent 
with an error > 0ε  if there is a sequence :kg Y → , = 1,2, ,k n , probabilistically equivalent to 
{ }kf  such that 2 <k kg g ε−  , = 1,2, ,k n . 

Lemma 4.1. Let k df ∈ , = 1,2, ,k n  be an arbitrary choice of d -dimensional trigonometric 
functions. Then for any > 0ε  there exist an integer p  and a sequence of discrete one-dimensional 
trigonometric functions ( )p

kg ∈ , = 1,2, ,k n , such that the sequences { }kf  and { }kg  are 
probabilistically equivalent with an error ε . 
Proof. Let  

 𝑓𝑓𝑘𝑘(×) = 𝑡𝑡𝑛𝑛1𝑘𝑘,…,𝑛𝑛𝑑𝑑
𝑘𝑘(𝑥𝑥),  𝑘𝑘 = 1,2, … , 𝑛𝑛. (4.1) 

We will find p  in the form 1= dp p p , where kp  are mutually coprime integers. By choosing 
the numbers 1max k

k nj jp n≤ ≤≥  large enough, we may achieve a good approximation of functions (4.1) 
by the corresponding discrete trigonometric functions, that is 

 �𝑡𝑡𝑛𝑛1𝑘𝑘,…,𝑛𝑛𝑑𝑑
𝑘𝑘(×) − 𝑡𝑡

𝑛𝑛1𝑘𝑘,…,𝑛𝑛𝑑𝑑
𝑘𝑘

(𝑝𝑝1,…,𝑝𝑝𝑑𝑑)(×)� < 𝜀𝜀 for all 𝑘𝑘 = 1,2, … ,𝑛𝑛, × ∈ 𝕋𝕋𝑑𝑑. (4.2) 
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Then applying Proposition 3.1, we can say that the sequence ( , , )1
, ,1

p pd
k kn nd

t 



, = 1,2, ,k n , is 

probabilistically equivalent to a sequence of discrete one-dimensional trigonometric functions 
( )p

kg ∈ . This together with (4.2) implies that the sequences { }kf  and { }kg  are probabilistically 
equivalent with an error > 0ε , completing the proof of lemma. 

Let ( )kc f , k∈ , be the Fourier coefficients of a function 2 ( )f L∈   with respect to one 
dimensional trigonometric system   and denote the spectrum of f  by 

 s ( ) = { : ( ) 0}.kpec f k c f∈ ≠  

Lemma 4.2. For every integer 1l ≥  the functions ( ) ( )l l
nt ∈ , = 0,1, , 1n l − , have non-

overlapping spectrums with respect to  . Moreover, there are non-overlapping one-dimensional 
trigonometric polynomials kg , = 0,1, , 1k l − , each is a linear combination of l  trigonometric 
functions and 

 ( )
2 2( ) ( )

1, 1/ , = 0,1, , 1.l
n n nL L

g t g l n l≤ − −

 
     

Proof. For the Fourier coefficients of the functions ( )l
nt  (see (3.1) ) we have 

 ( )
1( ) ( )

0
( ) = ( )exp 2l l

m n nc t t x imx dxπ−∫  

 ( )
1 ( 1)/

/
=0

= exp 2 exp 2
l k l

k l
k

nki imx dx
l

π π
− +  − 

 
∑ ∫  

 ( )
1 1/

0
=0

2 ( )= exp exp 2 exp 2
l l

k

im n m ki imx dx
l l
π π π

− −   
   
   

∑ ∫  

 
1

=0

2 exp(2 / ) 1 ( )= exp exp 2 .
2

l

k

im im l n m ki
l im l
π π π

π

−− −   
   
   

∑  (4.3) 

If modm n l≠  the sum in (4.3) is zero and therefore ( )( ) = 0l
m nc t . Thus we obtain 

( )s ( ) = { : }l
npec t n lj j+ ∈ , = 0,1, , 1n l − , are non-overlapping. On the other hand, choosing 

=m n lj+  in (4.3) we get 

 ( ) 1| ( ) | , .
| | 1

l
n Nj nc t j

j+ ∈
+

   

Thus for the polynomials 
 ( )( )

| |< /2
( ) = ( )exp 2 ( ) , = 0,1, , 1,l

n n lj n
j l

g x c t i n lj x n lπ+ + −∑   

we get  

 ( ) 2
2 2

| | /2

1 1.l
n n

j l
t g

j l≥

− ∑    

This completes the proof of the lemma. 
Lemma 4.3. Let =1{ ( )}n nxφ ∞  be an orthonormal system on (0,1)  and suppose that ( )w n  is an 
increasing sequence satisfying ( ) logw n c n≥  for a constant > 0c . Then ( )w n  is a Weyl multiplier 
for { ( )}n xφ  if and only if under condition (1.3), 

 
12 <2 =2

( ) = 0.maxlim
m

n n
k kk km n

a xφ
+→∞ ≤
∑  (4.4) 
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Proof. Without loss of generality the condition ( ) logw n c n≥  can be replaced by 
 ( ) log .w n n≥  (4.5) 

Hence we can suppose that ( )w n  satisfies (4.5). It is known that under the condition (4.5) from (1.3) 
it follows that 

 
2

=1
( )lim

k

n n
k n

a xφ
→∞
∑  exists a.e..                (4.6) 

(see [8], Lemma [5.3.2]). From (4.4) and (4.6) one can get the a.e. convergence of series (1.2) . Hence, 
( )w n  is a Weyl multiplier for the system { }nφ . Now suppose conversely that ( )w n  satisfies (4.5) 

and it is a Weyl multiplier for { }nφ . Then under the condition (1.3) series (1.2) converges a.e., which 
immediately implies (4.4). 
Proof of Theorem 1.1. Let 1{ }n n df ≥ ⊂   be an arbitrary choice of d -dimensional trigonometric 
functions. Applying first Lemma 4.1, then Lemma 4.2 , for every k  we find a collection of non-
overlapping one-dimensional trigonometric polynomials 1{ :2 < 2 }k k

nf n +≤  such that each nf  is a 
linear combination of 4k  trigonometric functions, 

 2 1, = 1,2, ,nf n≤    
and the blocks 

 1 1{ :2 < 2 }and{ :2 < 2 }, = 0,1,2,k k k k
n nf n f n k+ +≤ ≤   (4.7) 

are probabilistically equivalent with an errors 2 k− . Note that some polynomials in 1{ }n nf ≥  may 
have overlapping spectrums and it may only happen when those polynomials belong to different 
blocks. It is clear that there exist integers kn  such that the new polynomial system defined by 

 2 1( ) = ( ) , 2 < 2 ,n x k kk
n ng x f x e nπ +⋅ ≤  (4.8) 

are non-overlapping. Thus the polynomials ng  can be written in the form 

 
1 1

2

= 1 = 1
( ) = exp(2 ), 1.

s sn n

n s s s
s s s sn n

g x b im x bπ
+ +

+ +

≤∑ ∑  (4.9) 

where km , = 1,2,k  , is a sequence of different integers (not necessarily increasing) such that 
 1

1 1= 0, = 4 if 2 < 2 .k k k
n ns s s n +
+ − ≤  (4.10) 

Observe that from (4.10) it follows that 
 2 11 8 8 8 whenever2 < 2 .k k k

ns n +≤ + + + + ≤  
Therefore we have  

 4.ns n≤  (4.11) 
Now let ( )w n  be a RC-multiplier for the trigonometric system. Hence, according to the result of [11] 
we can suppose that 

 ( ) > log .w n c n  (4.12) 
Let us show that ( )w n  is a Weyl multiplier for 1{ }n ng ≥  as well. Let the sequence { }na  satisfies 
(1.3). By (4.9) we may formally write 

 
1

=1 =1 = 1
( ) = exp(2 ),

sn

n n n s s
n n s sn

a g x a b im xπ
∞ ∞ +

+
∑ ∑ ∑  (4.13) 

where the second sum can be considered as a series in a rearranged one-dimensional trigonometric 
system with the coefficients 
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 𝑐𝑐𝑠𝑠 = 𝑎𝑎𝑛𝑛𝑏𝑏𝑠𝑠 if 𝑠𝑠𝑛𝑛 < 𝑠𝑠 ≤ 𝑠𝑠𝑛𝑛+1. 
From (4.11) and the condition 2( ) ( )w n Cw n≤  it follows that 1( ) ( )nw s Cw n+ ≤ . Thus we obtain 

 
1

2 2 2

=1 =1 = 1
( ) = ( )

sn

s n s
s n s sn

c w s a b w s
∞ ∞ +

+
∑ ∑ ∑  

 

1
2 2

=1 = 1
( )

sn

n s
n s sn

C a w n b
∞ +

+

≤ ∑ ∑
 

 
2

=1
( ) <n

n
C a w n

∞

≤ ∞∑  

and therefore, by the assumption that ( )w n  is a RC-multiplier for the trigonometric system, we get 
that both series in (4.13) converge a.e.. Hence, we conclude that ( )w n  is a Weyl multiplier for 

1{ }n ng ≥ . Taking into account (4.12) we can apply Lemma 4.3. Then, using also (4.8), we obtain 

 
1 12 <2 2 <2=2 =2

( ) = ( ) = 0a.e..max maxlim lim
m m

n n n n
k k k kk kk km mn n

a f x a g x
+ +→∞ →∞≤ ≤
∑ ∑  (4.14) 

for any sequence na  satisfying (1.3). Since two systems in (4.7) are probabilistically equivalent with 

an error 2 k− , there exists an intermediate sequence 1 2{ :2 < 2 } ( )k k
nf n L+≤ ⊂  , which is 

probabilistically equivalent to 1{ :2 < 2 }k k
nf n +≤  and 2 2 k

n nf f −− ≤  . This implies 

 
1 12 <2 2 <2=2 =2

( ) = ( )max max
m m

n n n n
k k k kk km mn n

a f x a f x
+ +≤ ≤
∑ ∑  

 
12 <2 =2

( ) ( )max
m

n n k
k k km n

a f x xδ
+≤

≤ +∑  (4.15) 

where 

 
1 1 12 1 2 1 2 1

2 2 2 2
2 2

=2 =2 =2

2 .
k k k

k
k n n n n

k k kn n n

a f f aδ
+ + +− − −

−≤ ⋅ − ≤ ⋅∑ ∑ ∑     

Hence, it becomes clear that ( ) 0k xδ →  a.e.. Combining this with (4.14) and (4.15), we obtain 

 
12 <2 =2

( ) = 0.maxlim
m

n n
k kk km n

a f x
+→∞ ≤
∑  

Then once again applying Lemma 4.3 we conclude that ( )w n  is a Weyl multiplier for the system 

1{ }n nf ≥ . 
Now consider the part of the theorem concerning the SRC-multipliers. In this case, we use a 

simplified version of the argument employed in the previous part and omit the details. Let 1{ }n nf ≥  be 
an arbitrary orthonormal system of non-overlapping d -dimensional trigonometric polynomials. 
Applying Lemmas 4.1 and 4.2, for every k  we find a collection of non-overlapping one-dimensional 
trigonometric polynomials 1{ :2 < 2 }k k

nf n +≤  such that 2 1nf ≤  , = 1,2, ,n   and the systems 
(4.7) are probabilistically equivalent with an errors 2 k− . Note that in this case the number of 
representation terms in the polynomials nf  is not important. Then similarly we define the sequence 
(4.8). If ( )w n  is a SRC-multiplier for the trigonometric system, then it is Weyl multiplier for the 
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polynomial system 1{ }n ng ≥ . Thus, applying Lemma 4.3, we can immediately write (4.14). Then 
continuing exactly the same procedure after (4.14) we conclude that ( )w n  is a Weyl multiplier for 
our arbitrarily chosen non-overlapping polynomial system 1{ }n nf ≥ . This completes the proof of the 
theorem. 

 
 

References 
[1] N. Yu. Antonov, Almost everywhere convergence over cubes of multiple trigonometric Fourier 

series, Izv. Ross. Akad. Nauk Ser. Mat. 68 (2004), no. 2, 3–22. DOI 
https://doi.org/10.1070/IM2004v068n02ABEH000472 (Russian, with Russian summary); 
English transl., Izv. Math. 68 (2004), no. 2, 223–241. MR2057997 

[2] S. V. Bočkarev, Rearrangements of Fourier-Walsh series, Izv. Akad. Nauk SSSR Ser. Mat. 43 
(1979), no. 5, 1025–1041, 1197. DOI https://doi.org/10.1070/IM1980v015n02ABEH001226 
(Russian). MR552550 

[3] S. V. Bočkarev, A majorant of the partial sums for a rearranged Walsh system, Dokl. Akad. Nauk 
SSSR 239 (1978), no. 3, 509–510 (Russian). MR0487239 

[4] S. Sh. Galstyan, Convergence and unconditional convergence of Fourier series, Dokl. Akad. Nauk 
323 (1992), no. 2, 216–218 (Russian); English transl., Russian Acad. Sci. Dokl. Math. 45 (1992), 
no. 2, 286–289 (1993). MR1191534 

[5] G. G. Gevorkyan, On Weyl factors for the unconditional convergence of series in the Franklin 
system, Mat. Zametki 41 (1987), no. 6, 789–797, 889 (Russian). MR904246 

[6] G. G. Gevorkyan, On Weyl factors for the unconditional convergence of series in the Cicielskii 
system, Mat. Zametki 116 (2024), no. 5, 707–713, DOI https://doi.org/10.4213/mzm14418 
(Russian). 

[7] Ch. Fefferman, On the convergence of multiple Fourier series, Bull. Amer. Math. Soc. 77 (1971), 
744–745, DOI https://doi.org/10.1090/S0002-9904-1971-12793-3․ MR435724 

[8] S. Kačmaž and G. Šteıngauz, Teoriya ortogonalnykh ryadov, Gosudarstv. Izdat. Fiz.-Mat. Lit., 
Moscow, 1958 (Russian). MR0094635 

[9] A. Kamont and G. A. Karagulyan, On wavelet polynomials and Weyl multipliers, J. Anal. Math. 
150 (2023), no. 2, 529–545, DOI https://doi.org/10.1007/s11854-023-0281-4. MR4645048 

[10] G. A. Karagulyan, On systems of non-overlapping Haar polynomials, Ark. Math. 58 (2020), no. 
1, 121–131, DOI https://doi.org/10.4310/ARKIV.2020.v58.n1.a8. 

[11] G. A. Karagulyan, On Weyl multipliers of the rearranged trigonometric system, Sbornik 
Mathematics 211 (2020), no. 12, 1704-1736, DOI https://doi.org/10.1070/SM9422. 

[12] G. A. Karagulyan, A sharp estimate for the majorant norm of a rearranged trigonometric system, 
Russian Math. Surveys 75 (2020), no. 3, 569-571, DOI https://doi.org/10.1070/RM9946. 

[13] G. A. Karagulyan, M. T. Lacey, and K. V. Navoyan, Maximal Calderón-Zygmund operators and 
Weyl multipliers, Sbornik Mathematics 216 (2025), no. 10, 42–61, DOI 
https://doi.org/10.4213/sm10277. 

[14] U. Goginava, L. Gogoladze, and G. Karagulyan, BMO-estimation and almost everywhere 
exponential summability of quadratic partial sums of double Fourier series, Constr. Approx. 40 
(2014), no. 1, 105–120, DOI https://doi.org/10.1007/s00365-014-9234-6. MR3229996 

[15] G. A. Karagulyan and A. A. Mkoyan, An exponential estimate for the cubic partial sums of 
multiple Fourier series, Izv. Ross. Akad. Nauk Ser. Mat. 83 (2019), no. 2, 83–96, DOI 
https://doi.org/10.4213/im8769 (Russian, with Russian summary); English transl., Izv. Math. 83 
(2019), no. 2, 273–286. MR3942799 

https://doi.org/10.1070/IM2004v068n02ABEH000472
https://mathscinet.ams.org/mathscinet/relay-station?mr=2057997
https://doi.org/10.1070/IM1980v015n02ABEH001226
https://mathscinet.ams.org/mathscinet/relay-station?mr=552550
https://mathscinet.ams.org/mathscinet/relay-station?mr=0487239
https://mathscinet.ams.org/mathscinet/relay-station?mr=1191534
https://mathscinet.ams.org/mathscinet/relay-station?mr=904246
https://doi.org/10.4213/mzm14418
https://doi.org/10.1090/S0002-9904-1971-12793-3
https://mathscinet.ams.org/mathscinet/relay-station?mr=435724
https://mathscinet.ams.org/mathscinet/relay-station?mr=0094635
https://doi.org/10.1007/s11854-023-0281-4
https://mathscinet.ams.org/mathscinet/relay-station?mr=4645048
https://doi.org/10.4310/ARKIV.2020.v58.n1.a8
https://doi.org/10.1070/SM9422
https://doi.org/10.1070/RM9946
https://doi.org/10.4213/sm10277
https://doi.org/10.1007/s00365-014-9234-6
https://mathscinet.ams.org/mathscinet/relay-station?mr=3229996
https://doi.org/10.4213/im8769
https://mathscinet.ams.org/mathscinet/relay-station?mr=3942799


 

12 
 

[16] B. S. Kashin and A. A. Saakyan, Orthogonal series, Translations of Mathematical Monographs, 
vol. 75, American Mathematical Society, Providence, RI, 1989. Translated from the Russian by 
Ralph P. Boas; Translation edited by Ben Silver. MR1007141 

[17] A. Kolmogoroff and D. Menchoff, Sur la convergence des séries de fonctions orthogonales, Math. 
Z. 26 (1927), no. 1, 432–441, DOI https://doi.org/10.1007/BF01475463 (French). MR1544864 

[18] D. E. Menshov, Sur les series de fonctions orthogonales I, Fund. Math. 4 (1923), 82–105 
(Russian). 

[19] F. Móricz, On the convergence of Fourier series in every arrangement of the terms, Acta Sci. 
Math. (Szeged) 31 (1970), 33–41. MR271617 

[20] S. Nakata, On the divergence of rearranged Fourier series of square integrable functions, Acta 
Sci. Math. (Szeged) 32 (1971), 59–70. MR0435711 

[21] S. Nakata, On the divergence of rearranged trigonometric series, Tohoku Math. J. 27 (1975), no. 
2, 241–246, DOI https://doi.org/10.2748/tmj/1178240990. MR407519 

[22] S. Nakata, On the unconditional convergence of Walsh series, Anal. Math. 5 (1979), no. 3, 201–
205, DOI https://doi.org/10.1007/BF01908903 (English, with Russian summary). MR549237 

[23] S. Nakata, On the divergence of rearranged Walsh series, Tohoku Math. J. 24 (1972), 275–280, 
DOI https://doi.org/10.2748/tmj/1178241538. MR340941 

[24] A. M. Olevskiı, Divergent Fourier series, Izv. Akad. Nauk SSSR Ser. Mat. 27 (1963), 343–366 
(Russian). MR0147834 

[25] U. Goginava and G. Oniani, On the almost everywhere convergence of multiple Fourier series of 
square summable functions, Publ. Math. Debrecen 97 (2020), no. 3-4, 313–320, DOI 
https://doi.org/10.5486/PMD.2020.8680. MR4194063 

[26] S. N. Poleščuk, On the unconditional convergence of orthogonal series, Anal. Math. 7 (1981), no. 
4, 265–275, DOI https://doi.org/10.1007/BF01908218 (English, with Russian summary). 
MR648491 

[27] H. Rademacher, Einige Sätze über Reihen von allgemeinen Orthogonalfunktionen, Math. Ann. 87 
(1922), no. 1-2, 112–138, DOI https://doi.org/10.1007/BF01458040 (German). MR1512104 

[28] P. Sjölin, Convergence almost everywhere of certain singular integrals and multiple Fourier 
series, Ark. Mat. 9 (1971), 65–90, DOI https://doi.org/10.1007/BF02383638. MR336222 

[29] K. Tandori, Beispiel der Fourierreihe einer quadratisch-integrierbaren Funktion, die in gewisser 
Anordnung ihrer Glieder überall divergiert, Acta Math. Acad. Sci. Hungar. 15 (1964), 165–173, 
DOI https://doi.org/10.1007/BF01897034 (German). MR161082 

[30] K. Tandori, Über die Divergenz der Walshschen Reihen, Acta Sci. Math. (Szeged) 27 (1966), 
261–263 (German). MR208265 

[31] N. R. Tevzadze, The convergence of the double Fourier series at a square summable function, 
Sakharth. SSR Mecn. Akad. Moambe 58 (1970), 277–279 (Russian, with English and Georgian 
summaries). MR298338 

[32] P. L. Ul′yanov, Weyl factors for unconditional convergence, Mat. Sb. (N.S.) 60 (102) (1963), 39–
62 (Russian). MR0145265 

[33] P. L. Ul′yanov, Divergent Fourier series, Uspehi Mat. Nauk 16 (1961), no. 3 (99), 61–142 
(Russian). MR0125398 

[34] P. L. Ul′yanov, Divergent Fourier series of class Lp (p ≥ 2), Soviet Math. Dokl. 2 (1961), 350–
354. MR0119026 

[35] P. L. Ul′yanov, On Weyl multipliers for unconditional convergence of orthogonal series, Dokl. 
Akad. Nauk SSSR 235 (1977), no. 5, 1038–1041 (Russian). MR0450886 

[36] P. L. Ul′yanov, Exact Weyl factors for unconditional convergence, Dokl. Akad. Nauk SSSR 141 
(1961), 1048–1049 (Russian). MR0132966 

https://mathscinet.ams.org/mathscinet/relay-station?mr=1007141
https://doi.org/10.1007/BF01475463
https://mathscinet.ams.org/mathscinet/relay-station?mr=1544864
https://mathscinet.ams.org/mathscinet/relay-station?mr=271617
https://mathscinet.ams.org/mathscinet/relay-station?mr=0435711
https://doi.org/10.2748/tmj/1178240990
https://mathscinet.ams.org/mathscinet/relay-station?mr=407519
https://doi.org/10.1007/BF01908903
https://mathscinet.ams.org/mathscinet/relay-station?mr=549237
https://doi.org/10.2748/tmj/1178241538
https://mathscinet.ams.org/mathscinet/relay-station?mr=340941
https://mathscinet.ams.org/mathscinet/relay-station?mr=0147834
https://doi.org/10.5486/PMD.2020.8680
https://mathscinet.ams.org/mathscinet/relay-station?mr=4194063
https://doi.org/10.1007/BF01908218
https://mathscinet.ams.org/mathscinet/relay-station?mr=648491
https://doi.org/10.1007/BF01458040
https://mathscinet.ams.org/mathscinet/relay-station?mr=1512104
https://doi.org/10.1007/BF02383638
https://mathscinet.ams.org/mathscinet/relay-station?mr=336222
https://doi.org/10.1007/BF01897034
https://mathscinet.ams.org/mathscinet/relay-station?mr=161082
https://mathscinet.ams.org/mathscinet/relay-station?mr=208265
https://mathscinet.ams.org/mathscinet/relay-station?mr=298338
https://mathscinet.ams.org/mathscinet/relay-station?mr=0145265
https://mathscinet.ams.org/mathscinet/relay-station?mr=0125398
https://mathscinet.ams.org/mathscinet/relay-station?mr=0119026
https://mathscinet.ams.org/mathscinet/relay-station?mr=0450886
https://mathscinet.ams.org/mathscinet/relay-station?mr=0132966


 

13 
 

[37] P. L. Ul′yanov, Solved and unsolved problems in the theory of trigonometric and orthogonal 
series, Uspehi Mat. Nauk 19 (1964), no. 1 (115), 3–69 (Russian). MR0161085 

[38] P. L. Ul′yanov, A. N. Kolmogorov and divergent Fourier series, Uspekhi Mat. Nauk 38 (1983), 
no. 4 (232), 51–90 (Russian). MR710115 

[39] P. L. Ul′yanov, The work of D. E. Men′shov on the theory of orthogonal series and its further 
development, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 4 (1992), 8–24, 101 (Russian, with 
Russian summary); English transl., Moscow Univ. Math. Bull. 47 (1992), no. 4, 8–20. 
MR1215456 

[40] Z. Zahorski, Une série de Fourier permutée d’une fonction de classe L2 divergente presque 
partout, C. R. Acad. Sci. Paris 251 (1960), 501–503 (French). MR147833 
 
 

Funding: The research is supported by the Higher Education and Science Committee of RA, in the frames of 
the research project 21AG-1A045. 
Conflicts of Interest: The author declares no conflicts of interest. 
 
 
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 
of the individual author(s) and contributor(s) and not of REPNAS and/or the editor(s). REPNAS and/or the 
editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, 
instructions or products referred to in the content. 

https://mathscinet.ams.org/mathscinet/relay-station?mr=0161085
https://mathscinet.ams.org/mathscinet/relay-station?mr=710115
https://mathscinet.ams.org/mathscinet/relay-station?mr=1215456
https://mathscinet.ams.org/mathscinet/relay-station?mr=147833

