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Introduction. The method of correlation equations is one of the most 
demanded means of constructing and studying systems of mathematical 
statistical physics in infinite volumes (see, for example, [2, 6, 7, 9, 10]). In the 
case of lattice systems, this method has generally been applied to vacuum 
systems with two states: spin and vacuum. 

The problem of extending the applied method of correlation equations for 
more general systems naturally arises. This problem was considered in [8], in 
which a measurable set of finite measure was considered as a spin space, and 
the vacuum measure was taken to be equal to unity. In all mentioned papers, the 
definition of correlation function is based on the notion of interaction potential. 

In the present work, we consider systems with finite spin space. Based on 
the results of [1, 3–5], a system of correlation equations is written using the 
concept of the transition energy field introduced in [1]. It is shown that for a 
sufficiently small value of the one-point transition energies, the corresponding 
system of correlation functions, considered in infinite space, has a solution 
which is unique. 

1. Preliminaries. Let ℤௗ be a d-dimensional integer lattice, i.e., a set of d-
dimensional vectors with integer components, d ≥ 1. Note that all the arguments 
in this paper remain valid if we consider an arbitrary countable set instead of 
ℤௗ. 

For ܵ ⊂ ℤௗ, denote by ܹ(ܵ) = {Λ ⊂ ܵ, |Λ| < ∞} the set of all finite 
subsets of S, where |Λ| is the number of points in Λ. In the case ܵ = ℤௗ , we will 
use the simpler notation W. To denote the complement of the set S, we will 
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write Sc. For one-point sets {t}, ݐ ∈ ℤௗ, braces will be omitted. For ݐ =
൫ݐ(ଵ), ,(ଶ)ݐ … , ,൯(ௗ)ݐ ݏ = ൫ݏ(ଵ), ,(ଶ)ݏ … , ൯(ௗ)ݏ ∈ ℤௗ, we denote |ݐ − |ݏ =
maxଵஸஸௗหݐ() −  .ห()ݏ

Let each point ݐ ∈ ℤௗ be associated with a set ܺ௧, which is a copy of some 
finite set X, 1 < |ܺ| < ∞. Denote by ܺௌ the set of all configurations on S, 
ܵ ⊂ ℤௗ, that is, the set ܺௌ = ݔ} = ௧ݔ) , ݐ ∈ ܵ), ௧ݔ ∈ ܺ} of all functions defined 
on S and tacking values in X. For ܵ = ∅, we assume that ܺ∅ = {∅} where ∅  is 
an empty configuration. For any disjoint ܵ, ܶ ⊂ ℤௗ and any ݔ ∈ ܺௌ, ݕ ∈ ்ܺ , 
denote by xy the concatenation of x and y, that is, the configuration on ܵ ∪ ܶ 
equal to x on S and to y on T. When ܶ ⊂ ܵ, we denote by ்ݔ the restriction of 
configuration ݔ ∈ ܺௌ on T, i.e., ்ݔ = ௧ݔ) , ݐ ∈ ܶ). 

Let ߠ௧  be some fixed element of ܺ௧ (vacuum) and ߠ = ௧ߠ} , ݐ ∈ ℤௗ}. Denote 
ܺ∗௧ = ܺ௧ ∖ ௧ߠ ݐ , ∈ ℤௗ. For any ܵ ⊂ ℤௗ, denote by ܺ∗ௌ the set of configurations 
on S which components do not contain the vacuum, and let ܮ∗ௌ = ⋃ ܺ∗


∈ௐ(ௌ)  be 

the set of configurations without vacuum which supports are subsets of S. In the 
case ܵ = ℤௗ, we denote ܮ∗ = ℤ∗ܮ

 . Note that any configuration from ܺௌ can be 
written as ߠݔௌ∖ூ where ݔ ∈ ܺ∗ூ, ܫ ⊂ ܵ. It is not difficult to see that ܺௌ =
⋃ ൛ߠݔௌ∖ூ , ݔ ∈ ܺ∗ூൟூ⊂ௌ . 

Finally, for any ܵ ⊂ ℤௗ and any function ℎ:ܹ(ܵ) → ℝ, the notation 
limஃ↑ℤ ℎ(Λ) = ܽ means that for any ߝ > 0, there exists Λఌ ∈ ܹ(ܵ) such that 
for any Λ ∈ ܹ(ܵ), Λ ⊃ Λఌ, it holds |ℎ(Λ)− ܽ| <  .ߝ

2. Transition energy fields. In [1], the notions of transition energy field 
and one-point transition energy field were introduced. 

A set Δ = ൛Δஃ௫̅ , ݔ̅ ∈ ܺஃ ,Λ ∈ ܹൟ of functions Δஃ௫̅ ݑ,ݔ ,(ݑ,ݔ) ∈ ܺஃ, is called 
transition energy field if its elements satisfy the following consistency 
conditions: for all Λ ∈ ܹ and ̅ݔ ∈ ܺஃ , it holds 

Δஃ௫̅(ݑ,ݔ) = Δஃ௫̅(ݔ, (ݖ + Δஃ௫̅(ݑ,ݖ),        ݑ,ݔ, ݖ ∈ ܺஃ; 

and for all disjoint Λ,ܸ ∈ ܹ and ̅ݔ ∈ ܺ(ஃ∪), 

Δஃ∪௫̅ (ݒݑ,ݕݔ) = Δஃ
௫̅௬(ݑ,ݔ) + Δ௫̅௨(ݕ, ݑ,ݔ        ,(ݒ ∈ ܺஃ,ݕ, ݒ ∈ ܺ . 

Note that in particular, it holds 

Δஃ௫̅(ݑ,ݔ) = −Δஃ௫̅(ݑ, Δஃ௫̅        ,(ݔ ,ݔ) (ݔ = ݑ,ݔ        ,0 ∈ ܺஃ. 

A set Δଵ = ൛Δ௧௫̅ , ݔ̅ ∈ ܺ௧, ݐ ∈ ℤௗൟ of functions Δ௧௫̅(ݑ,ݔ), ݑ,ݔ ∈ ܺ௧, is called 
one-point transition energy field if its elements satisfy the following 
consistency conditions: for all ݐ ∈ ℤௗ and ̅ݔ ∈ ܺ௧, it holds 

Δ௧௫̅(ݑ,ݔ) = Δ௧௫̅(ݔ, (ݖ + Δ௧௫̅(ݑ,ݖ),        ݑ,ݔ, ݖ ∈ ܺ௧; 

and for all ݐ, ݏ ∈ ℤௗ and ̅ݔ ∈ ܺ{௧,௦}, 
Δ௧
௫̅௬(ݑ,ݔ) + Δ௦௫̅௨(ݕ, (ݒ = Δ௦௫̅௫(ݕ, (ݒ + Δ௧௫̅௩(ݑ,ݔ),        ݑ,ݔ ∈ ܺ௧ ,ݕ, ݒ ∈ ܺ௦ . 
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The following theorem states the relationship between the elements of a 
transition energy field and a one-point transition energy field (see [1] as well as 
[4]). 

Theorem 1. A set ߂ = ൛߂௸௫̅ , ݔ̅ ∈ ܺ௸,߉ ∈ ܹൟ of functions ܺ௸ × ܺ௸ is a 
transition energy field if and only if its elements can be represented in the form 
(ݑ,ݔ)௫̅௸߂ = ௧భ߂

௫̅௫\భ൫ݔ௧,ݑ௧భ൯+ ௧మ߂
௫̅௨భ௫\{భ,మ}൫ݔ௧మ +௧మ൯ݑ, ⋯+ ௧߂

௫̅௨\൫ݔ௧  ,௧൯ݑ,
ݑ,ݔ ∈ ܺ௸, where ߉ = ,ଵݐ} ଶݐ , … ,  ,߉ } is some enumeration of points inݐ

|߉| = ݊, and ߂ଵ = ൛߂௧௫̅ , ݔ̅ ∈ ܺ௧, ݐ ∈ ℤௗൟ is a one-point transition energy field. 
Thus, the one-point transition energy field ߂ଵ uniquely determines the 

transition energy field ߂. Therefore, when obtaining results, conditions can only 
be imposed on ߂ଵ. 

3. Correlation functions. Let ߂ଵ = ൛߂௧௫̅ , ݔ̅ ∈ ܺ௧, ݐ ∈ ℤௗൟ be a one-point 
transition energy field and let ߂ = ൛߂௸௫̅ , ݔ̅ ∈ ܺ௸,߉ ∈ ܹൟ be the corresponding 
transition energy field. Let us fix some ߉ ∈ ܹ. To simplify notations, we 
denote ߂௸ = ௸߂

ఏ , and for any ݐ ∈ Λ and ݖ ∈ ܺஃ∖௧, we will write ߂௧௭  instead of 
௧߂
௭ఏ . 

Finite-volume correlation function relative to ߉ is a function ߩ௸ on ܮ∗ 
defined by 

(ݔ)௸ߩ =
1
ܼ௸

 ݁௱(௫௬,ఏ)

௬∈\

ݔ        , ∈ ܺ∗ூ , ܫ ⊂  ,߉

where 
ܼ௸ =  ݁௱(௫,ఏ)

௫∈
, 

(∅)௸ߩ = 1, and (ݔ)௸ߩ = 0 if ݔ ∈ ܺ∗ூ and ܫ ⊄  .߉
Thus, each ߂ଵ defines a set of finite-volume correlation functions {ߩ௸ ߉, ∈

ܹ}. Under a suitable condition on the elements of ߂ଵ, it can be shown that each 
finite-volume correlation function satisfies a certain equation. 

Theorem 2. Let ߂ଵ = ൛߂௧௫̅ , ݔ̅ ∈ ܺ௧, ݐ ∈ ℤௗൟ be a one-point transition 
energy field such that for any ݐ ∈ ߉ ∈ ܹ and ݑ,ݔ ∈ ܺ௧ ,ݕ, ݖ ∈ ܺ௸\௧ ݔ̅ , ∈ ܺ௸ , it 
holds 

௧߂   
௫̅௬(ߠ,ݔ௧)− (௧ߠ,ݔ)௧௫̅௭߂ = ௧߂

௬(ߠ,ݔ௧) −  .(௧ߠ,ݔ)௧௭߂
   (1) 

Then for any ߉ ∈ ܹ, correlation function ߩ௸ satisfies the following 
equation: for any ݐ ∈ ܫ ⊂ ߉ ∈ ܹ and ݔ ∈ ܺ∗௧, ݑ ∈ ܺ∗

ூ\௧, it holds 

(ݑݔ)௸ߩ =
݁௱ೠ(௫,ఏ)

∑ ݁௱ೠ(ఈ,ఏ)
ఈ∈

൮(ݑ)௸ߩ +  ݁௱ೠ(ఈ,ఏ)

ఈ∈∗
൫(ݑݔ)௸ܩ −  ,൯൲(ݑߙ)௸ܩ

where 
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(ݑݔ)௸ܩ =   (ݕݑ)௸ߩቌ(ݕݔ)ூ∪ܭ +  (ݕݑߙ)௸ߩ
ఈ∈∗

ቍ
௬∈∗

⊂௸\ூ

 

and 
(ݕݔ)ூ∪ܭ = ෑ൫݁௱ೞೣೠ(௬ೞ,ఏೞ)ି௱ೞೠ(௬ೞ,ఏೞ) − 1൯.

௦∈

 

Sketch of the proof. Let ݐ ∈ ܫ ⊂ ߉ ∈ ܹ and ݔ ∈ ܺ∗௧, ݑ ∈ ܺ∗
ூ\௧. Since for 

any ݕ ∈ ܺஃ\ூ, 

Δஃ(ߠ,ݕݑݔஃ) = Δ௧௨(ߠ,ݔ୲) + Δஃ(ߠ୲ߠ,ݕݑஃ) + Δ௧
௨௬(ߠ,ݔ୲) − Δ௧௨(ߠ,ݔ୲), 

we can write 

(ݑݔ)௸ߩ =
1
ܼ௸

 ݁௱(௫௨௬,ఏ)

௬∈\

=
݁ೠ(௫,ఏ౪)

ܼ௸
൮  ݁௱(ఏ౪௨௬ ,ఏ)

௬∈\

+  ݁௱(ఏ౪௨௬ ,ఏ)

௬∈\

ቀ݁
ೠ(௫,ఏ౪)ିೠ(௫,ఏ౪) − 1ቁቍ. 

For the first summand in the obtained relation, we have 
1
ܼ௸

 ݁௱(ఏ౪௨௬ ,ఏ)

௬∈\

= (ݑ)௸ߩ −  (ݑߙ)௸ߩ
ఈ∈∗

. 

Let us consider the second summand 

(ݑݔ)ஃܩ =
1
௸ܼ
 ݁௱(ఏ౪௨௬ ,ఏ)

௬∈\

ቀ݁
ೠ(௫,ఏ౪)ିೠ(௫,ఏ౪) − 1ቁ

=
1
ܼ௸

  ݁௱൫௨௬ఏ౪∪(౻\\),ఏ൯

௬∈∗


ቀ݁
ೠ(௫,ఏ౪)ିೠ(௫,ఏ౪) − 1ቁ

⊂ஃ\ூ

. 

Using properties of ߂ and condition (1), we can write 

Δ௧
௨௬(ߠ,ݔ୲) − Δ௧௨(ߠ,ݔ୲)

= ቆΔ௦ೕ
௫௨௬ೞೕశభ…௬ೞ|| ቀݕ௦ೕ,ߠ௦ೕቁ − Δ௦ೕ

௨௬ೞೕశభ…௬ೞ|| ቀݕ௦ೕ,ߠ௦ೕቁቇ

||

ୀଵ

= ൬Δ௦ೕ
௫௨ ቀݕ௦ೕ,ߠ௦ೕቁ − Δ௦ೕ

௨ ቀݕ௦ೕ,ߠ௦ೕቁ൰

||

ୀଵ

, 
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where ܬ = ൛ݏଵ, ,ଶݏ … ,  |ൟ is some enumeration of points in J. Applying|ݏ
standard method (see, for example, [2, 7, 9, 10]), we obtain the expression for 
 given in the statement of the theorem, which leads to equation (ݑݔ)ஃܩ

(ݑݔ)௸ߩ = ݁௱ೠ(௫,ఏ) ൮(ݑ)௸ߩ −  (ݑߙ)௸ߩ
ఈ∈∗

+  .൲(ݑݔ)ஃܩ

It remains to take the sum of the obtained relation over all ݔ ∈ ܺ∗௧ to get the 
expression for ∑ ఈ∈∗(ݑߙ)௸ߩ  (see [8]).     
    □ 

4. Equations for correlation functions. Let ߂ଵ = ൛߂௧௫̅ , ݔ̅ ∈ ܺ௧, ݐ ∈ ℤௗൟ be 
a one-point transition energy field. We introduce the norm for ߂ଵ as follows: 

‖ଵ߂‖ = sup
௧∈ℤ

sup
௫∈

 sup
௬∈ೞ

(௦ߠ,ݕ)௦௫߂| − |(௦ߠ,ݕ)௦߂
௦∈௧

. 

Put also 
ܦ = sup

௧∈ℤ
sup
௫,௨∈

sup
௫̅∈

ห߂௧௫̅(ݑ,ݔ)ห. 

We assume that ℤௗ is endowed with some order ≼, for example, the 
lexicographical order. For each ܫ ∈ ܹ, denote ܫᇱ =  where t is the smallest ݐ\ܫ
element in I with respect to ≼. For the sake of simplicity, for any ݔ ∈ ܺ∗ூ, we 
will use the notation ݔᇱ =  .ூᇱݔ

Consider the Banach space ℬ∗ of bounded functions ߮ on ܮ∗ with the norm 
‖߮‖ = sup

ஃ∈ௐ
‖߮‖ஃ ,        ‖߮‖ஃ =  |(ݔ)߮|

௫∈∗౻
. 

Consider the operator ࣥ =  :on ℬ∗ defined as follows (ଵ߂)ࣥ

(ݔ)(߮ࣥ) = (ݔ)(߮ܵ)൫(ݔ)ߛ + ݔ        ,൯(ݔ)(߮ܶ) ∈ ܺ∗ூ , ܫ ∈ ܹ, 

where 

(ݔ)ߛ =
݁௱ೠ(௫,ఏ)

1 +∑ ݁௱ೠ(ఈ,ఏ)
ఈ∈∗

(ݔ)(߮ܵ)        , = ൜߮
,(′ݔ) |ܫ| > 1,
0, |ܫ| = 1, 

and 
(ݔ)(߮ܶ) =  ݁௱ೠ(ఈ,ఏ)

ఈ∈∗
൫(߮ܩ)(ݔ) −  ൯(′ݔߙ)(߮ܩ)

with 

(ݔ)(߮ܩ) =   (ݕ′ݔ)ቌ߮(ݕݔ)ூ∪ܭ +  (ݕ′ݔߙ)߮
ఈ∈∗

ቍ
௬∈∗

⊂ௐ(ூ)

 

and ܭூ∪(ݕݔ) defined as in Theorem 2. 
Further, we put 

(ݔ)ߜ = ൜ߛ
,(ݔ) |ܫ| = 1,
0, |ܫ| > 1, ݔ        ∈ ܺ∗ூ , ܫ ∈ ܹ, 
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and 

ଵܥ =
݁ ܰ

1 + ݁ି ܰ
ଶܥ        , = 4݁ ܰ൫݁ݔ൛݁‖௱భ‖ − 1ൟ − 1൯,        ܰ = |ܺ|− 1. 

Using standard approach (see, for example, [7]), we obtain the following 
result. 

Theorem 3. Let one-point transition energy field ߂ଵ be such that 

ଵ(1ܥ   + (ଶܥ < 1.     (2) 

Then the equation 
ߩ   = ߜ  (3)      ߩࣥ+
has a unique solution on ℬ∗ given by ߩ = ߜ +∑ ࣥߜஶ

ୀଵ . 
Now, for any ߉ ∈ ܹ, consider the operator ࣥஃ = ߰ஃࣥ߰ஃ where 

(߰ஃ߮)(ݔ) = ൜߮(ݔ), ݔ ∈ ,ஃ∗ܮ
0, otherwise.

 

According to Theorem 2, for each ߉ ∈ ܹ, the corresponding element ߩ௸ of 
௸ߩ} ߉, ∈ ܹ} satisfies the equation 

௸ߩ   = ௸ߜ +ࣥஃ(4)     ௸ߩ 
where ߜ௸ = ߰ஃߜ. Since ‖ࣥஃ‖ ≤ ‖ࣥ‖, under conditions of Theorem 3 we 

have ‖ࣥஃ‖ ≤ 1, and hence, ߩ௸ is the unique solution to (4), which can be 
written as ߩ௸ = ௸ߜ + ∑ ௸ࣥ

ߜ௸ஶ
ୀଵ .  

The following theorem is the main result of the paper. 
Theorem 4. Let ߂ଵ be a one-point transition energy field whose elements 

satisfy (1) and (2). Suppose also that there exists ܴ > 0 such that for any 
ݐ ∈ ℤௗ, 

(ݑ,ݔ)௧௫̅߂    = ௧߂
௫̅ങ(ݑ,ݔ),        ݑ,ݔ ∈ ܺ௧ , ݔ̅ ∈ ܺ௧, 

  (5) 
where ߲ݐ = ݏ} ∈ ݐ ݐ| : − |ݏ ≤ ܴ}. Let {ߩ௸ ߉, ∈ ܹ} be the set of finite-

volume correlation functions corresponding to ߂ଵ. Then for any ܫ ∈ ܹ, 

lim
௸↑ℤ

(ݔ)௸ߩ = ݔ        ,(ݔ)ߩ ∈ ܺ∗ூ , 

where ߩ is the solution of equation (3). 

Remark. Let Φ be a pair interaction potential. Then the set ߂ଵ =
൛߂௧௫̅ , ݔ̅ ∈ ܺ௧ , ݐ ∈ ℤௗൟ of functions 

(ݑ,ݔ)௧௫̅߂ = ൫Φ௧௦(ݔ̅ݑ௦)− Φ௧௦(ݔ̅ݔ௦)൯
௦∈௧

ݑ,ݔ        , ∈ ܺ௧ , 

forms a one-point transition energy field corresponding to the potential Φ. 
It is not difficult to see that the elements of ߂ଵ satisfy (1). 

In particular, if Φ is a vacuum potential with the norm 
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‖ߔ‖ = sup
௧∈ℤ

sup
௫∈∗

 sup
௬∈∗ೞ

|Φ௧௦(ݕݔ)|
௦∈௧

, 

then 
‖ଵ߂‖ ≤ ܦ       ,‖ߔ‖ ≤   ,‖ߔ‖2

and condition (5) is satisfied if Φ is the finite-range potential. Thus, 
Theorem 4 holds true if 

݁ଶ‖ః‖ ܰ

1 + ݁ିଶ‖ః‖ ܰ
ቀ1 + 4݁ଶ‖ః‖ ܰ൫݁ݔ൛݁‖ః‖ − 1ൟ − 1൯ቁ < 1. 
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Член-корреспондент НАН РА Б.С. Нахапетян, Л.А. Хачатрян 

Поле энергий перехода и корреляционные уравнения 
 
На основе понятия поля энергии перехода получена система корреля-

ционных уравнений для решетчатых систем с конечным пространством 
спинов. Показано, что при достаточно малом значении одноточечных 
энергий перехода соответствующая система корреляционных функций, 
рассматриваемая в бесконечном пространстве, имеет решение, причем 
единственное.  
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