


2U3UUSULE @bhSNhE3NPULLENP ULQU3PL UUUNEUNUSE StNtuuahl
M3BECTUS HALIMOHAJIBHOM AKAJIEMHUU HAYK APMEHUM

Uthumthlu 78, Ne3-4, 2025 Mexannka
VK 539.3 DOI: 10.54503/0002-3051-2025.78.3-4-3

KOHTAKTHAS 3AJJAYA JIJISI COCTABHO# IILIOCKOCTH,
OCJIABJIEHHO# KPYTOBbIM OTBEPCTUEM U YCUJIEHHOM
JIBYMSI YIIPYTUMU JTYHOUHBIMH HAKJIAJJKAMU

Arasn K.JL., Apytionsin JL.A., 3akapsan B.I'.

KiroueBble c10Ba: IUIOCKas 3a7ada, COCTABHOE TeJIO, OUNOIApHBIC KOOPIAWHATHI, JIyHOUKH, CHHTYISPHBEIC
UHTErpasl, ypasHeHue dpexronsma.

Contact problem for composite plane weakened by a circular hole and reinforced by two elastic lune pads
Aghayan K.L., Harutunyan L.A., Zakaryan V.Z.

Keywords: plane problem, composite body, bipolar coordinates, lune shapes, singular integrals, Fredholm
equation.

Within the generalized bipolar coordinate system, a plane contact problem for a composite plane weakened by
circular hole is considered. The contour of the circular hole is assumed to be covered by two intersecting lune-
shaped pads made of a different elastic material. Within the framework of plane elasticity theory, a closed solution
to the problem is constructed in a bipolar coordinate system using the stress function method.

The solution to the governing boundary value problem at first is reduced to a system of two singular integral
equations, then formulated as a Riemann-Hilbert problem for certain vector function. The solution of last one is
reduced to a system of Fredholm integral equations of the second kind, which admits a solution using the method
of successive approximations.

Unbwnwljnuyhlt inhp opgwiiuyghts whigpny poipugqus b kpynt (pruttmdh
wnwdqulijuwi pupdhlitpny mdtnugjus pununpu) hwppnipyut hwdwp

Unuywh Y.L, Zwpmpyniiyut L.U., Qupupyui 9.9,

Zpdtwpwntp. Zwpp ubnhp, pununpuy dwpdhb, Epyplte Ynnpphtwwnbbp, pubwdb whpnype,
uhugnijjup htnkqpuytp, dptnhnjdh hwjwuwpnid:

Cunhwipugws tpypltn Ynnpphtwnwlut hwdwlwpgnid ghunwplnud E, oppwtwghtt wugpny
poyugyus, pununpju) wpwdqujub hwpenipjui huppe Yntnwljnuyght unghpp: Gapwunpdnud b, np
opowbwht wugpp hp tqpugdny opowthwldus b, wy wnwdqulijut yynmiphg yunpuungus, Lpynt
thnjuhwwnynn  nubwdl  pupdhlubpny:  Unwdquiwinipjui  wbunipjut hwpp  uugph
oppwbwljubpnud, btpypltn Ynnpphtwwnmwhtt hwdwlwupgnud, jupnudubph $nibyghwh dbpnnnd,
Qunnigynud £ juinph thwly jnidnudp:

Npnohy Lqpuyhtt juunph udnudp bwpe phpynud t uptgmipup ptnbqpu) hwjwuwpnidubph
hwdwlwupgh, nptt wyinthbnb dhwipyynd £ npytu Ghdwb - Zhypkpnh kqpuyhtt munhp npnpwljh
Ytjuinp $niulghugh vjwndwdp: dbpghthu nsnwdp, phpynwd E dphnhnjdh I ublinh huwnbqpug
hwwuwpnulutph hwdwlwupgh, npp poyp b wwjhu psnid dnnwdnp hwonppuljuinieiniaitph
Ukpnnny:

B 0606menHoN GHIOSPHON KOOPJAMHATHOH CHCTEME PacCMAaTPHBACTCS IUIOCKAs KOHTAKTHas 3ajaua it

ocJabIeHHON KpPYTOBBIM OTBEPCTUEM COCTaBHOM IIOCKOCTH. Hpez{nonaraeTcsI, YUTO KOHTYP KPYIroBOTO OTBEPCTHUSA
OKPYIKEH AByMs nepecekammm‘z’lca JIYHOYHBIMHU IIOAYLIKAMH U3 APYroro ynpyroro marepuala. B paMKax TIOCKOM
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TEOPHU YHPYTOCTU, B CUCTEME OHIIOIAPHOH CHCTeMe KOOPAMHAT, METOIOM (yHKIHMH HAIPSHKEHUS, IOCTPOECHO
3aMKHYTOE PEILICHUE 3a1a4u.

Pewenue onpezensoieil kpaeBoi 3a1auu criepBa CBOJAMUTCS K CUCTEME U3 JIBYX CHHTYJISIPHBIX MHTEIPAJIbHBIX
ypaBHEHHIl, KoTOpoe 3aTeM (opMynupyercst B BuiAe KpaeBod 3amaun Pummana — I'miubOepra aj1s HEKOTOPOi
BekTop (pyHKIMH. Permienue mociemHero CBOAHMTCS K CHCTEME MHTETrpasbHBIX ypaBHeHuit ®penromsma II pona,
JIOITYCKAfOIee PELICHHE METOJOM MOCIIeI0BATENIbHBIX TIPUOIIKEHHUI.

BBeaenue.

HccnenoBaHuio 3aKOHOMEPHOCTEH U OCOOCHHOCTEH HANpPSDKEHHOTO COCTOSHHSL B
COCTaBHBIX YNPYTIUX Tejlax B BHUJE YINPYrod IJIOCKOCTH, COJepkallell KOHLEHTPaTOPbI
HATIPSOKCHUSL THIIA TPCIIUH, HAKIAJOK W BKIIOYCHUH WM OCTPOYTOJBbHBIC MOJOCTH
pa3IMYHBIX THUIIOB, TOCBSIIEHB MHOTOYHCICHHBICE PabOTBL. B CBA3M ¢ 3TUM, OTMETUM
kaurd [1-5], B KOTOpPBIX BBIABMHYTHI pa3IMYHBIE MOJXOMbl K PEIICHUIO BOIPOCOB,
CBS3aHHBIX C ONpEACICHUEM CHHTYJSIPHOTO TOBEICHHS YNPYTHX HANPsDKEHUH OKOIO
KOHIIEBBIX TOYEK KOHIICHTPATOPOB Hanpsbkenuil. B paborax [6-12], koHeuHO 3TO qaneko He
TIOJTHBIN CIHCOK, TIOCTABIICHB U PEIICHBI Pa3lIMYHBIC 33[a4d, OTHOCAIINECS K BOIIPOCAM
W3yYeHUs HANpPsDKEHHO — Ie(OPMHPOBAHHOTO COCTOSIHHASA B COCTABHBIX YIIPYTHX TEJax, C
TOYHBIM OMNpEACTICHUEM CTENeHEH CHHTYISIPHOCTH Pa3pyILIAIOIINX HAMpsDKEHHH B OCTPO-
YTOJIBHBIX TOYKAaX KOHTAKTHBIX MOBepxHOcTed. Hambomee OMM3KMMHU K paccMaTpUBaeMOU
3JIECh 3aj[a4e MOYKHO cuuTaTh paboThl [2,6,11], B KOTOPBIX U3y4arlOTCs IUIOCKKE 3a1a4H ISt
BHYTPEHHOCTH KpyroBbiX JyHOouek. B [7,8,10] u3yuaroTcs aHATOTHYHBIC BHEIIHHE 3a1a49H
TEOPUHM YNPYTOCTH I HEOMHOPOJHBIX IUIOCKOCTEH C KPYTOBBIMH CETMCHTHBIMHU
JYHOYHBIMU TTOTyIIKAMHU.

1. ITocTanoBKAa 32/1a4d W BHIBOJ ONPeNeIAI0IINX YPABHEHU .

B Hactosmielt paboTe paccMaTpuBaeTcs IUTOCKasl 3aada TEOPUW YIPYTOCTH IS
COCTaBHOHN ITIOCKOCTH, OCNAOJICHHOW KPYTOBBIM OTBEPCTHEM WM YCHIIEHHOW JYHOYHBIMHU
MOAYIIKaMH U3 IPYyroro Marepuaa.

[IpuHrMaeMm, 4TO B OHIOJIAPHON CHCTEME KOOPIMHAT, MEPBBIA MaTepHal 3aHUMAET

001acThb < A UMEET YIPYTrHe XapaKTEPUCTHKH u V,, BTOPOl maTepual, C
0 1 1

T
YIPYTMMHA XapakTepucTukamu [L, W V,, 3aHAMaer obmactb [3, <|B| <E , TIpU4eM

KOOpJHHaTa Ol BHYTPH paccMaTpUBAacMOW COCTaBHOM 00JAaCTH M3MEHsSETcs OT —9O0 [0
+00 (¢ur. 1).

Mex(,uy MaTtepurajiaMu, BAOJb KOHTAKTHBIX JIMHUN B = iBO , OCYIICCTBJIACTCA ITOJTHEIN

KOHTaKT. BHemrnue HAarpys3ku, B BUJC HOPMAJIbHBIX U KAaCATCIbHBIX HaHpH)KCHHﬁ, puiIo-

T
JKCHbI BJIOJIb KOHTYpPa OTBEPCTHUA B = iz . HpI/I OTOM MPECANOIaracTcs, 4YTo HAIIPSIKCHUS

T T
Ha Kpasax B =——Hu B = E OJJMHAKOBBI. Tak 4YTO, K TCOMECTPUICCKONU CUMMCTPUH 3aJa4n

I[O6aBJ'I$IeTC$I TaK)XX€ CUMMETpUA 110 BHEIIIHEH Harpyske. CJ'Ie)IOBaTeJ'ILHO, BBUIOY
CUMMCTPUN HaHpSDKeHHO-He(l)OpMI/IpOBaHHOFO COCTOAHHA OTHOCHUTCIBHO OCH Oy , B
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nanbHeimeM 6yaeM paccMaTpHBATH TOJNBKO TPABYIO TOJOBHHY, KOTOpas B GHIIOJAPHON
cucteme KoopzmHar onpenensercst Hepasencteom 0 <P <.

A

—

B=0

Our. 1
Page | SBHemmHue 3amaud sl 3TOW 0ONacTd yao0HO peIIaTh B HECKOJBKO
BUJIOM3MCHHOHN CHCTEME OWITONISAPHBIX KoopauHaT. CBsi3b MPSIMOYTOJBHBIX KOOPAMHAT C
BUJIOM3MEHHOM CHCTEMO OUIONSPHBIX KOOPUHAT fAaetcst popmynamu [2].

gx=sinf, gy=sha, ag=cha—cosf 1)

rae a— pa3MepHBIN napameTp.
3agaua pemaercss npu nomomu (yHkumu Hanpsokernmit @ (OL, B) (m =1 2) :
Ka)X/1as U3 KOTOPBIX YAOBICTBOPSIOT OUTapMOHHYECKOMY YpaBHEHHIO [2]
o o o o? o?
Tt2———+—-2——+2—+1 (gCDm(oc,B)):O (2)
oo o op” Op oo B

HampsbkeHnst ¥ mepeMeIleHust B BUIOM3MEHEHHBIX OHMIONISPHBIX KOOPIMHATAX 4epe3

dynxunn nanpsoxennit @ (OL, B) 3agarotcs popmynamu [2]:
2

0 0 0

ac'" (., B) :{(cha—cosﬁ)a—ﬁz—sh oa——sinf

= a—B+ch a}(gd)m(oc,ﬁ))

2

acy” (ouB) = {(ch o.—CcosB) aiz ~sha-2—sin B(%+COSB}(9®m (a.B))

oo



2

argg)(oc,ﬁ):—(cha—cosﬁ)asaﬁ(gd)m(oc,B)) (3)
o0, (wB) OF. (a

(052 (-2, el 2ol

vm(a,B)=%{(1—2vm)a®ma(;’B)+alean'B)} m=12

rae W, U V. YIOpyrde XapakTepUCTHKH (UL, —MOIyIH cIBura, V —kodddumm-
entsl [lyaccona), a cBasb Mexay gV (oc, [3) ugod (oc, B) naercs opmyoit

az(g\{'m(a,ﬁ)):(l_vm)( PYENpN:

> @—a—ﬁz—lj(gcbm(a,ﬁ)) (4)

Burapmonnueckyo Qyrkuuio Hanpsokernit @ (oL, M=12) wmem B Buze
p m

uHTerpana Oypee:
1 i —ita
gCDm(oc,B):EJ f. (L™ dt (m=12) (5)

rue fm (t, [3) Oepercsi B CIEAYIOMEM BUIC

f.(t.B)=A(t)cht(B, —B)cosB+B,(t)chtpcos(B, —p)+
+C, (t)sht(B, —B)sinp+ D, (t)shtBsin(B, —B)

f,(t.B)= Az(t)Cht(g—Bjcos(B—Bo)Jr B, (t)cht(B—B, )sinp+ (6)
+C, (t)sht(g—ﬁ]sin(ﬁ—ﬁoﬁ D, (t)sht(B—p,)cosp

Henssectnble (yHkumm wunTerpupoanus A (t) , B, (t), C. (t) u D, (t)
(m =1, 2) onpesieNeHbl NP MOMOIIH CIIETYONMX IPAHUYHBIX YCIOBHIA:
V, (0,0) =1 (0,,0)=0
0(g®, (.B)) ™)

(9, (c.B)) B

=, ()

B:g =0, (a);

_T
=3



(gq)l(a’B))‘B:Bo :(gq)Z(a’B))B:ﬁo; a(gq)é—[(f’ﬁ))w a(gq)‘;—lwﬁﬁ
Ul(a’Bo):Uz(a’Bo); Vl(OhBo):Vz(OhBo) (8)

TI€ TpeanonaraeTcs, 9ro QyHKIMH @ (OL) (m =1 2) YIOBIIETBOPSIIOT YCIIOBUSIM

Pa3I0KUMOCTH B HHTErpan Oypre.
W3 rpanmunblx ycmoBuid (7), AN HEW3BECTHBIX (YHKIWN HMHTETPHPOBAHUS

A, (t), B, (t), C., (t) u D, (t) (m =1 2) HOJyYaeM CIIEIYIONIHE BRIPAKEHHS Yepe3
HenssecTHbie QyHKiun P, (t) (m =1, 2)

2tsinB, sh 2tB, sin B,
AW=ROT-RO7 e
2shtp, shtB, sin 2,
BO=ROL ) RO L Oa 0
2sin B, sin 2B, sin B,
C,(t)=-R(t) A (1) _PZ(t)m
D,(t)=P,(t) Zzh(?;o e (t)%

.(®) A1)

cht| Z—p,

B.(0)=-R (0 (1) Ef(t) |
tcht ;—Boj (t2+1)sht(g—BojcosB0 sht(g—[&oj
GO=RO— TN T R A T

2 T .
tsinBo+(t +1)sh2t£2—[30)sm230 .
2, (1) 20, (1), (1)




tsinp, (t°+1)sh2t(m—2B,)cosp, tcosp,
D, (t)=ﬂ(t){ A (t) + 24, (t)A4(t) ]PZ(t) +

tcht(n j t +1 Sht(n_BojSII’]ZBO (n Bo)(g)
+(p 2 2 _(_P (t) 2
' A, (t) 20, (1)A, (1) 2 A

o (t)= % I o, (0)eda  (Mm=1,2)
A, (t)=sh2tB, +tsin2B,; A, (t) :shzt(g—BOJ—tz cos® B,

A, (t)=sh*tB, +sin’By; A, (t)=sh’ t(g—BO}LCOSZ B,

[pu yaoBneTBOpeHHH yCioBuii (8) paBeHCTBaA MepeMEIIeHHH, TOIydacM CIIEAYIOIIYI0
XapaKTEPUCTUUECKYIO CUCTEMY OMPEIENSIOMINX CUHTYJSIPHBIX WHTETPANbHBIX ypaBHEHUH

JUIsL OTpENeNICHNs] HEM3BECTHBIX (QyHKLMit Pm (t) (m=1, 2), IIpY IIOMOIUY KOTOPOH

Ja€TCA OKOHYATCIIBbHOC PCHICHUC MOCTaBJCHHOM 3a/1a4uH.




M, (1), (1)- jjjt;(m%( D M), (-2 1+, )

t>+1

t
“A(1) A, (t)
h,

a, (t)= A (t) (ch 2t +00528; )+ NG )(sh 2t (g—Boj—tsin 2[3())

a, (t)=h,—=sin2p, + RERE P B, (12)

0= (5 sojcosso
tcht ——BO cosBO—sht(——BojsmBOj
a,(t)= Alhzt)(ch 2tB, —cos 2B, )+ 2A1(t) (sh Zt(g—ﬁojﬂsin ZBOJ
h t
a,(t)= Al(t)sm 2B, +mcos B,
a,(t)=— Azl(t)(tc t( Bo]cosﬁﬁsht(——ﬁojsmﬁol
1
ay,(t)= AZ(t)sht(z Bo]cosﬁo
e oY L B
l+p’ 1-v, Hy

2. Pemienue onpejesisiioneii cucTeMbl YpaBHeHU.

Jia pemmeHus CHHTYIISIpHBIX MHTETpaJIbHBIX ypaBHeHuH (10), mpeacTaBum ux B
BUJIC

M0 M, (% (01,0 =2 | T s

0(t)-6(t) 12)
ML (%00, ()7 (), ()= 2 [ 5L



n(D=¢ X, (0 Y(0)=e "X, (1)

Kl(t)—e(% IN,(1); K (t) e (B°+“)N2(t) (13)
M, (t)=e™*M, (t); o(t)=e

Wnterpanpusie ypaBHenus (12) cBeneM k kpaeBoil 3agade Pumana-I nnsbepra
[3,4,9,10].
Brenem HOBYIO KyCOYHO-TOJIOMOPGHYIO (HYHKITHIO

1 70(1)Yn(r)
R =— | ——— =172 14
(=5 L oo™ (=12 9
HCYEC3AIOUIYI0 Ha OECKOHEUYHOCTH.
Ecnu t —mo6as Touka kouTypa, To 1o dpopmyine Coxoixoro-Ilnemens nomyyaem:

R: (1)=Ra (1) =Y, (1)
em o L)
Rm(t)+Rm(t)—E_wmdt (m=12)

[ToxcTaBisist 3TH BBIpAKEHUS B CUCTEMY CHHTYJIAPHBIX MHTETPalIbHBIX YpaBHE-
Huii (12), momyyum crieayromue KpaeBble 3a1aun Pumana ['unbepra

R (t)=cy, (t)R(t)+cy, (t)Ry (1) +T,(t)

(15)

Ry (1) =, (V)R] (t)+Cypy (V)R (1) +T, (1) 16)
Cll(t):“%(_tt))”)? sz(t)zl_z'('\i:g;“)

2iM, (t). 2iM, (~t)
0w =0T

Tl(t):A (t)[M4(t)KZ(t)_(Ml(_t)_i)Kl(t)] (17)
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O06o3Havast MaTpuily KO3(QQHUIMEHTOB uYepe3 G(t), a BEKTOPhI C COCTaBIIs-

oomamn R (t) w0 T, (t) (M=12)- wepes R(t) u T(t), moxno xpaesrie

3agaun (16) 3anmucaTh B MaTpUIHOU opme
R (t)=G(t)R(t)+T(t) (18)

Pemenne ypaBuenus (18), B obmieM ciydae, CTpOUTCS MyTEM PEryJsIpH3aliy,
T.€. IPUBEIEHUEM K HHTETpaJbHOMY ypaBHEHHIO Ppearonpma.

Han oOenmu yacTsiMu ypaBHEHHUS MO ONPENEICHHBIM IIpaBUiiaM IIPOU3BOIUTCS
omepanys, yCTpaHSIOIIas CHUHTYISAPHBIE WHTETPajbl, MOHHMAaeMbleé B CMBICTE
IJIaBHOTO 3HaueHus no Komm.

R*(t)—iTe’(LW(T)dr R (=Lt [IER (), 19)

i c (T)—O(t) ’ o ) O(T)—B(t)
IMoacrapnss R* (t) n3 ypaBHeHus (18) B mepBoe ypaBHenue (19), momydaem

B 1 o eI(T) )
G(t)R (t)+T(t)=— | ——————| G(7)R T d 20
OR (=T ()= [ G5 [BOR (94T (0] @
YMHOXasg dTH YpaBHCHUSA Ha [G (t):'il " CJIOKHB CO BTOPBIM YpPaBHCHHUCM

(19), momyuaem
1 o0

R (t)-z—m_w%{[e (0] 6(x)-E|R (<)
o] H 6'(r)T(r)dt_T(t)}

2 mi 2, 0(7)-6(t)

rae E -emunununas marpuna.

Wnterpan B neBoit wactu (21) coOCTBEeHHBIH, Tak KaK IOABIHTETPALHOE
BBIpOKEHHE YK€ HE MMeeT 0COOeHHOCTH B Toukax T=1. Takum oOpazom, MbI
OPUIIIM K CUCTEME WHTEerpajbHbIX YypaBHEHHMH Ppearoibma BTOPOro poja.
PazpemmMocTs 3TOTO ypaBHEHHS OOECIEYeHa, TaK KaK Ha KOHTYpPE SJIEMEHTHI

(21)

MaTpPHIBI G(t) ¥ CBOOOJHBIE WICHBI, BXojadmue B ypaBHenue (18), ymoBierso-

PSIIOT yCIOBHIO ['enbiepa, a onpeneauTenb MATPULbl OTIIMYEH OT HYJIS

t+i
detG (t) =15 #0  Ha koHTYype (22)
—1
Wnpnexc paccMmarpuBaeMoil KpaeBoil 3ajgaur paBeH -1, U OJHOpOJHAs 3agada
UMeeT JUIIb HyJeBoe peuieHue. Ilpu stom ypaBHenue @pearonbsma (21) Bceraa
9KBHMBAJICHTHO MCXOHOMY ypaBHenuio [4,8,9,10].
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[locre HeCmOXXHBIX MPEeoOpa3OBaHWI M YIPOIICHWH, BEKTOPHOE ypaBHEHHE
(21) cBomuTcs K ciiemyroliel CUCTEME HMHTErpalibHBIX ypaBHeHHH Dpenroiabma

BTOPOTO POJia OTHOCUTENBbHO GyHKImH P, (t) (m =1 2)

R(t)= (t +1 (t){j[H11 Ot DR PR } 23
o)
o sh (t ‘C)BO
Hll( ) Sh(t—r)n
[ (=) (3 (1)~ (1))~ (1) 2 (1)~ (2 +1) 2 (1), (1) ]+
o (€ 4305 a2, )1
4092 ), (9 ) )
SO (1) ()20 )~ )2 (0]
sh(t—1)B,
a )_sh(t—r)7t><
[ +h(t=)ag (7) - (1) a, (1) (1 +1) s (1) e () |+
+Ch(t—T)Bo[h( ()= (1))~ (t-7) s (1) (24)
Sh(t—r)n %2 Pt Rk

t

H,,(t.7)= H[aﬂ (t)a, (1:)—(t2 +1) a, (t)a, (r)] +
t

ch(t-

BTy (. (1, 0) (I 0. 0]

12



~a, (1) (3 (1), () + 2 (1), (1)) ]+

Ch(t—r 0

’ sh(t—1)n [(t=7)ay, (t)(ays (1)@, (1) + 2, (1), (1)) -
—h<a13< ) )+a24<r>(—pz<r)

b
mm?{%[ (t2+1)a21(t)( (O (1) + 2, ()5, (1)) +
+an(t)(a13(r)(_Pl(T +a, i|
+—C““‘T)B°[\h(t2 )( 99,0 (0 (10,18, (99, 5) s

(t))

—00

—~
¢—1

Sh(t—r)n
—h(t2+l)(a13( )@, (1) +ay, (t
+(t? +1)(tay (t)- aﬂ( ))+2th( 2 (1), (1) +ay (1), (1))

A(t)=h,[sh2t(y,+v,)+tsin2(y, +v,) |-hh,sh2ty,A, (t)-

2
—A, (t){%AZ (t)—hsh’ty, +h, —1}
YuuTeiBas HalileHHBIE 3HAYCHNS, IJIs1 KOHTAKTHBIX HanpspkeHwui u3 (3) Oyaem nMeTh

i(cha—cosB,) % "
P,(t)e ™ dt
av2n J > (1)

—a0

(25)

TSE) (o0Bo) =

1 T{[_tz(choc—cosBo)—itshoc+cos[30]|3l (t)- (26)

ng) (cuBy) = a2
—sinB,P, (t)}e"dt

B obmem cnygae moboe m3 Tpex HampsbkeHuit (3) cormacuo (5), (9) m (23)
BbIpAXXaCTCA HeCO6CTBeHHI:-IM HUHTETPpAJIOM BUA
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TT(XY,t a

(X, y)=j (A(t) ) e dt 7)
e 1Y
a

KOTOPBIH, 1TOCTIE ONpENeTICHNS ?(X, y,t) ; MOXXHO BBIYMCIIUTH NPUOIIKEHHO C TIOMOIIBIO

Pa3IMYHBIX YHCIEHHBIX METOOB.
Jlis WcclenoBaHus IMOBEIEHHMs HANPsKEHWH B OKPECTHOCTH Kpas MOBEPXHOCTH
koHTakta Y =71a (T.e. B Toykax OL=100) wuHurerpan (27) MO BELIECTBEHHON OCH

no6asnsercst uarerpanoM no npasoi (mpu Y <0 wm o < 0) um o nesoit (mpu Yy >0

um o > 0) monyoxpysxnoctn paguyca R — 00 ¢ nentpom B Hauane koopaunat [6-10].
Ilpu yBenuueHHH pajdyca MOJYOKPYXKHOCTH MOCIEN0BATENbHOCTE R MOKeT GBITH
nopoOpaHa Tak, 4To0bl HHTErpa (27) 0 MOIYyOKPYKHOCTH CTPEMUIICS K HYJIIO.
[IprmMensist TeopeMy 0 BBIUETAX, MPEACTaBUM (27) B Buie OECKOHEYHOTO psia
—(1+ity)
1+~

’E(X,y)zzni T(X’fyiﬁ) a — +ZBI>I‘-I[f(X,y,tk),tk:| (28)
A (tl) 1— y) & k=23

a

3necy f (X, y,tk)f noabiHTerpanbHas ¢pynxkuus B (27), a t, =&, —In, — xopun
YpaBHEHHS A(t) =0, xoTopble pacronokeHbl B MOPSIKE BO3PACTAHHUS MONOKHUTETHHBIX
3HA4YeHU! 1|, .

TpaHCLIEHIEHTHOE YpaBHEHUE A(t) =0 3aBuCHT OT YeTBIpeX NapaMeTpoB Y, U Y, 1
KOMOMHAIMH YIPYTHX XapaKTEPUCTUK MaTepHalioB hl u h2 .

OueBuHO, XapakTep HANPsHKEHHOTO COCTOSHMA OKOJIIO Kpas Y = a(OL = OO)
OmpeeNseTCss BEIMYMHOM MHHMOI 9acTH IIepBOr0 MpocToro kopus U = &1 —In,,
ypasHenus (25). Ecim 1, > 1 oxono kpas uMeeM HyJeBOE HANPSKEHHOE COCTOSHHUE, ECITH

N, <1 umeer mecto siBneHne KoHueHTpanuy Hanpsokenuil. B ciyaae 1), =1 nanpsokenns
Ha Kpasx MOBEPXHOCTH KOHTAKTa KOHEUHBI U, B O0IIEM CiTydae, OTIMYHBI OT HyJIA.
W3 ypaBHeHus A(t) =0 B 3aBUCHMOCTH OT TeOMETPHYCCKMX H (DU3UUIECKHX

MapaMeTpoB 33Ja4d MOXKHO HAWTH OOJaCTH KOHEYHBIX W OECKOHEUHBIX HANpSHKEHWH Ha
Kparo MOBEPXHOCTH KOHTAKTa M IPAHUILy pa3zesia MeXIy STUMU O0NacTsIMH.
YnoMsHyTas rpaHuIa onpeaessieTcs u3 3aBUCUMOCTH

sin 2B, (h, cos® B, +h, —1)=0 (29)
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3. YacTHble CIy4Yau.

a) sin 28,=0 B,=0 wm B, =g (30)
9TO 3HAYMT YTO MaTEpPHal OTHOPOIHBIH.
2(1-h 2(1-h
6) COS 2B, = M -1, B,= 1arccos M -1 (31)
hy 2 h,
VYpasHenue (31) umeer pemenne, Koraa
1+p)(1-
(2rr)=v) Vl)sz (32)

1-v,

IIpu p =1 ypasuenue (31) umeer pemienue, koraa V, <V,

Ilpu v, =V, ypasuenue (31) umeeT penrenue, koraa [, < L, .

Crenyer OTMETHTH, YTO pEeIIeHHeM TPaHMYHOM 3a1a4n MMoJgBep)KaaeTcs YTBEPKACHHE,
cnenanHoe B [6] Ha OCHOBE JTOKAIBHOrO pEUICHHS, O TOM, YTO B CIy4ae KyCOYHO —
OJHOPOJHOTO TeJla YroJ, pa3feNsouil 30HBI KOHIIEHTPAIUU HAIPSHKEHUH OT 30HBI
MaJIOHANPSKEHHOCTH MOXKET OBITh MEHBIIIE Pa3BEPHYTOTO yIJia.

4., 3akiaouenue.

C noMOIIBI0 BUIOM3MEHHOM CUCTEMBI OUITOJIIPHBIX KOOPJMHAT M anmnapaTa HHTerpaia
dypbe, naHO pelIeHHEe IUIOCKOW 3ajaud Uil COCTaBHOM IUIOCKOCTH, OCIa0IeHHOH
KPYTOBBIM OTBEPCTUEM M YCHWJIEHHON IBYMS CUMMETPUYHO PACHOI0KEHHBIMU JTYHOUHBIMHU
HNOAyIIKaMH W3 JApYyroro Marepuana. Ha rpaHune OTBepCTHs 3aJaHbl HOPMAlbHBIE U
KacaTeJIbHbIE HAITPSDKEHMS, @ Ha JINHUM CONPSKEHUS OKOJIO Kpasi CONPUKACAHMsI MOTYIIEK C
IUIOCKOCTBIO - YCIOBUSI IIOJTHOTO KOHTakTa. IIpy yOBIETBOPEHUN IPAaHUYHBIX U KOHTAKT-
HBIX YCJIIOBMH TOJydYeHa ONpEAENAoIas CHCTEMa CHHTYJSIPHBIX HMHTErPalbHbBIX
ypaBHEHHH. Penenue 3TUX ypaBHEHHH, B KOHEYHOM HTOTE€, CBOAUTCS K PEIICHHUIO CHCTEMBI
UHTETpalbHbIX ypaBHeHUN @penronbma BTOporo poaa. llomyueHo Xxapakrepuruyeckoe
ypaBHEHHE, 0 KOPHSIM KOTOPOI'O OIPENeNIeTCs] HANpPSKEHHOE COCTOSIHHE OKOJIO Kpas
COIIpUKACaHUuA TMOAYIIKU C INIOCKOCTBIO. B 3aBucumoctn oT FCOMETPUUCCKUX U
(u3nuecKUX MMapaMeTpoB HalJeHbl 00JACTH KOHEYHBIX M OECKOHEYHBIX HANpSOIKEHUH U
rpaHuIa pasjena 3THX o0acTel.

OTMeTHM, 4TO pe3yJIbTaThl PACCMOTPEHHOM 3J1eCh 3a/1a4i MOTYT OBITH MCIOJIB30BaHBI
IPH OLIEHKE PacyeTOB MPOYHOCTH TYHENBHBIX COPY’KEHHUH, BCTPEUAIOIUXCSA B PA3IUYHBIX
00J1aCTAX CTPOUTENBCTBRA.

JHUTEPATYPA

=

Yonsaun 5.C. bunonspasie koopauHatsl B Teopun ynpyroctu. ['TTH, M. 1950.

2. Ynauna S1.C. MaTerpanbHbie mpeoOpa3oBaHus B 3ajJa4ax TEOpUH ynpyroctd. Hayka,
JI. 1967, 402 cr.

3. Mycxemumwim H.M. CunrynspHsie uHTerpasibHble ypaBHeHus. M.: Hayka, 1968.

15



o s

10.

11.

12.

13.

14.

Bexya H.II. CuctemMbl CHHTYIISIPHBIX HHTETPaJIbHBIX ypaBHeHn M. Hayxka, 1970.
ITonos I'.fl. KoHneHTpanus ynpyrux HalpspKEHbI BO3J€ IITAMIIOB, Pa3pe30B, TOHKUX
BKJIIOUEHBIN 1 nonkimouenuit. M., Hayka, 1982, 344 cr.

Yobausn K.C. Harpyxenus B coctaBHbIX ynpyrux tena. M3n. AH Apm CCP, Epesan,
1987, ct. 338.

AxonsH B.H. CwmemanHele TIpaHH4YHBIE 337aud  B3aUMOJEWCTBUS  CIUIOLIHBIX
neopMUpyeMBIX TeNl ¢ KOHIEHTPAaTOpaMH HAaIlpsHKEHUH pa3in4HBIX THIIOB. EpeBaH,
Wza. T'urytion, HAH 2014, 322 cr.

Yunbpuxosa JI.U. O xpaeBoii 3amaue Pumana s aBToMOpdHBIX QyHKIMA. Y. 3a1.
Kazaus. yH-Ta, T.116. ku.4, 1956.

bomxu J.B. Ilnockas cratucTtuyeckas 3ajaya O Harpy>Ke€HHOW TpelluHE,
3aKaHYMBAIONIECHCS HA TPaHULE pa3/iena JBYyX MaTepHalloB, UMEIOIINX MPOU3BOJIBHbIC
yribl pactBopa. [IM. 1.38. cep. E. Ne2, 1971.

ApytionsH JILLA. Ilmockas 3ajgada TEOpWH YHPYTrOCTH IJIsI COCTaBHOW 0O0NacTH,
oOpa3zoBaHHON U3 aBYX jyHouek. M3B. AH Apm. CCP, Mexanuka, 1. 29, Nel, 1976.
cr.51-66.

ApytionsH JL.A., Enosa B.A. Ilnockas 3amada Teopuu YNPYrocTH JUIsl BHEUTHOCTH
KpyroBoi nyHouku. Mat. V mexa. Kond. Laxkanzop, Apm. 2017. Ct. 31-32.
Anexcansas P K., Apytionsn JLA., Cenpaksn A.M. Ilnockas 3agava njasi BHEIIHOCTH
kpyrosoro cermenra. Slovak inter. Scientific journal H 80 (2024) p. 34-38.

Aghayan K.L., Zakaryan V.G. Surface Electro-Elastic Shear Waves in Piezo-Electrical
Half-Space with Semi-Infinite Electrode. Springer Nature Switzerland AG 2025 H.
Altenbach. Current Developments in Solid Mechanics and Their Applications.
Advanced Structured Materials. 2025. V.223, pp.1-16.

ApytionsH JILA., 3akapsa B.I'. Ilmockas 3amada mis COCTaBHOW IUTOCKOCTH C
KOHEUYHBIM oTBepcTHeM. Mar. 1 X mexa. koud. 2025, [axkaazop, Apm., cm. 31-35.

Cgenenusi 00 aBTopax:
Arasin Kapo JlepennoBuy—1.¢.M.H., pod., BeIyIINH HAYYHBIA COTPYAHUK MHCTHTYTA
Mexanuku HAH PA, Ten.: (37491) 485566, E-mail: karo.aghayan@gmail.com

ApyTionsid JleBon ApceHoBHY—K.().M.H., CTapIIMii HAYYHBIH COTPYAHUK HCTHTYTA
Mexanuku HAH PA, Tex.: (37499) 675747, E-mail: arutyunyanlevon@gmail.com

3akapsau Bare I'pumaeBny—k.¢.M.H., yueHslii cekperaps MactutyTa Mexannku HAH
Apwmenun, Ten.: (37477) 789264, E-mail: vahe-zagaryan@mail.ru

16

[Mocrynuna B pepakiuro 15 Host6pst 2025


mailto:karo.aghayan@gmail.com
mailto:arutyunyanlevon@gmail.com
mailto:vahe-zaqaryan@mail.ru

<USUWUSULP ¢hSAFE3NFLLE P U2GUSPL UUU B UPUSP SE15UWUAP,
M3BECTUA HAIIMOHAJIBHOU AKAJEMUHN HAYK APMEHWIA

Utiuwthu 78, Ne3-4, 2025 MexaHunka
VK 539.3 DOI: 10.54503/0002-3051-2025.78.3-4-17

0 3AJIAYE KOHTAKTA TOHKOI'O ABCOJIIOTHO KECTKOT'O
MEX®A3HOI'O BKJIOYEHMS C KYCOYHO-OTHOPOJTHOM
IVIOCKOCTBIO TP HAJIMYHUHU TPEHUSA ITIOKOA

Axonsin B.H., Amupmkansan A.A., Xaunksan A.C.
KioueBble ¢j10Ba: cMelIaHHas 3ajava, Me)K(baSHOe XKECTKOE BKIIIOYCHHE, TPEHUE TTOKOA

Hakobyan V.N., Amirjanyan A.A., Khachikyan A.S.
On a Contact Problem of a Thin Absolutely Rigid Interphase Inclusion with a Piecewise Homogeneous
Plane in the Presence of Static Friction

Key words: mixed boundary value problem, interphase rigid inclusion, static friction

The plane stress state of a piecewise homogeneous plane consisting of two heterogeneous half-planes with an
interphase finite inclusion subjected to normal and horizontal loads applied at a certain point is considered. It is
assumed that, in addition to normal pressure, static shear contact stresses also act on the long sides of inclusion. The
jumps in normal and shear stresses are associated with the generalized law of dry friction, the coefficient of which
is a linear function of the coordinates of the touching points of the contacting surfaces. A governing singular integral
equation of the second kind with variable coefficients is derived. The exact solution is constructed.

Zuljnpyut 4.0, Udhpowiyuitn 2. U.., vwghljyub U.U.

Zwiqunh othdwh wpluynipjui nhypmd pupul, pugupdwy §nown thepwquyhts ukpnpulh b unp
wn juinp hwdwubn huppnipju §nunwlnh Jipupbkpuy

Zpdbmpuntp: fawep Eqpught tnhp, Yngn dhgduquuht ukpnpurly, hwbquinh gthnd

Thunwplyws E Epynt mwpwuke Jhuwhwppnipnitutphg juquyws Yuinp we juinp hwdwubn
hwppnipjul hwpp nkbnplughnt Jhdulyp, bpp wyt wwpnibwlnud £ Jkpounnp dhedwquyght ukpnpul
b pdnpuugynd k ukpypuljh nplk Yhnnwd wqnnn tnpdwy b hnphgniwljut jEunpniugws pettph
wqnlgnipjutt nwl: Gupunpymd t, np thpnppuyh bplup Ynnukpht, pugh tnpuw) gupnudhg,
wnwowinid kit twl hwiquinh onputhnn jupnudubp, npntg prhgputipn juwyws i unpdw) jupnidukph
prhsputiph htwn snp othuwb opklipny, nph gnpdwljhgp qduyhtt $niughw b Yntwnwlnh dke dwntng
Ytwnkph Ynnpphtwniiiphg: Unwgyws E unph npnphy hwjwuwpnudp thnthnjuwljut gnpswlhgubtpny
Epypnpn uknh uhtigniyjjup htntgpu) hwjuwuwpdw wkupny b junnigyws k tpw thwly nisnudp:

PaccMoTpeHo 1I0CK0-1e(hOPMUPOBAHHOE COCTOSIHUE KYCOYHO-OHOPO/IHOM IIOCKOCTH, COCTOALICH U3 JBYX
Pa3sHOPOAHBIX MOIYIUIOCKOCTEH ¢ MeK(a3HBIM KOHEYHBIM BKJIIOUEHHEM, HAXOSIIMMCS TMOJA BO3ACHCTBHEM
HOPMAJIbHOM U TOPH30HTAIBHOM HATPY30K, MPHIOKEHHBIX B HEKOTOPOH ero touke. CUMTaeTCsl, YTO Ha JUTMHHBIX
CTOPOHAX BKIIOYEHHSI IOMUMO HOPMAJBHOTO JIABIICHHUS ICUCTBYIOT TAK)KE KACATEIbHBIC KOHTAKTHBIE HALPSHKCHUS
MOKOSL M CKaYKH HOPMAJIBHBIX M KacaTeJIbHBIX HAIPSHKEHUH B3aHMMOCBS3aHBI 110 0O0OIIEHHOMY 3aKOHY CyXOTO
TpeHusl, KOIP(HUIHEHT KOTOPOro SBISIETCS JHMHEHHON (QYHKIHEH OT KOOPIMHATHI CONPUKACAIOIIMXCS TOUYCK
KOHTAKTHUPYIOIINX MOBepXHOCTeH. [ToJIyueHo ompesensionee CHHIYISIPHOE HHTErPaIbHOE YpaBHEHHE BTOPOTO
poJia ¢ epeMEHHBIMU KOO OHUIIMEHTAMHU U IIOCTPOCHO €TI0 TOYHOE PEILICHHE.
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BBenenue

M3y4eHHIo KOHTaKTHOTO B3aUMOIEHCTBHUS aOCOMIOTHO JKECTKUX LITAMIIOB M BKJIIOUYEHHUIT
C pa3JIMYHBIMU OJHOPOAHBIMU U COCTaBHBIMU Z[C(bOpMI/IpyCMI)IMI/I OCHOBAHUSMHU ITOCBAILICHO
OTPOMHOE KOJNMYeCTBO padoT. [lomydeHsl 3aMKHYThIe M 3()(EKTHBHBIC pELICHUS psla
STaJIOHHBIX 33/1a4 B 3TOM HalPaBJIEHUH, UMEIOIIE BA)KHOE TEOPETHUECKOE U IIPAKTHYECKOE
3HaueHne. B MoHorpadusx [1-5] moapITOXKEHBI MHOTHE PE3YJIbTAThl, IOIYYCHHBIC B 3TOM
HanpasieHuu. C Opyroil CTOPOHBI, M3BECTHO, YTO HANPSDKEHHs, BO3HHUKAIONIMe BOIM3M
MeX(}a3HBIX TOHKHUX OCTPOYTOJIHBIX BKIIIOUYEHHH, HAXOAALIMXCS HA JIMHHUAX CTBIKA
Pa3sHOPOJHBIX MaTEpHAJIOB B KyCOYHO-OJHOPOAHBIX Ae(HOPMHUPYEMBIX TeJaX Y KOHILEBBIX
TOYEK BKJIIOYEHHH HMEIOT OCHHUJUIUPYIOUIHE OCOOEHHOCTH, YTO, KaK M B KOHTAKTHBIX
3a/1a4ax ¢ y4€TOM HOJHOTO CUETIJICHUS, IPOTHBOPEYUT CYTH IIOCTABJICHHBIX 33/1a4. B ciyuae
3a7a4 KOHTAKTHOTO B3aWMOJCWUCTBHMS LITAMIIa C IUIOCKMM OCHOBaHHEM U YIpPyrou
MOJIYIUIOCKOCTH 1Sl ycTpaHeHus aToro aedekra JILA. Tanuneiv [6], A.B. Caaksnowm [7] u
HamH [ 8] ObLIH ITpeJI0KEeHBI HOBBIE MOJICNTH KOHTaKTa. B pabote A.B. CaaksHa [9] npoBeneH
CPaBHUTENBHBIN aHAIM3 3THUX Tpex Mojenei. [ToJoOHBIX uccienoBaHul 11 MeK(pa3zHbIX
BKJIIOYEHUH, HACKOJIBKO HaM M3BECTHO, MOKa HeT. PacmpocTpaHeHne MoOJENN KOHTAaKTa
JI.A.T'anuua U1 Mogenu MeK(pa3HBIX BKIIOUSHUH MPUBOINT K CIOKHBIM COOTHOIICHUSIM,
KOTOpBIE HE JI0MYCKAIOT AHAIUTUYECKUX PEIICHHH.

Hcxons w3 aToro, mpeajaraercss MOJeNb KOHTAKTa JUId MeX(a3HbIX BKIIOYEHHH ¢
y4€TOM TpEHHUS MOKOs, KOTOpasi He MMeeT yKa3aHHBIH Ae(eKT M IO3BOJSET HMOCTPOUTH
3aMKHYTOE pellIeHHE TIOCTABICHHOM 3aaun.

O kJ1accH4YecKoil MOIeJIU TOHKOTr0 afCOTIOTHO KECTKOro MeK(pa3HOro BKIIOYEHHS
CHayana mpuBeleM pEIIEHUE 3alaud O B3aUMOJEHCTBUU KyCOYHO-OJHOPOIHOM
IUIOCKOCTH M abCOMIOTHO XKECTKOrO MeX(pa3HOrO0 OCTPOYTOJbHOTO — BKJIIOUEHHS,
HaXOJAIErocs Ha JJMHUM CThIKA JABYX MOJIYIUIOCKOCTEN U3 pa3IUYHBIX yIPYTUX MaTepHaIOB

¢ koo uumenramu Jlame [, A, ¥ [l,, A, COOTBETCTBEHHO H MOIHOCTBIO CLEILIEHHOTO C
Martpuieil. IIpy 3TOM NoOJaraeM, 4ro KyCOYHO-OJHOPOIHAS IUIOCKOCTh HaXOIUTCS B
COCTOSHHH IUIOCKO# iehopMalum 1 OTHECEHA K eKapToBoii cucteme koopaunat OXx) , och
adcmucc KOTOPOH IMPOXOAWT BIOJB JIMHUM CTHIKA PAa3sHOPOTHBIX IOJYIUIOCKOCTEH, a

BKJIIOUEHHE Pa3MEIICHO Ha MHTEpBaJie (—a,a) ocH abcryce U HaXOAUTCS MO BIMSHHEM
HOPMaNbHOH H TOPH3OHTANBHON COCPEIOTOYCHHBIX Harpysok Bemmumust Py, u T

COOTBETCTBEHHO, TPHIIOKEHHBIX K BKIIFOYEHUIO B HEKOM BHYTpeHHEH Touke X, (Pur.1).

VcioBus KOHTaKTa BKJIIOUYCHHS C IUIOCKOCTBIO B PAaCCMOTPEHHOM CJIydac MOKHO
3amurcaTh B BUJIC:

o (x,0) = 6! (x,0), 10 (x,0) = 1 (x,0)
u(x,0) =u?(x,0), W (x,0)=v?(x,0)
v, (x,0) =v,(x,0) =0, +yx

u,(x,0)=u,(x,0)=9,

x| > a (1a)

¥ <a (1b)

3nece U; (x,y)uv ! (x,¥) ( j= 1,2) COOTBETCTBEHHO FOPU30HTAJIbHBIE U HOPMaJlb-

HBIC COCTAaBJIAIOIIUE BEKTOpa CMEIIICHUH TOYeK PasHOPOAHBIX HOHyHHOCKOCTeﬁ, 61 )44 52 —
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HOPMaJIBHOC€ W T'OPU30OHTAJILHOC JKECTKHE CMEIICHUS BKJIIOYEHUS , a 'Y — Yrojl moBopoTa
BKJIIFOYCHUA.

®ur. 1

Crnenyer OTMETHTB, YTO YKa3aHHas 3aj1a4ya B OOIIEH MOCTaHOBKe, Korja Ha Oeperax
Mex(ha3HOH TPEIIMHBI 33aJJaHbl CMEIICHHs, BIIEpBbIe Oblla paccMOTpeHa UYepenaHoBBHIM B
pabote [10], e e€ pemienne OBUIO CBEJICHO K PELICHHIO 33]Ia4X COTIPSDKEHISL.

3nech ke, JUIs peleHus kpaeBoit 3agaun (1) OyzeM McIoab30BaTh Pa3pbIBHBIE PEILICHUS
YPaBHEHUI TEOPHM YNPYrOCTH Ml KYyCOYHO-OJHOPOJHOW IUIOCKOCTH C TPEIIMHOM,
npuBeAcHHbIE B [S5]. DTH pelieHus YAOBIETBOPAOT ycioBusiM (la) u ompepenstor

KOMIIOHEHTBI HarpspKeHUH G( )( ) ‘C(X; )(x,y) ( J =1,2) U TPOU3BOJAHBIE OT
CMEIEHUH TOYEK pa3HOPOJAHBIX IOJYIUIOCKOCTEH Ha JIMHUM MX CThIKAa Yepe3 CKauK{
HOPMAJIbHBIX M KacaTeJbHBIX HaNpsDKeHUH O (x),r (X)I/I JUCIIOKAllUM CMEILIeHui Ha

JUIMHHBIX CTOpPOHAX BKIIFOUCHUA. Tak kak B paccMaTpuBa€MOM CiIyda€ OUCJIOKAIuH
CMENIeHUN PaBHBI HYJIIO, TO

vl'(x,O):v; (x,O):—%r(x)—ij-%ds;

A < s
i ' do dl “
ul(x,O)zu2 (x,O)zXG(x)—n—AJ%ds, )
)(x 0) 1)(x 0) o(x); ’C( (x 0)—1( ( ) T(x),
rac
cs(;)( 0)= G( )+ I r(s)

TA ¢

0] Iy o(s)
7 (,0) =20 mj
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U U (e P

2 2 C(n,+3u,)
9 = “/(7‘1 +2“1)  A=(90 49 2 90 _ g 2 (j=12)
(A, +3n,)

=99 (80 +90) -8 (81" - 97); 1, =98l + 809 .

ITpu nomomu TpeTbeil U yeTBepToi Gopmyi (2) ynosierBopus yciosusaMm (1b), mocne
HEKOTOPBIX BHIKJIAJIOK, IS ONPE/ICICHHS KOMIIGKCHOI KOMOMHAIIMY CKaYKOB HAIIPSIKCHUH
Ha JUIMHHBIX CTOPOHAX BKIIFOYCHMS, MPUIEM K CICYIOIIEMY CHHIYJIIPHOMY HHTETPaIbHOMY
YPaBHEHHIO BTOPOTO poJia:

X(X)—i—qu=iv*; (-a<x<a), €))
Te os—Xx
IIPpH YCJIOBUAX PAaBHOBECHUA BKIFOYCHUA
.f x(x)dx=0,;  Re J. xy,(x)dx =x,P,. (4)
?;;[ecr, -
, , d, 9V +9Y A
0, =R -iT; x(x)=o(x)-it(x); q:d_;:W>l; PR

He ocranaBnuBasice Ha feTaisx, MpuBeAEM perieHne ypaBHeHus (3) npu yciaoBusx (4).
OHO MOKET OBITh 3aITUCAaHO B BUJIC:

x(x)z%m(x){y* (x—ZiBa)—q—f"}. 5)

e g=1;<0.
I+¢

HpI/I OTOM, HpI/IBeHéHH}Jﬁ MNOBOPOT BKIIFOYCHUA 'Y* OIIPEALIIACTCA 4YCpE3 3aJaHHBIC

Harpy3ku ¥ KOOPAMHATY X,, TOUKH MPHIIOKEHHS COCPENOTOUEHHBIX CUII 110 (hopmyIie:

2R (%, ~2BT,/R)

- 6
! na(1+4p°) (6)
31ech

1 2

* .
Xo=Xla; p=p/p,; @, =3-4v, (j=12).

U3 (5) ans CKAuKoB HANPSKEHUH, JAeHCTBYIOIMX HA JUIMHHBIX CTOPOHAX BKIIOUEHHS,
TMOJIYYHUM BBIPAKCHUA:
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~ \/E[(y*x—qlf) /mt)cosB(x)—(qT, /n—2y*[3a)sin[3(x)] ‘
(l—q)\/a2 —x’ ’

'c(x) _ _\/E[(Y*x—‘ﬂ% /TE)SiIlB(x)+(qT() /Tc—2y*Ba)cos[3(x)]
(1—q)\/a2 -x

[peo-eu()

Otcrofa, mpu MOMOIIM TIOJyYEHHBIX 3HAYEHUH CKauKOB HANPSKEHUH M pa3pbIBHBIX
pelreHnit MOXKHO ONPEAENUTh KOMIUIEKCHYI0O KOMOMHAIUIO KOHTAKTHBIX HANPsDKCHUH Ha
JUIMHHBIX CTOPOHAX BKJIIOUEHUII 11O Q)opMynaM

2y (%) =0 (3,0) =12 (,0) = P02y 4 ’“
gA
xz(x)=cf><x,o>—n£i><x,o>=x1<x>—x(x),

Ortkyna
(5(1)( Re[)(1 ] qo

cf)(x,o):(q’o—jz—ljc(x);

q

; (M

r(xlv) (x,O) = Im[)(1 (x)] = —%r(x) + ZI*_ZAZ;

o) (x,0)= [‘” AZ +1j (x )+Y§
) q q

ITo 3Tum opmynam HETpyIHO YCTaHOBUTb, YTO KOHTAKTHBIE HAIIPSKEHUS, KaK U CKA4uK1
HaIpPSDKEHUH, B KOHLEBBIX TOYKAX BKIFOUYEHHS UMEIOT OCIMLTHPYIOUIYI0 OCOOCHHOCTb.
IIpu sTOM

t(x) =/ (x)o(x).
f(x)=- [(v*x—qPo /mt)sinB(x)+ (g7, /n—2y*Ba)cosB(x)]
[(Y*x—qPo /mt)cosP(x)—(gqT, / m— 2V*Ba)5inﬁ(x)] :

Paznoxus bynkumo  f (x) B psx Maxnopana, xorna Fy #0, u noBombcTBysch

INICPBBIMU ABYMsI WICHAMH, IOJTyYUM
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2 27, V.1l 2
f(x)zA—%[HA ]+%+0(x )=

2 Al 2qT,
SX—T;;O Zm"ﬁ—y*(l+4[32) +O(x2)

.

TIe
495 /mn—2y.pa
qfy /m
OTtcroma BHIHO, YTO KOT/Ia TOPU3OHTAJbHAs Harpy3ka OTCYTCTBYET M HOpMaibHas

HATpy3Ka TpPHIOKEHA B CPelHE Touke BKIIOYeHHs, T.e. korma 1, =x,=0,

CJICOAOBATCIbHO U 'Y* = 0 , JJIA (byHKHI/II/I f(x) MOJIYyYUM IPEACTABJICHUC
2Bx
f(x) z—i+0(x2).
a

IMocranoBKka 3a1a4u ¥ BHIBO/I ONPEAEISIIOIIMX YPABHEHUH

PaccmoTtpum 3amady B HeCKOBKO U3MEHEHHOH moctaHoBke. [Ipu aToM, mepBoe ycioBue
KOHTaKTa BKJIFOUYEHHS C KYCOYHO-0THOPOJIHOH IIOCKOCTHIO B (1b) coxpansercs. Bropoe xe
YCIIOBHE KOHTAKTa, OIHPAsCh Ha BBINIC IOJYYCHHBIC pE3yJbTAThl, 3aMEHHM JBYMS

YCIOBHAMHI ‘C(X) = f(x)c(x)n u,(x,0) =u,(x,0), rae kak u Bbire PyHKIHH ’E(x)
u o (x) COOTBETCTBEHHO CKAYKH KACATENLHBIX U HOPMAIbHBIX KOHTAKTHBIX HAMPSKEHHUIA,
BO3HHMKAIOIIMX HA JIMHHBIX CTOPOHAX BKJIOUeHHs. [Ipn 5TOM, K0d(GHuumenT nponopuo-
HATBHOCTH Gy/eM 6paTh B BH/Ie TUHEIHHOTO AByHdneHa | (x) =f+ 1, (x - xo) /a,rne

f;- 1 f, — HeM3BECTHBIE OCTOSIHHbIE, CyMMa KOTOPBIX PaBHA 3aJaHHOMY 4mciy f , KoTo-

poe MBI yCJIOBHO Ha30BEM Ko3(p¢uuueHToM TpeHus. CuutaeMm Takxke, 4TO | f (x) < 1|.

Tormga mocTaBlIeHHYIO 3aJa4y MOXXHO c(OPMYJIHPOBAaTH B BHUJIE CIEAYIONIEH I'paHUYHOM
3a7a4n:

v, (x,0)=v,(x,0) =0+7yx

(x) = f(x)c(x) |x| <a (8)
u,(x,0) =u,(x,0)

TpebyeTcsi TMOCTPOUTH 3aMKHYTOE pEICHHE MOCTABICHHOW 3a/laud, HU3Y4IHThH
3aKOHOMCPHOCTH UBMCHCHUSA KOHTAaKTHBIX Hal'lp?[)KCHI/Iﬁ Ha JJIMHHBIX CTOPOHAaX BKIIFOUCHUSA
M yriia MOBOPOTA BKIIOYCHUI B 3aBUCHMOCTH OT COOTHOLICHHH YIMPYTHX XapaKTEPUCTHK
HOJIyIPOCTPAHCTB, TOYKH MPHIOKEHHUH COCPEHAOTOYCHHBIX HATPY30K M OT BEIHYUHBI
ko3 duIeHTa TPEHHsI, a TaK)KE MPOBECTH CPABHHUTEIBHBIN aHAIN3 PEIICHUH TPAaHHYHBIX
3amauy (1) u (8).

JUs1st peneHust TIOCTAaBICHHOM 3a1aui IIPH ITOMOILM TIpe/CTaBieHuit (2), yA0BICTBOPHUB
ycioBusiM (8), IPUAEM K CIIEAYIOIIECH CHCTEME OMpPEIeISFOIINX YPAaBHCHHIA:
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ﬁr()c) + 4 J. o) ds =—v;
A A C s—x O]

w(x) = f(x)o(x),

KOTOPYIO HY>KHO pacCMaTpHBaTh MPH YCIOBHUIX PABHOBECHS BKIIIOUCHHS:
a a a
jc(s)ds=E); Jsc(s)ds=xofg; jr(s)ds=To. (10)
—a —a —a
Iloncrasnss 3HaueHue T(.x) 13 BTOPOT'O YpaBHCHUS B IICPBOC HpI/IZ[éM K ciaeayrmemMy

ONPENCIAIONIEMY  CHUHTYJISIPHOMY  HHTETPAJbHOMY YPAaBHEHUIO C  IEPEMEHHBIMH
K03 duIeHTaMU:

f(x)c(x)+%j.%ds=—y*, (11)

rIe ¢ W Y. — BBeACHHbIE BHIMIC 0003HAUCHHS.
Hns pemennst ypaBHeHus (11) mpu ycnoBusix (10) BBenéM B paccMOTpeHHE aHAJM-

TUYECKYI0 BO BCEH KOMIIJIEKCHOW IIOCKOCTH pa3pe3aHHOW BIOJIb MHTEpBala (—a,a)

xommekcHyto dynxiuto O (Z ) 1o gopmyie

1 ¢o(r)dr
[0} = | -7 12
(Z) 27:1"[ T—z (12

—a

Torna, xak u B [8], pemenne ypaBHeHus (11) MOXHO CBECTH K pELICHUIO CleayoLIei
3anaun Pumana ¢ nepeMeHHbIM K03 QUIIUEHTOM:

(oM (x)zG(x)CD" (x)+g*(x) (|x|<a) ; (13)

_Sf()-iq Y
(G(x)‘f(xmq’ &)= T (|x|<a)]’

peleHre KoToporo 3amnuckiBaercs B Buue [11,12]:

X(z) ¢ g.(r)dr

)] = C X(z). 14
(Z) 2 Y X" (’C)(T—Z) %o (Z) (1
3mecs
X(z)= e F(z)=L lnG(r)dr’
z—a 2ni Y 1-z
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3HaKM T Hang (byHKI_II/IﬂMI/I O3HA4Yar0T UX 3HAYCHNA COOTBETCTBEHHO Ha BEPXHEM U HUXKXHEM

Geperax MHTepBaja (—a,a) ,a C, — nocrosiHHas, mojuIexaas onpenenenuio. Ipuaem,

TaK Kak |G(x)| =1,10

_j _ S™=ig () =2igf (0) -4
lnG(x)—zargG(x)—largf(x)+l_q iarg g

TIpu 510M, Kak u B [10], Hy’)KHO B3STh Ty BETBb (PYHKIIMH G(x ) , apTyMEHT KOTOpOH B

TOYKE X = —d HaXOJHUTCS B MHTEpBaJC (0,27‘5). CrenoBatenbHO, TaKk Kak § >1, 10

umeem [10]

argG( )—[n+arctg q];( () )}—{n+2arctgf(x)}.
X q

Janee, nepeiiaéM K ONpe/IEICHHI0O HEU3BECTHBIX MOCTOSHHBIX, BXoamux B (14). s
9TOTO, UCIOJIB3YS ToBeAeHHe nHTerpaita Komu Ha 66CKOHEUHOCTH, HECIIOKHO YCTaHOBUTH,

4TO B paccMarpuBaeMoM ciydae mo dopmyine (12) dynkims (I)(Z) Ha OECKOHEYHOCTH

HUMECT CJICAYIONLICC NPEACTABIICHUC!

(z)=—— U.G(t)d‘l%%j;'rc(r)+0(z‘2)}:

2miz | °
‘ 15)
1 1
= 2mz{P+ZxOP +0(z )}
a o gopmye (14) - npencraieHue
1 ¢ 1§ g (t)dr B
@(Z)Z—Zniz(l-i‘;l"rO(Z z)j{;‘[x+—m+0<z 2)}4‘ ( )
, 16

+CO§H1+ - +0( )H

clznifz{farctg(gj (f fz)arctg(f fz] %ln

ecmn fo, #0 n

S

2a
¢ = 721rctg—1 ecmn  f, =
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CpaBHuBasi MoBelieHHsT QyHKIIUH CD(Z ) Ha OeckoHewHocTH 110 dopmynam (15) u (16),

UCTIONB3YsI TP 3ToM yciioBus (10), IpuIeM K COOTHOLICHUSIM:

T,/P—x,f f-T,/ P,
featnl o pe o fa i,
% 1-x,
P a(x*_c*) (17)
C =__0; ’Y*:_#PO; (x;:ﬁ j,
2mi 1, a

rae
- ' 1 d
o —Cl/a, ]0 _J;(f( )+zq X+ J.\/q +f

OTCIO,I[a CJICAYET, UTO IJId UCKIIFOYCHU [TOBOPOTA BKIHOYECHU, T.C. YTOOBI 'Y* PaBHAJICA

T

HyJII0, HOPMAJIbHYIO Harpy3Ky HyXXHO TpPWIOXUTh B TOYKE X, =C,. B cmyuae, xorma

TE) = O , T.€. KOra TOpH3OHTaJbHAasA Harpys3ka OTCYTCTBYCT, OYEBHUIAHO, UYTO JJIA
HCKIIIOUCHUS IOBOPOTA BKIIIOUCHUS HOPMaJbHYIO HArpys3Ky CJICAYCT HPUIIOXKHUTH B TOYKE

X, =0. Torna n3 nepeoro coornowenns (17) nomyunm f, = 0. HecnoxHo nposeputs
Taxxke, aro mpu f, = 0 aromarnuecku ¢, =0.

Beraucium unterpan /). Ipi GoIbIINX 3HAYCHHAX Z GyneM HMETh:

sz)=zz—clz+( a*12+¢l 12-¢,)+0(z7),
rac
c,=a’c,= 2f2 {(f +q )arctg§+((f1—f2)2+q2)arctg%—2qu}—

2 _ 2 2
_Eh farctgi—(f—f)arctg(f1 fz)—gln S +q (f,#0)
2 17 /2 5 2 5 2
s q q (fi-£) +4
c,=0 ( L= 0)
CrenoBaTeNbHO, CIH B3STh 3aMKHYTHIH KOHTYp /A, comepkammii HHTepBam (—a,a) ,

TO CIIPaBeIJINBO COOTHOIIEHUE [3]

1 tdt

= - Zz—clz+(—a2/2+cf/2—c2)}

2niAX(t)(t—z) X(z) [
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Torz[a, CTATUBast KOHTYP A Ha UHTEpBaJI (_a, a) , UCTIO0JIb3YS COOTHOILICHUA IInemens-

Coxoukoro a1 uHTerpasos Komm u y4uTsiBas, 4To X(Z ) €CTb pellleHHEe OJHOPOJHOTO

ypaBHenus (13), T.e. X" (x) = G(x) X (x) , TIOJTy4HM:

q tdt X f(x) 2 a_z_i
j 0)+ig)X (1) (t=x) X (x) f(x)+ig *C'“(z 2*"’2]'

Otcrona, mpu X =0 npunem k paBeHCTBY:

1 dt n(a* ¢

P U e |
_a(f(t)ﬂq)X (t) g\ .2 2

Haﬂee, leI/ITLIBaﬂ, qTO B paCCManI/IBaeMOM CJIleae

‘(v) = ewn(x)(f(x)$iq) ’ )

oa(x) g+ (x)

JUIs1 CKadKa HOPMAJIbHBIX KOHTAKTHBIX Hapr{)KCHI/Iﬁ Ha JJIMHHBIX CTOPOHAX BKJIIFOYCHUSL
nony4uuM Gopmyiy:

o) LR rr(ea) e[y, ()]
Tw)(x) g+ f? (x)

3,HCCI> BBCICHBI 0003HaYCHHUS

o(x)=(a+2)" (a—2)" " p(x)=Laretg LD,
n q

l]’- arctg(f(t)/q)—arctg(f(x)/q)

t—x

(19)

dr.

\Vl(x =

OmpenennM Takke HOpPMajbHBIE KOHTAaKTHBIC HAINPsDKEHHS HA JUTMHHBIX CTOPOHAX
BrumoueHwst. [To dopmynam (2), ucronsiys ypasaenue (11), Oymem nmers

G(l)(X,O)I{Z—O_fz(z)lzj|0()€)—y*f(x) ) sz
q

g A gA maA ’

o 0= oo B
A gA gA naA
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rily)(x,O)z IZO+AZ_2q f(x)c(x)+%;
@ (x,0)=| DBy £ () o+ L2
wAT A Ag Ag

BbluncnuM Taxoke MPOM3BOMHYIO OT TOPU3OHTANBHBIX CMEIICHUH O] BKIIIOUCHUEM.
Hcnons3yst npu 3ToM ypaBHeHue (11), Haiiném:

a

na

ul'(x,O):u; (x,O)z% (1+f2 (x))c(x)— F, +yf(x). (20)

B BrImie PACCMOTPEHHOM Clly4a€, KOrja Ha BKIIIOYCHHE B TOYKE X = 0 ,Z[efICTBYET
TOJIBKO HOpMaJIbHasA COCPEAOTOYCHHASA Harpy3Ka BECIMYHUHBI P , CKaYKM HOPMAaJbHBIX U

KacaTCJIIbHBIX KOHTAKTHBIX HaHp)DKeHI/Iﬁ NPUHUMAKOT CIICAYIONIUE NIPOCTHIC BUBI:
gRexply,(x)] RN FAL exp| v, (x)]

o(x)= =; = —. @
no(x)+/q> +(fox/a) naw(x)\q* +(f,x/ a)

YnciieHHbIE PaCYEThI
ITpoBeseHbl uMCIEHHBIE PAacyEThl U CPaBHEHBI Ipaduku Oe3pa3MepHBIX CKauKoB HOP-

MaJIBHBIX W KacaTeJbHBIX HANpPSKEHUU O, (x)zac(ax) / Po , Ty (x) = a‘c(ax) / Po s

JEUCTBYIOMIMX Ha MAJIMHHBIX CTOPOHAX BKJIIOYEHHS, OIpeelNEHHblE IO KIACCHYECKON
MOJIEN!U MOJHOIO CLEIUICHUS U 110 NPEUIOKEHHON 3/1eCh MOJENH ¢ YU4ETOM TPEHHs IOKOS
IIPU OAUHAKOBBIX 3HAUEHUAX (DU3UKO-MEXaHMYECKHX M eOMETpUYecKUX mapaMmeTpoB. Ha
¢urypax 2 u 3 COOTBETCTBEHHO ITyHKTUPOM IIPUBEJICHBI IPaUKU CKAUKOB O€3pa3MepHBIX
HOPMAaJIbHBIX M KacaTeNbHBIX HAIPSDKCHUM, ONpEeleN€HHBIX B paMKaX MOJENU IOJIHOTO

Dur.2 ®ur. 3
CLEIUICHUs, a CIUIOIIHBIMYU JIMHUAMHU I'paQUKH TeX K€ BEIWYMH, MOJYYEHHbIE C HCIIOJb-
30BaHMEM MPEAJIOKEHHOHN 3/1eCh MOJECIH, [IPU PA3IMYHBIX 3HAUYCHHSAX Mapamerpa f . Ipun

9TOM AJIsl YINPYTUX XapaKTepUCTHK Pa3HOPOAHBIX MONYIIOCKOCTEH, COCPENOTOUYEHHBIX
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HATPY30K M MPHUBEAEHHOM KOOPIMHATHl UX TOYKH TPUIOKEHUS TPHHSATH CIEYIOIIHE
%
saavenns V, =0.3, v, =04, u=2,7,/F, =0.3,u x,=0.3.

W3 ¢uryp BuaHO, uTo Ipaduku Oe3pa3sMEpHBIX CKAuKOB HOPMAJbHBIX HAINPsSIKEHUH,
TOJTy9eHHBIX IT0 00€MM MOJIENAM, OY€Hb OJIM3KU M MaJlo OTIMYAIOTCS APYT OT Apyra. Uro xe
KacaeTcs CKauKOB KacaTeIbHBIX KOHTaKTHBIX HAIPSDKEHMH, TO B pacCMaTPHBAEMOM CIIydae,
CaMHM OJI3KHM K Pe3ybTaTy, HOIyIeHHOMY IPH MOJTHOM CLEIUICHHIH, TOTyYaeTcs B ClTydae

xorma f =0.28.

3akJiloueHue

Takum o0pa3zoMm, B paboTe MpeAnokeHa MOJENb KOHTAKTa aOCOIIOTHO >KECTKOTO
OCTPOYTOJIBHOI'0 MEX(Da3HOT0 BKIIFOUCHHS C y4ETOM TPEHHMSI OKOsL. B paMkax 3Toi Mozxenu
BBIBEZICHO OIpE/IeNAIONee ypaBHEHHE 3aJadd B BHIE CHHTYJISIPHOTO HHTETPATbHOTO
ypaBHEHHS BTOPOTO Poja C NMEPeMEHHBIMH KOX(DOHIMEHTaMH M MOCTPOEHO €ro TOYHOE
pemmenue. [TomydeHs! MPOCThIE BRIPAXKEHNS A1 KOHTAKTHBIX HANPSOKEHHH, AEHCTBYIONIHNX
Ha IJMHHBIX CTOPOHAX BKITIOYEHHS W TOPHU3OHTAIBHBIX CMEIICHHH TOUEeK IIOCKOCTH,
COTIPHKACAOMNXCA C BKIIOYEeHHEM. [IpoBeNEH YMCIEHHBIH SKCIEPUMEHT U CPaBHEHBI
rpaukn Oe3pa3MEepHBIX CKaYKOB KOHTAKTHBIX HAPSDKEHUH, TOCTPOCHHBIX NPH TIOMOIIH
Mojienieli MOTHOTO CUEIUICHUS U ¢ y4&ToM TpeHHs Mokos. CpaBHEHHE MOKa3ano, 4To MpH
HaJJIeXaIIeM BEIoope K03 (UIIeHTa TpeHUs pe3yIbTaThl, HOJIyICHHbIE 00CHMH MOIEIISIMH,
B OCHOBHOI1 4aCTH KOHTAKTHOI 30HEI, HE COZIepIKaIllei KOHIIEBBIC TOYKU 30HBI KOHTAKTa, TJie
KOHTAKTHBIC HANpSDKCHHS IONy4eHHBIE B paMKaxX KJIACCHYECKOH MOJENH IIOJHOTO
CLICIUICHUS OCHMUTHPYIOT, MAJIO OTIINYAIOTCS PYT OT Apyra.
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<USUWUSULP &hSNFE3NAFLLE P U2GUSPL WUUTHBUPUSP SE15UWUAPr
M3BECTUA HALIMOHAJIBHOU AKAJEMUH HAYK APMEHHNUA

Utiutthju 78, Ne3-4, 2025 Mexanunka
VK 539.3 DOI: 10.54503/0002-3051-2025.78.3-4-30

HU3YYEHUE HANIPA)KEHHOI'O COCTOSHUA ITPOLUECCA TIPECCOBAHUA
OBPA3IIA U3 HECIIEYEHHOTI'O IIOPOIIKA B )KECTKOM IIUJINH/IPU-
YECKOM MATPHIIE, UCIIOJIB3Y S MOJIUPUIIMPOBAHHYIO MO/JIEJIb

TEKYYECTHU JPYKEPA-IIPATEPA
Ap3ymanss M.I'.

KiioueBble c/10Ba: HeCICYCHHBIH IOPONIKOBBIH MaTepHas, MOJU(HIMPOBAHHAS MOJIENb TeKyuecTH JIpykepa-
IIparepa, »kecTKas IMWIMHIPHUYECKAs MAaTPHIlA, HANPSHKCHHOE COCTOSHHE, Yrold BHYTPEHHEro TPEHHMS,
K09 OHUIMEHT CLUEIICHNUS], YBOJIFOLHOHHBII ITapaMeTp

Arzumanyan M.G.
Studying the stress state of the compaction process of specimens from non-sintered powder in a hard
cylindrical die using the modified Drucker-Prager cap model
Keywords: non-sintered powder material, modified Drucker-Prager cap model, hard cylindrical die, stress state,
internal friction angle, powder cohesion coefficient, evolution parameter.

For the compaction process stress state study of specimens from non-sintered powder materials in a hard
cylindrical die, a simple theoretical formula for plastic deformation of powder materials for a cap surface of the
modified Drucker-Prager cap model is used allowing to set a relation between the axial and lateral pressures. For
some values of the internal friction angle, the cohesion factor between the grains of the powder material, the
hydrostatic compression yield stress and the evolution parameter numerical calculations are performed, the
diagrams of axial and lateral pressures dependent on specimen’s axial coordinate are plotted, and the obtained
results are analyzed.

Upqnuduiyui U.Q.
Unon quuiujut dwdjwduypmu skpwlwjus thnphdnigh dudjdwi gnpdpupugh (upjwbduyght
Jh&wlh hwwgnudp ¥pnybp-NMpugbph dbwihnudws qiluwplwdl dnnbjh oqguugnpdiwdp

Zhdvwpwnbp: showlujws hnpbiynie, Ipnikp-Npugbph dbwhnpjws gluwpludl Ungk), Ynpn
quiulul  dwdjudwyp, jupjuswhtt Jh&wl, ubpphtt othdwl whlnit, Junsuwb gnpswlhg,
Ejnpynighnt yyupwdknp

Unown qutuljub vwdjudwpnid skpwljuus thnokudniph dwdjdwit qnpépupugh jupjudwght
Jh&wljh hknwgnindwl hwdwp oqunugnpéyly E Ipnijip-Npugkph diwthnudus qluwupljudl dnnhbh
quulph dwytplinyph yupq ntuwfuwt pubwdbp, hugp hbtwpwdnpoipinit £ gl juy hwunwnty
wpwigpuyht b Ynndtwghtt {upnudubph dhol: @nont hwwnhlubph dholt ubppht othdwl wlljui,
Qunsuwt gnpéuiljgh, wdpugdwb jwpdwi b bnpymighnt wwpwdbnph npnowlh wpdbpubph nhujpnud
wnwigpuyhlt b Ynnuduughtt Lupnudubph hwdwp junwpdt) ko pyuyhtt hwogupliukp, juemgyl ki

npuig qpubhlutpp’ Yuhjus thnokudniph wpwgpuyhtt Ynnpphtiwnhg, b unwgqws wpyniupkpp
Jtpnudyty Bu:

JU1s MCCIeaoBaHMs HANPsHKEHHOTO COCTOSIHHSL IIpoLecca HPECCOBAHHUS IMIMHAPUYECKOro Opukera u3
HECIICYCHHOTO MOPOLIKA B JKECTKOW IMJIMHAPUYECKOH Martpuile ObLIa HCIOJIB30BAaHA MPOCTas TEOpETHYECKas
dopMmyna MIACTHYECKOH aeopManyy IOPOLIKOBBIX MATEPHANOB I  IULINKOOOPa3HOW IOBEPXHOCTH
MoaudHIpoBaHHOH Mozenu Tekydectu Jpykepa-IIparepa, 4To 1amo BO3MOXHOCTb YCTAHOBHTH CBSI3b MEKIY
0CEeBBIM M OOKOBBIM HaBICHHSAMHU. IIpH ONpeNeeHHbIX 3HAYCHMSIX yIJa BHYTPEHHEro TpeHus, Koddduimenta
CICTUICHUSI MEXIy TpaHyJaMH YacTHUIl IIOPOIIKA, HANPSDKCHUS YIPOYHEHMS U HBOMIOIMOHHOTA MapaMerpa Uit
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0CEBOTO M OOKOBOTO JABJICHUI BBHIMOJIHEHBI pacyeTsl, TOCTPOCHBL I‘pa(i)I/IKI/I 3aBHCUMOCTH OCEBBIX U OOKOBBIX
JIaBIICHHUI OT OCEBO KOOpAWHATHI 06pa3ua ¥ IPOAaHAIN3UPOBAHBI ITOJIYYCHHBIC PE3YJIbTATHL.

BBenenne. B MammHOCTPOCHNH LIMPOKOE NMPUMEHEHHE MONYUYHIH ACTaIM U3 IOPOII-
KOBBIX MaTepraoB. TeXHOIOrHIeCKHH MPOIECC UX N3TOTOBJIECHHS B OCHOBHOM COCTOHT M3
IByX dactedl. CHadala TPOBOIAT XOJOAHOE IPECCOBAHUE IOPOIIKOB B CHELHATBHBIX
npecchopMmax. 3a cUeT IUTaCTUIECKOH nedopMaIii MaTepruall YIUIOTHSETCS U IOy JaroTCs
HeclieYeHHbIe 3aT0TOBKU PA3IMYHbIX GOpM U pa3MepoB. 3aTeM MOcie CIeKaHHs IOPOIIKOB
UX TOJIBEPraloT MOBTOPHOHM 00paboTKe JaBjieHUEeM, MpHIaBas UM OKOHYATENbHBIA BUJA U
IUIOTHOCTh. B pe3ynbraTe MONydaroT BHICOKOKAYECTBEHHBIE NETAIHM C HU3KHUM PAaCX00M
SHEPruy U MaTepHajIoB.

Taxkum o6pa30M, B l'lOpOLL[KOBOﬁ MCETAJUIYPTU OAHUM U3 OCHOBHBIX TE€XHOJIOTUYCCKUX
IPOLIECCOB SBIISETCS XONOJHOE (POPMOBaHME HECIEUEHHBIX 3arOTOBOK. JleTay, U3roTOB-
JICHHBIC M3 IIOPOIIKOBBIX MaT€puaioB, UMCIOT pPa3HbIC MOPHUCTOCTL MU IUIOTHOCTH, YTO
CYIIECTBCHHO BIHSET Ha MX MEXaHWUYECKHe CBOicTBa. OTMETHM, YTO MPOLECC XOJIOAHOTO
(hOopMOBaHMS TTOPOIIKOBEIX MaTEPHaOB HCIOJIB3YETCS TAKKe B NMIPOU3BOJCTBE KEPAMHUKH,
JIEKapCTBEHHBIX MIPEIapaToB, SIEPHOTO TOIUINBA U B APYTUX OTPACIISX MPOMBIIITIEHHOCTH.

B [1] uccnemoBaHo HaNpsDKEHHOE COCTOSIHHE MOJIOTO Iapa W3 HECIEYEeHHOTO ITOPOI-
KOBOTO MaTepHaja, Harpy>KeHHOTO BHEIIHHM JaBJICHHEM. 3ajada penieHa ¢ MCIONb30Ba-
HHEM yCJIOBHH Iu1acTHYHOCTH Mopa-KyiioHa JUis MeTalnInIecKuX OPOIIKOB.

B [2] u3y4yeHO HampspKEHHOE COCTOSHHE TOJCTOCTEHHOTO ITOJIOTO IIapa M3 HeclleyeH-
HOTO METaUIMYECKOT0 MOPOLIKa B YCIOBHSX BCECTOPOHHETO PAaBHOMEPHOTO CHKATHS,
UCTIONIB3YS yciioBHe IuiacTuuHocTH Jlpykepa—Ilparepa, u mnomydeHsl (GopMyIbl Ui
ONpeJeNieHusT KOMIIOHEHTOB HANpPSHKEHHOTO COCTOsiHMA. [Ipou3BeleHbl 4YHCIICHHBIE
pacyeTsl Uil PaAdaIbHOTO M MEPUAMOHAIBHOIO HAINPSHKEHUI NPH HEKOTOPBIX MAaJIbIX
3HA4YCHUAX YIjla BHYTPCHHEI'O TPEHHA MCEXKIAY UYaCTHLAMHU IIOpOIMIKa, IIOCTPOCHBI HX
rpagyKu B 3aBUCHMOCTH OT TEKYIIErO pajuyca IMoJyioro mapa. JlaH aHaiu3 moiydeHHbIX
IAaHHBIX.

B [3] npoananusupoBana MoauduIMpoBaHHas Mozeidb Tekydectu Jpykepa-IIparepa.
Ha ocHoBe (opMys TeOprH MIACTUYHOCTH MOTYYEHBI TeOpeTHIeckrue GopMyIIbl IIacTHIe-
CKOH edopMary HECTICUSHHOTO METAININIECKOTO MOPOILIKOBOTO MaTepHaia s IUISIKO-
obpasHoii noBepxHOCTH. [lomydeHHBIe QOPMYIBI JalOT BO3MOXKHOCTH HE TONBKO IPOBO-
JITh HCCJIEIOBaHHEe KOMIIOHEHTOB HAaIPsDKEHHO-Ie)OPMUPOBAHHOTO COCTOSHUS JeTanei
U3 MOPOIIKOBBIX MAaTePHANOB, HO U ONPEAEIIATh UX TEKYIHE IIOPUCTOCTH (INIOTHOCTH).

B [4] mpoaHanmm3upoBaHBl TEOPETHUECKHE U OKCIIEPUMEHTANILHBIE HCCIEAOBaHUS
MouduIpoBaHHoil Monenu tekyudectu [pykepa-IIparepa. Ha ocHoBe dopmyn teopun
IUIACTUYHOCTH TOJIyYeHbl TeopeThdyecKkue (OopMyiibl IUIACTUYecKoi nedopmanuu Hecme-
YEHHOT0 METaJUIMYECKOr0 IIOPOLIKOBOTO MaTepuaia Al HULINKOOOpa3HOH MOBEpXHOCTH.
[MonyuenHple (opMynbl JalOT BO3MOXKHOCTh HE TOJBKO IIPOBOJIUTH HCCJIEOBAaHHE
KOMIIOHEHTOB HAaNpsKEHHO-IEOPMUPOBAHHOIO COCTOSIHUS JeTalell M3 MOPOIIKOBBIX
MaTepHajoB, HO U ONPEAENATh UX TEKyIIHe IIOPUCTOCTH (TFIOTHOCTH).

B [5] npoaHanmu3upoBaHbl HCCIEIOBaHHS IUIACTHYECKON JedopManni HecleueHHbBIX
MOPOLIKOBBIX MAaTepPHaIOB, UMEIONIHE OOJIBIIOE TEOPETUUECKOE U MIPAKTHIESCKOE 3HAUECHHE,
U BBIBIICHBI MX 0cOOeHHOCTH. [IpencTaBieHo ycnoBue IacCTHYHOCTH, Hanbomnee yaooHoe
UL TEOPETHYECKOTO HM3YUSHHUSI HAIPSDKEHHOTO COCTOSIHUS HECIICUSHHBIX MOPOIIKOBBIX
MaTepuaJoB B IIpolleccaX YIUIOTHEHHs, a Takke (opMyina OIpeleNieHus TeKymei
MOPUCTOCTH MaTepraa.
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B [6,7] BbImOMHEH NOAPOOHBI aHAIM3 MOAU(DUIMPOBAHHOM MOJEIH TEKy4eCTH
Hpykepa-Ilparepa s MOpOIIKOBEIX MaTepHanioB. MoOAENs COCTOHUT W3 JIBYX OCHOBHBIX
qacTeil: MPSAMOJMHEHHONH - MOBEPXHOCTh TEKYyYEeCTH NP CABUTE, U IUIAIKOOOPa3HOH,
HEpECEKAIOIIEH OCh CPESIHETO HANPSIKEHHs, HA OCHOBAHMU YETr0o OCYIIECTBIIIETCS IPOLECC
IUIACTHYECKOTO OCAKMBAHUS IOPOIIKOBBIX YaCTUL. ODTH YacTU CBA3aHbI APYr C IPYyroM
MEPEXOTHBIM yuacTKoM (ur. 1).

Transition -

surface, Fy -7
o
2 Shear failure, FS B
o ]
@ : I a(d+p,tanp)
= '
2 L
g i
8- ' Cap, F¢
w X d+p,tanp
8 P !
= '

— .
A I d Rid+pytanp) | D

Py Pp
Equivalent Hydrostatic Pressure Stress P

®ur. 1. Tunuunas moauduIpoBaHHas Mojaenb Tekyuectu Jpykepa-IIparepa [6,7]

CornacHo ¢ur. 1, mogudunmpoBaHHas Moaenb Tekydecta pykepa-Ilparepa coctout
U3 TpeX y4acTKoB [6,7]:

1. IloBepxHOCTh (AB) TekydecTn mpu CABHUTre MOPOIIKOBBIX YACTHII, 00ECIICUHBAIOIIAS
Te4eHHe, 00yCIIOBICHHOE CIBUTOM, 3aIlUChIBAETCs B BUJE [6]

Ji=Fs=q-ptgp-d =0, (M
IJie P - CpelHee HANPSUKEHHUE, & § - DKBUBAIEHTHOE HAIpPsUKEHHE 110 Musecy.

3L[€CI> P 1 g, BBIDAXKXECHHBIC Y€PE3 INIaBHBIC HATIPSIKCHUS, UMEIOT CJ'ICHyIOHII/Iﬁ BH/I:

p=—(c,+0,+0,)/3, )

1 2 2 2
q= EI:(GI—GZ) +(0,-0;)" +(0;—0)) ] 3)

2. llnsamkoo6paznas moBepxHOCTh (CD), obecmeumBaromas MeXaHW3M OCaKUBAHUS
TIOPOIIKOBBIX YaCTHI, JUIS NPEACTABICHHS ILTACTHYECKOTO YIUIOTHEHHS 3alUCHIBACTCS B
Buze [6]

Rq

:F: —_ 2+ _—
fCD c (p pa) 1+(X,—(],/COSp

~R(d+p,tgP)=0, )

rne R - mapamerp, XxapakTepH3yrOIIUii CBOWCTBO MaTepUaa, KOTOPBIH yIpaBiseT popmMoii
“nursiner’”’; oL - HeOGosbLoe yucio (o0syHO B auanazoHe ot 0,01 mo 0,05), ucnonszyemoe

JJIg OIIPEACIICHUA IJIABHOM nepexozmoﬁ TOBEPXHOCTH, pa - DBOJIIOLIMOHHBIN napameTp,

00yCIIOBJICHHBIH TPOYHOCTHIO HMJIM XPYIKOCTBIO Marepualia W IMPeACTABISIOUIMNA co0oi
00BEMHYIO TIACTHYECKYIO Ae(OpMALIUIO.
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[nsankooOpas3Has HOBEPXHOCTh B MOAU(DUIMPOBAHHON MoJeNnu TekydecTu Jlpykepa-
IIparepa ympouHseT MaTepuad WIH JAeJaeT €ro XpPYNKUM Kak pe3ysibTaT OOBEeMHOM
¢ynkuu wiactudeckod pedopmaruu. Korma mpoMCXOOMT IIACTHYECKOE OOBEMHOE
YIUIOTHEHHE (MaTepual CABUTACTCS IO MUIAIKOOOpa3sHOW MOBEPXHOCTH), MOPOIIKOBBIH
MaTepHan YNpOUYHSETCs, a KOrja IPOMCXOAUT OOBEeMHas IUIacTHYecKas JMJIATaHCHS
(Marepualn cIBUTaeTCs MO MOBEPXHOCTH TEKYUYECTH), OH CTAHOBHUTCS XPYNKUM [6].

CBs13b MEXly SBOJIOLMOHHBIM IApDaMETPOM p), M HANPSHKEHUEM YNPOYHEHHS P,
HnMeeT cienyromuit Bua [6-8]:

Py =P, +R(d+p,tgp). (5)

3. Yuactok miaBHoro nepexozaa (BC) mMexy yka3aHHBIMU ABYMs y4acTKaMH 3a/1a€TCs
B BUE [6,7]

o
foe=F=|(p—p)+ q- l—m (d+p,tgPB) |-o(d+p, tgB)=0.(6)

B [8-10] B MomuduiupoBanHoii momenu Tekydectn Jlpykepa-Ilparepa paccMaTpu-
BaIOTCA JIBE CJICAYIOIIUE TIOBEPXHOCTH: TIOBEPXHOCTh TEKYUECTH IIPH CIIBUI'E MOPOIIKOBBIX
YaCTHUI[ U MOBEPXHOCTh OCAKUBAHUS (ILIANKOOOpasHbli y4dactok) (¢wur. 2). IIpu stom B
TPE/ICTABIEHHOI MOJIENM €CTh YeThIpe He3aBHCHMBIX Tapametpa R , d , B u Dy
3HAYCHUS] KOTOPBIX JOJDKHBI ONPENETAThCS OKCIEPUMEHTANBHBIMU HCCIEIOBAHIAMHE
MIOPOIIKOBBIX MaTEPHaJIOB.

o
@ Shear failure, Fg B
[
7
£
]
2
2 Cap, F¢
w
8 < B
8 patll,
=
A ‘ 0

Equivalent Hydrostatic Pressure Stress P

®ur. 2. MonuduuupoBanHas MoJenb Tekydectd [Ipykepa-Ilparepa 6e3 nepexoaHoro
yuactka [8-10]
Kak BugHO M3 Qur. 2, MOBEPXHOCTh TEKYYECTH IPU CIBHUTE COXpaHSIET CBOH BHI, a
HUIAKOOOpa3Hasi MOBEPXHOCTh INpeAcTaBiIeHa 0e3 Kod(OHLIMEeHTa O, ONPENeIsIONIEro

IUIaBHYIO NIEPEXOAHYI0 MoBepXHOCTH [8-10]:

2 2
fen=Fe=\(p=p,) +(Rg)’ =R(d+p, 1gB) =0. )
B [4] npocThIM TeopeTHYeCKMM METOZOM 00OCHOBaHa MOAM(UIMPOBAHHAS MOJIEINb
texkyuectu Jlpykepa-IIparepa u Ha OCHOBE (GOPMYJ TEOPUH IUIACTHYHOCTH MOJIy4eHA
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mpocrasi TeopeTndeckas popMmylia IIIACTUYECKON Ae(opMaluy MOPOUIKOBBIX MaTEpHAIOB
U TIUTATIKOOOpa3HO MOBEPXHOCTH MOJIU(UIIMPOBAHHON Mojenu TekydecTn Jpykepa-
[parepa (¢ur. 3):

Jwn=F,=qR-p—-p,=0. )
YcnoBue mnacTHuHOCTH (8), BRIpaXKEHHOE Yepes3 INIaBHbIe HANPsDKeHUs, UMeeT BUJ [4]
Jsp =F, =0,
1 ) ) ) (0,+0,+0;)
E[(Gl—ﬁz) +(0,-0;) +(0,—0)) ]R—%—pbzo. ©)
o
@ Shear failure, F g
5 1
w
15
o
-
&
u d+p,atanp
8 AP
=
d
A
Py Ph
R(d*+p,tanp)

Equivalent Hydrostatic Pressure Stress P

®uwr. 3. VIIpoIeHHbIH BUI THITHYHON MOTUPHUIIUPOBAHHON MOJIEITH TEKYyYECTH
Jpyxepa-Ilparepa [4]

OTMeTHM TaKke, 4To Ha (Gur. 3 KOTaHTeHC yria, obpasoBanHoro mpsmoil BDwu ockio
P ,pasen ctgd=R.

OTMeTHM, YTO TEOPETHYECKUX HCCICAOBAaHUN MO IUIACTHYECKOH nedopmanuu s
MOPUCTBIX MAaTEPHAIIOB Majo, OCOOEHHO C HCIIOIb30BAHHEM MOANGHUIMPOBAHHBIA MOACIH
tekyuectu [pykepa-Ilparepa. CrnegoBaTensHo, UCCIEAOBAaHUE HATPSIKEHHOTO COCTOSHUS
mpolecca IpeccoBaHus 00pas3ia U3 HECIIEUEHHOTO NMOPOIIKA B JKECTKON LIMIMHAPUIECKOH
MaTpHIe SIBISETCS aKTyaJbHOM.

IMocTanoBka 3agauu U peuenue. Lenpio paboTHI SBISIETCS UCCIIE0BaHHE HAPSDKEH-
HOT'O COCTOSIHMS IIpoliecca IPECCOBAHUS LMIMHAPUYECKOTO OpMKeTa U3 HECHEUCHHOTO
HOpPOLIKA B >KECTKOM IMIMHIPUYECKOM MaTpUIe C UCIOIb30BAHUEM HPOCTOH TeopeTu-
4ecKoH (opMynbl IIACTUUECKOH AedopMalvu MOpPOMIKOBBIX MAaTEpPHANIOB JUIL IIIAMNKO-
00pa3Hoii IOBEPXHOCTH MOAU(PUIMPOBAHHON Mozenu Tekyuectd Hpykepa-IIparepa.

Jnst uccneqoBaHUs HANPSDKEHHOTO COCTOSIHUS IIpoliecca MPECCOBAHUS LIIHHAPHUYC-
CKOro OpuKeTa M3 HECHEYEHHOrO IIOpOIIKAa B JKCCTKOH NMIMHAPUYECKOH MAaTpHIe
UCIIOJNB3YETCSd yCJIOBHE pABHOBECHS JJICMEHTa, OTIENEHHOrO OT ofpasla IByMs
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MapaJuieJbHBIMU  CEYCHUSIMM W TIpOCTasl TeopeTHueckas (opmyna IUIacCTHYeCKOH
nedopMamMy  TMOPOIIKOBBIX ~ MaTepUaloB A  LUIANKOOOpa3HOM  MOBEPXHOCTH
MoudUIIMpOBaHHOI Moaeny Tekydectu pykepa-IIparepa.

@ur. 4. Cxema HaNpsHKEHHOTO COCTOSHUS TPH HATMYUK TPEHHUS O
CTEHKHU MaTpullbl (KOHTeHHepa)

Jis perieHus JaHHOM 3a/1a4d MCIIOJb3YETCsS yCJIOBUE PAaBHOBECHUS JIEMEHTa BBICOTON
.0, OT/IEJIEHHOT0 OT MMWJIMHAPUYIECKOro o0pasiia AByMsI apajuICIbHBIMHU CeUeHUAMHE (ur.
4)[11]:
D-dp =4jp.dz, (10)
rae D - muametp obpasua; f - KO3(GQHUUMEHT TpeHHs MeXITy MaTpHuell M 3aroTOBKOM;
p_ — IaBleHMe, JIeHCTByIollee IO HAIpPaBIEHHIO OCH 3aroTOBKM; p, — OokoBoe
z

JIaBJICHUE.
IMpu ananu3e HaOpsHKEHHOTO COCTOSHUS o00pasiia, IpeHeOperas KacaTelbHBIMHU

HATIPSDKEHUAMM, OCYIIECTBIAETCS OLEHKA TJIABHBIX HANPSDKCHAH G, ,0, U O.
IIpuHumaercs:
G,=0,=0,=06,=—p,, 6, =0, =—p, (p;>p,)-

rac GZ , Ge , O, — COOTBETCTBEHHO OCEBOEC, OKPYKHOE 1 paJUATIbHOC HAIIPAKECHUA.

r

OHpeﬂeJ’II/IM 3HA4YCHUC p u q JUTA BBILICIPUBEACHHOT'O HAIIPSIPKEHHOI'O COCTOSTHUA

20, + 0, _ —2p, —p, :_2pr+pZ
3 3 3

El
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1
q=\/5[(—pr +p,) +(=p,+p,)1=|p, - ps|=p, -,

IloncraBnsa 3HaueHue P M (¢ B ycloBHE IUIACTUYHOCTU (8), NPEICTABUM €ro B

CJIETyIOIIeM BHJIE
2p, +p
3 £-p, =0,
3p,R=3p,R+2p,+p, =3p, =0,
p,A+3R)+p.(2-3R)-3p, =0,
p,(2=3R)=3p,—p,(1+3R),
U3 KOTOPOTO ONpENenuM p,
30 (13R)
’ 2-3R '
Ioncrasnss (11) B ypaBueHue paBHoBecus (10) npuBeaeM ero x BUIY
3p,—p,(1+3R) |dz
dp =4 bz —.
P / { 2-3R D
Sanuiem (12) B 6onee y100HOM ISl HAC BUIEC
_| 12/p, _ p,4/(+3R) |dz
2-3R 2-3R D
ITpunsB 0603HaueHUSA

T 2-3R’ 2-3R

u3 (13) nmomy4um:

(p,—p )R+

z

s

dz
dp = (a+pr)B.

Huddepennmansioe ypaBuenue (15) cHayana npeacTaBuM B BUIC
d(a+bp) b dz
(atbp,) D
U, THTETPHUPYSI €T0, oIy IHM:
J-a’(a+bpz) _ bé
(a+bp,) D

>

]
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b
In(a+bp )=—2z+C. 16
(atbp,)="2: (16)

Js onpenenerus kouctantsl C HCIONB3yeM cleIyIoNmee FPAHNIHOE YCIOBHE:
npu z=H P.=D,. (17)
Moxcrasnsas ycnosue (17) B (16), monyunm cnepyromee 3aauenne C

C=1n(a+bp0)—%H, (18)

YTO JaeT BO3MOXHOCTh M3 (16) momyuuth cieayrouyo GopMyly A OIpenesieHHs
BEJIMYMHBI OCEBOTO JABJICHUS P
zZ

ln(a+bpz)=£z+ln(a +bp0)—%H,

D

a+b
NEAL AT P

a+bp, ) D

b
a+bpz :eB(sz)’
a+bp,
(a+bp e —

= a+op, 2 a (19)

VYunteiBast npunatele B (14) o6o3Hauenus, u3 (11) M MOIyYUM OKOHYATENBHYIO
bopmyity ans onpesieneHus p,

3p, _p,(1+3R)

Pr=3 3R 2-3R
. 12/,  4f(43R)p,
" 4f(2-3R) 4f(2-3R)
p =z,
af 4f
a+b
p =z (20)

4f

Jisi  4MCIEeHHBIX pacyeTOB HYKHO KOPPEKTHO BBIOpAaTh BEJNIWYMHBI, KOTOpBIE
XapaKTepH3yIOT MEXaHMYECKUE CBOWCTBA MOPOIIKA, a Takke KOIPOUIIHEHT TPEHUS MEXKITY
MaTpHuLell W 3aroTOBKOW, 4TOOBI NpHU pEIIeHWH 3a7add 00ECHeyMBajOCh BBINOJIHEHHE

YCIIOBHSA TOJIOKUTENBHOCTH GOKOBOTO naBinenus p, > 0.
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YuMCIIEHHBIE PacUeThl KOMIIOHEHTOB HAIPSHKEHHOTO COCTOSHUS TIPOBEIEHBI B IPOrPaMMHOM
cpene “Excel” s smavennin D =25mum w H =35mmnpn d =40Mlla , = 60°,

R=099, p,=4MIla , f=0.05, p,=90MIla . C noMOmPBI NONyYCHHBIX

JaHHBIX OBUIH IIOCTPOEHBI TpaQUKH p U p B 3aBHCUMOCTH OT Z (¢mr. 5).
z r

LCW

c an c " £ 2

[¥5)
[yl
N

@ur. 5. I'pauku oceBoro 1 GOKOBOTO J1aBJICHUN

3akiaoyenne. TakuMm 00pa3oM, H3y4eHO HAIPSDKEHHOE COCTOSHHE Ipoliecca Mpecco-
BaHMs HECIEUEHHOW MOPOLIKOBOM 3arOTOBKH B JKECTKOW LIMIMHAPHYECKOH MaTpule Mpu
HAIMYAM KOHTAaKTHOTO TPEHHS MEXITy Hell W maTpuieid. beuta mcmonmp3oBaHa mpocTast
TeopeTnueckas (opMyiaa IUIaCTHUECKOW nedopMaly MOpPOIIKOBBIX MAaTepHanoB UL
HUISKOOOPa3HOH TMOBEPXHOCTH MOJU(PUIMPOBAHHON Monenu Tekydectd Jlpykepa-
IIparepa u MeTox TOHKUX cedeHWH. [lomydeHB! GopMyIBI U ONMpEAENeHUus] OCEBOIO U
GOKOBOTI'0 JaBJIEHUH B 3aBUCUMOCTH OT TEKYILEH BBICOTHI MaTPUILbl U OBUIM MOCTPOEHBI UX
rpadyuKy B 3aBHCHMOCTH OT Z .

W3 nomydeHHBIX IpaUKOB BHUIHO, UYTO M OCEBOE M OOKOBOE JaBleHHsA HauOOjbliee
3HaYeHHE NPHHUMAIOT BEPXHEHW MOBEPXHOCTH 00Opa3la M MOHOTOHHO YOBIBAaIOT BIIIyOb
oOpasua, Ipu 3TOM 3HaueHUs OOKOBOrO JaBleHUs cocTaBisitoT 19-31% oT oceBoro
JIaBJIEHHs, YTO HAXOAUTCA B MIpeJeliaX dKCIEPUMEHTAIbHBIX JaHHBIX [12].

[Monmy4enHble (HOpMyIIBI TIO3BOJISIOT ONPEAEIUTh apaMeTphl Ipolecca YINIOTHEHUS 10
BCEMY 00BEMY 3arOTOBKH (CpelHEe HampsHKeHHe U IMOPUCTOCTH), a TAaKXKe INPOU3BECTH
pacdeT MpOYHOCTH ITyaHCOHA M MaTPHIIBI, BEIOOpA Mpecca U pelaTh APyrue MpaKTHIeCKue
3aJa4H.
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2U3UUSULP @bhSNhE3NhULLENP ULQU3PL UUUNEUNUSE SBNtulahl
N3BECTUSA HALIMOHAJIBHOM AKAJJEMUU HAYK APMEHUU

Utilumbhju 78, Ne3-4, 2025 Mexannka
YK 629.7.02 DOI: 10.54503/0002-3051-2025.78.3-4-40

O METOJIE OIITUMAJIBHOI'O TIPOEKTUPOBAHUS CUCTEMBI IOCAJIKH
BECITMWJIOTHBIX JIETATEJIBHBIX AIIITAPATOB JIETKOT'O TUITA

I'ykacsan K.A., barnacapsn A.C.

KuroueBbie cioBa: becniuiornbie nerarensHbie anmnapatsl (BIIJIA), amopTu3anmoHHas MOJYIIKA, Mapallior,
I0CaJIKa, KPYTJIbIi KyIoJ, KOMIIPECCOp.

Ghukasyan K.H., Baghdasaryan A.S.
One optimal way of the project of the light U.A.Vs landing system

Key words: Unmanned aerial vehicles (UAVs), shock-absorbing cushion, parachute, landing, round dome,
compressor.

This study focuses on improving the landing system of lightweight UAVs (5 to 15 kg), which consists of a
parachute and an amortization cushion.

It was determined that a circular parachute with an umbrella-shaped canopy and a 180 mm diameter hole in
the center is preferable. The hole is designed to stabilize the parachute's motion after deployment and ensure a
stable vertical descent and landing.

The developed amortization cushion is a rectangular inflatable cushion 40 cm high, supplemented by
cylindrical sleeves. Optimal parameters for the cushion and additional sleeves were selected.

Phipl mkuwh whonuym pnyny wwywpwwnikph Juypkgpuyhtt hwdwlwnpgh
oypnhdu] twhiugsdwh Uh knuwiuyh dwuhb

Tnjuuyuh Y.2., Punnuuupjui U.U.
Zhdtwpwntp' Utonusnt posnn uwppbp (UEU), hupjuswidtndhy pupdhly, wwpwyniw, Juypkoph
hwppwl, §inp qupkp, Yndypbkunp:

Whuwwnwibpp dghpguwd b phpl WE-U-btph (5-hg dhiske 15 4g) yuypkeph hundwupgh fuumupbjw-
gnpddwbp, nph punugnighs wmwnpptipd &b wwpuwnonp b udinpuhqughnt pupahyp:

<wumuwnyty E, np dyqumujubwpdwp b oguugnpdty Yinp ath wjwpwpyniwm, npd nibh hnwiingual
quptp’ jbwmpninut 180 Wi mpuitiwgony wagpny: dtipghtiu twfuwntiugwd E pugytinig htimn wpupupninh
wnwwnwbnudttipp Juynibwgbtyng, hbywytiu twle juyni nimqnuhuwywug hetignid b Juypkep wiwquhnytyn.
hwdwin:

Uuwd winpuinhqughnt pupdhyt hptithg dipuywginid £ 40 ud puwpdpnipjunip niqnuiyynih thynyh
pwpdhy, npp hudwpyuo b qubwéalh pluptpny: Chwpdl G pupdhih b hwgbpuy plptph oupumpiuy
wupwdtinpbpp:

Pabora nocBsinieHa yCoBepIICHCTBOBAHUIO ITocafouHol cuctemsl Jerkux BIUIA (ot 5 mo 15 kr), cocTaBHEIMU
9JIEMEHTaMH KOTOPOH SIBIISIOTCS MTAPAIIIOT X aMOPTH3AIIMOHHAS TTOYIIIKA.

YcTaHOBIEHO, YTO 1eIeco00pa3HO UCMOJIB30BaTh MAPALIIOT KPYTJIOi (GOpMbI, MMEIOUIMK 30HTOOOpa3HbIN
KyIoJ, B IEHTpe KOTOporo mpojenaHo oreepctue auamerpoM 180 mm. Ilocnennee mnpenHasHaueHO [Uis
CTaOWIM3AIMH KaYKH MapalioTa Mociie ero PacKphITHS H YCTOHYMBOTO BEPTHKAILHOTO CHIIKEHUS ¥ TIOCAIKH.

Pa3paboTaHHas aMOPTH3AlMOHHAS MOAYIIKA NPEACTABISCT COOOH MPSIMOYrOJbHYI0 HAJyBHYIO IOIYIIKY
BeicoToil 40 cM, KoTOpas IONOJHEHAa LWJIMHAPHYECKHUMH pyKaBaMH. BEIOpaHbI ONTHMalbHBIE MapaMeTphl
HOYIIKU U OTIOJHHUTEIBHBIX PYKaBOB.
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BBenenne

ABHanusa B TOCHEIHHE TOIBI CTAHOBUTCS BCE B OOJIBIIEH CTENEHHM OECIHMIOTHOM.
PasBuTHe COBpeMEHHBIX TEXHOJIIOTHH B 00JMacTH a’pONMHAMUKH, KOMITO3UTHBIX
MaTepHajiOB, WHEPIIUANBHBIX M CIIyTHUKOBBIX HABHTAIIMOHHBIX CHCTEM, IOCTIDKCHHS B
00J1acTH 3JCKTPOHUKH, a TAKXKE PAa3BUTHE POOOTOTEXHUKH U KOMITBIOTEPHBIX TECXHOJIOTHI
MO3BOJIMJIO BBINTH HA Ka4yeCTBCHHO HOBBI YpPOBEHb B CO3JaHUM OCCIHJIOTHBIX
aBuaroHHbIx cuctem (BAC).

Becniunotneie nerarensHble anmapatsl (BIIJIA) kak yacts BAC yxe Hamumm cBoe MecTo
B COBpEMEHHOW JeATeIbHOCTH uenoBedecTBa. Cpenu MPUOPUTETHBIX HAIMpPaBICHUH —
obopoHa U crHacarelbHbBIE OIEpalMy, MPABOOXPAHUTENbHAS W MPUPOIOOXpaHHAs
JIeSTeTHbHOCTD, HAYYHBIC UCCIICAOBAHMS, IKOJIOTHUSCKII MOHUTOPHHT H Jp.

st BoeHHBIX BIIJIA MOXHO BBLAETUTH CIEAYIOLIME OCHOBHBIE 3a/1a4H:

1. Paseeovisamenvhule:

- pa3BeKa Ha3eMHBIX, BO3IYIIHBIX, MOPCKHUX IIeJeH, pa3Beka MECTHOCTH;

- panuanroHHasI, XUMUYECKasi 1 OMOJIOTHIeCKast pa3BeIKa;

- panguoTEeXHUYECKas pas3Benka (cOOp pas3BenbIBaTCIIbHOW WH(POPMALMU Ha
OCHOBE TIPHEMa U aHAJIN3a JICKTPOMArHUTHOTO H3IYUCHUS).

2. Ocnesvie (yoapHuvie):

3. 3aoauu, obecneuusarowue:

- CO3/7IaHKEe PAIMOTIOMEX TIPOTHUBHUKY;

- yIOpaBICHHE OTHEM U IIeJieyKa3aHHE Ha3eMHBIM, BO3IYITHHIM M MOPCKHM
OTHEBBIM CPEJICTBAM;

- OIICHKY Pe3yJbTaTOB HAHECCHHBIX 10 MPOTUBHUKY yIapOB;

- PETPAHCISIHI0 COOOMCHNHN 1 TAaHHBIX;

- TPaHCHOPTHEIC 33aJa4H.

(8)
Puc. 1. Paznmunsie Tunsl crapra BITJIA camonerHoro tuma:
a) 3aITyCK ¢ KaTammyJibThl; 0) 3amyck "¢ pykn'; B) 3aIyCK C ITyCKOBOM YCTaHOBKH.
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Hioke npHBOISTCS HEKOTOPBIE CBEACHHUS O COCTOSHHU 00CY)KIaeMOro 3/1ech BOIIpoca.

W3BecTHO, YTO Ui ammapaToB CAaMOJISTHOTO THIa € INAacCH OOBIYHO HeoOXoauma
B3sIeTHO-TIocaogHas monoca (BIIIT). s Hexoropsix TunoB BIJIA 6e3 maccu mpu B3eTe
HCIIOJIB3YIOT CTapTOBBIC KaTamyiabThl (puc. la), myckoBele ycrtpoiictBa (puc. 1B). Ecthb
taxxe camoneTHbie BITJIA nerkoro kiacca, 3amyckaemsie "c pyku" (puc. 16) [2].

IMocanka BIIJIA camoseTHoro THma 0e3 IIACCH OCYLIECTBIISICTCS C I[TOMOIIBIO
napamora, a Oojee Oe30macHyl0 TOCaAKy oOOecHeYrBaeT elle W COEAMHEHHas C
(hro3esKOM CHU3Y aMOPTU3alMOHHAS MOYIIKA.

Ha pucynke 2 mnokasana mocamka BIIJIA ¢ aByx pakypcoB, i HarJIsIHOTO
MPE/ICTAaBJICHUS MapalloTa 1 aMOPTU3AIMOHHOM MMOYNIKH B ICHCTBUH.

Puc. 2. TTocanka BITJIA camoJiieTHOro THIa.

Cucrema, npenHasHaueHHas Juisi Oe3omacHoro mpusemienust bITJIA nerkoro tuma (c
BecoM gm0 15 kr), Bkmouaercs B paboTy, korna omeparop nepesoaut BIIJIA B pexum
TTOCAIKH.

C moMompio CHENUAJIbHBIX MEXaHW3MOB (CEpBOMAIIMHKH) OTKPHIBAETCS KIAIaH
KOHMYECKOr0 KOHTeHHepa, rjie HaxoauTces napanirot (puc. 3). B pesynbrate Bo3neHcTBUi
COOCTBEHHOI'O Beca M BETpa KOHTEWHEp OTAENSETCS OT caMoJieTa U HauMHAaeT MaJiaTh BHU3.
[apanrot mocTeneHHo (B TeueHne 1-2 ceKyH/I) HAMOIHACTCS BO3MLYXOM, & €r0 KOHHYESCKHUit
KOHTEHHEp ¢ TIOMOIIBI0 BEPEBKH OCTASTCS HA KymoJie napariora [3].

Puc. 3. Coeaunenne KOHTEHHEpa mapamoTa ¢ $hro3eIsmKoM
B mocamounbix cuctemax mis BITJIA Ge3 maccu T.e. ¢ BEPTUKAIBHOW MOCAIKON

UCIIONB3YIOTCS MApalIOThl, KOTOpPbIe OBIBAIOT KPBUIBEBUHBIE, IMPSIMOYrOJbHBIE U C
KPYTJIBIM KyTosioM (puc. 4a, 40, 4B).
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(8)
Puc. 4. Tumnsl napamiora:
a) - KpbUIbEBUJHBIH 0) - MPSMOYTOJIBHBIH B) - C KPYTJIBIM KYTIOJIOM.

Kpome mapamroroB Ha BIIJIA mpu mocaznke, Kak OTMEYaNoCh BBIIIE, NMPUMEHSIOT U
Ha/lyBHbIE TOAYIIKH (AMOPTH3allMOHHbBIE IMOIYIIKH), KOTOPBIE, B CBOIO OYepe/b, TOXKE
cvsryaror npusemaenne BIIJIA  u  mpenoTBpamialoT MOBpEXIEHHE IUIAHEpA U
o0opynoBaHusi. AMOPTH3allMOHHAs MOAyHIKa (puc. 5) mpencraBiseT coOOW CLIMTYIO H3
HEIJIOHOBOTO MaTepHana MHOTOCHIOHY0 noaymky. OHa HaXOAUTCA B CIOKEHHOM BHIE B
CrelaIbHOM KOHTeWHepe, HaxoasueMcs BHyTpH (rozersbka BITJTA

Puc. 5. AmopruzanmoHHas moaymka Bo Bpems nocaaxu bITIIA.
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[IprmMeHeHne MOAYIIKK OBIIO BBI3BAHO TEM, UTO NPH MOCAAKAX C MPUMEHEHHUEM TOJBKO
MapallOTOB IPOUCXOAMUIN MHOXKECTBEHHBIE NOBpPEXACHUS yacTedl u arperatoB BIUIA.
OOpIYHO TpUMEHsIeTCs MIapooOpa3Has MoAyIiKa ¢ auamerpoM oT 70 cm u Oomee, B
3aBucuMmoctu ot tuna BIUJIA, usroroBneHHas u3 TKaHW TodmuHOW 0,5 MM M ¢ penkoi
IUIOTHOCTBIO IuleTeHud. OTMETUM, YTO NPUMEHEHHE Iapoo0pa3HbIX MOAYIIEK IS MOCATKU
BILUTA umeeT psa HEAOCTATKOB, TaK KakK IPU yJape O MOBEPXHOCTh IUIOIIAAKH 3a4acTylo
npoucxoaut nepekarsiBanne BITJIA u BeiaeacTBue SToro Bce paBHO MOBPEkKACHHUHN OBLIO HE
n30exaTh, 0COOEHHO MPHU CKOPOCTAX BeTpa oT 3-5 M/cek [4]. B takux ciyuasx, npu yaape
o 3emmo, BIIJIA NOBTOpPHO OTCKAakMBaeT BBEPX M TOM MM MHOH YacThlO yAapsieTrcs O
MOBEPXHOCTH IIOLIAIKU H M0JIy4aeT MOBPEKICHHUE.

BriBaroT ciayyau, koraa npu yaape o 3emito BIIJIA oTckakuBaeT BBEpX M, BCIEICTBUE
HaIMYMs €lle W TOPHM3OHTAIBHOM CKOpocTH, mepeBopaunBaetcss Ha 180° Bokpyr
TOPHU30HTAIILHOM OCH H, YAAPSACH O 3EMITIO, TTOIYIaeT MOBPEKICHHS.

M3noxeHHoe BhILIE YKa3bIBa€T Ha TO, YTO MocanouHble cucteMbl BITJIA nerkoro tuma
MMEIOT psil HEIOCTAaTKOB. B wacTHOCTH:

e  IIpH BHINOJHCHUM MOCAJKM AAHHBIA BHJ IMapalloTa B PacKphITOM MOJOXEHUU

HaXOIUTCsS MOJ BO3JCHCTBHEM BO3AYLIHBIX IOTOKOB M BeTpa, B pe3yjibTaTe dYero

JIBIDKEHHE B TOPU30HTAJIBHOMN IJIOCKOCTH HPSMO 3aBUCUT OT HAIPABICHUS U CKOPOCTH

BeTpa (MMeeT HEKOTOPOE CONPOTHUBIICHHE BETPY M HEOOJBINOE €ro U3MEHEHHUE BeJeT K

HapyIICHUIO YCTOMYMBOTO CHIKEHHS Ha MOCAJIKY),

e  cludTas M3 TOHKOM TKaHM M UMEIoLIas mapoo0pasHyo GopMy aMOpTH3AHOHHAS

MOAYIIKA JIETKO Pa3pyIIaeTcsi, pBeTCS M MaJlo oOecneynBaeT OE30IaCHYIO IOCaAKY

BILTA, ocobeHHO TIpH HEyCTOIYUBOM BETpeE.

Lens HacTosmIeH pabOTHI 3aKIIOYAETCS B yCOBEPIICHCTBOBAHWHU IOCA/IOYHBIX CHCTEM
BIUJIA nerkoro Tuna.

[ nocTrkeHus 3TOM ey ObIIIM pelIeHbl CIeayIOne OCHOBHBIE 3a1a4n: 00paboTKa
1 YCOBEpPIIIEHCTBOBaHME MapaIlioTa i aMOPTU3AIIMOHHON MOy IIIKH.

Ha ocHOBe cpaBHHUTENFHOTO aHATN3a NMEIOILINXCS TaHHBIX, B IPOBEICHHBIX HCCIIEI0BA-
HHUSX HaMH ObLI BBIOpAaH MapaimroT ¢ KPYIJbIM KyHOJIOM, TaK Kak JaHHBIM THUII KyIoJa B
PaCKpBITOM MOJIOKESHUH MMEET HEHTpaJbHOE COCTOSHHE IO OTHOIIEHWIO K BO3AYLTHOMY
MOTOKY. DTO O3Ha4aeT, 4YTO JBI)KEHHE TaKOro IMapamroTa 3aBUCHT, B OCHOBHOM, OT
HaIpaBJIeHHUs BO3AYLIHOTO ITOTOKA (MaJI0 CONMPOTHUBISAETCS BETPY).

[Ipemraraemast mocamouHast cucreMa npucoenuusercs k camonety (BIIJIA) B meHTpe
€ro TSDKECTH, TAE PACIOJIOKEH CIEeUUaTIbHBIH y3en kpemienus. [lapamror co crpomamu
roMenaercst B KOHTelHep KOHWYecKol (hopMbI B 3a1Hel yacTu (ro3essika camoeTa (puc.
3).

MecTa ycTaHOBKM KOHTEHHEpa ¢ MapallloTOM M Yy3/a KpelJIeHHs [apaloTra ¢
CaMoOJIETOM BEBIOpaHBI TakuM oOOpa3oM, 4YTOOBI TIpH pacKkpblTuu mapanrota BITJIA
IPUHYMTEILHO II0BOPAYMBANCA BOKPYI TOpPU30OHTaIbHOM ocu Ha 180° (camoner
BEPTUKAIBHO CHIDKACTCAd B IEPEBEPHYTOM ITOJIOKEHHWH, YTOOBI M30€KaTh MOBPEKICHUI
SIIEMEHTOB KOHCTPYKLHH ¥ OOOPYIOBaHUS, PACIIOIIOKEHHOTO IOJ HUM) W BEITIONHSAET
MOCAAKy Ha ~CIIHHY "

IIpn mpoBemeHHMM wHCCIEIOBaHUI OBLIO YCTAaHOBIEHO, YTO MApamIiOTy C KPYTIBIM
KyroJioM emle OOJbIIyI0 YCTOHYMBOCTh MOMKHO NpHJATh, €CIM B LEHTPE €ro KymoJja
npozenats oTBepcTue quamerpom 180 mm (puc. 6).

B cBsi31 co ckazaHHBIM OTMETHM, 4TO BbIOpaHHbIe 1y1st BITJIA nepBble napaioTs! Obum
KpyrabiMi. OHM NPOCTHl B KOHCTPYKIWMH, HAJICKHBI TPH AKCIUTyaTallud M OE30IIacHBI.
Kynona mapammoroB umenu ¢opmy moiycdepsl, MO HIKHEH KPOMKE IPHKPEIICHBI
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CTpPOTIBI, HAa KOTOPBIX BHCEN MAapaIllOTHCT W/WIH TPy3, a B BEpIIMHE KyIoia OBLIO
[IPOJIENIAHO MOJKOCHOE 0TBepcTHe ¢ auameTpoM 180 mm [5].

Kpyrnele mapamroThl yMEHBIIAIOT CKOPOCTh MAACHUS WCKIIOYUTEIBHO 3a CUYET
COTIPOTHBIICHHUS BO3Ayxa. [IpW CHIDKEHWH MapallfoTHCTa BO BHYTPEHHHUI 00BEM KyIonia
3aX0MT BO3JyX M CO3/1aeTcsi M30BITOUHOE JiaBieHue. Jlanee STOT BO3IyX JOJDKEH Ky/Aa-To
neBathcsl. He3HauuTesnapbHasi €ero 4acTh MPOCAYUBACTCS CKBO3b TKaHb Kymnoja. OcTanbHON
BO3JIyX BBIXOJUT H3-TIOJ] KPOMKH, MOOYEPETHO C Pa3HbIX CTOPOH, pacKauuBasi KyMOJ.
PackaunBaHue Kymnoja — HEXeJIaTelIbHOE TTOO0YHOE SIBIICHHE, KOTOPOE MOYKET MPUBECTH K
MPU3EMIICHUIO TApaIIIOTUCTa WX TpPy3a Ha YBEJIMYEHHOM CKOPOCTH CHUXKEeHHs. JIis
YCTpaHEHHUS PAacKadyKy, KakK y’K€ OTMEYaJoCh, HAa BEPIIMHE KyToOJia JeIaeTcs IMOJIOCHOE
OTBEpCTHE, Yepe3 KOTOPOEe BHIXOIUT 3HAYUTEIbHAs YacTh BO3Ayxa. JmameTrp oTBepcTus
KyIloJIa TapailoTa MOXET H3MEHAThCA B 3aBUCUMoOcTH OT Beca BIIJIA wm ckopoctu
BEPTHKAIHHOTO CHUKCHUSI.

Puc. 6. [lapamioT ¢ KpyriieIM KyHOJIOM.

Pacuer mapamiora

[Tnomane napairtora [6] onpenensiercst cornacuo popmyiie

s=2MI_ ®
%

rie
M - Bec BILJIA, xr,
0 - yckopeHue cBOOOIHOTO MajeHUs, M/cex?,
Cd - K03 (HUIMEHT CONPOTHUBIICHNUS MAPAIIIOTA BO3IYXY,
P - IUIOTHOCTB BO3ayXa, KI/M?,
Vy - BepTUKAJIbHAsI CKOPOCTh MAPAIIoTa [P MOCaKe, M/CEK.
IIpy NpPOBEJEHHMH >KCIEPHMEHTOB ObLIM MCIONb30BaHbI 3Hauenms M=5-+15xkr;

Cd =0.75 [6]; p=1.2041 Kr/m° (B HOPMANBHBIX CYXHX YCJIOBHSAX IIPH | = +20°C );
V, =3+5 m/cek .
DKCIIEpUMEHTHI POBOAMIKCH B 3 3TaIa, I1e ObUTH BHIOPAHbIL:
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o Vy=3M/CeK,m=5KF,m=1OKI‘, m=15«kr.
o Vy:4M/ceK,m:5Kr,m=10Kr,m=15Kr.
. Vy:5M/CeK,m=5KI‘,m=10KF, m=15xr.

[Ipu mpoBeneHUH MCIBITATENBHBIX paboT, MBI NPUIIUIM K BBIBOAY, uTo Juisi BITJIA ¢

y 2
Becom 5,10 u 15Kr Heo6xomum mapamroTHEIi Kymon ¢ miomanso He MeHee D.5M” .

C nmpyroii cToporsI, S = 71:( R? —r? ) M’

rae R - paauycC KynoJa, r - paanyC HCHTPAJIBbHOTO OTBEPCTHA KYIIOJa, BEJIMYHMHA

KOTOpOTo yxke Obu1a ykaszana Beime: 90 MM .

COFJ'IaCHO JaHHBIM MPOBCACHHBIX PpacuUCTOB B JaHHOM CJiyda€ IIOJYy4ac€TCs, YTO
R=132m.

OOBIYHO JTHHA TTAPAIIIOTHBIX BEPEBOK [6] BbIOMpaeTCs coriaacHo Gpopmyiie
L=(0.8+1.2) D,Mm )
rie D - muamerp xymona, BenmumHA KOTOPOrO B paccMaTpHBAEMOM CITydae COCTaBIAET
D=2.64m.

Bowt Beiopan L =0.83D.

IIpu cKopoCTsIX BeTpa OT 3 10 DM/C m, cormacHo dopmyie (2), 6yayT IPUMEHSITHCS
CTpOIbI JUIMHOU 2.2M.

JlnMHA mepexomHbIX TpocoB Obuta B3sta 30CM. O6mias JIMHA BEPEBKH MOJTydaeTcs
L,=25Mm.

Wrak, cOCTaBHble YaCTH [APALIIOTa, 3TO KyHol B (OpMe 30HTUKA (C IUIOMIAIbIO
S =5.5M%) (puc. 7), BepeBkH, B KouuecTBe 12 MTYK, ATHHA KakIO0H COCTABAseT 2.2M
(puc. 8), mepexoHbIe TPOCHI, B KOJIHUECTBE 2 MITYK (puc. 9).

Puc. 7. TlapamioT B 3aKpbITOM TOJIOKEHUH.

Temeps 00CyaMM BOIPOC ONTHMH3AIMH BTOPOTO AJIEMEHTA CHCTEMBI TPH3EMIICHHS
BITJIA — aMOpTH3aIMOHHOM ITOTYTIIKH.
B sToM ciiydae 3aMeHeH Matepuan NMOBEPXHOCTH MOIYMIKH. BBUT BBIOpaH MPOYHBIH

HeiioHoBRII Matepuan TommuHoi yxe 0.8 MM, B otmune ot ncnonssyemoit 0.5MM .
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Puc. 9. [lepexomgHbIe TPOCH MapaIIIOTa.

Bbuld U3MEHEHBI T€OMETPUYECKUN BUA U pasMmepsl moaymiku. Kpyrmas dopma Obuia
3aMEeHeHa Ha MPSAMOYTOJIbHYIO0, BBICOTA HAyTON MOIYIIKHA COCTABIISET 40cMm.

Ha puc. 10a mokazana HeHaJyTasi MOAYIIKA, HA KOTOPOW BUIHBI HAKICHKU U OTBEPCTHE
IUTS HAKaQ9KHA BO3AYXOM.

Ha puc. 106 moka3aHa He MOJIHOCTBIO HaTyTas MOAYIIKA, TJ¢ BUIHBI BHYTPEHHIE IIBHI.

Ha puc. 10B yxe noka3zaHO MOJHOCTbIO HAAyTOE€ COCTOSIHHE MOMAYIIKH, TIE€ BHUAHA
TOJIIIMHA TTOTYIIKH.

. B

(©) (8)
Puc. 10. TIpemnaraemasi aMOpTH3aIIMOHHAS ITOTyIITKA!
a) HeHaIyTas; 0) HETIOJIHOCTBIO HAaTyTasl, B) MMOJTHOCTHIO HATyTasl.

B uenTpe pa3paboTaHHON TOYIIKH MPELyCMOTPEHO oTBepcTHe auamerpoM SOMM ,

yepe3 KOTOpOe OHa COeNUHSIETCS C JIEKTPHUUECKUM JIBUTATENIEeM BHHTOBOTO KOMIIpECCOpa.
BHyTpHM BIINTBI I[IEPErOPOJKH, HA KOTOPBIX clelaHbl 1mo Tpu 70 MUILITUMETPOBBIX
OTBEPCTHS, IPeIHA3HAUYEHHBIE [T IPOHUKHOBEHHS BO3MyXa MIPU HATyBaHUH ITOYIIKH.

Bo Bpems ymapa o 3eMiro, M3-3a JOIOJHUTEIBHBIX IEPETOPOJOK BHYTPH IMOIYIIKH,
BO3AyX HE Cpa3y BBIIABINBACTCS U3 MOTYIIKH.

Takum 00pa3oM, TeOMETpHYECKHE IapaMeTpbl aMOPTH3ALMOHHOW IOXYIIKH ObLIN

BBI6paHLI CIeAyIOIIMMHA. JUIMHA - 1200M, IUpruHa — 70 CM, BbICOTA — 40 CcM (Kor/:[a

MOJIYIIKA TTOJHOCTHIO HATIOJNIHEHA BO3AyX0oM). [IpoBeIeHHbIE UCCIIEA0BAHMUS [TOKA3AIIH, YTO
BBIOpAaHHBIE TEOMETPUYECKUE TMapaMeTphl MOAYIIKA OOECIEYnBAIOT IOJHBIH 00XBaT
BepxHeil yacTu (ro3elishka IpH NPU3EMIICHUH CaMOoJIeTa.
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Puc. 8. BepeBku napamiora.

Ha puc. 1006 BUIHBI TOTIOJHUTENbHBIE TPyOUaThle KPBUIbs MOJIYLIKH, HEOOXOAUMOCTD
KOTOpBIX Oblila BBISBICHAa IPU MPOBEICHUHM DKCIEPUMEHTOB. B uacTHOCTH, Hccienys
Hpolecc IpU3eMIIeHHs, ObLIO BBIABICHO, YTO BO BpeMs ynapa camouera (BIIJIA) o 3emmio
MIPOUCXOAUT 2-3 BEPTUKAIBHBIX MpbDKKa. HecMOTpst Ha TO, YTO KOJIEOaHHUS ITUX MPHDKKOB
3aTyXalollxe, CaMoJIET 3a4acTyI0 MOJTy4al HEKOTOPBIE TIOBPEKACHUSL.

Crenyst BbIIIEyKa3aHHOMY, OBIJIO NPUHATO pEILICHHE, HalpaBJIeHHOE Ha yCOBEPILICH-
CTBOBaHME aMOPTH3AIMOHHON MOMYNIKH. B ero KoHCTpyKInio ObUIN 100aBIIEHB! JOTIOIHH-
TeNbHBIE TPYOOBUIHBIE pyKaBa (KpbLIbsA) JUIs BBIMYCKa Bo3ayxa. OHM NpenHa3HaYeHBI JJIs
MOCTENEHHOTO BBIOpachiBaHusl B aTMOC(epy HaKOMHMBIIETOCS JOMOJIHUTEIBHOTO JIaBICHHS
BO3AyXa B MOJYIIKE, KOTOpOoe BO3HMKaeT B HeW mpu ynape BIIJIA o moBepxHOCTH
TUTOINAIH.

KoHIpl TpyOOBHIHBIX PYKaBOB 3aKpbIBAIOTCS OOBIYHBIMH pe3uHKamu. Ilpu ynape o
3eMIIt0, Oiarojiapsi BO3HUKIIEMY HPH 3TOM H30BITOYHOMY JABJICHHUIO B IOJAYIIKE, PE3UHKH
OTCKAaKUBAIOT C PYKaBOB, U AaBJICHUE B HEll, C ONpeNIeTIeHHOH CKOPOCTBI0, BHICBOOOXKIAETCS
M [IOBTOPHOI'O OTCKOKA JIETATEJILHOTO allapaTa OT 3€MJIM HE IIPOUCXOIUT.

Puc. 11. DrekTpudeckuii BAHTOBOW MPUBOIHON KOMIIPECCOP.

Tpy6uathle KpbUIbsi TIOAYIIKH MPEACTABIAIOT COOOM HMIMHAPHI, KOTOPHIE B JAHHOM
ciyuae umerot anamerp 23CM u amuny 17 CM.
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Buytpu ¢rozenspka BIUVIA HaxoauTcs 37MeKTpUIeCKHid BHHTOBOM MPHUBOIHONW KOMIIpEC-
cop (puc. 11), KoTopsIit MATaeTCst OT GaTapen camoJeTa.

IIpn mpoBeneHMM SKCIEPUMEHTOB BBIICHWIOCH, YTO BO BpEMs IOCAAKH ITOXYyIIKa
HaTyBaeTcs Bo3xyxoM B TeueHne 10-12 cexyHn.

DJeKTpUYeCKUH KOMIIpeccop NMpoaoibkaeT padoTtars nmoka bITJIA He kocHeTcs 3eMiTH.

3akiaio4yeHue

Jns mocagouHoit cuctembl BIIJIA Obul BeIOpaH mapamoT ¢ KpyIJIbIM KyNOJIOM |
9KCIEPUMEHTAIBHO YCTAHOBJEGHO, YTO OOJIBINYI0 YCTOWYMBOCTH MApaIlIOTy MOXKHO
NpUaTh, €CIIM B IEHTPE KyIoJia OyAeT MpoieslaHo OTBEPCTUE ONPEAEICHHOTO JUaMeTpa.

B pesyibprare mpoBeneHUS CPAaBHUTEIHHOTO aHAJIN3a COOTBETCTBYIOIIMX JAHHBIX OBLI
BBIOpaH MaparoT (C ONTUMANTEHBIMU [TapaMeTpaMK) U aMOPTH3AIMOHHAS OAYIIKA.

[TokazaHo, 4TO aMOPTH3AIMOHHAS TOAYIIKa 00S3aTENFHO IOJDKHA UMETh BHYTPCHHHE
MIEPETOPOAKHY U JIOTIOJHUTEIbHBIE OOKOBBIE IIMIMHAPHIECKHIE TPYOKH (KPBUIBS), ONTHMAaIIb-
HBIC ITapaMeTPhl KOTOPBIX OBLTH BBIOPAHbI B PE3yIbTAaTe NPOBEICHHBIX SKCIICPUMEHTOB.
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HOBBIN NOIXO0/I K BBIMUCJIEHUIO TPAEKTOPAHU HABEMHOI'O
TPAHCIIOPTA HA OCHOBE IMU JJAHHBIX
Muxkuiasia M.A., Tonosin B.Y.

Kiouessie ciioBa: IMU naunsle, orcyrersie GPS nanusix, puinstp Kanmana, GpuibTparus J1aHHBIX, TPACKTOPHS
Ha3eMHOTI'0 TPaHCIOpPTa.

Mikilyan M., Tonoyan V.
A new approach to draw trajectory of ground vehicles based on IMU data

Keywords: IMU data, GPS data denial, Kalman filter, data filtering, ground vehicle trajectory

This paper focuses on analyzing methods for solving the trajectory construction problem: an existing approach -
the Kalman filter and an alternative algorithm we developed. This approach aims to understand their underlying
mechanisms and evaluate their effectiveness, advantages, and potential limitations when working with real IMU
data.

Uhyhywi U., Snunjut 9.
Qhwnlth Ypu swpdyng opjkljinh hkwnwugsh npnotwl inp dninkgnid” hpdtn]ws IMU ufyuyibph Jpu

Shdtwpunkp’ IMU njuyiikp, GPS wjuyiibph pugulugnud, Ywpdwth $hpnp, ufjuibph qund,
qlnth Jpw pwpdynn opjijinp htinnwughs

Uhpluyugjws wpiwwnwiph tywwnwlp ghnth Jpu pwpdynn opjijnnph htwnwgsh Jurnigdw
Nunhpp usknt dkpnnubph hwdbdwnwlut Jepndnipniut £ npp junwupqus b ghunwlju
qpuljuinipjut Uk juyinpkt hwjnth Ywpdwh Shpinph b dbp Ynndhg dowlyws wypinpuiipught
wygnphpuh hhudwt Jpu: Uju dnnbkgdwb tyuwwnwly £ hwulwbw Yhpunjuws dhpnnubph hhdpnud
pujwd Ukwuhquubpp b guwhwnt) npwtg wpynibwynmpniiup, wpwbnipiniuattpp b htwpwynp
nwhiwiwthwynidbbpp hpulut IMU (Pubkpghnt yunhuwt vhwnp) njunkiph htin wohiwnkhu:

B naHHO#t paboTe aHAIM3UPYIOTCA METOJIbI PELICHHS 3a/ja4ll OCTPOCHHS TPACKTOPUH, UCIIOIb3YsI H3BECTHBII
¢unbtp Kanmana u pa3paGoTaHHBIH HaMU albTEPHATHBHBIA anroput™. Llembio JaHHOrO MOAXOJA SBIACTCS
HNOHMMaHHE HUX O0a30BBIX MEXAaHM3MOB M OLEHKa HX 3()PEKTHBHOCTH, IPEUMYIUECTB U IIOTCHIMATBHBIX
orpaHu4eHuii npu pabore ¢ peansubiMu JanHbIMU IMU (MHeprmanbhblii H3Mepurenbhblit biok).

Beenenue. 3ajaua  MaTeMaTH4ecKOro MOJENUPOBAHUS U OLEHKH TPAaeKTOPUU
JIBIDKYIIIETOCS. OOBEKTa SBJIETCS HEOTHEMJIEMOM COCTaBIAIOLIed Ooiee KpYyHHBIX 3amad
CIIeKEHUsI W PpAaCIO3HABAaHHUS JBIDKYIIMXCS OOBEKTOB, CONPOBOXKIEHUsS weneil. bes
COMHEHHS, yKa3aHHas 3a/a4ya SBISETCA aKTyaJlbHOW M BaXKHOM 0O0IacThIO Hay4YHBIX
uccienoBaHuii. B mocienHue Toxbl HAOMIOAAETCS AaKTUBHOE pPa3BUTHE TEXHOJIOTHH
ABTOHOMHOI'O YIIPaBJI€HMsI, CUCTEM MOHUTOPHHra M HaBUTanuu. 3ajada OTCIECKUBAHMS
TPAaeKTOPHU JBWKEHHUS OOBEKTOB B IPOCTPAHCTBE CTAHOBUTCA BCE Oojiee aKTyalbHOH B
CaMbIX Pa3HBIX O0JACTSAX: OT JIOTUCTHKHA W TPAHCHOPTa J0 POOOTOTEXHHKH, aBUALUH H
Jtake OBITOBBIX AJIEKTPOHHBIX YCTPOMUCTB.

OpnHolt M3 BaKHEMIIMX 3a7jad B TAKUX CHUCTEMax SIBJISETCS ONpeIeNieHHE TEKYLIETro
TIOJIOKEHUST ¥ OPHEHTAllMM OOBEKTa, TO €CTh €ro TPaeKTOpHU. B GombmmHCTBE coBpe-
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MCHHBIX peLHCHI/Iﬁ JUIsL 3TOr'0 HCIIOJIB3YETCA CUCTEMaA FJ'IO6aJ'H)HOFO TIO3NIUOHUPOBAHUA
(GPS). Opnako, xorma wucmosibzoBanue GPS HEBO3MOXXHO WM 3aTpyAHEHO, 3aaava
OIIPEENICHUS] TOJNOXKEHUs M OPUEHTAllUM JBIDKYILEToCsS OObEeKTa CTaHOBUTCSA Oosee
BaKHOM.

st 5TX merei MCIoNb3yIOTCS MHEPIMaIbHbIe M3MepuTeNnbHbie yeTpoiictBa (IMU) —
CEHCOPBI, KOTOPbIE (PUKCUPYIOT TakKe JIMHEHHBIC YCKOpeHHs W BpaieHue oobekra. C ux
MIOMOIIIBI0 MOKHO, TEOPETUYECKH, BOCCTAHOBUTH IOJIHYIO TPACKTOPHIO JBHKEHUS O0BEKTa,
Jake 0e3 BHEITHUX UCTOYHUKOB HaBUranuu. OJHAKO TaKOH MOJX0Jl CTAIKUBACTCS C PAIOM
TpynHocTel. HakarummBaromuecsi OMIMOKH, IIyMbI U Jpei(Bl, 0COOCHHO MpPU JBOHHOM
HMHTETPHUPOBAHUH YCKOPEHHUH, MOTYT OBICTPO NPHBECTH K CHJIBHBIM OTKJIOHEHHUSM OT
peaibHOM TpaekTopuH. [103TOMY KJIFOUEBYIO pOJib B CHCTeMax HaBuramuu Ha 0aze IMU
UTPalOT aJrOPUTMBbl (DUIBTPALMM U OLIEHKM COCTOSHHS, CHOCOOHBIE MHHUMM3HPOBATH
OLIMOKU U CTaOMITH3UPOBATH PACUETEL

B nayunoit nuteparype [1-5] u MmaremaTiaeckoit npaktuke [8-11] akTuBHO M3ydaroTCs
rubpuaHele Mozenu. I'mbpunHas Momens - 3TO MaTeMaTH4YecKass MOJENb Ipolecca WIIH
SIBJICHHSI, OCHOBAHHAsI HA COYETAHMM PA3IMYHBIX MaTeMaTHYECKUX 0OBEeKTOB. ['MOpHIHbIe
CHUCTEMBI - MaTeMaTH4eCKHEe MOJEIH CHUCTEM YIPaBICHUS, B KOTOPBHIX ‘“HeNpephIBHAS
JMHAMHKa, TOpOXKJaeMas B KaKAbIi MOMEHT BPEMEHM OJHOW W3 allpUOPHO 3aJaHHOTO
Habopa HeNpephIBHBIX CUCTEM, MIEPEeMEeXaeTCs C JUCKPETHBIMU ONEpalUsAMH, TOIAI0IIUMH
KOMaHZIpl JTM0O Ha MT'HOBEHHOE IEPEKIIOYEHHE C OJHOM CHUCTEMBl Ha JAPYryio, Ju00 Ha
MT'HOBEHHYIO MIEPECTPONKY € 3aaHHBIX TEKYIIMX KOOPJMHAT Ha JIpyrue KOOPIUHATHI, THO0
Ha TO W Jpyroe oaHoBpeMeHHO”. Takum o0Opa3om, pelieHHe 3a1adu Uil HeJIMHEHHON
CHCTEMBI MOXET OBITh 3aMEHEHO PELICHHEM TaKOW e 3a/aud il THOPUIIHOW CHUCTEMBI.
I'nOpunHble cUCTEMBl BCTpEHAlOTCd B MPUKIAJHBIX OOJACTAX 3JIEKTPOIHEPreTHKH,
aBUACTPOCHUS, aBTOMOOMIIECTPOCHHSI, 00ecrieyeHns1 0€3011aCHOCTH JIBHIKEHHSI.

B 3T0i1 cBsI3M 0COOBIIT HHTEPEC MPEACTABISIOT aJTOPUTMBI (PUIBTPALIUH, HE TPEOYOLIHEe
OOJIBILIOrO KOJUYECTBA BBIUMCIUTENBHBIX DPECYpCOB, HO IIPU 3TOM O0ECIeuuBaIOIIUe
Hag&XKHYI0 paboTy B peadbHOM BpeMeHH. OIHUM M3 TaKUX aITOPUTMOB sBISeTCs QUIbTp
Kanmana [1,7], pa3paboTaHHBIH chenudaibHO Ui OOpabOTKM YHCIOBBIX NaHHBIX. OH
UCIIONB3YyeT METOABl TpPAJHeHTHOro chmycka W paboTy ¢ yraamu Dinepa WiIx
KBATEPHHOHAMH B YIPOIIEHHOW JBYMEPHOH MOJENH, UYTO IIO3BOJAET C BBICOKOM
TOYHOCTBIO OIIPEAEIATH OPUEHTAINIO 00bEKTa HA OCHOBE JJOCTYITHBIX H3MEPEHHH.

B coBpemennsix wuccnemoBanmsx [12-17] ocoboe BHUMaHWE YAENSETCS TaKXKe
aJalTUBHBIM METOJIaM, CHOCOOHBIM CBOEBPEMEHHO OOHApy>KMBaThb MOMEHT H3MEHCHHS
peXKUMa JBIDKCHHS W IIEpEeCTpauBaTh MOZEIb B COOTBETCTBHMM C HOBOW JIMHAMHKOM
00beKTa. ITO 0COOEHHO BaXKHO B 33/1a4aX aBTOHOMHOI'O BOXKIEHHS U POOOTOTEXHUKH, IJE
Jlae HEe3HAuuTeNbHas OMMOKAa B OIGHKE IOJOXKCHUS MOXET NPHUBECTH K CEPhE3HBIM
nociencTBusAM. TakuM oOpasoM, mpoOiieMa IOCTPOCHUS TOYHOH, aJanTUBHOH W
3¢ dexTUBHOI cUCTeMBI OLEHKH TpaekTopuu Ha ocHoBe IMU sBisieTcs axTyalbHOH U
MPAKTHYECKU 3HAUNMOM.

Ienbto naHHONM pPaboOTHI sBIAETCS: M3ydeHHe anropurma ¢uiabrpa Kanmana u ero
[IPaKTUYECKOe IPUMEHEHHE I BBIUMCICHUSA TPAGKTOPUM JIBUKEHHS HA3eMHOTO
TPaHCIOpPTa; IpPEICTaBI€HHEe HOBOI'O AalrOPUTMa IOCTPOCHUS TPAEKTOPHU JIBUIKEHUS
HAa3eMHOT'0 TPAHCIIOPTA, a TAK/KE BHIYMCICHHE JUIMHBI IPOHIEHHOHN TpaeKTOpUHU; CpaBHEHHE
PE3yJIbTAaTOB 3TOTO AITOPUTMA C YK€ CYIIECTBYIOUIMMH PEUICHUSMH JaHHOW HpOOJIeMBbl,
TakuMH Kak ¢unsTp Kanmana. Ilnanupyercst paccMOTpeTh TEOPETHUECKHE OCHOBBI PaOOThI
¢ IMU, pa3o6patbcsi B MaTeMaTH4YECKUX MOJIETISIX ABMXKEHUS, CIIOCOOHBIX HAa OCHOBE YIJIOB
[IOBOPOTAa M YCKOPEHUH BOCCTAHABIMBATh TPAEKTOPHIO JABIKEHUSI 00BEKTA BO BPEMEHH.
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B nmanHoif paboTe nenaercs yHmop Ha aHalW3 METOJOB PELICHMS 3aJadd IOCTPOSHUS
TPaeKTOPHHU: YK€ CYIIECTBYIOIIETO moAaxona - ¢mibTpa Kanmana u anbTepHATHBHOTO,
HaMU BBIBEICHHOI'O aJITOPUTMa, C LECJIbIO IIOHATH UX BHYTPCHHUC MEXaHU3MbI, OICHUTH UX
3((EeKTUBHOCTh, MPEUMYIIECTBA U BO3MOXHBIC OTpAaHHYCHHUS TPH paboTe ¢ pealbHBIMH
IMU-pgassemMu. B pamkax paboTsl ObIl  pa3pa0boTaH albTEPHATUBHBIA IMOAXOI K
OIIPENCIICHUIO TPACKTOPHH JABIDKEHHS HA3eMHOTO OOBEKTa, MO3BOJIAIOIIMA TaKKe
OILIEHMBATh NpoOHAeHHOe paccrosHue. KiroueBas 0cOOEHHOCTh MNPEATIOKEHHOTO METOZa
3aKJIF0YaeTcss B MCHOJB30BAaHMM MOAMGHUIMPOBAHHONW (OPMYJBl, OCHOBAaHHOW Ha
npeoOpa3zoBaHuy  (OPMYJIBl YCHJICHHS, KOTOpas BHEAPSETCS Ha OJHOM M3 JTaloB
anroputma. CoryiacHO OOLIENIPUHATHIM HayYHBIM NPEJCTABICHHUSM, IS ITOJIaBJICHHUS IIyMa
B JIAHHBIX YCKOpPEHUs 3(P(HEKTUBHO MPUMEHATH (GUIBTP HIDKHUX YacTOT, B TO BpeMs Kak K
OpPHEHTALIMOHHBIM [JaHHBIM Ha OCHOBE YIJIOB OJilliepa moaxoAuT (uibTpaiys BEpXHUX
gacToT. Ilociie 3TOro yCKOpPEHHUS MEPECUUTHIBAIOTCS C yYETOM TEKYLIEH OpHUEHTAIMd C
MIOMOIIBIO MaTpUlbl MOBOpoTa. Ha OCHOBaHMM 3THUX CKOPPEKTHPOBAHHBIX JAaHHBIX
MIpOBOAUTCH ﬂBOﬁHOC HUHTCTPUPOBAHUEC, B PE3YJIbTATEC Y€r0 BBIUYHUCIAIOTCA KOOPAMHATBHI U
paccrosuue. OnHaKo, Kak IIOKa3aHO KaKk B HAay4YHBIX NyONUKamMsX, TaKk M B XOJAe
COOCTBEHHBIX AKCIIEPUMEHTOB, TAKOH ITOAXOJ IMOJABEPKEH 3HAYUTENbHBIM OLIMOKaM, B
0COOCHHOCTH W3-3a HAKOIUIEHWs Jpeida mnpu pacuere ckopocTd. B 3Toi craThe
npeaaraeTcss MeTo]l (PMIIbTPAIuy JaHHBIX YCKOPEHUs, YTOObI clieNaTh JaHHbIE YCKOPEHHUS
JIOCTYIHBIMH /ISl HHTETPUPOBAHMUSL.

Mope/b TPaeKTOPUH ABHKeHUs 00beKTa. Mogeny ABUKEHUS SBIISIOTCS IIPOCTHIM TUIIOM
INPEAUKTOpa U JOBOJBHO DPACHPOCTPAaHEHBl CpeAU MpOCThIX cucreM. llens Mmognenein
JBIDKEHUS — IPeJcKa3aTh CIEIYIONIYIO MTO3UIHI0 Ha OCHOBE PsAa MPOLLIBIX HAOII0JCHUH.
OHHU MOTYT HeE UCIOIB30BaTh YCKOPEHHUE U MOT'YT OBITh BBIPAKEHbI KaK

s(t+1)=s(t)+v(t)-t,
rae t — Texymiee Bpems, S ('[ + 1) - O’)KHJaeMO€ TOJIOKEHHUE Ha CIIEAYIOIIEM BPEMEHHOM

mare, S (t) - TIOJIO’KEHUE Ha TEKYIIeM BPEMEHHOM Iare, a V(t) - CKOPOCTh Ha TEKYyILEM

BpeMEHHOM mmare. [[is mpocTelimei peanu3amum,

v(t+1) s(t+12—s(t).

TIpeanonoxnm, 4To BEIOOp JaHHBIX HAYMHACTCS B MOMEHT Bpemenu L. Murerpupys
TIONTydeHHBIE JAHHbIE, MOJYYHM PacdeTHOE COOTHOMICHHE MEYXIy MepeMeleHHeM S(t) ,
CKOPOCTBIO V(t) U yCKOpEHHEM a(t) B 00J1aCTH HEMPEPHLIBHOTO BPEMEHH:

s(t):j'v(r)dws(to) (1)

f

v(t):j'a(r)dwv(to) )

f
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rIe S(to) — HaAKOIMTENbHOE cMmenienne ot 0 10 to s V(to) — CKOpPOCTH JBMIKEHUS

CHUCTEMBI IPU '[0 . Tak xax Beixogusie u3 IMU maHHBIE SBISIOTCS] TUCKPETHBIMH, TO BMECTO
dopmyn (1) u (2) HOMKHBI BOCIOJB30BAThCS KBaApaTYpHBIMH (HOpMYJIaMH, Hampumep,

dopmyioit Tpanenuu. [punumas S (to) =0u V(to) =0, S (t) HOJTy4HM:

t
t):jv(r)dt:—V(to)zv(tl)(tl —t0)+—v(tl)gv(t2)(t2 )4t
v 3)
vty )+v(t
+ (N 1)2 (N)(tN _thl)
Ipennonaras, aro t, —t, =1, —t, =...=t, —t,_, = At, roupu N > 1 nomyunm
N
S (t) = ZMA'[ 4)
k=1
B nuckperHoii o6nacTi ypaBHeHHe (4) NPUHUMAET BUJL:
N —
s[N] = ZM At 3)
= 2
xorma N >1 TaKUM 00pa3oM,
a[k]+alk—-1]

1
3 > At=v[0]+§(a[0]+a[N])At+ "
+(a[1]+a[2]+...+a[N -1])At

vINI=,

-3 V[k +V[k l s at=s[0]+5(v[0] +v[N])at+ .
+(v[1]+V[2]+...+ V[N —1]) At

Torz[a, CMECIICHUC 00BeKTa 1Mo OITHOM ocH IpEACTAaBUTCA B BUIC:

s[N]=N-v[0]-[(N-1)-a[1]+(N-2)-a[2]+..+ V[N -1]]-At" +

+Z(a[0]+a[N])-At2 ®

Takum 00pa3oMm, Mocje MoJy4YeHUs HadambHOro yckopeHus oT IMU u BblYMCIICHHS
ckopoctn, mo dopmyre (8) Bbumcnasercs cMemenme. Opmaxo, a1t Gombmmx N |
MPUMEHEHHE 3TOr0 YpPaBHEHHS IMPHUBOIUT K OTPOMHON BBIYMCIHMTEIBHON Harpyske Ha
CHCTEMY KOMIBIOTEPA, ITOCKOJIBKY CHCTEME HEOOXOANMO BBIICIATh OTPOMHBIC HCTOYHHKU
maMsaITu JJisd XpaHCHI/IH JAHHBIX yCKOpCHI/Iﬂ C MOMCHTa BpCMCHI/I oT 0 a0 N . KpOMC TOro,
cucTeMa JIOJDKHA MOBTOPHUTH BCE MPEABIIYIIHE pAacyeThl OTHOCUTEILHO YCKOPEHHH, YTOOBI
OOHOBHUTH CMEIIIEHUE IBUKEHUS 00BEKTA.

W3 ypaBuenus (6) momyaum
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[N]+a[N-1]
2
zv[N]+v[N—1]

V[N]-v[N -1]=2 At ©)

s[N]-s[N 1] At =
(10)
=v[N—1]-At+%(a[N—1]+a[N])-At2

Vpasuenus (9) u (10) npencraBuM B Buze:

v[N]:v[N—1]+a[N]+;[N_1]At )

s[N]=s[N—1]+MAt=
(12)

= S[N—1]+V[N —1]-At+i(a[N “1]+a[N])-At
W3 ¢popmyn (11) u (12) momyuum, 4TO CKOPOCTh OOBEKTa V[N] U TIepeMeleHHe

JIBIDKEHHS S [ N ] MOXHO BBIYUCIUTEL peKypcuBHO. IMU naer nannble yckopenui a, , a,

u a, Ha X, Y u Z pexaproBbix ocax. Ha ocnopanuu ypasuenus (11), ckopocts o0bexTa

Baons X, Y u Z oceli mpeAcTaBisoTCs GopMyaMu:

a [t]+a,[t—At]

v, [t]=V, [t—At]+ At (13)

v, [t] =7, [t - At]+ 2 [t]+a2Y[t_At]At (14)

v, [t]=7, [t—at]+ 2 [+ [t=at]

15)
CKOpoCTh 00BEKTa B TPEXMEPHOM IIPOCTPAHCTBE BBIYUCIISETCS 110 (hopMyJIe:
V[t] =% [t]+, [t]+ ¥, [t] (16)
AHaJIOrMYHO, NepeMelIeHHe 00BeKTa BIOJIb OCei X R Y ul - IIPE/ICTABIIACTCS B
hopme:
1

s, [t]=s,[t—At]+v,[t—At]-At +Z(a* [t—At]+a,[t])-At (17)
s, [t]=s, [t-At]+v, [t-At]-At +i(ay [t—At]+a, [t])- At (18)
s, [t]=s,[t—At]+v, [t—At]-At+%(az [t—At]+a,[t]) At (19)

B uHTEpBasEe BpeMeHH [t - At,'[] , TIEpEMEILEHNE 0OBEKTA B TIPOCTPAHCTBE PABHO:
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s, [t]:\/(sx [t] =, [t—at]) +(s, [t] -5, [t-At]) +(s,[t] -5, [t-At])" o)
I/ITaK, B MOMCHT BpPEMCHU t, MIPOCTPaHCTBEHHAsA KOOpAWHATa OGLeKTa paBHa

(S)< [t], S, [t], S, [t]) B mpoctpaHCTBEHHOH cHUCTeME KOOpAMHAT TPACKTOPUIO OOBEKTa

MOHO ITIOCTPOUTH, COCIUHUB BCC TOYKHU IMPOCTPAHCTBECHHBIX KOOPAUHAT U3 tO J0 tN .

ITockonbKy cucTeMa CIeKEHUs OCHOBaHA Ha JBOWHOM MHTETPUPOBAHUU yCKOPEHHMS, TO
omnOku m3MepeHnit IMU mnpuBOAAT K HEBEpHBIM pe3yibTaTaM HHTETPUPOBAHUS H
HAaKOIUIEHHOMY CMEILIEHUI0 BO BpeMsl MHTErpupoBaHus. Jlake MUHHMMAaJbHbIE OIIMOKH
W3MEPEHUH MpPUBEAYT K OTPOMHBIM OIIMOKAM BBIYMCICHHUH, YTO MPHUBENET K HU3KOU
TOYHOCTH Pe3yJIbTaTOB OTCIECKUBAHUS.

OcnoBnas uaes ¢puapTpa Kaamana. Tpu nocienoBaTelbHBIX BpalleHUs KOOPAHMHAT
MOI'yT onucaTh Jo0oe BpamieHue. PaccMOTpuM TpoiHbIE OBOPOTHI, B KOTOPBIX NEPBBIH
TIOBOPOT TIpe/ICTaBiIsAeT coOoi yrom Y BOKPYr ocu Z , BTOPOH MOBOPOT NpeACTaBIseT

yron O Bokpyr ocu Y, a TpeTHii moBopoT - yrom () Bokpyr ocu X . He BjaBaschk B

MOJPOOHOCTH, PACHOJIOXUM 3THU YIJIBI B TPEXMEPHOM BEKTOPE, HA3bIBAEMOM BEKTOPOM
T

yrioB Diiepa U onpeensieMbIM BEKTOPOM ((p, 9,\|J) . OyHKIUs, KOTOpasi COMOCTABISAET

BEKTOP yIJIOB Diijiepa ¢ COOTBETCTBYIOIECH MaTpHILIeil BpallleHUs] UMEET CIIeyIOLTHIA BT

R ((p,e,\ll) =R, (\V) R, (9) R, ((P)’ o2y
rac
1 0 0 cos6 0 sin6
R(¢)=|0 cos¢ —sing|, R(6)=| 0 1 0 |,
0 sing cos@ —sinB 0 cos6

cosy -—siny O
R,(y)=|siny cosy 0]
0 0 1

3 3

M3pectHo [6,7], uto ecmu b € R — Bextop B MupoBsIx koopaunatax u & € R’ — tor

e BEKTOp, BBHIPOKCHHBIH B KOOpAMHATAX, (PMKCHPOBAHHBIX HA TEJIE, TO BBIMTOJHIIOTCS
CIICIYIOLINE COOTHOIICHHMS:

a=R,,(¢,0,y)b (22)
N
b=R, (9.6,¥) a. (23)

OcHoBHas unes punprpa Kanmana 3aximodaeTcs B ONTHMAJIBHOH OIGHKE COCTOSIHUS
JTUHAMUYECKOH CHUCTEMBI, HCIIONB3ys CEpPHI0O HAONIOJCHUH, KOTOpbIE MOTYT OBITH
MOJIBEPIKEHBI CITyYaiHBIM OIIMOKaM (IIymMaMm). DTO JIOCTUraeTcs 3a c4eT KOMOWHHPOBAHHS
MpEeACKa3aHUi CHCTEMbl W peajbHBIX H3MEpeHHH, 4YTOObl MHHHUMH3HMPOBATH OLIMOKY
OLICHKH. MeTo[ MCIONb3yeTcsl B Cilydae, KOraa HaOII0AeHNT MOTYT ObITh HEMOIHBIMU HITH
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HETOYHBIMH, a TaKXKe KOTJa CHUCTeMa MOJABEPraeTcsl CIy4ailHbIM M3MEHEHMSM, 4TO JieNaeT
TpaJUIOHHbIE METO/IBI HEJOCTATOYHO TOUYHBIMH.

@unptp Kanmana paboTaeT ¢ JUHAMUYECKUMM CHCTEMaMHU, KOTOPBIE MOTYT OBITH
OIMCAaHBl JMHEHHBIMH YPaBHEHUAMH COCTOSHUA W HaOmrogeHus. CHcTeMa OIHCHIBACTCS
CIIEIYIOIINMH yPaBHEHUSIMHU:

1. YpaBHeHmue cocTOSIHMSA:

X, =AX_, +Bu, +w,. (24)
rue:
X, - BEKTOp COCTOSIHHS CUCTEMBI Ha 1mare k,
A, - Marpuna nepexoja COCTOSHHA, ONHMCHIBAIOMIASA, KAK COCTOAHHE CHCTEMBI
N3MEHSETCS BO BpEMEHH,
B, - Marpuua, yaursiBatomas BiusHue ynpasisomux Bosaeiictsuit U, ,
W, - mym nporuecca, NpeJICTaBIAIOIMMH cirydaiinble H3MEHEHHs B cucTeMe (0ObIYHO

npeamnojaaracrcs, 4To Wk HUMECT HOPMAJIbHOC pacHpeCiICHNUC C HYJICBbIM CPEAHUM U

KoBapuanuoHHoi Matpuueit Q, ).

2. YpaBHeHHEe HAOJIIOJEHHS:
z, =H X +v,. (25)
rae:
Z, - BekTOp HaOmoOIeHUH Ha 1mare k,
Hk - MaTrpuna Ha6J'[IO,Z[GHI/I$[, KOTOpas CBA3BIBACT COCTOAHUE CUCTEMBI C Ha6J'II-OZ[aCMI>IMI/I
BEJINYMHAMY,

Vk - Iym Ha6J'IIOﬂeHPII>i, TaKXKEC npeunonara}omﬂﬁ HOpMaJIbHOC paclpeAeiICHUEC C HYJICBbIM

CpPEeIHUM M KOBapHUAIIMOHHOW MaTpHUIleH Rk .

3. IIporno3upoBaHmue
Ha xaxgoM mmare (puabTpa BBIMONHIETCS TPOTHO3 COCTOSHUS M KOBAPUAIIHU OIIHOKH:

X = A<Xk—l + Bkuk

R =ARLA +Q

rac

(26)

X, - MpeacKasaHHOE COCTOSHHE,

Pkf - IIpe/ICKa3aHHast KOBapHUaIlysl OINOKY.

4. Koppexuus:
Korpa craHoBATCA NOCTYNHBI HOBbIE JaHHbIE Z, , QUIBTP KOPPEKTHPYET NpelcKa3aHue,

UCTIONB3YsI HOPMYITy OOHOBIICHUSL:
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K, =R H, (HP H +R)"

2o =% +K (z,-H&) . 27)
P, =(| —Kka)Pkf

e

Kk - Marpuna ycwieHus (wi kodd¢uinment Kammana), KoTopas KOHTPOJIHPYET

HACKOJIbKO CHIIBHO OOHOBJICHHE BIIUSCT Ha OLICHKY COCTOSAHUA,

X, - UTOroBasl OLEHKA MOCIIE KOPPEKLINH,

Pk - KOBapuanusa OIIHOKH 1ocye KOppPEKIHU.

Qunprp Kanmmana MUHUMU3UPYET OLIMOKY COCTOSIHHSI, OCHOBAaHHYIO Ha IIPEACKA3aHUAX
U pealbHBIX U3MEPEHUSX, U aJaNTUPYeTCs K U3MEHSIOUMMCS YCIOBUSAM. DTO JENaeT ero
MOIIHBIM UHCTPYMEHTOM JUIsl IPUMEHEHHs B 33/1auax, I1e HeoOX0UMa BbICOKasi TOUHOCTh
U HaJEKHOCTh B YCIOBUSX HEONPEAEICHHOCTH M IIyMa, HapPUMEP, B HABHIallUOHHBIX
cucTeMax, poOOTOTEXHUKE M AUHAMHYECKOM ynpaBieHHH. OHAKO BaXKHBIM HEIOCTATKOM
¢unbTpa Kanmana spusercs

® [pU PEUIEHUM 33134 MO3ULMPOBAHMA HY)KHO UMETh JBAa UCTOYHHMKA JaHHBIX. Tak Kak
MBI PacCMaTpUBaeM cilyuaii, KOraa BTOporo ucrouHuka (Hanpumep, GPS) Hert, T0 3TOT
GUIbTP, KOTOPBIM JETalbHO HCCICIOBaH B JINTEPAType, HEBO3MOXKHO MPUMEHUTb.
IMostomy, M (UIBTpAaLMKM JaHHBIX HAaMU BbIBeJEHa (GOpMyna M IIPOU3BEACHBI
JECATKH TECTOB IS IPOBEPKH OMyUeHHOH GopMyIsl,

e OrpoMHOE KOJIMYECTBO apU(PMETHUECKHX OIepaluil, KOTOpoe MPHUBOIUT K
3aMe/IeHNIO TTOMYUeHBIX Pe3yIbTaToB. B CBS3M ¢ 3THM BO3HHKAET BOIPOC BEIPAOOTKH
HOBOTI'O BBIYUCIHMTEIBHOIO METOJd, KOTOPBHIA IAeT Hy»KHBIH pe3yJbTaT, HUCHONb3Ys
3HAYHUTENHHO MEHbIIEE KOMMIECTBO apU(PMETHIECKIX OTIepAITHii.

OcHoBHasi uaess pa3padoranHoro meroaa. @uabTpamus AanHbix. OmHOW U3
Ba)XHBIX OCOOCHHOCTEH, KOTOPYI0 HEOOXOAMMO Y4YeCTb, 3TO TO, YTO MCHOJIb3yEeMbIe
ITOPUTMBI  (UIBTPALMM HE MOTYT OBITH CIMIIKOM CJOXXHBIMH, YTOOBI IPOLIECCOD
KOMIIbIOTepa He 3aMemuuica. OUiIbTpbl OOBIYHO HCIONB3YIOTCS IS CTAOWIM3aIMH
JAaHHBIX, TIOBBIIICHUS TOYHOCTU M YHAJICHHA NOIyMa. HaTHHK, KOTOprﬁ noaBepracTcs
BUOpaLMU WU 3JIEKTPOMArHUTHBIM CHJIaM, MOJKET BbI1aBaTh HEBEPHBIN BBIXOJAHOW CHUTHAII
" aciaThb CO6I/IpaCMI>Ie UM JaHHBIC HCIPUT'OAHBIMU I UCITOJIB30BaHUS.

B nurepatype u3BecTHbI (PUIBTPBI HMKHUX W BepxHuX yactor [10,11]. IMpunmmn
paboThl GUIIbTPa HIDKHUX YacTOT 3aKJIIOYAETCS B pealii3aluy QUiIbTpa HWKHUX YacTOT Ha
MOKA3aHMIX aKcelepoMeTpa U (HIbTPa BEPXHHX YACTOT HA THPOCKOIE C IOCIEYIOLINM
o0beANHEHHEM OT(QUIBTPOBAHHBIX NaHHBIX. 3agada (WIGTPOB HIKHHX YacToT -
OT(WIBTPOBHIBATH CIIMIIKOM BBICOKHE CHUTHAJIBI U MPOIYCKATh TOJBKO YacTOTHl HUXKE
BBIOPAHHOTO YHCIa, GUIBTPHI BEPXHUX YACTOT JENAlOT MPOTHUBOIOJIOKHOE OTHOCHTEILHO
JaHHBIX T'UPOCKOIIA. OT0 O3HA4YacT, 4YTO (bI/I.]'lep BCPXHHUX YacCTOT IPOIYCKAcT TOJBKO
YaCTOTHI BBILIE BBIOPAHHOTO YHCIA, YTO JeNIaeT (PUIIBTP HIDKHUX YacTOT JONOJHEHHEM K
(UIBTPY BEPXHHUX YACTOT.
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Puc.1. Cxema paboThl GUIbTpa HUKHUX U BEPXHUX YaCTOT

B Hacrosmet paboTte mpeasioxkeH HOBBIN TOAXOA K MOCTPOEHHIO (GuiIbTpa JAaHHBIX Ha
OCHOBE (DMIBTPOB HIDKHUX M BEPXHHX 4acTOT. C IIeIbI0 YMEHBLICHHS IOMEX, KOTOpBIE
BO3HHMKAIOT Mpu mepegaud pAaHHbIX ¢ IMU pjarumka Ha KOHTpoiep, IpOITyCTHM
HOJNYYEHHBIH CUTHal akcelepoMerpa udepe3 (UIBTPHI, OMUCAHHE KOTOPBHIX IIPUBEIEHO
HIDKE.

[Tpu npuMeHeHn GUIBTPa HIDKHUX U BEPXHUX YaCTOT, BXKHBIM SIBJISICTCS BBIYHUCIICHIE
qacToThl cpe3a (cut-off frequency). Yactora cpeza ¢uibTpa - 3T0 YacToTa, Ha KOTOPOIt
3aTyXaHUe CUTHaja JOCTUTaeT ONpPEeCHHOT0 MUHMMAIBHOIO 3HAaYEHUs, WM COCTABISET
1\2 (= 0,71) B nuueitHoM Maciutabe. To ecTh aMIUIMTysna CHTHaja Ha 4acTOTe cpes3a
cocraBisieT 71% OT BXOIHOTO 3HAYCHUS.

Tak Kak NIpHU BBIYUCICHHUAX HCIOIB3YIOTCS HECKOJIBKO (B OCHOBHOM TPU IO TPEM
KOOpAMHATHBIM OCSM) HaOOpOB JaHHBIX aKCEIEPOMETpa, TO IpU 0O0pabOTKM JaHHBIX II0
KaKIOH OCH W O KaKIOMY HAIpaBlIeHHI0O B (UIBTpe HIKHHX 4YacTOT BBIOMpaeM
MHUHHUMAJIPHOE 3HA4YeHHE 4YacTOThl IakeTa AaHHBIX. OCHOBBIBAsSCh Ha MHOTOUYHCIEHHBIX
OIbITaX M TECTOBBIX JaHHBIX, BbIBEIEHa ()OpPMyJia BBIYMCICHHUS YacTOTHI cpes3a, KOTopas
HMMEET CIETyIOIUi B

cut_off = min‘Re(max_ peakx),Re(max_ peaky),Re(max_ peak, )|, (28)

rme max peaki — MaKCHMaJIbHOE U3 3HaYCHUH JaHHBIX B KOOPIMHATHBIX HAIPaBJICHUAX
1=X,Y,Z.
ITocne mepexomnM K BBIYHCICHUIO TapaMeTpa ycuiueHHs [). OToT kodduimeHt

BBIYHUCIACTCA Clefytomeil (popMymIoi, KoTopas BBIBEACHA Ha OCHOBE MHOTOUYHCICHHBIX
TECTOBBIX NPHMEPOB, NPH KOTOPBIX PACUEThl IOKA3bIBAJIM, YTO OHA JAaeT IPHEMIIEMBII
pe3yJbTaT U OTJIMYAETCA OT COOTBETCTBYIoMIEH (hopMynbl MeToa Kanmana cBoeil mpocToit
(opMoii 1 He3HAUNTENBHBIM KOJIUYECTBOM apU(METHIECKHX ONepaLuii.
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p= g-NM, (29)

rae N - gmcno orcueroB, M - MakcHMyM cpeflt MHHAMATBHBIX aMILTHTY] YCKOPEHHH O
TPEM HAIMpPaBICHUSIM.

Jns ananusa BeIBeICHHOH (GOpMyIIBI pacCMOTPEHB! KOHKPETHBIE JaHHbIe. [Ipumenss ee
OTHOCHTENIBHO COOpPAaHHBIX MHOTOYHCICHHBIX IaHHBIX, W, AJS CPaBHEHHs, MPHUMEHSIS
OTHOCHUTENBHO 3TUX JNaHHBIX (opmyisl (1)-(19) u cpaBHHBas ¢ peabHBIMU pe3yJIbTaTaMHU,
BBISICHUJIOCH, YTO, HATPUMEP, €CIH PEATbHBINA MyTh JBHXKYIIETOCS 00bhekTa cocTaBiseT 6.1
KM, TO YHCJICHHBIC PacUeThl JAIOT MPUMEPHO 5.5KM, TO €CTh pa3HHIA COCTABISET He Ooiee
600 meTpoB, T.e mpumepHO 10%. [{nst cpaBHEHUs] OTMETHM, 4TO B padorax [1,2] oTMeueHo,
YTO HPH COOTBETCTBYIOIINX pacueTax morpemHocts Gpunstpa Kanmmana cocrasmset 13%.

Commected Accoloration_ (mis’] Gorected Acceleration, [mis’]
oe a4
o 02} | o 02 {
g | / | ul H { |
= ol il o (o E o
g | ' | g '
0.2} < a2
04 04
D 0 0 00 400 50 600 700 80 WO 0 W0 200 300 400 500 600 70D BOO 900
tima [sec) time |sec]
Real Acceloration_ [m/s?] Real Acceleration [mis?] |
1F 2
' \ J | | ik | 4 — | |
" 1
LR W
I 1 g [ J
1 1 < 4
3 2
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Corrected Acceleta!ion: [mfs’]
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Real Acc eleu!hn! [mflzl
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Puc.2. JlanHble yCKOpEHHUS 110 TPEM KOOPAWHATHBIM HAIPABICHHUAM [0 U I10CTIe
¢$unbTpanuu
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Ha puc.2 mnpuBeneHsl rpaduku HaHHBIX, NOoNydeHHbIX u3 IMU nmaTumka u
00paboTaHHBIX MpuUBEJECHHBIM MeTogoM. Cyas 1o puc.2, ycKOpeHHEe KoieOueTcs
ClTyJaliHBIM 00pa30M C MaKCUMaJbHBIM 3HadeHueM B 1 M/c?. DTO O3HA4aeT, 4T0 OOBEKT
HUMeeT MaKCHMaJbHOE CMEIIeHHe Ha 1 M, Jake Korza OH HEMOABIKEH. A 3TO 3HAYMT, YTO
HE3aBHCUMO OT TOYHOCTH BBIYHMCICHHH, OMMOKM M IIyM OyIyT OKa3bplBaTh OOJIBIIOE
BJIMSHHAE Ha TOYHOCTH CHCTEMBI OTCIEKHMBaHMA. Il yCTpaHEHWs IIyMa W TOBBILICHUS
TOYHOCTH NPUMEHWIH IONY4YEeHHYI0 (OpMyIy, MOCJIE Yero AAaHHbIE YCKOPEHHUS MOXKHO
OyZeT WCIONB30BaTh JUIA MHTErpUpoBaHus. [locie (QuiIbTpamyy JaHHBIX YCKOPEHHUH, HX
MIPUBOJIUM K TJI00aJIBHOM crcTeMe KoopanHarT 1o Gopmysam (20)-(23).

Kpome Toro, pa3zpaboTaH Takxke crnoco0 CriIaXWBaHHS CKOPOCTH, yOUpaHUs npeida u
BBICOKOYACTOTHBIX INyMOB. Pe3ynbTar mpuBeleH Ha pHc.3, KOTOPBIH MOKa3bIBaeT, YTO
COOTBETCTBYIOIINY pe3yJIbTaT, MOXy4YeHHBIH MeTomoMm Kammana (24)-(27), He ycTpaHsieT
sIBJIEHUE npetida.

Velocity vs Time

15 . - ) ) ) Velocity i i
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’ [ 12 ! fll| l} f |‘L "
1o} J'rl'" .‘ o § 1 |||| || ' , i[‘ 'T I ‘I
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| Y1l
2/ |}
e e ET % 10 20 0 40 50 0 700 @0 e00
Time (sec ) time [sec]

Puc.3. Hckimouenue aperiga

Iocne ¢upTpanyu HaHHBIX ¥ MCKIIOUEHHs Apeiida Ha OCHOBE TECTOBBIX JAaHHBIX MO
dopmyne (19) MOCTPOEHBI TPAGKTOPHM HA3eMHOTO TPAaHCIOPTa Ha IUIOCKOCTH M JUIA
CpaBHEHHUS MPHUBEICHBI COOTBETCTBYIOIIKE MyTH U3 Google Map. HyxHO OTMETHTH, YTO
TaKk Kak OJHOW M3 IeNiel pa3pa0oTaHHOro MeToja ObLIO HCIOJIb30BAHUE MHUHHUMAIIBHOTO
konmdyecTBa maHHBIX IMU U mpu pacyerax yYIJIOBbIe CKOPOCTH HE OBUIM YYTEHBI, TO
OpHEHTAINs IOCTPOCHHBIX IPpaKOB MOXKET HE COBIAATh C OPUEHTALlUEH ITyTH Ha KapTe.
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Puc.4. [ToctpoeHne TpaeKTOPUH U UX CPaBHEHUE C PEAIbHBIMH Ha KapTe
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ITomaroBoe onucanue MeToja.

e  MacmrabupoBanue. [lepexon U3 KOOPIUHATHON CHCTEMBI Ha Tele K INI00aIbHOU ¢
HCIOJIb30BaHKUEM YIJIOB Dilnepa.

e IIpeoOpasoBanue Oypre OTHOCUTEIHHO yCKOpeHHH. HaxoauM, U3 KakuX 4aCTOTHBIX
KOMIIOHEHT COCTOUT CUTHAJI B K)KJOM HAIPaBIICHHUU.

e CrnektpanbHas ¢uisTparusa. OOHYISIOTCS HU3KOUACTOTHBIE COCTABIAIOIIUE CIIEKTpa
(monaBnenue "npeiida” U NIyMOB HU3KOW YacTOTHI).

e OOpartHoe mpeoOpazoBanne Dypoe. [IpeodpasyeM OYMIICHHBIH CUTHAI OOpaTHO BO
BPEMEHHYIO 00J1aCTb.

e  3aHyleHUe IEPBbIX OTCUETOB. Y CTPaHAETCS HaualbHBIN IIyM IOCIe (PUIbTPALIUH.

e (OOpe3ka wuHTepBaJla. YOHpacM HadalbHOE BpeMs, T.e. BpeMs, KOrja OOBEKT
Tporaercs, pasroHseTcs U T. J., TaK Kak B 3TO BpeMs Apeiida oueHb MHOTO H3-3a
OoJbIINX KOJIeOAHUH.

e OrneHka MakCHUMalbHBIX NHKOB (koneOanmii). Cut-off BeiOupaercs kak 0.75 ot
MaKCHMaJIBHOTO yCKOpeHHs. Mbl uX ynanseM. Bpraucnenus nokaseiBatoT, uto 0.75
Jyqmuii ko3¢ GUIMEHT Ha CTAaTUCTHYECKOH OCHOBE.

e IIpoextupoBanue ¢unptpoB High pass/low pass. IIpoextupyrorcst GHUIBTPHL,
XapaKTepU3yeTCcsi MAaKCUMAJIbHO INIaJIKOM aMIIMTY JHO-4aCTOTHOM XapaKTepUCTUKOH B
T0JIOCE MPOITYCKaHUsL.

e PazneneHue curHaiga Ha HU3KOYACTOTHBIE U BEICOKOUACTOTHBIE COCTABIISIONIME.

e BrluncieHue mapamerpa yculeHUs. Bpruuciserca Kod(p@UIMEHT cMeIMBaHUS Ha
OCHOBE MMHHMAaJIbHON aMIUTUTY/bI CIIEKTpa.

e (CwMmemuBaHUEe HU3KOYACTOTHBIX U BBICOKOYACTOTHBIX uacTell. BoccranaBinuBaeTcs
CHUTHAJI C Y4€TOM BKJIaJla 3THX 4acTOT.

e Ilepexop k rinobanbHOU cucteMe koopAauHar. [IpuMeHeHre MaTpul BpalleHUs.

e luTerpupoBaHue YCKOpeHUI A HONydeHHs ckopocTell. Mcnons3yrores (GopMyiist
(1)-(19).

e  Odunbrpanus ckopocteil. CriaxxuBanue ckopocTell, youpanue apeiicda u mymos.

e  Koppekuus ckopocteil. Y cTpaHseTcst HaKOIUIEHHAs OIIMOKa B MHTETPUPOBAHUH.

e Beuucnenne nytu. UaTerpupyrotces ckopoctu mo (opmynam (1)-(19), uToOb
MOJIYYUTh NPONIECHHBIN MYTh.

e  Pacuer AiMHBI NPOHAEHHOTO ITYTH U IOCTPOCHHUE TPAadHKOB.

OcHOBHBIEe Ppe3yabTaTbl. MOXHO OTMETUTb, YTO TPACKTOPHs, pacCUUTaHHAs
HPEIOKEHHBIM METOJIOM, BU3YallbHO COBIIAJAeT C MapIIPyTOM, OTOOPaXKEHHBIM Ha KapTe.
Kpome Toro, UTOroBoe 3HaueHHE MPOIICHHON TUCTAHI[UU COOTBETCTBYET OXKUIAEMOMY H
HOTPEIIHOCTh  COCTaBIsgeT He Oonbme 8%. OTo MO3BONACT 3aKIIOYHTh, YTO
HpeﬂCTaBJ’[CHHLIﬁ Ioaxon O6eCHC‘1HBaCT HE TOJIBKO BBICOKYIO TOYHOCTb, HO H
JICMOHCTPHUPYET JyUILIYIO TPOU3BOIUTEIBHOCTD 110 CPABHEHHIO C PELICHHUEM, ITOTy4YCHHBIM
Ha OCHOBE TpaAUIHOHHOrO (unsrpa Kanmana.

[pemtoxeHHbI HAMH METOJ AEMOHCTPUPYET Jy4IlNe XapaKTePHUCTHKU 0 CPaBHEHHUIO
¢ ¢uipTpom Kammana, 0coOCHHO B IUTaHE CKOPOCTH OOpabOTKM M YCTOMYMBOCTU K
omubkam. B ornmume ot ¢unbrpa Kammana, Hamr anropuTM He TpeOyeT MOCTPOCHHS
CJIOKHBIX MaTeMaTHYECKHX MoJeJed, 4TO 3HAYHTENbHO YIPOLIAeT €ro Pealn3alfio U
yckopsiet paboty. Kpome Toro, B oTin4ue oT NpocThiX GHILTPOB Bpoae low-pass u high-
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pass, Hall TOAXOA T03BOJSAECT 3(PQPEKTUBHO OOpOThCS C apeiiom, He Tepsis BaKHBIX
netanedl ABIKeHUs. braromapst mpeaBapuTENbHOW OYHMCTKE MAaHHBIX OT CMEIIEHHH /10
HUHTCTPUPOBAHUA, yﬂaéTCﬂ TMOBBICUTH TOYHOCTH BOCCTAHOBJICHHSA TPACKTOPHUHU W CHUBUTH
BJIMSIHHE HAKOIIEHHBIX MOTPEIIHOCTEH.

10.
11.

12.

13.

14.

15.

16.
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2U8UUSULP @hSNhE3NPLLENP UL2AUSPL UYUNGUTUSE SEtUUQhl
MU3BECTHS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUU
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KBAJAPATYPHASA ®OPMYJIA 1JISA UHTEI'PAJIA C AAPOM,
MOPOXKJIEHHBIM HHTETPAJIOM BEBEPA - INA®XENUTJIWHA, B
NPUMEHEHMH K PEINIEHUIO OCECUMMETPUYHOM KOHTAKTHOM
3AJJAYU TEOPUMH YIIPYTOCTH.

CaaksH A.B.
KmoueBbie ciaoBa: wunHrerpan Bebepa-lllapxeiitanna, kBaaparypHas ¢opMyna, ocecHMMETpUUHas
KOHTaKTHas 3aj1a4a, GyHKIun beccens, MexaHnyecknue KBaJpaTyphl.

Sahakyan A.V.
Quadrature formula for an integral with a kernel generated by the Weber—Schafheitlin integral,
applied to solving an axisymmetric contact problem of elasticity theory

Keywords: Weber-Schatheitlin integral, quadrature rule, axisymmetric contact problem, Bessel functions,
mechanical quadratures

A quadrature formula is constructed for calculating integrals with a kernel in the form of a discontinuous
Weber-Shatheitlin integral. It is shown that for the order N of the quadrature formula, the formula is satisfied
exactly for odd polynomials of order 2N —1. As an example, an axisymmetric contact problem of pressing a
smooth stamp into an elastic layer whose lower edge is rigidly fixed was solved and both the convergence and the
efficiency of applying the mechanical quadrature method using the constructed quadrature formula are shown.

Uwhuljjui U.9.
Yhpbp-Gwdhbpnhih hinnkqpuym] wpynn Ynphqny pnkqpuh hwdwp puewlmuwgdui
puwiwdlh fhpuwempmip wrwdqujuinipyjub nkumpjuwh wowigpwhwdwswih Ynuwnwljinwhi
Junph (pusdwt hwdwp

Zhdwpwntp® dhpbp-Cwdhbynihuh hunkgpuy, punwlniuugdut pubwdl, wpwibgpuwhwdwswth
Ynuwnwlunuyght juinhp, Rhubjh $ntuyghwikp, dbpwiuhjujwb punwulniuugdut puiwdltp

YJunrnmgjus k punwlniuugdut pubiwdl Ihpkp-Cudhbpinhuh uqynn htuntigpu nkup nikgnn
Unphgny htuwntgpuih hwpduwt hwdwp: 8nyg L wpgws, np N jupgh punwlniuugdwut pubwdlbp
&ogppnn E 2N—1 Yupgh Yhiwn puquuinqudibph hwdwp: Unnphtt kqpnyd Ynon wdpulg]ws
wnwdquiljutl gkpinh Uk nnnplj swnwdwh dupddwt wpwgpwhwuwswth nnwlpnuyghtt jbnph
wsdwl ophtimljh Jpw gnyg L wupduws jupmgyws pwhwdbh hhdwb Jpu dhjwbhijulwb
punwlniuugdut puwbwdltph dkpnnh qniquuhnnipniup b wppynibwybnnipniap:

Tloctpoena kBaxparypHas GpopMmyJia JUisi BBIYUCICHHS. HHTETPAJIOB C SAPOM B BHJE Pa3pbIBHOIO MHTErpaa
Beb6epa-Illadpxeiitiuna. [TokasaHo, 4To npu MOpsAKe KBaApaTypHOi GpopMyssl N (opMyIia BHIIOIHIETCS TOYHO

JUIA HEYETHBIX MHOTrouneHoB nopsaka 2N —1. Ha npuMepe pelieHus ocecMMMETPHUHOM KOHTAKTHOM 3a/aul O
BJIaBJIMBAHKH IJIAJIKOrO IITaMIa B YNPYTHi CIOW, HWKHsS TPaHb KOTOPOIO JKECTKO 3aKperuieHa, MOKa3aHbl Kak
CXOIMMOCTb, TaK U 3(P(EKTHBHOCTH NMPUMEHEHHS METOJd MEXaHHYECKMX KBaapaTyp C HCIOJIb30BAHHEM
HOCTPOCHHO# KBaJ[paTypHOU HOPMYIIBL.

Beengenne. IlpuOnukeHHBIE METOAbl PELIEHUS CUHTYJSPHBIX — MHTETrPalbHBIX
ypaBHEHUIl Hayalu HHTEHCUBHO Pa3BUBAThcA ¢ cepenuHbl XX Beka. Cpenu mepBhIX paboT
B 3TOM HaIpaBlIeHMH OTMETHM paboTsl [1-9]. B nanpHelimeM ObUIO BBIIOJIHEHO OTPOMHOE
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KOJIMYECTBO pPabOT, MOCBAIICHHBIX MNPUOTMKEHHOMY BBIYUCICHUIO  CHHIYJISIPHBIX
UHTETpaJioB U PEIICHUI0 HHTETPAJIbHBIX YPaBHEHUH, COJEp)KallMX TaKUe HHTETpabl,
OTMETHM JIMIIb HEOOJBIIYIO YacTh U3 padoT, omyOaukoBaHHEIX nocie 2000-oro roxa [10-
26]. HecoMHEHHO, ATOT IMEpeveHb SIBISETCS JAIEKO HEMOJHBIM M €r0 MOXKHO ObUIO OBl
MIPOIOJKUTD.

Hecmotpst Ha Takoe OONBIIOE KOJMYECTBO pPabOT MO MNPUOIMKEHHBIM METOAaM
peLIeHUs CHHTYJIAPHBIX MHTETPAJIbHBIX YPaBHEHMH, HHTEpeC K 3TOH mpobieme He yObIBaeT
U IIPOJOJKAET OCTABAThCs HA IIOBECTKE JHS.

B wHacrosmieli paboTe mpeanaraercss KpaiparypHas (opMyna Uil BBIYHCICHHS
UHTETpaa ¢ SApoM, IOPOXKICHHBIM pa3pbIBHBIM HHTerpanoM Bebepa-llladgxeliTanna, TeM
CaMbIM W BO3MOXHOCTb PCHICHUA OCCCUMMETPUYHBIX 3a4ad METOAOM MEXaHUYECKUX
KBaJIpaTyp. MI3BECTHO, YTO OCECUMMETPHUYHBIE 3a7a4l TEOPUU YIPYTOCTH PEIIAlOTCs, Kak
MPaBUJIO, WIM B TOPOUAAIBHBIX KOOpIMHATaX, Hampumep [27, 28], wiau mpu HOMOLIU
omeparopa BpauieHusi, Hanpumep [29-32]. B o0oux ciydasix HCHONB3YHOTCS CIIOXHBIC
npeoOpa3oBaHus, MHOTAA NPUBOAAIIME U K 3aMKHYTBIM DPEIICHUSM, KOTOpBIE, ORHAKO,
JIOCTAaTOYHO CJIOXHBI JUIA YHUCICHHOro aHainu3a. Ha mnpumepe ocecMMMETpUYHOM
KOHTaKTHOH 3aJjauydl O BJABIMBAHUM TJAJKOTO INTaMmIla B YNPYTHH CIIOH, HIDKHSS T'paHb
KOTOPOTO JKECTKO 3aKpeIUieHa, IoKazaHa dS(QGEKTUBHOCTh MPHMCHEHHS MeETola
MEXaHMYECKUX KBajpaTyp. PaccMoTpeH ciydail, KOrjja OCHOBaHHE IITamIla HETOJHOCTHIO
KOHTAKTUPYET CO CJIOEM M, CIEJOBAaTeNbHO, pPa3Mepbl 30HbI KOHTaKTa MOAJIEXKAT
ompexneneHuio. Ilpy TOMOIIM TpemiaraeMoi KBaapaTypHOW (opMynsl NpOBeIeH
JieTallbHbIN YMCIICHHBII aHaIU3 3aJa4l.

1. KBagparypnast ¢popmy.a. ITycte umeem unterpan
1
17(r) = Wy (r.p)(1-p*)" p" £ (p)dp (1)
0

rac

WVV(r,p)zj.Jv(rt)Jv(pt)tZy—ldt RevZO;y=u+%; Reu|<% )
0

paspeiBHOI mHTerpan BeGepa-llladxeiitinaa aocrarouso obmero Buma, J, (I’) -
¢ynxums Beccens mepsoro poxa, f (I’) yAOBJIETBOpsET ycnoBuio | enpraepa-Jlunmmuma Ha

oTpeske [O, 1] )

OCHOBOHM JUIi TIOCTPOCHHS KBaapaTypHOH (OpMyJbl JUIs yKa3aHHOTO HHTErpaa
SIBIISIETCSI CTIEKTPAIIbHOE COOTHOIIIEHUE, TToNy4deHHoe B [33,34],

1
Wy (1-p7)" P T (p) dp =L, r T (1) 3)
0

Rev =0; y:u+%; |Reu|<%

rac
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v e 22 (n+v+y)T(n+y
T (p) =R (1-20%); Han = F(n(+v+1)F)(n(+1) .

Pn(a’B) (X) - MHOTO4JIeH SIko0u.
UMes B BHAY CHEKTpAIbHOE COOTHOMICHHE (3), MOAbIHTErpanbHyio pyukmmio | (p)

AIMIPOKCUMHUPYEM HHTCPIIOIIAIUOHHBIM MHOTOYWICHOM C y3JIaMH B KOPHAX MHOTOYJICHA

T (var-1)

v,y—1
n (I’) W3 npexncraBieHys MHOTOYIEHA Tn( ! )(I‘) OYEBHHBIM 00pa30M CIeIyerT,

YTO OH YeTHBIH U UMeeT 2N KopHeit X (i =1, n). CrnenoBaTenbHO, HHTEPIOSIIIMOHHBII

MHOT'OYJICH MO>XHO BBIITMCATh B CJICAYIOIIEM BHUIC:

f(r):_z( 1 Zn:{ f(x) _ f(—Xi)} Tn(v’y_l)(r)

v S (Tx) (o) )T (x)
31ech

i’ n-1
K=yt T =R (g)=0  (i=Ln)

n n

“)

o v,y-1
a TaK¥K€ UCIOJIb30BAHO BBIPAXKCHUE IJIA IIPOU3BOAHON OT MHOI'OYJICHA Tn( ) (r) .

%T;M(r) = 2r(n v ) TEM (1)

Oyuxmmo | (r) , OTIpeIeIeHHYIO0 Ha (0,1) , TIPOJIOJKAM Ha (—1, 0) HEYETHBIM 06pa-

3oM. Torma, u3 popmynsl (4) OynemM HMETh:

r Z”: f(x) TM(r)

f(r)y=- 5
( ) (n+v+y) i=1 (rz _Xiz) XiTn(j1+1,y)(Xi) (5)
Bocmnonesyemcs popmynoit Kpucrodems-apOy asist MHOrouwineHoB Skoou [35]

ni ngouﬁ) (x) pnga,ﬁ)(y) ~ k,sf{m pn(mﬁ) (x) pn(j,ﬁ)(y)_ Pn(i’ﬁ) (x) pn(a,B)(y)

~ hr(na,ﬁ) - krga,mhr(lfl,ﬁ) X—y

rae

() _ 2P (m+a+1)T(m+p+1)

" (2m+o+B+1)I(Mm+a+B+1)T(m+1)’

() _ r(2m+o+p+1)

" 2" (m+o+B+1)I(m+1)

U C/IENaeM B Heil 3aMeHy nepeMennbix X = 1 — 2r’ u y=%=1- 2§i2 , IOJTyIHM

Tn(v”_l)(r) _ (2n+v+y-=1)(2n+v+y) 1) n-l Tn(]v"y_l)(r)Tﬁ(]V”_l)(Xi) ©
rr-x>  (n+v)(n+y-DT (%) " = hiwr

i Y n-1 i m=0 m
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Toncrasmsis (6) B (5), Oynem umers

n f (X. ) n-1 rT(V,‘/fl) (r)-l-(v,y—l) (X- )
f r)= (V,Y) i m m | ;
( ) A1 ; XI-I-n v]+1 7) ( | )Tn(:’{}’—l) (Xi ) — hr(nv,y—l) (7

rac

Agv,“/) — v (2n+v+y—1) F(n+v)F(n+y—1)

C(n+v+y+1)T(n+1) "

[loncrasnsas mocneanee BoIpaxkeHne B uaTerpai (1) u MeHssI TOPSIIOK UHTETPUPOBAHUS
U CyMMMpPOBaHHUS, OyAE€M UMETh:

) f anVY] _ _—
HURE D) g )ZO hm JW (r.p)(1-p7)" P T (p)dp

a, = x5 (x)TY ) (%)

i n-1 n-1

[loncraBnsas ke ciofa 3HAYEHHWE HWHTETpaja W3 CHEKTPaIbHOrO cooTHomeHHus (3),
OKOHYATENHHO MOJIyYHM CIIEAYIOUIYIO0 KBaIpaTypHYI0 GOpMyITy:

r) = iw(v,v) f (Xi )R(v,v) (r, X ) ®)
i=1
=5t P(E) =0
o 2ntvey-l T(nev)T(ney-1)

LT (x )T(”“)(xi)F(n+v+y+1)1“(n+1);

i'n-1 n-1

R™ (r,x)=r" T (x )T (1),

m

“2m+v+y F(m+V+Y) ’
A r(m+v+1)

HeTpyaHO MPOBEPUTH, YTO UMEET MECTO U CJIEIyIONIas KBaApaTypHas GopMmya:
y-1 .
f(x)(l—xz) xzvdx:Zwi(”)f (%) )
i=1

OtmeruM, uyto (opmynsl (8) u (9) BBINOIHAITCS TOYHO, €CIHHM (YHKIHS f(r)

m=

S S———

SABISETCA HEYeTHBIM MHorowieHoM mopsuka 2N—1, Te. mpeacraBuma B (opme

f (r): rQn_1 (rz) rie Q. (X) - MHorouned mopsaaka N—1.

2. OcecuMMeTpUYHAasi KOHTAKTHAs 32/1a4a 0 BAABJIMBAHUM TJIAIKOT0 KPYTrOBOI0
JKeCTKOro WITaMIa B YNPYrUil cJ10i, HUOKHSSA TPaHb KOTOPOIO *KeCTKO 3alleMiieHa. B

LHIHHApHYecKoi cucteme koopauHar OrOz pacemorpum ynpyruit cnoit 0<zZ<H | B

rpannynyio nosepxnocts Z = (0 koTopoi, moa neiicteueM cunbl P, BraBmnsaercs kpyro-
BOH IMIMHIPUYECKUI INTaMI C IJaAKUM OCHOBaHMEM B (QopMme Telaa BpalleHus,

68



r
omuckiBaemoro ¢yuknuei af (—j(o <r< a). [Ipeanonaraercsi, 4TO TOpel LITaMIa-
a

LIIMHIPA HEMOJHOCThI0 KOHTAKTUPYET CO CJIO0EM, T.€. 30Ha KOHTaKTa SBJSIETCS KPYIOM C
panuycom b<a.

?\\\\\\\\\\\\\\\\\\\L&o

®ur. 1 CxemaTnueckoe OpeaACTaBJICHUEC 3aJa4n

Ilepeiinem k 6e3pa3mMepHBIM KOOPIHMHATAM:
{r.zj=a{p.¢}
" BCIIMYHHAM
{u.,u,,b,H} =a{u,w,b,h}; {o,,1,}=p{c,1}.
371ech, HE3aBIUCHMO OT MyHKTa |, HCTIONB3YIOTCS 0003HAYEHHS |L AT MOJIYJIS CABUIa U

v s kosdduumenta [Tyaccona marepualna ynpyroro ciosi.
Pemue oceCHMMETPHYHYIO 3a4a4y IS CJIOS IPU TPAHHYHBIX YCIIOBHSX

5(p,0)= {_Op(P) 0<p<h,

b, <p < oo,
T(p,0)=0 0<p<m, (10)
u(p,h)=0; w(p,h)=0; 0<p<oo.
rne  P(p) - HckoMOe HOPManbHOE KOHTAKTHOE HANPSKEHME, JUI HOPMANBHOM

KOMIIOHCHTBI IEPEMEIICHU I'PAHUYHBIX TOUCK CII0A 6y,ElCM HUMCTh:
b

w(p,0)=(1-v) [ (L, (t.p)~M (t,p)) p(t)tdt (11)
3necn

Lo(t,p)szO(ts)JO(Sp)dS , Kk=3-4v,
0

% 2(2hs —ksh2hs)
M(t,p)=
(t.p) .[ 4h*s” +1+%” + 2k ch 2hs

0
B 30HE KOHTaKTa MITaMIA-IWIMHIPA C YIIPYTUM CJIOEM UMEEM YCIIOBHUE:

+1]J,(ps)J, (st)ds
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w(p,0)=8.-f(p) (0<p<h.<l) (12)
rac 6* = 6/3 - OTHOCHUTC/IbHAasA OCaaKa IITaMIia, f (p) - (byHK]_H/Iﬂ, OITMChIBAKOIIass OCHO-

BaHMUC HITaMIIA.

HOJ’I}I(HO BBIITOJHATHCS TAKXKE yCIIOBUC paBHOBECHSA LITaMIIa-IAIIAHAPA:
b.

P
2 dp=——
n!p(p)p v (13)

IloncraBuB BEIpa)keHUE W(p,O) u3 (11) B ycnoBue konrakta (12), momyuum
OIIpeAeIAIONIee MHTETPAIbHOE YpaBHEHHE C JIOTapu(MHUYECKOil OCOOEHHOCTBIO B BHJE

paspeiBHOTO HHTerpajia Bebepa-IllapxeliTnina L0 (t, p) :
b.

(1-v) [ (L (t.p) =M (t.,p)) p(t)tdt = 5. - f (p) (14)
0
Jnst Toro, 4roObl mocTpouTh pemieHue ypaBHeHus (14) mpu ycioBum (13) meromom

MEXaHMYECKHUX KBaZpaTyp Ha OCHOBE IPEIJI0KEHHBIX BBIIIE KBapaTypHbIX Gopmyn (8) u

(9), cBenemM nHTEPBAJIBI HHTETPUPOBAHMS K HHTEPBAILY (0, 1) . Bynem umers:

(l—v)mj(L(n,ﬁ)— N (n,g))(p(n)dn =8.—f(h&) (0<&<1)
L (15)
b’ [o(n)dn=Q

0

P
2npa’

- 0Oe3pa3mepHas

rae (p(n)= p(b*n)n - HOBasg HCKOMas (yHKIUS, QZ

BHCIIHAA CHUJIA,

L(n.&) :]O.JO(nT)JO (Er)dr,

. 2b*[2hr—b*1<sh22j]
N(n.g)=] —+1 J,(nt)d, (E7)dr.
ol 4h*t* +b,? [1+K2 +2K0h2bj

%

Pemenue cucrems! ypaBHenuii (15) Oynem uckarb B BUze:

o(n)= \(/p%, (16)

torga cuctema (15) mpumer Bu:
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)

* T] _x
J1-n° b.’
YcroBreM ISt OTIpe/ieIeHus JTHHBI 30HE KoHTakTa b, aBmseTcs
¢.(1)=0 (18)
Beimmumem  ¢opmyist (8) u (9) mnpumenutensHo Kk cucreme (17), T.e. Korma

v=0,y=0.5,

[ an =S 1 (R, (1)
1 n (19)
I%dﬂ=2=;w.g(xu)
T (p) =R (1-20%); % = l_zii’ Pn(oéj(ﬁ.)zo,
" 4n—1 1
X.Tn(-;gj (x )Tn(_lzj (Xi) n(4n —1)

CormnacHo (5) nmeem
T (0,-0.5)

(p*(r)z—( 2r )Z”:((p*(xi) L (r) o0

n+1 — 2 )XT(IOS)( i)

i'n-1

TIpumenus dpopmyist (19) k cucreme (17), momydum:

iZnI:Wi [Ro(ﬁ,xa)—N(Xi,i)](p*(xl)z(l%()bg? .

b*2

BrIOpaB B KauecTBE TOYEK KOJUIOKAIMHU UL NIEPBOTO YPaBHEHHMS Y3JIbI KBAJPATyPHBIX
(Gopmys (19), monydum cucTeMy JNHMHEHHBIX anrebpandeckux ypasHenuit uz N+1 ypas-
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HeHHii orHocuTenbHO N+1 HemsBecTHBIX: N 3HAUCHWH Q. (Xi )(I = 1, n) "

Ge3pasMepHOil OCaKH mTamMmna O, .

5. f (b.x,)

ZW [ (X% ) - N(Xi’xk)](P*(Xi)_(l—v)b* z_(l—V)b*

> wio.(x)= %

OueBHIHO, 4TO MpH KaxjaoM 3Hauennmn D, cucrema (22) Oyzer MMeTh pelleHHE,

(22)

OJITHAKO OHO OyneT yIOBIETBOPATH ycioBHIO (18) TONBKO MpH ONpENeIeHHOM 3HA4YEHHU

VYcnosue (18) ¢ yuetom Beipakenus (20) 3armuceIBaeTcs B BUJE:
(0,-0.5)
2+ . (%) T, (1)

2n+1 =1(l—xiz)xi'l'n(f’los)(&):

ToxGopom D, , mo merony memerms orpeska momomam, T0GHBaEMCS YIOBIETBOPEHHS

(23)

(p*(1)=—(

ycnoBus (23) U HAXOAUM HCKOMOE 3HAUCHUE b, .

Tlocne OIIpCACIICHNA BCIINYUH (.p;,< (XI )(l = 1, n) , KOHTaKTHOC AaBJICHUEC IO LITaMIIOM

ompenenurcs no Gopmyse:

T(0-09) r
2b’ x) " b,

p(r)= 2n+1 ’bﬁ—r Z( )XT(los( |)

Od4eBuIHO, YTO TpPHU b, <1 u Bemonuennu ycioBust (23), T.e. IpH OINpeneTeHHOM

(r<h) @

3HAYCHUHM BHEUIHEH CHIIBI Qmax’ KOHTAKTHOC MJaBJICHUE Ha TpPaHUIIC 30HbBI KOHTAKTa

06pan1aeTc51 B Hoib. Ecmum ke b* =1 u Q > Q TO KOHTAKTHOC JIaBJICHHUC

omnpenensiercss GopMyIIoi max
2 g (%) T (r)
a (25)
( ) (2n+1)\/1_r2 ile(rz_xiz) Xi-l-n(i,lo.s)(xi)

rae Q. (Xi )(I =1, n) peurenne cucremsr (22) mpu b, =1.

2.1 YmnciaenHblii aHajau3. PacueTel mpoBoAmIuCh ANA INTaMIa C HapabOIMUECKUM

~ f _ 0 1 2 o
OCHOBaHHEM, 3aJaBaCMbIM q)OpMyIIOI/I p = V. p . UnCneHHBIM aHAIN3 CXOAUMOCTH

peuICHuA MOKa3ajl, 4TO AaXE MpHU AOCTATOYHO MaJIOW TOJIIHMHE CJIOS h = 01 , Korjaga B

OOJIBIICH CTEIECHU MPOABJIICTCA BJIMAHHUC PETYJISIPHOIO sA[pa, 3HAYCHUA b* 5 HafI)IeHHI)Ie
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mpu N=8 u N=16 ¢ obecneucnnem BoimoaHeHns ycaous (23) g0 nopsaka 1077,
OTIMYAIOTCA OPyr OT Ipyra Ha BEIMYUHY IOPSAKa 107. Pacuersl, npoBeneHHbIE IS
3a/IaHHOTO 3HAueHHs BHemtHed cunpl Q 10 onmCaHHON BBINIE TIPOIETYpE, OKA3ATNCh
CHJIBHO BpeMsI3aTpaTHBIMHU.

JIns OCTpOEHHs 3aBUCHMOCTH MEXIy HpHioxkeHHo# cunoit Q u paamycom 30HBI

KOHTaKTa b*, uenecoo6pa3H0 IPpUMCHUTDH CJ'IC,I[yIOHlPIFI noaxoJ: 3aJaTb 3HAYCHUC b*,

pemnTh cucteMy u3 mepBbix N ypaBHeHuil cucremsl (22) BMecTe ¢ ypaBHeHHEeM (23) u
3aTeM M3 IIOCJIEIHETO YPaBHEHHsI CUCTEMEI (22) HalTH COOTBETCTBYIOLIECE 3HAUCHUE CHIIBI

Ha ¢ur. 2 mpuBeleHs! rpaUKH 3aBHCHMOCTH MEXTy IpHIOKeHHOH cmiod Q u

paanyCcoM 30HBI KOHTAKTa b* , pPaCCUUTAHHBIC UIA Pa3HBIX 3HAYEHUH TOJIIUHBI CJIos. Y

TIPaBOTO KOHIA KaKIOH KPHUBOI MPHUBEAECHO TO 3HAUEHHE CHTBI Q KOTJla OCHOBaHHE

max °
mTaMila MOJIHOCTBKO KOHTAKTUPYET C OCHOBAHHMEM, HO KOHICHTpAalun HaHpH)KeHI/Iﬁ y
T'paHUlbI ITOKA HET.

08:Q Qu =0.7614
06+
04t
oal _ Quu, =0.1985

Q,,. =0.1363
b,

0.2 0.4 0.6 0.8 1.0

Our. 2. KpI/IBLIe 3aBUCUMOCTHU Q - b* IIPpU pa3HbIX 3HAYCHUAX TOJIIIUHBI h .

Ha ¢ur. 3 mpuBeneHs! rpaduky 3aBUCHMOCTH MeXJy HpuioxkeHHoi cuioii Q n
ocankoii mrammna O,, PaCCUMTAaHHBIE JUTA TeX K& 3HAUeHHil TONIMHBI cnos. I'pabuku

06pI>IBaIOTC$I Ha COOTBETCTBYIOLIUX 3HAYCHUIAX Q I_IJ'UI BBIICHCHUSI 3aKOHOMEPHOCTHU

max

nosenenus kpusoit i1 Q > Q ObUTH IIPOBEJICHBI pacyeThl OCAAKU LITaMIla B CIIydae,

max
KOI/la Ha IpaHUlle 30Hbl KOHTaKTa KOHTAKTHOE JaBleHHE oOpalaeTcsi B OECKOHEUHOCTb.
BersicHunocs, 4To KpUBBIE IJIABHO MPOAOJIKAIOTCS, HE MPETEpeBas HUKAKUX M3MEHEHUH

Tpu nepexoje uepes 3HaueHue Q

max °

Ha ®wur.4 npencrasieHsl KpUBbIE paclpeieIeHUs] KOHTAKTHOTO JABIEHUS MPU Pa3HbIX

=0.1985;0.35, xorna h=0.5.

snauennsx suemnei cunsr Q =0.02;0.07;Q

max

73



014 02 03 04 05 06 07 Q

@uwr. 3. KpI/IBLIG 3aBUCUMOCTHU 8* —Q IIpHU pasHbIX 3HAYCHUAX TOJIIHUHBI h .

‘ ‘ ‘ ‘ r
0.2 0.4 0.6 0.8 1.0
®wur. 4 Pacipeenenne KOHTAaKTHOTO JaBJICHUS

Ha ¢wur.5 npencraBneHbl 3aBUCHMOCTH TPEICIBHON CHIIBI Qmax U COOTBETCTBYIOIIECH

el ocaJIKe ImTamMIia 8 OT TOJIIIHUHBI CJI0A h .

*max

08r
Qmax

018
06
0161
041
0141
02r 0.12
0 L L L L h 0.1+ L L L L L
1 2 3 4 2 4 6 8 10
®ur. 5 KpuBsie 3aBUCUMOCTH Qmax —hn S*max —h.
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3akiouenne. Bo3MoKHO BIiepBbIe TIOCTPOEHA KBajpaTrypHasi opMmyrna ais BbIUUCIIE-
HUSI MHTETpaJia C sJAPOM, SIBISIOIIUMCS Pa3pbIBHBIM HHTerpasioM BebOepa-llladxeriTiuna
JIOCTaTOYHO oO0mero BuAa. MeToJ MEXaHHMYECKUX KBaApaTyp Ha OCHOBE IOCTPOSHHOH
KBaJpaTypHOH (OpMyJbl ONMPOOMPOBAaH HA PEIICHHH OCECHMMETPUYHOW KOHTAKTHOU
3aJaud O BAABJIMBAHUM TJIAJKOTO IITaMIa C HEIUIOCKUM OCHOBaHHEM B YIPYIOW CIIOH,
3aKpeIUICHHBIH 10 HIDKHEH rpaHd. D(GEeKTHBHOCTE METOA MPOSIBIIETCS B BO3MOXKHOCTH
MOAPOOHEHIIIET0 YUCIEHHOTO aHAJIM3a, IPE/ICTaBICHHOTO B BHE IpadukoB Ha Dur. 2-5.
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2U8UUSUULP @bSNhES3NRULLESP ULQUSHL UUUEUTUSE SEtUUQh
U3BECTUS HALIMOHAJIBHOM AKAJJEMUU HAYK APMEHUU

Uthuwuhju 78, Ne3-4, 2025 Mexannka
V]IK 621.192 (035) DOI: 10.54503/0002-3051-2025.78.3-4-78

MUWHUMUSBAIINA YCTAJIOCTHBIX ABJIEHUM B CBAPHBIX IIIBAX
METAJUIMYECKUX TPYB C TIPUMEHEHWEM YIIPOUHAIOIIVX TEXHOJIOT UM

Topocsin M.C., Ctaksan M.I.

KmoueBsie c70Ba: ra3oTpaHCIIOPTHAs CHCTEMA, TA30IIPOBOJ, CBAapHOM IIOB, YCTaJOCTh, YIPOYHAIONAL
TEeXHOJIOTH, Ae(pOPMUPOBAHHBII CJIOH, CKIMaIOllee HallpHKeHHe.

Torosyan M.S., Stakyan M.G.
Minimizing Fatigue in Welded Joints of Metal Pipes Using Strengthening Technologies

Key words: gas transportation system, gas pipeline, weld seam, fatigue, strengthening technology, deformed layer,
compressive stress.

Fatigue phenomena under cyclic loading of the gas transport system are considered, occurring in welded
seams of pipelines, which initiate fatigue damage in the micro-roughness of the working surfaces of the seams and
can lead to their failure and cessation of gas supply. To prevent such failures, it is proposed to perform plastic
deformation of the outer surfaces of the welded seams, which allows the residual compressive stresses in the
deformed seam layer to counteract cyclic stresses. The physical and mechanical characteristics of the specified
layer material have been studied, which depend on the parameters of the deformation technology, internal
composition, and microstructure, as well as the ductility of the steel grade. By using low- and medium-carbon
steels with high ductility and employing strengthening technology, their physical and mechanical characteristics
can be brought to values comparable to those of high-alloy steels and replaced with medium-carbon steels with
low cost, which, when used in the installation of gas pipelines of sufficient length, can ensure the profitability of
the gas transportation facility.

Ponpnuyut U.U,, Unuljuh U.Q.
Ubnunuljuwh nnnjwljubph krwlgldut jupbpnd wnwgwgnn hnquwbuyht tpiinyphbph
juquplnidis unlpuginn nkiininghwitph Jhpundunlp

pfiwpunkp’ ququunpuiiugnpuught hudwljupg, ququnwp, bowlgdwh fup, hnghwsmpnid,
wdpwgunn nkjutininghw, ndnpuugdus otipwn, ubinunn jupnud:

Yhunwpyynd i ququuputuynpuughtt hwdwlunpgh ghljjuyhtt phintdusnipyut wuwydwitbkpnud
wpluwwnnn  ququuupubph Epulgqus Yupbpnid pupwgnn hnquwdwht Lplnypubpp, npnbg
upjuwnnwpught  dwlbkpimpubph  dhipnwthwppenipnitubpnud wnwowgnn  hnquwduyht
Juwujwsputptt wdting Jupnn tu Jupbkph pujpuydwit b ququdwnmuupupdut qunuptgdut
yuwndwn nuntw): Lodws pujpuynidubphtt phiwljuybint iyuunwlny wnwownpynid E Juwnwpty
owlgyws Yupbph wpuwphtt dwibpmpbtph wywunhly pbdnpdwugnid, nph punphhd Yuph
nhdnplugus skpuinid wpwewgws dtwgnpnuyhtt ubnunn jupnudubpp upnn o wqnuqbpsty
ghjjuyht qupnulubpp:  Nuunuwdtwuhpqus  Bu woqws  phpnh  wniph  dhghjudbuwthjulju
punipugptinp, Juwhijws phdnplugdwmn wnbunnghuyh wwpwdbnphg, Jupnid  oquugnpsywsd
wnnuunh - Ukpphtt - punqunpnipinihg,  Uhypnjueniguéphg b wuunpynipoiithg:  Fupdp
yuunhympjudp odnjws gudp b vhoht wshiwstwght wnpwwwiubkph Yhpwundwlt nhupnid
wulpwgunn wkjuunnghwh Yhpwndwt sunphhy Yupkjh £ hwutl) pupdp (kghpyws wynnuuwnubph
dhghudbiwthjuwljwt punipwgpbphtt b npubg thnjuwphul] hwdbkdwnwpup gudp huptwpdtph
Uhohtt wspwstughtt wnnuuwwnibkpny, npp qquh Epljupmpjudp dntnnwdyws unnnuljuwowpkph
nhypnid wywhnynud £ ninuljuydwt mbntuwljwb owhwybnnipniip:
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PaccmaTpuBaloTcsi yCTajdOCTHBIE SIBIEHHMS B YCIIOBHAX ILIMKJIMYECKOTO HArpy)KEHUsl Ia30TPaHCIIOPTHON
CHCTEMBI, IIPOTEKAIONINE B CBAPHBIX IIBaX ra30IPOBOJOB, KOTOPHIC HHUIMUPYIOT YCTaJIOCTHBIC MOBPEXKICHUS B
MHKPOHEPOBHOCTAX pabO4YMX IOBEPXHOCTEH IIBOB M MOTYT CTaTh NPUYUHOM UX pa3pyIleHHs U IpeKpalieHHs
nogaud rasza. C ILesblo NPENOTBPAIEHHs YKAa3aHHBIX pPa3pyIIEHHH HPEAIOXKEHO BBIIOIHHTH IUIACTUYECKOE
neOopMHpOBaHUE HAPYXKHBIX IIOBEPXHOCTEH CBapHBIX MIBOB, Onarofaps dYeMy OCTATOYHBIE COKMMAIOIIHE
HAIpPSDKCHUS, BOSHHUKIIKE B 1e(OPMUPOBAHHOM CJIOE IIBA, MOTYT MPOTHBOCTOSTh LUKIMYECKUM HAIPSKCHHSM.
W3ydensl (u3MKO-MEXaHUYECKHE XapaKTEPUCTHKH MaTepuaja YKa3aHHOIO CIIOs, 3aBHCSIINE OT IapaMeTpoB
TEXHOJIOTUH 1e(OPMHPOBAHHUS, BHYTPEHHEIO COCTaBa H MUKPOCTPYKTYPBI, a TAkoke IACTHIHOCTUA MAapKU CTal.
IIpu wucroNb30BaHMM HHU3KO- U CPEJHEYIIEPOAUCTBIX CTajell ¢ BHICOKOH ITACTUYHOCTBIO IIPUMEHEHUEM
YHPOYHSIOIIEH TEXHONOTMH MX (PU3MKO-MEXaHMYECKHE XapaKTEPHCTUKA MOXHO JOBECTH JO AaHAJIOTHYHBIX
3HaYEHMIl JUI1 BBICOKONETHPOBAHHBIX CTaledl M 3aMEHHTh MX CpPEJHEYIIEPONVUCTHIMH CTallIMU C HHU3KOH
ce0eCTONMOCTBIO, KOTOPBIE NIPH MOHTa)Ke I'a30IPOBOJOB C JOCTATOYHOH NMPOTSHKEHHOCTBIO MOTYT O0OECIEUUTH
peHTabeIbHOCTh ra30TPAHCIIOPTHOH YCTAHOBKH.

BBenenue

Pacummpenue cetu razotpancnoptHbix cucteMm (I'TC), uTo XapakTepHO Ui CTpaH C
Pa3BUTON MPOMBIIIICHHOCTBIO, CELCKUM XO3SHCTBOM M COLMANBLHON MH(pacTpyKTypoi,
CBSI3aHO C YCOBEPIICHCTBOBAaHHEM BCEro KOMILIEKCA PacYeTHO-IIPOEKTHBIX, TEXHOJIOTHYEC-
KHX, MaTepHUaloBEIYECKUX M SKCIUTyaTallHOHHBIX IPOLEAYpP OTBETCTBEHHBIX AJICMEHTOB
(nampuMep, cBapHBIX MIBOB TPyO6OPoBo10B) KoHCTpYKIHiA ' TC. TIpu 3TOM SKOHOMHYECKasI
peHTabenbHOCTh co3nanus razonpoBogoB ['TC obecrnieunBaercst mpUMeHEHHEM B Tpy0o-
MIPOBO/IaX MAJIOYIJIEPOAUCTHIX U HU3KOJIETHPOBAHHBIX KOHCTPYKIMOHHBIX cTanel [1, 2, 3].

I'TC 00BIYHO SKCIUTyaTHpyeTCS B YCIOBHSX KOMIUIEKCHOTO BO3ICHCTBHS (PAKTOPOB,
BBI3BAaHHBIX PEKUMOM HArpyXeHHs, T€OMETPHUCH 3IEeMEHTOB, TPUOOJOrHel W HM3HOCOM,
KOppO3UEH OKpYyXKaloIleld CpeAbl M CEHCMHYHOCTBIO 30HBI MPOKIAAKH Ta3olpoBOJa,
KOTOpBIE MPOSIBIIIOTCS M ACUCTBYIOT B PA3JIMYHBIX COYETAHUSAX U KOIU4YecTBaX. MUKpO-
MIOBEPXHOCTHOE COCTOSHHE pabOdMX MOBEPXHOCTEH 31eMEHTOB (puc. 1) B 3HAYNTEIHHOU
CTETIeHH BO3ICHCTBYET Ha YCTAJOCTHYIO NPOYHOCTh U M3HOCOCTOMKOCTH, a NMPHUMEHEHHE
YIPOUHSIONMX TEXHOJIOTHH IOBBIIIAET MX HECYIIYIO CIIOCOOHOCTH, MPHOMMKas (HUIMKO-
MEXaHUYECKUE XapaKTePUCTUKH MaJIOyIIIEPOJUCTBIX KOHCTPYKLMOHHBIX CTalel K aHajo-
TUYHBIM 3HAYEHUSIM JIJIsl MHOTOYTJIEPOJUCTHIX U BHICOKOJIETUPOBAHHBIX cTajeil [4, 5, 6, 7].
Y4uThIBasi 3T0 00CTOATENBLCTBO, B UCCIIEAOBATENILCKMX OPraHU3alUsIX NOAPOOHO M3Y4EHBI
YCJIOBUSI YNPOYHEHHs C IOBEPXHOCTHBIM IUIacTHdeckuM nedopmupoBanuem (III1J]) u
CKOHCTPYHPOBaHbl HEOOXOOMMBIE YIPOUYHSIONNE MHCTPYMEeHTH. Ho ykazaHHBIE pabOTHI
HOCSIT CPaBHUTEJBHO Y3KHH W KOHKPETHBIH XapakTep y4eTa MeTo/la YIPOYHeHHUs Oe3 KOMII-
JIEKCHOTO M3YYeHMs JICHCTBYIOIMX (PaKTOpPOB MHUKpPOT€OMETPHH M Paboueil MOBEpXHOCTH
aeMeHToB [8, 9, 10] (puc.1).

/(/ Z ‘// Reer

Puc. 1. Mukpopenbed NOBEpXHOCTH CBAPHOTO IIIBA M €T0 FEOMETPUIECKHE TapaMeTPhI:
1-ponosTbHBIE MUKPOHEPOBHOCTH, 2-TIOTIEPEYHbIe MUKPOHEPOBHOCTH, 3-MHKPOTpPEIINHA

2"
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Amnanus Bo3zeiicTBYsL ()aKTOPOB CBHUIETENLCTBYET O TOM, YTO OCHOBHBIM W3 HUX SIBJISI-
€TCs MPOIIECC YCTATIOCTHOTO Pa3pyIleHHs CBAPHBIX [IBOB, KOTOPBIi MPUBOINUT K MPUMEPHO
75—80% -oMy BBIXOAY W3 CTPOS Ta30IPOBOJOB W3-3a BHICOKOH CTEICHH KOHIICHTPAIUU

HanpsokeHud (o, = 2.75), BHI3bIBAIOIIEH BO3HHKHOBEHHE M POCT YCTAlOCTHBIX MHUKPO-

TpemuH. [Ipumenenue III1J[ B qocTaToYHON CTENEHM YMEHBUIAET MPOLECC YCTAJIOCTHOIO
BO3JCHCTBHA 32 CYET IOSBICHUS OCTaTOYHBIX CXKMMAIOIIUX HANpPsDKCHUH B IOINOBEPX-
HOCTHBIX CJIOSIX CBapHBIX IIBOB TpyOomnposoos [11, 12, 13].

Mertoa uccienoBanus

Lenpto ncienoBaHus SIBISIETCS TOBBILICHHE HECYIIEH CIOCOOHOCTH M AKCILTyaTalnoH-
HOM HaJe)XHOCTH CBapHbIX IMIBOB TpyborpoBonoB I'TC, mpuMeHsst METOABI CHCTEMHOTO
aHaJM3a, MAaTePUaIOBEICHUS, CTPOUTEIBHON MEXaHUKH M MAaTeMaTHIECKON CTaTUCTUKH JUIS
ydeTa KOMIUICKCHOTO BO3/IEHCTBHUS (DakTOpOB, W BHIOOP IIPHOPHTETHOTO W3 HHUX, JUIA
KOTOPOTO JIOTUYHO HCIIONb30BaTh yrpouHswoomryto Texaonoruto (IIII1). DddexruBrOCTH
[T/ cBsizaHa ¢ OTATONPUATHBHIM BO3ICHCTBHEM OCTATOYHBIX CKUMAIOUINX HAIMPSDKCHHM,
ITyOMHA pacIONOKEHMS KOTOPHIX CBSi3aHA C IapaMeTpaMy pPEXHUMa YHOPOYHEHHS IIPH
oOKaTKe MOBEPXHOCTEH CBapHBIX MBOB. [[TacCTHYHOCTH MaJIOYTTIEPOAUCTBHIX KOHCTPYKIIHOH-
HBIX CTajJed CIOCOOCTBYeT K BO3HHMKHOBEHHIO B IOBEPXHOCTHBIX CJIOSX OCTAaTOYHBIX
CKUMAIOIINX HaNpsDKEHUH, KOTOpbIE MOBBINIAIOT 3()(EKT CONPOTHBICHUS YCTalOCTH,
MUHUMU3HPYS LUKIHMYecKue nepeHanpsoxenus [14, 15, 16].

YuuteiBasg HEOOXOAUMOCTh MOBBIIIEHUS CONPOTUBICHUS YCTAJIOCTH JIEMEHTOB, CIPO-
eKTHPOBAaHbl COBMECTHO JEHCTBYIOIIME YIPOUYHSIONIEE YCTPOHCTBO W TpHOOp Juist
HAHECCHUs! AaHTUKOPPO3MOHHOW IUICHKHM MOCJIE YNPOYHEHWs IIBa, a Takxke odopmieHa
texronorus [1I1]], koTopeie 3anareHToBaHk B Pecnyommke Apmenms [17, 18].

ObecrieueHre SKCIUTyaTallMOHHOW HaIe:KHOCTH 37eMeHTOB [ TC, yunThIBas KOMILIEKC-
HOE B3aMMOJIeiCTBHE Pa3HOPOIHBIX (PAaKTOPOB, SBISIETCS CIOKHOM IPOOIEMOH, CBI3aHHON
C OpraHu3anveil COBMECTHOH paOOTHI CIEIUAINCTOB Pa3HbIX TEXHHYECKUX HAYK M TEXHO-
JIOTWH, TOATOMY Ha JIaHHOM 3Tale KaK IPHOPUTETHbBIE (akTOphl OYAyT pacCMOTPEHBI BOIM-
POCHI TTOBHIIICHUS COIIPOTUBIICHUS YCTAIOCTH 31eMeHTOB U ekt prustans [1T1]] [19,20].

Marematndeckas Mojens Hecyuei criocoonoctn amementoB ['TC B ciaydae Bo3aeiicT-
BUSI HECKOJILKMX (PAKTOPOB UMEET BH[

CDl[(F,S),(d,ocﬁ),(c‘sRV,lg_NGV,rﬁV,C_:V),(HV,Ah),(Ra,RZ,RmaX)J:O, 0

rac F, S — HOpMaJibHas CuJia YIIPOYHCHUA U NPOJOJbHAA Mmogadya MHCTPYMCHTA, d y (16 -

auametp ofpasua M Kod(OHUMEHT KoHLEHTpauun Hampsukenmit; O, IJNg,,M,, C,
cpenneeposTHbIe mapamerpsl muaun yeranoct; HV, AN - Mukporseprocts mo Bukep-

cy u nry6una ynpounensoro cnost, R, R,, R — nosepxuocrasie nepoHocTH 06pasua.

Mmuoronapamerpudeckas GyHKIuUS (1), B KOTOPYIO BKITFOUYEHBI 5 TOATPYII ApaMETPOB,
MO3BOJISIET BHINOJIHUTH TaKXe OMOJIHUTEIbHbIE OLEHKU T'€OMETPUU JIeTajlel, MaTepuaso-
€MKOCTH U UKIndeckor nonroeunocty mnpu [I1]1, kotopeie panee He mpoBoamiauchk. Kak

TI0KA3bIBACT OTHOCHTENIFHOE DACIONOKEHNE JIMHUH yCTaHOCTI/I(C_YRV,Ig NGV,mV,CV),

3(1)(1)CKTI/IBHOCTI) HHI[ Ha HUKIUYCECKYIO HOJI'OBEYHOCTH IPHU BBICOKUX 3HAYCHUAX (XG
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TAKKC IMOBBIIACTCA U MPAKTUYCCKH YPABHOBCHIMBACT BJIMAHWC KOHLICHTpALUKU HAIPAKE-
HHﬁ, YTO SIBJSETCS HOBU3HOM JAHHOTO UCCJICA0BAHUS.

Pe3yabTaThl Hcc/ieIOBaHUSA

Jlana o0oOIlIeHHass OIICHKa IMKJIMYECKOW MPOYHOCTH C HCIOJNb30BaHHEM Kod(hdu-
LUEHTOB YyCTaJOCTH: Kd - MacimrTabHOro; KF — MHKPOT€OMETPUM TOBEPXHOCTHU
(Ky. Ke <1); K

, — KoHILeHTpauuu Hanpskenmit; K, — ynpounenns (KG, K, 21);

Ko=K,/ (Kd K 'Kv)zl — CyMMAapHOTO, a TaKXKe MCXOAHBEIX MPEJeNOB BHIHOCIH-
BocTH naboparopueix o6pasios (d = 7.5---20 um) C_YR(V) :

CrpykTypa KO3(QQHUINCHTOB YKa3bIBaCT HA WX B3aWMOCBS3aHHOCTb, YTO MO3BOJSCT IS
pacdyeTa MX 3HAYEHUW HCIOIb30BAaTh KOMIUIEKCHBIA MeETOA oOueHkH. IIpu stom marema-
THaeckyto moenb [I1]] MOXXHO MpeaCTaBUTh B BHIC (PYHKIHH

®2 |:(Ah’d’(_XG)’(KdG’KG’KVU’KGD'c_SR(V)):|:O' (2)

Crpykrypa ¢GyHKOUU (2) 3aBHCHT OT XapakTepa MpeaioKeHHOH MpoOiieMBbl HCCIEno-
BaHUsL, (OPMHUPYIOIIETO CUCTEMY YPaBHEHUI C ONPENeICHHBIMU MOATPYIIIAMH MTapaMeTPOB
Y YCTaHABJIHMBAOIICTO BHYTPHU MOATPYIII HX JOMHUHAHTHOCTD, HCXOS U3 CTCIICHU Ba)KHOCTH
OIHOTO U3 JACHCTBYIOIUX (akTopoB. Vcxoms U3 BIMIEYKa3aHHOTO, (GYHKIUIO (2) MOXKHO
3aMEHUTH JBYMsI CUCTEMaMH ITapaMeTPHYECKUX yPaBHEHHN:

1) otnensnbie ypasuenns K, K K K = f1,2,3,4 (Ah,d ,&G) u (TSR(V) =f; (Ah,d,(_xc)
npu pasHoit fomunanTHocTH napametpos Ah,d, o _;

2) ypasHenus ¢ B3aumocsszanHbiMu koddduumentamn K, ,K_, K, ,K ., npenenamn
BBIHOCIIMBOCTH G R(v) Y TIApaMeTpami Ah,d,a .

1. CornacHo METOAY CHCTEMHOI'O0 aHajJu3a, JId m.l Bo3MOXHO 6 BAPUAHTOB

nomunantaoctn Ah,d, » W3 KOTOPBIX PACCMOTPEHBI 9aCTO BCTPEYANOIMECS 3 BapHAHTa

ans ouenku I (Ah), pasmepor (d) u koHIeHTpamuu HampsKeHHit ((TLG),

(hopMHuPYIOIIMX CIIETYOIHE IO PYIIITBl YPaBHEHHUI:

I I Il
w=f(Ahda,), K, =o¢/(dAha,),

K
,=f(Ahda,), K =¢,(d,Aha,), K
ch:f3(Ah’d’ao)’ KVG:(Pz(d’Ah’ac)1 KVG:\Vs(aG’Ah’d: ()
Kp=Tf(ahda,), K,=¢,(dAha ). K
Gpw = fs (AN, ),  Gp, =05(d,ANG,), ©
(x=aAh), (x=d), (x=a,).
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C uenbio BBITIOMHEHHST pacyeToB M3 0asbl ganubix [9, 12, 19, 20, 21] (coBmecTHBbIH

MUKITAYCCKIN M3TH0 U KpydeHHe) IUIsd Ahl_4 =0---0.15um, d1_4 =75---20.0 um u

O 4, =1.00---2.75 Bei6pans 64 cpenHEBEPOATHBIC KPUBBIC YCTAIOCTH A7 00PA3LOB —
IIaJKUX M ¢ KOHIEHTpAIlMel HANpsKeHUH (ranTenb, MOBEPXHOCTHAS BBITOUKA, CILIONIHOE

TIOTIEPEYHOE OTBEPCTHUE) H MO BENTMYMHAM C_FR(V) onpenenenst snavenns K, ,K_,K _ u
K oD » KOTOPBIE PACTIPENIEIIEHBI B TIOATPYIIIaxX I, 11, H1. [Ipu 3TOM [UIS Ka>KIOM MOATPYIIIIBI
nonydeno 1o 80 ypasmenumii (3). B moarpynme dymxmmii | (X = Ah) paccmorpens
U3MeHEHUs1 k03(duimeHToB u GR(V) npu nomuHaHTHOM yuete IIIIJI. Jlna kpaiitHMX

suauennit Ah=0.15mm u a04 =2.75 wucxomHble 3HAYCHUSI ch =0.82---0.94

nocruraror  0.90---0.98, Te. addekT ynpouHeHHS HECKONBKO TMONABISET BIMSHHE
MacmTabHoro ¢akropa. CymectBernHoe BnusHue [II1J[ mposBisercs mpH BBICOKOH

KOHLICHTpAalun Hanpsokennii, cHwkas snauenns K =2.5---26 no 1.6---1.8, a
cymmaphsiit koapouument K ymenpmaercs or 3.1 go 1.6. Jlns 6R(v)= KOMILJIEKCHO

YUHTHIBAIOIIETO BIMSHHE BCeX KO3(DMHUIMEHTOB, YBEIHUYCHHE 3HAYCHUH JOCTHTAET
75---95%, t.e. npu IIIIJ] npenen BBIHOCIUBOCTH JOCTHIAeT MCXOAHBIX 3HAYEHHH IIpU

Ah =0 G, =10--15.
B noxarpynne ¢gyukuwuii I (X = d) c ysemuuennem d u Ah 3mnavenns ko>pourmenta

Ky, CTaOHMIM3MPYIOTCS M NOCTHIAlOT BEIMYMHBI, COOTBeTCTBYROIeH O, =1.5. Ilpu

d = 20.0mm npouecc ynpouHeHHs: yMeHbIIAET BIMSHUE KOHIEHTPALMH HAMPSKEHUI 10

40% . Ko>h@uiuenT ynpouyHeHUs KVc npu Ah4 =0.15um u d 4= 20.0 mm noutu
MOJTHOCTHIO TIOIaBIISIET COBMECTHOE JCHCTBHUE ch u KG , & CTICIOBATEIIbHO, MX JACHCTBUEC
U Ha GR(V) .

B noarpynme ¢yukiuit 11 (X = &G) BIMsHEE O & TPUCYTCTBYET BO BCEX JETAISX,

YIIPOUYHEHHE UX KOHTYPOB SABJISICTCA 00s13aTEIbHBIM yCJI0BUEM T obecrneueHus OUKJINYC-

CKOM MPOYHOCTH U JoJjiroBedyHocTu. [Ipu d 4= 20.0mmu o - = 1.0 cumxenue 3naueHuit

Gy AOCTHraCT 22%, a ynpounenne nosepxnocteit 1o Ah, =0.15mm Boccranas-
JIMBAET M JaKe YBEIHUHBAET 3HAYCHUS 6R(v) na 10---14%. Dror nponecc cymecTBEHHO
nposiBsiercst ipu O, =1.5---1.75 — cumxenne ('_SR(V) cocrapnster 45---95%, a npu

YIIPOYHEHUH C_YR(V) nocruraer ucxonusix suadennii npy AN=0.Ilpn o =2.5---3.5

s1o cumkenue pocturaer 155---200%, uro npuBoaUT K HEOOXOAMMOCTH B 003aTeNb-
HOM nopszke npumersaTs II1]], ymensiuaromee 31o cHmkenne 10 6---14% or ucxonnsix

3HAYCHUU GR(V) .
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Ha puc. 2-4 mpexacraBieHsl (QyHKUUH (_SR(V) m3 wr I, I, Ill, xomMmiekcHo y4m-

TBHIBAIOIIFIE COBMECTHOE JEHCTBHE yKa3aHHBIX Ko3(¢ummento. Ilpu 3ToM BhISBISIETCS
OCHOBHOE npeumyinectso npumeHenus [I1/] — npu ymMepeHHON KOHUEHTpaLUU Hampsike-

HUI Tpeenbl BEIHOCIUBOCTH YIPOYHCHHBIX JCTalei MPUOIMKAIOTCI K GR(V) HEYIpou-
HEHHBIX MIAAKUX JAETajled, a IMpU BBICOKOM KOHLEHTpaluu — K C_SR(V)k IeTaien ¢
YMEPEHHOW KOHLIEHTpalKel HampshDKeHUH, T.e. YIPOYHEHHE MOJaBiIseT IEHCTBUE KG Ha

GR(V) .

68( V), J 3
Mna /’_/’—'ib L
"

400 F—

100

0 0.05 0.10 Ah, mm

Puc. 2. smeHerns QyHKuuii C_SR(V) =f5(Ah, d, ac): 1,1, 2,+,2,, 3,43, 4,4, —

OpU O, Oy, Oy, Oy s

. ungexcs 1,--+,4 coorsercrayror: d,, d,, d;, d,
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ER( v),

?

Mia | TV
% u "
r-—-'-——._r____—“
h—--—_____‘_______‘ﬁ b 1
400 _-‘-_h'"‘-—-—u 1 LH]
— 4
— —3%
X
300 " I ! 3
———— -
200 « |
'"___“—“-'ﬂr—-——_._____ .
100
7.5 10,0 15,0 d, M

Puc. 3. Usmenenus QpyHKIuit C_SR(V) =(p5( d, Ah, 6,5): 1,1, 2,2, 3,3, 4,4, -

npu a,, 0, , 0, O, ; UHgekcs 1,---,4 coorsercreytor: Ah,, Ah,, Ah,, Ah,

cl?

Or(v),
MrTa

400

w N S

i)

V/
A

200 \\
oy r—l —
\q_——’ I '
———— Ry
100
1,0 15 20 25 @

Puc. 4. UsMenenus QyHKUMi 6R(v) =\|15( o, Ah, d): 1,1, 2,-,2,,3,-.3,, 4,4, -
mpu d,, d,, d;, d,. Unmexest 1,---,4 coorserctsyror: Ah,, Ah,, Ah,, Ah,

2. KommuiekcHoe pacemorpenne usmenennii kospdumuentos Ky, K_, K, K _ u
C_TR(V) OT JeicTByIomMX (aKTOPOB, MPOJMKTOBAHHOE TPEOOBAHMAMHU OOECTIEUEeHHS

HECyIIeH CIIOCOOHOCTH [eTalsiel, MpeanoiaracT BEISIBICHHE B3aUMOCBA3AHHBIX (DYHKITHH.

84



B ommuue or (3), npu TakoM IMOAXOJE YHCIO apryMEHTOB (DYHKUMH YyBEITHMYMBACTCS U
AHaJIOTUYHBIE CUCTEMBI YPaBHEHUI NPUHUMAIOT BUJT

1. K, = f,(Ahd,a,) x=Ah 6. K, =¢ (d,Aha,) x=d

2.Ky, =F,(K,,Ahd,a,) x=K_ 7. Ky =0,(K;,d,Aha,) x=K,

3. K, =F(K,,Ahd,a,) x=K_  8K,=0,(K,.d,Aha,) x=K,
4.K,=F,(Kp.Ahda,) x=Kgy 9. K, =0,(K,.d,Aha,) Xx=K, (4
5.6qu =Fs (Kp AR D@, ) X=Kp  10.G,, =@ (K.d,808,) Xx=Kg,

11. Ky, =, (a,,d,Ah) x=a, 12. K, =¥,(K,,a,d,Ah) x=K_

13. K, =¥, (K,,a,.d,Ah)  x=K, 14 K, =%,(K,.da,.d,Ah) x=K,

15. ) = ¥s (K p,0,,d,80), x=K_,

Cas3p Mexay cucteMamu (3) 1 (4) nposiBisieTcss B MACHTHYHOCTH MX (QyHKuuMil 1-ro
psana B kaxnoi w3 noarpynn |-11l. Takas mHTepnperauust crpykryp ¢yHkuuii (4) no-
3BOJISIET B JIOTHYECKON MOCIIEAOBATEIHHOCTH PACHPENEIUTh nX B KBagpanrtax -1V xoop-
JVHATHON CHCTEMBI IIPU MacIITaOHOW MACHTHYHOCTH OOIIMX KOOPIMHATHBIX OCEH U IIpOo-

CTBIMU Fpa(bI/I‘IeCKI/IMI/I mnmpoueaypaMu NOJYUYUTb B3aMMOCBSA3AHHBIC 3HAYCHUSA Kdo" KG,

KVG, K oD U C_YR(V) MIPU KOMIUIEKCHOM BO3IEUCTBHUU (PAaKTOPOB F€OMETPUH U KOHLIEHTpPA-

LMY HANpPsDKCHUH, KOTOPBIE YPaBHOBEIIMBAIOTCA ONTUMalbHbIMU napamerpamu I/
[MpousBeneHsl kiaccuukauuss W TPYNIHPOBKA apryMEHTOB M IAapaMeTpoB IS
(dhopmupoBanus CTpyKTYp QyHKuuit (4):

e NoNe 1-5 - o aprymentam Ah, KG, KGD u mapametpam d , &0;

e NeNe 6-10 - no aprymentam d , Kc, KGD u mapametpam Ah, a,;

e NeNe 11-15 - o aprymenram Ol KG, KGD v mapametpam d , Ah.

B wurore, s kaxnoi GyHKuuU (4) Takke NONYy4YeHO MO 16 perpecCHOHHBIX ypaBHe-
HUl, B OCHOBHOM, B BUJE CTeleHHLIX ypasHenuii 1---3 mopsaxa. Beero momyueno 192
JIBYMEPHBIX PETPECCHOHHBIX YPAaBHEHUsI, KOTOPbIe CrpyNIHpOBaHbl H, cormacHo (4),
BBEJICHbI B TPU CBOJHbIE HOMOTpaMMbl. OHH MOTYT OBITh HCIIOJIB30BaHbI NPH KOHCTPYK-
TOPCKHX pa3paboTkaX, BHIOOPE TEXHOJOTHYECKHX PEXHMMOB YNPOUYHEHMs JeTaied u
YCTaHOBJICHHH HOPM M CPOKOB 3KCIUTyaTany MamuH. Ha puc. 3 1ana Homorpamma juist 1-
it moarpynnel GpyHKuuit (4).
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. NEND

Puc. 3. Homorpamma cuctems! ypaBaenuit NeNel---5 u3 (4). O6o3HaueHus JaHHBIX: ©, ®, +,X - [IpU

Ah =0;0.05;0.10;0.15 mm. JTunuu NeNel---16 B keagpanrax I-1V coorseTcTBYIOT QyHKIMSAM:
I- Ky, = f(ahd,a, )0 - K, =F, (K ,Ahd, &, ); 1l - K, =F(K,,Ahd,a,);
IV - K, =F, (K, Ahd,a,) n &g =R (K, Ahd,a,)
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OcHOBHBIE BBIBOJbI

1. BrINonHEeH KOMIUIEKCHBIH aHaIu3 paHee MPOBEACHHBIX HCCIIEIOBAaHHUH, OCBAIIEHHBIX
n3ydeHuro BuusHust [1I1]] Ha moka3zareny ycTajloCTHOW NMPOYHOCTH AJIEMEHTOB KOHCTPYK-
Ui, ¥ TMpou3BeAeHa Kiaccu(UKanus paboT MO THUMY KOHCTPYKIMOHHBIX MarepualioB,
MI1J], reomerpuyeckuM mapameTpaM W COCTOSHHIO ITOBEPXHOCTHBIX CIIOEB JeTajeH.
Cocrapnena 0a3a MaHHBIX IO TapameTrpaMm (PaKTOPOB U XapaKTEPHUCTHKAM COIPOTHBIICHHS

YCTaJIOCTH C(V) , m(v) N u GR(V) Jeraneii uz cranu 40X.

G(v)
2. JInst onTUMaIbHON OLCHKH BIMSHUSA (PaKTOPOB COCTABICHA CBOIHAS MaTeMaTHICCKas

mozens [II1J] B Bupe MHoromapamerpuyeckod (yHKIMOHANBHOW CBS3HM, KOTOpas JUist

MPAaKTUYECKUX LieNel 3aMEHEeHa YaCTHBIMU CHCTEMaMU apaMeTPUUECKUX YPaBHEHUH.

ITomyyeHbl perpecCHOHHBIE YpPAaBHEHMS YKa3aHHBIX CHCTEM, KOTOpBIE IO3BOJISIOT
OIIPEACIIUTh B3aUMOCBSI3aHHbBIE ONTHMAJIbHBIC 3HaYEHHS BCETO KOMIUIEKCa MapaMeTpoB 0e3
BBINOJHEHUS AOTIOTHUTEIbHBIX UCIIBITAHUH.

3. Jnsa mzydenus BimsiHuA 1[I/ Ha mokas3aTenw COCTOSHHUS MOBEPXHOCTHBIX CIIOEB
JIeTaneil BBIMOJIHEHO KOMIUIEKCHOE HCCIEI0BaHUE IS TUIOB AeTalel, KOHCTPYKIHOHHOTO
Marepuana (cranb 40X) u I1I1]] (oOkxaTka mIapuKOBEIM Ae()OPMHUPYIOITUM HHCTPYMEHTOM).

4. Tloxa3aHo, 9TO BBISIBICHHBIEC (DYHKIIOHAJIBHBIC CBSI3H, KOTOPBIE SBIISIOTCS YaCTHBIMHU
MaremarndeckuMu Mognersimu I1ITJ], moaTBep:KaaroT yaydIlleHHe COCTOSHHS MOBEPXHOCT-
HBIX CJIO€B M TMoOBbImIeHWEe npodHocTH netaned. IIIIJl 3ddexTnBHO KOMmeHcHpyer
COBMECTHOE BJIMSHHE MacmTaOHOro 3ddexra U KOHIEHTPAMK HANpPSDKSHUH, NpuoImKas

(_SR(V) K MCXOJJHBIM 3HA4YEHHSIM TJIaIKUX 00pa3IioB.
5. Ananuz BnusHus 1111 Ha ko3 duIEeHTH ch’Kc’ Km’ KGD U C_SR(V) npu

Pa3JIMYHBIX COUCTAHUAX NOMHUHAHTHOCTHU MAPAMETPOB Ah , d n &G . BbI,Z[BPIFaeMOﬁ Tpe-

OGOBaHMAMHU PAaCUETHO—TEXHOJOTHUECKUX U SKCIUTyaTallMOHHBIX MPOLENYp NPOEKTHPYeMOit
KOHCTPYKIIMH, [TOKa3aJl BO3MOXKHOCTh IPUMEHEHHS B pacyeTax paHee HeyYTEHHBIX KO Qu-

OUECHTOB N GR(V) . HOJ’Iy‘IeHH CBOAHBIC HOMOT'PAMMBbI, IIPUMCHCHUEM KOTOPBIX PCIIArOTCA

3a/1a4M BBIOOpA ONTHMAJBHEIX mapameTpoB III1[I, yTOYHSIOTCS XapaKTEpHCTHKA paboTo-
CIIOCOOHOCTH 3JIEMEHTOB KOHCTPYKIIMM, JTOCTHUTAlOTCS HH3KHE MAaTepPHalOEMKOCTh W
ce0ecTOMMOCTD KOHCTPYKIIMH, KOTOPbIE B 3aIAHHOM CPOKE CIY:KOBI 00ecIieyaT HaIeKHYI0
1 Oe30macHy o pabory.

JIUTEPATYPA

1. G. Besserdich, Untersuchungen zur Eigenspannungs und Verzugsausbildung beim
Abschrecken von Yulindern aus den Stihlen 42 CrMo 4 und Ck 45 unter
Berucksichtigung der Umwandlungsplastizitit: Dissertation, University of Karlsruhe,
1993.

2. U. Ahrens, Beanspruchungsabangiges Umwadlungsverhalten und Umwadlunga-
plastiyitit niedrig legierter Stdhle emit untershiedlich hohen Kohlenstoffgehalten:
Dissertation, University of Paderborn, 2003.

3. AB. Exenes, U.H. Booposckuii, A.A. JlykbsiHOB, AHanu3 crnoco0oB 00paboTKu
MOBEPXHOCTHO-IIACTHYECKUM ieopMupoBanueM, DyHpaMeHTalbHBIE HCCIeq0Ba-
must, 2012, Ne 6-3, 642-646.

87



10.

11.

12.

13.

14.

15.

16.

17.

18.

88

B.A. Kupnuges u np., [IporHo3supoBanue CONpOTUBIEHUS YCTAJIOCTU YNPOYHEHHBIX
JieTaneil ¢ pa3lM4HBIMU KOHLIEHTpAaTOpaMH HampsikeHui, MaremaTuueckoe MoJeNu-
poBanue u KpaeBbie 3anaun: Tp. V Beepoce.koud.c mexaynap.yd. U.1, Camapa, 2008,
143-147.

B.®. [TaBnoB u 1p., OcTaToyHble HANPSDKEHUS U MPEAesIbl BBIHOCIUBOCTH YIIPOYHEH-
HBIX JIeTajle ¢ KOHIIEHTPaTopaMy NPH Pa3IWYHBIX BUAAX yInpouHeHus, HanexHocTs
W JIONTOBEYHOCTh MAIIMH U COOpYXeHHWi: MexmyHap. Hayd.-TexH.cO.- Kues, 2008,
Beim. Ne30, 108-113.

B.I.Canamsn, YnpodHeHHe neTaieii MalliH MOBEPXHOCTHBIM IUIACTHYECKUM Iedop-
MupoBaHreM: Yu.moc., Pocros v//{: PT'VIIC, 2003, 64c.

B.IO. bmomenmreitn, M.C. ManaxoB, Biusane pexxumMoB Ha (HOpMHpOBaHHE OCTa-
TOYHBIX HANpPSDKEHUH B MOBEPXHOCTHOM CJIO€ TP Pa3MEPHOM COBMEIIEHHOM OOKaThI-
Banuu, OOpaboTka merasmios, 2008, Ne2, 15-23.

JI.B. Aramupos, A.H. Jlucun, B.B. Mo3anes, IIporHo3upoBaHue CONPOTHBICHUS
ycranoctu OapabaHOB aBHAIIMOHHBIX KOJIEC, MOJBEPIKEHHBIX MOBEPXHOCTHOMY ILjIa-
CTHYECKOMY Je(OpPMHPOBAHHIO, YIIPOUHSIOIIUE TEXHOJIOTUU U MOKpbITHs, 2011, Ne3,
8-15.

A.TI. Cycnos, P.B. I'ypos, IlpoexktupoBaHue omnepauuid OTAEIOYHO-YIPOUHSIOIIEH
00paboTKN TOBEPXHOCTHO-IUTACTHIECKAM J1e(OPMUPOBAHUEM, YIPOUHSIOIINE TEX-
HOJOTHHU ¥ OKpEITHsA, 2010, Ne3, 14-17.

B.®. I'ybanoB um xp., Texuomorus oOpaOOTKH OOKaTOBBIITIAKUBAHWEM, PeMOHT,
BOCCTaHOBIICHHE, MonepHu3arus, 2008, Nell, 36-38.

O.H. ®eponun, C.B. Crenammna, HayyHoe oOocHOBaHHE BBIOOpa pPEKHMOB
00paboTKK HpH TOBEPXHOCTHOM IUIacTHYeckoM aedopmupoBanuu, Bectn. BI'TY,
2011, Nel, 4-8.

P.B. I'ypoB, B3aumocssi3p pexMMOB 0Opa0OTKM M TEOMETPUYECKHX I1apaMeTpOB
HHCTPYMEHTA C NapaMeTpaMy KauecTBa MOBEPXHOCTHOTO CIIOA NPH OTIENOYHBIX H
OTJENOYHO-yIpouHsomux pexumax OYO IIIIJI, VYopouHsoomuye TEXHOIOTHH U
nokpertus, 2010, Ne§, 7-10.

M.H. Caymikun u ap., PacueTHO-3KCIEpUMEHTaIbHOE UCCIIEIOBAHUE YCTOMUYHMBOCTH
OCTaTOYHBIX HANPSDKCHWH B YNPOYHEHHOM CJIO€ HWJIMHIPUYECKOTO H3AENUs K
TeMIlepaTypHbIM Harpyskam, Bectn. Camap. roc. TexH. yH-Ta, Cep. ®us.-Mar. HaykH,
2009, Ne1(18), 101-113.

H. Luo, J. Liu, L. Wang, O. Zhong, Study of the mechanism of the burnishing process
with cylindrical polycrystalline diamond tools, Journ.of Mater.Process. Techn., 2006,
Is. 1-3, 9-16.

J.D. Landes, Evaluation of the ASTM and ESIS multiple specimen J initiation
procedures using the EURO fracture toughness dataset. GKSS 2001/9, 2001, 73p.

M. Dalgic, A. Irretier, H-W. Zoch, and G. Lowisch, Transformation plasticity at
different phase transformation of a through hardening bearing steel, Int. Journ.
Microstruct. Mater. Prop., 2008, 3-1, 49-64.

22 Upuntwghp, AM 20220021 V 08.03.22p. Ne756 V. bGnulgus
funnnuyjubiph Ygwbpuyht  Yupbkph Jbipputwdowljdwt  wwpp/ U.Q.
Unuljjub, UL9.Ohpnidjut, Z2.UNwquput. UUY (2022.01), B23K, 11/00,
B21C, 43/00, qpuigdws  16.02.2022p.

2z Upuintwghp, AM 20220021 V 08.04.22p. Ne762 Y. Iunnnuljwowpbph

jgwupuyhtt  bEnwlgyué Yupbkph wdpnipjut b Epupulbgnipiui



19.

20.

21,

pupdpugdut Enuwtwl/ U.Q. Unwulul, ULI.Ohpnudjul, 2.U.Nwqupui.
UU (2022.01), B23K, 11/00, B21C, 43/00, gpuugdws k 16.09.2022p.
U.d.Ohpnidjul,, U.U. Eaopnuyub, U.Q. Uwnwljub, Ubkpkuwdwubkph
hnquwduwyhtt ghdwnpnipjutt pupdpugnid wdpugunn nkjuuninghwubkph
Yhpundwdp, &G2U.Z Sknklwghp, 2019, Ne1(62), 31-39.

B.P. I'ypoB, Y4er ynpyroro BOCCTaHOBJIEHHS B MPOLIECCE OTAECIOYHO-YIPOUHSAIOIEH
00pabOoTKH MOBEPXHOCTHO-TUIACTHYECKAM JNe(OPMHUPOBAHUEM, YIIPOUHSIIOIIHE TEXHO-
Jorud ¥ moKpeIThs, 2012, Ne3, 9-15.

M.I. Craksn, HI.J[>. Cuctanu, M.C. TopocsiH, OuieHKa IPOYHOCTH U IOJTOBEYHOCTH

JIeTalicii MallliH MPH MOBEPXHOCTHOM IUIacTUYeckoM jaedopmupoBanuu, 3. HAH
PA uTHUVYA, cep. TH, 2013, T. 66, N-2, 95-112.

Csegennst 00 aBTOpax

Topocsin Mrep Cepe:xaeBH4 — KaHIAWAAT TEXHUUYCCKUX HAyK, HAyYHBIH COTPYIHHK
Wucturyra Mexanuku HAH PA, accucteHT kad. «MammHOBEICHUS W MAITUHOCTPOCHIISD)
HITVA, ten. +374-55-72-82-22, e-mail: mhertorosyan@Ilist.ru

Craksan Murpas I'puropseBuY — JOKTOp TEXHUYECKHUX HayK, mpod., HYACA,
ten. +374-33-55-45-60, e-mail: stakyan.mihran@yandex.ru

[Moctynuna B pegakmuro 02 oxtsa0ps 2025

89



2U8UUSULP @hSNRE3NPLLENP UL2AUSPL UYUNGUNUSE SEtUUQhl
MU3BECTHS HALIMOHAJIBHOM AKAJZIEMUU HAYK APMEHUU

Utiuw@thu 78, Ne3-4, 2025 Mexanunka
YK 531.8 DOI: 10.54503/0002-3051-2025.78.3-4-90

ENERGY-OPTIMAL COMBINED CONTROL OF AN ELECTROMECHANICAL
MANIPULATOR UNDER CONTROL VOLTAGE CONSTRAINT
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Asetucsan B.B.

OnrumMaiabHoe Mo JHepro3aTrpaTamMm KOMGMHHPOB&HHOC yYnpaBJieHHE JJIEKTPOMEXaHUYEeCKUM
MAaHUIIYJATOPOM C OTPAHHYCHHEM Ha YNIPaBJIAIOIICe HANIPAKCHH S

KiroueBble €J10Ba: SIEKTPOMEXaHUUCCKHIT MAHUITYIIATOP, ONTHMAIBHOE YIIPAaBICHHE, SHEPTrO3aTPaThl

PaccmaTpuBaeTcst 3ajada I[OCTPOCHHS ONTHMAIBHOIO IO DHEPro3aTrpaTaM YIPaBICHHS OJHO3BEHHBIM
9IEKTPOMEXaHIHICCKUM MAHHUITYSITOPOM C OrpaHHYCHHEM Ha yIpaBIsiioliee HampspkeHne. [IpoaHamM3upoBaHbL
pasIUYHBIC CTPYKTYpHI ONTHMAIBHOTO YIPABICHHS, BBITGKAIOMME M3 MPHHIHMIA MakcuMmyma [loHTpsruHa.
IToka3auo, 4TO IpH GOMNBIIMX BPEMEHAX MEPEXOfa ONTHMAIBHBIM SBISICTCS YIPaBICHHUE, IOTyIeHHOe 6e3 yuéra
OrpaHMYCHHI, TOra Kak IPH MalbIX BPEMECHAX BO3MOXHBI KOMONHHMPOBAHHBIC YIPABICHHS JBYX Pa3IHYHBIX
ctpykTyp. OfHAKO JHIIb OJHO M3 HHX, B ONPEACIEHHOM AHANA30HE W3MCHECHNS KOHEYHOIO BPEMEHH, SIBILSICTCS
CIUHCTBEHHO JOMYCTHMBIM W, CIICIOBATEIbHO, ONTHMANBHBIM. Pa3paboTaH aarOpHTM IIOCTPOCHHS TaKOro
KOMOMHIPOBAHHOTO YIPABICHHS, PEAIM3yeMOCTh KOTOPOrO MOATBEPIKAACTCS PE3yIbTATaMU YHCICHHOTO
MOJIETTUPOBAHHSL.

Udtnhuywb 9.9,

Eithnpudtuuithjuiwh dwihynyyunnph pun thkpquswpputph ogunhduy hudwlgjws
nhjufupmup’ niju]upnn jupdut twuhtwbuhuldudp

Zhdwpwekp: hEjnpudbuuihjuljuwt duthynyjunnp, oypnhdw nEjudupnud, Euipquswuutp

Thunwpyynud . dhwpl  EEjupudthwthjuljut - dwbhwyniyjjunnph  oywhdwy  puwn
Fubpqudwjuubph nhjwdupdwi uinhpp’ ghjwdupng (updwi wvwhiwiohwdwh welwniejub
wuydwbubpnud: dhpmsyl) ki Mnbwnpjughtth  dwpuhdnmidh  ulqpmiiphg plunn  owyinhdwy
nhjuupdwi nwppkp juenigquspubpp: 8nyg t wpdh, np whnuihnjidwt puuljutht ks
dudwiwljwhwinywsh nhypnd owwhdw] t wyt phjwjupnudp, npp quikp £ wnwbg
vwhdwbwthwlnudubpp hwoyh wntbynt, dhusnbn thnpp dudwbwjwhwndwush nhuypnid htwpuynp Eu
Epynt wnwpphp jupnigduspny hwdwhgws nhlijudupnudibp: Uwluyt npuighg dhug dklu
hwinhuwinid dhwl poyunpkihi b, hknbwpwp, oupnpduyp’ Yepobwljul dudwiulh thnhnfudwi
npnowiljh whpnypoul: Upwiljykp b hwlwwywinwujwt hudwlgdus phjudupdwt junnigdwub
wqnphpeup, nph hpwgnpsthnipiniip hwunwnyty ' pduyghtt dnpbjwnplwdp:

The problem of designing energy-optimal control for a single-link electromechanical manipulator with a
constraint on the control voltage is considered. Various structures of optimal control, derived from Pontryagin’s
maximum principle, are analyzed. It is shown that for large transition times, the optimal control is the one obtained
without accounting for constraints, whereas for small transition times, combined controls of two different
structures are possible. However, only one of them, within a certain range of terminal time variation, is uniquely
admissible and, consequently, optimal. An algorithm for constructing such combined control is developed, and its
feasibility is confirmed by numerical simulation results.
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Introduction. Modern electromechanical manipulators are widely used in automated
control systems, where the issues of energy efficiency, accuracy, and compliance with
technological constraints play a crucial role [1-4]. When moving a manipulator under
specified boundary conditions, the control problem for the electric drive arises in such a
way as to minimize energy (in particular, thermal) losses while satisfying constraints on the
control input [5]. These problems are especially relevant when operating with limited
power sources or when it is necessary to extend the service life of the electric motor [6].
Similar problems have been repeatedly addressed in the scientific literature. For instance,
[7] proposes a method for constructing energy — optimal trajectories for robot manipulators
with holonomic constraints, based on minimizing energy consumption while considering
control force limitations. In [8], the problem of optimal control of a flexible single — link
manipulator is studied, taking into account inertial properties and vibrations; special
attention is given to the energy functional and to control structures that include both bang —
bang and smooth control segments. Moreover, in the context of modern high degree of
freedom robots, [9] develops an energy — efficient trajectory planning strategy aimed at
reducing energy consumption and improving motion smoothness. Various problems of
minimizing energy consumption during transport and search operations performed by
electromechanical manipulators are addressed in [10—14] and [15,16], respectively.

In this paper, we address the problem of designing energy — optimal control for a single-
link electromechanical manipulator subject to a constraint on the control voltage. The focus
is on identifying the structure of the optimal control for different transition durations and on
developing an algorithm for its construction based on Pontryagin’s maximum principle.

1. Mathematical model of the electromechanical manipulator and problem
statement. Let us consider a simple model of an electromechanical manipulator consisting
of a separately excited direct current motor, a gearbox, and an arm with a load, rotating in
the horizontal plane. Such a system can be regarded as a model of the simplest manipulator
with a single degree of freedom. The motion of the described electromechanical system, in
the given form, is defined by the following differential equation [17]:

R(1+Jn2)('p+k2n2('p=knu. (1.1)

Here ¢ is the angular position of the manipulator arm relative to a fixed axis;
I is the moment of inertia of the arm (including the driven gear of the gearbox) with
respect to the axis of rotation; J is the moment of inertia of the motor armature (including
the driving gear) relative to its rotation axis; 7 is the gear ratio of the gearbox; R is the

electrical resistance of the armature winding; K is a motor constant; # is the control
voltage applied to the motor input.

Equation (1.1) is valid under the assumption that the electromagnetic time constant of
the system is significantly smaller than both the duration of the robot’s working operation
and the time required for the electric motor to reach a steady — state rotational mode under
constant voltage. For many industrial electromechanical robots, this assumption is generally
satisfied [1].

Let us now consider the problem of optimal control for system (1.1).

It is required to find a programmed law of variation of the control voltage that transfers
the manipulator, described by equation (1.1), from a given initial rest state

e(0)=¢", 0)=0 (12)
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to a specified terminal rest state (1.3) at a fixed moment of time 7'

T .
oT)=¢, ¢0)=0 (1.3)
under the condition that the control satisfies the constraint
lu(n|<U (1.4)

where U >0 is the prescribed maximum allowable value of the control voltage and
minimizes the functional

T
Q=R"[(u-ko) dt. (1)
0

The functional (1.5) characterizes the total heat dissipation in the rotor winding of the
electric motor during the control process [18]. The terminal time 7 is fixed, but its value is
refined in the course of solving the problem.

In equations (1.1)—(1.5), we transition to dimensionless units (with primes subsequently
omitted) and introduce the following notation and new variables:

t'=t/T, w'=u/U, k'=kn/(UT), R’=RA/(anTz),
Q' =T?4"Q0, Q/=Q%R, A=I+Jn*, ¢,=0—¢), ¢, =0,

where T is the characteristic time of the robot’s working operation, taken as the unit of
measurement and to be specified below.
Then, relations (1.1)—(1.5) take the following form:

(1.6)

$, =¢,, ¢,=uR"'—kR'q,, 1.7)

¢,(0)=0, ¢9,(0)=0, (1.8)

o (T)=0¢;, ¢,(T)=0, (1.9)

lu(n)|<1, (1.10)
T

o =_[(u—k¢)2 dr . (1.11)
0

Thus, the problem formulated above is reduced to the equivalent problem (1.7)—(1.11).
Without loss of generality, we assume that in (1.9) (plT > 0.

2. Analysis of the admissibility and optimality of various control structures. To
solve problem (1.7)—(1.11), we apply the Pontryagin’s maximum principle [19]. The
Hamiltonian of the system (1.7)—(1.11) has the form

H=—u-ko,) +po, +p,uR"' —kR'9,), 2.1)
where P, D, are the adjoint variables determined from the equations

p=—H, =0, p,=-H, ==2ku+2k’p,—p +kR"'p,, 0<t<T. 22)
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The maximum of the function (2.1), without taking into account the constraint (1.10), is
found from the condition that the derivative of H with respect to u is zero:

H, (t)=-2u@)-kp,(t))+ p,(O)R"' =0, 0<t<T 2.3)
and is attained at the point
u*(t)=ko,(t)+ p,()2R)". (2.4)

The variables @, and p, in (2.4) are obtained by solving the boundary value problem
(1.7)—(1.9), (2.4) with the optimal control (2.4) and have the form

0 (1) =(-2T7F +3T7¢ o], @,(t)=(-6T"F +6Tt) ] . 2.5)

p()=24R’T ¢, p,(t)=-24T R*@/t+12T°R’g| . (2.6)
According to (2.4)—(2.6), the optimal control (2.4) takes the form

u (t)y=—6kT ¢ t* +6T(k—2RT ")/t +6RT ¢! . 2.7)

From (2.7) it follows that u*(t) is a concave quadratic function that reaches its

maximum at the point

t,=T/2-k'R. (2.8)
The corresponding maximum value is
u'(t,)=15kT "o +6R’k'T ¢/ . 2.9)

Note that at the ends of the interval [0,7'], the function %" (¢) takes the values
u'(0)=6T Ro, u'(T)=-6T"Re,, (2.10)
which is important when verifying the fulfillment of the constraint |u(l)| <I.

As follows from (2.8) and (2.9), if ¢, <0, then the function u*(t ) is monotonically
decreasing over the entire interval [0,7]. If 0<?¢, <T, then u (f) increases
monotonically on the interval [0,#,] and decreases monotonically on [Z.,7']. In both

. * . .
cases the maximum value u" (7, ), regarded as a function of T, decreases monotonically on

the interval [0,+00), taking values from +oo to 0. Therefore, there exists a value
T =T"€(0,+00) such that the maximum value (2.9) reaches the admissible boundary of

control: u” (¢,) =1. From this equality, we find [20]

T'=3/~(q/2)+\D +3/~(q/2)-ND -b/(3a). @.11)
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p=-b"1(3a’)=-3k*(¢]) /4,
q=2b"1(27a’)+d/a=-k(¢|) / 4~ 6R’q] /k,

b/ (3a)=—ke! /2,

D=(p/3) +(q/2) =3k°R*(¢] )" 1 4+9R* (9] ) 1 k* > 0.

Thus, for a fixed value of (plT and for any T satisfying the inequality 7" '<T <, the

control defined by formula (2.7) transfers system (1.7) from the initial state of rest (1.8) to
the final state of rest (1.9), satisfies the constraint (1.10) and minimizes the functional
(1.11).

Taking into account the constraint (1.10) and according to the maximum principle, the
optimal control that maximizes the Hamiltonian (2.3) is determined as follows:

1 ecmu (1)>1, (r.e. H (t)>0),
w(t)=4u’ (), ecm ' (1)|<1, (re. H,()=0), 0<t<T", 2.12)
-1, ecmn u' (1) <—1, (t.e. H, (t)<0),

where u*(t ) denotes the optimal control (2.7) derived from the maximum condition (2.3)

without considering the constraints.
Let us examine the possible control structures (2.11) that may qualify as optimal.

From the concavity property of the function u : (2) , it follows that for 0 <T < T", the

maximum value of the control exceeds the constraint: %" (t) > 1. Let us denote by

T* =\J6RoT (2.13)

— the critical value of time at which the function u*(t ) first reaches the constraint at the
endpoints of the interval [0,7].

Then, the following cases are possible:

it T"<T<T',thenu’(t,)>1and u”(0)=-u"(T)=6T"Ro| <1, (2.14)
if0<T <T", then u"(¢,)>1 and u"(0)=—u"(T)=6T*Re, >1. (2.15)
Definition. A control u(#) is said to be admissible for problem (1.7)—(1.11) if it

belongs to the class of piecewise — continuous functions KC[0,T], satisfies the constraint

(1.10), and the corresponding solution of the system (1.7), (1.8) satisfies the terminal
conditions (1.9).

In accordance with the definition of admissible control and taking into account cases
(2.14) and (2.15), let us represent control (2.12) in more specific structures corresponding
to these cases:
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u'(t), te[0,4,]and H (¢)=0,
u(t)=11, te(t,t,)and H,(t)>0, T <T<T', (2.16)
u/(t), telt,,T]and H (t)=0.
1, t€[0,t,) and H, (¢) >0,
u(t)y=<u,(t), telt,t,]and H, (¢)=0, 0<T<T". (2.17)
-1, te(t,,T]and H (1) <0,

In (2.16) and (2.17), the moments #, and #, denote the switching points between control

regimes that arise when the optimal control reaches its boundary values: u* (t)==1. The

functions 1, () and u,(¢) are defined on the intervals [#,,7"] and [¢,,Z,], respectively,

and satisfy the conditions |u1’2 (Z)| <1 and H (t)=0. These functions may partially

coincide with 2" (?) , but in the general case they are chosen to ensure admissibility.

We use the results of work [20], in which, for given values of R >0, k>0, (plT >0,

the conditions for admissibility of controls (2.16) and (2.17) were established.
Let us denote by

4
R ko! kol
T . =—Inq|1+ [l—exp| — | |[1- [1—exp| ——+ 2.18
min kz p[ R J p( R ( )

— the minimum transition time of system (1.7) from state (1.8) to state (1.9) in the time-
optimal control problem with constraint (1.10) [21].

According to the results of [20] and taking into account cases (2.14) and (2.15), the
admissibility of controls (2.16) and (2.17) is determined by the relationships between the

quantities 7"'(2.11), T"(2.13) and T} (2.18). Two cases are possible.

Case A. If T <T°<T' 6 then the structure (2.17) is inadmissible for

T e(T,,,T"], while the structure (2.16) is admissible for T € (T",T"").

Case B. If 7" <T . <T', then for all T € (T, ,T") the structure (2.17) is

inadmissible, and the structure (2.16) is admissible. In the latter case, the optimality of
structure (2.16) in problem (1.7)—(1.11) is also proven.
In summary:

—if T'< T <0, then control (2.7) is optimal in problem (1.7)—(1.11);
-if T e(T,;
algorithm is presented in Section 3;

-if T'e(0,7;,

in °

T ') , then the optimal control is the combined control (2.16), for which an

n?’

], then no admissible controls exist.

in
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3. Algorithm for constructing the optimal combined control and numerical
simulation. Let us proceed to the construction of the combined control (2.16) and the

corresponding dependencies of @, (1), 0, (t) for problem (1.7)«(1.11), relying on the
conditions of admissibility and optimality established above. Let the problem parameters be
fixed: terminal time 7', coefficients R, k and the terminal coordinate value o,(T)= (plr .

We integrate system (1.7) with the initial condition (1.8) over the interval [0, tl] , where

the control is given by the function ©(¢) = u" () obtained without considering the control
constraint. At the moment

t,=T/2=R/k—-JT*14-T"/(6ko' )+ R* / k>, G.1)

when the control (2.7) reaches the boundary value u" () =1, we obtain the values of the
phase variables

0,(t)= (—2T‘3t13 +377% )(plT =o!", (

3.2)

3.2 -2 1

0, (1) = (_6T fy +6T tl)(PlT = (P(z)'
On the next interval (ll,l‘z) , by integrating system (1.7) with initial conditions (3.2)

under constant control #(¢) =1, we obtain

0() =k (t=1,)+ Rk (k™ —@)exp(=kR™ (1 —1,)) - 1]+ 9",

1 1 1 1 (3
0, () =k = (k™ =0y )exp(=kR™' (¢ —1,)).
The values of the phase variables at the point £, will be denoted, respectively, by
P () =0, 9,()=05" . (34)
On the final interval [tz , T ] the control has the form (2.4)
u,(t) =ko,(t)+p,(t)/ (2R) p,(t)=—A(t—t,)+B, (3.5)

where p, (¢) is the solution of the second adjoint equation (2.2), A and B are integration

constants to be determined.
Substitute expression (3.5) into system (1.7)

. . —A(t-t,)+B 56
(pl (pz 4 (PZ 2R2 . .
Integrating (3.6) with the initial conditions (3.4), we obtain
A 3 B 2 (2) (2)
(Pl(t):_ﬁ(t_tz) +W(t_t2) +0, (t—1,)+97, 3.7
A B )
(1) =~z (1=1) + (1= 1) + 0. (3.8)
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Taking into account (3.8), the control (3.5) can be written as

kB—RA
u(t)=- (t % —(z t)+—+k(p(2) (3.9)
2R’ 2R
For the admissible control #,(f) on [tz ,T ] the following conditions must be satisfied:

1) boundary conditions (1.9);
2) continuity of the control at the point #,: #,(¢,) =1

3) concavity and monotonicity: A>0, B<RA/k ;
4) compliance with the constraint at the end: u,(7) > —1.

(2)

B .
From 2) we obtain u,(?,) = k¢, + E =1 or equivalently:

B=2R(1-k¢). (3.10)

After substituting (3.10) into formulas (3.7) and (3.8) for £ =T, from condition
o0, (T ) =0(1.9) we find an explicit expression for

_4R(—kel") 4R’

R 3.11
T—1)  (T-b) e

which is then substituted into condition @,(T) =@ (1.9).

As a result, we obtain an equation with respect to a single parameter Z,:

1— (2) 20
(1=ko; )(T ) +—2 (PZ (T-t,)+¢” —¢l =0. (3.12)
6R
It has two real roots
—2RpY £ (2R ) —6R(1— ke, (¢ S

= 22RO £VQROD) ~6R(—ko,(1 )0l 0D) o1y

1- k(Pz (t2 )
but only one — with the positive sign in front of the radical — satisfies conditions 1) — 4).
This choice will also be confirmed in the numerical example below.

When these conditions are satisfied, the problem is considered solved, and the obtained
control is deemed admissible and optimal within the chosen structure.

Let's present a numerical example of the implementation of the proposed algorithm for
constructing the optimal control (2.16). Suppose the electromechanical manipulator is
characterized by the following dimensional parameters [1], which enter into equation (1.1):
I=59kg-m*, J=245-10"kg-m’, n=163, (3.14)
R=3.60m, £=0.233N-m/A, U=110V.

When switching to nondimensional variables (1.6), we choose as the unit of time the
quantity 7 = nkU ™" = 0.34535 , equal to the time it takes the manipulator arm to rotate by

97



one radian when moving at a steady angular velocity @ = (nk )_1 U~29s" [1]. The
nondimensional parameters of equation (1.7) then take the values:

R~0.09, k~1. (3.15)

With an initial angle of zero ¢,(0)=0rad, we set the final rotation angle

corresponding to condition (1.9) equal to
@l =1 rad. (3.16)
Construction of the optimal control (2.16) and the corresponding phase trajectories
¢,(?), @,(t) is carried out in the following sequence:
1. Using the given parameters (3.15), (3.16) and formulas (2.11), (2.13), and (2.18),
determine the values: 7" =0.735, T'=1.52, T . =1.125. Since 7" <7, <T',
the case B considered in Section 2 is realized, in which 7' € (T, ,T") =(1.125,1.52).

2. Choose T'=1.5€(1.125,1.52).

3. For the selected value of 7, construct the optimal control profile (2.16). In this
process, the switching time #, = 0.57 is calculated using formula (3.1), and to determine

n?’

the switching time Z, the following procedure is applied.

First, using formulas (3.10) and (3.11), the coefficients 4=0.0594, B=0.0016
are calculated so that all the admissibility conditions for the control %, (l‘ ) (3.9), formulated
in items 1)—4) of Section 3, are satisfied. Then, the switching time 7, is determined as the

root of equation (3.13).
Figure 1 shows the graph of the function F' (l‘z), defined by equation (3.13) for the

numerical values of the parameters (3.15), (3.16), T =1.5. The function F'(£,) has the

form:

0,180 +/0.0324(0% ) ~0.54(1- 02 )¢ 1)

(2)
1-¢,
where the values (piz) = (Piz) (), (P(zz) = (sz)

G4)at t=t,.

F(t,)=15-t,—

t,) are determined by formulas (3.3) and
2

From the graph in Figure 1, it is seen that the equation [ (l‘z) =0 on the interval
(0.57,1.5) has a unique solution. The result of the numerical solution is £, =0.7373,

which confirms the correctness of the chosen parameters A, B and the uniqueness of the
constructed optimal control.

Figures 2—4 show the graphs of the optimal control (2.16) and the dependencies @, (1),
@,(t), obtained at 7 =1.5. The control u(¢) (fig. 2) has a combined structure: on the
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initial interval [0,#,] and the final interval [¢,,7] it varies according to a smooth

(parabolic) law, while on the middle interval [7,,#,] it takes a constant value u(¢) =1,
F(t,) 1

03

02

01

!
!
02 04 M»—" 08 10 12 14 15

~Y

Fig. 2

satisfying the constraint |u(t)| <1 forall £ €[0,T].

Based on the results of numerical simulation, the following values were obtained:
¢,(1.5) =1.00024 rad, @,(1.5)=0.00099 rad,

which correspond to an accuracy on the order of 107, upon reaching the final state.
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Since the moment is uniquely determined from equation (3.15), the corresponding
admissible control (2.16), satisfying constraint (1.10) and transferring system (1.7) from the
rest state (1.8) to the final rest state (1.9), is also unique. Therefore, it is optimal in the
sense of minimizing the functional (1.11).

The calculated value of the functional (1.11) in nondimensional units is O, = 0.029.

By converting to dimensional variables using the corresponding formulas (1.6), we obtain
the amount of thermal losses O =33.6J (1.5), corresponding to the implemented optimal

control.
Thus, the proposed algorithm ensures the construction of an optimal control according
to criterion (1.11), satisfying the constraints and providing a high — precision

implementation of the required transition.
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Conclusion. This study addresses the problem of constructing energy-optimal control
for a single-link electromechanical manipulator subject to a control voltage constraint.
Based on Pontryagin’s maximum principle, it is established that for large transition times,
the optimal control corresponds to the unconstrained solution, whereas for small transition
times, a combined control structure is required. An algorithm for such control is developed,
and its feasibility is confirmed by numerical simulations demonstrating compliance with
the control constraint and boundary conditions while ensuring minimal energy
consumption.
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REFLECTION AND TRANSMISSION OF SHEAR ELASTIC WAVES THROUGH
PERIODICALLY STRATIFIED BI-MATERIAL ELASTIC LAYER

K.B. Ghazaryan, R.A. Ghazaryan, S.H. Terzyan
Keywords: reflection and refraction, shear wave, periodic structure, frequency band gaps.

Kazapsn K., Kazapsan P., Tepzsan C.
OtpaikeHue H NpeJiOMJIEHHE CIBHTIOBBIX YIPYIHX BOJIH OT IIEPHOANYECKH
CJIOUCTOTO YIPYTOro ¢JI0si U3 ABYX MaTePHAJIOB.

KioueBble cioBa: OTpa)X€HUE, TMPEIOMIICHHE, CABHAIOBas BOJIHA, IIEpUOAUYECKAs CTPYKTypa,
3aMpeneHHbIC 30HbI YaCTOT.

VccnenoBaHo MOBEAEHHE CABUIOBBIX BOJIH HPH B3aUMOJCHCTBUM C MEPHOANYECKH PACCIAUBAIOIIAMCS
YIPYTUM CJIOEM, PACIIOJIIOKEHHBIM MEXTY IBYMSI WACHTUYHBIMH YIPYTUMH HOJYNPOCTPAHCTBAMH. AHAIH3
COCPE/IOTOYEH Ha OIPENCNCHUH XAapaKTePUCTHKAX OTPAKCHUS W IPEJIOMIICHHS STHX BOJH OT CIIOHUCTOH
cTpykTyphl. Koadduiment npeiromieHus onpeaesercs Uil KOJINYSCTBEHHOH OLEHKHU JI0JIM BOJHOBOW 3HEPTHUH,
rnepeaaBaeMoi 4epe3 KOMIO3MTHBINA cioil. [loka3zaHo, YTO Korja 4acTOThl MaJarolleil CABHUIOBOW BOJIHBI B
npejieNiax 3arpelieHHO 30Hbl 4aCTOT COOTBETCTBYIOIIEH OCCKOHEYHOH MepHOANYEecKOr cpelbl, KodpduimeHt
MPOITYCKaHUsl yNPYrod BOJHBI OMM30K K HYNTIO. B 3THX YacTOTHBIX AMANa3oHax MEpHOAUYECKas CTPYKTypa
JIEMOHCTPHUPYET IIOYTH TIOJHOE OTPaKeHHe, a KOAQPUIMEHT oTpaXkeHHs pubmkaercs k eaunune. Y Haodopor,
KOI'/]a 4acTOThI IAJAIOIIeH BOJIHBI JIEKAT MEKIY JIIOOBIMHU JByMsI COCEAHHMHM 3aNpeleHHBIMH 30HAMH 4acToT ,
CYIIECTBYET KOHCYHBIH HabOp 4YacTOT, NPHU KOTOPBIX KOI(P(UIUEHT MPOMyCKaHUsS YIPYrHX BOJH JOCTHIAeT
exuuupl. Ha 9THX YacToTax OTpakaresibHas COCOOHOCTH IOJHOCTHIO MCYE3aeT M BOJIHA HICAIBHO MPOXOIHUT
4yepes3 CIOUCTYIO CTPYKTypy. Kpome Toro, Mel uccieayem u3MeHeHue (Ha3oBOro CABHUra OTPAXKECHHOH CIBUTOBOIL
BOJIHOH, KOT/]a CIIONCTAsi CTPYKTypa OIPaHUYCHA C OJHOH CTOPOHBI YIPYTHM HOJIYIIPOCTPAHCTBOM, @ C APYroM -
CBOOOHO# OT HANPSKCHHUI TOBEPXHOCTBIO.

Nwqupyuib 4.8, Twqupyui (.U, BLpqub U.2.
Uwhph wpwdquljuil whplkph winpunupdnwdp b pijnudp kpynt ynphphg juqudus
wuppkpuljui okpnuninp wnwdquijub okpinhg

Jpltwpwokp’  wippunupdmd,  piymd,  uwhph  wihp,  wwppbpulwb  junmgwsp,
hwgwhnipniiibph wpghdus gninhuubp:

Zhnmwuqnujws  E, wupphpuljutt  gkpunuynpynn  wnwdquljw  okpnh  thnpiwuqnbgnipudp
wuydwbuwynpyws, uvwhph wihputph Juppp: Shpup quidnud b pyne tnytwljub wowdqujub
Yhuwwnwpwédnipiniubph dhol: dkpnisnipniup Yhunpnbwgjws b phpuiwynp junnigquéphg wyy
whpubiph winpunupddwt b pijdw punipwgphsubph npnodwtip: Filjuwt gnpdwyhgp npnoynud k
Undynghwnnuyhti okpinh dhgngny thnpuwbgynn whpughtt tukpghuyh dwubwpwduh puwbwljulub
quuhuwnwluih hwdwp: 8nyg k wpdws, np bpp puliing vwhph wihph hwdwhinipmniup quin]nd £
hudwyuunuwupwt widkpe  wuwppbpwliwt  dhpwduyph  wpghpjus  gnunmt  hwdwjunipjut
uwhdwltbpnud, wpwdquljwl wihph pug ponudwit gnpswljhgp Unn k qpojht: Uy hwdwhiwulub
pungpynyputpnd  wwppkpwljut jupniguspp hwdwpyu (phy winpunupdnud k gnyg nwhu, huly
winpunupddwt  gnpswlhgp  dnnbkinmud b dkhhi: B  hwlwpwlp, bLpp phlunn  wihph
hwdwhinpiniiitph pijus ki hwdwmipmuubkph wpghdws, guiljugws tplnt hwphwi, gninhukph
uholi, gninipinih nith hwdwjunipniiutph Jippwynp pwbwly, npnig nhypnid wpwdquiljut whpubkph
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pug ponudwb  gnpdwijhgp hwubnd b Ukhht: Uy hwdwpmpmibibpnd - wimpunupddwt
hwnimpniup wdpnponmipyudp Jhpwind £, b wihpp juunwpbjuybu wigind E okpuudnp
Junnigduéph vheny: Pwgh wyn, numdbwuhpnd kup uwwhph wihpny wpwugndus duquyhh
otinnudp, bkpp obpnwynp  Yupmgywspp  uwhdwbwhwlws b dh Yondhg  wpwdquiljub
Yhuwinwpusnipyniung, hulj Uniu Ynndhg jupmudbibphg wquin dwykplingpng:

In this study, we investigate the behaviour of incident shear waves as they interact with a periodically
stratified bi-material elastic layer positioned between two identical elastic half-spaces. Our analysis focuses on the
reflection and transmission characteristics of such waves as they encounter the layered structure. The transmission
coefficient is defined to quantify the proportion of wave energy transmitted through the composite layer. It is
demonstrated that, when the frequencies of the incident shear wave fall within the bandgaps of the corresponding
infinite periodic medium, the transmissivity of the elastic wave approaches zero. In these frequency ranges, the
structure exhibits almost complete reflection, with the reflectivity nearing unity. Conversely, when the frequencies
of the incident wave lie between any two adjacent bandgaps of the infinite periodic medium, there exists a finite
set of frequencies at which the elastic wave transmissivity reaches unity. At these specific frequencies, the
reflectivity vanishes entirely, and the wave is perfectly transmitted through the layered structure. Additionally, we
examine the phase shift experienced by the reflected shear wave when the layered structure is by an elastic half-
space and the other by a free interface.

Furthermore, this study analyses the phase shift of the reflected shear wave occurring when one side of the
layered structure is adjacent to an elastic half-space and the other side is bounded by a free interface.

Introduction.

The phenomena of reflection and transmission of elastic waves at the interface between
two distinct media play a crucial role in a variety of scientific and engineering disciplines.
In composites engineering, understanding how elastic waves interact at material boundaries
is essential for the design and analysis of advanced composite structures. In geology and
seismology, the propagation of elastic waves through different earth layers underpins the
interpretation of seismic data, which is fundamental for studying the Earth's interior and for
earthquake research. Seismic exploration also relies heavily on these phenomena, as the
reflection and transmission of waves at subsurface interfaces are used to identify and
characterise geological formations. Furthermore, in acoustics, the way elastic waves reflect
and transmit at material boundaries determines the sound transmission properties of
structures, influencing the design of materials and systems for noise control and sound
insulation. The issues related to the reflection and transmission of elastic waves in layered
media have been the focus of extensive analysis by numerous researchers. Their combined
efforts established the basis for analysing wave behaviour at layered structure interfaces [1-
11].

When two distinct elastic materials are joined together, it is typically assumed that the
interface connecting them is perfectly bonded. This means that, at the boundary, certain
fundamental physical quantities must remain continuous from one material to the other. In
particular, both the displacement and the traction (which represents the mechanical forces
acting across the interface) are required to be continuous. The continuity of displacement
ensures that there is no separation or slip at the boundary, so the deformations are
transmitted smoothly. Similarly, the continuity of traction guarantees that the mechanical
forces are balanced and transferred seamlessly from one material to the other. This
idealisation is commonly adopted in analytical and computational models, as it simplifies
the study of how forces and deformations are transmitted and distributed at the interface
between different elastic materials ~While the assumption of a perfectly bonded interface
between two elastic materials simplifies analysis, it does not always represent actual
conditions encountered in practice. In reality, interfaces may contain various defects,
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damages, or other imperfections. Several theoretical models have been developed to
represent imperfect interfaces [11-16].

The most commonly used models include the strain-gradient model, which accounts
for higher-order mechanical effects at the interface; the spring model, which introduces
interfacial compliance; the mass model, which considers additional interfacial inertia; and
the combined spring-mass model, which incorporates both compliance and inertia effects.
Each of these models offers a different perspective on how imperfections at the interface
can affect wave transmission and reflection, and they play a crucial role in the accurate
analysis of layered composite structures [17-24].

This study focuses on the behaviour of incident shear waves as they encounter a
periodically stratified bi-material elastic layer that is positioned between two identical
elastic half-spaces. The research centres on analysing how these waves are reflected and
transmitted when passing through the layered medium. By examining the reflection and
transmission properties, the study aims to provide a detailed understanding of the
mechanisms governing wave interaction within the composite structure. The findings
contribute to a broader comprehension of elastic wave dynamics in layered materials, which
is relevant for various applications in engineering and the physical sciences.

#

Problem statement and matrix approach for periodic structure.

Consider two homogeneous elastic half-spaces, composed of identical materials,
separated by a periodically in perfect interfacial contact. This stratified layer consists of
n(n=1,2,...,N) repeating unit cells, with each cell comprising two distinct sub-layers

formed from different elastic materials A and B of widths a,b . Each sub-layer is
assumed to be perfectly bonded to its adjacent sub-layers. The composite layer extends
from the top surface X =0 to the bottom surface X = Nd and d =a+b.

Shear waves propagation in stratified bi-material elastic layer obey to anti-plane
equations of motion. Choosing the anti—plane deformation in the Z - direction one has

0,0,, +0,6,, =p0,U,, ©,, =pud,u,,c, =uno U, (1)
where U, (X, y,t) is the displacement in Z - direction.

Considering a steady SH-wave propagation ~ exp[i(ky - (Dt)] , where K, ® are the
wave number and frequency, the solutions for amplitude functions U(X) ,V(X) within each

the sub-layers material X € (n -d,(n-1d + a) ,XE (nd —b, nd) can be found as

U = Asin(px)+A cos(px),  V(X) = B, sin(Gx) + B, cos(0x). )

Here

e fef o

are the shear modulus, [,sf}, bulk density of sub-layers materials,

correspondmgly.
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Enforcing the continuity of tractions and displacement at the contact interface

X, = nd —b of the two materials
U0%) = V(%)
G, du(x,) _G, dv(x,)
dx dx
we can express B, B, via A, A
B A (Gapcos( PX,) cos(ax,)
G,

+ sin( px, ) sin(gXx, )j +

G, psin( px,) cos(qX,, j
G,q

G, p cos( |oxo)sin<qxo)J+
Gy,q

+A, [cos( pX,)sin(gx,) —

B,=A [Sin( PX,) cos(ax,) —
G, psin(pXx, )sin(gx,)
A [ G,q

Introducing field vectors and constant vector

u(x) v(X) A
u(x) = G, dL(jj(XX) ,V(X) = G, d\(;(xx) ’A:[A;j

+cos(pX,) cos(qXO)J;

“4)

)

(6)

(M

the expressions of the vector ll((l"l —l)d ) , V(nd) can be expressed via the vector A

in the following matrix form

u((n-1d)=PA
V(nd):QA
sin( p(n—l)d) cos( p(n—l)d)
P=
G,pcos(p(n—1)d) -G, psin(p(n-1)d)

Q(q” 2 ]
Oy Oy

G, psin(b i
i psin(bq) cos(px,) +cos(bq) sin( px,);
G,q
q,, = cos(bg) cos(px,) - 2P Sln(gq;SIH( =
m

106

®)

©)



d,, = G, pcos(bg) cos(px,) —G,q sin(bq) sin( px, );
,, =—0G, sin(bq) cos(px,) — G, p cos(bq) sin( px,)
Omitting the vector C = P_lu((l’l - l)d) leads to the following relation connecting

(10)

values of the field vectors at a cells interface

v(nd)=Mu((n-1)d) (11)
Here M = QP 'is a unimodal matrix
G_psin(ap)sin(bg) sin(ap) cos(bq) cos(ap)sin(bq)
cos(ap) cos(bq) ——* +
G,q G,p G,
M = (12)
G, sin(ap) sin(hq)

—G_ psin(ap) cos(bg) — G, qcos(ap)sin(bg)  cos(ap) cos(bg) -
G,p

Let note that elements of matrix M do not depend of cell number n. Repeating this
procedure the n -th times the propagator unimodal matrix M" can be found. The matrix
M " links the field vectors at X =0 and X =Nd surfaces of the waveguide.

M"u(0)=v(nd), n=12,..N (13)

According to Sylvester's matrix polynomial theorem [28] for 2x2 matrices the elements
of the N -th power of an unimodal matrix M " can be cast as

M M
M" :[ 1 12} (14)
M, M,

and can be simplified using the following matrix identity
M, =m,S,, (T]) -S, (T]); M, =m;,S,, (n)
M, =m,S,, (n); M., :mzzsn—l(n)_sn-z (n)
where Sn_l (1’]) are the Chebyshev polynomials of second kind, namely
sin((n+1
S,(n)= w cos(¢) =m;
(16)
1 A 1
n =5Tr(M ):E(m“ +my,);

(15)

In addition to the finite sized bi-material layer we consider a corresponding infinite bi-
material layer. By applying the Floquet conditions at the unit cell boundaries,
x=(n-1)d,x =nd we obtain:

v(nd) = exp(xd)u((n-1)d) (17)
Using (11) leads to the Floquet equation
cos(kd) =n(w) (18)

Here x is the complex Bloch wave number, and M ((D) is defined in (16).
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Thus, the deviation functionT]((D)— argument of the Chebyshev polynomials, as
applied to the corresponding infinite periodic medium, defines the frequency "stopbands"

under |77 (a))| >1 and identifies the "passband" frequencies under |T'| (60)| <1.

Shear elastic wave reflection and transmission.
Consider now the reflection and transmission of the shear wave through periodically
stratified bi-material elastic layer positioned between two identical elastic half-spaces.

| B4

Elastic medium

Elastic medium

A - B
a

Figure 1: Reflection and transmission of shear wave through
layer sandwiched into elastic medium

The shear displacements and shear stresses in the top —00 < X <0 and in the bottom
Nd < X < 00 half-spaces can be cast as

V(x,y,t) =V, (x)exp[iky —ot)]; U(x,y,t)=U (x)exp[i(ky —ot)]

V, (x) = (A exp(irx) + A exp(—irx)); U, (x) = A exp(irx) (19)
zel :G%’ zez = G dUO 5

dx dx
Here

2
r:,/m—z—kz -d QZ—KZ;Q:ﬂ,c:F; K =kd
c c p

A;,A,,A,, stand for the amplitudes of incident, reflected and transmitted shear waves,

respectively, G is the shear modulus, p is the bulk density of semi-space material
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The conditions for perfect contact between displacements and shear stresses in an
elastic medium and a bi-material stratified layer at X = 0, X = Nd can be expressed as

follows:

v(0)=U(0), u(Nd)=U(Nd) (20)
where
V,(0) U,(Nd)
V(0) = deo(O) , UNd) = GdUO(Nd) ; @21
dx dx

Taking into account (21) the amplitudes Ar 5 IAt via A] can be found by solving the

matrix equation

M, M, A+A ~ A _
[le MZJ[Gir(Ai_Ar)J—(GirAjexp(erd) 22)

Ar :_A(le +Gr(GrM|z _i(Mn _Mzz))
M, —Gr(GrM,, +i(M, +M,,))

. (23)
Ao 2iAGre ™™
M, —GI‘(GI’M12 +i(M,, + Mzz))
Defining reflection and transmission functions (coefficients) as
2 2
A A
Rr =|—, R[ =|— (24)
Al (A
from (23) we get
. G’ (G*MAr* + M/ + M3, —2)+MJ,
"G (GMAT M+ M, +2)+ P -

R - 4G*r? .
t T ~2 2 (~2np2 2 2 2 2
G’r* (G*ML” + M] +MJ, +2)+MJ,
Energy flux conservation is expressed via reflection and transmission coefficients in
the following transmissivity and reflectivity identity

R +R =1 (26)

Using (25) and the following recurrence identity formula for the Chebyshev
polynomials of the second kind

S, () +S.,(m)-2nS, (S, , () =1 27)

the relations (25) can be transform as
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4G’r?

R = 2.2 2 2.2 2 2.2 2 2 2
4G +s; (G (G'mirt +m} +m ~2)+m’)

t

; (28)

Since SN_1 (T]) —>0 at N —00 when |1”| ((D)| >1 the incident wave frequencies
are in the "stopbands" of the stratified layer, the transmission function decreases as the
number of cells increases. In contrast, within the "passbands," |T] (co)| <1 the transmission

function exhibits periodic behaviour.
Consider now the wave reflection from a finite-length stratified layer bounded on one
side by an elastic half-space and on the other by a mechanically free surface.

The amplitude of a reflection wave A, can be found by solving the following matrix

equation where U (Nd) is the unknown displacement at the layer traction free surface.
M, M + U (Nd
( n IZJ{ A+A J:[ ( )}exp(irNd) 29
le Mzz GIr(Ai_A-) 0
From solution of (29) we have

M,, +iGrM,,
M,, —iGrRM,,

A =-A [ (30)
Since the complex conjugate of the reflection coefficient T, = A, / A s equal its
reciprocal, the magnitude |Tr| equal unity at any frequency €2 of incident wave.

Writing Tr in the polar form of complex number we have

T, =—exp(2i¢), (1)

Gr(m,s, , (n)-S,.,(n))
m, S, (n)

Formula (32) gives the phase shift for a shear elastic wave reflected from a finite-
length stratified layer, which is bonded to an elastic half-space on one surface and
mechanically free on the other.#

where ¢(Q) = arctg(G'I/lM 2 } = arctg (32)

21

Numerical analysis and discussions.

We here will illustrate the obtained theoretical results providing numerical analysis
concerning bandgaps of the stratified layer (counterpart infinite media) , reflection and
transmission coefficients as well as reflection wave phase shifts. Numerical calculations
have been carried out for materials listed in Table 1

Table 1

Bulk density | Shear modulus | Transversal velocity
Substance o (kgm’3 ) G (GPa) c (ms’l )
Aluminium 2700 25 3040
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Copper 8900 46 2320
Titanium 4500 42 3120

Based on (28), the transmission and reflection of the elastic wave are considered when
material of elastic semi-spaces is the titanium, the elastic reflector made of the aluminium
and copper materials. Numerical analysis of counterpart infinite piezoelectric media will be
carried out for the aluminium and copper materials.

The condition | n(Q)|>1, where Q=wd Gﬁlp stand for titanium material defines
bandgaps of counterpart infinite piezoelectric media.

On Figure 2 for counterpart infinite media of the layer made of aluminium and copper
materials the deviation function curves versus frequency €2 are plotted.

| Titaninum, Aluminum+Copper , K=5, §=0.2 I Titaninum, Aluminum+Copper , K=5, f=0.5
1.6 . . . . 1.40 —
1.35]
1.5 = |
s = 130/
g 14 1.25/|
23 = 120
2 | 2 s
2 L2 3 |
2 I é 1.10
1y 1.05 |
100 . L . . ) 1.00!
s 6 7 3 9 10 " 12 3 7 8 9 10 1 12 13
Incident wave dimensionless frequency 0 Incident wave dimensionless frequency 0

Figure 2. Plots of a first and subsequent bandgaps for material at different values of parameter 3

Analysis of the function n(Q) shows that that variations in material arrangement

within the unit cell, as characterized by the filling coefficient [3 = a/ d, slightly affect the
lengths of the first bandgaps.

[ Tivaninum, AluminumsCopper , K=5, B=0.2, n=1 U] | Titaninum, Aluminum+Capper, K5, fs0.5, naS
1.0 1.0
_os 0.8
= =
£ 06 5 0.6
2 g
= .n
s 0.4 E
H S 04
=2 £
=02 =
' =02
0.0 |
0.0
El b i B L o 1 12 .
6 7 & 9 o 1 12 13
Incident wave dimensianless frequency 0
Incident wave dimensionless frequency O

Figure 3. Plots of a transmission functions at different values of parameter 3
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Titaninum, Aluminum+Copper, K=5, f=0.5, n=10
1.0 Titaninum, Aluminum+Copper, K=5, §=0.5, n=20

0.8
0.8
<
0.6 5 0.6
2
0.4 g 0.4
0.2 =02
0.0 0.0
7.0 7.5 8.0 8.5 9.0 7.0 7.5 80 8.5 90

Incident wave dimensionless frequency Q Incident wave dimensionless frequency 0

Figure 4. Plots of a transmission functions at different values of cell numbersn=10,n =20
between first and second bandgaps

Analysis of Fig. 4 illustrates that when the frequencies of the incident elastic wave fall
within the bandgaps of the corresponding infinite periodic medium, the transmissivity of
the elastic wave decreases significantly, approaching zero. In these frequency intervals, the
layer becomes highly reflective, with the reflectivity nearing unity. This phenomenon
occurs even in layers that contain a relatively small number N=35 of unit cells,
demonstrating the effect of bandgap formation on wave propagation in such structured
materials.

As indicated by the transmission function plots, there exists a set of frequencies
between any two bandgaps where the transmission function reaches a value of one,
meaning that reflectivity effectively disappears. This phenomenon occurs consistently in
the frequency ranges that lie between adjacent bandgaps. The presence of these specific
frequencies can be explained by examining the behaviour of the transmission function
outside of these intervals. In the range between two bandgaps, the transmission function
possesses a number of zeroes, which are determined by the underlying physical properties
of the system. The existence of a set of such frequencies can be explained as follows.

Between two any bandgaps |T]| <1 the function has N —1 zeros given by

From (14), it follows that at these frequencies,#

Sui (n)zo,Rt =1L(R =0).
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| TWeaniuam, AluminumsCopper, K=5, fi=0.5,n=10 Titaninum, Aluminums+Copper, K=5, §=0.5n=5

Phase shift &
=]
Phase shift ¢
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Incident wave normalised frequency 0

Figure 5. Phase shift plots of the reflected wave

The graph in Figures 5 based on (40) shows how the phase shift d)(Q) changes with
frequency. Blue curves correspond to N =10, blue curves to N =15 structures. The phase

shift is a function of the normalized frequency Q=100Q .
As it follows from the plots on Figure 5 within the first bandgap the phase shifts

d)(Q) reach its minimal and maximal values at the first and second gap boundaries

o= —n/ 2, TI:/ 2 . Outside of the gaps between the first and the second gaps there are the

N —1 phase shift “resonance” curves each exhibiting repeated transitions from — Tc/ 2

to TC/2.

Conclusions.

This study investigates the interaction between incident shear waves and a periodically
layered bi-material elastic layer positioned between two identical elastic half-spaces. The
analysis demonstrates that when the frequency of the incident shear waves falls within the
bandgaps inherent to the equivalent infinite periodic medium, the transmissivity of the
elastic waves becomes nearly zero. As a result, the waves are almost completely reflected,
with the reflectivity approaching unity. This behaviour highlights the strong reflective
nature of the layer within the bandgap regions. In contrast, for frequency ranges located
between adjacent bandgaps, there exist certain discrete frequencies where the transmissivity
of the elastic waves reaches unity. At these frequencies, perfect transmission occurs, and
reflectivity is negligible. This phenomenon underscores the existence of transmission
windows between bandgaps, where wave propagation through the layered structure is
unhindered.

This phenomenon underscores the existence of transmission windows between
bandgaps, where wave propagation through the layered structure is unhindered.
Specifically, within these frequency intervals situated between two adjacent bandgaps, the
transmission function attains a value of one. As a result, the reflectivity effectively drops to
zero, allowing elastic waves to pass through the structure without significant attenuation or
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reflection. These transmission windows are a direct consequence of the physical properties
of the periodic system, and their presence is consistently observed in the plots of the
transmission function. Thus, between the bandgaps, the structure transitions from being
highly reflective to fully transparent to incident elastic waves, which is a key characteristic
in the analysis of wave propagation in such media. #

The phase shift of the reflected shear wave is analysed for the scenario in which one
side of the layered structure is adjacent to an elastic half-space, while the opposite side is
bounded by a free interface. Within the first bandgap, it is observed that the phase shift
values attain their minimum and maximum precisely at the boundaries of the gap.
Furthermore, in the frequency interval between the first and second bandgaps, phase shift
resonance curves emerge, each exhibiting repeated transitions.
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