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Abstract. For Higman’s sequence building operation w,, and for any integer sequences set
B the subgroup A, 5 is benign in a free group G as soon as Ap is benign in G. Higman used
this property as a key step to prove that a finitely generated group is embeddable into a finitely
presented group if and only if it is recursively presented. We build the explicit analog of this fact,
i.e., we explicitly give a finitely presented overgroup K, 5 of G and its finitely generated subgroup
Ly, B < Kg,,5 such that GN L, 5 = A, 5 holds. Our construction can be used in explicit
embeddings of finitely generated groups into finitely presented groups, which are theoretically
possible by Higman’s theorem. To build our construction we suggest some auxiliary ‘“nested” free
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1. INTRODUCTION

Higman’s fundamental result establishing connection between group theory and
computability theory states: a finitely generated group G can be embedded in a
finitely presented group if and only if it is recursively presented [9]. The requirement
that G is finitely generated is not critical, and it can be replaced by the condition
that G has an effectively enumerable countable set of generators, see the remark
on p. 456 in [9].

Despite importance of this theorem, possibility of explicit embedding of any
recursively presented group into some finitely presented group is a less intelligible
issue, and it is open problem even for some well known groups. In particular,
construction of an explicit embedding of the additive group Q of rationals into a
finitely presented group was an open question mentioned by Bridson and de la Harpe
as “Well-known problem” 14.10 (a) in Kourovka notebook [12] and also announced
in [8]. Recently a direct solution to that problem was found by Belk, Hyde and

Matucci in [6]; and an algorithm how to build such an explicit embedding was

LThe current work is supported by the 21T-1A213 grant of SCS MES RA.
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given in [I7], without an explicit finitely presented group containing Q though. Also,
based on recent work [2]-[5] it is possible to embed Q as a center for a continuum
of non-isomorphic 2-generator groups. These along with some other remarks in the
literature [19] [I] motivate research on explicit embeddings of recursively presented
groups into finitely presented groups.

The key group-theoretic concept introduced in [9] is that of benign subgroup: a
subgroup H is benign in a finitely generated group G, if there is a finitely presented
overgroup K of G, and a finitely generated subgroup L of K such that GNL = H.
Actually, the most part of [9] is dedicated to showing that if a subgroup H of a
specific type is benign in the free group G = (a,b, ¢) of rank 3, then applying some
specific kinds of operations to H (such as, the sequence building operation w,,, see
below) we again get a benign subgroup in G.

Denote by £ the set of all functions f : Z — Z with finite supports. If f(i) =0
for all i < 0 and ¢ > m (for a fixed m = 1,2,...), then f can be recorded as a
sequence f = (Jo,-..,Jm—1) assuming f(i) = j; for i =0,...,m — 1 [9]. Then the
following words are defined in the free group G = (a, b, ¢) with respect to f:

m

(1.1) by =0y bl and ap=a =b;laby

where b; = be' for i = 1,...,m — 1. Let &, be the subset of all functions f of
the above type. For any subset B of £ denote Az = (ay | f € B), in particular,
Ag,, = (as | f € Ey). See details and examples in [I7].

For m and for any subset B C £ the sequence building operation w,, is defined
on B as follows: w,, (B) consists of all f € &£ for which for every ¢ € Z there exists a
sequence (f(mi+0),..., f(mi+m—1)) € B [9]. In other words, this operation
just constructs new sequences f by concatenation of some sequences of length m
picked from B. For details see [17], and also check Section [3| below where the new
sequence is built from the sequences (6,4,5,3), (7,2,4,9) € B and from the
zero sequence using w,. Having the subgroup Ag = (ay | f € B) of G one may
construct the subgroup A, g = (aw, 8| f € B). And if B C &,,, then A < A, 5,
see subsection where samples of Az and A, are given.

If for some B C & the group Ap is benign in G for a given finitely presented
overgroup K holding G, and for the finitely generated subgroup L < K, we stress
that by denoting K = Kp and L = Lg, and writing G N Lg = Ag in Kg. Clearly,
Kp and L may not be unique for a given B.

A main strategy of [9] is to start from a set B C & for which the subgroup Ap
is benign in G, and to show that if a new set B’ is obtained from B by means of

certain operations, then Ap/ also is benign in G. In this terms [9, Lemma 4.10]
4
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states that if for the given B C & the subgroup Ag is benign in G, then A,, g also
is benign in G for any m.

The objective of this note is to additionally show that if the respective groups K
and Lp can be constructed explicitly, then K, 5 and L,, g can also be constructed

explicitly:

Theorem 1.1. Let B C & be a sequences set such that A is benign in G and,
moreover, the respective finitely presented group Kg and its finitely generated subgroup
Lg are given explicitly. Then for anym =1,2,... the subgroup A, B also is benign
in G, and the finitely presented group K, g and its finitely generated subgroup

Ly, B can also be given explicitly.

The promised explicit group K, g is given in (5.9), L, 5 is given in , while
the components ¥, A, L', etc., used in those formulas all are defined in Section
using some free constructions. And under explicitly given K and Lz one may
understand, say, their presentations with generators and defining relations.

The proof of this theorem occupies sections below. In particular, in Section
we build an initial embedding construction in which A, 5 is an intersection of G
with certain subgroup Wg. As this construction is not yet finitely presented, we
in Section [4] suggest some auxiliary “nested” free constructions (such as ), and
using them we obtain the finitely presented K, 5 in Section

In order to avoid any repetition of material already published in [I6, [I7] or
elsewhere, we below often adopt constructions from other work. This makes parts
of the current text dependant on other articles, but the provided exact references,

we hope, alleviate any inconvenience.

2. PRELIMINARY INFORMATION

2.1. Free constructions. For background information on free products with amal-
gamation and on HNN-extensions we refer to [7] and [I0]. Notations vary in the
literature, and to maintain uniformity we are going to adopt notations we used in
[16].

If any groups G and H have subgroups, respectively, A and B isomorphic under
¢ : A — B, then the (generalized) free product of G and H with amalgamated
subgroups A and B is denoted by G *, H (an alternative notation in the literature
being G x4—p H). When G and H are overgroups of the same subgroup A, and ¢
is just the identical isomorphism on A, we write ' = G x4 H.

If G has subgroups A and B isomorphic under ¢ : A — B, then the HNN-
extension of the base G by some stable letter ¢ with respect to the isomorphism ¢

5
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is denoted by G *, t. In case when A = B and ¢ is identity on A, we may write
I' = G x4 t. We also use HNN-extensions G #,, ,,... (t1,%2,...) with more than one
stable letters, see [16] for details.

Our usage of the normal forms in free constructions is close to [7].

2.2. Benign subgroups and Higman operations. For detailed informaton on
bening subgroups we refer to Sections 3, 4 in [9], see also Section 3 in [16]. Higman
operations and their basic properties can be found in Section 2 in [9], see also
Section 3 in [I6] and Section 2 in [I7].

From definition of bening subgroup it is very easy to see that arbitrary finitely
generated subgroup H in any finitely presented group G is benign in G, for, the
group G itself acts as a finitely presented overgroup of G with a finitely generated
subgroup H, such that H N H = H. We are going to often use this remark in the

sequel.

2.3. Subgroups in free constructions. The following two auxiliary facts are
adopted from [16], and they follow from more general Lemma 2.2 and Lemma 2.4
in [I6].

Corollary 2.1 (Corollary 2.3 in [16]). LetT' = G x4 H, and let G’ < G, H < H
be subgroups such that G'N A= H' N A. Then forTV=(G',H') and A’ =G'Nn A
we have:

(1) TV = G xa H', in particular, if A< G, H', thenT' = G' x4 H';

(2) !N A=A, in particular, if A< G, H', then TN A= A;

B I'NG=G and "N H=H'.

Corollary 2.2 (Corollary 2.5 in [16]). LetT' = Gxat, and let G' < G be a subgroup.
Then for TV = (G',t) and A’ = G' N A we have:

(1) TV = G'* 4 t, in particular, if A< G, thenT' = G' x4 t;

(2) TN A=A, in particular, if A< G, thenT'N A= A;

B)I'nG=G".

Remark 2.1. It is easy to adapt Corollary for the case of multiple stable
letters tq,...,t; which fix the same subgroup A in G. In such a case point
in Corollary will read: TV = G' %4/ (t1,...,tg) for TV = (G’ ty,...,t;) and
A’ =G'Nn A. We are going to use this fact only once, in the proof of Lemma |5.4

2.4. The “conjugates collecting’ process. Let X and ) be some disjoint subsets
in any group G. Then any element w € (X,9)) can be written as:

_ _ Fvy Fwvs +og
W=u-v=2I] Xy 2Ty " v

6
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with some v1,va, ..., vk, v € (), and z1, T2, ...,z € X. The proof, examples and
variations of this fact can be found in Subsection 2.6 in [I6]. We use the name
“conjugates collecting” just because we heavily used it in [I6], and we need a name

to refer to (we were unable to find a conventional name to this in the literature).

3. THE INITIAL EMBEDDING CONSTRUCTION

3.1. Construction of A. The free group (b, ¢) contains a free subgroup (b; | i € Z)
of infinite rank, which for any m = 1,2, ... decomposes into a free product By, * By,
with By, = (...b_2,b_1; by, bma1,-..) and By, = (b, ..., by_1)-

Introducing three stable letters g, h, k, all fixing B,,,, build the HNN-extension:

(3.1) T = (b,¢) s, (9,h k).

Denote G = (g, h, k), and in analogy with b;, by, ay of introduce h; = h’“i hy,
and gy = g"/ in the free group G. Fixing the subgroup R = (gfb;1 | f€&n) of T
by means of a new stable letter a build the HNN-extension I xg a.

The intersection (b,c) N R is trivial because the non-trivial words of type ¢ fb]71
generate R freely, and so any non-trivial word they generate must involve at least
one g, and hence it need to be outside (b,c). Then by in Corollary the
subgroup generated in I' +g a by (b, c) together with a is equal to (b,c) *pcynra =
(b,c) x{13 a = (b,c) * a which is the free group G' = (a,b,c). So a,b, c generate a
free subgroup in T, and hence the map sending a, b, ¢ to a,b®, ¢ can be continued
to an isomorphism p : G — (a, bel c). Identifying this p to a further stable letter r

we arrive to the final HNN-extension of this section:
(3.2) A= (Txga)*,r= (((b, c) #p,, (9,h,k)) *r a) *p T

3.2. Obtaining G N Wi = A, 5 in A. For any subset B of £ denote Wi =
(95, @, | f € B), and show that in A we have

(3.3) GNWp=A,, B

Firstly notice that if B,, = BNE,,, then w,,(B) = wy(B,,). Hence we may without
loss of generality suppose B C &, below (if a short sequence contains less than m
integers, we can without loss of generality extend its length to m by adding some
extra 0’s at the end).

For arbitrary sequence f € w,,B the element a; = a’ is inside Wg. Let us
display this uncomplicated fact by a routine step-by-step construction example.
Let m =4 and let (6,4,5,3), (7,2,4,9) € B. Then by sequence building operations
w4 contains the sequence, say,

(3.4) f=1(0,0,0,0, 7,2,4,9, 0,0,0,0, 0,0,0,0, 6,4,5,3, 7,2,4,9).
7
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To show that a® € Wpy start by the initial functions I, = (7,2,4,9) and I, =
(6,4,5,3) in B, and then use them by a few steps to arrive to the function f above.
We are going to use the evident fact that the relation (g fbjil) “ =g fb]71 is equivalent
to a9 = a’.

Step 1. Since I; = (7,2,4,9) is in B, then g;, € Ws, and so a9 = ab =
abg b2b3b3 c Wps.

Step 2. Since b = b = (b”)(ci)p = (bc4)ci = b = b;,4, then conjugating the

bll

above obtained element a”1 by r we get:

b9 bYbIbY - bY b2bgb2

T =a" € Wp

r bg b3b3b3) " 7 p2pdp0
(abzl) _ (ar)( 0b1b2b3) " BIB2050 _

for the sequence I3 = (0,0,0,0, 7,2,4,9).

big

Next, conjugating a”'s by g;, we have:

7121419
(ablg)gm — abl3'9l2 — ab4 bsbgbs Yy

Step 3. Each of stable letters g, h, k commutes with any b; for ¢ < 0 or i > m = 4,

and so g, commutes with bj b2b3b2? and so:

7127419 7127479
ab4 b5bgb7 - g1y = q92 - b b5b6b7.

Then once more applying step 1 to a9z we transform the above to:

(aglz)bl bEbobT _ bo bib3bd  bTb2bib2 _ b,

for the sequence Iy = (6,4,5,3, 7,2,4,9). Then we repeat the above step 2 for

three times i.e., conjugate the above by r3 to get the element a”s for the sequence:
ls = (0,0,0,0, 0,0,0,0, 0,0,0,0, 6,4,5,3, 7,2,4,9).

Next apply step 3 and step 1 again to conjugate a’s by g;,. We get the element

abs for the sequence:
ls =(7,2,4,9, 0,0,0,0, 0,0,0,0, 6,4,5,3, 7,2,4,9).

Then we again apply step 2, i.e., conjugate a”s by r to discover in Wy the element
a’ =a ¢ with the sequence f promised in above.

Since such a procedure can easily be performed for an arbitrary f € w,,B, we
get that A, g < Wi. And since also A, g < G, we have A, 5 < GNWg.

Next assume some word w from Wi = (g, a, 7 | f € B) isin G. Since w also is in
A, it can be brought to its normal form involving stable letter r and some elements
from I" %y, a. The latter elements, in turn, can be brought to normal forms involving
stable letter a and some elements from I'. Then the latters can further be brought to

normal forms involving stable letters g, h, k and some elements from (b, ¢). That is,
8
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w can be brought to a unique “nested” normal form reflecting three “nested” HNN-
extensions in the right-hand side of . Let us detect the cases when it involves
nothing but the letters a, b, c. The only relations of I' involve g, h, k, and they are
equivalent to a9/ = ab . Thus, the only way by which g, h, k may be eliminated
in the normal form is to have in w subwords of type g}lagf = a9/ which can be
replaced by respective subwords a’s € G. If after this procedure some subwords g
still remain, then three scenario cases are possible:

Case 1. The word w may contain a subword of type w' = g?lablgf for such an [
that [(¢) = 0 for i = 0,...,m—1. Check the example of step 1, when this is achieved
for Il =13 = (0,0,0,0, 7,2,4,9) and f = Iy = (6,4,5,3). Then just replace w’ by
a’ for an I’ € w,,B (such as I’ = Iy = (6,4,5,3, 7,2,4,9) in our example).

Case 2. If w' = g;lablgf, but the condition I(¢) = 0 fails foran i =0,...,m—1,
then g does not commute with b;, so we cannot apply the relation a9/ = abs, and
so w ¢ G. Turning to example in steps 1-3, notice that for, say, f = (7,2,4,9) € B
we may never get something like al9r)’ = (abg bi b bg)gf: a®3 1 b255)” hecause gy
does not commute with by, b1, ba, b3. That is, all the new functions [ we get are from
wm B only.

Case 3. If g¢ is in w, but is not in a subword g]lablgf, we again have w ¢ G,
unless all such gy trivially cancel each other.

This means, if w € G, then elimination of g, h, k turns w to a product of elements
from (r) and of some a’# for some f € w,,B (a also is of that type, as (0) € B).
Now apply for X = {a% | f € w,uB} and Y = {r} to state that w is a product
of some power r* and of some elements each of which is an a®/ conjugated by a
power r™ of r. These conjugates certainly are in w,,B (see step 2 above), and so
w € G if and only if i =0, i.e., if w e A, 5.

Hence, equality is established for any subset B of £.

Remark 3.1. However, cannot yet guarantee that A, 5 is benign in G as
soon as Ag is benign in G, because the group A in is not finitely presented,
and its subgroup Wi = (g4, a, v | f € B) may not be finitely generated, when B is
infinite. The sections below will add these missing features replacing A by a much

bulkier construction.

4. AUXILIARY FREE CONSTRUCTIONS

In this section we generalize some of the results in Section 3 in [J]. Hence, the

lemmas below may be of some independent interest also.
9
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For any subgroup A of an arbitrary group G the well known equality GNGt = A
holds in the HNN-extension G 4 t. It trivially follows, say, from uniqueness of the

normal form in G %4 t. We need the following generalization of this fact:

Lemma 4.1. Let Ay, ..., A, be arbitrary subgroups in a group G. Then the following
equality holds in the HNN-extension G *a,, . a, (t1,...,tr):

(4.1) GNGh -t =(_, A,

Proof. Choose a transversal T4, to 4; in G, i = 1,...,r. Take any g € G,
and show that if gt % € @, then g is inside each of A;. Write g = a,l; where
a1 € Ay and [y € Ty,. In turn, a; can be written as a; = asly where as € As and
la € Ty,. This process can be continued for As, ..., A,. (the case when some of a;
or l;, i =1,...,r, are trivial is not ruled out). Since the inverse t;l of the stable

t

letter ¢; also fixes A;, calculation of the normal form for g**" ! can be started via

the following steps:

gtl...t,,, _ t*]- .. -t;lalll ty-- -ty

T

=ttt ettty

(4.2)

=apt ot ey Dty Mot oty
The above belongs to G only if it contains no stable letters ¢;. But the last line of
does not contain ¢; only when /1 = 1, hence tflll t1 =1, and t;llgtflll t1tg =
t;llg to. Then to exclude to we must have I, = 1, hence t;llz to = 1. At the end we
get reduced to a,t; tl,t, = a, where [, = 1, and therefore a, € ﬂ;zl A;.

On the other hand, any g € (;_, 4; is fixed by each of ¢;, and so g "' = g € G,
and thus, I_, 4; CGNG i, O

Another proof of this lemma could be deduced from Corollary[2.I]and Corollary[2.2]
(in a manner rather similar to the proof of Lemma below), but we prefer this
version as it follows from more basic properties already.

Later we are going to use a specific free construction built for a system of
groups via HNN-extensions and free products with amalgamation. Namely, let
G < Ki,...,K, be arbitrary groups such that K; N K; = G for any distinct
indices 4,5 = 1,...,r. If in each K; we pick a subgroup L;, and denote GN L; = A;,

i=1,...,7r, we can build the following “nested” free construction:

(4.3) ©= ( (((Kl 1, 1) *a (Ko 1, t2)) *a (K3 *p, t3)) ) xq (K *r, tr).

By these notations:

10
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Lemma 4.2. In the free construction © the following equality holds:
<G,t1, e ,tr> = G *Al,...,AT (tl, . ,tr).

Proof. Applying induction over r we for r = 2 have to display (G,t1,t2) =
G *a,, 4, (t1,t2) iIn © = (K4 1, t1) *q (K2 %1, t2).

In Ky %1, t1 we by in Corollary have (G,t1) = G*gnp, t1 = G *4, t1.
Similarly, (G, t2) = G x4, to in K5 1, t5. And since in O the intersection of both
(G,t1) and (G, ts) with G clearly is G, we apply in Corollary to get:

(G, t1,ta) = ((G 1), (G ta)) = (G *a, 1) ¥c (G *a, t2).

But the above amalgamated free prodcut is noting but G 4, 4, (¢1,t2), which is
trivial to see by listing all the defining relations of both constructions: relations of G
followed by relations stating that ¢; fixes the A; and ¢ fixes Ao (plus the relations
identifying both copies of G, if we initially assume them to be disjoint).

Next assume the proof is done for r — 1, i.e.,
(Gitr, .oy te1) =G ay A, (B, te1).

Again by in Corollary write (G,t,.) = G *gnr, tr = G *4,t.. We have
(G,t1,...,tr—1) and (G, t,) both intersect with G in G, and we by (1] in Corollary
get:

<G,t1, . ,tr> = (G*A1,...,Ar71 (tl7 L. ,tr,l)) *@G (G*Ar tr) = G*A1,~.7Ar (tl, . ,tr).

O

Remark 4.1. The reader familiar with more general interpretations of free products
with amalgamation (see Neumann’s fundamental survey [18]) would notice that ©
in is noting but the free product of the HNN-extensions K; *r, t; with an
amalgamated subgroup G. Indeed, the defining relations of this product can well
be listed in an order matching the sintaxis of . Using the terms of [I8] would
allow us to avoid the bulky formula of , but it would require to involve here

some new elements from [I8] which would make the construction more complicated.
An immediate consequence of the above lemmas is:

Corollary 4.1. If the subgroups Ay, ..., A, are benign in a finitely generated group
G, then their intersection (\,_, A; also is benign in G. Moreover, if the finitely
presented groups K; with their finitely generated subgroups L; can be given for each
A; explicitly, then the finitely presented K with its finitely generated subgroup L can

be given for this intersection explicitly.
11
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Proof. By hypothesis we have some finitely presented overgroups Ki, ..., K,
of G and finitely generated Lq,...,L, such that L, < K; and GNL; = A; for
each ¢ = 1,...,r. Then the free construction © of is finitely presented, since
to the finitely many relations of K; we only add the relations stating that ¢; fixes
the finitely many generators of L;, plus (if needed) relations identifying the finitely
many generators of all copies of G'in K *p, t;, 1 =1,...,7.

By Lemma © contains the finitely generated subgroup (G,ti,...,t.) =
G*a,,. A, (t1,...,t.), and by Lemmawe in that group have GNL =(\]_, A;
for the finitely generated subgroup L = G tr, O

Lemma 4.3. Let Aq,..., A, be arbitrary subgroups in a group G. Then in the
HNN-extension G %4, .. a, (t1,...,t,) the following equality holds:

(4.4) GN(Uiz 6) = (Ui 4i)-

Proof. For simplicity write the proof for the case r=3. Set T' = ( Ay, As, A3).
By Lemma [1.2}

G *A1,A27A3 (t1,t2,t3) = ((G *Al tl) *G (G *Az tg)) *q (G *Aa tg).

G * 4, t; contains G *4, G, and in this subgroup we by in Corollary have
(T,G") NG = T. For the same reason (T, G'?) N G = T. Noticing (T, G", G*?) =
((T,G"),(T,G")) and applying to it of Corollary inside the group (G #4,
t1) *¢ (G *a, t2) we have (T,G",G*2) NG = T. Since also (I,G*) NG =T, we
again by have
(T,G",G"),(T, G®*))NG =T.
But since
T < (G"™,G"™, G"),

it remains to notice

((T,G1,G2), (T, G')) = (G",G™,G"). O

Corollary 4.2. If the subgroups Ai,..., A, are benign in a finitely generated
group G, then their join <U::1 AZ-> also is benign in G. Moreover, if the finitely
presented groups K; with their finitely generated subgroups L; can be given for each
A; explicitly, then the finitely presented K with its finitely generated subgroup L can

be given for this join explicitly.

Proof. Using the same constructions and notations as in the proof of Corollary [.1]
just notice that © is finitely presented, the join L = < Ui, Gti> is finitely generated,

and GNL=(J,_; A;) by Lemma O
12
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5. ADDING FINITE PRESENTATION TO THE CONSTRUCTION

5.1. The HNN-extension Z,,. In free group (b, ¢) we for any integer m can define
a pair of isomorphisms &, and &/, via:
(5.1) En(d) =bomi1, En(0) =bm and &n(c) =§,(c) =
It is easy to verify that &, (b;) = b2;—m+1 and &, (b;) = baj—m,. The pair &,,, ], can
be used to define the HNN-extension

Em = <b, C> *me&n (tm,t;n).

Here t,,,, t],, are any stable letters, and the subscript m is used to stress the correlation
with &,,&),, as below we are going to use this construction for multiple values of

m.

Lemma 5.1. In the above notations we for any m have:
(b,e) N by timstry) = (b b1, - )5
<b, C> N <bm_1, tm, tfm> = <bm_1, bm_g, .. >

Proof. For any integer m and i we have b = &,,(b;) = ba;j—pm41 and bzm =
&, (b;) = bai—m from where we collect:
(5.2)
b =bpg, B =by1, b =bpgr, b =bmgs, b o =Dbmys,...
t) t! t! t! t!
~~-bn;n,2:bm—4, b,ntllf:l:bm_Q, bnql:bm, b,rgl+1:bm+2, bﬁ+2:bm+4,...

The action of ¢,;! and ¢ ' can be deduced from the list above. From (5.2) it i

m

=
»n

straightforward that each of by, byy1,... indeed is in (by,, tm, th,). Say, bynis =
fqi"’+4 = gﬂz = bfﬁﬂ = b%n't;f € (bt thy)-

And on the other hand, bringing any word w on letters by, tm,, t,, to the normal
form in HNN-extension =,, we first have to do cancellations like t,_nlbmtm =bm+1,
and t;n_lbmt{n = b,,. Repeated applications of such steps may create in w some
new letters by, by+1, - .. so that we may also have to do “reverse” cancellations like
b1t = by tmbmastt = b, etc. or ) bt/ ot = b, b byt =
bm+1, etc... That is, bringing w to normal form we never get a b; outside (b, byt1, - - -)-
If, in addition, w is in (b, c), then the normal form we obtained should contain no
letters t£! or £/ That is, if w is in (b, ¢), it in fact is in (bp,bmy1,...), and we
have (b, c) N (by, b, tr,) = by Dt 1, - - -

The second equality stated by the lemma is proved analogously. ([

Rules define isomorphisms inside the free group G = (a,b,c) of rank

3 also, and we can define the HNN-extension G *¢,, ¢ (tm,t;,) which is noting
13
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but the ordinary free product (a) * =,,. Since G = (a) * (b,c) and the subgroup
(b, ) N byt th,) = (biny g1, - - -) involves no occurrence of the letter a, we from
Lemma [5.T] deduce:

Lemma 5.2. In the above notations we for any m have:
Gn <bm7 tm, t;n> = <bm7 bYrL-i-l? .- ~>7
Gn <bm—17 25 t{m> = <bm—1a bm—2; e >

5.2. Some special benign subgroups. With above information we obtain three

types of benign subgroups:

Corollary 5.1. In the above notations for any integer m:
(1) (b, bimt1,--.) s benign in (b, c) for the finitely presented group =, and its
3-generator subgroup (bpy,tm,th,),
(2) (bym—1,bm—2,...) is benign in (b, c) for the finitely presented group Z,, and
its 3-generator subgroup (bym—1,tm,th,),
(3) By = {...b_2,b_1; bim,bm1,...) is benign in (b, c) for the finitely presented
group

Om = (B * (bt ) T) *(bc) (E0 *(b 110,85 )

and its 4-generator subgroup P, = <<b7 &), (b, c>x'>'

Proof. Points and directly follow Lemma

B,, is the (free) product of (b,,,bnm+1,-..) and (b_1,b_o,...). Hence, point
follows from Lemmaand Corollaryfor r=2G=(bc), K1 =Z2,, K;s =E,
Ly = (b, tm,tl,), Lo = (b_1,t0,t0), A1 = (b, bmt1s ...y, A2 = (b_1,b_9,...).
Then ©,, is noting but the group © from . O

Now we are able to replace our initial I' from by a finitely presented

alternative:
(5.3) L=06, *p,, (9, k)

with fixing action for g, h, k on the finitely generated subgroup P,,.

Lemma 5.3. In above notations the following equalities hold in T
(1) (bye)N P, = By,
(2) (byc,g,h,k) =T

Proof. The first point follows fom in Corollary (it holds in ©,,, as it
holds in I'). Next (b, ¢, g, h, k) = (b,¢) *p.cn p,, (9,h,k) =T by in Corollary
and Remark 211 O

14
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5.3. Presenting R as a join of benign subgroups. Following the original steps
in subsection we now would have to build the HNN-extension I g a by fixing
the subgroup R = <gfbj71 | f € &) of T by some stable letter a. But since R is
not finitely generated, that HNN-extension would not be finitely presented, and we
need some extra complications to arrive to a finitely presented free construction.

Denote the subgroup ®,,, = (bg,...,bm_1,9,ho,-..,hm_1) in T', and notice that:

Lemma 5.4. ®,, is freely generated by 2m+1 elements by, ..., bym—1,9,hoy- .., hm_1
inT.

Proof. Firstly, B,, = (bg,...,bn,_1) has trivial intersection with P,, because
in Lemma implies B,,, N P,, < (Bm N (b, c>) NP, =B,N ((b, c)n Pm) =
B,, N B, = frm[o]—— due to (B,,, By,) = By * B,,. Therefore, we in [ by
in Corollary 2.2] and by Remark [2.1] have:

<b07 i ~7b’m—17 gah7k> = Bm*B’m n Pm(ga h7k) = Bm*frm[o]——(gaha k) = Bm*<gvh7k>

which simply is a free group of rank m + 3. Since hg,...,h,_1 generate a free
subgroup inside (g, h, k), they together with by, ..., b, _1 generate a free subgroup
(of rank 2m + 1) inside (by, ..., bm—1, g, h, k). |

Next we need a series of auxiliary benign subgroups inside I'. Foran s = 1,...,m
and for a sequence f = (jo,...,Js_2,7s—1) € E denote fT = (Jo,...,Js_2, js_1+1)
in &, i.e., to get fT we just add 1 to the last coordinate of f. In these notations
for any f the group I' contains the elements 9+ b;ll 'gfl, such as, ghgh?hghg obgl .
g~ hohih3hs for f = (2,5,3,7) with s = 4. Denote:

Ve, = (g7 b0 -g7" | fE€0) =

pio. pis—2pts—1t 4 _pio. L pts—2ptsm1 . .
:<g o s—2 Ms—1 'bs—l'g 0 s—2 s ‘ZO"')ZS—Q)ZS—l ey,

and establish a property for Vg :

Lemma 5.5. Vg, is a benign subgroup in T for the some explicitly given finitely

presented group and its finitely generated subgroup.

Proof. By Lemma [5.4] for any s = 1,...,m the elements bs_1,9, ho,...,hs_1
are free generators for the (s+ 2)-generator subgroup (bs_1,9, ho, ..., hs—1) of @,.

Hence, each of the following maps A; ; can be continued to some isomorphism on
15
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<bs_1,g, ho, ey h3_1>5
(

5.4
)\5—1,0 sends bs—lvgahoa"'7h8—27hs—l to bs—17gh07h07'"7hs—25h5—1;
A5—1,1 sends bs—lvg;hOa“-ahs—%hs—l to bs—laghlvhgl7~-~7hs—2ahs—1;

hs_ hs_
Ms—1,s—1 sends bs_1,g,h0s--- P9 hs 1 tO be_1,g" 1 hg T At e
In particular, for m = 1 the map A ¢ sends b, g, ho to bg, g, ho; for m = 2 the map
>\1,0 sends bl?.q’ hOa hl to blaghovh()? hl and )\1,1 sends b17g7 h07 hl to b17ghlahgl7h17
etc...

Introducing for each isomorphism A, ; a respective stable letter /; ; we construct
the HNN-extension:

As = f *)\571, 0y cor sAs—1, s—1 (lsfl, (ORI lsfl, 871)
for each of s=1,...,m.
The effects of conjugation by elements ls_1,0,...,ls—1, s—1 on the products G+

S__ll -gj?l is very easy to understand: Is_; ; just adds 1 to the ¢’th coordinate of f,
say, for s =4, f =(2,5,3,7) and I3 2 = l4_1,3-1 we have:
(5.5)
ls, ho\2 (1 ha\% 3,8 _h22h2537
(ngr' b3_1 'gf_l) 3,2 _ (ghg)(ho ) (h’l ) h; hg b3_1 A (gh2) (ho ) (hl ) h hg

ho-hy 'h2hahy *hShah3h§

-1 -1 7
H _b3—1 g ho-hy "hihahy "hihoh3hy

=9
_ R ot gl e,
where f' = (2,5,3+1,7) = (2,5,4,7). In particular, actions of the above letters /; ;
keep the elements from Vg, inside Vg, .

For the sequence fo = (0,...,0) € & we have 9yt b;ll ~g]701 = ghs-1. b;ll gt
Applying the conjugate collection process of subsectionfor x=/ ghkl-b;_l1 g1}
and for Q) = {ls_1,0,.-.,ls—1, s—1} we see that any element w from (X,9)) < A, is
a product of elements of g s bs__l1 . gj?l (for certain sequences f € &) and of certain
powers of the stable letters Is_; ¢,...,ls—1, s—1. And w is inside T if and only if all
those powers are cancelled out in the normal form, and w in fact is in Vg,, that is,
denoting L, = (g"s—1- b;ll g7 ls—1.0y-005ls-1, s—1,) We have:

rn L, = Vgs,
i.e., Vg, is benign in T for the above finitely presented group A, and for its (s + 1)-

generator subgroup L. O

Lemma 5.6. R = <gfbj71 | f € En) is a benign subgroup in T for some explicitly
given finitely presented group and its finitely generated subgroup.
16
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Proof. First show that R is generated by its m+1 subgroups (g), Ve,,..., Vg, ..
For each s = 1,...,m denote Zg, = (gbe71 | f € &s). In these notation R is noting
but Zg, for s =m. It is easy to see that (Zg,_,,Ve,) = Zg, for each s (when s = 1,

then take (g) as Zg,), see details in [I7] based on an original idea from [9]. Then:

Ze, = (Zg

m

Ve,) = Ze, 5 Ve 1 Ve,) == {9),Ver,-- - Ve, 1, Ve, )

m—17

By Lemma each V¢_ is benign I for an explicitly given finitely presented group
A, and its finitely generated subgroup L. And the finitely generated (g) is clearly
benign in I' for the finitely presented group Ag = I' and its finitely generated
subgroup Lo = {(g).

It remains to load these components into Corollary and into to get the
following finitely presented overgroup holding I':

(5.6) © = ( (((AO k1o t0) #0 (Mg, 1)) #r (Mg %1, tQ)) ) w0 (A *2.. t),

and its finitely generated subgroup @ = (I'*o,... T'tm). O

5.4. Proof for Theorem [I.1l Now we can use the above constructions to finish
the main proof. The last two steps of the construction in Section [3] are effortless
to mimic. As © of is finitely presented, and @ is finitely generated, the HNN-
extension © *qg a is finitely presented. Inside e) *g a the elements a, b, c generate the
same free subgroup discussed in Section [3} and we can again define an isomorphism

p sending a, b, ¢ to a,b, ¢ together with the finitely presented analog of A from

B2
(5.7) A= (0xga)x,r

For any B C &,, we in analogy with Sectioncan denote W = (gf, a, r | f € B) in

A. Since each gy, a, r from A, in fact, is from A already, we in A have the analog

of (3.3)) also:
(5.8) GNWp=A4A,, 8-

Since Ag is benign in G, by Theorem hypothesis there is a finitely presented
(explicitly given) overgroup Kp of G with a finitely generated subgroup Lz so that
GNLg=Agin Kg.

As A was built purely via free constructions in which we are in position to
control which new elements (such as, stable letters) to adjoin, we can make sure no
element of A outside G is contained in Kz, and hence, we can construct the finitely

presented amalgamated product A xg Kg.
17
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The subgroup Ag is benign also in A. Indeed, the group A xg Kp is finitely
presented, and to its subgroup Lp = ( Ag, Lg) we may apply in Corollary
to get AN Lg = Ag, because Ag NG = Ag and Ly NG = Ag.

Next, being finitely generated (b,c) is benign in A for the finitely presented A
and for the finitely generated (b, ¢), see remark in subsection

Hence by Corollary the join (Ag, (b,c)) = Wp is benign in A. As its finitely

presented overgroup we may take:
\IJ = ((A *G KB) *LB y) *A (A *(b,c) y/)

(see ([£.3)), and as a finitely generated subgroup we may take L' = (AY, Ay/>.
G clearly is benign in A. Hence by (5.8) and by Corollary the intersection
GNWp = A,, 5 is benign in A for the finitely presented group:

(59) meg = (\I/ xr, Z) *A (A *G Z/),
and its finitely generated subgroup:
(5.10) Ly, 5=A,

ie, AN Ly, B = A, Bin K, 5. But since G < A and Au,.B < G, we conclude
that G N Ly, B = Au,,5 also holds in K, 5.
This completes the proof of Theorem
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Abstract. The paper is concerned with the statistical estimation of the spectral parameters
of stationary models with tapered data. As estimators of the unknown parameters we consider
the tapered Whittle estimator and the simplified tapered Whittle estimators. We show that under
broad regularity conditions on the spectral density of the model these estimators are asymptotically
statistically equivalent, in the sense that these estimators possess the same asymptotic properties.
The processes considered will be discrete-time and continuous-time Gaussian, linear or Lévy-driven

linear processes with memory.
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1. INTRODUCTION

The present paper is concerned with the following general parametric estimation
problem. Let 6 := (61,...,0,) € © C R? be an unknown vector parameter appearing
(a) in the probability density of some random variable X, or (b) in the finite-
dimensional probability densities of a random process {X (¢), ¢t € U}, where U = R
in the continuous-time (c.t.) case and U = Z in the discrete-time (d.t.) case. The
problem of interest is to estimate the value of the parameter 6 based on the sample
Xr, where in case (a) Xp := {X1,...,Xr}, Xi1,..., X7 being T independent
observations of the random variable X, and in case (b) X7 is an observed finite
realization of the process X(t): Xp = {X(¢),t € Dr}, where Dy = [0,T]
in the c.t. case and Dy := {1,...,T} in the d.t. case. The usual methods of
constructing estimators of the unknown parameter ¢ used in mathematical statistics
(for example, the method of moments, the maximum likelihood method, the least-
squares method, the Whittle method, etc.), as a rule, require finding the roots
of some system of (possibly non-linear) estimating equations with respect to the
unknown 6 = (61, ...,0,) of the form:

(1.1) Fi(Xr,0)=0, i=1,...p,
20
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where F;(0) := F;(Xr,0) are certain functionals of X1 depending on 6.

The classical estimation methods often lead to estimators with good asymptotic
properties. For example, in many cases one can prove that for sufficiently large
values T there exist, with probability near 1, a root O of the system of estimating
equations (1.1) which is a consistent estimator of #, that is, p — limp— oo =
0o, where p — lim denotes the limit in probability, and 6y € © is the unknown
true value of the parameter . Moreover, under broad regularity conditions, the
classical estimation methods often lead to 7p-consistent and asymptotically normal
estimators, where 77 is a comparatively rapidly increasing function. (Recall that
for a non-random function 7 = 7(T") increasing without bound as T — oo, we
say that the statistic éT is a Tp-consistent estimator for 6 if the distribution of the
random vector 77 (61 — ) converges (as T — o) to a non-degenerate distribution.

These classical estimation methods, however, have two disadvantages. First, it is
only for relatively simple situations that the system of estimating equations (1.1) has
an explicit solution, and finding the roots of the system (1.1) often turns out to be
very hard problem. Second, for the roots to be consistent, the estimating equations
need to behave well throughout the parameter set. Another issue that arise in the
statistical analysis of stationary models is that the data are frequently tapered
before calculating the statistic of interest, and the statistical inference procedure,
instead of the original data X, is based on the tapered data: X := {hr(t)X(t), t €
Dr}, where hr(t) := h(t/T) with h(t), t € R being a taper function.

Therefore it is of considerable interest to find more easily constructed (simplified)
estimators 67 that are asymptotically statistically equivalent to Or, that is, having
the same asymptotic (as T'— 00) properties as the estimator 1. The problem of
constructing simplified estimators with good asymptotic properties based on the
standard (non-tapered) data X7 goes back to the classical work of Le Cam [16],
and then it was developed by Dzhaparidze [8, 9] (see also Beinicke and Dzhaparidze
[1] and Dzhaparidze [10]).

In this paper we focus on the Whittle estimation method of the spectral parameters
of stationary models with tapered data. We provide sufficient conditions for the
tapered Whittle estimator to be v/T-consistent and asymptotically normal. Then
we construct simplified Whittle estimators based on the tapered data, and show that
under broad regularity conditions on the spectral density of the model the Whittle
estimator and the simplified Whittle estimator are asymptotically statistically equi-

valent, in the sense that these estimators possess the same asymptotic properties.
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The processes considered will be discrete-time and continuous-time Gaussian, linear

or Lévy-driven linear processes with memory.

2. THE MODEL

We will consider here stationary processes possessing spectral density functions,
and will distinguish the following three models.
(a) Discrete-time linear model. The process {X(¢), t € Z} is a discrete-time linear

process of the form:

o0 oo

(2.1) X(t)= Y alt—k)(k), Y lalk)l? < oo,

k=—oc0 k=—
where {¢(k),k € Z} ~ WN(0,1) is a standard white-noise, that is, a sequence
of orthonormal random variables. The spectral density f(A) of X (t) is given by

formula:

oo

Z a(k)e kA

k=—o0

—Lane aepma

(2.2) f) = =5

In the case where £(k) is a sequence of Gaussian random variables, the process X (t)
is Gaussian.
(b) Continuous-time linear model. The process {X(t), t € R} is a continuous-time

linear process of the form:
(2.3) X(t) = / a(t — s)d&(s), / la(s)|?ds < oo,
R R

where {£(s),s € R} is a process with orthogonal increments and E|d£(s)]? = ds.
The spectral density f(\) of X (¢) is given by formula:

/ e~ Ma(t)dt
R

In the case where £(s) is a Gaussian process, the process X (¢) is Gaussian.

1 2

T o

1
= —[aMV)P?, reR

(24) ) -

(¢) Lévy-driven linear model. We first recall that a Lévy process, {£(s), s € R} is
a process with independent and stationary increments, continuous in probability,
with sample-paths which are right-continuous with left limits and £(0) = £(0—) = 0.
The Wiener process {B(s), s > 0} is a typical example of centered Lévy processes.
A Lévy-driven linear process {X (t), t € R} is a real-valued c.t. stationary process
defined by (2.3), where £(s) is a Lévy process satisfying the conditions: EE(s) = 0,
E&%(1) = 1 and E€*(1) < co. In the case where £(s) = B(s), X(t) is a Gaussian
process.

The function a(-) in representations (2.1) and (2.3) plays the role of a time-

invariant filter, and the linear processes defined by (2.1) and (2.3) can be viewed
22
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as the output of a linear filter a(-) applied to the process {£(u), u € U}, called the
innovation or driving process of X (t).
3. DATA TAPERS AND THE TAPERED PERIODOGRAM

In this section we introduce the data tapers and tapered periodogram. Our

inference procedures will be based on the tapered data Xf}:

(3.1) XA = {hr(t)X(t), t € Dy},

where Dr :=[0,T] in the c.t. case and Dy := {1,...,T} in the d.t. case, and
(3.2) b (t) = h(t/T)

with h(t), t € R being a taper function to be specified below.

For k € N := {1,2,...}, denote by Hy r()\) the tapered Dirichlet type kernel,
defined by

S hE(H)e ™ in the d.t. case,

(33) Hk’T(A) = T .

Jo Me(t)em™dt  in the c.t. case,
and put
(34) Hk,T = HkyT(O)

Define the finite Fourier transform of the tapered data (3.1):

Zthl hr(H)X (t)e™™t in the d.t. case,
(3.5) dh(\) =
fOT hr(t)X (t)e~™dt in the c.t. case.

and the tapered periodogram IL()) of the process X (¢):

1
(3.6) IF(A) == == dp(N)dp (=),
Cr
where
(37) CT = 27TH2)T(O) = 27TH2,T 7& 0.

Notice that for non-tapered case (h(t) = Ijg1j(t)), we have Cr = 27T
Throughout the paper, we will assume that the taper function h(-) satisfies the

following assumption.

Assumption 3.1. The taper h : R — R is a continuous nonnegative function of
bounded variation and of bounded support [0, 1], such that Hj # 0, where
(3.8) Hy = Tlim (1/T)Hyr, and Hyr is as in (3.4).

—00

Observe that in the c.t. case we have Hy = fol RE(t)dt.
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Remark 3.1. The data taper h(t) normally has a maximum at ¢t = 1/2 and
decreases smoothly to zero as ¢ tends to 0 or 1. For the d.t. case, an example of a
taper function h(t) satisfying Assumption 3.1 is the Tukey-Hanning taper function
h(t) = 0.5(1 — cos(nt)) for ¢t € [0,1]. For the c.t. case, a simple example of a taper
function h(t) satisfying Assumption 3.1 is the function h(t) =1 —¢ for ¢ € [0, 1].

The benefits of tapering the data have been widely reported in the literature
(see, e.g., Brillinger [2], Dahlhaus [3]-[6], Dahlhaus and Kiinsch [7], Ginovyan and
Sahakyan [13, 14|, Guyon [15], and references therein). For example, data-tapers
are introduced to reduce the so-called ’leakage effects’, that is, to obtain better
estimation of the spectrum of the model in the case where it contains high peaks.
Tapering also can be used to reduce the so-called ’trough effects’, that is, to obtain
better estimator of the spectrum in the case where it contains strong troughs.
Other application of data-tapers is in situations in which some of the data values
are missing. Also, the use of tapers leads to bias reduction, which is especially
important when dealing with spatial data. In this case, the tapers can be used to
fight the so-called ’edge effects’ (for details see Dahlhaus [5, 6], and Ginovyan and
Sahakyan [14]).

4. ESTIMATION OF LINEAR SPECTRAL FUNCTIONALS

Linear and non-linear functionals of the periodogram play a key role in the
parametric estimation of the spectrum of stationary processes, when using the
minimum contrast estimation method with various contrast functionals (see, e.g.,
Ginovyan and Sahakyan [14], and references therein). The result that follow is used
to prove consistency and asymptotic normality of the minimum contrast estimators
based on the Whittle functionals for linear models with tapered data. Specifically,
we are interested in the nonparametric estimation problem, based on the tapered

data (3.1), of the following linear spectral functional:

(4.1) 7= 3(19) = [ SNar

where g(\) € Li(A), 1/p+ 1/q = 1. Here, and in what follows, A = R in the c.t.
case, and A = [—m.7] in the d.t. case.

As an estimator J2 for functional J(f), given by (4.1), based on the tapered
data (3.1), we consider the averaged tapered periodogram (or a simple ’plug-in’

statistic), defined by

(42) T = I(0hg) = [ BN
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where I1()\) is the tapered periodogram of the process X (t) given by (3.6). We
will refer to g(\) and to its Fourier transform g(t) as a generating function and
generating kernel for the functional J& respectively. To state the corresponding

results we first introduce the following assumptions.

Assumption 4.1. The spectral density f and the generating function g are such
that f,g € LY(A) N L2(A) (f,g € L?*(A) in the d.t. case) and g is of bounded

variation.

Assumption 4.2. (A) (d.t. case). The spectral density f and the generating
function g are such that f € LP(A) (p > 1) and g € LY(A) (¢ > 1) with 1/p+1/¢ <
1/2.

(B) (c.t. case). The spectral density f and the generating function g are such that
feL*A)NLP(A) (p>1)and g € LY (A)NLI(A) (¢ > 1) with 1/p+1/q < 1/2.
(C) (c.t. Lévy-driven case). The filter a and the generating kernel g are such that
a€ L*(A)NLP(A) and § € LI(A) with 1 < p,¢g<2and 2/p+1/q > 5/2.

Denote

.. THyr
(4.3) e(h) := TlgnOo "2,

where Hy, 1 is as in (3.4), and

@) o) = tnet) [ PONPON+raelh) [ / f(A)g(A)dA} ,

where r4 is the fourth cumulant of £(1).
The proof of the next theorem can be found in Ginovyan and Sahakyan [13] (see

also Ginovyan [11]).

Theorem 4.1. Let the functionals J := J(f,g) and J& = J(I%, g) be defined by
(4.1) and (4.2), respectively. Then under Assumptions 3.1, 4.1 and 4.2 the following
asymptotic relation holds:

(@) B(JM—J—=0 as T — oo.

(b) TY2[E(})—J] =0 as T — oo

(¢)  lim TVar(Jh) = o2 (J),

T—o0

@) TY2[Jh—-J] %y as T — oo,

where E[] is the expectation operator, the symbol 2 stands for convergence in

distribution, and n is a normally distributed random variable with mean zero and

variance o3 (J) given by (4.4).
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5. THE WHITTLE ESTIMATION PROCEDURE

We assume here that the spectral density f(\) belongs to a given parametric
family of spectral densities F := {f(},0) : 6 € O}, where 6 := (61,...,0,) is an
unknown parameter and © is a subset of the Euclidean space RP. The problem
of interest is to estimate 6 on the basis of the tapered data (3.1), and investigate
the asymptotic (as T — 00) properties of the suggested estimators. We use here
the Whittle estimation method to estimate #. This method, originally devised
by P. Whittle for d.t. stationary processes (see Whittle [17]), is based on the
smoothed periodogram analysis on a frequency domain, involving approximation of
the likelihood function and asymptotic properties of empirical spectral functionals.
The Whittle procedure of estimation of a spectral parameter # based on the tapered
sample (3.1) is to choose the estimator §T’h to minimize the weighted tapered
Whittle functional:

h
(5.1) Urn(0) :== ﬁ/{x [log f(N0) + J{(T)\(’Ae))
where I%()) is the tapered periodogram of X (t), given by (3.6), and w(\) is a weight
function (that is, w(—\) = w(A), w(\) > 0, w(A\) € L1(R)) for which the integral

in (5.1) is well defined. In the d.t. case as a weight function we take w(\) = 1. In

-w(N) dA,

the c.t. case, an example of common used weight function is w(\) = 1/(1+ A?). So,

the Whittle estimator GATJL of 6 based on the tapered sample (3.1) is defined by

(5.2) Or5, := Arg min Ur n(0),
9ce

where Up () is given by (5.1). Thus, the tapered Whittle estimator §T7h of 0 is

the root of the following system of estimating equations:
Fpi(0) = Frp,i(0) := (0/00:;)Ur,n(6)
(5.3)
= [ 10/96:) 105 (0.6 + T (N)(@/06)1 (L 0)] - w(N dA =0, i=1L.....p,
A

The tapered Whittle estimator é\T,;L of 6 possesses good asymptotic properties. To

state these properties of §T,h, we first introduce the following set of assumptions.

Assumption 5.1. The true value 0y of the parameter 6 belongs to a compact set ©
in the p-dimensional Euclidean space R?, and f(X,01) # f(), 62) whenever 61 # 6,

almost everywhere in A with respect to the Lebesgue measure.

Assumption 5.2. The functions f(\,0), f~1(\,0) and (9/00;)f~1(\,0), k =

1,...,p, are continuous in (A, 6).
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Assumption 5.3. The functions f := f()\,0) and g := w(A)(9/00x)fL(\,0)
satisfy Assumption 4.1 for all k=1,...,p and 0 € O.

Assumption 5.4. The functions f, g, a := a(\,0) and b := g, where g is as in
Assumption 5.3, satisfy Assumption 4.2.

Assumption 5.5. The functions (9%/90;,00;) f =1 (), 0) and (9%/90,00;00,) f ~*(X, 0),
k,3,l = 1,...,p, are continuous in (\,0) for A € A, 0 € Ns(6y), where Ns(0y) :=
{6: 10 — 6y| < &} is some neighborhood of 6.

Assumption 5.6. The matrices
(5.4) W(O) := [lwi; (O)]l, AO) := llai;(0)ll, B(O) := [|bs; (D), &, =1,....p

are positive definite, where

1 0 0

65 w0 = = [ 5 I F(3,) 35 I SO B)w ()
1 0 0

(5.6) ay() = Aaei1nf(/\,0)87jlnf(/\,a)wQ(/\)d/\,
KR4 8 8

and k4 is the fourth cumulant of £(1).

The next theorem, which was proved in Ginovyan [12], contains sufficient conditions
for the tapered Whittle estimator §T, »n to be v/T-consistent and asymptotically

normal.

Theorem 5.1. Suppose that Assumptions 3.1 and 5.1-5.6 are satisfied. Then the
Whittle estimator §T7h of an unknown spectral parameter 6 based on the tapered

data (3.1) is V/T-consistent and asymptotically normal, that is,
(5.8) T/ (é},h - 90) 4N, (0,e(h)D(0p)) as T — oo,

where Ny(-,-) denotes the p-dimensional normal law, 2 stands for convergence in

distribution, and
(5.9) T(0p) = W~"(60) (A(6o) + B(6o)) W~ (0o).

Here the matrices W, A and B are defined in (5.4)-(5.7), and the tapering factor
e(h) is given by formula (4.3).

Remark 5.1 (The variance effect). Since tapering of the data, roughly speaking,
reduces the effective length of the data, it is not surprising that the corresponding
tapered estimators, generally, will have larger variances than their non-tapered

counterparts. Specifically, using the Cauchy-Schwartz inequality for the tapering
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factor e(h) (defined by formula (4.3)) we have e(h) > 1, and the equality is attained
in the non-tapered case, that is, for h(t) = Ijg 1)(¢). Thus, the use of tapers, generally,
will result in an efficiency loss. However, as it was observed by Dahlhaus (see [6],
p.161), it is not correct to conclude from this that tapering always increases the
variance of the estimators’, because a taper function h can be chosen to satisfy
e(h) = 1. Moreover, in the classical asymptotic setting, for d.t. Gaussian processes
it is possible to choose the taper function h(t) so that the corresponding tapered
estimator will be asymptotically Fisher-efficient (for details see Dahlhaus [4, 6],
Ginovyan and Sahakyan [14]).

6. THE LE CAM-DZHAPARIDZE SIMPLIFIED ESTIMATORS

We describe here the Le Cam-Dzhaparidze approach of constructing simplified
estimators in the general setting (see Le Cam [16] and Dzhaparidze [8, 9]).

We first introduce the following set of assumptions (see Dzhaparidze [8]). In what
follows, 70 = 7(T') stands for a non-random function increasing without bound as

T — oco.

Assumption 6.1. The system of estimating equations (1.1) has a root 1 which

is a consistent estimator of 8, that is, p — Limip— o007 = Oo.

Assumption 6.2. For 6 € © the derivatives Fi(k) (0) = (0/00)F;(0), i,k =1,...p,
exist, and for any arbitrarily small € > 0 and § > 0
(6.1) P (1F") (00) = wir(0)| <€) =1 -4,

where F;(0) is as in (1.1) and W(0) := ||w;x(0), i,k = 1,...,p| is a non-random

matrix, which is non-degenerate for 6 = 6.

Assumption 6.3. The second derivatives Fi(k’j)(ﬂ) = (0?/060,,00;)F;(0) exist,
which are continuous for # € © and i,k,7 = 1,...,p, and such that for any

arbitrarily small § > 0 and some M < oo,

(6.2) P (|Fi(k’j)(0)| < M) >1-04.

Assumption 6.4. Along with (6.1), for sufficiently large T, the following stronger
inequality holds:

(6.3) P (Ve FY (00) — wir(6o) < £) > 16,
Assumption 6.5. There exists a random matrix D, := ||d}, ||, ¢,k =1,...,p, such

that for any arbitrarily small € > 0 and § > 0, the inequality

(6.4) P (\/77|d}) — dix(0o)| <€) > 1 -0
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holds for sufficiently large T and all i,k = 1,...,p, where d;1(6p) are the elements
of the matrix D(6y) :== W~1(), and W (#) is as in Assumption 6.2.

Theorem 6.1 (Dzhaparidze [8]). Let F(0) be a p-dimensional vector with elements
Fi(0), i =1,...p, F(0) be a matriz with elements Fi(k)(ﬂ) i,k =1,...p, and 0%
be an arbitrary T1-consistent estimator of 6, where \/Tr /77 — 0 as T — oo. The
following assertions hold:

(a) Under Assumptions 6.1-6.3 the estimator 0y 7 = 0% — F~1(05)F(0%) is

asymptotically equivalent to 1 in the sense that
p— lim TT <éT - él,T) =0.
T—o0
(b) Under Assumptions 6.1-6.5 the estimators of the form O = 0% — D, F(0%)

are asymptotically equivalent to Or in the sense that
p— lim TT (éT - éT) =0.
T—o00
Remark 6.1. Comparing assertions (a) and (b) of Theorem 6.1 one easily sees

that if D, = F~1(6%), then the estimator 6, 7 coincides with 0.

7. SIMPLIFIED WHITTLE ESTIMATORS FOR SPECTRAL PARAMETERS WITH

TAPERED DATA

As it was stated above (see Theorem 5.1), the tapered Whittle estimator é\T,h of
0 possesses good asymptotic properties, that is, the estimator §T, » is v/T-consistent
and asymptotically normal. Moreover, for d.t. Gaussian models it is also asymptoti-
cally Fisher-efficient (see Remark 5.1).

However, generally, the estimating equations (5.3) are non-linear, and it is a
challenging problem to find the estimator §T7h. So, it is important finding simpler
estimators of the parameter 6 having the same asymptotic properties as @\T’h. The
estimators proposed here are asymptotically equivalent to the estimator é\T,h under

rather broad regularity conditions on the spectral density function f(A,#).

Theorem 7.1. Let Fy(0) be a p-dimensional vector with elements F; ,(0) (i =
1,...p) given by (5.3), 01, be an arbitrary T1-consistent estimator of 0, where
W/T} — 0 as T — oo, and let D, := ||d|, i,k =1,...,p, be a random matriz
whose elements d}, satisfy the condition (6.4). Then under assumptions of Theorem

5.1 the estimators of the form
(71) éT,h = 9},;1 — D*Fh(e},h)
are asymptotically equivalent to the tapered Whittle estimator éT’h in the sense that

p— lim \/T(éT,h —HVT,h) =0.

T—o0
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Proof. The result we deduce from Theorem 6.1 by using Theorem 4.1. We show
that the Assumptions 6.2-6.4 are satisfied for functions F}, ;(0) (i = 1,...p).
First, applying Theorem 4.1(a) we easily conclude that for k,7 =1,...,p,

Jim Eq [U) (0)] = wis(60) =
(72) —i/ilnf(/\ﬁ)ilnf()\ﬁ) (A)dA
' - 47 A 80k o 89J o)W ,

where Eg[€] stands for expectation with respect to probability Py, corresponding
to spectral density f(A,6p), and Uq(fff;)(G) = (02/001,00,;)Ur 1 (0) with Ur ,(0) as in
(5.1) (for details see Ginovyan [12]).

Next, by applying Theorem 4.1(c), for the variance of Ugf,{) (0o) (k,j=1,...,p),

we have

(7.3) lim /T'Var (U;’j,{) (00)) = 0.

T—o0

Therefore, by Chebyshev’s inequality it follows that, for sufficiently large T',
(7.4) P (VTIFY) (00) — win(00)] <) 213,

where € > 0 and § > 0 are arbitrary small numbers. Hence, Assumption 6.4 is
satisfied with 70 = /T. Since the matrix W(0) = |lwi (), i,k = 1,...,p| is
assumed to be non-degenerate for § = 6y, Assumption 6.2 also holds. Finally, using

Theorem 4.1(a) and (c), we easily infer that the function

FyD(0 :—/Ih)\i Y 0)w(A)dA
T,h,z( ) A A T( )aelaekaajf ( ) )w( )
satisfies Assumption 6.3. Thus, the result follows from Theorem 6.1(b). O

Corollary 7.1. Let F(0) be a matriz with elements F}Ekz) 0) G, k=1,...p). Then
under the conditions of Theorem 7.1 the estimator
(7.5) Orrn =07 — F (07, Fn(07.),

is also asymptotically equivalent to the estimator 9AT7h.

Corollary 7.2. Assume that for 8 € © there exist continuous derivatives (0/00;)wy, ;(0)
(i,k,j =1,...,p) satisfying [(0/00;)w; x(0)| < C, where the constant C does not

depend on 0. Then under the conditions of Theorem 7.1, the estimator
(7.6) 02,10 = 07 — W (07,1)Fn(07.5),

is also asymptotically equivalent to the estimator énh,

Indeed, applying the theorem on the mean we easily conclude that the elements
of the matrix D(67,,) = W' (67,,,) satisfy the condition (6.4), and hence may be

chosen as the d;" k-
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Remark 7.1. It is easy to see that, similar to the non-tapered case (see Dzhaparidze

[81);

fact,

the estimators él,T,h and ég,T’h can be constructed comparatively easily. In

to find them it is necessary to have available some 77-consistent estimator

with v/T/7% — 0 as T — oo and to determine the matrices F~'(6) and W~1(6),

respectively. Observe also that the estimators éT,h» él,T,h and égyTyh are of interest

only if it is too difficult to solve the system of estimating equation (5.3) directly

for practical use. In the cases where the equations in (5.3) are linear (and so easily

solved), then clearly the estimator 6; 1), coincides with 07,

(1
2l
i
[5]
[6]
7]
(8]
[l
[10]
(11]
[12]

[13]

[14]
[15]
[16]

[17]

CHHUCOK JINTEPATYPHI

G. Beinicke, K. O. Dzhaparidze, “On parameter estimation by the Davidon-Fletcher-Powell
method”, Theory Probab. Appl., 27, 396 — 402 (1982).

D. R. Brillinger, Time Series: Data Analysis and Theory, Holden Day, San Francisco (1981).
R. Dahlhaus, “Spectral analysis with tapered data”, J. Time Ser. Anal., 4, 163 — 174 (1983).
R. Dahlhaus, “Parameter estimation of stationary processes with spectra containing strong
peaks”, Robust and Nonlinear Time Series Analysis, (Franke, Hardle and Martin, eds.)
Lecture Notes in Statistics, no. 26, 50 — 67 (1984).

R. Dahlhaus, “Small sample effects in time series analysis: a new asymptotic theory and a
new estimate”, Ann. Stat., 16, 808 — 841 (1988).

R. Dahlhaus, “Nonparametric high resolution spectral estimation”, Probab. Th. Rel. Fields,
85, 147 — 180 (1990).

R. Dahlhaus, H. Kiinsch, “Edge effects and efficient parameter estimation for stationary
random fields”, Biometrika, 74 (4), 877 — 882 (1987).

K. O. Dzhaparidze, “On simplified estimators of unknown parameters with good asymptotic
properties”, Theory Probab. Appl., 19, 347 — 358 (1974).

K. O. Dzhaparidze, Parameter Estimation and Hypothesis Testing in Spectral Analysis of
Stationary Time Series, Springer, New York (1986).

K. O. Dzhaparidze, “On iterative procedures of asymptotic inference”, Statistica Neeriandica,
37, 181 — 189 (1983).

M. S. Ginovyan, “On Toeplitz type quadratic functionals in Gaussian stationary process”,
Probab. Theory Relat. Fields, 100, 395 — 406 (1994).

M. S. Ginovyan, “Parameter estimation for Lévy-driven continuous-time linear models with
tapered data”, Acta Appl Math., 169, 79 — 97 (2020).

M. S. Ginovyan, A. A. Sahakyan, “Estimation of spectral functionals for Levy-driven
continuous-time linear models with tapered data”;, Electronic Journal of Statistics, 13, 255
— 283 (2019).

M. S. Ginovyan, A. A. Sahakyan, “Statistical inference for stationary models with tapered
data”, Statistics Surveys, 15, 154 — 194 (2021).

X. Guyon, Random Fields on a Network: Modelling, Statistics and Applications, Springer,
New York (1995).

L. Le Cam, “On the asymptotic theory ofestimation and testing hypotheses”, Proc. 3rd
Berkeley Sympos. Math. Stat. Probab., 1, 129 — 156 (1956).

P. Whittle, Hypothesis Testing in Time Series, Hafner, New York (1951).

[MocTynuna 03 ampesns 2023
[Tocne mopaborku 03 ampess 2023

IIpunsara k nydsukamuu 15 asrycra 2023

31



Uszsecrust HAH Apmennu, Maremaruka, Tom 59, u. 1, 2024, crp. 32 — 53.

MOVABILITY OF MORPHISMS IN AN ENRICHED
PRO-CATEGORY AND IN A J-SHAPE CATEGORY

P. S. GEVORGYAN, I. POP

Moscow State Pedagogical University, Moscow, Russia
Al I. Cuza University, lasi, Romania
E-mails: pgev@yandex.ru; ioanpop@uaic.To

Abstract. Various types of movability for abstract classical pro-morphisms or coherent mappings,
and for abstract classical or strong shape morphisms was given by the same authors in some
previous paper [10], [1I], [I2]. In the present paper we introduce and study the notions of (uniform)
movability, and (uniform) co-movability for a new type of pro-morphisms and shape morphisms
belonging to the so called enriched pro-category pro”-C and to the corresponding shape category

Sh‘(]C D) which were introduced by N. Uglesi¢ [27].

MSC2020 numbers: 55P55; 54C56.
Keywords: J-morphisms; enriched pro-category; J-shape; movable pro-object; uni-
formly movable J-morphism; Mittag-Leffler J-property; J-shape morphisms.

1. INTRODUCTION

The notion of movability for metric compacta was introduced by K. Borsuk
[2] as an important shape invariant. The movable spaces are a generalization of
spaces having the shape of ANR’s. The movability assumption allows a series of
important results in algebraic topology (like the Whitehead and Hurewicz theorems)
to remain valid when the homotopy pro-groups are replaced by the corresponding
shape groups. The term "movability"comes from the geometric interpretation of
the definition in the compact case: if X is a compactum lying in a space M € AR,
one says that X is movable if for every neighborhood U of X in M there exists a
neighborhood V' C U of X such that for every neighborhood W C U of X there
is a homotopy H : V x [0,1] — U such that H(x,0) = = and H(z,1) € W for
every © € V. One shows that the choice of M € AR is irrelevant [2]. After the
notion of movability had been expressed in terms of ANR-systems for arbitrary
topological spaces [16], [I7], it became clear that one could define it in arbitrary
pro-categories. The definition of a movable object in an arbitrary pro-category and
that of uniform movability were both given by Maria Moszyniska [20]. Uniform
movability is important in the study of mono- and epi-morphisms in pro-categories

and in the study of the shape of pointed spaces. In the book of Sibe Mardesi¢ and
32



MOVABILITY OF MORPHISMS IN AN ENRICHED ...

Jack Segal [I7] all these approaches and applications of various types of movability
are discussed.

Besides the classic case of movability pro-objects and shape objects, some notions
of movability for some morphisms appear in the papers of T. Yagasaki [28] and [29],
Z.Cerin [3], and D. A. Edwards and P. Tulley McAuley [6]. Unfortunately, these
approaches are just particular cases and they do not deal with the movability of
shape morphisms in the general case of an abstract shape theory.

Some categorical approaches to movability in shape theory were given by P.S.
Gevorgyan [7], [8], P.S. Gevorgyan and 1. Pop [9], Avakyan and Gevorgyan [I], and
L. Pop [21], [23].

The idea of considering the notions of movability for abstract pro-morphisms
and shape morphisms came from the article [22] of the second author, in which the
notion of movability is defined for a covariant functor and for a natural transformation
(functorial morphism). Then, considering the inverse systems as functors and the
pro-morphisms as natural transformations, various types of movability can be obtained,
for pro-morphisms and shape morphisms, which is done in the papers of P.S.
Gevorgyan and 1. Pop [10], [11], |[12]. But what is achieved by introducing this
property? In short: if m : X — Y is a pro-morphism or a shape morphism and if X
or Y is a movable pro-object or a shape-object then m is a movable morphism. And if
Y = X and m = 1x, then X is movable if and only if the morphism 1x is movable.
We see that the movability of morphisms (pro- or shape-) is a generalization of
the movability of objects in that category. And then, to obtain a theorem on the
morphism m, assuming that X or Y is movable, it may happen that the same result
should be obtained with the weaker condition that m be movable.

In the present paper we introduce and study the notions of movability for a
new type of pro-morphisms and shape morphisms associated with a category C and
a pair (C,D) respectively, namely belonging to a so called enriched pro-category
pro’-C, and respectively to the corresponding shape category S h(JC,D) having as the
realizing subcategory the category pro’-D for (J, <) a directed partially ordered
set, according to the article [27] by N. Uglesi¢.

Because by particularization of the set (J, <) one can obtain the classical abstract
shape theory and the so-called coarse shape theory, the results of this article can
be considered as generalizations of the corresponding results from the papers [9],
[10], and [12].
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2. ENRICHED PRO-CATEGORY AND J-SHAPE CATEGORY

In this section are given the notions and results from [27] necessary for the
approach of our paper. Other notions and necessary results from shape theory can
be found in the books [I7] and [4].

Definition 2.1. Let C be a category, let X = (X, pan,A) and Y = (Y, qupr, M)
be inverse systems in C and let J = (J, <) be a directed partially ordered set. A
J-morphism (of X to Y in C) is every triple (X, ((f]),¢),Y), denoted (f}, ) :
X — Y, where ((fl{), @) is an ordered pair consisting of a function ¢ : M — A |
called the indezx function, and, for each p € M, of a family ( ﬂ) of C-morphisms

fﬁ : Xg(u) — Yu,j € J, such that, for every related pair ' > p in M, there exists
aXe A N> o(p),d(r), and there exists a j € J so that for every j' > j,

(2.1) fﬁ Po(uyx = qﬂu’fi/%(,u)m

i.e., makes the following diagram commutative

X
My w:)%
Xo(w) Koy
7 J{ J{f{;
Dup!
Y, Y

If the index function ¢ is increasing and, for every pair u < ', one may put
A= ¢(n'), then (ff“ ) is said to be a simple J-morphism.

If, in addition, M = A and ¢ = 14, then (ff;, 14) is said to be a level J-morphism.

Further, if the equality holds for every j € J, then ( 57 ¢): X =Y is said

to be a commutative J-morphism.

Remark 2.1. a) The composition of two J-morphisms ( IZ, @) : X = (Xn,pan,A) =
Y = (Y, quu, M) and (¢2,¢) : Y = Z = (Z,, 7, N) is defined as (hd,x) : X —
Z, with y = ¢o1p and hi, = ggofi(y),

b) The identity J-morphism of the inverse system X = (X, pxr, A) is (1:7X)\’ 1p) :

j € J,v € N. This composition is associative.

X — X with 1§Q = lx, for any j € J, where 1x, is the identity morphism of X
in the category C.
c¢) For a category C and a directed partially ordered set J there exists a category
inv’-C having the object class Ob(inv’/-C) = Ob(inv-C) and the morphism class
Mor(inv’-C) of all sets (inv’-C)(X,Y) of all J-morphisms (f],$) of X to Y,
endowed with the composition and identities described in a) and b).
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Definition 2.2. A J-morphism (f/j, @) : X = Y of inverse systems in C is said to
be equivalent to a J-morphism (f",),¢’) : X — Y, denoted by (f},,¢) ~ (f"),,¢'),
if every p € M admits a A € A, A > ¢(u), ¢’ (1), and a j € J such that, for every

7>,
(2.2) Fi Por = F1luPor s

i.e., makes the following diagram commutative

X\ %(M); X¢(u)

P«p'(mxl J/ff;/

X¢/ (1 13! }/ﬂ
W

Remark 2.2. a) The defining equality holds for every X' > X;

b) The relation ~ is an equivalence relation on each set (inv’-C)(X,Y);

¢) The equivalence class [( /z’ ¢)] of a J-morphism is denoted by f;

d) Let (f7,¢),( ’i,¢') : X =Y and (g7,1), (g’f,, "Y1 Y — Z be J-morphisms
of inverse systems in C. If (], ) ~ ( 'i,gb’) and (g7, ¢) ~ (¢"),4/), then ( g,zb)(fi, ) ~
(9%, &) ("7 0);

e) By the above remarks one may compose the equivalence classes of J-morphisms
of inverse systems in C by means of any pair of their representatives, i.e., gf = h,
where h is the equivalence class of (hi,h) = (g,%)(fi,¢) = (ggfg(y),¢w). The
corresponding quotient category (inv’-C)/ ~ is denoted by pro”’-C. The morphisms
of this category are called .J-pro-morphisms. There exists a subcategory (pro’-C). C
pro’-C determined by all equivalence classes having commutative representatives.
This category is isomorphic to the quotient category (inv’/-C)./ ~. Also pro-C =
(inv-C)/ ~ can be considered as a subcategory of (pro’-C). and, consequently as a
subcategory of pro”-C

f) Now using the fact that if (A, <) is a directed set and (M, <) is a cofinite
directed set, then every function ¢ : M — A admits an increasing function ¢’ :
M — A such that ¢ < ¢’ (see [I7], Ch.I, §1.2, Lemma 1), it can be proved that: if
f:X = (X\,pan,A) =Y = (Y, quw, M) is a morphism in pro’-C, with (M, <)
cofinite, then f admits a simple representative (f” ZL, ¢'): X =Y ([27], Lemma 6).

g) There exists a covariant functor I = lg : pro-C — pro’-C, by: I(X) = X, for
every inverse system X in C, and if f € pro-C(X,Y) and f = [(f,, ¢)], then I(f) =
[(f1,0)] € (pro’-C)(X,Y), where for each u € M, f} = f, for all j € J. Thus,
every induced J-morphism is commutative, and therefore I, g : pro-C — (pro’-C). C
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pro?-C. It is easy to see that this functor is faithful (J27], Theorem 1), but it is not
full ([27], Remark 2).
h) Every inverse system X in C is isomorphic in pro’-C to a cofinite inverse

system X'.
An important theorem is the following ([27], Theorem 2; [I7], Ch.I, §1.3, Theorem 3):

Theorem 2.1. Letf: X =Y € (pro’-C)(X,Y). Then there exist inverse systems
X" and Y’ in C having the same cofinite index set (N, <), there exists a morphism
f': X' = Y’ having a level representative (f"lj,, 1n) and there exists isomorphisms
i:X =X andj:Y =Y of pro’-C such that the following diagram in pro’ -C
commutes

X—tsvy

|

X —Y'
f/

Remark 2.3. a) If J = {1}, then proM-C = pro-C;

b) If (J,<) = (N, <), then pro™-C = pro*-C is the pro-category obtained from
the category (inv*-C) with so-called, x-morphisms [14];

c) If J is a directed partially ordered set having maz.J, then pro’-C = pro-C.
The "inclusion"functor I : pro-C — pro’-C' is a category isomorphism;

d) If J and K are finite directed partially ordered sets, then there exist the
isomorphisms: pro’-C = pro®-C = pro-C;

e) If there exists maxJ, then for every L there exists the canonical inclusion
functor I : pro’-C — pro”-C keeping the objects fixed;

f) Let J be a well ordered set and let K be a directed partially ordered set, both
without maximal elements, such that there exists an increasing function ¢ : J — K
such that ¢[J] is cofinal in K. Then there exists a functor T : pro’-C — pro’-C
which keeps the objects fixed and does not depend on ¢. Furthermore, for every

pair X and Y of inverse systems in C, X 2 Y in pro’/-C iff X 2 Y in pro®-C.

Remark 2.4. A pro’-C category is called an enriched pro-category. An enriched pro-
category is interesting and useful by itself because, in general, it divides (classifies)
the objects into larger classes (isomorphisms types) than the underling pro-category
pro-C. In addition, with the help of such an enriched pro-category one can construct

in the usual way a corresponding J-shape theory.

Definition 2.3. A J-pro-morphism f : X — Y is said to be pro’-D equivalent to

a J-pro-morphism f’ : X’ — Y’, denoted by f ~ f’, if there exist two canonical
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isomorphisms i: X — X’ and j : Y — Y’ of pro-D such that the following diagram

in pro-D commutes:
X it X'’

(R

YHY/
J

The equivalence class of a J-pro-morphism f : X — Y is denoted by (f).

Remark 2.5. If f ~ £ and g ~ g’, then gf ~ g'f’, so the composition (g)(f) = (gf)
is well defined.

Definition 2.4. For a pair of categories (C, D) with D a dense full (equivalent, full
and pro-reflective, [20]) subcategory of C, the (abstract) J-shape category S h(JC’D) is
defined as follows. The objects of this category are all the objects of C. A morphism
Fe Sh{c,p) (X,Y) is the (pro’-D)-equivalence class (f) of a J-morphism f : X —
Y of pro’-D for an arbitrary choice of D-expansions p: X — X, q:Y — Y. In

other words, a J-shape morphism F': X — Y is given by a diagram

X< x

g e

Y<~—Y
q

The composition of two J-shape morphisms F: X - Y, F = (f)and G: Y — Z,
G = (g), is defined by representatives, i.e., GF : X — Z, GF = (gf).

The identity .J-shape morphism on an object X, 1x : X — X, is the (pro’-D)-
equivalence class (1x) of the identity morphism 1x of X in pro’-D.

Since Sh‘(’aD)(X, Y) = pro’-D(X,Y) is a set, the .J-shape category Sh'(]c,D) is
well defined, and that its realizing category is pro’-D.

An interesting particular case of J-shape morphism is the following: If f : X — Y
is a morphism in the category Cand p : X — X, q : Y — Y are D-expansions, then
there exists a morphism f : X — Y in pro’-D, such that the following diagram in
pro’-C commutes:

X<2—X
I
Y ~q Y

This is a result of the definition of an expansion, [I7] (Ch. I, §2.1). If we take other
D-expansions p’ : X — X', ¢’ : Y — Y’, we obtain another morphism f’ : X’ — Y’
in pro’-D, such that f'p’ = q’f. And because (f'i)p = f'p’ = d'f = jaf = (jf)p,
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which implies f’i = jf, such that f ~ f’ in pro/-D, and in this way we can associate
with every f € C(X,Y) a pro’-D-equivalence class (f), i.e., a J-shape morphism
F € Shi p)(X,Y).

If one defines S7(X) = X, X € ObC, and S/(f) = F = (f), f € C(X,Y), we
obtain a covariant functor S/ = SEIC,D) :C — Sh{c,D)v called (abstract) J-shape

functor.

Theorem 2.2 (|27], Theorem 5). Let D be a full and pro-reflective subcategory
of C and J a directed partially ordered set. Then, for every pair P,Q € ObD, the
following statements are equivalent:

(i) P and Q are isomorphic objects of D, P = Q in D C C;

(ii) P and Q have the same shape, Sh(P) = Sh(Q), i.e., P = Q in Shc py;

(ii) P and @Q have the same J-shape, Sh(JC,D)(P) = Sh{c,p)(Q)’ e, P=Q in
Sh(JCyD).

Theorem 2.3 (|27], Corollary 2). Let C a category and D a full and pro-reflective
subcategory. Then

(i) She,p) = Shig)p;

(it) Shic py = Shl(wc’p), where Shi p) is the coarse shape category [14];

(iwi) If J is a directed partially ordered set having maxJ, then Sh{cp) = Sh,p)-

3. MOVABILITY AND UNIFORM MOVABILITY PROPERTIES FOR J-MORPHISMS

All sets of indices of inverse systems are supposed to be cofinite directed sets.
This condition is not restrictive (cf. [I7], Ch.I, §1.2).

First we recall from [I7] the notions of movable and uniform movable inverse
systems.

An object X = (X, par, A) of pro-C is movable provided every A € A admits a
X > X (called a movability index of A) such that each A > A admits a morphism
r: Xy — Xy of C which satisfies

(3.1) DAN O T = DN,

i.e., makes the following diagram commutative

Pax/

Xy X,

N
~ /
TN DPar
N

X/\//
An object X = (X, par, A) of pro-C is called a uniform movable if every A € A

admits a M > X (called a uniform movability index of \) such that there is a
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morphism r : Xy, — X in pro-C satisfying

(3.2) PrOT = Dax,

where py : X — X, is the morphism of pro-C given by 1, : X — X,.

Definition 3.1. Let X = (X,pax,A) and Y = (Y),, quur, M) be inverse systems
in a category C and ( Z;, ¢) : X = Y be a J-morphism of inverse systems. We say

that the J-morphism (f},, ¢) is movable (J-movable) if every u € M admits A € A,
A > ¢(p) and j € J, such that each p/ € M, ¢/ > p, and j' > j admit a morphism

W' Xy — Y, in the category C, which satisfies

’

(3.3) fpje OPp(u)x = dup’ © w,
i.e., makes the following diagram commutative

i’
X¢(H) > Y,

p¢(u)*T Tquu’

X)\ - >YH/

The pair of indices (), j) is called a J-movability pair of u with respect to the

J-morphism (f7, ¢).

The composition fﬁOp(ﬁ(#))\ for A > ¢(p) is denoted by fiA (cf. [I7], Ch.IL, §2.1).
With this notation the relation (3.3) becomes

., /

Fax = duw oul.
Note that if (), j) is a J-movability pair of u with respect to (fl{7 ), then so is
any pair (X,}), with A > \ and 3 > j.

Ezample 3.1. Let (X) be a rudimentary system in the category C and (f}, ) :
(X) =Y =Y, quw, M), ¢(u) =1,Yn € M, a J-morphism of inverse systems. It
is not hard to verify that ( fﬁ, ) is movable.

More generally, if we consider a morphism (f;,¢) : X = (Xx,par,A) = Y =
(Yo, quu» M) such that there exists Ay € A satisfying Ayr > ¢(u) for any p € M,
then (f/]“ ) is J-movable. Indeed, for an arbitrary index p € M and p/ > p there
exists j € J such that for j' € J, j' > j, we have fﬁ/°p¢(u)>\M = qwlofiiop(bw)/\M =

Q' © u!’, where u/' = fij O Po(u')ry 1 @ morphism from Xy, to Y. So, (Anr,J)

is a J-movability pair for € M.

Remark 3.1. a) If J = {1}, that is, inv’-C = inv-C, then the condition of movability

for a morphism of inverse systems (f,, ¢) : X — Y is written as f, opg(u)x = quutt,
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fora A€ A, A > ¢(p), ¢/ > p, and v : Xy — Y,y a morphism in C. And this
is the definition of movability for an usual morphism of inverse systems (cf. [10],
Definition 2.2).

b) If (J,<) = (N, <), i.e., inv/-C = inv*-C, the condition of movability for a
s-morphism (f}},¢) : X — Y is the following: every u € M admits A € A, A > é(p)
and n € N, such that each ¢/ € M, ¢/ > u, and m > n, admit a morphism
u™ : X\ — Y,y in the category C, which satisfies

(3.4) Ti' o Ps(un = Quu o u™.

Proposition 3.1. An inverse system X = (X, pan, A) is movable if and only if

the identity J-morphism (1%‘(), 1a) is movable.

Proof. If ) is a movability index of A with respect to X, then a pair (X, j),
j € J, is a J-movability pair for A with respect to the identity J-morphism, and

conversely. ([

Theorem 3.1. Let X = (Xx,paxn,A), Y = (Y, quu, M), Z = (Z,,7r,,,N) be
inverse systems in the category C and let ( i,qﬁ) X =Y, (¢0) Y = Z
be J-morphisms of inverse systems. If (gl,%) is movable, then the composition

(hix) = (g, ) o (fi, ¢) is also a movable J-morphism.

Proof. Recall that by definition of the composition of J-morphisms we have
X=¢oand hi =gl o fi(u). If (g7,4) is movable, and if (u, ) is a J-movability
pair of an index v € N, then for any index v’ € N, v/ > v, there is an index j € J
and a morphism v/’ : Y, — Z,., j/ > j, such that gJ o Q) = Tvw' © u!" or the

next diagram is commutative

g3’
Yyow) —= 2,

qw(V)HT TTW/

YH’ - -, > Zl//
w’

Now consider A € A such that A > ¢(p), A > ¢(¢(v)), and fi/(u) O Po(p())n =
Q) Ofﬁ/ o pg(uyr- Consider the morphism w =i’ ofg/ OPp(u)A * XA = Zyr. For
this morphism we obtain: r,,,,/ou’j/ = (rl,,,/ouj/)of#oqu(un = gyoqw(y)ofﬁlopd)(ﬂn =
gy © fi)l(y) O Po(p(v)) = th" © Px(v)a, i-€., the following diagram is commutative
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hi’
Xy —> 2y

px(V)AT Trw/

X)\ — 7,>'Zl/’

i
u J

Thus, (hJ,x) is a movable J-morphism. O

Corollary 3.1. Let X = (X, pax,A) be an arbitrary inverse system and Y =
(Y, quu, M) be a movable inverse system. Then any J-morphism (fli7 $): X—=>Y

is mowvable.

Proof. Since (f],¢) = (1{,#, Lar)o(f}, ¢) and (1{,“, 1am) : Y =Y is a movable J-
morphism by Proposition then ( fl{, ) is also J-movable according to Theorem

B.1l O

Theorem 3.2. Let X = (X, pa,A), Y = Yo, qu, M), Z = (Z,,r,/,N) be
inverse systems in the category C, and let ( g,¢) X =Y, (g2,0): Y — Z be
J-morphisms. If (fl{, ) is movable, then the composition (h,x) = (gJ,%) o (flJL o)

is also a mowvable J-morphism.

Proof. For a given index v € N, consider a movability pair (\,j) of (v),
A > ¢(¢(v)), with respect to ( g, @). Let us prove that (), j) is a movability pair of
v with respect to the J-morphism (hJ, x).

Let v/ € N, v/ > v, be any index and let ' > ¢(v'), 9 (v) be an index such that
for j' > j

v v

T"l]/V’ [¢] glJI, [e] qw(ul)#/ = g;J/ [¢] qw(l/)[l/'
By the J-movability of ( ﬁ,gb) : X = Y, for gy, there exists a morphism
wl s Xy — Y, such that

fljl’(lf) O Pp(p(v)X = Qup(v)p’ © ul .
Define U7 : Xy — Z,s by

U7 = gl 0y 0w

r O Gy © u = glj/ O qy(v)u' © uw = glj/ o

Gy © Fi 0 DgGon = g1 © fi(,,) O Py(n = Ml © Py u

y . y ,
ol Vi j
Now we have: 7, , o U7 =71 ,0gq)

Corollary 3.2. Let X = (X, pan, A) be a movable inverse system and let Y =
(Y, quu s M) be an arbitrary inverse system. Then any J-morphism (ff“ @) : X —
Y is mouvable.
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Proof. Since (f},¢) = (f] gi))o(l&v 15) and the identity J-morphism (li(k, INE
X — X is movable by Proposition then ( fi, ) is also J-movable according to
Theorem [3.21 O

Corollary 3.3. Let X = (X, pan,A) be a movable inverse system in the category
C. If an inverse system Y = (Y, quur, M) is J-dominated by X, i.e., there exist two
J-morphisms (ff;, ): X =Y and (gi,w) :'Y — X such that (fi, )o (gi,q/)) =

(1{@, 1a), then Y is movable.

Proof. By hypothesis and Proposition (1%@, 14) is J-movable. Then by the
equality (1%6, 1p) 0 (gi,w) = (gi, ¥) and by Theorem it follows that (g7,1) is
J-movable. Hence, the composition (f/]N )o (gi, P) = (1%, 1ar) is also J-movable
by Theorem Therefore, Proposition implies that Y is a movable inverse
system. (|

Remark 3.2. Corollary [3.3]is a generalization of a classical result for the movability
of inverse systems [I7] (Ch. II, §6.1, Theorem 1) here with a proof based on the
J-movability property of J-morphisms.

Definition 3.2. Let X = (X, pax, A) and Y = (Y, ¢y, M) be inverse systems in
a category C and let ( Z, ¢) : X = Y be a J-morphism. We say that the J-morphism
(fu, @) is uniformly movable(J-uniformly movable) if every p € M admits A € A,
A > ¢(p) and j € J such that for j° > j there is a J-morphism of inverse systems
W' X, = Y satisfying

v

(3.5) fix=auo u’
i.e., the following diagram commutes

v
J
A
Xy —————=%Y,

N
N
ujl \& au

Y

where fil/\ = fﬁl °py(ur and q, : Y — Y, is the J-morphism of inverse systems
; J .
given by 1Yu 1Y, =Y, |
The pair (A, j) is called a J-uniform movability pair of p with respect to (f},, $).

Remark 3.3. If (A,j) is a J-uniform movability pair, then so is any pair (X,}),
Az A=

Remark 3.4. Note that the J-morphism u’ X » = Y determines for every u; € M

a morphism u{;l : Xy = Y, in C such that for u; < ps we have g, ,, © u, = uf;l
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-/

, y y ,
70— £ 3 / / ) 9 — £I
and u), = A In particular, for u' € M, ¢/ > p, we have gy, o, =uj = f,5, 80

that J-uniform movability of J-morphisms implies J-movability.

Proposition 3.2. An inverse system X = (Xx,par, A) is uniformly movable if

and only if the identity J-morphism 1x = (1])4(A7 1a) is J-uniformly movable.

Proof. Suppose X is uniformly movable. Let A € A. Note that a uniform
movability index A’ > X together with j € J arbitrary constitutes a pair (X, j) of
J-uniform movability of A with respect to the identity 1x = (lgﬁ, 14). Conversely,
suppose 1x : X — X is a uniformly movable J-morphism. Note that for any A € A
if (V, j) is a J-uniform movability pair of A with respect to 1x, then X’ is a uniform

movability index of A for X. ([

Ezample 3.2. Let (X) be a rudimentary system in the category C. It is easy to
see that any J-morphism of inverse systems (f]) : (X) = Y = (Y, quu, M) is
J-uniformly movable.

More generally, if we consider a J-morphism (fﬁ, @) : X =(Xx,par,A) =Y =
(Y, g, M) such that there exists Ay € A satisfying Ayr > ¢(p) for any p € M,
then ( ,1, @) is J-uniformly movable. Indeed, it is not difficult to verify that for any
index p € M, a J-uniformly movable pair is (Ays, j), for an arbitrary j € J.

Theorem 3.3. Let X = (Xx,pav,A), Y = (Y, quu. M), Z = (Z,,70,N) be
inverse systems in the category C and (ff;, ): X =Y, (g2,9): Y — Z morphisms
of inverse systems. If (g3, 1) is J-uniformly movable, then the composition (hi, x) =

(g7, )0 ( 7, ®) is also a J-uniformly movable morphism.

Proof. We use the notations from the proof of Theorem replacing 7.,/ :
Zy — Zybyr,:Z — Z, and v : Y, = Z, by w' Y, — Z. Then we have
gl o Ty = ri’ ou/’. And by defining v = w'o fi;\ : X\ — Z, we obtain

9 ,
r,ou”’ =h!,. O

Corollary 3.4. Let X = (Xy,pan,A) be an arbitrary inverse system and let
Y = (Y., quu, M) be a uniformly movable inverse system. Then any J-morphism

(f1,6) : X =Y is J-uniformly movable.

Proof. Since (f},¢) = 14 o 7, ¢) and 14 : Y = Y is J-uniformly movable by

Proposition then ( fl{, ) is also uniformly movable according to Theorem
Theorem 3.4. Let X = (Xx,pav,A), Y = (Y, quu. M), Z = (Z,,r,,,N) be
inverse systems in the category C and let (fljN ): X =Y, (¢2,¢9): Y = Z be
morphisms of inverse systems. Suppose that ( IZ @) is J-uniformly movable. Then

the composition (hJ,x) = (g¢2,%) o ( Z, @) is also a uniformly movable morphism.
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Proof. Using the notations from the proof of Theorem there exists u/’ :
X, — Y, such that fi/(V)A = qy() oW . Then for UV : X\ — Z, U/ = gJ ou’,

we have hf,,)\ =gl o fi)l(y)/\ =r,oU’. O

Corollary 3.5. Let X = (X, pan, A) be uniformly movable inverse system and let
Y = (Y, quu, M) be an arbitrary inverse system. Then any J-morphism (fg,qﬁ) :

X =Y is uniformly movable.

Proof. Since (f}, ) = (f}, ¢)o(1§“, 15) and the identity J-morphism (1£{A, 1a)
is uniformly movable by Proposition then ( ﬁ, @) is also J-uniformly movable

according to Theorem [3.4} O

Corollary 3.6. Let X and Y be inverse systems in the category C. Suppose that X

is uniformly movable and Y is J-dominated by X. Then Y is uniformly movable.

Proof. We use the notations from Corollary [3.3] By hypothesis and Proposition
3.2 (1g(k, 1a) is J-uniformly movable. Then by the equality (1%}), 17) o (¢2,9) =
(g7,%) and by Theorem we have that (g/,v) is J-uniformly movable. Hence,
by Theorem the composition ( Z, @) o (gf\,w) = (1{/“7 1pr) is also J-uniformly
movable. Finally, using Proposition we conclude that Y is a uniformly movable

inverse system. t

4. CO-MOVABILITY PROPERTIES FOR J-MORPHISMS

Definition 4.1. Let X = (X,pax,A) and Y = (Y),, g, M) be inverse systems
in a category C and let ( l{, ¢) : X = Y be a J-morphism in C. We say that the
(fu, @) is a co-movable J-morphism provided every p € M admits A € A, A > ¢(p)
and j € J (the pair (), ) being called a co-movability pair of p relative to (fﬁ, )
such that each N > ¢(u) and j' € J, 5/ > j admit a morphism 77" : X — Xy of C

which satisfies
(4.1) fi)\zfi)\,OTj,

i.e., makes the following outside diagram commutative




MOVABILITY OF MORPHISMS IN AN ENRICHED ...

Definition 4.2. Let X = (X, pax,A) and Y = (Y}, ¢, M) be inverse systems
in a category C and let ( ,{, ¢) : X = Y be a J-morphism of inverse systems. We
say that the (f},¢) is a uniformly co-movable J-morphism provided every u € M
admits A € A, A > ¢(u) and j € J (the pair (), j) being called a uniform co-
movability pair of u relative to (fl{, )) such that, for j/ € J, 7/ > j, there is a

morphism 1/’ : X, — X of inverse systems satisfying
(4.2) fin =1 or/,

i.e., makes the following outside diagram commutative

where fg/ = fﬁ/ ° Pg(n)-

Remark 4.1. Note that the morphism r’ "Xy — X s given by some morphisms
ri\/, : X — X such that if Aj < A} then rg\l,l = Pajx, © ri; The relation fi;\ =
fg/orj/ means ﬁ)\ = fﬁloré(u). Therefore, N > ¢(u) implies fli)\ = fﬂ/0p¢(u)>\/o7"if =

fﬁ:\, oril,. In this way we have that uniform .J-co-movability implies J-co-movability.

Remark 4.2. If (A, j) is a co-movability (uniform co-movability) pair of p relative

to the J-morphism (ffb, ) then so is any pair (XJ), with A > X and j > j.

Definition 4.3. A J-morphism (f],®) : ((Xx,*),parn,A) = (Y, %), @, M) of
pointed sets is said to have the Mittag-Leffler property provided every pu € M
admits a pair (X,7), A > ¢(u), j € J, (an ML pair for p with respect to (f,$)),
such that for any M € A, with X’ > A, and j’ > j one has

-/

(4.3) fﬁx(XN) = fin(X)-
Note that if J = {1} and (f], ¢) is replaced by 1. we obtain the Mittag-Leffler

property for an inverse sistems in the category Set, (cf. [I7], Ch. II, §6.2).

Theorem 4.1. A J-morphism of inverse systems of pointed sets is co-movable if

and only if it has the Mittag-Lefler property.

Proof. Let (f7,¢) : ((Xx,*),pans A) = ((Yu, %), quur, M) be a J-morphism with
the Mittag-Leffler property. Then for u € M there is a ML pair (A, 7), A > ¢(u)
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such that (4.3) holds for each M’ > X and j° > j. We can prove that ()\,j) is a
co-movability pair of  with respect to (f;j;,a ). If N > ¢(p) and N > A, the relation
(4.3) defines a map of pointed sets 77" : (X, %) — (X, *) such that fﬁ;\, ord’ = i:\
For any other \” > ¢(u), one choose X > X", (i) and consider r? : X\ — Xy

such that fﬁ;,,, o = fi; Then the composition ri’ = DA O 79 satisfies the
relation fibl/\,, ord = Z:\,, O Par or = Zi\,,, or? = fi:\

Conversely, let ( fﬁ, ) be a co-movable J-morphism. Let € M and A € A with
A > ¢(u) and j € J a co-movability pair of u with respect to (f,#). Then, for
N > X and j' > j there exists 7 : (X, %) — (X, *) such that fi;\, ord = fi;\
This implies the inclusion f;,(Xx) € f7,/(Xx). The converse inclusion follows

from the relation fi)\ opaN = i/\,. O

Proposition 4.1. Let X = (X, pan, A) and Y = (Y, guu, M) be inverse systems
in a the category C and let (f1,¢): X — Y be a J-morphism of inverse systems. If

22

X is a movable (uniformly movable) inverse system and Y is an arbitrary inverse

system, then (f, ) is a co-movable (uniformly co-movable) J-morphism.

Proof. It is easy to prove that if u € M and A\ € A is a movability (uniform
movability) index for ¢(u), then a pair (\,j) with an arbitrary j € J is a co-
movability (uniform co-movability) pair for p with respect to the J-morphism

(fi,®)- 0

Theorem 4.2. An inverse system X = (X, pax, ) is movable (uniformly movable)
if and only if the identity J-morphism 1% is co-movable (uniformly co-movable) for

an arbitrary directed partially ordered set J.

Proof. If X is movable (uniformly movable), then by Proposition[d.1]the morphism
1% is co-movable (uniformly co-movable). Conversely, let 13 be a co-movable (uniformly
co-movable) J-morphism and let (X, j) be a co-movability (uniform co-movability)
pair of a given A € A with respect to 1% = (1x,,14). It is easy to verify that X\’ is
a movability (uniform movability) index of A for the inverse system X. O

Using Theorems [4:2] and Proposition we obtain the following corollary
(see [17], Ch. II, §6.2, Corollary 4).

Corollary 4.1. An inverse system of pointed set (X, ) is movable if and only if it

has the Mittag-Leffler property, in particular, if all bonding functions are surjective.
The following theorem is a generalization of Proposition [{.1]

Theorem 4.3. Let X = (Xx,pav,A), Y = (Y, quu. M), Z = (Z,,70,N) be
inverse systems in the category C and let ( l{,qb) X =Y, (g,) : Y = Z be
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J-morphisms. Suppose that (f/{, @) is co-movable (uniformly co-movable). Then the
composition (hl,, x) = (g3,4) o (f,¢) is also a co-movable (uniformly co-movable)
J-morphism.

Proof. At first we note that hf;)\ =glo fi(y))\. Then if (), j) is a co-movability
pair for ¥(v), we have fi)l(u))\ = fil(y))\, ord’, for N > X and j/ > j. By this we
have b/, = gZ/ o fi/(u) A © ri’ = hf; yor ', which is the condition of co-movability for
J-morphism (hJ,, x). For the property of uniform co-movability the proof is similar.
(Il

Remark 4.3. The assertion of Corollary in the case of co-movability of J-
morphisms is false even if J = {1}. To show this, consider the following inverse

sequences of groups:

G= (Gmpnn/LWhere G" = Z and Pnn’ (m) = Qn/—nm;

H = (H,,gun),where H, =®"Z=7Z & ... dZ and
Grns1(ma, ... ymp) = (M, ..., Mp—y)

The pro-group H is movable (see [I7], Ch.II, §6.1, Example 2).
Now consider the following morphism (f,, ly) : G — H with

fn:Gn = Hy, o fo(m) = (2""'m, 2" %m, ... ,2m,m).
We can verify that in this way we obtain a level morphism of pro-groups. Indeed,
(frnoPun ) (M) = fn(27 ~"m) = (277127 ~"m, 27227 " 227 ", 2 T m) =
= (2"171m P N L ) 2”/7nm)
and

n'—1 n'—2 2n/—n

(gnnrofn)(m) = q,m/(Z"/_lm, 2"/_2m, .o 2mym) = (2 m,2 my. .., m).

SO fn © Dun' = Guns © fnr and hence, (f,,1ly) : G — H is a level morhism of
pro-groups.
Now the condition of co-movability (4.1)) for the morphism (f,, 1n) becomes
fnn/ :fnn”or or fnopnn’ :fnopnn”O'n
Consider the last relation written for n = 1 and n” = n’ + 1:
I 71// m
(fiopin)(m) = (fiopinry107)(m) & 2" “lm = 2" r(m) & m = 2-r(m) & r(m) = 0

for any m € Z, which is impossible because r is an endomorphism of Z. Thus, the

morphism (f,, 1) is not co-movable although H is movable.
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In addition, by Proposition we conclude that G is not movable (the result
also proved in [I7], Ch.II, §6.1).

Remark 4.4. Since Corollary is a consequence of Theorem Remark
suggests that a result for the properties of co-movability and uniform co-movability
analogous to that from Theorem for movability and uniform movability is false.

But imposing for ( f,i, ) to be a J-isomorphism, we obtain a positive result.

Theorem 4.4. Let X = (Xx,paxn,A), Y = (Y, quu, M), Z = (Z,,7r,,/,N) be
inverse systems in a category C. Let ( l{, @) : X =Y be a J-isomorphism and let
(g7,) : Y — Z be a (uniformly) co-movable J-morphism. Then the composition

(hix) = (g, ) o (fi,¢) is also a (uniformly) co-movable J-morphism.

Proof. Without loss of generality, we can assume that ¢ : A — M is an increasing
function [17] (Ch.I, §1.2, Lemma 2). Since (f3,¢) : X = Y be a J-isomorphism we
can also assume that ¢ is a bijection. Let (f"},¢') : Y — X, where ¢/ = ¢!, be
an inverse J-morphism of ( g, ?).

Now suppose that (g7, 1) is a co-movable J-morhiasm. To prove that the composition

(hi,x) = (g2,%) o ( 7, ¢) is also a co-movable J-morphism, consider an arbitrary

v € N and take a co-movability pair (u,5) of v with respect to J-morphism (g7, ).

Let’s prove that (¢(u), 7) is a co-movability pair of v with respect to J-morphism
(hi,x). Consider any X' > x(v), x(v) = ¢(¢)(v)). Note that ¢'(\) > 1(v) because
¢’ is an increasing function. Hence, for any j' > j there exists a morphism ri’

Y, — Yy () in the category C satisfying the relation
(4.4) =Gy 017 i 6 0 Gy = 91 0 quwe vy 01 -
Now define the morphism RJ’ : Xy — X by
(4.5) R = ori o i
and prove that hi/aﬁ(u) = hi/)\, o Rj/, ie.,
(4.6) 95 © Fla) © Potewnotm = 95 © Fiw) @ Powumn © BT
Indeed, by and , one has
6l © iy o Pawny © B =gl o (fli) 0 Pacwuwpn ) o [ 01! o il =
=glo (%(uw(w) o fi:(,\/)) o f4or o ff: = g7 0 qy@yg (v © Ly, ord o fﬁ/ =
=93 0 quu o f1 =93 o Fi) 0 Patww)enn-

So, the composition (h,x) = (g,%) o (f}, #) is co-movable. In the same way one

can prove the case of uniform co-movability. O
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5. PROPERTIES OF MOVABILITY AND CO-MOVABILITY FOR J-PRO-MORPHISMS

Proposition 5.1. Let (f1,6), (1, ¢') : X = (Xa, paxs A) = Y = (Vy, gy, M) be
two equivalent J-morphisms of inverse systems.

(i) If the J-morphism (f3, ¢) is movable (uniformly movable) then the J-morphism
( ’f“ @') is also movable (uniformly movable).

(i3) If the J-morphism (f},¢) is co-movable (uniformly co-movable) then the

"7 ) is also co-movable (uniformly co-movable).

J-morphism (f",,

Proof. (i) Suppose that (f7,¢) is J-movable and (f3, ¢) ~ ( ’i, @'). We need to
prove that (f7,¢') is also J-movable.

J7nl

Let 4 € M be any index. Consider a movability pair (), j) of u with respect to

J-morphism (f}, ¢). There is no loss of generality in assuming that A > ¢(u), ¢' (1)

and

(5.1) Fl oo = f7 0Dy

Consider any p/ > p. By assumption for any j' > j there is a morphism u/ :
Xy — Y,y such that

(5.2) Fix = Quu o .
Then by (5.1) and (5.2)) we have
T =17 opgrr = i 0 Pogur = Fix = Gup 0 w?

which means that (A, j) is also movability pair of u with respect to J-morphism
(f5,4).

The case of uniform movability is proved similarly.

(ii) Let 4 € M be any index and let (), j) be a co-movability pair for p with
respect to J-morphism (fi, ). We can assume that A > ¢(u), ¢’ (p) and holds.

Now we prove that (}, j) is also a co-movability pair of  with respect to ( f,’j @),
Let X > ¢/() be any index and let A” be an index with \” > X, ¢(u) which satisfies

(53) fﬁ [¢] p¢,(ﬂ)/\u = f;bj o pd’/(ll«)/\”
for given j' > j. By assumption there is a morphism ri" 1 X, — X, such that
(5.4) fox = Fiynor’.

Define the morphism R X\ — Xy by

]

(55) R} = Px’ a7 © Tj/.
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By (1), 3), (54), and (55) one has

fl/‘]}\/ e} RJ = f;j)\/ O Dxr )\ O ,',.j = f;{l,] Op(]b’(p,))\’ O Parar O /,«j —
= fﬁ O Pp(uyn © = fﬁ O Dp(u)x = f,:j O Pyt (u)x = f,’fA,
which is the condition for co-movability for the J-morphism (f i, @'). The case of

uniform movability can be proved similarly. O

Thanks to Proposition [5.1] we can give the following definition.

Definition 5.1. (i) A J-pro-morphism f/ : X — Y is called movable (uniformly
movable) if f/ admits a representation (f7,¢) which is J-movable (uniformly J-
movable).

(ii) A J-pro-morphism f/ : X — Y is called co- movable (uniformly co-movable)

if f/ admits a representation (f}, ) which is .J-co-movable (uniformly J-co-movable).

The next theorem follows from Theorems and Corollaries [3.1
B-2 B4 B

Theorem 5.1. A (pre- or post-) composition of an arbitrary J-pro-morphism with
a movable (uniformly movable) J-pro-morphism is a movable (uniformly movable)
J-pro-morphism. In particular, if X orY is a movable (uniformly movable) inverse

system, then £/ : X — Y is a movable (uniformly movable) J-pro-morphism.
Taking into account Corollaries [3.3] and we obtain

Proposition 5.2. Let X and Y be J-pro-morphisms. If Y is a movable (uniformly
movable) and X is dominated by Y in pro’-C, then X is also movable (uniformly

movable).
The following theorem is an immediate consequence of Theorem

Theorem 5.2. Let X, Y, Z be inverse systems in the category C and let £/ : X —
Y, g’ : Y = Z be J-pro-morphisms in pro’ -C. If £’ is a co-movable (uniformly co-
movable) J-pro-morphism, then the composition h' =g’ of’ is also a co-movable

(uniformly co-movable) J-pro-morphism.

Remark 5.1. It follows from the example from Remarkthat if g7 is a co-movable
J-pro-morphism and f” is an arbitrary J-pro-morphism, then the composition h’ =

g’ o f7 is not necessarily a co-movable .J-pro-morphism.

However, the following theorem is true (follows from Theorem |4.4)).
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Theorem 5.3. Let X, Y, Z be inverse systems in the category C and let f7 : X —
Y, g’ : Y — Z be J-pro-morphisms in pro’-C. If g’ is a co-movable (uniformly
co-movable) J-pro-morphism and £7 is a J-pro-isomorphism, then the composition

h’ =g’ o f’ is a co-movable (uniformly co-movable) J-pro-morphism.

6. PROPERTIES OF MOVABILITY AND CO-MOVABILITY FOR J-SHAPE MORPHISMS

Consider (C, D) a pair of categories with D a dense subcategory of C. If X, Y €
ObC and p : X — X, g : Y — Y are D-expansions, then by Remark and
Definitions [2.3] and a J-shape morphism from X to Y is an equivalence class
(f) of a J-pro-morphism f : X — Y.

Theorem 6.1. In the above conditions, let p' : X — X' and ¢ :' Y — Y’ be
other D-expansions of X and Y, respectively. If the J-pro-morphisms f : X = Y,
f': X' = Y’ define the same J-shape morphism F : X —'Y and if £ is a movable

uniformly movable) J-pro-morphism, then f' is the same.
Y

Proof. By Definition [2.3] there exists a commutative diagram

X tox

A

YHYI
J

where i and j are J-pro-isomorphisms. If f is a movable (uniformly movable), then
by Theoremthe composition jof is J-movable (uniformly J-movable). Therefore,

by the same theorem, f' = (jo f) oi’~' is J-movable (uniformly J-movable). [

Definition 6.1. A J-shape morphism F' : X — Y is called movable (uniformly

movable) if it can be represented by a movable (uniformly movable) J-pro-morphism
f:X—=Y, F={f).

Theorem 6.2. With the notation from Theorem if £ is a co-movable (uniformly

co-movable) J-pro-morphism, then £’ is the same.

Proof. As above we have jof = f’oi. If f is co-movable (uniformly co-movable),
then by Theorem the composition jo f is co-movable (uniformly co-movable).
Then f' = (jof) oi~! is co-movable (uniformly co-movable) by Theorem O

Definition 6.2. A J-shape morphism F': X — Y is called co-movable (uniformly
co-movable) if it can be represented by a co-movable (uniformly co-movable) J-pro-
morphism f : X —» Y, F = (f).
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Remark 6.1. All properties of movability (uniform movability) and co-movability
(uniform co-movability) of J-morphisms and J-pro-morphisms of inverse systems
can be transferred to appropriate properties for J-shape morphisms and for morphisms
in the category C of a shape theory Shijc,D)' For example, by Theorems
and [5.3] we obtain the following theorem.

Theorem 6.3. (i) A (pre-or post-) composition of an arbitrary J-shape morphism
with a movable (uniformly movable) J-shape morphism is a movable (uniformly
movable) J-shape morphism. In particular, if X or Y is a movable (uniformly
movable) object, then any J-shape morphism F : X — Y is movable (uniformly
movable);

(it) Let F: X =Y, G:Y — Z be J-shape morphisms in the J-shape category
Sh{c,py If F is co-movable (uniformly co-movable), then the composition H = GoF'
also is co-moavble (uniformly co-movable).

(iii)) If F : X — Y is a J-shape isomorphism and G :' Y — Z is a co-
movable (uniformly co-movable) J-shape morphism, then H = GoF is a co-movable

(uniformly co-movable) J-shape morphism.
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Abstract. The concept of covariogram is extended from bounded convex bodies in R to the
entire space R% by obtaining integral representations for the distribution and density functions of
the Euclidean distance between two d-dimensional Gaussian points that have correlated coordinates
governed by a covariance matrix. When d = 2, a closed-form expression for the density function
is obtained. Precise bounds for the moments of the considered distance are found in terms of the

extreme eigenvalues of the covariance matrix.
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1. INTRODUCTION

Consider two fundamental characteristics of a bounded body D C R%. Let the
first be the covariogram of I which has a geometric nature: for any vector ¢ € R,
it represents the d-dimensional Lebesgue measure of the region shared between D
and its translated copy by vector t. We denote the covariogram of D by Cp(¢).

Let the second characteristic be the Euclidean distance between two random
points chosen independently and uniformly from I C R?. This is a well-known
random variable studied in geometric probability (see, for example [I]). We denote
it by D4(D). Extensive research has been conducted on this random variable for
various bounded bodies I, including computation of the average distance within a
cube [2], on the surface of a cube [3], within a hyperball [4], as well as bounding the
average distance within a hypercube [5] or furthermore, within compact subsets of
R? with unit diameter [4]. In dimensions d < 3, closed-form expressions are obtained
for the density function of Dy(D) in [6]-[TT] for numerous geometric shapes of D. A
unified approach for determining the density function of Dy (D) for typical compact
sets is suggested in [I2]. It also provides a good list of references for related results
of theoretical and applied character.

IThe research of the first author is supported by the Science Committee of the Ministry of

Science, Education, Culture and Sports RA: Grant 21AA-1A024. The research of the second
author is partially supported by the Mathematical Studies Center at Yerevan State University.
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When D is a bounded convex body with a non-empty interior in R?, then the

two considered characteristics of D are interrelated as follows:
d—1
(1.1) fpumy(h) = LhZ(]D)) /Sd_1 Cp(huw)du, h >0,
where S;_; is the (d — 1)-dimensional unit sphere in R?, centered at the origin, and
L4(D) is Lebesgue d-measure of D.

In this paper, we aim to extend the concepts of covariogram Cp(t) and interpoint
distance D4(ID) from bounded convex bodies to the entire space R? and establish
a relation between them.

The first problem that arises in our way is the nature of randomness of choosing
a point from I = R?. The uniform distribution is no longer applicable to this case
and therefore we will naturally replace it with a multivariate normal distribution.

The second obstacle lies in the challenge of applying the language and sense of
geometry to define the covariogram of R%. We will define it analytically based on
the following observation. If D is a convex body and P;, Py are chosen uniformly

and independently from D, then it is easy to check (see, for example, [11]) that

Cn(t)
f 1— /2 t = )
which can be equivalently written as
Cn(t)
1.2 fpi—p,(t) = .

Thus, the covariogram should be a positive function defined on the entire space
that satisfies .

We have defined the normal covariogram of R? and established an analogous
relationship to in section 4} with the foundational basis of the proof presented
in the preceding section. Notably, section [3] unveils novel findings, including integral
representations for the distribution and density functions of the Euclidean distance
between two d-dimensional Gaussian points, characterized by correlated coordinates
through a covariance matrix. Precise bounds for the moments of the considered
distance in terms of the extreme eigenvalues of the covariance matrix are found.
When d = 2, an expression for the density function in terms of a modified Bessel
function is obtained. In section [2] we independently address the scenario of uncorre-
lated coordinates and deduce the density and moments of the interpoint distance,
drawing upon the results by Mathai and Provost [13].

In the upcoming text, a d-dimensional vector v € R¢ will be assumed to be a
column vector, or, equivalently, a d x 1 matrix. The transpose of matrix A will be

denoted by A”. 0 will stand for the vector with all zero coordinates, 1 for the vector
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whose all coordinates are equal to 1. I; will represent the identity d x d matrix,
| - |la the Euclidean norm in R, and |A| the determinant of matrix A.

If X is a d-variate normal random vector having mean g and covariance matrix
3 then we denote this condition by X ~ Ny(u, ). We denote A = [A1, Aa, ..., Aa] T,
where Ay > Ao > ... > Ay > 0 are the eigenvalues of X.

From now onwards, we assume g = 0 and the diagonal of 3 consisting of 1s. If
X1,X2 ~ Ny(0,3) are independent, we denote

Dq = (| X1 — Xa2|a-

2. THE DENSITY OF Dy

Let U = X7 — Xa. Since U ~ N4(0,2%) and Dfi = UTU, then the distribution

function of D? can be written in the following form (see [13], page 95):

Theorem 2.1.
def 2
2.1 P(D? <y FzEy 77y>0,
( ) ( d ) D kZ:O ( —‘rk?+ 1)
where
1 1 k=t

(2.2) cop = , Gk =7 Y Op—pCr, K>1,

2d \% |2| k r=0

d
1
(2’3) O = 22k+ Z 7
i=1 7

and I is the Gamma function
I(x) :/ t"le7tdt, x>0.
0

When the coordinates of the Gaussian points are uncorrelated univariate standard
normal variables, then 3 = I; is the identity d x d matrix and, consequently,
A = 1. In this case, one can obtain from Theorem that Dy follows GG(a,d, p),
a generalized Gamma distribution, introduced by E. W. Stacy [I4], which has the
probability density function
(p/ad) pd—1e—(@/a)”

I'(d/p)

where d > 0 and p > 0 are the shape parameters, and a is a scale parameter. The

f(z;a,d,p) = , x>0,

result is formulated below.

Let fp,(X,) be the density function of Dg.
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Theorem 2.2.

.Rd*le*RT2
_ N

24717 ()

that is, if 33 = I; then Dg ~ GG(2,d,2).

(24) fDd (Idv R) = R > Oa

Proof. Since A = 1, (2.3)) and (2.2) imply ¢y = 27¢ and

k—1

d r
Cr = WZZL Cr, /{32 1.
r=0

It is easy to verify by mathematical induction that

1 " rd
Ckzmjl;[() <2+])7k217

which, based on the identity «I'(z) =T'(z + 1), = > 0, can be rewritten as

I'(¢+k)

2.5 = ————", k2
(2:5) = gapgEr(d)

By substituting (2.5) in (2-1) and using fp, (14, R) = 2R-% =2 (14, R?), we obtain

&+ k)RS +k)
_2RZ 2dk|4kr( T(E+k+1)

) i1<R2> Ri-1p- %
2dr (4) = k! 4 24-1T7 (4)

k=0

fDd Id7

(]
The moments of the generalized Gamma distribution are well known. If X ~
GG(a,d,p), then (see, for example [15], section 17.8.7)

r (M)
E(X")=a —22 r=0,1,2,...
r(7)
P
As a result, from Theorem [2.2] we immediately obtain the corresponding formula

for the moments of Dg.

Corollary 2.1. If ¥ = I, then

(2.6) E(D}) = 2"

In general, when X # I;, even when d = 2, it is hard to compute the coefficients
¢k from the recursive formulas (2.2)) and evaluate the infinite sum ([2.1)).
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3. AN INTEGRAL REPRESENTATION OF THE DISTRIBUTION FUNCTION OF Dy
As usual, we denote by Fp, (X, ) the distribution function of Dg.
Theorem 3.1. Let E4(X, R) be the ellipsoid

{y = [y1, y2, ...,yd]T : Alyf + /\gyg + ...+ )\dy§ < RQ}.

Then
(3.1) Fp,(Z,R) = #/ exp (—lyTy> dy, R > 0.
(2vm)4 Jexm) 4
Proof. Consider the probability density function of U = X — X5
(3.2) fu(u) = (2\/7?)2'2“/2 exp < - iuT21u>, u € R%
We denote
A At
diag(\) = , diag(A™!) = .

Ad A7t
Due to orthogonal diagonalization theorem for symmetric matrices, there exists
an orthogonal matrix @ = [g;;]laxa such that £ = Q diag(A\)Q”, and therefore,

2! = Qdiag(A~1)Q”. Denoting the i-th column of @Q by g;, we obtain
T

q%u
. 3 q;u )2
uw'S7 = [ulq, ulqo, ..., uTqq]diagX™") | . | = Z (ql)\ ) )
: =1
qiu
and therefore,
d
1 1 (g/w)’ d
3.3 SR S - d R
( ) fU(u> (2ﬁ)d|2|1/2 eXp( 42 Az , U €

i=1
Let L1, L2y «oey T > O, U = [U17 UQ, ceny Ud}T, U* = [|U1|7 |U2|, ceny |Ud|]T and
u = [u, ug, ..., ug)’. Then, due to (3.3),
def
P(|U1| < @1, |Us| < x2,..., |Ud| < 24)) = Fu« (21,72, ..., 2q4) =

1 o ™2 1 & (q7w)?
= d dus... S : d
PNGESEE / “/ 1 /Xp( 12, )“d

i=1
The joint density function of the random variables |U1|, |Uz], ..., |Uq4| can be reached

by partial differentiation of the last iterated integral, i.e.
ad

=——— Fy- (1,29, ...,24).
al‘dal‘d,1...8$1 ( ’ T )

fU* (.Il,.’l?g, "'71:(1)

Applying the Leibnitz’s rule of differentiation d times, we conclude

1 1 (q] w)?
(34) fU* (1‘175(12, ...,l’d) = W Z )eXp ( - Z Z X )7

weQ(z1,z2,..., Tq
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where Q(z1, 22, ...,2q) = {w = [wy,wa, ..., wq|" : |wi| = 24,7 =1,2,...,d}.
We now aim to replace the summing index in (3.4)) and run it over all the binary
strings of length d. For any s = (s1, 82, ...,54) € {0, 1}¢ consider the unique vector

w, = [, W w (S)] € Q(x1, s, ..., 24) such that

(s) €T; if S; = 0
w;, = ) .
—x; ifs;=1
Formula (3.4) can be equivalently written in the following form:
d

1 1 (q;[w8>2
(3.5) fu~ (1‘1,.%'2, S W Z exp ( T2 Z /\z>

se{0,1}4 i=1
Since Fp,(3,R) =P(||U*|| < R), R > 0, the formula (3.4]) implies

d
1 Tawg)?
exp <— Z E (qlAl)>dw,

BHR) 5e(0, 134 i=1

(36) Fp,(3,R) = (2\/;)}1|E|1/2/

where BY(R) = {(z1,22,....,zq) : 23+ 25+ ..+ 2% < R? z; >0,i=1,2,...,d}
is an 2%-quadrant of the d-dimensional ball By4(R) of radius R centered at the
origin, and dx = dz;dzs...dz,. Hereinafter, for any s = (s1,s2,...,54) € {0, 1}4,
the symbol B3(R) will stand for the 2¢-quadrant of By(R) consisting of the points
(z1,x3,...,xq) such that x; > 0, if s, =0 and x; <0, if s; = 1.
By interchanging the sum with the integral in and denoting
d

B 1 (q] w,)?
gs(xl,xg,...,xn)—exp(—4z N ,

we receive

(3.7) Fp,(Z,R) = G |2|1/2 > / 9s(21, T2, ...y xq)dardas.. dg.
B

s€{0, 1} (R)

Let us perform the following change of variable in the integral of g5 over BS(R):
ti = Z;, 1fsl = 0,
ti = —Z;, lfSZ =1.

The Jacobian W is either 1 or —1, therefore after this change of variable

we obtain

(3.8) / gs(thg,...,xd)dxldxg...dxd:/ go(x1, 29, ..., xq)dr1dTs...d2g.
BY(R) B3 (R)

Since the sets B5(R), s € {0, 1}¢ are pairwise disjoint and the union of their
closures is exactly equal to B4(R), from (3.7) and (3.8) we establish

1
/ go(l‘l,l‘g,...,l‘d)d.’l,‘ldl‘g...dxd.
Ba(R)

GO B0 = G
59



D. M. MARTIROSYAN, V. K. OHANYAN

We have wg = = = [z1, 22, ..., 24] 7, which means that
d

(3.10) go(x1, T2, ...,xq) = €Xp (— i;@)

To finish the proof, we make one more change of variable in the integral of gg over

the ball B4(R). Consider a new variable y = [y1, y2, ..., Y4, where

_ gl
Novk

Using orthogonality of @, we will have

(3.12) Dl oyt _ i i Q) = )2

(3.11) Yi

i=1,2,...d.

D(y1,y2, - Yd)
and
d d d
(3.13) D a7 = (Vhaay: + Vasgioye + -+ vV agiaya)® = Y Niv?
i=1 i—1 i=1

Now (3.1) follows from (3.9)-(3.13).

Corollary 3.1. The probability density function of Dy is representable as follows:

Rd—l R2 e
(314) fDd(z:,R) = W o exXp — Tu X7 u |du.
d—1

Proof. As we saw in the last part of the proof of Theorem [3.1] the formula (3.1)

is equivalent to

1 1
(3.15) Fp,(S,R) = 7/ exp (— wTE_lcc) d.
‘ Cvm4EI2 Jpyr) 4

The change of variable € = ru, u € Sy_1, dx = r% tdrdu in (3.15) produces
1 f (A — d—1
Fp,(3,R) = ————— du/ exp(—u - u)r‘dr.
’ CvmUZI2 Js, o 4
By taking the derivatives of both sides in the last equation, we establish (3.14)). O
As an application of the obtained integral representations, we easily found the

probability density function of the Euclidean distance between two bivariate Gaussian

points in the case when there is an intercoordinate correlation p.

Theorem 3.2. If X = [ll) p] , then

1
Re s pR?
.R) = I ,
where
@) = f: 22k
0 - 2
— ((2K)!)

is the modified Bessel function of the first kind of order zero.
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Proof. It is easy to see that A\ =1+ p, Ao = 1 — p. By (3.14)), we have

R 2 R%?cos’¢ R?sin¢
fD2(27R)47T\/1—p2/0 eXp( 4+44p 4—4p ) a

__RZ

_ Re 40-¢% " a cos 2¢

Touio 2 © @,

where
__pR?

Ay

Since || = 1 — p?, to complete the proof it remains to show that
1 us
f/ et 2y = Iy(a).
0

s

Indeed, Taylor’s expansion for e* solves this problem:

1 T acochpd _ 1 - a’k " k2 do = 1 - a’k °m k d =
p e SO*EZH cos gocpfgzﬁ cos” Ydyp =
0 k=0 0 k=0 0

N o~ a? (2k—1”7r =

2 2
:Eza 082k¢d¢:EZ(2k! Z 2k” z = ol@).

=0 k=0 k=0

O
As another application, we established lower and upper bounds for the moments
of Dy in terms of the largest and the smallest eigenvalues of the covariance matrix.

Theorem 3.3. Let E (D}) be the r-th moment of Dy. Then

2T (L) /\%

T (4) A7

(3.16) <E(D)) < ,r=0,1,2,....
r(@) e =E ST
Proof. As A\; > Xy > ... > \g > 0 then we have
1 & 1 &
Z T,\2 Ts—1 Z T,\2

Due to orthogonality of Q,
d

D (@ w)? =|lulf =1, if u e Sq,

i=1

therefore, the integral representation (3.14]) and inequalities (3.17) yield

£ nd-1 £ na1
6_4’\dR - / 6_4)\1R -
. du < fp,(Sq4,R) < 7/ du.
evmdziz Js, ! evmiziz Js,

d
The surface area of S;_1 is well-known and equal to 2(@) , SO we obtain

INE))
d—1, -2 -1 -
Ri-le™ Ré-1lem 35
3.18 e SRy < v ¢
(319) s gy = 1P ) S S s
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Multiplying all sides of (3.18)) by R" and applying integral over (0, +00) to all sides

leads to
)\d;r )\d;r
d Is 1

I(d),
where
1 too i
I(d) = 7{1/ RH=1e~F 4R,
2d—ll"(§) 0

It remains to apply (2.4) and (2.6]) to see that

1@ =205

r'(s)

4. THE NORMAL COVARIOGRAM OF R4

vl

The covariogram of a bounded domain D C R¢ is known to be the function
Cp(t) = LaDN{D +t}), tecR?

where D+t ={P +t : P e D} and Ly(-) is the d-dimensional Lebesgue measure
in R, If D is a convex body and P;, P, are chosen uniformly and independently
from D, then the probability density function of P; — Py can be expressed by the
covariogaram of D as shown in . This motivates us to extend the concept of

the covariogram for D = R<.

Definition 4.1. Let Py, P2 ~ N4(0, X) be independent and fp, _p, be the probability

density function of P1 — Pa. The function Cx : R — (0, +00) that satisfies
Cx(t)
f 1—P2 t) = 20\’

is called the normal covariogram of R® associated with 3.

By taking £ = 0 in this definition and using we immediately obtain
Cx(0) = (2vm)"[=|"2,
and then
(4.1) Cs(t) = (2vm)Z|/? exp ( — itTE_lt) t c RY.

It is remarkable that Cp,(t) = (2y/7)%exp ( — 1||t]|3). It illustrates that if R? is
considered as a space of points with uncorrelated coordinates then the covariogram
of the space is naturally independent on the direction of translation.

Taking into account , the following identity provides a further argument to

ensure that the normal covariogram naturally extends the concept of covariogram.
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Theorem 4.1.
Rdfl
4.2 fp, (X, R :7/ Cs(Ru)du, R > 0.
(4.2) (2, R) ) Js, | (Ru)
Proof. By (4.1)),
Rd-1 R4-1 R2
— Cs(Ru)du = 7/ exp ( - uTE_1u> du.
cz30) Js, , = Gumasie s, | 1

Now due to (3.14]), the right-hand-side of the above equality coincides with the
left-hand-side of (4.2).
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Abstract. In this paper, we have dealt with the uniqueness problem of a general meromorphic
function with £ function in terms of two shared sets. In our main theorem, we deal with general
meromorphic functions instead of meromorphic functions having finitely many poles. As a corollary
of our main theorem, we have shown that our result not only fills the gap of some theorems of [3]
and [I] for m = n — 1 but also reduces the cardinality of the main range set and hence our result

significantly improves all the results in this direction.

MSC2020 numbers: 11M36; 30D35.

Keywords: L-function; meromorphic function; shared set.

1. INTRODUCTION

Let N be the set of natural numbers and C = C U {oo}. Throughout the paper
by meromorphic functions we shall mean it is meromorphic in the complex plane
and by L-functions we mean it is L-functions in the Selberg class which is defined

[7, 8] to be a Dirichelet series

(1.1) L(s)=

n=1

)

(n

~—

n—s
satisfying the following axioms:

e (i) Ramanujan hypothesis : a(n) < n® for every € > 0;

e (ii) Analytic continuation : There is a non-negative integer m such that

(
(s —1)™L(s) is an entire function of finite order;
e (iii) Functional equation: L satisfies a functional equation of type

(1.2) Ac(s) = whz(1—9),

LThe first author is thankful to the Department of Atomic Energy (DAE), India, for financial
support to pursue this work [No. 0203/13(41)/2021-R&D-11/13168]. The second author is
thankful to“Science and Engineering Research Board, Department of Science and Technology,
Government of India"for financial support to pursue this research work under the Project File No.
EEQ/2021,/000316.
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where

k
(1.3) Ap(s) = L()Q° [T (s +vy),

j=1
with positive real numbers @, A\; and complex numbers v;, w with Rer; > 0

and |w| = 1;
b(n)

ns

18

e (iv) Euler product hypothesis : log L(s) = where b(n) = 0 unless n

n=1
is a positive power of a prime and b(n) < n? for some 6 < %

This class includes many of the known entire Dirichlet series with Euler product,
including the Riemann zeta function and the Dirichlet L-functions. Since an L-
function can be analytically continued to a meromorphic function, the study of
uniquely determining an L-function, gradually moved towards uniquely determining
the L-functions with respect to the meromorphic functions having finitely many
poles. A lot of research has already been pursued by various researchers [7, 8 6], 9] [3]
in this direction. Below we recall some of these results and the gradual development.
But before that, we recall some basic definitions. For standard notations of Nevanlinna

theory, we suggest our reader to follow [2].

Definition 1.1. [, 5] Let k be a non-negative integer or infinity. For a € C we
denote by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is
counted m times if m < k and k+ 1 times if m > k. If Ex(a; f) = Ex(a; g), we say
that f, g share the value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, c0)

respectively.

Definition 1.2. [4] For A C C we define Ef(A, k) = UseaEx(a; f), where k is a
non-negative integer or infinity. If E¢(A, k) = E4(A, k), then we say that f and g
share the set A with weight k.

We write f, g share (A, k) to mean that f, g share the set A with weight k. We
say that f, g share a set A IM or CM if and ouly if f, g share (4,0) or (A, o)

respectively.

2. GRADUAL DEVELOPMENT AND MOTIVATION

In 2010, B. Q. Li proved the following theorem.
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Theorem A. [0] Let a and b be two distinct finite values, and let f be a meromorphic
function in the complex plane such that f has finitely many poles in the complex

plane. If f and a non-constant L-function L share (a,00) and (b,0), then L = f.

In 2018, Yuan, Li and Yi [J] considered the uniqueness of L-functions with
meromorphic functions having finitely many poles under set sharing and proved

the following theorem.

Theorem B. [9] Let S = {w1,wa,...,w;}, where wy,ws,...,w; are all distinct zeros
of the polynomial P(w) = w™ + aw™ + b. Here | is a positive integer satisfying
1 <1< n, nand m are relatively prime positive integers with n > 5 and n > m,
and a,b, c are nonzero finite constants, where ¢ # w; for 1 < j < 1. Let f be a non-
constant meromorphic function such that f has finitely many poles in the complex
plane, and let L be a non-constant L-function. If f and L share S CM and ¢ IM,
then L = f.

In 2020, Kundu and Banerjee [3] considered the case ¢ = 0 of Theorem B and

provided the following theorem.

Theorem C. [3] Let f be a meromorphic function in C with finitely many poles
and S be as defined in Theorem B. Here a,b are two non-zero constants and n,m
are relatively prime positive integers such that n > 2m. If f and a non-constant L
-function L share (S,00) and (0,0), then L= f.

Very recently, Banerjee and Kundu [I] proved the following result.

Theorem D. [1] Let S be defined as in Theorem B, f be a meromorphic function
having finitely many poles in C and let L be a non-constant L -function. Suppose
Ef(S,s) = E.(S,s) and for some finite ¢ ¢ S, f and L share (c,0). Also let a;(i =
1,2,...,n —m) be the zeros of nzF 4+ ma, where k = n — m(> 1) and denote
S'={a1,a2,...,Qn_m}-
I. Suppose ¢ = 0.
When (i) s > 2,n>2m+2 or (i) s =1,n > 2m+ 3 or (i) s =0,n > 2m + 8;
then f = L.
I1. Suppose ¢ # 0.
(A) Let c€ S’. Whenl=n and (i) s = 1,n > 2k+2 or (ii) s = 0,n > 2k +5;
or whenl =n—1 and (i) s > 2,n > 2k + 2 or (i) s = 1,n > 2k + 3 or (i)
s=0,n>2k+8; then f=L.
(B) Neat let c ¢ S’. When (i) s > 2,n > 2k+4 or (ii) s =1,n > 2k + 5 or (iii)
s=0,n>2k+ 10; then f = L.

66



UNIQUENESS OF L-FUNCTIONS AND ...

From the above discussion, one would naturally observe that in Theorem B-
D all the authors always considered the set S to be the zeros of the polynomial
P(z) = 2" 4+ az™ 4+ b. Now if we take m = n — 1, then the condition of Theorem C
and condition I of Theorem D become absurd; i.e., for m = n — 1 Theorem C and
I of Theorem D is not applicable. Also one can notice that all the authors always
considered a special class of meromorphic functions; i.e., they always considered
meromorphic functions having finitely many poles. Therefore the uniqueness of
L-functions with general meromorphic functions is yet to be dealt with. At this

moment naturally, the following two questions come into mind.

Question 2.1. For m = n — 1, if a non-constant meromorphic function having

finitely many poles and an L-function share (S,t) and (c,0), are they equal?

Question 2.2. If a general non-constant meromorphic function and an L-function

share (S,t) and (c,0), then are they equal?

In this paper, we have answered the above two questions affirmatively. Not only
that by considering the polynomial P(z) = 2" + az"~ ! + b, we have shown the
uniqueness of a general non-constant meromorphic function with a non-constant
L-function when they share the set (S,t) and (n,0), where 7 is the zero of P’'(2).
As a corollary of our main theorem, we have shown that our result not only fills the
gap of Theorem C and I of Theorem D for m = n— 1 but also significantly improves
Theorem B-C and I of Theorem D.

3. MAIN RESULT

Now we state the following theorem which is the main result of the paper.

Theorem 3.1. Let P(z) = 2" + az"" ' + b, with n > 3 and a, b are non-zero
constants such that the polynomial has no multiple zero. Suppose that f, L share
(S,t) and (n,0), where t € NU {0}, S be the set of zeros of P(z), n be the zero
of P'(2), f be a non-constant meromorphic function and L be a non-constant L-
function.
(I) Suppose n=0. If
(i) t > 5, with
e n>2+(2+ 25)(1—6(o0; f));
(i) ¢ = 4, with
e n>max{2+ (2+ 25)(1 — O(cx; f)), 3};

n—

en=23 and@(oo;f)>%;
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(iii) t =3, with
e n>max{2+ 2+ %) (1-0(cx; f)), 4};
e n=4and O(c0; f) > %;
e n=23andO(c0; f) > %;

(iv) t =2, with
o n>2+ (24 5125) (1-O(o5 /));

(v) t =1, with
e n>max{2+ 2+ (-%5)(1 — O(c0; f)), 4}
e n=4and O(co; f) > 2.

(vi) t =0, with
e n > max{2+ (4 + n17_44) (1 =06(c0; ), 4};

then we get f = L.

(I1) Suppose n # 0. If

(i) t> 2, with
e n>max{4+2(1 —0O(0; f)), 4};

(ii) ¢ = 1, with
e n>max{5+ 2(1 — O(c0; f)), 4};

(iii) t = 0, with
e n > max{8+ 4(1 — O(cc; f)), 4};

then we get f = L.

Corollary 3.1. Let P(z) = 2" + az""! +b, with n > 3 and a, b are non-zero
constants such that the polynomial has no multiple zero. Suppose that f, L share
(S,t) and (n,0), where t € NU {0}, S be the set of zeros of P(z), n be the zero of
P'(2), f be a non-constant meromorphic function having finitely many poles and L
be a non-constant L-function.
(I) Suppose n =0. If (i) n > 3 whent > 2, (ii) n >4 whent =1, (i) n > 5
when t = 0; then we get f = L.
(IT) Suppose n # 0. If (i) n > 5 when t > 2, (ii) n > 6 when t =1, (iit) n > 9
when t = 0; then we get f = L.

Remark 3.1. In Corollary[3.1] one can observe that for n = 0 the least cardinality
of the set S is 3, 4 and 5 when t > 2, t = 1 and t = 0 respectively, whereas in
Theorem D it was 5, 6 and 11. Again in Theorem C the cardinality 3 was achieved
in the case of CM sharing but from Corollary[3.1] the same is achieved for weight 2
only. Also in Theorem [3.1] we deal with general meromorphic functions instead of
meromorphic functions having finitely many poles. Therefore our result is not only

improved but also an extended version of Theorem B-C and I of Theorem D.
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4. LEMMAS

In this section, we discuss some lemmas which will play key role to prove our
main result. For the convenience of the reader, let us shortly recall some definitions

and notations which will be required to prove the lemmas.

Definition 4.1. Let f be a meromorphic function. We denote the order of f by
o(f), where

: log(T'(r, f))
4.1 =1 — =
(4.1) p(f) msup ==
By S(r, f) we mean any quantity satisfying S(r, f) = O(log(rT(r, f))) for all r
possibly outside a set of finite linear measure. If f is a function of finite order, then

S(r, f) = O(logr) for all r.

Definition 4.2. Let f and g be two non-constant meromorphic functions such that
f and g share (a,0), where a € C. Let 2o be an a-point of f with multiplicity p, an
a-point of g with multiplicity q. Then

o Ny(r,a; f) denotes the reduced counting function of those a-points of f and
g where p > q.

° N]ls) (r,a; f) denotes the counting function of those a-points of f and g where

p=q=1
In the same way we can define N 4(r,a;g) and N]{;) (rya;g).

N(r,a; f| = 1) denotes the reduced counting function of simple a-points of

f.

N.(r,a; f,g) denotes the reduced counting function of those a-points of f
and g where p # q. Clearly N.(r,a;f,g9) = N.(r,a;9,f) = Ng(r,a; f) +
Na(r,a; g).

e N(r,a; f |> m) denotes the reduced counting function of those a points of
f whose multiplicities are not less than m.

e N(rya;f | g # bi,ba,...,by) denotes the counting function of those a-
points of f, counted according to multiplicity, which are not the b;-points of

g fori=1,2,...,q; where a,by,ba,...,b, € C.

Definition 4.3. Let f(z) be a non-constant meromorphic function in the complex

plane and a € C. Then

O(a, f)=1-— li?_}s;}pw.

Observe that 0 < O(a, ) < 1.
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For two non-constant meromorphic functions F' and G, set

F// 2F/ G// 2Gl
(42) H_<F’_Fl>_<G’_Gl>’
and
F’ G’
(4.3) == —m T

Lemma 4.1. [I0] Let F, G share (1,0) and H £ 0. Then
N(r,1;F) = N (r,1;G) < N(r,H) + S(r, F) + 5(r, G).

Lemma 4.2. Let f be a non-constant meromorphic function and L be an non-
constant L-function sharing a set S IM, where |S| > 3. Then p(f) = p(L) = 1.
Furthermore, S(r, f) = O(logr) = S(r, L).

Proof. Proceeding in a similar method as done in the proof of Theorem 5, [9,
see p. 6], we can obtain p(f) = p(£) = 1. So we omit it.
Since p(f) = p(L) = 1, so from the definition of S(r, f) we get S(r, f) = O(logr) =
S(r, L). O

Lemma 4.3. Let f, g be two non-constant meromorphic functions sharing (1,t),
where t € NU{0}. Then

N1 £)+ N Lig) < NS (L f) + (1= ) Nu(r, 15 £,9) + N (1,1 f).
Proof. Since f and g share (1,t), we observe that
N(r,1;f) + N(r,1;9) = 2N(r, 15 f).

Case-I : Suppose t > 2.
Let zp be a 1 point of f with multiplicity p and a 1 point of g of multiplicity q.
Since f and g share (1,t), therefore p < ¢ implies p = q.

Subcase - I : When p <t¢. If p =1, then zj is counted once in both N:J) (r,1; f)
and N(r, 1; f). On the other hand 2 is not counted in N,(r,1; f, g). Again if p # 1,
then zq is counted p times (i.e., at least 2 times) in N(r, 1; f) and in this case zg
is not counted in N]{;) (r,1; f) and N,(r,1; f, g). Therefore zy is counted at least 2
times in N}E)(r, Lf)+ (1 —t)Nu(r,1;f,9) + N(r,1; f).

Subcase - IT : When p > (t+1). If p = g, then 2 is counted p time (i.e., at least 3
times) in N (r, 1; f) and 2 is not counted in NB (r,1; f) and N,(r,1; f,g). When p #
q, then zp is counted (1—¢) times in (1—¢)N.(r,1; f,g) and counted p times (i.e., at
least t+1 times) in N(r, 1; f) and 2y is not counted in lef) (r,1; f); i.e., 2o is counted
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at least (1 —t)+ (t+1) = 2 times in NP (r, 1; f) + (1 — ) No(r, 1; f, g) + N(r, 1; f).
Now since zq is counted two times in N(r,1; f) + N(r, 1;g). Therefore in any sub

case we have
N(r,1:f) + N(r,1:9) < NP (r L f) + (L= ) N.(r,1; f,9) + N(r, 1; ).

Case-II : Suppose t = 1.
Then clearly

N1 f) S N(r 1 f] = 1) + N(r, 13 f) = N (.1 f) + N(r, 1; f).
Therefore, for t =1
N1 f)+ N(r19) < NY (15 1) + (1 =) Nu(r,1; f,9) + N(r, 1; f).

Case-111 : Suppose that ¢ = 0. Let 2y be a 1 point of f with multiplicity p and
a 1 point of g of multiplicity ¢. If p = ¢ = 1, then 2y is counted 2 times in both
2N(r, 1; f) and N}; (r,1; )+ (1 —t)Nu(r,1; f,g) + N(r,1; f), as N.(r,1; f,g) does
not count zg. If p = 1, q # 1, then also 2 is counted 2 times in both 2N (r, 1; f) and
Né)(r, L)+ (1 —=t)N.(r,1; f,g) + N(r,1; f), as in this case Né)(r, 1; f) does not
count zg. Finally if p # 1, then zq is counted at least 2 times in (1 —t) N.(r, 1; f,g)+
N(r,1; f) and 2p is not counted in N}{:)(r, 1; f).

Therefore, for t = 0,

N(r 1 f)+ N(r,1ig) < N2 (r, 1 /) + (1= ) Nu(r,1; f,9) + N(r, 15 f).
And hence in any case,

N(r,1;f) + N(r,1;9) < N};(r, Lf)+ (1 —t)Nu(r,1; f,9) + N(r,1; f). O

Lemma 4.4. Let P(z) = 2" +az""'+b, withn > 3 and a, b are non-zero constants
such that the polynomial has no multiple zero and S be the set of all zeros of P(z).
Define

(4.4) po et g Lal
—b —b
and
2
(4.5) P,(z) =n H(z —n) %,
i=1
where 1 =0, Ny = “=Y g =n —2 and ¢o = 1.

n

Let f be a non-constant meromorphic functions and L be a non-constant L-
function such that f,L share (S,t) and n; IM and if ® # 0 then

N(r,m: f) < ~[No(r, 1 F, G) + N(r, 00; f)] + O(log ).

i
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Proof. By the given condition clearly F and G share (1,t). Also by (4.5) we have

2 2
= _ %Hf )% and G = %Hﬁ n)% L

Thus we see that

_n H§:1 (f=m)™ f —n H?Zl (L — ) L
(4.6) o= T B e |

Let zg be a zero of f —n; with multiplicity » and a zero of £ —n; with multiplicity v.
Then that would be a zero of ® of multiplicity 4 = min {g;r +r —1,gjo+v —1} >

g;j. So by a simple calculation we can write

_ _ 1 1
N (r,nj; f) = N (r,n;;£) < —=N(r,0;®) < —T(r, @)
I p

[N(r,®) + S(r, F) + S(r,G)]

IN

[N.(r,1; F,G) + N(r,00; F) + N(r,00; G)] + S(r, F) + S(r, G)

% [N*(T, 1;F,G) + N(r,o0; f) —&-W(T,oo;ﬁ)] + S(r, f)+ S(r,L).
j

IN

Now using Lemma (4.2) and the fact that N(r, 00; L) = O(logr), we have

N(T,ﬂj;f) :N(Tﬂ?ﬁﬁ) < l [N*(Tal;FaG) +N(Ta OO,f)] +O(10g7”). O

J

Lemma 4.5. Let F*—1=a, H(f w;) and G* —1 = a, H(L w;), where f be
i=1 i=1

a non-constant meromorphic function, £ be an non-constant L-function, a,,w; €

C—{0} foralli e {1,2,...,n}. Further suppose that F* and G* share (1,t), where

t € NU{0} and n; # w; fori=1,2,--- ,n. Then
Na(r,1; F*) < —_— r r,n;; f )+ N(r,o00; f) — Nl(r,O;f’)} + O(logr),

where Ny(r,0; f") = N(r,0; f'|f # 0,m1, w1, wa,...,wy,). Similar expression also
holds for Ng(r,1;G*).
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Proof. Since F* and G* share (1,t), in view of Lemma and N(r,o00; L) =
O(logr), we find by using first fundamental theorem that
— — 1

Ng(r,1; F*) < N(r,l;F*\zt+2)gﬁ[N(r,l;F*)—N(r,l;F*)]

[t

Z (N (r,w;; f) = N(r,w;; f))

Li=1
[N(r,0; f'|f —n; #0) — Nu(r,0; f)]
L
"0 f=nj

"y i/m) = Ni(r, 0; f’)} +0(1)

!
< — N(r,oo;fi
L f—mnj

< —— [N(r,00; f) + N(r,n55 f) = N1(r,0; f')] + O(logr).

IN

IN

_N(

IN

)= Nl

IN

T(

) —N1(T,0;f’)} +S(r, f)

This proves the lemma. O

Remark 4.1. Let F and G be defined by (4.4)). If F', G share (1,t) and f, L share
n; IM, then using Lemma |j and Lemma 1' in view of N (r,00; L) = O(log 1),

we get

N.(rn1,F,G) = Ny(r,1;F)+ Ny(r,1;G)
< g (N0 £) + N 00 ) + N (7,53 £)] + O(log)
2 1
. < — . .
@7 < g N f) + 7 N oos f) + O(logr)
2 _ 1
< —= . . . .
< Gt N EERG) N s ] + g Nreo: ) + Oflogr)
This implies that
l———— | Nu(r, L F,G) < ————==N(r,00; f) + O(logr
( qj(t+1)> ( ) g;(t+1) (r,00: f) + O(log)

(48)  (t+1)g =2 N.(rLFG) < (2+q)N(r,00; f) + O(logr).
Lemma 4.6. Let P(2) = 2" +az" "' +b, withn > 3 and a, b are non-zero constants
such that the polynomial has no multiple zero. Suppose that f, L share (S,t) and
(n,0), where t € NU{0}, n be the zero of P'(z), f be a non-constant meromorphic
function and L be a non-constant L-function. Further suppose that

(4.9)

Fo fn+al)Jt‘n—1

When n =0 and

L7+ aln1

__1 n—1 _
= bf (f+a) and G = =

= LN (L a).
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(i) t > 5, with
e n> 24 (24 21)(1— B0 f)):

(i) t =4, with
e n>max{2+ (2+ -25)(1 - O(o0; f)), 3};
en=3 and@(oo;f)>%;

(iii) ¢ =3, with
e n>max{2+ (2+ -25) (1 - O(cx; f)), 4};
e n=4and O(c0; f) > %;
e n=23 and O(oc0; f) > %;

(iv) t =2, with
o n>24 (24 512 ) (1- 03 f));

(v) t =1, with
o n>max{2+ 3 + (:5)(1 — O(cc; f)), 4}
e n=4andO(co; f) > 1.

(vi) t =0, with
o n>max{2+ (4+ 1) (1 - ©(00: 1)), 4};

or,n# 0 and

(i) ¢ > 2, with
e n>4+2(1—0(c0; f));

(i) t =1, with
° n>5+%(1—@(oo;f));

(iii) ¢ = 0, with
o 1> 8+4(1 - 0(c0; f));

we get ﬁ = % + B, where A(#£0), B eC.

Proof. According to the assumptions of the lemma, we clearly have F, G share
(1,t) and f, £ share (n,0). Here

Fm g - ) = =t (- )

b n

and

b n
Now consider H as given by (4.2)) for F and G. Firstly we suppose that H # 0.

Now we distinguish the following cases.

Case 1. ® =0.

Then by integrating we get, (F — 1) = A(G — 1), where A(# 0) € C. Therefore,
F' = AG' and F"" = AG”. Which implies that H = 0. Which is a contradiction.
Case 2. ® # 0.

g = —%E"_Q(nll Faln— 1)L = —"pn- (c - “(1_")) Ve
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First let us assume that n = n; = 0. Then clearly ¢ = n—2. Alsolet 5, = w

Since H # 0, it can be easily verified that H has only simple poles and these poles
come from the following points.

(i) m2 -points of f and L.

(ii) m1-points of f and £ having different multiplicity.

(iii) Poles of f and L.

(iv) 1 -points of F and G having different multiplicities.

(v) Those zeros of f’ and L', which are not zeros of H?Zl (f=n)(F —=1) and
Hz

(L —n;) (G — 1) respectively. Therefore we obtain

(4.10) N(r,H) < N (r,n2; f) + N (r,n2; L) + N(r,00; f) + N(r,00; £)
+N. (rymu; £, £) + Nu(r, 1, F,G) + No (r,0; f') + No (r,0; L),

where N (r,0; f') and N (r,0; £') denotes the reduced counting functions of those
zeros of f and £, which are not zeros of Hle (f —m) (F—1) and Hle (L—n)(G—
1) respectively.

Using the second fundamental theorem, we get,

(n+D)T(r, f) <N LF) + 30 N (roms f) +
) —

(4.11) +N(r, N (r,0; )+ S(r, f),
and

(n+1)T(r,£) < N(r,1;6) + 7, N (r,0i5 £) +
(4.12) +N(r,00; L) — No (r,0; L") + S(r, L).

Now combining (4.11)) and (4.12]) with the help of Lemmas (4.1) — (4.4) and then
using N(r,00; £) = O(logr), and (4.10) we get,

(n+D{T(r,f) +T(r,L£)} < N(r,1;F)+ N(r,1;G) Z (r,ns; f) + N (r, m;ﬁ)]

+[N(r,00; f) + N(r,00; £L)] — No (r,0; f') — No (r,0; E/)_—i- S(r, f)+ S(r, L)

ND(r, 1, F) 4 (1 — )N (r,1;F,G) + N(r,1; F) +
2
Z[N(ﬂ ni; f) + N(r,ni; £)] + N(r, 00; f) = No(r,0; f) = No(r,0; £) + O(log )

i=1

IN
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(413)§ N (Tv 123 f) + N(T, 2; ‘C)] + N(T7 o0; f) + N*(ﬁ mn; fv ‘C)
+ N.(r,1;F,G) + No(r,0; f) + No(r,0; L") + (1 — t)
2

N.(r, ;F,G) + N(r, ,F) + > [N(r,ni; f) + N(r,ni; £)]

=1
+N(r,00; f) = No(r,0; f') = No(r,0; L) + O(log )
2 [N (r,m2; f) + N (r,m2; £)] + 2N (r,00; f) + 3N(r,m3 f)
+N(r, 1; F)+ (2= t)N.(r,1; F,G) + O(logr)
<2{T(r,f)+T(r,L)} + 2N (r,00; f) + %[ﬁ*(n 1;F,G)
+N(r,00; f)] +nT(r, f) + (2 = )N.(r, 1; F,G) + O(logr)
<AUT( 1) + T( L)} + @2 5 )N (00 f) + - Nar, 17, 6)

+nT(r, f) + (2= t)N.(r,1; F,G) + O(logr)

< @+ )T(, )+ 2+ )N, 00 f) +2T(r, )
3

IN

Therefore,

nT(r, L) <T(r, f) +T(r, L) + (2 + ;25)N(r, 005 f) +
(4.14) +(2+ 25 = t)N.(r,1;F,G) + O(logr).

In a similar manner, we get

nT(r, f) <T(r, f) + T(r, £) + (2 + 25)N(r, 00; f) +
(4.15) +(2+ % —t)N.(r,1; F,G) + O(logr).

Let T(r) = max{T(r, f) , T(r,L£)}. Then from (4.14]) and (4.15) we get,

(4.16) nT(r) < 2T(r) + (2 + =25)N(r,00; f) +
+(2+ % —t)N.(r,1; F,G) + O(logr).

Again from we get
(n+D{T(r, f) + T(r, £)} < [N (r,n2; f) + N (r,m25 £)] + N(r, 00; f)
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AN £, L) + Nu(r, L F,G) + (1= )N (1, 1; F,G) + N(r, 15 F)
ZN r,ni; f) + N(r,mi; £)] + N(r, 00; ) + O(log )
< [N (rm; f) 4+ N (r,n2; £)] + N(r,00; f) + Na(r,m; f)

+Ng(r,n; £) + Nuo(r,1;F,G) + (1 —t)N.(r,1; F, G)
+N(r,1;F) + [N(r,ng; f) + N(r,n2; £)] + N(r,na; f)
+N(r,n1; L) + N(r,00; f) + O(logr)

21T(r, f) +T(r, L)} + 2N(r,00; f) + (2 = t)Nu(r, 1; F, G)
+nT'(r, f) + No(r,n1; f) + Na(r,m; £) + O(log )
(n+3)T(r, f) +3T(r, £) + 2N(r, 00; f)

+(2 = t)N.(r,1; F,G) + O(logr)

IA

IN

nT(r, L) < 2T(r, f) + 2T (r, L) + 2N (r, 00; f) +
(4.17) +(2—=t)N.(r,1;F,G) 4+ O(logr).
In a similar manner, we get
nT(r, f) < 2T(r, f) + 2T(r, L) 4+ 2N (r, 00; f) +
(4.18) +(2 = t)N.(r,1;F,G) + O(logr).
Then combining (£.17) and ( we get
(4.19) nT(r) < AT(r)+ 2N(r, 00; f) 4+ (2 = t)N.(r, 1;F,G) + O(log ).

Subcase 2.1. When ¢ > 5 or ¢t = 4 with n > 4, we get from (4.16) that

WT(r) < OT() + 2+ —— )N (r, 00 f) + Ollog);

nT(r) < 2+ 2+ %)(1 —O(o0; )+ €)T(r) + O(log ),

25) (1= ©(00; f)).
When ¢t =4 and n = 3, we get from (4.16) that

which is a contradiction for n > 2 + (

(4.20) 3T(r) < 2T(r) +5N(r,00; f) + N.(r,1; F,G) + O(log r).

Now from ([4.8) we get, N.(r,1; F,G) < N(r,00; f) + O(logr). Hence (.20)) gives
T(r) < 6(1—O(o0; f)+€)T(r)+O(logr), which is a contradiction as ©(cc; f) > 2.
Subcase 2.2. When ¢t = 3 and n > 5, we get from (4.16) that
3
nT(r) < 2T(r) + (2 + ——5)N(r,00; f) + O(log);
7
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i.e.

MT(r) < (24 (24 —22) (1= O(0o; f) + )T(r) + Ollogr),

which is a contradiction for n > 2+ (24 -25)(1 — ©(o0; f)).
When n = 4, we get from (4.16) that

T— 1—
(4.21) AT (r) < 2T(r) + §N(r, oo; f) + gN*(r, 1;F,G) + O(logr).
Now using (4.8) in (4.21) we get,
7 1

170 < 2700 + (3 + 3 ) Wlrvooi )+ Oltowr)

i.e.

4(r) < 27(r) + %(1 —0O(c0; f)+e)T(r) + O(logr),

which is a contradiction for ©(co; f) > 3.
When ¢ = 3 and n = 3 from (4.16]) we get

3T(r) < 2T(r) +5N(r,00; f) + 2N.(r, 1; F,G) + O(log ).
Now using we get 3T(r) < 2T(r) + 8N (r,00; f) + O(logr); i.e.,
3T(r) <2T(r) + 8(1 — ©(o0; f) + €)T(r) + O(logr);

which is a contradiction for ©(oo; f) > I.
Subcase 2.3. When ¢ = 2, from (4.8) we get

(3n — 8)N.(r,1; F,G) < nN(r,00; f) + O(logr).

Since (3n — 8) > 0, we get

(4.22) N.(r,1;F,G) < 3nn— SN(T’ o0; f) + O(log ).

Now from (4.16)) using (4.22)) we get

nT(r) < 2T(r)+(2+ %)W(r, oo; f) + %N*(T, 1;F,G) + O(logr)

IN

(2 + <2 + 3n13 8) (1 —0O(o0; f) + e)) T(r) + O(log r),

which is a contradiction for n > 2 + (2 + 3538) (1 —0(c0; f).

Subcase 2.4. When t = 1, n > 5 then (2n — 6) > 0.
Therefore from (4.8)) we get

(4.23) (2n — 6)N.(r,1; F,G) < nN(r,00; f) + O(logr).
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Now from (4.16) using (4.23)), we get
3 = R -
nl'(r) < 2T(r)+(2+ E)N(r,oo;f) +(1+ m)N*(ﬁ L, F,G) + O(logr),
1 6
< 2T(r) + (2 + 5 + n—3> (1=0(co; f)+€)T(r)+O(logr)
which is a contradiction for n > 2+ 2 + (=£5)(1 — ©(o0; f)).
When t =1 and n = 4, we get from (4.8)) that

(4.24) N.(r,1;F,G) <2N(r,00; f) + O(log ).
Now from (4.16)) using (4.24)), we get

AT() < 2T(r) + SN (r.00: f) + SN.(r, 1 F, ) + Ollogr)

< 2T(r)+ g(l —O(o0; f) +€)T(r) + O(log 1),
13

which is a contradiction for ©(oco; f) > 7.

Subcase 2.5. When t =0, n > 5 then (n —4) > 0.
Therefore from (4.8)), we get

(4.25) (n —4)N.(r,1;F,G) < nN(r,o00; f) + O(log ).
Now from (4.16)) using (4.25)), we get

nT(r) < 2T(r)+(2+ %)N(T, oo )+ (24 %)N*(r, 1, 7,6)+ O(logr)
14

n —

IN

20 (r) + (4 + 4> (1 —0(o0; )+ €)T(r) + O(logr),

which is a contradiction for n > 2 4 (4 + nl—_44) (1 —06(c0; f)).
Next suppose that n = 72(# 0). Hence g2 = 1. Then proceeding similarly as we
have done above for (4.16)) and (4.19) we can easily get the following

(4.26) nT(r) < 27(r) + 5N (r,00; f) + (5 — t)N(r,1; F,G) + O(log )
and
(4.27) nT(r) < 4T(r)+2N(r,00; f) + (2 = t)N.(r, 1; F,G) + O(logr).
Subcase 2.6. When ¢ > 2, we get from that
nT(r) < 4T(r)+ 2N(r,00; f) + O(logr);

nT(r) < (442(1—06(c0; f))+€)T(r) + O(logr),
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which is a contradiction for n > 4 + 2(1 — O(o0; f)).

Subcase 2.7. When t = 1, then from (4.7) we get
I _ 1—
(4.28) N.(r,1;F,G) < N(r,n; ) + 5]\[(7‘700;]‘) + O(log ).

Now from (4.27)) using (4.28]), we get

nT(r) < 4T(r)+2N(r,00;f) + N.(r,1;F,G) + O(logr)

< 5T(r) + g (1—0(oc0; f)+¢€)T(r)+ O(logr),

which is a contradiction for n > 54 (1 — ©(oc; f)).

Subcase 2.8. When t = 0, then from (4.7) we get
(4.29) N.(r,1;F,G) <2N(r,n; ) + N(r,00; f) + O(log ).

Now from (4.27)) using (4.29)), we get

nT(r) < AT(r)+2N(r,00; f) +2N.(r,1; F,G) + O(logr)
< 8T(r)+4(1 — ©(oo; f) + )T (r) + O(logr),

which is a contradiction for n > 8 4+ 4(1 — ©(o0; f)).

Thus we see from above that H = 0. Hence on integration, we obtain

where A(# 0),B € C. O

Lemma 4.7. Let F and G be defined by (4.9), then FG # a, where a is non-zero

complex constant.

Proof. On the contrary, suppose that FG = ¢ # 0. Then
(4.30) PPN 4 @)L (L + @) = CB? = Cu(say) £ 0.

Let oy = 0 and oy = —a. Then it is clear from ) that each «;-point of f is a
pole of £ and vice-versa.

Let 2o be a as point of £ of multiplicity r, then it will be a pole of f of multiplicity
v, such that r = vn. Since v > 1, s0 7 > n ; i.e., % < % Similar argument can

be made for oy point of £. Now using the second fundamental theorem in view of
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N(r,00; L) = O(logr) we get

T(r, L)

IN

N(r,a1; L) + N(r,az; L) + N(r,00; L) 4+ S(r, L)
%T(r, L)+ O(logr),

IN

which is a contradiction as n > 3. [l

5. PROOF OF THE THEOREMS

Proof of Theorem Let f be a non-constant meromorphic function and £
be a non-constant L-function. Suppose E¢(S,t) = E-(S,t) and Ef(n,0) = E£(n,0)
where t € NU{0} and 7 is the zero of P/(z). Consider F and G as defined by (4.9).

Therefore in view of the Lemma [4.6] we get

(5.1) —=_"_ 4B,

where A(# 0), B € C. Hence we have

(5.2) T(r,F)=T(r,G) +O(1).
Since
(5.3) T(r,F)=nT(r,f)+0Q1) and T(r,G) =nT(r,L) + O(1).

So implies that
(5.4) T(r,f)=T(r, L)+ O(1).

Case 1. If B # 0. Then from (5.1) we get,

(B+1)G+(A-B—1)

(5.5) Ny by

Subcase 1.1. If B # —1. Then from (5.5 we get,

5o (- 2e)
B (g - £5%)

(5.6) F=

Now clearly, Bl_gﬁ'l BgA, as if Bgﬁ'l = BE,A then A = 0, which is absurd.

Subcase 1.1.1. If B — A # 0. Then from (5.6)) it is clear that N (r, BTEA; g) =
N(r,00; F).
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Now using second fundamental theorem, (5.4) and N(r, 00; £) = O(logr) we get,

T(r.G) 4

IN

Nr0:0)+ N (1 25 256) + W oi6) + 510
N(r,0; L) + N(r,—a; L) + N(r,00; f) + N(r,00; £) + S(r,G)
27(r, L) + (1 — ©(c0; f) + €)T(r, ) + S(r, G)

(3—O(c0; f) + )T(r, L) + S(r, G)

(3—@(oo;f>+e) T(r,G) + S(r,G),

n

ININ A

IN

which is a contradiction.

Subcase 1.1.2. If B— A = 0. Then from (5.6) we get,

(B+1) (9~ 54)

(5.7) F= o

Now it is clear from (5.7) that N (r, %ﬂ; g) = N(r,0; F) and N(r,0;G) = N(r,00; F).
Now using second fundamental theorem, (5.4) and N(r, o00; £) = O(logr) we get,

T(r,G) N(r,0;G) + N <7",

IN

B+

N(r,00; f) + N(r,0; f) + N(r, —a; f) + N(r,00; L) + S(r,G)
27(r, f) + (1 = ©(c0; f) + )T (r, ) + S(r,G)

(3= O(00; f) +)T(r, £) + S(r,G)

(3—@(0@]“)—1—6) T(r,G) + S(r,G),

n

150 + N (i 0) + 5(n0)

ININ A

IN

which is a contradiction.

Subcase 1.2. If B = —1. Then from we get,
A
Rt
Subcase 1.2.1. If A # —1. Then from it is clear that N (r, (A +1);G) =
N(r, 00; F).
Now using second fundamental theorem, and N(r,00; £) = O(logr) we get,

(5.8) F

T(r,G)

IA

N(r,0;G) + N (r,(A+1);G) + N(r,00;G) + S(r,G)
N(r,0;£) + N(r,—a; L) + N(r,00; f) + N(r,00; L) 4+ S(r,G)
(3 =0O(o0; f) + )T (r, L) + 5(r,G)

(3@(“”)“) T(r,G) + 5(r,G),

n
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which is a contradiction.

Subcase 1.2.2. If A = —1. Then from (5.8) we get,
FG =1,

which is a contradiction in view of Lemma .

Case 2. If B =0. Then from we get,
(5.9) G-—1=A(F-1).
Subcase 2.1. A # 1. Then from we get,
(5.10) AF=G-(1-A).

Suppose 7 is not an e.v.P. of f and £. Then there exists zy such that f(z¢) =
L(z0) = 1.
Let £ = —%n”_l(n + a). Then clearly F(z9) = G(z9) = £ and since P(z) has only
simple zeros, we have £ # 1.

Now from (5.10) we get,
€-1)(A-1)=0,
which is a contradiction.

Now let n be an e.v.P of £ and hence it will be an e.v.P of f also.

Subcase 2.1.1. Suppose that 7 = 0. Then 0 is an e.v.P of f and L.
Again, it is clear from (5.10) that N (r,(1 — A);G) = N(r,0; F).
Now using second fundamental theorem, (5.4) and N(r, o0; £) = O(logr) we get,
T(r,G) < N(r,0;G6)+ N(r,(1—A);G)+ N(r,00;G) + S(r,G)
< N(r,0;£)+ N(r,—a; L) + N(r,0; f) + N(r,—a; f) + N(r,00; L) + S(r,G)
2
T £) 4 T( )+ 5(:0) < (2) 7(,6) + 50.9)

IN

which is a contradiction as n > 3.
Subcase 2.1.2. let n # 0, then using second fundamental theorem, (5.4)) and
N(r,00; L) = O(logr) we get,
T(Tv g) < N(n Ov g) + N (T7 (1 - A)v g) + N(Ta 03 g) + S(T’, g)
< N(r,0;£) + N(r,—a; L) + N(r,0; f) + N(r, —a; f) + N(r,00; L) + 5(r, G)
4
< 20+ 200 )+ 50:0) < (1) T(:6) + 5(r,),

which is a contradiction as n > 5.
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Subcase 2.2. A =1 and hence F = G. That is, we get

(5.11) —%f”_l(f—ka) = —%ﬁn_l(ﬁ-‘ra,)
(5.12) = (f" =L +a(fr -2 = o

Let h = % Then from we get,

(5.13) LA™ —1)+a(h" ' —1)=0.

If h # 1, then we can write as

(h—v)(h —v?)...(h —v""2)

(h—w)(h —u2)..(h —un—1)’

where u = exp(27mi/n) and v = exp(27i/(n — 1)). Noting that n and (n — 1) are

(5.14) L=-a

relatively prime positive integers, then the numerator and denominator of
have no common factors. Since £ can have atmost one pole in the complex plane,
hence whenever n > 3 we can see that there exists at least one distinct roots of
h™ = 1 such that they are Picard exceptional values of h.

Subcase 2.2.1. When 1 = 0; i.e., f and £ share (0,0), then from (5.11) it is
clear that f and £ have same zeros and poles with counting multiplicity. Therefore,
h is an entire function with no zeros; i.e., when n > 3 there are at least two Picard
exceptional value of h, and so it follows by that h and thus £ are constants,
which is impossible.

Therefore, we must have h = 1; i.e., f = L.

Subcase 2.2.2. When n # 0, for n > 5 there are at least three Picard exceptional
value of h, and so it follows by that i and thus £ are constants, which is
impossible.

Therefore, we must have h = 1; i.e., f = L.

Proof of Corollary If f be a meromorphic function having finitely many

poles, then we have
(5.15) O(c0; f) = 1.

Therefore using (5.15)), the desired results follow from the proofs of Theorem
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Abstract. In this paper, we study unicity of meromorphic functions concerning differential-
difference polynomials and mainly prove: Let ki, ka,--- ,kn be non-negative integers and k =
max{k1, ko, - ,kn}, let | be the number of distinct values of {0,c1,c2, - ,cn}, let s be the
number of distinct values of {c1,c2, - ,cn}, let f(z) be a non-constant meromorphic function of
finite order satisfying N(r, f) < mT(r, ), let mi(2),ma(2), - ,mn(2), a(z),b(z) be
small functions of f(z) such that a(z) # b(z), let (c1, k1), (c2,k2), -+, (cn, kn) be distinct and let
F(2) = my(2)f*D (z4c1)+ma(2) f*2) (z4co) +- - - +mn(2) fEn) (2 +¢,). If f(z) and F(z) share
a(z),b(z) CM, then f(z) = F(z). Our results improve and extend some results due to [T}, [I8] 20].

MSC2020 numbers: 30D35.

Keywords: meromorphic function; small function; difference polynomial.

1. INTRODUCTION AND MAIN RESULTS

In this paper, a meromorphic function always means meromorphic in the whole
complex plane. We use the following standard notations in value distribution theory,
see |7, 15, 16]: T'(r, f), N(r, f), m(r, f),- -

We denote by S(r, f) any quantity satisfying S(r, f) = o(T(r, f)) as r — oo
possible outside of an exceptional set E with finite logarithmic measure | pdr/r <
00. A meromorphic function «(z) is said to be a small function of f(z) if it satisfies
T(r,a) = S(r, f).

Let a(z) be a small function of both f(z) and g(2). If f(z) —a(z) and g(z) — a(z)
have the same zeros counting multiplicities (ignoring multiplicities), then we call
that f(z) and g(z) share a(z) CM (IM). Let N(r,a) be the counting function of

common zeros of both f(z) — a(z) and g(z) — a(z) with counting multiplicities. If

N (np i) N (ro ) = 2N () < 8(n) + S(n0)

then we call that f(z) and g(z) share a(z) CM almost.

IThis paper is supported by the NNSF of China(Grant No 12171127) and the NSF of Zhejiang
Province (LY21A010012).
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Let f(z) be a non-constant meromorphic function. Define

_ — log" T(r, f)
o) = Jig 220

by the order of f(z).

For a nonzero complex constant 7 € C, we define the difference operators of f(z)
as N f(z) = f(z+n) —f(2) and AR f(2) = Ay (AFT1f(2)), ke Nk > 2.

Let f(z) be a non-constant meromorphic function, let ng,n1, -+ ,n; be non-
negative integers, let cp,c1,- -+, ¢, be finite values, we call that M(f) = f™(z +
co)(f)™ (24 c1)--- (f®))™ (2 4 ¢;) is a differential-difference monomial, and its
degree ypr = ng +ny + -+ ng. Let H=a; Mi(f) + aaMa(f)+ -+ anMp(f) be
a homogeneous differential-difference polynomial, where a;1(z), a2(2), - ,a,(z) are
small functions of f(z) and yar, = Y, = -+ = Y, -

Let Npy(r, f) be the counting function for poles of f(z) with multiplicity < &
and let N (r, f) be the counting function for poles of f(z) with multiplicity > k.

Nevanlinna [7, [I5] [16] proved the famous five-value theorem.

Theorem A. Let f(z) and g(z) be two non-constant meromorphic functions, and
let a;(j = 1,2,---,5) be five distinct values on extend complex plane. If f(z) and
g(2z) share a;(j =1,2,---,5) IM, then f(z) = g(2).

Li and Qiao[1I] proved the five-small function theorem.

Theorem B. Let f(z) and g(z) be two non-constant meromorphic functions, and
let a;(z)(j =1,2,---,5) be five distinct small functions of both f(z) and g(z) (one
may be 0o). If f(z) and g(z) share a;(2)(j =1,2,---,5) IM, then f(z) = g(z).

In 1976, Rubel and Yang[I4] proved the following result.

Theorem C. Let f(z) be a non-constant entire function, and let a, b be two distinct
finite values. If f(z) and f'(z) share a,b CM, then f(z) = f'(2).

In 1992, Zheng and Wang[I9] proved:

Theorem D. Let f(z) be a non-constant entire function, and let a(z),b(z) be two
distinct small functions of f(z). If f(z) and f'(z) share a(z),b(z) CM, then f(z) =
7(2).
In 1995, Fang[5] proved the following theorem.
Theorem E. Let f(z) be a non-constant meromorphic function such that N(r, f) =
S(r, f), let n be a positive integer, let a,b be two distinct finite complex values, and
let F(2) = f(2)+a1(2) fPD(2) 4+ +an(2)f(2), where ay(2),a2(2), -+, an(z)
are small functions of f(z). If f(z) and F(z) share a,b CM almost, then f(z) =
In 2006, Chen[I] studied the case of meromorphic function satisfying N(r, f) <
1

g7 (7, f), and proved the following result.
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Theorem F. Let n be a posz’tive integer, let f(z) be a non-constant meromorphic
function satisfying N(r, f) < 8n+17 T(r, f), and let a(z),b(z) be two distinct small
functions of f(2), and let F(z) = f(2) +a1(2) f" VD (2) + -+ an(2) f(2), where
a1(2),a2(2), - ,an(2) are small functions of f(z). If f(z) and F(z) share a(z),b(2)
CM, then f(z) = F(z).

Recently, a number of articles focused on value distribution in shifts or difference
operators of meromorphic functions. In particular, some papers studied the unicity
of meromorphic functions sharing values with their shifts or difference operators
(see [3, 14, 6, O] 121 T3], 20]).

In 2011, Heittokangas et al.[9] proved the following result.

Theorem G. Let f(z) be a non-constant entire function of finite order, let n be
a nonzero constant, and let a,b be two distinct finite values. If f(z) and f(z +n)
share a,b CM, then f(2) = f(z +n).

In 2014, Zhang and Liao[20] proved the following result.

Theorem H. Let f(z) be an entire function of finite order, let n be a nonzero
constant, and let a,b be two distinct finite values. If f(z) and A, f(z) share a,b
CM, then f() = Dy f(2).

Liu et al.[I2] replaced A, f(z) by the general difference polynomial and proved

the following result:
Theorem 1. Let f(z) be a non-constant entire function of finite order, let n be a
positive integer, let a(z), b(z) be be two distinct small functions of f(z), and let
F(z)=mif(z4+c1)+maf(z+co)+ -+ mpf(z+c¢n), where my,ma, -+ ,m, are
nonzero complex numbers and c1,co,- -+ , ¢, are distinct finite values. If f(z) and
F(z) share a(z),b(z) CM, then f(z) = F(z).

In 2017, Yang and Liu[I8] extended Theorem J and proved the following theorem.
Theorem J. Let f(z) be a mon-constant meromorphic function of finite order,
let n be a positive integer, let a(z),b(z) be two distinct small functions of f(z),
let my,mo, -+ ,my, be nonzero complex numbers, let c1,ca, - ,c, be distinct finite

complex numbers, and let
F(z)y=mif(z4+c1) +maf(z+c2) + - +muf(z+cpn).

If f(z) and F(2) share a(z), b(z) CM almost and N(r, f) < 7=T(r, f), then f(z) =

In this paper, we extend and improve the above results.

Theorem 1.1. Let ki, ko, - , ky be non-negative integers and k = max{ky, ko, - -,
kn}, letl be the number of distinct values of {0, ¢1,¢a, -+ ,cn}, let s be the number of
distinct values of {c1,ca, -+ ,cn}, let f(z) be a non-constant meromorphic function
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of finite order satisfying N(r,f) < mT(r, ), let my(2), ma(z), -,

my(2), a(2),b(z) be small functions of f(z) such that a(z) Z b(z), let (¢1,k1),(c2, k2),
-+, (cn, kn) be distinct and let

(1.1) F(z) = mi(2)f*) (2 + e1) + ma(2) [P (2 + ea) + -+ ma(2) FF) (2 + c).

If f(2) and F(z) share a(z),b(z) CM, then f(z) = F(z).

Remark 1.1. Letl=s=1,k=n,0=c¢;y =cy =--+- = ¢,, then Theorem 1 is also

valid. If F/(2) = f™(2)4a1(2) f™ D (2)+ - -+an(2) f(2), where a1 (2), as(2) - -, an(2)
are small functions of f(z). Then by Theorem 1.1 we get Theorem F.

Corollary 1.1. Let k = 0, let f(z) be a non-constant meromorphic function
of finite order, let n be a positive integer, let a(z), b(z) be be two distinct small
functions of f(z), let my,ma, -+ ,my, be nonzero complex numbers, let ¢y, c¢a,- -+ ,cp

be distinct finite complex numbers, and let

F(z)=mif(z+c1) +maf(z4+c2) + - +muf(z+cn).
If f(2) and F(z) share a(z), b(z) CM almost and N(r, f) < ﬁT(r7 f), then
f(2) = F(2).

By Corollary 1.1, we get Theorem J.

The following example illustrates that the condition
1
N f) < 5 T(r, f)

(lk+1+2s—1)+1
is necessary in Theorem 1.1.

e*teq1

Example 1.1. Let f(z) = ezﬂ and F(z) = f(z) = f(z+¢c) = f(z+2¢) = -7,

ez

where ¢ = mi. It is easy to see that f(z) and F(z) share 1,—1 CM. But f(2) # F(z).

Theorem 1.2. Let F(z),l,k,s be the same as Theorem 1, let f(z) be a non-
constant meromorphic function of finite order satisfying Nyy(r, f) < mT(r, ),
and let a(z),b(z) be distinct small functions of f(z). If f(2) and F(2) share a(z),b(z), oo
CM, then f(z) = F(z).

The following example illustrates that the condition
1
Ny(r ) < 5 T(r,f)

(lk+1+25s—1)
is necessary in Theorem 1.2.

Example 1.2. Let f(z) = <L and F(z) = f(2) + f(z+¢) — f(z +2¢) — f(z +

e*—1

3¢) — f(z +4¢) = — £ where ¢ = 2mi. It is easy to see that f(z) and F(z) share

er—17

1,—1,00 CM. But f(z) # F(z).
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Theorem 1.3. Let f(2) be a non-constant meromorphic function of finite order,
let a(2),b(z) be two distinct small functions of f(z), and let H(f) be a homogeneous
differential-difference polynomial of f with deg H = m. If f™(z)(m > 2) and H(f)
share a(z),b(z),00 CM, then f™(z) = H(f).

2. SOME LEMMAS
For the proof of our results, we need the following lemmas.

Lemma 2.1. [7, [I5, [16]. Let f(z) be a non-constant meromorphic function, and
let a;(z)(i = 1,2) be two distinct small functions of f(z). Then

_ _ 1 — 1
T(r, f) §N(r,f)+N(r,f_a1) +N(T’f—a2> + S(r, f).

Lemma 2.2. [I7]. Let f(z) be a non-constant meromorphic function, and let

a;i(2)(i =1,2,3) be three distinct small functions of f(z). Then for any 0 <e <1,
_ I 1
27(r, f) SN )+ Y N (15— ) + T, f) + S(r, f).
i=1 f-a

Lemma 2.3. [2]. Let f(z) be a non-constant meromorphic function of finite order,

and let ) be a non-zero finite complex number. Then
N(r,f(z+mn) = N(r, f(2)) + S(r, f).

Lemma 2.4. [2,8, [10]. Let f(z) be a non-constant meromorphic function of finite

order, let k be a positive integer and let n be a non-zero finite complex number.

Then
f“”) ( f(Z+77)>
mlr,— | =S(,f), m|r =S(r, f).
(n I ) =stms) ) = s
Lemma 2.5. [5]. Let f(z) and g(z) be two non-constant meromorphic functions
satisfying
1 1
N )+ 8 (70 7) = S). N + 8 (n2 ) = 50.0).

If f(2) and g(z) share 1 CM almost, then either f(2)g(z) =1 or f(z) = g(z).
Lemma 2.6. [7, [I5 16]. Let f(z) be a non-constant meromorphic function, let

n(> 2) be a positive integer, and let a1(2),a2(2) - - - an(z) be distinct small functions
of f(z). Then

1 1 1 1
m<r’f_a1>+.“+m(r’f—an> gm(r,jr_(ll+...+f_an>+5(7’,f).
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Lemma 2.7. [I6]. Let k be a positive integer and let f(z) be a meromorphic function
such that f*)(2) #0. Then

T(r, f®)) <T(r, f) + kN(r, f) + S(r, f),

N (n f(l,f)) <N (r, }) +EkN(r, f) + S(r, f).

Lemma 2.8. [1]. Let 0 < X < 1 and let f(z) and g(z) be two meromorphic

functions satisfying
N(r, f) < AT(r, f), N(r,g9) <A(r,g).

If f(2) and g(z) share 0, 1 CM almost, and

5= N0+ N(r1) _2-8)
oo T(r, f) + T(r,g) 3 7

where I C [0,00) is a set of infinite linear measure, then ﬁ — gfl

= d, where

c(#£0),d are two constants.
By imitating the proof of Lemma 2.8, we can prove the following lemma.

Lemma 2.9. Let 0 < XA < 1 and let f(z) and g(z) be two meromorphic functions
satisfying

N(r, f) < XT(r, f), N(r,g) < XT(r,g).
If f(2) and g(z) share 0, 1, oo CM almost, and

— N(r,0)+ N(r,1) _2—2A

AT )+ Tng) 3

where I C [0,00) is a set of infinite linear measure, then ﬁ — £ = d, where
c(#£0),d are two constants.
Lemma 2.10. Let k, | be non-negative integers. Then

M 12: i 42125 - ?3 = 522 j: ;lii - ;i(’“ >1,0>1),

@) 195llkkt2455lz_—2443 < ;ZZ :[ 32; - Zg(k >0,0>2),

o SO T

Ol = = A = = CELUL)
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3. PROOF OF THEOREMS

Proof of Theorem 1.1. Set

(31) o) =4
(3.2) G@:Zgjij

Since f(z) and F(z) share a(z),b(z) CM, we know that g(z) and G(z) share 0, 1
CM almost.
It follows from ({3.1)) and (3.2)) that

(3.3) T(r,g) =T(r, f)+S(r, [),
(3.4) T(r,G)=T(r,F)+ S(r, f),
(3.5) N(r,g) = N(r, f) + S(r, f).

Hence, by (L)), and Lemma 2.3, we get
(3.6) N(r,G) =N(r,F)+ 5(r, f) < s (N(r, ) + kN(r, f)) + S(r, f).
It follows that
(3.7) T(r,F) < (s+sk)T(r,f)+ S(r, f).
Hence, we obtain
S(r,g) = S(r, f),S(r, f) = 5(r,g),
S(r,F) = S(r, f),S(r,G) = S(r, f).

Since g(z) and G(z) share 0, 1 CM almost, we have

N (T’Fl—f> + S(r, f)
ST(T’,F*f)#’S(T,f)

m(r,F—f)+N(r,F—f)+S(r,f)

Nmm+NmngN(nG1)+smﬂ

IN

(3.8)

It follows from Lemmas 2.3 and 2.4 that
F—7

(39)  m(r.F—f) <m ( ) il £)+ S(r, £) < mir, ) + S, f).

(3.10)  N(r,F —f) <IN(r, f®) + S(r, ) <U(N(r, f) + kN(r, f)) + S(r, f).
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By "" and N(T, f) S mT(T, f), we obtain

N(r,0)+ N(r,1) <m(r, f) +1 (N(r7 f) +EN(r, f)) +S(r, f)
<T(r,f)+ (1 —=1+1k)N(r, )+ S(r, f)

9k +9]l +16s — 8
=2 T f) + S f).

(3.11) 8(lk+1+2s—1)+1

IN

By Nevanlinna’s first fundamental theorem and (3.11)), we have

AT (r, f) = 2T(r,g) + S(r, f) = T <7~, ;) LT (r, - !

<N(r,0) + N(r, 1) +m (r, ;) +m (ng%) +5(r, f)

9lk + 91 + 165 — 8

1 1
(312) <8(lk+l+2s—1)+1T(r’f)+m(r’f—a>+m(r’f—b>+S(T’ )

Set

a1(z) =m1a®™ (z + ¢1) + maa® (2 + c2) + -+ mpa®(z + ¢),
(3.13) by (2) =mib* ) (2 4 ¢1) + mab®D) (2 + cp) 4 - - - + mpbF) (2 + ).

By Lemma 2.4, we obtain

—a —-b
m(r,};_a1> =S(r, f), m(r,Ff_b1> = S(r, f).

Set

F a1 b1
W(F,a1,b1)=| F' a} ¥
F'odl W

By Lemma 2.4, we have

314 m (r, W) — S0 ), m (r, W) — S(r, f).

If W(F,a1,b1) = 0, then b; = kay, where k is a nonzero constant. Obviously,
W(F,a1) # 0, where

F a

W (F,a1) = ’ P a’i ‘

Then by Lemma 2.4, we have

(3.15) m <r, W) =S(r,f), m (r, Vm> =S(r, f).
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By (3.3), (3.15)), Lemmas 2.3, 2.4 and 2.6, we obtain

W(F,a1) W(F,a1) 1
Sm <7', F*CLl + F—kal ) tm (T’ W(F,a1)> +S(7",f)
<T(r,W(F,a1))+ S(r, f)
<T(r,e1F' +coF )+ S(r, f) <T(r,F)+ N(r,F)+ S(r, f)
(3.16)

<T(r,F)+ il

8(lk+1+2s—1)+1
where ¢; and ¢ are small functions of f.
If W(F,ay,b1) £ 0, then by (3.14), Lemmas 2.4 and 2.6, we have

1 1
m<r’f—a>+m(r’f—b>

gm<r,Ff—Zl)+m<r,l;—bbl>+m<r,F1a1>+m(r,F1bl>+S(r,f)
1 1
<m<r7F—a1+F—b1>+S(r’f)
W(F,a1,b1)  W(F,a1,b) 1
m(’”’ F—a | F—b >+m<r’W(F,a1,b1))+S(r’f)
T(va(Faalabl))+S(T7f)
T(r,di F" + doF' + d3F) + S(r, f) < T(r,F) +2N(r, F) + S(r, f)
17)
T?"J*")—l—8

T(r, f)+5(r f),

IA

A A

(
2s

(lk+1+2s—1)+1

where dy, do and ds are small functions of f.

It follows from ([3.16]) and (3.17)), we deduce that

1 1
m(r,fa)—i—m(r,fb)

2s
1 <T(r,F
(3.18) ST B+ S i s+ 1

By (312) and (B18), we have
9lk + 91 + 165 — 8
2T (r, ) <
) <SS rir D11
2s
Uk +1+2s5—1)+1
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that is
Tk + 704+ 14s — 6
8(lk+1+2s—1)+1

Taking \ = m Then by (1), (2) of Lemma 2.10, (3.11), (3.19) and
N(r, f) < mT( f), we get

(3.19)

T(r,f) <T(r,F)+ S(r, f).

mN(7‘,())—|—N(r,1)_m N(r,0) + N(r,1)
Tr_g;o T(ng) + T(r7 G) o r—>ooT('r, f) -+ T(’f‘, F) + S(T7 f)

SHEPASS8 T (1, f) + S(r, f)
< lim

ST, f) + S T (r, )+ S(r. )

(3.20) o k49141658 _ 16lk+161+325—22 2 8)
' 151k + 151 +30s — 13~ 24(lk+1+2s—1)+3 3

Hence, by Lemma 2.8, we have

1 c
- _ —d
G-1 g-1 ’

(3.21)

where ¢(# 0),d are two constants. Now we consider two cases.
Case 1. d = 0. Hence

g—1
c

(3.22) G = +1.

Next, we consider three subcases.

Case 1.1. N(r,0) # S(r, ).

Thus there exists zg such that g(z9) = G(z29) = 0. It follows from that
g9(z) = G(2).

Case 1.2. N(r,0) = S(r, f), N(r,1) # S(r, f).

Obviously,

1 1
3.23 N — | =N — .
o2 (a) =)
Suppose that ¢ # 1. Then by (3.3)), (3.5) and (3.23)), we obtain

T(r, f)=T(r,g)+ S(r, f)
<N (r, ;) LN (r, ghc) + N(r,g) + S(r, f)

<N (r, ;) +N (7", é) +N(r, f)+S(r, f)
1
S8(lk+l+2s—1)+1
It follows T'(r, f) < S(r, f), a contradiction. So ¢ = 1, that is g(z) = G(z).
Case 1.3. N(r,0) = S(r, f), N(r,1) = S(r, f).
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By (3.3), (3.5) and Lemma 2.1, we have

T(r, f)=T(r,g) +S(r. f)
1
<N (r,g_1> + N (r,g) + N(r,g)+S(r, f)
<N(r,1)+ N(r,0) + N(r, f) + S(r, f)

1
S8(ll-c+l+25_1)+1T(7"f)+5(7"7f)~

It follows T'(r, f) < S(r, f), a contradiction.
Case 2. d # 0. In the following, we consider two subcases.
Case 2.1. £ # 1,0.

By (3), (3-3), (-6), (B-11) and Lemma 2.2, we have

2T (r, f) = 2T (r, g) + S(r, )

<N(rnl) 4w r,% +N n% +N(r,g) +5(r, f)
g 9-1 g-(1-3%)

<N(r,0) + N(r,1) + N(r.g) + N(r, G) + 51, f)

9k + 91 +16s — 8 —
ST Tr e 1 D)+ G+ DN )+ kNG )+ S0 )
<91k+91+175+5k—7
S 8(lk+l4+2s—1)+1

T(r, f)+ S(r, f).

It follows T'(r, f) < S(r, f), a contradiction.
Case 2.2. § = 1. Hence ¢ = d(d # 0),

1 dg(?)
G(z)—1 g(z) -1

(3.24)

Obviously N(r,0) = S(r, f). Otherwise, there exists zg such that g(zp) = G(20) = 0.
Thus by (3.24) G(z9) = o0, a contradiction. If d # —1, then we have

T(r, f)=T(r,g)+5(r f)

SNQ¥>+N<n11>+Nmm+ﬂnnSNmﬂ+smn
g 9~ a1
1

<
“8(lk+1+2s—1)+1

T(r, )+ S(r, f).

It follows T'(r, f) < S(r, f), a contradiction.
If d = —1, then by (3.24]), we obtain g(z)G(z) = 1. Thus, we have
(b—a)*(f —a)
F-a ’
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By Nevanlinna’s first fundamental theorem and (3.25)), we have

2T(r, f) <

: f:Z) +m<1;__2) +S(r, f)

(
<m (r,F_al) —&—m(r,(}l__;L) + N(r, F)+ S(r, f)
(

f1a> + N(r,F)+ S(r, f)

<T(r, f) + N(r, F) +5(r, f).

It follows that

T(r,f) <N(r,F)+5(r, f)

<s(N(r,f) + kN(r, f)) + S(r, f)

s+ sk
<
STtz —p il HHSmD),

that is T'(r, f) < S(r, f), a contradiction.

Combining Case 1 with Case 2, we deduce that g(z) = G(z). It follows that
f(2) = F(z). This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Set
f(z) —a(z) F(z) —a(z)
b(z) —a(z)’ b(z) —a(z)
By f(#) and F(z) share a(z),b(z),00 CM, we know that ¢g(z) and G(z) share 0, 1,
oo CM almost.
We prove Theorem 1.2 by contradiction, suppose that f(z) #Z F(z), that is g(z) #
G(z). Let

9(z) = G(z) =

Glg—-1)
g(G—1)

Obviously, we know that ¢(z) # 0, oo, and

(3.26) b=

va)HVOé)Smw+ﬂn®Smﬁ~
By , we have

(3.27) g—G=(6—1)g(G-1).
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Let zp be a common pole of both g(z) and G(z) with multiplicity m > 2. Since
g(z) and G(z) share co CM almost, then by (3.27), we know that z is the zero of
¢(z) — 1 with multiplicity at least m.

Next, we consider two cases.

Case 1. ¢'(2) Z 0, by , Lemma 2.7 and Ny)(r, f) < mT(r, 1), we
obtain

N(T7f) :N(Thg) =N1)(r,g) +N(2(Tvg)

1 1
Ssurrirm T+ (ng )+ 56)
1 1 _
< TN+ 2N (n g ) + 2500+ S00)
1

SShT izl +8rg).

Thus, we have
1
(lk+1+2s—1)
Case 2. ¢/(z) =0, that is ¢(2) = ¢. If ¢ = 1, then by (3.26)), we get g(z) = G(z), a
contradiction. If ¢ # 1, then by f((é’;j; = ¢, we know that (3.28) is valid also.
By means of (3), (4) of Lemma 2.10 and Lemma 2.9, it is easy to prove Theorem

1.2 by imitating the proof of Theorem 1.1 and replacing (3.11]), (3.19)) and ([3.20)

respectively with the following three formulas:

(3.28) N(r, f) < 5 T(r, f)+ S(r, f).

N(r,0)+ N(r,1) <m(r, f) +1 (N(r7 f) +EN(r, f)) +S(r, f)
<T(r,f)+ (1 —=1+1k)N(r, f)+ S(r, f)

61k + 61 + 105 — 6
SEUhrir2s—1) L0 )50 ]).

Alk + 41+ 8s — 4
5(k +1+2s—1)

T(r,f) <T(r, )+ 5(r, f).

mN(T’O)JFN(T’l)fm N(r,0)+ N(r,1)
=T (r,g) + T(r,G) 77630 T(r,f)+T(r,F)+ S(r, f)

SRS T(r f) + S(r, f)
< lim

— lk+41+8s—
T f) + Siiraen L f) + 80, f)
6lk + 60+ 10s — 6 10lk + 100 +20s — 12 2 —2)

~9lk+19l+185s—9 151k + 151+ 30s — 15 3
Proof of Theorem 1.3. Set

_fm—alz)
9 = e = ate)
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H —a(z)

b(z) —a(z)’
By f™ and H share a(z),b(z),00 CM, we know that g(z) and G(z) share 0, 1, oo

CM almost. Next, we consider two cases.

G(z) =

Case 1. a(z) =0, b(z) Z 0. In the following, we consider two subcases.
Case 1.1. N(r, &) # S(r,G). From the conditions of Theorem 1.3, we have

(3.29) N(r,0) — N(r,0) # S(r,G) + S(r,g).

G' (2
Set ¥(z) = 1_(§(i)
theorem, we get

(2) # 0, then by Nevanlinna’s first fundamental

N(r.0) = N(r.0) <N ) < T(04) + O(1)
=m(r,y) + N(r,v) + O(1) = S(r,G) + S(r,9),

which contradicts with(3.29). Hence ¢(z) = 0, we get G(z) — 1 = ¢(g(z) — 1). By
([3:29), we know that there exists zq satisfying g(z0) = G(z9) = 0. Hence ¢ = 1, that
is g(z) = G(z). It follows f™(z) = F(z).

Similarly, N(r,G) = S(r,G) and N(r,g) = S(r, g).

Case 1.2. N(r, &) = S(r, G).

Obviously, N(r, %) = S(r,g), by Lemma 2.5, N(r, %) + N(r,G) = S(r,G),
N(ﬁg) + N(r,g) = S(r,g). It follows from g( ) and G(z) share 1 CM almost,

that g(2)G(z) = 1, we have f™F = b?, that is Hence, we get

fr = o

(3.30) m (n ]f;) =m (n flfm) =2mT(r, f) + S(r, f),

it follows from m (7“, fim) < S(r, f) and that T'(r, f) = S(r, f), a contradiction.
Case 2. a(z) # 0.
In the following, we consider two subcases.
Case 2.1. a(z) £ 0,b(z) £ 0.
Let f™(z) # F(z), by Lemma 2.2, we have

1 W — 1 - 1
<7f'm>+N(T7f )—l—N(r,fma)—i—N(r,fmb)

er(r, f™) + S(r, f™)

1 1 m m
N (7“, f’”) +N (7“, fm—F) +eT(r, f™)+ S(r, f™)
T(r, f™)+T(r, f" = F)+eT(r, f™) + S(r, f7)

)

~
Z
IA

2T (

)

IN

IN

T(r, f") +T(r, ) +eT(r, f7) + 50, f™)

IA
/\S\HS\HS\H + 2\

3=

FLbe) (™) + 50 7).
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Let ¢ = 1 < 1 and m > 2. It follows that T(r, f™) < S(r, f™), a contradiction.
Case 2.2. a(z) £ 0,b(z) = 0.
By using the same argument as used in Case 1, we obtain a contradiction. So
f™(z) = H (f(2)). This completes the proof of Theorem 1.3.
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