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Abstract. The paper considers the Riemann boundary value problem in the half-plane in the
space LP(p), where weight function p(z) has infinite number of zeros. A necessary and sufficient
condition is obtained for the normal solvability and Noetherianness of the considered problem. If

the problem is solvable, solutions are represented in an explicit form.
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1. INTRODUCTION

Let II* be the upper and lower half-planes of the complex plane C, and let A

be the class of functions ® analytic in IIT UTI~ satisfying the condition
|®(2)] < CJ2]™, [Imz] > yo >0,

where ng is a natural number, yo > 0 is arbitrary and C' is a constant, possibly

depending on yo. By LP(p),1 < p < co we define the following space

“+oo
20 = {7+ 15l i= [ 1@ pla)dn < oo},
where
_ ad T — T |Yk
@ o) = T3
at that

[ee]
Zak<oo, and O<ap<l1l,k=1,2,..
k=1

We investigate the Riemann boundary value problem in the half-plane in the space

L?(p),1 < p < oo in the following setting:

IThe author was supported by the Science Committee of RA, in the frames of the research
project 21AG-1A045
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Problem R,. Let f € LP(p),1 < p < oo. Determine an analytic in IIT U II~
function ® € A to satisfy the boundary condition:

(1.2) lim @ (z +iy) — a(x)® (z —iy) — f(@)|[zrpy =0, (1 < p < o00),

where p(x) is defined by (1.1 ., x) # 0 is an arbitrary function from the class
C%(—00,+00),0 > 0 and ®* are the contractions of function ® on II* respectively.

The similar problem in C(p) (the class of functions f continuous on the real axis
with weight p) was investigated in the paper [I9]. In that case it is shown that the
homogeneous problem has one linearly independent solution. Note that a similar
homogeneous problem in L!(p) has an infinite number of linearly independent
solutions [20].

By T, we denote
T, = {mk g > %}
In this work, it is established that in the case T, = ), the homogeneous problem
R, does not have a solution different from zero. When T}, # () the homogeneous
problem R, has a finite number of linearly independent solutions.
2. PRELIMINARY RESULTS

Let k = inda(t), t € (—o0, +00),

1 [T>=1 t)dt
SJF(z):exp{%/ m}, zeIIT,

(2.1) e 72
. I s A 1 [T Inay(t)dt _
5= (35) “p{%/_oo oL h sel
where

t4+i\"

ar(t) = (t_i) a(t),  inday(t) = 0.

In what follows, we assume that the sequence {z}$° has a finite limit xg.

Lemma 2.1. Let the sequence {x}3° satisfy the following conditions:

(2.2) Zak In|zg — zx| > —o0,
k=1
(2.3) ok — x5 > clag —xol,  JFk

for some fized ¢ > 0. Then
infpp, =po >0, m=12 ..

where
H ’xm — T |¢
T +1

4
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Proof. From condition (2.3) we have

Tj — Tp |¥* ap | To — Tk Xk

T;+1 T+

Tj— Tk ¥ 0— Tk |“
H‘JJJ—FZ >}}_[1ak]:[‘xj+i

According to the condltlon ) there exists § > 0 such that infp,, = § > 0,

and

m=1,2,.... ([l
Let us denote
s T — X;|%
(2.4) si(@) =] ‘ — iJ
Jj#k
and
§(z) = Ot1(z) — on(x), T € [Tp, Thg1)-

Here we state Lemmas [2.2| and which were proved in [I9].
Lemma 2.2. There exist x), € [T, Try1), k= 1,2,... such that 6(z},) = 0.

Let X7 = (—oo,2}) and Xy = [2},_,,2}), k = 2,3,... . It is clear that X N
Xpp1 =0, k=1,2,3,....

Lemma 2.3. Let the sequence of points {xy}5° satisfy either conditions (2.2)) and
(2.3). Then there exists 6 > 0 such that for any k =1,2,...:

inf Jk(x) > 6> 0.
zeX}

Denote 6(z) = {8x(2), x € X3}, k = 1,2, ... From Lemmas andit follows
that function d(z) is continuous, and inf §(z) > 0, 2 € (—o0, 00).

Here we consider two cases:
1. We assume that T, = ). Let f(z) € LP(p). Define the function ®(z) as follows

z) [T
(2.5) (z) = *Zsm)[ 5% z e I+,

Then ®(z) € HP(p) (see [], [5]).
2. Counsider T}, # 0. Define the function ®;(z) as follows

S [ - d
27m(mk—z) Xy SJr(t)(t_Z) ) k—1,2,

Theorem 2.1. The estimate
12} (= + iy) — a(2) @y (z = iY)l|o(p) < Cllfllr(p)
where the constant C' is independent of y and k, is true. The limit relation
. + . o —_ s o —
i [ (2 + iy) — a(@)®} (2 = iy) = F@)l| o) = 0
5
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also holds.

Proof: Consider
of (z +iy) — a(x)®y (z —iy) =

B Sz + iy) f) a

C2mi(my —x —iy) Jx, ST()t—x—iy

B a(x)S(xz — iy) dt
2mi(xy — x + 1y) S+ Ot—x+iy

- Il(fvxay) +12(f’x’y)’

where
= LS [ S0
" mag—x —iy Jx, STt —2)*+y?)’
yT ;) f@®)(xg —t)dt
L(f,.y) 2mi / ST)(t —z+iy)’
where
T(2:y) = S(:chiy? B a(a:)S({vf.iy).
Ty — T — Y T —1+1y
As
/JrOQ nml ol < const
oo A ok —x =iyl ((E—2)* +y?) T ’
then

I (fy 2 )2y =
_ /+°° |z, — x| yldz| / |f(O)]|x — t]|dE|
- 1
Xk

coo (LfzD)|z+ilor (zn — 2 —iy) Jx, ((E—2)*+y?)

+oo

. — ] yldal
< Cull o) / < M| fllz1 0,

—oo (L [a))¥|z il (2 — 2 —dy)
where M] is a constant does not depend on y and k.

So
I (fs )Ly < Mill il
Similarly we get
112 (f 2,9l < MY 11l
where f € L™ (p). By applying Riesz-Thorin interpolation theorem [3], we obtain
(2.7) I (f 2, ) L) < MallfllLegpy, 1<p < oo.

As St is bounded, then using the fact (Lemma 3 in [16]) that for sufficiently large

R at |z| > R the following estimate we have
(2.8) ST (2 +iy) — a(2)S™ (z — iy)| < C2|S™ (z + iy)|
6
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where Cy > (7 > 0 some constant independent of y, we get

Cy
T(x)] < m,
where C' > maxy, {x}} is a constant.
Since . . ;
Tp — x|k X
[m ||;+z|‘|9‘k (zs _yx)z_f_yg) < const,
then

HIQ(fvmvy)”Ll(p)
<, /+°° |z — x| yldz| / |f(t)||xx — t]|dE]
T e e (ke —2)2 +y?) Jx, (-2 4dy)l

R yldz| /
< C(2||f||L1(p) /_OO lz +ior ((zr — 2)2 + 32) < Mz”fHLl(p)’

where Mé is a constant does not depend on y and k.
So

1L2(fs 2, 9oy < Mol fllLr(p)-
Similarly we get
I 12(f, 2, y) | oo oy < Mo || fll oo ()

where f € L*(p). By applying Riesz-Thorin interpolation theorem, we get
(2.9) I12(f, 2, y)|lLe(p) < M| fllLe(p), 1 <p < oo.
Hence, from and , we obtain

12 (2 + iy) — (@)@ (& = iy)l| o) < M fllzep)

where 1 < p < oo and M = max{Mi, M>} is a constant independent of y and k.
The estimate of the theorem is proved.
Now let’s prove the second statement of the theorem. Let f,(x) € C® be a

sequence of finite functions such that

(2.10) nlggonn(x)*f(z)”Lp(p) =0,1<p<oo.

For any n we set

~ S(z) oo fu(t) (zp — t)dt N
D, (z) = , .
(2) = St — 2 /, ST —2) Z€
and from Sokhotski-Plemelj formula (see [2]), we get
. 4+ . _ x o _ —
@) i 8 i)~ a()@ (i)~ falo)|

Using the estimate of this theorem, we obtain

Jim | of (o +iy) — a@)®; (2 = iy) = )],
7
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<[+ i) — 0@ @ i)~ 2@, @) = T @
(@)~ #f @ i) —ale) (B i)~ @@=
5t i) — al@) B (@ = i) = @) 2 al@) = @
Taking into account and (2.11]), we conclude

Jim (| @ @+ iy) = a(@) @ (@ = iy) = [@)] ) =0

<

Theorem is proved. O

3. THE MAIN RESULT

3.1. The problem R, for T, = (.

Theorem 3.1. Let T, = (. Then the homogeneous problem R,, (f = 0) does not

have solution different from zero.

Theorem 3.2. Let f € LP(p) and T, = 0. Also let the sequence of points {xy}7°
satisfy the conditions , . Then the following assertions hold:
a) If k > 0, then the general solution of the inhomogeneous Problem R, may be
represented as

z) [t t)dt
(3.1) O(z) = 5251'2) /_OO S‘*‘{t()()t—z)’ zeTUIl.
b) If k < 0, then the inhomogeneous Problem R, is solvable if and only if the

function f satisfies the conditions
/ @) at

oo ST() (t+14) ’

The general solution can be represented by .

§=1,2, .,k — 1.

Proof. The proof of the point a) follows from Lemma and Theorem
b) Let £ < 0. Denote

(3-2) (2 +iy) — a(2)®” (v —iy) = fy(@).
N S*(x)
Taking into account that a(x) = (@)’ we get
oty @iy _ f)
S+ (x) 5 (x) S+(x)
Denoting
DT (z +iy) P (z—iy) _
@;(z)—w7zeﬂ+, <I>y(z)—5_7(z)7 cIl—,
we get
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In the case k < 0, the function @ (z) has zero of order |k — 1| at the point of
z = —i. Consequently, f(x) satisfies the conditions

/+°° f@t) dt

oo ST() (t+14)

Theorem 3.2 is proved. O

=0, j=1,2,..,—k—1.

3.2. The problem R, for T, # (.

Theorem 3.3. Let T, # (). Then the general solution of the homogeneous problem
R, (f =0), can be represented as:

Ay,
T — 2

where { Ay} € 1P.

Proof. It is clear that the number of points xj, € T}, is finite and by n,, we denote
those points. It is sufficient to establish that the function ry(z) = S(2)(z) — 2)~*
does not satisfy condition (1.2) if z ¢ T},. Indeed

k(@ +y) — ri(@ —iy)| = [Ri(2,y) + Ra(z,9)],

where
~ (zp —2) (ST (2 +iy) —a(z)S™ (= —iy))
Ryi(z,y) = (25 — )2 + y2 )
iy (ST (x +iy) + a(x)S™ (x —1y))
RQ(xay) - (xk — $)2 T y2 .

Using inequality (2.8)), we get

| R (,y) ||Lp(p)

1
+o0 _ plp(ran)g P
< Cry? / ; L fo[ i P <C.
o AL (@ - 27 4 )

On the other hand
IRa(w )l 2 Co(2 [

o—apl<s ((zx — )2 +12)"
where C does not depend on 6. So ||rg(x + iy) — 7% (2 — iy)||Lr(p) > M > 0. O

yP|xg — x|PHdx

)%>Ol>0.

Theorem 3.4. Let f € LP(p) and T, # 0. Also let the sequence of points {xy}7°
satisfy conditions (2.2)), (2.3) and k > 0. Then the general solution of the inhomogeneous
Problem R, may be represented as ®(z) = Po(z) + P1(2) where ®¢ is the general

solution of the homogeneous problem and

(3.3) B1(2) = > Bu(2),
k=1

9
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where
S(z) f@&)(x — t)dt

= k=1,2
2mi(x, — 2) Jx, (t—2)

B — 1,4,...

Py ()
Proof. Since k > 0, then from Theorem [2.1] we have

197 (x + iy) — a(x)®] (x —iy)llLr () < ClfllLr(p),

where the constant C' is independent on y and k. Therefore, similar to the proof of

the second part of Theorem 2.1 we obtain
. + . - _ o - _
Jm 97 (= + i) — a(@)@y (@ —y) — f(@)llLep) = 0.

Taking into account Theorem we get the proof of the theorem. O

Theorem 3.5. Let f € LP(p) and T, # 0. Also let the sequence of points {xy}7°
satisfy conditions (2.2), (2.3) and & < 0. Then the general solution of the in-
homogeneous problem R, may be represented as ®(z) = ®o(z)+P1(2), where 1(z)

is defined by (3.3) and
Ay

)
T — 2

Dy(2) = S(2) Z

ZEkETp
here {Ar}2, € I, A1, A_.io, ... are arbitrary complex numbers, and the numbers
Ay, Ao, ..., A, are uniquely defined by the system of linear equations
oo A [e'e)
D k=1 (;ck:-i) = *ijl Iia
o0 A o0
Yokt Tt = — 2og=1 (21 + 112)
(3-4) Yot Gt = — g1 Us1 + 212 + Iis) ;

00 A _ © K e
Zk:l (xr+i)—= — Zj:l Zmzl Om I —p—m
where C) are the binomial coefficients and

o J(0) (@ — 1)
ik + )™ Jx, ST +i)"

Imn dt, m,n = 1,2,...,—/4,.

Proof. In the case K < 0, S7(z) has a pole of order —k(k < 0) at the point
z = —i. Hence in order ®(%z) to be solution of the in-homogeneous problem R, for
Ay, Ag, ..., A_ it must be hold . Note that the determinant of the linear system
is a Vandermonde determinant and is determined by the following formula:

1 1
det = - .
‘ H (acj-i-z' xk—i—i)

1<k<j<—k

Since ﬁ, k = 1,2,...,—k are distinct, the determinant is non-zero. Hence the

numbers Aq, Ao, ..., A_,, may be uniquely defined by the system of linear equations

B4). O
10
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AnHOTALUS. JloKa3bIBaeTCs, ITO [JIsl JTI0O0r0 KOHYEHOIO CHMMETPU30BAHHOIO
HoAMHOXKeCTBa S ¢BOGOIHON GepHcaiinoBoil rpynns B(m, n) uMeer Mmecto Hepa-

3
BencTBo |St| > 4 - 2.9t/ (400s) , T/le S — HAaUMEHBIIINY HEYETHBIN JIeINTelb YUCa
n, YA0BJIETBOPAIOINiI HepaBeHCTBY s > 1003.

MSC2020 number: 20F50; 20F05.

KuroueBble cjioBa: cTerneHb IMOJIMHOXKECTB; IPOU3BEJICHNE MHOXKECTB; OEepHCANI0BA
rpymuIa; pocT IPYIIIbL.

1. BBEJEHUE

[Tyctb S KOHEYHOE TOJIMHOZKECTBO HeKOTopoil rpymmbl. Yepes St o6oznaunm mHo-
JKECTBO BCEBO3MOXKHBIX IIPOU3BEJIECHUI BUA a1 -« - Gy, Taie a; € S. Meii-Uy Yanr (cM.
[1]) mokazasa, 4TO Ist JIEOGOr0 KOHETHOIO [OJMHOYKECTBA CBOOOHOM IPYIIIbI, HE CO-
JIEPZKAIIErocsd HU B KAKOH IMKJIMYECKOH [OJArPYIIe CYIECTBYIOT KOHCTAHTEL ¢, 0 > 0
TaKme, 9TO crpasemBa onenka |S3| > ¢[S|'T0. A. A. Pas6opos (cM. [2]) ymywmmn
9Ty OLEHKY M IIOKa3aJs, YTO CYIIeCTBYyeT KOHCTaHTa ¢ > 0 Takas, 4To i JIH0G0ro
KOHETHOTO TIOJIMHOZKECTBA, S CBOGOIHOMN I'PYIIIBI, HE COMEPKAIEroCst HA B KAKOH ITUK-
JUdecKoil MoArpyIine, cipase o Hepasenctso |S3| > |S|2/(log|S|)¢. C.P.Cadun [3]
[O37K€e yCHJINJI ITOT PE3YJIBTAT, IOKA3aB, ITO CYIIECTBYIOT TAKUEe KOHCTAHTHI Cp > 0,
9TO JIs JOGOTO KOHETHOTO TOJMHOKECTBA S CBOGOIHOM TPYIIIBI, HE COIEPIKAIIErOCs
HU B KAKOfl IUKJIMYeCKOl TO/IrpyIIie, cipase/yinso Hepasenctso St > ¢ S[I+1)/2]
IPH BCEX HATYPAJIBHBIX t. J[pyrue pesyasrarTsl o aJuTHBHON KOMOMHATOPUKE MOK-

HO HaliTh B [4].

1I/ICCJ'Ie,[L0Ba,HI/Ie IIEPBOr0 aBTOPA BBIINOJHEHO IIpu (DUHAHCOBOM mnojuep:kke Komurera mo Hayke
PA B pamkax HaygHoro npoekta Ne 21T-1A213. UcciemoBanue BTOPOro aBTOpPa BBIIOJIHEHO IIPU
dunancosoit noguep:kke KH PA u PODU (PD) B pamkax coBMecToil Hay4aHO# nporpammbl 20RF-
152 n 20-51-05010 cooTBETCTBEHHO.
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O INMPOMUBBEJAEHUN ITOAMHO>KECTB B IIEPEOJVUYECKUX I'PVIIITAX

Mzgr1 OyieM paccMaTpUBATH CTEIIEHN KOHEYHBIX CHMMETPU30BAHHBIX ITOIMHOXKECTBO
S ¢BOOOIHBIX HEPHCAlIOBBIX TPYIIT HeYeTHOTO nepuoa n > 1003. Ilpu sTom noaMHo-
JKeCTBO S HA3LIBAETCA CHMMeTPU30BAHHOMN, eco u3 a € S ciremyer a~ ! € S.

Harmeit IEJIBIO fABJIACTCA CJICAYIOITasd TeopeMa.

Teopema 1.1. Jlas 4106020 KOHUEH020 CUMMEMPUSOBAHHO20 NOOMHONCECTNEA S C6O-
600noti beprcatidosoti epynno. B(m, n) umeem mecmo nepasencmeo |St| > 4~2.9t/(4005)3,
2de § — HAUMEHLWUT HewemHvll OEAUMEND YUCAG T, YOOBAEMBOPAIOWUT HEPaeH-
cmey s > 1003.

Hamomumaem, 9T0 OTHOCUTETHHO CBOOOTHAS TPYIITIA PAHTA 1M MHOT00Opa3ust TPYIII,
YZAOBJIETBOPAIONIMX TOXKIecTBY =™ = 1, obosnagaercsa yepe3 B(m,n) u Ha3biBaeTcs
CBOOOTHON TIEPUOIUIECKON U 60600101 bepHCatidosoti 2pynnotl TEPUOIA N U PAHTA
m. Bosee mpocTo

. n _

B(m,n) = (a1, a2, ...,am; " =1).
KonuuecTso ss1ementos MuozkectBa S* npunsTo 0603HaMaTh TakKe depes g (t). Uuc-
JI0

. 1
MG, S) = lim vs(t)* <vs(1) =1[9]
t—o0

Ha3bIBAETCsI CTEIEHbIO IKCIIOHEHITUAJIBHOIO POCTa rpyIibl G OTHOCUTEJIBHO S.

Ecmn iréf MG, S) > 1, rae undumym 6epercs 10 BceM KOHEYHBIM OPOZKIAIOIIUM
MHOXKeCcTBaM S, TO CKaxKeM, 9To rpynna G uMeeT pasHOMEPHbIl IKCIOHEHUUAADHBLT

pocm. N3 Teopembr 1.1 BbITEKAET

Caencreue 1.1. (cm. [5], [6])dan 06020 m = 2 u newemmnozo n > 1003 aobas xo-
HEWHO MOoposclentan nHeyukauveckas nodepynna H c60600not beprcatidogoti epynnut

B(m, n) umeem pagHoMepHbIl IKCNOREHUUAALHOLT POCTN.

OTMeTuM, 9TO BOIPOC UMEIOT JI GECKOHEUHBIe CBOOOIHEIC GepHCAtIOBLIE IPYIIILI
B(m, n) paBHOMEPHBIl YKCIIOHEHIMAJBHBIA POCT ObLI IOCTaBJIeH Jie Jg Aprom B [7].
B jasbHefiIeM H3JI0XKeHHM Mbl 63 CIelUabHBIX CCBLIOK OyIeM HCIOIb30BaTh
o6o3HAUEHNsT U TepMuUHOJIOTHIO MOHOTpadun [8]u crarsu [9]. TIpu ceputkax Ha yTBEp-
JKJIEHUST U3 8] MBI MCTIOJIB3yeM MPUHATHIE B Hell cranmapTHble obo3Hadenus. Hampu-

Mmep, V1.2.4 [8] osnauaer mynkr 4 nmaparpada 2 ruassl VI monorpadun [8].

2. JJIOKA3BATEJIBCTBO TEOPEMBI 1.1

IIyctb S - mpOM3BOILHOE MHOXKECTBO, OPOXKIAIOIIEe HEIMKITMIECKYIO TOAIPYIIILY

(S)B(2,s) rPymuel B(2, ), e s > 1003 dbuxcuposannoe nedernoe gucto. Cornacno
13
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reopeme C. . Anana VI.3.3[8], kaxkmas abeseBag noarpyuna rpyuist B(m, s) - muk-
JIIIeCKas, CIe0BaTeIbHO oArpyna (S) p(2, s) Heabesesa. [losTromy MoKHO BHIGPATH
mapy He IIepecTAHOBOYHBIX 3j1eMeHTOB X u Y u3 MHOXKecTBa S.

OTnpaBHON TOYKON st HAC CILy’KUT CJIELYIONIee YTBEPKJEHUE JIOKa3aHHoe B.

Arabexanom B padore [10].

Jlemma 2.1. (Teopema 2[10]). Iycmv xommymamop [A%, Z=1 B4Z] 6 epynne

B(2,s, « — 1) pasen anemenmapromy nepuody C paneza o, 2de A - anemenmaphoid
nepuod panza v, B - ssemenmaproit nepuod panza B, Z € M o1 (V< B < a—1
), d =191, s > 1003 - npoussosvroe newemmnoe wucao u caosa A4 u B sxodsm e

HeKOmopvle CA06a U3 MHodicecms M y—1 U M 5—1 coomeemcmeenno. Tozda crosa
w= C20AC200 42 . L ASTIE200 4 s 300 40300 g2 gs=1 (300
Asasomes bazucom c60600not beprcaiidosoti nodepynnos panea 2 epynno, B(2,s).
Yr00bI MOTB30BATHCH JIeMMOI 2.1 IOKakKeM, 9TO IIPOM3BOJIHHAS HEIMKIMIECKAs

noxrpynna A = (X,Y) rpynust B(2,S) COAEPKUT TAKYIO HENUKIMIECKYIO HOJ-

rpymmy Buga U (A, C)U~Y, aro C - s1eMeHTapHBIH Teproj] HEKOTOPOTO PaHTa o
CB(m,s,a—l)
H =

OJTbI HEKOTOPBIX PaHroB Y U 3, Z € M -1, v < B < a— 1, d = 191 u jmmHbl cjioB

[A?) Z71B?Z], rne A n B - MUHUMI3HPOBAHHBIE JIeMEHTAPHLIE TIEPH-

UAU~' u UCU~! ornocurensuo nopoxpatonux X u Y yIOBIETBOPSIOT HepaBeH-
cTBaM
[UAU|(x,y} < (450s)® u [UCU | (x,y} < (450s)>.

SameruM, 9To Jgemmbl 2.8, 3.2, 6.6 u 7.2 uz pabors! 9] ocrarorcs cupaseIUBLIMY,
ecy B uX (DOPMYJIMPOBKAX U JIOKA3aTEJbCTBAX IKBUBAJICHTHOCTD B PAHI€ (¥ 3aMEHUTH
HA 9KBUBAJIEHTHOCTD B PAHTe (v B CMbIcJie MOHOTpaduu (8], & pABEHCTBO CJIOB B TPyTIIIE
I, 3aMeHuThb Ha paBeHCTBO B rpymie B(2;s, «).

B cuny VI1.2.4[8] u VI.1.2[8] must mexoropbix cioB T, Z M MUHUMHU3HUPOBAHHBIX
9JIEMEHTAPHBIX TepnofoB F' u F, UMEIONUX PAaHTH 0 U P COOTBETCTBEHHO, MMEIOT

B(2s) ip—1 -1 B(2s)
MmecTo paBenctBa X =" TF*'T - uaTYT =

Z~YEJ Z. Bes orpanndenus
OBIIHOCTH, MOXKEM IIPEIIOJIOKUTE, 9TO 0 < p, a B crury VI.2.4[8] u IV.1.13[8] mozkem
cauTaTh, 9T0 Z € M ¢ N g1 nis Hexoroporo & > p. Ilyers HOH(4,s) = k u r
Takoe Tesioe wucyo, uto |r| < s u F'" = F*. Buibpas uncio s = [s/3k], moxyamm
s/5 < sk < s/3. Takum obpasom X" = T FirsT~1 = TF*T-1 5 186 < ks <
% — 148, mockombKy s > 1003. Urak, ana cmosa X1 = X" umeem X7 = TFksT-1

u | X1|(xyy < |rs||X|{x,yy < s?/3. Ananornuno MoxKHO HafiTH TaKoil Y € <Y>B(2’S)
14
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u Takne wncna t ul, uro 186 < tl < S — 148, T-'Vi T =Z'E" Z u V1|(xyy <
52/3.
ITo Teopeme VI.3.1[8] [X1, Y1] # 1. B cuny semm 3.2[9], 7.2[9] u 2.8[9] kommyTaTop

(X1, V1] =T [F*, z'E"Z] T*

conpsizkeH B B(m, s) HEKOTOPOMY MUHUMHU3UPOBAHHOMY 3JI€MEHTApHOMY mepuory D
Hexoroporo pamra § = p+ 1. Iyers T~V [ X, V1| T = Z;'DZy,tne Z, € M\ N
o/\11 st Hekotoporo A > 6. Torma BHOBB npumenus semmbl 3.2[9], 7.2[9] u 2.8[9],
MOJIYIMM, 9TO KOMMYTaTOD [Xl, [X1, Y] d] =T [st, Z D4 Zl} T—! coupszken B
B(2,8) HEKOTOPOMY MUHUMU3UPOBAHHOMY 3JIEMEHTAPHOMY HepHojy B HEeKOTOpOro
panra p > 6 + 1. Jomycrum 7! [Xl, [X1, Y1] d] T = Zy;'BZ,. Takum obpasom, B
nogrpymne A = (X Y>B(2)S) comepxarcs snementst (X1, Y] = TZ7'DZ T ' u
(X1, [X1, V4] U] = TZ;'BZ,T~'. Moxuo cuutats, uro Zy = = Z1Z;" € M, N
i1, tae v = p. o gemme 3.2[9] maiinem upusenennyio dopmy C KommyTaTopa
[Dd, Zy 1Bng]. Cornacuo nemme 7.2[9] C' - ssieMeHTapHBII [1EPHOJ] HEKOTOPOT'O PaH-
ra 7> pt 1B ey (3.6)[9] " w DY 25 B1Z;) w, tae w € O(D, D).
PaccmorpumM smeMenTapHble nepuogsl A = wDw ' u C = w [Dd, Zngng] w™h

W3 ompenenenwnii ciemyer, 910

A=wZi T X, N|T Z;7 'w™!

C=wZT~" [[Xl, Vi, [X1, (X3, 3] d]d} TZ 7 w.
Buaunr, ecn U = T Z;7 'w™, 1o UAU ' € A, UCU' € A n

52 4
(2.1) VAU (x, vy = [[X1, Vil lixovy < S Yl ixovy = 3%
(2.2)
2
_ d s
[ucu 1|{X,Y} = | [[Xh Y1]d, (X1, [X1, V1] d] } lix, vy < 3(8d+2d(8d+2))-

92

Ocraercst 3ameruth, uto % (8d + 2d(8d + 2)) < (450s)2.

IMockonbKy moprpymnst (u, v)B(st) u <UuU’1, U’UU71>B n30MOpGHBI, TO B

(2,5)
cuty stemmbl 2.1 snementsr UulU 1, UvU ! aensiorcs 6a3mcoM cBoGomHOM GepHcaii-

JI0BOI moarpynbl panra 2 rpyuust B(2, s). OueBuuHo,
UuU~ ' = (UcUu—10waAv—ry. - - (AU Y)sH(ucu—1)20,

UoU™' = (WUcu=)ywavr). . - wAUu— s~ Y(ucu—1)30,
15
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o seiGopy mveem UuU ™!, UvU™! € (X,Y)p(m,s). Ucnonssys nepasencrsa (1) u

(2), nomyaaem

45% 4+ 2005(4505)2;

_ s(s—1
|UuU 1|{X’y} < %

l

[UvU | (x.vy < ‘9(87_452 + 300s(450s)2.

Bamerum, uro |UulU g < |UUU71\{X7y}, |UvU s < |UUU71\{X7y}, IIOCKOJIBKY
{X,Y} C S. B kauecrse L MOxkHO B3aTb 4ncio 2s5(s — 1) + 300s(450s)% < (400s)3.

[epeitnem K Joka3aTesbCTBY TeopeMbl 1.1. B culy mOKa3aHHBIX BbINIE HEPABEHCTB
B rpynme < X,Y > comepskaTca JBa aaeMenTa u, v aumabl < L = (4005)3, mopoxta-
OIUX CBOOOIHYIO 6epHcaiioBy rpymiy panra 2. [To uzsectreit reopeme C. 1. Ansina
rpyuisl B(2, s) uMeror sKconeHmasubiii poct. Tounee, corsiacuo Teopeme 2.15, rir.
VI[8] B {u,v}* conepxarcs v(k) > 4-2.9¥~! nonapro pasmmaHbIX s71eMeHTa. 3HATHT
B muoxkectBe SY, rie t > L, comepxkarcs Y([t/L]) 1onapHo pa3JMYHBIX 3JIEMEHTA,
[OCKOJIbKY B HIape pajuyca L cofepKarcs JBa 3JIeMEHTa IIOPOXKIAIONIUE OAIPYI-
my comepzkantyio y([t/L]) nmonopro pazmudnbx 3aementos u3 St. Takum obpasom,
St > 4 - 2.91t/(4005)°]  Ypo6p 30BepmnTh JOKASATENLCTEO OCTACTCS 3AMETUTh, UTO
cBoboHast GepHcaiizosa rpymma B(m,n) romomopdHo orobpaxkaercst Ha B(m,s),

€CJIn S JCJIUT M.
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AnnoTanus. B macrosmeit pabore nocrpoena byuxmusa U € L1[0,1) koropas
o6J1a/1aeT TpUM YHUBEPCAIBLHOCTHIO OTHOCUTEILHO 060BIIeHHOM cucTeMe Youla.
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YHUBEPCAJIbHOCTH.

1. BBEJIEHUE

27

IIycts a > 2 dukcupoBaHHOE TIEJI0€ 9UCIO U Wy = € a .

O60b61enny0 cucreMmy Pajiemaxepa MOpsiIKa ¢ OIPeIesisieTCsl CJIeIy FOIM 00pa3om

(em.[1]):

ITostozxum myist n = 0

(1.1) wo(r) =w P R

1
K xe{k,k—i— ) k=0,1,...,a—1,

a 11 Jjirodboro n > 1

(1.2) on(x +1) = pn(r) = po(a"x).

Torma obobIeHHasT cucTeMa YOJIIa HOPSIKA 4 OIPEeJIesIsieTcs TaK:

1/}0(:1;) = 17
uecmm n = aia™ + ..+ asa™, taeny > ... >n,, 0< a5 <a, j=1,2,...,s, Torga
(1.3) Un(@) = @py (@) - - 052 ().

Ob6oznaunm 00001EeHEYI0 cucTeMmy Yourma mopsiaka a depe3 W,. Ormerum, aro Wy
SIBJISIETCSI KJIACCHYECKOit cucTemoit Yourra, a cucrema ¥, sBISETCS YACTHBIM CJIyIaeM
cucreMbl BujieHKIHA.

1HCCJ’I€,[L0B3,HI/I€ BBINOJIHEHO TIpu duHaHCOBOI nojepkke Komurera no nayke PA B pamkax ma-

yunoro npoekta N 21AG-1A066.
17


https://doi.org/10.54503/0002-3043-2022.57.6-17-31

C. A. EIIUCKOIIOCHAH, T. M. 'PUTI'OPAH, JI. C. CUMOHAH

Ocuosnbie coiictBa cucrembl ¥V, nosryuenst I'. Kpucrencornom, P. Tlenn, 2K. Paii-
HoM, K. Barapu, H. Busenkuabiv u gpyrumm Maremarukamu (em. [1]- [7]).

OrMernM HEKOTOPBIE CBOUCTBaA cucTeMbl W, KOTOpBIE 6Y/1€M HCIOJIb30BATH B JAJIb-

HefeM:
o Kaxnaa n-aa dbynkiusa Pagemaxepa nmeer nepuon a~ " u
2 -1
(1.4) on(x) = const € Qy = {1, wg, w5, ...,ws }, Qg CC,
k
ecyim T € Agb_zl = [aﬂﬂl,%), k=0,..,a" —1, n=12.. tme C

MHOYKECTBO KOMILJIEKCHBIX JHCEJ.

o (on(@)" = (on(@)™, Y, keN, u m=k (mod a).

e () sBIsIETCS KOHEUHBIM TIpon3BeieHneM dyHkuumit Pajgemaxepa u nmpuHn-
MaeT 3HadeHud us €.

o Jlna Bcex 0 <17, j < a® nMmeer MecTo

(1.5) Vi(@) - ¥(a°x) = j.q4i ().
e B uacrroctu, ecm 0 < j < af — 1, o

(1.6) Vartj(2) = @r(@) - ¥5(2).
e Jlmascex m=1,2,..... AMeeT MeCTO

1 a™—1
|

(1.7) /0 JZZ:O W;(x)|de = 1.

o U, a > 2 gBigercd MOJTHON OPTOHOPMUPOBAHHON CHUCTEMON B LQ[O7 1) (em.
[2] crp. 5, 30) n Gasucom LP[0,1] mpu p > 1 (em. [7]).

O6o3uaunM 4depes x g(z) xapakrepucruieckyio dyHKIMIO MHOXKecTBa E, T.€.

1, ecmr el
1.8 ) = ’ ’
(1.8) xe(@) {O,ecm&:p%E.

a gepe3 LP[0,1),p > 1, xiacc Beex dyukimit f(z) namepumbix Ha [0, 1) u yuoBiaerso-

pdIoniue yCa0BUAIO

(19) / (@) Pdx < oo,

a uepes U, = {¢Y(x)} - 0606menHy0 cucremy Yosma nopsaka a. s 3amaHHoit
dysxuu f € LP[0, 1), p > 1, obosunaunm ¢ (f) xoaddunumenrsr Pypre 10 cucreme

v,, T.e.

(1.10) exlf) = / F (@) (@),
18
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a N-yio gactuanyio cymmy psiia @ypwe o cucreme W, orpesesinM cieryomnM 00-

pas3om:
N

(1.11) Sn(a, f) =Y er(f)vn(z).

k=0
Cuekrpom dynrmun f(z) ( spec(f)) Ha30BEM MHOMXKECTBO HHJIEKCOB, JIst KOTOPBIX

K03 dunuentst ¢k (f) OTIUIHBL OT HYJIs, T.€.
(1.12) spec(f) ={k € N,cr(f) #0}.

Ounpepenenne 1.1. m - mud epudu annpoxcumanm ssemenma f € LP[0,1),p > 1,
no cucmeme ¥, HA3b8GEMCA CACOYIOULAA CYMMA:

(113) Gm(fa (b) ch(f)¢k7

keA

2de A C {1,2,...} npouseorvrviii Habop uHIEKCO8 MOUHOCTIL M. YOOBALTMEOPAIOULUT
YCAOBUIO:
len(H)] = lee(f)], ecaun e A, k¢ A.

CkazkeM, uto rpuau asropur™ dbyakuun f € LP[0,1], p > 0, cxomurcss oTHOCH-
resibHO U, ecsu nocsieoBaresbHOCTh Gy, (2, f) cxomures x f(t) no LP HOpMe.

CymecTByeT MHOTO paboT O CXOAMMOCTH T'PHJIM AJTOPUTM IO PA3HBIM CHCTEMAM
(cm. [8]-[16]). B wactroctn T. B. Keprep nocrpout dynxmnmo us L? (motom u Herpe-
PBIBHYIO ) TPUAM AJTOPUTM KOTOPOIl MO TPUTOHOMETPUIECKOH CHCTEME DACXOIUTCS
nourn Bewony (em. [10]). dasee B. H. Temssikos nocrponsa npumep dyskimun f € LP,
p € [1,2) (coorB. p > 2), rpuiy AJIrOPUTM KOTOPOIA 110 TPUIOHOMETPUIECKON cucreMe
pacxomurcs no mepe (1o Hopme LP, p > 2)(cm. [11]). B paborax [13] u [14] noka3zana,
aro cymectsyer dynkims f € LP[0,1), p > 1, rpuam anroputma KOTOPOii 1O cHCTeMe
U,, a > 2, pacxogurca o nopme LP[0,1] .

B pa6orax [15] - [20] paccMaTpuBaIiCh BOIIPOCHI CXOMMOCTH YKa,IHOTO aJIrOPUTMA
O KJIACCHYECKHM CHCTEMaM C TOYKH 3PCHMs 3HAMEHUTBIX TEOpeM HcrpabjcHus H.
H. JIysuna [21] u J. E. Menbmosa [22] .

B uacrroctn B pabore [20] mokazaHO CiIeayomee yTBEPKIEHNE:

Teopema 1.1. ITycmov p > 2, mozda das mobwx € > 0 u f € LP[0,1) cywecmeyem
Pynruua g € LP[0,1), |[{z € [0,1) ; g # f}| < & maxaa, wmo epudu arzopumm

Ppynryuu g, no cucmeme VY, , a > 2, crodumca ¢ LP.

B nacrosmeit pabore Mbl ycusinBaeM TeopeMy 1.1, I0Ka3aB CJIEAYIONIYIO TEOPEMY:
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Teopema 1.2. Cywecmeyem gynxyua U € L0,1) obaadarowasn ciedyrowum ceofi-
cmeom: Oasn amobux wucea 0 < € < 1, p > 1, u dasn amobol Pynkyuu f € LP[0,1),
p > 1, mooicno watimu gynxywo f € LP[0,1), mes{z € [0,1); f # f} < €, ma-
K10, wmo epudu arzopumm Gyrxyun f, no cucmeme Wq, a > 2, cxodumes 6 LP u

ler(f)] = cx(U), Yk € spec(f).
VMeer MeCTO TakzKe CJIeIyIoIee yTBEPKIeHue:

Teopema 1.3. Cywecmeyem dynxyusa U € L1]0,1), obaadarowasn caedyrouum ceoti-

cmeom: 0as aobux 0 < € < 1 u das awbol gynrkyuu f € () o, LP, moocro natimu

p>1

yrwkyuo f € LP, mes{x € [0,1); < €, MAKYO Ymo 2pudu aA20PUTIM
p>1

PyHKUUY f , no cucmeme Vg, a > 2, crodumecsa no ecem LP nopmam odnospemerto u

lek(f) = ex(U), Vk € spec(f).

Oyukiusa U obmagaromast ceoiicrBamu TeopeM 1.1 u 1.2 mazoem LP-rpumm yHU-
BepcaJjIibHOM OTHOCUTENIBHO cucTeMbl ¥,, a > 2. OTMeTuM, 9TO CYIIECTBYIOT MHOIO
paboT MOCBSIIEHHDIE CYIIECTBOBAHUAM PA3HBIM THIIAM YHUBEPCATBHBIX (DYHKITUSIX TIO
pasubM cucremam ( cm. [23] - [31]).

OrBer Ha CJIeIyIOMUil BOIPOC HAM HE U3BECTEH:

Bomnpoc 1. Cupasesussl jiu Teopembr 1.2 u 1.3 mj1st TPUTOHOMETPUIECKO# CHCTE-

MBbI?

2. JTIOKA3ATEJILCTBO OCHOBHBLIX JIEMM

Mpur Bocnionbsyemest Jlemmoit 1, nokazanroit B [15].

Jlemma 2.1. ITycmo danwe unmepsan A = A, panea a u wucaa Ng € N, v #£0, € €
(0,1), p € [1,00). Tozda cywecmeyrom usmepumoe mroocecrneo E C A u noaunom
Q no cucmeme ¥, suda

N
Q(z) = > axhi(x)

k=N,
YOOBAETNEOPAIOULUE YCAOBUAM;:
1) xospuuermos {ak}fc\':NO pasrol 0 uau s -y - |A|, ede |»| =1, 3 € C,

2)IE] > (1-¢)|Al,

v: ecwuzx €FR
3 =
Q@) {O Ceecruwz g A
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4 max Q@) < =1l (A7

No<M<N e P
OCHOBHBIM aIapaToM s JToKa3areJbcTBa Teopembr 1.3 cirykur jlemMma 2.3, KO-

TOPYIO JJOKazKeM C ITOMOIIbIO CJIe,ZLyIOH.[eﬁ JIEMMbI:

Jlemma 2.2. Ilycmo danor unmepsan A = A, panea a u wucaa mo € N, v £ 0,
0 €(0,1), 6 € (0, I%l), 0<6< %. Tozda cywecmsyrom gynryus g(x), usmepumoe

mmoocecneo E C A, noaunomvs H(xz) u Q(x) no cucmeme ¥, suda

Ha)= Y bahla) .

k—a™0—1
a™—1

Q(z) = > exbroi(z)
k=a™o0
1y006AEMEOPAIOULUE CACOYIOULUM YCAOSUAM:
1) 0<brir <bp<0,VEkela™, am),
2) e, =10 uau 3y, 2de || =1,k € [a™,a™), € C,

3)  fo |H(x)dx <6,

4) Bl > (1=36)|A],

v, ecruz € F
5 =
) 9(@) {O, ecaux ¢ A

<.
P

) Hgm QW)

JokazareabcTBo. BosbMmem Takoe HaTypabHOE YUCTIO Vg > 1, 9TOOBI

_ 0
21) bl < g,
U TIPeJICTABUM JIAHHBIN WHTEPBAJ B BUJIE OO0bLEINHEHNS MHTEPBAJIOB CJEIYIONUM 00-

pasom

(2.2) A:UAW
v=1

e |Ay|=a YAl
ITocremoBaTeIbHO IpUMEHd JeMMy 1, Hafimem MHOKecTBa I, C A, 1 moJmHOMOB

a™v—1

(2.3) Quiz)= D ajx),

j=amv—1
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rae a; = 0 wm s0,v|A;|, ecm j € [@™ 1, a™), |20, | =1, v € {1, ...,a"}, ymoBrerso-

pAIOIINE YCIOBUSM:

(2.4) 1By > (1—€)|Ay],
v ifxe A,
2.5 v - )
(2:5) Q) {O coifag A
a? 1
(2.6) HQy(a:) <clalia,p.
p 0
Orpeesium
(2.7) E = U E,.
v=1
(2.8) o= Al ke @, e m=m, 1
. k — a0 22k’ a , , TN =Ty, )
a™—1
(2.9) H(z)= Y betul(x), m=my, —1,
k=a™o0
Vo vo av—1 a™—1
(2.10) g(x) = ZQy(ﬂﬂ) = Z Z a;¥;(x) = Z a;j;(w),
v=1 v=1 j=q"mv-1 j=a™o
vo amv-—1 a™—1
(2.11) Q)= > ebiia)= > gbj(a),
v=1 j=gMv-1 j=a™o
re
(2.12) gy = 0 et 4 =00y e gy 19, a,
»,, taels,|=1;
U3 ycnosuit (14), (15), (17)-(21) caeayer
(2.13) IB| > (1-9)Al,
(2.14) 0 < bpys <bp <O¥kel[a™,a™),

er =0, wm s, tae |»|=1k¢€ [a™,a™),

(z) = v oo ecmz €L
=30 - ecmz ¢ A’
o) - @) <o

P
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s (21), (22) umeem

a™—1 a™o0—1 a™—1

H@) = A S ww) - 3w | 10 Y s,
7=0

a'o
j=0 j=a™o

Orcrona u u3 coorrormennit (7), (14) momxyanm
1
27| 4
/O H)ldr < 22 a] 40 <.
Jlemma, 2.2 mokasaHa.

JIemma 2.3. IMycmov danv, wucaa mo > 1, 8,5 € (0,1), u noaurnom f(x) no cu-
cmeme W,,. Tozda cywecmeyrom Pynryus g(x), usmepumoe muodicecmeo E C A u

noauromv, H(z), Q(x) no cucmeme ¥, 6uda

a™—1
H(z) = Z bri(z) |
k:awlo
a™—1
Qz) = Y exbrhu(x),
k=a™0
YO0GACTNEOPAIOULUE YCAOCUAM:
1) 0<bpi1 <bgp <8, Vkel[a™,a™),
2) lex] =0 wau 1, Vk € [a™,a™),
3) |E| > (1-0)|A],

2 A|wam<a

5) g(x) = f(x), Oaaecex x € E,
4l

6) lg(@)[l, < R

7 o) - @) <o
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oxazameavecmso. Ilycmo

(2.15) Z%XA Zm =1,

2de A, unmepesan pamneza a .

[MocienoBarebHO pUMeHsIs JeMMy 2.2, Hadijem muoxkectBa F, C A, , dyuknun

g, (x) 1 TOMHOMBI

a™v —1

(2.16) Hyx)= > b y(z) 1 <v <,
k=amv-1
a™v —1
(2.17) Q)= Y e vila),
k=aMv-1
rie 5,(:) =0, wm 3 € C, |5 = 1, xkoropsle, qyst Bcex 1 < v < yyu k €

[a™¥=1 a™"), yIOBJIETBOPSIOT CJIEILYIOMIUM YCIOBUSIM:

(218) 0 < bV < <l < b < b <0, ke [amr a™),

(2.19) |5 | =0 wm 1,Vk € [a™1,a™),
! 0
(2.20) / \H, (2)]dz < -,
0 2v
(2.21) [Ey| > (1= 08)[A.],
Yy oo ifxeE,
2.22 v = )
(222 9v() {O : ifedg A,
(2:23) J.0) - Qu(o)| < PR,
P
31,
(224) HQV(I) < E.
Omnpenenum
Vo
(2.25) g9(z) = gu(2)
v=1
vo
(2.26) E=|JE.
v=1
120) a™v —1
(2.27)  H(z) = Z ST b (e Z by (x
v=1 v=1fk=qmv-1 k=a™o0
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o a™v —1 a™—1

(228) Q@)= Qu(2) Z ST e k@) = Y erbiti(a),
v=1 v=1fk=q™v-1 k=a™0

e

(2.29) m=my,, €= 5,(:) u by = b,(:)npn kEela™1a™), 1<v<uy,.

U3 yenoenit (28), (31), (32), (34), (35), (38), (41) u (31) umeem
g(x) = f(x) nmazek,
|E| >1—0,

0 <bpyr <bp <0, lexg| =0 wm 1,Vk € [a™°,a™).

Yuurssas (35) u (36) mst Beex v € {1, ..., 19} nomyanm

(2.30) @@l <l 0g s,

U3 yenosuit (29), (33), (36) - (38) u (43) umeem

1 o 1 o
/ H (2)|d < Z/ \H, ()]dz < 3 25 <.
0 v=170 v=1

Hgm W <3 [o@ - @] <mino s,
P v=1 p
4
@), < 2l
Yuaursias (36) - (38) momyanm
5
o)l < 20

P

Jlemma 2.3 mokaszaHa.

3. JIOKA3BATE/IBCTBO TEOPEM

O0603HAYNM II0CJIE0BATEIBHOCTh BCEX IIOJIMHOMOB 110 cucreme W, ¢ palioHajIb-

HbIMI KO3 DUIMEHTAMA CJIEAYIONUM 00pPa3oM:

(3.1) {fn(x)}nzr-

IIycts mama mocsaeaoBaTeIHLHOCTD

(32) {pn}7 DPn T Q.
25
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ITocnenoBarebHO TpUMeHsist JIeMMY 3, st JTF000TO 11 > 1 MOXKeM OMpeJeTuTh TOCIe-

JIoBaTeIbHOCTU (DYHKIMI {gELj ) (z)}j—1, MHOMKECTB {E '_, ¥ HOJIMHOMOB 110 CHCTEMe
vV, BuIa
M) -1
(3.3) HD (@)= 3 b yp(x), 1<j<n, b7\,
k=M~
M) -1
B4 QV@ = Y &), 1<ji<n, (g =1 nm 0),
k=MF Y
rae
MY =am 0 < M® <« MY = M < MY < M <
(3.5) <MV =MO <MV < <MW =M <MD

V/IOBJIETBOPSIOININE yYCJIOBUSIM:

(3.6) 9 (x) = fu(x) wpu =z € EY,
(3.7 EG)| =1-277,

(3.8) 195 (x) = QY ()], <27*", 1<j<n,
(3.9) 195 @)llp, <52 fallp,, 1<4<m,
(3.10) (/ |HY) dm) <4~ ] < <n.

Oupenennm dysximo U(z) mocienoBaTe bHOCT Yuces by, CIeayromuM o6pasoM:

=33 () -

n=1j=1
o n MT(Lj)*l (e’
(3.11) =S50 Y o) | =Y been(a),
n=1j=1 \j MT(IJ'—U k=0
rjae
(312) b =0b"" mpn k=MUD MO 1, j=1,2,..n, n=1,2,..

Hetpymmo 3ameTuTnh, 910

(3.13) /|U )| da: gii(/ |HYD (x) |dx) 224 (i) < 1.

n=1j=1
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Mr,(L7l)71 o0 n
(3.14) U— > o) ==Y B <27
k=0 ) n=q j=0 )
Orcrona u u3 (54) umeem
(3.15) w(U) >0, cp(U)L0, k=0,1,2,...,
(3.16) by = cr(U) ,k=0,1,2,....

Hyers f(z) € (1,5, LP[0,1). Herpymio 3amerutn, 9T0 MOXKHO BHIGPATD 10C/IEH0BA~

renbHOCTD { fr, (2)}52, u3 (44) rak, uro

(3.17) lim > @)= fl@) =0,
j=1

Pn
(3.18) 1 fion (@)lp, 4727, n>1,
rue
(3.19) k1> jo = [logs1 6] +1
([a]- memast gacTs aucna a).

IIooxunm
Qi) = QY By =BT, g1 =gt

Ipennonoxkum, a0 wncaa ki = vy < ... < vy_1, dyukmun f, (z), go(z), 1 <n <

q — 1, mao)kectBa F),, 1 <n <q— 1 1 noJinHOMBI
Mn+io) 1
Vn

Qu(z) = QU ()= > o b (a)

k:M(n+J‘o*1)

y2Ke onpegnesensl u g Bcex 1 < n < g — 1 y10BJIeTBOPSIOT YCIOBUAM:

(320) gn(x) = fkn (SU), T e En7

(3.21) [Qi(x) — gr(@)]|| <4~ 7D,
k=1 Pn

(3.22) |En| >1—627",

(3.23) lgn (2)]lp, < 5612~ (=8),
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Herpyano sameTnth, 9T0 MOXKHO BBIOpaTh bynkmmo f, () (vq > v4—1) U3 mocie-

JosaresibHoCTH (44) TAK, 9TO

fun (&) (fkq (@)~ 3 [Qula) - gz-(x)])
1=1

W3 ycnosnit (61), (64) u (67) nmeem

<472,

Pq

(3.24)

qg—1
1 foallpg < || frg(2) — (fkq(x)— [Qz‘(x)—gi(x)]> +
i=1 P
qg—1

(3.25) 1y g, + (D Qi) = gal@)]|| < A-47l0,

Iomoxnm “

(3.26) 9q(x) = fi, () + 9577 (2) = fu, (2)],

M53+Jo)_1
(3:27) Qo) = QU (@) = 3 T (),
k:MISZ-%—jo—l)

(3.28) Ey(z) = E{TH0),

Yunresas coorHomenus (49) u (63) mosayanm

(3.29) 0a(2) = i, (@), € B,

U3 (51), (64) u (67) umeem

q q-
> 1Qi() — gy Z o)+ Qq(x) — gq(a)|| <
=1 Pq =t Pq
qg—1
<[ frg () = <fkq(9€) [Qi(z) — 9i($)]> +
=1 Pq

(3.30) _,_Hg(qﬂo _ Q£Z+jo)||pq < 4= (a=1)

U3 coornomennit (67) - (69), (73) caemyer, aro
q—1

194(@)lp, < || (2) = <fkq($) - D [Qi(x) —gi(x)]> +

i=1 P

+ gy, <

3 1@ ~ gyte)

28
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, BA
(3.31) <ATH 4 Bor| f, (@), < D2 et

Taxmm 06pa3zoM, MO MH LY KIIUH OIPEJIe/TIOTCS TOCTIeI0BATe TbHOCTH byHKIut { g, (7) 1521,

mHOKecTB { Fg 102 n nommomos {Qy(z)}, kotopere yrosnersopsior (63) - (66) s

Bcex q > 1.
ITomoxxum
(3.32) E=()E,
g=1
U3 (65) caenyer, 9aro
|E| >1—0.

IIycrs p > 1 moboe wucio u3 (45), Torma CyLeCTBYET gy TAKOe, IT0 P < Py IJI BCEX

q > qo. Torna, yuurbiBas (66), umeem

Z 9q()

g9=4qo0

(3.33)

oo
<> lgallp, < oo
p 9=t
Onpesemy byHKIMO f () 1 IOC/IEI0BATEIBHOCTD YHCE {£), } CIIEIYIONIM 06Pa3OM:

q=1
(3.35) - 6](€Vq7q4rjo)’k; € [M§Z+jo—1),M£g+jo))7 =12 .
. b 0, kg2 [M(qujO*l) M(Q+jo))
’ q=1 v 9 Vq

q

flz)e 70,1, f(2)=f(z), z€E,
p>1
Us (63), (64), (68), (69) - (71), (75) - (77) auys Bcex q > qo uMeeM
MU0y

Z exbrb(x) — fla)|| <

k=0
p
Ml(/tl]:i+fo)71 a—1 M£n+j0)—1
<Y e - f@)|| = S @ ) | - fla)
k=0 n=1 \ p_ps(n+io—1)
Pq vn Pq
q—1 qg—1 )
= Qu(x) = f@)|  <|[D @Qu@) =ga@)|| +D_ llgn(@)]l,, <5627,
n=1 Py n=1 pg =4

Yauresag (59), (74) u (77) noayanm

1
enl(f) = /O F@)Pr@)dz = exby = excr(U), k= 0,1,2, ...
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Orciona u u3 (59), (78) caexyer, uaro

lew(f) = er(U), k € spec(f)

U CJIEJIOBATENIFHO, HeHyJieBble Kodddurmentol Pypre nucnpasierHuoit dyHknun f 1o

Momymo yobBaror Ha spec(f). YunThiBas oUpeeseHus] TPUIM AIPOKCUMAHTA s
aoboro n € N MoKHO HaiiTu nojmocsienoBaresbHocTb M, Takyi, uro Sy, ( f) =
Gl f) ¥ TIOCKOJIBKY cuctema W, siBjisiercss 6a3ucom BO Bcex LP| To mosrydaem, 9To
Gn( f) cxouTest K f 10 BeeM HOpMaM LP.

Ecmm f € LP, npu durcupoBanHoM p > 1, TO MOJOOHBIME PACCYKICHUSIMA JTOKA~
3BIBAETCSI, UTO IPUM AJIOPHTM HCIPAB/ICHHOA (DYHKIUH f CXOAUTCS K f 110 HOPME

LP. Teopewmsbr 1.2 u 1.3 mokazaHbl.
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Abstract. The main focus of the present paper is to establish sufficient conditions for the
parameters of the normalized form of the generalized Le Roy-type Mittag-Leffler function have
certain geometric properties like close-to-convexity, univalency, convexity and starlikeness inside
the unit disc. The results obtained are new and their usefulness is depicted by deducing several
interesting corollaries. The results obtained improve some several results available in the literature
for the Mittag-Leffler function.

MSC2020 numbers: 33E12; 30C45.

Keywords: Mittag-Leffler function; analytic function; univalent; starlike; convex;
close-to-convex functions.

1. INTRODUCTION

To study the asymptotic behavior of the analytic continuation of certain power series,
Edouard Le Roy considered the following example [18, Section 6]

[eS)
Zk

(k)

(1.1)

v >0,
k=0

when z — oo along the real axis. Recently, S. Gerhold [6] and, independently, R.
Garra and F. Polito [5] introduced a generalization of (1.1)) by

n

(1.2) F) =Y m (2 €C,a,B,7 € C,R(a) > 0),
n=0

which turns out to be an entire function of the complex variable z for all values of
the parameters such that ®(«) > 0,8 € R and v > 0.

Obvious specifications of parameters lead to a set of well-known special functions
like the Mittag-Leffler E, = Y

a,l

two parameter Mittag-Lefler E, g = F(ilg7 multi-

parameter Mittag-Leffler function (Eg 5= Fc(jg, ~v € N) and their subsequent special

cases.
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Various geometric properties has been studied for different classes of special functions
such as Mittag-Leffler function, Wright function, hypergeometric functions, Bessel
functions, Fox-Wright function and some other related functions are an ongoing part
of research in geometric function theory. We refer to some geometric properties of
these functions [I} [17} [16], [27) 28], [13], [T4] [3], [7, 8 [2], [IT, 12] and references therein.

Let H denote the class of all analytic functions inside the unit disk D = {z :
|z] < 1}. Suppose that A is the class of all functions f € H which are normalized by
f(0) = f(0) — 1 = 0 such that f(2) =2+ > ,o,axz”, for all z € D.

A function f € A is said to be a starlike function (with respect to the origin 0)
in D, if f is univalent in D and f(D) is a starlike domain with respect to 0 in C.
This class of starlike functions is denoted by S&*. The analytic characterization of &*

is given [3] below:

Zf’(2)> .
§R<f(z) >0VzeD <«— feS§".

If f(2) is a univalent function in D and f(D) is a convex domain in C, then f € A
is said to be a convex function in D. We denote this class of convex functions by /.

This class can be analytically characterized as follows:

§R<1+ Zf,/;g)) S0,V2€D «— fek.

It is well-known that zf’ is starlike if and only if f € A is convex.

A function f(z) € A is said to be close-to-convex in D if 3 a starlike function g(z)

in D such that
A
9(2)

for all z € D. The class of all close-to-convex functions is denoted by C.

A function f € A is said to be uniformly convex (starlike) if for every circular arc
~ contained in D with center ¢ € D the image arc f(7) is convex (starlike w.r.t. the
image f(¢)). The class of all uniformly convex (starlike) functions is denoted by UCV
(UST) [20]. In [10, @], A. W. Goodman introduced these classes. Later, F. Ronning

[20] introduced a new class of starlike functions S, defined by
S,(D):={f: f(z) = 2F'(z), Fe UCV}.

The main focus of this paper is to study certain geometric properties including

univalency, starlikeness, convexity and close-to-convexity in the open unit disk of
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the normalized Le Roy-type Mittag-LefHler function defined by
F3(2) = 0B FL)(2)
(1.3) s re) 1" N
= =: A k.
e | I R
Geometric properties of normalized form of Mittag-Leffler function F&l)ﬁ (2) :=Fq5(2)
were discussed by Bansal and Prajapat in [I]. Recently, in [I7],[16] geometric properties
of normalized form of F, g(z) were studied, which improve some results of [I]. The
above results inspire us to study the geometric properties of Le Roy-type Mittag-
Leffler function and improve the results available in the literature.

Each of the following definition will be used in our investigation.

Definition 1.1. (Mitrinovié¢ and Vasi¢ [I5]) A sequence of real numbers {a,}, n =

0,1,2... satisfying the condition
(1.4) 20p41 < ap + apto, n=0,1,2...

is called convex sequence. Putting Aa, = a, — @41 and A2a, = Aa, — Aa,i1.
Condition (1.4) may be written as A%a,, > 0,n = 0,1,2... It is well known that If
f(z) is convex function (of real variable) for = > 0, then the sequence a,, = f(n),n =

0,1,2... is convex.

Definition 1.2. An infinite sequence {b,}~ of complex numbers will be called a

subordinating factor sequence if whenever

(1.5) f2) =2 anz"

is analytic, univalent and convex in D, then
(1.6) {Z anbn2™ 2 € D} C f(D), (a1 =1).
n=1

For more information on the various geometric properties involving subordination
between analytic functions, we refer the reader to the earlier works [3, 23] and also

to the references cited therei

2. USEFUL LEMMAS

In order to prove our results the following preliminary results will be helpful.
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Lemma 2.1. Let min(a,v) > 1,8 > 0 such that a + § > 2. Then the following

inequality

(2.1) FOL(2) < 2+ 200 (e* — 1),
holds true for all z > 0, where

re) 1"
2.2 60 — {} :
22 = [Ta+5)

Proof. First, we prove that the sequence

[ Tty
(2.3) T = { [C(ak + B)]7 }k>1 ’

is decreasing. Let min(«,y) > 1 and 8 > 0, then we have
zhy1 _ (4 D[ (ak + B)]
v, [D(ak+a+ )
(k+D[(ak+B)]" _ k+1 _ k+1
= [Dlak+B8+1D]  (ak+B)Y ~ ak+ 8

It is easy to proved that the function (&) defined by

(@) =(a=-1)f+p-1,

(2.4)

is non-negative for all @ > 1 such that o + g > 2.
This in turn implies that the sequence (xy)>1 monotonically decreases. Therefore,

for z > 0 we get

Faupe) _y, §o IO+ 1)
z = [C(ak+ )] k!
R AN
ST+070> 5 =1+04(* = 1),
k=1
This proves (2.1). O

Lemma 2.2. ( Ozaki [19]) Let f(z) = 2 + > poy ApzF. If 1 < 245 < ... < nA, <
m+1)A1 <...<2,0or1>24,>...>2nA, > (n+1)A,11 > ... >0, then f is

close-to-convex with respect to —log(l — z).

Lemma 2.3. [11] Let f € A and |(f(2)/z) — 1| < 1 for each z € D, then f is
univalent and starlike in Dy o = {z : 2] < 1/2}.

Lemma 2.4. [12] Let f € A and |f'(z) — 1| < 1 for each z € D, then f is convex in
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Lemma 2.5. [24] If f € A and satisfy
2f'(2)
f(z)
where M is a solution of the equation cos M = M, then R(f’'(z)) > 0.

-1 <M, zeD,

Lemma 2.6. [25] Assume that f € A.

2f"(2)

(1) 4 ( ]
(2)

f'(z)
Lemma 2.7. (Féjer [@]). If A, > 0, {nA,} and {nA, — (n + 1)A,41} both are

( )
nonincreasing, then the function f(z) = z+ Y, A,z™ is in S*.
n=2

<f then f € UCV (D).

‘< , then f € Sp(D).

Lemma 2.8. (Féjer [4]). Let {a,} be a sequence of nonnegative real numbers such

that a1 = 1, and that for n > 2 the sequence {a,} is a convexr decreasing, i.e.
ay—ag > -2 ap —appr = -0 2 0.

Then
o0

(2.5) R <Z anz"1> >1/2, zeD.
n=1

Lemma 2.9. (Wilf [29]). The sequence {b,}{" is a subordinating factor sequence if
and only if

(2.6) m{1+22bkzk}>o,zep.
k=1

3. MAIN RESULTS

Theorem 3.1. Let min(a,y) > 1 and 8 > 0 such that a+ 8 > 2. Then the following
assertions hold true:

(a). If (e — 1)[I'(B)]” < [T(a+ B)]", then the function IFS;(Z) is starlike in Dy /5.
(b). If2(e = [I'(B)]" < [['(a + B)]" and B > 2, then the function F( ") 5(2) is convex
m Dl/Z'

Proof. (a) In view of (2.1]) and straightforward calculation would yield

F(’Y) (
2 < ZAk+1|z|

gFEZ}g( )1
S 9(()1)6(6 - 1)5
36
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for all z € D. Hence, under the given hypotheses we obtain

FO(2)

z

-1 <1, zeD,

and consequently the function Ffjé(z) is starlike in D, /5 by the means of Lemma
(b) A simple computation becomes
/ oo
(Ffj,)g(zo — 1= (k+1)Ap2*
k=1

_Ooykz
=2 ;

(3.2) )

where (yi)x is defined by
[CB)PT(k+2)

(33) Yk = [ (ak+ﬂ)]'\f y - 1.
We define the function fy; (&) by
)y _L(E+2)
Jor© = ag P £ 7
Therefore
(3.4) (FOH©) = FOUO(E +2) — ari(at + B)).

Under the given conditions, we deduce that ¥ (af + 8) > ¥ (£ + 2) and consequently
the function fé”g(g) is decreasing on [1,00). This implies that the sequence (yx)k>1
monotonically decreases for all « > 1,8 > 2 and v > 1. Therefore
/ oo
(3.5) ‘(Fg)ﬁ(z)) - 1‘ < % —yi(e— 1).
k=1 """
This implies that

!/
‘(]F((;’)ﬁ(z)) — 1‘ <1, zeD.

Hence, the function Ffj)ﬁ(z) is convex in Dj,; by Lemma This completes the
proof of Theorem [3.1] O

On setting a = 1 and v = 2 in Theorem [3.1], we get the following results as follows:

Corollary 3.1. The following assertions hold true:
(a). If B > /e — 1, then the function F?g(z) is starlike in Dy /5.
(b). If B8 > 2, then the function Fﬁ);(z) is convex in Dy y.

Remark 3.1. Theorem indicates that the function Fy g(z) is convex in D /o if

B > 2. Tt concludes that our result improve the result proved in [I, Theorem 2.4 (b)].
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Theorem 3.2. Suppose that o, 8,7 > 0 such that [['(a + B)]Y > 2[T(5)]", then the
function IF((J%(Z) is close-to-convex with respect to starlike function —log(1—z) in D,

and consequently it is univalent in D.

Proof. To prove that IF((JEB(Z) is close-to-convex with respect to starlike function
—log(l — z) in D, it is sufficient to prove, in view of Lemma that the sequence
{kAg}r>1 is decreasing. A simple computation gives

BA — (b + D) A = k { LB LB )]7

raE ) ¢ [rsaw
N [réﬂ(fﬂﬁm Kr&(ﬁ ﬁﬁ) /3)) - Z 1} '

Fgf(;a ). a > 0 is increasing we deduce that

By using the fact that the function z —

{(ris3m) o

is increasing provided that a > 0 and v > 0, on the other hand the sequence {%}kzl

the sequence

is decreasing sequence. This implies that the sequence

(i o= (a1 ¢ m)W Sl

is increasing and consequently

Lo+ B)* — 20 ()]
e ’

which is non-negative under the given hypotheses. Hence

Vg > v =

kAk — (k + I)A]H_l >0

for all k& > 1. This completes the proof of the Theorem [3.2] O

Corollary 3.2. For o> 1,7 >0 and 8 > 2'/7, then the function F((J)B(Z), close-to-

convex with respect to starlike function —log(l — z) in D.

Theorem 3.3. Let a > 0,5 > 0,7 > 0. Assume that any one of the following
conditions (Hy),(H{) or (H?) hold true:

0. min(a,8,7) > 1,07 > 2,

(
(Hy):q (). [P (e—=1) < [[(a+B)
(ii5). oL 4 HetAOT <,
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(¢). min(a,y) >1,a+ 8> max(4%,2),
(H{):{ (i). The function L] 5: 2+ (2 +1)* = z(az + )7 is decreasing on [1, 00),
(idi). 07 <L,

(H?): [D(a+ B = 4[L(B))",

Then the function F V)ﬁ(z) is starlike in D.

a’

Proof. First we assume that the hypothesis (H;) holds. By using the triangle
inequality and using the fact that the sequence (z,,) is decreasing (see the proof of
Lemma, then for all z € D we get

FE| ™ e g S T
> =z —Z kt+1]2]" > 1= [I(B)] ZE
>1-[D(8)] % =1-67%(e—1)>0,
k=1

where 9((;% and (xy) are defined in 1) and 1) respectively. On the other hand,

we have

() o0
]Fa (Z) ByzF
(3.7) (Fh(2) - == =3 = z€D,
k=1
where (By) is defined by
.
P (V) L

Clak+ 8 7~
The sequence (By)i>2 is monotonically decreases for all @ > 1,8 > 2 and v > 1 such

that ay > 2. Indeed, for this we consider the function g;’é’ P (z) defined by
rE+1)

() _
fos® = Fagvar ¢~ °
Then
(3.8) (FO©) = £7)(e) §+w<f+1>—aw<a§+/3> .

Since the digamma function () is increasing on (0,00), then for @ > 1,8 > 2 and

v > 1 we have

Y(ag+B) > Pp(E+2), £> 1.
With the aid the functional relation

w<5+1>=¢<s>+§,§>o
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combining with the above inequality and (3.8]) we thus get

2—ay ay
B9 DO <0 [a-anue+ 220 - ] <o
for all £ > 2. Consequently, the sequence (Bj)r>2 is decreasing. It follows that
() 00
Fo5(2) B
a,3 k
FOy () - L=<y =
k=1

(3.10) .
1
gBl+BQZﬁ = B) + By(e — 2).
k=2

Keeping (3.6) and (3.10) in mind, we get
AFHE) 1| B+ Ba(e—2)

(3.11)
ngg(z) 1— efjg(e —1)

<1,

for all z € D, under the given hypothesis. This implies that

for all z € D which implies that the function FEJ/)B(Z) is starlike in D under the

conditions (H;). Now, we assume that (H{) is valid. Since o > 1 such that a+3 > z*

we obtain
(3.12) [[(ak + o+ B)]" > [C(ak + 1+ 5)]".

Thus, we get
Biy1 < (k+1)?
B, — k(ak + 5)7 ’

Moreover, since the function z +— L, 5(z) is decreasing on [1, 00) such that L, 4(1) <

0 we conclude that the sequence (By)r>1 is decreasing. Therefore, we have

) /
2(F,) 5 (2 B
(3.13) ((“/7)5())1|§(’y)1<1’
F,'5(2) 1-0,5(e—1)

for all z € D. Finally, we suppose that the hypothesis (H?%) is valid. In view of Lemma

we have to show that both {kAx} and {kAr — (k + 1)Ak+1} are nonincreasing

sequences for all n > 1. In Theorem we have already proved that {kAx} is

nonincreasing sequence for all o,y > 0 and [I'(a + 5)]” > 2[I'(8)]”. Now it remains

to show that {kAx — (k + 1)Ak41} is nonincreasing or {kAy} is convex sequence

(see Definition [I.I)). That is kA — 2(k + 1) Ajiq + (k + 2)Ajp2 > 0 (for all k > 1).
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Neglecting the third term and taking difference of first two term, i.e.

K AR — 20k + 1) Ap 1 = k[L(B)] [(F(r(amm )”_2<k+1>]

[T (ak + B)]7 a(k—1)+B) k
As the function z — F(FZ(JZF)“ ), a > 0 is increasing and hence the sequence
I'(ak + 5) )7}
3.14 S L o
(44 {(Gr==cr) B

is increasing provided that a > 0 and v > 0, on the other hand the sequence

{M} is decreasing sequence. This implies that the sequence
k>1

(3.15) {urtrzr = {(my - 2<k]2_1)}k21

is increasing and consequently

[C(a+ B)1* — 4L (B)*
NG

which is non-negative under the given hypotheses. Hence

Up > Uy =

kA, — 2(/6 + 1)Ak+1 + (k + 2)Ak+2 >0

for all £ > 1. This completes the proof of Theorem O

Corollary 3.3. If 8 > /e =~ 1.6487212707, then the function FEQ%(Z) is starlike
on D.

Proof. Upon setting o = 1 and v = 2 in the hypotheses (H{) of Theorem
Then, the condition ” (H{) : (i)” and ” (H;) : (#4)” hold true for all 8 > 1. In addition,
the condition " (H] : (i4)” holds true if and only if 82 > e. O

Corollary 3.4. If 5 > 1.29, then the function F g(2) is starlike on D.

Proof. Specifying « = 2 and v = 1 in the conditions (H7) of Theorem Then the
conditions " (Hy) : (¢)” and ”(Hy) : (#4)” are valid for all § > 1. Using mathematical
software, we can verify that the condition ”(H;) : (¢44)” holds true for all 3 > 1.29. O

Remark 3.2. In [I, Example 2.1], the authors proved that the function Fs 5(2) is
starlike in D if 3 > (—1 4+ +/17)/2 =~ 1.5615... Further, according to [T, Theorem
2.2], Fy 5(2) is starlike in D if 8 > (3 + /17)/2 = 3.56155. Moreover, [I7, Theorem
6] indicates that Fo 5(2) is starlike in D if § > 3.214319744. Hence, Corollary
provides results for Fy g(z) , better than the results available in [I, Theorem 2.1,
Theorem 2.2] and [17, Theorem 6].
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Theorem 3.4. Let a, 8 > 0 and ~y be positive real numbers, and also let the following
conditions (H3) or (H3) be satisfied:
(i) a>1,8>3ay>2,

(Hy) : { (1) 2(%? }]Z[F( 1);( 2)[[F((g]j B,
(@) Taimr T rearpr - < L

(Hy) : [C(a+8)]" = 8[L(B)],

then the function ngg(z) is convex function in D.

Proof. It is well known that f(z) is convex if and only if zf/(z) is starlike. So in

order to prove IE"((;% (z) is convex it is sufficient to prove that the function
G(W)( ) = (F(W)( )Y

is starlike. We have

(3.16) (GU%(2)) —Gh(2) /2 =

where (Ck)g>1 is defined by
PAPAT(k+2)
[T(ak+6)" 7~

Next, we define the function ggg, by

Cy =

§r(€+2)

M ¢y —
%8 = Tag+ B0

;€21

Thus we get

(@00 = 6 E

Again, by using the fact that the digamma function is increasing on (0, 00) we have

Plag+B) 2 (€ +3)

forall ¢ > 1,a > 1 and 8 > 3. Keeping in mind the above relations we obtain

6L <)) [

<0,

e+ - awmew)] |

2—ay 1—ay ay
3 E4+1 &£+2

. av)w(é)]

for all £ > 2 and ay > 2. This implies that the sequences (Cy)ir>2 is decreasing.
Then, by (3.16]) we get

= C:
(3.17) j(@%(z))’ . Gggg(z)/z‘ <Ci+Y 2 =CitGofe-2),
k=2
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We see that the sequence (yx)x>1 defined in (3.3) is also decreasing under the conditions
(Hz). Therefore, by (3.2)) we get
o0 k
Ykz
G ()2 = |FQ ()| > 1= 22
(3.18) — K
>1—yi(e—1).

Having (3.18)) and (3.17) in mind we obtain

2G)(2)) Cr + Cale—2)
(3.19) 7((@5],};(2) < T =1

The above inequality needs to be less than 1, this gives the conditions (Hgs) : (ii7).

2 (v) 2))
%< (G%a( ) ) -
(Gap(2)

for all z € D. This implies that the function G(sz;(z) is starlike on D and consequently

Thus we get

the function ]Fg)ﬁ(z) is convex on D under the conditions (Hz). Now, assume that the

condition (H1) is valid.

T (2) =2 3 szkZ'Z OO~Zk
(3.20) G, 5(2) = +};k[r(a(k—1)+ﬂ)] ' +k2=23k .

In view of Lemma we have to show that the sequence {kzék} is both decreasing

and convex for all £ > 1.

(3.28By — (k+ 1) Bysr — K[I(B)]" K I'(ak + B) ))V _ (’HUT .

[C(ak + B)] [\T'(a(k—1)+ 2
Now using the same argument as in the proof of Theorem under the conditions
(H}), we have kBj, — (k+1)Bj;1 > 0 for all k > 1 under the condition [['(a+ 38)]” >
4[T'(B)]7, which is true under the hypothesis of Theorem Now it remains to show
that {kBy} is convex sequence. That is kBj, — 2(k + 1)Bjy1 + (k + 2)By12 > 0, for
all k > 1. Neglecting the third term and taking difference of first two term i.e.
~ ~ k2[0(B)]Y I'(ak T2(k+1)?

k=206 DB = g O (s 1) o

which is non-negative under the hypothesis that [I'(« + 8)]7 > 8T'(3)]. O

If we set (« = 1,7 = 2) and (& = 2,y = 1) respectively in the second hypotheses
of Theorem [3:4] we get the following results as follows:

Corollary 3.5. The following assertions hold true:

(a). If B > 2v/2, then the function Ffé(z) is convex in D.

(b). If B > _1%‘/@ ~ 2.3722..., then Fy g(2) is convex in D.
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Remark 3.3. Recently, the authors [I7, Theorem 7| proved that F, g(2) is convex
in Dif a« > 1 and B > 3.56155281. Therefore, the second assertions of Corollary

improve the results in [I7] for a = 2.

Theorem 3.5. Let o > 1,8 > 1,7 > 1 such that ary > 2. Also, suppose that the

following conditions

1+ Me - D)TE] | 4e-2[TB] _
[C(a+B)] [T(2a+ B)]" ’

are valid, where M is a solution of the equation cos(M) = M. Then

» <[ng}3(2)}'> > 0.

Proof. The proof of this result go along the lines introduced in the proof of
Theorem [3.3] when we used Lemma [2.5] such that the function

LA (e~ 1) < [P(a+ A7 and

0 + Bsy(e - 2)

o <M,
1-6 a’fﬁ (e—1)
where M is a solution of the equation cos(M) = M, we omit the details. O

Theorem 3.6. Let « > 1,5 > 1,v > 1 such that ay > 2. Also, suppose that the

following conditions

c+ DB, 8-
Ta+dp ' [Ca+p)

LB (e —=1) < [I(a+ P and <1,

are valid. Then

F()(2) € S,(D).

Proof. The proof of this result is very similar to the proof of Theorem [3.3] when
we used the part (2) of Lemma such that

95)1)3 + B2(6 — 2)

<1/2,
1-6)(e 1)
thus, we omit the details in this case also. O

Theorem 3.7. Leta > 1,8 >1 and v > 1 such that a+ 8 > 3. In addition, assume
that the following conditions hold true:

(6e =2)[L(B)]" < [F(a+H)]7.

Then the function IF((JEB(Z) s uniformly convex in D.
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Proof. Simple computation gives

> Dkzk
(3.22) (FO)(2)" = :

k!
k=0

where the sequence (Dy)g>0 is defined by

~_ [T@PT(k+3)
De=trak v oy F2°

We define the function hg% defined by

B I +3)
C(ag + B+ a)]

7,f>0.

Therefore

(h5() = h{H(E) [W(E +3) — avplag + B+ )] & > 0.
Again, by using the fact that the digamma function is increasing, we deduce that the

function hfj)ﬁ(f) is decreasing on [0,00) for all @« > 1,8 > 1 and v > 1 such that
a + > 3. This implies that the sequence (Dy)r>0 is decreasing. Then

2e[l(B)]"
3.23 ‘ FO) ()| < 22220
( ) ( a,ﬁ(z)) = [F(OZ + 5)],\/
We observe that the sequence (yx)r>1 = (Di/(k+2))r>1 is also decreasing under the
conditions of this Theorem. Then implies that the inequality (3.18)) holds true. Now,

bearing in mind the inequalities (3.18)) and (3.23)) we conclude

ze€D.

2(F(2)" 200% .
FEDL () |~ 1—2(e—1)87)

where 9((1'% is defined in . So, for the uniformly convex of the function Fg% (2)
the above bound needs to be less than %, by the means of part (1) of Lemma
This gives the condition
(6e —2)00) <1,
or equivalently
(6e = 2)[['(B)]" < [F(e+ B)]".

With this, the proof of Theorem is complete. O

Specifying @ = 2 and v = 1 in Theorem [3.7} we conclude the following result as

follows:

Corollary 3.6. If3 > =itv2de—T V224H ~ 3.3157163, then the function Fa g(2) is uniformly
convez in D.
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Remark 3.4. In [16, Theorem 2.6], Noreen et al. proved that the function Fs 5(2) is
uniformly convex in D if 5 > 9.11125. Hence, Corollary improves Theorem 2.6 in
[16].

Theorem 3.8. For a,y > 0 and [['(a + B)]7 > 2[I'(8)]” we have
(2

[(
FO )
(3.24) %( “i )

Proof. In view of Lemma it is sufficient to prove that the sequence {A}r>1,

1
>—, ze€D.
B z

where Ay is defined by (|L.3]), is decreasing and convex.

(3.25) Ap = Apr = (p(ol:ﬁ ﬁ))7 Kl“(ol;((kaﬁ;ﬁ—i ﬁ))V N 1]

and
(3.26)
INE)) )7[( I'(ak + pB) )7 ( I'(ak + B) )”}
Ap—2A Apyo = —92 o\ AR )
281t Ant2 (F(ak+6) T(a(k— 1)+ f) "\Tak+)+5)
Now using the same argument as in Theorem A — Agy1 >0 for all n > 1 under
the condition [['(« 4+ 3)]” > [[(B)]”, which is true under the hypothesis of Theorem

Similarly Ay — 24,41 > 0 for all k& > 1 (neglecting the third term) under the
hypothesis that [['(a+ 8)]7 > 2[I'(8)]". O

Corollary 3.7. For o,y > 0 and [I'(a + )] > 2[[(8)]?, the sequence
{(rts) ).
L(an+ B) el
is a subordinating factor sequence for the class K.

Proof. The result can be easily proved using Theorem and Lemma SO we

omit details here.

Theorem 3.9. For a,y > 0 and [I'(a + 8)]7 > 2[I'(B)]Y
1
(3.27) ;}%{(}Fg},(z))'} >3, z€D.
Proof. From (1.3)), we get
(3.28) FEOL () =1+ Bkt

where (By)y is defined in (3.20), and proceeding similarly as in Theorem [3.8) we
achieve the desired result by the means of Lemma 0
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Corollary 3.8. For o,y > 0 and [['(a + 8)] > 2[[(B)]?, the sequence

(e ).

n=1

is a subordinating factor sequence for the class K.

Proof. The claim follows by the means of Theorem [3.9] and Lemma [2.9] hence we

omit details here.

Remark 3.5. The following are graphs of the functions IF% (2),Fy z(2) and Fy 5 (2)

over D. These figures depict the validity of our results.
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MEROMORPHIC FUNCTIONS SHARING THREE VALUES
WITH THEIR DERIVATIVES IN AN ANGULAR DOMAINS
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Abstract. In this paper, we investigate the uniqueness of transcendental meromorphic functions
sharing three values with their derivatives in an arbitrary small angular domain including a Borel
direction. The obtained results extend the corresponding results from Gundersenand and Mues-
Steinmetz, Zheng and Li-Liu-Yi, Chen.

MSC2020 numbers: 30D35; 30D30.

Keywords: Meromorphic function; Shared value; Uniqueness theorems; Borel direction.

1. INTRODUCTION AND MAIN RESULT

Let f:C—»C=C [J{oc} be a meromorphic function, where C' is the complex
plane. It is assumed that the reader is familiar withthe basic result and notations of
the Nevanlinna’s value distribution theory (see [6,14,15]), such as T'(r; f), N(r, f)
and m(r, f). Meanwhile, the lower order p and the order A of a meromorphic

function f are in turn defined as follow

1
e () = timing 28T
r—o0 logr
= A(f) = limsup 28T )
r—00 logr

Let f and g be nonconstant meromorphic functions in the domain D C C. If f — ¢
and g — ¢ have the same zeros with the same multiplicities in D, then ¢ € C |J{oo}
is called an C'M shared value in a domain D C C' of two meromorphic functions f
and g. If f —c and g — ¢ only have the same zeros in D, then ¢ € C' | J{oo} is called
an I M shared value in a domain D C C of two meromorphic functions f and g.
The zeros of f — ¢ imply the poles of f when ¢ = +o0.

In 1979, Gundersen [5] and Mues-Steinmetz [10] have considered the uniqueness
of a meromorphic function f and its derivative f’ and obtained the following result.
Theorem A: Let f be a nonconstant meromorphic function in C, and let a;(j =
1,2,3) be three distinct finite complex numbers. If f and f" share a;(j = 1,2,3)
IM. Then f = f'.

IThe work was supported by the Natural Science Foundation of Fujian Province(Grant
No0.2019J01672). The first author is the corresponding author.
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Later on, Frank and Schwick [3] generalized the above results and proved the
following result.

Theorem B: Let f be a non-constant meromorphic function, and let k be a
positive integer. If there exist three distinct finite complex numbers a,b and ¢ such
that f and f) share a,b,c IM, then f = f).

In 2004, Zheng [16] first considered the uniqueness question of meromorphic
functions with shared values in an angular domain, and proved the following result
(see [16, Theorem 3|):

Theorem C: Let f be a transcendental meromorphic function of finite lower order
and such that § = §(a, f®)) > 0 for some a € C'J{oo} and an integer p > 0. Let
the pairs of real numbers {«;, 3;}(j =1, ...,q) be such that

—7r§a1<ﬁ1§a2<ﬁ2§...§aq<ﬂq§7r,

with w = max{z2— :1 < j < ¢}, and

Bj—a;

q
Z(ajﬂ -8 < %arcsin 6(a, f))/2,
j=1

where 6 = max{w, u}. For a positive integer k, assume that f and f*) share three
distinct finite complex numbers a;(j = 1,2,3) IM in X = J]_{z: a; < argz <
Bi}. If w < A(f), then f = f(F).

In 2015, Li, Liu, and Yi [9] observed that Theorem C' is invalid for ¢ > 2, and
proved the following more general result, which extends Theorem C (see [9, p. 443]).
Theorem D: (see [9]). Let f be a transcendental meromorphic function of finite
lower order p(f) in C and such that §(a, f) > 0 for some a € C. Assume that ¢ > 2

pairs of real numbers {«;, B;} satisfy the conditions
<o <fiLa<B<l. <o <f <7

with w = max{ﬁ :1<j<q}, and
J J

q

> (41— By) < %afCSin Vié(a, f)/2,

j=1
where § = max{w, u}. For a k — th order linear differential polynomial L[f] in f

with constant coefficients given by
(1.1) LIf] = bef® 4 by fED - by

where k is a positive integer, by, by_1, - - - , by are constants and by # 0, assume
that f and L|f] share a;(j = 1,2,3) IM in

q
X = U{z cay <argz < i}
=1
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where a;(j = 1,2, 3) are three distinct finite complex numbers such that a # a;(j =
1,2,3). If \(f) # w, then f = L[f].

In 2019, J. F. Chen [2] proved the following result.
Theorem E: Let f be a nonconstant meromorphic function of lower order p(f) >
1/2 in C, a;(j = 1,2, 3) be three distinct finite complex numbers, and let L[f] be
given by Theorem D. Then there exists an angular domain D = {z : a < argz < §},
where 0 < 8 —a < 27, such that if f and L[f] share a;(j =1,2,3) CM in D, then
f=Lif)

In theory of meromorphic functions, a function is uniquely determined by its
value on a set with a accumulation point. It is natural to ask if we can prove similar

results with the conditions

ED(fvaj):ED(flvaj)» ]:17273
for some typical set in C in steads of general angular domain in C, where Ep(a, f) =
{z: 2z € D,f(z) = a}( as a set in C). In general, the answer of this question is
negative. For f(z) = e??, it is clear that f(z) # f’(z), but |f(z)| is bounded by 1
on D being the left half plane. Thus

Ep(f,n) = Ep(f',n) =0 for any n > 1.

This example show us that if such angular domain D exists, it must be a region
whose image under f should be dense in C'.

Based on the theory on singular direction for a meromorphic function (see [14])
and the research results of shared values of a meromorphic function (see [8,12]),
combining with the result of Theorem D and E we may conjecture that angular
domain of the singular direction may be the right. The main result of this paper
shows that it is true when D is a angular domain with the Borel direction as the
center line for f with order A > 0, which extend Theorems D and E.

In order to prove our main results, we introduce some notations about Ahlfors-

Shimizu character of meromorphic function in C.

T 27 e
02w = [ Wa an=1 [T [0

We recall the Nevanlinna theory on an angular domain.
Let f be a meromorphic function in D = {z : a < argz < 8}, where 0 < f—a <
27. Nevanlinna [11] defined the following symbols (also see [4]).

Ao ) =2 [ (G = S 0B 06+ 1og* |7t ).

2w [P 0|
Ba,[-}(ﬁ f) = m log |f('f’€ )| smw(@ — a)d6‘
o1
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1 2
Cap(r, f)=2 Z ( i |T2°|J )sinw(6,, — a),

1<|bm |<T [bm
Sozﬁ(ra f) = Aa,ﬁ(rv f) + Ba,ﬁ(ra f) + Coz,B(Ta f)

where w = (ﬂf—a),and by, = |bm|e?’™ are the poles of f in D counting multiplicities

Throughout the paper, we denote by R(r, x) a quantity satisfying
R(r,x) = O{log(rT(r,*))},r € E

where F denotes a set of positive real numbers with finite linear measure, which
will not necessarily be the same in each occurrence. To state our result, we need
the following theorem F and definitions .
Theorem F: (see [7]) Let f be a meromorphic function of infinite order in C.
Then there exists a function p(r) such that:

(i) p(r) is continuous and non decreasing for r > 1o, and p(r) — 0o as r — 400;

(i) U(r) = r?")(r > 1) satisfies the condition TEIJPOO lﬁ))ggUU((f)) =1L,R=r+

log E(r);
1 log T(r,f) _
(iii) llﬁsogp % =1

The fuction p(r) is also called the precise order of f.

Definition 1.1. (see [13]). Let f be a meromorphic function of finite order A(f) > 0
in C. A direction argz = 6y (0 < 6y < 2m) is called a Borel direction of f(z) of

order A(f) if for arbitrary small positive € the following relation holds:

lim logn(r,0,¢, f = a)

r—00 log r

=A(f)

forallac C=C (J 400 except at most two exceptional values, where n(r, 0y, e, f =
a) denotes the number of the zeros of f — a counting multiplicities in the sector

largz — 0g| < €,|z| <.

Definition 1.2. (see [7]). Let f be a meromorphic function of infinite order in C
and let p(r) be the precise order of f. A direction arg z = 6y (0 < 0y < 27) is called
a Borel direction of f(z) of with precise p(r) if for arbitrary small positive € the
following relation holds:

hm IOg’I’L(T', 90757f:a’)

=1
r—00 p(r)logr

for alla € C except at most two exceptional values,where n(r, 6y, e, f = a) is as in
definition 1.1.

In this paper we will prove the following theorem.
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Theorem 1.1. Let f be a meromorphic function of finite order A(f) > 0 in C' and
e be an arbitrary small positive number, and a direction argz = 6y (0 < 0y < 27) be
a Borel direction of f(z). Assume that f and f' share three distinct finite complex
numbers a;(j = 1,2,3) IM in A(6y,€), where A(bp,e) = {z : |argz — Oy| < €}.
Then f = f'.

Theorem 1.2. Let f be a meromorphic function of infinite order in C' and a
direction argz = 0y (0 < 0y < 27) be a Borel direction of f(z) with precise order
p(r). Then for arbitrary positive number ¢, f and f’ share two finite values IM at

most in the angular region {z : |argz — 0| < e}.

Theorem 1.3. Let f be a meromorphic function of infinite order in C' and L[f]
defined by (1.1), and argz = 0y (0 < 0y < 2mw) be a Borel direction of f(z) with
precise order p(r). Then for arbitrary positive €, f and L[f] share two finite values

CM at most in the angular region {z : |argz — Og| < €}.

2. PRELIMINARY

In this section, we will intrroduce and prove some lemmas that will be used in

the proof of the main result.

Lemma 2.1. ([1,12]) Let F be a family of meromorphic functions such that for
every function f € F its zeros of multiplicity are at least k. If F is not a normal
family at the origin 0, then for 0 < a < k, there exist

(a) a real number r (0 < r < 1);

(b) a sequence of complex numbers z, — 0, |z,| < 7;

(c) a sequence of functions f, € F;

(d) a sequence of positive numbers p, — 0;

such that

gn(z) = pn_afn(zn + pnz)
converges locally uniformly with respect to spherical metric to a non-constant meromorphic

function g(z) on C and Moreover, g is of order at most two.

For convenience, we will use the following notation

f/
f—a;

f//
J—ta;

)] +ealm( ,—)+Zm(r,

, 3
LD(r, f : c1,¢2) = c1[m(r, f7)+z m(r, )]

Lemma 2.2. ([12]) Let f be a meromorphic function in o domain D = {z : |z] <

R} and a;(j = 1,2,3) be three distinct finite complex numbers, and let t be a positive
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real number and a € C. If
ED(ajaf) = ED(tajaf/) fOTj = 17233;

and a 7& a; and f(O) 7é aj,oo(j = 172,37)7 f/(O) 7& 0,at and f”(O) 7é 0, f/(O) 75
tf(0), then for 0 < r < R, we have

log H?:l |£(0) — a;)?|£'(0) — ta;|?
[£f(0) = F(0)PLf(0)[2
1 f//
+ Slog gy + (o tmin 5o
where Ep(a, f) = {z : z € D, f(2) = a}( as a set in C). and O(1) is a complex

number depending only on a and a;(i =1,2,3).

T(r,f) < LD(r,f:2,3) +

)+ 1)0(1).

Lemma 2.3. ([14)). Let f(z) be a meromorphic function with finite order \ > 0

and arg z = 6y is a Borel direction of f. Then there exist a series of circles

Ly ={z:]z— 2| <¢jlzl},

where z; = |z;|e?%, and lim |z;| = +oo, lim ¢; = 0(j = 1,2,- - -), such that f
j—o0 j—oo

take any complex number at least |z;|* %

times in every circle I'; with at most
some exceptional values contained in two circles with spherical radius 277, where
Jim [0;] = 0.

Lemma 2.4. ([14]). Let F be a family of meromorphic function on domain D,
then F is normal on D, if and only if for every bounded closed domain K C D,

there exists a positive number M such that every f € F

IO,

L+[f(2)* ~

Lemma 2.5. ([6],[/17]). Let m be the normalized area measure on the Riemann

sphere S. Then we have

where C' = C | J{oo}.

Lemma 2.6. (/6], [17]) Let f(z) be a meromorphic function in a domain D = {z :
|z| < R}. If f(0) # oo, then for 0 < r < R we have

[T(t,1) ~ Tolt, )~ log* |F(0)]] < 5log2.

where log™ | £(0)| will be replace by log|c(0)| when f(0) = oo, and c(0) is the
coefficient of the Laurent series of f(z) at 0, and To(t, f) is defined as (1.2).
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Lemma 2.7. (/8]) Let f(z) be a nonconstant meromorphic function in the complex
plane, and a1, as, az are three distinct finite complex numbers. Assume that f and f'
share the a;(i = 1,2,3) IM in Qa, ) ={z:a<argz < 8} with0 < a < 8 < 27.
Then one of the following two cases holds: (i) f = f', or (i1) Sap(r, f) = Q(r, f),
where Q(r, f) is such a quantity that if f(z) is of finite order, then Q(r, f) = O(1)
asr — oo. and if f(2) is of infinite order, then Q(r, f) = O(log(rT(r, f)) forr ¢ E

andr — oo and E denotes a set of positive real numbers with finite linear measure.

Lemma 2.8. (/4,9]) Let f be a meromorphic function on Q(a, 3). If Sa (1, f) =
O(1), then

log | f(re'?)| = r*¢csin(w(é — a)) + o(r*)
uniformly for a < ¢ < B asr ¢ F and r — oo, where ¢ is a positive constant,
w = ﬁ%a, and F is a set of finite logarithmic measure, and Q(a,B) = {z : a <

argz < S}

Lemma 2.9. (/13]) Let f be a meromorphic function of infinite order in C, and
let p(r) be a precise order of f. Then a direction argz = 6y is a Borel direction of
precise order p(r) of f, if and only if for arbitrarily small e > 0 we have

1 —& g b)
lim sup 0g 590 ,00+ (T f)
r—-+00 p(?“)lOgT

=1

Lemma 2.10. (/2/) Let f be a meromorphic function of infinite order in C, a;(j =
1,2, 3) be three distinct finite complex numbers and let L[f] be given by(1.1). Suppose
that f and L[f] share a;(j = 1,2,3) CM in D = {z : o < argz < 3}, where
0< B —a<2r If f# L[f], then So 5(r, f) = R(r, f).

Lemma 2.11. (/14]) Let f(z) be a meromorphic function in disc D(0, R) centered
at 0 with radius R. If f(0) # 0,00, then we have for 0 <r < p < R
f®) 1

1 1
) T) < cp{l+1logtlog™ |W| +log* - +1log* pj+log+ p+log™ T(p, )},

where k is a positive integer, cx is a constant depending only on k.

m(r

Lemma 2.12. ([14/) Let T(r) be a continuous, non-decreasing, non-negative
function and a(r) be a non-increasing, non-negative function on [ro, R](0 < ro <

R < 00). If there exist constant b, ¢ such that
1
T(r) < a(r) +blog™ —— + clog™ T(p),
p—r
forrg <r <p<R, then
2
T 2 Blogt —— +C
(r) <2a(r) + Blog" m— +C,

where B, C are two constants depending only on b, c.
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Lemma 2.13. Let f(z) be a meromorphic function with finite order A > 0 and
argz = 6y be a Borel direction of f, and T'; = {2z : |z — z;| < €;|2;|} be a series of
circles, where z; = |z;|e?, andjli}n;o |zj| = +oo,jli>rgo € =00{=1,2,---). Suppose
that f and f' share three distinct finite complex numbers a;(j = 1,2,3) IM in
A(Bg, ), where A(By,e) ={z: |argz—b| < e}. If f Z [', then for every sufficiently

large n(n > nyg),
(2.1) Alen, 2n, f) < O1)(1 +log™ |2,]),

where e, = |2n|€n.

Proof. Set f,(z) = f(z, + enz). We distinguish two cases:
Case 1. Assume that f,(z) be normal at |z| < 1, by Lemma 2.4, implying that

1fL(2)] enlf (20 + En2)| -
T 1 (2P~ T4 o b )P = 1= 12

in |z| <1, where M is a positive numbers. Then we have

21
| (zn + pe)] 1o 2
A < 2M*.
(Enazn; f / / 1+ |f Zn p629)|2) Pdpd9 =

So (2.1) holds.
Case 2. Assume that f,(z) be not normal at |z| < 1.
According to Lemma 2.1, there exist
1) a sequence of point {z],} C {|z] < 1};
2) a subsequence of {f,(2)}7°, without loss of generality, we still denote it by

{fn(2)};
3) positive numbers p,, with p, = 0(n — c0); such that
(2.2) hn(2) = fu(z, + pn2) — 9(2)
in spherical metric uniformly on a compact subset of C as n — oo, where g(z) is
a non-constant meromorphic function. Thus for any positive integer k, we have
W (€) = pa® [P (21, + pu) = g (€).
We claim ¢”(€) # 0. Otherwise, g(z) = cz+d, (¢,d € C and ¢ # 0). We can choose

o, with g(&) = a; . By Hurwitz’s Theorem,there exists a sequence &, — & such
that

hn(gn) = fn(Z;L + pnﬁn) = 9(50) = az.
Notice that f and f’ share a3 IM in {z : |argz — 0y| < €}, we have
=¢'(€0) = lim h,(&n) = lm ppenf'(2n +en(zy + pnn))

= lm ppenf(zn +en(zl, + pnén)) = lim ppenai.
n—oo n—oo
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thus we have
. c
lim ppe, = —.
n—oo al

For finite complex number as, we can choose 19 with g(n9) = ae. By Hurwitz’s

Theorem, there exists a sequence 7,, — 79 such that

b () = fn(Z;L + putin) = g(m0) = az.
Likewise ,we get
) c
lim ppe, = —,
n—oo a2
this gives a contradiction.
For a sequence of positive numbers p,e,, it is easy to know that there exist
a subsequence, we still denoted by ppe,, such that lim p,e, = ag, where ag €
n—oo
[0, 4+00) U{+o0}. Now we consider two cases: ag = 0 or +00 and 0 < ag < +00.
Case 2.1 Assume that lim p,e, = 0 or occ.
n—roo
We choose &y € C, such that

g(é-()) 7é 07 a, az,as, oo, gl(SO) 7é 07 0079”(50) 7é 07 Q.

Let pn(2) = fn(z), + pnéo + z) for arbitrary small € > 0, in view of

EA(QO,E)(a’j7f) :EA(QO,E)(aj7f/)7 .] = 1a2537

and lim ¢, = 0. and for sufficiently large n,
n—oo

Tn = {z|z — 2| < €nl2n|, 2n = |20]€"°} C A(by,£/2).
Therefor for every sufficiently large n(n > ng), we have
ED(aiapn(Z)) = ED(gnazap;z(Z»(l = 17 273)3

where D = {z : |z| < 4}. Note that
Pn(0) = falzy, + pnéo) = hn(60) — g(&0) # a1, az, az, o,

PL(0) = £z + puco) = 12 ey s g(e0),
Pn
h//
Pn(0) = £, (2, + puéo) = np(f())v hn(€0) = 9" (60),

n

enpn(0) — P, (0) = gnp"hn(fg) — (&)

~—

Thus we have

[T, [pa(0) = aif?p}, (0) — enaif® 1
enpn(0) L OP O 8 o)
[T, [pa(0) — ail?|p}, (0) — enail?
2 (0) — P}, (0)[7[p, (0) [ (0) P
H?:l |hn (o) — ai\Q\hil(fo) - pnsnai|3
[Pnentin(€o) — B, (€0) P 1 (o) IR (E0)
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Since lim ppe, = 0 or co. By simple calculation we can deduce for sufficiently
n—oo

large n(n > ng)
TT2, |ha(&) — a2 b5 (€0) — phenaf?

[Phentn(€) — b (60) Plhn” (60) PIhs ™ ()8
Applying Lemma 2.2 to p,(z) with properties (2.3), (2.4), we have

(2.4) log O(1)log™ |z,).

/!
T(r,pn) < LD(r,pn; 2,3) + O(1)(log™ |2,| + m(r, p,’iiné_éﬂ +1)

for 0 < r < 3 and sufficiently large n, where a # a;(j = 1,2,3) and a € C.

By Lemma 2.11 and Lemma 2.12, we have
T(r,pn) < O(1)(1 +log™ |z,]).
In view of Lemma 2.6, we obtain
To(r,pn) < O(1)(1 4 log™ |2,]).
Thus we get
To(3en, 2n + €nlzy, + puéo), f) < O(1)(1 +1log™ |z,)).
It follows that
A(2en, 2n + £n (2, + pno), f) < O(1)(1+10g™ |2n)).
Note that z], + pn&o — 0,we get
{z:]z—zn| <en} C{z: |2 — 20 —enlzl, — Pnéo)| < 2en}.
Therefor we have
Alen; zn, f) < O(1)(1 +log™ |z,)).

Case 2.2. Assume that lim p,e, = ag,a9 # 0,00. Now, we distinguish two
n—oo

subcases apg(z) # ¢'(z) and agg(z) = ¢'(2).
Case 2.2.1. agg(z) # ¢'(2). We can choose & € C, such that

9(&0) # 0,a1,a2,a3,00,9' (&) # 0,00, 9" (&) # 0,00, a09(é0) — 9'(§0) # 0, 0.
Let
Pn(2) = fu(2, + pudo + 2)-
By the same arguments as in the case 2.1, we can get
Aen, 2n, f) <O (1 +log™ |2,]).

Case 2.2.2. agg(z) = ¢'(2) we can derive that g(z) = e*+b0 where by € C' .From
(2.2), we obtain

(2.5) hp(z) = fn(Z;LernZ) = f(ZnJan(ZT/zJFPnZ)) = f(Zn+€nZ;+5nPnZ) — g(2).
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On the other hand, Noting that f and f’ share a;,i = 1,2,3 in A(fg, ), by Lemma
2.7, we have Sg_¢ g+<(r, f) = O(1). Therefore, applying Lamma 2.8 to f in A(fy, ¢),
we obtain

log | f(re'®)| = r*csin(w(¢ — a)) + o(r*)
uniformly for ) —e =a < ¢ < =60p+casr ¢ F and r — oo, where c is a
positive constant,w = ﬁ%a = o2, and F'is a set of finite logarithmic measure.

Noting that F' is a set of finite logarithmic measure. Therefor, there exist a real
number R,0 < R < oo and a sequence of complex numbers u,,0 < |u,| < R for

every sufficiently large n, such that
(26)  log|f(zn + £nzh + Enputi)| = rcsinw(é — a)) + o(r),
where 7, = |2, + enzl, + enpnun| € F, ¢n = arg(zn + enzl, + enpntin), 0o — /2 <
dn < 0g+¢/2,and o = 0y — e.

From (2.5), we get lim (f(z, 4+ €n2l, + Enpntin) — g(un)) = 0. Noting that u,, is

n—o0
a bounded sequence, there exists convergent subsequence, we still denote it by wu,,
and set u,, — ug(n — o0). We have that lim g(u,) = lim e®unTbo = gaototbo ¢
n—oo n—oo

follows that

. log|f(zn +enz), + enpniin)]
lim

w
n—o0 7"n

On the other hand, by the (2.6) we obtain that

1 /
lim 2 1 Gon + Enzn + Enprtin)| _ lim csinw(¢ — a) > esin> > 0
n—o00 ’I”% n—o00 4

=0.

we obtain a contradiction and so Case 2.2 is false . This completes the proof of
Lemma 2.13.

3. PROOF OF THEOREMS

Proof of Theorem 1.1. Suppose that f # f’, since argz = 6y is a Borel

direction of f, by the Lemma 2.3, there exist a series of circles
Iy ={z: |z — 2] <elzl}
where z; = |zj|e®, and lim |z;| = +oo, lim ¢; = 0(j = 1,2,- - ), such that f
j—o0 j—oo

take any complex number at least \zj|/\_5f times in every circle I'; with at most
some exceptional values contained in two circles with spherical radius 277, where
lim |d;] = 0.We denote the two circles by Aj;; and Ajo.
Jj—oo

Therefore, by Lemma 2.5, we have

(3.1) A(ejlzil, 25, f) = /én(ej|zj|,zj,f:a)dm(a)

v

.y
|25 A%

N =

Lo nlslslz = adm(a) >
C—Aj1—Aj,
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On the other hand, from Lemma 2.13 the following inequality hold.
(3.2) Alen, 20, f) < O(1)(1 +1log™ |2n]),

where |z| <1 and &,, = |z, |€n-

Combining with (3.1) and (3.2), we get
1
a0 < Al 20, f) < O(1)(1 4 log 2.

Noting that A > 0 and li_}rn 0p, = 0. This contradicts with li_>m |2n| = 4+00. The
proof of the theorem 1.1 is complete.

Proof of Theorem 1.2. Suppose that f and f’ share three distinct finite
complex numbers a;(j = 1,2,3) IM in A(fy,¢€), by Lemma 2.7, in view of f with
infinite order and f # f’, we have Sg,—c g,+<(7, f) = R(r, f), implying that

Soy—c.004e(r, f) = O(logU(r)),U(r) = (),
On the other hand , arg z = 6y is a Borel direction of f with precise order p(r). By
Lemma 2.9, for arbitrarily small € > 0, we have
hm Sup log 50075,90+E(T7 f) —

r—+00 p(r)logr
Thus we arrive at a contradiction. This completes the proof of Theorem 1.2.

Proof of Theorem 1.3. Suppose that f and L[f] share three distinct finite

complex numbers a;(j = 1,2,3) CM in A(6y,¢). using Lemma 2.10 and 2.9 in
A(6p, €), similar to Proof of Theorem 1.2, we can conclude a contradiction. This
completes the proof of Theorem 1.3.
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Abstract. Let R be a commutative Noetherian ring, I an ideal of R and M an R-module. The
ambiguous structure of I-transform functor Dj(—) makes the study of its properties attractive.
In this paper we gather conditions under which, D;(R) and Dj(M) appear in certain roles. It is
shown, under these conditions that Dj(R) is a Cohen-Macaulay ring, regular ring, - -+ and D;(M)
can be regarded as a Noetherian, flat, - - - R-module. We also present a primary decomposition of

zero submodule of Dj(M) and secondary representation of Dj(M).

MSC2020 numbers: 13D45; 14B15; 13E05.

Keywords: Associated primes; ideal transform; local cohomology.

1. INTRODUCTION

Throughout this paper, R will always denote a non-trivial commutative Noetherian
ring with identity. For an R-module M, the local cohomology modules H(M),
1=0,1,... of an R-module M with respect to I were introduced by Grothendieck
[6]. They arise as the derived functors of the left exact functor I';(—), where for an

R-module M, I';(M) is the submodule of M consisting of all elements annihilated

oo

> 1(0:pr I™). There is a natural isomorphism

by some power of I, i.e., U
Hi(M) = lim Exth(R/I™, M).
Recall that for an R-module M, the cohomological dimension of M with respect to
I is defined as
cd(I,M) :=sup{i € Z : Hj(M) # 0}.
The cohomological dimension has been studied by several authors, see for example
[6] and [7]. Also, for any proper ideal I of R, the arithmetic rank of I denoted by
ara(]), is the least number of elements of R required to generate an ideal which
has the same radical as I. For any ideal I of an arbitrary Noetherian ring R, the
I-transform functor denoted by D;(—), is defined as:
D[(—) =1l HomR(I",—).
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If M is an R-module, then D;(M) = lim Homp(I™, M) is the ideal transform of
n>1
M with respect to I, or the I-transform of M for short. Recall from [3, Exercise

2.2.3(ii)] that D;(R) is a commutative ring with identity and also from [3], Exercise
2.2.10] that  : R — D;(R) is a ring homomorphism. It is well known that the ring
D;(R) has a finitely generated R-algebra structure, whenever the functor Dy(—) is
exact. We refer the reader to [3] for more details about ideal transform functor.

For every non-zero R-module M, we denote the set of all zero-divisors of M in R
by Zr(M). Also, for any ideal I of R, we denote {p € SpecR : p D I} by V(I) and
{x € R : 2" € I for somen € N} by v/T. We recall that grade(I, R) is the common
length of maximal regular R-sequences in ideal I. For any unexplained notation
and terminology we refer the reader to [3] and [§].

This paper is devided into 3 sections. In the next section we gather some
conditions to find affirmative answers to the questions: When is D;(M) a finitely
generated R-module? When is it a flat R-module? See and [2.2] Moreover in
Theorem we show that Dj(R) is a projective R-module in case that I is a
non-zero proper ideal of an arbitrary Noetherian domain with Anng(H}(R)) # 0
and Dy(—) is an exact functor. Theorem is a nice result that shows Dj(R)
is a Cohen-Macaulay ring under certain conditions. Next, in Theorem [2.5] it is
seen that Dj(R) is a regular ring whenever R is regular, Anng([) is nilpotent and
n : R — Dr(R) is a surjective ring homomorphism. In section 3 we present a
minimal primary decomposition of zero submodule of D;(M) in case that M is a
finitely generated R-module and ara(l) = 1, see An R-module M is said to
be representable when it has a secondary representation, see [3, Definition 7.2.2].
In we show that Dj(M) is representable and Attr(D;(M)) C Attgr(M)\V(I)
whenever M is a finitely generated representable R-module and cd(/, R) = 1.

2. SOME RESULTS

In this section we begin our investigations with the following Theorem.

Theorem 2.1. Let R be a Noetherian ring and M be a non-zero finitely generated
R-module. Let I be an ideal of R such that 0 # Anng(H}(M)) ¢ Zr(M). Then
both H (M) and D;(M) are Noetherian R-modules.

Proof. By the assumption, there exists a non-zero element x € Anng(H; (M))\
Zr(M). So the exact sequence
M
0—M3M-— — —0,
M

induces the long exact sequence
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0 — Tp(M) 3 T;(M) — Ty ]\]\44) S N M) S HY M) — -

.y
Since z.H} (M) = 0, it follows that H}(M) is a finitely generated R-module. Now,

the exact sequence

0—

00 — D;(M) — H} (M) — 0,

leads that Dy(M) is a Noetherian R-module. O

Corollary 2.1. Let R be a Noetherian domain and I an ideal of R with Anng(H](R)) #
0. Then D;(R) is a Noetherian R-module. In particular, it is a Noetherian integral

extension of ring R.

Proof. D;(R) is a Noetherian R-module by Theorem and therefore it is a
finitely generated R-module. Since R is a domain it follows that  : R — Dy(R) is
an injective ring homomorphism. Thus, by outlined Remark after [I, Corollary 5.3],
D;(R) is an integral extension of R. Moreover it is a finitely generated R-algebra
and so is a Noetherian ring. O

In the following we denote by Attg(HX(M)) the set of all attached prime ideals
of HL (M) .

Corollary 2.2. Let (R,m) be a Noetherian local ring and M a non-zero finitely
generated R-module with 0 # Anng(HL(M)) € Zr(M). Then Attgr(Hx(M)) C
{m}.

Proof. The assertion follows from Theorem [3, Theorem 7.1.3] and [3|
Corollary 7.2.12].

Lemma 2.1. Let I be a non-nilpotent proper ideal of the Noetherian ring R and
Di(—) an exact functor. Then Dr(R) is a flat R-module.

Proof. See [2, Theorem 3.11].

Theorem 2.2. Let R be a Noetherian domain and I an ideal with cd(I,R) = 1. If
M is an R-module of finite projective dimension d and Assgp M = {0}, then D (M)
is a flat R-module.

Proof. We proceed by induction on d. If d = 0, then M is projective and so, it
is a direct summand of a free module. Thus the assertion follows from Lemma 2.1
and [3, Exercise 3.4.5]. Now assume that d > 1, and that

0—Py— Py —-—P—Py>M=0,
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is a projective resolution of M. Applying the exact functor D;(—) to the exact
sequence

0— kere » Py > M — 0,

we obtain the following exact sequence
0 — Dy(kere) — Dj(Py) = Dy(M) — 0.

Since pdp(kere) = d — 1, by the inductive hypothesis, one can say Dj(kere) is
a flat R-module. Moreover, D;(P,) is flat because P, is a projective R-module.
Thus for every ideal J of R we have JD;(Py) = J®rDi(Py) and JDj(kere) =
J®rDr(kere). On the other hand, from hypothesis and [, Proposition 2.10], we
find that Zr(D;(M)) = 0. This guarantees the exactness of the bottom row, in the

following commutative diagram.

J®g Di(kere) — J®rDi(Py) — JQrDi(M) — 0

4 \
JD](keI‘E) — JD[(P()) — JD[(M) — 0

Hence we have JD;(M) = JogrD;(M). But JD;(M) C D;(M). This means
JRrD(M) - RrDr(M)

is an injective homomorphism and therefore D;(M) is a flat R-module. |

Lemma 2.2. Let R be a Noetherian local ring and I a proper non-zero ideal of R.
Then the I-transform functor Dy(—) is exact if and only if cd(I, R) < 1.

Proof. It follows from [2, Lemma 3.2].

Theorem 2.3. Let R be a Noetherian domain and I a non-zero proper ideal of
R such that the I-transform functor Di(—) is exzact. If Anng(H}(R)) # 0, then
Dr(R) is a projective R-module.

Proof. In case that (R, m) is a Noetherian local ring, the assertion is clear by
Corollary 2.1 and Lemma[2.I] Suppose that R is not local and assume the contrary
that there exists an R-module M such that Ext(D;(R), M) # 0. Hence there exists
a prime ideal p € Spec(R) such that (Exty(Dr(R), M)), # 0. By Corollary
D;(R) is a finitely generated R-module. Thus by [8, Exercise 7.7] and [3, Exercise
4.3.5, iii], Exty_(Dig,(Rp), My) # 0 and so Dyp, (Ry) # 0. In case that I  p, we
have D;g, (Ryp) = Ry, because IR, = R,. This means that D;r, (R)) is a projective
Rp-module.

Now consider the case that I C p. Since Dy(—) is an exact functor, it follows that
cd(I,R) < 1 by Lemma Moreover, it is clear that cd(IRp, Ry) < cd(I, R).
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Hence by using again Lemma the IRp-transform functor Djg,(—) is exact.
Since R is domain, it follows that the Noetherian ring R, is domain and so IR, is a
non-nilpotent proper ideal of R,. Hence by Lemma the Ry-module Dyg, (Ry)
is flat. Therefore D;r,(Ry) is a non-zero projective Ry-module because (Ry, pR,)
is a Noetherian local ring and Drr, (R,) is a finitely generated R,-module.

As it is seen, in both cases above Djg, (R,) is a projective R,-module which
contradict the fact that Ext}%p (Drr, (Rp), My) # 0. Thus for every R-module M
we must have Extp(D(R), M) = 0, i.e., D;(R) is a projective R-module. O

Theorem 2.4. Let R be a Noetherian domain of dimension d and I be an ideal of
R such that I C J(R). Let Anng(H}(R)) # 0 and HY(R) = 0 for each 1 < i < d.
Then Dy(R) is a Noetherian Cohen-Macaulay ring.

Proof. It follows from Corollary that Dj(R) is a Noetherian ring and it
is integral over R. Consequently, we have dim D;(R) = dim R. By [3, Corollary
2.2.10, iv] and [3, Theorem 4.2.1], one has I';p, (r)(Dr(R)) = H}DI(R)(DI(R)) =0.
Moreover, one can find by [3, Corollary 2.2.10, v] and [3, Theorem 4.2.1] that
H}DI(R)(DI(R)) = 0 for every 1 < i < d. Hence by view of [3, Theorem 6.2.7]
we have d < grade(IDy(R), D;(R)). On the other hand grade(ID;(R), D;(R)) <
dim Dy (R). These yield grade(ID;(R), D;(R)) = d. Now let n € Max(D;(R)). It
follows from [I, Corollary 5.8] that m := n® is a maximal ideal of R. Since I C m,
we have ID;(R) C n because of ID;(R) C mD;(R) = n°® C n. Therefore

grade(IDy(R), D;(R)) < grade(n, D;(R)) < grade(n(Dr(R))n, (Dr(R))n)
= depth(D;(R))n < dim(D(R))n < dim D;(R) = d.
Thus for every n € Max(D;(R)) we have depth(Dr(R))n = dim(Dj(R))n =d. O
Let I be an ideal of R such that Anng(I) is nilpotent. Then IR, # 0 for every
prime ideal p of R, because Anng (/) C p. In the following, we show that under
certain assumptions, D;(R) is a regular ring. Recall that a Noetherian ring R is

regular, if R, is a regular local ring for every prime ideal p of R. For more details

about regular local rings see [4, Section 2.2].

Theorem 2.5. Let R be a Noetherian regular ring and I an ideal of R such that
Anng(I) is nilpotent. Then Dy(R) is a regular ring, provided n : R — Dy(R) is a

surjective ring homohorphism.

Proof. The assertion follows immediately in case that T';/(R) = 0 or [ is a
nilpotent ideal of R. Thus we may assume that T';(R) # 0 and I is not nilpotent.

Also, it should be mentioned that Dj(R) is a Noetherian ring because R is a
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Noetherian ring and 1 : R — D;(R) is a surjective ring homohorphism. Now let
q € Spec(Dr(R)) and p := q°. Then the canonical map 7 : R, — (D;(R))q by
ﬁ(g) = 77&3 for every g € Ry, is a surjective ring homomorphism. Let g € ker.
There e:zists v € R\ p such that n(r)n(v) = 0. Thus rv € kern = I'7(R). Hence
% € 'y, (Rp). But grade(IRy, Ry) > 1 because R, is a domain and IR, # 0 due
to Anng(I) C p. Therefore in view of [3, Exercise 1.3.9, (iii)], I'rr, (Ry) = 0 and

we get " — 0. This leads to Ry, = (Dr(R))q. O
s

3. PRIMARY DECOMPOSITION AND SECONDARY REPRESENTATION

Let R be a Noetherian ring and M a finitely generated R-module. It is well-known
that every proper submodule of M has a primary decomposition. In the following
Theorem, for an ideal I with ara(l) = 1 we find a minimal primary decomposition
of the zero submodule of D;(M).

Theorem 3.1. Let R be a Noetherian ring and I an ideal of R with ara(I) = 1.
¢

Let M be a finitely generated R-module and 0 = (| N; be a minimal primary
i=1
decomposition of 0 in M. Then the zero submodule of D;(M) has a minimal primary

S
decomposition in the form 0 = () Dr(N;), s <t .
i=1

1=

Proof. Since ara(I) = 1 there exists + € R such that vRz = 1. By |3,

Proposition 2.2.23] and [3, Theorem 2.2.19] we have
t

(3.1) 0= Ds(0) = Dro(() Ni) = ([ NoJa =[] (Nia

i=1 i=1

> () Drs(N;) = () D1(Ny).
=1

i=1
From the above intersection let us remove all D;(N;),1 < j <, such that
t
(3:2) () Di(N:) € Di(N;).
i=1

i#]

S

Then we will get a minimal primary decomposition in the form 0 = (| D;(N;),s <
i=1

t, provided that we show every D;(N;),1 < i < s, is a primary submodule of

Di(M).

In order to avoid inaccuracies, it is harmless to assume that the minimal primary
t

decomposition 0 = () NV; is sorted in the following sense:
i=1
For every 1 < j <5, D;(N;) doesn’t satisfy condition (3.2) and D;(N;) satisfies
condition (3.2) for every j > s+ 1.
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Since cd(I, R) < ara(I) = 1, it follows from [3| Lemma 6.3.1] that D;(—) is an

exact functore and so
MY  Di(M)
Dl — | = .
N; Dr(N;)
Hence in order to show that Dj;(N;) is a primary submodule of D;(M) it is

enough to show that the map Dj( 5 Dl(ﬁ) is either injective or nilpotent

A
7 K3
homomorphism for every r € R. This is clear the fact because Dy(—) is an R-linear

functore. ([l
Before we discuss about representability of Dy (M), we need the following preparative

Lemma.

Lemma 3.1. Let R be a Noetherian ring and I an ideal of R with ¢cd(I,R) = 1.
Suppose that My, Ms are submodules of a finitely generated R-module M such that
M = My + M. Then

Dr(M) = Dy(M;) + Dy (Ms).

Proof. First note that because c¢d(I, R) = 1, by |3, Lemma 6.3.1] we find that
Dj(—) is an exact functor. Moreover, it is clear that I is not nilpotent. Therefore
Dr(R) is a flat R-module by Lemma So by applying the functor D;(R) ®p —

to the exact sequence
0— MiNMy — My ® My — My + My — 0,
we obtain the following exact sequence
0 — Dr(R)®r(M1NMs3) — D1 (R)@r(M1®Ms3) — Di(R)®pr(M1+M3) — 0.
On the other hand, the following sequence is also exact

00— (D](R) XRRr Ml) N (D](R) RRr Mg) — (D[(R) Xr Ml) D (D](R) QR Mg)

— (D1(R) ®r M1) + (D1(R) ®r M2) — 0.
Hence by view of [8, Theorem 7.4] and [I, Proposition 2.14], we have
Di(R) ®p (M1 + M2) = (Dr(R) ®r M1) + (D1 (R) @ M>).
This fact together with [3, Exercise 6.1.9] concludes
D;(M) = D;(My + M) = D;(M;) + D;(Ms).
This completes the proof. O
Theorem 3.2. Let R be a Noetherian ring and I an ideal of R with cd(I, R) = 1.

Suppose that the finitely generated R-module M is representable. Then, so is Dy(M)
and moreover Attr(Dr(M)) C Attg(M) \ V(I).

Proof. We may assume Dj(M) # 0. Let
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M =DM + M+ -+ M, with M; p; —secondary (1 < j <t),
be a minimal secondary representation of M. Then it follows from that
Di(M) = Dy(My)+ D;(Ms) + -- -+ Dy(M,).
Note that, it may D;(M;) = 0 for some 1 < j < t. Putting T := X' D (M;),n < t,
where each D;(M;), 1 <i < n is not zero, we have D;(M) = T. So it is enough to
show that T is representable; i.e., X, D;(M;) is a secondary representation of 7T

This is clearly the case because Dy(—) is an R-linear functor. Therefore

Attr(Dr(M)) = Attr(T) C {d1,92, - dn},
where q; = /Anng(D;(M;)) € Spec R.

Now, let 1 < i < n and r € gq; be arbitrary. Then there exists [ € N such that
r'Dy(M;) = 0. Since M; is secondary, either M; = rM; or r € \/m = p.
It is not false to assume that the index of p is 7. In other words one can assume
p € Attg(M) is exactly p, itself. (This is possible by rearranging the elements
of set Attr(M)). If r & p;, then we have M; = r'M;. Consequently D;(M;) =
r!Dr(M;) = 0 which contradicts the fact that D7(M;) # 0. Hence q; C p;. On the
other hand, it is obvious that p; C q;. These yield that q; = p; forall 1 <7 <n and
therefore Attr(Dr(M)) C Attr(M). Finally we claim that I ¢ q; for every 1 <
i < n. Otherwise, by [3, Corollary 2.2.10] we find I'y, (D;(M;)) C 'y (Dr(M;)) = 0.
But D;(M;) is an Anng(Dr(M;))-torsion module. Hence D;(M;) = 0 which is a

contradiction. O
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Abstract. S. Banach [I] proved that good differential properties of function do not guarantee
the a.e. convergence of the Fourier series of this function with respect to general orthonormal
systems (ONS). On the other hand it is very well known that a sufficient condition for the a.e.
convergence of an orthonormal series is given by the Menshov-Rademacher Theorem.

The paper deals with sequence of positive numbers (dn) such that multiplying the Fourier
coefficients (Cr (f)) of functions with bounded variation by these numbers one obtains a.e. convergent
series of the form >0 ; dnCn(f)en(z). It is established that the resulting conditions are best

possible.

MSC2020 numbers: 42C10; 46B07.
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1. SOME NOTATIONS AND THEOREMS

Let (¢5) be an orthonormal system (ONS) on [0, 1] and

1
(L1) C%U%{AfWWM@d% n=1,2

be the Fourier coefficients of a function f € Ly (0,1).

We denote by V (0,1) the class of all functions of bounded variation and write
V (f) for the total variation of a function f on [0, 1].

Let A be the class of all absolutely continuous functions f on [0,1]. This is a

Banach space with the norm

nﬂA=AWf@ﬂM+WNmm,

where C(0, 1) is the class of all continuous functions f on [0, 1]; || f(x)|| is the norm
of fon C(0,1).

Definition 1.1. A positive bounded sequence of numbers (d,,) is called a multiplier

of convergence with respect to a function class F if

Sacet, (G- [ 1@awn)

IThe research was supported by Shota Rustaveli National Science Foundation grant no. FR-
19-676.
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is convergence a.e. for all f € E.

Theorem 1.1. (see [] ch.9.p332)(Menshov-Rademacher). If (¢n) is an ONS on

[0,1] and a number sequence (c,) satisfies the condition

oo
Z 2 logan < +oo,

n=1

then the series

Z Cnpn (T)

converges a.e. on [0, 1].

Lemma 1.1 (see [B]). If f € L2(0,1) takes only finite values on [0,1] and g €

L5 (0,1) is an arbitrary function, then

(12) /Olfmg(x)dx:z(f (D)1 (5) [ owras
s (rw-1(2))swarrm [ @

i=1

We have that (logn = log, n)

(1.3) D diCR(f)log’ k=Y diCk (f) Ck (f)log” k
k=1

k=1

- /f(x)ZdiCk(f)logzkgok(x)dx:/ f (x) P, (d,a, ) dx.
0 =1 0

Let .
P, (d,a,z) = Z d2ay log® kpy (2) .

k=1
Set
(1.4) Gy (d,a) = max /0 P, (d,a,z)dx
and

" 1/2

(1.5) T, (d,a) = (Z d2a? log* k;) ,

k=1

where (ay,) € la.

Lemma 1.2. Let (d,) be a positive, bounded sequence of numbers. Then for every
i,(i=1,2,...,n)
/ Py (d, a,2)| dz = O (1) T, (d a).
(

i—1)/n
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Proof. If we use the Cauchy inequality and we mean that D = sup;, di we get

1 1/2
(/ P2 (d,a,x) dx)
0
1/ 2
/ (Z d2ay, log? koy, (9:)) dx
0 \k=1
n 1/2
<Z kak log k')
k=1

n 1/2
e (Z d2a2log® ) =0T, (d,a).
k=1

Lemma is proved. O

i/n
/ |Py, (d,a,z)|dz <
(i-1)/n

Si-

1/2

sl-

%\H

IN

2. STATEMENT OF THE MAIN PROBLEM

General ONS were studied by a lot of authors. We mention Gogoladze and
Tsagareishvili [5]-[10], Kashin and Saakyan [4], Tsagareishvili and Tutberidze |17,
18]. Convergence and summability of Fourier series with respect to Walsh, Vilinkin,
Haar and trigonometric systems were studied by Gogoladze and Tsagareishvili [I8§],
Persson, Tephnadze and Tutberidze [11I] (see also [2], [13]), Tephnadze [14]-[16],
Tutberidze [19]-[22]. Similar problems for the two-dimensional case can be found in
Goginava and Gogoladze [3], Persson, Tephnadze, and Wall [12].

From Banachs Teorem [1] it follows that if f € L5(0,1), (f ~ 0) then there
exists an ONS such that the Fourier series of this function f is not convergent on
[0,1] with respect to this system. Thus it is clear that the Fourier coefficients of
functions of bounded variation in general do not satisfy condition of TheoremI.1}In
the present paper we have studied the sequence (d,,) so that the Fourier coefficients

of every function from V' (0, 1) satisfy the condition
> dC2(f)log?n < +oo.

The similar results are obtained in [6] — [10].

3. THE MAIN RESULTS

Theorem 3.1. Let (p,) be an ONS on [0,1] and (d,,) is a given sequence of
numbers. If for any (a,) € la

(3.1) G (d,a) =0 (1) Ty (d;a),
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then for every f € V(0,1)

Z d2C%(f)log*n < occ.

Proof. By using Lemmdl.1|when g (z) = P, (d, ¢, z) we have (c = (Cy (f)))

(3.2) / f(x) P, (d,c,z)dx

_Z< < ) (iﬁl))/oi/nm(d,c,x)dx
! ; /(il)/n <f (@) = f (;)) P, (d,c,x)dx
1)/0an (d,c, ) dx

ZdQC’k ) log? k—/f w (d, ¢, x) dx.
If f €V (0,1), then (see (3.2)), considering (3.1)), we get
n—1 . i+1 i/n
Z(f( >—f< ))/ P, (d,c,z)dx
i=1 "
n—1 .
<2 () -7 (5 || [ e

Further, according to lemmal.2]

Z/ 1>/n( f<')>P"(d’c’m)dx

r
n
i i/n
< sup f( >’/ ) (dy e, )| dx
Z n (i— 1)/”

i= 1w€ n ﬁ]

= OV (f)Tn(d,c) =0 M) T, (d

Next (see

(3.3)

S|

max
1<i<n

(3.4)

It is easy to see that (see (1.4)
1
£ / P, (d,c.2)
0
Considering (3.3)) and , from and (3.3), we get

n n 1/2
> diCR(f)log® k=0 (1) T, (d,¢) = O(1) (Z d3CE (f)log’ k) :
k=1

k=1

=0(1)Gn(d,c) = O(1)T,(d, c).
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It follows that
> diCE(f)log? k < +oc.
k=1

Theorem [3.1] is proved. O

Theorem 3.2. Let (¢,) be an ONS on [0,1] and (d,) is a given sequence of
numbers. If for any (a,) € ls

Gn(d,a) = O(1)Tn(d; a),

then (dy,) is a multiplier of convergence with respect to class V(0,1), or the series

Z dnCr (f)pn(z)
n=1

converges a.e. on [0,1] for every f € V(0,1).
Validity of Theorem follows from Theorem and

Theorem 3.3. Let (¢,,) be ONS on [0,1] and (d,,) is a given bounded decreasing
sequence of numbers. If for some (b,) € la
. Ga(b)
1
00 T, (b)
Then, there exist function fy € A, such that

= +o00.

> diCR (fo)log® k = +oc.
k=1

Proof. In first case we suppose
o Pa(d,b,2) da|
lim
If fo =1, x €0,1], then using the Cauchy inequality we get

= 4-00.

1 n 1 n
/Pn(d,b,a;)dx = Zdibklog%/ er(x)| = > dibylog® kCi(fo)
0 k=1 0 k=1
n 1/2 n 1/2
< (o) (Scims)
k=1 k=1

n 1/2
T, (b) <Z di.C7(fo) log” k) :
k=1
Consequently

P, (d,b, x) dm‘
T, (b)

= 4-00.
n—roo
k=1

As fo € A Theorem 2 holds.

n 1/2
lim (Z d2C2(fo) log® k;) = li_>m sup‘
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Next we suppose that

1
/ P, (d,b,z)dx
0

Let 1 <4, < n be an integer, such that

/ P, (d,b,z)dx| =
0

Suppose that for some sequence b = (by) € lo

G, (b) = max

1<i<n

: Gn(b) _
(3.5) nh_}rrolo sup .0 +o0
Consider the sequence of functions

0, when T € [O, L"]
fn(x) = 1, when =z € [“ﬁl, 1]
continuous and linear, when x € [%, ’”:1] .
Let A be the class of absolutely continuous functions. Then
Valla= [ |fa@)|do+ s @l =2.
Furthermore
n—1 . . i

i i+1 i/n
3.6 nl—)—fn P, (d,b,x)d
5 > (5 () (5 [ s

in/n
/ P, (d,b,2)dz| = Gy (b).
0

Then if z € [121 , 1]

i <1, 8f i—ip 41,
f”(x)f"<n>‘{ 0, if i#in+1,
we have (see lemm

(fx f( >) ) (d, b, 7) d
(i—1)/n

(7fn+1)/"
g/ P, (d, b, )| dz = O (1) T, (b).

i/

(3.7)

Consequently from equality (3.2)) when f (z) = f, (x) and P, (d,a,z) = P, (d,b, ),
considering (3.6) and (3.7), we get

/fn . (d, b, )

From here and from we have

‘fol fn (x) Py (d,b,x)dx
75
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Since
/ f(x) P, (d,b,z)dx

is a sequence of linear bounded functlonals on A, then by the Banach-Steinhaus

theorem, there exists a function fy € A such that
|l fo @) Patdb,w) daf

n~>oo Tn (b)
Further using the Couchy inequality

= +00.

n 1
/ fo(z) Py (d,b,z)dx| = Zdibk log2k/ fo (@) pp (x) dx
k=1 0
= Zd%k log? kCx (fo)
k=
n /2 ;o 1/2
< (Zd by log® k) (Z di.C}, (fo) log® k)
k=1 k=1
n 1/2
= Tu(b) (Z diC} (fo) log? k) :
From here
n 1/2 fl fo(z) P, (d,b,x)dx
(Z d2C2 (fo) log? k) > s R0 |
k=1 "

and therefore,

> diCE (fo)log? k = +oc.
k=1
Theorem [3.3] is proved. O

Finally the following theorem holds:

Theorem 3.4. Let (p,) be ONS on [0,1] fo on(z)de =0,n=1,2,..., such that
uniformly for x € [0, 1]

(3.5) | etwrin=o0 (i)

and (dy,) is an arbitrary non-decreasing sequence of numbers such that

nY 1
lim d, = dd,=0(——], 0 =,
e oo an <log(n + 1)) << 2

Then for any f € V the series

Z dncn(f)%"n(@

is convergent a.e. on [0, 1].
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Proof. According to the condition of Theorem[3.4)and using the Cauchy inequality
we get (see (L))

/ P.(d,c, y)dy‘ =
0

= dem )| log? kf

(3.9) I / " o)y

n /2 , 1/2
1
= 0(1) (Z d2C3(f)log? k) <Z d? 1og2kk2>
k=1 k=1
n 1 1/2
= O(1)Tyu(c) <Z a2 log? kk2>

k:l 1
= O(l)Tn(C) < kg) = O(l)Tn(C)

k=1

Next as f € V by the Cauchy inequality (see (3.8))

X_; / (101 (£)) Patticoa)

—0m)Y sup f(fv)f<7i>

(3.10)

n

A 1/2
3 ( [ ime x)dx|>
i=1 xe€|0, %

n 1/2 n 1/2
1 4 2 4 _ dn logn 2 2 2

D (;dkcm)log k) =07 ;dk0k<f>log k

n? logn

=0() \/ﬁlog(n +1)

Using . and ( - ) from we receive
n n 1/2
> diCR()1og? k = O()T,(d,c) = O(1) (Z d;C}(f)log” k)
k=1 k=1

From here we conclude

T.(d,c) = O(1)T,(d,c).

ZdiCi(f) log? k < +o0.

Finally according to the Menshov-Rademacher Theorem the series

> dkCrlf)en()
k=1

converges a.e. on [0, 1]. Theorem [3.4]is proved. O
It easy to see that Theorem holds for trigonometric and Walsh systems (see
[4], ch4, p.117, p.150).
7
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Theorem 3.5. Let (hy,) be an increasing sequence of numbers such that lim h,, =

n—oo
+o0 and hy, = O(1 )ﬁ
(¢n,,) such that for an arbitraty f € V

Then from any ONS (p,,) one can insolate a subsequence

Z hiC2 (f)log” k < +oo.

Proof. Without the loss of generality we can suppose that the ONS (¢,,) is a
complet system. Then by the Parseval equality, for any « € [0, 1]

S ([ o) =

n=1

Consequently (Dini Theorem) for some sequence (ny) of natural numbers

i </01 gon(u)du)z < %4.

n=ng

From here uniformly with respect to x € [0, 1]

/ P (u)du| <
0

m(h,a,x) Zh ar log® ko, (z).

(3.11)

ﬁ.
We denote ((a,,) € l2)

Using (3.11) and Cauchy inequality we get (see (3.9))
i/m

/ Qm(h,a,x)dx
0
m ) ) i/m
thak log k/ ©n, ()dx
k=1 0

1
hi |a| 10g2 k 72
k=1

(3.12) R

= max
1<i<m

m 172/ m ) 1/2
(Z h3a? log? k:) <Z h2 log? k ]€4>

k=1 k=1

m /2 ;o ) 1/2

klog” k

thak log k Z #4

P — log”(k+ 1)k

m 1/2
(thaklog k

k=1

Next, for any i = 1,2,...,m (see (3.10))
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1/2

i/m 1 1
3.13 / Qm(h,a,z)|dr < — (/ an h,a,x da:)
(3.13) H/m| (o)l dr < —= (| @h(han)
1/2 .
(Z hia? log* k) =0(1 ogm (Z h2a? log® k)

Sl 1/2 m 1/2
_ ogm 27,2 _ 2 29 2
_o(l)log(m+1 <thaklog k) =0(1) (kz_lhkaklog k) .
Also (see (3.11) and

1
/ Qm(h,a,z)dx| =
0

1/2

(3.14)

As it was shown in (1.3])
m 1 m

315 SOMCL(N0k = [ 1) 30RO, ()og? ki, (o)
k=1

= /0 f(x)Qm(ha C, 1’)d.’b

Taking into account (3.2)) and (3.15) where Q(h,c,z) = P,(d,c,z), f € V(0,1)
and estimates (3.12), (3.13), (3.14) where a = ¢, ar, = C),, (f), we obtain

m 1
SO KECE, (f) log? b / F(@)Qum (h, ¢, 2)da
k=1 0
1/2
— oW V(s (Zh2 log2k> |
From here

> hRC2 (f)log? k < +oc.
Theorem [3.5] is completely proved. O

Theorem 3.6. Let (h,,) be an increasing sequence of numbers such that

1 = = 1)————.
I fin = +00 and hy, = O )log(n +1)

Then from any ONS (¢,) one can insolate a subsequence (pp, (x)) such that for an

arbitrary f € V the series
o0
Z hiCn,, (f)sank
k=1

is convergent a.e. on [0,1].

The validity of Theorem derives from Theorems and
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Abstract. Let £ = —A+V be the Schrédinger operator on R™, where n > 3, and nonnegative
potential V belongs to the reverse Holder class RHy with n/2 < ¢ < n. Let HZ(R™) denote the
Hardy space related to £ and BMO,(R™) denote the dual space of Hé (R™). In this paper,
we show that T g = V¥VL™# is bounded from H2!(R™) into LP2(R™) for s <p1 <1and

i = ﬁ — @, where 8 = min{1,2—n/qo}, and qo is the reverse Holder index of V. Moreover,

we prove T}, 5 is bounded on BMO.(R™) when 8 — o =1/2.

MSC2020 numbers: 42B30; 35J10; 42B35.
Keywords: Schrodinger operator; reverse Holder class; Hardy space; BMO.

1. INTRODUCTION AND RESULTS

The study of the theory of harmonic analysis related to Schrédinger operator
is one of the most interesting topic, which has attracted a great deal of attention
of many researchers; see [7][8],[12]-[16],[20]-[23] and references therein. The present
paper investigate the boundedness of Riesz transform associated with Schrodinger
operator on Hardy space and BMO space.

Let £L = —A + V be the Schriodinger operator on R™, where n > 3 and the
nonnegative potential V' belongs to reverse Holder class RH, for ¢ > n/2. Recall
that given 0 <V € LI (R") for 1 < g < oo, V is said to belong to the reverse

loc

Holder class RH, if there exists a constant C' = C'(¢, V) > 0 such that the reverse

Hoélder inequality
1 / Vi ¢
o qudy) S—/Vydy
CIAC Bl /5"

holds for every ball B C R™.

Clearly, if V belongs to RHy,q > 1, then V is a Muckenhoup A, weight; see
[I7]. From weight theory we know that V(z)dz is a doubling measure and the class
RH, has self-improvement property; that is, if V' € RH, for some ¢ > 1, then
there exists € > 0 such that V' € RH,;.. We define the reverse Holder index of V' as
¢o =sup{q: V € RH,}. From now on, we always use ¢’ to denote min{1,2—n/qo}.
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As in [18], for a given potential V' € RH, with ¢ > n/2, the auxiliary function

is defined as

1 1
= = : < 1 Rn.
p(x) @ V) sup {r >0 e /B(z,r) V(y)dy < } , TE

It is well known that 0 < p(z) < oo for any =z € R™.

The Hardy space related to £ had been studied by Dziubaiiski and Zienkiewicz
in [5] [6]. Because 0 <V € L1

loc

(R™), the Schrodinger operator £ generates a (Cp)
contraction semigroup {T* : s > 0} = {e7*" : s > 0}. The maximal function
associated with {T£ : s > 0} is defined by M* f(z) = sup,- |T'X f(x)|. The Hardy
space H}:(R™) is defined as follows.

Definition 1.1. We say that f is an element of H}(R") if the maximal function
M~ f belongs to L' (R™). The quasi-norm of f is defined by 1l mny = [ M- fll L2 @ny-

The dual space of H}(R") is the BMO type space BMO(R™) (see [1]).

Deﬁnition 1.2. Let f be a locally function on R™ and B = B(x,r). Set fp =
\BI Jz fy)dy and f(B,V) = fg if r < p(x); f(B,V) = 0if r > p(zx). We say
f € BMO(R™) if

lmssocn) = s 1z [ 176) = 1B,V ldy < .

It follows from [T] that || f|| saro, (&n) is actually a norm which makes BMO(R™)
a Banach space. Since H' (R™) C H}(R"), it conclude by duality that BM O, (R™) C
BMO(R™). Some papers have studied the boundedness of operators on BM O, (R™)
space; See[Tl, 3], [].

To give the definition of Hardy space H7(R™) for
the Campanato type space.

n+5, < p < 1, we introduce

Assume that <p<l,and 1 < ¢ < 0. A locally integrable function f is

n+5’

said to be in the Campanato type space A’i71 e if
-1,

B - ,dy 1/‘1/
flae = s, {|B| L - v ) }<oo.

For any 1 < ¢’ < oo, the spaces A% are mutually coincident with equivalent
p

—1,q¢'
norms, it will be simply denoted by A% _,- It can be proved that the maximal
P

function M~ f is well defined for f € <A€71)*

Definition 1.3. [2] For ;5
HE(R™) if the maximal function M~ f belongs to LP(R"). The quasi-norm of f is
defined by ”f”H”(]R") = ||M fHLP(]R"

*
< p <1, we say that f € ( 1) is an element of
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We consider the Riesz transform
1 1
Tap=VoVL?, 0<a< <B<1, foa> .

The boundedness of T}, g has been studied under the condition V' € RH, for n/2 <
¢ < n. In [18], Shen showed that To,% is bounded on LP(R") for 1 < p < po, p% =
é — 1. he proved Ty, is also bounded on LP(R™) for 1 < p < p1, p% = 2370 -1
Li and Peng in [10] obtained that T} 1 is bounded from L'(R") to weak L'(R"),
Hu and Wang in [J] established the boundedness of commutator for T, o, Liu [II]
obtained the boundedness of Ty g on H}(R™).

fo<a< % <pBg<1,B—-a> %,VGRHq for n/2 < ¢ < n, Sugano in [19)

given the LP-estimates for Ti, g and its adjoint operator T, 5

Proposition 1.1. Suppose that V. € RH, with § < g <mn. Let 0 < a < % <p<
R
]% - 72(13—71&)—17 then

1 Ta, () any S IfllLo@n);

(i) Ifpl, <p< 72(5_"(1)_1 and L = % — 72(575)71, then

q
175 s (Ml Laeny SN fllze@ny-

In this paper, we investigate the boundedness of T, s and T} 5 on H 7 space and

P

(i) If1<p<@and%:

BMO_,(R™) space respectively, and get the following results.

Theorem 1.1. Suppose V € RH, with % <g<n. Let0<a< % <pB<LL,B—a>
LIy <pi <1 and L= 1 202021 ypep

1Tas(N)llLez@ny < Cllf I gor gy
By Theorem [I.1] we get

Corollary 1.1. Suppose V. € RH, with 5 < q<mn. Let0 < a < % <p<Ll,B—a>
%. Then

175 (Pl Brro, @y < CllfllLro@nys
where py = W
When 38—« =1/2, we have
Theorem 1.2. Suppose V. € RH, with § < q <mn. Let 0 < a < % < B <1 and
b—a= % Then
175 5 ()l Brmo. @y < CllfllBaos @n-

In this paper, we shall use the symbol A < B to indicate that there exists a
universal positive constant C, independent of all important parameters, such that
A< CB. A~ B means that A < B and B < A.
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2. SOME PRELIMINARIES

Throughout this section we always assume V' € RH, with § < ¢ <mn.

2.1 Some results concerning the auxiliary function

Lemma 2.1. [5] There exists constant ly > 0 such that

1 r \%
V(y)dy < <1 + ) .
2 /B(m,'r‘) ( ) p(l‘)

Lemma 2.2. [I8] For 0 < r < R < oo, we have

n/s—2
1 / R 1
VydyS() / V(y)dy.
% J Bz @) r R"2 Jp(,R) W)

Lemma 2.3. [I8] There exist C and ko > 1 such that

o ﬁ - - 1+ko
o- (le y) §1+|‘T y|§0<1+|JC yl)
p(y) p() p(y)

for all x,y € R™.

A ball B(z, p(x)) is called critical. Assume that Q@ = B(zg, p(zo)), for x € Q,
the inequality above tell us that p(x) ~ p(y), if |z — y| < Cp(z).
2.2 Atomic decomposition of Hardy space H7(R")
Let -5 <p<1<g<oo0andp#gq A function a € L?(R") is called an
HP9-atom if r < p(zo) and the following conditions hold:
(i) supp a C B(zg,r),
(i) llallpageny < [B(zo,r)V/a 17,
(ii) if 7 < p(20)/4, then [p, . a(z)dz =0.
By [5] and [6], the Hardy space H7 (R™) admits the following atomic decomposition:

Lemma 2.4. Let ;3 <p <1< q<oco Then f € H.(R") if and only if [ can
be written as f =37 A\ja;, where aj are Hp- atoms , 37, |\j|P < oo, and the sum

converges in the H7.(R™) quasi-norm. Moreover

/p

£l ey ~ it (ZM |p) ,

where the infimum is taken over all atomic decompositions of f into HY- atoms.

2.3 Estimates for the kernel functions
Suppose Wg = VL P Let Wj be the adjoint of Wp, K and K™ be the kernels
of Ws and Wj respectively, then K(z,z) = K*(z,x) and we have the following

estimates.

Lemma 2.5. [9] Suppose 1/2 < < 1.
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(i) For every N there exists a constant C' such that

| K™ (2, 2)| < Cn N ! 35 / ViEe) Td€ + ! )
(1+ ‘ﬁ(_zj') |z — 2|" B(z,|o—z|/4) 1€ — 2" |z — 2]

Moreover, the inequality above also holds with p(x) replaced by p(z).

(ii) For every N, and § =2 —n/q, there exists a constant Cn such that
Cn

1, lz—=z\N

|z —y|° / V(€) 1
oYL de +
|2 — 272810\ Jps jomzy /ey 1€ — 2770 |z — 2|

whenever |z —y| < |z

p(x) replaced by p(z).

[K*(z,2) = K™ (y,2)| <

— z|. Moreover, the inequality above also holds with

2.4 Characterization of space BMO,(R")

Lemma 2.6. [I] Let 1 < p < 00, B = B(x,r). If f € BMOz(R"™), then

1/p
5“p(|3|/ ) BV>|”dy) < Ollf I Broeen)-

A function f € BMOg(R™) if and only if there exists a suitable constant cp
depending on B and satisfying cg = 0 whenever r > p(x) such that

1 1/10
sup ( / If(y)—Cdey> <
B \IB| /g

1 1/p
I fllBaro,@ny < Csup </ |f(y) — CB|pdy) )
B \IB| /B

and

3. PROOF OF MAIN RESULTS
Proof of Theorem[I.1} By Lemma [2.4] we only need to prove

1 Tas(a)l|Les mry S 1

holds for any H2""-atom. Because 0 < o < 1 < 8 <1,8—a > 1, we can choose
q1 and ¢o such that

l<q < —L n 2B—a)—1

Po n

and
i i_Z(B—a)—l

q2 q1 n
Assume that suppa C B(zg,r),r < p(zg). Then

T, 5(a)l| Lr2@n) < IX16BT0,8(a)| Lr2@®n) + (X (16B) Ta,p(a) || L2 mry = I1 + I2.
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By Holder inequality, Proposition and p% =1 %, we have

p1

I = |Ix16BTa,p(a)|| Lr2 (rm)
1 1 1/¢]2
< |16B|r2 "2 </ Ta)ﬁa(x)|q2dm)
R'I‘L

1 | 1/Q1
s|16B|ww( |a<w>|‘hdw)
B
1 1 1 1
< [16B[7 " Bl S 1.

We divided into two case for the estimate of I : 7 > p(z¢)/4 and r < p(z9)/4.
Case I: r > p(z0)/4. In this case, we have r ~ p(x¢). It follows from Lemma
and Lemma [2.5] that

J e e s [ oS
(14 22) " o — 2p2et
+/ |a§\?)| / |§V(£|)1d§dz.
B |z—z| n— B(z,|z—z|/4 — xln—
(1+m) |z — z|n—28 /B Ja—21/4)

For any x € Cy = {x : 2Fr < |z — 2| < 2¥+1r} k > 4, we have

1
/B|K(J;,z)a(z)|dz,§ W/B\G(Z)‘dz

1
+WL(VXB(M,%HT))(%)/B\G(Z)\dZ,

where 71 (f)(z) = [z LWy Then

gl T
1/p2
p2
I, < Z/ V (2)2P? </ |K(x,z)a(z)|dz> dx < Ip1 + Iso,
where
ko (28—n—1)pat /P2
(2ky)@B—n—Dipatn | /
I = V(x)*P2d d
and
k) (@B—n)pat Ve
(2Fp)2P—n)p2tn /
Iy = V(2)°P (T, (V o P2 dz.
22 kZ 5 D] oy, VO BV e @) | o()lds
Notice
< n < AZ}, < Ei
p2_n—2(,6’—a)+1 200 @
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By Holder inequality, V € RH, and Lemma [2.T] we get

L e s (<L [ viera)
128 B] o ~ \|2¥B| Jarp
1 ap2 ri loops
3.1 S_, ( V(.]j)dx) 5 (ri)—Qapz (1 n ) .
( ) ‘QkB| 2k B p(xo)
Then
1
w e p V(aj)apzdx 5 (2167.)—2(1]322]«[00@2.
Because a is a Hzlv(h_ atom, 50
_1
(32) [ latla < 18
Note
1 1
(3.3) (B—a) (p2 pl)

Then, by (3.1) and (3.2) we obtain

1/p2

1

121 g
k>4 (Qk)(N_loa_@(ﬁ_u)—l)-‘rn)1)2_”

Taking N large enough such that N > lpa + (2(8 — @) — 1) — n + n/pa, we get
I < 1.
It is easy to see ps < p,. Then
1 1 a 1 1 1 1
>

P2 pa g t L g n
By Hoélder inequality, the boundedness of fractional integral Z; : LY — L! with
1_1_ % and V € RH,, we obtain

t q
1
w - V<.,L,)ap2 (Il (VXQ’HlB)(m))mdaj
2
1 paa/q 1 p2/t
S =m0 V(z)ldx T (Z1(Vxorrp) (@) da
126B| Jor 12¥B| Jokp
. pac 1 p2/q . (1_1
< || == V(x)d — V(z)d 28 B|P2ta Tt
< (@ L, @n) (i [, vere) e
1 p2(a+1) .
< [ — V(z)dx 2%r)P2
S (i o Vi) 2
lo(a+1
(3.4) S(ri)(2a+1>”2(1+ 2 )p“( '
p(zo)
Then
71 V(z)*2(1y (Vxar+1p)(2))P?de S ok )= (2atDpz (gkypalo(atl),
128B| Jorp
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Noting (3.3) and taking N large enough such that N > lp(a+1)+ (2(8 —a) —1) —
n + n/pa, we get
1/p2
1

I 3 < L.
22 5 16224 (2k)P2 (N—lo(a+1)—(2(,8_04)_1)_’_”_"/[)2) ~

Case IL: 7 < p(z0)/4. When p = 1, by Lemma[2.3|and Lemmal[2.5] for § = 2—n/q,

|K(x,2) — K(x,20)]

_ 1 |2 — ao|? </ VO ey L )
(1 + L”—ZI)N |2 — 2" =28\ J gy jo—s/a) 1€ — x[771 |z — 2]

p(zo)

Then, for x € C, we have

1 0
|K (2, 2)— K (z,0)| < i \ IV (2kp)n+=26+1
(1+5)
p(zo)
1 r° V(£
. d€.
(3 5) + 1 ok N (Zkr)n+5—2[3 /279B |f—l’|”_1 5
( T P(Io))
It follows from the vanishing condition of a, (3.5) and (3.2]) that
p2 1/p2
I, = / V (x)*P2 (/ |(K (z, z) — K(%CEO))G(Z)dZ) dx S Iy + I,
(16B)° B
where
1/?2
1 T(sz
I, < / V(z)*P2dx )
p(@o)
and

1/q

/ 1 T.épz ap P2
In s Z )sz (2k7)(n+0—2B)pa /Ck V(x)*r? (Il(VX2k+lB)(93)) dzx
P

By 1i noting p% -1+ w]ﬁ = 0 and taking N > lga we have

1/p2 1/p2
1 1 1
!
121 S’ Z ok Npz2—loapz Qkdp: ~ Z 92kép2 S’ 1
k>4 (1 + r ) k>4
p(zo)
By (3.4) and taking N > lo(a 4 1) we have
1/1’2 1/1)2

1 1 1

ro< < [ <
EZRS Z & Np2—lo(a+1)p2 Qkép2 ~ Z 92kép2 S L
5 ()
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We consider the case 5 < p1 < 1. By n/2 < g < n and the self-improvement

property of the class RH,, for some pg such that # < po < p1 < 1, we have some

do=2-n/g<2—-n/q so that po = 5. Then
1_1 28-a)-1_ntd-26-a)+1
P2 D1 n n
So, we havep2>m.
By , for x € Cf, we have

1 rdo
|K (2, 2)—K(z,z0)| < ) oer \ N (ri)n+50—2/3+1
( + P(fo))
1 7% / V(¢)
+ dg.
(1 L2k )N (2kr)nt00=28 [ p |€ — x|n—t
p(zo)
Thus,
1/P2
I, = </(4B) |Ta,ﬁ(a)(x)|p2dx> N I;1 + Iélza
where
1/P2
., 1 yOop2
In=| X v V(2)*rdz la(y)\dy,
grp \ NP2 (2kr)(nH00=26+1p2 [y g B
k>4 (1 + p(m))
and
1/4q
. 1 rdop2 N p2
Ly S| o \ NP2 (D) (30 —28)p / V()P (Il(VXQkHB)(x)) dx
k24 (1 + p2(zg)) c

x /B la(y)|dy.

Note py > m. Then, by 1)1) and li and taking N > [pa, we
get

1/p2
1 1 1

< <

121 ~ Z x (N=loa)pz (op\P2(n+d0—2(B—a)+1)—n ~ 1.
k>4 (1 4 2 ) (2%)
p(zo)
By (3.3), (3.4) and taking N > (. + 1), we get
1/p2
1 1
< <
LS|, N (N—lo(at1)ps (o pa(nt00—2(B—a) T —n S L
=5 (14 25) (2%)

This completes the proof of Theorem [1.1
Proof of Theorem For § — a = 1/2, it follows from Proposition that

1T 6 ey S llLe@n)
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for pl, < p < 0.
Let f € BMO£(R™) and fix a ball B = B(xg,r). We consider two cases: r >
p(xo) and r < p(zg). For the case r > p(x¢), we write

f=Ffxs+ x>y =fi+ f

where B* = 2B. Owing to the fact that T ; is bounded on LP(R"), we have

o [l s [ ITi,a(fl)(x)lpdfv>1/p5 (1 /.1 @)'pdm)l/p'

By Lemma [2.6] we get
1 *
51 L T2s0@lde < Ol lnsiocen)
Let Oy = {z: 2%r < |z — 2| < 2"*1r},k > 1. Then by Lemma 2.3 and Lemma [2.5]

T2 4 (f2)(@)] < / K™ (2, 2)|V (2)°|£(2)\d2

(B*)“'

V(z)" |f(2)]
< /(B*)C ( dz

1+ Ix—Z\)N |z — z|n—28+1

p(zo0)
Viz)~ z \%
" /(B*)C (1+ |(“7L)N |2 |—fi|")|_2’8 /B(z I (Z?L_ldfdz
p(zo) ’
Sy e [, VeI
~ — (1 N pz(;;,))N (Qk:,ra)n—Qﬂ-‘rl ok B

: Z ; )N (2’“7‘)1"_25 /sz V(2)21f(2)[ T2 (VXort18) (2)dz

2k
k=1 (1 T p(zo)

Observe that i + % + % =1, % = % — %, by Hélder inequality and the boundedness

of fractional integral Z; : LY — L' we get

G [ VOO )Gl

: ((2klr)n 2kBV(z)qdz)a/q ((2klr)n /sz |f(z)p;dz>1/p/a

) <(2k1r)n /2kB |II<VX2’“+1B)(z)tdZ) :
S <(2k1T)n /2""3 V(z)dz)a 1530, @)

2kr)™ Jorp

2k
p(o)
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Due to 23 —2(a+1) + 2 — 2 =0, taking N > lp(ar + 1) we get

J2 Z 2k N— lo(a-‘rl) ||f||BMO£1(]R” ||fHBMOL(R")

By Holder inequality,

1 «
s |, VeI

(e [, veres) " (e [ o) ™
(o / Vi) flloeiee

—~

A

AN

alp
2ky
< (2Fr (1+ ) ny.
< (2r)7? (7o) IfllBrro . (e
Then
& 2,3 1 1
V(2)*f(2)|dz
o . VEIG)

)"

2512a

N—alg ||fHB]\/IOL(Rn)
= (1 T P(Io))

1
Z 9k(N—loc) ||f||BMOc(R") S Hf”BMOL(]R")-
k=1

Mg HM

A

N

Thus, for any « € B(xzo, ), we get

|T;,ﬂ(f2)(x)| S ”f”BMOL(]R")-
Consequently,

Ty 5(f2)(@)ldz S || fl Bro, wn)-
|B|

Let us consider the case r < p(zg). We set B = B(x,2p(x0)) and write

I = fxms+ fxe = S+ 1.
Similar to the estimates for |T}; ;fa(2)|, we have

IT, 5(f2)($)\ S fllBaos @y
Then
1 " .
57 | T st @ = (T2 )slde S 1 msioccen
For any x € B(zo,7), let B, = B(z,22 %p(x¢)). It is obvious that

f(Bek, V) =0
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for £k = 0,1, 2. Notice
|f(Be3, V) = f(Be2, V)| = |f(By3, V)|
i)
S Ry |f(D)dz S I fllBrmoe®n)-
‘B(ﬁ,p(l’o)” B(z,p(x0)) =)
So for k = 3,4, -, we have
|[f(Bek, V) = f(Bek—1, V)| S IfllBMo@ny S I fllBro, @)
Then, for k = 3,4, - -, we get
[f Bk, VII Skl fllBrio mny-

Hence, by Lemma [2.6] for any p > 1 and £k =0,1,2, - -, we get

1 1/p
£ (2)[Pdz
<|Bl'7k| Bz,k

1/p
< (- F() — FBapVIPdz |+ [F(Bas V)|
|Boc,k| By k

S Kl fllBaos e
For any x € B,
TeaD@IS [ 1K@V )
< / Vi(z)® _ |f(2z|2ﬁ+1d

k=0 Bw,k\Bm,k+l (]. + %) |x - z|n
> Viz)~ z %4

+ Z/ fxzz‘ N A 2|725 / <§7)zf1d§dz
=07 Boi\Ba i (1+ W) |z — 2| B(z,|o—z2|/a) 1§ — 2|

. k=0 | Bz, /BMV<Z) |f(z)|dz
(227 (o)
+1€Z:0 |Bxk| /“CV |f( )|Il(VXBTk 1)( )dz
= K + Ko.

Notice 0 < @ < 1 < ¢. By Holder inequality and 8 — a = 1/2, we get

K1 ) (227 p(0))> Bl V(y)*|f(y)ldy
k=0 s :
o /(&)
1
< S @2 p(g))2 Viy qdy / )& dy
I;)( p( 0)) ‘B , B. . ( ) |Ba:k:| Bur |

<||f||BMOcR“Zk+1<22k n2/ Viy dy)
k=0
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It follows from Lemma that
1

T S e s 1 V(y)dy <27k
Tt Jy,, VO S

for k=3, -, where 6 =2 —n/q > 0, and from Lemmathat

1
(22Fp(ao))"—2 /Bk V(y)dy <1

for k = O7 1,2. Then Kl S ||fHBI\/IO£(R")-
Pay attention to pi, + % + % = 1,% =

% % By Holder inequality and the

boundedness of Z; we get

|Bi d /B V() If () TV X, ) (2)d2

1 1/p,
—_ V(z)4dz / Pody
<|B ) By k ( > (Bxk| Ba .,k | )

1
X | —— |Il(VXB$,k71)(Z)| dz
Bz,k

|Be,

1
S kllfllsvo. @y Bk|/ V(2)dz |Ba i
T, 2,k

a+1
1
< (92K —2(a+1)
S klfllBao. @y (27 " p(x0)) ((22kp(x0))"2 /Bk V(Z)d2>

Then

Ko S| fllBros me) Z(k + 1)27ko2letl) < I £l BrrO (7
k=0

Combining the estimates for K; and K5, we have proved the inequality

|T§,B(ff)($)| S ”fHBMOL(R")

for any x € B(:L'O, ,7 < p(x0). Thence

7 | T2 st@ = (T2 slde < 1 msiocen

This finishes the proof of Theorem
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