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A HARDY-LITTLEWOOD TYPE THEOREM FOR HARMONIC
BERGMAN-ORLICZ SPACES AND APPLICATIONS
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Abstract. It is well known that a harmonic function is in a Bergman space if and only if
it satisfies some Hardy-Littlewood type integral estimates. In this paper, we extend this result
to harmonic Bergman-Orlicz spaces. As an application, Lipschitz-type characterizes of harmonic
Bergman-Orlicz spaces on the unit ball with respect to pseudo-hyperbolic, hyperbolic and Euclidean
metrics are established. In addition, the boundedness of a mapping defined by a difference quotient

of harmonic function is discussed.

MSC2020 numbers: 32A18; 31B05; 31C25.
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1. INTRODUCTION AND MAIN RESULTS

Let z = (21, ..,%0),y = (Y1,---,Yn) be two vectors in the n-dimensional real

vector space R". We write

(r,y) =21y1 + . + Ty and |z| = (2, 2) = (/2 + ... + 22,

For a € R", let B(a,r) = {z : |x —a| < 7}, S(a,r) = 0B(a,r) and B(a,r) =
B(a,r) US(a,r). In particular, we use the notations B = B(0,1), S = 0B(0, 1) and
B = B US the closure of B. We denote by dv the normalized volume measure on
B and do the normalized surface measure on S. As usual, the class of all harmonic
functions on the unit ball B will be denoted by h(B).

Given a function ® : [0,00) — [0,00) with ®(0) = 0, we say that ® is a growth
function if it is continuous and non-decreasing.

For a > —1 and a growth function ®, the Orlicz space L®(B) is the set of all
functions f such that

[ 25 @idva(z) < .
B

where dv, (z) = co(1 — |z|?)*dv(x) and ¢, is a positive constant so that v, (B) = 1.
Denote by L2 (B) the subspace of LE(B) for ®(¢) = t? and 0 < p < cc.

IThe research was partly supported by the Natural Science Foundation of Fujian Province

(No0.2020J05157), the Research projects of Young and Middle-aged Teacher’s Education of Fujian
Province (No.JAT190508).
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The harmonic Bergman-Orlicz space BE is the subspace of L (B) consisting of
all f € h(B) such that
Il = inf{ys > 03 [

@(M)dva(a@) <1} < oo.
B H
In particular, if 0 < p < co and ®(t) = tP, then the associated harmonic Bergman-
Orlicz space is the weighted harmonic Bergman space B?, (cf. [4] [I1]).
Let D be the unit disk of the complex plane C. For 0 < p < co and a > —1, the

standard weighted Bergman space AP (D) consists of all analytic functions g on D

such that
[ laIrasac <

where dA,(2) = (a + 1)(1 — |2]?)*dA(z) and dA(z) is the area measure on C
normalized so that A(D) = 1. The famous Hardy-Littlewood theorem for weighted

Bergman space AP (D) asserts that

(L.1) /DIQ(Z)I”dAa(Z)% Ig(O)I’”r/Dlg’(Z)Ip(lf|Z|2)pdAa(Z)~

It is well-known that integral estimate (1.1) plays an important role in the theory
of analytic functions. For the generalizations and applications of (1.1) to the spaces
of holomorphic functions, harmonic functions, and solutions to certain PDEs, see
[, 5], [7] - [11, 16] and the references therein.

In [I4], B. Sehba considered the analogue of (1.1) in the setting of holomorphic
functions spaces on the complex unit ball. By adding some suitable restrictions on
the growth function ®, he generalized the integral estimate (1.1) to the Bergman-
Orlicz spaces of holomorphic functions. As applications, characterizations of the
Gustavsson-Peetre interpolate and boundedness of Cesaro-type operators on Bergman-

Orlicz spaces are discussed.

Motivated by the results in [7, [0, [14], our aim in this paper is to extend (1.1) to
the setting of harmonic Bergman-Orlicz space BL. In order to state the our result,
we need some more definitions on the growth function .

We say that a growth function ® is of upper type ¢ > 1 if there exists C > 0
such that, for s > 0 and ¢t > 1,

(1.2) O(st) < Ctid(s).

Denote by U? the set of growth functions ® of upper type ¢, (for some ¢ > 1), such
that the function t — (t) is non-decreasing.
We say that & is of lower type p > 0 if there exists C' > 0 such that, for s > 0
and 0 <t <1,
(1.3) O(st) < CtPP(s).
4
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Denote by L, the set of growth functions ® of lower type p, (for some p < 1), such
that the function ¢ — y is non-increasing.

From the above definitions on ®, we may always suppose that any ® € L,
(resp. U?), is concave (resp. convex) and that ® is a C! function with derivative
o' (t) ~ 20 (cf. [14, [15]).

For f € h(B), recall that the radial derivative R of f is given by

Rf() =2 VI(@) = o ((12))ms = 3 m(a),

m=1
where V is the usual gradient and the last form is the homogeneous expansion of

f- The fundamental theorem of calculus shows that

1
@)= 50) = [ RO
Theorem 1.1. Let a« > —1, f € h(B) and ® € U? U L,. Then the following
statements are equivalent.
(a) f € B2
(0) (1= [z*)|V f(2)] € L (B);
(¢) (1= |2z[*)|Rf(x)| € L3 (B).

As applications of Theorem 1.1, we establish several characterizations of harmonic
Bergman-Orlicz spaces in terms of Lipschitz-type conditions with respect to pseudo-
hyperbolic, hyperbolic and Euclidean metrics, which can be viewed as extensions

of [I6, Theorem 1.1] into the general setting.

Theorem 1.2. Let « > —1, ® € U1 U L, and f € h(B). Then the following
statements are equivalent.
(a) f€B3;

(b) There exists a positive continuous function g € LE(B) such that

|f(z) = f(y)| < p(z,y)(9(x) + 9(y))
for all x,y € B;

(¢) There exists a positive continuous function g € LE(B) such that

[f(z) = f(W)] < oz, y)(9(2) + 9(y))
for all x,y € B.

Theorem 1.3. Let a > —1, ® be a given growth function and f € B2.
(1) If ® € U1, then there exists a positive continuous function g € L2+k(IB%) (k €

[q,00) such that |f(x) — f(y)] < |z —yl|(g9(x) + g(y)) for all z,y € B;
5
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(2) If ® € Ly, then there exists a positive continuous function g € LY, (B) (k €
[1,00) such that |f(z) — f(y)| < |& = yl(9(x) + g(y)) for all v,y € B.

The organization of this paper is as follows. In Section 2, some necessary terminologies
and notations will be introduced. The proof of Theorems 1.1 ~ 1.3 will be presented
in Section 3. The Section 4 is devoted to discussing some applications of the main
results. Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. For nonnegative quantities X and Y,
X <Y means that X is dominated by Y times some inessential positive constant.
We write X =Y if Y S X <Y.

2. PRELIMINARIES

In this section, we introduce notations and collect some preliminary results that

we need later.

2.1. Pseudo-hyperbolic metric. For a € B, let

e —afa—(1-Ja?)(x — a)

r €B,

®a(z) [z, d]

where [a,z] = /1 — 2(a, z) + |a]2|z[2. Then ¢, is a Mobius transformation from B
onto B with ¢,(0) = a and ¢,(a) = 0.

We denote by M(B) the set of all M&bius transformation on B. It is known that
if o € M(B), then there exist a € B and an orthogonal transformation A such that

o(x) = Apy(z), = €B.

In terms of ¢,, the pseudo-hyperbolic metric p and the hyperbolic metric o in B

are given by

a—>b
pad) = lpa®)] = =V abem

[a,b]
. a0
14 |pa(d
o(a,b) = In ———=,
1- |%0a (b)l
respectively.

Let a € B and r € (0,1), the pseudo-hyperbolic ball with center a and radius r is
denoted by
E(a,7) ={z € B: p(a,x) = |pa(x)] <}
A straightforward calculation shows that FE(a,r) is actually a Euclidean ball with

center ¢, and radius r, given by
(1—-7r%)a
1 —|a|?r?

r(1—laf?)
1—|al?r2’

(2.1) Ca = and 7, =

respectively (cf. [IL [14]).
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Lemma 2.1. [13] Let a € B, r € (0,1) and x € E(a,r). Then
1-laf? =1~ o]’ = [a,a] and |E(a,r)|= (1~ la*)",
where |E(a,r)| denotes the Euclidean volume of E(a,r).

The following standard estimate will be needed in the sequel.

Lemma 2.2. [I3] Let « > —1 and B € R. Then for any x € B,

(1P, B>0,

(1—ly*)~ 1
~{log————, B=0
J eyttt = {08 g, A=
1, B8 <.

2.2. Operators on Orlicz spaces. Let ® be a growth function. Recall that the
lower and the upper indices of ® are respectively defined by
td'(t) td'(t)
= inf d by =
@20 o M TR B0y
It is known that when ® is convex, then 1 < ag < b < 0o and, if ® is concave,
then 0 < agp < by <1 (cf. [6 14]).

Definition 2.1. Let ® be a growth function. A linear operator T defined on L (B)
is said to be of mean strong type (O, ®), if

/ (T f])dva (@) < C / &(f|)dva ()
B B

for any f € L2(B), and T is said to be mean weak type (®,®), if

sup ®(t)va({z € B: [Tf(2)| > t}) < C / B(|f[)dva ()

>0
for any f € LE(B), where C is independent of f.

We remark that if ®(¢) = ¥, then the mean strong type (t¥,t?), is the usual
strong type (p,p) coincide. The following result comes from [4, Theorem 4.3].

Lemma 2.3. Let Let ®g, P; and ®o be three convex growth functions. Sup- pose

that their upper and lower indices satisfy the following condition
1 <as, <bs, < ap, < bs, < agp, < bp, < 0.

If T is of mean weak types (Do, Po)o and (P1, P1)q, then it is of mean strong type
(@2, P2)a-

Let 8 € R and consider the operator Eg defined for functions f on B by

Bo(@) = [ 1o 1_'Z'+2, do(y).
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We refer to [2] and [3] for more details on Bergman type projection Eg. For a

proof of the following lemma see, for example [9, Theorem 1.6].

Lemma 2.4. Let 1 < p < oo and o, § > —1. The operator Eg : L? (B) — L2 (B) is
bounded if and only if a +1 < p(B8 + 1).

Combing Lemmas 2.3 and 2.4, the following result can be easily derived.

Lemma 2.5. Let o, 8 > —1 and ® be a convexr growth function with its lower indice

ap. If 1 <p<ap and a+1 < p(B+1), then Eg is of mean strong type (P, D).

2.3. Harmonic functions. It is well-known that the weighted harmonic Bergman
spaces B2 for a > —1 is a reproducing kernel Hilbert space with reproducing kernel
Ro(2,y) :

/f o(2,9)dva(y), f e B2

The reproducing kernels R, (x,y) can be expressed in terms of zonal harmonics as

Ry (x,y) = Z(1+nj:oz ka ) Zk (2, y),

= (5)
where the series absolutely and uniformly converges on K x B, for any compact
subset K of B. R, (x,y) is real-valued, symmetric in the variables x and y and
harmonic with respect to each variable since the same is true for all Zy(x,y). For

the extension of reproducing kernels R, (z,y) to all a € R, see [7, [].

We recall some useful inequalities concerning harmonic functions which are useful

for our investigations.

Lemma 2.6. [4,[13] Let 0 < p < 00, 0 <7 <1 and f € h(B). Then there exists

some positive constant C' such that
W 5@ <o [ sl
O p——— / FlPar(y),
) V()P < (7|$|) E(m)\(l )
where dr(x) = (1 — |z|?)~"dv(x) is the invariant measure on B.

The above lemma leads to the following integral inequality (cf. [7, Lemma 5.1]).
Lemma 2.7. Let 0 <p <1 and a > —1. Then

/f|f (1= Ja2) P (0) 5 | (o))

forall f,g € h(B
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3. PROOFS OF MAIN RESULTS

The purpose of this section is to prove our main results. Before the proofs, we

need the following lemmas.

Lemma 3.1. Let ® € £,. Then the growth function ®,, defined by ®,(t) = CID(t%)
is in U? for some q > 1. Moreover, for s >0 and t > 1,

(3.1) D, (ts) < trd,(s).

Proof. We only need to prove (3.1) since the assertion ®, € U9 for some ¢ > 1 can
be found in [I4], Lemma 2.1]. Let s > 0 and ¢ > 1. By the monotonicity of 2 it

Tt
deduces that

10
V2l
10
S~—
INA
~
10
KA
—
V2l
10
~—
Il
~
S|
KA
3
—
V2l
~

D, (ts) = (¢
This gives (3.1).

Lemma 3.2. Let a > —1 and ® € U?U L,,. Then there exists a constant C > 0
such that for any f € B2,

— |z|? z)|)dvg () < z)|)dvg ().
(3.2) /B<I><<1 12?)|V £ () ) () < C/IB<I>(|f( ))dvo(z)
Proof. Let

1, if ®eUf,
(3.3) po = {

p, if ®e€L,.

By Lemma 2.6, for each € B, there exist C' > 0 such that

(1 [PV F@))"* < © / F@)Prdr(y).

E(z,r)
Set
o(t), if ®elul,
(3.4) D, (t) = N
O(tv), if ®eL,.

It follows from Lemma 3.1 and the convexity of ®,(¢) that

(1= [V f(x)]) < C . )‘I)(\f(y)l)dT(y)-

Integrating both sides of the above inequality over B with respect to dv,(x) and
applying Fubini’s theorem and Lemma 2.1, (3.2) follows.

Lemma 3.3. Leta > —1, ® € UIUL, and f € h(B). If (1—|z|?)|Rf(x)| € LE(B),
then there exists a constant C > 0 such that
35) [ (5(@)  FODdsale) <C [ @1~ [2P)RF @) )dva (o).
B B
9
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Proof. Assume that f € h(B) and (1—|z|?)|Rf(z)| € LE(B). In view of [9, Theorem

1.4], we see that for large enough s,

/Rf (& y)dvs(y).

Since [z Rf(y)dvs(y) = 0, subtracting this from the previous equation yields

/Rf (2,y) — D)dvs(y).

Consequently,

|f(z) = £(0)|

[ [ Riw ) - D

/Rf / t‘”y) dtdv()‘

1
1
G(x,y):/ Mdt.
0

By an argument similar to the one in the proof of [0, Lemmal2.1], we have

t dt 1
G(x,y)| </ ‘ (tz, y ’dt</ s < gt
0 9 )

@) - FO)] < / (1- |y|2>mf<y>|mdvsfl<y>.

We first consider the case ® € U?. Fix pso that 1 < p < ag. Since (1—|z|?)|Rf(x)| €

Let

Therefore,

L2(B), by taking s large enough so that a + 1 < ps, we obtain from Lemma 2.5
that

/@(If(fv)*f(())l)dva(x) SC/@((lfIx\Q)IRf(w)I)dva(ff)'
B B

We now consider the case of ® € £,. Set s = (n+¢a’)/p—n and o > o+ p. By
Lemma 2.7, it deduces that

F@) — fOP < / R W)IPIG (@, y)Pdver ()
/ REGP
[ «

x y]p(n-l—s—l)

s [WRRIGP,,, )

xyn+a7

A

1

As the growth function t — ®,(t) = ®(¢t?) is in U, proceeding as in the first part
of this proof yields that

/ (| f(x) — F(0)])dva(x) = / 8,(1f(2) — £(0)[P)dva(a)
B B

< / B, (1~ 2R ()])?)dva() < / B((1 — &) RF(x)])dva (x).
10
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The proof of this lemma is complete.

Proof of Theorem 1.1. (a) = (b) follows from Lemma 3.2. (b) = (c¢) is trivial
since [Rf(z) < |V f(x)| for x € B. Lemma 3.3 implies (¢) = (a).

Proof of Theorem 1.2. We first prove (b) = (a). Assume that (b) holds. Then
for each fixed x € B and all y sufficiently close to x

If(z) = f(y)]
p(x,y)

Letting y approach x in the direction of each real coordinate axis, we conclude

(1= [V f(2)] < Cy(a).

It follows from the assumption g € L (B) that
/B‘I)(I(l = 2V f(2)])dva (@) < 0.

Hence f € B by Theorem 1.1.

<g()+gy), =#y.

(b) = (a). Assume that f € B®. Fix a small positive 7 and consider any two points

x,y € B with y € E(x,r). Since FE(x,r) is a Euclidean ball, by Lemma 2.1, it is

given that
F@) - f@) < Cla—yl / IV f(sy+ (1 5)a)|ds
< Cplz,y)sup{(1 — [z])|Vf(©)]: £ € E(x,7)}
= p(l‘,y)h(l’),
where

h(z) = Crsup{(1 — [E[*)|Vf(€)] : € € E(x,7)}.
If p(z,y) > r, then the triangle inequality implies

[f(@) = f)l < [f@)]+1fW)
< p(x,y)(lf(x)lﬂf(y)l).

r r

By letting g(z) = h(z) + L@ we have

T

|f(z) = f)| < p(z,y)(9(x) + 9(y))

+ M is the desired function

for all z,y € B. It is easy to see that g(z) = h(z)
provided that h € LZ(B). From (2.1), we can find r’ such that 0 < 7 <7’ < 1 and
E(&,r) C E(x,r") for every £ € E(x,r). It follows from Lemma 2.6 and the proof
of Lemma 3.2 that

h(x)Pr < C [f ()P dr(y)

B E(x,r)
11
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and
o(|n(z)) < C - (| f(w))dr(y),
where pg is given in (3.3).

Hence by Fubini’s theorem and Lemma 2.1,

O(|h(x))dvs(z) < C 1—|x dv(z

/Bmm () /( ||>/( |, U Wdr )
< o[ @) [ @) are
<

c / (1)) dva ().

As p < g, so the implication (a) = (c) is trivial. For the converse, suppose that

This proves (a) < (b).

there exists a positive continuous function g € LE(B) such that

[f(@) = W)l < oz, y) (9(=) + 9(y))
for all z,y € B. By a discussion similar to the proof of (b) = (a), it concludes that
(1= [z[)|Vf(x)| < Cg(x),
which implies that f € BE. The proof of Theorem 1.2 is finished.

Proof of Theorem 1.3. Since f € BY, we know that there exists a positive

continuous function g; € LE(B) such that
[f(@) = fF)] < p(z.y)(91(2) + 91(y)), =,y €B,
from Theorem 1.2. As for x,y € B,
[zyl 21— lzf,  [z,9] 21— yl,
we deduce that

|f(z) = fF)] < |z —y (9;(96) 91(y)

z,y]

) <z —yl(9(z) + 9(v)),

=,

where
g1(z) _ 2g1(x)
= < .
90 = 1] < TP
This means that (1 —|-|?)g(-) € L2(B).

(1) If ® e U? and k € [g,00), by (1.2) we have

/ B(lg())dvass(z) < C / (1= )@ (1 — |2~ 9dug (x)
B

< ¢ / (1 — [2[?)]g(x) ) dva (2),

which implies that g € LY, (B).
12
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(2)If® € L, and k € [1,00), then by Lemma 3.1, ®,(¢) = @(t%) € U'/?. Tt follows
from (1.2) again that

[ #ls@hdvnin@) = [ @la@)P)dvasula)
< 0 [ @1 = laPYla@)P)(1 = o) don @)
< 0 [ (0= P lg(@) oo @)
< 0 [ a0~ laPlgla))dun o)

as desired. The proof is complete.

4. A DIFFERENCE QUOTIENT OF HARMONIC FUNCTION ON B

In this section we present an application of our main results.
Let f € h(B), we define a difference quotient of f by
f(x) — f(y
Lf(z,y) = (x)—y()’ T,y €EB,x#y.
It is known that in [16], Wulan and Zhu introduced this kind of operator L in the
setting of analytic functions spaces and discussed the boundedness of L between

standard weighted Bergman space AP (D). Especially, they obtained the following:
(I) If o> —1, and p € (0, + 2), then L is bounded from A% (D) into AP (D x D);

(INIfa>-1,andp>a+2and f= ”"'%_2, then L is bounded from A% (D) into
AL(D x D).

We now extend this result to the harmonic Bergman-Orlicz space B as follows.

Theorem 4.1. Let « > —1 and ® € UIU L,. If ¢ € [I,n + «), then L : B —
L2 (B x B) is bounded.

Proof. Let f € B2. By Theorem 1.2, there exists a positive continuous function
g € L2(B) such that

|f(z) = f)| < pz,y) (9(x) + 9(v)),

which in turn gives

Jr
Loy = [ LW oAy,
[, y]
Set
L, it eeut,
Pe=9p if oecL,
Then

i = (o)™ + ()™

13
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In what follows, we divide the proof into two cases based on the types of ®.
Case . ® eU? g€ [l,n+ ) and pp = 1.
Applying the convexity of ®, we have

q)(\Lf(;,y)l) < ;q)([s;(,a;)]) n %q)(g(y) )

It follows from the definition of U? that

K (LI g (@) )

< // y (2)dva(y //E@(x dve (z)dva ()
< [ (8wt < [ [ tvutorivnty
s [ altendnata) [ de()

Since ¢ € [1,n + «), according to Lemma 2.2, we have

/IB/B‘I’(W)dva(w)dva(y) < /Bq)(g(:c))dva(x),

Case II. ® € £, and ps = p.
In view of Lemma 3.1, ®,(t) = @(t%) € U'/? and by the convexity of ®,,
Lz, y)ppy _ Lo (19@) Py 1o (19() P
P, (| ——= < -d —-P .
p( 2% ‘>_2p([1’,y}‘)+2 p([l’,y]‘)
By an argument similar to that in the proof of Case I and Lemma 3.1, we have
//q) ILf(ﬂi,y)I dv, //
[ (P2 avutwrento) < / B(g(x)) v (x) / AW oy
z,y| B B [z, ]
s [ Blg)idva(a).
B

Combing these two cases and using a standard argument based on the closed graph

theorem, it concludes that the operator L : B® — L?(B x B) is bounded.

Lf x y ‘ )dva(x)dva(y)

A

For the case of ¢ > n 4+ «, we can also prove the following result by using an

argument similar to the one in the proof of Theorem 4.1.

Theorem 4.2. Let a > —1. Suppose that one of the following two conditions is
satisfied:

(1) ® e U? with g € (n+ a,00) and 28 +n =q+ «;

(2) ® € £, and 26 +n = pg+ « for some pg > n+ a.

Then L : BE — Lg’ (B x B) is bounded.
14
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Proof. Let f € BE. (1) If ® € Y9 with ¢ € (n + a,00) and 23 + n = g + «, then by

the same reasoning as in the proof of the above results, we have

[N avstorvatn 5 [ [ @85 Yavs(wpduats)

(1 [y)?
s [ o [ CBa) < / D (g(@))dva (),

where the last inequality follows from Lemma 2.2. Hence L : BS — L%’ (B x B) is
bounded.

(2) If ® € £, and 28 + n = pq + « for some pg > n + «, then by Lemmas 2.2

and 3.1 we have

// 'Lf% ) o)ty // \)dw(w)dvﬂ(w

< [ alatanine [ A=W ) < / B(g(e))dva(a).

[z, y|Pa

The result follows.
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Abstract. In this paper, using the even-type delayed mean of conjugate series, we have obtain
the degree of approximation for a conjugate function in the metric of the generalized Hoder class
with weight. Involving two moduli of continuity, we have shown that the even-type delayed mean

are streamlined to guarantee this degree to be of the Jackson order.

MSC2020 numbers: 42A10; 41A30; 26A16; 42A50.
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class with weight; modulus of continuity; even-delayed mean.

1. INTRODUCTION

Looking into mathematical research articles, someone can encounter one class of
functions introduced in the past and its generalizations defined in the last decades
- the Holder class. Focusing to our research interest, this provoking class for many
researchers has been used to a research problem (question) which specifically is
related to the trigonometric Fourier series and “more rarely” to their conjugate
series. Factually, the problem consists in determining the degree of approximation
of 2m-periodic integrable functions (which belongs to the Holder class) and for the
conjugate functions by various means of their Fourier series and their conjugate
series, respectively.

Pertaining to the above problem, a lot of results have been published for dozens
of decades. For instance, Prossdorf [25], Leindler [I3]-[14], Chandra [I], Mohapatra
and Chandra [I7], Singh et al. [26]-[27], Das et al. [2]-[3], Mittal and Rhoades [19],
Krasniqi [9] and [11], Krasniqi and Szal [10], Lenski at al. [I5], Krasniqi et al. [12],
Nayak at al. [2I]-[22], Singh and Sonker [29], Deger and Kiiciikaslan [4], Deger [5],
Pradhan et al. [24], and Kim [g], are among the researchers who have contributed
to the present topic.

In the sequel, we do not recall all results in the mentioned papers, but for our
purpose we are going to write some definitions and notations from [2I]-[22] and the

result in [8], which serve as preliminary materials.
17
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Let w(t) be a modulus of continuity, i.e., w(t) is a positive nondecreasing continuous

function with the properties
w(0) =0, w(t;+t2) <w(ty) +wlta), wrt) <A+ 1Dw(t),

where 0 < t; <ty <t1 4+ t2 < 27 and A is any nonnegative real number.

On one hand, Das, Nath and Ray [3] introduced the space Hy as follows:

Hy = {f € LP[0,27] : sup £z +h) = F@)lp < oo}

h#£0 w(|hl)

with
If(x+h) = f(@)lp
w(|h[) ’

where LP[0, 27] denotes all integrable 27-periodic functions and

I = 11F1lp + sup
h#0

(i 027T|f(x)‘pd$>; for 1<p<

171 := ess sup {|f(z)|} for p=o0.
x€(0,2m)
It is shown (see [22]) that || - ||I(,w) is a norm in the space Hy and it is a Banach

space as well. For an integrable 2m-periodic function f(x), by

n
sn(fix) = % + Zak cos kx + by sin kx
k=1

we denote the n-th partial sums of Fourier series of f (at the point x)

(1.1) f(xz) ~ C;O—&—;akcoskx—i—bksinkx.
We need to recall the delayed mean o, (f;x) defined as follows ([33]):
1 n+q—1

onag(fia) = > silfix)
or 1=n
n+q

Un,‘](f; .’IZ‘) =

where 0,,(f; ) denotes the well-known Fejer mean of s;(f; ).

Un+q71(f;l‘> - ganfl(f;x)a

In his result, Kim [8] used the (even-type) delayed means o, 4(f;x) with ¢ = rn,

r=2,4,6,..., which can be expressed by the convolution
1 s
onrn(fi2) = = [z — ) Ky (t)dt,
™ —T
where the kernel K., (t) is defined by

K?'n(t) — 2sin (g + 1) ntsin (%nt) |

rn (2sin %)2
The following theorem already has been proved.
18
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Theorem 1.1 ([8]). Let v(t) and w(t) be moduli of continuity such that w(t)/v(t)

is nondecreasing. If f € HY, p > 1, then for an even positive integer r,

it 15 -0(2) 0 (3 3%

In addition, if w(t)/(tv(t)) is non-increasing, then we have

HmwAﬂfM”_O(;)ﬂ#?3£

)

In the other hand, to reveal our intention in this paper, we recall the weighted

Lebesgue space Lj[0,27]. Let f be a 2m-periodic function and f € L} := L}[0, 2]

and

Hmmﬂﬂ—fw”=0<r

for p > 1, where L7[0, 27] denotes all measurable functions and || f||,,s the weighted

norm 1
(Lol i (@)t 1<
Hf”p;ﬁ ess sup {‘f | ‘sm (%)|ﬁ} for p=o0

z€(0,2m)
with 8 > 0 a real number (see [30], [32]).

We define the generalized Holder space with weight by
w t) — —t)||:
i) .{ﬂwmmﬂ: |f@+t) — fa Ww<m}

10 w([])
and
[flz+t) = fle—t)lps
w(|])
where 1 < p < 00, 8> 0, and w(t) is a function of modulus continuity type.

Note that || - ||S'g is a norm in HI%). The completeness of the space H;?“'Z,) can

be debated as long as the completeness of LP space, and thus the space H. 1(;‘;3) is a

Banach space under the norm || - H](D“g

f = || fllp;p +sup
| H,,g 1 £1lp;6 up

Assume that the functions wj(t) and wq(t) are two moduli of continuity, and

w1 ()
w2 (t)

is a non-negative and non-decreasing function. Then,

17157 < ma (1250 111

which shows that
(w1) (w2) p
HSD CHSP C LB, p>.

The series
(1.2) Z(ak sin kx — by, cos kx)
k=1

is the conjugate series of its Fourier series (|1.1)).
19
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If f is integrable functions in the sens of Lebesgue, then it known that
Fy =~ [ty cot dt = lim Fase)
x) = z ) Ve 5 cot 5dt = lim f(z;e

exists for almost all z (see [34]), where

f(z;e) = —%/ wm(t)%cot %dt
with
P(a;t) = flz+1t) — flz —1).

Regrading to L? integrability of the function ]77 conjugate to the function f, we are
based on a theorem of M.Riesz which states that ([34]): If f € LP for 1 < p < o0,
then fe LP.

We have to mentioned here that, as a whole, the conjugate series of a Fourier
series is not necessarily a Fourier series. For example, the series > -, (logn) ~lsin kx
is the conjugate series of the Fourier series > ;- (log n)f1 cos kx, however it is not
itself a Fourier series (see [34], p. 186). This fact has provoked and motivated us to
determine the degree of approximation of the function f, conjugate to the function
f, in the metric of the space H z(:[)i)’ by using the even—type delayed arithmetic mean
Onrn(f;2), (r = 2,4,6,...) of the series , which is the aim of the present
paper.

More results, in reference to determining the degree of approximation of the
function ]7, conjugate to the function f, in the metrics of the Holder spaces, the
interested reader could find in the work of Chandra [I], Nigam and Hadish [23],
Mishra and Khatri [I8]-[7], Singh [31], and London et al. [I6].

Even though we adopt the same technique (as other authors) for the proof of our
result, this last one is new and includes its application for a wide class of functions,
which at least is not narrower than classes of functions defined by others.

Our paper is organized as follows. The second section contains some helpful
lemmas which play a key role for the proof of the new result, the third section is

devoted to the main result, and in the forth section we give a conclusion.

2. AUXILIARY LEMMAS

We need four auxiliary statements. The first one and the third one previously
are known, the second one and the fourth one will be proved in sequel (their play

a key role in the proof of the main result).

20
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Lemma 2.1 (Generalized Minkowski inequality, [6], [34]). If z(x,t) is a function
in two variables defined for c <t <d, a <z <b, then

{/ab /cdz(x,t)dtpdx};§/cd{/ab|z(x,t)1’d£c};dt, p>1.

Lemma 2.2. Let Wy, (t) := Sm(rz;l)m% and 0 <t < n%_l Then,
Sln§

s 42 t
2sin Tt gos (TE2IME

(i) wrm(t) = (2sin§)2
(ii) |wem(t)] < 2272 (1 =2,4,6,...).

Proof. (i) The equality follows by the formula for converting the difference into
product.
(ii) Using the well-known inequalities |sin(ma)| < m|sin(a)| and 7 sin(a) > 2« for

a € [0,7/2], we obtain

2rm’sin%| - 2r?rmi _mrm
(2)2 - 42 4t

K

rmt (r+2)mt
2 | COS 3

|2 sin
[Wrm ()] =

(2 sin %) 2
The proof is completed. O

Lemma 2.3 ([34]). A function w(t) of modulus of continuity type on the interval

[0, 2] satisfies the following condition § w(dz) < 267 'w(8y) for 0 < &) < .
Lemma 2.4. Let :;8 be a positive and a non-decreasing function, f € HT%I),

p>1, and B > 0 a real number. Then,

(a)

[¥(z +y;t) — (@ —yt)ll,5 = O (wa (1)) .
(b)
[¥(x +yit) = (@ —y; t)] 5 = O (wr(y)).-

()
w1 (t)

wg(t)

o+ 350) = 6l = 150 = O ().

(d)
[(x +yst) =z —yst) —Y(x +yst + 7/m) + Pz —yit +7/m)||,,.5
- U}l(t)w
=0 ().

Proof. (a) Because of

V(@ +yt) =@ —yt) = fle+y+t)— flz+y—1)
—flz—y+t)+ fla—y-1),
21
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then (applying the Minkowski inequality) we have

[W(z+y;t) =@ —yit)ll,p < If(@+y+1) = fle+y =1,
Flfe—y+t) = flo—y =),z =0 wlt).
(b) Very similarly, rearrangement of the terms into the brackets of the case (a)
implies
Pl +yt) =@ —yt) = fle+t+y) — fla+t—y)
—fle—t+y)+ flz—t-y),
and thus, we have
(@ +y;t) =@ —y; D), < N f(@+t+y) — fla+t =y,
Tz —t+y) = fle—t=y)l,5 =0 (wi(y)).

(c) Let wa(t) be positive and non-decreasing function. Then, for ¢ < y and (a), we

get

ol + y5t) — bl — gD, = O <w2<t> wl(t)) 0 (wz(y) “’1@) |

wa(t) w(t)
Now, let ¢ > y. Since Z;Eg is positive and non-decreasing function, then based on
(b) we obtain
[(z +yit) =Yz —yit)|,.s = O <w2(y) wl(y)) =0 (wz(y) wl(t)) :
' wa(y) wo(t)
(d) The proof can be done similarly. O

3. MAIN RESULTS
We managed to prove the following.
wa (t)

wz(t)
positive and non-decreasing function. In addition, let f be a 2mw-periodic function,

8

Theorem 3.1. Let wi(t) and ws(t) be two moduli of continuity such that

Lebesgue integrable on [0,27], belonging to the generalized Hélder class with weight
(wl), p>1, and B > 0. Then for the function f, conjugate to the function f, and

for an even positive integer r

G (f) = £l
_ofi(2 1w (F) 1 [T w()
=0 (r (m + <1+r+ m) " (%) + 3 /::L t3w2(t)dt
provided that

(3.1) /077 =L (£)dt = O (wi (1))
22
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and

(3.2) /7r t 2wy (t)dt = O (" wi(n))
n

forO<n<m.

Proof. It is a well-known fact that the Cesaro mean &, (f; x) of the partial sums
5;(f;z) of the series (1.2)) can be expressed as follows (see [34])

(i) =2 [ [fle+) = fla = O)Rn(t)i

where
~ (m+1)sint — sin(m + 1)t
K, (t) := — 2
(m+1) (2 sin 5)

The above equality can be rewritten as follows

sin(m + 1)t

Gm(fiz) — flz) = 2 i x — f(z—
Foltio) = o) = ot [+ = fla =) o’

(m+1
Whence, for the even-type delayed arithmetic mean &, . (f; ) of the series (1.2)),

we can write

Fon () 1= Gy (f32) — [ (2)

=" onmoa(f52) — F@)] ~ 1 [omoa(f52) - F@)]

r+1 sin(r + 1)mt

2 /7r
= —— | f+t)—flz—1) dt
roow(r+1)m Jo (2sin £)?
12 (7 sin mt
=2 @t — fle— )R
R R e
2 ™
3.3 = t) — f(x — t)]wem (t)dt,
(33) — [t @ = Dot
where
2sin "2 cos 7(T+Z)mt
wrm(t): . N2
(251n 5)
By definition of the norm || - ||S:);), we have
~ w ~ Nm + y) — ?m(m B y)” ;8
34 T (@) 02 1= T (2) 5 + 1 7o (& B
(3-4) 1T (@)™ = 17 (@) sup 03(0)
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Further, we will find the upper bound of ||7,,(x)||p;s. First of all, it clear that

™

@) = = [T+ 0) = flo = Ol (O
o [ et~ fa 1)
X (2 sin%mt cos (r +22)mt> <4sirl12§ - t12> dt
P 2 i rmt (r+2)mt
e fa -

Hence, applying Lemma [2.1] we have

) s
Tm 3 < t) — — ) |lp: rm ()] dt
Fn @l < =2 [ 15+ = 5 = Ol )
2 ™
t) — — ) ||p:
b [ )= £ = Olls
. rmit (r+2)mt 1 1
X |2sin — — —|dt
sin —— cos 5 ’ R
9 ™ ’2 sin 722 cos (r+2)mt
t) — —)llp; dt
b [ @+ ) = Flz = s -
(35) = P1+P2+P3.

Since f € H]g?;;), for p > 1 and 5 > 0, then
(3.6) 1f(z+1) = flz = t)l,5 = O (wi(t)),

and consequently by Lemma [2.2] we have

~0(1) @ rm oy (t)

™m 0 t
w () (@ wi () wi ()
S0 oL ) T () T N ()
taking into account the condition (3.1).
Noticing that the function
N S
4sin2% t2

is bounded for ¢ € [7/(n + 1), 7], and using Lemma and (3.6) we can write
24
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dt

rmm

Jo— / 1z +1) = F(@ = Dllpis

. rmt (r + 2)mt 1
2sin — cos ]
2 4 sin? 5 ¢

(3.8)

it ol )a- o3y o ()

In (r42)
2 4 2 sin "2t cos H2)mL
Py = ; 3 dt
0 rmm /L V(w3t) 12
we substitute ¢ with ¢ + 7/m and since r is an even natural number, we get
2 T 2sin T cos 7(”2)"“5
Py:=— t+ 2 dt
0 rmm / Yt +m/m) (t +m/m)?

_ . )2 sin Tt ””t cos (T+2)mt "
= / / /_7 (x;t+m/m (t+7r/m)

Adding these two expressions side by side we obtaining

Py = 1 /7T {’IZJ(%t) — w(x;t—i_ﬂ—/m)] QSiantcO Mdt

rmm 2 (t+ 7/m)? g 2
/ 7/1 L+ )25111 tCOSMdt
R e P E
1 ™ 2sin ™2 cos (r+2)mt
3.9 - it 2__dt = Py + Py, — Pyo.
( ) rmw Jo w(l’a + ﬂ—/m) (t + 7r/m)2 00 + 01 02

The quantity Pyg can be rewritten as follows

1 T 2sin 72 cos (Hg)mt
Pio= o [ (0lait) — w(ait 4 n/m) - a
T 1 1 rmt (r+2)mt
't e ) 2sin—— cos g
rmm /w Vlat+m/m) <t2 (t+ 7r/m)2) STy eos 2
(3.10)
:= Pooo + Poo1-

Now, applying Lemma [2.1] we have

1 sin ©%* COS% dt
P00l = —— / Wb t) — ot + 7 /m) p
o1 [ dt
= 20 [ @) ot ) G
1) [T w(t s z
rmm ) = 12 rm? ws (Z) rws ( )
since [sin ™2 cos W <1, wi(t+7/m) < 2w (¢) for t > w/m, and condition

B2).
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By the same manner, we obtain

||P001||p;5 — ﬁ /: lo(z;t + W/m)Hp;g tlg - m dt
o) [T 2L+ 7m/m
= | O
o) [™ wi(t o) [ wn(t
(3.12) = 7“7512) /:; tsws(i)wQ(t)dt - 7“7512) /L t?”LUQ((i) o

Thus, from (3.11) and (3.12)), we get

0

)
e _rmt (r+2)mt
2sm2c052‘ <rmt, te(0,m7]
then
Poals = 22 [ st +mjml e
- e e ()
(3.14) - 0(1)32 E%; wy (7) = O (Z; E%;)

taking into account the condition (3.1)).

Moreover, applying Lemma [2.1] we have

1

Potls = 7o [ IGait+m/ml

rmm

wy (t+ m/m)

dt
t+ w/m)?

_ o [m
~rmmw /71'—" (t+ 7/m)?we(t + 7/m)

m

(3.15) _ 0(2“}2(@/”; wy (t)

rmm

So, from ([3.9) we obtain
1
(3.16) [ Poll,.s = O(1) (rm2 + (1

based on (3-13), (B-14), and (3.15).

(317 [Fn@llps = O) (; + (1

t2w2 (t)

wa(t + m/m)dt

dt:(’)<12>.
rm

Nw(E) 1w
- 7") w; (Z) + rm? /Jfl t3ws(t) dt)

Combining (3.5)), (3.7), (3.8), and (3.16) we get
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Now we are going to estimate the second term in ([3.4)). For the sake of the interested

reader, we will sketch the proof in details and along the same lines. Based on (|3.3)

we have

(3.18)  Tm(r+y) —Tm(r —y) = MQW /OTr [V(x +y;t) — p(z — y; )] wepm (t)dt.

We split the integral as follows

17 (2 +y) = Tm (@ = Y) I ps6
) ™
< 2 [ e+ 0) = 0o = Ol lwen O] e
0

rmm

bid

2 ™
n / [¥(z +y;t) — (@ —y;t)||pp

rmmw J =
m

dt

12

X

T
2sin - cos

mt  (r+2)mt 1 1
2 4sin®

T
2
™ ’QSinTT"”fcosM
[ It 4 ) = v = i) s : dt

o
m

2
Tmm

(3.19) = Ry 4+ Ry + Rs.

+

Inasmuch as

2 sin 2 cos
" = O(rm), te(0,r),

mt (r+2)mt ‘
2

; 2
(2 sin %)

then using Lemma (c), we have

wwy (t) wg(y)> w (X
3.20 R, =0 dt =0 me
(3.20) =0 [ a0 (M) s
The function
po 1
4sin®L 12

is bounded for ¢ € [r/(n + 1), 7], therefore and using Lemma [2.4] (c) we get

(3.21) Ry=0 <wjﬁi’)> /: Z;Eg dt = O <“f(ni’)> .

Taking into account that r is an even positive integer number and substituting ¢

with ¢t + 7/m in

. 2mit
2 sin ™2 cos (Hg)m

RY = 2 / [ +y;t) — d(e —y;t)] e «

rmm |~
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we substitute ¢ with ¢ + 7/m and since r is an even natural number, we get

R
RY =2 [ et mfm) = vl = g+ )
2 sin % cos M 2 /7’; /7T /7r
dt = — v -
(t+m/m)? rmm \ Jo ER
2 sin Tt cog (rE2mt
: ) 2 2
[0t gt mfm) = 0l = st + ) 2 2y
Adding these two latest equalities we have
o _ L [T]oE+yt) —oe—yit)
Ry’ = 5
rmm Jx t
; — —y;t t 2)mt
_Yatytr/m) -yl —yit £ r/m),  rmt (4 2)mt
(t 4 w/m)? 2 2
1 us
. _ —ut
—— [ Wyt m/m) = e = it /)
2sin 72 cos 7(”3)”“5 i@t
(t +m/m)?
1 F
- it — iz —yit
o T e st /) vl = gt )
2 sin Tt cog EAmE
3.22 2 2__dt:=RY” + R — R,
(3.22) x ( +7/m)? 3 T3 3

For Réoo) we can write

pooy _ 1 /”¢(x+y;t)fw(:v*y;t)*w(l’er;tJrﬂ/m)+¢($*y;t+ﬁ/m)
3 rmm J = t2
X 2sin rmt cos wdt
2 2
.t _ _ .t
[ Wyt m) — vl = it /)
(3.23)
. ormt (r+2)mt (1 1 (00) (00)
9 i ~ 7 (= =-—"_ _)dt:=R R
X 2sin —— cos 5 (t2 (t+7r/m)2) 31 T Lizg

Now, using Lemma [2.1] Lemma (d), and condition (3.2]), we get
RO wa(y) / w ( dt
” 31 ”pﬁ rm = t2w2(t)

_ wa(y) Twi(t) wa(y)wr (Z)
(3.24) =0 (rmwg (W)> /l o dt=0 <m2 =) )

m m m
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Moreover, using Lemma [2.1] and Lemma [2.4] (c), we also get

HR(OO)H a=O wa(y) /7r w1 (t"_%) 2t +7/m
32 [Ip:f rm?2 = wy (t + %) t2(t + w/m)?

s o) [k o(nt) [ nit

m

Whence, using (3.23)), (3.24), and (3.25)), we obtain

00 00 00
1Rl = 01) (1RS s + 1B s )

oW (wn) 1T e
(3.26) =0 ( . <w2 (%) + m2 /:1 t3w2(t)dt>> .

By similar reasoning we also have

w 4 wy (t+ 7
IR s =0 (222) (t+ )

rm = wy (t+ Z) (t+7/m)?

(3.27) -0 (wjf’ly)) /ﬂ T t;ﬁii) dt =0 <I:ﬁ)> :

Once more, using Lemma [2.1] and Lemma (c), we proceed as follows

IR =0 (M200) [* B A

Now, from (3.22), (3.26)), (3.27)), and (3.28)), we find that

00 01 02
I Bsllps = OQ) (1R s + 1B s + 1R 1)

W 1 1 w %% 1 g w1
(3.29) 0 < T(y) <m2 + (1 + m) w: Egj + m2/:1 t3w2(2) dt)) .

Thus, using (3.19), (3.20)), (3.21)), and (3.29)), we have

1T (@ +y) = T (@ — Y)llpis
wa(y)

1(1 1\ w (& 1 (™ w
(3.30) =0 (T (m + <r+ m) o Egg + W/l t3w§2)dt>> .

Finally, inserting (3.17)) and (3.30]) in (3.4)), we obtain
e =0 (L (L (rere DY B, 1 w0,
(@I ( (m e ) i e L mna™) )

The proof is completed. O

Next, from the main result we are going to extract only one of its particular case.
To begin with, for v € (0,1] and w(t) = [¢|” in Hz(:)ﬁ) class, we obtain the Holder
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class with weight

) = {f € L5, 2x] : sup | f(z+1) Tﬂ]i(af—f) ph OO}

endowed with the norm

[f(z+1) = fl@—t)llps
P ’

IFISS = 1 fllpss + up

where 1 < p < oo and > 0.

Remark 3.1. Note that the functions 18 = |[t|" 772 4s positive and non-decreasing,

w1 (t)
twa(t)

t € (0,7]. Furthermore, the condition and automatically are satisfied.
It worth to mentioned here that is said wy(t) to be of the first kind (see [20]) if it

satisfies condition .

Corollary 3.1. Let wy(t) = [t|", wa(t) = |¢]72 and 0 < v9 < 1 < 1. Additionally,
let f € H;?é) be a 2mw-periodic function and Lebesgue integrable on [0,2w], with
p>1and B > 0. Then for the function f, conjugate to the function f, and for an

and

= |t|"*=7271 s positive and non-increasing for 0 < y2 < v1 < 1, and

even positive integer r

B 1 1
||0'm,rm( ) f”;(:{;) - ((3 + ’I’> m’Y1—’Y2> ’

w (t)
Twa(t) —

0 <72 <7 <1, then we have

s = (3 (oo (o) 2B ook [ )

a3

Proof. Since the function - = |t|" =727 is positive and non-increasing for

Il
Q
—/

+

SIv 3|
+
©
_|_
=

|
330
~— |~ —
2 =2
© =
_|_
3|~
o
~—~I3 3
S\:\S\‘/
~— =2
2 =
a\:‘
Tl &
N—————
N————

2r 1 (
+

mYL—72 mitri—r2

T
1 1 1
< 72 +m’n—'yz)> :O(<3+r> m’n—'yz)'

The proof has ended. O

I
a
PR

w
3

|
S
e Bl B e B

P e e

3

4. CONCLUSION

Using the even-type delayed mean of conjugate series, we have obtained the
degree of approximation for a conjugate function in the metric of generalized Héder
class with weight. Involving two moduli of continuity and two condition on them,
we have shown that this mean are streamlined to guarantee this degree to be of the

Jackson order.
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CPABHEHUNE MHOTI'OYJIEHOB 1 T'MITEPBOJINMYECKUE
C BECOM OIIEPATOPHI
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E-mails:  khmikayel@gmail.com, wvachagan.margaryan@yahoo.com

AnHoTALUsI. B pabore Ha si3bIKe KPATHOCTH HyJIEH ITOAMHOIOYICHOB HAWIEHDI
JIOCTATOYHBIE YCJIOBUS, IIPH KOTOPBIX MHOTOYJIEH OT JBYX IIEPEMEHHBIX SIBJISIETCS
runepboOIUIECKUM C JAHHBIM BECOM, KOTa €ro IVIaBHAS YacTh IHIEPOOIMTIEH IO

Topaunry.

MSC2020 number: 12E10; 12D05; 26D05; 35A23.

KuioueBbie €JI0Ba: XapaKTEPUCTUIECKHUH MHOTOTDAHHUK (MHOTOIPAHHUK HBIOTO-
HA); BeC ruiepOOIMIHOCTH; TUIePOOIMYECKIe ¢ BECOM MHOIOWIEHBI (OIIepaTophl).

1. BBEJIEHHUE U TTIOCTAHOBKA BAJAYN

ITycts N - MHOXKeCTBO HATYpanbHbIX ances, N := NU{0}, NJ' - n-mMepHOe MHOXKe-

CTBO MYNBTHHHIEKCOB v = (Qu1,- -+ ,0p), &j € No, j =1,--- ,n, R"(E™) - n-mepuoe
BEIIeCTBEHHOE eBKJIMJ0BO MPOCTPAHCTBO TovueK & = (&1, , &) (@ = (z1,-++ ,2Zn)),
C - mmuoxkecTBO KOMIUIeKcHBIX umcenr, R} = {{ € R",§ > 05 = 1,--- ,n} n

Ry = {{ € R & & # 0}, Qma &n € RY(E™), v € R}, a e Nfyut >0
1

obosnatmm €] = (67 + -+ E2)2, (&) =& -m+- 4+ &M, [V =114+ v,

‘§D| = |£1|V1"'|£n|un7 é-a = (111"' gna t-g: (tglv"' 7t£n) n D® = D?l,,,Dgn7

rae mubo D; = % o Dj = i_la% (i2=-1)j=1,---,n.

Mycrs P(€) = > an&™ MHOrOYIEH ¢ NOCTOSHHBIMU KO3(bMUIMEHTaME, TIe CyMMa
e

pacupocrpansiercs 1o koHeunomy Habopy (P) := {a € N§, ao # 0}. O6o3naunm

m = m(P) := max |a| u upejcTaBUM MHOTOYIEH B BHIE CYMMbI OJHOPOJIHBIX MHO-
a€e(P)

rO4JIeHOB

(1.1) PEO=>_F©:=> | >  at| &eR"

Jj=0 J=0 \a€(P), |a|=j
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Oupepenenune 1.1. (cm. [1] unu [2] onpedeserue 12.3.3). Mnozousen P npedcmas-
aennoti 6 sude (1.1) nasweaemes eunepbosuneckum no Iopdurey ommocumenvro eex-
mopa 0 # 7 € R"™, ecau Py, (1) # 0 u cywecmeyem wucao to > 0, das Komopozo
P(&+itT) #0 npu § € R", t € C, |Ret| > to.

Onpegnenenne 1.2. (cm [3] uau [4]) Pynkyus g, onpedesennasn wa R"™, naswsaemcs

eecom 2unepboaunnocmu, ecau 1) Eirg g(&) > 0, 2) cywecmsyiom wucaa a € [0,1) u
chn

¢ >0, daa womopux g(§ +n) < g(§)[1 + [n]?], §&,n € R™.

Onpepenenue 1.3. (em [8] uau [4]). ITycmo Pynrkyus g aeasemes ecom 2unepbo-
aunnocmu. Craoicem, wmo mmnozowaen P, npedcmasaennviid 6 gude (1.1), aeansemes
g - eunepboauneckum omuocumesvho eexmopa 0 # 7 € R, ecau 1) Pp(7) #0 u 2)
cywecmeyem nocmosnnas ¢ > 0, das xomopozo P(§ + itT) # 0 npu & € R™, t € C,
|Ret| > c-g(€).

Eciu ¢ mekoropbivu nocrosnubivu £ > 1 u 7 € (0,1)
T [E) < g(6) < R+ E]7) € € RY,
TO ¢ - runepbOINIECKU MHOTOWIEH HasbiBaeTcs 1/ - runepbosmaeckuM (cM. [5]).
It omHOpOZHOTO MHOTOWIeHa R obosnaunm X(R) := {€ € R™, || =1, R(§) =

0}, I(n) = lr(n) (n € R™) - kpaTHOCTD HYJIs1 MHOTOWIeHa R B TOUuke 7, T.€. [(n) = 0

upu R(n) #0u l(n) = r, upu R(n) = 0, rae HATYpAIbHOE YHUCIIO ' ONPEIETIAETC U3

YCJIOBUIA
DUIRD )= Y (DR =0m Y[R ()] #£0.
|| < |a]<r || =7
Jnst xoneunoro nabopa A = {1/} C R", uepes MN(A) 0603HAUMM BBIILYKILYIO

ob6osiouky muoxkecTBa A U {0}, Ha3bIBaeMblii XapaKTePUCTUIECKUM MHOTOIDAHHUKOM
(x.M.) mn mMuOrorpanHukom Heiorona mabopa A. Muororpanmauk 91 C R!} HasbiBa-
€TCs1 BIIOJIHE NIPABUJIBHBIM (B.IL.), ey 1) O mMeeT BepIIMHy B Hadajle KOODAUHAT, 2)
OTJINYHBIE OT Hadasa KOODJMHAT BEPIIUHBI Ha KaXKJIOH OCH KOODJMHAT U 3) KOMIIO-
HeHTHI BHeNHUX (oTHOCHTENBHO O ) HOpMmaseil (M-nopmadteit) (n — 1) - MepHBIX He
KOODJMHATHBIX TPaHeil mostozkuTebubl. Jig .11 mpororpannuka M C R} u Toukn
0 # n € R™ obozmaumv: N° - muoxkecTBO Beprmua M, A"~ 1(MN) - muokecTBO Tex N -
HopMasieit A = (A1, -+, A,) (n—1) - MEpHBIX He KOOPAUHATHBIX I'PAHEN, JIJIs KOTOPBIX
1I£ga§Xn)\j =1, dn(\) = max A\, v), A € AN, pm = max lv], pm(n) := max{v €
N0 v; =0 npun; =0,1 <j <n}unonoxum hy(€) = > [€7], £ € R™.

veno
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NssecrHo, I) (cm. [6] nnm [2] Teopemy 12.4.6) uro ecim, st MEHOrO4YIeHa P npeji-
crasiensbiii B Buge (1.1), P, rumepbosmder no [OpamHIy OTHOCHTENHLHO BEKTOPA
0 # 7 € R™, ro jyis runepbosmanocTu o [opauary MHOrOWwIeHa P OTHOCUTEIHHO
T HEeOOXOAMMO U JOCTATOYHO, 4TOOBI ¢ HEKOTOPOH IIOCTOAHHOM ¢ > () BBIIOJHAIUCH
CJIeJIYIOINIHE OIEHKN 153\(2) =), |Pj(a)(§)| < C%, EeR" j=0,--- ,m—1,

IT) (em. [1] nom [2] Teopelx?y 12.5.4) Ecom oneparop P(D) (muorounen P) ru-
nepbosmden o [opaunry orHocuresbHo T, TO 3ajada Komwm i oneparopa P(D)
osHo3HaUHO paspermMa B C°((7)), tue Q(7) := {xz € E", (z,7) > 0},

III) (cm. [5]) Econ oneparop P(D) r-runepbosuden, To 3aaada Kormu myis oneparo-
pa P nocrasiieHa KOPPEKTHO B M30TPOIHBIX IpocTpancTBax Tuna Kespe G (Q(1)),
mpu 1 <r; <,

IV) (em. [3] u [4]) Ecnu oneparop P(D) hon(&1, -+ ,€n—1)-rHnepOOTHIeH OTHOCH-
resibHO BekTopa T = (0,---,0,1), rme M C Rﬁfl B.II. MHOTOI'PAHHUK JIJIsi KOTOPOTO

Arnaf(( )dgm()\) < 1, o 3amaua Komm mist oneparopa P(D) mocrasieHa KOPPEKT-
AeAn=1(om

HO B MyJ/IBTHAHH30TPOIHBIX IpocTpancTBax tuna Kespe G™ (7)), e N € R” B
MHOT'OI'DAHHUK Y/IOBJIETBOPSIIOIINIT HEKOTOPBIM YCJIOBUSIM, OIIPEIe/IsieMble MHOTOTDAH-
aukoM M.

Hama mess B mHacTosmeil 3aMeTke Ha s3bIKE KPATHOCTH HYJIEH MOIMHOTOYIEHOB
P; j =0,1,--- ,m — 1 naiiTu ycjoBud, IpH KOTOPBLIX MHOrowIieH P, mpejcrasien-
wblil B Buge (1.1), 6ymer g-runep6GoJIMUecKUM OTHOCUTEJILHO BEKTOpa T, Korga P,

rutiepbosimyer 1mo ['OpnHTY OTHOCHTEIHLHO T.

2. CPABHEHUE C BECOM MHOT'OYJIEHOB

Onpenenenne 2.1. (cum. [2] onpedenenue 10.1.1). Pynxyus g : R" — RY mnasw-

8aEMCA MEOAEHHO pacmyuietl, ecal Eilg g(&) > 0 u ¢ HexKoMoOPLIMU NOCTNOAHHBLMU
cRn

¢, a>0gE+n) <c-g&A+n)" &neR™

Has moboro muorounena P u B.a1. MHororpanHumka N C R dynxiun ]3(5) u

h(€) ABIAAIOTCS MEJJIEHHO PACTYIIMMU BECOBBIME (DYHKIUAMHE.

Omnpepenenne 2.2. (cm. nanpumep [7]). Medaenno pacmywas eecosan Pynkyus g
HA3BIBAETNCA MEONEHHO MEHANOUWUGCA, eCAU 0as a0b020 K > 0 cywecmeyem wucio

¢ =c(k) >0, daa xomopozo g(§+n) <c-g(&), &, e R™, |n] < k-g(f).
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s moboro r > 0 u A € R dyunkmum 14 [£]7, 14 Z?:l |€;|% aBasioTest MesyTeHHO
MeHSTIOIIIMHECsT BeCOBbIME (yHKImamu. U3 8] ciemyer, aro dynkims hy, rae N € R

B.II. MHOTOTDAHHUK, ABJISETCS MeJIeHHO Mensomniics ecm card A"~ H(N) = 1.

Omnpepenenune 2.3. (cm. nanpumep [9]). Tosopam, wmo muozouaen P mownee mro-

20unena @ u 3anucwsarom @ < P, ecau ¢ mexomopot nocmosannot ¢ > 0
(2.1) Q) <c-(1+][P(§)]) £ € R™.

Onpegenenne 2.4. [lycms g medaenno pacmywas secosas Ppynkuyus. Cragtcem,
ymo mHozounen P g-cuavhee mrozousena Q@ u 3anuwem Q<IP, ecau ¢ Hexkomopot

nocmosarrot ¢ > 0

(2.2) Q& 9(6)) < cP(€,9(€)), € € R™,

20e Ons danno20 mHozousena R
R(&,t) ==Y [RW @, ¢ e R", t>0.

Ilpenmoxenune 2.1. Ecau Q < P, mo das 410600 medrenno pacmyueti 6ecosotl

Pynryuu g Q<IP.

Joxasamesvemeo. Henocpepcrsenno cieayer u3 onenku 10.4.1 paborsr [2] ¢ npu-
MeHeHueM GopMyanl Teitaopa.
Ha npumepe mokaxkeMm, 9T0 06paTHOE yTBEPIKICHUE HE BEPHO.

Ipnvep 2.1 Tlyers n = 2, P(€) = (& —&)°, Q) = (2 —€3)" u g(¢) =
(1+ |§|)3/4. Tak kak P(s+1,5) =1, Q(s+1,s) = (2s + 1)2, s=1,2,---,10Q £ P.

C apyroit cropomsl mveen, ato P(E, g(€)) > 6!- ¢%(¢) > 61(1 + [¢))*® ¢ € R u
Q(&,9(8) < e(1+€])*, € € R? ¢ mexoropoit mocrosiuoii ¢ > 0. CregoBareibHo
Q=IP.

Jlemma 2.1. Ilycmo g - medaenno mensowulics secosasn gynrkuyus a P u Q nexo-
mopoie MHO204AEHVL. JAs mo20, umobv, Q<9I P neobrodumo u docmamouro, wmobui

cywecmsosano nocmosunas ¢ > 0, daa xomopozo
(2.3) 1Q(&)| < cP(&,9(€)), € € R™

HokasaresbecTBo. Brinosnsenne onenku (2.3) npu Q<9P oueBugno. Jlokazkem
obparnoe. 13 onenxu (2.3) B cuny onenkn 10.4.1 paGoTs! [2] ¢ HEKOTOPBIME HOCTOSTH-

HBIMU 1, Co > 0 uMeem

Q& 9()) <ca sup [QE+n)| <
Inzl))ég(é)
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<cy sup Y [P +n)|g¥(€) &ne R
Inl<g(§)
T.X. g - MEIJICHHO MEHSIOIuUiics BecoBas (DYHKIMsA, TO C IPUMEHEHHEM (POPMYJIbI

Teiisropa ¢ HEKOTOPBIME ITOCTOSTHHBIMU €3, ¢4 > 0 OTCIO/IA ITOIyYaeM

- (a+4) B
O 9€) < s sup S| S IETZOLIT e <
M<g(§) "o 3 :

<er Y [PD(Ig(E) € € R
Y

Jlemma, nokazaHo. O

Ha npumepe mokazkem, 9TO €CJId ¢ He SABJIFETCS MEJJICHHO MEHSIOIIUIACT BEeCOBOM
dyukuueii, To u3 ounenku (2.3) e caemyer, uro Q<9 P.

Ipumep 2.2. lycrs n = 2, P(€) = &G+ &), Q) = & (§+&)" n
9(&) = 1+ 1&l* + |&l? + |&al% - |&lf = hn(§), rae M C R} ma. mmororpan-
uuk ¢ Bepmmuamu (0,0), (2/7,0), (0,2/7) n (1/4,1/4) (B cnity BblIecKa3aHHOTO,
T.. card A1(DM) = 2 > 1, bynxuust g He sIBJIIETCS MeJIJIEHHO MEHsIOMIecs: BecoBoil
dynxmmeit). Cravano mokazxkem, arto QA9 P. Ilycrs £° = (1,s) s=1,2---. Jlekro 3a-
METHTB, 9TO ¢ HEKOTOPOii mocTosrHoi ¢ > 0 P(£%,g(£%)) < ¢1-52g%(€%) s = 1,2, - - .
Tak xak g(&°) < 4-5%7, s = 1,2,---, To OTCIOJA TIOJyHIACM, UTO 15(58,9(55)) <
48.¢1-5%9/7 s =1,2---. C mpyroii croposs!, yuntsBas uto g(£%) > /7, s =1,2,-- -,
10 Q(£°,9(£%)) > [(D3Q)(£%)]g%(€%) > s%%/7, s = 1,2,---. CrenoBarensio QAIP.

ITokazkem, 9TO ¢ HEKOTOPO# TOCTOSHHOMN co > 0

(2.4) QO] < ea- P(E,9(€)) €€ R

Tx. P(&g(€) > [PE)] + [(DIP)(E)]a5(s) > 1€ + 1€1205(€) > 21E12(&5 + €363 +

€]'6/7) € € R?, 10 mOCTATOYHO MOKA3ATh, YTO C HEKOTOPOl HOCTOSHHOI ¢3 > ()

(2.4) Q(E)] < csl€P (€1 +€7-€3) €€ R?, J¢| > 2.

Tak Kak BuimoHenue ornenku (2.4') owesmmno npu |&1| > [€]Y/3 (torma |Q(€)| < |€]%-€8
) ¢ mocTosHHEOM 3 > 1, To mokaxkem ero mpm || < |€[Y/3, €] > 2. Tak xak Torma
&l = Hel 1o 62 €2 = Al & = £QUO). Creomareasio onenka (2.4

BBIIIOJIHSIETCST C IOCTOSTHHOMN ¢3 > 16 1 1moaToMy BepHA U OleHKa (2.4).

Jlemma 2.2. Iycms N C R 6.n. mmozozpannuk das xwomopozo dym < 1, Pp, u Py
(k < m) odnopodnwie mrozourenv, nopadxka m u k coomsemceeno. Ecau P,<""P,,,

mo das mo6oz0 1 € X(Pp) npu ly(n) > (;n —k)/(1 = pn(n) n € X(Py) ulg(n) >
3
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ln(m) — (m —k)/(1 — pm(n)), 2de ln(n), lx(n) nopadku nyaet mrozoureros Py, Py

6 mouxe 1 a wucao py(n) no N un onpedeaeno 6 npedvidyuem napazpeagde.

Hoka3zarenbcrBo. Ilycrs ) € X(P,,), miast Kotoporo Uy, (n) > (m—k)/(1—pn(n)).
U3 onpenenenust ancaa pym(n) CeayeT CyIEeCTBOBAHUE YUCIA €1 > 1 i KOTOPOro
mpu Bcex t > 1

cltﬂm(ﬁ) > hm(t . 77) > Cfltpm(n).

Wcnonw3yst 310, U3 yCaIoBus P,<"mp. B CIJTY OJTHOPOJIHOCTH MHOTOYJICHOB P,

Py, v oupenenenus quces Ly, (n), lx(n) ¢ HEKOTOPBIMEU MOCTOAHHBIMU Cg, €3, ¢4 > 0 1Ipu

t > 1 umeeM, 4TO

Do AT P (| = B St ) ()] <
|15 () “

< e SO )bt ) < es ST (- ) kot ) <

C4Ztm_|a‘(1"’m(”))|an&) ()| = ¢4 Z tmlel=pn(m)| ple) ()|,
@ ‘04|ZZM(7])
Tak xak pm(n) < pm < 1, TO oTCIOMA ¢ HEKOTOPOI HOCTOSHHON ¢5 > 0 mpu ¢ > 1

roJIyqyaeM

k—|a(1—

(2.5) Z : el (1 pm(n))‘P]ga)(n)‘ < et Im () (1=pn(m)

lee| 2Lk ()

N3 onenkn (2.5) HENOCPEJCTBEHHO CJIEYET, UTO P,ga)(n) = 0 mpu Tex a € N§
Juist Kotopeix k — |al(1 — pm(n)) > m — L,(n)(1 — pm(n)). Tak xax opu 1, (n) >
(m —k)/(1 = po(n)) mmonectso {ov € Ny, || < ln(n) = (m —k)/(1 = pm(n))} # 0,
Ton € > (Pr) uli(n) >1lnn) —(m—Fk)/(1-pn(n)). JTemma nokasana. O

Cregerpue 2.1. Ilyemy 9T C RY 6.n. mnozoeparnuk das xomopozo dpy < 1 a Py u
Q. 00m0podnDIE MHO2OUAEHDL NOPAdKa M. Ecau Qn <" P, mo (Pp) C X(Qum)
ulp, () <lg,(n) Vn € E(Pp).

HoxkazaTteabcTtBo. Hemocpencreento ciemqyer u3 jseMMbr 2.2.

Crencrsue 2.2. Ecau npu ycaosuar aemmovs 2.2 1 € Rf, mo npu ly,(n) > (m —
k)/(1 = pm) n € X(Py) uly(n) = lm(n) — (m —k)/(1 = pm).

Joxka3zarenbcrBo. Henocpeacrsenno cieayer us jeMMbl 2.2, T.K. py (1) = pg 1id

Joboro 1 € Ry.
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Jlemma 2.3. Ilyemv N C R} 6.n. mnozozpanmus, das komopoeo pm < 1, Py u Py
00HOpOOHBIE MHO20YAEHD Nopadka m u k (m > k) coomsemcemeenno, das KOmMopour

¢ Hexomopoti nocmoannot ¢ > 0

(2.6) |PL(&)] < ePm(€, b (€)) € € R™.

Tozda das mobozo n € E(Py,) npu ln(n) > (m —k)/(1 — pn) n € T(Pr) ulx(n) >
b () = (m = k) /(1 = pn).

JokasaTeabcTBo. 3aMeTuM, 9TO yTBEPKJEHUE JIeMMbI ipu card A(”_l)(‘ﬁ) =1
n n € Rj HemocpeacTBeHHO ciejlyeT u3 ciejcTBus u jgeMMbl 2.1. JlokakeM yTBep-
JKJIeHUe JIeMMBI B obmmieM ciydae. Ilycts n € X(Py,), ln(n) > (m —k)/(1 — pm) a

Touka 7 € R} BBIOpaHO TaK, YTOOBI

- A, B,

0 al—zlk:(n) 7 a|§(n> a7

CymecrBoBanue Takoil Toukn 7 € Rf cienyer u3 onpejesnenuit qucen Uy (n) u Ly, (n).
Paccemorpun nosegenne Py (€) u P, (€, hon(€)) Ha nociesosarensnoct £(s) = s -1 +
sPn.r s =1,2,--- nmpu s — 0o. B cuny omropoanocTu MmHOrOUeHa Py, onpenesienust
qucna (1) u (2.7) ¢ npumernernem dopmyasl Teitopa, Tak Kaxk py < 1 mpu s — 0o

nMeemM

& P ) —lal(1—=pm (@) T
m@mzzm”mmvﬁ:Z;H<>&w>:

al al
o o

B k=lal(1—px) P ()7
B Z § al

la| >k (n)
P ()7
a!

(2.8) — gF=le(mA—pm) Z (1 + 0(1))_

lael =L ()
st onenku nosegenust P, (€(s), hm(£(s))) Ipu s — 0O PACCMOTPHM CJIe/IyIOIHe
BO3MOXKHBIE ciaydan 1) n € RY u 2) nn ¢ R{ (B 9T0M CiIydae He yMaJisisi OOIIHOCTH 3a
CUeT MepeHyMepalii WHIEKCOB OyIeM CIUTATh, ITO 11 - Ny £ 0 Npy1 =+ = Ny =
0,1 <r<mn).
Paccmorpum citywait 1). Tax Kak, B cuty onpejesienus py, cymecrsyer v € N0,
ntst Koroporo |V°0] = pyy 1 st mo6oro v € N mpu s — 0o

[(€(s)"] = I(s - m)"| (1 +309(1)) = sI"l[i"|(1 + o(1)),
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TO CYIIECTBYET IOCTOsIHHAS €1 > 1, JIJIsi KOTOPOro TpH Beex § > 1
c17 18P < hip(€(s)) < 1877

Wcnonp3yst 3Ty OIEHKY, B CHJIy OJHODPOJOTHOCTH MHOTO4IeHa P, W ompeseleHus
qucia Uy, (r), ¢ HEKOTOPBIMH IIOCTOSIHHBIMU Ca2, €3, C4 > 0 IPHU JOCTATOYHO GOJIBIIMX

s, ¢ mpuMeneHueM (opmyssl Teitopa nveem
Pr(&(s), hn(€(9))) =
= 1P (€)' (E(s) < 2 > [P (E(s))]s1 e <

Pt (s p)(sPmr
< 022 Z (5! n)( ) slalom <
a B

m—lact81(1—pm)
<y Yos [P D ()] <
a B

ey s O POy = ey ST gl PO ).
v "Y‘Zlm(n)

Tak kak p; < 1, TO OTCIOZIA B CHJLy OLPEIEJICHUS IUCTA Iy, (1), ¢ HEKOTOPO# OCTO-

SHHOM c5 > 0 IpU JOCTATOYHO OOJIBINKUX § TOJYyYIaeM, ITO

(2.9) Py (€(3), hn(€(5))) < egs™tm (M =p),

U3 onenok (2.8) u (2.9) B cury (2.6) nmomyuaem, uro k — lp(n)(1 — px) < m —
L (M) (1 = pm). Orciona nput Ly, (n) > (m —k)/(1 — pm) caexyer, aro lx(n) > Ly (n) —
(m—k)/(1—pm) > 0. CregoBarenbro n € X(Py) ulk(n) > ln(n)—(m—k)/(1—pm).
DTUM yTBEpXKIEHHE JIEMMBI B CJIydae 1) T0Ka3aHo.

B ciyuae 2) oboznauum & = (&1, -+, &), & = (& 11, , &), Torma st moboro
v €N npu s — oo

(€GN T=1E D71 1E )7 T = s |- s (7)) - (1 + o(1)).
Tak kak py; < 1, TOo U3 yciaoBus B.11. MHOrorpanauka 1 ciaenyer (B ciaydae 2)), 910

quist moboro v € NY V| + pm|v”| < por. Orciona mosrydaem, 4to ipu s — o0

(2.10) hon(£(s)) = o(1) - s°™.

Tak Kak p; < 1, To B cuity (2.7), onpesesnernst 9ucia Iy, (1) 1 OJHOPOTHOCTH MHOTO-
rpannuka P, ¢ upumenenuem dopmyisl Teiiopa nis Py, (£(s)) upu s — 0o umeem

(@) sn)(sPmr)e
Pa(e(s))] = [ Do) )

al
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(a) (a)
_ Z ~lal(1=pm) Ppy’ ()7 | Z —lal(1=pa) Pp,” ()T

a! a!
« ‘O‘|Zlm,("])

Py ()7

| (1 +o(1)).

(2.11) — gMlm(m)(1—pn) Z
|a|:lm(77)

IMocrynas anamoruaauM o6pasoM B cwiry (2.10) npu s — 00 nMeeM

SR (E(s))lhay (€ (1) Y slelen | P (g(s))| <

a#0 a#0

DY wpmz PP (sn) - (sPnr)?
B!

a#0

ZZ m=latBl(1=pm)| pla+h) (p)| = o(1) Z m=Iyl=e)| pO) ()] <

az0 B 7#0

m— 1—
<o(l)- > s hi( pm)|p7(nv)(n)‘ < o(1) - smlm(M A=),
'YZlm(n)

Orciopa u u3 coornomenus (2.11) ¢ HeKOTOPOIl OCTOSAHHOMN ¢g > 0 P JOCTATOYHO

OOJIBIINX S mosry1aeM, 94T0

(2.12) Pon(€(5), hon(€(5))) > cgs™m (M=),

N3 onenok (2.8) u (2.12) B cuuy (2.6) noayuaem, aro k — I (n)(1 — pm) > m —
Lm(m)(1 — pm). Orcroma wpu Uy, (n) > (m — k)/(1 — pm) caeayer, aro n € X(Py) u
Ik(n) = ln(n) —(m—Ek)/(1—pn). DTuM yTBEpPKIE€HNE JIEMMBI BCIyUae 2), TeM CaMbIM

[IOJIHOCTBIO, JIOKA3aHA. O

Crnencrpue 2.3. Ilyemo npu yerosusz aemmor 2.3 card A"~ 1(N) =1 un € B(P,,).
Ecaulm(n) > (m—=k)/(1=px(n)), mon € X(Pr) uly(n) = lym(n)—(m=k)/(1=px(n))-

Hoka3zarenbcTBo. Tak Kak mpu
cardA" (M) =1

byHKIUS sy SIBJISIETCST MEJJIEHHO MEHSIFOIITUICS BECOBOM (DYHKITMEl, TO BCUILY JIEMMBbI
2.1 u3 ouenku (2.3) cuemyer, 4ro P,<" P, . Torna B CHJTy JIEMMBI 2.2 TIOJTydaeM

YTBEPXKJIEHUE CIIEJICTBUS 2.3.

Jlemma 2.4. Ilyemv k >1>0, 0 < j <I. Toeda npu ecex x, y, z > 0 xk_jyl_jzj <
ahyt gkl
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JIemma 2.5. ITyemvm >k >0,6 € (0,1), m>1ly>(m—k)/Q1—-96) uk>1l >
lo—(m—k)/(1=20). Toeda das amobozo k > 1 cywecmsyem nocmoannas ¢ > 0, 0as

xomopozo npu ecex x > 1,y € [0,1] u z € [s ™'z, k2]

(2.13) xkyll +afihh < c(acmyl0 + :rm_lozlo).

HokazaresberBo. Pacemorpum coezyionue Bo3MoxKubie ciaydau 1) k = m u II)
k < m. Tak kak B caydae I) u3 yciosusi jgemMMbl caenyer, ato Iy > lg, To B cirydae
I) BosmoxHBI ciaenyronme non-caydas 1.1) I3 = lo, k =mu 1.2) I; > lp, k =m. B
nog-ciaydae 1.1) BBINOJHEHUE ONEHKU ¢ IIOCTOAHHOM ¢ > 1 odeBuano. B ciayuae 1.2),

TIPH YCJIOBHAX JIeMMBbI, Jyist io6bx @ > 1, y € [0,1] u 2z € [k~ 12°, kx| mmeem

ghylt 4 gh=hh = gmyl | gm=hih < gmylo | (gm—lihi—loy lo <
m, 1 li—lo,.m—lo 1
S €T y 0 + K 1 Ox OZ 0’
o 2.1 it ¢ > kh—lo
TKy/Ia cyejtyer omeHka (2.13) ¢ mocTosHHOI ¢ > K .
Pacemorpum cayuaii 1), Tak kak
gl glo > p—lo pm—lo(1-9) npu x > 1,2 > fflm‘s,
TO IPU YCJIOBUSAX JIEMMBbI, ¢ IpuMeHenneM HepasencTsa Lenzepa npu p = ly/[lo— (m —

E)/(1=0)] (>1),g=p/(p—1) = (1=10)lp/(m — k), 1151 1EPBOTO CIArAEMOTO JIEBOTO

wactu onenku (2.13) mpu Beex x > 1, y € [0,1], 2z € [s712?, kz] nmeem

ghyht < gk . ylo=(m=k)/(1=6) _ (@™ z(,)[lo—(m—k)/(l—é)]/lo><

Ty
—8)lo— — — 1—
(/O] o = (m zf)/( ) oy
m—k
2.14 Y om=(1=0)lo « mylo lo,ym—lo ylo
( ) "’(1_5)[01" Szxy? +ROm z

JJ1st o1ieHKH BTOPOTO cjtaraemMoro Jesoit wactu oneHkn (2.13) B cayuae 1I) pacemor-
puM ciepytomue Bo3moxkubie nog-caydan 11.1) Ig < 13 u I1.2) Iy > ;. B mozg-ciyuae

I1.1) pu ycsoBusx jieMMbl npu Beex @ > 1, 2z € [k 120, k] mmeem, uro

xk‘fllzll — (xk‘fllzllflo)zlo S Kllfloxkflozlo S

(2.15) < ghlogm=lolo,

B nogn-ciyuae 11.2), ¢ npumenenunem mepasencrsa Lesnepa korga p = lo/l; (> 1),

qg =p/(p—1) = lo/(lop — 1) npu yciousax aemmbl Jyist Bcex © > 1, y € [0,1] u
z € [k~ '2°, kx| mmeem, TTO
ph=liyh — (mm—lozlo)ll/loxk—llm/lo < Qmm—lozlu + lo — llx(k—llm/lo)lo/(lo—ll).
- l

0 0
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Tak kak u3 ycuaosug ly > lg — (m — k)/(1 —§) > 0 memmbr cienyer, uro (kly —
1m)/(lo—11) < m—(1—0)ly, crenoparensuo pu x > 1, 2 € [k a, k] 2= <
wlogm=lozlo 1o orcioma mosyuaem, uro mpu Beex x > 1,y € [0,1] u 2z € [~ 120, k]
aF—lilh < 9klogm—lolo,

W3 onenok (2.14) u (2.15) B noa-cay4ae I1.1) u orenok (2.14) u (2.7) B nog-ciryqae
I1.2) mosryaaem onenky (2.13) ¢ mocroguuoit ¢ > 3-max{x't, k0 }. drum onenxa (2.13)

B caydae II) u Tem cambiM B obriem ciydae Jokasana. Jlemma 2.6 jokazana. O

3. OCHOBHBIE PE3YJ/IbTATHI

IIpenmoxenne 3.1. IIycmv R-00H0podhvili mMHOZouACH MOpAdKka M om 08YT mepe-
mennnz, | = 1(n) (n € R%,|n| = 1) nopadox nyaa mmuozousena R 6 mouxen ut € R,
|7| =1, (7,m) = 0. Toeda D-R(n) # 0 u npu (t,u) — (+00,0)

R{t(r+ ur)) = 3 - ™ (D, R(w) - (1 + o(1),

2de D, npou3eodnas mo HanpasaeHulo 8eKmopa T.

Teopema 3.1. ITycmv N C Ri 6.M. MMH0202PAHHUK OAS KOomopozo pm < 1, Pp u
Py, 00nopodusie mmozounenv, om 08yr nepemennuix nopsdka m u k (m > k) co-
omeememsenno. Ecau das awbozo n € X(Py) npu lyn(n) > (m —k)/(1 — pn(n))
() = ln(n) = (m = k)/(1 = pn(n)), mo Pi=""Pp,.

HoxkazaTeabcTBo. [IpeamnosoKum IpoTUBHOE, UTO MIPH YCIOBUSX TEOPEMBI CYIIIe-

cTByeT moc/eioBaTebHocTh {£°} C R? j1s KOTOPOTo IpH § — 00

(3.1) P& hn(§7))/ P (€7, han (7)) = o0

Tax kax 1o omnpegesnenmio hy hn(€) > 1VE € R? (0 € MY), To ¢ nexoropoit
nocrosmoit ¢ > 0 P, (€5, hn(€%)) > cth(€%) > ¢, s = 1,2,---. CirenoBaresso
npu BblnosHeHnH coorHomrenus (3.1) [£°] — oo mpu s — co. 3a cueT mepexona Ha
HO/IIIOCIIET0BATEILHOCTD MTOCJIEIOBATEIBHOCTH {£° } MOXKHO cauTaTh, 910 |£°| > 1, 5 =
1,2,--+ u cymecrsyer n € R?, |n| = 1 ana koroporo npu s — oo n® = £5/|€5| — 1.
Paccmorpum ciretytonie Bo3MOXKHBIE ciydan 1) n ¢ 3(Py,), 2) n € Z(Pp,), ln(n) <
(m—k)/(1=pxn(n) n3) n € E(Pn), lm(n) > (m—k)/(1=px(n)) (8 srom cryuae n3
ycsoBuii Teopembl umeeM, aTo k(1) > Iy (n) — (m —k)/(1 — pm(n))). B cayuae 1) B
CIUTY OTHOPOTHOCTU MHOTOWIEHOB P, Py n yciaoBus py, < 1 TeopeMbl ¢ HEKOTOPBIM

[IOCTOSTHHBIMU €1, Co > 0 IPHU JOCTATOYHO OOJIBIIUX S TMEEM

(3-2) P (€%, hon(€%)) 2 | P (€°)] = [€°™ P (0°)] 2 %I{S\’"\Pm(n)h
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(5 hon (€ Z |P(a |hm|a )< Z |P(a |- |8 ‘|Q\Pm _

(3-3) = ey [P ()] < el

T.x. m > k 1o onenku (3.2) u (3.3) nporusopedar coorromenuto (3.1). Paccmorpum
cayuaii 2). Torma npu mocraTodHo GOJBIIUX S, B CUILY OLPENEJeHUsT YUCia Ly, (1), ¢

HEKOTOPOI MOCTOSAHHOM c3 > 0 mMeeM

Pp(& (€)= D [Pl =

‘O‘lzlm(n)
R M (O T S A O [
=L ()
(3.4) > cal€ im0 gt (D (g%).

Tak kak n° = £°/|¢|° — 1 upu 8§ — 00, TO B CHILy ONpeieeHns Jucia pm(n) ¢ HEKO-
TOpOIt ToCTOsHHOM ¢4 > 0 mMeeM uT0 hgy(£5) > cy| €8P s = 1,2, ---. Ucnombays
910 U3 oneHKu (3.4), ¢ HEKOTOPOIl MOCTOAHHOM ¢5 > 0, IPU JOCTATOYHO GOJBLIIUX §

II0JIy YaeM
(3.5) Py (€7, hn(€°)) > eglgs | tmmU=pan(m),

Tak kax B cayae 2) k < m —ln(n)(1 = pn(n)) (ln(n) < (m —k)/(1 = px(n))), To
orerku (3.3) u (3.5) mporusopedar coorHomennio (3.1).

B ciyuae 3) 3a cuer mepexojia Ha MOAIOC/IEOBATEIBHOCTD TTOCJIEI0BATELHOCTH
{&€°} BO3MOXKEHBI caemyromue mopcayydas 3.1) &5 = [€8|n, s = 1,2,---, 3.2) & £
|€%ln s = 1,2,---. B nomcnyuae 3.1), B cuily OJHOPOJHOCTH MHOTOYJICHOB P, Pj,

onpesiesieHns: auced Ly, (n), lp(n), Tak Kak py < 1 u ¢ HEKOTOPOIl MOCTOSHHON K > 1

(B cuty onpejenenust py(n) )
K|€3)P M) > o (€5) > ke3P 5 =12, ...
TO CYIIECTBYIOT IOCTOSHHBIE ¢; > 0, j = 6,9 /151 KOTOPBIX IPH JOCTATOYHO GOJIBIINX

Po(€ hn(€)) = Y IPS(E) (%) = egles|mtm M Umrn(m)

o=l (1)
(3.6) x Z |PL (%)] > eq| ¢8| tm )/ (mpm(n)
|a‘:lm(n)
P hon(€ Z|P“> Mgt (€°) < cs Y _ |2 (Flel0=rm) | ple) (] =
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— s|k=lal(1=px(n))| pl) < s|k—lr(n)(1—px(n))
(3.7) cs 1€°] 1B, ()] < €7 :
lo| =1 (1)

Tax kak u3 yciaosud I (1) > ln(n) —(m —k)/(1 — pm(n)) > 0 Teopems ciaemyer, 9T0
E—=1(n) (1 —pn(n) <m—1,(n)(1— pn(n)), ro ouenxu (3.6) u (3.7) nporusopegar

cootromenmio (3.1). Pacemorpum noseyait 3.2). Ilyers 7 € R2, 7| = 1 u (7,1) = 0.

Torga B nopcaygae 3.2) Touku €% s = 1,2, - - - MOXKHO IPEJICTABUTD B CJIELYIOIEM BUJIE
& =tsm+usT) s=1,2,---, rye upu s — 00
(3.8) (ts,us) = (+00,0) m ts/|€°] — 1.

IMosTomy B JasbHefineM, He yMadiss OOIMIHOCTH, OyeM cYuTaTh, 910 ts > 1, |ug| <1
s = 1,2,---. Tak Kak NPOSJIOK HYJIsI MHOIOYJIEHA P,ga), a € N§ B Touke 7 1pu
|| < 1(n) He menbie geM I (n) — ||, TO ¢ IpuMenenuem npeIokenus 3.1, B cury
OJIHOPOAHOCTH MHOTOUWIeHA Py, 1 coornorenus (3.8), ¢ HEKOTOPOH OCTOSHHOM ¢1g > 0
[IPU TOCTATOYHO OOJIBIINX § MMEEM.

e @) = S [PE)halle)+ S IR Engle) <

[ <z (m) [ce|>1g (1)

e | S el pglal ey 4 ST jesrlelplel )
|| <l () |a|>1 (n)

Tak kak pym < 1, caegosarensro hy(£%)/]€°] — 0 upu s — 00, TO B cuiy JaeMMbl 2.4,

C HEKOTOPOIt TTOCTOSIHHOI ¢11 > 0 IPU JIOCTATOTHO OOJILIITUX S MTOJIyIAeM, ITO
(3.9)  Pul€ hn(€) < enn [JE01Ffug ) 4 160 g 0 )]

st P, (€5, hon(€%)), Ipu 10CTATOUHO GOIBIINX S, B CHILY HPEIIOXKeHns 3.1 i ompe-

JIeJIEHUsT IUCIIA Uy, (1)), ¢ HEKOTOPOIA OCTOSIHHOM ¢12 > 0 MMeeM

Po(€, hot(€°)) Z [Pu(€)+ D [PR(E)hn!¥(€%) =

la|=lm (1)

1

5 (1717 s | OO By ()] Jg ) ()3T |PEm)]| 2
lat|=Lam (1)

(3.10) > 1z [€7]7 fug ) g R (6.

Tak Kak, B CUJIy OIpeJieJieHus] Iucaa po(n) U ycaosus py < 1, ¢ HEKOTOPO#i TOCTO-

SHHOI Kk > 1

(311) K|§S| Z hm(fs) 2 H—1|£S|Pm(77) s = 1727 R
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ancna k, m, lo := I (1), 11 := le(n), 6 := po(n) mrpoiiku (x5, ys, 25) = (1$°], [us], b (£7))
(B cuury (3.11)) mpm gocTaTovHO GONBIINX § YAOBIETBOPSIIOT YCJIOBUAM JIEMMBI 2.5,

TO CYIIECTBYeT IMOCTOAHHAA €13 > () I KOTOPOro IMpH 3TUX S

‘€S|k)|us|lk('fl) + |§5|k*l’“(")hfﬁ(")(§5) <

(3.12) < exg([€°]™ us[ () + [g5=tn D i () (2.

N3 onenox (3.9) u (3.10) B cuty (3.12) mosy4aem mpoTHBOpEYHE ¢ COOTHOIIEHHEM
(3.1). Tony4ueHHBble IPOTUBOPEYNS JTOKA3BIBAIOT CIIPABE/JINBOCTD YTBEDIKIECHUST TEO-

pembl. Teopema 3.1 noxaszama. O

Cuencreue 3.1. Ilycmv N, Ny C Ri 6.M. MHO202PAHHUKY, 0aa Komopur py < 1,
pn, < 1, Py u Py 00Hopodubie mHo20uAeHbE OM 08YT NEPEMEHHBIL NOPAIKG M U
kE (m > k) coomsemcmsenno. Ecau das mobozo n € X(Pp) pm(n) = pm, (1), mo

P, <" P mozda u moavko mozda, xoeda P, <"1 P,,.

JokazaresbcTso. Ilycts P, <" P,,. Torga B cumy memmbr 2.2 I (n) > 1 (n) —
(m —k)/(1 = pm(n)) anst moGoro n € X(Pp) ecmn Ln(n) > (m —k)/(1 = pm(n))-
Torga u3 ycsosuil jjemMbl uMeeM, 910 I () > L, (n) — (m —k) /(1 — px, (n)) upu Becex
1 € X(Pn), Mg KOTOPBIX Iy (1) > (m — k)/(1 — po, (1)). Orcrona B crity TeopeMsl
3.1 monyaaem, uro Py <hwy p

DTUM yTBEpKIEHNE CIEICTBAS JOKA3aHO, TaK KaK JJIS JTOKA3aTeTbCTBA OOPATHOTO

yTBEpP2KJACHUA JOCTATOIHO IIOMEHATH MEeCTaMU MHOI'OI'DaHHUKN Nu ml.

3ameuanue 3.1. Jleeko 3amemumsb, wmo 0asa 4106020 6.m. mHozoeparrukra I C Rﬁ_
u0#n€R? pn(n) = max vy npune =0, pn(n) = max vy npun; = 0 u px(n) =
veMNo veMN°

pm = max |v| npun € R3.
veno

Crnencrpue 3.2. Ecau npu ycaosuaz canedemeus 3.1 X(P,,) C RE, mo yeaosus Py, <hn

P,,, P, <" P, oxsusasenmus mozda u moavko mozda, xo2da py = P, -

HoxkazarenbctBo. Henocpencrsenno cienyer n3 ciencrBus 3.1 u 3amevanns 3.1.

Awnayornanbiv 06pazom (Kak JokazaHa TeopeMa 3.1) MOXKHO JI0KA3aTh CJIEILYIONLYIO:

Teopema 3.2. Ilycmv N C Ri, P,, u Py me oce, wmo u 6 meopeme 3.1. Ecau das
mobozo n € N(Py) npu lyn(n) > (m—k)/(1 — pn) caedyem, wmo lp(n) > ln(n) —
(m—k)/(1— px), mo cywecmeyem nocmoarnas ¢ > 0 das Komopoeo

(3.13) |PL(&)] < cP (&, hon(€))] VE € R
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Crengcreue 3.3. ITycmv N, Ny C R? 6.n. mmnozozparnury, oia xomopux py < 1,
pn, < 1, Py u Py 00Hopodubie MmHOo204AEHDL OM 08YT NEPEMEHHBIL NOPAIKEG M U
k m > k coomsemcmeenno. Ecau pm = pm,, MO 044 Gunoanenus ouenky (3.13)

He06T00UMO U dOCTNAMOYHO, wMobb, ¢ HeKXomopot nocmosrkot ¢ > 0
(3.13") |Py(€)] < cP(€, hon, (5))VE € R?

JoxkazaTeabcTBo. [IpoBoauTCst aHAIOTUYHO TOKA3ATEIHCTRY CireAcTBus 3.1 ¢ uc-

MTOJIb30BAHUEM TEOPEMBI 3.2 BMeCTO TeopeMbl 3.1 U jJeMMbI 2.3 BMECTO JIeMMBI 2.2.

Teopema 3.3. Ilycmov N C Rf_ 6.1M. MH0202PAHHUK, O0Af KOmMOpo2o py < 1, a P
MHO20UACH OM 08YT nepemennvir npedcmasaennvili 6 eude (1.1). Ecau mrozousen
P, 2unepboauner no Topdurezy ommocumenvno sexmopa 0 # 7 € R% a mmozounenvl
P, k=1, -+ ,m—1 ydosaemsopsarom caedyrowemy yciosuio: oan aobvx n € X(Pp,)

uk >m—=1lnmn)/(1=pn®) bkn) = lnn) — (m—k)/(1L=pn(n) mo mnozouwren P

hm—eunep&mu%eﬁ OMHOCUMENDHO BEKIMOPA T.

JlokazaTesbCTBO. Y TBEPXKIEHIE TEOPEMBI HEIIOCPEICTBEHHO CJIEIYET U3 TEOPEMBI
3.3 paboTHI [9], TaK Kak IpH yCJIOBHAX Halmeil TeOpeMbl, B CITy TeopeMbl 3.1 P </

P, k=0,1,--- ,m—1.

Ciaencrsue 3.4. I[Iycmv N, P u T me owce, umo u 6 meopeme 3.3 a Ny C Ri HEKOMO-
poiti 8.1n. mrozoeparnuk. Ecau pm(n) = pm, (n) npu ecex n € X(Py,), mo mHozouaeH

P hg, -eunepbosurer 0mHocumenvro 6eKmopa T.
HokazareabcTBo. HemocpencTsenno cieiyer u3 TeopeMbl 3.3 u cieacTsus 3.1.

Teopema 3.4. IIycmov N C Rﬁ_ 8.M. MH0202paHHUK Oas Komopozo pm < 1 a P -
MHO20UAEH OM J8YT NepemenHbir, npedcmassennoli 6 eude (1.1). Ecau mmozousen
P, 2unepboauuer no Topdurezy ommocumenvno sexmopa 0 # 7 € R% a mmozounenovl
Py k=1, ---,m—1 ydosaemsoparom caedyrowemy yciosuio: oan aobvx 1 € X(Pp,)
uk>m—1n(1)/(1—px) lkn) > lnn) — (m—Ek)/(1—pn), mo muoeourern P 1/px

2unep60mmeu OMHOCUMENDHO BEKINOPA T .

HokazaTreabcTBo. I3 ycaoBuil TeopemMbl, B CHILy TeOpeMbl 3.2 ¢ HEKOTOPOH IIO-

CTOAHHOII ¢; > (0 mMeeM, 9TO

|P]€(€)| § Clpm.(gah‘ﬂ(g)) 5 € R27 k:()a , M — 1.

Tak KaK ¢ HEKOTOPO# MOCTOAHHON K > 0 B CHILy YCJIOBUS TE€OPMBI

hn(€) < w(1+[€]°™) =: g(€) € € R?
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W CIeJIOBATEIBHO C HEKOTODOH mocTosHHOH ¢y > 0 P(€ hq(€)) < P (£, g(£))

£ € R?, 1o B cuty smemmbr 2.1 P, <9 P,,, Tak KakK ¢ sIBJISETCS MeJJICHHO MeHSIO-

mumiica BecoBoii dyukuueit. Orciona B cuity TeopeMbl 3.3 paborer [9] mosyduaem, 9To

MHOrouiaen P g-FI/IHep6OJII/I‘IeH OTHaCUTEJIbHO BEKTOpa 7 WX 9YTO TO 2Ke CaMoe, y9u-

ThiBasg onpesjesieane Gyukuuu g, P 1/py runepbosmyeH OTHACUTEIHHO BEKTODA T.

Teopema 3.4. nmokazaHa. 0

(1]

2]
3l

[4]

[5]
(6]

(7]
(8]
(9]
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TURAN-TYPE INEQUALITY FOR COMPLEX POLYNOMIALS

S. A. MALIK, B. A. ZARGAR

University of Kashmir, Srinagar, India
E-mails: bazargar@gmail.com; shabirams2@gmail.com

Abstract. Let W(¢) = (ag+a1{+...+an(™) be a polynomial of degree n having all its zeros
in Ty UE,, k > 1, then for every real or complex number a with |a| > 14 k + k™, Govil and
Mctume [7] showed that the following inequality holds

la| — k o] — (1 +Ek+ k™) .
o > —_— .
e D (@) 2 n (8 ) w4 n (2D in o)

In this paper, we have obtained a generalization of this inequality involving sequence of operators

known as polar derivatives. In addition, the problem for the limiting case is also considered.

MSC2020 numbers: 30A10; 30C10; 30C15; 30C909.

Keywords: inequality; polar differentiation of a polynomial; circular region; zeros.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let £ be the space of all complex polynomials W({) = > b,¢" of degree n. For
v=1

each positive real number k let T, = {¢ : || = k}, B, ={¢ € C: (] < k} and

Ef = {¢ € C: |¢| > k} respectively. For any holomorphic function f defined on

Ty, we write ||f|| = sup|f(z)|, the supremum norm of f on T;. The Bernstein’s
zeTy

classical inequality states that
(1.1) max{|W’'(¢)] : ¢ € T1} < nmax{|W(¢)| : ¢ € Ty}

holds for all polynomials W € L. This result is best possible and the extremal
polynomial for (1.1) is W(¢) = a¢™, a # 0. The relationships between the bounds,
their refinements and extensions, and the distribution of zeros of W in a certain
region of C have been studied extensively and has deeply influenced the sequel
of such type of inequalities throughout the decades. Since the equality in the
Bernstein’s inequality (1.1) holds for polynomials which have all their zeros at the
origin, improvement in (1.1) is not possible if we consider polynomials having all
their zeros inside the unit circle. For this reason, in this case, it may be interesting
to obtain inequality in the reverse direction, and in this connection, we have the

inequality ascribed to Turdn[I0], which asserts that
n
(1.2) max{|W'(()]: ¢ € T} = 5 max{|W ()] : ¢ € T1}
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holds for all polynomials W € L having all zeros in Ty U E; . This result is best
possible and the extremal polynomial for (1.2) is W(¢) = ¢"+ 1. One would expect,
the refinement of the lower bound estimate in (1.2) under the condition when W is
free of zeros on T;. This assertion was observed in [I] in which the authors proved

the following inequality under the same hypothesis as of (1.2)
/ n .
. > — .
(1.3) W= S {IW I+ min [W(C[}

Inequalities (1.2) and (1.3) are very useful in proving some well known classical
polynomial inequalities.

For polynomials of a complex variable, we also have the following more general
result, due to Govil [4], which is one of the most known polynomial inequality in

this direction and will be useful for our results. More precisely, the inequality
n
(1.4) W =

> W
holds for all polynomials W € £ having all zeros in Ty UE, , where k > 1. As is
easy to see that (1.4) becomes equality when W (¢) = (™ + k™. Again, excluding the
class of polynomials having all zeros on Ty, then one may expect that the bound
(1.4) could be amended. In this direction, under the same hypothesis as of (1.4), it
was shown by Govil [3] that the following inequality holds good

1. N>
(1) w2

The research on mathematical objects associated with Turdn type inequalities

W+ nin [W(OI}-

has been active over a period; there are many research papers published in a variety
of journals each year and different approaches have been taken for different targets.
The present article is concerned with Turdn type inequalities for the polar derivative
of a polynomial with restricted zeros. Before moving on to our main results, we will

take a moment to introduce the concept of the polar derivative being involved.

Definition 1.1. Let W € L, and « is any complex number, then

=nW(C) + (e — OW'(Q),
is called the polar derivative of W(({). Note that Dap(2) is a polynomial of degree

(1.6)

at most n — 1 and it generalizes the concept of “ordinary derivative” is evident and

convincing from the fact that

(1.7) tim 2V©) iy

a—00 o
uniformly with respect to ¢ for TR UER, R > 0.
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In the polar derivative milieu, all the above inequalities have been widely investigated,
the research in this field has taken many different directions and resulting in slew of
publications see, e.g.,([5], [8], [L1], [6]). In this paper our interest is mainly motivated
upon the study of various versions of inequalities (1.4) and (1.5), their refinements,
strengthening and generalizations in the polar derivative setting by introducing
constraints on the zeros of W € L, the modulus of largest root of W or restrictions
on coeflicients etc. In this contexture, the inequality

n(laf — k)

1.8 D, W > —|W
(19) max | D W (0)] = S W]

holds for all polynomials W € £ which has all its zeros in Ty UE, , £ > 1 and for
every o € C with || > k. This result is ascribed to Aziz and Rather [2]. Another
result in this direction ascribed to Govil and Mctume [7] acts as a refinement of
(1.7) and states that the inequality

—k —(14+k+E"
(19) mae D (O] 2 0 (L) g (LR i g

holds for all polynomials W € £ which has all its zeros in T, UE, , £ > 1 and for
every o € C with |a] > 1+ k4 k™.

Definition 1.2. Given a polynomial W € L, we can construct a sequence of polar
derivatives or so-called higher order derivatives with respect to finitely many poles
as given below
Do, W(C) = nW(() + (a1 = OW'(()
Da2Da1W(C) =n—- 1)Da1W(C) + (aQ - C)(DOUW(C))/

Dat~~~Da2Da1W(<) = (’I’L —t+ 1)‘Dat—1""Da1 W(C) + (at - C)(Dat—l"'Dal W(C))/7

for 2<t<n.

Like the t*" ordinary derivative W) (¢) of W (), the t** polar derivative Dy, ... Dq,
Do, W(¢) of W(() is a polynomial of degree at most n—t. For the sake of simplicity,

we use the following notations:
AL, = (laa| = k) (Jaz| = k)...(|jad| — k),

Ny=nn—1)(n—-2)..(n—t+1).

In this paper we obtain a generalization of inequalities (1.8) and (1.9), and besides
our theorem includes many quality inequalities in this connection as special cases.

To be more precise, we prove
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Theorem 1.1. Let W € L, and W (() has all its zeros in T, UE, , k > 1, then for

every real or complex numbers oy, g, ...,op with o] > 1+ k+ k", i =1,2,...,¢t,
Ny .

(110)  max|Da, Doy D, W(Q) 2 72 AW+ {45, — K} min WO,

where Ky = (1 + k™) (1 + k"7 1)..(1 4 k=),

Remark 1.1. For t = 1, one easily gets inequality (1.9) from Theorem 1.1 and
when there is no information about minimum of a polynomial W () we get inequality

(1.8) as a special case.

If we choose a3 = @y = ... = a; = «, then by dividing both sides of inequality
(1.10) by ||t and letting || — oo, therefore taking (1.7) into consideration, we

obtain the following result.

Corollary 1.1. Let W € L, and W (() has all its zeros in T, UE, , k > 1, then
N, }

(L) mx OQ)| 2 2 {IW1-+ i (70
k
Inequality (1.5) can easily be obtained from above Corollary 1.1 for ¢ = 1.

CET K,
where Ky = (14 k") (1+ k" 1)...(1+ kn=tH).

2. LEMMAS

Lemma 2.1. If all the zeros of an nth degree polynomial W lie in a circular region
C and if none of the points ay,4_1,...,a1 lie in the region C, then each of the
polar derivatives

Da,...Day, Doy, W(C), t=1,2,..,n—1

has all of its zeros in C.
This lemma follows by repeated applications of Laguerre’s theorem [9].

Lemma 2.2. Let W € L, and W(¢) has all its zeros in Ty UE,, k > 1, then for
every real or complex numbers o with |a| > k,
n(|o| — k)

D ()] 2 "8

WO

This lemma is due to Aziz and Rather [2].

Lemma 2.3. Let W € L, and W(C) has all its zeros in T, UE, , k > 1, then for
every real or complex numbers aq, o, ...,y with |o;| >k, 1 =1,2,...t,
Ny
(T+E") (14 k1) (1 + En—tt1)
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Proof of Lemma 2.3. Well, Lemma follows trivially if |«;| = k for at least one
i, 1 < i <t < n. Therefore from now on we will assume that |a;| > k. We will
prove this lemma by mathematical induction. Lemma is true for ¢t = 1 by Lemma

2.2 i.e., if 1| > k then

n(len| - k)
(2.2) Do, WO 2 =5 WOl

Now for t = 2. Except for one value (say a) of ay, Do, W(¢) will be a polynomial
of degree (n — 1). Let us take any ag(a; # a if |a| > k) with |ai| > k and fix it
up. Thus D,, W((¢) is a polynomial of degree (n — 1) and by Lemma 2.1 it has all
its zeros in Ty UE, . Therefore on applying ?Lemma 2.2 to D, W(¢) with a = as,
laa| > k we get,

n—1
> — — .
[ Doty (Do WO 2 17 (o2 = B)[Day, W(O)]
Using (2.2) we have

D (= B el RV

It follows Lemma is true for t = 2. We assume that Lemma is true for t = s i.e.,
for (e Ty and || > k, i=1,2,...,s

|D042D041W(<)|

N A
(1+k’")(1+k"—1)._.(1+kn—s+1)Aag Q)F

and we will prove that Lemma is true for t = s+1, (< n). Again except for one value

(2.3) |Dq....Day Do, W(C)| >

(say o)) of aq, Do, W(¢) will be a polynomial of degree (n — 1). Let us take any
a1 (ay # o) if |ay| > k) with |oy| > k and fix it up. Thus Dy, W () is a polynomial
of degree (n — 1). Now Dy, Do, W(() will be a polynomial of degree (n — 2) for
every am, except for one value ay, (say), of as. Let us take any ao(ag # o if
|lap| > k) with |as| > k and fix it up. Therefore, Dy, Dy, W (¢) is a polynomial of
degree (n — 2). Likewise one can continue and say that D, ...D4, Do, W(¢) will be
a polynomial of degree (n — s) for every for every «,, except for one value als, (say),
of a,. Let us take any o (as # ay if |a,| > k) with |og| > k and fix it up. Thus
D,,...Da, Dy, W(C) is a polynomial of degree (n — s) with fixed o (|as| > k), fixed
as—1(Jas—1] > k),...,fixed a1 (laq| > k) and by Lemma 2.1 D,,_...Dy, Dy, W(() has
all its zeros in T} U E, . Therefore on applying Lemma 2.2 to D, ...D,, D, W(¢)

with o = as41, |asy1] > k we get,

|D (Da, Doy Doy W(C)) (last1] = #)[Da, Doy Doy, W(C),

e
which on being combined with (2.3) gives for ¢ € T; and |as11| > k
nn—1)...(n — s)
(I+E") 1+ k1) (1 + k)
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Further a (o # o, if |a,| > k) with |o,| > k was a fixed element but was chosen
arbitrarily. Accordingly (2.4) is true for every asi1(Jast1| > k) and every a(as #
o, if |a,| > k) with |a,| > &, i.e.
nn—1)..(n —s) &
A w
(I+E) 1+ k1) (1+ k) aas W O)l;

for ¢ € Ty, |oveq1| > k & |as| > k(o # o if o] > k).

|D Dg....Doy Do, W(Q)| >

Os41 «

(2.5)

Now if |a,| > k then for a fixed ag 41 (|asi1]| > k), Dq, Dy, ...Do, Dy, is continuous

function of oy and hence by continuity we can say (2.5) will be true for a fixed as41

and a and accordingly (2.5) will be true for every a1 (|ass1| > k) and a,. Thus

(2.5) is true for every agq1(|asyi| > k) and every aq(|ag| > k). That is
nn—1)..(n—s

(1+ k")gl + kil()(l ?i- kn—s) ];5“ W

for ¢ € Ty, |ast1] > k & |as| > k.

(2.6) |Da,1 Do, Day Do, W(C)| >

’ !
As argued for o, and «, we can argue for as_1 and «a,_; and say that

nn—1)....n —s) i

A W),

(14 k™) (14 kn=1).(1 + kn—s) a3+1| 9]
for € Tufawssl > ko] > £ & s > b

|Da,y Do, - Day Do, W(C)| >

One can continue similarly and obtain

nn—1)..(n—2s)
I4+kM)(14+ kY (14 ks
for ¢ € Ty, |ast1] > k, |as| > ky|as—1] >k, ..., |aa]| >k, |ai| > k.

|D Dg....Doy Do, W(C)| >

Qg1 (0%

(WOl

QXs+1

A

Hence Lemma is true for t = s + 1. This completes the proof of Lemma.

3. PROOF OF THEOREM 1.1

Let m = Crn%rn [W(¢)|, then [W(¢)| > m on Ty. Therefore, for every A with |\ < 1,
€lk

[W(¢)| > |A| on Ty. If W(¢) has a zero on Ty, then m = 0 and the result follows

from Lemma 2.3. Therefore from now onwards we will assume that W (¢) has all

its zeros in E, , where k > 1. By Rouche’s theorem the polynomial
F(Q) =W(¢) + Am

also has all its zeros in E, . Thus, on applying Lemma 2.3 to F(¢) we obtain for
‘O[l' > kv ‘Ck2| > ka"’v ‘th| > k
Ny

Dag,...Da, Do, F(Q)| >
D Da (O (14 k™) (1 + kn=1). (1 + kn—t+1)

AL IF(Q)ls ¢ €Ty,
ie.,
(3.1)
N,
|Da, - Dy Doy, W(C) +mAn(n —1)...(n — t +1)| > #A’;JW(C) +m|, ¢ €Ty,
t

where Ky = (14+E")(1+ K1), (1 4+ kn=+1),
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If we choose the argument of A such that

(W(C) + Am| = [W(C)] + [Alm,

then from (3.1), we get

Do, Doy Do, W(C) + mAn(n —1)...(n —t + 1)

> N

k
2 i, Aa WO+ AIm3,

this gives

N,
[Davy++-Davy Doy W(Q)] + mNi|A| > ﬁAﬁt{lW(Ol +[Alm}, CeTy.

Equivalently

(32)  |DaDas Doy WO = 2 [A5,IW(O]+ N4, — K]

Now letting |A| — 1 in (3.2),we get

Ne [, . ,
> — —
max | Do, Doy Do, W(OI 2 70 | Ao [IW + {Aq, = K} min [W(Q)] ),

which is (1.10) and Theorem 1.1 is thus proved.
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cases.
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1. INTRODUCTION

Let P, := {P € C[z]; degP < n} be the space of all univariate complex

coefficient polynomials P(z) := Y a;z7 of degree at most n and let P’(z) be the
j=0
derivative of P(z). The famous Bernstein inequality for the uniform-norm on the

unit circle states that if P € P,, then
(1.1) ‘m‘ax |P'(z)] < nMj,

z|=1
where here and throughout M; = max.|—; |P(z)| is the uniform-norm of P on the
unit circle. On the other hand, concerning the maximum modulus of P(z) on the
circle |z| = R > 1, we have
(1.2) IHIIa}I;|P(Z)| < R"M;.
Inequality (1.1)) is due to Bernstein [4], while as inequality (1.2} is a simple deduction
from the Maximum Modulus Principle, for reference see ([16], page 346). Equality
holds in ([1.1]) and (1.2)) if and only if P(z) is a non-zero multiple of 2". For P € P,
it is known (see [2] and [12]) that

(1.3) [P(Rz)| +|Q(Rz)| < (R" + 1) M,

where Q(z) = 2"P(2).

For the class of polynomials P € P, not vanishing in the interior of the unit circle,

the inequalities (L.1) and (1.2) have been respectively replaced by the following
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inequalities:

(1.4) fﬁﬁP@HSgMi

and

(1.5) max [P(=)] < 2, R> 1.

lz|=R
Inequalities and are sharp and equality holds for polynomials having all
their zeros on the unit circle. As is well known, inequality was conjectured
by Erdos and later proved by Lax [8], while inequality is due to Ankeny and
Rivlin [I]. As an generalization of , Jain [6] proved the following interesting
result:
Theorem A. If P € P,, then for every 8 with |5] <1, R > 1 and |z| = 1, we have

P%R@+ﬂ<R;1> ‘Q +ﬂ<R+1>cxa'

(1.6) {‘1+B(R;> ‘R"+,8(R;rl) }Ml.

In 2012, Zireh ([17], Lemma 2.6) proved a more general result, which in particular

gives the following generalization of ([1.6]).
Theorem B. If P € P,, then for every 8 with |3] < 1, R>r >k, kK <1 and

|z| = 1, we have
R+k) +¢Quh>+ﬁ(3+*) Qua]

P+ (2
R”+,B<R+k) }Mh

R+k
1
{’ o ( + k) +k
It is topical in the geometric function theory to study the extremal problems of

+ k7"

where Q(z) = (k)"p<k>

functions of a complex variable and generalizing the classical polynomial inequalities
in various directions. Although the literature on polynomial inequalities is vast
and growing and over the years, many authors produced an abundance of various
versions and generalizations of the above inequalities by introducing various operators
that preserve such type of inequalities between polynomials (for example, see [5],
[11] and [I2]). It is an interesting problem, as pointed out by Rahman to characterize
all such operators, and as part of this characterization Rahman in [I2] (see also [9]
or Rahman and Schmeisser [[14], pp. 538-551]) introduced a class B,, of operators
B that maps P € P, to B[P] € P,.

The class of B,-operators: For fixed n € N, Marden ([9], pp. 65) in 1966 defined

and studied the differential operator B that to each polynomial P(z) of degree at
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most n assigns the polynomial

BIP(2) := A P(2) + )\1(%) P'l(!z) N AQ(’?)ZP;(!Z>7

where \g, A1 and Ay are such that all the zeros of

6(2) = Ao + (?) Az + (Z) Ao2?

(1.7) Re(z) <

lie in the half plane

~1 3

In fact, Marden proved that this operator preserves the zeros of the polynomial in a
closed disk, i.e., if all the zeros of P(z) lie in the closed unit disk, then all the zeros
of B[P](z) also lie in the same disk. Usually, such operators are called B,,-operators
(see [14], page 538) and were also extensilvely studied by Rahman [12]. For more
information regarding the B,-operators (see [10], [13] and [14]). The study of such
operators preserving inequalities between polynomials in the geometric function
theory is a problem of interest both in mathematics and in the application areas
such as physical systems. In addition to having numerous applications, this study
has been the inspiration for much more research both from the theoretical point
of view, as well as from the practical point of view. Recently, Rather et al. [I5]
considered the generalized B,-operator N, which carries P € P, into N,[P] € P,
defined by

- nz\" PW(z
(1.8) N, [P)(2) ;:va(z) P
v=0

v!

where \,; v =0,1,2,...,m, are such that the zeros of the polynomial

(19) 0 =3 (1)t msn

lie in the half plane (1.7)).

It is easy to observe that if we take A, = 0 in and for 3 < v < m, then N,
reduces to the B-operator. They established certain results concerning the upper
bound of |N,[P]| for |z| > 1. More precisely, they proved the following results:
Theorem C. If f(z) is a polynomial of degree n having all its zeros in |z| < 1 and
P € P, such that |P(z)| < |f(z)| for |z] = 1, then

(1.10) INu[P](2)] < [Ny[f](2)] for [2] = 1.

Equality in (1.10) holds for P(z) = e f(z), v € R.
Theorem D. If P € P,,, and P(z) # 0 in |z| < 1, then

(111) NP < 5{IM0onl(2)] + Dl bty for 21 1,
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where here and throughout p,, = 2™.

Equality in holds for P(z) = az" +b, |a| = |b] # 0.

Very recently, Mir [IT] obtained the following generalizations of the above inequalities
by considering a more general problem of investigating the dependence of | N, [P(Rz)]—
BNy[P(rz)]| on the maximum of |P(z)| on |z| = 1 for every |5] <1, R > r > 1,
and developed a unified method for arriving at these results. More precisely, Mir
proved the following results:

Theorem E. If f(z) is a polynomial of degree n having all its zeros in |z| < 1 and
if P € P, such that |P(z)| < |f(2)] for |z] = 1, then for any complex number S
with [5| <1 and R >r > 1, we have

(112)  [NIPI(R2) ~ BNPI(r2)| < [Nuf1(R2) — BN [71(2)] for [2] > 1.

Equality in (1.12) holds for P(z) = e!®f(z),a € R.
Theorem F. If If P € P, and P(z) # 0 in |z| < 1, then for every |8| < 1 and
R >1r>1, we have

[NLPI(R2) = BN, [P](r2)|
< 5{ (1" = 571 o] + 1= Bl )
(113) = (1" = BN )] = 11 = Bl ) | for 2] > 1,

where here and throughout m; = min,|—; |P(z)|.

Equality in holds for P(z) = az™ + 8 with |a| = |8| # 0.

The Bernstein-type inequalities are seminal in the field of classical analysis, and over
a period, these inequalities have been studied for different operators, in different
norms, and for different classes of functions. The present paper is mainly motivated
by the desire to establish some new inequalities concerning the N,-operator in the
uniform-norm between polynomials, which in turn yield compact generalizations of
inequalities — and other related results. The essence in the papers of Jain
([6], [7]) and Zireh [I7] is the origin of thought for the new inequalities presented
in this paper.

2. MAIN RESULTS

In this section, we state our main results. Their proofs are given in the next
section. We begin by proving the following inequality giving compact generalizations
of Theorems A and B.

59



A. MIR, A. HUSSAIN

Theorem 2.1. If P € P,, then for |8| <1, R>r >k, k>0, and |z| > 1 with
Q(z) = 2"P(1/z) we have

‘Nv[ )+5(R+:> N,[P](rz)
N [QI (R /) + 6<R++:>N Q(r=/k)
(2.1)
k:n R™ + HB(R-F:) ’Nv[pn |+’1+5(Ti:)n >\0|1Mk7

where here and throughout My = max,|— |P(z)|.

Remark 2.1. One can observe that Theorem 2.1 provides an interesting generalization
of Theorem A. For instance, if in (2.1)), after substituting the value of Ny[pn](z)
and taking A\, =0 forv=1,2,3,...,m, and noting that N,[P](z) = A P(z), we get

Theorem A as a special case when k=r =1.

Theorem 2.2. If P € P,, and P(z) has all its zeros in |z| < k, k > 0, then for
every |B] <1 and R > r > k, we have

. R+k
‘rzr‘u:nl N,[P](R )+ﬁ< —I—k) Ny[P)(rz)
(2.2)

> L ‘ I n/B(R-Fk‘) 1(2)

where here and throughout my, = min|,— |P(2)|.

As in remark 2.1, after substituting the value of N,[p,](2) in (2.2) and taking
Ay =0 for v =1,2,3,...,m, and noting that N,[P](z) = AoP(z), we get a result of
(Zireh [17], when a = 0), see also Dewan and Hans (5], Theorem 1).

Theorem 2.3. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for
every |B] <1 and R > r > k, we have for |z| > 1,

R+k
1], R+kE\" R+k
@3  <i|ilr +6<T+k> Nalonl(2) + Dol + 5 2EE) ]Mk.

Remark 2.2. By taking 5 =0 and k = 1, Theorem 2.3 in particular gives Theorem
D and for suitable choices of Ay; 0 < v < m, it yields inequalities (1.4) and (1.5)

as well.

The above inequality (2.3) will be a consequence of a more fundamental inequality

presented by the following theorem.
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Theorem 2.4. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for
every |8] <1 and R > r >k, we have

R+E\"
r+k

N, [P|(Rz <R+k)
1+ﬁ<

| Nolpn](2)]|

+ Ao

— [ Aol |1

Equality in (2.4]) holds for P(z) = vz™ + 6 with |y| = |§] # 0. We shall now
discuss some consequences of Theorem 2.4. If in (2.4]), after substituting the value
of Ny[pn](z), we get for every |8 <1and R >r >k,

‘NJPKRzy+B<€:f:)nA%VﬂWz)

<3| (e () e S () (5)

+ol|1+ 8 R““) )

(s () 2 )G
(2.5) |>\0|1+B R+k ) ] for |2 > 1,

where \,; 0 < v < m are such that all the zeros of ¢,(z) defined by (1.9) lie in the
half plane (|1.7)).

Remark 2.3. Taking A, =0 forv=1,2,3,....m in and noting that N, [P](z) =
Ao P(z), we get the following result which is of independent interest, because besides
giving generalizations and refinements of and it also provides generalizations
and refinements of some results of Zireh [1T], Dewan and Hans [5] and Jain ([6], [7]).
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Corollary 2.1. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for

18] <1, R>r >k, we have
2
R+ 1 R 4 R+k
‘1+B< +k> )Mk<kn 5( +k>

(2.6) —‘1+B<R+k)n>mk] for |2 > 1.

r+k

Equality in (2.6]) holds for P(z) = vz" + & with |y| = |d] # 0.

Self-inversive polynomial: A polynomial P € P, is said to be self-inversive
if P(z) = (Q(z), |¢| = 1. Finally, we prove the following result for self-inversive

polynomials.

Theorem 2.5. If P € P, is self-inversive, then for |f] <1 and R > r > 1, we
have for |z| > 1,

WPl +5( ) wplea)| < 5| [+ () Il
(2.7)
+|A0|1+5(R:11) M.

Equality in (2.7) holds for P(z) = 2" + 1.

Remark 2.4. For =0, the above result in particular reduces to a result of Rather
et al. ([I5], Theorem 1.4). Taking A\, =0 for v =1,2,3,...,m in and noting
that N,[P](z) = Mo P(2), we get the following result for self-inversive polynomials.

Corollary 2.2. If P € P, is self-inversive, then for |8| <1 and R > r > 1, we
have for |z| > 1,

i (RZ)+B<RLl> P < 5 || ”ﬂ(R“)
(2.8) ’1+,3<Rj:11) ]Ml.

For = 0, the inequality (2.8]) shows that the inequality (1.5) also holds for self-
inversive polynomials.
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3. AUXILIARY RESULTS

In order to prove our main results, we need the following lemmas.

Lemma 3.1. (3]) If P € P, and P(z) has all its zeros in |z| <k, k >0, then for
every R >r and rR > k?,

R+E

P = (EE) 1P for 1el =1,

If we take 7 = s = 1 and 0 = § in Theorem 1.1 of Rather et al. [T5], we get the

following:

Lemma 3.2. If all the zeros of polynomial P € P, lie in |z| < 1, then all the zeros
of Ny[P(z)] defined by (1.8)) also lie in |z| < 1.

We now prove the following lemma from which we can obtain Theorem C as a

special case.

Lemma 3.3. If f(z) is a polynomial of degree n having all its zeros in |z| <
k, k>0, and P € P,, such that |P(z)| < |f(2)| for |z| = k, then for every |B] < 1,
R>r >k and for |z| > 1,

R+k

‘Nv [P](Rz) + 8 <T+k> an [P(rz)

R4k

Nlf1(Re) + 5 BEE) w1

<
- r+k

Proof of Lemma 3.3. By hypothesis |P(z)| < |f(z)] for |z| = k, therefore any
zero of f(z) that lies on |z| = k is also a zero of P(z). On the other hand, for every
¢ € C with |¢] > 1, we have |P(z)| < |(f(2)|, for |z| = k, when all the zeros of f(z)
lie in |z| < k, it follows by Rouché’s theorem that all the zeros of the polynomial
g(z) = P(z) — (f(#) lie in |2z| < k. On applying Lemma 3.1 to the polynomial g(z),
we have

R+k

7‘—|—k) lg(rz)| for |z| = k.

(o) > (

Since g(Rz) has all its zeros in |2| < % < 1. Therefore, if 8 is any complex

number such that |3 < 1, it follows that all the zeros of the polynomial g(Rz) +

ﬁ(fiﬁ) g(rz) also lie in |z| < 1. Applying Lemma 3.2 and noting that N, is a

linear operator, we conclude that all the zeros of the polynomial

R+k

5= Mgl +5( ) Wl
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lie in |z| < 1, for every 8] < 1 and R > r > k. Replacing g(z) by P(z) — (f(z), we
conclude that all the zeros of the polynomial

I = NufPYRe) + 5( ) NPl

~¢ [Nv e+ 5(2EE) i <rz>]

lie in |z| < 1 for all real or complex number 8 with |8] < 1 and R > r > k. This

implies,

PR+ 5( ) e

R+k
(3.) < [t + 5(2EE) Wlea)| tor 2 1
If inequality is not true, then there is a point z = zg with |zg| > 1, such that
R+k
‘Nv[ )+B< +k> Ny [P)(rz)
R+k
> [l + () Wl

Taking

N,[P](Rz) + B(ﬂ*,f) N, [P](r2)

M) +5( 2 ) N1

so that |¢| > 1 and with this choice of ¢, we have J(z9) = 0 for |z9| > 1, which is
a clear contradiction to the fact that J(z) # 0 for |z| > 1. Thus for every complex
number S with |§] < 1 and R > r > k, we have (3.1) holds. This proves Lemma
3.3 completely.

Remark 3.1. On applying Lemma 3.8 with f(z) = Mpz"/k", giving us the following
inequality:

NPl >+5(R+,’j) N,[P](r)

(3.2) < ’ R ”ﬁ(RJ“k)

Lemma 3.4. If P € P, and P(z) # 0 in |z| < k, k > 0, then for every |B] < 1
and R > r > k, we have

N

1(2)| My for |2 > 1.

R+k
B ) Ml
R+Ek
+k
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Proof of Lemma 3.4. Since P(z) # 0 in |z| < k, therefore, all the zeros of
polynomial Q(z/k?) lie in |2| < k. Also |k"Q(z/k?)| = |P(2)]| for |z| = k. Applying
Lemma 3.3 to P(z) with f(z) replaced by k"Q(z/k?), we get for every |3| < 1,
R>r>kand |z| > 1,

P 2+ 5(2EE) Mlple)

NQIR= 1)+ 5( ) i faitrai)|

< k™|N,

4. PROOFS OF MAIN RESULTS

Proof of Theorem 2.1. Let M), = max|;— |P(2)|, then by Rouché’s theorem
the polynomial U(z) = P(z) — (M}, has no zeros in |z| < k for every ¢ € C with
|| > 1. On using Lemma 3.4 to U(z), we have for |3] <1 and R>r >k,

)R+ 5(EEE) e
< k" N,[L ](Rz/k2)+5<R::> Ny [L](rz/K?))|,

where L(z) = 2"U(%) = Q(z) — (2" M. Using U(z) = P(z) — (My, L(z) = Q(z) —
(2" M, and the fact that N, is linear and Ny[1] = Ao, we get from above inequality
for || <1,|z2|>1and R>r >k,

| [P ](Rz)+[3<RI:) Ny[P](rz) — AOCMk[Hﬂ(R::) ]

Q)+ (B ) Nl

(4.1) M, [Rn i ,B(R““H Nolpnl(2)],

< k"|N,

k2n r+k

where Q(z) = 2"P(1).
Now choosing the argument of ¢ suitably on the right hand side of (4.1)) such that

el e/ + () Nl
_ [R” o(BEE) vl
K,Ln B nﬁ<R+k> ()|
- Nire) +5(EE) W alre/i)|
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which is possible by applying inequality (3.2)) to the polynomial Q(z/k?) and using
the fact that max,—y |Q(z/k%)| = My/k", we get for [3| <1, R > r > k and
2] = 1,

|N[ ) +5( ) W pira) - |Ao|<;|Mk1+ﬁ(Rj,f>
< |C1\€Mk n5<R+k> )|

R+k

N,[QI(Rz/k?) + B <> an [Q(rz/K?)|.

X
r+k

The required result follows on making |¢| — 1.

Proof of Theorem 2.2. Let m) = min|,|—; |P(z)|. In case mj, = 0, there is
nothing to prove. Assume that my > 0, so that all the zeros of P(z) lie in |z| < k and
we have, mk|z/k:|n < |P(z)| for |z| = k. Applying Lemma 3.3 with f(z) replaced
by my, (z/k;)n, we obtain for every [8| <1 and R > r >k,

N[PY(R )+B<R+:> No[P)r2)

’Rn ”B(R+k>

min
|z]=1

:ZC )‘mlm

which is inequality . This completes the proof of Theorem 2.2.

Proof of Theorem 2.3. The desired result immediately follows by combining
Lemma 3.4 and Theorem 2.1.

Proof of Theorem 2.4. The result follows obviously in case P(z) has a zero on
|z| = k (by Theorem 2.3). Therefore, we assume that P(z) has all its zeros in |z| > k,
so that mjy = min|,— |P(2)| > 0. Now for every real or complex number ¢ with
|| < 1, it follows by Rouché’s theorem, that the polynomial U(z) = P(z) — {my
does not vanish in |z| < k. On applying Lemma 3.4 to the polynomial U(z) and
noting that N, is a linear operator with N,[1] = Ao, we get for every |8] < 1,
R>r>kand |z| > 1,

R+k

ol + (T

) N [U)(r2)

niRsi) + 5 BEE) e )|
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where L(z) = 2"W (). Equivalently,

NJIPI(R >+5(R+k) Ny[PJ(rz) - CAomk{Hﬂ(R*’“H

+k +k
< k"N, [Q }(Rz/k2)+ﬂ<Ri:> N [Q)(r2/k?)
(12) im’f[ “5(“5) ]Nv[m(z) for 2] > 1,

where Q(z) = 2" P(2).
Now choosing the argument of ¢ on the right hand side of (4.2) such that

el + (T ) Nl

R C== I NEAE
= wr{MlQire /) + 5 BEE) Nllra)

|C]Lr:k n5<R+k> )|

which is possible by Theorem 2.2 applied to Q(z/k?), we get

NJ[PI(R >+/3(Rj,’j) No[P](r2)| - |<||Ao|mk1+ﬁ(RLf)
< |m0 }(Rz/mw(ﬁ,’j) N [Q)(r2/k)

o)

|Nv[pn}(z)|mk for |z| > 1.

This gives by letting |¢ | — 1,

wPIRe) + 5 EEE) i) < |l ek + (2R
43 [lr e (BEE) bl - bl 5( L)

Inequality (4.3) in conjunction with Theorem 2.1 yields (2.4). This completes the
proof of Theorem 2.4.

Proof of Theorem 2.5. By hypothesis P € P, is self-inversive, therefore P(z) =
€Q(z), |¢] = 1. It gives for every |8 <1, R >r > 1 and for all z,

R+1 R+1

- BEL) Wil

‘Nv[ )+5( > N, [P](rz)

‘N Rz)+6(
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The above equality when combined with Theorem 2.1 (for k = 1) yields (2.7)). This
completes the proof of Theorem 2.5.
Acknowledgement: The authors are very grateful to the anonymous referee

for constructive suggestions which improved significantly the presentation of the

paper.
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FURTHER RESULTS ON SHARED-VALUE PROPERTIES OF
f'(z2) = f(z+¢)
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Abstract. In this paper, we will continue to consider “under what sharing value conditions,
does f(z) = f(z+c) hold?” For example, we prove the following result: Let f(z) be a meromorphic
function of hyper-order strictly less than 1, and let a,b be two distinct constants. If f/(z) and
f(z + ¢) share co CM and a, b IM, and if N(r, f) = O(N(r, f)), (r — c0), then f'(2) = f(z + c).

The research also includes some improvements of earlier results of such studies.

MSC2020 numbers: 39B32; 30D35.

Keywords: uniqueness; meromorphic function; differential-difference equation.

1. INTRODUCTION

In the study of complex differential equations, Nevanlinna theory has a wide
range of applications. In addition, with the difference correspondence of the logarithmic
derivative lemma obtained by Chiang-Feng [4], and Halburd-Korhonen [7] respectively,
the complex domain differences and the complex difference equations have also been
rapidly developed. The related results, readers can refer to [3].

The study of complex differential-difference equations can be traced back to
Naftalevich’s work in [6, 16} [I7], but the results of using Nevanlinna theory to
study differential-difference equations are relatively limited, the reader is invited to
see [Bl @, 111, 13, [14].

The delay equation f'(z) = f(z—k), (k > 0) have been studied extensively in real
analysis. The related results can be found in [I]. Inspired by such results, Liu and
Dong [12] discussed the properties of the solutions of complex differential-difference
equation f'(z) = f(z + ¢), (¢(# 0) € C) by using Nevanlinna theory.

We have tried to clarify the form of the solutions to the equation f'(z) = f(z+c¢),
but unfortunately, this attempt has not been successful. Then, we investigated this
equation from another point of view, namely, “under what sharing value conditions,
does f'(z) = f(z+ ¢) hold?” And in [I8, Theorem 1.4|, we obtained:

IThe work was supported by the NNSF of China (No. 12061042) and the NSF of Shandong
Province (No. ZR2018MA021, ZR2022MAO071).
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Theorem A. Let f(z) be a transcendental entire function of finite order, and let
a(£0) e C. If f'(2) and f(z+ ¢) share 0, a CM, then f'(z) = f(z+¢).

Afterwards, for entire functions, Qi et al. improved Theorem A to “share 0 CM
and a IM 7 in [19, Theorem 1.2] and “share two distinct constants a,b CM” in [20,
Theorem 2.1|. Further, Huang and Fang |10, Theorem 1] improved the value sharing
assumption to “share two distinct constants a, b IM”. In addition, some authors tried
to extend Theorem A to meromorphic functions:
Theorem B [19, Theorem 1.1]. Let f(z) be a non-constant meromorphic function
of finite order, and let a(# 0) € C. If f'(z) and f(z + ¢) share a CM, and satisfy
flz+¢)=0—= f'(z) =0, f(z4+¢) =00 + fl(z) = o0, then f'(z) = f(z+ ¢).
Further, f(z) is a transcendental entire function.
Remark. Let z,(n = 1,2,...) be zeros of f — « with multiplicity v(n). If z, are
also v(n) multiple zeros of g — « at least, then we write f = o — g = «, where
a € CU{oo}.

From Theorem 2.1 in [2], we know that:
Theorem C. Let f(z) be a non-constant meromorphic function of hyper order
p2(f) < 1. If f(2) and f(z + ¢) share 0,00 CM and 1 IM, then f'(z) = f(z+¢).

In this paper, we will continue to consider the above question as f(z) is a
meromorphic function. We, for instance, get “Let f(z) be a meromorphic function
of hyper-order strictly less than 1, and let a,b be two distinct constants. If f'(2)
and f(z + c) share oo CM and a, b IM, and if N(r, f) = O(N(r, f)), (r — o0), then
f'(z) = f(z+ ¢).” The reminder of this paper is organized as follows: In Sections 3
and 4, we will improve Theorem B and Theorem C, respectively. In Section 5, we
will give some partially shared values results for f/'(z) and f(z + ¢), which can be

seen as the improvements of Theorems B and C as well.

2. LEMMAS

Lemma 2.1. [8, Theorem 5.1] Let f(z) be a meromorphic function of hyper-order
strictly less than 1. Then,

(1220 (1LY s

Throughout the paper, we denote by S(r, f) any quantity satisfying S(r, f) =

o(T(r, f)) as r — oo outside a possible exceptional set of finite logarithmic measure.

Lemma 2.2. [22] Lemma 1.2] Let f1(2), f2(2) be two meromorphic functions, then

1 1 1
N(r,flfg)N<r,flfQ) N(r,fl)JrN(r,fg)N(r,fl) N(r,f2>.
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Lemma 2.3. [15],[2I, Theorem 1.13] Let f( ) be a non- constant meromorphic

function, and R(f) = ng;, where P(f) = Z a;ft and Q(f) = Z B;f? are two

mutually prime polynomials in f(z). If the coefficients {a;(z)}, {ﬁ]( )} are small
functions of f(z) and ap(2) 0, By(2) £ 0, then

T(r,R(f)) = max{p,q} - T(r, f) + S(r, f).

=0

Lemma 2.4. Let f(z) be a non-constant meromorphic function of hyper-order

strictly less than 1, and let aq,...,a, € C, p > 2, be distinct points. Then,

. 1
(0= T (e +0) < SN (1 gy ) = N (e +0)

N(rvfl) - N (Ta J}/) +S(va)
Proof. Let

P
H (z+¢) —ag),

k=1
then we have
1 u by
2.1 [ . —
2 PG T

for some constants bg. From Lemma [2.1] and the lemma of logarithmic derivative,

we have

f _ f flz)—ar 1\ _
en () T (e e T )~ SO
Hence, by and , it follows that

() < Som (st ) s =St

k=1

From the above equation, we get
R R

From ({2.3)), we have
1
m(r, ,>+N<T )—i—O()

QSRR

1
(e ak)+N<nf,>+S(r,f),
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which means

m(r,f(z+c))+lim(“ f(z+1c>—ak>

< mlr, f) + N, ) + T(r (2 + &) — Nr, f(z + ) N ( 1) S )

f/

f ,
<m ( M) T mlr, f(z 4 ¢)) + N(r, ')+ T(r, f(z + )
SN f(z40) — N (r, ;) + S0 )

— 9T, f(2 4 ¢)) — 2N(r, (= + ) + N(r, f') — N (7«, 1) + S0 ).

f
Therefore,
0= DTO A+ ) < SN (n = ) ~ NS+ 0)
k=1
FN@ )~ N (r, ;) + S0 ).

From Lemma 8.3 in [§] and Lemma we have the following lemma:

Lemma 2.5. Let f(z) be a meromorphic function of hyper-order strictly less than

1, then we have

N(r, f(z+¢)) = N(r, /) +S(r, f), N(r,f(z+¢)) =N(r, f) + S(r, f),

and

T(r,f(z+¢) =T(r, f) + S(r, f).
Lemma 2.6. Let f(z) be a meromorphic function of hyper-order strictly less than

1. If f'(2) and f(z + c) satisfy f(z +¢) = 0o + f' = oo, then N(r, f(z +¢)) =
N(r, f')=N(r,f) = S(r. ).

Proof. By the assumption and Lemma we have
N(r. f)+ N, f) =N(r. f) < N(r, f(z+ ) + S(r, f)
= N(r, )+ 5, f),
which means that
N(r, f)=5(r, f),
and

N(r, f(z+¢)) = N(r,f') = N(r, f) = S(r, ).
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Lemma 2.7. [2I] Lemma 4.3] Suppose that f(z) is a non-constant meromorphic
function and P(f) = apf? + ap—1fP~1 + -+ + ao (ap # 0) is a polynomial in f(z)
with degree p and coefficients a; (i = 0,1,...,p) are constants, suppose furthermore
that b; (7 =1,...,q) (¢ > p) are distinct finite values. Then,

P .
m(r, (f_bl)(f—b2)~..(f_bq)> = S(r, f).

Lemma 2.8. Suppose that f(z) and g(z) are meromorphic functions such that
N(r,f)=N(r,g) = S(r, f) and a,b are two distinct finite values. Let

([ I’ q g
V@)_<f—a_f—b)_<g—a_g—b>'

If V(2) =0, then either

2T(r, f) < N (r’fl—a> +N (n fl—b> + S(r, f),
or
f(z) = g(2)
Proof. From V(z) = 0, we have
f—a g—a
(2.4) f—biAg—b’

where A is a non-zero constant. If A = 1, then we obtain f(z) = g(z). If A # 1,

then it follows from ([2.4) that
A-1f—5 a—b

A f-b  g-b

Since N(r,f) = N(r,g) = S(r,f), we get N(T, fAlba> = S(r, f). Clearly,
A—1

‘?41’:1‘1 # a and ibjla = b, and then from the second main theorem, we obtain

2ﬂnﬂ§N<yﬁw>+N<yﬁw>+ﬂnﬁ

3. THE IMPROVEMENT OF THEOREM B

Proposition 3.1. Let f(z) be a non-constant meromorphic function. If f’(z) and
f(z+4c¢) satisfy f(z+¢) =0 —= f/ =0and f(z+c¢) = 00 + f' = o0, then f(z)
must be transcendental.
Proof. Suppose f(z) is a non-constant rational function. Then, set
P(z)
f(z) = :
=356

where P(z) and Q(z) are two mutually prime polynomials. Hence,

f/(Z)(P> :P/prQlipl

Q

Q> Qi
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and
_ P(z+¢)
f(Z+C)— Q(Z+C)7

where P; and 1 are two mutually prime polynomials. If Q(z) is not a constant,

then by the assumption that f(z + ¢) = co « f/(2) = 00, we have

Q1(z2)=0—-Q(z+c¢)=0.

Let z; is a zero of Q(z), then we have Q1(z1) = 0, and so Q(z1 + ¢) = 0. From
Q(z1+c¢) = 0, we have Q1 (2z1+¢) = 0, which implies that Q(z1+2¢) = 0. Continuing
inductively, we get that Q(z; + ne) = 0, which is impossible. Hence, Q(2) is a
constant. And so, f(z) is a non-constant polynomial. Suppose deg f(z) = p > 1,
then we know the number of zeros of f(z + ¢) is p and the number of zeros of f’
is p — 1, which contradicts the assumption f(z 4+ ¢) =0 — f’ = 0. (Here, multiple
zeros are counted to their multiplicities.) Therefore, f(z) is transcendental.
Remarks. (1). Proposition 3.1 is an improvement of Theorem B and [2 Proposition
1]. Moreover, Proposition 3.1 leads us only to consider the condition that f(z) is a
transcendental meromorphic function in this paper.

(2). The main ideas of Proposition 3.1 and Theorem come from Theorem B,
however, the key way of proof is somewhat different. Hence, for the convenience of

the reader, we provide the proof.

Theorem 3.1. Let f(z) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a(# 0) € C. If f'(2) and f(z+c) satisfy f(z+c) =0 —
/=0, fz+¢c)=a— f'=a and f(z+¢c) =00 + [ =00, then f'(z) = f(z+¢).

Proof of Theorem Suppose that f'(z) #Z f(z + ¢). Set
f/
fz4c)
Then, we see F(z) # 1. Further, from the assumption f(z+¢) =0 — f' =0 and

(3.1) F(z) =

f(z4+¢) = 00 « f' = oo, we know that F(z) is an entire function. Moreover, we

have

=m|r f—lif =5S(r
(3.2) m(r, F) = (’ff(z+c)) S(r, f).
Hence,
(3.3) T(r,F)=S(r,f).

By the assumption that f(z 4+ ¢) =a — f/ = a and (3.3), it follows that

(3.4) N(r, m> SN<T, Fl_1> + 8(r, f) = S(r, f).
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From Lemmas (3.4, and the sharing values assumption, we obtain that
T(r,f) =T(r, f(z+ )+ S(r, f)

<<N07@1@>eNQj)yﬂNmﬁ—Nmﬂvwm
N (r, f(zjc)_a) + S0 f) = S(r, f),

which is a contradiction. Therefore, f'(z) = f(z + ¢).

4. THE IMPROVEMENT OF THEOREM C

When f(z) is meromorphic, all the previous results were around the condition
“f'(z) and f(z+c) share 0, «”. What happens if f/ and f(z+ ¢) share two arbitrary
constants? In this part, we will give some results on the sharing value assumption
that “2 IM” for meromorphic functions. As a corollary, we will get an improvement
of Theorem C in Theorem
Proposition 4.1. Let f(z) be a meromorphic function of hyper-order strictly less
than 1, and let a,b be two distinct constants. Suppose f'(z) and f(z + ¢) share
a, b IM and satisty f(z+¢) = o0 + f/ = o0. If f/(2) £ f(z+¢) and N(r, f) =
O(N(r, f)), (r — 00). Then,

(1)
T(r. f") =T(r, f(z +c)) + S(r, f).
(2)-

_ 1 — 1
T(T,f(Z+C)) =N (7‘, f(z—l—c)—a) +N (T, f(z—i—c)—b) —|—S(7‘, f)
(3).
. (r flz+c)—d
b) f, —d

Proof. (1). Since f(z+¢) = 0o + f’ = 0o, we have N(r, f(z +¢)) = N(r, ') =

N(r, f) = S(r, f), from Lemma And N(r, f) = O(N(r, f)), (r — oo) means
that

) = S(r, f), where d(# a,b) € C.

N(r,f) <kN(r, f) + S(r, f) = S(r, f),

where k is a positive number. Hence,

(4.1) N(r, f(z+¢)) = N(r, f) + S(r, f) = S(r, f),
and

(4.2) N(r, f') < N(r, f) + N(r, f) = S(r, f).
Set

) i = T~ 1)

C (fleto—a)(f(z+c)=b)
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Noting f/(z) and f(z + ¢) share a, b IM, we obtain the zeros of f(z + ¢) —a or

f(z + ¢) — b are not poles of H(z), by using an elementary computation. Hence, it

follows from and that
(4.4) N(r,H) <2N(r, f(z+¢)) + N(r, f') + S(r, f) = S(r, f).

Rewrite as

f'(z+c)f(z+c) flz+c)—Ff
(f(z+e)—a)(f(z+¢c)—=b) flz+c) °
It follows from Lemma and Lemma that

m<1" f'z+aof(z+¢)
(fzt o) —a)(f(z+¢) D)
Moreover, by Lemma and the lemma on the logarithmic derivative, we obtain

m (LI o (i L) 50 = s,

H(z) =

> = S(r, f(z+¢)) = S(r, f).

Therefore,
(4.5) T(r,H) = S(r, f).
Rewrite ([£.3) as

H((2)f*(z+c¢) = (a+b)H(2)f(z+c)+abH(2) = f'(z+c)f(z+¢) = f'(z+ ) f.
Note f'(z) # f(z + ¢), we have H(z) # 0. Further, from and (£.2), we get
2T(r, f(z+¢)) = T(r, f'(z+ ) f(z + ¢) — f'(z+ ) ') + S(r, f)

=m(r, f'(z+c)f(z+¢) = f'(z+ ) f) + S(r. f)

< (5 PEXIC LD ZTELILN i :-4.0) 4 m(r £+ 5(0,)

fz+o)f
ST(r, fz+¢) +T(r, )+ S(r, ),

which means that

(4.6) T(r, f(z+¢) <T(r, f) + S(r, ).

On the other hand, from Lemma and Lemma we conclude that
47 T, f) <T(r f)+N(r f)+8(r, f) =T(r f(z+ )+ S(r, f).
Combining and , it follows that

(4.8) T(r, f") =T(r, f(z + ) + S(r, f).
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(2). From (4.1), (4.2), (4.8), the second fundamental theorem and the value sharing

condition, we have

T(r, f') =T(r, f(z +¢)) + S(r, f)
(rreraa) ¥ (e ) ¢
(o) () e
(r, f' = f(z4¢) + S(r, f) =m(r, f' — f(z

+
S iGto
(n I D) b st )+ 500)

IA
=

A IA
R

IN
3

o f
<m <T’f(z+c)f) +T(r,f(z+¢)+ S(r, f)

<ST(r, f(z+0e)+ S f)=T(r, ')+ S(r, f),
which means that

49) T(flz+0) =N <r, f(z—i—lc)—a) Iy <r, f(zjc)_b) + S0 f),

and
T(r,fY=N{r 1 +N|(r L + S(r, f)
) - ) f/ —a ) f/ _ b ) M
(3). From the second fundamental theorem, Lemma [2.6| and (4.9)), we obtain that
2T(r, f(z +¢))

SN(T, f(erlc)_a> +N(T,f(z—|—10)—b> +N<r7f(22-i-10)—d)
+ N(r, f(z+¢) + S(r, f)

T(r,f(z+¢))+N (r, + S(r, f) <2T(r, f(z+¢)) + S(r, ).

era=a)

Hence, we have

T(r,f(z+¢)) =N (73 f(z+1c)—d) +S(r, f),

which means that
1
(4.10) m (r, f(z+c)—d> = S(r, f).

Further, we know

n(n 5 a)
(4.11) <m (r, f(z+f;)—d> +m (r, f(zjc)_d> +S(r, f)

f! f—d B
Sm(r,f_df<z+c)_d>+5(r,f)S(r,f).
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Similarly, we have
1
(412) m (7', f/—d> = S(T', f)
From (4.1)), (4.2), (4.8), (4.10), (4.12) and Lemma we have

m(erM(Ti‘cH
N(r, z+c d)
o T,( )
=N(’*f<f+c 7) - ()
(Fera=a) - ("7

) S0, 1)

+S(r, f)

2

r,

f/
‘T<“ﬂz+c d) m(“fz+c d)

—T(r,f,1_d>+m( f,l_ )+S( f)
=T(r,f(z4¢) =T(r, )+ S(r, f) = S(r, f).

Combining this equation and (4.11]), we get

flz+c¢)—d f—d
41 JETO 78N - - .
in) o (n ISR (o L ) 8t = 0.
Theorem 4.1. Let f(z) be a meromorphic function of hyper-order strictly less than
1, and let a,b be two distinct constants. If f'(z) and f(z + ¢) share a, b IM and
satisfy f(z +¢) = oo <+ f' = oo, and if N(r,f) = O(N(r, f)),(r — 00), then
f'(z)=f(z+0).

As a corollary of Theorem [{.1] we are easy to get the following result:

Theorem 4.2. Let f(z) be a meromorphic function of hyper-order strictly less than
1, and let a,b be two distinct constants. If f'(z) and f(z + ¢) share co CM and a,
b IM, and if N(r, f) = O(N(r, f)), (r — o0), then f'(z) = f(z + c).

Question. If we omit the condition that "N (r, f) = O(N(r, f)), (r — 00)j%, would
Theorems [£.1] and 2] still valid?
Proof of Theorem Suppose that f'(z) # f(z + ¢). Set
f"(fz+0) = 1)

(f' —a)(f' =b)
Using the same argument of H(z), we have that U(z) # 0 and N(r,U) = S(r, f).
Further, from the lemma on the logarithmic derivative and the conclusion (3) of
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Proposition 4.1, we have

)= ({5 ) ()
<m (n L5720 ) st
=S, f).
Hence,
(4.15) T(r.U) = S(r. f).

Define Sgg(m,n)(c) for the set of those points z € C such that z is an a-point of
F with multiplicity m and an a-point of G with multiplicity n. Let N, (7, ﬁ)
and N(m,n) (r, %ﬂ) denote the counting function and reduced counting function of
F with respect to the set Spc(m,n)(a), respectively.

Let 21 € Sp/ef(240)(m,n)(a). Substituting the Taylor expansion of f’ and f(z+c)
at z1 into (£.3), [@:14), by calculating carefully, we conclude that mH (z1)—nU (z1)
0.

If mH = nU for some m,n, then we have

(4.16) m(}c(f;(jgc_)a—f(]:ﬁgc_)b):”<f/fja_f'fzb>'

(eso) =a(5=3)

where A is a non-zero constant. Suppose m # n, then from Lemma [2:3] we get

Hence,

nT(r, f') = mT(r, f(z + c)) + S(r, f),

which contradicts the conclusion (1) of Proposition 4.1. Hence, m = n. From (4.1)),
(4.2), (4.16) and Lemma it follows that

2T(r, f(z +¢)) <N (r, f(z—l—lc)—a> +N <r, f<z+lc)_b> +S(r, f),

which contradicts the conclusion (2) of Proposition 4.1.

If mH # nU for all m,n, then we get

— 1 1
N(nl’n) (T, f(z—i—c)—a) S N (7’, M) = S(T, )

Similarly, we also get

— 1 1
Vo (7 g a=s) <N (7 ) = 5609

Hence,

417y N L N ! =5

(4.17) (m,n) <T’f(z+c)—a> + N (m,n) <T’f(z+c)—b> =S(r, f).
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From (4.17) and the conclusions (1)-(2) of Proposition 4.1, we get
T(r,f(z+¢))

) mn <N(mn) ( "f(z+0) —a>  Nmn) <T7 f(z+¢) —b>> +5(r,f)
_ 1 B 1
- <N(m7n) <r’ f(Z+C)—a> + N <r’ f(Z+C)—b>> +S(r, f)
1 1 X
<3 3 (Yo (r7r=a) Yo (n 7 3)

which is a contradiction. Therefore, f/'(z) = f(z + ¢).

5. SOME PARTIALLY SHARED VALUES RESULTS

In this part, we will give two partially shared values results related to theorems
B and C.

Theorem 5.1. Let f(2) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a(#£ 0) € C. If f'(2) and f(z+c) share a IM, and satisfy
fz+¢)=0—=f' =0, f(z+c¢) =00+ [ =00, then f'(z) = f(z +¢).

Proof of Theorem [5.1l Set
7
flz+¢)
If F(z) =1, then we have f' = f(z4¢). In the following, we suppose that F(z) # 1.
Then, by the the same argument of Theorem we know F'(z) also satisfy

(5.1) F(z) =

(5.2) T(r,F)=S(r,f).

In addition, from (5.1)-(5.2)), and Lemma it follows that

(5.3) T(r,f")=T(r,f(z+c) + S(r, f) =T(r, f) + S(r. f).
Hence,
(5.4) S(r. f') = S(r, f(z +¢)) = S(r, f).
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Further, since f’ and f(z + ¢) share a IM, we get

— 1 — 1 — 1
N(r’f’—a> :N<r’f(z—|—c)—a> SN(T,f(gJ,rC)_l> —|—S(’I",f)
S

(5.5) 1

=¥ (ry ) S0 S T F) 4 8(0.) = S(.5)
Set
(5.6) Glz) = 7 e+

F—a Je+o-a
In the following, we distinguish two cases.
Case 1. If G(z) = 0, then we have

(5.7) f'—a=A(f(z+c) —a),

where A is a non-zero constant.

If A=1, then ' = f(z + ¢). In the following, we suppose that A # 1, then by
and A # 1, we can immediately get f(z+ c¢) # 0. Hence, 0 is a Picard value of
f(z+¢c), then it follows from (5.4)-(5.5)), Lemma and the second main theorem
that

— 1 — 1
101G+ < ¥ (r 705 )+ ¥ (s =)
+N(r, f(z+0) + S(r, f(z + ) = S(r, f(z + ¢)),
which is a contradiction.
Case 2. If G(z) £ 0, then by and the lemma of logarithmic derivative, we

obtain
m(r,G) = S(r, f).
Further, by (5.5) and Lemma we get
— — 1
N(T,G) S N(T’, /) +N (T, f’a>

N (1) + N ( f(l) LS f) = S(r. f).

z4+c¢)—a
Therefore,
T(n G) - S(T, )
According to (5.1]), we have
(5.8) "=F'f(z+c)+ Ff(z+c).

Substituting (5.1) and (5.8)) into (5.6), we get
_ F'f(z4+c¢)+Ff'(z+¢) f'(z+¢)

Ff(z4+c¢)—a flz+¢)—a’
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which means that
(5.9) (FG—F)f*(z+¢)+ (aF —aG(1+ F))f(z+¢)+a’G = a(l - F)f'(z +c).
If FG — F’ # 0, then by Lemma and , we have
2T(r, f(z+¢)) =T(r, f'(z + ¢)) + S(r, f(z + ¢))
ST(r, f(z+¢) + N(r, f(z+ ) + S(r, f(z + )
ST(r, f(z+¢) +S(r, f(z+0),

and so, T(r, f(z + ¢)) = S(r, f(z + ¢)), which is impossible. Hence, FG — F' = 0.
Namely,

Fo_g- 1" I+
F = fl—a f(z+c¢)—a’
which implies that
’ o
(5.10) ' o_p f-a

flz+¢) flz+c¢)—a’
where B is a non-zero constant. Note that f’ and f(z 4 ¢) share a IM.
If a is a picard value of f’ and f(z + ¢), then f" and f(z + ¢) share a CM. From
Theorem B, we have f' = f(z + ¢).
If a is not a picard value of f’ and f(z+c), then compare both side of (5.10)), we

also get f/ and f(z+c) share a CM. Otherwise, suppose z3 is a common zero of f'—a

and f(z + ¢) — a, then from 1) we have 1 = fj(c;(;j)c) =0orl= f{;(;fi) = 00,

which is impossible. Hence, from Theorem B, the conclusion holds as well.

Theorem 5.2. Let f(z) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a,b be two distinct non-zero constants. If f'(z) and
f(z+ce) satisfy f(z4¢c) =a— f ' =a, f(z4+¢) =b— f' =0, f(z+c) =0 + f/ =0
and 6(0, f) > 0, then f'(z) = f(z +¢).

Here, we define 6(0, f) as following

N(r. L
5(0,f)=1- lirri)sup TE:’ Jf))

Question. If we omit the condition that {°6(0, f) > 0j%, is Theorem still valid?
Proof of Theorem Suppose that f'(z) # f(z + ¢). Set
f
TGro
Similarly as above, we know F(z) # 1. And the equation also holds, namely,

(5.11) F(z) =

m(r, ') = S(r, f).
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Combining this equation, Lemma [2.5] and the assumption that f(z + ¢) = oo +
f' = oo, it follows that

(5.12)

T(r, F) =N(r, F) + S(r. f) < N ( ) S f)

o
flz+¢)

- N (r, ch) + S0 ).

Moreover, by the assumption that f(z +c¢)=a = f' ' =a, fz+c)=b— f =D

and (5.12)), we get that
(5.13)

1

1 1
¥ (g =a) Y (rreras) <V ) s

fz+e)

-N (7‘, F1_1> + S0 f) < T, F)+ S(r, f) < N (n }) LSO ).

Therefore, from Lemmas the assumption that f(z4¢) = 0o + f/ = co and
(5.13), we get

T(r.f) =T(r, f(z+ ) + 5, f) < (N(r, ') = N(r, f(z + 0)))

LN (Tf(z—i—lc)—a> +N <rf<z+1€)_b> +5(r, f)
< N )+ 501,

which contradicts the assumption that 6(0, f) > 0. Therefore, f'(z) = f(z + ¢).
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O PABHOMEPHOM CXOIMMOCTH PSAJ0B ®YPBE II0
JBOVMHOM CUCTEME VOJIIIIA II0 CO®EPAM

C. A. CAPI'C4H, JI. H. TAJIOAH

EpeBaHcKmii rocyjapcTBeHHbI yHIBepCHTET

E-mails: stepansargsyan@ysu.am, levongaloyan@ysu.am

AnHoTALMSA. B manmoit pabore mocrpoena muTerpupyemasi gpyuknus U aByx
nepeMeHHbIX, Ko3hdunuents: Pypbe 1O JIBOIHON cucTeMe YOJIia KOTOPOil Ha
CIIEKTPE ITOJIOKUTEJIbHBI U PACIIOJIOXKEHBI B yOBIBAIOIIEM MOPSIAKE IO BCEM Ha-
[IPABJICHUSIM, ¥ JJIs KarKJIOH MOYTH Be3/e KOHeUHOH naMmepumoit dbyuknun f(z,y),
(x,y) € [0,1)2 u ama mo6oro § > 0 MOYXKHO HAWTH OTPAHHYEHHYIO (DYHKIUIO
g(z,y) c
{(z,y) € [0,1)%: g(x,y) # f(z, )} <6,

u TaKyi0,910 |c s(g)| = ¢, s(U) Ha cnexrpe dynknuu g u ee chepudyeckue da-
cruyHble cyMMbI psjia Pypbe 1o IBoOiHOIM cucTeme Youllia CXOAATCS PABHOMEPHO
na [0,1)2.

MSC2020 number: 42C10: 43A15.

KuroueBbie ciioBa: cdeprudeckasi yacTudHasi CyMMa; JIBOIHON psii Pypbe; paBHO-
MepHas CXOJMMOCTD; CUCTEMa YOJIIIIA.

1. BBEJIEHUE

ITycrs {Wi(x)}22,— cucrema Youma (cM. Hampumep [1], crp. 12), u nycrs c;(g) =
fol ()W (z)dz, k > 0— koscbdpunumentnr Pypoe-Youma bynxmun g € L1[0,1]. Tlo-
noxmm spec(f) = {k € NU{0} : cx(f) # 0} u Sp(z,9) = Y p_ock(9)Wi(z), toe N
MHOYKECTBO HATYPAJLHBIX THCEJI.

Cucrema Yosma ofHa U3 TOIY/ISPHBIX OPTOHOPMUPOBAHHBIX CHCTEM, KOTOPAs AB-
asiercst 6a3ucoM Bo Beex npocrpancrsax LP[0,1),p € (1, 00).

B psime pabot usydanachk cxoauMocTh psaoB Pypbe 1o cucteme Yourra. [Ipusegem
Te Pe3yJIbTAThI, KOTOPBIE CBA3AHBI ¢ HACTOSAIIEH pabOoToll.

B [4] M. T. T'puropstHoM JIOKa3aHHO CyIecTBOBaHue (yHUBepCaJbHOMN) (yHK-
mm U € L0, 1), KoTopas OTHOCHTEeTHHO CHCTeMbI YOJIIIa 00/1a1aeT YHHBEPCATHHBIM

(Ll, L°°) cBoiicTBOM, & MMEHHO, OH JIOKA3aJl CJIE/LYIOILYI0 TEOPEMY:

1I/ICCJ'Ie,[L0Ba,HI/Ie BBINOJIHEHO TIpu duHaHCOBOI nojepkke Komurera no nayke PA B pamkax ma-
yuaHoro npoekTa Ne 21AG-1A066
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Teopema 1.1. Cywecmsyem ¢dynryus co cmpozo Youeaouwumy KoshPhuuueHmamy
Dypve-Yorwa, 0bradarowas cAedyrouum ceotucmeom: s kascdoti nowmu eesde Ko-
newnot usmepumot na [0,1) dynrkyuu f u das aoboz2o 6 > 0 moorcho natimu Pyrx-
yuro g € L*[0,1) ¢ [{x € [0,1) : g(z) # f(x)} < J, maryo,umo ee pad Pypve no
cucmeme Yoawa crodumes pasnomepro na [0,1) u maxyro,wmo |cx(g)| = cx(U), k €

spec(g).

Bamerum, 9TO uies ucrpasjieHus QYHKIUI C TEIbIO yIydlIeHns ee CBOUCTB IIpU-
uHaymexkut H. H. Jlysuny [6]. IIlupoko m3sectrHO Takxke n ycumerHoe C-cgoiictso /1.
E. Mensbmmosa [7]. Ormeru™, uto B paborax [8] — [11] GblLIn mOIy9IeHBI HEKOTOPBIE
PE3YJIbTATHI CBA3AHHDIE C CYIIECTBOBAHUEM U OIHMCAHUEM CTPYKTYPBI (DYHKIUI, PAIBI
Dypbe KOTOPBIX IO CUCTEME YOJIIIIA U 10 TPUTOHOMETPUIECKOH CUCTEME YHUBEPCAIb-
HBbI B TOM HJIM MHOM CMBICJIE B PA3JIMIHBIX (DYHKIIMOHAJIBHBIX KJIACCAX.

B sT0it cTaThe MBI PACCMOTPUM BOIIPOC: MOYKHO JIM TOJIYYATH PE3YJIBTAT AHAJO-
ruunbiii Teopeme 1 B iByMepHOM ciiydae.

Iycrs T = [0,1]%, uw mycts f € LP(T),p € [1,00). Kosdbbumentsr Pypre dynk-

nmm f 1o mpoinoit cucreme Yomma { Wi ()W (y) 3%, obosnadmm wepes
(1.1) cuah) = [ £ DWeW. (o)
T

ITonoxum

(1.2)  A(f) = specfer s (f)} = spec(f) = {(k,5) : cr.s(f) # 05 k,5 € NU{O}}.
IIpsmoyronpubie u cdeputdeckne YacTUIHbIE CYyMMBI IBORHOTO psifa Pypwe - Yourma

OIIPpeACJIAIOTCA COOTBETCTBEHHO CJIETYIOIIUM 06pa30M:

N M

(1.3) Sno(@,y, £) =Y ens(F)Wi(@)Waly),
k=0 s=0

(1.4) Sr@.y, )= D cns(HIWil(@)Wil(y).
k2+4+s2<R2

TosopsT, uTo BoitHOIM pana Pypre-Yommra by f € L1[0,1)? cxomarea B LP[0,1)2,p >

0 o upsamoyroabarKaM (110 cdepam), ecan

i [ [ 1Sxarev ) = Sy dady =0,
T

N—00,M—0c0
(cooTBECTBEHHO, €cin)
tin [ [ 1Se@v.5) = Sl dody =
R—o0
T
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AHaJIOTMYHO ONpeNeIAoTesS MOYTH BCIOLY U PABHOMEPHAS CXOAMMOCTH IIO HPIMO-
YIOJIbHUKAM U 110 cdepaM.

OTMeTHM, 9TO psifl KITACCHYECKAX PE3YJIbTATOB (TaKWe TEOPEMBI, KaK Teopema JI.
Kapitecona [15]: psag @ypwe soboit dyrkmuu f € L2[0,27] cxomures mouTu BCioy
Ha [0, 27], Teopema M. Pucca [14]: pag ®@ypbe moboit byakmun f € LP[0, 27],p > 1
cxozurest 1o Hopme LP[0, 27], Teopema A. M. Koamoroposa [13]: psin @yphe Kax-
noit dyskuun f € L[0,27] cxoaurea B merpuke LP[0,27],0 < p < 1) HEBO3MOXKHO
MEePEHECTH C OJTHOMEPHOTO CJIyvast Ha JIByMepHBIit. B 3ToMm ciayaae maxe pasubie (cde-
pHuecKue, IPsSIMOYTOJIbHbIE, KBaApaTHbIC YaCTHUHbIC CyMMBI PE3KO OTJIHYAIOTCS IPYT
OT JIpyra IO CBOMM CBOWCTBAM B TaKUX BOIIPOCAX, Kak cxozumoctu B LP[0, 27],p > 1
u cxoauMoctn novTu Bewxy (em. [25-34]). B pa6ore [16], Peddepmanom mosyuens

cJlegyIomue pe3yIbTaThl:

Teopema 1.2. Jlia 06020 p # 2 cywecmeyem makas dynxuua us xaacca LP (0, 27)2,
YO cPhepuueckue 4acmuutovle cymmos, pada Pypve no mpuzoHomMempuieckot cucme-

Me oMot Pynryuu ne crodamea no wopme LP.

Teopema 1.3. Cywecmeyem nenpepwvieHan PYHKUUA 08YT NEPEMEHHBIT, CO BCIO0Y
PACTOOAUUMUCA NPAMOYLONOHBLMU YACTNUYHBLMU CYMMAMU pada Pypve no mpuzo-

HOMempUH(?C?{ZOiZ cucmeme.

B pa6ore [17] . T. Xappuc mokasas, uro mis awoboro p € [1,2) cymecTByer Takast
bynxmus nz LP(0, 1)2, 9o ccheprudaeckne qacTmanbie cyMmbl pajga ypoe- Yosrima 9ot
dbynxun pacxonaTes moutu seroay u no LP[0, 1)% mopwme.

B pa6ore [18] M. I'. I'puropsinom fokazano cymectBosanne bynxmun fo € L1(0,27)2,
JBOIHOM psiyt Pyphe KOTOPOIi 110 TPUTOHOMETPUIECKON CUCTEME 10 chepaM PACXOIUT-
e B Merpukax LP(0,2m)? nis mo6oro p € (0,1).

B pa6ore [19] P. II. Temnazize mokasaj, 4ro CyIIECTBYeT HelpepbIBHAs (DyHKIHs
[IPSIMOYTOJIbHBIE YAaCTUYHBbIE CyMMBbI JIBOWHOrO psijia Pypbe-Yoiina KOTOPOoi pacxo-
JISITCST TIOYTH BCIOJLY.

OrmeTnM, 9TO JO CHX [0 HEU3BECTHO CXOISTCS JIM MTOYTH BCIOAY cdepudecKue

YACTUYHBIE CyMMBI JIBOHOTO psifia Pypbe-Yourina Kaxk0il HelrpepbiBHOM (hyHKImn?

Omnpenenenne 1.1. Bydem 2060pumv, wmo uienvs 6 080UHOT NOCAEI0BATNEAOHO-
emu {ck,s(f)}0—o Ha cnexmpe A(f) pacnoaoowcenor 6 ybusarowem nopadke, ecau
Cha,sy (f) < Chy 51 (f), w0200 ko > k1,82 > s1,ke + 52 > k1 + 51, (Ko, s2), (k1,81) €

A(f).
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B sroit pabore noxasbiBaeTcs

Teopema 1.4. Cywecmeyem gynxyus U € LH0,1)? maxas, wmo

a) xoappuyuenmu Pypve pynxyuu U no deotinoti cucmeme Pypoe-Yoarwa Ha ee
CNEKMPE NOAOHCUMENDHDL U PACTIONOHCEHBL 8 YObIBaouem nopadke,

6) dna wascdoti nowmu eeade xoreunot usmepumoti na [0,1)? dynxyuu f u daa

106020 & > 0 modrcro natimu dynxyuro g € L>[0,1)% ¢

{(z,y) €10,1)*: g(z,y) # flz,y)} <6,
chepunecrkue wacmuunsvie cymmo, pada Dypve xomopoti no deolinol cucmeme Yorua

crodamea pasnomepro 1a [0,1)2]

6) lek,s(9)| = ck,s(U), (k,s) € spec(g).
2. JIOKABATEJIbCTBO JIEMM

JIJ1st KpATKOCTH 3aIIMCH YCIOBUMCS yIIOTPEOIIATE cteytontue obo3HaueHust: || f|loo =

sup |f(z,v)|, || fll1 = / |f(z,y)|dzdy (Te ke campble obo3HAUEHUS ByIyT IPU-

z,y€[0,1)? [0,1)2
1

MeHsITBCsL Juist sup |f(z)| / |f(z)|dz). Tlox MBOMYHBIM NIPSIMOYTOJIBHAKOM MBI
z€[0,1) 0

OyleM IOHMMAaTh IeKapToBO Hpouseenenne Ai X Ag, rae 4A;, ¢ = 1,2 aBOMYHBIE

[OJIyUHTEPBAJIBI BUJIA Ag”) =[%L L), 1<v<28 s> 1.

25 128

)

Mp1 6y/1eM HCIIOIB30BATH CJELYIONIYIO JIEMMY, JTOKA3aHHYIO B [4].

JIemma 2.1. Jasn aobvix wucea ko € N,y # 0,e0,7M0,00 € (0,1),€60 € (0,‘}—(‘:') U

Oas M006020 080UMHO20 Nosyurmepsasa Ny = [”2:1 y55), 1 < v < 2% s> 1, moorcro

Hatimu usmepumoe mnoorcecmeo E C Ag, dynxyuro g(x), nosunomor H(z) u Q(x)

euda
2k 1 2k 1
H(z)= > bWix), Q@)=Y ebWiz),
1=2k0 1=2k0

obaadaroujue cAedyoUUMY CEOTCTNEAMU:
1)eg==41 um 0, 0<by <b <e, VIe[2r0,2F)
1
2) / |H (2)|dx < ng,
0
3) |E| > (1 —d0)[Aol,

, E
4)g<x>:{go AP

9) 119 = Qlloo < €0,
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n

> abWi(x)

1=2k0

3‘70‘
< —.
do

6) max
2k0 <n< 2k

JIemma 2.2. Jas mobwx wucea ng € N, v # 0, €, §,e,n € (0,1) u das a06020
dsounrHo20 npamoyzorvrurae A = A1 X Ao cyuecmsyom usmMepumoe MHOHCECTNEO

E C A, ¢ynxuyua g(z,y), nosuromo, H(xz,y) u Q(x,y) suda
oM —12m1 -]

H(z,y) = Z Z Cr,s Wi ()W (y),

k=2m0 s=2™0
o1 _19m1_1

Q(xay) = Z Z ek,sck,ku(‘r)Ws(y)7 Ek,s = :l:ly

k=270 s=2m0

obaadarowyue caedyrowumu ceoticmeamu: koapduyuenmos cx s, k € [27°,2™),s €

[20 2™1) pacnoaosicerb, 8 YOobeawem nopadke u

(1) 0<cs <e,
(2) |E] > (1-4)[A]
(3) [Hl[x < n,
v, (z,y) € E
4 5 == )
(4) 9(z,y) {0, vé A
9
(5) ”9”00 S ﬁ"ﬂv
(6) 1Q — gl <e,
22

(7) max s, s Wi ()W) < =

Ne+MGSR2SNi+M7 N§+M§<Zk2+s2<R2 . o*

2de Ny = 270, My =2m0, Ny = 2™ — 1, M; = 2™ — 1.

HoxkazareabctBo Jlemmbr 2.2. [Ipumenssa semmy 2.1, mosaras B ee popmysin-

POBKe
1) ed
Yo =7, Ao = A1, ko = no, 770:\”77 €0 = Ve, 50257 EOZTG’
onpesiesiuM u3MepuMoe MHOXKecTBo Fi C Ay, dyskumo g1(x), nommsomsl Hy(x) u
Q1 (z) Buga
2m 1 Ny
(2.1) Hi(z)= Y 5 Wie) = > b Wi(a),
k=270 k=N,
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2’”1 1
(22) G = 3 W) = 3 OO (o),
k=2m0 k=N,

rje

e = 0,41 Vk € [20,2™) = [No, M1,

VIOBJIETBOPAIOIINAE YCIOBUAM:

(2.3) 0<bl), <) < Ve, Vke[No, M),
1
(2.4) B> (- 5/2Ia1, [ [Hi@)lds < A,
0
s S El
2.5 _
(25 e {0’ A
(1), (1) 2
(2.6) e Z e by Wi(@)| < 5Dl
k=Np IS
(2.7) 1Q1 = g1lloc < min{|v[;de/4}.
TTomoxum
(2.8) My =2 > N7 +1

CuoBa npumenum Jlemmy 2.1, mosiarast B ee (pOpMyTHPOBKE

) €
Yo=1,A0 =Ds, ko=mg, € =+e, do=x,60= 7.
2 41|Q1 s

Toryia onpenessoTest n3MepuMoe MHOXKecTBo Fo C [0, 1], dyukmust go(y), moamHOM

Hs(y) u Q2(y) Buna

2™1 1 M-
(2.9) Z BIWi(y) = Y b7 Wily),
=20 k=M
2™1 1 M,
(2.10) Z ePPW(y) = Y PP Wa(y),
=2™0 k=DM

e = 0,41 Vs e [2™0,2™) = [My, Mi]
y,HOB.HeTBOpHIOI_U,I/Ie YC.HOBI/IHMI

(2.11) 0<b?) <0 < e, s €My, M),

) 1
(212) Bl > (1= DlAdl, [ 1Ha)ldy < VA
0
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_J1: ye By
&
(2.14) 1Q2(0) = 920)llee < g7y
(2.15) e Z NI Ww)|| < %

k=M 00
Omupenennm MHOKecTBO F, dyHkmio g(x,y), nomuromsl H(x,y) n Q(x,y) caemyro-

M 0O6pa30M:

(2.16) 9(x,y) = g1(x)g2(y), E = Ey x Ea,
Ny,M;
(2.17) H(z,y) = Hi(x)Ha(y) = > crsWil(z)Wa(y),
k,s=Ngo, My
Ny,M;
Qa,y) = Q(@)QW) = D erecrWi(@)Wily) =
k,s=No, Mo
My
(2.18) Z e 0 Wi(x) D PP W,(y),
k=No s=Mp
riue
(2.19) . BB, Ny <k <Ny, My<s<M,
. k7 = s
° 07 k%[N(%NlL n%[MOaMl]

(2.20) . {62”622)7 No <k <Ny, My<s<M,
. k,s —

0, k¢ [No, N1], n ¢ [Mo, Mi]
Orciona n u3 (2.3), (2.4), (2.11), (2.17) u (2.19) cremyer, 9TO WIEHBI B MOCIEI0-
BaTEJIbHOCTH {ck,s, N o< k< N;, Mp<s<M;} nonoxurejbHbl, PACIOJIOXKEHDBI B

yOBIBAIOIIEM TIOPSIIKE U

0 < cps <, |E| > (1 —9)|A],

/T/IH(x,y)uzdy_/ol |H1(x)|dx/01|H1(y)|dy<n.

U3 (2.5)-(2.7), (2.13)-(2.15) u (2.16) caenyer

v @y ek
g(x,y){()’ N ;

9
lgllee < llgilloo - lg2lloc < 55 11-
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B cuy (2.7), (2.14)-(2.16) u (2.18) ausa Beex (z,y) € [0,1)? umeem
Q(z,y) — g(,y)] <|Q2(y) — g2(y)| - Qu(2)+

+Q1(z) —g1(2)] - g2(y) < e
Teneps MpoBepuM BbINOIHeHNe yTBep:Kaenus 5). lyers N§ + ME < R? < N7 + MZ,
TOra Jyis HEKOTOPOro py umeeM py < R < pg + 1. U3 (2.8), (2.18)-(2.20) crexyer

R? — N% > (po — 1)? u, ce1oBaTebHoO, MOMYIHM

max ks, s We(2)Ws(y)|| <
Ng+Mg<R?SNP+M?P N3+Mg<z,€2+sz<m -
N1 po—1
Z Z 5k,sck,ku(x)Ws(y) Z Ek,pockmowk(m)wpo(y) =
k=Ngo s=My 50 k=N oo
N, po—1
S b W) ST eDPw(y)|| +
k=No s=Mp o0
)] . 1) 12
HOG - max Zz:vsk Wi(@)|| < 5zl
=No

(oo}
Jlemma 2.2 mokasaHa.

JIemma 2.3. Jas 06wz wucea €, €,0,n € (0,1), ng € N u das 4106020 nosunoma
f(x,y) #0, (z,y) € [0,1)? no deotinoti cucmeme Yorua mosncho natimu usmepumoe

mnoocecmeo E C [0,1)%, dynryuwro g(z,y), noaurnomw H(z,y) u Q(x,y) euda
21 —12m1—1

= Z Z Ck,ku(x)Ws(y)a

k=2m0 s=2"0
2m1—12m1 -1

y): Z Z Ek’sck’SWk(x)Ws(y), €ps = £1,

k=270 s=2"0

2de Ng = 2™ My = 2™0, obaadarowue caedyrouumy c80tcmeamu: Koahhuyuermot

Ch,s, k € [270,2™1) s € [2M0,21) pacnosodicenv 6 YOLBaIOUEM NOPAJKE U

(1) 0<crs <6

(2) g(,y) = f(x,y), Y(z,y) € E, |E|>1-9,
) 1Q gl < =

@ 1l <

%) lolloe < 21 e
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22
(6) max > €h,sChs We(@) We(y)|| - < 511 Flloos

2 2
NZ+MZ<R2<N24M?2 N2 ME<Ro 452 <R

2de Ny =2m0, My =2mo, N =20 —1, M =2m—1.

oo

HoxkazaTteabctBo JlemMmbr 2.3. ZcHO, 9TO MOJIMHOM 110 ABOWHOI cucTeMe YOJIIra

f(z,y) ects crynenuaras dyHKIUSA BUIa

(2'21) f(xvy) = Z’VIJXAL; (ﬁvy)

vi—1 v vo—1 v
rme A, = [B7, 54 ) X [B5,53) uy #0, 1 < v <. (xe(r,y)- xapakrepucru-
veckas QyHKiwms MHOkecTBa F). IlocienoBaTebHbBIM IPUMEHEHAEM JIEMMBIL 2.2, J1JIsT
KaxkJa0ro v = 1,2, ..., Vg MOXKHO olpeiesuTsb QyHKuun g, (x,y), Mmuoxkecrsa E, C A,

HaTypaJibHbIC 9UCJIa N, T, U IIOJIUHOMBI BU/Ia

N,—1 M,—1
(2.22) Hyzy)= Y > IWi@)Waly),

k=N,_1s=M,_1

(2.23) Z Z e e Wi (@)W (y).

k=N,_1s=M,_1
rae N, = 2™ M, = 2™, objajaromye CJIeLyOIIMIA CBONCTBAMU: WIEHBI B IIOCJIE-
JI0BaATEJILHOCTH

{cks, o1 <k <N, M,_1 <s<M,}

[TOJIOYKUTEIbHBI, PACIIOIOXKEHBI B YOBIBAIOIIEM TOPSIKE U Jjisd Beex v = 1,2, ...

(224) max C]E:V;i_l) < min ’(:2’
NVSk<NV+1’MV§s<Mu+1 ’ NV—lSk<NV7MV—1§S<M

(2.25) Byl > (1-6)-|A,],

P)/ ) (x’ y) G El/
2.26 Say) =4 ’
(2.26) gv(@,y) {Qx%A”
(2.27) 90| < 5l
(2.28) 10 — g loe < = MiEpe@n? /(@ Y)]

11l
12

2.29 ) W] < 2,
( ) N371+M3,I§12§2<N5+M2 Z 6/{7 scks k(fl;) (y) >~ 62 "'}/ |

VIINZ_ M2 <k2+s2<R?
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(2.29) IH, || < -~
1Z0)

Onpenesum MuoxkecTBo E, Gynxunio ¢(z,y), 9UCna ¢k s, £k,s U DoauHoMsl H (z,y) u

Q(z,y) cuenyromum o6pa3oM:

(2.30) E= LOJ E,.
(2.31) o) = aley).
v=1

(2.32) Ck,s =
0, B OCTAJIBHBIX CJIydasx

{C'gfug’ NV*1§k<NV7 M, §<9<]‘4V7 1<v <y

gks’N 1<k‘<N,,, M, 1<5<M, 1<v <y

(2.33) sk’S:{ - T v - ,

O, B OCTaJIbHBIX CJIyYdadX

Vo vo N,—1 M,—1
=S H@y=> S Y wi@Wy) =
v=1

v=1k=N,_1s=M,_1

N,M
(2.34) = > o Wi(@)Wi(y),
k,s=No,Mp
Qlz,y) = Qulx Z Z Z VWi (@) Wi(y) =
v=1 v=1k=N,_1 s=M,_
N,M
(2.35) = ) ks W@ Wily),
k,s=Ngy, Mo

tne N=N,, —1=2"—-1M =M, —1=2"—1 (7 = ny,,m = my,). B cury
(2.24) - (2.26) u (2.30) - (2.35) uMeeM: BCe HEHYJIEBbIE UJIEHBI B [IOCIIEL0BATEIBHOCTH
{ck,s(H) , (k,s) € spec(H)} mOTIOKATEIBHBI, PACIOJIOKEHBI B YOBIBAIOIIEM HIODPSIJIKE
u

eps =x1, 0<cps<e, Y(k,s)€[Ng,N)x[My,M), |E|>1-9,

9(z,y) = f(z,y), Y(z,y) € E, |Q(z,y) —g(z,y)| <&, Y(z,y) €[0,1)?

[ . iasdy < 3 [ e ldsdy <.
T v=1"p

T.e yrBepxaenus 1)-4) BoinosHensl. Tenepb NPOBEpUM BBINOJHEHUE YTBEPKICHU 5)

u 6). [Ipunnmas Bo BHIManue paseHcTso g, (z,y) = 0 npu (z,y) € ([0,1)2\A,) ,Vv €
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[1,v0] (M. (2.26)) B cuty (2.21) u (2.27) mist Beex (x,y) € ([0,1)? uv € [1, 1] Gyaem

NMEThb

(2.36)

9
(,y) <Zlgswy|_252|vslm (2,9) = 5@ ).

[Iycts R € [NO —l—MO,N2 + M?], Toraa myist mekoroporo v € [1,vp], N2+ M2 < R% <
N2, + M2, dcno, aro (em. (2.32), (2.33) u (2.35))

1%
Z €k, Ch,s Wi () Ws(y) =
NZ+MZ<k2+s2<R?

=3 Qulz,y) + 3 el Wi (2)Wil(y).
s=1

NZ2+M2<k2+s2<R?
Orcioia u u3 coornomennit (2.28), (2.29) u (2.36) aa seex (x,y) € [0,1)? 6Gymem

NMEThb

Z €k,sCk ku s <Z|Qs .’E y gs(xyy)|+

NZ+M3Z<k2+s2<R?
s(@, )|+ 3 el I Wi(2)Wi(y)| <
N2+M2<k24+52<R?
€ . 9 12|%|
< — e
< Vov(xvygl(r[ngf(x,y)lJr52|f( )|+ < 52|f( y)l-

Jlemma 2.3 mokaszaHa.

3. JIOKA3BATEJLCTBO TEOPEMBI 2.2.

IIpornymepoBaB Bce MOJMHOMBI YOJIIIA € PAIMOHAJIBHBIMEA KOI(MMOUITNEHTAMEI MbI

MOZKeM IIpe/ICTaBUTh UX B BUJE II0CJI€JOBATE/IbHOCTHU

(3.1) {fal@,9)nls-
ITocsieroBaTeILHBIM TPUMEHEHUEM JIEMMBI 2.3 i BceX N € N MOYKHO OIPEIE/IUTh
dyHKIIAN
{957 (@, 9)} -1
MHOKECTBa,
{EDY,

1 IIOJIMHOMBI

{Hr(z]) (LU, y)}?:1795{Q£1j) (LL‘, y)}?:lv
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N —1,m) —1
(3.2) HY (z,y) = > ol Wi (2)Wi(y), 1< j < n,
kos=N 7Y

N —1,M) -1
33)  QP@w= Y g W@Wiy) (0L = +1,0),

kos=NG ™ 7Y

re

N < NG, ecom 0 < iy < iz <pu NP < N, p>1,
(3.4) M) < M), ecmn 0 < iy <iz <pu MP < MO, p>1,
y,Z[OBJIeTBOpHIOH_[I/Ie yeaoBusM: i bukcupoBaHHbX n € [1,00) u j € [1,n] Ko3h-
puUIIeHTHI a,c (k: s) € spec(H, my )) HOJIO?KATEIbHBI, PACHOJIOXKEHBI B yOLIBAIOIIEM
HOPAIKE U

(” 1)

B,(lj)<x4£lj_1)7 1<5<n, B(1)< 2n —,—n=L12..,
re
(3.5) AW = min a%nlj)7 BY) = max algnlj),

(k.8)espec(H) ° (k,5)espec(H?) ©°

(3.6) 9 (2,y) = fulz.y) mpn (x,y) € BY, |BP|=1-277"",
(3.7) 97 = Qoo < 47",
(38) 199 loe < 9+ 4757 fulos

omax > 50 al Wi(@)Waly)|| <

(REVP<R<RD)? || o
(Rﬁi ))2§k2+52§R2

(39) <22 fulloe, RY = (VD) + (MY

(3.10) |HD ||, < 474,

Ompenemum dyukumo U(z,y) u qucna axs, k,s =0,1,2... cremyomum obpasoM:
o0 n
=2 D HP @y =
n=1j=1

N'Szj) _17M7(Lj>_1

311 =>% 3 o Wi ()W, Z be,s Wi (2) We(y)

n=1j=1 \} 4=NG~D prG-1 k,s=0
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(3.12)

bk)s:

)

{a,g"s]), (k,s) € [N£j71)7N7§j)) X [M,(Ljfl),M,(lj))7 1<j<n, nell,oo)

0, B OCTaJIbHBIX CJIyYadX

B cuy (3.10) - (3.12) umeem

//\ny|dxdy<zz //\H(’) x,y)|dzdy <ZZ4 (nt+3) <1,

n=1j =1 n=1j=1
n
N M
// Ulz,y) — Z ar, s Wi (x)Ws(y)| dedy <
T k,s=0

<ZZ / |HD (2, y)|dzdy | <279 — 0.

n=q j=1

Orcrona u u3 (1.1) crenyer
(3.13) be,s = cks(U) ,k,s=0,1,2,...

YunreiBasg coorromtenus (3.5), (3.12) u (3.13), noaydaum, aro koadbdunuentsr Pypoe-
Yomma dysxnpu U #a ciiekrpe A(U) (em.(1.2)) 10JIOXKUTEIBHBI U PACIIOJIOXKEHBI B
YOBIBAIOIIEM TTOPSIKE.

Mycrs  f(z,y)— mrobas modTu Besje KoHeYHasd u3MepuMasi (YHKIMs Olpee-
nennas Ha [0,1)2. IlpuauMas Bo BHUMaHHe MHOTOMEPHBIH aHAJIOT Teopembl Jly3uHa
(em 2], €1p.323-325) u myukT 6) Teopembl 2.2 , 6e3 orpaHudYeHusl OOIIHOCTU MOXKHO
cuntathb, uto f(x,y) € C[0,1)%. Herpyano BujeTh, 4To u3 nocenoparensroct (3.1)

MOKHO BBIOpATh HOAIOC/IEN0BATeIbHOCTD { fi, (2)}22 | Takyio, 4To

N
(3.14) Jim Y i (2,y) = flay)| =0,
n=1 e’}
(3.15) e (@, 9) ]l <4772, m > 2,
(3.16) k1> jo = [log% 5] + 1.
rjae [a]- nenast gactp 4mcsa a. Ilycts
(3:17) Quley) = Q™. B =B, gi= gt
IIpenmonokuM, UTO yiKe OmpeAeseHbl wmcaa ki = vy < ... < Vg1 PyHKIUH

i@, y)s s frg (@y) 5 go(2,9), 91(2,9).....9g—1 (), MuOKECTBA E,, 1 <1 <g-1
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" IIOJIMHOMBI
N(n+jo)_1)M(n+jo)_1

Qn(z,y) = QU (2,y) = > oL I (1) Wi (y),
k’S:NIS:Jrjofl)le(lerjo*l)

KoTopbie j1s1 BceX 1 < n < ¢ — 1 yJIOBJIETBOPSIOT YCJIOBUSM:

||gn||oo < 27(7178)7 gn(xay) = fkn(xay)7 (‘Tay) € Env |En| > 1 - 62771’
(3.18) > Qk(w,y) —grl(zy)]]| <47 1<n<q-1,
k=1 o
max > o) IO ()W (y)

(n+io—1)yo 2 (n+37o)y2
Ry <R2<(Ry n+jo—
(Ro,, )2<R2<(R,, ) (Rinﬂo 1))2<k2 s2< R2

<9 m, Rl(/j) _ \/(ngj))z + (ngj))2~

Herpyamo Busiers, 4ro u3 nocieposareabaocT (3.1) Moxuo Buibpars dynkumo f,, (z,y),

ITOOBI
q—1
(3.19) fu,(z,y) — ( gi(x,y)]> <4732,
=1 [e%e)
TTomoxum
(3.20) 9a(x,y) = fi,(2,9) + (65777 (2, y) — fo, (z,9)],
(3.21)

Nla+io) _1 pglatio) _q
l—/q ’ l—lq

Qq(z,y) = QU+ (z,y) = > gy g IO ()W),
k’S:Nl(Ingjo*l)’Ml(ngrjo*l)

(3.22) E, = E{H0),

s (3.6), (3.16), (3.20) u (3.22) BeITEKAET, UTO

(3.23) 009) = fu (0,0), (,0) € Byy Byl > 16272
B cuny (3.7) u (3.18)-(3.21) umeem

q q—1

Z[Qj(w,y)*gj(fmy)] = Z[Q;( y) — 9@, 9] + Qq(z,y) — gg(z,y)|| <
(3.24) N N

g~ Q) oo < 471

o0

qg—1
Fug(x,y) — (fk ry) = > [Qi(w,y) — gi(w y)])
1=1
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fcno, uro (em. (3.9), (3.21))

l

(vq>9+70) (Vq7Q+JO) —q
(3.25) M(q+j0_¥§13l}(<M(q+‘70) Z 5 Wi(z)Ws(y)|| <279,
ve = vq k=Ml(ILI+][)—1)
a o)
s (3.8), (3.12), (3.17)-(3.19) cuenyer
q—1
lgq(@. 9o < || fuy (2,9) — (fk z,y) — Y [Qs gi(x,y)]> +
=1 00

q—
Z @Qi(@.9) = gi (@, )l|| + llgsi ™ (@, ) o <

oo

(3.26) < 473478 4 g7 g gatio | £, (2) ]| 0e < 27978

00
5{CHO7 9TO IO MHAYKIINN MO2KHO OIIPpEJC/IUTDH ITIOCJICJOBATECIbHOCTU MHO2KECTB {Eq} —

bynxmmit {g4(2,y)}521 (91(2,y) = fr, (2, y)) n nomanomos {Qy(z,y}, yrosersops-

forux yeaousiM (3.23)-(3.26) auist Beex g > 1. Tlomoxkum
(3.27) E=()E,.
3 (3.6), (3.22) u (3.27) BBITEKAET

|E| > 1—0.

B cuy (3.14) numeem

(3.28)

o0 [o ]
qu < Z 194llo0 < 00
q=1 qg=1

Onpenenum dyukumo g(z,y), aucna {0y s} cremyomum o6pasoM:

(3.29) 9(z,y) =D g4(x,y),

o0

(3.30)
B 5}(:;;#-*'3'0)’ (k,s) € [N(q+j°_1) N(q+jo)) [Mlgg-&-jo—l)’Mlgg-i-jo)), g=1,2, ..
)8 T 0, (k’ S) ¢ Uq 1[N(CI+J0 1) N(Q+Jo)) [M£Qq+j071),My(g+jo))

s (3.14), (3.23), (3.28) u (3.29) umeem

g(z,y) € L>[0,1)%, g(z,y) = f(z,y), (z,y) € E.

TTokazkem, aTo cepruueckne IacTUIHbIE CyMMBbI JBOWHOTO Psiia

Z 6k:,sck:,s(U) Wk: (.’L‘)WS (y)

k,s=0
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exonsres k g(z,y) pasaomepno na [0,1)? no cdepam. B cumy (3.21), (3.26),(3.29) u
(3.30) mug Bcex R € [R,(,ZHO_D,RI(,?IHO)), rie R,(,{I) = \/(N,S?)Q + (M,EZ))Q, Gyaem

UMEThb

> Sksrs(U)Wi(2)Wi(y) — g(z,y)|| <
k2+s2<R2

e’} q—
ZHQJ z,y)ll + Z Qi (=, y) = g; (=, y)l|| +

(V ,q+jo) (V ,q+7j0)
a oy o a Wi ()W <
+ (R(q+jo—1))2H<1R)2(<(R(q+j0))2 ‘ Z Cr,s ( ) (y)
”q S A
< 27971,
Orcioma cremyer
6k7sck7s(U) = Ck,s(Q))’ k,5=0,1,2,..

Crenosarenbuo, pag Pypoe dynxuun ¢g(x,y) mo ABoitHOI cucTeme Youlmua CXOAUTCA
K meit papaomepno Ha [0,1)? o chepam. Uz (3.3) m (3.30) BwmTexaer |cs(g)| =

ck,s(U), (k, s) € spec(g). Teopema 2.2 noxaszana.
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Abstract. According to the Gauss Lucas theorem, the critical points of a Complex polynomial
p(z) = Z;L:O a;27 where a; € C always lie in the convex hull of its zeros. In this paper, we prove
certain relations between the distribution of zeros of a polynomial and its critical points. Using

these relations, we prove the well-known Sendov’s conjecture for certain special cases.

MSC2020 numbers: 30A10; 30C15.

Keywords: polynomials; zeros; critical points.

1. INTRODUCTION AND STATEMENT OF RESULTS

Polynomials are the mathematical expressions of the form p(z) := 377 a;2/

where a; € C and have been studied since ancient times with regard to their
zeros, the values of the variable z that make p(z) vanish. If we plot the zeros of a
polynomial p(z) and the zeros of the derived polynomial p’(z) (the critical points
of p(z)) in the complex plane, there are interesting geometric relations between the
two sets of points. It was shown by Gauss that the zeros of p’(z) are the positions of
equilibrium in the force field due to particles of equal mass/charge situated at each
zero of p(z), if each particle attracts/repels the other particle with a force equal
to the inverse of the distance between them. Concerning the location of critical
points of a polynomial , the Gauss-lucas theorem states that the critical points of a
polynomial p lie in the convex hull of its zeros. Regarding the distribution of critical
points of p within the convex hull of its zeros the well known Sendov’s Conjecture
asserts:

“If all the zeros of a polynomial p lie in |z| < 1 and if 2y is any zero of p(z), then
there is a critical point of p in the disk |z — z9| < 1.”

The conjecture was posed by Bulgarian mathematician Blagovest Sendov in
1958, but is often attributed to Ilieff because of a reference in Hayman’s Research
Problems in Function Theory [5] in 1967. A good number of papers have been
published on this conjecture (for details see [6]) but the general conjecture remains
open. Rubenstein [I1] in 1968 proved the conjecture for all polynomials of degree 3
and 4. In 1969 Schmeisser [12] showed that, if the convex hull containing all zeros
of p has its vertices on |z| = 1, then p satisfies the conjecture (for the proof see [10,
Theorem 7.3.4]). Later Schmeisser [13] also proved the conjecture for the Cauchy
class of polynomials. In 1996 Borcea [3] showed that the conjecture holds true for
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polynomials with atmost six distinct zeros and in 1999 Brown and Xiang [4] proved
the conjecture for polynomials of degree upto eight. Dégot [6] proved that for every
zero (say) zo of a polynomial p there exists lower bound Ny depending upon the
modulus of zy such that |z — 29| < 1 contains a critical point of p if deg(p) > Np.
Chalebgwa [5] gave an explicit formula for such a Ny. More recent important work
in this area includes that of Kumar [8] and Sofi, Ahanger and Gardner [14]. As
for the latest, Terence Tao [I5] following on the work of Degot [6], proved that the
Sendov’s conjecture holds for polynomials with sufficiently high degree.

In this paper, we prove certain relations between the distribution of zeros of a
polynomial p in the complex plane and the distribution of its critical points. Using
these relations we prove the Sendov’s Conjecture for the case when all the zeros of
a polynomial lie on a circle or a line within the closed unit disk.

Theorem 1.1. Let p(z) := E?:o a;jz’ be a polynomial with zeros z1,29,++ , 2y -
Suppose z1 is a zero of p such that |z; — 2z +re’9| <rforall2<j<n,0<0<2mw
and r > 0, then |z — z1| < 7 always contains a critical point of p.

In case z is the largest zero of p in modulus, then |z;| < |z] for all 2 < j <mn,
and therefore we have |z; — 21 + |21]€?| < |21| where 6 = arg(z1) for all 2 < j < n.
Hence by Theorem 1.1, |z — 21| < |z1| contains a critical point of p. So we have
proved the following:

Corollary 1.1. Ifp(z) := Z?:o a;jz7 is a polynomial with all its zeros z1, 22, ,
and suppose z1 is the zero of p with largest modulus, that is, |z;| < |z1] for all

2 <j<m, then |z — z1| < |z1] always contains a critical point of p.

Theorem 1.2. Let p(z) := Z?:o a;jz’? be a nmon-constant polynomial with all its
2€r08 21,22, - - , 2y, lying inside the closed disk |z| < r . Suppose all zj,1 < j < n lie
on a circle or on a line within the closed disk |z| < r , then for every z;,1 < i <mn,
there exists a critical point of p in |z — z;| < r.

Taking » = 1, Theorem 1.2 shows that the Sendov’s Conjecture holds when all
the zeros of p lie on a circle or a line within the disk containing all the zeros of p.

Sendov’s conjecture is about how far away are critical points of a polynomial p
from a given zero of p. In the converse direction we prove the following :

Theorem 1.3. Let p(z) := Z?:o a;jzl be a non-constant polynomial with its zeros
21,22, ", Zn and critical points (1,2, -+, Cu—1.Then for every critical point (j,1 <
7 <n—1 there exists a zero z;,1 < i < n such that

(1.1) |2i = GI* < Jzil® = 1G5
and
Z4 Z.
1.2 = - ’ <5l
( ) 2 CJ =12
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Remark 1: In the above result if we assume that all the zeros of p lie in the closed
unit disk, we get from Theorem 1.3 that for every critical point (;,1 < j <n—1
of p there exists a zero z;,1 < i < n of p such that

(13) -Gl < L.

and

2 — (5] < 1, which is the main result by A.Aziz in [I]. Our proof of the result
from which it follows is very short and simple.

Remark 2: If a unique zero of p satisfies (1.3) for all (j,1 < j <n —1 then by
Biernacki’s theorem [10, Theorem 4.5.2] Sendov’s conjecture is true for p. Therefore,
if Sendov’s conjecture is false, (1.3) must be true for at least two different zeros of
p and hence for any polynomial p with all its zeros in the closed unit disk there will
always be at least two different zeros say z1, 22 such that |z — z;| <1 for i = 1,2

contains some critical point of p.

2. PROOFS OF THE THEOREMS

Proof of Theorem 1.1 . Let (1,(s...,(,_1 be the critical points of p and assume
to the contrary |z; — ;| > r for all 1 < j <n — 1.Then
n—1

1 n—1
= <

= 21— G

Let p(z) = an(z — 21)q(2), where ¢(z) = H?:2(z — 2;j). Then p/'(#1) = ¢(z1) and

p"(21) = 2¢'(21), so that
! " _ ! n _
‘2(] GO _|PIe)| _n=1 G hence | LD 1 | nod
q(z1) p'(21) r q(z1) — 21 — 2 2r

Now by our assumption, for all 2 < j <n

zj — 21+ re?
reid

we have

Equivalently fRe (
21— 25

Therefore
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Hence

_ Z 1 SN 17
= 21—z 2r
a contradiction to (2.1). O
Proof of Theorem 1.3. Case I : All the zeros of p lie on the circle.
Since the relative distances between zeros and critical points will not change under
a translation we may assume without loss of generality that all the zeros of p lie
on a circle with centre at the origin and in that case |z;| = |z;| for all 1 < 4,5 < n.
Therefore by Corollary 1.1 for every 4,1 < i < n, there exists a zero of p’ inside
|z — 2] < |zj] <r.
Case IT : All the zeros of p lie on a line.
Again since a rigid motion will not alter the relative distances between zeros and
critical points of p, it is sufficient to prove the result in case all the zeors of p
lie on the real line. Let (1,(5...,(,—1 be the critical points of p and assume to
the contrary that there exists a zero of p say z; such that [z; — (;| > r for all
1 < j <n—1. By the same argument as in the proof of Theorem 1.1 we have

n

(2.1) 3 L o=t

21 — Zj 2r

j=2

We may also assume that z; > 0. If there exists any zero of p, say z; such that

Puc. 1. If z; > 2z for some 2 < j < n then |z — z1| < r contains
a critical point of p.

zj > z1, then by Rolle’s theorem p will have a critical point between z; and z;
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which will be within a distance r of z; and there is nothing to prove (see Figure
1). So we may assume z; < z; for all 2 < j < n and hence 0 < z; — z; < 2r for all
2 < 7 < n. This implies that for all 2 < j <n Zli > L which gives

zj — g’
=~ 1 ~ 1 n—1
R IFE L
=2 21 — &5 =2 Z1 — %5 T
a contradiction to (2.2) and hence the result. (]

Proof of Theorem 1.3. To prove (1.1) assume the contrary. Therefore there
exist a critical point say (1 of p such that

(2.2) ‘Zi—C1|2 > |Zi|2— |(:1|2,1 <i1<n.
Without loss of generality we may assume that ¢; > 0. From (2.3) we get
|Zi‘2 + CIQ — 2C1R€(Zi> > ‘Zl|2 — C12, 1<y <n.

This gives Re(z;) < (3 for all 1 <4 < n. But this implies that ¢, a critical point of p,
lies outside the convex hull of 21, 2o, - - - , 2, the zeros of p violating the Gauss-Lucas
theorem and this contradiction proves (1.1). A similar argument proves (1.2). O
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