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The spatial problem on forced vibrations of composite plates, having a plane of elastic symmetry, is solved. 

It is considered that on the facial surface of the plate normal and tangential loads act, which change 

harmonically over time, and the lower facial surface of the plate is rigidly fixed. For solving such type of 

problems, the hypotheses of classical and refined theories of plates and shells are not applicable. A 

fundamentally new asymptotics for the components of the stress tensor and the displacement vector was 

established, which made it possible to find an asymptotic solution to the problem, which becomes 

mathematically exact if the external loads are algebraic polynomials from tangential coordinates. The conditions 

for the occurrence of resonance are derived. It is shown that in such a plate the vibrations are purely flat and 

anti-flat (transverse). The amplitudes of these oscillations have been determined. The amplitudes of these 

oscillations are determined. The conditions for the occurrence of resonance are derived, and the values of 

resonance frequencies are determined. 

 

Աղալովյան Լ․Ա․, Աղալովյան Մ․Լ․, Զաքարյան Տ․Վ․, Թովմասյան Ա․Բ․ 
Առաձգական սիմետրիայի հարթություն ունեցող սալի ստիպողական տատանումների բնույթի 

մասին 

Հիմնաբառեր․ անիզոտրոպություն, սալ, 3D տատնումներ, ռեզոնանս, ասիմպտոտիկ լուծում: 

Առաձգական սիմետրիայի հարթություն ունեցող սալերի համար լուծված է ստիպողական 

տատանումների տարածական խնդիր։ Համարվում է, որ սալի դիմային մակերևույթի վրա ազդում են 

նորմալ և տանգենցիալ, ժամանակի ընթացքում հարմոնիկ փոփոխվող ուժեր։ Ստորին դիմային 

մակերևույթը կոշտ ամրակցված է։ Սալերի դասական և գոյություն ունեցող ճշգրտված 

տեսությունները տվյալ խնդրի լուծման համար կիրառելի չեն։ Գտնված է լարումների թենզորի և 

տեղափոխման վեկտորի բաղադրիչների համար դասականից սկզբունքորեն տարբերվող 

ասիմպտոտիկա, որը թույլ է տվել գտնել խնդրի ասիմպտոտիկ լուծումը։ Այդ լուծումը դառնում է 

մաթեմատիկորեն ճշգրիտ, երբ արտաքին ազդող ուժերը տանգենցիալ կոորդինատներից 

հանրահաշվական բազմանդամներ են։ Ցույց է տրված, որ տատանումները հանդիսանում են զուտ 

հարթ և հակահարթ։ Որոշված են տատանումների ամպլիտուդները, արտածված են ռեզոնանսի 

առաջացման պայմանները, որոշված են ռեզոնանսային հաճախությունները։ 

 
Агаловян Л.А.,Агаловян М.Л., Закарян Т.В., Товмасян А.Б. 

О характере вынужденных колебаний пластин имеющих плоскость упругой симметрии 
 

Ключевые слова: анизотропная пластина, 3D колебания, резонанс, асимптотическое решение.  
 
Решена пространственная задача о вынужденных колебаниях композитных пластин, имеющих 

плоскость упругой симметрии. Считается, что на лицевую поверхность пластины действуют нормальные и 
тангенциальные нагрузки, которые по времени изменяются гармонически, а нижняя лицевая поверхность 
пластины жёстко закреплена. Классическая и существующие уточнённые теории пластин для решения 
задачи неприменимы. Установлена принципиально новая асимптотика для компонент тензора напряжений 
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и вектора перемещения, позволившая найти асимптотическое решение задачи, которое становится 
математически точным если внешние нагрузки являются алгебраическими многочленами от 
тангенциальных координат. Выведены условия возникновения резонанса. Показано, что в такой пластине 
колебания являются сугубо плоскими и антиплоскими (поперечными). Определены амплитуды этих 
колебаний. Выведены условия возникновения резонанса, определены значения резонансных частот. 

 

Introduction  

Depending on the winding angle or reinforcement method, often the corresponding 

composite material is anisotropic and has a plane of elastic symmetry [1,2]. There are 

relatively few works devoted to the study of stress-strain states and the solution of static 

and dynamic problems of plates with a plane of elastic symmetry (13 independent 

constants of elasticity).  

The classical and refined theories of plates and shells consider only one class of 

problems: it is assumed that the values of the corresponding components of the stress 

tensor are given on the facial surfaces of the plates and shells (the first boundary value 

problem of the theory of elasticity). These theories are not applicable for solving the 

second (the values of the components of the displacement vector are given on the facial 

surfaces) and mixed boundary value problems. As it follows from mathematically precise 

solutions of individual even simple such problems, normal displacement depends on the 

transverse coordinate, which contradicts to one of the basic conditions of classical theory. 

Below it will be shown, that in similar problems the components of the stress tensor have 

the same intensity, which is absent in the classical theory of plates and shells. 

In last decades for solving spatial static and dynamic problems of plates and shells, 

especially anisotropic ones, an effective turned out the asymptotic method for solving 

singularly perturbed differential equations. The first works in this area are the works [3-

6]. Asymptotic theories of isotropic plates and shells [6,7] and anisotropic plates and shells 

[8] have been constructed. A fundamentally new asymptotics, in comparison with the 

classical theory, for the components of the stress tensor and displacement vector has been 

established [8, 9], which allow to find solutions to the second and mixed static and 

dynamic boundary value problems for single-layered and multilayered plates. To the 

solution of the static spatial problems of single-layered and multilayered isotropic and 

orthotropic plates and shells are devoted the monographs [7, 8, 10]. The method turned 

out particularly effective for solving dynamic problems of orthotropic plates and shells 

[8, 11-14].  

Waves, localized and interface oscillations in isotropic thin bodies by asymptotic 

method were studied in [15-18]. The asymptotic method was used in [19,20] to study the 

stress-strain states of layered structures. 

In this paper are studied forced vibrations of anisotropic plates, which have a plane of 

elastic symmetry. The asymptotic solution for a three-dimensional dynamic mixed 

problem of theory of elasticity on forced vibrations of an anisotropic plate is obtained. 
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1.Statement of the problem, basic equations and relationships 

It is required to find in the area 𝐷 ൌ ሼሺ𝑥,𝑦, 𝑧ሻ: 0  𝑥  𝑎, 0  𝑦  𝑏,  െ ℎ  𝑧 
ℎ, 2ℎ ൏൏ 𝑙,  𝑙 ൌ minሺ 𝑎, 𝑏ሻሽ , which is occupied by a plate (Fig. 1) solutions to the 

equations of motion of the three-dimensional problem of elasticity theory:  
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Fig.1. The structure of plate 

and the relations of an anisotropic body, which have a plane of elastic symmetry [1,2]: 
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డ௫
ൌ 𝑎ଵଵ𝜎௫௫  𝑎ଵଶ𝜎௬௬  𝑎ଵଷ𝜎௭௭  𝑎ଵ𝜎௫௬ 
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at the following boundary conditions at 𝑧 ൌ ℎ 
 𝜎௫௭ሺ𝑥,𝑦, ℎ, 𝑡ሻ ൌ 𝜎௫௭ା ሺ𝜉, 𝜂ሻ expሺ𝑖𝛺𝑡ሻ, 
 𝜎௬௭ሺ𝑥,𝑦, ℎ, 𝑡ሻ ൌ 𝜎௬௭ା ሺ𝜉, 𝜂ሻ expሺ𝑖𝛺𝑡ሻ, (3) 

 𝜎௭௭ሺ𝑥, 𝑦,ℎ, 𝑡ሻ ൌ െ𝜎௭௭ା ሺ𝜉, 𝜂ሻ expሺ𝑖𝛺𝑡ሻ, 
 𝜉 ൌ ௫


, 𝜂 ൌ ௬


, 𝜁 ൌ ௭


,  

and at 𝑧 ൌ െℎ 
 𝑢ሺ𝑥, 𝑦,െℎ, 𝑡ሻ ൌ 0, 𝑣ሺ𝑥,𝑦,െℎ, 𝑡ሻ ൌ 0,   𝑤ሺ𝑥, 𝑦,െℎ, 𝑡ሻ ൌ 0  (4) 
where Ω – the frequency of forced action.  

The conditions on the lateral surfaces of the plate we will not specify for now; by them is 
caused the appearance of boundary layer . 
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2․The asymptotic solution of the problem. 
The solution of the formulated problem will be sought in the form 

 𝜎ఈఉሺ𝑥,𝑦, 𝑧, 𝑡ሻ ൌ 𝜎ሺ𝜉, 𝜂, 𝜁ሻ expሺ𝑖𝛺𝑡ሻ ,𝛼,𝛽 ൌ 𝑥,𝑦, 𝑧, 𝑖, 𝑗 ൌ 1,2,3,  (5) 

 𝑢ሺ𝑥, 𝑦, 𝑧, 𝑡ሻ ൌ 𝑢௫ሺ𝜉, 𝜂, 𝜁ሻ expሺ𝑖𝛺𝑡ሻ , ሺ𝑢, 𝑣,𝑤;𝑢௫ ,𝑢௬,𝑢௭ሻ  
Substituting (5) in equations (1) and elasticity relations (2) and in the newly obtained 

system, moving to dimensionless coordinates and displacements 

𝜉 ൌ ௫


 , 𝜂 ൌ ௬


,   𝜁 ൌ ௭


,   𝑈 ൌ ௨ೣ


,    𝑉 ൌ

௨


,    𝑊 ൌ ௨


 , (6) 

as a result we will obtain the system singularly perturbed by the small parameter ε ൌ ୦


:   
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𝛺∗ଶ ൌ 𝜌ℎଶ𝛺ଶ,   
The solution of the singularly perturbed system (7) is the sum of the solutions of the 

external problem ሺI୭୳୲ሻ and the boundary layer ሺIୠሻ[8]: I ൌ I୭୳୲  Iୠ. 
The solution to the external problem we will seek out in the form of  

σ୧୨
୭୳୲ ൌ εିଵାୱσ୧୨

ሺୱሻሺξ, η, ζሻ, i, j ൌ 1,2,3, s ൌ 0, N  

ሺU୭୳୲, V୭୳୲, W୭୳୲ሻ ൌ εୱ൫Uሺୱሻ, Vሺୱሻ, Wሺୱሻ൯,   (8) 
where notation s ൌ 0, N means summation by repeating (umbral) index s from 0 to number 
of approximations N. From (8) it follows that the stresses must have the same intensity. 

By substituting (8) into (7) and in each equation equating coefficients at the same powers 
ε,  we will obtain the following consistent system for determining unknown functions 
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From the elasticity relations of system (9) all stresses can be expressed through 
displacements by formulas 
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𝜎ଷଷ∗
ሺ௦ሻ ൌ డ

డక
ሺ𝐴ଵଷ𝑈

ሺ௦ିଵሻ  𝐴ଷ𝑉
ሺ௦ିଵሻሻ  డ

డఎ
൫𝐴ଷ𝑈

ሺ௦ିଵሻ  𝐴ଶଷ𝑉
ሺ௦ିଵሻ൯,  

𝜎ଵଵ∗
ሺ௦ሻ ൌ డ

డక
ሺ𝐴ଵଵ𝑈

ሺ௦ିଵሻ  𝐴ଵ𝑉
ሺ௦ିଵሻሻ  డ

డఎ
൫𝐴ଵ𝑈

ሺ௦ିଵሻ  𝐴ଵଶ𝑉
ሺ௦ିଵሻ൯,  

𝜎ଶଶ∗
ሺ௦ሻ ൌ డ

డక
ሺ𝐴ଵଶ𝑈

ሺ௦ିଵሻ  𝐴ଶ𝑉
ሺ௦ିଵሻሻ  డ

డఎ
൫𝐴ଶ𝑈

ሺ௦ିଵሻ  𝐴ଶଶ𝑉
ሺ௦ିଵሻ൯,  

𝜎ଵଶ∗
ሺ௦ሻ ൌ డ

డక
ሺ𝐴ଵ𝑈

ሺ௦ିଵሻ  𝐴𝑉
ሺ௦ିଵሻሻ  డ

డఎ
൫𝐴𝑈

ሺ௦ିଵሻ  𝐴ଶ𝑉
ሺ௦ିଵሻ൯,  

𝜎
ሺሻ ൌ 0,𝑈ሺሻ ൌ 𝑉ሺሻ ൌ 𝑊ሺሻ ൌ 0 at m<0 

where 

Δ ൌ
ተ

ተ

aଵଵ  aଵଶ  aଵଷ  0  0  aଵ
aଵଶ  aଶଶ  aଶଷ  0  0  aଶ
aଵଷ  aଶଷ  aଷଷ  0  0  aଷ 
0     0      0    aସସ  aସହ 0 
0     0      0    aସହ aହହ  0 
aଵ  aଶ  aଷ   0  0  a

ተ

ተ
, Δଷ ൌ ተ

aଵଵ aଵଶ aଵଷ  aଵ 
aଵଶ aଶଶ aଶଷ  aଶ 
aଵଷ aଶଷ aଷଷ  aଷ
aଵ aଶ aଷ  a 

ተ  ,Δସ ൌ อ
aଵଵ aଵଶ aଵ
aଵଶ aଶଶ aଶ
aଵ aଶ a

อ,  

Δହ ൌ aସସaହହ െ aସହ
ଶ ,    Δ ൌ ΔଷΔହ,     Aଷଷ ൌ ΔସΔହ,  (11) 

A െ cofactor, corresponding to element a of determinant Δ. 
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By substituting  σଵଷ
ሺୱሻ,σଶଷ

ሺୱሻ  into two first equations of system (9), for determining 

Uሺୱሻ, Vሺୱሻ we will obtain the system 

𝑎ସସ
డమሺೞሻ

డమ
െ 𝑎ସହ

డమሺೞሻ

డమ
 𝛥ହ𝛺∗ଶ𝑈

ሺ௦ሻ ൌ 𝑅௨
ሺ௦ሻሺ𝜉, 𝜂, 𝜁ሻ   

െ𝑎ସହ
డమሺೞሻ

డమ
 𝑎ହହ

డమሺೞሻ

డమ
 𝛥ହ𝛺∗ଶ𝑉

ሺ௦ሻ ൌ 𝑅௩
ሺ௦ሻሺ𝜉, 𝜂, 𝜁ሻ  (12) 

𝑅௨
ሺ௦ሻ=െ𝛥ହ ൬

డఙభభ
ሺೞషభሻ

డక


డఙభమ
ሺೞషభሻ

డఎ
൰ െ 𝑎ସସ

డమௐሺೞషభሻ

డకడ
 𝑎ସହ

డమௐሺೞషభሻ

డఎడ
, 

𝑅௩
ሺ௦ሻ=െ𝛥ହ ൬

డఙభమ
ሺೞషభሻ

డక


డఙమమ
ሺೞషభሻ

డఎ
൰  𝑎ସହ

డమௐሺೞషభሻ

డకడ
െ 𝑎ହହ

డమௐሺೞషభሻ

డఎడ
, 

By substituting the value of σଷଷ
ሺୱሻ into the third equation of system (9), for determination 

of Wሺୱሻ we will obtain the equation 
డమௐሺೞሻ

డమ
 ௱య

௱ర
𝛺∗ଶ𝑊

ሺ௦ሻ ൌ ଵ

௱ర௱ఱ
𝑅௪
ሺ௦ሻሺ𝜉, 𝜂, 𝜁ሻ  (13) 

𝑅௪
ሺ௦ሻ=െ𝛥ହ ൬

డఙభమ
ሺೞషభሻ

డక


డఙమమ
ሺೞషభሻ

డఎ
൰ െ

ଵ

௱య
ቂ
డమ

డకడ
ሺ𝐴ଵଷ𝑈

ሺ௦ିଵሻ  𝐴ଷ𝑉
ሺ௦ିଵሻሻ  

 
డమ

డఎడ
ሺ𝐴ଷ𝑈

ሺ௦ିଵሻ  𝐴ଶଷ𝑉
ሺ௦ିଵሻሻቃ,  

From the system (12) it follows that from the very beginning ሺ𝑠 ൌ 0ሻ 
displacements  Uሺୱሻ, Vሺୱሻ  are dependent, independent is the equation for Wሺୱሻ . And for 
orthotropic plates ሺaସହ ൌ 0,Δହ ൌ aହହaସସሻ they are independent, to them are correspond the 

shear vibrations ሺaସସ ൌ
ଵ

ீమయ
, aହହ ൌ

ଵ

ୋభయ
,𝐺ଵଷ,𝐺ଶଷ െmodulus of shear). To the equation (13) 

correspond the longitudinal vibrations. We can state that for plates with a plane of elastic 
symmetry, shear vibrations are dependent from the very beginning, but they in the initial 
approximation do not depend on longitudinal vibrations. For orthotropic plates, in the initial 
approximation, all three vibrations are independent. 

From system (12) Vሺୱሻcan be expressed through Uሺୱሻ by formula 

𝑉ሺ௦ሻ ൌ െ ଵ

రఱఆ∗
మ
డమሺೞሻ

డమ
െ ఱఱ

రఱ
𝑈ሺ௦ሻ  𝑅௩

∗ሺ௦ሻ  (14) 

𝑅௩
∗ሺ௦ሻ ൌ ଵ

௱ఱఆ∗
మ ቀ

ఱఱ
రఱ

𝑅௨
ሺ௦ሻ  𝑅௩

ሺ௦ሻቁ  

and for determining Uሺୱሻtaking into acount (14) we will obtain the equation 
డరሺೞሻ

డర
 ሺ𝑎ସସ𝑎ହହሻ𝛺∗ଶ

డమሺೞሻ

డమ
 𝛥ହ𝛺∗ଶ𝑈

ሺ௦ሻ ൌ 𝑅ത௨
ሺ௦ሻ  (15) 

𝑅ത௨
ሺ௦ሻ ൌ ଵ

௱ఱ
൬𝑎ହହ

డమோೠ
ሺೞሻ

డమ
 𝛥ହ𝛺∗ଶ𝑅௨

ሺ௦ሻ  𝑎ସହ
డమோೡ

ሺೞሻ

డమ
൰  

The solution to the equation (15) is 𝑈ሺ௦ሻ ൌ 𝑈
ሺ௦ሻ  𝑈ఛ

ሺ௦ሻሺ𝜉, 𝜂, 𝜁ሻ, where Uத
ሺୱሻ െis particular 

solution. The characteristic equation of the homogeneous equation (15) is  
 𝜆ସ  ሺ𝑎ସସ  𝑎ହହሻ𝛺∗ଶ𝜆ଶ𝛥ହ𝛺∗ସ ൌ 0,  

or 𝑘ଶ  ሺ𝑎ସସ  𝑎ହହሻ𝑘  𝛥ହ ൌ 0,𝑘 ൌ ቀ
ఒ

ఆ∗
ቁ
ଶ

  (16) 

The roots of this equation are 
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 𝑘ଵ,ଶ ൌ
ିሺరరାఱఱሻേඥሺరరାఱఱሻమିସ௱ఱ

ଶ
ൌ

ିሺరరାఱఱሻേටሺరరିఱఱሻమାସరఱ
మ

ଶ
  

Since 𝛥ହ  0 ൌ  𝑘ଵ,ଶ ൏ 0 , 𝜆ଵ,ଶ ൌ േ𝑏ଵ𝛺∗𝑖, 𝜆ଷ,ସ ൌ േ𝑏ଶ𝛺∗𝑖 consequently  

𝑈
ሺ௦ሻ ൌ 𝐷ଵ

ሺ௦ሻcos𝑏ଵ𝛺∗𝜁  𝐷ଶ
ሺ௦ሻsin𝑏ଵ𝛺∗𝜁  𝐷ଷ

ሺ௦ሻcos𝑏ଶ𝛺∗𝜁  𝐷ସ
ሺ௦ሻsin𝑏ଶ𝛺∗𝜁 (17) 

𝑏ଵ,ଶ ൌ
ඨሺరరାఱఱሻ∓ටሺరరିఱఱሻమାସరఱ

మ

ଶ
  

According to (14),(17) we have 

𝑉ሺ௦ሻ ൌ 𝐷ଵ
ሺ௦ሻ𝑑ଵcos𝑏ଵ𝛺∗𝜁  𝐷ଶ

ሺ௦ሻ𝑑ଵsin𝑏ଵ𝛺∗𝜁   

 𝐷ଷ
ሺ௦ሻ𝑑ଶcos𝑏ଶ𝛺∗𝜁  𝐷ସ

ሺ௦ሻ𝑑ଶsin𝑏ଶ𝛺∗𝜁  𝑉ሜఛ
ሺ௦ሻ  (18) 

𝑑ଵ ൌ
ଵ

రఱ
ሺ𝑏ଵ

ଶ െ 𝑎ହହሻ,           𝑑ଶ ൌ
ଵ

రఱ
ሺ𝑏ଶ

ଶ െ 𝑎ହହሻ  

 𝑉ሜఛ
ሺ௦ሻ ൌ െ ଵ

రఱఆ∗
మ
డమഓ

ሺೞሻ

డమ
െ ఱఱ

రఱ
𝑈ఛ
ሺ௦ሻ  ଵ

௱ఱఆ∗
మ ቀ

ఱఱ
రఱ

𝑅௨
ሺ௦ሻ  𝑅௩

ሺ௦ሻቁ  

According to (10),(17), (18) 

𝜎ଵଷ
ሺ௦ሻ ൌ ଵ

∆ఱ
ሺ𝐷ଵ

ሺ௦ሻ𝑑ଵଵsin𝑏ଵ𝛺∗𝜁 െ 𝐷ଶ
ሺ௦ሻ𝑑ଵଵcos𝑏ଵ𝛺∗𝜁   

 𝐷ଷ
ሺ௦ሻ𝑑ଵଶsin𝑏ଶ𝛺∗𝜁െ𝐷ସ

ሺ௦ሻ𝑑ଵଶcos𝑏ଶ𝛺∗𝜁  𝜎ଵଷఛ
ሺ௦ሻ ሻ  (19) 

𝜎ଶଷ
ሺ௦ሻ ൌ ଵ

∆ఱ
ቀ𝐷ଵ

ሺ௦ሻ𝑑ଶଵsin𝑏ଵ𝛺∗𝜁 െ 𝐷ଶ
ሺ௦ሻ𝑑ଶଵcos𝑏ଵ𝛺∗𝜁   

 𝐷ଷ
ሺ௦ሻ𝑑ଶଶsin𝑏ଶ𝛺∗𝜁െ𝐷ସ

ሺ௦ሻ𝑑ଶଶcos𝑏ଶ𝛺∗𝜁  𝜎ଶଷఛ
ሺ௦ሻ ቁ  

𝑑ଵଵ ൌ 𝛺∗𝑏ଵሺ𝑏ଵ
ଶ െ 𝑎ହହ െ 𝑎ସସሻ,      𝑑ଵଶ ൌ 𝛺∗𝑏ଶሺ𝑏ଶ

ଶ െ 𝑎ହହ െ 𝑎ସସሻ  
𝑑ଶଵ ൌ 𝛺∗𝑏ଵሺ𝑎ସହ െ 𝑎ହହ𝑑ଵሻ,            𝑑ଶଶ ൌ 𝛺∗𝑏ଶሺ𝑎ସହ െ 𝑎ହହ𝑑ଶሻ  

 𝜎ଵଷఛ
ሺ௦ሻ ൌ 𝑎ସସ

డഓ
ሺೞሻ

డ
െ 𝑎ସହ

డഓ
ሺೞሻ

డ
 𝜎ଵଷ∗

ሺ௦ሻ ,  

 𝜎ଶଷఛ
ሺ௦ሻ ൌ െ𝑎ସହ

డഓ
ሺೞሻ

డ
 𝑎ହହ

డഓ
ሺೞሻ

డ
 𝜎ଶଷ∗

ሺ௦ሻ  ,  

The solution to the equation (13) is 

Wሺୱሻ ൌ W
ሺୱሻ  Wத

ሺୱሻሺξ, η, ζሻ  

W
ሺୱሻ ൌ Dହ

ሺୱሻcosට
∆య
∆ర
Ω∗ζ  D

ሺୱሻsinට
∆య
∆ర
Ω∗ζ       at  ∆య

 ∆ర
 0,  (20) 

W
ሺୱሻ ൌ Dହ

ሺୱሻchටቚ
∆య
∆ర
ቚ Ω∗ζ  D

ሺୱሻshටቚ
∆య
∆ర
ቚ  Ω∗ζ    at  ∆య

∆ర
൏ 0,  (21) 

σଷଷ
ሺୱሻ ൌ  

ଵ

∆
ට
∆య
∆ర
Ω∗Aଷଷ ൬െDହ

ሺୱሻsinට
∆య
∆ర
Ω∗ζD

ሺୱሻcosට
∆య
∆ర
Ω∗ζ ൰  σଷଷத

ሺୱሻ  , at 
∆య
 ∆ర

 0, (22) 

σଷଷ
ሺୱሻ ൌ  

ଵ

∆
ට
∆య
∆ర
Ω∗Aଷଷ ൬Dହ

ሺୱሻshටቚ
∆య
∆ర
ቚ Ω∗ζD

ሺୱሻchටቚ
∆య
∆ర
ቚ Ω∗ζ ൰  σଷଷத

ሺୱሻ  , at 
∆య
 ∆ర

൏ 0,  (23) 

σଷଷத
ሺୱሻ ൌ ଵ

∆
൬Aଷଷ

பಜ
ሺ౩ሻ

ப
 σଷଷ∗

ሺୱሻ ൰,  
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The general solution of the external problem contains 6 yet unknown functions 

 Dଵ
ሺୱሻሺξ, ηሻെD

ሺୱሻሺξ,ηሻ , which are uniquely determined using boundary conditions (3),(4).  
 

3.The determination of unknown functions of the solution 

For determining the values of Dଵ
ሺୱሻ, Dଶ

ሺୱሻ, Dଷ
ሺୱሻ, Dସ

ሺୱሻ we satisfy conditions (3),(4) with 

respect to σ୶,σ୷, u, v. Using formulas (8), (17) - (19) we have 

𝐷ଵ
ሺ௦ሻ𝑑ଵଵ𝑐ଵ െ 𝐷ଶ

ሺ௦ሻ𝑑ଵଵ𝑐ଶ  𝐷ଷ
ሺ௦ሻ𝑑ଵଶ𝑐ଷ െ 𝐷ସ

ሺ௦ሻ𝑑ଵଶ𝑐ସ ൌ 𝑒ଵ
ሺ௦ሻ  

𝐷ଵ
ሺ௦ሻ𝑑ଶଵ𝑐ଵ െ 𝐷ଶ

ሺ௦ሻ𝑑ଶଵ𝑐ଶ  𝐷ଷ
ሺ௦ሻ𝑑ଶଶ𝑐ଷ െ 𝐷ସ

ሺ௦ሻ𝑑ଶଶ𝑐ସ ൌ 𝑒ଶ
ሺ௦ሻ  (24) 

𝐷ଵ
ሺ௦ሻ𝑐ଶ െ 𝐷ଶ

ሺ௦ሻ𝑐ଵ  𝐷ଷ
ሺ௦ሻ𝑐ସ െ 𝐷ସ

ሺ௦ሻ𝑐ଷ ൌ 𝑒ଷ
ሺ௦ሻ  

𝐷ଵ
ሺ௦ሻ𝑑ଵ𝑐ଶ െ 𝐷ଶ

ሺ௦ሻ𝑑ଵ𝑐ଵ  𝐷ଷ
ሺ௦ሻ𝑑ଶ𝑐ସ െ 𝐷ସ

ሺ௦ሻ𝑑ଶ𝑐ଷ ൌ 𝑒ସ
ሺ௦ሻ  

Where 

eଵ
ሺୱሻ ൌ ∆ହσଵଷ

ାሺୱሻ െ σଵଷ∗
ሺୱሻ ,   eଶ

ሺୱሻ ൌ ∆ହσଶଷ
ାሺୱሻ െ σଶଷ∗

ሺୱሻ ,   

σଵଷ
ାሺሻ ൌ εσଵଷ

ା ,       σଵଷ
ାሺୱሻ ൌ 0,    s ് 0    

eଷ
ሺୱሻ  ൌ െUτ

ሺୱሻሺξ, η,െ1ሻ,        eସ
ሺୱሻ ൌ െVሜτ

ሺୱሻ ሺξ, η,െ1ሻ  
𝑐ଵ ൌ sin𝑏ଵ𝛺∗,   𝑐ଶ ൌ cos𝑏ଵ𝛺∗,  𝑐ଷ ൌ sin𝑏ଶ𝛺∗,     𝑐ସ ൌ cos𝑏ଶ𝛺∗   
By Cramer’s formula 

D୨
ሺୱሻ ൌ

Δౠ౫
ሺ౩ሻ

Δ౫
, j=1,2,3,4  (25) 

Δ୳ ൌ ተ

𝑑ଵଵ𝑐ଵ െ𝑑ଵଵ𝑐ଶ 𝑑ଵଶ𝑐ଷ െ𝑑ଵଶ𝑐ସ
𝑑ଶଵ𝑐ଵ െ𝑑ଶଵ𝑐ଶ 𝑑ଶଶ𝑐ଷ െ𝑑ଶଶ𝑐ସ
𝑐ଶ െ𝑐ଵ 𝑐ସ െ𝑐ଷ
𝑑ଵ𝑐ଶ െ𝑑ଵ𝑐ଵ 𝑑ଶ𝑐ସ െ𝑑ଶ𝑐ଷ

ተ ൌ ሺ𝑑ଶെ𝑑ଵሻሺ𝑑ଵଵ𝑑ଶଶ െ

                                                                                  െ𝑑ଵଶ𝑑ଶଵሻcos2𝑏ଵ𝛺∗cos2𝑏ଶ𝛺∗  
Δ୨୳
ሺୱሻ is obtained from Δ୳ by replacing  j-th column with column from free terms e୧

ሺୱሻ, i ൌ
1,2,3,4. 

According to (25) we have 

𝐷ଵ
ሺ௦ሻ ൌ భ

ఋభ
ቀ𝑒ଵ

ሺ௦ሻ𝑑ଶଶ െ 𝑒ଶ
ሺ௦ሻ𝑑ଵଶቁ,          𝐷ଶ

ሺ௦ሻ ൌ మ
ఋభ
ቀ𝑒ଵ

ሺ௦ሻ𝑑ଶଶ െ 𝑒ଶ
ሺ௦ሻ𝑑ଵଶቁ,  

𝐷ଷ
ሺ௦ሻ ൌ య

ఋమ
ቀ𝑒ଵ

ሺ௦ሻ𝑑ଶଵ െ 𝑒ଶ
ሺ௦ሻ𝑑ଵଵቁ,          𝐷ସ

ሺ௦ሻ ൌ ర
ఋమ
ቀ𝑒ଵ

ሺ௦ሻ𝑑ଶଶ െ 𝑒ଶ
ሺ௦ሻ𝑑ଵଶቁ,  (26) 

𝛿ଵ ൌ ሺ𝑑ଵଵ𝑑ଶଶ െ 𝑑ଵଶ𝑑ଶଵሻcos2𝑏ଵ𝛺∗ 
𝛿ଶ ൌ ሺ𝑑ଵଵ𝑑ଶଶ െ 𝑑ଵଶ𝑑ଶଵሻcos2𝑏ଶ𝛺∗ 

At cos2𝑏ଵ𝛺∗ ൌ 0  or cos2𝑏ଶ𝛺∗ ൌ 0 the resonance will occur. The resonant 
frequencies are 

𝛺 ൌ ଵ

ଶට
గ

భఘ
ሺ2𝑛 െ 1ሻ,        𝛺 ൌ ଵ

ଶට
గ

మఘ
ሺ2𝑛 െ 1ሻ,    𝑛 ∈ 𝑁.  

Using (20), (22) and satisfying to conditions (3), (4) relatively σ௭௭, w, we will obtain the 
system 
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𝐷ହ
ሺ௦ሻ𝑐ହ െ 𝐷

ሺ௦ሻ𝑐 ൌ 𝑒ହ
ሺ௦ሻ  (27) 

െ𝐷ହ
ሺ௦ሻ𝑐  𝐷

ሺ௦ሻ𝑐ହ ൌ 𝑒
ሺ௦ሻ  

from which is follows 

𝐷ହ
ሺ௦ሻ ൌ

ఱ
ሺೞሻఱାల

ሺೞሻల

ୡ୭ୱଶට
∆య
∆ర
ఆ∗

,          𝐷
ሺ௦ሻ ൌ

ల
ሺೞሻఱାఱ

ሺೞሻల

ୡ୭ୱଶට
∆య
∆ర
ఆ∗

,   

 𝑒ହ
ሺ௦ሻ ൌ െ𝑊ఛ

ሺ௦ሻሺ𝜉, 𝜂,െ1ሻ,     𝑒
ሺ௦ሻ ൌ െఆ∗௱

యయ
ට
∆ర
∆య
ቀ𝜎ଷଷ

ାሺ௦ሻ  𝜎ଷଷఛ
ሺ௦ሻ ቁ

ୀଵ
  (28) 

𝜎ଷଷ
ାሺሻ ൌ 𝜀𝜎ଷଷ

ା ,    𝜎ଷଷ
ାሺ௦ሻ ൌ 0, 𝑠 ് 0   

𝑐ହ ൌ  cosට
∆య
∆ర
𝛺∗,       𝑐 ൌ sinට

∆య
∆ర
𝛺∗,   at   ∆య

∆ర
 0  

The resonant frequencies are 

Ω ൌ
ଵ

ଶ୦
ቀ
∆ర
∆య
ቁ
భ
ర
ට

π

ρ
ሺ2n െ 1ሻ, n ∈ N  

To the case (21),(23) correspond  

𝐷ହ
ሺ௦ሻ ൌ

ఱ
ሺೞሻఱାల

ሺೞሻల

ଶටቚ
∆య
∆ర
ቚఆ∗

,     𝐷
ሺ௦ሻ ൌ

ల
ሺೞሻఱିఱ

ሺೞሻల

ଶටቚ
∆య
∆ర
ቚఆ∗

,     𝑒ହ
ሺ௦ሻ ൌ െ𝑊ఛ

ሺ௦ሻሺ𝜉, 𝜂,െ1ሻ,  

𝑒
ሺ௦ሻ ൌ െఆ∗௱

యయ
ටቚ

∆ర
∆య
ቚ ቀ𝜎ଷଷ

ାሺ௦ሻ  𝜎ଷଷఛ
ሺ௦ሻ ቁ

ୀଵ
  (29) 

𝑐ହ ൌ chටቚ
∆య
∆ర
ቚ 𝛺∗,     𝑐 ൌ shටቚ

∆య
∆ర
ቚ 𝛺∗,      at     ∆య

∆ర
൏ 0  

Since ch2ටቚ
∆య
∆ర
ቚ 𝛺∗ ് 0 there is no resonance, i.e. longitudinal vibrations in this case 

aren’t resonant. 

 

4․ On mathematically precise solutions 

If functions in σ୶ା ,σ୷ା ,σ 
ା included in the boundary conditions (3) are polynomials 

from ,  , the iteration breaks at the certain approximation, which depends on the degree 

of polynomial. As a result, we will have the mathematically exact solution in the external 
problem. Particularly, at σ୶ା ൌ const,σ୷ା ൌ const,σା ൌ const the process breaks at initial 
approximation. For this case we have 

𝑢 ൌ 𝑙𝑈ሺሻ expሺ 𝑖𝛺𝑡ሻ,    𝑣 ൌ 𝑙𝑉ሺሻ expሺ 𝑖𝛺𝑡ሻ,  
𝜎௫௭ ൌ 𝜀ିଵ𝜎ଵଷ

ሺሻ expሺ 𝑖𝛺𝑡ሻ,    𝜎௬௭ ൌ 𝜀ିଵ𝜎ଶଷ
ሺሻ expሺ 𝑖𝛺𝑡ሻ 

𝑈ሺሻ ൌ 𝐷ଵ
ሺሻcos𝑏ଵ𝛺∗𝜁  𝐷ଶ

ሺሻsin𝑏ଵ𝛺∗𝜁  𝐷ଷ
ሺሻcos𝑏ଶ𝛺∗𝜁  𝐷ସ

ሺሻsin𝑏ଶ𝛺∗𝜁  

𝑉ሺሻ ൌ 𝐷ଵ
ሺሻ𝑑ଵcos𝑏ଵ𝛺∗𝜁  𝐷ଶ

ሺሻ𝑑ଵsin𝑏ଵ𝛺∗𝜁   

        𝐷ଷ
ሺሻ𝑑ଶcos𝑏ଶ𝛺∗𝜁 𝐷ସ

ሺሻ𝑑ଶsin𝑏ଶ𝛺∗𝜁 (30)  
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𝜎ଵଷ
ሺሻ ൌ ଵ

∆ఱ
ቀ𝐷ଵ

ሺሻ𝑑ଵଵsin𝑏ଵ𝛺∗𝜁 െ 𝐷ଶ
ሺሻ𝑑ଵଵcos𝑏ଵ𝛺∗𝜁    

         𝐷ଷ
ሺሻ𝑑ଵଶsin𝑏ଶ𝛺∗𝜁െ𝐷ସ

ሺሻ𝑑ଵଶcos𝑏ଶ𝛺∗𝜁ቁ ,  

𝜎ଶଷ
ሺሻ ൌ

ଵ

∆ఱ
ቀ𝐷ଵ

ሺሻ𝑑ଶଵsin𝑏ଵ𝛺∗𝜁 െ 𝐷ଶ
ሺሻ𝑑ଶଵcos𝑏ଵ𝛺∗𝜁    

                    𝐷ଷ
ሺሻ𝑑ଶଶsin𝑏ଶ𝛺∗𝜁 െ 𝐷ସ

ሺሻ𝑑ଶଶcos𝑏ଶ𝛺∗𝜁ቁ  

𝐷ଵ
ሺሻ ൌ ∆ఱభఌ

ఋభ
ሺ𝜎ଵଷ

ା 𝑑ଶଶ െ 𝜎ଶଷ
ା 𝑑ଶଵሻ  

𝐷ଶ
ሺሻ ൌ ∆ఱమఌ

ఋభ
ሺ𝜎ଵଷ

ା 𝑑ଶଶ െ 𝜎ଶଷ
ା 𝑑ଵଶሻ  

𝐷ଷ
ሺሻ ൌ ∆ఱయఌ

ఋమ
ሺ𝜎ଵଷ

ା 𝑑ଶଵ െ 𝜎ଶଷ
ା 𝑑ଵଵሻ  

𝐷ସ
ሺሻ ൌ ∆ఱరఌ

ఋమ
ሺ𝜎ଵଷ

ା 𝑑ଶଵ െ 𝜎ଶଷ
ା 𝑑ଵଵሻ   

for the remaining values we have 

𝑤 ൌ 𝑙𝑊ሺሻ 𝑒𝑥𝑝ሺ 𝑖𝛺𝑡ሻ,            𝜎௫௫ ൌ 𝜀ିଵ𝜎ଵଵ
ሺሻ 𝑒𝑥𝑝ሺ 𝑖𝛺𝑡ሻ,  

𝜎௫௬ ൌ 𝜀ିଵ𝜎ଵଶ
ሺሻ 𝑒𝑥𝑝ሺ 𝑖𝛺𝑡ሻ,      𝜎௬௬ ൌ 𝜀ିଵ𝜎ଶଶ

ሺሻ 𝑒𝑥𝑝ሺ 𝑖𝛺𝑡ሻ,  

𝜎௭௭ ൌ 𝜀ିଵ𝜎ଷଷ
ሺሻ 𝑒𝑥𝑝ሺ 𝑖𝛺𝑡ሻ,  

at   ∆య
 ∆ర
 0  

 W
ሺሻ ൌ Dହ

ሺሻcosට
∆య
∆ర
Ω∗ζ D

ሺሻsinට
∆య
∆ర
Ω∗ζ,   

 𝜎ଷଷ
ሺሻ ൌ యయ

∆

డௐሺబሻ

డ
,       𝜎ଵଵ

ሺሻ ൌ భయ
∆

డௐሺబሻ

డ
,  (31) 

 𝜎ଶଶ
ሺሻ ൌ మయ

∆

డௐሺబሻ

డ
,       𝜎ଵଶ

ሺሻ ൌ యల
∆

డௐሺబሻ

డ
 , 

𝐷ହ
ሺሻ ൌ

ల
ሺబሻల

௦ଶට
∆య
∆ర
ఆ∗

,      𝐷
ሺሻ ൌ

ల
ሺబሻఱ

௦ଶට
∆య
∆ర
ఆ∗

,   

𝑒
ሺሻ ൌ ௱ఆ∗

యయ
𝜀𝜎ଷଷ

ା ට
∆ర
∆య

 ,     𝑐ହ ൌ cosට
∆య
∆ర
𝛺∗,      𝑐 ൌ sinට

∆య
∆ర
𝛺∗  

 at   ∆య
∆ర
൏ 0  

 𝑊
ሺሻ ൌ 𝐷ହ

ሺሻchටቚ
∆య
∆ర
ቚ 𝛺∗𝜁  𝐷

ሺሻshටቚ
∆య
∆ర
ቚ  𝛺∗𝜁,  

σଷଷ
ሺሻ ൌ యయ

∆

பሺబሻ

பζ
,      σଵଵ

ሺሻ ൌ భయ
∆

பሺబሻ

பζ
,  (32) 

σଶଶ
ሺሻ ൌ మయ

∆

பሺబሻ

பζ
,      σଵଶ

ሺሻ ൌ యల
∆

பሺబሻ

பζ
 ,  

𝐷ହ
ሺሻ ൌ

ల
ሺబሻల

ଶටቚ
∆య
∆ర
ቚఆ∗

,       𝐷
ሺሻ ൌ

ల
ሺబሻఱ

ୡ୦ଶටቚ
∆య
∆ర
ቚఆ∗

,  



80 

𝑒
ሺሻ ൌ െ ௱ఆ∗

యయ
𝜀𝜎ଷଷ

ା ටቚ
∆ర
∆య
ቚ ,         𝑐ହ ൌ 𝑐ℎටቚ

∆య
∆ర
ቚ 𝛺∗,        𝑐 ൌ shටቚ

∆య
∆ర
ቚ 𝛺∗.  

Obtained in the work the solution to the external problem satisfies the equations of 
motion, elasticity relations and boundary conditions (3), (4) on the facial surfaces of the plate. 
It, as a rule, will not satisfy the boundary conditions on the lateral surface of the plate. The 
arising discrepancy, according to the asymptotic method for solving singularly perturbed 
differential equations, is eliminated by constructing the solution for the boundary layer [3, 
21]. All component of stresses and displacements decrease rapidly (exponentially) with 
distance from the lateral surface into the inside of the plate. This solution is constructed 
separately (autonomously) and is conjugated with the solution to the external problem in the 
manner described in [6,8], we do not stop on this. In elasticity theory this is known as end 
effects [22].  

 
Conclusions 

The asymptotic solution to the spatial dynamic problem of forced vibrations of 
anisotropic plates, which have a plane of elastic symmetry, is determined One of the facial 
surfaces of the plate is rigidly fixed, and the opposite facial surface is subject to normal and 
tangential loads, which are harmonically changed over time. It is shown, that for solving this 
class of problems (the second and mixed boundary value problems of elasticity theory) the 
hypotheses of classical and refined theories of plates are not applicable. The asymptotics for 
all components of the stress tensor and displacement vector was established, which made it 
possible to find the asymptotic solution to the three-dimensional problem. 

All components of the stress tensor expressed in terms of the components of the 
displacement vector. For determining the tangential components of the displacement vector, 
the system of two ordinary differential equations of the second order is derived, which is 
reduced to the solution of the ordinary differential equation of the fourth order. To it 
corresponds plane shear vibrations, which in the case of orthotropic plates break down into 
two independent shear vibrations. For determining the normal component of the 
displacement vector, the ordinary differential equation of the second order is derived; to 
which are correspond the longitudinal vibrations. 

Analytical solutions to all equations have been found The conditions for the occurrence 
of resonance have been established, and the values of the resonant frequencies have been 
determined. The case of anisotropy has been established at which in the longitudinal 
vibrations of the plate resonance is impossible. 
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