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Abstract. The fourth-order properly elliptic equation with multiple root is considered in the
elliptic domain. The conditions, necessary and sufficient for the unique solvability of the Dirichlet
problem for this equation are found, and if these conditions fail the defect numbers of this problem

are determined. The solution of the problem is found in explicit form.
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1. INTRODUCTION. FORMULATION OF THE PROBLEM

Let T" be an ellipse in the complex plane and D = intI". We consider the elliptic

differential equation
4

A o*U -
(1.1) Z kW =0, (z,y)€eD
k=0

where Ay, are complex constants, such that the roots A1, A2, Az, A4 of the characteristic

equation

(1.2) ApA + A3+ A X2+ AsA+ A, =0

satisfy conditions

(1.3) A=A =X, SmA>0; A3 # Ay, SmAz <0, SmAy <O0.

We a looking for a solution U € C*(D)NC*)(DJT) (the class C™?)(X) is
a class of functions, which with all derivatives of order up to m satisfy Holder

condition in the set X, 0 < ¢ < 1), which on T satisfies to Dirichlet boundary

conditions.
okU
where f; € C(1=3:9)(T") are the given functions.Here % and % are derivatives with

respect to inner normal N and arc length respectively.
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The conditions imply that equation is properly elliptic, therefore
problem (L.1]), is Fredholmian, (see [I], [2]). In [3] it was proven that in the unit
disk when \ = 4, the problem , is uniquely solvable. The same problem
in the unit disc for the higher order properly elliptic equation was considered in
[4]. In this paper, we will show, that for arbitrary ellipse problem , is not
uniquely solvable, find the condition to coefficients of the equation , and the
parameters of the ellipse for which this problem is uniquely solvable, and determine
the defect numbers of the problem , in the general case.

For the exact formulation of the results, we rewrite equation in the complex

form, using equalities

_FtE _x-Z 9 _1(6 9\ 0 _1(9 .0
T YT o 9 T2\ o ay) 9z 2\ax oy )

Equation (|1.1)) transforms to

o 9N\ (9 a\ [0 d
1.5 Zp) (=) (= —m—)U=0
(1.5) (62 ”az) (5‘2 i a;) (82 ”232) ’
where
T— A T+ Aoty .
= SRR )
K PN Vj P )‘2+j’ J )
Observe, that (1.3 implies
(1.6) lpl <1, |yl <1, vi#w, j=12.

Further, taking into account, that (1.1]) and (1.4)) are invariant under shift U(z, y) —
U(z + a,y + b) and dilation (U(z,y) — U(rz,ry)), without loss of generality, we
suppose, that I' is the ellipse with the center in origin and with semiaxises 1 + p

and 1 — p where 0 < p < 1 (if @ and b, a > b are semiaxises of start ellipse D, then

using dilation (z,y) — (rz,ry), r = aLer’ we get p = erg) The equation of this
ellipse in the complex form is
2
(L.7) (= = 02) (2 = fi02) = (1= Imol*) ",
(1.8) ol = |pe| < 1,

where §/2 is the angle, formed by the axis OX and the greater semiaxis of the ellipse.
Further, we suppose, that we have an equation (|1.5)) with boundary conditions (L.4))
and this problem is considered in the ellipse I' given by equality (|1.7). Using the

preceding notation, we can formulate, the following statement.

Theorem 1.1. Problem , s uniquely solvable if and only if one of the

following conditions holds:

(1) H = —Ho,
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_jaf gt (1-ah) (1-5Y) _
(1.9) Ak_ka_ﬂ a5 £0, k=3.4,....

where
_ ktpo mitio _ KHtpo  v2tho

L4 pfo 1+ povn’ L4 poft 1+ poa
Remark 1.1. The conditions and imply |a] < 1,|8] < 1 and o # S.
Therefore, for k — oo, we have Ay — —(1 —a)~1(1 — 8)~L.Hence, for every a and
B the conditions are fulfilled for sufficiently large k.

(1.10)

The conditions show that the unique solvability of the problem ,
depend both on the coefficients of the equation and the shape of the T'.
Therefore, may be considered the following questions:

(1) What conditions on g, v; and v provide the unique solvability of the
problem , in an arbitrary ellipse I'?

(2) For the given I" (presented pp) describe the class of equations (sufficient
conditions on p, 11, v2) for which the problem , is uniquely solvable?

(3) Calculate the defect numbers, of the problem , , that is the number
of linearly independent solutions of the homogeneous(when f;, = 0) problem
, and the number of the linearly independent conditions for
the boundary functions f; necessary and sufficient for the solvability of

inhomogeneous problem ([L.5), (1.4])?

Partly, the answers to these questions will be given in the final part of this paper.

2. PROOF OF THE THEOREM 1.1

We reduce the problem (|1.5), (1.4]) to the analogous problem in the unit disk.
The transformation
. zZ— /1,02
(2.1) {+in=(=—"—3,
1= [pol
maps the point (z,y) € D to the corresponding point (£,1) € B = {¢ : |[¢| < 1}.

z=x+ 1wy

The inverse transformation is determined by the formula

z = ( + puoC.
Using this change of variables, we represent the unknown function U(z, Z) in the

form
U(z,2) = U(C + poC, ¢ + f06) = V(¢ Q).
This denotion implies

‘/CZUZ+[_IJ0U2, ‘/E:/,L()Uz‘i’Ug
5
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and, therefore

_ 1
V). U= (V- V).
1 — |pol 1 — o)
Substituting these equalities in ((1.5)), we get the final form of this equation:
8 9\ (d Y\ [0 d
2.2 — W — = we— V=0
22 (5 3¢) (5 132) (32 22
Here
(2.3) S P e L )

1+ ppo’ 1+’
Observe that and (1.8) imply |v| <1, jw;| <1, j=1,2, wi # wa.

Let’s reduce the boundary conditions to the equivalent boundary conditions
on the I'y = 9B. First, we must mention, that the domain D (interior of the
ellipse) in the polar coordinates is defined by the formulas

) ) . . . 2
D= {z =re';r? (ew — uoeﬂe) (eﬂa — ﬂoew) < (1 — |u0|2> } ,

where 0 <r <1, 0 € [—m, ], or, as a set of (z,y)

z=r(1+p)cos (0 —3)

y=r(l—p)sin (0 — %)
Therefore, the conditions (|1.4) are equivalent to conditions:

ou d, ou ~ 1) 0
r

0|, do’  or

We don’t change the denotation of the unknown function U and in different places

(2.4)

may use (z,y),(r,0),(z,Z) independent variables (for the same domain D). In
differentiation by r is not coincide with 6%7 but the angle between 7 and
normal to I' is acute, hence the function fl € C)(T) is the real-valued function,
uniquely determined by fy and f;. The conditions using operators of complex

differentiation, may be written in the form

= =3 (Fo-i) =co),
(2.5) %g - g (ﬁ(e) +i‘f{g> =G1(0),z = €.
T

Using the representation of complex derivatives in polar coordinates

1 1
. =5 (Ve —iVy), 2Uz =3 (rV, +iVp)

and representation of derivatives in ¢ variables

(2.6) Ve=U, + iUz, Vg =Usz+ poUz,
6
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we get the boundary conditions, equivalent to (1.4)), which we will use:

(2.1 Vile = A0, Vil = R0, VL0 = 5o (13).
Here
0 = .10 _ —i6 d
(2.8) Fi(0) = ﬂﬁ( 0) + %%’
i0 (610 poe—i®) g
(2.9) Fy(0) = %ﬁ( 0) + %%'

We must mention, that the functions F} are satysfy the Holder condition, £} €
C@)(T), on the I'. Thus, we have to solve the boundary value problem (2.2)), (2.7).
The general solution of the equation (2.2) can be represented in the form ([4]):

(210)  V(&n) = o (C+7C) + ‘I’l (C+70) + 0y (C + wi) 4+ P2 (¢ + w2()

where functions ®q, ®; are analytlc in the domain D(v) = {(+~¢:[¢| <1} and
U, (j = 1,2) are analytic in D;(w;) = {C +w;C ¢ < 1}. For the determination
of unknown functions, we substitute the function in the boundary conditions
and use the operator identities:

00 _(9 N9 09 (0 .\O
acoo  \oo " )ac acoe  \ao ") ac

We get
P (C+7¢) + (aae +u) ) (C+7C) + w1 V] ((+wi) +
(2.11) +wa ¥ (€ + waC) = Fi(0),
19 (¢ 70) 47 (5 ~17) @ (490 + ¥ (o) +
(2.12) +04 (4 wal) = Fa(0).

These equalities hold for |(| = 1, and, as it was shown in [1], the functions @/, for

j=0,1and \If; for j = 1,2 may be represented in the form:

(2.13) @ (C+7C) = ¢;(Q) + ¢;(7C) = ZAMC +2Akﬂ<’“ I¢l =1,

(2.14) ) (C+wji¢) = (Q) + ¥5(wiQ) = ZBkJC +ZBkj 7t =1

The functions ¢;, 1; are analytic in the unit dlsk, therefore, may be represented by
Taylor series. We substitute the representations (2.13]), (2.14]) and representation

of the boundary functions F; by the Fourier series

(2.15) Fi(0) = > diich, KKl=1e"|=1, j=1,2

k=—o0

7
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in the boundary equations (2.11)), (2.12). We get

ZAkOC +2Ako’7C +2Ak1 (ik +1) ¢F + ZAkl —ik + 1)y R+

o0 o0 o0
+ Z Biiwi¢7F + Z Biiwh ek + Z Browa(F+
k=0 k=0

(2.16) +2Bk2wk+1< = Z draC®, [ =1,

k=—o0

D Ao Y A TR Y Ay ik — i) P+

+2Ak1 (—ik — i) " T¢F JrZBMC JrZBmwlC +

k=0 = k=0

(2.17) + 3 BG4+ Y Brawhct = > diact, ¢ =1

k=0 k=0 k=—o0
The Fourier series expansion is unique, and, therefore, equating the coefficients by
¢* and C*, we get the system of linear equations for determination of the coefficients
Ayj, Bij.
For k = 0 we have:

{2A00 + 2iA01 + 2&)1301 + 2B02w2 = d01,

(2.18) ,
2y Aoo + 2—iAg1 + 2Bo1 + 2Bga = dps.

For k > 1 we get four equations with four unknown

Ao + Z(k‘ + 1)Ak1 + w1+1Bk1 + w2+ Byo = dg1,
VAo +i(k — 1)vAr1 + wiBi1 + wh Bio = dyo,

vk Ao +i(—k + 1)v* Ag1 + w1 Bi1 + weBro = d_1,
YR Ao + i(—k — 1)y* 1 A1 + Bya + By = d_pa.

(2.19)

Thus, if v # 0, we reduce the problem (1.5), (1.4) to the solution of the linear

systems (2.18)), (2.19).

Let’s consider the determinant of the main matrix Q of the system (2.19)):

1 i(k+1) Wit bt
i(k— 1)~y Wk wh
29 0, = Y Z( 1 2
(2.20) det €2 vk i(—k + 1)k w1 wo
,ykJrl Z(—k _ 1)’7k+1 1 1
Denoting
(2.21) a="ywy, f[="ws

8
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we get
1 k+1 ak-i—l Bk-‘rl 1 ak Bk’
det Qy =1 Lok=1 ot Ce =2i(1—a)(B—1)|k af-1 g1 _
P —k+1 a0 B | o=l B-1|
1 —k—1 1 1 1 1
(2.22)
— _o; (@ =1) (8" = 1) (e = B) k_ gk
_—2z(a—1)(ﬂ—1)< e-DG-1 — k(" -p8")].

Using the denotion , we have
(2.23) det Qk = 2i(a — 1)(8 — 1)(a — B)Ay.

The condition imply that |a| < 1,|8] < 1 and « # 3, therefore det Q2 = 0 if
and only if Ag = 0.

Let’s suppose, that condition 2 of Theorem 1 holds. Taking into account, that the
problem , is Fredholmian, we may consider only a homogeneous problem.
Conditions imply, that for k£ > 2 the homogeneous system (if di; = 0)
has only zero solution, Ay = (o — 1)(8 — 1) # 0 also, therefore Ay; = By; = 0
for all £ > 2. It means, that the functions ¢;,v; may be only of the first-degree
polynomials.

Thus, the solution of the homogeneous problem , is at most second
degree polynomial of ¢ and ¢. On the other side in [5] (T.5.1, page 84), it was shown,
that arbitrary polynomial satisfying the homogeneous conditions admits the
representation (1 — CC_)2 Q (C, f) that is a polynomial of degree not less than four.
Therefore, if the conditions hold, the homogeneous problem , has
only trivial solution. As this problem is Fredholmian, the latter implies the unique
solvability of the primary problem. Vice verse, assume that A; = 0 for ji,..., jm.
Then direct computation shows that the homogeneous problem , has m
linearly independent solutions Vji, ..., Vjn each of which is a polynomial of degree

Jp +1,p = 1,m. For example, if Az = 0 then 1+ 2(a + 8) + a8 = 0, and the

function P, ((, f) = ((C — ,uof) (E - ﬂoC) - (1 - |u|2)2>2 is a non-trivial solution
of the homogeneous problem 7 . This completes the proof of the second
part of Theorem 1 (for v # 0).

Now, we pass to the proof of the first point of Theorem 1. This part was proved

in [3], but we get the proof for the completeness of considerations.
9
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Let’s suppose, that g = —pp or v = 0 in the equation (2.2]). In this case, the
general solution of the (2.2) may be represented in the form:

(2.24) V(&) = Po(¢) + (P1(C) + ¥1(C + wil) + P2 (C + wa(),

where @y and ®; are analytic functions in the unit disk Bj. Substituting this
function in the boundary conditions (2.7]), we get

(2.25) @6(0 + C_@/l(o +w1\1111(§+w1o +OJ2‘I/I2(E+&J2C) = F1(9),

(2.26) P1(¢) + V(4 wi€) + T5(C + wal) = Fa(0).

Analogously the case 2, we can consider only homogeneous problem (F} = F» = 0).
We substitute the representation (24) in homogeneous equalities (2.25)), (2.26)). We
get for |¢| =1

(227)  DH(C) + CPL(¢) + withr () + with (wi() + warh2 () + watha(w2() =0,

(2.28) ®1(¢) + 11(C) + 1 (wi() + ¥2(C) + P2(w2() = 0.

Taking into account inequality wy # ws, we can determine 1 (¢) and 5(¢) from

, , and as we know, that ®g, @1, 11 (w1(), ¥2(we, () are analytic in By,
we have:

¢1 (C) = Hi + 1€, 92 (¢) = Ha + S2(.
It means, that the solution V' may be a polynomial of order not more than two.
But from homogeneous conditions the polynomial V, if it is not identically

zero, must be represented in the form
— 2 —.
V=(1-¢)"Q(¢0)
(see [9]), that is has a degree not less than four. Hence, the homogeneous problem

(1.5), (1.4) has only a trivial solution, therefore this problem is uniquely solvable.

Theorem 1 is proved.

Remark 2.1. We have from the conditions (1.6) and (1.8) that || < 1,|8] < 1
and « # 3. Therefore, we may transform the determinant (2.22)) and the condition
(1.9), to omit the roots a =1, =1 and, o = S.

We have
1 ok ﬁk
det = —2i(a —1)(B-1) [k Y5 gal ) pi| =
1 1 1
1 ab—1 gk —1
= 2i(a—1)(B-1) |k Y5 (ad —1) Y5 (87 -1)| =
1 0 0

10
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k—1 k—1
Z o™ Z ﬂm

(229)  =2i(a—1)*(B-1)?|,"° 0 = 2i(a — 1)%(8 — 1)*Ty.
> ma” 3 ma”
m=0 m=0

We see, that the conditions (1.9) hold if and only if T} # 0, for £k = 3,4

Introducing the notion

(2.30) P ( Z z"

the conditions (1.9) may be represented in equivalent form:
Ty Pea(0)BP_,(B) — Pea(B)aby_(a)

(2.31) o 7 a #0, k=3,4,....
It was taken into account, that a # .
This condition may be represented in the form:
k—1 m—1 k-1
Z Z Oélﬁm 1—1 Z Bm
(232)  Sg-a(a,B) = - ;ffllzf, O 40, k=34,....
ol gm-1-1 Z ma™
m=1  1=0 m=0

Finally, expanding the determinant, we get, that Ay # 0 if and only if
k—2

(2.33) Se—2(a, ) = a(B)a' #0, k=34,....
1=0
where
k—2—1 k—2
(2.34) al }:/¢5+1 )+ Y pk—1-s)(k—1-1).
s=k—1—1

Introducing the denotation

k—2 k—2—s
(2.35) Qr_a(a,8) =Y (I+1)! (s+1)B%, k=3,4,...,

=0 s=0

the condition (2.33) may be represented in the form;

11

(236)  Sp_s(a,B) = Qp_sla, B) + ah 28820, 3( 3

)%o k=34,....

3. SOME COROLLARIES AND FINAL REMARKS

In this section we try to get some corollaries of the proved theorem.
Let’s calculate the defect numbers of the problem (1.5), (L.4), that is, K -
the number of the linearly independent solutions of the homogeneous problem

(when boundary functions identically zero) and K; - the number of the linearly
11
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independent conditions to the boundary functions, provided solvability of the inhomo-

geneous problem.

Corollary 3.1. As we see in the previous consideration the defect numbers of the

problem are equal

(3.1) K=K, = Z(4—7‘ankﬂk),

k=3
where Qi is a main matriz of the system . Taking into account, that if k — oo
detQy — 2i(8 — a) # 0; we see that in the sum only a finite number of summands

differ from zero.

We can calculate rank2; more exactly. Using representation of det Q0 (2.22]) we

can calculate third order minor of the matrix Q:

1 k-1 aF F-1
My=1 —k+1 a|=2a-1) k=) o] #0,
1 k-1 1 =0

for all k > 3 (because of |a| < 1). Hence, we can formulate the following statement.

Corollary 3.2. We see, that rankQy > 3, therefore the difference, in the formula
may be equal zero or one only. That is, the defect numbers of the problem ,
are equal to the number of the Ay (k > 3), equal to zero. Ay determined in

(9.

Now, let’s find some sufficient conditions for the unique solvability of the problem

). .
Corollary 3.3. We consider the problem , in the ellipse . If we

have
20 20
laf < [ea 18] < [ea
a and B determined in , then that problem is uniquely solvable.
Proof. Let’s suppose, that |a| < 20/77 and |5]| < 20/77, and estimate the |Ag|

for k& > 3. We have:

(1= (1= 65| _ (1=(20/77)%)°
(3.2) A= a)1=5 > 0+ 20/77)° > 0,60825.
From the other side
of — " = k—1—j 2 k—1
(3.3) k gyl kY ol B < KP(20/7T) 1 = x(k).
j=0

Let’s calculate the maximal value of the function y. We have

X' (k) = k(20/77)*71(2 — k1n 3.85),
12



ON AN EFFICIENT SOLUTION OF THE ...
therefore, kpqr = 2/103.85 = 1.484. It means, that for k > 3 we have
x(k) < x(3) = 9(20/77)? ~ 0.6071.
From this inequality, (3.2)) and (3.3)), we get

(1-a®(-p%) ok — gk
> _
e ey Rl o R
for k > 3. Corollary is proved. O

Now, we use the formulas ([2.33)), (2.34) for the more exact determination of the
of the defect numbers of the problem (L.5)), (1.4). First, let’s consider the case, when
the parameter [ is zero. In this case, from (2.34) we get

(3.4) a(0)=1+1,

therefore, by (2.33)), we have, that the conditions (1.9) are equivalent to conditions
k—2

(3.5) Ppoa(a) =Y (m+1)a™#0, k=34,....
m=0

Hence, we have to find the roots of the polynomial (3.5)). We will use the Enestrom-
Kakeya theorem ([7], p. 12):

Theorem 3.1. (Enestrom-Kakeya) If all coefficients of the polynomial

n—1
Gn(x) = Z Ay
k=0

are positive, then all roots & of this polynomial are in the ring

. a; a;
(3.6) min ( : > < ¢l € max ( ¢ ) .
1<i<n—1 \ a1 1<is<n—1 \ a;—1

Let’s apply this theorem to the polynomial Pj_s. If a is the root of this polynomial,

we have

(3.7 1 min <Z )<|a§ max <,Z >:H.
2 1i<k—-2\1+1 1<i<k—2 \ 71+ 1 k—1
This estimation shows, that for arbitrary ko we can find |a| < 1, for which Py, _2(a) =
0, and, therefore, the problem (L.5)), is not uniquely solvable. If |a| < 0.5, then
the conditions hold, therefore, the problem , is uniquely solvable.
Now, let’s suppose, that for some n > 2 we have P,_3(a) = 0, and for m > 0

Py ym—2(a) = 0 also. That is

n—2 n+m—2
d_(i+hal =0, Y (j+Dal=0.
7=0 7=0

Subtracting first equality from the second, we get
n+m—2
Y G+l =0,
j=n—1

13
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or taking into account that a # 0
m—1

(3.8) > (n+Da! =0.

1=0
Applying Enestrom-Kakeya theorem, we see, that
n . n+i1—1 n+i1—1 n+m-—2
= min —— | <|o| € max . = .
n+1 1<i<m—1 n-+1 1<i<m—1 n-+1 n+m-—1

But from equality P,—2(a) = 0 we have

1 . i <lal < ) n—2
2 e \Gr ) S s B o\l T o

This inequality contradicts to 1' because Z—j < nLH, therefore, our assumption,

that two polynomials P, and P,,,,—2 have the same root, was wrong.

(3.9)

Thus, we prove the following result.

Theorem 3.2. We consider the Dirichlet problem , in the ellipse ,
If g = —vo and a determined in , then:

1. The problem , is uniquely solvable if and only if the conditions
hold.

2. If |a| < 0.5 then the problem , 18 uniquely solvable.
3. The conditions may fail for one k only, therefore the defect numbers of

the problem , may be equal one or zero only.

We see, that for § = 0 different polynomials Py_o has different roots, or for
different values k the roots of Si_o(c,0) are different (on the picture we show the

roots of polynomials Pj_o for k = 3,8, 15, 30).

>+ 0>
== ox
W

Imag
o
=)
3

-1.0 0.5 0.0 05 10

We did the following numerical experiment. In the formula (2.33) we fix Gy in
the unit disc and find the roots of the polynomial Si_s(c, fp). For all considered
14
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values of 5y we obtain the same result, that is we get that for different values k the
roots of Sy_a(a, fy) are different. As an illustration of the obtained result, we show
the roots of the polynomials Sx_s(, 5g) for values Sy = 0.2 + 0.3i, 5o = 0.4 + 0.5¢
and for k = 4,8,15,30):

B=(02+030) B= (0.4 +0.50)
1.00

85

075

W
gmes
LE 2 2 d

P X 1

Imag

0.00

Imag
o
=1
8

-0.25 -0.25

-0.50 -0.50
-0.75 -0.75

-1.00
15 -15 -10 -0.5 00 05 1.0 15

-1.00

Therefore, we see that if for some («, ) the condition failed, that is
Sko (@, 8) =0 (kg > 2), then we have Si(a, 8) # 0 for k # ko, k > 2.

Thus, we may suppose, that the third point of the theorem is true in general
case, that is the defect numbers of the problem , may be equal one or

zero only for arbitrary « and (3, but it should be proved.
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Abstract. In this paper, based on the discretization method, we construct a new 2-parameter
regularly varying discrete distribution generated by Waring-type probability (2-RDWP). Some
useful plots are displayed for the model. From the mathematical point of view, to suggest 2-
RDWP as a new discrete probability distribution in bioinformatics, some statistical facts such as
unimodality, skewness to the right, upward /downward convexity, regular variation at infinity and
asymptotically constant slowly varying component are established for the model. We provide the
conditions of coincidence of solution for the system of likelihood equations with the maximum
likelihood estimators for the unknown parameters. Simulation studies are performed using the
Monte Carlo method and Nelder-Mead optimization algorithm to obtain maximum likelihood
estimations of the unknown parameters. Asymptotic expansion of the probability function with
two terms is considered, and then the moment’s existence of integer orders is investigated. Finally,
a real count data set is used to show the applicability of the new model compared to other models

in bioinformatics.

MSC2020 numbers: 60E05, 62E10, 62F10, 62P10.

Keywords: asymptotic expansion; discretization; maximum likelihood; Monte Carlo
method; statistical facts; Waring-type probability.

1. INTRODUCTION

Probability distributions are commonly applied to describe phenomena in biomo-
lecular systems, bioinformatics, etc. Due to the usefulness of probability distributions
in bioinformatics, their mathematical theory is widely studied, and new discrete
distributions (frequency distributions) are developed. According to the variety,
diversity and complexity of real data sets in bioinformatics and biomolecular systems,
it is impossible to figure out and suggest a universal model suitable for all situations.
Hence, the interest in developing discrete distributions in bioinformatics and biomo-
lecular systems remain strong in probability and statistics.

Many discrete probability distributions have been introduced based on different
methods for the needs of bioinformatics systems. For a review of different methods,

see, for example, [3]. Let us point out two of the known producers as follows.
16
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Using the method of birth-death process, we refer the readers to, for example,
[2 5] 13} 14, 15]. Besides the method of birth-death process, there are other methods,
in particular by discretization method which we refer to, for example, [6 [7, 8 [10].

The advantage of constructing new probability distribution is proposed to paramet-
ric ones because by changing the parameters, one hopes to find the best approximation
for the unknown model. Because of the wide variety of phenomena in bioinformatics,
we shall attempt to introduce new parametric distribution (based on discretization
method).

A continuous analog of the 2-parameter regularly varying Waring probability
was given by dediscretization method [T}, 2, [O]. Its probability density function is
stated as

1 (r+z—1)rtz=1)
@) g+ )@

(1.1) fala) = ;2 €(0,00)

where o = (r,¢q) is the unkown parameter such that r > 0, ¢ > 0. r is called
numerator parameter and ¢ denominator parameter and ¢ —r > 0. Also, c(«) is
the normalization factor and c(a) = [;° %dy.

We note that the continuous analog of the 2-parameter regularly varying Waring
probability is a continuous probability distribution. Here, let us call the model
as Waring-type probability.

The novelty and the motivation to write this paper is to construct a new skewed
discrete probability model (frequency distribution) for the needs of biosystems
using . We use discretization method, and then study mathematical properties,

statistical inferences and applications.

2. THE 2-RDWP DISTRIBUTION

The desired discrete probability distribution is possible to obtain using the
discretization method. We use a type of discretization of densities used by, for

example, Farbod [0 8] and Farbod and Gasparian [10]. Let us consider the numerator

of (1.1)) as follows:

(r+ax—1)rte-t

(2.1) Pe() = Ty

, x> 0.

To have p,(«) as a probability mass function (pmf), we use discretization

method [6] [7), [8, [10] to get a new discrete probability distribution, denoted by g, (),

with the following pmf:

1 (r+ax—1)rte-t
(q+z)ote

(2.2) ga(a) = (d(a))

)

17
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where z = 1,2, ..., and d(«) is the normalization factor (normalization constant)
given by
S
2.3 da) =
(23) @ =2 g

and a = (r,q) is the unknown parameter such that » > 0 and ¢ > 7.

Remark 2.1. It is obvious that g, () > 0 and also >~ | gz(a) = 1. Thus, function
18 a probability function and can be considered as a new pmf on the set of
positive integers x € Ny = {1,2,3,...}.

A probability measure (distribution function of random variable X) is given by
(2.4)

Fo(a) = P(X < a) = (d(e)) " S5y gm(a) = (d(a) ™" S5,y Chmeli
We call model a " 2-parameter regularly varying discrete distribution generated
by Waring-type probability" (in short, 2-RDWP). The pmf of 2-RDWP is given by
Eq.. This paper investigates some mathematical properties, statistical inferences
and applications for the model .

The remaining sections of the paper can be summarized as follows. Section 3
presents some plots of pmf and log-log plot of the 2-RDWP model for different values
of parameters. Statistical facts, for our model, are verified for the mathematical
needs of bioinformatics in Section 4. In Section 5, we propose maximum likelihood
(ML) estimators of the 2-RDWP’s parameters, which are coincided with some
moment estimators. Section 6 uses the Monte Carlo method and Nelder-Mead
optimization algorithm to simulate for obtaining the ML estimations of parameters.
Section 7 gives an asymptotic expansion with two terms for the pmf, tail behavior of
distribution function, and also the moment’s existence of integer orders is investigated.
Section 8 presents application of the proposed model and compares it with other
rival models. The study is concluded in Section 9. Section 10 considers an Appendix

containing the pmfs of some rival models arising in bioinformatics.

3. FIGURES

This section presents two types of figures for the 2-RDWP model . To
depict figures, we need to consider the model’s pmf as truncated. First, some pmfs
for different possible values of parameters r and ¢ are plotted in Figures 1(A-J).
Second, some log-log plots (Ing,(«) versus Inx) are displayed in Figures 2(A-J).
Figures 1(A-J) show skewness to the right and also unimodality of the pmf and

Figures 2(A-J) show the deviations of In g, (a) versus Inz from the straight line,
18
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which is discussed in Section 4.
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Puc. 1. Tlustrations of the pmf of 2-RDWP model (2.2)) for possible
values of two parameters r and gq.
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Puc. 2. Tlustrations of the log-log plot of 2-RDWP model (2.2) for
possible values of two parameters r and q.

4. STATISTICAL FACTS

From the mathematical point of view, to suggest a discrete probability distribution
as a new model in bioinformatics, we need to verify some common statistical facts
(empirical facts) such as unimodality, skewness to the right, upward/downward
convexity, regularly varying at infinity, and slowly varying at infinity. In other
words, it was established that if a pmf (probability law) holds these statistical facts,
then the corresponding pmf could be a mathematical framework for bioinformatics
applications |2} 3, 5] [15]. So, to apply the 2-RDWP model as a new probability
model in bioinformatics, we need to check out the validity of such known statistical
facts, mathematically, numerically and intuitively.

We notice that statistical facts (empirical facts) are common mathematical pro-
perties of the empirical frequency distributions (with complex forms and long right-
side tails) observed in bioinformatics data sets and are systematically reproducible

in biomolecular systems [2, [3] [5] 15].

4.1. Log-log plot. Biologists prefer to deal with log-log plot of distribution instead
of its shape [2]. One of the statistical facts is that log-log plot of discrete distributions

arising in bioinformatics systematically deviated from the straight line and shows
20
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upward /downward convexity [2, [3, [I[5]. It means that the deviations of log-log plot
of gz () from the straight line must be not too large.
Let us investigate the log-log plot of our model. Namely, we deal with In g, («)

versus In x. We write the log-log plot of the model (In g, () versus Inz) as follows:

(1) lnlglfg(goz) _ (z+r—1n(x+r-1) In(; + q)In(z + ¢) — In(d(w))

It is obvious that, for sufficiently large x (sufficiently large x means x — o),
In(z + a) ~ Inz (a is some real constant). Therefore from Eq.([4.I)), for sufficiently
large x, we have

Due to Eq.(4.2) we conclude that the deviations of In g, () versus Inz from the

straight line constant = (r — g — 1) are small, at least for large values of  which it

(4.2)

turns out upward/downward convexity.

Remark 4.1. We note that there are not any specific definitions for upward/downward
convexity concept in bioinformatics and it is issue of the mathematical disciplines.

In other words, some of the peculiarities of the shapes of empirical frequency distributions
in bioinformatics are: upward/downward convezity, the only point where the frequency
distribution achieves it’s maximal value, etc. For more details about mathematical
and applied concepts of upward/downward convexity, we refer the readers to Astola
and Danielian |2 Sec.1.4, Sec.2.5].

Additionally, Figures 2(A-J) show the log-log plot of 2-RDWP with different
values of parameters. Figures 2(A-J) provide that the deviations of In g, («) versus
Inz from the straight line may be small, at least for some large values of x. From
Figures 2(A-J), we observed a significant shift and variation of the power law-like

right-side tail of the pmfs.

4.2. Regular variation. This subsection shows that the model g, («) varies regularly
at infinity and also we present an asymptotically constant slowly varying component

for it. Compared to Astola and Danielian [2], let us state two definitions for our

model (2.2).

Definition 4.1. The frequency distribution g.(«) varies regularly at infinity with

exponent (—p) if it may be presented in the form

gz(a) =277 - R(z)(1 4+ 0o(1)), © — 00, p€E (—00,00),

where R(x) > 0 for x =1,2,..., and for k = 2,3, ..., lim,__, % = K",
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Definition 4.2. Let, for k = 2,3, ..., the limit exists

lim R(rz)
T—>300 R(x)

=1

then g.(«) exhibits the asymptotically constant slowly varying component L if we

have

lim R(z) =L € (0,00).

Tr—>00
Remark 4.2. It is clear that Definition 4.2 is a particular case of Definition 4.1.
Thus, a function varying regularly at infinity with exponent p = 0 varies slowly at

infinity |2].

Let us establish the function g, («) varies regularly at infinity with exponent (—p)
having —p = —(¢+ 1 —r). We propose theorem, remark and numerical example as

follows.

Theorem 4.1. The model g, () varies reqularly at infinity with exponent
(—=p) and

(4.3) —p=—(¢g+1—-r)< -1

Proof. From (2.2) and ([2.3)), for sufficiently large x, we get
(4.4) go(a) = (d(a)) ™t - em(atimrg=(atl=r) & p=(atl=r),

It follows from (4.4]) that g, (a) (2.2) varies regularly at infinity if p = ¢+1—7r > 1.
Theorem [.1] is proved. O

Remark 4.3. From and based on Remark 3, we observe that L = (d(a))~" is
an asymptotically constant slowly varying component for the model g, () , In
other words, g,(«) exhibits the asymptotically constant slowly varying component

given by L = (d(a)) ™.
Let us give a numerical example as follows.

Example 4.1. Let us compute the value of p corresponding to selected two parameters
r and q (used in Figures 1 and 2) by:

a=(04,18), —p=-24<-1
=(09,1.7), -p=-18<-1
14,1.9), -p=-15<-1
a = (3,48), —p=—46 < —1
p=—403< -1

9), -—p=-13<-1
a=(2529), -—p=-ld<-1
a=(15,20), -—p=-6<-1
a=(2021), -—p=-2<-1
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We see that our numerical values are agreed with the variation of the value of

regular variation exponent (—p) and are met in the condition (4.3]).

4.3. Unimodality. Unimodality is an essential feature for discrete distributions
arising in bioinformatics. For details about this, we refer the readers to, for example,
[2, 13, 14 [15]. In this subsection, we study such feature for the 2-RDWP model.

Compared to Bhati and Bakouch [4], let us give a proposition as follows.
Proposition 4.1. The pmf s unimodal with mode value at x = 1.

Proof. Let us consider pmf (2.2)) for the positive integer value of z. Then for
x> 1, we get

(4.5)
doafo) — A (s ot
de — de\d(a) = (q+x)TtT
= @@ Ty e DT (o)™ [In(r 42 — 1) — In(g + @)

) ((HI)"”)
It is obvious that for 0 <r < ¢

In(r+2—1)—In(¢g+z) <0.

So, we conclude that dg’flia) given by li is always negative. It implies that g, (a)
decreases and takes its mode at © = 1. The proof is completed. O
In addition to Proposition let us investigate unimodality as numerical. We

have a recursive formula given by

r4+x q+x
(4.6) gat1(0) _ (r+2) _ lg+2) . r=1,2,..
gx<a) (7" 4+ — 1)T+x 1(q + x4+ 1)q+3:+1

Numerically, it can be shown that %IS) < 1. Let us have the following example.

Example 4.2. Let us consider some values of parameters (r = 0.7,q = 1) and
(r=1.5,q =2.5). From , we calculate %10(3), forx =1,2,3,4,5,6, in Table
1 as follows:

TApMMUA 1. The behavior of 9‘;(1(3‘) 1) for different values of

[e%

parameters r and ¢

a=(rq) g2(a) g3(c) ga(c) g5(a) gs(a) g7(a)
’ g1(a) g2(a) g3(a) ga(a) gs(a) gs(a)
a=(0.7,1) | 0.46869 | 0.62523 | 0.70967 | 0.76288 | 0.79955 | 0.82638

a = (1.5,2.5) | 0.49602 | 0.59820 | 0.66569 | 0.71370 | 0.74962 | 0.77752
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From Table 1, we see that the expression, as in , increases when x increases
and also for x = 1,2,3,4,5,6, the values g’g‘:iéc(g) < 1. Numerically, it seems
that g, («) defined by decreases and is downward convex. Automatically, the
unimodality of g, («) is received.

Moreover, in Section 3, we plotted the pmf of 2-RDWP for different values of
parameters. In other words, intuitively and from the graphical approach in Figures
1(A-J), it is readily seen that the pmf of 2-RDWP is unimodal. The modes are

observed for all plots in Figures 1(A-J) at z = 1.

4.4. Skewness to the right. One of the essential properties of discrete distributions
(frequency distributions) arising in biomolecular systems is the skewness to the right
of the pmf. This property has been discovered by experimental methods based on
the observation of various data sets of such systems. The conception of skewness
for biologists is based on intuition and the shapes of graphs of discrete distributions
[2,[3]. Section 3 displayed the plots of the pmf of 2-RDWP for different possible
parameter values. Intuitively and from the graphical approach in Figures 1(A-J), it
can be observed that the pmf of 2-RDWP is skewed to the right. Here, let us

have a numerical example.

Example 4.3. Let us have some real data that includes the number of proteins
assigned to Panther families or subfamilies as follows [18]:
1, 17, 11, 22, 16, 10, 61, 10, 12, 15, 22, 10, 5, 1, 33, 6, 11, 1, 5, 3, 2, 9, 22, 10,
3,86, 1,1, 15, 5, 8, 26, 2, 14, 2, 9, 62, 7, 114, 113, 20, 22, 14, 12, 13, 6, 24, 26,
22, 51, 56, 106, 59, 55, 29, 1, 141, 168, 607, 395, 616, 1, 7, 19, 3, 29, 59, 4, 4, 1,
3, 18, 60, 46, 11, 56, 269, 812.

The value of skewness for these data is 3.960.

The following mathematical result is received from Subsections 4.1 — 4.4.

Corollary 4.1. The common statistical facts (unimodality, skewness to the right,
upward/downward convexity, regular variation at infinity, asymptotically constant
slowly varying component) hold for the model g,() . Therefore, from the
mathematical point of view, the 2-RDWP model may be considered as a new
reqularly varying frequency distribution for the meeds of large-scale biomolecular

systems, bioinformatics, etc. For details about this, see |2} 3 5 [15].

5. ON THE ML ESTIMATORS

This section gives ML estimators for the model (2.2)). We get the conditions of
coincidence of solution for the system of likelihood equations with the ML estimators
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for the unknown parameters. Let us define the functions h(z; ) and ¢(z; «) by
h(z;a) =In(r+z—1)+1, t(z;0) =—(In(¢g+z)+1),
and hn( ) = L5 h(zisa), to(a) = L3 t(zi;a). We state a lemma for the

model (2.2)).

Lemma 5.1. For model , we have the following
E[h(f;a)] < 00, E[t({;a)} < 00,

where E[-] is the mathematical expectation.

Proof. Based on the definition of mathematical expectation, the proof is satisfied,
obviously.
From Lemma and compared to Farbod and Gasparian [I1], let us present

a theorem.

Theorem 5.1. The likelihood equations for obtaining the ML estimators of parameter

« with the model have the following moments equations
E[h(g, a)] = hn(a)
E[t(f? oz)] = tn(a)

Proof. We consider the likelihood function L(X"; ) = []}"_; g, (e). The logarithm
of the likelihood function is given by

(5.1)

P — 1 r+x;—1
(5.2)  I(X™;a)=InL(X Zln ”qx” Zml —nlnd(a)

If the following conditions hold
(X™; ) _0 (X" ) —0
or ’ Oq ’
then the ML estimators of the parameters o = (r, ¢) exist.
Let us obtain derivatives by parameters r and q. We have

NX™a) 1 9d(a)
5 :;(ln(r—&—xi—l)—&—l)—nd(a) a5

where ﬁmgﬁ) = E[h(&;a)]. From w =0, we get E[h(& )] = hn(a).

Meanwhile, we have

X0) 3™ (1 4y 1) <m0

0q P d(a) Oq
where ﬁ&é(;) = E[t(¢ a)]. From %{;‘;a) = 0, we obtain E[t(&;a)] = ta(a).
The Theorem is proved. [
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We aim to show that the solution & of the system (5.1) is the ML estimator

of the parameter «. It is sufficient to establish that the matrix M, = (Mg)szl

~ ~ ~ 2 n,
with M, = M[:(&), M (&) = %{aq’o‘”a:@ is negative definite. Let us state two

lemmas.

Lemma 5.2. Consider the model . Assuming the solution @ of the system
(if it exists) holds in the following conditions

E[?/J(g, O‘)} = ()
(5.3)

E[n(&a)] = nu(a)

where

1 1 1 1 «
P(&a) = m, Pn(a) = n ;ﬁ’(%‘;a); n(&a) = 7q—|—x’ (@) = n Zﬂ(fﬂi;a)-

Then, the elements of the matriz M, are as follows (Var(-) is the variance and

Cov(-,-) is the covariance):

Mu = —n Var(h(§;a)),
M12 = M21 =-n COU(h(§§a)vt(§§a))7
My = —n Var(t(€; ).

Proof. We obtain second derivatives of the logarithm of likelihood functions by

PUXp ) 1 9%d(«a) 1 0d(a)
or? __n<d(a) or? _(d(a) or

)*) + nin(a)

PUXp;0)  OUXp; ) _ —n{ 1 9%d(e) ( 1 8d(a))( 1 ad(a))}
d d d

ordq 0qOr () Orog (@) Or (o) 9q
PUXp ) 1 9%d(a) 1 9d(a),2
0z (d(a) 0> _(d(a) g ))“”’"(O‘)

After some simplification, we have

My = —n Var(h(& a)) = n(E[d(& )] — va(a))

My = My = —n C’ov(h({;a),t({;a))

Mz = —n Var(t(& @) —n(E[n(§ )] —1a(a))
With the help of (5.3]) the proof of Lemma is finished. O

Lemma 5.3. Consider the model . Under the conditions , the matriz M,
s negative definite.
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Proof. It suffices to show M7y < 0 and det(M™) > 0. From Lemma it can
be concluded that M7, < 0. To show that det(M™) > 0 we give

det(M") = My M3, — (M)
In accord with the value of M}, , M3, , M, and based on Cauchy-Bunyakovski-

Schwartz inequality the proof is completed. O
From Lemmas [5.2] and [5.3] the following result is given.

Corollary 5.1. Suppose that the solution of the system satisfies the conditions
, then it coincides with the ML estimators of parameters.

6. ML ESTIMATON AND SIMULATION

Based on systems and , it is not easy to derive closed forms for
the solutions, analytically. So, we need to use a numerical method for the ML
estimations of unknown parameters. Compared to Farbod [8], Nelder-Mead optimi-
zation algorithm (or simplex search algorithm) is suggested. Let us notice that the
Nelder-Mead optimization algorithm is a free-derivative optimization method to
nonlinear optimization problems and is suggested to apply for models with more
than one parameter. This algorithm was introduced by Nelder and Mead [I6]. See
also [I7].

For sampling, a simple stochastic sampling with replacement with the probability
of variables is considered in which the probability of variables are probability
functions. Simulation studies are proposed using the Monte Carlo method [17] with

1000 iterations to calculate ML estimations, biases and mean square errors (MSEs).

Remark 6.1. First, we performed our simulation for the model . Based on
, our simulation works well when © = 1,2, ...,xmax (xmax = 100). But we
have some computational problems for large values x, such as rmax = 150 and
bigger than 150. Let us notice that a type of function x® exists in our pmf’s form
, and hence it raises problems for simulations and numerical calculations when
x is large. For example, if x = 500, then using R statistical software (Version 4.2.2)
2% = 500°%° = co. To solve this computational problem, without loss of generality
and after some mathematical simplification, our pmf can be written as follows:
1\v 1 Y re1
60 gt = (g, kel Le sl e

From Remark 6.1 and (6.1)), we have the following corollary.

Corollary 6.1. [t is readily seen that the pmf equals the pmf . So, for
simulation studies, the pmf is considered. In the formula , we need to have
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x as truncated. For simulation aims, let us set © = 1 to xmax (xmax = 10000 ).
Namely, we have x = 1,2,...,10000 and y = 1,2, ..., 10000.

Let us consider the logarithm of the likelihood function . Based on
and x = 1,2,...,10000, the ML estimations, biases, and MSEs are calculated. To
simulation studies, we consider the values (r = 0.4,q = 0.6),(r = 1,q = 2),(r =
2.5,q = 3.2) as true values, different sample sizes n = 50, 100, 200, 500, 1000, 5000,
and using 1000 iterations.

Using R statistical software, the simulation results are given in Table 2. Our
simulation studies work well and have satisfactory results for the model. The differences
between real and estimated values of the parameters are small, in particular for large
sample sizes.

Table 2 shows that when the sample size n increases, bias and MSE decrease.
Moreover, from Table 2, we observe that when the true values of r and ¢ are smaller
(also a small value of ¢ —r), the results are better, i.e. biases and MSEs are smaller.
Let us notice that for the ML estimations, the conditions § —7 > 0 and p > 1 are
satisfied.

7. ASYMPTOTIC EXPANSION

Considering that our proposed model has no closed form for the pmf, obtaining

some useful asymptotic expansion with two terms for the pmf is interesting. From

and,weget
(R N (e

(r.) ge(0) = () T e ey

We use two known asymptotic expansions as follows. For £ — oo, we have [5] [12]:
(7.2) (14 &) =ec- (1—%+0(%)>-

Also, for x — 0 we have

(7.3) (1+2)* =1+ az+O(2?).

From ([7.2) and (7.3)), the formula (7.1)) may be given by

(7.4)
g:(0) = (d(a)) "t -ar-a-t . ermet L2

)

2 2
(k%wﬁ)) (H%Hﬂﬁ))

(1—3—@0(%2)) (1+§+0(ﬁ))
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TapaunA 2. Simulation results: The values of ML estimations
(7,4), biases, and
MSEs for the 2-RDWP model (6.1])

(r=04,q=06); «=1,2,..,10000

n (7, 9) Bias MSE

50 | (0.6156,0.8434) 0.2156,0.2434) (0.3234,0.4047

100 | (0.4844,0.6955) 0.0844,0.0955) (0.1013,0.1307

200 | (0.4318,0.6346) 0.0318,0.0346) (0.0420,0.0560

500 | (0.4108,0.6115) 0.0108,0.0115) (0.0150,0.0204
( ) ) (
( ) (

1000 | (0.4049,0.6051 0.0049,0.0051 0.0072,0.0098
5000 | (0.4002,0.6001 0.0002,0.0001) 0.0014,0.0020
(r=1,¢=2); z==1,2,..,10000

n (7,4) Bias MSE

—~| |||
o — [ — [ —

50 | (1.4683,2.6768) (0.4683,0.6768) (1.9440,3.8043)
100 | (1.1716,2.2475) (0.1716,0.2475) (0.4026,0.7901)
200 | (1.0673,2.0963) (0.0673,0.0963) (0.1254,0.2417)
500 | (1.0236,2.0330) (0.0236,0.0330) (0.0461,0.0872)
1000 | (1.0158,2.0229) (0.0158,0.0229) (0.0227,0.0430)
5000 | (1.0039,2.0051) (0.0039,0.0051) (0.0041,0.0079)

(r=25,q=32); z=1,2,..,10000
n (7,q) Bias MSE

50 | (3.1808,3.9675) (0.6808,0.7675) (5.4404,6.8484)
100 | (2.748,3.4778) (0.2480,0.2778) (1.3875,1.7214)
200 | (2.6214,3.3357) (0.1214,0.1357) (0.5669,0.6986)
500 | (2.5541,3.2609) (0.0541,0.0609) (0.2028,0.2494)
1000 | (2.5367,3.2415) (0.0367,0.0415) (0.0992,0.1226)
5000 | (2.5093,3.2102) (0.0093,0.0102) (0.0191,0.0238)

Let p=¢q+ 1 —r. From (7.4), we get
(7.5)
gel) = (d(@) w7 (14 (0= 02 = )+ (=177 - ?)O())

~ (d(a))*l PP (1 + i((r_ 1)2 _qz) +O(:%2)>

7.1. Tail behavior. Using asymptotic expansions (7.2)), (7.3) and based on (7.4),
let us propose tail behavior of distribution function F,(«) (2.4) when @ — co.

From (2.2), we get

oo

(7.6) 1-F(a)=P(X>2)= Y gi(a)
m=xz+1
By substituting (7.4) and (7.5) into (7.6), when z — oo, we have
o0
(77) 1-— Fj(a) ~ (d(a))—l e_(q—‘rl—r) Z m—(q+1—r).
m=x+1

The following corollary is given.
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Corollary 7.1. It follows from that the condition must be met.

7.2. Moments. It is known that some moments are undefined for every power
law-like distribution. We investigate the moment’s existence of the model . To
do that, using asymptotic expansion , we shall propose the moment’s existence
of integer orders of the 2-RDWP model . Let p=q+1—r.

From , it is readily seen that the first-order moment of X is finite if g—r > 1
(or equivalently p > 2). In other words, for model :

E(X)<oo, if p>2.
For the second-order moment, it is easy to see that
E(X?) <o, if p>3.
Hence, the variance for the model is also finite if p = ¢+ 1 —r > 3. In other
words, we have
Var(X) = BE(X?) - E*(X) < oo, if p>3.
In the general case, if ¢ —r > j then

E(X))<oo, j=1,2,..; if p>j+L

Corollary 7.2. Assume that X is a regularly varying random variable with a

distribution and index p. Then the moment of order j is infinite if p < j + 1.

Moreover, evaluating the mean and variance of the model (2.2 for practical
needs is of interest. From the proposed asymptotic expansion ([7.5)), we can present
an approximate form with two terms for the mean and variance. Let us obtain mean

as a practical form for the truncated function with two terms as

(7.8)
E(X) =302 9:(0) = (d(a))‘le‘”{Zle a4 S ((r - 1) = ¢?) 00, x_p]
Compared to Astola and Danielian [2, p.29], we have

Yoty a7 = oy limy [y (1 = At)(In 2)e-2 4t
(7.9)

e’} — . 1 _

Yoty amrtt = b limy [y In(l — At)(In L)r—3
where 0 < A < 1 is some small constant and T'(+) is the Gamma function. Substituting
(7.9) into (7.8), an approximate form with two terms for the mean is given in
the practical form and integral representation. Similarly, we can provide integral

representations for the second order moment and also variance.
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8. APPLICATION TO DATA AND COMPARISON

As we pointed out in Section 2 and verified in Section 4, our new discrete
distribution may be considered in bioinformatics, biosystems, etc. Let us fit
our model with a real count data set (Example and then compare it with the
other models in bioinformatics. Again, for simulation and fitting aims, we consider
the pmf form .

The given real data set is the number of proteins in a biological system. In other
words, we consider some real data that includes the number of proteins assigned to
Panther families or subfamilies (see Subsection 4.4, Example . These data are
collected from Venter et al. [I8].

For these 78 data (data used in the Example 4.2), using we obtain the
ML estimations for two parameters r and q. ML estimations are given by 7 =
9.620101, ¢ = 10.378817. It implies —p = —1.758716 < —1. In addition, In L =
—357.063 and p-value=0.713. Based on the Kolmogorov-Smirnov test and the 2-
RDWP model, the p-value equals 0.713, which is a good fit for such real data.

Additionally, based on some well-known statistical criteria such as:

Akaike information criterion (AIC) is given by AIC = 2InL + 2k  where
k the number of parameters in the model; —In L is the maximized value of the
likelihood function for the estimated model; AIC with corrected (AICc) is given by
AlCe = AIC + ffj% where n is the sample size; and p-value, we compare
the 2-RDWP with other discrete models arising in bioinformatics, such as the
one-parameter skewed discrete Levy distribution (DLD) [7], one-parameter
skewed Power-Law (PL) model [2], one-parameter truncated skewed discrete
stable distribution (T-SDSD) [8], one-parameter truncated skewed discrete
stable distribution (T-DSD) [8], and two-parameter truncated skewed discrete
stable distribution (T-2SDSD) (10.5)) [8], all having support on the set of positive
integers, i.e. z € N; = {1,2,3,...}.

Using R statistical software, our results are presented in Table 3. It can be
observed from Table 3 that the 2-RDWP model has the smallest —In L, AIC, AICc,
and the largest p-value. Accordingly, we can conclude that the 2-RDWP model
provides the best fit among the compared models (DLD, PL, T-SDSD, T-DSD and
T-2SDSD models). The pmfs of DLD, PL, T-SDSD, T-DSD and T-2SDSD are given
in Section 10 (Appendix).
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Tapauna 3. Comparing results for 2-RDWP, DLD, PL, T-SDSD,
T-DSD, and T-2SDSD models for data of Example 4.2

Model InL k AlIC AlCc p-value
2-RDWP | -357.063 | 2 | 718.126 | 718.286 0.713
DLD -360.51055 | 1 | 723.0211 | 723.07373 | 0.04948
PL -366.2436 | 1 | 734.4872 | 734.53983 | 0.01773
T-SDSD | -362.7622 | 1 | 727.5244 | 727.57703 | 0.09018
T-DSD | -360.57675 | 1 | 723.1535 | 723.20613 | 0.1746
T-2SDSD | -360.55815 | 2 | 725.1163 | 725.2763 | 0.1723

9. CONCLUSIONS

In this paper, using the discretization methods, we formulated a new skewed
regular varying discrete distribution, the so-called 2-RDWP, given by Eq..
Some plots for the pmf and log-log plots of the model have been illustrated for
the different values of parameters satisfying the condition in Eq.. Figures 1(A-
J) indicated the pmfs for the used parameters are skewed to the right and unimodal
with mode value at « = 1. Significantly, Figures 1(A-J) showed that the length and
shape of the right-side tails varied with parameter value changes. Figures 2(A-J)
established the log-log plots of the 2-RDWP ([2.2)). The log-log plots of Figures 2(A-
J) illustrated that the right-side tails could significantly deviate from the straight
line, at least for large values of observed .

The known common statistical facts (empirical facts), including unimodality,
skewness to the right, upward /downward convexity, stability by estimated parameters
values, regular variation at infinity and asymptotically constant slowly varying
component, have been proved for the 2-RDWP model. Hence, mathematically, we
concluded that our model could be used as a new probability distribution for
the needs of bioinformatics and biomolecular systems.

ML estimators have been obtained based on some moment equations. The condi-
tions of coincidence of solution for the system of likelihood equations with the ML
estimators for the parameters have been proposed. Based on Monte Carlo method
and Nelder-Mead optimization algorithm simulation studies have been given to get
ML estimations, biases and MSEs. Simulation studies presented satisfactory results.
We noted that for simulation aims, instead of Eq., we considered the pmf in
Eq.. The ML estimations 7 and ¢ have met in the conditions, namely based on
simulation studies ¢ — 7 > 0 and p > 1.

An asymptotic expansion with two terms for the pmf has been given. Using
asymptotic expansions, we proposed tail behavior of distribution function. Also, we
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investigated the moment’s existence of integer orders. Then, based on asymptotic
expansion, useful formulas for the mean and variance in the truncated forms have
been provided.

Finally, we successfully applied 2-RDWP to a real data set. Based on well-known
statistical criteria, we compared our results for the proposed model with other
known models in biosystems. Our model gives better results than the other models
for this real data set (Table 3).

The 2-RDWP model has a long right-side tail and power law-like behavior. It
can be helpful in biomolecular systems, bioinformatics and other areas such as

economics and physics.

10. APPENDIX

We present the pmfs of some rival models, used in Table 3. The pmf of the
one-parameter DLD model is given by [7]

_3
2 exp(—%)

10.1 (V) = , x=1,2,..; > 0.
(10.1) Pz (7) ST PO, g
The pmf of the one-parameter PL model is as [2]

(10.2) pe(v) = Zig;yy‘”’ r=1,2,..; v>1.

The pmf of T-SDSD when 0 < § < 1, and x = 1,2,..., is given by [§]
rO+1)z%1 sin(ﬂ@)—%l"(20+l)m729*l sin(270)

Pl (F(@—&-l)y*e*l sin(m8)— $0(2041)y—20-1 sin(2m‘)))

(10.3) pa(0,1) =

The pmf of T-DSD when 0 < § < 2, and = = 1,2,..., is given by [§]

0= Lgin(Z2)—1 272 Lsin(x
pw(9,0) _ re+1)x (%)—5(20+1) (m8)

(10.4) o~ (1"(6+1)y*9*1 sin(Z2)— 1T(2041)y—26-1 sin(7r0))

The pmf of T-2SDSD when 0 < § <2,0< < 1,and x =1,2,..., is given by [§]

L(6+1)z % sin( T2 11(2041)2 =20 L sin(70(1+5))

(10.5) pa(0,8) =

v (r(e+1)y+1 sin(ZHGER) — 4T (20+1)y~20 1 sin(7r9(1+ﬁ))) '
Code availability. All computational, fitting and simulation studies have been
done using R statistical software. The R codes are available from the author upon

request.
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improved the quality and presentation of the paper.
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UNIQUENESS OF MEROMORPHIC FUNCTIONS WITH
RESPECT TO THEIR SHIFTS CONCERNING DERIVATIVES

X. H. HUANG

School of Mathematical Sciences, Shenzhen University, China
E-mail:  1838394005Q@Qqq.com

Abstract. An example in the article shows that the first derivative of f(z) = H%QZ sharing
0 CM and 1,00 IM with its shift 7¢ cannot obtain they are equal. In this paper, we study the
uniqueness of meromorphic function sharing small functions with their shifts concerning its k — th
derivatives. We use a different method from Qi and Yang [I8] to improves entire function to
meromorphic function, the first derivative to the k — th derivatives, and also finite values to
small functions. As for k = 0, we obtain: Let f(z) be a transcendental meromorphic function of
p2(f) < 1, let ¢ be a nonzero finite value, and let a(z) % oo, b(z) # co € S(f) be two distinct small
functions of f(z) such that a(z) is a periodic function with period ¢ and b(z) is any small function
of f(z). If f(z) and f(z + ¢) share a(z), 00 CM, and share b(z) IM, then either f(z) = f(z +¢) or

(2 = flz+¢)—a(z+c) _ b(z+c)—a(z+c¢)
T fe—alz) T bz)—a(z)

where p(z) is a non-constant entire function of p(p) < 1 such that eP(#+¢) = (),

MSC2020 numbers: 30D35; 39A46.

Keywords: meromorphic functions; shifts; derivatives; small functions.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader have a knowledge of the
fundamental results and the standard notations of the Nevanlinna value distribution
theory. See([6l 20, 21]). In the following, a meromorphic function f means meromorphic

in the whole complex plane. Define

. logtT(r,
p(f) = himigl GE)
r—00 ogr
— logTlog™T(r,
po(f) = Tim (29 Log (r.f)
r—00 logr

by the order and the hyper-order of f, respectively. When p(f) < oo, we say f is
of finite order.

By S(r, f), we denote any quantity satisfying S(r, f) = o(T(r, f)), as r — oo
outside of a possible exceptional set of finite logarithmic measure. A meromorphic
function a(z) satisfying T'(r,a) = S(r, f) is called a small function of f. We denote
S(f) as the family of all small meromorphic functions of f which includes the
constants in C. Moreover, we define S(f) = S(f) U {oo}. We say that two non-
constant meromorphic functions f and g share small function a CM(IM) if f—a and
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g—a have the same zeros counting multiplicities (ignoring multiplicities). Moreover,
we introduce the following notation: S, »y(a) = {2]z is a common zero of f(z +
¢) —a(z) and f(z) — a(z) with multiplicities m and n respectively}. N, (7, ﬁ)
denotes the counting function of f with respect to the set S, n)(a). Nn) (r, ﬁ)
denotes the counting function of all distinct zeros of f —a with multiplicities at most
n. N(n(r, =) denotes the counting function of all zeros of f —a with multiplicities
at least n.

We say that two non-constant meromorphic functions f and g share small function
a CM(IM)almost if

Nir. =) + N =) = 2N(r.f = a = g) = S(r. ) + 5(r.9)
or

- 1 — 1 _

N(r,f_a)+N(r,g_&)—2N(r,f:a:g):S(nf)—l—S(r,g),
respectively.

For a meromorphic function f(z), we denote its shift by f.(z) = f(z + ¢).

Rubel and Yang [19] studied the uniqueness of an entire function concerning its
first order derivative, and proved the following result.

Theorem A. Let f(z) be a non-constant entire function, and let a,b be two
finite distinct complex values. If f(z) and f’(z) share a,b CM, then f(z) = f'(2).

Zheng and Wang [23] improved Theorem A and proved

Theorem B. Let f(z) be a non-constant entire function, and let a(z) #
00,b(z) # 0o be two distinct small functions of f(z). If f(z) and f*)(2) share
a(z),b(z) CM, then f(z) = f*)(2).

Li and Yang [I5] improved Theorem B and proved

Theorem C. Let f(z) be a non-constant entire function, and let a(z) #
00,b(2) # 0o be two distinct small functions of f(z). If f(z) and f*)(2) share
a(z) CM, and share b(z) IM. Then f(z) = f*)(z).

Recently, the value distribution of meromorphic functions concerning difference
analogue has become a popular research, see [1, 2, 4 — 9, 12 — 14, 16 — 18].
Heittokangas et al [7] obtained a similar result analogue of Theorem A concerning
shifts.

Theorem D. Let f(z) be a non-constant entire function of finite order, let ¢ be
a nonzero finite complex value, and let a, b be two finite distinct complex values. If
f(z) and f(z+ ¢) share a,b CM, then f(z) = f(z + ¢).

In [I7], Qi-Li-Yang investigated the value sharing problem with respect to f’(z)
and f(z + ¢). They proved
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Theorem E. Let f(z) be a non-constant entire function of finite order, and let
a, ¢ be two nonzero finite complex values. If f/(z) and f(z + ¢) share 0,a CM, then
() = £z +0).

Recently, Qi and Yang [I8] improved Theorem E and proved

Theorem F. Let f(z) be a non-constant entire function of finite order, and let
a, ¢ be two nonzero finite complex value. If f'(z) and f(z + ¢) share 0 CM and a
IM, then f'(z) = f(z +¢).

Of above theorem, it’s naturally to ask whether the condition 0, a can be replaced
by two distinct small functions, and f’ can be replaced by f(*)?

In this article, we give a positive answer. In fact, we prove the following more

general result.

Theorem 1.1. Let f(z) be a transcendental meromorphic function of pa(f) < 1,
let ¢ be a nonzero finite value, k be a positive integer, and let a(z) Z 00,b(z) # 0o €
S(f) be two distinct small functions. If f*)(z) and f(z+c¢) share a(z),c0 CM, and
share b(z) IM, then f*)(2) = f(z 4+ ¢).

Example 1.1. [9] Let f(z) = 1—2%, and let ¢ = wi. Then f'(z) and f(z+-c) share
0 CM and share 1,00 IM, but f'(z) £ f(z + ¢).

This example shows that for meromorphic functions, the conclusion of Theorem
1 doesn’t hold even when sharing oo CM is replaced by sharing oo IM when k = 1.
We believe there are examples for any &, but we can not construct them.

As for k =0, Li and Yi [I3] obtained

Theorem G. Let f(z) be a transcendental entire function of pa(f) < 1, let
¢ be a nonzero finite value, and let a(z) % o0,b(z) # oo € S(f) be two distinct
small functions. If f(z) and f(z + ¢) share a(z) CM, and share b(z) IM, then

f2)=fz+0).

Remark 1.1. Theorem G holds when f(2) is a non-constant meromorphic function
of p2(f) <1 such that N(r, f) = S(r, f).

Theorem H. [§] Let f(z) be a non-constant meromorphic function of finite
order, let ¢ be a nonzero finite value, and let a(z) # oo, b(z) #Z oo and d(z) #Z o €
S(f) be three distinct small functions such that a(z), b(z) and d(z) are periodic
functions with period c. If f(z) and f(z+ c¢) share a(z),b(z) CM, and d(z) IM, then
f(2) = 1=+ ).

We can ask a question that whether the small periodic function d(z) of f(z) can
be replaced by any small function of f(z)?

In this paper, we obtain our second result.
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Theorem 1.2. Let f(2) be a transcendental meromorphic function of pa(f) < 1,
let ¢ be a nonzero finite value, and let a(z) # co,b(z) # 0o € S(f) be two distinct
small functions of f(z) such that a(z) is a periodic function with period ¢ and b(z)
is a small function of f(z). If f(2) and f(z + ¢) share a(z),00 CM, and share b(z)
IM, then either f(z) = f(z+c¢) or

op(2) — flz4+¢)—alz+¢) _ b(z+c¢)—a(z+¢)

f(z) —a(2) b(z) —a(z)

where p(z) is a non-constant entire function of p(p) < 1 such that eP*+¢) = eP(2),

We can obtain the following corollary from the proof of Theorem 1.2.

Corollary 1.1. Under the same condition as in Theorem 2, then f(z) = f(z +¢)
holds if one of conditions satisfies

(i) b(z) is a periodic function with period nc ;

(ii) p(b(2)) < p(e’™);

(i11) p(b(z)) < 1.

Example 1.2. Let f(z) = 176@%22, and let ¢ = wi. Then f(z+¢) = 1:676_22, and
f(2) and f(z+ c) share 0,00 CM, but f(z) # f(z +¢).

Example 1.3. Let f(z) = €*, and let ¢ = wi. Then f(z + ¢) = —e?, and f(z) and
f(z+c¢) share 0,00 CM, f(2) and f(z+c¢) attain different values everywhere in the
complex plane, but f(z) £ f(z + ¢).

Above two examples of show that "2CM-+1IM"is necessary.

Example 1.4. Let f(z) = e, then f(z + mi) = 6% It is easy to verify that f(z)
and f(z + i) share 0,1,00 CM, but f(z)
F(2) = (2 + 2mi).

Example 1.4 tells us that if we drop the assumption po(f) < 1, we can get

= m On the other hand, we obtain

another relation.

By Theorem 1.1 and Theorem 1.2, we still believe the latter situation of Theorem
2 can be removed, that is to say, only the case f(z) = f(z + ¢) occurs. So we raise
a conjecture here.

Conjecture. Under the same condition as in Theorem 1.2, is f(z) = f(z+¢) ?

2. SOME LEMMAS

Lemma 2.1. [0] Let f be a non-constant meromorphic function of p2(f) < 1, and
let ¢ be a non-zero complex number. Then
i LG9

f(z)
38
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for all r outside of a possible exceptional set E with finite logarithmic measure.

Lemma 2.2. [0, 20, 21| Let f1 and fa be two non-constant meromorphic functions

in |z| < oo, then
N(r, frf2) = N(r,

where 0 < r < co.

ﬁ) = N(T,fl) +N(7"7f2) —N(n%) —N(r,i

Lemma 2.3. [6] Let f be a non-constant meromorphic function of pa(f) < 1, and

let ¢ be a non-zero complex number. Then

T(r, f(2)) =T(r, f(z+¢)) + S(r, f),

for all r outside of a possible exceptional set E with finite logarithmic measure.

Lemma 2.4. Let f be a transcendental meromorphic function of pa(f) < 1 such
that N(r,f) = S(r, f), let ¢ be a nonzero constant, k be a positive integer, and
let a(z) be a small function of f(z + ¢) and f*)(2). If f(z +¢) and f*)(z) share
a(z),00 CM, and N (r, m) = S(r, f), then T(r,e?) = S(r, f), where p
is an entire function of order less than 1.

Proof. Since f is a transcendental meromorphic function of pa(f) < 1, N(r, f) =
S(r, f), and f, and f*) share a and oo CM, then there is an entire function p of

order less than 1 such that

(21) Jema=e(f® —a®) + (@) - a).

Suppose on the contrary that T'(r,e?) # S(r, f).
Set g = fc(k) — a'®. Differentiating (2.1) k times we have

22)  g=(")Pg o+ h(e)E g+t h(er) gl + g™ + BO),

where B = ep(a(_kc). —a).

It is easy to see that g # 0. Then we rewrite (2.2) as

B)
(2.3) 1— —— = De?,
g
where
!
D= efp[(ep)(k)& + k(ep)(kfl)& 4o
g g
g(kfl) g(k)
(2.4) + k(eP) =— + (eP)=—==].

g g
Since f is a transcendental meromorphic function with po(f) < 1 and f*) and f,.

share oo CM, we can see from N(r, f) = S(r, f), Lemma 2.1 and Lemma 2.3 that

(1 +o(1)N(r, f) + S(r, f) = N(r, f.) = N(r, f®)),
39



X. H. HUANG

and on the other hand
kN(T7 fc) + N(T, fc) = N(T, fék)),N(T‘, fc) = N(Ta f(k)) = N(Ta f)a

which follows from above equalities that N(r, f*)) = N(r, fc(k)) + S(r, f), and
thus we can know that g and g_. share oo CM almost. It is easy to see from the

assumption f. and f(¥) share oo CM that there exists no simple pole point of f..
g(;z) Let zgp be a pole of f with multiplicity n, than zg is
a pole of g with multiplicity n + 2k, and also zp is a pole of g(f)
(;Z with k& — 4. Let z; be

Now we estimate N(r,

with multiplicity

c
g

n + k + 7. Then we can see that zy is a zero point of

a pole of f. with multiplicity m, then z; is a pole of g with multiplicity m + k,

and also z; is a pole of g(_lz with multiplicity m + i. Then we can see that z; is a

)
zero point of % with k£ — i. Note that N(r, ﬁ) = N(r, é) = S(r, f), then
@) ‘

N(r, g;“‘) = S(r, f), and hence

k i i (k—1)

(er)® Cro=c
T(r,D) < ;(T(ﬂ o) T T)) +5(r, f)
k g(i) g(i)
< DS e) b mlr, ) + N, 7)) + S0 )

i=0 —¢

(2.5) =S(r,e?) + S(r, f),

where C}, is a combinatorial number. By (2.1) and Lemma 2.1, we get
(2.6)  T(r.e?) ST(r, fo) + T(r, f®) + 8(r, f) < 2T(r, f) + 5(r, f).

Then it follows from (2.5) that T'(r, D) = S(r, f). Next we discuss two cases.
Case 1. e P — D # 0. Rewrite (2.3) as

(2.7) geP(e™® — D) = B®,
We claim that D = 0. Otherwise, using the Lemma 2.8 to e P, we get
1
T YA N(r—— Y =T(r.eP
m(r, ) + N(r, ) = T(r, ™)
_ — 1 — 1
—p = -
< N(r,e™®) 4+ N(r, e—P) + N(r, p— —D)
— 1
+8(r ) = N(r, ———5) + 50, f) < T(r,e™") + 5(r, f),

that is to say

and
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It follows form above two equalities that

1

T(r,eP) = Ny(r, m) + S(r, f)-

Because the numbers of zeros and poles of B*) are S(r, f), we can see from (2.7)

and N(r, f) = S(r, f) that the multiplicities of poles of g are almost 1. And then
N(T,f)—f—kﬁ(?“,f) :N(T,g)-i-S(’l",f) :N(Tam)
= Ni(r, f)+ S(r, f) < N(r, f) + S(r, f) = S(r, f).

)

it follows from above that N(r,—-5) = S(r Then by Lemma 2.8 in the

+5(r, f)

following we can obtain

T(r,e?) =T(r,e™?)+ O(1)

< N(r,e ?)+ N(r, e%p) + N(r, ﬁ)

(2.8) + S(r,e?) = 8(r, f),
which contradicts with present assumption. Thus D = 0. Then by (2.7) we get
(2.9) g=BW®,
Integrating (2.9), we get
(2.10) fe= ep(a(_kc). —a)+ P +a,
where P is a polynomial of degree at most k — 1. (2.10) implies
(2.11) T(r, fo) =T(r,e?) 4+ S(r, f).
Substituting (2.9) and (2.10) into (2.1) we can obtain
(2.12) e?(a™) —a) + P =ertPL_,,

where L_. is the differential polynomial in

(k)

chv e apfc7a72c — Q_g¢, (a72c - afc)la ceey (a72c - afc)(k)v

and it is a small function of f(z 4 ¢). On the one hand

(2.13)

2T (r, eP) = T(r,e?) = m(r,e?) < m(r,ePTP=<) 4 m(r, ei—i) < T(r,eP™P=<) + S(r, f).
On the other hand, we can prove similarly that

(2.14) T(r,ePtP=<) < 2T(r,eP) + S(r, f).

So

(2.15) T(r,ePtP=<) = 2T(r,eP) + S(r, f).

By (2.11), (2.12) and (2.15) we can get T'(r,e?) = 2T(r,eP) + S(r, f), which is
T(r,eP) = S(r, f), a contradiction.
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Case 2. e ? — D = 0. Immediately, we get T(r,e?) = S(r, f), but it’s
impossible.

Of above discussions, we conclude that T'(r,e?) = S(r, f). O

Lemma 2.5. Let f be a transcendental meromorphic function of pa(f) < 1 such
that N(r, f) = S(r, f), let k be a positive integer and ¢ # 0 a complex value, and
let a # 0o and b # oo be two distinct small functions of f. Suppose

.—a a—b
L(fc): fJi_a/ a — b
and
k) —a a—>b
L) = f(kﬁl) IV

and f, and f*) share a,00 CM, and share b IM, then L(f,) # 0 and L(f*)) # 0.

fé*a' — a’ —b’
fe—a — a—b

side of above we can obtain f. —a = Cy(a —b), where C; is a nonzero constant. So
by Lemma 2.3, we have T'(r, f) =T (r, fo) + S(r, f) =T (r,C(a —b) + a) = S(r, f),
a contradiction. Hence L(f.) # 0.

Since f*) and f. share a CM and b IM, and f is a transcendental meromorphic

function of pa(f) < 1 such that N(r, f) = S(r, f), then by the Lemma 2.8, we get

Proof. Suppose that L(f.) =0, then we can get

. Integrating both

T(’I“, fc) S W(ﬁ ﬁ) +N(T’ ﬁ) +N(T7 fc) + S(?“, f)
= N 55— + N g —5) + 50.)
(2.16) < 2T(r, f®)) 4+ S(r, f).

Hence a and b are small functions of f*). If L(f*)) = 0, then we can get f(*¥) —q =
Cy(a — b), where Cy is a nonzero constant. And we get T(r, f(*)) = S(r, f)).
Combing (2.16) we obtain T'(r, f) = T'(r, fo)+S(r, f) = T(r,C(a—b)+a) = S(r, f),

a contradiction. O

Lemma 2.6. Let f be a transcendental meromorphic function, letk;(j =1,2,...,q)
be distinct constants, and let a £ 0o and b Z oo be two distinct small functions of
f . Againlet dj =a—kj(a—0b) (j=1,2,...,q). Then

LUD ) g 1y e, L)
Fo) =S, mn

) =5(r, ).

m(r,

for1 <i<q and
LU, )
(fe —d)(fe—do) - (fe _dm)) = S(r, f),
where L(f,) is defined as in Lemma 2.5, and 2 < m < q.
42
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Proof. Obviously, we have

LU o @ =We—a),  (a=b(f—a)
mir, 200 < m(r, S ) o, ) = 50 ),
and
L(fc)fc o 1 ClL(fc)

(fc_dl)(fc_dQ)"'(fc_dq) i1 fc_di’

where C; = % are small functions of f. By Lemma 2.1 and above, we have
i

L(fC)fc = m(r g CiL(fC)
) Gy T )
(2.17) <> mlr 090 4 80) = S(r ). 0
=1 c 7

Lemma 2.7. Let f and g be are two non-constant meromorphic functions such
that N(r, f) = S(r, f), and let a # oo and b # oo be two distinct small functions of

f andg. If

where

and

L(g) = (a' = V) (g —a) — (a—b)(¢' — a').
And if f and g share a,00 CM, and share b IM, then either 2T (r, f) = N (r, fia) +
N(r, ﬁ) +S(r, f), or f=g.

Proof. Integrating H which leads to
—-b —-b
9-b_ ./

g—a f-a

where C' is a nonzero constant.
If C =1, then f =g. If C # 1, then from above, we have
a=b_(C-1)f-Cb+a
g—a f—a ’

and
T(r,f) =T(r,g) + S(r f) + 5(r,9).
It follows that N(r, fcﬁ) = N(r,-%5) = S(r,f). Then by Lemma 2.8 in the
—Ct=2

1
following,

T(r, ) < W0 ) + Nl ) + N ) + 50)
C—-1
< N 5) + 50:£) < T 1)+ S(r. ),

43



X. H. HUANG

and
() < N 1) + N, )+ N g + S0, 1)
f-e5
< Nl 525) + 50.) S T(. ) + 5. £),
that is T'(r, f) = N(r, ﬁ) + S(r, f) and T(r, f) = N(r, ﬁ) + S(r, f), and hence
2T(T’,f):N(T,f%a)#*ﬁ(’r‘,ﬁ)#*S(T,f). U

Lemma 2.8. [22] Let f(z) be a non-constant meromorphic function, and let a; €
S(f) be q distinct small functions for all j =1,2,...,q. Then

(g—2—€e)T(r, f) <ZN +S(rf)r¢E

for all r outside of a possible exceptwnal set E with finite logarithmic measure.

Remark 2.1. Lemma 2.8 is true when 0o, a1, ag, -+ , a4 € S'(f) with S(r, f) in our
notation, in other words, even if exceptional sets are of infinite linear measure. But

they are not of infinite logarithmic measure.

Lemma 2.9. [I1I] Let f and g be two non-constant meromorphic functions. If f and
g share 0,1,00 IM, and f is a bilinear transformation of g, then f and g assume
one of the following siz relations: (i) fg=1; (ii) (f—1)(g—1) =1; (i11) f+g=1;
() f=cg; (v) f—-1=clg—1); (vi) [(c—1)f+1][(c—1)g—c] = —¢c, where c # 0,1
is a complex number.

Lemma 2.10. [3] Let f, F and g be three non-constant meromorphic functions,
where g = F(f). Then f and g share three values IM if and only if there exist an
entire function h such that, by a suitable linear fractional transformation, one of
the following cases holds:

(i) f=g;

(i) f = e and g = a(1 + dae™" — 4a’e=?") have three IM shared values a # 0,
b =2a and oo;

(iti) f = €" and g = $(e" + a*e™") have three IM shared values a # 0, b= —a and
00;

(iv) f = e" and g = a + b — abe™" have three IM shared values ab # 0 and oo;

(v) [ =e€" and g = $e*" — 2e" + 2b have three IM shared values b # 0, a = 2b and
o0y

(vi) f =e" and g = b*e™" have three IM shared values a # 0, 0 and occ.

Lemma 2.11. [I0 20, 21] Let f and g be two non-constant meromorphic functions,

and let p(f) and p(g) be the order of f and g, respectively. Then p(fg) < max{p(f),p(g)}
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Remark 2.2. We can see from the proof that Lemma 2.9 [11] and Lemma 2,10

[20] are still true when f and g share three value IM almost.

3. THE PROOF OF THEOREM 1.1

If f. = f®), there is nothing to prove. Suppose f. # f*). Since f is a non-

constant meromorphic function of po(f) < 1, f. and f*) share a,co CM, then we

get
(k) _
(3.1) Fr=a_ o
fc —a
where h is an entire function, and it is easy to know from (2.1) that h = —p.

Since f is a transcendental meromorphic function of po(f) < 1 and f *) and f,

share oo CM, we can see from Lemma 2.1 and Lemma 2.3 that
(1+0(L))N(r, f) + S(r, f) = N(r, fo) = N(r, f¥),
which implies
N(r,f) = S(r, ).

Furthermore, from the assumption that f*) and f. share ¢ and oo CM and b IM,

then by Lemma 2.1, Lemma 2.8 and above equality, we get

- 1 — 1 —
T(r, fe) < N(r, m) + N(r, m) + N(r, fe) + 5(r, f)
_ 1 _
= N(Tam)+N(T,m) +5(r, f)
< N(r 5 g) + S ) S Tlr fo = £9) 4 (0.1
<m(r, fo= fO) 4 N(r fo = f®) + S(r, )
(k)
<mlr fo) 4 m(r 1~ L0) 4 N )+ S ) < TOn £) + S0 ).
That is
1 — 1
(32) T(r, fe) ZN(T,H)JrN(T’m)JrS(T, ).
By (3.1) and (3.2) we have
(33) T(rfo) =T(r fo= f¥)+ S0 f) =N, ﬁ) +S(r, f)-
and by Lemma 2.1,
(k) _ (k) (k) _ (k) _
T(r, ") = mlr.eh) = mr, Tt LI < gy, et
fR) a(_’fc) F) g 1
(3.4) +m(7’am)+m(ﬁﬁ Sm(ram)ﬁLS(T,f)-
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Then it follows from (3.1) and (3.3) that
(3.5)

1 et —1 1
T o N O 7
Then by (3.4) and (3.5)

m(r, ) +m(r,e" —1) < T(r,e") + S(r, f).

1
(3.6) T(r,e") = m(r, m) +S(r, f)
On the other hand, (3.1) can be rewritten as
f(k) - fc h
3.7 =e' -1,
( ) fe—a

which implies

(3.8) N L 5 < NG ﬁ) + S0, f) = T(r, ") + S(r, f).
Thus, by (3.2), (3.6) and (3.8)
mlr, 5m) + N =) = N ) + Nl =) + S0 )
< N 5) + Nlr o) + (0.
< N5+ mlr ) + 502 6).
which implies
(3.9) N, ﬁ) =N )+ S(.f)
And then
(3.10) Nr, ﬁ) — T(r, ") + S(r f).
Set
_ L(f)(fe = f)
310 T e—a -
and

(f®) —a)(f®) =)
It is easy to know that ¢ # 0 because of Lemma 2.5 and f # f*). We know that
N(r,¢) < N(r, f) = S(r, f) by (3.11). By Lemma 2.1 and Lemma 2.6 we have

L(f)(fe = ™)
(fe —a)(fe —b)

L(fe)fe )+ m(r,1— f(k))+S(r,f)=S(7“7f)’

’(fc_a)(fc_b) fc

T(r,p) = m(r, @) + N(r,) = m(r, )+5(r, f)

< m(r

that is

(3.13) T(r,) =S(r, f).
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Let d = a—j(a—0b)(j #0,1). Obviously, by Lemma 2.1 and Lemma 2.6, we obtain

LRI L(f)  L(fo),,, [®
m(hfc)* (’(b—a)w(fc—a fc—b)(l 7. )
L L(fe)  L(f)
el e A
f(k)
(3.14) +m(r,1— 7 )+ S(r, f)=S(r, f).
and
m(r . ) =m(r LU e = 1) )
’fc_d 7‘;O(fC_a)(fc_b)(fc_d)
f® L(fe)fe
e A T A Ty
(3.15) +S(r, f) = S(r, f).
Set

(fe=a)(fe=0)  (f®) —a)(f® —b)

We discuss two cases.
Case 1 ¢ = 0. Integrating the both sides of (3.16) which leads to

fc_ai f(k)_a
(3.17) i3 =

where C' is a nonzero constant. Then by Lemma 2.7 we get

(3.18) 27(r, f.) = N(r, ﬁ) + N(r, ﬁ) + S(r, f),

which contradicts with (3.2).
Case 2 ¢ # 0. By (3.3), (3.13) and (3.16) we can obtain

o(fe— )

T(r, fo) =T(r, fo— f®Y+ S(r, f) = T(r, )+ S(r, f)

5
SEACE UYL S, 1) < T(r — ) + T(r,6) + S(r. f)
(3.19) < T(r,0) + T(r, 6) + S(r, f) < T(r, ) + N(r, ——) + S(r, f).

fc -b
On the other hand,
L(f*)(fe = ™)
T(f®) —a)(f®) —b)
L(f*)(fe = f*)
=m(r, 09 = o) (f® _b))—l-N(r,z/J)
L(f® £, f®
< mf(r, f(("?) _2))+m r, o
(3.20) < m(r, ﬁ) + S0 f) = N(r, ﬁ) S0 ).
47
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Hence combining (3.19) and (3.20), we obtain
1

(3:21) T(r, fe) < 2N(r, m) +S(r, f).
If a(fc) = a, then by (3.1) and Lemma 2.1 we can get
(k) _ (k)
T(r,e") = m(r.et) = mr, =2
FLONAL)) FB) k) B
(3.22) < m(r, m) +m(r, ﬁ) = S(r, f).

It follows from (3.10), (3.21), (3.22) and Lemma 2.3 that T(r,f) = T(r, f.) +
S(r, f) = S(r, f). It’s impossible.
If ') = b, then by (3.10), (3.21) and and Lemma 2.1,

1 — 1
T(r, fe) <mf(r, m) + N(r, m) +5(r, f)
O g 1
< m(r, m) +m(r, ﬁ) + m(r, R — b)

which implies

(3.23) T(r,f.) < T(r, f*¥) +S(r, f).

Lemma 2.3 implies

(3.24) T(r, f*) <T(r, f) +EN(r, f) + S(r, f) = T(r, fo) + S(r, ),

and it follows from the fact f. and f*) share @ CM and b IM, (3.2) and (3.23) that

T(r, f¥)) = T(r, f.) + S(r, f)

= N(r, m) + N(r, 7o b) +S(r, f)
(3.25) = N(r, ﬁ) + N(r, ﬁ) + S(r, f).

By Lemma 2.1, Lemma 2.8, (3.2) and (3.25), we have

1 1

27(r, fM) < N(r, ﬁ) + N (r, m) + N(r, m) +N(r, f®)
S 0) < 27(r S = m(r, ) + 50 f)
Immediately,
1
(326) m(’/’, m) = S(’r, f)
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By the First Fundamental Theorem, Lemma 2.1, Lemma 2.2, (3.14), (3.25),

(3.26) and f is a transcendental meromorphic function of ps(f) < 1, we obtain

c d c
m(r, fj(ck) — d) S m(r, f(k{_ d) + m(r, m) + 0(1)
>~ (Ta ﬁ) - N(’I“, f(k{C_ d) + 5(73 )
S —d S —d /.
= m\r, fc ) (7", fc ) (7’, f(k) — d) + S(Tv f)
1 1
SN(T,E)*N(T,m)+N(T,f(k))*N(T, )+S(Tv )
1 1
=T(r, E) = T(r, m) +5(r, f)
=T(r, fo) = T(r, f*) + S(r, ) = S(r, f)-
Thus
fc - d
(3.27) m(r, m) = S(r, f).
It’s easy to see that N(r,¢) = S(r, f) and (3.12) can be rewritten as
_a—dL(f%)  b—d L(f®) . f.—d
(3'28) wi[a—bf(k)—aia—bf(k)—b][f(k)—dil].

Then by Lemma 2.6, (3.27) and (3.28) we can get

(3.29) T(r,v) = m(r,) + N(r,v) = S(r, f).

By (3.2), (3.19) and (3.29) we get
1

(3.30) N(r, m) =5(r, f).
Moreover, by Lemma 2.1, (3.2), (3.25) and (3.30), we have
1 1 1
(3.3fr, m) =m(r, m) = m(r, m) +S(r, f) = 5(r. f),

and it follows from above, (3.6) and (3.10) that

N, ) = mlr. ) + S(r. )
_a)k)
33) <) (L) 156 = S0
Then by (3.2), (3.30), (3.32) and Lemma 2.3, we obtain
— 1
T(r,f)=T(r, fe) + S(r, f) :N(ﬂm)
(3.33) + N, ﬁ) + S0 f) = S(r, f),

which implies T'(r, f) = S(r, f), a contradiction.
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So by (3.6), (3.10), (3.21), the First Fundamental Theorem, Lemma 2.8 and
Remark 2.1 we can get

! )+ S(r, f) < 2m(r, !

— )
fc_a f(k)—a(_kc)

1
+S(r, f) = 2T(r, f*) - QN(ﬁm) +S(r, f)

_ 1 — 1 — 1
< N(Ta7)+ (T7.7)+ (Ta )
fk) —q fF) —b fk) — a(_kc)
+ N(r, f®) — 2N (r, + S(r,
() = 2N () + 50.)
1
< —
ST £2) = N ) + 80 ),
which implies that
1
Consequently, Lemma 2.1 and Lemma 2.3 can deduce
1 1
N( N(r, )= S8(r, f).

r—————x) = —y
fB) agkg) £ (k)

Then applying Lemma 2.4, we have T'(r,e) = T(r,e?) + O(1) = S(r, f), and it
follows from (3.10) and (3.21) we can get T'(r, f) = T'(r, fc) + S(r, f) = S(r, f), a

contradiction. This completes the proof of Theorem 1.

4. THE PROOF OF THEOREM 1.2

If f(2) = f(z + ¢), there is nothing to do. Assume that f(z) £ f(z + ¢). Since
f(z) is a transcendental meromorphic function of pa(f) < 1, f and f(z + ¢) share
a(z),00 CM, then there is a nonzero entire function p(z) of order less than 1 such
that
(4.1) flete) —az) _ e,

f(2) —alz)

then by Lemma 2.1 and a(z) is a periodic function with period ¢,

(4.2) T(r,eP) = m(r,e’) = m(r, fz+c)—alz+ C)) =S(r, f).

f(z) —a(z)
On the other hand, (4.1) can be rewritten as
fleto) =) _ ae) _
(4.3) CErC R
and then we get
— 1 1
(4.4) N (r, f(z)—b(z))SN(r7 ep(z)_l)zs(raf)
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Denote N, n)(r, m) by the zeros of f(z) — b(z) with multiplicities m and
the zeros of f.(z) — b(z) with multiplicities n, where m,n are two positive integers.

Thus, we can obtain

1 - 1 - 1
N o)~ 2 Naw ) 4 N gy
AL 1 — 1 — 1

+ 2.2 Nuwl 550y < N0 gy —05) +mV 0 )

(4.5)
— 1

+ N(r, ) 1) < (m+1)N(r, o= )) +S(r, f)=S(r, f),
that is
(46) NG : )= Nir,————) = S(r. /)

' R T L [ T L
Similarly, we also have

1

(4.7) N(r, f(z+c)—b(z))zs(r’f>'
Set
(4.8) w(z):f(z—kc)—b(z—i—c)

It is easy to see that
1 1

(49 N o) SN0 s 79

)+ N(r,b(2)) = 5(r. f),

_
f(z) = b(z)
Hence by Lemma 2.1 and above,

(4.11) T(r,¢(z)) = m(r,9(2)) + N(r,¢(2)) = S(r, f)
According to (4.1) and (4.8),we have

(4.10) N(r,(z)) < N(r, )+ N(r,b(2)) = S(r, f).

(4.12) (P —(2))f(2) + ¥(2)b(2) + a(z) — b(z + ¢) — a(z)eP*) = 0.
We discuss following two cases.
Case 1 ¢P(*) # ¢)(z). Then by (4.2), (4.11) and (4.12) we obtain T(r, f) =

S(r, f), a contradiction.
Case 2 eP(*) = 4(2). Then by (4.1) we have

(4.13) f(z+0) = D (f(2) — al2)) + al2),

and

(4.14) N(r LS——— S ! ) = 5(r, f)
| et e () - () + SR T
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If b(z) is a periodic function of period ¢, then by (4.12) we can get e?(*) = 1,
which implies f(z) = f(z + ¢), a contradiction. Obviously, a(z) — % % a(z).
Otherwise, we can deduce a(z) = b(z), a contradiction.

Next, we discuss three subcases.

Subcase 2.1 a(z) — ep(zb)(z) # b(2) and a(z) — (ep(zb)(z) # b(z — ¢). Then
according to (4.6), (4.7),(4.14) and Lemma 2.8, we can get
_ 1 _
T(r, f(2)) < N(r, ) —ats) (e)p(zb(z) )+ N(r, m)
— 1
(415) +N(T,m)+5(7’7f):5(7',f),

that is T'(r, f(z)) = S(r, f), a contradiction.

Subcase 2.2 a(z) — a(z)p( 52) = b(2), but a(z) — a(ze)p(zb(z) # b(z —¢). It follows
that eP(*) = 1. Therefore by (4.1) we have f(z) = f(z + ¢), a contradiction.

Subcase 2.3 a(z)— a(i)p(z)(z) =b(z), a(z) — a(i)p( 52) = p(z—¢). It follows that
eP(?*) = 1. Therefore by (4.1) we have f(z) = f(z + ¢), a contradiction.

Subcase 2.4 a(z) — 2222 £ p(2) and a(z) — LEEE = bz — (). Tt is easy

eP(z) ep(z)
to see that

CL(Z) — b(Z) — ep(z)
(4.16) a(z—c) —b(z—c) '

Furthermore, (4.12) implies
a(z+c¢) —b(z+c) _ ()
a(z) — b(z) ’
(4.18) U2) =b() o),
a(z —c) —b(z —¢)
It follows from (4.16) and (4.18) that

(4.17)

(4.19) eP(2) = ep(zto),

By (4.1), (4.8) and (4.19), we know that f(z) and f(z+ nc) share a(z) and co CM,
SO we set

f(z) —a(z) (2) = flz+nc) —a(z)
b(z) —a(z)’ b(z 4+ nc) —a(z +ne)’

Since f(z) and f(z+4nc) share a(z) and oo CM, and (b(z), b(z+nc) CM, so F(z) and
G(#) share 0,00 CM almost, and 1 CM almost. We claim that F' is not a bilinear
transform of G. Otherwise, we can see from Lemma 2.9 that if (i) occurs, we have

N(r, f(2)) = N(r,F(2))+ S(r, f) = S(r, f), then by Remark 1 and Theorem G, we
get f(z) = f(z + ¢), a contradiction.

If (ii) occurs, we have N(r, f(z)) = N(r,F(z)) + S(r,f) = S(r, f), then by
Remark 1 and Theorem G, we get f(z) = f(z + ¢), a contradiction.
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If (iii) occurs, we have

1 1

(4.21) N(r, m) =S(r, f), N(r m) =S(r, f).
Then it follows from above, a(z) — a(ze)p(zb)(Z # a(z), a(z) — = ze)p(zb)(z) # b(z) and

Lemma 2.8 that T'(r, f) = S(r, f), a contradiction.
If (iv) occurs, we have F(z) = jG(z), that is

b(z + nc) — a(z + ne) (f(z +nc) —a(z)
=J
b(z) — a(2) f(z) —alz)
where j # 0,1 is a finite constant. Then it follows from above, (4.17) and (4.19)

(4.22)

);

that e"?(?) = je"P(%)  therefore we have j = 1, a contradiction.
If (v) occurs, we have
) = S0 ).
f(z) —a(?)
Then by Lemma 2.8, (4.7), (4.14) and b(z — ¢) # a(z), we obtain T'(r, f) = S(r, f),

a contradiction.

(4.23) N(r,

If (vi) occurs, we have

(424) N(Ta f(Z)) = N(T’ F(Z)) + S(rv f) = S(T’ f))

and hence we can see from Theorem G and Remark 1 that f(z) = f(z + ¢), a
contradiction.
Therefore, F'(z) is not a linear fraction transformation of G(z). If b(z) is a small

function with period nec, that is b(z + (n — 1)c) = b(z — ¢), we can set
D(2) = ((2) = b(2))(b(= + ne) — b= + (n — 1))

— (f(= +ne) — bz + ne))(b(2) — b(z — ©))

= (F(2) = b(z — ©))(b(z + 1) — b(z + (n — 1)e))

— (f(z +ne) — bz + (n — 1)e))(b(2) — b(= — )

If D(z) =0, then we have f(z +nc) —b(z —c¢) = —(f(2) — b(z — ¢)). And thus we

know that f(z) and f(z 4 nc) share a(z),b(z — ¢) and oo CM. We suppose

f(z) = a(2) f(z+ne) —a(z)
b(z —¢) —a(z) b(z—c)—a(z)
Then we know that Fj(z) and G1(z) share 0, 1,00 CM almost and G4 (z) = —Fi(z).
So by Lemma 2.10, we will obtain either N(r, f(z)) = N(r, F1) + S(r, f) = S(r, f),
but in this case, according to Theorem G and Remark 1, we can deduce a contradiction.
Or Fi(z) = G1(z), that is f(z) = f(z + nc). Therefore, we obtain f(z) = b(z — ¢),
that is T'(r, f(z)) = S(r, f), a contradiction.
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Hence D(z) # 0, and by (4.7)-(4.8), (4.14) and Lemma 2.1, we have

2T (r, f(2)) = m(r, m) + m(r, m) +S(r, f)
1 1
= he) TR e o) T
mir D(Z) D(z> mir T
sm e T o) T o) T
<m(r,D)+ N(r,D) <m(r, f(2)) + N(r, f(2)) + S(r, f)

which implies T'(r, f) = S(r, f), a contradiction.
By (4.16) we have

(4.26)

Ab(2) B
Combining (4.18) and the fact that a(z) is a small function with period ¢, we can
get

Ab(z+¢) B
According to (4.27) and (4.28), we obtain
bae(2) — be(2)

4.9 p(z) — Z2c1%) 7 Tel®)
(429) ¢ Acb(z)
So if p(b(2)) < p(eP*)), we can follows from (4.28) and Lemma 2.11 that

bac(2) — be(2)

(4.30) p(e") = p(=15 o)

) < p(b(2)) < p(e!®),

which is a contradiction.

If p(b(z)) < 1, we claim that p(z) = B is a non-zero constant. Otherwise, the
order of right hand side of (4.28) is 0, but the left hand side is 1, which is impossible.
Therefore, by (4.1) we know that f(z + ¢) — a(z) = B(f(z) — a(z)), and then by
Lemma 2.10 we will get N(r, f) = S(r, f), so by Theorem G and Remark 1 we can
obtain f(z) = f(z + ¢), a contradiction.

This completes Theorem 1.2.

Acknowledgements The author would like to thank to referee for his helpful

comments.
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GEOMETRIC BROWNIAN MOTION
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Abstract. Value-at-risk (VaR) serves as a measure for assessing the risk associated with
individual securities and portfolios. When calculating VaR for portfolios, the dimension of the
covariance matrix increases as more securities are included. In this study, we present a solution
to address the issue of dimensionality by directly computing the VaR of a portfolio using a single
security, therefore requiring only one variance and one mean. Our results demonstrate that, under
the assumption of Gaussian distribution, the deviation between the computed VaR and actual

values is relatively small.

MSC2020 numbers: 60J65; 65C30; 60H35; 97M30; 91B24.

Keywords: Portfolio value-at-risk; sum of lognormal distribution; Fenton-Wilkinson
approximation.

1. INTRODUCTION

The computation of portfolio value-at-risk (VaR) typically involves a strict al-
gorithm that assumes a distribution close to normal and incorporates a correlation
matrix of security returns.

However, a challenge arises due to the increasing dimensionality of the covariance
matrix, resulting in exponential computational burden with the inclusion of each
new security (see [I]). In this paper, we propose an alternative calculation algorithm
that assumes a Gaussian distribution of returns, while significantly reducing the
computational burden. We examine this straightforward method and explore vari-
ations, focusing primarily on the maximum absolute difference between the two
approaches. Initially, we investigate the maximum deviation in the case of positively
correlated securities, followed by a general analysis encompassing various scenarios.

Existing literature primarily emphasizes the reduction of computational burden
through simplification of matrix-based calculations. As our primary concern is a

single quantity, it is more feasible to approximate the VaR itself. Other authors

IThe research of the second author is partially supported by the Mathematical Studies Center
at Yerevan State University
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concentrate on improved methods of estimating VaR when the underlying distri-
bution deviates from the Gaussian assumption (as seen in [2]). While we do not
delve into these alternative approaches for computing VaR in portfolios with a
sum of lognormal distributions, it may prove effective to incorporate third and
fourth moments (see [3]). Given that we primarily deal with the sum of lognormal
distributions, we employ existing approximation methods. Specifically, we utilize
the Fenton-Wilkinson approximation ([4, 5]) due to its simplicity, although more
accurate approximations exist (see [0 [7]). Remarkably, our findings indicate that
the simple Fenton-Wilkinson approximation sufficiently approximates VaR under
the assumption of normality.

The paper is organized as follows. In Section 2, we introduce the general framework
and the proposed method. Section 3 analyzes the maximum potential difference,

and finally, we conclude with a discussion of our results.

2. VAR COMPUTATION AND APPROXIMATION

We deal with only two subsequent periods of time. Here we consider mixture of

n securities represented by geometric Brownian motions

(2.1) S(t) = Z w;S;(t)

with w; >0, >0, w; = 1, and S;(t), ¢ = 1, n are processes satisfying the following

stochastic differential equations (SDE).
(22) dSi(t) = paSi(t)dt + o,5,(£)dWi ()

with W;(t) ~ N(0,t) not necessarily independent Brownian motions, i.e. for each 4,
Wi(t+1) —W;(t) ~ N(0,1) iid for each t € {1,2,...} Hwith correlation coefficients

(2.3) pi,;(t) = corr(Wi(t), W;(t))
As we deal with only two periods (¢ = 0, 1) and having no randomness in period 0,
we take
(2.4) pi,i () = pij
Thus S;(t), ¢ = 1,n have log-normal distribution
Si(t) = Si(o)e(#i*U?/Q)tJrUz‘Wi(t)
(2.5) o2
Si(t) ~ LogN <1n S;(0) + (,uz - 2) t,0; t)

2Note that we consider only discrete points of time. However, initially the Brownian motion
should be defined on continuous domain. We are only interested in two periods t = 0,1
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The log-returns we denote by X;(¢) for individual stock, and X (¢), for portfolio.
Si(t+1) o

26 Xlt :1 =~ | thNN iiiai

(2.6 0=t (L) X~ N (-G

Note that correlation of log-returns is also p(X;(t), X;(t)) =: px, x; = pij, thus

yielding the following vector-distribution.

(2.7)
o2
H1— 5 o? ce. 010nP1n
(Xl(t)a'“vXn(t))NN n= , 0= : . : ,
uﬂf% 010nP1n O'TQL

where p is vector of means and ¥ is covariance matrix. From (2.1) and (2.7]), the
portfolio VaR (the quantile of portfolio return X (¢)), have the following form

n ) w151(0)
VaRx = ZwiSi(O) (ui - 20?) +2a/2 | (w151(0), ..., w, Sy (0)) - X -

=t w85 (0),
where VaRx is value at risk for given portfolio, and z,/5 is quantile of standard
normal distribution (with probability P(X < z,/2) =1— §) (see [1} 2]). Note that
S(t) in (2.1)), is distributed as sum of lognormal distributions, i.e.

n 2

(2.8) S(t) ~ leiLogN (ln S;(0) + (ui - 2’) t, 0?15)

By Fenton - Wilkinson ([3} 4]) approximation we have

(2.9) S(t) ~approw LogN (p1(t); a2(t)) ~: S(t),
where
(2.10)

o2(t) = :

(S (5:0) + 1 - 30) )

- 1 1 ofitodt
0 g (S40)+ G = 507 ) (8500 + oy - o)) ™

p1z(t) = In (Z w; (Si(o) + (i — ;J?)) 6U§t> - 022(t)
i=1

Let’s approximate X (t) with return of §(7), X,(t):=1n (S(itl)>, with

—~—

(2.11) Xp(t) ~ N(pa(t+1),02(t +1)) = N(p=(t), 02(1))
To completely determine the distribution, we additionally need covariance

O(t) = Cov (ln S(t+1); ln%) —E (lnS(t 1) ~1nSA(tJ))—E (lnS(t ¥ 1))~E (ln STE))
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with E(InS(t)) = p.(t). To find covariance C(t) we use formula for exponential

terms. So let’s consider E(e™S(+1) . eln%) .

(2.12) E (elnS/(;ﬁ) _elnSA(Z)) _ euz(t)+;1,z(t+1)+w

On the other hand

n

(2.13) E (eln SEFL) . gln S(”) =E (Z w; Si(t) - iw&(ﬂ)

i=1 =

The covariance may be approximated byE|

C(t) = In (E (Z w; Si(t) - Zwisiof))) — iz () — (1) — %oﬁ(t) - %OE(H 1).

Hence we have the following approximate distribution
(2.14) Xp(t) ~appros N (NZ(t +1) = pe(t), 02 (t+ 1) + 02 (t) — 2C(t))
The idea is to approximate portfolio VaR using quantile of approximate distribution

of X,(t) (for 2 consecutive days ¢t = 0;t + 1 = 1).

(2.15) VaRx, = p(t +1) — p(t) + S(O)za/z\/og(t +1) 4+ o2(t) — 2C(¢)

For t = 0, we have the following (by (2.10))

a2(0) = - SOI ) 5:0=0
(2.16) (Zi:l Wi (n i(0) + (pi — 307 )))1
p2(0) = In (sz (Si(o) + (i — 201‘2))>

So for t=0 we have random variable with 0 variance, which is obvious as nothing

is random in that period. For t+1=1 we have:

31t is indeed approximation, as in li §Zt/) is used, while in li S(t).
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Note that as one of our random variables has 0 variance the covariance can be taken
to be 0. So we have:
= 1,0\ 2 - 1,
VaRx, =In (Z} w; (SZ-(O) + (i — 2@-)) e ) —In (Z} w; (SZ-(O) + (i — 201-))) —
1 n
_ 50'5(1) + Za /2 (Z U)ZSL(O)> \/ 0'2(1).
i=1

Hereafter, we will consider only risk neutral pricing, i.e. u; = %af.

3. DIFFERENCE IN METHODS

We claim that difference between VaRx, and VaRx is not big, in sense that

there exist C such that
VCLRXP — VaRX

VaRX
for any correlation coefficients p;; with i # j; i, j = 1,n and any weights w; in risk

<C

neutral setting. Or at least we attempt to prove similar resultﬂ

Remark 3.1. We don’t yet know if C depends on general structure of p-s and o-s,
or is there any absolute constant. At least we will try to show the existence of some
bounds. Also note that while we may not come to theoretically small C, in practice

C is quite small.

For the risk-neutral pricing (i.e. taking u; = %af) we obtain

(3.1)
’LU151(0)
VaRX = Za/2 (w151(0)7 7wnSn(0)) DI
Wy Sy (0)
Valtx, =In < wiSi(O)eaf> —In (Z w,»si(o)> -
=1 i=1
1 1 - 2 o
) 2 Z pijoiojw;w;S;(0)S;(0)e2 e | +

(Z?—l wz‘&(ﬂ)eﬁ) i,j=1

n 1 n 2 6]2
Za/2 (Z wiSi(O)> N Z pijoiojw;w;S;(0)S;(0)ez e
=t (Z:’L—l wisi(0)€5> nI=t
Let’s first consider the case where we deal only with non-negative correlations, i.e.
pij = 0.

4No formal derivations of approximation were given originally for log-normal approximation
with Fenton-Wilkinson. So some computational comparisons had been done later, see [6].
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3.1. First bounds. We have the following obvious (quite loose) bound for the
fourth term of VaRx, in (3.1)

i=1 wiSi(0 - 2 o
2o 21:1 w; i ( )02 Z pijoiojww;S;(0)S;(0)ezes | <
(32) Zi:l wlSl(O)e 2 i,j=1
7-l 7]51 0 U?naw Ugn,a;n 672nin
Za/2 21:1“’ ( )02 e 2 VaRx <VaRxe 2 ~ 2
Z?:l wlsl (0)671
And similarly
(3.3)
" :9:(0 n o2 oF
/2 ZZ:lw ()0_2 ZPijo'igjwiszi(o)sj(0)6767 >
Yo wSi(0)e= ig—1
~%max - o2 o3 12mn 2ax
Zoso€ 2 Z pijal-ajwiiji(O)Sj(O)eTleTJ >VaRxe 2 ~ 2

4,j=1

Considering the first three terms of VaRx,, in (3.1)), and using the same argumentation
we have the following bounds

o2

i wiSi(0)e? | 1 1 - 2 3
| S5 s0 ) 2 7 | 2 piiogwinSi(0)8;(0)e e
e <Z$_1 wisi(0)65> =1
1 1 -
iafm-n — 56‘7’2"”70’2"1'" Z Pij0i0 ;W W;
7,7=1
which in turn, using the following o2, > Z?j:l PijOiTWiw; > 02 We give
(3.4)
o2 . .
i wiSi(0)e® | 1 1 2 7
In Zrlz U/S(O) - 5 N Z pijaiajwiiji(O)Sj(O)e 2 e 2
= (Z?ﬂ wz'Si(O)e;) nI=t
1
Tz 1o ook,
2 2
Similarly one can derive
(3.5)
o2
s wiSi(0)e® | 1 1 - 2
In Z% ’U/S(O) - 5 SN 2 Z pUO'vO'J’w,’LUjSZ(O)SJ(O)G 2 e 2
= (Z?—l wiSi(0)€5> nI=t
1 1 o2 2
io—fznam - Earzm‘ne e e
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Combining (3.2)), (3.3]), (3.4) and (3.5, we obtain the following bound

1 1 2 2 Toin _ Tras
5 0min = 30maa€” " + VaRye 55T TH < VaRy,
(3.6) 1 1 ) ) 2 2
— max man
§§‘772mu — igilineamm Tmar 4+ VaRxe 2 2

Note that this bound is indeed loose, as right side can get quite big thanks to
exponent, while the left side can be quite small. Also note that, if 0; = Tmaz = Omin,

we retrieve VaRx, = VaRx.

3.2. Bounds for positive correlations. The better bound stated in the following
proposition can be obtained. First let’s make some notations value of portfolio
VP :=>" w;S;(0) and
21 Wiw;0;0;.5:(0).S;(0)

> =1 wiw;S;(0)S;(0)

Proposition 3.1. The following inequality holds if we assume non-negative correlations:

(3.7 og =

1, 1 1 \°/ 1\ 5 202, — 02,
- . _ = V R max man V R < V R <
9~ min 2 (Z(y/2> (VP) aliy 03}3 + VaRx < Va Xp >
(38) 1 1/ 1\2/ 1)\ 252 2
2 2 Omaz — Omin
- == — — | VaR VaR —_—
p7maz 3 (%/z) (VP) R oo

Proof. We make use of Holder’s inequality for left part, and Abel’s inequality

for right part (3.8).

Lemma 3.1. For positive values of x; and w;, the following inequality is true.

(3.9) Doiy Tawie™ 3 Tiw;
S w3 w;

Proof. We define
n .
(3.10) Hia) = 2zt 0™
Zi:l w;eaTi
and consider its derivative with respect to a.
(Z?:l x%wieaxi) (i wie™) — (00 xﬂmewi)Q
(2?21 wie‘mi)Q

Due to Holder’s inequality the numerator is non-negative. Indeed, denote

(3.12) ap = J;ke%\/wk; by, = ewTk\/wk

Then the numerator is exactly

) (5 () =

By exactly the same technique, one can show that the following lemma is also true.
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Lemma 3.2. For positive values of x; and w; and for some strictly increasing

function f(x), the following inequality holds.

(3.13) Yy miwie D ST waw;
. Y wie ) T T w;

This inequality is enough to show the first part of (@

Proof. Consider only the last part of Varx, with z,/5, in (3.1).

n 1 n 2
A= Za /2 (Z ’U)ZSl(O)) ~ 5 Z pijUiJjwiiji(O)Sj(0)6767
=1 <Z?:1 wiSi(O)e;) W=l

o2 o2
- > i1 Pigwiw; Si(0)S;(0)eF e T
= ZQ/Q <Z w152(0)> J - 5
i=1 <ZZ—1 szi(O)ezl)
02 o2 1/2
>0 je1 Pi0iojwiw;S;(0)8;(0)e 7 e
o2 o2
Zi,j:1 pijwiw;Si(0)S; (O)e%eTJ
For which using the inequality once and as soon as p-s are positive, we have
o2 o2
& >0 jo1 Pijwiw;Si(0)S;(0)e e T
A>24/0 <Z wiSi(0)> J —
i=1 (Zi:l wlSl(O)(zZl)
n 1/2
2ij=1Pijoi0jwiw;5i(0)5;(0)
Z:‘L,jzl pmwzijl(O)SJ(O)
Note that here we have used the (3.13) twice ﬂ Let’s do it once more
o2 o2
" moww;S;(0)S(0)e e
Az%m<§)w$@> Tl w0507 5
= (s )
1/2

> i j=1 Pijwiw;Si(0)S;(0)e = e [E;jl PijUinwiiji(O)Sj(O)l
S wySi(0)S,(0)eFeF L = P Si0);(0)

4=

5We used it once for sum with i-s and once for sum with j-s.
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and using Lemma 3.2 once more (again two times)ﬁ for the first term in square

root we have

ASVaR Sy piwiw; Si(0)S;(0)e T e T
jal X > 0]2
(3.14) S0y wiw;Si(0)S;(0)e = e s

> j—1 0i0jw;w;S;(0).S;(0) 2 CVaR
i1 Pigwiw;S;(0)S;(0) ) S
where the equality can be easily checked, just by multiplying sums.
For the next part of inequality we will make use of Abel’s inequality. Denoting

Ty = > w;x;, the following lemma holds.

Lemma 3.3. For positive values w;, the following inequality is true
Yo mawiett > w; < | max x;| + R
n z. n > —
Zi=1 w; e Zi:l TiW; Loy

with R = max x; — minx;.

(3.15)

Without loss of generality, we can assume that x; are in increasing order. Hence,

by Abel’s inequality (see [§]), we have

n g n

(3.16) Zmiwie“ < (|zp| + zn — 21) maxz wie™ = (|xn| + Tn — 1) Z w;e”?
i=1 7= i=1

Thus it will yield

S wpwiei Y w; < (|zn] + @p — 21) Do wie™ - >0 w;

D wieT - Y ww Doy wiei - 3T aiw
(3.17)
_ (|zn] + @p —21) >0 w; _ | max z;| + R
Z?:1 T;W; T

Using this inequality and considering A again, we obtain
1/2

n m L piioioiw;w;S;(0)S:(0)e T e
A=zopy <Zwisi(o>> e
= (w0 )

NEY

2
< 2oz Z?;j—lpij";c”wiszi(o)sj(g)e”fe? e wsoy
(Z:—L_l wZ'S,»(O)ean> Zi,j:l pij =5t w;w;S;(0)S;(0)
n 1/2
Z Pij Gi;j w;w;S;(0)S,;(0)
i,j=1

SNote that numerator of expression in square brackets with z, /o is VaRx itself.
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Using Lemma 3.3 for first two fractions, we come to the following result:

(318) A S ZQ/Q Z pijO'iO'jwiiji(O)Sj (0)

ij=1

max (0,0;) + (02,00 — T2in)

max min

2
205g

or

2

max (O-io'j) + (U’?nax B Umin)

(3.19) A< VaRX\/

QUiS
For the third term VaRx, in (3.1)), note that expression in square brackets is bigger
than (iVaRX)2 for positive correlations, we obtain

2

S wiSi(0)e 7

VaRx >1 =
B WD SRR A ()
2 2 2 2
. 1 1 1 max (050;) + (0rae — Tmin
(3.20) 5 (Z /2> (VP> VaRs, 2 (003) 20(25 ) VaRry

1 1/ 1\%/ 1)\
>-g2 - — — | VaR% +VaR
=5 %min 2(%/2) (VP) aftx +Vakx

and lastly the main formula can be derived.

1 1/ 1\*/1)\? 202,00 — 020
12 _(> (> VQR§M+VQRX§VQRXPS

27 2\ 240 VP o2

1, 1<1>2<1>2 ) 202, — o2
“o2 == (—) (=) VaR% + VaRy | maz___min
27 2\ z4p0) \VP X o2 g

3.3. Bounds for general case. The following result is immediate consequence of
above results. One can prove it by separating the stock considered into two groups:
positively correlated and negatively, in the following sense. Taking p, = {ij|p;; =
pji > 0} and p_ = {ij|p;; = pji < 0}, other indices does not contribute to sum and

using this grouping, we get the following result.

Proposition 3.2. The following inequality holds:

1, 11N/ 1\, 202,00 — O2in
50',"”',” — 5 <2a/2> (‘/_P) VClRX max 1’ mzjis
202 o?

— o2, 1 1/ 1\ / 1\
+VaRx min <1, W) <VaRx, < —02 0 — 5 (%/2) (VP> :

. 202, .0 — 02 202 — o2
. V(IR?X min (17 maw2 min + VGRX max 17 ma:r2 min
wS

g Ows
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4. DISCUSSION AND CONCLUSION

Our calculations have revealed tighter bounds, in scenarios involving either solely
positive correlation or both positive and negative correlations. This could be attri-
buted to the relatively small magnitudes of the volatilities themselves, suggesting
the potential for the derivation of improved bounds. Nevertheless, for portfolios
with relatively confined volatility values, the current bounds prove sufficiently tight.
It is worth noting that enhancing these bounds is primarily contingent on the
theoretical justification of the proposed methodology. Computations indicate signifi-
cantly tighter real bounds. For a three-stock portfolio, this translates to approxima-
tely 0.5 — 0.9% of the Gaussian-VaR value, or roughly 0.1 — 0.2% of the portfolio
value. As the number of stocks increases, the disparity diminishes gradually. It is
crucial to emphasize that the pursuit of better bounds is rooted in the theoretical
validation of the proposed procedure.

For the above case compared to Gaussian-VaR, our lower bound deviates by
no more than 0.00025%, showcasing its robustness. However, the upper bound
exhibits a substantial discrepancy of up to 7.5%, a noteworthy disparity. From
an empirical standpoint, particularly in domains where non-gaussian behavior may
dominate, our methodology could yield significant differences. However, as of now,

such disparities have not been observed in the context of stock portfolios.
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1. INTRODUCTION AND MAIN RESULT

In this paper, a meromorphic function f always means it is meromorphic in
the whole complex plane C. We assume that the reader is familiar with standard
notation and main results of Nevanlinna Theory (see, e.g., [3, B]). By S(r, f) we
denote any quantity that satisfies the condition S(r, f) = o(T'(r, f)) as r — o0
possibly outside of an exceptional set of finite linear measure. A meromorphic
function a is said to be a small function of f if T(r,a) = S(r, f). Moreover, we use
notation p(f) for the order of a meromorphic function f. As usual, the abbreviation
CM means counting multiplicities, while IM means ignoring multiplicities. Let f
and g be two non-constant meromorphic functions and a € C. If g—a = 0 whenever
f—a=0, we write f =a=g=a.

In 1996, Briick [I] discussed the possible relation between f and f’ when an entire
function f and it’s derivative f’ share only one finite value CM. In this direction

an interesting problem still open is the following conjecture proposed by Briick [I].

Conjecture A. Let f be a non-constant entire function such that

. loglog T'(r,
p1(f) = limsup w
r—00 ogr

If f and [’ share one finite value a CM, then f' —a = c(f —a), where ¢ € C\{0}.

Z NU {oo}.

The conjecture for the special cases (1) a = 0 and (2) N(r,0; f') = S(r, f) had
been confirmed by Briick [I].
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Though the conjecture is not settled in its full generality, it gives rise to a long
course of research on the uniqueness of entire and meromorphic functions sharing
a single value with its derivatives. Specially, it was observed by Yang and Zhang
[9] that Briick’s conjecture holds if instead of an entire function one considers its

suitable power. They proved the following theorem.

Theorem A. [9] Let f be a non-constant entire function and n € N such that
n > 7. If f* and (f")" share 1 CM, then f* = (f")" and f(z) = cexp(Z), where
ce C\{0}.

In 2010, Zhang and Yang [12] improved and generalised Theorem A by considering
higher order derivatives and by lowering the power of the entire function. In one of
their results they also considered IM sharing of values. We now state two results of
Zhang and Yang [12].

Theorem B. [12] Let f be a non-constant entire function and k,n € N such that
n>k+1.If f* and (f*)*) share 1 CM, then f* = (f*)*) and f(z) = cexp(2z),
where ¢, \ € C\ {0} such that \* = 1.

Theorem C. [12] Let f be a non-constant entire function and k,n € N such that
n>k+2. If f* and (f™)*) share 1 IM, then the conclusion of Theorem B holds.

In connection to Theorem C, Zhang and Yang [12] posed the problem of investigating
the validity of the result for n > k 4 1. They could prove Theorem C for n > k+1

but only in the case when £ = 1. We now recall the result.

Theorem D. [12] Let f be a non-constant entire function and n € N\ {1}. If f»
and (f™) share 1 IM, then f™ = (f")" and f(z) = cexp(z), where c € C\ {0}.

In the paper, we have extended and improved above Theorems in the following
directions:
(1) We relax the nature of sharing with the idea of “partially"sharing value.
(2) We replace the first derivative (f™)" in Theorem D by the general derivative
(fm)™.

We now state our main result as follows.

Theorem 1.1. Let f be a non-constant entire function and k,n € N such that
n>k+1.If f*=1= (f*)*) =1, then only one of the following cases holds:
(1) 7= ("% and f(2) = cexp (2z), where ¢, A € C\ {0} such that \*¥ =1,
(2) n =2 and f(z) = coexp (3z) + c1, where cg,c1 € C\ {0} such that ¢3 = 1.
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If £ > 2, then from Theorem we have the following corollary.

Corollary 1.1. Let f be a non-constant entire function and k,n € N such that
E>2andn >k+1.If fr =1 = (Y% =1, then f* = (f*)*® and f(z) =
cexp (22), where ¢, A € C\ {0} such that \¥ = 1.

Clearly Corollary improves Theorems A-D for the case when k > 2.
We now make the following observation on the conclusions of Theorem

From the conclusion (2), we see that k =1 and n = 2. Note that
1 1
fP-1= cg exp (iz) + 2cgcy exp (12)

and
o 17, 1 1
(f5)Y —-1= 5(cOeXp (52) + cocy exp (ZZ) - 2).
It is easy to conclude that (f?)" = 1 # f? = 1. Therefore if we add the
condition that (f?) =1= f2=1in Theorem then the conclusion (2) will be
automatically ruled out.

As a result, from Theorem [1.1} we immediately have the following corollary.

Corollary 1.2. Let f be a non-constant entire function and k,n € N such that
n>k+ 1. If f* and (f™)*) share 1 IM, then the conclusion of Theorem B holds.

Obviously Corollary [I.2] improves Theorem D.
Now we exhibit the following example to show that the condition “n > k+ 1" in
Theorem and Corollary is sharp.

Example 1.1. Let f(z) = exp(5)+2exp(§)+1 and k =n = 1. It is easy to verify
that f(z) = 1= f'(z) =1, but f(z) does not satisfy any case of Theorem .

Example 1.2. Let f(z) = 2exp(5) — 1 and k = n = 1. It is easy to verify that f
and f' share 1 IM, but f Z£ f'.

2. Auxiliary lemmas

Lemma 2.1. ([5], [[4], Theorem 4.1]) Let f be a non-constant entire function such

that p(f) <1 and k € N. Then m(r, ?) =o(logr) as r — co.

Lemma 2.2. [7] Let f be a non-constant meromorphic function and let a,(#
0),an—1,...,ao be small functions of f. Then T(r,Y i, a;f*) =nT(r, f)+ S(r, f).

Now we introduce some basic ideas about normal families.
Let F be a family of meromorphic functions in a domain D C C. We say that F
is normal in D if every sequence { f,},, C F contains a subsequence which converges

spherically and uniformly on the compact subsets of D (see [6]).
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Now we introduce the notation of the spherical derivative. Let h be a non-constant

meromorphic function. The spherical derivative of h at z € C is given as

W)
) = TP

We remember that h is called a normal function if there exists a positive real
number M such that h#(z) < M V z € C.

Here we introduce some other results related to Zalcman’s lemma. We also use
Zalcman’s lemma to prove our Lemma [2.5] which plays an important role in the
proof of the main result of the paper.

The following lemma is the famous Marty’s Criterion.

Lemma 2.3. [6] A family F of meromorphic functions on a domain D is normal
and only if for each compact subset K C D, there exists a constant M such that
fH(2)<MV feFand z € K.

Zalcman’s lemma.[[I1]] Let F be a family of functions holomorphic in a domain
D. If F is not normal at zyg € D, then there exist a sequence of points z, € D,
Zn — 20, a sequence of positive numbers p,, p, — 0 and a sequence of functions
fn € F such that

9n(C) = fulzn + pnC) — g(¢)

converges locally uniformly in C, where g is a non-constant entire function. The

function g may be taken to satisfy the normalization g% (¢) < g#(0) =1V ¢ € C.

Lemma 2.4. [2] Let f be a non-constant entire function such that N(r,f) =

O(logr) as r — oo. If f has bounded spherical derivative on C, then p(f) < 1.

It does not seem that Theorem|[L.1|can be proved by using the methods in [12]. In

order to prove Theorem we need the following result related to normal families.

Lemma 2.5. Let f be a non-constant entire function such that
(PN = () = o =),
where (£ 0) is an entire function and k € N. If
F=0= ("M =0 and 1 =1= (FFHW =1,
then p(f) < 1.

Proof. Let F = {F,}, where F,(z) = F(w+ 2) = f**(w + 2), 2 € C. Clearly
F is a family of entire functions defined on C. By assumption, we have F(w+ z) =
0= FF(w+z2)=0and Flw+2) =1= F®(w+2) = 1. If £ = 1, then by
Theorem 1.3 [?], F is normal in C. Henceforth we assume that k > 2.
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Since normality is a local property, it is enough to show that F is normal at
each point zg € C. Suppose on the contrary that F is not normal at zy. Again since
normality is a local property, we may assume that F is a family of holomorphic
functions in a domain D = {2z : 0 < |z — z| < R}, where R > 0. Then by Zalcman’s
lemma, there exist a sequence of functions F,, € F, where F,,(2) = f*'(w, +2), a
sequence of complex numbers, z,, z, — 2o and a sequence of positive numbers p,,,

pn. — 0 such that

(2.1) Hy () = Fu(zn + puC) — H(C)
locally uniformly in C, where H is a non-constant entire function such that H#(¢) <
1,V ¢ € C. Then by Lemma 2.4 we deduce that p(H) < 1.

Also by Hurwitz’s theorem we conclude that all the zeros of H have multiplicity
at least k + 1. Clearly H®) # 0. Tt is easy to deduce from (2.1)) that

(2:2) H(Q) = p ) (20 + pu6) = HY ()

locally uniformly in C for all 7 € N.
Now we claim that 1 is not a Picard exceptional value of H. If not, suppose 1

is a Picard exceptional value of H. Then by the second fundamental theorem, we

have
_ — 1
T(r,H) < N(r,0;H)+ N(r,1;H)+ S(r,H) < mN(r,O;H)—i—S(r,H)
1
< =
S T H) 4 S H),

which is impossible. Hence 1 is not a Picard exceptional value of H.
Suppose H((p) = 1. Hurwitz’s theorem implies the existence of a sequence ¢, —
Co with
Hp(Cn) = Fn(zn + pnCn) = 1.
Since F' =1 = F®) =1, we have Hék)(zn + pnCn) = 1. Then from , we have

H® (&) = lim HF(¢,) = lim pF =o0.
n—oo n—oo

Hence H = 1 = H®) = 0. First we suppose 0 is a Picard exceptional value of
H. Since H is a non-constant entire function of order at most one and H has no
zeros, then by Hadamard’s Factorization theorem, we get H({) = Aexp(A(), where
A, XA € C\ {0}. Since H =1 = H®* =0, we get a contradiction.

Next we suppose that 0 is not a Picard exceptional value of H. Since all the zeros
of H have multiplicity at least k+1, one can easily conclude that H = 0 = H®) = (.

Also by the given condition, we have

On(2n+pnQ) Fr(2n+pnC) (Fr(zn+pn()—1) = F;L(Zn+PnO (Fn(ZnJFPnO*Fr(Lk)(Zn+PnO)
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(2.3) Pﬁ+lwn(zn + Q) Fn(zn + pnQ) (Fa(zn + pnC) — 1)
= pnFyll(Zn + PnC) (pZFn(Zn + pnC) - prFy(lk)(zn + png))
Then from (2.1)), (2.2) and (2.3)), we conclude that
(2.4) P on (2n + pnl) = ¥1(C)
locally uniformly in C, where v; is an entire function. Again using (2.1)), (2.2]) and
(2.4), we deduce from ([2.3)) that
(2.5) PHQOHQH(Q) = 1) = —H'(OHM(Q).
Since p(H) < 1, it follows from (2.5 that p(¢;) < 1. Therefore applying Lemma
we deduce from (2.5) that m(r,¢1) = o(logr) as r — oo. Since N(r,¢;) = 0,

we have T'(r,11) = o(logr) as r — oo, which implies that ¢, is a constant. We can
write ¢1 = ¢1, where ¢; € C\ {0}. Consequently from (2.5), we have

(2.6) et H(Q)(H() = 1) = —~H'(HM(C).
Let o be a zero of H of multiplicity m(> k+1). Then from , we conclude that
m =k + 1 and so all the zeros of H have multiplicity exactly k + 1.

We claim that H is a transcendental entire function. If not, suppose that H is a
polynomial. Since zeros of H are of multiplicity exactly £+ 1, H is a polynomial of
degree k 4+ 1. Consequently we may assume that H({) = a ({ — Q))kﬂ7 where a €
C\{0}. Therefore H® (¢) = (k+1)!a(¢—(p). Note that H(¢)—1 = a (¢ — ()" —1.
Since H =1 = H® = 0, we obtain a contradiction. Hence H is a transcendental
entire function.

Therefore we may assume that

(2.7) H = hF 1,
where h is a transcendental entire function having only simple zeros. Now
yields
(2.8) HE) — (hk+1)(k) = ((k + 1)hkh/)(k—1)
= (k+1)(kg" M (0)? + hhn)
(k—3)

+ k(k + 1) (2R ) Y
(k-3)

= k(k+1)((k—1hr"2(H)?)
+(k 4+ 1) (kR L) B0 (e 4 1) (RRR)
............ e
1

k(k— 1)
1

(k+ D)WW 20" 4o 4 (k + 1)hFR®)

(k4 1)!R2(W)*=2h" 4+ Ry (h),
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where Ry (h) is a differential polynomial in h with constant coefficients and each
term of Ry(h) contains h™(3 < m < k) as a factor.
Denote by N(r,1; H |> 2) the counting function of multiple 1-points of H.

Now we divide the following two cases.

Case 1. Suppose N(r,1; H |> 2) = 0. Then from (2.6), we conclude that b’

has no zeros and so % is an entire function. Again from 1D we have % =

fk:gl % and so by Lemma [2.1] we deduce that m(r, ) = o(logr) as r — oc.
Since N(r, 15) = 0, we have T(r, 15) = o(logr) as r — oo, which implies that 7%

is a constant. We can write 7~ = ¢y, where ¢ € C\ {0}. On integration, we have
h(¢) = c3 exp(é(), where ¢3 € C\ {0}. This shows that H has no zeros, which is
impossible.

Case 2. Suppose N(r,1; H |> 2) # 0. Now from (2.6)), (2.7) and (2.8]), we have

ME =) G nym2 ey + Ry (h)),

et hFTH(RRTE — 1) = —(k + 1)RFR ((k + 1)IR(R)F + 1

(2.9) cr(RFT — 1) = —(k 4+ 1)(k + 1)Y(R)*1 -
k(k—1)(k+1)

4
Differentiating (2.9 once, we get

(k4 DI(W)*1h" 4+ Ry (h).

(2.10) cr(k4+1)RFN = —(k+ DIk 4+ 1)2(W)*n" —
k(k—1)(k+1)(k+1)!
4
where Ry(h) is a differential polynomial in h.

Let (o be a zero of h. Now from (2.9 and (2.10)), we have respectively

((h/)kh// + (k o 1)h(h/)k—2(h//)2 + h(h/)k—lh///) + Rg(h),

(2.11) e1 = (k + 1) (k + DR (o)) F+
and
(2.12) (k+1+ M)(h’(éo))’“h”(é’o) =0.

4
If B (¢y) # 0, then from (2.11) and (2.12) we arrive at a contradiction. Hence

h'(¢p) =0and so h=0= h" =0. Let H; = th Clearly H; # 0. One can easily

prove that H; is a non-zero constant, say A € C. Therefore
(2.13) R’ = \ih.
Solving (2.13)), we get

h(¢) = Arexp (v/A1¢) + Brexp (— v/AiC),
where A;, B; € C\ {0}. Note that

R'(¢) = A1v/Arexp (VA¢) — VA Brexp (— VAiQ).
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Again differentiating (2.13) and using it repeatedly, we have

(2.14) hD = \*h and R = \,*h/, where i=1,2,....

Then from (2.7) and (2.14)), one can easily deduce that

(2.15 R E) = & h(R)F + Eh2 (R~ + Esh3 (W) "2 4 . 4 EhFR + G WP
where ¢ = (k+ 1)! and ¢; € C for i > 2.

First we suppose ¢x+1 # 0. Let (3 be a multiple zero of H — 1. Then obviously
H() =1, H(¢) = 0 and H®(¢) = 0. Note that H' = (k + 1)h*h’. Since
H'(¢1) =0, it follows that h'({;) = 0 and h({1) # 0. Therefore from (2.15), we get
Cx+1 = 0, which is impossible.

Next we suppose ¢py1 = 0. Let g = % Obviously both g — /A1 and g + v\
have no zeros. Now from ({2.6) and (2.15)), we deduce that

BT 4 (K + 1) (G (R)FTY + Gh(h)F +

(2.16) e () L+ EhF ()P = .
Putting ' = gh into (2.16)), we get

_ _ o _ c
(2.17) (k+1)(G1g" T + eogh + G305 1+ Eg?) + e = hk—il

Note that the right hand side of has no zeros. Consequently the left hand side
may not have no zeros. Since both g — v/A; and g+ +/\; have no zeros, we conclude
that the left hand side of must be one of the forms (i) (k+1)& (g —vA1)*H,
(i1) (k+1)é1(g+vA1)Ft and (idd) (k+1)é1(9—vA1)™(9++vA1)", where m+n =
k + 1. Note that

k+Da(g— Va0 = (k+Dag " = (k+ 1%V g+
(2.18) +(=D)*(k + )2 (VM) *g + (=D (k4 1)é (V).

If the left hand side of = (k+ 1)é1 (g — v A1), then the left hand side of
and the right hand side of must be identical. Note that the coefficient
of g of the right hand side of is non-vanishing. Therefore from and
, we arrive at a contradiction. Similarly if the left hand side of =
(k 4+ 1)é1(g + v/A1)**L, then we get a contradiction. Again if the left hand side
of = (k+ 1)é(g — vVA)™(g + VA1)", where m +n = k + 1, then by a
simple calculation we deduce that m = n and (—=1)™(k + 1)¢1(v/A1)™ ™" = ¢4, i.e.,
2m =k +1 and (—1)™(k + 1)(k + 1)!/(v/A1)*T! = ¢;. Clearly k is odd. Note that

H(¢) = (h(O)**! = AT exp ((k + 1)VAC) +

(2.19) o+ B exp (— (k4 1)VXC).
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Now from we get ¢ H2(C) + H'(O)H®(¢) = ¢;H(¢) and so from we
can easily conclude that ¢; + (k + 1)*** (v A1 = 0. Since (—1)™(k + 1)(k +
DIV = ¢p, we get (=1)"%" (k + 1)! + (k + 1)¥ = 0, which is impossible for
k> 2.

Hence all the foregoing discussion shows that F is normal at zy. Consequently
F is normal in C. Hence by Lemma there exists M > 0 satisfying F#(w) =
F#(0) < M for all w € C. Consequently by Lemma we conclude that p(F) <1

and so p(f) < 1. This completes the proof. O

3. PROOF OF THE MAIN RESULT

Proof of Theorem [I.1l Let F' = f™. We put

_ F'(F-FW)

(3.1) R

Differentiating (3.1]) once, we get
(32) F'(F—F®) 4 F/(F' — F*)Y = ' F(F — 1) + oF'(2F — 1).
Now we divide the following two cases.

Case 1. Suppose ¢ Z 0. Then F # F*) and from (3.1)), we get

Let zp be a zero of f with multiplicity po. Then zy is a zero of F and F*) of
multiplicities npg and npy — k respectively and so from (3.1), we get in some

neighbourhood of zg
(3.4) w(z) = O((z - zo)"po_k_l).

Since n > k + 1, it follows from (3.4]) that ¢ is analytic at zp. Let z; be a
zero of F — 1 of multiplicity p;. Since F = 1 = F®) = 1, it follows that z; is
a zero of F®) — 1 with multiplicity ¢, say. By Taylor’s theorem we get in some

neighbourhood of z;

F(2)=14ay, (2 — 21)P* + O(z — )P,

F® (2) =14 by, (2 — 21)" + Oz — z)0+?
and

F'(2) = prap, (z = 20" 7+ O(z = z1)"
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where ap,, # 0 and b,;, # 0. Consequently in some neighbourhood of z;
F(z) = F®(2) = a,(z—2)P" +0(z—2)""L if py <q
= by (z—21)" +0(z —2z)0 T if ¢ < py
= (ap, —bg,)(z — 21)P* + Oz — 21)P* T if py = q.
Then in some neighbourhood of z1, we get from that ¢(z) = O((zle)tfl),
where ¢t = min{py,q1} > 1if p1 # 1 and ¢ > p; = ¢1 > 1 otherwise. Therefore we
conclude that ¢ is analytic at z;.

Since f is an entire function, from the above discussion, we deduce that ¢ is an
entire function. Also gives m(r,p) = S(r, f) and so T'(r,¢) = S(r, ). Again
from , we get

/ / (k)
W R
Therefore we have m(r, +) = S(r, f) and so m(r, %) =S(r, f).

First we suppose n > k + 1. Then from we get N(r,0; f) < N(r,0;p) =
S(r, f). Since m(r, %) = S(r, f), we conclude that T'(r, f) = T(r,%) +0(1) =
S(r, f), which is impossible.

Next we suppose n = k + 1. Let 2y be a zero of f with multiplicity pg. So zg is a
zero of F and F*) of multiplicities (k+1)po and (k-+1)po— k respectively. If po > 2,
then from , we see that zq is a zero of ¢, i.e., p(z9) = 0. Next we suppose that
po = 1. Clearly from (3.1)), we get ¢(z9) # 0. Then in some neighbourhood of z,

we get by Taylor’s expansion
(3.6) F(Z) = &k+1(z — Zo)k-‘rl + dk+2(z — Zo)k+2 + ... (dk+1 # 0).

Clearly

F/(Z) = (k + 1)&k+1(z — Zo)k + (k + 2)dk+2(z — Zo)k+1 + ...

F'(2) = (k+ Dkags1(z — 20)F 71+ (K +2)(k + Dags2(z — 20)F +...,
(3.7) ... ,

F(k)(Z) = (k + 1)'dk+1(z — ZQ) + ... 5

FED () = (k+ 1D)lag + ...

Now from (3.2)), (3.6) and (3.7)), we deduce that
(o(20) = (k + 1) (k + Dag41) (2 — 20)" + O((z = 20)**) =0,

which implies that (k + 1)!ag 1 = “‘;(jol), ie., FEHD (z) = ﬁf(ﬂ)' Consequently we

get

v

k41

Now from Lemma we conclude that p(F) < 1. Consequently using Lemma

we deduce from (3.3) that m(r, p) = o(logr) as r — co.
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Since N(r, @) = 0, we have T'(r,p) = o(logr) as r — oo, which implies that ¢ is
a constant. We can write ¢ = ¢, where ¢ € C\ {0}. Then from (3.1]), we have

(3.9) F'(F - F®) = cF(F -1).

Also from , one can easily conclude that f has only simple zeros, i.e., all the
zeros of F' have multiplicity exactly k + 1.

We claim that F' is a transcendental entire function. If not, suppose that F is a
polynomial. Since zeros of F are of multiplicity exactly k+ 1, F' is a polynomial of
degree k + 1. Consequently we may assume that F(z) = a (z — %)*"", where a €
C\{0}. Therefore F*)(2) = (k+1)!a(z— o). Note that F(z)—1=a(z — 20)" -1
and F®)(2) =1 = (k+1)la(z — 29) — 1. It is clear that F'—1 has k+ 1 distinct zeros.
Since F =1 = F®*) =1, we obtain a contradiction. Hence F is a transcendental
entire function.

Now applying Lemma we deduce from that m (7", %) = o(logr) as
r — 00.

Let 0 be a Picard exceptional value of F. Then T(r,F) = T(r,+) + O(1) =
m(r, %) +O(1) = o(log r) as r — oo, which implies that F is a constant. Therefore
we arrive at a contradiction. Hence 0 is not a Picard exceptional value of F'.

If 1 is a Picard exceptional value of F', by the second fundamental theorem, we get
(k+ 1)T(r, f) = T(r, F) + O(1) < N(r,0; F) + N(r, 1; F) + S(r, F)

< %H N(r,0; ) +S(r, f) < %HTW) 5 f),

which is impossible. Hence 1 is not a Picard exceptional value of F'. Also we have
(3.10) F = fHrL,

Therefore from (3.10]), we deduce that
k(k —1)
4

(k+ DU 2" + Ru(f),

(3.11) F™ = (k+ DIF(f)" +
k(k—1)
4
where Ry (f) is a differential polynomial in f with constant coefficients and each
term of Ry(f) contains f™(3 < m < k) as a factor. Differentiating once, we

get

(k+ D228 4o (k4 1) fR )

= (k+ D"+

(3.12) FOFD = (fhy (D)

= Gy BEED Gy g e gt
k(k + 1)

= (k+D(N"+ =

(k+ DU+ S(f),
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where S1(f) is a differential polynomial in f and each term of S;(f) contains f and
its higher powers as a factor. Again differentiating (3.12]) once, we get

(kizy _ (B4 DUk +1)(k+2)
2

(3.13) FF2) = (fht) (FEF" + Sa(f),

where So(f) is a differential polynomial in f and each term of Sy(f) contains f and
its higher powers as a factor.
Now from (3.9), we deduce that

(k+ Df (£441 = ()W)

1y fHT 1) —°
ie.,
(3.15) (k+ D = (k+ D) f (W —eft2 = —cf.

Denote by N(r,1; F |> 2) the counting function of multiple 1-points of F'.

Now we divide the following two sub-cases.

Sub-case 1.1. Suppose N(r,1; F |> 2) = 0. Then from (3.14)), we conclude that
f' # 0. Since f is a transcendental entire function and p(f) < 1, it follows that

(3.16) 1'(2) = dyexp(\2),
where dg, A € C\ {0}. On integration, we have

(3.17) f(z)= % exp(Az) + dy,

where d; € C. Since 0 is not a Picard exceptional value of F' = f*+1 it follows that
dy #0.
Let zo be a zero of f. Then f(z9) = 0 and F(zo) = 0. Also (3.8) gives FF1)(2g) =

w1+ Now from li we conclude that

C

’ k+1
Also from , we have

(3.19) doexp (Az) = —Ady, ie., ditlexp((k+1)Azp) = (—Ady)*+

Again from (3.16) and (3.18), we deduce that

(3.20) A exp ((k + 1)Azg) = ¢

(k+1)(k+ 1)1
Therefore from (3.19) and (3.20]), we deduce that

(3.21) (=Ady)*H! = ETDETDT
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Now from (3.17)), we have

do\ " k+1\ (do\"
iz = <;> exp((k + 1)Az) + < I > (;) dy exp(kAz) + . ..
2
+<Z i_ 1) (Cf\o) d¥exp(2)z) + (k —]: 1) %d’f exp(\z) + df Tt
and
PANEE b O\ [ do\ kT
22 = (;) exp((k +2)A\z) + ( Jlr > <>?> diexp((k+1)Az) + ...
k+2\ (do\’ k+ 2\ d
+< —l: > <)?> d¥ exp(2Xz) + (ki 1) Tod’fJrl exp(\z) + dj+2.
Therefore
(S (=)™
PN B 1\ /da\*
= (;) ((k + DN ¥ exp((k + 1)Az) + ( T ) (;) (kN dy exp(kAz) + . ..
k+1\ (do\? . k+1\d
+<kJ_r1> (;) (2\)FdE 1 exp(2)z2) + < Z >;)\kdlf exp(\z).
Now from (3.15)), we deduce that
k+1 c ) dit?
(3.22) { T (k4 1) — A,m} OA exp((k + 2)\z)
k+1)2 c(k+2
+{( G ©_ (k4 1)%k" — (A,M )}d§+1d1 exp((k + 1)\z)
k+1)2 k+2\ 1
+...+{( —; ) (k+1)2)\c< —]L_ >)\2}d3d’fexp(2)\z)
k+2 d
+ {(k +1)— ol ;r )}dod’fH exp(Az) — cdVt? = —CTO exp(Az) — cd;.

Clearly from (3.22)), we have

2
(3.23)d5*1 =1 and {(k +1) - ‘3(’“; )}dod’f“ _ e e

A )
Now from (3.21) and (3.23)), we have
(3.24) A= (—1)kFL

1
(k+1)(k+1)!"
First we suppose k = 1. Then from and , we have respectively d? = 1
andc=\= %. Also from , we have f(z) = ¢ exp (%z) + dy, where cg = 4d.
Next we suppose k > 2. Now from and , we calculate that

k+1
)\k

(3.25) — (k+ )AL — = (k+1)((-1)"k(k+1)! — (k+1)*) #£0

\et1
for k > 2. Therefore one can easily arrive at a contradiction from Lemma [2.2] and
(13.22]).
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Sub-case 1.2. Suppose N(r,1; F |> 2) # 0. Now differentiating once, we
have
(3.26) (k+ 12 () 4+ (k+ D7 = (R + 1) 7 () -
(k+Df (ST — ek +2) fHf = —ef'.
Again differentiating once, we have
(k+ 12k 43k + D2+ (e + D) = (k1) 7 (R
3272k + 1) f(fSHED — (k+ 1) f (I — ek +2)(k + 1) /()
—c(k+2) P = —cf”.
Now from (3.11)) (8.12)), (3.13) and (3.27), we get

2
B2 BG4 ) = e,

where S3(f) is a differential polynomial in f and each term of Ss5(f) contains f and
its higher powers as a factor. Let zg be a zero of f. Now from (3.18) and (3.28]), we

have respectively

(3.29) (' (o)) =

and

(3.28) —(k+1)(k+1)!

(h+ D)k T 1)1

2
(330) (bt D0k + DT E (1)) ) = e (z0).

If f"(z0) # 0, then from (3.29) and (3.30) we arrive at a contradiction. Hence
f"(z0) =0and so f =0= f"=0. Let

f//
=7

Clearly H; # 0. One can easily prove that H; is a non-zero constant. Let us
suppose that H; = X € C\ {0}. Now from (3.31)), we deduce that

(3.31) H,

(3.32) "= Xf.
Differentiating (3.32]) and using it repeatedly, we have
(3.33) f@ =X and f@H) = X'f' where i =1,2,....

First we suppose k is odd. Then from (3.11)) and (3.33), one can easily deduce
that

(3.34) (FEO® = e f(F +eafP ()2 + o+ aft f,

where ¢; = (k+ 1)! and ¢; € C for i > 3.
Denote by N(r, 1; F, F*) |> 2) the reduced counting function of common multiple
1-points of F' and F*).
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If z; is a zero of F — 1 with multiplicity p; > 2 and a zero of F®) — 1 with
multiplicity g1 > 2, then from (3.9)), we deduce that

(3.35) N(r,1; F,F® |>2) =0.

Let z; be a zero of F — 1 of multiplicity p;. Then from , we conclude
that z; is a simple zero of F(®) — 1. Obviously F(z;) = 1 and F®)(z;) = 1, i.e.,
(fE1 () (21) = 1. Note that F’ = (k + 1)f*f’. Since F'(z) = 0, it follows that
f'(z1) = 0 and f(21) # 0. Therefore from (3.34), we conclude that 1 = 0, which is
impossible.

Next we suppose k is even. Solving , we get

(3.36) f(z) = Ajexp (\fj\z) + Byexp (— \/iz),
where A, B; € C\ {0}. Note that

(3.37) f(z) = A \ﬁexp (\[5\2) - \/iBl exp (— \ﬁz)
(3.38) (f(2))FH = A exp ((k+ 1)\52) 4 ...+ Bl exp (—(k+ 1)\62)

(3.39) (F(2))F+2 = A 2 exp ((k +2)VA2) + ...+ B2 exp (— (k + 2)VAz)
and so

(3.40) ((£(2))F1)

k)

AR (B + 1)V exp ((k+1)VA2) + ...
+BEY (1) ((k + 1)VA) exp (= (k+1)VAz).

Therefore from (3.15) and (3.36])-(3.40), we deduce that

(3.41) AR (((k+ DVY) T = e+ DV + ¢)exp ((k+2)Vz) + ...
B (DM (4 DV T e+ DV ) exp (= (+2)VAz)
= Aycexp (VAz) + Breexp (— V).
Now from (B.41)), one can easily conclude that
((k+ D)V —(k+ )Vi+e=0and — ((k+ D)V ™ + (k+DVAi+c=0.

Solving we get ¢ = 0, which is impossible.

Case 2. Suppose ¢ = 0. Since F' # 0, we get F = F*) Now F = F®)
implies that p(F) = 1, i.e., p(f) = 1 and f has no zeros. Therefore we conclude
that f(z) = dexp (22), where d, A € C\{0} such that A¥ = 1. This completes the
proof. O
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4. Some applications

From Theorem [1.1} we see that the problem of the entire function g and its k-th
derivative sharing one value a is related to the problem of the non-linear differential
equation ¢'(g — ¢®)) — pg(g — a) = 0 having a non-constant entire solution, where
@ is an entire function. In general, it is difficult to judge whether the differential
equation has a non-constant solution. However for the very special case g = f",
where n € N, we can solve the equation completely.

As the applications of Theorem [I1.1], we now present the following results.

Theorem 4.1. Let ¢ be an entire function and k,n € N. Suppose F is a non-

constant meromorphic solution of the differential equation F'(F — F(k)) —F(F —

1) =0, where F = f™ and n > k + 1. Then only one of the following cases holds:
(1) F=F™ and f(z) = cexp (22), where ¢, A € C\ {0} such that \¥ =1,
(2) n =2 and f(z) = coexp (3z) + c1, where cg,c1 € C\ {0} such that ¢3 = 1.

Theorem 4.2. Let ¢ be a non-constant entire function and k,n € N. Suppose F is
a non-constant meromorphic solution of the differential equation F’ (F — F(k)) -
oF(F —1) =0, where F = f" andn > k+ 1. Then k =1, n = 2 and f(z) =
coexp ($2) + c1, where co,c; € C\ {0} such that ¢} = 1.

Proof of Theorem [4.1l We have
(4.1) F'(F —F®) = oF(F - 1),

where F' = f™ and ¢ is a non-constant entire function. Let F' be a non-constant
meromorphic solution of the equation . Now we divide the following two cases.
Case 1. Suppose ¢ # 0. Since ¢ is a non-constant entire function, from ,
one can easily conclude that F' is a non-constant entire function. Now we prove
that F =1 = F®) = 1. If 1 is a Picard exceptional value of F, then obviously
F =1 = F® = 1. Next we suppose that 1 is not a Picard exceptional value
of F. Let zy be a zero of F' — 1 of multiplicity pg. Clearly 2y is a zero of F' of
multiplicity pg — 1. Then from , we deduce that zp must be a zero of F — F®*),
Since F — F®) = (F — 1) — (F*) — 1), it follows that 2 is a zero of F(®) — 1. So
F=1= F® = 1. Since ¢ # 0, we have F # F*). Now proceeding in the same
way as done in the proof of Case 1 of Theorem [1.1] one can easily conclude that
k=1,n=2and f(z) =coexp (5z) + c1, where c,c; € C\ {0} such that ¢} = 1.
Case 2. Suppose ¢ = 0. Since F' # 0, it follows that F = F*). We now want
to prove that F' is an entire function. For this let z; be a pole of F' of multiplicity
p1. Then z; is also a pole F*) of multiplicity p; + k. Since F = F®)_ we arrive
82



POWER OF AN ENTIRE FUNCTION ...

at a contradiction. Hence F is an entire function. The fact F' = F®*) implies that
p(F) =1, ie., p(f) = 1. Also F = F® implies that f has no zeros. Therefore
we conclude that f(z) = dexp (%z), where d, A\ € C\{0} such that \¥ = 1. This
completes the proof. O

Proof of Theorem 4.2l Since ¢ is a non-constant entire function, it follows that
¢ # 0. Now the proof of Theorem [£.2] follows directly from the proof of Theorem
So we omit the proof. O

Now from Theorems and we immediately obtain the following corollary.

Corollary 4.1. Let ¢ be a non-constant entire function and k,n € N such that
k > 2. Then the differential equation F'(F — F®)) —pF(F —1) = 0, where F = f"

and n >k -+ 1 has no solutions.
Following example shows that the condition “n > k+1" in Theorem [4.1]is sharp.

Example 4.1. Let f(z) = exp(z) + exp(—z2), k =2, n =1 and ¢ = 0. Clearly f
satisfies the differential equation , but f does not satisfy any case of Theorem

1
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Abstract. In this paper, we study the following fractional Kirchhoff-type problem with
Liouville-Weyl fractional derivatives:

o—1 * .
[a +b( faul® + o DY uf?)dz ) } (o D5, (— oo DEu) +u) = [u?6 " 2u, in R,
u eI’ (R),
where 3 € (0, %), ,oonu(J, ngou(-) denote the left and right Liouville-Weyl fractional derivatives,
* 2
%5 = 1-25
parameters o, a and b, we obtain a non-existence result of nontrivial solutions of infinitely many

is fractional critical Sobolev exponent a > 0 and b > 0. Under suitable values of the

nontrivial solutions for the above problem.

MSC2020 numbers: 35R11, 35A15, 35J60, 47G20, 35J20.

Keywords: Liouville-Weyl fractional derivatives; Kirchhoff-type problem; non-existence
result; infinitely many nontrivial solutions.

1. INTRODUCTION

The purpose of this article is to study the non-existence results for the following

fractional Kirchhoff-type equation with Liouville-Weyl fractional derivatives:

71 )
{?1—1_1)1)(IR(|U|2 - \_oonuP)dx)g ] (2 DB (—ooDBu) +u) = |uf>»2u, in R,
ueIZ(R),

where 8 € (0,3), —wD%u(-), ;D5 u(-) denote the left and right Liouville-Weyl
fractional derivatives, 22 = 132 5 is fractional critical Sobolev exponent, ¢ > 0 and
b>0.

The theory of fractional operators for a long time remained hidden from the

scientific community, with its pioneering works involving the integrals and fractional
derivatives of Liouville, Riemann, Grunwald-Letnikov and Riemann-Liouville [6]
10, [30]. Then, around 1974, at a conference at the University of New Haven, in
the United States, the first international conference on fractional calculus took
place [24]. From that moment on, fractional calculus began to be disseminated and
disseminated and countless fractional derivatives have been introduced, each one
with its importance and relevance in the field of fractional operators [T} [8, O] 12}
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141, [T'7, [18], [19], 22]. We highlight in a special way, when it comes to applications in:
medicine, engineering, physics, biology among other areas [0}, [10, 111, [13] 20, [23].

We note that when a = 1, b = 0, problem boils down to a fractional
differential equation of the type

ID—ﬁi-oo(—ongu) :g(u)7 il’l Ra

which is a special case of the fractional advection-dispersion equation proposed by
Benson et. all. [3, 4, B]. When 3 € (3,1) several existence and multiplicity results
can be found in [25] 26] and the reference therein. Recently, the case 8 € (0, %) was
considered in [28] [29].

On the other hand, in these last years, the study of Kirchhoff problems with
fractional derivatives have been attracted the attention from many mathematicians.
For instance, Nyamoradi and Zhou [I5] dealt with the existence of nontrivial solutions
for a Kirchhoff type problem with Liouville-Weyl fractional derivatives by using
minimal principle and Morse theory. Nyamoradi et. all. [I6] studied a class of
Schrodinger-Kirchhoff equation with Liouville-Weyl fractional derivatives and obtain-
ed the existence and multiplicity of solutions by using mountain pass theorem and
the symmetric mountain pass theorem. Tayyebi and Nyamoradi [2I] established
the existence and multiplicity of nontrivial solutions for a Kirchhoff equation with
Liouville-Weyl fractional derivatives by using symmetric mountain pass theorem,
Morse theory combined with local linking arguments and the Clark’s theorem.
The authors in [2] by using local linking arguments and Morse theory studied
the existence and multiplicity of solutions for a fractional Kirchhoff equation with
Liouville-Weyl fractional derivatives.

Since we did not find in the literature any paper dealing with problems involving
fractional derivatives and critical exponent, motivated by the previous works, in
the present paper we intend to show the non-existence results for problem by

applying suitable variational arguments.

2. PRELIMINARIES AND MAIN RESULTS

In this section, we recall some useful preliminaries which will play an important
role to solve the problem (|1.1)), and we state the main results of this work.

Definition 2.1. The left and right Liouville-Weyl fractional integrals of order 0 <
B < 1 on the whole axis R are defined by

(2.1) L IP() = ﬁ /_ (x — )P g(€)de,
(2.2) I8 0(x) = ﬁ /m(i—x)ﬁ‘lqﬁ(&)df-

respectively, where x € R.
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The left and right Liouville-Weyl fractional derivatives of order 0 < f < 1 on
the whole axis R are defined by

d
(23) 700D£¢(m) = %foolé_ﬁqb(x)»
d

—— Ji-B
o Ll9(@).

(2.4) +D5¢()

respectively, where x € R.

2.1. Fractional space of Sobolev type. By argument in [29], we will look for
weak solutions of the problem (1.1]) hence the natural setting involves the fractional
space of Sobolev type i (R) defined as

I’ (R) = {u € L*(R) : _ooD’u e L*(R)}

endowed with the scalar product

(u,v)g :/Ru(w)v(x)dx—i—/R,oonu(x)~,Oonv(m)d:v

1/2
lullg = (/Ruzdw-F/RLoonu(:r)de) .

It is well known that (I” (R), (., .)p) is a Hilbert space. Moreover, for 8 € (0, 1) we

have the continuous embedding

and norm

(2.5) I° (R) < LP(R) for every p € [2,2}],

where 27 = ﬁ is the fractional critical Sobolev exponent.
In the case a = 1, b = 0, the problem (1.1} will be transformed into the following

critical problem with Liouville-Weyl fractional derivatives:
(2.6) + D8 (_ooDPu) 4+ u = |u|?2u, in R.
Set
2.7) Spie  np (P FlcDoul)de
uel” (R)\{0} (f]R ()% dx) %5
For any £ > 0, we can define u(z) as u.(z) = /eu (%), where @(z) is a minimizer

for Sg. Clearly, u.(z) is also a minimizer for Sg, satisfying (2.6) and

o*
*
2[:? 2

(2.8) /(|Us|2 + oo Due|?)d = / Jue (2)|* da = S
R R

Now, under suitable values of the parameters a, b and g, we state the main results

of this paper as follow:

Theorem 2.1. Suppose that o > 1 and B € (0, %) Then, problem has no
nontrivial solution under one of the following conditions:

(i)Q:%Z,CL:O and b > S;¢;
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(ii) o = %, a>0andb>S5°;
(iii) o > 27‘3, a,b > 0 satisfy

2% —2
25(e—1) 2(e—1)
* 27372
2a(0 — 1) [ (20— 25)bS; -
20— 2, a(2 —2) ’

(iv) o = }fgg, a,b > 0 satisfy 1 < 4ab5’§+1.

Theorem 2.2. Suppose that o > 1 and 5 € (0, %) Then the following properties
hold:
(i) 0 # 27[3, a =0 and b > 0, then problem has infinitely many positive

solutions and these solutions are
25(e—1)
;;729)(2[*_372

T 5 o )
b2s—2¢ 552 ue for any € > 0.

(i) o = 27’3, a>0andb< Sﬂ_g, then problem has infinitely many positive

solutions and these solutions are given by

(J‘Lng> ue  for any € > 0.
T UPB

(i) o > 27[3, a,b > 0 satisfy

21*372
25(e—1) \ 2(e—1)
« 22—2
(2.9) 2a(0— 1) [ (20—25)bS, .
' 20— 2} a(25 —2) -

then problem has infinitely many positive solutions and these solutions are
2(g171)
a(2; —2)
25(e—1)

(20— 25)bS, "

ue  for any € > 0.

3. PROOF OF THE MAIN RESULTS

In this section, we deal with the proof of Theorems 2.1 and 2:2] Let us introduce
the energy functional associated with problem :

(3.1) ) = Ll + 2 g - L / ()% d
' 21718 TN [y ’

which is well-defined for each u € I” (R). We know that J € C*(I” (R). Moreover,
it is easy to see that a weak solution of problem is a critical point of the
functional J.
Firstly, we give the proof of Theorem
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Proof of Theorem Suppose that u € 17 (R)\ {0} is a solution of 1) Hence,
(i) from (2.7)), we have

*% 20 -0y, 112 20 2% *? 25 27’3 20
Sg 2 lullg® = S ¢ |lulls® < bllulls® = o lu(z)[*sdx < Sy 2 |ullg” =S5 2 |lull5"

*

which gives a contradiction. Then, (i) holds true.

(i) In view of (2.7), one can get

2

*

]

- 2 2 2 2 2 2 T S
Sg * lullg® = S5 ellullg” < bllulls® < allull + bllully? = /RN u(@)[*?de < S5 7 Jlully’,
which is impossible. Then, (ii) is satisfied.

(iii) Using the Young’s inequality and (2.7]), we can get

2% 2@—23 922—29

*

2

- o 2* — 5 To—1 T o—1
Sﬁ : ||“||5ﬁ = Sﬁ : ||UH5Q ! ||“||ﬁg '
25 -2 (2a(p—1) T
- alo — B T2k 32 2
< allul? + 2 S, * w22
Jul ﬂg_1)<2g_22> s 7l

2
< allull§ + bllullg?
-

2% — 5101128
= u(z)["rde < Sy % ull5",
RN
which leads to a contradiction. So, (iii) is verified.
(iv) From geometric-arithmetic inequality and (2.7)) one can get

+1 1 +1 et
lullg™ < 2VabSs™ [lullg™ < (allul® + blul|**)S,”

275‘ o+1

< 557 [ u@)Pde < S5F 87 JullF = ul
> 93 R“”U TS 0" wg T [Ullg Ulig

a contradiction. Hence, we get the result (iv). O

Secondly, we give the proof of Theorem [2:2] To this end, for any £ > 0, we set
1
(3.2) ve g(x) = 0% u.(z),

and it is a positive solution of (2.6). So, v, s satisfies

(3.3) 19(1Dfo(,oonvs7ﬁ) +v.8) = |UE75|273_2115¢, in R.
Then, if

o—1
(3.4) Y =a+ b(/}R(|fu€”@|2 + \_oonvEﬁF)d:c) ,

we can deduce that v, g is a solution of (1.1)). Since u. satisfies (2.8)), then by
inserting (3.2) into (3.4) we can infer that

23 (e—1) 2(0—1)

(3.5) P=a+bS, " 9,

Furthermore, if ¥ € (0,400) is a solution of (3.5)), then ve s is a solution of problem

().
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Proof of Theorem (i) If o # %, then 22(5:;) # 1. So, if a = 0, li has
8

solution

2% _o 2;(9—1)(2;—2)
25-2)(25—20)

9=b% s,
Hence, in view of (3.2) we get the result (i).
(i) If o = 275, then 22(5:;) = 1. So, li is equivalent to
(3.6) 9=a-+ bsgﬂ,

and then ¥ = ==z > 0. Hence, by li it follows that (ii) holds true.
5
(iii) If o > 22, then 2¢=1 > 1. Define
5

2pe=D) 2p-2%

p(0) == ad™ " 4 b5, 9

which implies that
(3.7 p(¥) =1 iff ¥ solves (3.5).

We can easily see that ¢(1}) achieves its minimum at

2% -2
2e=D)
a(25 —2)
o = 25 (e 1)
2% —2
(20— 25)bS, ™7
and
2272
25(e—1) Z(o—1)
2a(o—1) | (202568,
. alg — B/7-8
’19 = 19 =
min () = (%) 20 - 2; a(2; — 2)

By condition (2.9) we have ¢(d¥) = 1, and from (3.7]) we get that gg is a solution
of (3.5)). From (3.2)), we have the result (iii).
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