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LATTICE MODELS OF SELF-ORGANIZED CRITICALITY AND FULL
INFORMATION DISSEMINATION SCHEMES: APPLICATIONS IN UAV
SWARM SYSTEMS

This paper presents a comprehensive review of self-organized systems and gossip-
based communication schemes, with a particular focus on applications in UAV swarm
coordination and communication algorithms. The proposed UAV coordination strategy employs
dynamics of special quasi-random walks to achieve scalable and balanced swarm behavior
without centralized control. The developed tool for designing optimal communication schemes,
Graph Plotter, supports verification of gossip properties and fault-tolerance. Validated by
simulations, a decentralized UAV swarm system has been constructed.

Keywords: exactly solvable lattice models, non-equilibrium systems, self-organized
criticality, gossip problem.

Introduction. The relevance of complex self-organizing systems and
communication schemes based on lattice models of both non-equilibrium and
equilibrium statistical mechanics arises from their widespread applicability in the
modeling of complex dynamical processes.

Lattice models have been extensively studied in the context of statistical
mechanics, including the Potts spin model, the densely packed dimer model, the
totally asymmetric simple exclusion process (TASEP), the Abelian sandpile model,
the O(n) loop model, the rotor-router model, and other related systems. Among the
combinatorial analytical methods employed are the Bethe Ansatz approach and the
enumeration of spanning trees based on generalized Kirchhoff theorem. The
analytical results and proposed hypotheses have been validated through simulations
using a two-dimensional frontal cellular automata algorithm and the Monte Carlo
method. Uniformly distributed spanning trees were generated using Wilson’s
algorithm, which is based on loop-erased random walks.

The developed methods and algorithms for optimal fault-tolerant schemes of
full information exchange have been adapted to construct decentralized, multi-
agent, and self-organizing systems, in which potential communication failures
caused by external factors are effectively neutralized. To support the design and
analysis of such systems, the simulation tool Graph Plotter has been developed,
enabling verification of classical gossip properties, broadcast robustness, and k-
fault tolerance under various network configurations.
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Unmanned aerial vehicle (UAV) swarms represent a promising frontier in
autonomous systems, offering a wide range of applications in surveillance, mapping,
search and rescue, and environmental monitoring. The effective coordination of such
swarms demands robust mathematical models capable of capturing their inherently
decentralized and dynamic behavior. The approach presented in this work is
grounded in self-organized criticality (SOC) and lattice-based models, such as the
Abelian sandpile and rotor-router models, which naturally embody principles of local
interaction, robustness, and emergent global structure. The proposed decentralized
coordination strategy for UAV swarms is based on the Eulerian properties of rotor-
router model. According to this model, UAVs follow quasi-random trajectories
within dynamically defined sub-areas, ensuring deterministic yet uniformly
distributed coverage. The rotor-router mechanism enables self-organized swarm
behavior, eliminates the need for centralized control, and supports balanced task
allocation across the operational area. This coordination approach is particularly
suited for scalable and resilient multi-agent systems operating in dynamic
environments.

Theory of self-organized criticality: review of results. In [1], the g-state
Potts spin model defined on anisotropic ladder graphs (lattices) is investigated.
Assuming thermodynamic equilibrium, the representation of the partition function
(probability generating function) as a sum over all subgraphs of the lattice has been
studied. In particular, by using the well-known contraction-deletion property of
graph edges for computation, a system of linear recurrent equations (a fixed-size
transfer matrix) has been constructed. By solving this system, the exact partition
function has been computed, and the Fisher zeros have been constructed in the
complex plane. This result generalizes the results of the work [2].

In [3], the totally asymmetric simple exclusion process (TASEP) with a
fixed number of particles and discrete time has been considered on finite rings
(one-dimensional lattices with periodic boundary conditions). As an example, the
backward-ordered sequential update rule has been chosen, which is invariant under
parallel translation for periodic boundary conditions. It has been proven that the
state update defined in this way leads to a stationary state in which all possible
configurations of particles have equal probability. The generating functions of the
conditional probability distributions for transitions between states over a time
interval T have been calculated, along with the mean velocity of particle flow and
the diffusion coefficient at all stages of the evolution. An exact and explicit
expression has been obtained for the stationary velocity of TASEP on rings of
arbitrary size and particle density. The evolution of small systems toward the
stationary state has been clearly demonstrated. By interpreting the generating
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function as the partition function of a thermodynamic system, the distribution of its
zeros in the complex plane has been studied.

In [4], a generalized form of the TASEP model with particle-dependent jump
probabilities is considered. Using the Bethe ansatz combinatorial approach,
determinant-form expressions have been obtained for the transition probabilities
between non-stationary states over a discrete time interval T. Keeping the number
of particles fixed, in the continuous-time and infinite-lattice limit, this result
converges to the one presented in the work [5].

In [6], the TASEP model is presented on a ring with discrete time and
particle-dependent jump probabilities. The mean flow velocity per particle has been
exactly calculated for different types of dynamics at all stages of the evolution, and
the relaxation to the stationary state has been explicitly demonstrated. These results
constitute generalizations and extensions of the findings presented in the works [7-10].

In [11], the fully packed dimer model (domino tiling) on a two-dimensional
square lattice with a single empty site at the center has been analytically studied.
By generalizing the spanning tree representation to a spanning webs representation,
determinant expressions have been obtained for the random variables describing
the mobility of dimers. In the thermodynamic limit of large lattices, these expressions
are reduced to the evaluation of Toeplitz determinants and their minors. The
probability that the empty site is fully jammed, as well as other characteristics of
diffusion, have been exactly calculated. Their values agree with the numerical results
and proposed hypotheses presented in work [12].

In [13-17], the probability distribution of height variables in the Abelian
sandpile model on a two-dimensional square lattice [18,19], as well as the asymptotic
expressions for their two-point correlation functions, have been analytically
calculated. The obtained asymptotic expressions exhibit logarithmic behavior, as
previously predicted by logarithmic conformal field theory. It has been shown that
the probability distribution of site heights in the Abelian sandpile model is directly
related to the probability that the trajectory of a loop-erased random walk (LERW)
passes through a given neighboring vertex of the starting position (return
probability). This fact has been proven through a mapping onto the local monomer-
dimer model. The exact values of the listed quantities had remained at the level of
conjecture for many years, despite the development of computational methods,
their optimizations, high-precision numerical approximations, and numerical
simulations, as reported in [20-23].

In [24], the fixed-energy sandpile model on a square lattice with conservative
sites (closed boundaries) is considered, and a connection is established between its
threshold density py(ho) and the stationary density pg = 2.125 of the Abelian
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sandpile model with open boundaries (absorbing dissipative sites). Considering the
empty-field initial state (hy = 0), a slight difference (pgpy(0) = 2.125288 ...) was
observed in the works by A. Fey et al [25,26]. In [24], by generalizing the set of
initial states, negative initial heights have been considered. A hypothesis was
proposed that the difference p;,(hy) — ps sharply tends to zero as the initial
negative height increases in absolute value (hy — —o0). This hypothesis is proved
in the mathematical work by L. Levine [27], where a formal theory is developed
and a more general theorem is proved.

In [28], the correlation function of k loop-erased random walk (LERW)
paths with starting and ending points grouped at two locations separated by a fixed
distance r has been studied. Using combinatorial methods, an asymptotic
expression containing a logarithmic factor has been obtained and compared with
the corresponding quantities in other models. A connection has also been established
with the corresponding conformal field theory.

In [29], exact values of boundary correlations have been obtained on the
two-dimensional half-plane for the percolation model (O(1) loop model) and the
spanning tree model (0(0) loop model).

In [30], the dense dimer covering model defined on a square lattice placed
on a cylindrical surface has been studied. Using the Temperley—Lieb transfer
matrix formalism, and by adapting the transfer matrix to classify arrow
configurations into different classes according to the number of non-contractible
loops arising from the considered topology, the partition functions (probability
generating functions) have been calculated. To reveal the occurrence of Jordan
cells in the transfer matrix, an extended transfer matrix has been introduced, which
not only retains information about the positions of the dimers but also generates
colors propagating along the branches of the associated trees.

The rotor-router model (model of multi-Eulerian walkers [31]), which
represents a quasirandom walk process of a particle (or information), has been
investigated. In [32], certain properties of particle behavior have been studied
within a recurrent state environment without absorbing sites. In particular, the
correlation between emerging dimers (cycles of length 2) and contours (cycles
containing more than 2 vertices), as well as the mean value of the difference in
their numbers, has been analytically calculated. The diffusion properties of the
particle have also been studied on the infinite square lattice. In [33], a loop
reversibility theorem has been proven for the rotor-router model. The model
defined on semi-infinite cylindrical lattice is investigated in [34]. The set of labeled
vertices on the lattice that generate closed loops through rotor dynamics has been
examined in [35]. For these vertices, a hypothesis is proposed that the trajectory
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formed by their order of appearance asymptotically takes the shape of an Archimedean
spiral. We have shown that this property is directly related to the tree-like structures
that describe the evolution of vertex clusters visited during the walk. In the case of
the square lattice, we have obtained that the average number of visits to the origin,
(no(t)) at time t > 1 satisfies (ny(t)) = 4(n(t)) + 0(1), where (n(t)) is the
average number of spiral turns.

A comprehensive analysis and the relations between constants obtained
explicitly in uniform spanning trees are presented in [36]. The enumeration of
spanning trees is employed in the investigation of Abelian sandpile, rotor-router
and dimer models.

Optimal information dissemination gossip schemes: review of results.
Research has been conducted on the design of network-optimal schemes for full
information exchange in multiprocessor systems, as well as on the analytical
derivation of formulas for the minimal values of their key characteristics (number
of links, number of calls, execution time) [37-41]. To ensure the system’s fault
tolerance at a given level, several theorems have been proven [42,43]. In particular,
the previously obtained upper bounds for the minimal number of calls in such
schemes have been significantly improved. Additionally, an exact value has been
obtained for the implementation time of k-fault-tolerant gossip schemes with an
even number of vertices under minimal time.

A software toolkit (Graph Plotter) has been developed for the design,
editing, and analysis of gossip schemes [44]. This tool allows users to verify
various characteristics and properties of the constructed schemes. These include:
classical gossip property, k-fault tolerance, broadcast, NOHO, NoDup, validation
of broadcast schemes in three Messy models, the ability to detect disjoint paths and
broadcast sub-schemes, and more.

Using a self-organization model, the well-known problem of minimizing
energy consumption in computer networks has been reformulated [45-47]. For
certain partial cases of this problem, new algorithms have been developed and
implemented for the dynamic optimal distribution of user programs (tasks).

Applications in UAV Swarm Systems. UAV swarm movement is modeled
as a multi-particle walk over the mission graph (representing the surveyed area),
with the rotor-router deterministic mechanism applied [48]. Based on this
approach, a coordination algorithm is designed to ensure the multi-Eulerian
property, that is, each directed edge of the mission graph is visited by exactly one
UAV (see Fig.). This algorithm satisfies essential self-organization requirements,
including decentralized control, resilience to node failure, equitable task
distribution, and verifiability of swarm membership [49-51]. Our results on gossip
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schemes provide analytic guarantees for the optimality of communication, enabling
secure and efficient full information exchange within the swarm, even in the
presence of environmental obstacles or disruptions. UAVs exchange not only
coordination data but also captured images. Further, the implemented fault-tolerant
schemes dynamically adapt the swarm structure in response to UAV loss or
interference [52].

l 1
N S N N | R

Fig. Demonstration of the multi-Eulerian property in a rotor-router-based UAV swarm on
a square lattice. Each edge represents two directed edges, one in each direction. Blue dots
represent UAVs navigating the graph deterministically. The external clockwise cycle,
highlighted in green, is actively traversed by the UAVs. All (bidirected) edges within this
cycle are eventually traversed in both directions, with each direction covered by a unique
UAV. While the specific edge traversal patterns are not predetermined for individual UAVs,
the system collectively ensures full directional coverage. The interior of the inner
anticlockwise cycle (also highlighted in green) remains entirely unvisited, illustrating
selective coverage and deterministic exclusion of certain regions

The theoretical foundation developed through spanning tree correspondences
and information dissemination theorems has enabled the construction of distributed
software-hardware platforms for real-time swarm management. These platforms
support encrypted communication [53], navigation along obstacle-aware paths, and
automated workload balancing to optimize imaging coverage and minimize
mission time. The result is a highly reliable, scalable system architecture suitable
for real-world deployment in mission-oriented UAV swarm applications.
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B.C. IOT'OCSH

PEIIETOYHBIE MOJIEJIM CAMOOPIAHU3YIOIIENCSA KPUTUYHOCTHU U
CXEMBI ITOJIHOI'O PACITPOCTPAHEHUA NTH®OPMAIIMA: IPUMEHEHUE
B CUCTEMAX POsI BECITMJIOTHBIX JIETATEJIBHBIX ATIITAPATOB

[pencrasnen BcecTOpoHHMIT 0030p CaMOOPraHU30BaHHBIX CUCTEM W KOMMYHHKAIIMOH-
HBIX CXEM Ha OCHOBE gOSSip-MoJiesiell ¢ 0COObIM BHUMAHUEM K X IPUMEHEHHUIO B KOOPIH-
HallUU W alTOPUTMAaX CBS3M POsi OeCMIIOTHBIX JeTtarenabHbIX anmnapatoB (BITJIA). Tlpemna-
raemas ctparerust koopauHaruu BIIJIA ocHOBaHa Ha NUHAMUKE CIIEIUAIBHBIX KBA3UCITY-
YaifHBIX OMyKOaHUH, 9TO TO3BOJISET JOCTHYh MACIITaOMpyeMoro U cOalaHCHPOBAHHOTO TIO-
BeJICHUS posi Oe3 IIEHTPAIN30BaHHOTO yIpaBieHus. Paspadoranubiii nacTpyMeHT Graph Plotter
TpegHa3HaueH Ul TOCTPOCHUS ONITUMAIIBHBIX KOMMYHHUKAIIMOHHBIX CXEM U ITOIIePKUBACT
IIPOBEPKY CBOWCTB gOSSIp M YCTOWYHMBOCTH K OTKa3zaM. Ha ocHoBe MonenupoBanus Oblia
CKOHCTPYHUpOBaHa CHUCTeMa JelleHTpann30BaHHOro posi BITJIA.

Knrouesvie cnosa: TOUHO pelIacMble PELIETOYHBIE MOJIEH, HEPABHOBECHBIE CHCTEMBI,
CaMOOPraHU3YIOLIAsICsl KPUTUYHOCTb, 33/1a4a gossip.
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