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Shear electro elastic waves in composite piezoelectric space with electrodes on the contact plane
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An exact solution of the problem of excitation and propagation of shear surface waves localized along the
interface of two piezoelectric half-spaces connected to each other with two semi-infinite electrodes is constructed.
Piezoelectric surface waves are caused by the presence of electrodes in the form of a thin metal or adhesive
conductive layer with a given piecewise constant value of the electric field potential on the electrodes.

Unuyub 4.L.

YUnbwnwljwh hwppmpjub Jpu LEjupngubp quwpmbwynn pununpyuy whkqohEjuophly
wnwpwbdnipjul uwhph HEjnpuunwdqujut wihpikp

Zhdmwpwnkp. Mhtgnkkhuphl, dwlipbngpughtt wihp, wknuhnjumpni, wdyhunmw, whpught
phu:

Gunmgyl) L, Epint whkqnkEiuphly jhuwnwpwsnipniitinphg juqqus pununpjuy nwpu-
Snipniinud, Ynnwljnught dwljkplinyph onipgp nknuytugyws, uwhph dwljkplinygpuyhtt wjhpukph
gpgndwt b wwpwsdwb juinph &ogphwn  snudp:  Nhtgqnkjunpulut wihpubph gonipmniap
wuydwtwynpjws b pupul] dinmwnuljut jud unubdughtt BEjupwhwnnpnhs obpnh Jpu nipus
EEjunpulwl nuwonh ynnkughwih Yunp wn innp hwunwinnih wpdbpubpny:

TTocTpoeHO TOYHOE pelIeHHE 3aJadd BO3OYXKICHHS M PACIPOCTPAHEHUS CIBHIOBBIX, JOKAIH30BAHHBIX Yy
TPaHMIBI pa3fena, MOBEPXHOCTHBIX BOJH B IIPOCTPAHCTBE, COCTABICHHOM M3 IBYX IbE303JICKTPHUCCKUX
MOJTYTIPOCTPAHCTB U COACPKAIIMM ICKTPOIBI HA TpaHUIE pazfena. [Ibe303meKTpuieckre TOBEPXHOCTHBIE BOIHBI
00yCIIOBIEHBl HATUYUEM 3JICKTPOAOB, B BUAE TOHKOTO METAIMYECKOTO WM KIEEBOTO 3IEKTPOINPOBOISIIETO
CJ104, € 33JaHHBIM KYCOYHO — IIOCTOSTHHBIM 3HaYCHUEM MOTECHIIHAIA YJICKTPHIECKOT0 MOJIS Ha AJIEKTPOAAX.

1. BBenenue

HccnenoBanne 3aKOHOMEPHOCTEH M OCOOCHHOCTEH pPacIpOCTpaHEHHsT BOJHOBBIX IPO-
[IECCOB B IMDJIEKTPHUYECKUX Cpelax, 00JialafolInX CBOHCTBOM mbe303ddexra, Mpu B3auMo-
JIEHCTBUM YIPYTUX U 3JIEKTPUUYECKUX MOJIEH, 3aHUMAIOT KIF0UYEBOE MECTO B COBPEMEHHOI
Teopur MexaHuku aepopmupyemoro tena. Ocoboe BHUMaHHE CPEAN ITUX HCCIIEIOBAHUM
yaensercs 3agadaM O BO3HMKHOBEHHHM W PAacCIpPOCTPAHEHHH JIOKAJIM30BaHHBIX (IIOBEpX-
HOCTHI)IX) BOJIH, BO3HHUKAIOIIUX IIPU B3aPIMO,Z[CﬁCTBPIPI Pas3InIHbIX CbI/ISI/I'{CCKI/IX MOJIEH.
ITbe303pPeKT W KOHCTPYKTHBHBIC (MEXaHHUYECKHE, DJICKTPHUYCCKHE) HEOTHOPOIHOCTH
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CYILECTBCHHO BIMAIOT Ha paclpejielieHHe BOJHOBOTO IOJISl, OCOOEHHO, B KYyCOYHO-O/HO-
POAHBIX 1e(OPMHUPYEMBIX TBEPIBIX TEIAX CIOKHON CTPYKTYPBL

B coBpeMEHHBIX 3JIEKTPOMEXaHHMUYECKHX CTPYKTYpax 4acTO MCIOJIB3YIOTCS TOHKHUE
9NEKTPOIPOBOAAIINE METAUIMUECKUE CION Pa3HOW JUIMHEL, a TaK)Ke OOBIKHOBEHHBIH Kiei
pa3HOW CTPYKTYpBI JUIA COCOMHEHUsS KOHTAKTHPYIOIIMX Tel. BO3HHKaeT ecTeCTBEHHBIN
BOIPOC 00 yCTpaHEHHWH WIM BO3HHKHOBCHUH ITOBEPXHOCTHOW BOJHBI OKOJO KOHTAKTHBIX
MIOBEPXHOCTEH COCTaBHOW KOHCTPYKIIHH.

[Tpobneme BO3OYXIEHHS M PaCIPOCTPAHEHHS MTOBEPXHOCTHBIX CIIBUT'OBBIX BOJH IO
TPaHUYHOH MOBEPXHOCTH B HEOJHOPOIHBIX IBE303JIEKTPUUECKUX CTPYKTYpax ¢ Pa3HBIMU
TPAaHUYHBIMA W KOHTAKTHBIMH YCJIOBHSMH IOCBSIICHO OOJBIIOE KOIHYECTBO pPadoT.
KopoTko ocTaHOBHMCS Ha HEKOTOPHIX paboTaX, TECHO CBS3aHHBIX C PacCMaTPUBACMOM
31ech 3aaadeid. OTMETHM, B IIEPBYIO ouepeb, KHUTH [ 1-4], OCBSIEHHBIE HCCIIEI0OBAHUIO U
pa3paboTKe OCHOBHBIX BOIIPOCOB, BOSHUKAIOIIUX B PACCMaTpUBaeMOi 00JIaCTH.

B pa6orax [5-20] u3y4aroTcsi BOJIHOBBIC IPOLIECCHI, CBSI3aHHBIC, B OCHOBHOM, C
TMOSIBJICHUEM MU PACIPOCTPAHCHUEM IIOBCPXHOCTHBIX CABUI'OBBIX BOJIH B IIBE30YIIPYTUX
cpenax. McciaenyroTcst KOHTaKTHBIE U CMEIIAHHBIE 3a/laddl IJIsl COCTABHBIX IbE303JIEKTPHU-
YEeCKUX MPOCTPAHCTB U CIOEB C Pa3IMYHBIMU KOHTAKTHBIMH U TPAHHYHBIMH YCIOBHSAMH Ha
KOHTaKTHBIX W CBOOOAHBIX IIOBEPXHOCTSX, a TaKKe COACPXKAIINX KOHIIEHTPATOPEI
HaIpsDKEHHUH B BUJE TPELIVH, BKIIOUYEHUH U JJIEKTPOIOB Pa3HbIX [UTHH.

B pabore [5] paccmarpuBaeTcs pacnpOCTpaHEHHE MOBEPXHOCTHBIX AJIEKTPOYIPYIHX
C/IBUTOBBIX BOJIH IT0 TPAHHUIIE pa3fesa IBYX MbEe30TEKTPHUECKUX HOMYIPOCTPAHCTB C pas-
HBIMH KPUCTAJUTMYECKUMH CTPYKTYpPaMH, CKICCHBIX DJICKTPOMPOBOMSIIMM TOHKAM CIIOEM.
[Momy4eHbl yCclIOBHSI CyIECTBOBaHHS M OCOOEHHOCTH PaclpOCTPAaHEHHUS 3JIEKTPOYIPYTHX
BoJIH. B paborax [6-16] n nUTHPOBAaHHBIX B HUX paboTax M3Yy4aroTCs 3a1audl JTUPpaKIUU
JNEKTPOYIPYTrol CABUTOBOM IJIOCKOH BOJHBI B COCTABHOM ITbE€303JIEKTPUUECKOM IPOCT-
panctBe. IIpu sTOM, mpeanoinaraercs, Yro Ha IOBEPXHOCTSIX pa3fena OCYIIECTBIISIOTCS
pa3In4HbIC CMEIIAHHBIE MEXaHUYECKUE U AIICKTPUUECKHE YCIIOBUS, 00YCIIOBICHHBIC HAJIU-
YHeM Ha KOHTAKTHBIX IOBEPXHOCTSAX 3a3€MJICHHBIX JJIEKTPOAOB, TPEIINH, METAUTMIECKIX
cioeB, OECKOHEUHOW WM TONyOecKOHeuHOH umHbl. B pabotax [17-20] paccMoTpeHsb
QHAJIOTHYHBIE 3aJaull IS MOITYNPOCTPAHCTB U CIIOS ¢ KOHEUHBIM MM MOTyOECKOHEUYHBIM
IIEKTPOIOM.

2. IlocTaHOBKA 3a/1a4H.
PaccmotpuM, obnamaromiee mbe303((EKTOM, COCTaBHOE YIPYroe IPOCTPAHCTBO B

nexapToBoii cucteme xoopaunat (OJx)z . IIpocTpaHCTBO COCTOUT M3 IBYX, COEIMHEHHBIX
MEXIy cO0OH, IIbE303JIEKTPHUECKUX  MONYNPOCTPAHCTB, 3aHUMAIOIUX  O0JIACTH

Q, (|x|<oo, >0,

Z| < OO) u Q) (|x| <o, <0, |Z| < OO) . I'naBHas och nMbe303J1€K-

TPUYECKHX IOIYIPOCTPAHCTB (KPHCTAT 6MMm TeKCaroHAIBHOW CUMMETPUH) MapajeiuieH
ocu Oz . Ha xontaktHoi miockoctn ) = 0, pasmensromieit moqynpoctpancTsa, NpUKIEeH
ANIEKTPOJT OECKOHEYHOM, MOJTYOSCKOHEYHON WIIM KOHEYHOH JUIMHBI, B BUJIE TOHKOTO METa-
JMYECKOTO WIN KJICEBOTO 3JIEKTPOIPOBOSIIETO cios. Ilpenmonaraercsi, 4TO DIEKTPOL
HEBECOMBIid, a0CONOTHO THOKMHA WM HJeaJbHO MPOBOJASAINIMN, TaK YTO MEXaHHYECKUMHU
BO3JIEHCTBUSIMU 2JIEKTPOAA Ha IOJYHMPOCTPAHCTBA MOXHO IpeHeOpeus. Ha smexTponax, B
BUJIE JJICKTPHIECKUX T'PAHWUYHBIX YCIOBHH, 33JaHbl aMILUTUTYIBl JJIEKTPHIECKOrO MOTEH-

uana H(x)
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OueBHIHO, YTO BUJ IEKTPUYECKHX TPAHUYHBIX YCIOBHH CBSI3aH CO CIIOCOOOM IOJ-
BOJIa JIEKTPUYECKOHN SHEPTUHU K MbE302J1EMEHTY. Ecan rapMOHMYECKHE BOJIHBI B IIbE303I€-

MEHTE BO30YKIAIOTCS TEHEPATOPOM HANpPSIKEHWs, TO 3Ha4YeHWE noTeHnmana H (x) Ha
5JIEKTPOJAX CUMTAETCA U3BECTHBIM. IIpu 3ToM mpeanonaraercs, uro H (x) MOCTOSTHHAS

WM KYyCOYHO — IMOCTOSIHHAST (DYHKIIHSL.
BBenem HeKOTOpBIE 0003HAUCHNS, CBSI3aHHBIE C IIEKTPOMEXAHUIECKUMHE NapaMeTpaMu

MBE30DJICKTPHUICCKUX TOJYINPOCTPAHCTB HMHACKCAMU ] = 1,2 . kj = (D/Cj — BOJIHOBO€

9HCII0, C; = i j (1 +X; ) / p;, - (ha3oBast CKOPOCTh PACIPOCTPAHEHHUS CABUTOBOW YIpY-

. 2
roi BOJHBI, W, W P, — MOMyJb CIABUIA U TIOTHOCTh, ¥ . =€; /M/S/ - k03 UIHEHT

BHCKTpOMGXaHI/I‘IeCKOﬁ CBs3H, ej = ejs, 8]- = Sjj — HAUDBJICKTPHUUCCKUE N NbE303JICKTPHU-

YECKHUE MOCTOSHHBIE COOTBETCTBYIONIUX MOIyIpocTpaHcTs [1,17].
B mbe3oonekTpruueckoM mpoctpacTBe (2, pacIpocTpaHseTcs 3ajaHHas CABUIOBas

o —iot
nockas ynpyras BonHa anTumiiockoi nedopmauun (SH - Bonma) w, (x, y)e e
—7 l
COMYTCTBYIOIIMM MOTEHIMANOM BJIEKTPUYECKOTO MO (x, y)e ' nmamaromas w3

OECKOHEYHOCTH MOJ YTIIIOM B(O <B< Tc/ 2) K IUIOCKOCTH XZ M NOJIAPM30BaHHAs BIOJb

OCH CHMMETPHH.
31ech

w, (x,y)zAOeipriqy, Q. (x,y):(el/sl)wm (x,y),
(p =k, cosp, q=kISin[3)

AMIUTATY bl YIPYTOTO NEPEMEIICHUSA U JICKTPUUICCKOTI0 MMOTCHIIMAJIa MaJar0InX BOJIH, AO

@2.1)

— IOCTOsIHHAs, () - 4acToTa KojeOaHuil majaromeii BOJIHbI, [ — BpeMsl.
PaccmarpuBaercst 3amada ompenenieHus, OOYCIOBICHHOTO HalWYHEeM B KOHTAKTHOM
30HE JJIEKTPOIOB, AU(PPArUPOBAHHOTO 3JIEKTPOYNPYToro BOJHOBOTO IIOJISI B COCTaBHOM

npocrparctse (2, UC), npu nudpaxiu cABUrOBOH SIEKTPOYIPYIoi IIOCKOI BONHBI
(2.1) u snexTpuueckoro norennuana H (x) Ha JIEKTPOJIE.
Hns onpeseneHus aMIUIMIYT YHOPYroro NepeMemenus w; (x, y) U DIEKTPUYECKOTO

noTeHImana @ (x, y) B COOTBETCTBYIOIIMX MOJIYyNPOCTpaHcTBax umeeM [1,12]
Mo, () + K (60) =0, (1.3)<0,
e. 2.2)
Ao, (x,y)+k?8—’wj (x,y)=0, (x,y)ers
J

[lo mocraHoBKe 3a1auu pelieHHus ypaBHEHMH (2.2) IOJDKHBI yJIOBIETBOPSTH CIEAY-
IOIMM KOHTAaKTHBIM - IPaHMYHBIM ycloBuMsM Ha mockoctd ) =0 (HempepsiHOCTH

3JIEKTPOYIIPYTOTO TOJIS):



(
1(x, O)=(p2 x,—O)zH(x), |x|<oo (2.3)
GE}Z) (x, +O) = G(;) (x, —0), |x| <00

3necs A =07 / ox* +0° / ayz — oneparop Jlarutaca, H (x) — 3a/1aHHBIA MTOTEHLMAI

JIEKTPUYECKOTO MO Ha JINHUU ) = O .

TakuMm 00pa3oM, peIlIeHHE MOCTABICHHON 3a/Jaud CBOMHUTCS K PEIICHHIO CHUCTEMBI
U depeHIaTbHBIX YpaBHEHHUI (2.2) pH TPaHUYHBIX YCIOBUIX (2.3).
OTMETHM,4TO B 3aBHCHMOCTH OT KOHKPETHO MMOCTaBJICHHOM 3a1adH, T.€. OT KOHKPETHO-

ro pacnpeiesenus 3aaannoi Gpynkuun H (x) , ycnoBust (2.3) MoryT usmeHsThes. Mexoms

U3 3TOT0, CHauaJjIa IIocTpouM obiee pemenue 3anaun (2.2), (2.3) npu 3agannoit H (x) .

3. Pemrenue 3anauu (2.2), (2.3). Beenem pynkimm
Wl(x,y)zwl(X,Y)_Wm(X,Y); (Dl(xa)/)z(Pl(X,y)_(Pw(an’) (31)

IMognctaBum (3.1) B (2.2) 1 IPUMEHUM K 3TUM YPaBHEHUSIM U I'PAHUYHBIM YCIOBUSIM
(2.3) npeobpazosanune Pypoe (I1D) no nepemenHolr X . B urore mpugem k cienyromen
KpaeBol 3ajaue

d*w, — d*® — e —
dyzl —viW, (G,y) =0; dyzl ~-c’@, (cs,y)+8—1k2W1 (G,y) =0, y>0,
e e ‘ (3.2)
W, o o A9, o e _ _
dy22 — YW, (c,y) =0; dy22 -c’9, (c,y)+k22 éwz (G,y) =0, y<0,
{“ [dl/l_/l_dww}_e[d&)l_d(pwﬂ :{“ dw, d@} 53
1 1 2 2 .
dy  dy dy dy )] dy dy |,_,

B (3.2) - (3.3)
v, (G) = ,162 —kf , F(G) = J- F(x)ei“xdx 3.4

w,(0,y)=2n14,"8(c+p);  ¢,(c.¥)=(e/e )W, (c.¥) (3.5)

Ob6mee pemnrenue cuctemsl (3.2), PeICTABISIONIEE YXO SIS BOIHBIL, IMEET BUI:

W, (o,y)= Ale’\/czlklzy +w,(c,y), »y>0

_ _ 3.6)
D, (G,y)=BI€_‘G‘y+(el/81)VV](G,y), y>0
,(0,0) = 4™, y<0 3.7)

_ oy _
(Pz(GaJ’)—Bze +(ez/82)wz(6’y)’ y<0
rae 4, B, (i =1, 2) — HOJUIEXKAIIHE ONPEIEICHHIO IIOCTOSHHBIEC HHTETPUPOBAHHUSL.
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VYnoenerBopsis, npu momormu (3.6), (3.7), ycnmousim (3.3) mis HEM3BECTHBIX Al., Bl.
MOy YHM:

4 = (e1+e:)[o] (o) “2n4, {_ZLiq)-i-l:lS(G-l-p)

K(o) K(-p
A, = 4, +2143(c+ p) (3.8)
B =B,=—(e /e )4 -2n4,(e/e)8(c+ p)+H (o)
3nece
K o) =0’ =k’ +uyo’ -k, —|c5|(ef/.s1 +€22/82) (3.9
rae
Ty =“j(1+xf); X zefz'/(gj“f); j=12, (3.10)

a K (G) MpEeACTaBISET COO0I TUCIIEPCHOHHYIO (DYHKIIHUIO 3a/1a4uu.
Teneps, ¢ yuerom (3.8), u3 (3.6) — (3.7), nocne obparHoro I1®D, ans moreHUMANOB
w, (x,y) uQ; (x y) HOJIYYHM:
w(n) =5 | ol (o) e do-
—2A0 [K —~ ]7 W ige™ +A0[e”qy —e? ]ei‘”, y>0
1 Te+e,

5 %)

(0 (x,y): 2:8 J ‘;1{+e2)| |H [ Ny _ef\o\y}e—icxdc_i_
1 —0

L 2|o|H (o)™ e "do - 4, [E(G)Tl wige™ ™, y<0 (3.12)

1 2 —|oly ,—iox . o o
+%_J;H(G)e Ve dG+A0(el/81)|:e qy_eq_]ep B 613)
—24, [E(_ ):I*l (el/sl)ui‘l‘q(eiqy _e*\p\y)eipx’ 320

_ e, € +€ l: Jo2 -k y Gyj| —iox
= H - d
(Pz(xay) 271:82 _[ K( )| | ( ) €€ G+

J' H(c)éVe ™ do - (3.14)

_ZAOI:K :|7 62/82)M11q( m)’_epy)eip)(, y<0



He ocranaBnuBasich Ha O6H_ICM HCCICA0BAHNH ITOJYUYCHHBIX BOJIHOBBIX COCTABJIAIOIINX
u3 (3.11) - (3.14), 3o OyAeT cAENTaHO B CIEAYIONIEM IYHKTE, 3aMETHM CJIC/IYOIIEe.
Dopmynamu (3.11) - (3.14) paroTcst aMIIIUTYAHBIE BRIPAXKEHUS 3IEKTPOYIIPYTOro MO

B Ibe30dJIEKTpHuecKuX momynpoctpancteax €, u €2, B BUIE CyMMBI OTIEIBHBIX
COCTABJSIIOLIMX OT BHELIHUX Bo3xedcTeuil [ (x) nw, (x, y) - Iorenmmaner W, (x, y)

uQ, (x, y) J =12 upencrapnsior coboil To4HOE pelleHHE MOCTABIEHHO 3aiaud B
KBajpaTypax B BujJe uHrerpanoB ®ypwe. HeTpyauo yOequThCs, YTO MONyYeHHBIE BBIpa-
KEHHST Ul W, (x, y), ¢, (x, y) YIOBJIETBOPSIIOT BCEM KOHTAKTHBIM ycIOBHAM (2.3), u

YCIIOBHSIM yXOJISIIEH BONHEL
B noxsiHTerpanpHbix BeipaxkeHusx (3.11) — (3.14) durypupyer aucnepcuonHas QpyHK-

s K (G) n3 (3.9). OueBUAHO, YTO /IS TIOJIHOTO U3YUYCHHUS XapaKTEPHBIX 0COOCHHOCTEN
BOJIHOBOTO IIOJISI B ITb€303JICKTPUUECKOM IPOCTPAHCTBE CleNyeT MOApOOHO HCCIEIOBAaTh

(hyHKIHIO K (G) , KoTopylo, cnenys [5,14,15], npeacrtaBum B cienyromeM BUe:

K(G)=u7K1(0)+u;K2 (G) (3.15)

Izj (0)=4/c —kf —Zj|c; X =X,/(1+Xj); j=(1,2) (3.16)
OyHKIMN El (G) u ]?2 (G) HMEIOT HyJIH TOJIBKO B Toukax =0, u +O,, rae

1+7y.
=5 sk >0 (.17)

KNS

32[60]: (,0/(51 u (,0/02 CKOPOCTH CABUTOBBIX NMOBEPXHOCTHBIX JJICKTPOYINPYIUX BOJIH

rac

I'ynsieBa-brocteiina B nonynpocrpanctsax €2, u {2, cooTBeTCTBEHHO.
OxaswiBaetcs [5,14,15], nucnepcuonnas Qpynkmus K (G ) u3 (3.15) umeer Hymu B
Toukax O ==10,, rae O, — EIMHCTBEHHBI MONOKHTENbHBIH KOPEHb yPaBHEHHs

K (G) =0. Ipu stom, 0)/ G, — CKOpPOCTb PAacIpOCTPAHECHHS MOBEPXHOCTHOM BOIHBL

JlokazaHo, 4yTo

G, >k, >k, ecnn

o, >k >k,, ecom (3.18)

a Takxe, 4ro O; < o, <0, uwm O, < o, <O, , T.e. 3HAUCHHE CKOPOCTH - 0)/ o,
BO3HHUKAIOUIEH MOBEPXHOCTHONW BOJHBI HAaXOAWUTCS MEXKIY 3HAUEHHSMHU CKOPOCTEH BOJH
I'ynsaeBa-bmocrelina B mpocTpaHCTBax Ql U Q2 .



Hcrionb3ys 5TH pe3yJIbTaThl, IpH 3a1annoM H (G) , U3 HUHTETPAJIbHBIX COCTABIIAIOIINX,
Bxoasumx B (3.11) — (3.14), MOXHO onpeenuTh 00yCIOBICHHBIC paclpeeICHUEM TOTEH-

nuajia H(x) JOIIOJTHUTCIIbHBIC KOMIIOHCHTBI BOJIHOBOI'O ITOJIA. B wurore IMOJYy4HUM, 4YTO

HaJIUYHe HCTOYHHMKA KOJICOaHMIA MNOTCHIMAJIA JJICKTPUICCKOTO IOJISI B BUAC H (x) IIPpUBO-

JUT K paclipoOCTPaHCHUIO C,HBI/II‘OBOﬁ HOBerHOCTHOﬁ BOJIHBI, JIOKQJTM30BaHHOM Y IUIOCKO-
CTH KOHTAKTa, a TaKXC ,Z[I/I(I)paFI/IpOBaHHLIX 3aTyXaromunx 00BEMHBIX BOJIH B COOTBET-
CTBYIOIIIUX NOJYIIPOCTPAHCTBAX. DTHMH BOIIpoCaMu 3aliMemMcs B CJICAYIOIIECM ITYHKTE.

4. Pemenue 3aaa4u npu 3aganaom H (x) .

PaccMoTpuM citydaid, korna Gpynxous H (x) u3 (2.3) naercs hopmyIoit

H(x)=V.9(-x)+V,9(+x) (4.1)
re 3 (x) — n3BectHas QyHKIWA XeBucaia [22].

Torna st H (G) OyzneM UMeTb:

I‘_[(G)ZR(V++V:)5(G)+Z'(V++V7)/G 4.2)
rae O (G) — M3BecTHas1 nenbra GyHkms Jupaka.

N3 (3.11) — (3.14) HetpyaHo yOenuThCs, 94TO I OKOHYATEITHHOTO OIMPEeIICHUS TIOTeH-
1ajioB W_/. (x, y) u (pj (x, y) cJenyeT BRIYUCIUTD CIeNYIOINUN HHTErpat:

1 N o - —iox
J(x,y)=— |_—|e "We ' do (4.3)
2n ¥ oK (o)
rae I?(G) — naercs popmynamu (3.15) u (3.16),a v, (OL) — popmyoii (3.4).
He ocraHaBnuBasch Ha BBIYHCIMTEIBHBIX MOJPOOHOCTAX, OTMETHM JIHIIb, YTO JUIS
MCCIIeIOBAHMSI M BBIYMCIICHHUS MTOJTY4YEHHBIX HECOOCTBEHHBIX HMHTErpasioB u3 (3.11) — (3.14)

WCTIONIB30BaHbl PE3yIbTathl U3 [23,24]. Oynkuus K (OL) , KaK OTMEYaJoCh BBILIEC, NMEET
IBa NEHCTBUTENBHBIX KOPHA B Toukax O =10, . Jlna BeIOOpa OJHO3HAYHBIX BeTBEil

dymxmmit v (OL)Z,[(S2 —k_? (j=l,2) u |OL

M0, B KOMIUICKCHOH IUIOCKOCTH Ol = G +IT TNPOBEICHB COOTBETCTBYIOIIHME Pa3pessl,
o0ecreynBarolIye YCIOBHE YXOAIIeil BOIHBL.

, BXOJSIIUX B MOABIHTErPajbHYIO QYHK-

HpI/IHI/IMaﬂ, JJI OTIPEACJIICHHOCTH, k2 > kl , TOroa u Gs > k2 , HOJTY4YCHBI aHaJINTU4YC-

CKHE BBIPA)KEHHA JJIS1 aMILUIUTYJ BCEX KOMIIOHEHTOB BJIEKTPOYIPYIOr0 BOJHOBOIO IOJIS —
yIpyroe nepeMeleHue U MOTEHIMal 2JEKTPUYECKOro MOJIs BO BCEX y4acTKaX MbE30JIEKT-
PHYECKOT0 IIPOCTPAHCTBA.

ITonyuyeHHsle, B WTOre, aMIUIUTYyAHBIE BBIPRKEHUS B IIOJHOM O0BEME 3Jech He
MPUBOJATCA. 3/1€Ch, B OCHOBHOM, Oy/JIeM OCTaHABJIMBATHCS HA aMIUTUTYIHBIX BBIPAKEHUAX
J(parupoBaHHBIX IOBEPXHOCTHBIX, HEOJHOPOAHBIX, OTPAXKEHHBIX U MPOXOSAIINX BOJH.



OGo3HaunM Yepes Wj(i) (x, y) n q)(ji) (x, y) CYMMApHYIO aMIUTUTY/y OT BHEIIHHX

Harpys3oK, Ul YIPYroro IepeMelleHHs M 3JIEKTPUYECKOro IMOTEHIHala B OTJIEJIBHBIX

kBanpanTtax mwiockoctd z = 0. Torma u3 (3.11) - (3.14) momy4um —

B KBaJIpaHTe CO(+) (x >0,y > 0) :
W ( ) w11 (x y)+w12 ( ,y)+ww(x,y)+W1(x,y)
W ( ) w11 (x y)+w12 (x y)+ww (x,y)+VT/z (x,y)

B KBaJIpaHTE cog ) (x <0,y > 0)

o (x,7) = o (2, )+ ol (2, 2) + ol (x, )+ ) (x, ) + D1 (x, )
O (x,7) =0 (5, )+ 0}y (5, p) + 0l (6, 0)+ 0 (x,3) + D2 (x, )

B KBA/[PaHTe (o(;) (x>0,y<0):

W (x,) =) (6, 0)+ 9 (3, 9) + 73 (x, )

w7 () =) (3, 9) + ) (3, 0) + 4 (x, )

B kpanpante @, (x <0,y <0):

@) (x,3) = 0% (x,3)+ 05 (x,2) + 0 (%, ) + @3 (x, )
D)) (x,3) =) (%, ¥)+ %) (x.3) + % (x,9)+ @i (x,7)

3mecs

Wl(;;) (x’ y) _ Al(t)e—«[cz—kfyeiic)x’

wl(zi)(x,y)z—Ao (1+2[E(—p)] ullq) gy y>0
wh (x,y)=-24,[ K ( ] yig e VST

e y<0

X, y) = Agi) (ez /82 )[e_my — e_‘ca‘y :| eiioax

x,y) = —A02Tciu:q(el/gl)1?—l (G)[efiqy _e—\p\y}eipx

) c9) - 2 g e
2

Y

o} (x, )= 4 (e /5 )[eﬁy _ ec,y}em,x
(
(

10

(4.4)

(4.5)

(4.6)

.7)

(4.8)

(4.9)

(4.10)

4.11)



0 (n2) =0, (x9) =4 (e /e)e™™ (4.12)

o () =2 (1) %arctgf 413)

B BeimenpuseieHHbIX Gpopmynax (4.8) — (4.13) G, - KopeHb IUCTIEPCHOHHOTO YpaBHE-
HUS I?(G) =0, e E(G) naercst popmynoii (3.15), a
oK (G) «+ O «+ O . .
K'(c,)=——* =u | = — (X, + X
() 50(,:(,3 1\/@ 2\/@(11 22)
Al(i) = Agi) = [(K -V )(e, +ez)]/12'(i03)

BonHoBoe TI0Ne TepeMeleHui, cBazanubx ¢ W (x, y) ( j= 1,4) , BXOJALINMH B

sgno,

¢dopmyist (4.4)-(4.7), coctout U3 qUGParupoBaHHBIX 3aTyXalOMUX OOBEMHBIX BOJH, pac-
MIPOCTPAHSIOMIUXCS CO CKOPOCTBIO 0)/ k Iz Jis Hux, cnenys paboram [13,21], momyueHst

aCHUMITOTHYECKHE (HOPMYIIBL, MPEACTaBIIONIME BOJHOBOE II0J€ B JaJbHBIX 30HAX,
KOTOpBIE 3/1€Ch HE TIPHBOJISTCS.
Dopmynamu (4.4) — (4.7) naercs pacnpeneneHle 3IEeKTPOyIpyroro BOJIHOBOTO OIS B

nbe30dNeKTprueckux nomynpocrparctax (2 um €),. OHO cocTOMT W3 majarolLeii,

OTpa)i(eHHOﬁ " IIPOXOIAIINX BOJIH, III/I(I)paFI/IpOBaHHLIX 3aTyXarouux O6'BGMHLIX, a TaKxKe
JIOKQJIM30BaHHOM y KOHTAaKTHOM TIJIOCKOCTH HOBCpXHOCTHOfI BOJIHEI, pacnpompaHﬂ}omeﬁc;[

CO CKOPOCTBIO (D/ o, (o , — BOJIHOBOE YHCIIO MMOBEPXHOCTHO! BOJIHBI).

(

+
Wll)(x,y) u3 (4.8) — oTpakeHHBIE MOBEPXHOCTHBIE BOJHEI, JIOKAIN30BAaHHBIE Yy

QJICKTpOAa, pacIpoCTPpaHsAOTCA B Q] 0 IMPOTUBOIIOJIOKHBIM HAIPaBJICHUAM K OCHU OX C

[ 2 2
BOJIHOBBIM YHCIOM O, ¥ 3aTyXalT Mpu ) —> +00 10 3aKOHY exp(— o, — 1y).

[NosiBneHne 3TUX COCTABISIOIIUX LIEIUKOM OOYCIIOBICHO HAJIMYUEM BJIEKTPOJa, Ha JABYX
MOJyOECKOHEYHBIX YacTsAX KOTOPOTrO 3a/laHbl IOCTOSHHBIE, HO pa3HbIE I10 BEIWYMHE,
3HAUEHUS OTEHIIHAIA JIEKTPUUECKOTr0 OIS, a TAaKKe CBOHCTBOM Ibe303(deKTa.

Ipu sTOM, HeTpymHO 3ameruth, uro ecmu V, =V =const wm V, =V =0

IMOBEPXHOCTHAA BOJIHA HE NOABJIACTCA.
HpI/IMepHO TO K€ CaMO€ MOKHO CKa3aTb OTHOCHUTCIIBHO MPOXOAANINX IMOBEPXHOCTHBIX

*
BOJIH Wgz) (x, y) u3 (4.8), pacpoCTpaHAIOUIUXCS B Q2 B IIPOTHBOIOJIOXKHBIX Halpas-

nennsx k ock OX co CKOpPOCTBIO co/ O, Hu yObBarOIMX HOpH ) —> —00 MO 3aKOHY

exp(\/csi —kzzy).

WS ) (x,y) u ng) (x,y) , 13 (4.9), aMIUIUTY 1Bl OTPAKEHHOW W MPOXOJSIIEH BOJH,

pacnipocTpansoruxcss B monmynpoctparcteax ¥ >0 m <0 coorserctBenHo.
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Wy

Wy

(x, y) KaK oTpaxeHHas BomHa B () pacmpoctpamsiercs co ckopocTeio /K, a
(x, y) , Kak npoxozsmas u3 €, B €, , pacnpocrpansiercs co ckopocthio M/ k, .

[loreHuunan 3y1€KTPUUECKOrO MO (p(x, y) , He 00JajaeT BOJHOBBIM XapaKTEpOM.

OZ[HaKO, IMpUCBAaNBAHNUEC €MY BOJIHOBBIX CBOﬁCTB, HUMECT CMBICII KaK B TCOPETUYCCKOM, TaK
U B MIPAKTHYECKOM aCIIEKTe, YTOOBI MCCIEIOBaTh XapaKTepHbIe OCOOCHHOCTH MOTEHIHAIa
NIEKTPUIECKOTO OIS, KaK HEOTHEMIIEMOM YacTH 3JIEKTPOYIPYTOro BOJHOBOTO IOJS. DTO
0COOCHHO BaXHO B paccMaTpUBAaeMOH 37ech 3ajade, B KOTOPOH B POJIM BHELIHETO
BO3IEHUCTBUS (Harpy3Kd) BBICTYNAeT HEHYJIEBOE 3HAUCHHE ITOTEHIHANa DIIEKTPHIECKOTO
TIOJISL Ha DJIEKTPOJIE.

OO6partumcs Tenepb K BBIPAKESHUSIM (pﬁ) (x, y) u (p(;) (x, y) u3 (4.10), mpencranisi-

IOIIMM YaCTh HIEKTPHYECKHX TOTEHIIAANOB (Dgi) (x, y) u CD(;) (x, y) .

IepBble COCTABIAIOIINE YTUX BBIPAKEHUH NPEACTaBIAIOT COOON IMOTEHIUANIbI, COIYT-
CTBYIOLIME NTOBEPXHOCTHBIM BOJIHAM Wf;:) (x, y) u WS) (x, y) , 1 00J1a1al0T aHAJIOTUY-
HBIMU BOJIHOBBIMU XapaKTEpHCTHKaMH. BTopble COCTaBIAOIIUE IPENCTaBISIOT COOOH
OTpa)KeHHYIO (IIPOXOJIAILYI0) TIOBEPXHOCTHYIO BOJIHY, pacipocTpassioutyiocs B {2, (Qz)

IO MPOTHUBOIIOJIOKHBIM HAIIPABJICHUSAM K OCHU Ox C BOJIHOBBIM YHCJIOM Gs n 3aTtyxa-

IOIYI0 MO 3aKOHY exp(ir|03|y) npu Y —> 100 . TlosiBIEHHE TUX ClAraeMbIX OISTH
00yCTIOBICHO HAIMYMEM OJICKTPOAA C 3aJaHHBIM 3HAYCHHEM I[IOTCHIMANA HA HEM.
( (£)

(pﬁ) (x, y), 03, (x, y) obpamarorcs B Honb i ) —> 0, obecneunBas, coBMECTHO ¢

(*)

O (x, y) u3 (4.13), BEINIOTHEHUE TPAHUYHBIX ycloBuit (2.4).

( ()

Amnanoruyso, (pé) (x,y) 1 @y (x,y) u3 (4.11) mpencTaBisAioT coboil MOTEHIHABI,

() (

o + +
COMMYTCTBYIOIIUE IMMOBEPXHOCTHBIM BOJIHAM IIE€PCMECIICHUU le (x,y) nu WZI) (x,y) , U

o6nana}0T BOJTHOBBIMHU CBOMCTBaMHU.

5. YactHble cryyan. PaccMoTpuM [1Ba 4acTHBIX Cllydas pacCMOTPEHHOH 3ajaud mpu

3a[laHHOM DPACIIPEENICHAH IIEKTPUYECKOTO moTeHnmana (x) , IpeJironaras Impu 3ToM,

YTO Iagaroigas BOJIHaA U3 OCCKOHEYHOCTH OTCYTCTBYET (AO = 0) . MHpIMu CJIOBaMH,

MNpUMEM, YTO IapMOHUYECKUEC DJICKTPOYIPYTHUE BOJHBI B IMBE303JICKTPUICCKOM MPOCTPAH-
CTBC BO36y)KZ[aIOTC$[ moa BO3,H€I710TBPICM 3aJaHHBIX Ha J3JICKTpOoAaX IIOTCHIIMAJIOB

3IEKTPUYECKOTO TOJS B BHJE KYCOYHO-TIOCTOSHHOM (ynkuun H (x) OtMeTuM, yTO

6y,HGM OCTaHaBJIMBATBCA TOJIBKO Ha aMIUIUTyJax nepeMemeHMﬁ 1 noTCHIMAJa 3JICKTpHUIe-
CKOr'o I10Jid MOBEPXHOCTHBIX BOJIH B obnactu Ql , TaK KaK B TaKOM TOCTaHOBKE 3a1a4u,

MOJTYIpOCTpaHCTBA Ql n QZ HaxoJiTCs, KAYECTBCHHO, B OJTMHAKOBOM COCTOSHHUH.
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1) ITycts
H(x)=1/18(x+a)+l/28(x—a),(Vl,Vz)~const (5.1)
T.e. IpeJIIoNaraeTcs, 4ro notennman Ha tuaun ) = 0 cocpenorouen B Toukax *a .
Jusa 1o H (x) Oy/ieM MMETb:
H(o)=Ve "™ +V,e™ (5.2)
TToncranoBkoii (5.2) B (3.12) u (3.13) 1 BIYHCICHHEM HHTETPAIOB LIS IOBEPXHOCTHBIX

(n)

KOMITOHEHTOB YHPYTHX NEPEMEIICHUA W) (x, y) U MOTEHIHANa NIEKTPUUECKOTrO MOt

(PS”)(X,)/) B QQ, momyunm:

Wl(n) (x’ y) _ lNl I:Vleiic)a + Vzeiloaa ] e Gg—klzyeiicr)x (53)

n . € ic,a Fic,a *«,0’27 2y —lo. tic,x
(PE )()C,y)=l—1Nl[Vlei + Vet ][e U ’y}? 7+
€
: (5.4)

+7! l:Vly((x+a)2 +y2)71 - 2y((x—a)2 +y2)1}

e N, = (e, +e,)0, (27K (a,)) | (5.5)

U3 (5.3) u (5.4) cnemyer, 9T0 BCNEACTBHE MU(PPaKIuH, B momynpoctparctee ) > ()
BO3HHMKAIOT MTOBEPXHOCTHBIE BOJIHBI, OOYCIIOBJICHHBIE CYry0O HAJIMYMEM TOYEK pa3pbiBa
MOTEHIMANA 3JIEKTPHUECKOTO MoJs Ha snekrpone H (x) B TOYKax @ . DTH BOJHBI,
JIOKAIIM30BaHHBIC Y JIEKTPOA, PacIpoCTpasorest B ()| 110 HPOTHBOMOIOXKHBIM HAIIPaB-

nenusM k ocu OX , ucxXons U3 Todek paspeiBoB Fda . CKOPOCTh paclpOCTpaHEHHs, MO
Hanpapienuo oci OX , a Takxke MOPANOK yOBIBAHUSA TOBEPXHOCTHBIX BOJH MO HAIpPaB-
nenmto (Jy , KaKk U CIENI0BATIO 0KHIATh, COBMANAIOT C COOTBETCTBYIONIMMH 3HAYEHUSIME

Wl(li) (x, y) u (pﬁ) (x, y) u3 (4.8) u (4.10), COOTBETCTBEHHO.

Bropoe cocramnstomiee u3 (5.4) He MMeeT BOJHOBOW XapakTep, HO OOecleunBacT
BEITIOJIHEHHE TPaHuIHOro ycnosust (5.1) mpu Y —> +0.

2) Pactipenenenne H (x) 3a1aHo Gopmyoit:
H(x)=V3(-x-a)+V, [3(x+a)—8(x—b)]+V23(x—b)
e S(X) — pynkuua Xesucaiiza.

Teneps s [1O H (x) TOIYYUM
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(5.6)

V=V, ;
+|i2—2+n(V,-V,)d(c) ™
(&
AHanormgHpIM 00pa3zoMm, Kak W B cimydae 1), moacraemsas (5.6) B (3.12), (3.15) u

YYHUTBIBAs, 4YTO AO =0, IJ1s1 TIOBEPXHOCTHBIX KOMIIOHEHTOB Wln (x,y) u (pf (x,y)

BOJIHOBOT'O 107151 B TIb€302IEKTPHYECKOM MOMynpocTpancTBe {2, momydnm:

w' (x,y)= —%WO (x)ef“cffk‘zy (5.7)
(pZ(x,y):—ﬁi o(x)[e“Gfk‘zy—ec’y}+V°_VlarCtgx+a+

G, & T Y (5.8)

V,~V,  x—b V,+V, '

+ arctg +

n y 2

Vo—V) e (v, — 1 ) 9(x—b) > x>

N (e AL e

(v, - Vl)S(—x—a)e_m’("m) +(V, - Vo)e_ic’(x_b); x<b

Iomydennsie dopmynst (5.7), (5.8) yka3pBaroT Ha MOTHOE KadeCTBEHHOE CXOJICTBO
pacnpeneneHuil 1upparnpoBaHHOTO MOBEPXHOCTHOTO BOJHOBOTO IOJISI C PACCMOTPEHHBIM
BhIme ciydaeM 1). M3 3tux ¢opmys Takxe clienyer, 4To:

aynpu V, =V, (K) = Vz) TIOBEPXHOCTHBIE BOTHBI BO3HUKAIOT TOIBKO U3 TOUKH D (—a) )

6) npu V, =V, =V, = const, BonHoBoe 10OJIE B NbE303]IEKTPHYECKOM NPOCTPAHCTBE HE
BO30yXJaeTcs.
r) mpu V= O(VI,V2 # 0) wm V=V, = O(VO #* 0) HOBEPXHOCTHBIE  BOJIHEI

BO3HHUKAIOT U3 TOYeK —d U D .

3akiaioyenue. B pamkax aHTUIIIOCKOH nedopmanuu uccienyercs AWHAMHYecKas
KOHTAaKTHasl 3a/ladya O BO30YXKICHUM U PACHPOCTPAHEHUM CIBUIOBBIX MOBEPXHOCTHBIX H
00BEMHBIX BOJIH B COCTABHOM DJICKTPOYNPYTOM MPOCTPAHCTBE, COCTOSIIEM M3 JBYX KECTKO
COCIMHEHHBIX MEXY COOO0 MbEe303JIEKTPHUYECKHUX MOTYIPOCTPAHCTB.

Ha rpaHW4HO#i TJIOCKOCTH, TJI€ PACIIONIOKEH dEKTPOJ] OECKOHEYHOH JJIMHBI, 3apsiKeH-
HBI KYyCOYHO — IOCTOSIHHBIM 3HAYCHHEM IOTCHIMANIA DJICKTPHUUECKOTO II0JIS, OCYIIECT-
BJISICTCSI TTOJTHBIH AJIEKTPOMEXaHHMYESCKHUI KOHTAKT.

TTocTpoeHO 3aMKHYTOE pellieHHEe 3afayd B Buae HHTerpanoB ®dypee. IlomydeHs
AHAJIMTHYCCKUE TPEJCTABICHUS JUIS aMIUTUTYJ KOMIIOHEHTOB JIICKTPOYIPYTOro IoJis
(3.11) — (3.14). JIns MOBEpXHOCTHBIX, OTPAXKEHHBIX U MPOXOISIIMX BOJH BBHIYHCICHBI H
[IPUBE/ICHbl KOHEUHbIE BBIPAXKEHUSI aMIUIMTYAHBIX (GopMyI JUIs yIpyrux NnepeMeuieHui u
MOTEHLIMANIA HIIEKTPUUECKOT0 MO B KaXKOM KBaJ[paHTE MbE303JIEKTPHUECKOTO POCTPaH-
cTBa. OTH (HOPMYIIBI B IBHOM BHJE COJICPKAT OCHOBHBIC BOJHOBBIE OCOOCHHOCTH, TPHCY-
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1Me BO30Y)KJICHHBIM 3JIEKTPOYIPYTHM BOJHAM, O KOTOPBIX OBLIO CKa3aHO BbIIIe. M3 aTHX
(hopMysI, B 4aCTHOCTH, JUIS MOCIEAHHUX ABYX CIIy4aeB, CIEAyeT, YTO HAJIUYHE B pacrpe-

JCICHUHN H(x) TOYCK paspbiBa HNPUBOAUT K CYHICCTBEHHOMY MEPEPACIIPEACIICHUIO

00I11ero 3J1eKTPOyIpyroro BOJIHOBOTO I10JIs1, 00YCIIOBICHHOMY IOSIBIICHHEM HOBBIX HOBEPX-
HOCTHBIX BOJH. VIMeeT MecTo n 00paTHBIH mpolece, CoKparias TOYKH pa3phiBa B HArpy3Ke
MOTEHLIMANa HJIEKTPUYECKOro MOJIA Ha BIICKTPOJE, MOXKHO YCTPAaHHTh HOBEPXHOCTHYIO
BOJIHY.

Crnenyer ormeruth, uto u3 (3.11) — (3.14), HEemOCPENCTBEHHO IOJYYHUTCS pEIICHHE

COOTBETCTBYIOIICH 3aJaud JUls  IIbE302ICKTPHYECKOro momynpocrpatctsa 2, Ha
CBOOOJIHOM OT HANpPSHKEHUH IPaHUYHON MOBEPXHOCTH KOTOPOTO PACIOJIOKEH 3JIEKTPOJ

notenmmanom H (x) . C 3T0i1 TOYKHM 3peHHMs, UHTEPECHA BBIILIE PACCMOTPEHHAs 3a1a4a 2)

upu V=V, =0,V, #0.

Ilonmy4eHHble pe3ynbTaThl MO3BOJIAIOT B JAJIbHEHIIEM MOCTaBUTh U PEIIUTh aHAJIOTWY-
HBIE 3a/la4d, CO CMEUIAHHBIMH JJIEKTPOMEXaHMYECKHMMH YCIOBHUSIMH JJISI COCTaBHBIX
oOnacTteld, 6osee MPUOIMIKEHHBIX K peabHBIM KOHCTPYKIIUSIM.
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M3BECTUS HAIIMOHAJIbHOM AKAJIEMUM HAYK APMEHUX

Utkhumthju 78, Ne2, 2025 Mexannka
YIK 539.3 DOI: 10.54503/0002-3051-2025.78.2-17

OTPAKEHUE YIIPYT'OM BOJIHBI OT IIOBEPXHOCTH
COITPUKOCHOBEHMS ®EPPOMATHUTHOM IMOJIOCHI A
JUIJIEKTPUYECKOI'O IOJYITPOCTPAHCTBA

Arasin K.JL., Atosan JI.A., Caaksan C.JI.

KioueBbie ciaoBa: YIIPYTO-CIIMHOBBIC BOJIHBI, JUDJICKTPUYCCKOE ITOJIYIIPOCTPAHCTBO, q)eppOMaFHHTHLIﬁ CHOﬁ,
MarHUTHBIN OKpaH.

Aghayan K.L., Atoyan L.A., Sahakyan S.L.
Reflection of an elastic wave from the contact surface of a ferromagnetic layer and a dielectric half-space

Key words: elastic-spin waves, dielectric half-space, ferromagnetic layer, magnetic screen.

The paper solves the problem of reflection and refraction of an elastic wave from the contact surface of a
dielectric half-space and a ferromagnetic layer with a magnetic screen. In addition, the dependences of the
amplitudes of these waves on the frequency of the incident wave and the intensity of the external magnetic field in
which the structure under consideration is located are numerically investigated.

Unujui 4.L., Upnjut L.2., Uwhwljui U.L.
ThhEyupply Yhuwwnwpwsmpyub b pipndwquhuwljub skpuinh sthdwt dwhtplnyphg wrwdquiwh
whph winpunupdnidp

Pulnoh pumhp‘ wnwdqui-uuthiwjhtt whplbp, nhiEjnphl jhuwnwpusnipnit, depnduqihuwljut
otipwn, dwquhuwljwb Eypwi:

Zopjudnud msqus b wnwdqujub wihph winpunupddwb b pijdwh pbughpp ghiEyuphly
Jhuwunwpwsnipjui b dwqihuwlub Bjpuing $Epndwquhuwlub skpnh sthdwt dwlkpbuhg: Fugh
wyn, pYughtt Yhpuyny hbwnwgninglt) Bu wyn wihpubph wduphnnigbph jupjuénipmniop wiljdwh
wihph hwdwhpwlwinpmnithg b wpunwphtt dwquhuwlwt gupnh  htnbtuhynipniihg, npoud
quiiynud E nhinwpljdnn junnigduspp:

B pabore pemaercst 3ajada OTpaKeHHsT M IIPEIOMIICHHsS YHPYroil BOJNHBI OT IOBEPXHOCTH KOHTAKTa
JIUDIIEKTPUYECKOrO  TOIYNPOCTPAHCTBA M (hEPPOMATHUTHON MOJIOCHI C MAarHUTHBIM 9KpaHoM. Kpome storo
YHCJIEHHO MCCIEJOBaHbl 3aBUCHUMOCTU aMIUIMTYJ 3THX BOJH OT 4acTOThI Najarouieil BOJHbI M MHTEHCHBHOCTU
BHEIITHETO0 MarHUTHOT'O MOJIS, B KOTOPOM HaXOJWUTCS PacCMaTpUBaeMasi KOHCTPYKIIHS.

1. Beegenume. Kak usBectHo [1-3,8,10] B MarHMTOyHOpsIIOUYEHHBIX Cpegax Ha oIpene-
JICHHBIX YaCTOTaX BO3HMKAIOT B3aMMOCBs3aHHbIE (THOPHUIHBIE) MarHUTOYIPYTHE BOJHBI
(MVYB), unu unaue ynpyro-cnuHoBbie BonHbl (YCB). BrepBbie omnmcaHue IBIKCHHS
HAaMarHUYeHHOCTH B MarHUTOYTIOPSIIOYEHHBIX cpenax 0pu1o gano @. bnoxom B 1930 ., M
ke ObUT BBeJIEH TEPMUH ‘‘CIIMHOBBIC BOHBI . B3ammozeiicTBre CIMHOBBIX U YIPYTHUX BOJH

9
IIPOMCXOMIUT HA YIBTPA3BYKOBBIX M IUIep3BykoBbix yacTotax ~10° I'm, Bepxnss rpanuna
10
111 MYB pasna 5¢10° T'u. B kauecTBe (peppOMarHMTHOrO MaTephaia HCIOJb3YeTCs

JKene30-uTTpueBblii rpanar (OKUI'), koropelii o00najaeTr HU3KAMH IOTEPSIMH NPU
MPOXOXKIEHUH KaK CIIMHOBBIX, Tak 1 MY B.
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B mpennaraemoit pabore paccMaTpHBAeTCsl KOHCTPYKIHS, COCTOSIIAs M3 IHAJICKTPHU-
YECKOro YNpPYyroro MOJNYNPOCTPaHCTBA (IOANOXKKU) M IPHMBIKAIOLIEr0 K HeMy deppo-
MarHuTHOIO CJIOS C MarHUTHBIM 3KPaHOM, 3aKPEIUICHHBIM Ha €ro BHEIIHEH MOBEPXHOCTH.
Bomnpocsl pacnpoctpanenuss MYB B pa3nuyHbIX (GeppoOMarHUTHBIX KOHCTPYKIUSX THUIA
MarHUT/HEMarHuT, MarHUT/ MarHUT W Tp. PacCMOTPEHBI BO MHOTHX paborax [1-12].
IIpeanonaraercs, 4To B KOHCTPYKIMSA HAXOIUTCSA BO BHELIHEM, IIOCTOSIHHOM MarHUTHOM

noine Fio (0,0,H,) , nanpasnennom nepnenaukysIpHO pacupoctpanennio MYB.

Pemmaercs 3amaua oTpaskeHUs U MPEIIOMIICHHSI YIIPYTOH, CIBUTOBOM BOJHBI, MaJaromeit
W3HYTPH U3 OCCKOHEYHOCTH AMAIEKTPUSIECKOTO IMOJIYIPOCTPAHCTBA HA €ro MOBEPXHOCTHh
CONPHKOCHOBEHHUS C MAaTHUTHBIM ciioeM. HaliieHbI BOJTHOBBIE MOJISI B KOHCTPYKIIMH, KPOME
TOTO IPOBEJCHO YHCJICHHOE HCCIIE[OBAHUE 3aBUCHMOCTEIl aMIUIMTYA OTPaXXKEHHOW U
NPENOMIICHHON BOJIH OT 4YacTOTHl Majaroumieldl BOJHBI M HWHTEHCUBHOCTH BHEITHETO
MAarHuTHOTO 1oJIs. [IpuBeeH COOTBETCTBYIONIME IPpa KU 3aBUCUMOCTEN.

2. IlocranoBka 3amauu. PaccmarpuBaercsi yIpyroe AHDIIEKTPHUYECKOE TMOIy-
IPOCTPAHCTBO B J€KapToBoii cucteme koopmunat OXYZ, 3ammMaromee 06JacTh

(-0 < X,Z<00;¥Y>0), u npumbikaronmii Kk HeMy (EpPOMAarHUTHBIA CIIOH ¢ MarHMT-

HBIM DJOKpPAaHOM, 3aKpPCIUICHHBIM Ha NOBEPXHOCTU CJIOA y =—h . HonaraeTca, 4TO BCA

KOHCTPYKIUA HaXOAUTCA BO BHCIIHEM, MarHUTHOM IIOJIC HO(O’ 0, HO) , HallpaBJICHHOM
o oCH OZ . I[anee rnojlaracM, 4TO Ha NOBCPXHOCTH COIIPUKOCHOBCHUA y = 0 HU3HYTpHU

TIOJTYIPOCTPAHCTBA U3 GECKOHEYHOCTH MO/ YIJIOM 3 TajaeT ynpyras cIBMTOBasi BOJHA,
KOTOpasi MPEeNOMIIIACh Ha TPAHMIE CONPUKOCHOBEHHS, BO30OYXKHAeT YIPYTO-CHHHOBYIO
BOJIHY B (peppoMaruutHoii nosnoce (Pur. 1).

v y
®ur. 1

B nanbHeiiem, Bce BEINYHUHBI, OTHOCSIINECS K OIYIPOCTPAHCTBY, OyIyT OTMEUYEHBI
MHIEKCOM 1, a oTHOCsIHECS K PEpPOMATHHTHOMY CJIOKO - HHIEKCOM 2 .
Vipyroe BOJIHOBOE IT0JI€ B MOAJIOKKE OIPENENIIeTCs CleAyIONUM ypaBHeHueM [13]:

W, =S/ Aw,, 1
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rae W (X, Y,0) =W, (X, Y, 1) + W, (X, Y, 1), W, (X, Y,1), W,,(X,Y,1) - nanaromas u
2 y .
oTpakenHas ynpyrue Bonuel, S, =G, /p,- ckopocts ynpyroii nonepeunoii sonnsl, G, -
o0 o
MOJIyJIb CIBHTa, [, - IIOTHOCTh MaTepHana moanokkn, A =—-+—- .
ox~ oy
MarHuTOCTaTHYECKOE TI0JI€ B JIMAIEKTPUIECKOM TIOJTYTIPOCTPAHCTBE XAPAKTEPU3YETCS

marauTHbM notenumanom @, (X, Y, 1), koroperit onpenensiercs ypasrenuewm [6, 14]:
Ap, =0. @

Cucrema ypaBHEHHUH, XapaKTepH3yIOIias YIpyro-ClIMHOBYIO BOJHY B ()eppOMarHUTHOM
cioe, umeeT Bup [1-3,5]:

W, = S22AW2 +p,B(u,, +V2y)a

i, = oy (@, +bv, +Bw,), “

Vv, = =0y (@, +bu, + Bw,,),
A@, = (H,, + sz)>

rae W, (X, Y,t) - mexanuueckoe nepemewenne, [, (LL,,V,,1) - Hamarauaennocts Geppo-
2 y N

marnernka, S, =G, /p, - ckopocTs ynpyroii nonepeutoil BonHst B cioe, My, =7Y,M,

Y, - rupomarnuTHoe otHomenue, M =p, L, - 0GbeMHAs IUIOTHOCT HAMATHUYEHHOCTH

HACBILLCHHSI, ), - INIOTHOCTh (PePPOMATHETHKA, LL,- MaccoBas INIOTHOCTb HAMATHHYCHHO-

cru acwmenns, B= fp,, b=b+H;/M; b, f - marmuroynpyrue xosddrumenter

CBs3H, H0 - BHCHIHEC ITOCTOSAHHOC MAarHuTHOC II0JIC, (P2 - MarHUTOCTATHYCCKUH noTCHIHAI

MarHuTHOTO CJIOS.
I'paHWYHBIE ¥ KOHTAKTHBIE YCIIOBHS NMPEACTABISIIOTCS CIEAYIOIINM 00pa3oM:
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W, (X, Y) |y:+0: W, (X, Y) |y:—0’

s Mo | _[g amey o T
Ty oy
(PI(X, y) |y:+0= (Pz(xa y) |y:70a

do.(6Y) | _[8e,(%y) (4)
— Sl PV, >

L ay y=+0 ay y=-0

W2(X’ y) |y=—h: 05

0p,(X, Y)
s =0.

) P2V, -

Beiue BpemenHoii ¢axrop omyiieH. Ilepsble aBa cooTHomeHus (4) - 3TO YCIIOBHS
HENpPEPBHIBHOCTH MEPEMEIIEHNH U HaNpsHKEHUM, TpeTbe M YETBEPTOE YCIOBUS — 3TO
YCIIOBHSI PABEHCTBA MATHUTHBIX MOTCHLIWAIOB W MHAYKIHH, IATOE — 3TO YCJIOBHUE
3aKpeIyIeHUs] MarHUTHOTO 53KpaHa M CJIOsl, IEeCTOE — PABEHCTBO HYJIO MAarHUTHOU
WHIyKIIMY Ha MArHUTHOM DKpaHe.

Kak cnenyer u3 ypaBHenus (1) nmagarommas ¥ OTpakeHHasl yIIpyTrue CIIBUTOBbIE BOJIHBI B

TIOJIOKKE OTIPEACIIAOTCA CICAYIOIIUMHA COOTHOIICHUAMU

— i(px=qy) q—iot
w, =W, e e,

_W i(px+qy) 4—iot (5)
Wlo - loe € ’
rae W1 D ,Wlo - IIOCTOSIHHBIE.

MarauTocTaTHYeCKUi TMOTEHIHATl B TOMJIOXKKE, Kak CleAyeT W3 ypaBHeHHS (2),
MPEACTABIISACTCS CICTYIOUINM BhIPAKECHUCM:

®,(X, y,t) = D e PePe (©6)

rac q)l - IOCTOsHHAs.

CraBuTcs 3agada ONpeaACICHNUSA BOJHOBBIX ToJiei OTPaXCHHBIX U NPEIIOMJIICHHBIX BOJIH
B KOHCTPYKIHH, a TAKXKE 3aJada OIIPCACIICHUA 3aBUCUMOCTEMN AMIUJIUTYZ 3THX BOJIH OT

6e3pa3MepHOil YacTOTHI Q=w/ Oy ¥ HOPMUPOBAHHON HMHTEHCHMBHOCTH BHEIIHETO

maranraoro nons H =H, /M, .
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3. Pemienne 3agauu. B panee omyOnukoBanHOW Hamiel padote [11] ObutH orpeaeneHs
o6passr @ypee pynxumit W, (X, ), D, (X, ¥),M,(X,y),N,(X,Y), koropsie xapakre-

PHU3YIOT aMIUIUTYJbl MApIHUAIBHBIX BOJIH INIPENIOMIEHHOW THOPHUAHON BONHBI B (eppo-
MarHUuTHOM CJIOE:

(WZ’(PZ’HZ’VZ):(VV2’®2,M2,N2)e_imt. (7)

O6passl Dypbe aMIITUTY JHBIX QYHKIMHA UMEIOT CIEIYIOMUi BU:

W,(c,y) =Qe ™ +Q,e”,

®,(c,y)=Re™ +Re” +1,(Qe™ +Q,e"),

M,(c,y) =CW,, +icCW, +C,®, +icC,D,,
N, (c,y) =icCW, —C2W2y +icC,®, — C4(T>2y.

®)

rae Q,Q,, R, R, - nocrosmusie , G - mapamerp ®ypee,

0, =b-0% O, =02 -p,bBS;%; QF, =b>+b; 1, = o b?QZ ;
sV
=B, BB D P g e,
QM QM M QM

Hanee cnenaem I1® ¢pynkiwmii (5),(6) 1 TpaHUYHBIX KOHTAKTHBIX YCIIOBUH (4), MOTY4HM:
W (o,y) = 27'5(W1peilqy +W,,e*)d(c + p);

_ B ©)
9,(c,y) =2ndW, e PYS(c+ p).

W, [o=W, |y, GW, |,p= I:G2V_v2y +szN210 s @ Lo=9, Lo

- _ (10)
61y o= [$2y _pzNz]fo , W, |y=—h: 0, [@y _pzNzlh =0.

IloncraBuB o6pa3sl @ypre o0mmx pemenuit (8), (9) B rpaHUYHBIE M KOHTaKTHbIE
ycmoBust (10), momydum anreOpaldecKkylo CHCTEMY ISl OIpENeNIeHUs HEeW3BECTHBIX:

Qlana R1 Rzaq)lﬂwlo .
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2n(W;, +W,)8(c+p) =Q, +Q,,

27iqG,(W,, =W, )d(c + p) +7G,(Q, Q) +
+p,B[icC,(Q, +Q,)—vC,(Q, -Q,)) +icC,(R +R, +
+75(Q +Q,)) —C,(o(R, = R) +77,(Q, = Q)] =0,
2nd,6(c+ p)=R +R, +7,(Q, +Q,),

2n®, | p|d(c+ p)+0o(R,—R)+77,(Q, -Q) -
—p,[i1cC,(Q, +Q,)—vC,(Q, - Q) +icC,(R +R, +
+75(Q +Q,)) —C,(o(R, = R) +77,(Q, - Q)] =0,
Qe +Q,e ™ =0,.

G(Rzeich - R1ech) +Y7 (_Q1eYh + Qzeﬁh) —p,[icC, (Q1eYh + Qzeﬂh) -
-vC, (Qzeﬂh - Q]eYh) +ioC, (R1ech + F\)2eiGh +7 (Q]eYh + Qzeﬂh ) —
—C,(6(Re ™ —Re™) +v1,(Q,e ™ -Qe™)]=0
Pemenne cucremsi (11) mpuBOANT HAC K BEIPAXKEHUSIM:

1
@, :%[m M+, +ny)l Ry =md(c+ p);

R, = 1128(G+ P); Q1 = 1148(G+ P);
— L(t11t9 _t12t8) _

Qz =1135(G+ P); W]o _T W]p;

Berlie BBe1eHBI 0003HAYEHMUS:

e’ +1 e 1
P L e A
t, =i9G, —yt,G, +p,B(icC, + C,yt, —icC,t, +yC,1,t,);

t, =—p,Bo(iC, +C,); t, =p,Bo(-IC, +C,);

t, =y(te ™" +te™)(p,C, —p,T, —T,) — (t,€" -1, ")(7,C, + C))icp,;

L=4ignGW,,; t =

t, = —ce™" (1+ip,C, +p,C,); t, = ce ™" (1-ip,C, +p,C,);
t, =1,( pl+yt)+p,(Coyt, —icC, —icC,1, +7C,7T,t));
t, = p|-o(1+ip,C, +p,C,); t, = pl+o(-ip,C,-p,C,);

22

an

(12)



_ L(tt —t,t)) _ Lot — L) N, =2nt, W, +W, );
3 2 Ip lo/»

1 A H 2 A b
t, tot,

n, = 27Et3 (\Nlp +W10); A= '[10 t“ '[12 . (13)
t oot

IMoncraBue HaitneHnsie Beipaxkenus (12) B (8), (9), mbl ompenenum Dypbe-TpaHc-
(opmaHTHl UCKOMBIX peuieHuil. [lanee, cuenaB obparHoe [P, momyunm Bua (yHKUIuMH,
OTIpEISIAIOIMX BOJIHOBBIC OIS B PACCMAaTPUBAEMON KOHCTPYKIIUU:

w, (X, y,t)= 2n(\N1pe—iqy +W10eiqy )ei(pr(ot);
@, (X, y,t) = —2nd e ey,
W, (X, y,t)=(n,e ™ + T]3ew)ei(px_‘”t);

0, (X Y.ty =[ne ™ +n,e” +1,(n,e ™ +n,e”)e" ™Y,

i

(% Y, 1) ={C; (=m,e ™ +m,e”) +icC,(ne ™" +ne”) +
+C;[-o(me™ -n,e”) +1y(-ne " +m,e”)]+
+i6C,[n,e ™ +1,6™) +1,(n,e " +1,e” )]} P,

v, (X: y:t) = iGC] (n4e—yy + 113ew) - CzY(—me_W + ﬂ3eyy) +
+iGC3 [The_cy + nzecy + Ty (n4e—yy + ﬂ3ew )] - (14)

_C4[—G1‘|1e‘0y + anecy + Toy(_n4e—vy + n3ew )] }ei(px—mt).

KR
06F
05
04
03
021
01F
02 04 06 08 10 12 14 02 04 06 08 10 12 1.4H
®ur. 2 Dur.3

B (14) HeoOxoguMmo Bce “ O ” 3aMeHHTh Ha “— P . Takum 00pa3oM, BOJHOBBIE TIOJIS B

KOHCTPYKIIMM HaineHsl. llepeiizeM K 4YHCICHHOMY aHaIN3y 3aBHCHMOCTEH aMILTUTYZ
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YOPYTUX M YNPYro-CHHHOBBIX OTPa)KEHHBIX M TIPETOMIEHHBIX BOJIH OT Oe3pazMepHOH

HaCTOThI Q = (D/ O‘)M Majaronieil BOJIHB U WHTEHCUBHOCTH HOPMHPOBAHHOT'O BHEHIHETO

nmons H=H, / M, . Pesymbratsl ananusa mnpencrasieHbl Ha (urypax 2-5. Beemensi

o6oznauenns: K; =W, /Wlp' Ky =W, /Wlp )

K
1.0 KR 05F T

0.4
0.8
03
0.6
0.2

0.4
0.1

0.2 04 06 0.8 1.0 12 14 0.2 0.4 0.6 0.8 1.0 1.2 14

Dur. 4 ®ur. 5

4. 3akiaouenue. Pemena 3amada OoTpaKeHHS W TPEIOMIICHHUS YIPYTOH, CIBUTOBON
BOJIHBI B KOHCTPYKIUU, I'I€ K YIPYroMy AMDJIEKTPUYECKOMY IOIYNPOCTPAHCTBY IPHUMBI-
KaeT heppOMarHUTHas I0JIOCA C 3aKPETUICHHBIM Ha €€ BHENIHEeH MOBEPXHOCTH MAarHUTHBIM
9KPaHOM.

OrmpezeneHbl BOJHOBEIE TOJISI B pacCMaTPHBAaeMON KOHCTPYKIIMH, a TAKKe MPOBEACHO
YHCIIEHHOE HCCIEJOBaHUE 3aBHCUMOCTEH KOd()(MUIMEHTOB OTpaKeHHsI M IPETOMIICHHS OT
YacTOTHl MaJarouieid BOJHBI U MHTEHCHBHOCTH BHEIIHEro nois. B pesynbrare uccneno-
BaHHUS BBISBIICHA CHIIBHAS 3aBUCUMOCTH KOI(D(OHIIMEHTOB OTPaXKCHHUS M NPEIOMIICHHUS OT
YaCTOTHI MaJatouiell ynpyroil BOJIHBl U MHTEHCUBHOCTH BHEIIHEr0 MarHUTHOTO IOJIS. DTO
JIaeT OCHOBAaHKE 3aKIIOYHTh, YTO IyTEM M3MEHEHHs YacTOThl M MHTEHCUBHOCTH BHEIITHETO
MarHUTHOTO TOJIsi MOKHO PETryJIMpOBaTh MepepaclpeesieHue SHEPrHy Naarolieil BOJHBI
MEXY OTPKEHHOU U MPEJIOMIICHHOH BOJIHAMH.
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CBEPX3BYKOBASI JIOKAJIM30BAHHASI JWBEPTEHIIMS IHPOKOM
ITAHEJIM, HATPY KEHHOHU IO JIBYM HAIIPABJIEHUSAM: PACTAHYTOU
MO MMOTOKY T'A3A Y C’)KATOM B IEPITEHIAKYJISIPHOM HAIIPABJIEHUH

Maprupocsu C. P.

KnioueBble €10Ba: JOCTATOYHO IIHMPOKas HPAMOYTOJNBbHAS ILIACTHHKA, NOTyOECKOHEYHas ILIaCTHHA-IIONoca,
CBEPX3BYKOBOE OOTEKAHHE, IEPBOHAYANBHBIC CHJIBI PACTSDKCHHS M CHKATHS, COCPEJOTOYCHHBIC HHEPIMOHHbBIC
Macchl M MOMEHTBI IOBOPOTA, adpOyIpyras YCTOHYHBOCTb, JIOKAJIH30BAHHAS IUBEPIEHIHs, aHAIHTHIECKOE
penreHne

S. R. Martirosyan
Supersonic localized divergence of a wide panel loaded in two directions: stretched along the gas flow and
compressed in the perpendicular direction

Keywords: sufficiently wide rectangular plate, semi-infinite plate-strip, initial tensile and compressive forces,
concentrated inertial masses and moments of rotation, supersonic flow, aeroelastic stability, localized divergence,
analytical solution method

In the article, in a linear formulation, we study the influence of the initial stressed state of a sufficiently wide
rectangular elastic plate, loaded in two directions: stretched along the supersonic gas flow and compressed in the
perpendicular direction, on the stability of the dynamic system “plate-flow” under the assumption that at the free
edge plates there are concentrated inertial masses and moments of rotation. An analytical solution to the stability
problem is found. The possibility of loss of stability of the unperturbed equilibrium state of the system only in the
form of localized divergence is shown. An accurate assessment of the influence of the ratio of initial tensile and
compressive forces on the stability threshold of the “plate-flow” system is given, with the aim of subsequent
analysis of the possibility of controlling it.

U.:.Uwpuhpnuyub
Qhpdugiiught qugh hnuph mnymmpjudp hwhwlwt dqjus b thudwdwiml ubydjws ninquhwjus
nunnipjudp puwljuih juyt uwh ninujtwgyws ghjtegbughugh dh jumph dwupt

Zhdtwpwnkp’ pujulwbhb juyt mogquilmb uwy, Jhuwwi]bpe uwp-okpn, dgny b ubnqung nidbp,
glipdwjiwghtt opghnunid, whpnwnwdquljut Juyniinipynil, jitnpniwgdus hutpghnt quuqyusutp
b Undkunitp, nknujiugqus nhytpghughw, whwjhnhl psdwb Epubwly

Nuunudbiwuhpdus £ iwptwljut dqius ghipduwyiiught qugh hnuph nipnnipjudp b dhwdwdwuly
ubnUyws  hpkt nippquwbhwjwés nppmpjudp  juytt nuppublpnit wvagh jupjuwdwght - Jhdwmyh
wqnkgnipniip «uw) — hnup» gduyhtt phttwdhly hwdwljupgh juyniinmpyut obdh Jpw, uvwh wqun
tqphtt Yhuwnpnuwgdws hubpghnt qubqustbph b dndbunbbph weliuwmpubp: Unwugjus b
Juyniinipjut junph wbwhnpl psnudp: 8nyg £ wpgws, np hwdwlupgp Ynpgunwd E dhug
unwtnhl]  Juyntimpynip nbnujtugyws phykpghighugh wnbkupny: Gundus ku Yphnhluljub
wpugnipniibpp: Sawhwngws b wqnnn nidbph hwpwpbpulgnipmniip hudwlupgh shannnpjus
hujuwuwpulyormpjut Jh&wlh uyniinipjub ypu:

B CTaTee, B JINHEHHOW TNOCTaHOBKeE, HCCIICAYETCA BJIMAHUE IE€PBOHAYAJIBHOT'O HaHpﬂ)KéHHOFO COCTOSAHUA

JIOCTATOYHO IIMPOKOH MPSIMOYTOJIILHOM YNpPYTroii INIACTUHKH, HArPY>KEHHOH 110 IByM HAaIpaBJICHUSAM: PACTIHYTOH
[0 CBEPX3BYKOBOMY IIOTOKY TIa3a M CXKAaTOi B IEPIEHIMKYJISPHOM HANpPaBICHHH, HA MOPOr yCTOWYHMBOCTH
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JMHAMHAYCCKOM CHCTEMBI «IIJTACTHHKA—TIOTOK» B TIPEATIOI0XKEHNH, YTO ITOTOK Ha0eraer Ha CBO6OHHI>II>1 Kpaf[, Ha
KOTOPOM IIPHJIOKEHBI COCPENOTOYCHHBIC NMHEPIUOHHBIE MAaCChl 1 MOMEHTBI ITOBOPOTA. Haiineno aHamuTHueckoe
peueHue 3agaqu yCTOﬁHHBOCTH. TTokazana BO3MOXKHOCTH TII0TepHA yCTOﬁ‘{HBOCTH HCBO3MyIL[éHHOF0 COCTOSHUS
PaBHOBECHUS CUCTEMBI (IUIACTUHKA—IIOTOK» B BHUJEC JIOKaTU30BaHHOMN JUBEPreHIUN B OKPECTHOCTU CBOOOIHOTO
Kpas IJIaCTHHKH. Z[aHa TOYHAas OICHKA BIIMHUIO COOTHOIICHHS ITIEPBOHAYAJIBHBIX PACTATUBAIOIINX U CXKUMAKOIIUX
CHJI Ha TIopor yCTOﬁ‘-IPIBOCTH CHCTEMBI, C IICJIBIO MOCIICAYIOMIETO aHAIN3a BO3MOXXHOCTH YIIPABJIICHUS UM.

Beenenue. Teopernueckue HCCIIEIOBAHUS 3a7ad  a’pOyNpyro  yCTOHYMBOCTH
MIO3BOJIAIOT BBISIBUTH PA3JIMYHbIE BU/IBI HOTEPH YCTOWYMBOCTH HEBO3MYILEHHOTO COCTOSHUS
paBHOBECUS JMHAMUYECKOH CHCTEMBI «ILUIACTHHKA—IIOTOK», OOYCIIOBJIEHHBIE XapaKTEpOM
nedopmanuii. A Takxke, MO3BOJLSIIOT AaTh OLEHKY BIMSHHMIO KOMOMHHMPOBAHHBIX HArpy3oK
Ha IOpPOr' YCTOHYUBOCTH, C LIENbI0 MOCIEIYIOIETO aHaIN3a BO3MOXKHOCTH YIIPABICHUS UM
[1-4].

B mpennaraemoil cratbe HcClIeIyeTCss BIUSHUE II€PBOHAYAIBHOIO HAIpPSHKEHHOIO
COCTOSIHHS YNPYToil JOCTaTOYHO IIMPOKOH NMPSIMOYTOJIBHOW INTACTHHKHU C OJJHUM CBOOOJ-
HBIM M C TpeMs IIApPHUPHO 3aKPeIUIEHHBIMU KpasMM Ha IOPOT YCTOWYHMBOCTH HEBO3MY-
HIEHHOTO COCTOSIHUSI PaBHOBECHs JMHAMUYECKOW CHCTEMbl «IUIACTUHKAa—TIOTOK» IpU
npeanonoxenusx. [lnacTuHka HarpyskeHa epBOHAYaJIbHO IO JBYM HAlpaBJICHUSAM CTaTH-
YECKMMH IIPOJIOJIBHBIMA CHJIAMH — CWJIAMH DPACTSDKCHHS M C)KaTHs, HaIpaBJICHHBIMHU,
COOTBETCTBEHHO, 110 MOTOKY I'a3a U B NEPIEHAUKYJIPHOM HarpaBieHuH. CBEepX3ByKOBOU
noTtok Haberaer Ha e€ CBOOOXHBIM Kpai, Ha KOTOPOM HMEIOTCS COCpPEI0TOYCHHBIE
WHEPIIMOHHBIE MACChl U MOMEHTHI IIOBOPOTA.

Haiineno ananuTHuyeckoe pelieHHE 3ajayd YCTOMYMBOCTH JMHAMHYECKOM CHCTEMBI
«I1acTUHKa-TI0TOK». IonmyueHna ¢dopMyia, CBSI3bIBAIOIAs XapaKTEPUCTUKU COOCTBEHHBIX
KoJe0aHUii IITaCTUHKH CO CKOPOCTHIO 0OTEKAIOLIEro OTOKA rasa.

HccnenoBana rpaHuna o01acTH YCTOMYMBOCTU. Y CTaHOBJIEHO, YTO IIPU MaJlbIX 3Haye-
HUSAX OTHOCUTENILHOW TOJIIIMHBI JOCTATOYHO IIHMPOKOH INIACTUHKY HEBO3MYILEHHOE COCTO-
SIHHE PAaBHOBECHUSI CHUCTEMBl «IUIACTUHKAa—TIOTOK» TepseT TOJbKO CTaTUUECKYIO yCTOHUM-
BOCTb B BHJIE JIOKAJIN30BAHHOH JMBEPrEeHIMHN MTaHEIH B OKPECTHOCTH €€ CBOOOHOTO Kpas,
MOJJOOHO CHUCTEME «IOJyOeCKOHEYHAs TUIACTHHA—TI0N0ca — MOTOK». [Ipu GobIINX 3HaYe-
HUSIX OTHOCUTEIBHOM TOJIIMHBI UIACTUHKH — OHO SIBJIAETCS YCTOMUYMBBIM Ha BCEM IpoOMe-
AKYTKE CBEPX3BYKOBBIX CKOPOCTEH.

Haiinens! kpuTHueckue CKOPOCTH JIOKAJIM30BAaHHOW JMBEPreHIMH B IIPEATOJIOKECHUH,
YTO B MOMEHT «BBIIYYMBaHHS» B IUIACTUHKE BO3HUKAIOT TOJIBKO HANpsDKEHHA H3ruda.
Iloka3zana cymiecTBeHHasi 3aBUCUMOCTh KPUTHYECKOHW CKOPOCTH JIOKAJIM30BAaHHOW AMBEp-
TEeHIMU OT OTHOLIEHUS I€PBOHAYAIBHBIX YCUINI U 0T ko3dduimenta [Tyaccona.

Jlana TouHas OLIEHKAa BIMSHMIO KOMOMHUPOBAHHBIX HAarpy30K Ha IOPOI YCTOMYHUBOCTU
CHCTEMBL.

JlaHHas cTaThs sBIsieTCs pojaoJbKeHreM pador [18, 19].

Pe3ymnbTaThl paboThl MOTYT OBITH UCIIONB30BAaHbI IIPH 00PAOOTKE JaHHBIX HKCIICPHUMEH-
TaJIbHBIX MCCIEIOBAHUM IMBEpreHuuHM U (aarrepa maHenell OOMIMBKH CBEPX3BYKOBBIX
JIeTaTeIbHBIX allllapaToB Ha dTare MPOeKTUPOBAaHUA U IIPU 3KCILUTyaTaluH.

1. IlocranoBka 3amaum. PaccMaTpuBaeTcsi TOHKasl ympyras AOCTaTOYHO MIMPOKAs
npsmoyronbHas mactuaka (b~ >1.96), kotopas B AeKapTOBOii cHCTEMe KOOpIMHAT
OXyz zammmaer obmacts 0 < x<a, 0<y<b, —-h<z<h [19]. JlekaproBa cucrema

xoopmunar OXYZ Beibupaercs Tak, u4TO OCH OX mu Oy nexar B mmockocTu

HeBOSMyH.IéHHOFO PaBHOBECHOTO COCTOSHUA INUIACTHHKH, a OChb OZ NEPNCHAUKYIIIPHA K
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IUIACTMHKE M HANpaBjieHa B CTOPOHY CBEPX3BYKOBOTO IOTOKA ra3a, OOTEKAIOIIETO
TTACTHHKY ¢ OfIHO# cTopoHb! B Hanpasiienun ocu OX ¢ HeBosmyménHoit ckopoctbio V .
Teuenue ra3a IPUHUMAETCS TUIOCKAM U TIOTEHITHATBHBIM.

Iycts kpaii miactunku X =0- cBoGomen, a kpas X=a, Yy=0 n y=b -
3aKperUieHsl MACaTbHBEIMH IIapHHpaMu. Bpoms cBoGomnoro kpas X =0 mmactuaku

IIPUJIOKEHBI COCPEAOTOYCHHBIC HWHCPIMOHHBIC MAaCChbI M. ¥ MOMEHTBI TIOBOpOTa I

C c’

MHTEHCHBHOCTD KOTOPBIX HAMHOTO NMPEBOCXOANUT MHTEHCUBHOCTH PACIPEIEIEHHON MAacChl
IIacTUHKY [ 9].
Bynem monararth, 4TO TEpBOHAYANBHO, €ME O OOTeKaHWs, IUIACTUHKA ITOJIBEpP)KeHA

JIECTBUIO PaCTATUBAOIINX N X — 2 hGX u CXKUMAroIux N y = ZhGy CHlII,

pacrnpe/ienéHHBIX PABHOMEPHO Mo kpomkaMm macturkn X =0, X=a u y= 0, y= b
COOTBETCTBEHHO, SBJISIFOLMMUCS Pe3YJIbTaTOM HarpeBa, Wi KaKuX — JIM00 Ipyrux NpUYHH;
ycunmus G, U G, NPEANONaraioTcs MNOCTOAHHBIME BO BCEH CPEAMHHON IOBEPXHOCTH
TJIACTUHKH U HEMEHSIOIMMMUCS ¢ U3MeHeHreM niporuba W = W(X, Y, t) [1].

[poru6 mractuaka W = W(X, Y,1) BI30BeT M30BITOUHOE NaBIeHNE O P HA BEPXHIOK

06TeKaeMon MOBEPXHOCTH INUIACTUHKU CO CTOPOHBI 06Te1<a}01_uer0 IIOTOKa rasa, KOTOpo€

YUMTBIBAETCS MPUOTIKEHHOM (OPMYJIO «TOpIIHEBOH Teopum»: O P = — OpOV 8_ , T7Ie
X

@, — CKOPOCTb 3BYKa B HEBO3MYILIEHHOI ra30Boii cpeje, P, — ILIOTHOCTb HEBO3MYLIEHHOTO
notoka rasa [7, 8]. TIporu6et W= W(X, Y,t) npenmnonararoTcsi MajibIMH OTHOCHTENBHHO

tomuuubl miactuakn 2h [1,2].

BbrsicHUM ycnoBHs, NpH KOTOPHIX BO3MOXKHA IOTEPS YCTOWYMBOCTH COCTOSHMSA
HEBO3MYIIEHHOTO PABHOBECHS AMHAMUYECKOH CHUCTEMBI «ILIACTMHKAa—TIOTOK» B CIIydae, B
KOTOpOM  M3rH0  IPAMOYrOJbHOM  IUIACTUHKM  OOYCIIOBJIEH  COOTBETCTBYIOIIUMHU

AOpOANHAMUYCCKNMU Harpy3kamMu ) p, pacCTAruBarOIIUMHU GX Hn CXKHUMArIHUMHU Gy

ycniusamMu B CpCHHHHOﬁ MNOBEPXHOCTHU IIJIACTUHKU U COCPEAOTOYCHHBIMH WHECPUHUOHHBIMHA
MaccaMu mC U MOMCHTaMH ICHOBOpOTa, MIPUIIOKCHHBIMU BIOJIb eé CBO6OIIHOFO Kpasa

X= 0 , B IIPCAIIOJIOKCHNUH, UTO YCHUINA GX u Gy MaJibl 10 CPAaBHECHUIO C KPUTUYCCKUMHU

3HaYEHUSAMU (Gx)pr, u (0‘ y )Cr ,rae (O X)pr. — ycune, HaulHas ¢ KOTOPOrO HMEET MeCTO

SBJICHWE TIOTEPU YCTOMYMBOCTH WWIMHApHYECKOi ¢(opmbl ruiactunku [10]; (Gy) -
cr

YCHIIHUSI, KOTOPbIE MOTYT IIPOH3BECTH «BBHITYYHBAHHE IIACTHHKH B OTCYTCTBHU OOTEKAHHS
(V = 0) IpH yCIOBMH G, = 0 [1, 15].

Torna, nuddepeHnmansHoe ypaBHEHHE MaJIbIX U3THOHBIX KOJIEOAHUH TOYEK CPEIUHHON
MIOBEPXHOCTH HPSIMOYTOJBHOM IUIACTHHKH OKOJIO HEBO3MYIIEHHOH (OpMBI PaBHOBECHS B
pamMKax cIpaBeIMBOCTH THmoTe3sl Kupxrodha u «mopmHeBoil Teopum» [7, 8] B

2 2 -
TIPEONOKEHNH ~ MalOCTH  MHTeHcMBHOCTH MO W/ OU” pacmpenenéumoit  Macchl
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2 2 2 2
miacTiHKM M B CpaBHeHWM C WMHTeHCHBHOCTMu M, O W/ ot'u 1.0 W/ ot”,

YYIHTHIBAEMBIX B TPAHHYHBIX YCIOBHSIX, OyIET OMUCHIBATHCS cooTHOIIeHneM [1,2,18,19]:
o’'w o’'w ow

DA’W—N,—+N,—+a,pV —=0, w=w(x,y,t); (1.1)
OX oy OX

A*W=A(AW),A - nudepennmansupiii onepatop Jamaca; D — mmimHaprdeckas

JKECTKOCTB.

I'panuynbie ycinoBHsA, B MPUHATHIX IPEINONIOKEHUAX OTHOCUTENBHO Crocoba
3aKpeIIeHNs] KPOMOK IUTaCTUHKY, OyayT Buaa [1,2,9,14,18,19]:

o’w  o’w o’w
D| —5+ve—y |=l.——7, (1.2)

OX oy oxot
2 2 2

ai 86\I2V+(2_V)56y\lzv _ngﬂ:_mcit\;v mpu X=0;

X OX X

2 2

W=O,Z—\iv=0npn Xx=au W=0, Zy\iv:() mpu Y=0u y=b; (1.3)
X

V — kodpdurment Ilyaccona.
3amava ycroitunBocty auHammdeckoi cuctemsl (1.1)—(1.3) coctout:

1) B HaXO0XJICHUU KpHTH‘IeCKOﬁ CKOpPOCTH Vcr — HanMEHbBIIEH CKOPOCTH ITOTOKA rasa — B
UHTEPBaAJIC CBEPX3BYKOBBIX U TUIIEP3BYKOBBIX CKOpOCTefI [1, 2]:
V e(a()l\/|07aOIVIZC()sm)’ M0: “2’ MZcosm.z33'85; (14)

HpI/IBO,E[ﬂH.[eﬁ K TII0TEpE ycTOI‘/II‘II/IBOCTI/I HeBOSMyH.[éHHOFO COCTOSAHHA  PaBHOBECUA
,I[I/IHEIMI/I‘IECKOﬁ CUCTEMBI «IUTACTUHKA—TIOTOK» B IIPEAIIOJIIOKCHUN:

cY><<(Gx)pr.’ Gy< (Gy)cr.’ (1.5)
KOTJIa BCE TTapaMeTphl CHCTEMBI 3a/1aHbl, KpOMe CKOpocTH motoka V ;

o -1
2) B OIPCACIICHNU OTHOCUTCIBHOU TOJIIUHBI IJIACTUHKH (2hb ) ., KOTOpasa
min

obecnieynBasia OBl €€ MPOYHOCTH 1O KPHUTEPHIO YCTOMYMBOCTH KonebaHMi, korga dopma,
MaTepual INIACTHHKH U BCE MapaMeTphl IOTOKA U3BECTHBI.

AHanu3 yCTOWIMBOCTH HEBO3MYIIEHHOTO COCTOSHHS paBHOBecus cucteMsl (1.1) — (1.3)
no JlamynoBy [11] cBomutes x uccienoBanuio auddepenuuansHoro ypasnenus (1.1) ¢
COOTBETCTBYIOMMME KpaeBbiMH ycioBusamu (1.2) u (1.3) mis mporubaw(X,y,t) B
unrepsaie (1.4) npu ycnosuu (1.5).

3anmauy ycroiumBoctH (1.1) — (1.3) OymeM uccrienoBath B ciiydae TOCTaTOYHO MIHPOKHX
MPSAMOYTOJIBHBIX IUIACTHHOK [1, 2, 14 — 16]:

y=ab™' €[1.96;x), (1.6)
Y — OTHOIIEHHE ITMPHHEI TUTACTHHKA & (CTOPOHA MIIACTHHKH T10 MOTOKY) K €& aymme b .

CornacHo 06o3HaueHuI0 (1.6) 3HaYEHHMI0 Y =00 COOTBETICTBYET IIOIYOECKOHEUHAs

IUTaCTUHA—TIONOCA, KaK OJUH U3 MPCACIIbHBIX CIIy1acB HpﬂMOyFOJ’[LHOfI TJIaCTUHKH.
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B pabore [14] momyyeno aHamutuueckoe pemeHue 3axaud (1.1) — (1.3) mnsa Beex

3HAuUECHUH Y € [0, OO] B OTCYTCTBHUH IE€PBOHAYAIBHBIX YCUINH B CPEJUHHON MTOBEPXHOCTU
IIACTUHKA (GX =0, = 0) . B pabore [15] uccnenoBana nucxoaHas 3a1a4a yCTOHUUBOCTH
Ipu  ycloBun O, =0, Gy # (. Toxasano, 4T0 CXHMArONIHE ycuis Gy MPUBOJAT K
INOHIDKEHHIO YCTOMYMBOCTH CHCTEMBI, B OT/IHYKE OT ciydasi, korgas, # 0, G, = 0 [16]:
PacTATHBAIOIIME YCHINA O, NPHBOJAT K CYIIECTBEHHOMY IIOBBIIIEHHIO YCTOWYMBOCTH

cuctemsl. B pa6ote [17] nomyueno pemenue 3agaun (1.1) — (1.3) it Bcex Y € [0,00] B

CTaTMYECKOM MOCTaHOBKE MO MeTody Oinepa. IlokazaHo, 4To BO3MYLIEHHOE ABHMKEHHE
CHCTEMBI «IUTACTUHKA-TIOTOK» TepsieT CTATHYECKYyI0 YCTOHYMBOCTH B BHIE DHIEPOBOIL
JIUBEPreHINN TaHEIW W B BHUJE JIOKAIN30BAaHHON IHMBEPreHLUM, B 3aBUCHMOCTH OT €&
CYLIECTBEHHBIX IMapaMeTpoB. lccienoBaHa rpaHulla mepexoja W3 00JacTH 3HJIepoBOn
IMBEPreHIIMN TaHeId B O0JACTh JIOKAJIM30BAHHOW IWMBepreHIWH. [lokazaHo, 4TO Ha
TPaHUIy MEXIy OOJACTAMH CTaTHYECKOH HEyCTOHYMBOCTH BIUSIOT B OCHOBHOM

pacTaruBaiome ycunus G, u kodpduuuent IlyacconaV, a BIMAHHE CKMMAIOIIMX

yCHIHI G, HCYE3aI0NIE MaJIO.
B paborax [18] u [19] nomyueno pemenwue 3anaqu (1.1) — (1.3) npu Beex Y € [0;0.33)
uye [0.33; 1.96) cOOTBETCTBEHHO. [T0Ka3aHO, YTO HECMOTPS HAa HAJIMYHE CIKUMAIOUIMX

YCWIHA G, PacTArHBAIOUME YCHIHS O, NPHBOIST K CYLICCTBCHHOMY IOBBIIICHHIO
YCTOHYMBOCTH CUCTEMBI, BO3PACTAIONIEH C POCTOM MapameTpa’y .

2. Oowee pemenue 3aaayu ycroituusoctu (1.1) — (1.3). Anamorudso, xax u B [18,
19], cBeném 3amady yCTOMYMBOCTH HEBO3MYIIEHHOTO COCTOSIHHS PABHOBECHUS! CHCTEMBI
(1.1) = (1.3) K 3amaue Ha COOCTBEHHBIE 3HAYEHWS A U1 OOBIKHOBEHHOTO
muddepennuansHoro ypasHeHus. OOmee pemenue ypasHeHus (1.1), ynoBneTBopsioliee

rpannyHbiM yenoBusM (1.2) u (1.3), OyaeM wuckaTh B BHJIE CyMMBI T'apMOHHYECKHX
KOJIeOaHHIA:

w(X,y,t)= ZCn exp(u, rX+At)-sin(n,y), u, =mnb™, 2.1

n=1

Cn — MMPOU3BOJIBHBIC ITOCTOAHHBIC, N —gucno TIOJIYBOJIH BAOJIb CTOPOHBI b IIaCTUHKH.

HeBo3myménnoe cocrosHue paBHoBecus cuctemsl (1.1) — (1.3) acumnToTHuyecku
YCTOIUMBO, €CIH BCE COOCTBEHHEIE 3HAYEHHS A HMMEIOT OTPHIATENbHBIE BEIECTBEHHEIE
gactt (ReA <0), n Heycroitumpo, ecnmm XoTs OBl OJHO COGCTBEHHOE 3HAUEHHE A
HAaXOJMTCA B IpaBoil yacTy KommiekcHoi mmockocta (ReA > 0) [11, 14]. Kpuruueckas

ckopoctb  V,, mOTOKa rasa, XapakTepusylOIUas IIEPEXOi OT yCTOHYMBOCTH K

HEYCTOHYUBOCTH, OTPEIEIACTCS YCIOBHEM PaBEHCTBA HYJIIO BEIIECTBEHHONW YacTH OJHOTO
TTH HecKONBKMX cobcTreHHEIX 3Hagennit (ReA =0)[1,2,11,14].

Tloncraisis Beipakenue (2.1) B muddepennmansHoe ypaBuHenue (1.1), momyuaem
XapaKTepUCTHYECKOE YpaBHEHUE CUCTEMBI «INITACTUHKa—TIOTOK» B BUze [17— 19]:

30



4 2 2 3 2
r'=2-(1+B)-r +o, - r+(1-p,)=0, (2.2)
rae Otf] — mapaMmeTp, ONpeAeSIONINi HEKOHCEPBATHBHYIO COCTABIISIONTYIO HArPYy3KH:

3 -1, -3 2 -1, -3 2 =13 3
OLn = a‘OpOVD Ly € (aopoMoD Hnos aopoMzcosm.D My )’ OLn > 0; (2'3)
Bi u [33, — Kod(QQUIMEeHTHI, XapakTepu3yomue ycwmsi O, U O y COOTBETCTBEHHO,

X

onpenenﬂ}omne KOHCEPBATHBHYIO COCTABIISIONILYIO HATPY3KH:
=1/2N, Di;” =ho, D, < (B, (B = (o), D1 04
[sy =N,D"'y; =2hGyD'1 2 < (B2)ers (B, = 2N(0, )y D'y (rain. 1;

coryacHo ycnosusim (1.4) , (1.5).

B COOTBETCTBUM C H3BECTHBIM METOJOM pEIICHHs anre0panyeckoro ypaBHEHUS
4eTBEPTO crerneHn — MetogoM PDeppapu, ypaBHeHHe (2.2) MOKHO HPEICTaBHTH B BUJIE
TPYIIBI ABYX KBaJIpaTHBIX ypaBHeHu# [17— 19]:

( +42(q+1+B2) - r+q-,/q° 1+[3 ) (2.5)
(r2—1/2(q+1+B§)'r+q+‘/q2—l+[3§)=0; 2.6)

rae mapamerp (= Q(V) eR, XapaKTepU3yIOIUl CKOpPOCTh TIOTOKAa rasa Vv,
eZ[I/IHCTBeHHLIﬁ I[eﬁCTBHTeﬂbHLIﬁ KOpPECHb Ky6I/I'-IeCKOFO YpaBHCHHUA:

2 2 2 6 3 -1 -3
8-(q+1+B Q" —1+B))—a, =0, a; =a,p,VD 'p;” >0; 2.7)

B CHITy TIOJIOKHMTEIBHOCTH €TI0 JUCKPUMHUHAHTA.
VuureBas ycnosue (1.4), umeem

q=a(V)e(d» a(aMsem ) = (A(8M,),0(8Mseer ))- (2.8)

C mnomompio TpadO0aHATUTHIECKHX METONOB HCCIECHOBAHHUS XapaKTEPHCTHIECKOTO
ypaBHeHus (2.2), nepenrcadHoro B Buze (2.5) u (2.6), MOXXHO NOKazaTh, uto [17— 19]

0y = (~(1+ B2 )+ 2B +30-B)) /3 (rasn2) 2.9)
upn B2 < (B2),, u? e[O;(OQS(l +B2) +1)) ~foi(2), ). 2.10)

B CHIIy OYEBHMJHOIO ycnoBus ( > 0 u usBecTHOro TPeGOBaHHUA K KOPHAM I, ypaBHenus
(22)[1,2,14]:
n<0,r<0,r,=axifeW,a>0. (2.11)

Kopau [} xapakrepucrtudeckoro ypasHeHus (2.2), KaK pelIeHHs KBaJpaTHBIX

ypaBHeHui (2.5) u (2.6), 1eTK0 HAXOAATCS U ONPENENIOTCs BeIpakeHusimu [ 17-191]:

I, =—0.5y2(q+1+p2) i\/w/q2 —1+B5 —0.5(q—1-B}) . 1, <0, 1, <0; 2.12)

., =0.5(2(q+1+p%) J_ri\/\/qz —1+B2 +0.5(—-1-B2) .1, eW.  (@13)
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B tabnuue 1 npuBeneHB KpUTHYECKUE 3HAYECHHS KO hHITEeHTa By HATPSOKEHUSA O
2 o = 2 o \N,Y,V) — peuieHust JAUCHEPCHOHHBIX Y, aBHEHUM HCXOJHOM 3aJaun
y y
. 2
YCTOHYUBOCTHU B OTCYTCTBUU OOTEKAHHUsI (V = 0) mpu N=1,B;=0um =0,1.=0,

HaWICHHbIE C TOYHOCTHIO JI0 TIOPSIIKA 10 [1,15]:

sty < 80
R (nyv.B) =

=(M(1—By—v)2+ﬁ(l+ﬁy—v)2)sh(nny( T+p, - 1-8, ))-
(B, (1-B, =v)" = J1=B, (1+B, ~v)")sh mny (TP, + i=5,)) =0

Korya B?, <1;
F, (n,7,v) =(2-v*)sh(v2nny) - v*\2mny -ch (V2rny) =0,

Kor/Ia B?, =1;

F3(n,y,v,[3§,)=\/By—l(Berl—v)zsh(nny By+1)cos(nny\/m)—
_ /By+1([3y—1+v)2ch(7tny ﬁy+1)sin(nny,/ﬁy—1):0,K0ma B§>1;

s Y 2y, ~ 80

2
2 2 2 2 2
Fo= R (VB ) = (1+4f1=B} ) —2v(1+1=8} )=(1-v)" = 0. xormaP <1.
3amernm, uro lim F (I’],’)(,V,B2 ) =F, (V,Bz) npu Beex N, xormay =7, ~80.
T Yer Y Y '
VIHbIMuU croBaMu, HavmHasi ¢ 3HaueHnsY =Y, ~ 80, BosMymEéHHOE COCTOSIHUE paBHOBeE-

CHA IUTAaCTUHKU B OTCYTCTBUHU 0o0TeKaHus (V = O) TEPACT yCTOI>’I‘II/IBOCT]> B BUJC JIOKAJIH-

30BaHHOM HeyCTOfI'—IPIBOCTH B OKpPECTHOCTHU eé CBO60,HHOFO Kpas Ipu BCEX NOITYCTHMBIX
3HAUCHUAX OCTAJIBHBIX IapaMETPOB.

2 2
U3 panubix Tabnuisl 2 cneayert, uto 0, = Q, (BX, B, ) — MOHOTOHHO BO3pacTalolas

¢GyHKIHSA 0T KOO (HIMEHTa HaNpsHKEHHs Bi, a or kodhduIreHTa Bi — MOHOTOHHO
yObIBatoLIast GYHKIHS, ONPEACIIEMbIX BRIpOKCHUAMHE (2.4) COOTBETCTBEHHO.

B pabore [19] nokasaHo, uTo mpu Beex Y € [1.96,00) U TIpU BCEX JOMYyCTUMBIX
3HAYCHUAX OCTAJIbHBIX IapaMeETpoOB BO3MyIJ_[éHHOC COCTOSTHUEC PaBHOBECUsL ,Z[HHaMH‘IeCKOﬁ

CHCTEMBI «ILIACTHHKA-TIOTOK» TpH cKopocTsix notoka V >V, TepsieT YyCTOHYUBOCTh B

ocdiv

BUJIE JIOKAM30BAaHHON JUBEPreHIMU B OKpeCTHOCTH cBoboanoro kpas X =0 mracrunxwy,
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MOJOOHO CHCTEME C IOJYOECKOHEYHOW IIACTUHOM—II0IOCOM (y ZOO): silepoBa U

HerIJICpOBa JAUBCPIrEeHI U MMAHCIN, a TaAKXKE, TaHeIbHBIN (bnaTrep OTCYTCTBYIOT.

Ta6muna 1. 3nauenus (B?;)cr = (ﬁi)cr (n,’Y,V) mpu N=1,B2=0,m =0;1_=0.

v 0.125 0.25 0.3 0.375 0.5
Y
1.96 1.125 1.105 1.092 1.067 1.004
2.00 1.120 1.101 1.089 1.064 1.0015
2.87 1.057 1.045 1.037 1.020 1.0
4226 1.026 1.018 1.0123 1.0 0.9605
5.00 1.018 1.0115 1.0067 0.9956 0.9586
7.20 1.0084 1.0036 1.0 0.9910 0.9573
11.08 1.0032 1.0 0.9971 0.9892 0.9571
20.0 1.0008 0.99860 0.9962 0.9892 0.9571
50.7 1.0 0.99835 0.9962 0.9892 0.9571
>80.0 0.99992 0.99835 0.9962 0.9892 0.9571
Ta6muia 2. 3uavenns (, = (Bi,ﬁi) mpu N=1.
2
B 0.0 0.3 0.5 0.8 1.0 1,5.
BZ
y
0.0 1.000 1.010 1.027 1.065 1.097 1.194
0.1 0.949 0.963 0.983 1.025 1.059 1.161
0.3 0.840 0.864 0.890 0.940 0.980 1.093
0.5 0.721 0.757 0.791 0.851 0.897 1.022
0.7 0.586 0.640 0.683 0.756 0.809 0.949

A Torna, B COOTBETCTBHMHM C YCIIOBHEM 3aTyXaHHs KojieOaHMH Ha kparo X = d oOlmiee
pemrenue (2.1) ypaBuenwus (1.1) 3amumrercst B Buxe ABoHHOTO psaga [5, 6, 13]:

o 2
WX, Y,t) = D> C, -exp(u,f X +At)-sin(n,y), y€[1.96;0);

n=l k=1

(2.14)

rae I, K =1,2 onpenencus Bepaxermsmu (2.12).
k p p

IloncraBnsis Belpakenue (2.3) B KyOumueckoe ypaBHeHue (2.7), mociie TPOCTHIX
npeobpa3oBaHuii momydaeM (OPMyIy 3aBHCHMOCTH CKOPOCTH IIOTOKa rasa V or
«CYIIECTBEHHBIX)» MAPaMETPOB CHCTEMBI «IJIACTHHKA—TIOTOK):

V(@) =22 +1+B2)(G* —=1+B2) - T'n’D(a,p,b’) " v €[1.96:%0]:  (2.19)

2 2
ITO3BOJISIOLIYIO 110 U3BECTHOMY 3HAYEHUIO mmapamerpa ( = q(n,BX,By,v) OIPENIETUTh

TIpUBEAEHHYIO0 CKOPOCTH MOTOKa raza V (q) ‘D™ (a,p,b%).
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Tak kak HCBO3MyHléHHO€ COCTOSTHUE PaBHOBECHUSA CHCTEMBbI B CilIy4ac OOCTAaTOYHO

IIUPOKUX IIACTUHOK 'YE[196,OO] YCTOﬁqHBO BOIH3H a.o\/2 — Hadajla HUHTEpBalia

CBEPX3BYKOBBIX ckopocteii (1.4) [ 19], To oueBHIHO, YTO
V (q) € (V (qO) ’ aO M2cosm.) = (aOMO’ aO MZcosm.)'
Cornaceo opmyne mmaHzpueckoii skéctkocrn D = E - (2h)’ / (12 (1 -v? ))

orcrona cieayer [15-17]:
Vv (q) D_l(a0p0b3) € (V(qo)D_l(aopob3)5 WM, 't < (aoMo’ aoMzcosm)lP >
¥ =12(1-v*)a,p,E ' (2hb ™), v €[1.96;0].

IoncraBnss 3HayeHust kodpduuuenta IlyaccoHaV ¥ OTHOCHTENBHOH TOJIIMHBI

(2.16)

@.17)

IUIACTHHKH 2hb716[0.006, 0.015] B Bopakenus (2.17), ModyuaeM HHTEPBAIIbI

d(v.2hb™)=(a,M,, a,M

2cosm

)YV nomycruMbIx 3HaYeHHMi TPUBEAEHHON CKOPOCTH

-1 3
noroxa V () D (aopob ) , IPE/ICTABIICHHbIE JUTSl CTAIIBHBIX IUIACTUHOK B Tabmuie 3.

Tabmuna 3.
0.125 0.25 0.3 0.375 0.5

2hb™
0.006 (54.8,1311.7) | (52.0,1245.2) | (50.5,1209.0) | (47.7,1141.6) | (41.6,996.3)
0.007 (34.5,811.1) | (32.7,769.4) | (32.0,753.4) | (30.0,705.3) | (26.2,615.5)
0.008 (23.1,544.3) | (22.0,516.4) | (21.5,505.6) | (20.1,473.3) | (17.6,413.1)
0.009 (16.2,381.8) | (15.4,362.1) | (15.1,354.6) | (14.1,332.0) | (12.3,289.7)
0.010 (11.8,283.5) | (11.2,269.1) | (10.9,261.3) | (10.3,246.7) | (9.0, 215.3)
0.011 (8.9, 209.4) | (8.4, 198.7) | (8.1,190.4) (7.74,182.1) | (6.75,158.9)
0.012 (6.85,164.0) | (6.5, 155.7) | (6.3,151.2) (5.96,142.7) | (5.2, 124.6)
0.013 (5.39,126.9) | (5.11,120.34) | (5.0,117.84) | (4.69,110.32) | (4.09, 96.3)
0.014 (4.3, 101.5) | (4.09,96.24) | (4.0, 94.24) | (3.75,88.22) | (3.27, 77.0)
0.015 (3.5, 84.04) | (3.33,79.73) | (3.23,77.33) | (3.05,73.10) | (2.67, 63.81)

3. JlocTaTo4Hblii NpPHU3HAK IIOTePH YCTOHYMBOCTH HEBO3MYIUEHHOIO COCTOSIHUS

paBHoBecusi AuHaMudeckoil cucrembl (1.1) — (1.3) nas Yy € [l .96;00] .

Tloncrasisis obuiee pemieHue auddepennuanbaoro ypasuenus (1.1) B Buge (2.14) B
rpaHndHble yciuoBus (1.2), momydaeM OJHOPOAHYIO CHCTEMY anreOpanduecKuX ypaBHEHUH

BTOPOT'O MOPAAKA OTHOCUTECIIBHO MPOU3BOJIBHBIX MMOCTOAHHBIX an . HpHpaBHeHHBIﬁ HYJIIO

OIIPEACIIUTCIIb
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3TOM

CUCTEMBI

YpaBHEHUI

HIPpUBOAUT

K  XapaKTEpHUCTUYCCKOMY
OIIPEACIIUTEIIIO — 6I/IKBaﬂpaTHOMy YpaBHCHHUIO OTHOCUTEIIBHO COOCTBCHHOT'O 3HAUCHUS 7\, :

F(A)=y% 8,AL +(XnAl +6nA2)k2 +A =0, ye[1.960],
5, =m.D'b’(nn)", x, =1.D7'b(mn)", 3,>0, x, >0;

3.1)
(3.2)




8n u Xn — HpI/IBGZ[éHHI)IC 3HA4YCHUA, COOTBETCTBEHHO, COCPEAOTOYCHHBIX MHEPIUOHHBIX

Macc mc 1 MOMCHTOB IIOBOPOTa IC , IPUJIOKEHHBIX BAOJIb CB06OZ[H01"0 Kpas IUIaCTUHKU,

A=1. A= 2(q+1+Bi)-(q—\/m>,A2= 2(q+1+B}). (3
A3:(qﬂ_m)z—2(q+1)v—(1—V)2+2B§(q—m>

Otcroma OYEBHIHO, UTO

Ao >0,A1 >O,AZ >0 npu BCCXBi <(Bi)pr, (3.4
B e[O;(0.25(1+Bi)2 +1))m[0;([3§)“) n Qe (. A(3Myen ).

BBoxs 06o3naueHme
_ 2 -1
K, =%, -8, =1, (mn) -(mcbz) k>0, (3.5)

xXapakTepucTiueckuii onpenenurensd (3.1), B coorBercTBuu ¢ ycioBusimu (3.2), (3.4) u
(3.5), mepenwumeTcs B BUIe

WA+ A A+, 5 AA =0, (kKA +A)>0. (3.6)
Jlerko nokasaTh, 4TO AUCKPUMHHAHT ypaBHEHHS (3.6)
A=A(q,n,v,B§,B§,kn)=(knA1+A2)2—4kn,5b,&3>0 3.7)

TIPU BCEX JOIYCTHMBIX 3HAYCHHSX TAPaMETPOB CHCTEMEI.
B camom gene, moacranss B Gopmyny (3.7) Beipaxkenus (3.3), mocie HECIOXKHBIX
npeoOpa3oBaHMi MoITydaeM

A:z(q+1+Bi)(kn(q—4/q2—1+B§)—1)2+4kn(2(q+1)v+(l—v)2)>0.

COOTBETCTBEHHO, Il BCEX YE[1.96;OO] aHANIN3 YCTOHYMBOCTH BO3MYIIEHHOTO
COCTOSIHHSI PaBHOBECHSI IMHAMHUYECKOW CHCTEMBI «ITACTHHKA—TIOTOK» OyIEeT CBOAUTHCS K
HCCIIEZIOBAHUIO TIOBEACHUSI KOpHEH Kk XapaKTepPUCTHYECKOTo ompenenurens (3.6) mpu

YCIOBHAX (knA1 +A)>0 n A>0, onpenensomyx cOGCTBEHHBIE ABHKEHUS CHCTEMBI

2 2
B MPOCTPAHCTBE «CYIIECTBEHHEIX» MApaMeTPOB < = {q V),n,v, BBy, kn} . 3HaveHus
OCTaJIbHBIX IIAPAMETPOB CHCTEMBI — «HECYIIECTBEHHBIX» — HMPUHHMAIOTCA (HKCHPOBAH-

HBIMH.

4. Pa30ueHne NMPOCTPAHCTBA NapaMeTPOB CHCTEMbI «IVIACTHHKA—TIOTOK» Ha 00JIaCTH
YCTOWYHMBOCTH M HEYCTOWYMBOCTH. 311€Ch, TAK)Ke, Kak U B padorax [18 u 19], BBeném B

PaccMOTpeHHE B MPOCTPAHCTBE NAPAMETPOB < CHMCTEMBI «ILTACTHHKA-TIOTOK» OBIacTh

yCTOMYMBOCTH So(knAl_'_Az >0, A} >0, A>O) U 00macTM HEyCTOWYMBOCTH:
SI(A3 <O,A>0), Sz(knA+AZ<O, A3>O,&>0) u 33(,5\3 >0,A<0).
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rae A ,1=1,2.3, kn uA - onpezneneHs! BeipakeHusmu (3.3), (3.5) u (3.7).
VuuTBIBAS YCIOBUS (kn:&1 + Az) >0 u A>0, orcrona ouesHIHO, uTO TpaHHLEii

obmacTH  yCTOM4MBOCTH <5, CHCTeMbl i  BCeX Y 6[1.96;00] SABIACTCS

TUIEPIIOBEPXHOCTH AS =(, xoTopas, B cOOTBETCTBHY C BhIpakeHHeM (3.3), ommchiBaeTes

COOTHOLICHUCM

(a1 153} ) ~2(a+1)v—(1-v) +28:(a~Ja"~1+B; )= 0.1

Ha runepnosepxnoctu (4.1) onpenenurens (3.6) uMeeT OJUH HYJIEBOI KOPEHb 7\,0 =0
KpaTtHOCTH 2: ypaBHeHHe (4.1), onpesenseTr rpaHHIly «arnepuoJHuecKON YCTONUYHBOCTI,
IpU TIepexoJie uepe3 KOTOPYI HEBO3MYIIEHHOE COCTOSHHE PAaBHOBECHS JTUHAMHYECKOH

cucremst (1.1) — (1.3) mpu ckopoctsx noroka raza V >V, . =V (q,ocdiv) IS BCeX

Y 6[1.96;00] TEepsieT yCTOMYMBOCTE B BHJEC JIOKAIM30BAHHOW JHUBEPIrCHIUH B

okpecTHOCTH cBoboaHoro kpas X =0 miactunkm.

2 g2
Kpurnueckue ckopocta V =V, (n, v, BBy ) TIOTOKA Ta3a pa3srpaHAuHBalOT

loc.div. oc.div.

001aCTh YCTOWMYMBOCTU 30 1 00J1acTh JIOKAIN30BAHHON JHMBEPreHINH Slocdiv [19]. TTpu

CKOpPOCTAX ITOTOKa V 2V| IPOUCXOOUT «MSATKUN epexoa» 4epe3 TOUKY 7\,() = 0 B

oc.div
MpaByrl0 4YacTb KOMILJIEKCHOM IIJIOCKOCTH COOCTBEHHBIX 3HA4YeHUM A’k N BI)ISLIBaIOHII/IfI

IUIaBHOE H3MEHEHHE XapaKkTepa HEBO3MYIIEHHOTO COCTOSIHHS PaBHOBECHS CHCTEMBI OT
YCTOMYMBOCTH K CTATMYECKOH HEYyCTOWYMBOCTU B BHJE JIOKAJIM30BaHHOW IUBEPIeHLIUU:
POruGkI MTACTHHKY JIOKAJIM30BaHbl B OKpecTHOCTH €& cBoboHoro kpas X = 0. I'panuna
«anepuoaruecKoi ycroiauBoct» (4.1) sBisiercs: «6e3omacHoi» B cmbicie H.H. baytuna
[12]: mamoe mpeBBINIEHUE KPUTUYECKOM CKOPOCTU JOKAIM30BAHHOM JUBEPreHIMU
COOTBETCTBYET MAJIbIM IMBEPIreHTHBIM JAe(hOpMalisIM, JOKAIU30BAaHHBIM B OKPECTHOCTU

cBobozuoro kpag X =0 mnacTunku.

A Takxe, U3  ypaBHEHHUS 4.1) OYEBHIHO, 49TO €ro  peuieHue

-1
e a,M He 3aBucuT oT mapamerpa K =% O . COOTBETCTBEHHO,
loc.div. 0° 0" 2cosm p n n-n

NpUBEAEHHbIE 3HAYEHUS KPUTUYECKOW CKOPOCTH JIOKAJIM30BAaHHOM JHMBEpreHIUU

\/ D' (a0p0b3 ) ,  ompejeiseMble  MOJACTAHOBKOH  €IMHCTBEHHOIO  KOpPHS
Oioc.aiv. € (qo,q (aOMZCosm)) ypaBHeHus (4.1) B popmymy (2.15), Takke HE 3aBUCST OT
K, =Xn5;1, a 3aBHMCAT JIMIIb OT TapameTpoB N, V,Bi u Bi M3 He3aBHCHMOCTH
dymrm V., D™ (a0p0b3) or napamerpa K, = XnSHI CIIeyeT, 4To KO3 (QHUIHEHTHI
An ¥ O, XapaKTepH3yIOLHe COCPEAOTOUEHHbIE HHEPLMOHHbIE MOMEHTBI oBopoTa | n

MaccChl mc COOTBCTCTBCHHO, BJIMAKOT JIMIIb TOJBKO Ha II0Ka3aTcjib OKCIIOHCHTHI
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COOCTBEHHOTO JIBU)KEHHS IUTACTHHKH, KOTOPBIM ONpEAEIIeTCS HHTCHCUBHOCTh HApacTaHUs
«BEITTYUMBAHUI» B OKPECTHOCTH eé cBobororo kpas X = 0] 13, 14].

CrnemyeTr OTMETHTD, 4TO ypaBHEHHE (4.1) TOXXIECTBEHHO ITUCIIEPCHOHHOMY YpPaBHEHHIO,
noydyeHHoMy B pabore [17] mpu mcclienoBaHWM HMCXOJHOW 3agadd B CTATHYECKOH
IIOCTaHOBKE I10 METOLy Dinepa.

TakuM 00pa3oM, HEBO3MYIIEHHOE COCTOSHHE PABHOBECHS IMHAMHYECKOW CHCTEMBI

(1.1) — (1.3) B cayuae DOCTATOYHO MIUPOKUX IPAMOYTOJIBHBIX IJIACTUHOK Y € [1 .96;00) u

HOJIy6eCKOHe‘-IHOI>1 IJTaCTUHBI-TIOJIOCHI ’Y =00 TEpsACT TOJBKO JIMIIb CTaTHYCCKYIO
ycTOfI‘-IPIBOCTL B BHJIE JIOKaJIM30BaHHOM JAUBCPIreHINU B OKPECTHOCTHU CB06OI[HOFO Kpasa

X=0, B omMuMe OT YMIMHEHHBIX MNPAMOYTONBHBIX TIACTUHOK [18] M IJIACTHHOK
yMepeHHBIX pazMepoB [19].

5. UncseHHble pe3yabTaThl. B naHHOW paboTe ¢ MOMOIIBI0 METOAOB rpado—aHalu-

o 2 2
TUYECKOTO ¥ YHCIEHHOIO aHAIHM3a CTPOMIIUCH CEMENCTBA KPUBBIX {q(n,v,Bx,By)} e,

IapaMETPU30BAHHBIX B IPOCTPAHCTBE <3 HA/UIEKAIIMM 00Pa3oM.

Ta6nuna 4. 3navenns V, 5, D™ (3,0,0°) mpu n=1, v =0.125;0.3;0.5.
BZ
2
By

0.0 0.3 0.5 0.8 1.0 1.2 1.5

296.222 | 367.225 | 413.345 | 483.020 | 528.651 | 574.074 | 641.382
0.0 143.905 | 184.005 | 210.785 | 250.895 | 276.964 | 303.485 | 343.018

79.668 | 107.391 | 126.692 | 153.467 | 176.110 | 195.321 | 223.981
274.189 | 341.179 | 384.762 | 449.573 | 492.573 | 535.338 | 598.480
0.1 132.801 | 170.236 | 195.945 | 233.386 | 257.806 | 288.671 | 320.360

72.771 99.259 | 118.186 | 145.277 | 163.292 | 181.591 | 208.492
252.075 | 314.376 | 355.330 | 415.362 | 455.910 | 195.409 | 554.396
0.2 121.059 | 156.899 | 180.426 | 215.322 | 238.871 | 262.700 | 296.830

65.578 | 90.589 | 107.914 | 133.529 | 150.057 | 167.308 | 192.684
229.370 | 296.760 | 324.512 | 380.458 | 417.283 | 453.433 | 507.385
0.3 109.651 | 142.591 | 164.150 | 195.920 | 219.786 | 240.358 | 272.213

58.233 | 81.521 | 97.252 | 121.041 | 136.653 | 152.484 | 175.944
205.655 | 257.897 | 296.581 | 343.492 | 376.583 | 410.738 | 460.344
0.4 97.886 | 127.919 | 145.717 | 177.246 | 197.140 | 217.069 | 246.490

50.535 | 72.237 | 83.375 | 108.090 | 122.766 | 137.075 | 158.649
181.210 | 228.296 | 259.040 | 304.794 | 334.477 | 365.136 | 409.839
0.5 85.407 | 112.287 | 130.397 | 157.201 | 174.810 | 192.807 | 219.385

42.625 | 61.782 | 75.525 | 94.452 | 107.819 | 120.803 | 140.222
155.448 | 196.328 | 223.615 | 263.831 | 296.289 | 316.744 | 355.950
0.6. 72305 | 96.046 | 111.232 | 135.225 | 144.496 | 166.941 | 190.328

34249 | 51.756 | 62.725 | 75.487 | 80.067 | 103.334 | 120.654
127.687 | 132.212 | 185.496 | 219.357 | 241.842 | 264.804 | 296.268
0.7 58.411 78.558 | 92.078 | 112.112 | 125.367 | 134.303 | 143.481
26.703 | 40.375 | 50.241 60.958 | 67.958 | 72.521 79.359

37



B sToM ciyuae Tak ke, kak u B pabdorax [13— 17], kpuTHueckass CKOPOCTh JIOKAJIH-

30BaHHOW TUBEPTeHIINN VI SIBIISICTCSL BO3pacTaroleil GpyHKIMEH OT Yuciia TOIyBOJH

oc.div.

N : eé HauMeHbIIEMy 3HaUeHHIO cooTBeTcTByeT N =1 .
[oxacrasnsas pemenue . 4y € (qo,q (aOMZCOSm )) ypaBHenus: (4.1) B dopmyny
(2.15), nomyuaeMm 3Ha4YCHUS TPUBCAEHHOW KPUTUYECKOW CKOPOCTH JIOKAJIM30BAaHHOU

-1
museprenumn V. 4, D (aOpObS), NpeNCTaBlICHHbBIE B Tabnuie 4 i1 HEKOTOPBIX

o 2 2
JOIIYCTUMBIX 3HAYCHUU TapaMETPOB CUCTEMbI BX . By u VvV 1pu n= 1 .
W3 nanHbIX Ta6HI/II_II>I 4 CJIIEAyeT, 4TO HpI/IBeﬂéHHaﬂ KPUTHYECKasd CKOPOCTH JIOKAJIU30-

. -1 3 .
BaHHoI tuBeprenimn V. g, D (aopob ) SIBJISIETCS. MOHOTOHHO BO3pacTaromeil GyHKIu-
N 2 2
eif ot koddpuumenta Hanpsokerus 3, , a or By u ko3¢ punuenra [Tyaccona v — yObiBaro-
. . 2
weil GyHkumeil: Ha npomexytke 3, € [0;1.5] BO3pacTaeT, IpHUMepHO, B 2 — 4 pasa; Ha

2
TIPOMEXYTKE By € [0; 0.7] yOBIBaET, TPEMEpHO, B 2 — 3 pa3a; a B TIACTHHAX M3
MaTepHaoB ¢ OOJIBIINM 3HaYeHHEM V MeHblle B 2.86 — 4.8 pas.

W3 conocrasienus naHHbIX Tadmui 1, 3 u 3, 4 04EBUIHO, YTO TPU OOTEKAHUU TIPOUCXO-

2
y) ko3¢ duIeHTa HaNpsKEHUs By, npu-
cr

2
JUT «MMaJCHHUEC» KPUTHUYECKOr'0 3HAYCHUS (B

MepHO, B 1.33 — 1.56 pa3, cylecTBeHHO 3aBHCAIINM OT Koddduuuenra Ilyaccona V: ¢
POCTOM V «IaJeHHe» YMEHBIIACTCS; HEBO3MYLIEHHOE COCTOSHHE PABHOBECHS CHCTEMBI

SIBIISIETCS. YCTOWYHMBBIM BOJIH3H aOVZ — Hayaja MHTEpBala CBEPX3BYKOBBIX CKOpOCTEH
(1.4) mpu Bcex AOMYCTHMBIX 3HAYECHUSX €€ «CYLIeCTBEHHBIX» IapaMeTpOB, B YACTHOCTH,

. -1
JUTA CTAIbHBIX IIIACTHHOK OTHOCHTeNbHO# Tommmusl 20 ~h € (0.006, 0.01 5] .
Jlns Beex Y > 1.96 npu onpenenénnom coornomenun pactsrusatonmx cun N, 1 cnn

cxatust N y » IMEeT MeCTO dQ(PEKT X «B3AUMHOM KOMIICHCALIMIY KPHTHYCCKAs CKOPOCTH

Vlocdiv D! (a0p0b3) OJTHA W Ta e, uTo ¥ npu ux orcyTcTun ( N K= N y =0) (Tabxn.5).

Tabmuma 5.
BZ 0.1 0.2 0.3 0.5 0.65 1.0 1.5
XC
BZ 0.1 0.134 0.3 0.4 0.5 0.6 0.7
yc
2 2 \! 1 1 1 1.25 1.3 1.6 2.14
O = Bxc ’ (Byc)

HpI/I ¢ > (DC Ha 1iopor YCTOI‘/‘I‘II/IBOCTI/I CHUCTEMBbI OKa3bIBAIOT BJIMAHUE MNPECHUMYIIECT-

BCHHO pPaCTATHUBAIOUIUEC CHIIBI NX’ C PpOCTOM KOTOPBIX yCTOfI‘-IPIBOCTL CUCTCMBI
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MOBBINIACTCS, W, HA00OPOT, INpH @ <@, — CKAMAIOUIUC CHUJIbI N [IpUBOJAILUE B

y 2
OCHOBHOM K INOHHUXXCHUIO yCTOﬁ‘IHBOCTH CUCTCMBI.

6. BiusiHue OTHOCUTEJILHON TOJIIMHBI MVIACTHHKHM HA NMOPOI YCTOHYMBOCTH CHCTEMbI
«IVIACTHHKA-TIOTOK».
U3 coortHotienust (2.17) nerko MOXHO MOTYYHTh (OPMYITY, CBSI3BIBAIOILYIO OTHOCH-
-1 .
TenpHyto TommuHy mmactmakd 2hDT ¢ mpuBenmemmoi#t ckopocTeio ToToka Taza. B
yacTHOCTH, uMeeM [20]:

(2hb_1 )3 = aOMZcosm ’ (12(1 - Vz)aopoE_l) ’ (VlocdivD_1 (a0p0b3))71 . (6.1)

IMoxcrasnss suavenws: 8, = 331 m/cex, P, = 1.29 xom’, E= 2:10" wm?,

min

M =333uV, D' (a0p0b3 ) (tadn.4) B hopmyiy (6.1), HaX0JUM MUHAMAJIBHYIO

2cosm locdiv

-1 o o
OTHOCUTCIIBHYIO TOJIIIUHY (2hb ) . IIAPOKOM CTaJIbHOW IUTACTUHKH, Ha4YuHasA C
min

i 2hb™' >(2hb™! é

KOTOPOH IIpH BCex > _ HEBO3MYILIEHHOE COCTOSHME PABHOBECHS CUCTE-
min

MBI YCTOMYMBO Ha BCEM IPOMEXYTKE CBEPX3BYKOBBIX ckopocreil (1.4) mpu Bcex

JIOITYCTHUMBIX 3HAYCHHUSX OCTAIBHBIX MTapaMeTpoB (Tabu.6).

Tabauna 6. 3HaueHus (2hb71) ~mpu N=1, v=0.125;0.3; 0.5.

min

2
BX 0.0 0.3 0.5 0.8 1.0 1.2 1.5

0.00978 | 0.00911 | 0.00876 | 0.00831 | 0.00807 | 0.00785 | 0.00757
0.0 0.01217 | 0.01121 | 0.01071 0.01011 | 0.00978 | 0.00946 | 0.00912
0.01384 | 0.01255 | 0.01187 | 0.01113 | 0.01063 | 0.01027 | 0.00981
0.01004 | 0.00634 | 0.00897 | 0.00852 | 0.00826 | 0.00803 | 0.00774
0.1 0.01250 | 0.01151 0.01097 | 0.01032 | 0.01001 0.00964 | 0.00931
0.01427 | 0.01287 | 0.01214 | 0.01133 | 0.01092 | 0.01052 | 0/01005
0.01330 | 0.00959 | 0.00921 0.00874 | 0.00848 | 0.00824 | 0.00794
0.2 0.01288 | 0.01182 | 0.01128 | 0.01063 | 0.01027 | 0.00995 | 0.00953
0.01477 | 0.01326 | 0.01275 | 0.01166 | 0.01121 0.01082 | 0.01032
0.01066 | 0.00988 | 0.00949 | 0.00901 0.00873 | 0.00849 | 0.00818
0.3 0.01332 | 0.01221 | 0.01165 | 0.01096 | 0.01057 | 0.01025 | 0.00984
- 0.01374 ] 0.01295 | 0.01244 | 0.01156 | 0.01115 | 0.01063
0.01106 | 0.01027 | 0.00983 | 0.00931 | 0.00903 | 0.00878 | 0.00845
0.4 0.01383 | 0.01285 | 0.01206 | 0.01135 | 0.01095 | 0.01061 | 0.01017
- 0.01431 | 0.01304 | 0.01251 | 0.01198 | 0.01156 | 0.01101
0.01153 | 0.01067 | 0.01023 | 0.00969 | 0.00944 | 0.00913 | 0.00878
0.5 0.01447 | 0.01321 | 0.01257 | 0.01181 | 0.01143 | 0.01103 | 0.01057
- - 0.01410 | 0.01309 | 0.01252 | 0.01205 | 0.01148
0.01213 | 0.01122 | 0.01075 | 0.01017 | 0.00985 | 0.00957 | 0.00919
0.6. - 0.01393 | 0.01324 | 0.01242 | 0.01201 0.01157 | 0.01108
- — — 0.01380 | 0.01320 | 001274 0.01207
0.01294 | 0.01280 | 0.01144 | 0.01082 | 0.01047 | 0.01016 | 0.00977
0.7 - 0.01488 | 0.01412 | 0.01322 | 0.01273 | 0.01232 | 0.01178
- - 0.01483 | 0.01413 | 0.01354 | 0.01295
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2
U3 nmaHHBIX Tabnuipl 6 Cleayer, B 4YaCTHOCTH, YTO, HAUWHAs C 3HAYCHUS BX =0.8,

o o 2 .
HCBO3MYIICHHOC COCTOAHNE PaBHOBECHUS CUCTEMBI YCTOUYIUBO IIPHU BCEX By € [0, 07] .

COOTBETCTBEHHO, LIEMIOYKH MIEPEX0J0B COCTOSIHUI cucteMbl OynyT Buna [18, 19]:

xorza 2hb™ < (2hb™)

Ty = T, (6.2)
npn Beex B, € [0;1.5] u [3?, € [0;0.7];
3,. xorza 2hb™" > (2hb*‘)mm. (6.3)

-1 -1 "
Tem cameiv, mpu 2hb Z(Zhb )  HEBO3MYIIEHHOE COCTOSIHAE pPaBHOBECHS
min

CHCTEMBI SIBISIETCS YCTOMYMBBIM Ha BCEM NPOMEXKYTKE CBEPX3BYKOBBIX ckopocteil (1.4)
IPHU BCEX JOIYCTUMBIX 3HAYEHHUAX OCTAJIBHBIX «CYILECTBEHHBIX» N1apaMETPOB CUCTEMBI.

7. OcHOBHBIE Pe3yJILTATHI U 3aKJII0YeHHUe.
B pabote, Ha mpuMepe DOCTATOYHO LIMPOKHX TNPSIMOYTONBHBIX IUIACTHHOK W TOJNY-

GeCKOHEUHOM MIIACTHHBI-TIONOCH Y € [1.96,00], HCCleyeTcs BIUSHHE MepBOHAYATBHEIX

CHJI PaCTSAKCHUA NX H CXKaTusa N HarpaBJICHHBIX, COOTBETCTBEHHO, II0 CBEPX3BYKO-

y b
BOMY IOTOKY Ta3a M B MEPIECHANKYJSPHOM HANpPaBICHUH, HA TOPOT YCTOWYHBOCTH
HEBO3MYUIEHHOTO  COCTOSHMSI ~ paBHOBECHS  JIMHEHHON  IWHAMMYECKOW  CHCTEMBI
«IUTACTUHKAa—TIOTOK», C IENbI0 yNpaBIe€HUS WM, B TPEANOIOKEHUH  HAIWIHS
COCPEIOTOUYCHHBIX HHEPIUOHHBIX MaCC 1 MOMEHTOB TIOBOPOTA HAa UX CBOOOJHOM Kpae.

Haiineno anamuTHueckoe pemIeHWE 3aJadd YCTOWYMBOCTH CHCTEMBI «IUIACTHHKA—
ITOTOKY.

IloydeHs! ssBHOE BBIpaYKEHHE JUCTIEPCHOHHOTO YPaBHEHHS, XapaKTepU3YIOIIEro J0CTa-
TOYHBIC TPH3HAKA MOTEPH YCTOHUUBOCTH WU (HOPMYJa, CBS3BIBAIONIAS XapPaKTEPUCTHKH
COOCTBEHHBIX KOJIEOAHMIA TUTACTHHKH CO CKOPOCTHIO 0OTEKAIOIIET0 MOTOKA Ta3a.

C momomipio rpadoaHATUTHUECKUX W YHCICHHBIX METOAOB aHallu3a MPOU3BEIACHO
pa30ueHre MHOTOMapaMEeTPUIECKOrO IPOCTPAHCTBA COCTOSIHUH CHCTEMBI «IDIACTHHKA—
MOTOK» Ha O0JIACTH yCTOWYHMBOCTH M HEycTOWYMBOCTH. [loKa3zaHO, 4TO rpaHuna o0yacTu
YCTOWMYMBOCTU OINPEIEISETCS TOJBKO THUIEPIIOBEPXHOCTHIO, XapaKTEPU3YIOIIEH MOTEpIo
«arnepuoauuecKod yCTOHYMBOCTH» B BHJE JIOKAJIM30BAaHHON AMBEPIEHIMN B OKPECTHOCTH
CcBOOOJIHOTO Kpasi IJIACTHHKH, YTO CBUICTEIBCTBYET O «0E30MAaCHOCTH» TPAHUIIBI B CMBICIIC
baytuna H.H. [12]. Otcroxa, oueBuaHO, CIEIyeT, 9TO B HICXOJHON 3amade, Kak U B [15— 17,
21], xpuTHUecKas CKOPOCTb JIOKAJM30BAaHHOM IWBEPreHINH HE 3aBUCHT OT IapaMerpa
OTHOIICHUS] KO3(D(DHUIIMEHTOB, XapaKTEPU3YIOLIHX COCPEIOTOUCHHBIC HHEPIIMOHHBIC MACChI

M, ¥ MOMEHTHI TIOBOPOTa |C. CocpenoToueHHbIE HHEPIIMOHHBIE MAacChl 1 MOMEHTHI TIOBO-
pOTa BIHSIIOT TOJBKO HAa TOKa3aTelh 3KCIIOHEHTHI COOCTBEHHOTO IIBMIKCHUS TUIACTHUHKH,
KOTOPBIM OIIPEeNSIeTCs] MHTEHCUBHOCTh HAPACTaHUSl «BBHIITYYHBAHUS)» B OKPECTHOCTH €€
cBOOOIHOTO Kpasi X = 0.

Haiinens! kxputndyeckie CKOpOCTH JIOKATM30BaHHOW TUBEPTeHLINH, B MPENNOIOXKEHHH,

YTO B INIACTHHKEC B MOMCHT «BBIITYUYHMBAHUD) BO3ZHUKAIOT TOJIBKO HAIPSKCHUA H3ruoa.
Hoxa3aHo, 4qTo HpHBCZ[éHHaSI KpUTHYCCKass CKOPOCTh JIOKQJIM30BAHHOU JAWBEPIreHINU
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SABJISIETCS. MOHOTOHHO Bo3pactaroweil pyHkuueit ot cun pactsukenus N, , a oT cun cxarns
N y HoT koo dunmenta [Tyaccona V — MOHOTOHHO yObIBaromeil Gpynknueir. CooTBeTcT-
BEHHO, CHIbl pacTskennst N, NPHBOMAT K CyIIECTBEHHOMY MOBBILIEHUIO YCTOHYMBOCTH

CUCTEMBEI, a COKUMAIOLIUEC CUJIBI N y HaO60pOT, K IIOHM>KCHUIO.

OmnpeneneHsl B3aUMOKOMIICHCHPYIOIME 3Ha4eHUSI KO3()(MHLIUECHTOB HaNpsHKEHUH, Xa-
PAKTEPU3YIOMINX YCHINS B CPEIUHHON IIOBEPXHOCTH ITACTHHKH, IPH KOTOPBIX COOTBETCT-

BYIOIIUE NCPBOHAYAJIBHBIC CUJIBL N X n N y HC BJIUAIOT Ha IOpor yCTOﬁ‘{HBOCTH CHUCTCMBEI.

Kax u B paGore [21], 31ech Tak xe, NepBoHayanbHbe cuabl N, HampaBIeHHEIE 11O

X 2
IMOTOKY, CYHICCTBCHHO BJIMAKOT HE TOJIBKO Ha BCIUYUHY KpHTH‘ICCKOﬁ CKOPOCTHU, HO U Ha
T'paHully obmactu ycTOfI‘II/IBOCTPI, B OTIMYHUE OT CHI Ny, HaIlpaBJICHHBIX B NEPIICHAU-

KyJSIPHOM HaIpaBJIeHHMH K CKOPOCTH IMOTOKA Ta3a, OKa3bIBAIOLIMM BIMSHUE TOJIBKO Ha
BEJIMYMHY KPUTHYECKOH CKOPOCTH.

CpaBHUTENBHBINA aHANIM3 PE3yJIbTATOB TaHHOH paboTel u pabdot [15— 17, 21] no3Boiser
YCTaHOBUTH T'PaHUIIBI IPUMEHUMOCTH MeToja Dinepa, Hapsay C NPpUMEHEHHEM JWHAMU-
yeckoro merona. ConocTaBieHUE Pe3yJIbTaTOB PELICHHs 33/1a4d YCTOHYMBOCTU TUHAMH-
YECKUX CHCTEM «IUIACTUHKA—TIOTOK» B CJIy4ae JOCTaTOYHO IIUPOKHX IUIACTHHOK U
MOJyOECKOHEYHOW TUIACTUHBI-TIONOCH], MOJYYEHHBIX IPUMEHEHHEM OOOUX METOJIOB,
yKa3bIBa€T Ha HX XOpollee coBHajeHHe. [1oaToMy, IpH pelmeHnd MOAOOHBIX 3a1ad
IpUMEeHeHHe MeToza Ditiepa, Kak Hanbosee yZ00HOTO ¥ IPOCTOT0, BIIOJIHE ONPaBIAHO.

W3noxeHHslid B qaHHOW pabore rpadoaHaIMTHUECKUH METOJ| MCCICIOBAaHHS MOXKET
OBITH NPUMEHEH VIS IONTYyYEHHUs AHAIUTUYECKOTO PEIIeHHsS IIHPOKOrOo Kiacca 3amgad
YCTOHYMBOCTH YIIPYTHX CHCTEM, B YaCTHOCTH, IPH KOMOMHUPOBAHHOM HarpyXeHHH.
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Aero-thermo-magneto-elastic stability of an elongated plate in a supersonic gas flow
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The paper considers the problem of loss of stability of an isotropic elongated plate of constant thickness,
which is flown by a supersonic gas flow and is subjected to the combined effect of a temperature varying
along the thickness and magnetic field. Using the basic postulates of the theory of aero-thermo-magneto-
elasticity of isotropic bodies, the theory of flexible plates and the linear law of the temperature change
along the thickness of the plate, equations and corresponding boundary conditions are obtained that
characterize the oscillations and stability of the considered aero-thermo-magneto-elastic system. Based on
the derived equations, conditions are obtained and stability boundaries are calculated depending on the
variables characterizing the flow velocity, magnetic field, the temperature of the median plane and the
temperature gradient in the direction normal to the median plane.

Uhyhpui U, Snunjub 9., Qbunnhin E.
Qhpduyiiught ququuyhtt hnupmd Epupugdus phphinh wkpn-phpun-dwqihuwljui-wpwdquljui
Juyniumpiniip

Zhdtwpwnkp' $puwnbp, ny gdwjunipinil, ghpduyht nuown, dwqihuwlwh nuow, ghpdwjiught
opghnunid, wkpn-ghpdw-dwquhuw-wrwdquljut juyniinipnih

Uohmutnwpnid phunwplynud t hwunwnnit hgninpnuy iyniphg Juwenigus b hwuwnnipnil
niukignn Epup uwh Juymbinmpput Ynpunh bunhpp, Gpp wytt dh Yondhg opohnuynud E quqh
glipdwjtiuyhtt hnuwtpny b Eupwplynd k pun hwunmpyu thnthnpuwlut ghpduyhtt b dwqhuwlju
nupwnbkph hwdwinkn wqpkgnipjuip: Oquugnpstinyg hgninpnyy dwpuhitbph wkpn-ghplw-dmquhuw-
wpwdquljuinipjul, 4ot vubph b thnhnpowljwt (wvwh hwunnpjut nyyoppudp) ekpdught
nuownh wnbunipnibtiph hhdtwlwh nponypubtpp, uwnwgyl] o ghuwplynn wkpn-gipdw-dwgihuw-
wnwdquljut hwdwlupgh nwwnwindubph ot juniinipjut hhdtwljut  hwjwuwpnudubpp b
huwlwyunwupwt  dulkpimpuhtt wuydwbibkpp: Unwugdus hwduwuwpnudubph hhuwb  Jpw
wpnwsyl] ki Quymbmpput wwplwbikpp b npnoyly b Quyniimpput wwhdwbbbpp Jupo]ws
opohnudwl  wpwgnipjniihg, dwquhuwlwt nwpwnh Ukdnipniihg, uwh uJhohtt hwppnipjut
ohiptwunhdwthg b dhohtt hwppmipyul tnpuwh mnnmpjudp ghpuwunhgmh gpunhkinp
punipwgpnn thnthnpwlwbtbphg:
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B cratee paccmarpuBaeTcs BONPOC MOTEPU YCTOMYMBOCTH HM30TPOIHOM yIIMHEHHOU
IUTACTUHKHU TTOCTOSHHOHN TONIIUHBI, KOTOPAst C OJHON CTOPOHBI 00TEKAeTCsI CBEPX3BYKOBBIM
IOTOKOM Ta3a M IOABEPraercs COBMECTHOMY BO3ICHCTBUIO IEPEMEHHOrO IO TOJILIUHE
TEMIIEPATYPHOrO U MAarHUTHOro noiyiei. Mcronb3ys OCHOBHBIE NOJIOKEHHS TEOPUH adpPo-
TE€PMO-MarHUTO-yIIPYrOCTH M30TPOIHBIX TeJ, TEOPUU TMOKHX IMaHeNedl U JIMHEHHOro Io
TONIIMHE IaHEIM 3aKOHAa  TEMIIEPaTypHOrO  IIOJs, IIOMy4eHbl ypaBHEHUS U
COOTBETCTBYIOIIUE I'PAHMYHBIE YCIOBHA, XapaKTepHU3yloLue KojaeOaHUs U yCTOHYMBOCTb
paccMaTpHBaeMON aep-TEpMO-MarHUTO-yIpyrod cucteMbl. Ha ocHOBe BBIBENEHHBIX
YPABHEHUH MOJyYEHBl YCIOBUS U BBIYUCIEHBI I'PAHUIBI YCTOMYUBOCTH B 3aBUMOCTH OT
NIEPEMEHHBIX, XapPAaKTEPU3YIOIIMX CKOPOCTh IOTOKA, 3HA4Y€HWs MAarHUTHOIO IO,
TEMIIEpPaTypy CpeAMHHOH IIOCKOCTH M TpajMeHTa TEeMIIEpaTypbl B HalpaBICHUH,
HOPMaJIbHOM K CPEIMHHOM IJIOCKOCTH.

Beenenue. [anenbHbiil (uiatrep - moTeps YCTOMYMBOCTH M MHTCHCHBHBIC KOJIcOaHHS
naHenei OOIIMBOK JIETATENBHBIX allapaToB, BO30YXIAIOUIMXCS MPH B3aUMOJCHCTBHU C
IIOTOKOM BO3[yXa IPH OOJBIINX CKOPOCTAX MoneTa. [Ipn MaTeMaTHn4ecKoM MOJEINPOBaHHI
0OTeKaHWs TBEPIOTO Teja Ta30BBIM IOTOKOM OOBIYHO Mpeanoiiaraercs, 4To oOTekaeMast
MMOBEPXHOCTH He Aedopmupyercs. Ecinu u3rnOHas ®ecTKOCTh 00TEKaeMOro Tejia HeBeJuKa,
OT 3TOTO MPEATONIOKEHUST HEOOXOAUMO OTKa3aThCsl H PACCMOTPETh COBMECTHBIE KOJIeOaHUsI
TeJla ¥ Ta30BOro notoka. OObIYHO KoseOaHWsl, HHUIMUPOBAHHbIE HEKOTOPHIM HadyaJlbHBIM
HAMITYJIECOM, OBICTPO 3aTyXaloT 3a CYET TaK HA3bIBAEMOH adpOIMHAMIYECKON BS3KOCTH, HO
BO3MOJKEH CIIy4yai, KOrna aMIUIUTyAa KoyieOaHMH CO BPEMEHEM pEe3KO BO3pacTaer. JTo
SIBIICHUE, Ha3blBaeMoe (MIaTTepOM, MOXET BBI3BaTh pa3pylIeHHE OOTEKaeMBIX SIIEMEHTOB
KOHCTPYKLMH JIETaTeJIbHOIO ammapara — HeCyLIMX IIOBEpXHOCTeH WM OOIIMBKH.
Bo3moxxHO Takke YXYALICHUE YIIPaBIIEMOCTH. (DHaTTCp SIBUJICA HpH‘IHHOﬁ MHOT'HX aBHa-
karactpod. [losTomMy ero wu3ydeHHe MpeACTaBIseT COOOH ONHO M3 TPHOPUTETHBIX
HanpaBJIeHUH HCCIIeJOBaHUI MEXaHUKU.

Cpenn 3aa4 MaTeMaTHYECKOTO MOAENUPOBAHUS (rarTepa BHIAEIAIOT MIMPOKHH KJlace
3a7ad - 3amaud IaHeJIbHOro (rarrepa, NpH (GOPMYITUPOBKE KOTOPBIX OOTEKaeMoe TeJo
MOYXKHO paccMaTpuBarh Kak INIACTHHKY WIIH MOJIOTYI0 obomouky [13,18,19].

CBepX3BYKOBOI (aTTep XapaKkTepeH JUIsl 3JIEMEHTOB OOLIMBKU M HECYIIUX ITOBEPXHO-
cTeil Manoro yuinHeHUs. Ero BO3HUKHOBEHHE - 3TO MEPEXOA OT 3aTyXaIOIMUX KoJeOaHUi K
KOJIEOaHHsIM C BO3pacTaromeld aMIUTUTYI0H, KOTOPBI €CTECTBEHHO TPAKTOBATh KaK MOTEPIO
ycroiunBoctu [4,13,23]. Ilpu ananuse yCTOHYMBOCTH B JIMHEHHOW NMOCTAaHOBKE yHAeTCS
ONPENETUTh TPaHHUIly YCTOWYMBOIO pEXKUMa OOTEKaHWA, T.6. KPUTHYECKOE 3HAYCHHE
CKOpOCTH Haberaroniero notoka [2,3,24].

CHCZ[yCT OTMETUTB, YTO @HaTTep TIaHCJIIM MOXXET BO3HUKATh Ha IJIOCKUX WJIA U30IrHY-
TBIX TaHeNsX. Pa3Hble (akTOphl MOTYT IO-pPa3HOMY BIIMSATH Ha XapakTep IpaHulbl (iat-
Tepa. OTH (GakTopsl MOTYT OBITH CTPYKTYPHBIMU HIIM T€OMETPUUECKUMHU, TEPMOANHAMHYC-
CKMMH, MarHUTHBIMH, a3POJUHAMUYECKUMH, BO3HUKAIOIIMMH M3 XapaKTEPUCTHK MOTOKA M
HOSIBJISIOUIMMUCS B YPaBHEHMsAX cOoCTOsHMA [5,9,12].

Y CTOHYMBOCTE U30TPOIHEIX IUIACTHH MOCTOSIHHOM TOJIIIMHEI B CBEPX3BYKOBOM ITOTOKE
rasa mupoko uzydena [2-4,8,9,25], B To ke BpeMs, HACKOJIBKO W3BECTHO aBTOpaM, 3ajada
a’POTEPMOYNIPYTON YCTOHYMBOCTH TTaHETIEH B MEPEMEHHOM IO TOJNIIMHE TeMIIEpaTypHOM
rioJie OblIa pacCMOTpPEHa JINIIH B HE3HAUUTENbHOH crenenu [5-7,21]. HyxHo oTMeTUTB, 4TO
BOIIPOCAM aepO-MarHUTO-YIPYTOi YCTOWYMBOCTH MOCBSAIIEHO OYEHb MAlO€ KOIIMYECTBO
pabort [14,15,17,26]. B wactHOCTH, B HAacTOAIIEH pabOTe pacCMaTPHUBAETCS BOIIPOC TTOTEPU
YCTOWYMBOCTU HM30TPOIHOM IUIACTUHBI-TIONOCH! ITOCTOSIHHOW TOJIIMHBI, MOTPYXKEHHOH B
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CBEPX3BYKOBOE IOJIe¢ OOTEKaHHsS U IoABepramomeiics BO3AEHCTBHIO IMEPEMEHHOIO II0
TOJNIIMHE TEMIEPAaTYpHOTO M TPOJOILHOTO MarHWTHOrO mois. Mcrome3ys OCHOBHBIC
MPHUHIUIIBI TEOPUH adPO-TEPMO-MATHUTO-YIPYTrocTH u30TponHbx Ten [11,20,22], Teopun
rHOKuX TactuH [28,29], Teopur MarHUTOYNPYrOCTH M JIMHEHHOTO 3aKOHA M3MEHEHUS IO
TOJIIMHE IUIACTHHBI TEMIEPATYPHOro IoJs [5,6], MOMydYeHbl YpaBHEHHS yCTOHYHBOCTH U
COOTBETCTBYIOIIUE IpaHUYHbIe yciroBus. [TokazaHo, 9T0 KOIQQUIMEHTHI 3THX a’3po-TepMO-
MarHUTO-yIPYTUX ONPENeISIONNX ypaBHEHUH 3aBUCAT OT TEMIepaTypbl M Hapamerpa
MarHUTHOTO TOJIA, U, CJI€A0BATEIbHO, KPUTHYECKAsk CKOPOCTD (IaTTepa MaHelu 3aBUCUT OT
COBMECTHOTO BJIMSIHUS 3THUX SIBIEHUHA. JTO siBIeHHE OOYCIOBIEHO TEM, YTO IOJ] BO3Jeii-
CTBHEM TEMIIEPATypHOT'O TIOJII B HEBO3MYIIICHHOM COCTOSIHUM IUIACTUHA BBIITyYUBAETCS H3-
32 HEOJHOPOJHOCTH TEMIEPAaTYpPHOrO MO MO ee ToumuHe. [lokasaHo Takxke, 4YTO
NPUJIOKEHHOE MAarHUTHOE II0JI€ OKa3bIBACT CYIIECTBEHHOE BIMSHUE HA KPHUTHUYECKYIO
CKOpOCTbH (hIIATTEPHBIX KOJICOAHUIA.

®opmyaupoBKka 3aaayu. PaccMOTpUM TOHKYIO H30TPOIIHYIO NPSMOYTOJIBHYIO YIJTH-
HEHHYIO0 IUIACTMHKY IIOCTOSHHOM TONIIMHBI /1, HAaXOISUIyIOCS B CTAllHOHAPHOM

TEMIIEpaTypHOM Tojle 1 M B TIPOJOJIBHOM MAarHUTHOM TIOJIE C BEKTOPOM HANPSKEHHOCTH

H, (HOI,O,O). JlekapToBa CHCTEMA KOOPIMHAT (xl,xz,x3) BBIOpaHa TakK, YTOOBI
CPeIUHHAS IUIOCKOCTh IIACTHHBI COBMAjana ¢ KOOPAMHATHOH IIOCKOCTBIO (xl,xz).

CBepx3ByKOBOI IIOTOK Ta3a ¢ HEBO3MYILICHHOM CKopocThio U/ HampapieH BIOJIb OCH Oxl R

C OJTHOM CTOPOHBI MMAHENH, KaK MTOKa3aHo Ha puc. 1.

y T

U
e
= /\_/T=O
L x
2 i
_ T
H,(H,.0,0)

Puc.1. 'eomerpuyeckast HHTEpIIpETAIUS 3a1aUH.

HpI/IHI/IMaeTCﬂ, YTO IJIaCTUHKA B HAIPpaBJICHUH, MCPHNECHAUKYIAPHOM K CKOPOCTH oOre-
Karomiero rnoToka, 10CTaToO4YHO JJIMHHAA U OAHOPOJHO 3aKPCIJICHA MO JJIMHHBIM CTOPOHAM.
B sTtom Cliyqac Cpe€AuHHAas IIOBEPXHOCTH H3OFHyT0171 IJIaCTUHKHA 6yH€T OJIM3Ka K TUWINHAPU-

YeCKO. H03TOMy, HarpaBJigsd OCb 0x2 BI0OJIb ﬂJ'II/IHHOf/i CTOpPOHBI, CUHUTAEM, YTO BCC
BCIMYNHBI (KaK BO3MYUICHHOI'0, TaK U HCEBO3MYULICHHOTO COCTOS[HI/Iﬁ) HC 3aBUCAT OT
KOOpAWHATBI xz .

OcHoBHbIe mnpeanoJo:keHusi. Jis uccnenoBaHus —a’3po-TEPMO-MArHUTO-YIPYTOH
YCTOWYMBOCTH MAHEH UCTIONB3YIOTCS CIEAYIOIINE MPEION0KEHNUS:
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a) runore3a Kupxroga o Henedhopmupyemoit Hopmanu [28,29];

0) OCHOBHBIC MOJOKEHHS TEOPUH IMOKUX TIacTuH [28,29];

B) MpH pacueTe a’pOoJAWHAMUYECKOTO JaBJICHHUS MCHOJIB3YETCS MOIUPHUIMPOBAHHAS
(dhopmyna nopriHeBoi Teopuu [1,2,12]:

g=—ap. )\ 1 Vs +5—&+3k2 Vs
TV e ) a(1427) (e
2@ +3)A +(10—-2 )M + &> —2&+9( y
3
12(1+22) 1422 a,

2 -1
rae p - NaBJIICHME ra3a Ha MOBEPXHOCTHU IIJIACTUHKH, a, = &]?mpOO - CKOPOCTb 3BYKa It

(M

3

+op,

+

HEBO3MYILICHHOI'O Ira3a, poo u p00 - AaBJICHUE U IIJIOTHOCTH ra3a B HEBO3MYIIICHHOM COCTO-

SHUW, & - [OKAa3aTellb IOJUTPOMNBI raza , V, - HOpMallbHas COCTAaBJIAIOLIAS CKOPOCTH

TOYCK IMOBEPXHOCTH IIJIACTUHKH,

V2 2
22 =_f;, VAZ I TR
a Polto

V, - BenuuuHa, 9MCICHHO paBHAs CKOPOCTH PACIPOCTPAHEHHs alb()BEHOBCKHX JIIEKTPO-

MardiviTHBIX BOJIH, 01 — MOHVHOI 5 ]J,’, - OTHOCHUTCJIbHAasA MarnuTHas IMpoOHUIIAa€MOCTb, ]J,O

(MO = 47'[ . 107 N/A2 ) - MarouTHasA 1MOCTOSAHHAsA,;

T) JHHEWHBIA 3aKOH TEMIEepaTypHOTO MOJI IO TOJIIWHE TUIACTHHE [6,13]:
T (x5 ) = T (3%, ) + 5,0 (%, x,); @)

n) rumnote3a Helimana 06 oTCyTCTBUU KacaTelIbHBIX HaNpsDKeHUH [29].

[on neiicTBHEM HEOAHOPOJHOTO MO TOJIIMHE CTAIIMOHAPHOTO TEMIIEPATYPHOTO MOJIS
(@ * O) IIPOMCXOIUT BBIyYNBaHME ILIACTHHKK (¢ mpormbom W, (X,)) n Benexactsne

9TOrO MOSBIISIETCS adPOYIPYroe IaBleHHE, KOTOPOEe, COTNIACHO IPEANONOKEHHIO (B),
ompenemnsiercss Gopmynoit (1). B muHeiiHOM TpUOMMKEHWH U YKAa3aHHOTO JaBIICHHS

2 -1
MOJTy4acTCs BhIpakeHue &P I+A a, dWT /d X .
Ha ocHoBe NpuBENECHHBIX ypaBHEHHUH M COOTBETCTBYIOLIMX YCIOBHH Ha KpPOMKax
X, =0 n X, =a mnacruEku (TpaHWYHBIC YCIOBHS NPHBOLITCS B XOJAE W3IOXKCHH)

HCCIIEAYETCs YCTOHUMBOCTh YKa3aHHOIO BBIILYYEHHOIO (HEBO3MYIIEHHOIO) COCTOSHUS, O]
JeHCTBUEM TEMIIEPATYPHOIO IOJISl U JaBJIEHUS OOTEKAIOLIEr0 CBEPX3BYKOBOIO IIOTOKA Ta3a.
Jia onpezneneHus XapaKTEPUCTHK HEBO3MYLIEHHOIO COCTOSHHUS KPOME YK€ IPUHATBIX
MIPEATIOJIOKEHNH, NIPUHUMAIOTCA TAKKE CIEAYIOIIUE:
a) nedopMalvi HEBO3MYILEHHOIO COCTOSIHUSL HACTOJBKO MaJlbl, YTO MOKHO BOCIIOJIb-
30BaThCs JIMHEHHOHN Teopuell aspo-TepMO-MarHUTO-yIIPYrocTy;
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0) C JIMIEBBIX MOBEPXHOCTEU (x3 =+h/ 2) IUTACTHHKU TIPOUCXOJHUT TEIUIOOOMEH ¢
OKpy>Karolei cpenoid mo 3akoHy HbroToHa-PuxmaHa (Ha IMOBEpXHOCTSIX COXpaHs-

+ -
eTcsl MOCTOSHHAas TeMiepaTypa co 3HaueHMsMH I 1 I COOTBETCTBEHHO), a
OOKOBBIE MOBEPXHOCTH ( X; = Owu X, = @) TENJIOU30IPOBAHBIL.

Onpenesnenye TeMNepaTypHoOro noJisi M BoIMYYUBAHUS MJIACTUHKH. CTannoHapHOE
TeMIlepaTypHOe IIojJie B TAHETH IIOJNydaeTcss W3 pEIICHHS CIEIYIOMEero YpaBHEHHUS
TEIUIONPOBOTHOCTH [ 13]

AT =0 3

B Cpelg, 3aHUMaeMOM TMaHCJIbIO, CO CICAYIOUIUMU ITOBEPXHOCTHBIMU YCIOBUSIMU:

oT . h
A—=k(T-T~ =+— 4
on ( ) JUA X b 4)
a—T:O wa x;, =0 1 x, =a (5)
on

CoriacHO TPEIIOJIOKEHHIO O JTHHEHHOM 3aKOHE TEMITepaTyphl 110 TOJIIIHHE IUIACTHHBI,
chopMyTHpOBaHHAs 3a71a4a TeIUIONPoBOIHOCTH (3)—(5) AaeT cieayrolne COOTHOLICHUS:

T=T,(x)+x0(x,),
T +T" k(T -T ©
pTeT g M)
2 kh—2\
B ypaBuenusx (4) u (5) A - k03QPUIMEHT TEWIONPOBOAHOCTH, Kk - KOd(uumeHT
TEIUIONEPEIauH, 7i - BHEIIHSS HOPMAIb K MOBEPXHOCTH ILIACTHHBI.

0.00041-
i A=1 A=0
0.0003|
0.0002}
0.0001 [
[ olz 0.4 ole 08 100

Puc.2. I'paduxu QyHKIMM W, TIpH pa3HBIX 3HAYEHHUSAX HapamMeTpa

MAarHUTHOTO ITOJIS A.

3ajaua onpenenenus nporuba W, penleHa npubnukeHHO MeTonoM bBybHoBa-I'anep-

KMHa ¥ TIOJTy4deHa ciieyromast hopmyoa:
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wr(x) = —R@{%x1 (x,—a)+

@)
a’Kvy1+A? 3W1+A2 . TIX, 9 | 2mx

Kvsin—- 4+ —sin —*+

+ 2
36+(Kv\/1+k2) 8 a lom  a

Ha puc. 2 npusenens! rpaguku GyHKIUM W, , IOCTPOEHHEIE HAa OCHOBE (hopMyJsl (7)

mpu  a=23.8%10° rpax!; k=1200 Br/(m*> rpam); A=210 Br/(m rpan); p=0.34; a=Iwm;
h/a=1/100 [27].

Ha ocHOBe NMpHHATHIX HPEANOIOKEHHIH HAWICHO cieayoliee HelnuHelHoe auddepeH-
OUaTbHOE YpaBHEHUE a3PO-TEPMO-MarHUTO-YIPYTOCTH:
2
&p, NI+ A ]

4 2 2 2 2
ow 0w ][6w dwTj+pha w+[ph8+
a

D=—-N/=— —
ot ox? ol dx! or* .

ow
— 4+
ot

+1+ (= +4)1° +30°
+ap, M 1+k22—w+aep w2 E (z+4) {ZdWT+a—W}aw

" —+
X 4(1+7\.2)2 dx,  0Ox, |0x, (8)
cop M’ 1+K2&+1+(&+1)(&+3)k2+(ee2—34'ce+11)7»4+(2£e+3)7»6X
12(1+22)

2
dw, Oow |[ ow
x|3—L+— || — 1 =0
dx, Ox, |\ Ox,
Pemienus ypaBHeHus (8) JODKHBI YJOBJICTBOPATH YCIOBHSM 3aKpEIUICHUS KpaeB ILia-
cruakn X, =0 u X, =a. ByayT paccMOTpeHbI KpaeBble yCIOBHs CICAYIOLUX IBYX
THIIOB:

- Kpas IapHUPHO OIEPTHI U CB060)1H0 nepeMEearoTCsa BAOJIb OCHU Oxl .

—  Kpas IIApHUPHO OMEPTHI U HETOIBIIKHBIL.
B (8) BBeneHsI crienyromye 0003HaAUCHHS:

0, Korjga Kpas IjIaCTUHKH CBO60,I[HO CMEIIAOTCA,

T
Ny =3 Eh
-—a T(') , KormakpasIIaCTUHKU HEIOABUXKHBI;

0, xormakpas nIACTHHKU CBOGOIHO CMEIIAIOTCS,

a 2
N, = = 2 Jl Zdwra_w—'_(%J dx,,
2a(1—p )0 dx, ox, \ Ox,

)

KorJa Kpas j1aCTUHKHA HETIO IBUKHBI.
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Pemienust ypaBaeHust (8) JOIDKHBI yIOBIETBOPATH CICAYIOIINM YCIOBUSIM:

2
w=0, ZW—O opu x, =0, x,=a, (10)

=
X
KOTOpBIE BBITEKAIOT U3 YCJIOBHUIl IAPHUPHOTO ONMUPAHUS KPAEB ILIACTHHKHL.

Merton pemenus. [TonyuenHyro HenuHelny 3anady (8)—(10) pemaeM mpuoOIMKEHHO,
npezcTaisis peenue B Buze [10]
N .
. T
w(x,t)=Y_ f,(H)sink,x,, (xi :—), (an
i=1

a
rae fl (t) sBnsrOTCS (BDYHKIMAMHU BpeMeHHU !, KOTOPHIE HEOOXOIMMO OMPEIETUTS.

Ipencrarnenue (11) yaoBieTBOpsieT TPAaHUYHBIM YCIOBHSM, NIEPEUUCICHHBIM B ypaB-
veruu (10). Toxcrasnsist popmyny (11) B ypaBHeHue (8) u ucmonb3ys meton byOHOBa-
lanépkuna, mnomyuyaercs HeNWHEHHas cucTeMa OOBIKHOBEHHBIX I depeHranbHbIX

YPaBHEHHI OTHOCHTEIBHO Hen3BeCTHbIX PyHkumii f, (7).
B pabore OyzneM ucnons3oBaTh OuHOMUaNbHOE npudIxenue [2,30]:
w= f(t)sin A, x+ f,(¢)sinA,x .
3arem ¢ nomompio GespasmepHsix (yHkumit X, = f, () / h BBOAMTCA HenuHeiHas

cucteMa OOBIKHOBEHHBIX JU(QEepeHINaIbHbIX YpaBHEHUH, KOTOpoe B JIMHEHHON
ITIOCTAaHOBKE NMPUHUMAET BUJI:

d*x dx — 2 _
dT; +Xd_rl+(l_T8)xl _EKVXZ +®[81”1x1 +8112x2]+
+(:)28[y1®1x1 + ygxzj =0,
d’ d 2 (12)
X X = —
dTZZ +Xd—12+(}’2 —4T8)x2 +§Kvx2 + G)[Sglxl + 6§2x2] +
+@26[V§)1x1 + 'Yg)zxzj =0,
/i€ BMECTE ¢ O€3pasMepHBIM BpeMeHeM T = (,f BBOAATCS CIEIYIOIHME 0003HAUEHHUSL:
= a (12 _ aY 1
T=RT,|~| |5 ®=ROW = | ———,
h)\n h) 36+K"v
K = 2P v L, (13)
p®1h a
D (in) | ,—1 >
(Di: _(Ej (i:1,2)3 y:&) X:_ 8+—awpw +}\‘ ,
ph\ a o, o, ph

h
KOB(I)(i)I/IHI/IeHTLI 8[] , YUUTBIBAIOIIHUEC MArHUTO-a3p0-ANHAMHWYCCKOC BIIUAHUC:
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5 __21+ae+k2 K92, 59 _£1+ae+7»2 253
11— > 12—
4 (14—%2)2 40 (14—%2)2

2 2
3 Z%% P, & =_$%KV2(180+K%2),

)
KOYQGHUUMEHTBI  Y,;, KOTOPbIC YYHTHIBAIOT MAarHHTHOC M TEMIEPATypHOE BIHMSHHE

9

(14)

OTMEYCHHBIX TPOLECCOB!

3(1152+(32—31‘c2)K2V2)2

243
Yﬁ = 6 » g)z :_2K2V2
32n 8 (15)
o o 27(152+(32-30°)KV)
Yio=Yu =7 Kv.

4
16m

B ypasnenusx (12), (13) %, V, A, T', ©- napamerpsl, XapaKkTepu3yIOIHe MPOLIECC
3aTyXaHHs, CKOPOCTh IOTOKA U TEMIIEPATYPHOE MOJIe COOTBETCTBEHHO, TOT/IA KaK

{0, KorJa Kpas INTaCTUHKH CBO6OI[HO CMCIIAIOTCH,

1, KoraaKpast JIaCTUHKU HETIOABUKHBI.

Takum oOpa3oM, 3ajaya YCTOHYMBOCTH JaHHOH a’3pOyNmpyrol CHCTEMbI B MEPBOM
MPUONMKEHUH TIONYYAeTCsl U3 PELICHHH CHCTEMBI JIMHEHHBIX OOBIKHOBEHHBIX nuddepen-

LHANBHEIX ypaBHenuii (12), 3aBucseii oT ckopocTu moToka V, Temneparyps (17, @) u

MarauTHOro noust (A ).

I'panuus! u ycjaoBus ycroitunBoctu. [IpencraBus pemenue cuctems! (12) B Buae

_ rt
X =0e€
T
X, =€
TIOJIyYHM CJICAYyIOoIIee XapaKTepUCTUISCKOE YPaBHEHUE OTHOCUTEIBHO 7 :
4 3 2
a,rt +ar +a,r +ar+a, =0 (16)
rae
a, =1,
a, =2y,

ay =147 578+ (8}, +8%, )+ 0°8(v3 +7%)+ 1.

a, =| 147 =5T8+ 88}, + 5%, ) + 8% (v +72) |1,
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a, = (1-T8)(1* ~4T8) 5 K>V ~T@3[ 481, + 84+ 88(1 +12) [+
+@{y25;~1 8 481745 +12) -2 Kv(8 - )}+
+ 0" (81,8, — 81:0% + OB [ 1237, + 708 —(155% +128% ) || +
+6'5° | 1ira-(va) |
HeBo3mymienHast (hopma IUIACTHHBI yCTOWYMBA, €CIIH JICHCTBUTEIBHBIC YaCTH KOPHEH

XapaKTEePUCTHIECKOTO ypPaBHEHUSI OTpHLATeNbHEL Cle0BaTeNbHO, YCIOBHS YCTOHYHMBO-
cTH, coritacHo Teopeme Payca -I'ypBuria, MmoxxHo 3amucats B Buze [16]:

a,>0 (i=0,1,...,4),
A, =aa,-aa, >0 (17)
A, =aa,a,-a a,-aia,>0

[epBbie nBa HepaBeHCTBa, TpeOyrolHe, 4TOObI AeMidupoBaHne (BHYTpEHHEE U adpo-
JUHAMUYECKOe) OBUIO MOJIOKUTEIBHBIM, BBIIOIHAIOTCS BO BeeX ciydasx. M3 ocraBmmxcs
YCIIOBUIT HEPaBEHCTBA, ONPECISIONINX 00JIACTh YCTOHUYMBOCTH PACCMATPUBAEMOM TEpMO-

yTIpyToit cucTeMBl mapameTpos, V, A, T, © cremyromme :

1+7? —57_“8+(7)(8,®1 +6§’2) >0
(1—76xy2—475)+gx?vz+
+[ﬁ(sﬂ+6§)—§Kﬁ%53—53)—@mﬁ+5g)75j@+
+(8785, —3585 )8 >0 (18)
(v -1-3T8) —%K%Z +20 (12 +1)—(6(55 —83)®-+1057 ) 5+
2 (- 1)(58 o)+ S kv (o -5)+ (6 402 ) o Jo+
+(43,@;6§’1 (85, -89 )2)@)2 > 0.

Ecmu s¢ddexTom 3aryxanus npeneOpedb, T0 BMecTo (17) MOKHO TOJNYy4YHTh OWKBA-
paTHOe ypaBHEHHE, U, CIIEJJOBATEIBHO, YCIOBHS YCTOHYNBOCTH OYAyT TAKHMHU:

a,>0, a,>0, a; —4a, >0. (19)

Ilanee TO3TAITHO MPUBOAUTCA UCCICOAOBAHUE o0Jactu ycTOﬁ‘IHBOCTHZ

HT#0, @=0;
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)T =0, 0=0;
3) o6mmit cayuait T #0, @ =0 .

1) TlocTosiHHOE TEMNEPATYPHOE MOJIE (T #0,0 = 0). B stom ciyuae, korga & =1,

T.e. KOTJa Kpas IUIACTUHKM 3aKpervieHbl, yciaoBus (18) cyliecTBEHHO yHpOILIAOTCS M
MIPUHUMAIOT BU:

1+y>=5T8>0
1= T8)(v2 —4T8)+ 2 k%% > 0 (20)
(1-T8)(r* =475+

(v -1-375) —%szz +21 (12 +1) - 104°T5 > 0.

C npyroii croponsl, eciit O = 0, T.e. KOraa Kpast IJIaCTHHBI MOTYT CBOOOJHO TepeMe-
[IaThCS, TO MEepBBIe Ba yciuoBHs U3 (20) BBIIONHIIOTCS BO BCEX CIyYasx, a U3 TPETHErO
YCIIOBUS TIOJIy4aeTCsl HIDKHUH KPUTHYECKUN (IiaTTep IIaCTUHBIL:

(2]

HJIn

(22)

Otmerum, uto Gopmysna (21) coBnamaer ¢ U3BecTHOH GopMyioH, monydyenHou B [1,13],
MOKa3bIBAIONIEH, YTO MOCTOSHHOE TeMIIEpaTypHOE I0Jie He BIMSAET Ha 00JNacTh ycCTOHUH-
BOCTH, €CITH Kpas IUTaCTHHBI IBMXKYTcS cBoOomHO. Dopmyna (22) moka3siBaeT, 4YTO
3HaUCHUE KPUTHUYECKOW CKOpOCTH (atTepa oOpaTHO NPONOPLUMOHAIBPHA 3HAUCHUIO
MarHUTHOTO TIOJIS.

Hepasencrsa (20) ucnonb3yroTest Uit IOCTPOSHUS 00J1aCTH YCTOHYMBOCTH Ha IIOCKO-

CTH (V,)L) . Puc.3 nokassiBaer 3Ty 061acTh, KOraa 7:) >0, a puc.4 coOTBETCTBYET CIy4alo

71) < 0. 13 puc. 3 1 4 MOXKHO C/IeNaTh BEIBOJ, UTO:

Tabauna 1. BiusHre MarHuTHOTO MOJISL HA KPUTHYECKYIO CKOPOCTH MPU MIOCTOSTHHOM
TEMIIEPATYPHOM II0JIE.

0

> C 1 oo -50 0 5 10
A
0 0.9904 0.5558 0.1211 0.0777 0.0342
1 0.7003 0.3929 0.0857 0.0549 0.0242
5 0.1942 0.1089 0.0238 0.0152 0.0067
10 0.0985 0.0553 0.0121 0.0077 0.0034
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a) npu I, <0 mnpucyTCTBHE MarHWTHOrO NONS CyLIECTBEHHO CyXkaeT 061acTh
YCTOWYHMBOCTH paccMaTpUBaeMOH IIaCTHHKHY,
6) npu 7, >0 npucyTcTBEE MarHUTHOIO HOJS IPHBOANT K SIBIEHUIO GudypKammu. A

MMEHHO, HEyCTOWYHMBOE MOJI0KEHHE TIPEBpAILaeT B yCTOHYMBOE U HA00OPOT.

— 7T T—7—— 77T 7T

Stability Area, Tp>0,0=0 .

ol
" " L N
0.00 0.02 0.04 0.06

Puc.3. SlBnenne ondypxauun nmpu 75 > 0.

L
0.08 0.10

——T—T—7r 7 r— 7T r 7T T T T T T T T T T T T T

Stability Area, Tp<0,0=0

0.0 0.1 02 0.3 0.4 0.5 06

Puc.4. O61acth yCTOWYUBOCTH MTPH 7:) <0.
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Hcrnonb3yroTest  CAEAyIonMe 3HAYCHHs MapaMeTpoOB, B3SITBIE W3 JIUTEPATyphI, CM.,
Hanpumep, [27]: a=23,8%106°C -1 ; k=1200 Bt /(m>° C); A=210 Bt /(M ° C); u=0,34; a=1wm;
h/a=1/100. Ha ocHOBe npuBeNeHHBIX JaHHBIX B Tabmuie | mpuBeleHbl 3HAYCHHUS KPUTH-
YEeCKOH CKOPOCTH Haberaromero MoToKa, Mpu KOTOPBIX paccMaTpUBaeMasi CHCTEMa TepsieT
YCTOMUYUBOCT.

2) IlepemenHoOe TeMIepaTypHoe 1oJie (T =0, 0= O). B atoMm ciydae paccmarpu-

BaroTCs ycnoBus yctoiunBoctd (19) mpu 71) =(. OrMetnM, 4TO yCIOBHS HE 3aBHCAT OT

TPaHUYHBIX YCIOBHH.

1+y° +@(51®1 +8§2)>0
BRI,

+(8785, ~8385)©° >0 h
b ke 2y 1)+ a2 ) o

2 (7 -1)(e5 -38)+ (0% 05 +(af 53 2 JB0

Ha ocnoBe ypaBHenus (19) obmactb yCTOHYMBOCTH TpENCTaBlieHA HA IUIOCKOCTH

(V,?\,) JUISL T€X K€ HadaJIbHBIX MaHHBIX IPEABIAYLICTIO Cirydas. O6nacTh YCTOﬁqHBOCTH

m306paskena Ha puc.5 npu onpeaenearoM ® < 0, a puc.6 cootsercTByer cimyuaro ® > 0.

‘0_' ¥ ¥ T T T T T T ]

of
X . " L
0.12100 0.12105 0.12110 0.12115

Puc.5. O6macts yeroitamsoctr mpu © < 0.
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Stability Area, Tp=0,0>0

U _l | -1 i - i F—1 L i | - i 1 i F— L
0.00 0.02 0.04 0.06 0.08 0.10 0.12

Puc.6. O6macts ycroituusocts mpu © > 0.

W3 puc.5 u 6 BuaHO, uTO:
a)ecmn ® > (0, ToO MATHUTHOE TTOJIE 3aMETHO CY)XaeT 00JIaCTh YCTOHIHBOCTH ;

6) CylIeCTBYET ONpe/IeieHHOE OTpHUIlaTebHOE 3HadeHre ®, , Ipu KOTOPOM MarHHTHOE
110J1€ IPUBOJUT K 3aMETHOMY YBEJIMUCHUIO 00JIACTH YCTOHIUBOCTH;

C ) ¢ yMEHbIIEHHEM |@| 00J1aCTh yCTOIUMBOCTH 3HAYUTEIBHO YMEHBIIAETCS.

Kpurrdeckue 3Ha4eHHsT CKOPOCTH V, IS BBIOPAHHBIX A TpUBeAeHbI B Tabmuue 2 s

MPUBEACHHBIX BBIIIC q)HSHKOMeXaHPI‘IeCKI/IX JAHHBIX.

Tabauuna 2. BiusHie MarHUTHOTO I0JIs1 HA KPUTHYECKYH0 CKOPOCTbH MPU IIEPEMEHHOM
TEMIIEPATYPHOM M0JIe

° 0
N L CIm 1 50 .50 0 50 500
0 01204 | 01211 0.1211 0.1212 0.1221
1 0.0854 | 0.0856 0.0857 0.0857 0.0861
5 0.0238 | 0.02375 0.0238 0.0238 0.0238
10 00121 | 00121 0.0121 0.0121 0.0121

Tabnuma 2 mokaspIBaeT, YTO NMPHU NEPEMEHHOM TeMIIepaTypHOM mose 3pdexT MarHuT-
HOTO TOJIsSl HA KPUTHYECKYIO CKOPOCTh 3HAYHTEIIEH TIPU MAJBIX 3HAYCHHAX A, .

3) O6wuit cayuaii (T #0,0 = O) YuceHHbli aHamu3 st ypasaerust (19) taxxke
BBITIOJTHSICTCS IS IAHHBIX ciy4aeB | u 2. Pe3ynbpTaTsl H300paXKeHbI Ha prC.7 U TOKa3aHbl B

Tabmue 3.
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Puc.7. O6nacts yeroitunoctn npu Iy #0, © # 0.

Puc.7 u tabmina 3 neMOHCTPUPYIOT 000OIICHHE PEe3yIbTaTOB PACCMOTPEHHBIX BHIIIE
YaCTHBIX CIy4aeB M IIOKa3bIBAIOT, YTO €CIM 00€ KOMIIOHEHTHI TEMIIEPaTypHOIO MOt
OTJIMYHBI OT HYJsI, TO HaOmoJaercst Oojee BBIPaXXEHHOE BIIMSHHE MAarHUTHOTO IIOJIS Ha
00J1aCTh yCTOHYHUBOCTH.

Ta6anua 3. O6mmii ciryyait st h/a=1/100.

N T, =50, T, =50, T, =-10, T, =5,
©=-500'C/m_ | ®==100°C/m | ®==100'C/m_| ©=100"C/n

0 0.5589 0.5564 0.2078 0.0778

1 03942 03932 0.1470 0.0550

5 0.1090 0.1090 0.0408 0.0152

10 0.0553 0.0553 0.0207 0.0077

BoiBoabl. B manHO# paboTe MOKa3aHO, 4TO MO/ BO3JCHCTBHEM TEMIIEPATYPHOTO IMOJS B
HEBO3MYILEHHOM COCTOSHHM TUIACTHHKA BBITYYHBACTCS BCJICICTBUH HEOIHOPOIHOCTH IO
TOJIIMHE IUIACTUHKK TEMIIepaTypHOro moyisi. BriBemeHa ¢dopMyia —ompeaeneHns
MIEPEeMEHHOTO  TeMIEepPaTypHOrO MO H  BBIUMCICHa (QYHKOWS, ONpelelsFonias
BEIITyYHMBaHUE IUTACTUHKH. BBIBENEHBI YCIOBHS YCTOHYMBOCTH PACCMOTPEHHOH aepo-
TEPMO-MarHUTO-YIPYrol CUCTEMBl M BBIYHMCIIECHBI IPaHUIBI ycTOHUMBOCTH. [lokazaHo, 4To
MIPUCYTCTBHE MArHUTHOTO TIOJI OKa3blBaeT CYLIECTBEHHOE BIMSHHE HA KPUTUYECKYIO
CKOpOCTbH (hIIaTTEPHBIX KOJIEOaHUH.

HccnenoBanue BhInoaHeHo npu (puHaHCOBOM moziepxke Komurera o Hayke PA B pamkax
HayuyHoro npoekra Ne 21T-2C257.
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<UsUUSULh @bSAFE3NFLLENP U2GUSPL UWUW FEUPUSPh SE1EUUAP
N3BECTUA HALIMOHAJIBHON AKAJIEMHU HAYK APMEHNN

Uthuwbhlyu 78, Ne2, 2025 MexaHuka

VK 539.3 DOI: 10.54503/0002-3051-2025.78.2-59

FLEXURAL VIBRATIONS OF A BEAM ON PERIODICALLY
ARRANGED EXTERNAL SUPPORTS AND PARTIALLY COATED BY
PIEZOELECTRIC PATCH
Ara S. Avetisyan, Karen B. Ghazaryan, Pier Marzocca

Keywords: free vibrations, piezoelectric patch, matrix method, harvesting energy, electrical voltage
generating, localization.

ABetucsiH Apa C., Kazapsaun Kapen b., Map3okka Ilbep
H3ruénbie Ko1e0aHUs YACTUYHO MOKPBITOI Mbe303JIEKTPHYECKOli HAKJIAIKOI 0aJIKH,
onuparomeiicsi Ha MEPHOINIECKH PACIOJI0KEeHHbIe BHELITHHE OTOPBI

KnioueBsbie ciioBa: cBOOOIHEIE KONEOAHUS, TIHE30ICKTPHISCKIH HAKIIQJHOM AJIEMEHT, MaTPUYHBII
METO/, HAKOIJICHUE SHEPTUH, TeHepalys 3JEKTPUUECKOTO HaNPsDKEHUS, JIOKAIU3aLusl.

PaccmarpuBaroTcss cBOOOAHBIE KONEOAHUS OalKé, 4acTh OAallKd OMHPAETCS Ha TMEPUOJHYECKU
pacIoyoKEeHHbIe BHEIIHHE OMOpPHI M YaCTHYHO ITOKPHITA WACATBHO MPHUKICCHHON Mhe303IeKTpHIe-
ckoii Hakiamkoi. Ha ocHoBe Teopuum Oanok Oitnepa—bepHymmm m Meroma MaTpuibl TEepeHOCa
MOJy4YeHBbl OOIIMe pelleHHus B INepHoAndYeckoid uacth Oanmku. [lokazaHo, YTO HpPH COBMAJCHUU
COOCTBEHHBIX YacTOT CBOOOJHBIX KOJIeOaHUiT OaJIKH C MOJIOCOi 3aIPpeTHBIX YacTOT COOTBETCTBEHHOM
OecKoHeYHOW Oanku, MPOMCXOJUT CHIbHAS JIOKAIM3alMsi HAKJIOHOB M MOMEHTOB Oallki Ha HEepBOM
uHTep(elice NepuoANYECKOi YacTn Oalky. DIEKTPUUECKOE HANpPSKEHUE, TeHEPHPYEMOE IbE30IeK-
TPUYECKOH HAKJIagKOW, MPOTOPIMOHATGHO HAKJIOHAM IIEPUOIUYECKON CTPYKTYpHI Oaimku. Makcu-
MaJIbHO€ HAKOIUIEHHWE >HEPTUH NPOHCXOJUT HAa COOCTBEHHBIX YacCTOTAaX B TIOJIOCE YAaCTOT 3aJCpiKH-
BaHUS, IPH KOTOPBIX MIPOUCXOANT CHIIbHAS JIOKATH3AINS HAKJIOHa OalKu.

Wpw U. Qtmhujui, Gupki £. Lwqupyui, Dhtinc Uwupgnlju
Mupphipwpuwp puuuynpjud wpmwpht hiwpwbbtph Ypu htbgnn dwubwhnpta
dwdud yhtgnkijmpulwb Jipphpny htdwih dndwd muwmwinudatpp

<pitwpwptp wquun nwwmwbindbtp, whtgnbjuopuub yapunhp, dwnphguyghtt dbenn,
Lutinghugh Yninwnid, faupuyub jupiwd wnwgwgniy, mbinuywugniy:

Qhunwpyynd £ htdwih wqun munwbnidobpp: <tdwbp th dwuny htbgnid L wyuppbpupun
wntnujuyywd wpunwphtt htbwpuwbbtph Jpu b dwowdp dwddwd E juunwpjuy unubidafud
whtignhitupulubt Yipnhpny: <tdwbh wwpptpuub htbwpwbbtpng dwund pnhwinip
uonudbiinp unwgymd b Eptiph-Rtintnphh  6wnwquyph  wbunipqutt L thnhuwbgiwb
dwunphgh dkpnnh hhdwbd Jpu: 8nyg L wpynid, np bpp hidwbh wquum munmwbnidbbph
utithwut hwtwpuubinigmnibtpp hadpbond G hudwyuunwuppwt - widtpe  htdwith
wpgbpjwd hwwhubnienibdiph gnuune htin, htéwbh wwpptpuyui dwuh wnwehh
Uhotiptiuntd wtinh £ nidkbnd htdwbh dondwb phpnipgnibbtph L dndikbwmbbph nidbn
wmtinuybwgnid:  Nhbgnhiupuubt  Swolnypnid  wnwowgwd  LHhjupulub  jupnuip
hwibdwnwlut L htdwbh wwppbpuud juenigquopnid wnwewgnn  phipnipynibdtpht:
Eutpghuwyh wpwybjugnyt ninmuynidp wbinh § nobind wpgbpdwd gnnnid”  ubthwuib
hwtwhwubnignibbtpnid, npnbg nhypnid mbtnh £ nibtind htdwbh dndwb phpnipyud
nidtin mtinuytwgniy:
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A beam flexural vibrations are considered, part of the beam rests on periodically located external
supports and is partially covered with a perfectly glued piezoelectric patch. Based on the Euler—
Bernoulli beam theory and the transfer matrix method, general solutions in the periodic part of beam
are obtained. It is shown that when the eigenfrequencies of the beam free vibrations coincide with the
stopband frequencies of counterpart infinite beam, a strong localization of beam slopes and moments
occur at the first interface of the periodic part of beam. The electrical voltage generating by the
piezoelectric patch is proportional to the slopes of the beam periodic structure. The maximal
harvesting energy occurs at stopband eigenfrequencies, at which the beam slope strong localization
takes place.

Introduction. Vibration-based energy harvesting is a growing modern area for generating
low-power electricity to use in wireless electronic devices, such as portable electronics and
wireless sensors. In recent years efficient electrical energy generation and harvesting have
become one of the most practical topics in engineering research. Energy storage devices
come in many designs, with piezoelectric energy storage being especially common. These
devices utilize the property of piezoelectric materials to generate an electric field when
mechanical force is applied. Vibration-based energy harvesting is a modern method for
generating low-power electricity for portable electronics and wireless sensors. The
fundamental research [1] provides a comprehensive study of electromechanical modeling
for piezoelectric energy harvesting, including extensive case studies with experimental
validations. It covers various applied models of beams with piezoelectric patch, forms of
excitation in piezoelectric energy harvesting, ranging from airflow excitation to moving
loads. The paper [2] provides an extensive review of contemporary piezoelectric energy
harvesting techniques. It examines methods for optimizing the energy harvested from
piezoelectric materials [2-8] and emphasizes successful applications [9-12]. A new type of
arch beam piezoelectric stack energy harvester for railway systems is studied in paper [13].
Through simulation analyses and experimental verification of the energy harvester, the
influences of external resistance, load, pre-stress, and load frequency on the energy
harvesting performance of the piezoelectric energy harvester are discussed. In [14], the
proposed energy harvesting device is designed as a piezoelectric cantilever beam utilizing
various piezoelectric materials in both bimorph and unimorph configurations. The
analytical model is derived from Euler-Bernoulli beam theory and its performance is
validated against existing experimental results of piezoelectric energy harvesters in
different configurations.

In work [15], an electromechanical coupled distributed-parameter model of the cantilever
energy harvester is established based on Hamilton’s principle, linear constitutive equations
of magneto strictive material, and Faraday’s law of electromagnetic induction. In [16], a
piezoelectric energy harvester composed of a buckled beam and an extended beam with a
tip mass is proposed. This study develops a mathematical model and a prototype of the
energy harvester. A comprehensive overview of the application of metamaterials and
phononic crystals in energy harvesting is provided in [17]. Energy harvesting from
structural vibrations using multifunctional resonators based on locally resonant materials is
demonstrated in [18]. These structures exhibit a stop band for elastic wave propagation,
with the band gap frequency determined by the microstructure’s local resonance frequency.
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Paper [19] presents a multifunctional structural combining superior mechanical wave
filtering properties and energy harvesting capabilities. It is based on the ability of periodic
structures to block elastic waves within phononic bandgaps. Energy is harvested by
converting localized kinetic energy into electrical energy through the piezoelectric effect.
The study presented in reference [20] employs the generalized Bloch theorem to model
piezo-embedded negative mass metamaterials, demonstrating their dual functionality. It
estimates power harvested by internal resonating units using resistive and shunted inductor
energy harvesting circuits for a finite number of these units. The study in [21] examines the
energy input/output of a composite plate with piezoelectric patches used as sensors,
actuators, or energy harvesters. It concludes that there is always an optimal patch location
for maximum energy transfer, regardless of frequency. For vibrational loading, energy
transfer is highly sensitive to whether the operating frequency is below or above the
system's resonance frequency.

This paper addresses the free vibrations of cantilever or clamped beams with periodically
arranged external supports, partially covered by bonded piezoelectric patches. The periodic
supports turn the multi-span beam into a collector of piezoelectric energy. Significant
localization of beam slopes and moments occurs when eigenfrequencies fall within the
bandgaps of a counterpart infinite beam. Energy harvested by the piezoelectric patch is
highly dependent on the operating frequency, with "stopband"” eigenfrequencies yielding
much greater energy than "passband" frequencies.

The dynamics and stability of finite or infinite beams, supported by periodically arranged
external supports analyzed by using the Euler-Bernoulli beam theory, are explored in
several works by the authors of this article [22-26].

Statement of the problem
Consider a Euler- Bernoulli homogeneous beam of L length in X € (0, L) . The beam in

the region Xe(a;L), L=a+Nd is rested on N intermediate external supports
periodically arranged at points X=a+(n-1)d, n=212;..N. In the region
X e (a;a+nd) the beam on its traction free surface is partially covered by the perfectly

bonded piezoelectric patch of Nd length. The beam end X =0 is clamped or free, the end
X =L is clamped, Fig. (1)
patch

AJX A f H A A

1
0 X=a d X

.’>_

-
-

X
supports

Fig 1. Beam with periodically arranged N intermediate external supports and piezoelectric
patch
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The equation of mation of Euler- Bernoulli beam can be cast as
El O'W, oW W,
——+2¢ t—=
pA OX ot ot

where W, (X,1) is the deflection of the beam, E is the elastic modulus, | is the moment

0; )

of inertia, p is the bulk density and A is the cross-sectional area of the beam, ¢ is the
internal dumping coefficient , subscript j =1 denotes the region X € (0,a), subscript
J =2 denotes the region X € (a,L).

For the beam clamped at X =L

w,L=0, MLYH_, @
OX

two alternative boundary conditions at X =0 will be considered
AW, (0,t)

W, (0,t) =0 =0, 3)
OX
W W
0 l(zo,t):Q 0 l(;),t)zo @
OX OX

Assuming W, (x,t)=U (X)-exp(—at)-cos(t o —¢° ) where U, (X) is the
amplitude function, ® is the vibration frequency we get

d‘U. Ap(oz
—1 4U i = 01 N = ’
dx e P El (5)

U, (x)=C,;sin(px)+C, sinh(px) +C,, cos(px) + C,, cosh( px)

At the beam interfaces where the external supports are placed the beam deflections are
equal to zero, the moments and slopes are continuous.
At the beam interface X = a we have the following conditions

W (a,t)=0, W,(a,t)=0 (6)
OW,(a,t)  0°W,(a,t) oW, (a,t) oW, (a,t) 0
ot Xk x X

The solutions (5) in region X € (O, a) satisfying (6) and (3), (4) for clamped or cantilever
beams, can be written as follows

U,(x)=C, (sinh(ap) sin(px) —sin(ap)sinh( px)) +

+C,, (sinh(ap) (cos(px) +7 cosh( px) ) —sinh( px) (cos(ap) +y cosh(ap))) ®
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Here and hereinafter, y =1 corresponds to the cantilever beam, y =—1 to the clamped
beam.

Solutions in the periodic structure, transfer matrix approach
In the periodically arranged structure we consider solutions in the basic unit cell

Xe(Bn—l’Bn); Bn:a+nd, n:l.Z,N (9)
interface conditions at points where the supports are located can be cast as
2
U,(B,) =0, {M}:O, dUB) | "
dx dx

Here [*] is a jJump of a function across the interfaces.

In the basic unit cell, the solutions for the amplitude functions (5) that satisfy the conditions
(10) can be determined as follows:

U.()=C sin(p(B,,— X))+ N
BT +sin(dp) - cosh ( p(B, —x))—cosh(dp)-sin( p(B, —x)) (11)
+C,, [ sinh(dp)sin ( p(B, — x))—sin(dp)sinh (p(B, —x))]

Since the interface contact conditions are imposed on the beam
slope y(X) and moment pi(X)

w(x):%,

it is appropriate to introduce the following column vector.
y(x)

U,(x)= ( . (13)
n(x)

Considering vector U, (X) at points X=0,; X=,, the following conditions are

d’U,(x)
n(x) = d# (12)

valid

U,(B,-d)=QC,  U,(B,)=PC; ”
U,(B,-d)=QC, U,(B,)=PC;’

where
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g cos(dq) cosh(dq) —sin(dqg) sinh(dqg) —1] q[sin(dq) cosh(dqg) —cos(dq) sinh(dq)]
Q :( 2472 sin(dg) cosh(dq) ~2¢? sin(dq) sinh(dq) j
. (15)
F)_(q[cos(dq) cosh(dqg) —sin(dq) sinh(dq) +1] q[sin(dq)cosh(dq)—cos(dq)sinh(dq)]]
29° sin(dq) cosh(dq) —2q? sin(dq) sinh(dq)
Eliminating the vector C from (14), the relation linking vector field values within the unit
cell can be found as follows:

. -1
U, (B) =MU, (B.,): M=P(B,)P™(B,)- (16)
The unimodal propagator matrix M herein connects the field vectors at the end points of
the n-th cell.

sin(dp) cosh(dp) — cos(dp) sinh(dp) 1-cos(dp) cosh(dp)
M sin(dp) —sinh(dp) p(sin(dp) —sinh(dp)) an
- 2 psin(dp)sinh(dp) sin(dp) cosh(dp) — cos(dp) sinh(dp)
sin(dp) —sinh(dp) sin(dp) —sinh(dp)

Repeating this procedure N times determines the propagator unimodal matrix M" .

The matrix M" forany n=1;2;...N links the vectors at points of the beam
U,(a+nd)=M"U,(a). (18)
Taking into account that M""U, (a+nd)=U,(a+Nd)=U, (L) we can link the

vectors at beam X =L and X=a+d(n—21) points in the following way

U,(L)=M"""U,(a+d(n-1)). (19)
At the clamped edge X = L we have

0
U,(L)= . (20)

Here p(L) is uncertain value of the beam moment at the clamped end.
According to Sylvester's matrix polynomial theorem [27] for 2x 2 matrices the elements

of the n-th power of an unimodal matrix M" can be cast as
Mn :(Mll(n) MlZ(n)j
MZl(n) M22 (n)
My, (n) =m,S, (M) =S, ,(M), M, (n) =m,,S, ;(n), (21)
M, (n) =myS, ; (M), My, (n) =m,,S, (M) =S, ,(n)

where S, (n) are the Chebyshev polynomials of second kind, namely
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s, (n) sin((n+1)arccos(n)) .
)= sin (arccos(n) )
On the other hand, according to Bloch equation

cos(kd) =n(w) (22)

— (M)

the function n(w) defines the frequencies of bandgaps of the counterpart infinite beam,
K is the Bloch wave number [26].
From (22) it follows that conditions |n(co)| <1, |r|(oa)| >1 define passband” and

stopband frequencies in the counterpart infinite beam, respectively.
In vector notations we can write the interface condition at point X =a as

U,(a)=U,(a) (23)
Using (8), we can find
pC,, (cos(ap)sinh(ap) —sin(ap) cosh(ap) ) -

—pC,, (sin(ap)sinh(ap) +cos(ap) cosh(ap) +7v)

U,(@)= (24)

—2p?sinh(ap)(C,, sin(ap) +C,, cos(ap))
Considering equations (16) and (23), we obtain the following matrix equation that
determines the unknown constants C,;,C,,

(Mll(N) MlZ(N)

M(N) MZZ(NJUZ(&):UZ(L) @)

Taking into account (18) and solving this matrix equation we find constants Cll, C12

C(L)-My, (N)- [sin(ap) +7 csch(ap) + cos(ap) coth(ap) | ~

Ch= 2 :
2p*(ysin(ap) +sh(ap))
_ 2pi(L)-M,,(N)cos(ap) 26)
2p?(ysin(ap) +sh(ap)) '
c - H(L)(—MM(N)(COS(aP) —sin(ap) coth(ap)) + 2 leZ(N)Sin(ap))

2p’(ysin(ap) +sh(ap))
Here p(L) is an uncertain moment constant.

Substituting (26) into (24) gives us the beam slope and moment at a point X =a clamped
and cantilever beams
Substituting (26) into (24) gives the beam slope and moment at a point X =a
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y(@) =u(L)M,(N),

. (27)
u(a) = H(L)Mzz(N)
On the other hand, as It follows from (19) that for any n=1;2;...N
(V) (M, s
HBm) ) (Mg (m)u(L)

Based on (25) and (26), the relative slope and moments at any unit cell of the periodic part
of the beam can be defined as follows.

_ y(a+d(N-n+1)) Mp,(N-n+1) S, (n)

' v(a) M,, ( N ) Sna (n) 29)
_ p(a+d(N-n+1)) _ M,, (N —n+1) :Tmel(T])
’ u(a) M., (N) T, (n)

where T (n) is the Chebyshev polynomials of first kind.
From non-triviality condition of eigenfunctions (M(L) # O) and boundary conditions (2)

and (3) at X=0 that have not yet been used, we derive the following the following
different equations defining eigenfrequencies for clamped and cantilever beams

A (“)) =M, (N) (y csch(ap) +cos(ap) coth(ap)) +
+ pM,, (N)(cos(ap) —sin(ap) coth(ap))

Here, as previously indicated y =1 corresponds to the cantilever beam, whereas y =—1

(30)

to the clamped beam,
For a of beam without periodic supports (d —0) of length &, the eigenfrequency
equations for clamped and cantilever beams can be derived from the following equation

A, (®) = (y csch(ap) +cos(ap) coth(ap) ) (31)

Piezoelectric patch under flexural vibration of the beam
The equations and relationships for a piezoelectric patch perfectly bonded with elastic beam
provided here are based on [1].

A uniform composite Euler—Bernoulli covered in the region Xe(a,a+ nd) by a

perfectly bonded uniform piezoelectric patch, which the top and bottom surfaces are
metalized by thin electrodes of negligible thicknesses. The electrodes bracketing the
piezoelectric layers are connected to a resistive electrical circuit.

The piezoelectric patch is operating in (31) mode which means that the poling direction of
the piezoelectric material of patch is perpendicular to the beam centerline, “1” and “3”
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directions are coincident with X and Z directions, respectively “1” is the direction of axial
strain and “3” is the direction of polarization.
The constitutive relations for piezoelectric patch in (31) mode are

& (x2,t)=Y"o,(x,2,t)+dy,E (X, 2,t) (32)
D;(x,z,t) =dy0, (X, 2,t) +e5E, (X, Z,t) (33)
Here il(x,z,t),csl(x, Z,t) are the axial strain and stress arising in the patch due to
bending of beam, E3(X, Z,t) the electric field, D3(X, Z,t) the electric displacement,

d31 is the piezoelectric coefficient, 8;3 is permittivity in direction of the polarization axis

measured at constant mechanical stress, Y is the Young’s moduli of patch material.
From (36) the expression for the stress o, (X, Z,t) can be written as

o, (% 2,t) =Y (& (X 2,t)—dy,E (X, 2,1)) (34)
Substituting (34) in (33) yields
D, (X, z,t) =€, (X 2,t)+e5E, (35)

where e, =Yd,,, &5, = (8;3 —d31e31) €5, is the permittivity of piezoelectric material

measured at constant strain.
The average bending strain in the in uniform piezoelectric patch can be expressed as
oW (x,t
al(x,z,t):—hc%, (36)

where W (X,'[) is transverse displacement of the beam’s centerline, hC is the distance of

the center of the piezo layer in thickness direction to the beam centerline.
Taking into account that the uniform electric field in terms of the electric potential
difference is

E,=v(t)/h, . (37)

where V(t)is voltage across the resistive load I, h_ is the thickness of patch the and

P
using (35) the following equation can be obtained
oW x,t) &
D3(x,z,t):—e31hc#—ﬁv(t). (38)
Ox h,
Assuming that the electrodes of the piezoceramic patch are connected to a resistive

electrical load r , the integral form of Gauss’s law can be applying as

d v(t)
—| | DndA |=—=.
o [ { n ) r (39)
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Here, D is the vector of electric displacement, n is the unit outward normal, and the
integration is performed over the electrode area A of the piezoceramic patch.
Since in our case contribution to the inner product of the integrand in equation (39) is

D, (X, Z,t) we can rewrite (39) as

d a+nd d V(t)
a(.[DndAJ:b J. E(DS(X,Z,t)dX:T, (40)

a
where a+nd is the length and b is the width of the patch.
From (37) and (40) we get the following equation for voltage function v(t)

v+ 1 d\(/j_f(t):_g(aw(a+nd,t)_aW(a,t)]:

oxot oxot
:gFOetf(\/mz—esin(t m2—6)+eCOS(t 032—6)) (41)
S
F,=y(a+nd)-y(a); f =%;9 = ey Nbr
p

The solution for function V(t) under condition V(0) =0 can be find as
F,g ( fo’ —¢’ Sin(t o —& )+( fe—(o?‘)cos(t o’ —& ))e’St

f2_2fe+w’

v(t) =

(42)
Fog( fs—o)z)e’ft
f?-2fe+ o’

From (42) it follows that the electrical voltage generated by the piezoelectric patch is

proportional to the function FO that depends of the slopes of the beam’s periodic part.

Analysis and conclusions.
From (22) it follows that condition|n| >1 defines the bandgaps of counterpart infinite

beam.

The Fig.2 shows the deviation function |n(Q)| versus non-dimensional frequency

Q=wd?\(El)"pA inthe region |n(Q)|Zl,0<Q<160
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Deviation function | n(Q)|

20 40 60 80 100 120 140 160
Non-dimensional frequency Q

Fig 2. The graphs of the deviation function versus of non-dimensional frequency

The curves define first gap Qe(22.37,39.43), the second and third gaps
Qe (61.62, 88.73) and Qe (120.78, 157.75) , respectively. Black points on the axes

|n(Q)| =1 mark the boundaries of the gaps. Points on the first bandgap curve correspond
to minimal eigenfrequencies in the first gap (QC =34.9; n(QC)zl.SY) ,
(Qf =27.9; n(Qf)=1.32) of clamped and cantilever beams when a=5d,
respectively .

The relative slope is given by the formula \, =S, _, (T])/SN_1 (m):

In Fig. 3 the graphs of relative discrete slope function S, versus of the number of supports
are presented in the case a=5d; N =5; N =10. The blue plots are calculated for
clamped beam at eigenfrequency €2, ,while the red plot is calculated for clamped beam at

beam at eigenfrequency €2, (see Fig.2).

Evidently, similar graphs can be plotted for relative slopes and moment functions at any
stopband eigenfrequency.
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n

2 4 6 8 10

Fig.3 The graphs of discrete slope functions §n within first band gap versus support

numbers

Analysis of these curves reveals that the localization of beam slope significantly increases
with increasing number of supports. The results demonstrate that flexible waves, defined by
beam slopes and moments, are unable to propagate through periodic structures at
frequencies within the bandgaps of a counterpart infinite beam. Instead, they localize near
the first periodic cell, reaching a maximum value at X =a. This effect is noticeable at

N=5.
Fig. 4. confirms that localization of the slope and moments does not occur at the
eigenfrequencies outside of the bandgaps.

70



5

Fig 4. The graph of discrete slope function §n outside of bandgaps

Figures 5 and 6 display the graphs of the function A(Q) whose zeros determine the

eigenfrequencies. The black markers on the axis €2 represent the boundaries of the gaps
The graphs of the function A(Q) are presented within the range 0<Q <200 for

N =10 and N =30 for clamped (blue curves) and cantilever (red curves) beams when

a=5d. Figures 5 and 6 demonstrate that adding more supports increases
eigenfrequencies outside bandgaps but does not affect the zero locations within bandgaps.

Few eigenfrequencies exist within these gaps. When a < 5d , here are no zeroes of the

function A(Q) in bandgaps, the eigenfrequencies remain outside the bandgaps.
In Fig.7 the graphs of function A(Q) of the clamped and cantilever beams presented

within the range of first bandgap , when a=5d; N =10.
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Fig.5 The graphs of function A(Q) of the clamped beam presented within the range
0<Q<200, a=5d; N=10; N =30.
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Fig.6 The graphs of function A(Q) of the cantilever beam , presented within the range
0<Q<200, a=5d; N=10; N =30,

According (42) the electrical voltage generated by the piezoelectric patch of Nd length due
to beam vibration is proportional to function F,, =(y(a)—y(a+nd)).

When the beam eigenfrequencies are within the bandgaps, the function \p(a+ nd)at

these frequencies approaches zero monotonously at N —> N (See Fig.3). Therefore, the

function F,, =(y(a)—w(a+nd)) is maximal when n=N .
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Fig 7. The graphs of function A(Q) of the clamped(blue) and cantilever (red) beams

This indicates that the maximum impact of the piezoelectric patch occurs when a patch of
length L covers the entire periodic part of the beam.

Considering (27), the function FOn versus beam flexural frequency can be expressed as

. (1 cos(\/_)cosh(\/_)) a))-s. (n(
01( ,) \/_(sm(\/_) smh(\/_))( ( ( J)) N*Z( ( J)))

where € j are the beam eigenfrequencies.

For estimation of the effect of the beam slope on harvesting energy, consider the following
relative function

FOl (Ql)
I:Ol (QZ )

Here €, = 27.9 is the “stopband” eigenfrequency of cantilever beam in the first gap,

F*N (Ql’QZ) =

Q, =21.5 isthe nearest to (2, the “passband” eigenfrequency.
At these eigenfrequencies when @ =5d, N =5, N =10, N =20 we have respectively
F.~22.2, F,~4405, F,, ~1410.8.

The same estimation applies to any stopband and passband eigenfrequencies. The generated
harvesting energy depends heavily on the operating frequency, with greater effects at
stopband frequencies than at passband. More supports significantly increase the harvesting
energy values.
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The main results can be summarized as follows:

1. In the case of free vibration of a beam with periodically arranged supports, significant
localization (maximization) of the beam slopes and moments occurs when the
eigenfrequencies of the beam are within the bandgaps of the counterpart infinite beam.

2. Localization occurs even with a few periodically arranged supports.

3. The flexible wave of supported beam cannot travel freely through a periodic structure at
frequencies within bandgaps of counterpart infinite beam and are practically localized at
the neighborhood of the first periodic cell interface.

4. The number of periodically arranged supports significantly increases the number of
eigenfrequencies outside of the bandgaps without changing this number within the gaps.

5. The electric voltage output of a piezo patch under beam bending is significantly
influenced by the dynamic behavior of the beam's periodic structure and is proportional
to the beam slopes at the locations of the periodic supports.

6. The energy harvested by a piezoelectric patch strongly depends on the operating
frequency. The harvesting energy at stopband eigenfrequencies incomparable greater
than at passband eigenfrequencies.
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SURFACE SH WAVES ON AN INTERFACE OF HOMOGENEOUS
PIEZOELECTRIC AND BI- MATERIAL MULTILAYERED
ELASTIC HALF- SPACES

Ghazaryan K., Ghazaryan R., Terzyan S.

Key words: Multilayered periodic structure, surface wave, Bleustein wave.

This paper investigates the existence of elastic SH wave surface modes near the interface between a bi-material
periodic multilayer elastic half-space in perfect elastic contact with a homogeneous piezoelectric half-space. The
results demonstrate that surface wave modes are present when the shear wave velocities of the elastic materials are
lower than that of the piezoelectric material.

Kazapsu K., Kazapsiu P., Tep3sn C.
IosepxHocTHbIe SH BoJIHBI HAa rpaHHIe Pa3/ie/ia OJHOPOIHOIO IIbe303/1eKTPHYECKOro
MOJIYHPOCTPAHCTBA H IBYXKOMIIOHEHTHOI'O MHOI'OCJIOIHOIO YIIPYrOro MoJIynpoCcTPaHCTBa

Kimouesble c1oBa: MHorocsoiinas nepuoudeckas cTpyKTypa, IOBEpXHOCTHAs BOJIHA, BoHa bmocreiina.

N3yuaercst mpodiema CyIIeCTBOBAaHHs MOBEPXHOCTHOH SH BOJNHBI Ha TpaHMIE ABYXCIOWHOTO YHPYroro MOIy-
IPOCTPAHCTBA, HAXOJAIIETOCH B HICATbHOM YHPYTOM KOHTAKTE C OJHOPOJHBIM IbE303ICKTPUUECKUM MOIyIpO-
crpancTBoM. [TokazaHo, 4TO MOBEPXHOCTHAS BOJIHA CYIIECTBYET TOJNBKO TOIJA, KOTJA CKOPOCTH C/IBHTOBBIX BOJH
YIPYTHX MaTepHaioB MEHBIIE CKOPOCTH CBUTOBOH BOJHBI ITbE309JICKTPUUECKOTO MaTepHaa.

Qwmqupyub Y., Luqupyuib 0., Lpgui U.
Uwlipiinipuyhtt SH wihputipp hwiwutie higntijmpujuijhuwmwpuwdnipyui b ipjpunwunphy
puqiuptipmi wpwaqujud Jhuwmmwpuwdnipjui pudwhviwui Gqphi
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wnwdqulub Wniptph uwhph wihpltiph wpugnipeynibp thnpp L whtignbtupuub Wnieh vwhph wihph
wpuqgnipjnLihg:

Introduction

Surface acoustic waves in phononic structures have garnered significant scholarly
interest over the past several decades. The existence and properties of one-dimensional
transverse acoustic waves in semi-infinite, periodic bi-material media has investigated in
[1,2].

The propagation of surface waves was examined [3] in a semi-infinite superlattice
composed of periodic bi-material piezoelectric-metallic layers, topped with a piezoelectric
layer.
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The paper [4] discusses surface acoustic waves propagating in half-infinite one-
dimensional piezoelectric phononic crystals with general anisotropy.

The propagation of shear horizontal polarization acoustic waves in infinite and semi-
infinite superlattices composed of two piezoelectric media is examined using a Green’s
function method [5].

In [6] an analytical method is presented for studying shear horizontal surface acoustic
waves in semi-infinite piezoelectric/metal superlattices.

The existence of surface acoustic waves is discussed semi-infinite one-dimensional
piezoelectric phononic structure consisting of perfectly bonded generally anisotropic layers,
which are arranged in a symmetric unit cell.

The surface wave modes on traction-free or clamped surfaces have been identified in a
cubic symmetry piezoelectric homogeneous half-space with periodically arranged, non-
equidistant electrodes, as reported in [8]. In [9] shear elastic surface wave modes are
investigated in a semi-infinite medium with periodically oriented stacks of interfaces of
elastic imperfect bonded contact. It has been shown that this periodic structure supports the
propagation of surface waves.

The studies in [10] examine various aspects of surface wave propagation in
piezoelectric composites with both perfect and imperfect electro-elastic interfaces.

Various methods and models of imperfectly bonded interfaces in elastic and electro-
magneto-elastic composite structures, as well as problems based on these models, are
discussed in [11-15].

This paper presents an analytical and numerical investigation of surface shear waves at
the interface between a homogeneous elastic bi-metal half-space with periodic elastic
sublayers and a homogeneous half-space composed from hexagonal piezoelectric crystals.

Statement of the problem
In Cartesian coordinate system (X, Y,Z) we consider bi-material layered elastic half-
space in contact with homogeneous piezoelectric half-space. Layered elastic half- space

(xe (0,00), y| <0,

alternative sub-layers of widths d1 R d2 made from different elastic metal materials A1 5 Az .

Z| <) is constituted by an infinite number of repeated two

X

.5 P

Fig.1. Bi-material layered elastic half-space in contact with homogeneous piezoelectric
half-space.
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y| <o,

We consider also the semi-space (Xe(—oo,()), Z|<oo) from the

homogeneous piezoelectric material A) of hexagonal 6 MM symmetry, the polling axis of
the piezoelectric crystals is aligned along. At the interface X =0, the semi-spaces are
perfectly bonded, ensuring continuity of both elastic displacements and stresses.

Multi-layered bi-material elastic half-space

Consider SH wave propagation in a multi-layered elastic bi-material half-space
constituted by an infinite number of repeated two sub-layers consisting from different

elastic materials. Each of these sub-layers of widths dl, d2 and materials are labelled by
the index (S) = 1,(8) =2 within the elementary unit cell labelled by the index
nn=12,3...), xe ((n —l)d,nd), d=d, +d,. Each of the two sub-layers is

assumed to be perfectly bonded to the adjoining sub-layers.
The elastic displacements and stresses obey to the anti-plane equations of motion and
Hooke’s law.

ou, o, U, "
oy

Here U, (X, y,t) is the displacement in Z — direction, G, (X, y,t),GyZ (X, y,t) are

c,, =G
OX

the shear stresses.
We consider harmonic wave travelling along the Y direction,

UZ(X,y,t):U(X)exp[i(ky—mt)], )

where ® is the wave angular frequency, K is the wave number.

The solutions of (1) for functions Urss) (X) within each material A, A, domains of
the sub-layer material can be found as
Ut (x)= ocEfi) exp(ig,X) + ocEfr) exp(—ig,X) 3)

n

Here materials are labelled by the index (S) =1, (S) =2 within the elementary unit
cell are labelled by the index N(N=1,2,3..)), Xe ((n—l)d,nd), d=d +d,,

o’ G, . , . ,
q, =k e —1,C, =, [— is the material shear wave velocity, G is the shear
CS pS

5) o,

ni >~ nr

modulus, P, is the bulk density of materials, o are the complex amplitudes of

plane waves.
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Introducing field vector

U (x)
San (%)

we can establish the link between U rss) ((n - 1) d ),U rss) (nd ) at the elementary unit cell

edges as [16],

2)(nd)=MU£I)((n—1)d) (5)

Herein M is the unimodal propagator matrix for SH wave field, which links the field
vectors at the at edges of elementary unit cell N -th cell.

The explicit expressions of the unimodal propagator matrix M elements be derived
as [16]

) “4)

G . .
m, = cos(dlql)cos(dzqz)—sl—lsm(dlql)sm(dzqz),
22
_ cos(d,q, )sin(d,q,) . cos(d,q, )sin(d,q,)
. qZGZ q]G ’
m,, =—0,G, cos(d,q, )sin(d,q,)—0,G, cos(d,q,)sin(d,q, ) (6)

G, . .
m,, = cos(d,q, )cos(d,q, ) - (;262 sin(d,q, )sin(d,q, ).
11
Using formality of the Floquet theory [16] we have

U (nd)=20"((n-1)d)
un2>(nd)=x“un>(o) @
where A = exp(ipd), p is the Bloch-Floquet wave number.

In the case of the real A (complex P) if |7\,| <1 according to (7) we have the

exponentially damped solution corresponding to the surface waves.
Taking into account (7) the following matrix equation can be obtained

(M-an)u’((n-1)d)=0 ®)

Where I is the identity matrix.
Using this equation for the N =1 unit cell, we come to the matrix equation

[mll_;L m, ] Ul(l)(o)

=0 )
m,, m,, — A E(Z)n (0)
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(s)

In the case of the traction free surface O,

(0) =0, from the non-trivial solutions of

9) Ul(l) (0) # 0 one can find

m, =0; m;-A=0 (10)
The equation
m,, (©,k)=0 (11)

for a given wave number K defines the countable set solutions of ® 0 (k), ji=12,..,

determining the surface wave frequencies if

xz|m“(oo(k))|<1 (12)
Considering (11) we can obtain that
- cos(dlql)
cos(d,q,)

in full accordance with results of [2].

Homogeneous semi-infinite piezoelectric half space
We consider the anti-plane problem #or hexagonal 6 MM symmetry piezoelectric

material. In quasi- static set of Maxwell equations [10,17] we have the following equations
and constitutive relations

V, =V, (% y)i0=0(xy)
an + aDy anz aGYZ a2VZ
ox oy

0
Ow = &(Cuvz + e15(P) s Gy, = _(C44Vz +els(p) (13)

Tox oy Lo

X

Qoo

0
b =&(_811(P+elsvz) D, = (e 0 +eV,)

In (13) 6,,6,,D,,D,,V,,¢ are shear stresses, electric displacements, elastic

xzo 2 yz?
displacement and electric potential, respectively and C,,,€5,€,, and p are the shear

modulus, piezoelectric constant, permittivity and bulk density of the material, respectively.
Taking solutions (13) in the form of harmonic wave travelling along the Yy direction

(2), for the displacement and the electric field potential decaying at X — —00

V, (X) = 0,0, (x) >0 (14)
we get solutions for V0 (X) NON (X) ,O, (X) as

V, (x)=C, exp(rx),
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(pO(X)=C2 exp(kx)+Cle'—Sexp(rX) (15)
811

G0 (0) =0, (X)=C,ke * +C G re”
Here Cl,C2 are arbitrary constants, I' = k 1—1’]2 ;GO =Cyy +e125 /811, C, = 1/GO /p;
n= (0/ kC0 , M 1is the dimensionless phase velocity of electro-elastic vibrations.

Applying condition @, (0) =0 at metalized surface we get C, =—C, e, /¢,
Finally, for the field vector at X = 0 we have

v, (0 1
o {0 g

elS

Here y = is the electromechanical coupling constant.

€
0C11
In the case of the traction free surface G, (0) =0 we get from (16) the equation

defining the dimensionless phase velocity of the Bluestein wave [17]
4
No =+1-%

Bi- material layered elastic half- space in contact with
homogeneous piezoelectric half- space.

On the interface of bi-material layered elastic and homogeneous piezoelectric half-
spaces X =0 we have continuity condition for displacements and elastic stresses

U (0) ) _(Ve(0)
20 o0)

Considering (16) we obtain the following matrix equation

)

mn_7L m,, ! -0 (18)
m,, m,, —A Gok(\ll_n2 _Xz)

From (18) the set of equations determining phase velocity M and localization parameter

A can be cast as

7»=m”+km12(\/1—n2 —)(2)60 (19)
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mzl_k(mn_mzz)(\/l_n2 _XZ)GO+k2m12(_1+n2+29(2\/1_n2 _X4)Go2 =0

The matrix elements (6) M, (qs), m, (qs ), m,, (qs), m,, (qs ) , are functions from 1,

since
2.2

CM
2

CS

q, =k -1; (20)

If solutions of (19) exist, such as M <1, 7\.|<1, these solutions describe coupled

electro-elastic surface waves that decay exponentially at X — 100 from the interface
x=0.

The positive A <1 corresponds to the Bloch-Floquet wave numbers

pd =ip, +27m,p, >0,m=0,12... (21)

the negative A > —1 corresponds to the wave numbers
pd =ip, +m(2m+1),p, >0,m=0,1,2. (22)

Numerical results, discussions and results

Numerical analysis of equations (19) shows that this equation have solutions
corresponding to surface wave if the shear velocities of elastic materials are less than the

shear velocity of piezoelectric material, C; < C; . This condition for the existence of surface

waves is, in certain respects, analogous to the criteria for surface wave propagation
described in the classic Love problem.
The numerical calculations have been carried out for piezoelectric material PZT-4

(Go =51GPa,c = 2600m/sec) and metals: copper
(G, =45GPa,c, =2240m/sec) , platinum (G, = 61GPa,c, =1640m/sec)

where the shear velocities are lower than those of the piezoelectric material.
Numerical analysis of equations (19) shows that when K <4 the surface wave does
not exist. For fixed value B and K there exist only one surface wave in range

ne(0.94,0.98) at K=5 and ne(0.82,0.98)at K =10.
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L K=10, 082 <n<095)

1.00

g

=
@
=
=
D
=

-
&
=

=
=
P

0.94]

0.90

Localisation coefficient A

Localisation coefficient A

o
e

0.86 0.86
0.0 0.2 04 0.6 08 Lo 00 02 04 L6 08 1.0

Filling coefficient g Filling coefficient 8

Fig.2 Plots of the localisation coefficients versus the filling coefficient

On Fig.2 the plots of localisation coefficients are presented versus filling coefficient
B= d1 /d . As it follows from plots of Fiq.2 surface wave does not exist for some values

of B.
For the PZT-4 material the dimensionless phase velocity of the Bleustein wave velocity
is equal 1, =0.86.

The main results can be formulated as follows:

The phononic structure including a two-component, layered periodic bi-material elastic
half-space and a homogeneous piezoelectric half-space, which are perfectly bonded at their
interface, can support a coupled surface wave whose amplitudes attenuate with increasing
distance from the interface. The existence of this wave is due to the condition that the shear
velocities of elastic materials are less than the shear velocity of piezoelectric material.

Acknowledgment
The research was supported by the Higher Education and Science Committee of MESCS
RA Research Project No 1-7/25RG-2C136.

References

1. Camley, R. E., Djafari-Rouhani, B., Dobrzynski, L., & Maradudin, A. A. (1983).
Transverse elastic waves in periodically layered infinite and semi-infinite media.
Physical Review B, 27(12), 7318.

2. Dijafari-Rouhani, B., Dobrzynski, L., Duparc, O. H., Camley, R. E., & Maradudin, A. A.
(1983). Sagittal elastic waves in infinite and semi-infinite superlattices. Physical
Review B, 28(4), 1711.

3. Alami, M., El Boudouti, E. H., Djafari-Rouhani, B., El Hassouani, Y., & Talbi, A.
(2018). Surface acoustic waves in one-dimensional piezoelectric-metallic phononic
crystal: Effect of a cap layer. Ultrasonics, 90, 80-97.

4. Darinskii, A. N., & Shuvalov, A. L. (2019). Existence of surface acoustic waves in one-
dimensional piezoelectric phononic crystals of general anisotropy. Physical Review
B, 99(17), 174305.

5. Bousfia, A., El Boudouti, E. H., Bria, D., Nougaoui, A., Djafari-Rouhani, B., & Velasco,
V. R. (2000). Surface and interface shear horizontal acoustic waves in piezoelectric
superlattices. Journal of Applied Physics, 87(9), 4507-4513.

86



6. Chen, S., Lin, S., & Wang, Z. (2009). Shear horizontal surface acoustic waves in semi-
infinite piezoelectrics/metal superlattices. Ultrasonics, 49(4-5), 446-451.

7. Darinskii, A.N. , Shuvalov, A.L. (2019). Surface acoustic waves in one-dimensional
piezoelectric phononic crystals with symmetric unit cell, Physical review B ,100,
184303\

8. Ghazaryan, K., Piliposyan, D., Jilavyan, S., & Piliposian, G. (2025). Localization of
shear waves in cubic piezoelectric structure stratified with periodically arranged
metallized interfaces. European Journal of Mechanics-A/Solids, 105448.

9. Ghazaryan, K., Ghazaryan, R., Terzyan, S. (2025). Surface shear horizontally wave
propagation in a half-space periodically stratified with interfaces of imperfect elastic
contact. In: Altenbach, H. (eds) Current Developments in Solid Mechanics and Their
Applications. Advanced Structured Materials, vol 223. Springer, Cham. 233-242.

10. Avetisyan, A., (2023). Electroacoustic Waves in Piezoelectric Layered Composites.
Springer International Publishing, p. 215.

11. Avetisyan, A., Khachatryan V, (2025) Finite-amplitude surface wave in linear electro-
acoustic (piezoelectric) waveguide, In: Altenbach, H. (eds) Current Developments in
Solid Mechanics and Their Applications. Advanced Structured Materials, vol 223.
Springer, Cham.,17-29.

12. Avetisyan, A., Khachatryan V, Mkrtchyan M (2022). Formation of a hybrid of
electroacoustic waves in piezoelectric layered composites. Journal of Physics:
Conference Series 2231,012025(1-11).

13. Avetisyan, A.S. On formulating problems of contact-less surface control of
electroacoustic wave propagation. Acoustical Physics, (2022)., 68(3), 227-234.

14. Agayan K., 2020, Diffraction of shear flat waves on a semi-infinite crack in a
compound elastic half-space. Proceedings of NAS RA, Mechanics, 73(2), 22-34.

15. Aghayan K, Zakaryan G, (2025) Surface electro-elastic shear wave in piezo-electrical
half-space with semi-infinite electrodes. Altenbach, H. (eds) Current Developments in
Solid Mechanics and Their Applications. Advanced Structured Materials, vol 223,
Chapter 1, Springer, Cham, 2-16.

16. Ghazaryan K., Ghazaryan R., Terzyan S., (2021) Localization of shear waves in
inhomogeneous periodically stratified waveguide / Mechanics - Proceedings of National
Academy of Sciences of Armenia, 74 (4), 56-67.

17. Bleustein, J.L. (1968). A new surface wave in piezoelectric materials. Applied Physics
Letters, 13(12), 412-413.

Information about the authors:

Ghazaryan K. Institute of mechanics NAS of Armenia,
ghkarren@gmail.com, Phone 374 99 227395
Ghazaryan R. Institute of mechanics NAS of Armenia,
rafaelghazaryan52@gmail.com, Phone 374 99 396344
Terzyan S., Institute of mechanics NAS of Armenia,
sat_and 21@yahoo.com, Phone 374 91 340432

Received 26 June 2025

87



<U3uuUsSuvb GpSAFE-3AFLLELP U2GHU3PL UUUHGUPUSP SEU6URGPL
MU3BECTHUA HAIUOHAJIbBHOU AKAJJEMHMU HAYK APMEHUUA

Uthuwthu 78, Ne2, 2025 MexaHuka

COJEPKAHUE 2025 r., Tom 78 Ne2

Arasn K.JI. CaBuroble »JeKTpOYNpYIHe€ BOJIHBI B COCTaBHOM IIb€303JEKTPHYECKOM
MPOCTPAHCTBE C MEKTPOAAMH Ha IIIOCKOCTH KOHTAKTA. ....vevinrenrenenrenrenneneesensesserensenneneerennes 3

Arasn KJL., Arosn JLA., Caakan C.JI. OtpaxkeHne ynpyroil BOIHBI OT MOBEPXHOCTH
CONPHKOCHOBEHHUS (peppOMArHUTHOM TTOJIOCH U TMAJIEKTPHIECKOTO MOTyTIPOCTPAaHCTBa .. 17

Maptupocsin C. P. Cpepx3ByKoBasi JIOKaJM30BaHHAS TUBEPIeHINS MIMPOKON MaHEIH,
Harpy>keHHOM 1O JBYM HANpaBICHUSM: DACTSIHYTOM IO TOTOKYy Ta3a W CXKaTol B
MEPIECHANKYIISIPHOM HATIPABIICHIH ... ..evveenteenteenttenteenseesueesseesuseessesasesnseenseanseesseesseesseesseesanes 26

Muxkniasasa M., Tonosn B., Hectuno 3. A3po-TepMO-MarHUTO-ynpyras yCTOHYHBOCTB
YIJINHEHHOH MIACTUHKU B CBEPX3BYKOM MOTOKE TA3A ...ccuveenveenrernreeieenieensrenieessenseessessneenne 43

Asetucsin Apa C., Kazapsan Kapen b., Map3okka IIsep M3ru6Hsle koneOaHus 4aCTUYHO
MOKPBITOM MbE30AJICKTPUUECKON HAKJIQJAKOH Oanku, omuparomeiics Ha NepUOIUYEcKU
PACIIOJIOMKEHHBIE BHEITHUE OTIOPBL ..c.evierinrinniiieiietiteeieententessesaesatensesaesnesnsessesaesnsensessessenns 59
Kazapsin K., Kazapsin P., Tep3sn C. [losepxnoctHbie SH BONHBI Ha rpaHuiie pasnena
OJTHOPOJIHOTO  IbE30DJIEKTPHYECKOr0  IOJIYIIPOCTPAHCTBA U JIByXKOMIIOHEHTHOTO
MHOTOCJIOWHOTO YIIPYTOTO HOIYTIPOCTPAHCTBA ...evvenreenrreerenurensresaresueeeseenseesseesseesseesseesnnes 78

CONTENTS 2025, v. 78 Ne2

Aghayan K.L. Shear electro elastic waves in composite piezoelectric space with electrodes
ON the CONTACT PLANEC......cviieieiiiciie ettt ettt e teese e teessaesabeesseenbeenseenseens 3

Aghayan K.L., Atoyan L.A., Sahakyan S.L. Reflection of an elastic wave from the contact
surface of a ferromagnetic layer and a dielectric half-space ............cccccecveviinincninnenns 17

Martirosyan S. R. Supersonic localized divergence of a wide panel loaded in two directions:
stretched along the gas flow and compressed in the perpendicular direction....................... 26

Mikilyan M., Tonoyan V., Cestino E. Aero-thermo-magneto-elastic stability of an
elongated plate in a SUPErsonic gas flOW ........coeviriiiieniniiieieeee e 43

Ara S. Avetisyan, Karen B. Ghazaryan, Pier Marzocca Flexural vibrations of a beam on
periodically arranged external supports and partially coated by
PIEZOCIECIIC PALCH. ...ttt ettt sttt e bt eneessenre e 59

Ghazaryan K., Ghazaryan R., Terzyan S. Surface SH waves on an interface of
homogeneous piezoelectric and bi- material multilayered elastic half- spaces.................... 78

87



POJUEVHIIUNFE-30FU 2025, h.78, Ne2

Wnuyuib Y.L, Ynbmwlnh hwuppnipyubd ypu HEjupnnbbtn qupnibwnn pununpyuyg
whtignkitiyuphy mwpwonipyud uwhph LEjupuwnwaqujub wihpbbp .o, 3
WUnuyui Y.L, Upnui L<., Uwhujjui U.L. YFhbEjuphy jhumnwpudnipyub
dipndwgbhuwjutt - ptpmh - piwt - dwlbplnyphg  wpwaqujubt wjhph
WU UINGILU]L et bbb sb et bbb et e b sb e et e nb e bt ebe e et e 17
Uwpwhpnuyub U.0-. Ghpduyyiuwhlt qugh hnuph nipnnipjudp dwpibwub agud b
thwduwdwiwl ubtndwd npquhuwywd  npgpnippudp puduljubh  uyt uwh
ntnuytwgywd nhytingioghuyh dh pbnph WUl .. 26
Uhyppgwt U., Sninjui d., Qtuwhiin E Qtpawybuyht ququyhtt hnupnid
Enjupugyud phpetinh wkpn-phpdn-tuqihuwub-unwaquijub Juyniinipyniap.....43
Upw U. Wbmhuyjwi, Ywpth 2. Qwmquppub, Mhtie Twpgniu Nwupptpupunp
nuuuynpjud  wpmwphtt hibwpwbbbph Jypuw htgnn  dwubwyhnpttt dSwdyud
whbgnhitumpuluit ytpnhpny hidwith dndwd mumwbnidbbpn .o 59

Ququpui Y., Qwqupuid (., @Lpgub U. Uwuytplinipuhtt SH whplbpp
hudwutin - whtgnbijupuud jhuwmwpwonipjut b Gppununphy puqiuwtpm
wnwaquijub Jhuwmwpuonipyub pudwiiiwd GARp ... 78

Cnano B ipon3BocTBO 27.06.2025 T.
®opmar 70 x 100/, . TTeu. et —5.5

3aka3 Ne 1386. Tupax 150.
Iena noroBopHasi.
Tunorpadus Usnarensctea HAH PA
Epesan, np. Mapiana barpamsna, 24

88



	3-16
	17-25
	26-42
	43-58
	59-77
	79-87

