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Abstract. The element of the Walsh system, that is the Walsh functions map from the unit
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1. The triadic field

We shall denote the set of all non-negative integers by N, the set of all integers

by Z. Let F denote the set of double infinite sequences

x = (xn : n ∈ Z)

where xn = 0, 1 or −1 and xn → 0 as n → −∞. Thus, to each x ∈ F with x ̸= 0

there corresponds an integer s (x) ∈ Z such that

xs(x) ̸= 0 but xn = 0 for n < s (x) .

Let x = (xn : n ∈ Z) and y = (yn : n ∈ Z) be elements of F. Define the sum of x

and y by

x+ y = ((xn + yn)mod 3 : n ∈ Z) .

Notice that (F,+) is an Abelian group. The algebra F is normed. Indeed, for x =

(xn : n ∈ Z) ∈ F define

|x| :=
∑
n∈Z

|xn|
3n+1

.

It is easy to see that |x| ⩾ 0,

|x+ y| ⩽ |x|+ |y|.

1The first author is supported by projects EFOP-3.6.2-16-2017-00015 and EFOP-3.6.1-16-2016-
00022 supported by the European Union, cofinanced by the European Social Fund. The second
author is very thankful to United Arab Emirates University (UAEU) for the Start-up Grant
12S100.
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A character on F is a continuous complex-valued map which satisfies (x, y ∈ F)

φ (x+ y) = φ (x)φ (y) and |φ (x)| = 1.

It is evident that φ (0) = 1. Let ej denote the element x = (xn : n ∈ Z) which

satisfies xj = 1 for some j ∈ Z and xn = 0 for n ̸= j (n ∈ Z) . Since φ is continuous

on F and ej → 0 in F as j → ∞, we have

φ (ej) → φ (0) = 1

as j → ∞. On the other hand,ej + ej + ej = 0. Hence

1 = φ (0) = φ (ej + ej + ej) = φ3 (ej) ,

φ (ej) =
3
√
1 = e

2πik
3 , k = −1, 0, 1.

Consequently, there is a sequence y = {yj : j ∈ Z, yj = −1, 0, 1} such that for every

−j − 1 > s (y) and

φy (ej) = e
2
3πiy−j−1 .

It is easy to show that

φ (xjej) = (φ (ej))
xj .

Then from the continuity of φ we can write

φy (x) =
∏
j∈Z

(φ (ej))
xj = e

2
3πi

∑
j∈Z

y−j−1xj .

(x, y ∈ F) .

The functions φy (y ∈ F) exhaut the character of the additive group (F,+).

2. The Walsh-Fourier transform in L1

For a given f ∈ L1 (F) the Walsh-Fourier transform of f is the function on F

will be defined by

f̂ (y) :=
1

9

∫
F

f (x)φy (x) dµ (x) (y ∈ F) .

It is quite well-known that a clasical Walsh function maps from the unit interval

to the set {−1, 1} and also that it can be extended to the set of nonnegative real

numbers (see e.g. [6], [4]). But cannot to the whole set of reals. Besides, the same

situation hold for the Vilenkin functions (see e.g. [1]). Therefore, in order to involve

the real line we must do something different. Basically the ”problem” with the Walsh

functions is that we can ”stay” or ”step right”. We should be ”able to step left” also.

Next, we introduce Walsh-like functions on the real line as follows. It is easy to

prove that every real number y ∈ R can be expressed by the following sum.

y =

+∞∑
k=−∞

yk
3k

,

4
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where yk ∈ {−1, 0, 1} for all k ∈ N. The digits −1, 0, 1 mean that we’re going

to the left, or getting nowhere, or we’re going to the right by 1/3k. There is no

convergence problems, since y is a finite real, and consequently, yk = 0 for k’s

small enough (limk→−∞ yk = 0). We can identify y be the sequence (yk, k ∈ Z).
Unfortunately, this identification is not always a bijection, since for all j ∈ N the

numbers

6j + 1

2 · 3n+1
=

j

3n
+

1

2 · 3n+1
=

j

3n
+

1

3n+1
+

+∞∑
k=n+2

−1

3k

=
j

3n
+

0

3n+1
+

+∞∑
k=n+2

1

3k

have two corresponding −1, 0, 1 sequences. The set of these numbers is called the set

of triadic rationals. In this situation we choose the one terminates in −1’s. Anyhow,

the set of these reals is countable (j, n ∈ N), and consequently of minor importance.

Define the addition ⊕ : {−1, 0, 1}2 → {−1, 0, 1} as the mod 3 addition. (E.g.

1 ⊕ 1 = −1, (−1) ⊕ (−1) = 1.) Then define the addition ⊕ on R as x ⊕ y :=

(xk ⊕ yk, k ∈ Z). The inverse operation is denoted by ⊖
Introduce the set of triadic intervals on R. Let n ∈ Z, and t ∈ R. Then the set

In(t) := {y ∈ R : yi = ti for i ⩽ n}

is called a (triadic) interval. We also use the notation I−∞(t) = R. It is easy to

have

In(t) =

[
t(n) −

1

2 · 3n
, t(n) +

1

2 · 3n

)
:=

[
2k − 1

2 · 3n
,
2k + 1

2 · 3n

)
,

where

t(n) =

n∑
l=−∞

tl/3
l

and

(2.1) k =

n∑
l=−∞

tl3
n−l.

The Lebesgue measure of an interval: mes (In (t)) = 3−n for all n ∈ Z and t ∈ R.

Introduce the generalized Walsh function in the following way. Let x, y ∈ R, and

ω(x, y) := r
∑∞

k=−∞ xky−k−1 , r = exp

(
2πı

1

3

)
, ı =

√
−1.

Some properties of the Walsh function:

|ω| = 1, ω(x, y) = ω(y, x), ω(x⊕ z, y) = ω(x, y)ω(z, y)

for x, y, z ∈ R, and x⊕ z is triadic irrational.
5
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The Walsh-Fourier transform of an f ∈ L1 (R) is defined by

f̂ (y) :=
1

9

∫
R

f (x)ω (x, y) dx (y ∈ R) .

3. Inversion of the Walsh-Fourier transform

For each f ∈ L1 (R) and t > 0 define the Walsh-Dirichlet integral by

St (x; f) :=

t∫
−t

f̂ (y)ω (x, y) dy.

By Fubin’s theorem it is evident that

St (x; f) =

t∫
−t

1

9

∫
R

f (u)ω (u, y) du

 ω (x, y) dy

=
1

9

∫
R

 t∫
−t

ω (u, y)ω (x, y) dy

 f (u) du =
1

9

∫
R

 t∫
−t

ω (u⊖ x, y) dy

 f (u) du

=
1

9

∫
R

f (u)Dt (u⊖ x) du,

where

Dt (x) =

t∫
−t

ω (x, y) dy

for t ∈ R+ and f ∈ L1 (R).

Theorem 3.1. Let N ∈ Z. Then

D 3N

2

(x) = 3N IIN−2(0) (x) ,

where IE (x) is the characteristic function of the set E.

Proof. Let x ∈ IN−2 (0) and y ∈
[
− 3N

2 , 3N

2

)
. Then xk = 0, k ⩽ N − 2 and

yk = 0, k ⩽ −N . Hence,

(3.1) ω (x, y) = e
2
3πi

∑∞
k=−∞ xky−k−1 = 1.

6



THE WALSH-FOURIER TRANSFORM ON THE REAL LINE

Now, we suppose that x /∈ IN−2 (0). Then there exists l ∈ Z such that l ⩽ N − 2

and xl ∈ {−1, 1}. We can write

D 3N

2

(x)

=

3N

2∫
− 3N

2

ω (x, y) dy

=
∑

ym∈{−1,0,1},
m∈{−N+1,...,−l−2}

∫
I−l−1(0,...,0,y−N+1,...,y−l−2,−1)

e−
2
3πixle

2
3πi

∑N−2
k=−∞,k ̸=l xky−k−1dy

+
∑

ym∈{−1,0,1},
m∈{−N+1,...,−l−2}

∫
I−l−1(0,...,0,y−N+1,...,y−l−2,0)

e
2
3πixl·0e

2
3πi

∑N−2
k=−∞,k ̸=l xky−k−1dy

+
∑

ym∈{−1,0,1},
m∈{−N+1,...,−l−2}

∫
I−l−1(0,...,0,y−N+1,...,y−l−2,1)

e
2
3πixle

2
3πi

∑N−2
k=−∞,k ̸=l xky−k−1dy

=
∑

ym∈{−1,0,1},
m∈{−N+1,...,−l−2}

∫
I−l−1(0,...,0,y−N+1,...,y−l−2,−1)

(
e−

2
3πixl + e

2
3πixl·0 + e

2
3πixl

)

×e
2
3πi

∑N−2
k=−∞,k ̸=l xky−k−1dy

Since

e−
2
3πixl + e

2
3πixl0 + e

2
3πixl = 0, xl ∈ {−1, 1}

we obtain that

(3.2) D 3N

2

(x) = 0, x ̸= IN−2 (0) .

Combining (3.1) and (3.2) we complete the proof of Theorem 3.1. □

Now, we prove some inversion result for the Walsh-Fourier transform.

Theorem 3.2. Let f ∈ L1 (R) be W -continuous on R. If f̂ ∈ L1 (R) then

f (y) =

∫
R

f̂ (x)ω (x, y) dx.

Proof. We can write∫
R

f̂ (x)ω (x, y) dx(3.3)

=

3n

2∫
− 3n

2

f̂ (x)ω (x, y) dx+

∫
R\[− 3n

2 , 3
n

2 ]

f̂ (x)ω (x, y) dx := I + II.

7
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Since f̂ is integrable for II we get

(3.4) |II| ⩽
∫

R\[− 3n

2 , 3
n

2 ]

∣∣∣f̂ (x)
∣∣∣ dx → 0 (n → ∞) .

We can write
3n

2∫
− 3n

2

f̂ (x)ω (x, y) dx− f (y) =
1

9

∫
R

f (y ⊕ u)D 3n

2
(u) du− f (y)

= 3n−2

∫
In−2(0)

[f (y ⊕ u)− f (y)] du.

Hence,∣∣∣∣∣∣∣
3n

2∫
− 3n

2

f̂ (x)ω (x, y) dx− f (y)

∣∣∣∣∣∣∣ ⩽ 3n−2

∫
In−2(0)

|f (y ⊕ u)− f (y)| du.

Lrt ε > 0, fix y ∈ R, and choose an integer n > 0 such that

|f (y ⊖ u)− f (y)| < ε

for all y ∈ R which satisfy u ∈ In−2 (0). Then we obtain

(3.5)

∣∣∣∣∣∣∣
3n

2∫
− 3n

2

f̂ (x)ω (x, y) dx− f (y)

∣∣∣∣∣∣∣ < ε.

Combining (3.3), (3.4) and (3.5) we complete the proof of Theorem 3.2. □

4. Generalized Walsh function

Theorem 4.1. Let n ∈ Z. Then the system{
3n/2ω

(
x, 3n+2j

)
, j ∈ Z

}
is orthonormal and complete in L2 (In (0)).

Proof. Proof of the orthonormality. For the sake of brevity we prove Theorem 4.1

for L2(I−n(0)) instead of L2(In(0)). That is, we discuss the system {3−n/2ω
(
x, 3−n+2j

)
, j ∈

Z}. Recall that I−n(0) = [−3n/2, 3n/2). Since to see the normality it is trivial, then

we can suppose that j ̸= k, j, k ∈ Z. We are to prove

(4.1)
∫ 3n

2

− 3n

2

ω(x, 3−n+2j)ω̄(x, 3−n+2k)dx = 0.

8



THE WALSH-FOURIER TRANSFORM ON THE REAL LINE

We can write∫ 3n

2

− 3n

2

ω(x, 3−n+2j)ω̄(x, 3−n+2k)dx =

∫ 3n

2

− 3n

2

ω(x, 3−n+2 (j ⊖ k))dx

= D 3n

2

(
3−n+2 (j ⊖ k)

)
.

It is easy to see that3−n+2 (j ⊖ k) /∈ In−2 (0) (j ̸= k). Then, from Theorem 3.1 we

prove (4.1). The proof of the orthonormality is complete. Completeness is discused

later. □

Define the Dirichlet kernel functions with respect to the system (3n/2ω(x, 3n+1j),

j ∈ Z) as:

DN (x) :=
∑

{j∈Z:|j|<N}

3nω(x, 3n+2j) N ∈ N, n ∈ Z, x ∈ R.

We prove a formula for the Dirichlet kernels D 3N+1
2

.

Theorem 4.2. Let x ∈ In (0) and N ∈ N. Then

D 3N+1
2

(x) =

{
3n+N , if x ∈ In+N (0)
0, if x /∈ In+N (0)

.

Proof. Integrate the function |D 3N+1
2

(x) |2 on the interval In (0). By the help

of Theorem 4.1, that is, by orthonormality we have:

∫
In(0)

|D 3N+1
2

(x) |2dx =

∫
In(0)

∣∣∣∣∣∣∣
∑

{
j∈Z:|j|< 3N+1

2

} 3nω(x, 3n+2j)

∣∣∣∣∣∣∣
2

dx

=
∑

{
j,k∈Z:|k|,|j|< 3N+1

2

} 32n
∫
In(0)

ω(x, 3n+2j)ω̄(x, 3n+2k)dx

=
∑

{
j∈Z:|j|< 3N+1

2

} 32n
∫
In(0)

1dx = 3n+N .

It is easy to see that ω(x, 3n+2j) = 1, x ∈ In+N (0) , |j| < 3N+1
2 . On the other hand,

this also gives:

3n+N =

∫
In(0)

|D 3N+1
2

(x) |2dx =

∫
In+N (0)

|D 3N+1
2

(x) |2dx

+

∫
In(0)∖In+N (0)

|D 3N+1
2

(x) |2dx = 3n+N +

∫
In(0)∖In+N (0)

|D 3N+1
2

(x) |2dx.

This means: ∫
In(0)∖In+N (0)

|D 3N+1
2

(x) |2dx = 0.

Consequently, the function D 3N+1
2

(x) equals with zero for almost every x on the

set In (0)∖ In+N (0). Since the Walsh-like function ω(x, 3n+2j) is continuous, then
9
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so does the Dirichlet kernel D 3N+1
2

(x). That is, this function is the constant zero

function on the set In (0)∖ In+N (0). □

Define the Fourier coefficients of the integrable function f : In(0) → C as

f̂(j) :=

∫
In(0)

f(x)3n/2ω̄(x, 3n+2j)dx,

where j ∈ Z. It is easy to have for the partial sums of the Fourier series

SNf(y) : =
∑

{j∈Z:|j|<N}

f̂(j)2n/2ω(y, 3n+2j)

=

∫
In(0)

f(x)DN (y ⊖ x)dx.

Consequently,

S 3N+1
2

f (y) = 3n+N

∫
In+N (y)

f(x)dx.

By this equality in the standard way one can prove that the system

(ω(x, 3n+2j), j ∈ Z) is complete in the Banach space of the integrable functions on

the interval In(0). It is also of interest, that the Dirichlet kernel are integer valued

functions. The reason of this fact is that if ω(x, 3n+2j) occurs as an addend in the

kernel function, then so does its conjugate ω(x,−3n+2j). The sum of these two

things is 2 (1 + 1 = 2) or −1 (r + r̄ = −1).

In the sequel we discuss the uniform convergence of these partial sums of the

Fourier series of continuous functions. Denote by the (triadic) modulus of continuity

of the function f : In(0) → C by

w(In(0), N, f) := sup
h∈In+N ,x∈In(0)

|f(x)− f(x⊕ h)| (N ∈ N).

If it does not cause any misunderstood, then we write w(N, f) simply. This is

a monotone decreasing nonnegative sequence. It is not difficult to prove, that a

function f on In(0) is continuous if and only if it modulus of continuity converges

to zero. We have

|S 3N+1
2

f (y)− f(y)| ⩽ 3n+N

∫
In+N (y)

|f(x)− f(y)| dx

⩽

∣∣∣∣∣3n+N

∫
In+N (0)

f(y ⊕ h)− f(y)dh

∣∣∣∣∣ ⩽ w(n+N, f).

Remark 4.1. It seems also to be very interesting to discuss some other materials

with respect to this system, and harmonic analysis. Dirichlet kernels DN , the norm

(and pointwise) convergence of the partial sums SN , the Fejér kernels and means.

We suppose that there are many similarities with the ordinary Walsh system, since

the function ω(x, 2n+1j) + ω(x,−2n+1j) can take the values +2 and −1.
10
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5. The Walsh-Fourier transform in Lp (1 < p ⩽ 2)

It this section we obtain that in cases when f ∈ Lp (R) (1 < p ⩽ 2) the Walsh-

Fourier transform is as a limit of truncated Walsh-Fourier transforms.

Theorem 5.1. Let f ∈ Lp (R) (1 < p ⩽ 2) and 1
p + 1

q = 1. Then

f̂ (x, a) :=

a∫
−a

f (y)ω (x, y) dy

converges in Lp norm. Moreover,

∫
R

∣∣∣∣∣∣
∫
R

f (y)ω (x, y) dy

∣∣∣∣∣∣
q

dx ⩽ 9

∫
R

|f (x)|p dx

 1
p−1

.

Proof. Set

∆
(n)
k :=

[
2k − 1

2 · 3n
,
2k + 1

2 · 3n

)
, αk :=

∫
∆

(n−2)
k

f (u) du,

Φm (x) :=
∑

|k|<m

αkω
(
x, 3−n+2k

)
,

Φ (x) := 3−n/2Φm (x) =
∑

|k|<m

αk3
−n/2ω

(
x, 3−n+2k

)
,

where

m :=
[
a · 3n−2

]
, a > 0.

Applying Riesz’s inequality [5] we can write
3n

2∫
− 3n

2

|Φ (x)|q dx


1/q

⩽ M
2
p−1

 ∑
|k|<m

|αk|p
1/p

,

where M := 3−n/2. Hence,

3n

2∫
− 3n

2

|Φm (x)|q dx ⩽ 9

 ∑
|k|<m

∫
∆

(n−2)
k

|f (u)|p du


1

p−1

⩽ 9

 a∫
−a

|f (u)|p du

 1
p−1

.

For any fixed A < 3n

2 we obtain

(5.1)
A∫

−A

|Φm (x)|q dx ⩽ 9

 a∫
−a

|f (u)|p du

 1
p−1

.

It is easy to see that

ω (x, y) = ω
(
x, 3−n+2k

)
11
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if x ∈
[
− 3n

2 , 3n

2

)
= I−n(0) and y ∈ ∆

(n−2)
k := In−2 (t). Indeed,

3−n+2k =

n−2∑
l=−∞

tl
3l
, x =

∞∑
k=−n+1

xk

3k
.

Then

ω
(
x, 3−n+2k

)
= e

2
3πi(x−n+1tn−2+x−n+2tn−3+··· )

= e
2
3πi(x−n+1yn−2+x−n+2yn−3+··· ) = ω (x, y) .

Hence

Φm (x) =
∑

|k|<m

 ∫
∆

(n−2)
k

f (u) du

ω
(
x, 3−n+2k

)

=
∑

|k|<m

∫
∆

(n−2)
k

f (u)ω (x, u) du =

(2m−1)/(2·3n−2)∫
(−2m−3)/(2·3n−2)

f (u)ω (x, u) du,

∣∣∣∣∣∣Φm (x)−
a∫

−a

f (u)ω (x, u) du

∣∣∣∣∣∣
⩽

(−2m−3)/(2·3n−2)∫
−a

|f (u)| du+

a∫
(2m−1)/(2·3n−2)

|f (u)| du → 0

as n → ∞. Then from (5.1) we obtain

A∫
−A

∣∣∣∣∣∣
a∫

−a

f (u)ω (x, u) du

∣∣∣∣∣∣
q

dx ⩽ 9

 a∫
−a

|f (u)|p du

 1
p−1

.

Consequently, when A → ∞ we have

(5.2)
∞∫

−∞

∣∣∣∣∣∣
a∫

−a

f (u)ω (x, u) du

∣∣∣∣∣∣
q

dx ⩽ 9

 a∫
−a

|f (u)|p du

 1
p−1

.

Set

f (x, a) := f (x) I(−∞,−a]∪[a,∞) (x) .

For b > a we have∫
R

∣∣∣∣∣∣
b∫

−b

f (y, a)ω (x, y) dy

∣∣∣∣∣∣
q

dx ⩽ 9

 b∫
−b

|f (y, a)|p dy


1

p−1

= 9

 ∫
[−b,b]\[−a,a]

|f (y)|p dy


1

p−1

→ 0

12
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as a, b → ∞. On the other hand,∫
R

∣∣∣∣∣∣
b∫

−b

f (y, a)ω (x, y) dy

∣∣∣∣∣∣
q

dx

=

∫
R

∣∣∣∣∣∣
b∫

−b

f (y)ω (x, y) dy −
a∫

−a

f (y)ω (x, y) dy

∣∣∣∣∣∣
q

dx

=

∫
R

∣∣∣f̃ (x, b)− f̃ (x, a)
∣∣∣q dx → 0

as a, b → ∞. Hence, there exists a function f̃ ∈ Lp (R) such that

(5.3) lim
a→∞

∥∥∥f̃ (·, a)− f̃ (·)
∥∥∥
p
= 0.

Since (see (5.2))
∞∫

−∞

∣∣∣f̃ (x, b)
∣∣∣q dx ⩽ 9

 b∫
−b

|f (u)|p du


1

p−1

from (5.3) we conclude that

∞∫
−∞

∣∣∣∣∣∣
∞∫

−∞

f (y)ω (x, y)

∣∣∣∣∣∣
q

dx ⩽ 9

 ∞∫
−∞

|f (u)|p du

 1
p−1

.

Theorem 5.1 is proved. □
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Аннотация. В работе построен такой универсальный тригонометрический
ряд, что после умножения членов этого ряда на некоторую последователь-
ность знаков {δk = ±1}∞k=0 его можно превратить в ряд Фурье некоторой
интегрируемой функции.

MSC2020 number: 42C10; 43A15.

Ключевые слова: универсальный тригонометрический ряд; ряд Фурье; сходи-
мость.

Существование функций и рядов, универсальных в том или ином смысле в

различных классах функций, изучалось многими математиками, и публикации

по этой тематике регулярно появляются в математической литературе. Понятие

универсального ряда (как по классическим, так и по общим ортонормальным си-

стемам) восходит к работам Меньшова и Талаляна. Наиболее общие результаты

были получены ими и их учениками.

Первой работой, где построены универсальные в обычном смысле тригономет-

рические ряды в классе всех измеримых функций в смысле сходимости почти

всюду является работa [1] Меньшовa.

Ряды по любой ортонормированной полной системе, универсальные в классе

всех измеримых функций в смысле сходимости почти всюду, были построены в

работе [2] Талаляном.

В [3] Гроссе - Эрдман доказал существование универсального ряда Тейлора в

классе всех непрерывных на [−1, 1] функций f(x) с f(0) = 0.

1Исследование выполнено при финансовой поддержке Комитета по науке РА в рамках на-
учного проекта № 21AG-1A066.
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О РЯДАХ ФУРЬЕ, ПОЧТИ УНИВЕРСАЛЬНЫХ ...

Замечание 1. Нетрудно видеть, что из известной теоремы Колмогорова [4]

(ряд Фурье каждой интегрируемой функции по тригонометрической системе схо-

дится в Lp[−π, π] , p ∈ (0, 1)) следует, что не существует функции U ∈
L1[−π, π] ряд Фурье которой по тригонометрической системе (а также по систе-

ме Уолша) был бы универсальным в классе всех измеримых функций.

Значит в классе измеримых функций не существует универсального ряда Фу-

рье (по тригонометрической системе), но тем не менее можно построить уни-

версальный тригонометрический ряд
∑∞

k=1 αk cos kx+ βk sin kx такой, что после

выбора подходящих знаков {δk = ±1}∞k=0 для его коэффициентов можно достичь

того, что
∑∞

k=1 δk(αk cos kx+ βk sin kx) уже будет рядом Фурье некоторой ин-

тегрируемой функции (см. Теорему 1 и определение 3).

Возникает следующий вопрос ответ на который нам не известен.

Вопрос 1. Существует ли ограниченная ортонормированная система {φn(x)}∞k=0

такая, что в классе измеримых функций можно было бы построить универсаль-

ный ряд Фурье по системе {φn(x)}∞k=0?

Отметим, что в работах [6] – [13] были получены некоторые результаты, свя-

занные с существованием и описанием структуры функций, ряды Фурье кото-

рых (по системе Уолша либо по тригонометрической системе) универсальны в

том или ином смысле в различных функциональных классах.

Пусть |E|-мера Лебега измеримого множества E ⊆ [−π, π] и N− совокупность

натуральных чисел.

Пусть C(E)−класс непрерывных на E ⊆ [0, 1] функций и M [−π, π] сово-

купность (не обязательно конечных) измеримых функций. Под сходимостью в

M [−π, π] мы будем подразумевать сходимость почти всюду, а под сходимостью

в C(E) -равномерную сходимость.

Пусть ck(U) :=
∫ b

a
U(x)φk(x)dx − коэффициенты Фурье по заданной на [a, b]

ортонормированной системе {φk(x)}∞k=0 функции U ∈ L1[a, b] и пусть bk(U) :=
1
π

∫ π

−π
U(x) sin kxdx, ak(U) := 1

π

∫ π

−π
U(x) cos kxdx, k = 0, 1, 2... - последователь-

ность коэффициентов Фурье по тригонометрической системе.

Спектр ряда
∑

:=
∑∞

k=0 ckφk(x) будем обозначать через

Λ = Λ(
∑

) := spec
(∑)

= {k ∈ N ∪ {0}; ck ̸= 0} ,

а через #(ω)− число точек конечного множества ω ⊂ N.

Пусть метрическое пространство S− какое-нибудь из пространств M [a, b], Lp[a, b],

p ≥ 0, C(E) и пусть fk ∈ S.
15



М. Г. Григорян

Определение 1. Пусть Ω ⊂ Λ ⊆ N ∪ {0}

(1) ρ(Ω)Λ := lim
m→∞

#(Ω ∩ [0, n))

#(Λ ∩ [0, n))

ρ(Ω)Λ− называется плотностью подмножества Ω относительно множества Λ.

Определение 2. Ряд

(2)

∞∑
k=0

fk(x)

называется универсальным в S, если для каждой функции f ∈ S существует

последовательность возрастающих натуральных чисел nk такая, что последова-

тельность частичных сумм ряда (2) с номерами nk сходится к f(x) в S.

Определение 3. Универсальный в S ряд

∑
:=

∞∑
k=0

ckφk(x)

называется

а) условно универсальным рядом Фурье, если после умножения коэф-

фициентов этого ряда на последовательность знаков {δk = ±1}∞k=0 его можно

превратить в ряд Фурье некоторой интегрируемой функции,

б) почти универсальным рядом Фурье по ортонормированной системе

{φk(x)}∞k=0 в S, если существует последовательность знаков {δk = ±1}∞k=0 с

ρ(Ω)Λ = 1 (здесь Ω = {k ∈ Λ := spec(
∑

); δk = 1}) такая, что ряд
∑∞

k=0 δkckφk(x)

был бы рядом Фурье некоторой интегрируемой функции.

Теорема 1. Существуют тригонометрический ряд

α0

2
+

∞∑
k=0

(αk cos kx+ βk sin kx),

который является условно универсальным рядом Фурье в M [−π, π].

Замечание 1. Теорема 1 окончательна в следующем смысле: нетрудно ви-

деть, что из известной теоремы Колмогорова [4] (ряд Фурье каждой интегри-

руемой функции по тригонометрической системе сходится по мере на [−π, π])

следует, что не существует функции U ∈ L1[−π, π ] ряд Фурье которой по три-

гонометрической системе был бы универсальным в классе M [−π, π ] (даже в

случае, сходимости по мере).

Теорема 1 следует из следующей теоремы.
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Теорема 2. Существуют тригонометрический ряд

(3)
α0

2
+

∞∑
k=0

(αk cos kx+ βk sin kx)

и совокупность замкнутых множеств { Fn}∞n=1 с F1 ⊂ ... ⊂ Fn ⊂ Fn+1 ⊂ ... ⊂
[−π, π] и limn→∞ |Fn| = 2π, такие, что

1. ряд (3) универсален во всех C(Fk), k ≥ 1, более того, для каждой функции

f ∈ C[−π, π] найдется подпоследовательность натуральных чисел {Nj} ↗ ∞
такая, что равномерно на каждом Fk, k ≥ 1,

2. ряд (3) является почти универсальным рядом Фурье в M [−π, π].

Замечание 2. Нетрудно видеть, что Теорема 3 окончательна в следующем

смысле:

1. в C[−π, π ] не существует условно универсального ряда Фурье по три-

гонометрической системе

2. не существует функции U ∈ L1[−π, π ], ряд Фурье которой по тригономет-

рической системе был бы универсальным во всех C(Fn), n = 1, 2, ..

Замечание 3. Теоремы 1 и 2 верны и для системы Уолша {Wk(x)}∞k=0 :

нетрудно убедится, что повторяя рассуждения, приведенные при доказательстве

теоремы 2 и вместо ниже сформулированной леммы 1 применяя лемму 3 работы

[6] для системы Уолша можно построить ряд по системе Уолша вида
∞∑
k=0

dkWk(x), 0 < |dk+1| < |dk|, k = 0, 1, 2, ...,

который является почти универсальным рядом Фурье по системе Уолша в

M [0, 1] (во всех C(Fn), Fn ⊂ Fn+1 ⊂ [0, 1] , n = 1, 2, . и limn→∞ |Fn| = 1).

Иинтересно было бы выяснить ответ на следующий вопрос.

Вопрос 2. Существует ли почти универсальный ряд Фурье по тригоно-

метрической системе с по модулю монотонно убывающими коэффициентами?

Замечание 4. Метод доказательства Теоремы 2 (см. также доказательство

теоремы 4 работы [12]) позволяет получить новый подход для построения уни-

версальных рядов: любую измеримую, почти всюду конечную функцию путем

изменения ее значений на некотором множестве сколь угодно малой меры мож-

но превратить в такую функцию, что после выбора соответствующих знаков для

членов ряда Фурье (как по тригонометрической системе так и по системе Уо-

лша) измененной функции можно достичь того, что полученный ряд уже будет

универсальным рядом в M [0, 1].
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При доказательстве теоремы 2 воспользуемся следующей леммой, доказанной

в работе [9].

Лемма 1. Пусть даны числа N0 ∈ N, ε, θ ∈ (0, 1) и ступенчатая функция f(x).

Тогда можно найти функцию g(x), измеримое замкнутое множество E ⊂ [−π, π ]

с мерой |E | > 2π − θ и полиномы по тригонометрической системе

H(x) =

N∑
k=N0

(ak cos kx+ bk sin kx), Q(x) =

N∑
k=N0

δk (ak cos kx + bk sin kx ), δk = ±1 ,

удовлетворяющие следующим условиям:∫ 2π

0

|g(x)|dx < 4

∫ π

−π

|f(x)|dx < ε, g(x ) = f (x ), x ∈ E |E | > 2π − θ∫ 2π

0

|H(x)|dx < ε,

∫ π

−π

|f (x )− g(x )|dx < ε.

Из этой леммы вытекает

Лемма 2. Пусть даны числа N0 ∈ N, ε, θ ∈ (0, 1) и тригонометрический

полином f(x). Тогда можно найти измеримое замкнутое множество E ⊂ [−π, π ]

с мерой |E | > 2π − θ и полиномы по тригонометрической системе

H(x) =

N∑
k=N0

ak cos kx+ bk sin kx, Q(x) =

N∑
k=N0

δk (ak cos kx + bk sin kx ), δk = ±1 ,

удовлетворяющие следующим условиям:∫ π

−π

|H(x)|dx < ε,

∫
E

|f (x )−Q(x )|dx < ε, |E | > 2π − θ

Доказательство Теоремы 2. Пусть

(4) F = {fn(x)}∞n=1

есть последовательность всех полиномов по тригонометрической системе с раци-

ональными коэффициентами. Нетрудно видеть, что последовательно применив

лемму 2, по индукции можем найти последовательности замкнутых множеств

{E(j)
n }λn

j=1, и полиномов {P (j)
n (x)}λn

j=1; {Q(j)
n (x)}λn

j=1, n ≥ 1 вида

(5) P (j)
n (x) =

l(j)n −1∑
k=l

(j−1)
n

(
a
(n,j)
k cos kx+ b

(n,j)
k sin kx

)
, l

(0)
1 = 1 ,

(6) Q(j)
n (x) =

l(j)n −1∑
k=l

(j−1)
n

δ
(n,j)
k (a

(n,j)
k cos kx+ b

(n,j)
k sin kx), δ

(n,j)
k = ±1, n = 1, 2, .

(7) 1 < l
(1)
1 = l

(0)
2 < l

(1)
2 < l

(2)
2 < l

(λn−1)
n−1 = l(0)n < l(1)n < .. < l(λn)

n = l
(0)
n+1 < l

(1)
n+1 . . . ,
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которые для всех 1 ≤ j ≤ λn, j ∈ [1, λn] удовлетворяют условиям:

(8) δ
(n,j)
k = ±1, k ∈ [l(j−1)

n , l(j)n ), 1 ≤ j ≤ λn , n = 1, 2, .,

(9) λn = 2nl(1)n , |En| > 2π − 4−2n, n = 1, 2, .,

(10)

∫ 1

0

|P (j)
n (x)|dx < 2−3(n+j), 1 ≤ j ≤ λn, n = 1, 2, .,

(11)

∫
En

∣∣∣∣∣∣fn(x)−
n∑

k=1

 λk∑
j=2

P
(j)
k (x) +Q

(1)
k (x)

∣∣∣∣∣∣ dx <
1

23(n+2)
, n = 1, 2, ..

Положим

(12) G(j)
n =

{
x ∈ [0, 1] ,

∣∣∣P (j)
n (x)

∣∣∣ < 2−2(n+j)
}
,

(13) Gn =

x ∈ En;

∣∣∣∣∣∣fn(x)−
n∑

j=1

 λk∑
j=2

P
(j)
k (x) +Q

(1)
k (x)

∣∣∣∣∣∣ ≤ 2−n

 .

Из (11) and (13) следует

2−n|En\Gn| ≤
∫
En\Gn

∣∣∣∣∣∣fn(x)−
n∑

k=1

 λk∑
j=2

P
(j)
k (x) +Q

(1)
k (x)

∣∣∣∣∣∣ dx ≤

≤
∫
En

∣∣∣∣∣fn(x )−
n∑

k=1

(
λk∑
j=2

P
(j )
k (x ) +Q

(1)
k (x )

)∣∣∣∣∣ dx ≤ 2−3n−6 .

Отсюда и из (9) вытекает

(14) |Gn| ≥ |En| − 2−2n−1 ≥ 2π − 2−2n−2 .

Аналогично в силу (10) и (12) будем иметь

(15)
∣∣∣G(j)

n

∣∣∣ ≥ 2π − 2−(n+j), ∀ j ∈ [1, λn] .

Ясно, что (см (10))

(16)

∞∑
n=1

λn∑
j=1

(∫ π

−π

∣∣∣P (j)
n (x)

∣∣∣ dx) <

∞∑
n=1

2−n.

Определим последовательность замкнутых множеств F1, F2, .. .Fk..., функцию

U(x) и последовательности чисел {ak} {bk} следующим образом

(17) Fk =

∞⋂
n=k

Gn

 λn⋂
j=1

G(j)
n

, k = 1, 2, 3, ...
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(18) U(x) = 1 +

∞∑
n=1

 λn∑
j=1

P (j)
n (x)

 =1 +

∞∑
k=1

ak cos kx+ bk sin kx,

где

(19) ak = a
(n,j)
k , bk = b

(n,j)
k , k ∈ [l(j−1)

n , l(j)n ), 1 ≤ j ≤ λn , n = 1, 2, .

Отсюда и из (5), (14) – (19) получим

(20) U(x) ∈ L1 [−π, π], F1 ⊂ F2 ⊂ .. ⊂ Fk ⊂ .... ⊂ [−π, π ], lim
k→∞

|Fk| = 2π

lim
n→∞

∫ π

−π

∣∣∣∣∣∣1 +
l(n)
n∑
k=1

(ak cos kx+ bk sin kx)− U(x)

∣∣∣∣∣∣ dx =

= lim
n→∞

∫ π

−π

∣∣∣∣∣∣
∞∑

m=n+1

 λm∑
j=1

P (j)
n (x)

∣∣∣∣∣∣ dx = 0

и, следовательно,

(21) a0(U) = 2, ak = ak(U), bk = bk(U), k ≥ 1

Положим

(22) δk =

1, k ∈
∞⋃

n=1

[l
(1)
n , l

(λn)
n ) ∪ {0}

δ
(n,j)
k , k ∈ [l

(0)
n , l

(1)
n ), n = 1, 2, 3 .

(23) αk = δkak(U), k = 0, 1, 2..., βk = δkbk(U), k = 1, 2..., ,

Докажем, что ряд

(24)
∑

:=
α0

2
+

∞∑
k=1

(αk cos kx+ βk sin kx)

универсален во всех пространствах C(Fk), k ≥ 1, следовательно, и в M [−π, π].

Более того докажем, что для каждой функции f ∈ C[−π, π], f(x+ 2π) = f(x)

существует возрастающая подпоследовательность Nq ↗ такая, что ряд для

каждого m ∈ N

(25) lim
q→∞

∥∥∥∥∥∥α0

2
+

Nq∑
k=1

(αk cos kx+ βk sin kx) − f(x)

∥∥∥∥∥∥
C(Fm)

= 0.

Пусть f(x) произвольная функция из C[−π, π]. Нетрудно видеть, что можно

выбрать подпоследовательность {fnq
(x)}∞q=1 из последовательности (4) такую,

что

(26) lim
q→∞

∥ fnq
(x)− (f(x)− 1) ∥C[−π,π]= 0.
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Обозначая через Nq = l
(1)
nq − 1 в силу (5), (6), (21) - (24) и (26) для каждого

фиксированного m ∈ N и для всех q ≥ q0 (mq0 ≥ m) имеем∥∥∥∥∥∥α0

2
+

Nq∑
k=1

(αk cos kx+ βk sin kx)− f(x)

∥∥∥∥∥∥
C(Fm)

≤∥ fnq
(x)− (f(x)− 1) ∥C[−π,π] +

+

∥∥∥∥∥∥fnq (x)−
nq∑
k=1

 λk∑
j=2

P
(j)
k (x) +Q

(1)
k (x)

∥∥∥∥∥∥
C(Fm)

.

Отсюда и из (13), (17) и (26) будем иметь (25).

Теперь докажем, что универсаленый ряд (24) является почти универсальным

рядом Фурье, как в M [−π, π] так и во всех пространствах C(Fk), k ≥ 1.

Ясно, что (см.(18), (20) и (22)- (24))

(27) δkαk = ak(U), k = 0, 1, 2..., δkβk = bk(U), k = 1, 2... .

Положим (см. (24) )

(28) Λ := Λ(
∑

) = spec(
∑

), Ω := {k ∈ Λ, δk = 1}.

Принимая во внимание неравенство (см. (9) и (28) )

̸=
(
Ω
⋂
[0, l

(λn)
n )

)
̸=
(
Λ
⋂
[0, l

(λn)
n )

) ≥
̸=
(
Λ
⋂
(0, l

(λn)
n )

)
− l

(1)
n

̸=
(
Λ
⋂
(0, l

(λn)
n )

) ≥ 1− l
(1)
n

λn
≥ 1− 1

2n
.

Откуда вытекает

ρ(Ω)Λ = lim
n→∞

̸= (Ω
⋂
[0, n))

̸= (Λ
⋂

[0, n))
= 1.

Теорема 2 доказана.

Abstract. In this work, an universal trigonometric series is constructed such

that, after multiplying the terms of this series by some sequence of signs, it can be

turned into the Fourier series of some integrable function.
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of dual power weights. This weight helps to prove the sharpness of the trivial upper bound of the
operator norm.
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1. Introduction

The theory of weighted inequalities started with the seminal work of Muckenhoupt

[10], where he proved that the Hardy-Littlewood maximal operator is bounded on

Lp(w), 1 < p < ∞, for positive measurable w : R → R if and only if

(1.1) [w]Ap
:= sup

I

(
1

|I|

∫
I

w

)(
1

|I|

∫
I

w− 1
p−1

)p−1

< ∞,

where the supremum is taken over all intervals and |I| denotes the Lebesgue measure

of the interval. If (1.1) holds, then w is said to be in the Muckenhoupt class Ap and

the quantity [w]Ap
is called its Ap characteristic. Later, Buckley [11] obtained the

sharp dependence of the norm of the maximal operator on the Ap characteristic.

Namely, he proved that

∥M∥Lp(w)→Lp,∞(w) ≲ [w]
1
p

Ap
,(1.2)

∥M∥Lp(w)→Lp(w) ≲ [w]
1

p−1

Ap
,(1.3)

and these are sharp in the sense of the theorems below.

The problem of the sharp dependence of the L2(w) → L2(w) norm of the

Caldéron-Zygmund operator on the A2 characteristic of w is known as the A2-

conjecture. It was first proved by Hytönen [7, 6]. A simpler proof was given by

Lerner [8, 9] proving that the Caldéron-Zygmund operators can be dominated by

the simple sparse operators. Later, it was proved that a number of operators in

harmonic analysis admit pointwise or norm domination by the sparse operators
23
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[12, 13, 2, 1, 8, 9]. On the other hand, Lp and weighted-Lp bounds for the sparse

operators are fairly easy to obtain[1].

Let us have a family S of intervals in R and 0 < γ < 1. S is called γ-sparse,

or just sparse, if there exists pairwise disjoint subsets EA ⊂ A, A ∈ S, such that

|EA| ≥ γ|A|. Let us set for an interval B

⟨f⟩B :=
1

|B|

∫
B

|f |, MBf := sup
A intervals: A⊃B

⟨f⟩A.

For a sparse family S, we define the sparse and the strong-sparse operators as

ASf(x) :=
∑
A∈S

⟨f⟩A · 1A(x),(1.4)

A∗
Sf(x) :=

∑
A∈S

(MAf) · 1A(x),(1.5)

respectively. The sharp weighted bound for the sparse operator[1] is as follows

(1.6) ∥AS∥Lp(w)→Lp(w) ≲ [w]
max(1, 1

p−1 )

Ap
.

The strong-sparse operators were introduced by Karagulyan and the author in

[3], where Lp and weak-L1 estimates are proved in the setting of an abstract measure

space with ball-basis. In this paper, we obtain the sharp dependence of the weighted-

L2 norm of the strong-sparse operator on the A2 characteristic of the weight.

Theorem 1.1. For an A2 weight w we have the bound

(1.7) ∥A∗
S∥L2(w)→L2,∞(w) ≲ [w]

3
2

A2
.

The inequality is sharp in the following sense: there exist a sparse family S and a

sequence of weights wα such that

(1.8) [wα]A2
→ ∞, as α → 0,

and for any function ϕ : [0,∞) → [0,∞) with ϕ(x)/x
3
2 → 0 as x → ∞, we have

(1.9)
∥A∗

S∥L2(wα)→L2,∞(wα)

ϕ([wα]A2
)

→ ∞, as α → 0.

Theorem 1.2. For an A2 weight w we have the bound

(1.10) ∥A∗
S∥L2(w)→L2(w) ≲ [w]2A2

.

The inequality is sharp in the following sense: there exist a sparse family S and a

sequence of weights wα such that

(1.11) [wα]A2
→ ∞, as α → 0,

and for any function ϕ : [0,∞) → [0,∞) with ϕ(x)/x2 → 0 as x → ∞, we have

(1.12)
∥A∗

S∥L2(wα)→L2(wα)

ϕ([wα]A2
)

→ ∞, as α → 0.
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On the other hand, we have the following simple partial improvement for the

strong bound. For this theorem we assume that all the intervals in the statement,

proof and in the definition of the strong-sparse operator are dyadic.

Theorem 1.3. Let the sparse family S be such that for any two A,B ∈ S either

A ⊂ B or B ⊂ A. Then, we have

(1.13) ∥A∗
S∥L2(w)→L2(w) ≲ [w]

3
2

A2
.

Looking at the definition of the strong-sparse operators, we see that MBf ≤
Mf(x) for any x ∈ B. Thus, MBf ≤ ⟨Mf⟩B and we obtain

(1.14) A∗
Sf(x) ≤ AS(Mf).

Then, one can try to black-box the sharp weighted bounds (1.2), (1.3) and (1.6)

for Theorem 1.1 and Theorem 1.2. As it will be shown in Section 2, the weighted

weak-L2 bound for the sparse operator is the same as for the strong one. Thus,

Theorem 1.1 will not follow from such a black-box. Instead, we will decompose the

operator according to the magnitude of the MBf for the sparse intervals B, then,

we will use the weighted weak bound of the maximal function (1.2). We will do this

in Section 2.

As for Theorem 1.2, we see that by black-boxing the above mentioned inequalities

we trivially get the upper bound, i.e.

∥A∗
S∥L2(w)→L2(w) ≤ ∥AS ◦M∥L2(w)→L2(w)

≲ ∥AS∥L2(w)→L2(w)∥M∥L2(w)→L2(w) ≲ [w]2A2
.

Thus, the interesting thing about Theorem 1.2 is to obtain the sharpness of this

estimate. For that we will construct a weight which is a lacunary mixture of the

dual power weights xα−1 and x1−α. We will do this in Section 3.

In Section 4, we will prove Theorem 1.3.

We say a ≲ b if there is an absolute constant c, maybe depending on the sparse

parameter γ, such that a ≤ c · b. Furthermore, we say a ∼ b if a ≲ b and b ≲ a.

2. The upper bound of Theorem 1.1

2.1. A well-known property of A∞ weights. Following [5, 4], we say that w is

an A∞ weights if

(2.1) [w]A∞ := sup
I

1

w(I)

∫
I

M(w1I)(x)dx < ∞.

It is well-known that any Ap weight is also an A∞ weights and that a reverse Hölder

inequality holds for in the latter class. The following theorem with sharp constants

is due to Hytönen, Pérez and Rela[4].
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Theorem 2.1. If w is an A∞ weight and ϵ = 1
4[w]A∞

, then ⟨w1+ϵ⟩I ≤ 2 (⟨w⟩I)1+ϵ,

for any interval I.

This implies the following lemma.

Lemma 2.1. For any cube Q and measurable subset E ⊂ Q, we have

w(E) ≤ 2w(Q)

(
|E|
|Q|

)c/[w]A∞

,

where c is an absolute constant.

Proof. Let ϵ be as before.∫
E

w ≤
(∫

E

w1+ϵ

) 1
1+ϵ

· |E|ϵ/(1+ϵ) (Hölder)

≤ ⟨w1+ϵ⟩
1

1+ϵ

Q · |E|ϵ/(1+ϵ) · |Q|1/(1+ϵ)

≤ 2⟨w⟩Q|E|ϵ/(1+ϵ) · |Q|1/(1+ϵ) (Reverse Hölder)

= 2w(Q)

(
|E|
|Q|

)c/[w]A∞

.

2.2. The proof of the weak bound. The idea is to group MBf ’s, B ∈ S,

according to their magnitude and estimate each group applying Lemma 2.1 and

the weighted weak bound for the maximal operator (1.2). Denote α := 1
[w]∞

, and

for λ > 0 let

A0 := {B ∈ S : MBf > αλ},

Aj := {B ∈ S : 2−j+1αλ ≥ MBf > 2−jαλ},

for j = 1, 2, . . . . Thus, Aj ’s partition S. We write

w{A∗
Sf > λ} ≤

∞∑
j=0

w
{ ∑

B∈Aj

(MBf)χB > λ2−j/2C
}

≤ w

( ⋃
B∈A0

B

)
+

∞∑
j=1

w
{ ∑

B∈Aj

χB >
1

α
2j/2C

}

≤ w
{
Mf > λα

}
+

∞∑
j=1

2w

 ⋃
B∈Aj

B

 |{
∑

B∈Aj

χB > 1
α2

j/2C}|c/[w]∞

|
⋃

B∈Aj

B|c/[w]∞

≤ w
{
Mf > λα

}
+ 2

∞∑
j=1

w

 ⋃
B∈Aj

B

 2−2j/2Cα· c
α

≤ w
{
Mf > λα

}
+ 2

∞∑
j=1

w
{
Mf > 2−jλα

}
2−cC2j/2

≲
[w]2A∞

λ2
∥M∥2L2→L2,∞ ,
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where the first line is due to the triangle inequality, the third inequality follows

from Lemma 2.1 and the fourth one from the fact, that Aj is a sparse collection. It

reimains to apply the bound (1.2) to get the upper bound of Theorem 1.1.

2.3. The lower bound of Theorem 1.1. Let w = |x|α−1 and σ = |x|1−α be the

dual power weights, 0 < α < 1. We know, for example from [11], that

(2.2) [w]A2
= [σ]A2

∼ 1

α
.

Let S := {[0, 2−k) : for k ∈ N} be a sparse family. Then, we claim

(2.3) ∥A∗
S(σ1[0,1))∥L2,∞(w) ∼ [w]

3/2
A2

∥σ1[0,1)∥L2(w).

The square of the right-hand side of (2.3) equals 1
(2−α)α3 . On the other hand,

∥A∗
S(σ1[0,1))∥2L2,∞(w) ≥

1

α2
w{A∗

S(σ1[0,1)) >
1

α
}

=
1

α2
w{

∞∑
k=1

1[0,2−k) ≳
1

α
} =

1

α2
w([0, 2−

c
α )) ∼ 2−

c
αα

α3
.

So the proof of Theorem 1.1 is complete.

3. The lower bound of Theorem 1.2

3.1. Construction of the weight. Let 0 < α < 1 be small enough integer power

of 2, i.e. α = 2−a for large enough integer a. Let us define the weight σ : R → [0,∞)

to be even and

(3.1)

σ(x) :=


22k(1−α)

α (x− 2−(k+1))1−α, x ∈ [2−(k+1), (1 + α)2−(k+1)) for k ∈ N
xα−1, x ∈ [(1 + α)2−(k+1)), (1− α)2−k) for k ∈ N
22k(1−α)

α (2−k − x)1−α, x ∈ [(1− α)2−k, 2−k) for k ∈ N
xα−1, x ∈ [ 12 ,∞).

The dual weight to σ is w(x) := σ(x)−1. We will prove that

(3.2) sup
I

1

|I|2
( ∫

I

w
)
·
( ∫

I

σ
)
∼ 1

α
,

that is, σ ∈ A2 with [σ]A2 ∼ 1
α .

First, we show that (3.2) holds for dyadic intervals. Let us partition all dyadic

intervals into three groups.
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a. I = [0, 2−k) for some k ∈ N0. Then, we compute

2−k∫
2−(k+1)

w(x)dx =

(1−α)2−k∫
(1+α)2−(k+1)

x1−αdx+ α22k(α−1)

2−k∫
(1−α)2−k

(2−k − x)α−1dx

+ α22k(α−1)

(1+α)2−(k+1)∫
2−(k+1)

(x− 2−(k+1))α−1dx

=
(1− α)2−α2−(2−α)k − (1 + α)2−α2−(2−α)(k+1)

2− α

+ α22k(α−1) · α
α(2−kα + 2−(k+1)α)

α
= c(α)2−k(2−α).(3.3)

In the above computations and below c(α) is a constant depending on α

absolutely bounded and away from 0. It will be different at each occurence.

Next, we have

(3.4)
2−k∫
0

w(x)dx =

∞∑
j=k

2−j∫
2−(j+1)

w(x)dx =

∞∑
j=k

c(α)2−j(2−α) = c(α) · 2−k(2−α).

For σ we have

2−k∫
2−(k+1)

σ(x)dx =

(1−α)2−k∫
(1+α)2−(k+1)

σ(x)dx+

2−k∫
(1−α)2−k

σ(x)dx+

(1+α)2−(k+1)∫
2−(k+1)

σ(x)dx

=
(1− α)α2−kα − (1 + α)α2−(k+1)α

α
+

22k(1−α)

α
·

·

 2−k∫
2−k(1−α)

(2−k − x)1−αdx+

(1+α)2−(k+1)∫
2−(k+1)

(x− 2−(k+1))1−αdx


= c(α)2−kα +

22k(1−α)

α
· α

2−α(2−k(2−α) + 2−(k+1)(2−α))

2− α

= c(α)
2−kα

α
+ α2−kα = c(α)

2−kα

α
.(3.5)

Then, we have

(3.6)
2−k∫
0

σ(x)dx =

∞∑
j=k

2−j∫
2−(j+1)

σ(x)dx =

∞∑
j=k

c(α)
2−jα

α
= c(α)

2−kα

α
.

Combining the two computations above, we have for (3.2)

(3.7) 22k
( 2−k∫

0

w
)
·
( 2−k∫

0

σ
)
= c(α)22k2−k(2−α) 2

−kα

α
∼ 1

α
.
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b. One of the following holds: for some k ∈ N0, I ⊂ [2−(k+1), (1 + α)2−(k+1)),

I ⊂ [(1+α)2−(k+1), (1−α)2−k) or I ⊂ [(1−α)2−k, 2−k). On these intervals,

the weights w and σ are just rescaled versions of the power weights. Thus,

we immediately have

(3.8)
1

|I|2
( ∫

I

w
)
·
( ∫

I

σ
)
≲

1

α
,

by the A2 characteristic of the power weights (2.2).

c. I ⊂ [2−(k+1), 2−k) and either [(1 − α)2−k, 2−k) ⊊ I or [2−(k+1), (1 +

α)2−(k+1)) ⊊ I for some k ∈ N0. This is the intermediate case between

the above two. The computation for the choice of the last two conditions

is identical, so we consider only one of them. Let |I| = 2−m so that

I = [2−k − 2−m, 2−k) and k+2 ≤ m < k+ a, where we recall α = 2−a. We

start calculating

2−k∫
2−k−2−m

w(x)dx =

(1−α)2−k∫
2−k−2−m

x1−αdx+ α22k(α−1)

2−k∫
(1−α)2−k

(2−k − x)α−1dx

=
(1− 2−a)2−α2−(2−α)k − 2−(2−α)k(1− 2k−m)2−α

2− α

+ α · 22k(α−1)

2−k∫
2−k(1−α)

(2−k − x)α−1dx

= c(α,m)2−k(2−α)
(
(1 +

2k−m − 2−a

1− 2k−m
)2−α − 1

)
+ αα2−k(2−α)

= c(α,m)2−k(2−α)2k−m + αα2−k(2−α) = c(α,m)2−k(2−α).

As before c(α,m) is a positive constant bounded from above and away from

0. For σ we write

2−k∫
2−k−2−m

σ(x)dx =

(1−α)2−k∫
2−k−2−m

σ(x)dx+

2−k∫
(1−α)2−k

σ(x)dx

=
(1− α)α2−kα − 2−kα(1− 2k−m)α

α

+
22k(1−α)

α

2−k∫
2−k(1−α)

(2−k − x)1−αdx

= c(α,m)2−kα
(1 + 2k−m−2−a

1−2k−m )α − 1

α
+ α2−kα

= c(α,m)2−kα · 2k−m + 2−a · 2−kα = c(α,m)2−kα+k−m.
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Here, in the penultimate equality we used the the Taylor expansion

(3.9) (1 + x)β − 1 ∼ βx, for 0 < x < 1.

Thus, for (3.2) we have
1

|I|2
( ∫

I

w
)
·
( ∫

I

σ
)
= 22m · c(α,m)2−kα+k−m · 2−k(2−α) ∼ 2m−k ≲ 2a =

1

α
.

We conclude, that the dyadic A2 characteristic of w is c
α . It is important here,

that the supremum is attained at a large number of dyadic intervals and not only

on one chain.

We turn to the case of a general interval I. First of all, the arguments for the case

b are also true for all intervals I due to the A2 characteristic of power weights. On

the other hand, if I can be covered by a dyadic interval of a comparable size, then

again (3.8) holds. Otherwise, let k be such that I ⊂ [0, 2−(k−1)), I ̸⊂ [0, 2−(k+1))

and |I| ≲ 2−k. We distinguish two cases.

(i) One of the following holds: (1+α)2−(k+1) ∈ I, (1−α)2−k ∈ I, (1+α)2−k ∈
I, (1 − α)2−(k−1) ∈ I. All four cases are similar, so we only consider the

second one. For σ we have

(3.10)
∫
I

σ(x)dx ∼ 2−k(α−1)|I|.

As for w we write

(3.11)
∫
I

w(x)dx ∼
(
(1− α)2−k − l(I)

)
2−k(1−α) +

∫ r(I)

(1−α)2−k

w(x)dx,

where l(I) and r(I) are the left and right endpoints of I.

(i.1) If r(I) < (1− α)2−k + α2−(k+1), then we have

(3.12)
∫
I

w(x)dx ∼ |I|2−k(1−α),

and so

(3.13)
1

|I|2
( ∫

I

w
)
·
( ∫

I

σ
)
≲ 1.

(i.2) If (1 − α)2−k + α2−(k+1) < r(I), then using the computation in (3.3), we

have

(3.14)
∫ r(I)

(1−α)2−k

w(x)dx ≲ 2−k(2−α).

Hence, we obtain

1

|I|2
( ∫

I

w
)
·
( ∫

I

σ
)
≲

1

|I|2
2−k(2−α) · |I|2−k(1−α) ≲

2−k

|I|
≲

1

α
,

where the last step is due to l(r) < (1− α)2−k < (1− α)2−k + α2−(k+1) <

r(I).
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(ii) Let us have (1 − α)2−k /∈ I, (1 + α)2−k /∈ I and 2−k ∈ I. Without loss

of generality we can assume r(I)− 2−k ≤ 2−k − l(I). Then, we have |I| ∼
(2−k − l(I)). Furthermore,∫

I

σ(x)dx ∼
2−k∫

l(I)

σ(x)dx, and
∫
I

w(x)dx ∼
2−k∫

l(I)

w(x)dx.

Thus, as w and σ are just power weights on [(1−α)2−k, 2k), and the estimate

(3.2) holds.

3.2. Construction of the sparse family. Let us take the following sparse family:

(3.15) S := {[2−k − 2−j , 2−k) : for all k, j ∈ N and j ≥ a+ k}.

We also denote Bk,j := [2−k − 2−j , 2−k). Using (3.6), we have

(3.16) MBk,j
(σ) ∼ 2k

2−k∫
0

σ(x)dx ∼ 2k(1−α)

α
,

and the corresponding strong-sparse operator is

(3.17) A∗
Sf(x) :=

∞∑
k=1

2k(1−α)

α

∞∑
j=a+k

1Bj,k
(x).

3.3. The lower bound. We claim that

(3.18)
1∫

0

A∗
S(σ)(x)

2w(x)dx ∼ 1

α4

1∫
0

σ(x)dx.

By (3.17), we can write

(3.19)
1∫

0

S∗(σ)(x)2w(x)dx ∼
∞∑
k=1

22k(1−α)

α2

1∫
0

( ∞∑
j=k+a

1Bk,j
(x)
)2

w(x)dx.

We make a change of variables in the integral and see that it realizes the sharp

constant for the regular sparse operator. Putting y = x−(1−α)2−k

2−kα
, we can write

1∫
0

( ∞∑
j=k+a

1Bk,j
(x)
)2

w(x)dx = α2αk−2k

1∫
0

( ∞∑
j=1

1[0,2−j)(y)
)2

yα−1dy

∼ α2αk−2k · 1

α3
=

2αk−2k

α2
,

where the penultimate estimate is a direct computation. Plugging this into (3.19),

we obtain
1∫

0

A∗
S(σ)(x)

2w(x)dx ∼
∞∑
k=1

22k(1−α)

α2
· 2

αk−2k

α2
∼ 1

α5
∼ 1

α4

1∫
0

σ.

This finishes the proof of Theorem 1.2.
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4. Proof of Theorem 1.3

We can assume that the intervals in the sparse family are in some bounded

interval, and the general case will follow by a limiting argument. Let us enumerate

the intervals of the sparse family S.

B1 ⊃ B2 ⊃ · · · ⊃ Bk ⊃ · · · .

Let g ∈ L2(w). We inductively choose π(Bi) ⊃ Bi such that it is the largest

interval with MBi
(g) ≤ 2⟨g⟩π(Bi) and π(Bi) ⊂ π(Bi−1). We can enumerate {π(Bi)}

by A1 ⊋ A2 ⊋ . . . . Note, that there can be many Bi with π(Bi) = Aj . Moreover,

recalling that Ai are dyadic we see that {Ai}i is again a sparse family.

Consider the following function

g̃(x) =

{
1

|Ai\Ai+1|
∫
Ai\Ai+1

g, x ∈ Ai \Ai+1 for some i ∈ N,
g(x), otherwise.

First of all, it is clear that for all i

(4.1)
∫
Ai

g =

∫
Ai

g̃.

Let B ∈ S be such that Ai = π(B). Then, Ai+1 ⊊ B due to the choice of π(B).

Then, by (4.1) and by the definition of g̃, we have

⟨g⟩Ai
=

1

|Ai|

(∫
Ai+1

g +

∫
Ai\Ai+1

g
)
≲

1

|Ai|

∫
Ai+1

g̃ +
1

|B \Ai+1|

∫
B\Ai+1

g̃

≲
1

|B|

∫
B

g̃ = ⟨g̃⟩B .

We conclude, that for all x

(4.2) A∗
Sg(x) ≲ AS g̃(x).

We turn to the norm of g̃.∫
R
g̃2w =

∑
i

∫
Ai\Ai+1

g̃2w +

∫
R\∪(Ai\Ai+1)

g2w

≤
∑
i

(
1

|Ai \Ai+1|

∫
Ai\Ai+1

g

)2

w(Ai \Ai+1) +

∫
R\∪(Ai\Ai+1)

g2w

≤
∑
i

w(Ai \Ai+1) · σ(Ai \Ai+1)

|Ai \Ai+1|2

∫
Ai+1\Ai

g2w +

∫
R\∪(Ai\Ai+1)

g2w

≤
∑
i

w(Ai) · σ(Ai)

|Ai|2

∫
Ai+1\Ai

g2w +

∫
R\∪(Ai\Ai+1)

g2w ≲ [w]A2

∫
R
g2w.

Combining the last estimate, (4.2) and the sparse bound (1.6) we conclude

∥A∗
Sg∥L2(w) ≲ ∥AS g̃∥L2(w) ≲ [w]A2

∥g̃∥L2(w) ≲ [w]
3
2

A2
∥g∥L2(w).

And the proof of Theorem 1.3 is complete.
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[5] T. Hytönen, C. Pérez, “Sharp weighted bounds involving A∞”, Analysis and Partial
Differential Equations 6, pages ???????? (2011).

[6] T. Hytönen, “The A2 theorem: remarks and complements”, Harmonic Analysis and Partial
Differential Equations 612, pages ???????? (2012).

[7] T. Hytönen, “The sharp weighted bound for general Caldéron-Zygmund operators”, Annals
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Abstract. The uniqueness problems of the j-th derivative of a meromorphic function f(z)

and the k-th derivative of its shift f(z + c) are investigated in this paper, where j, k are integers
with 0 ⩽ j < k. We show that when f (j)(z) and f (k)(z + c) share one IM value and two partially
shared values CM, the uniqueness result remains valid under some additional hypotheses. With
one CM value and two partially shared values CM, a uniqueness theorem about the j-th derivative
of f(z) and the k-th derivative of its shift f(z + c) is also proved.

MSC2020 numbers: 30D35.
Keywords: meromorphic function; difference operator; uniqueness theorem; partially
shared value CM.

1. Introduction and main results

Nevanlinna value distribution theory of meromorphic functions has been extensively

applied to the uniqueness theory of meromorphic functions, see [23]. Given a mero-

morphic function f , recall that a meromorphic function α is said to be a small

functions of f , if T (r, α(z)) = S(r, f) where S(r, f) is used to denote any quantity

that satisfies S(r, f) = o(T (r, f)) as r → ∞, possibly outside of a set of r of finite

logarithmic measure. Let Ŝ(f) = S(f)
⋃
{∞}. For each a ∈ Ŝ(f), we say that two

meromorphic functions f(z) and g(z) share a IM(ignoring multiplicities) if f(z)−a

and g(z)−a have the same zeros, and we say that f(z) and g(z) share a CM(counting

multiplicities) provided that f(z) − a and g(z) − a have the same zeros with the

same multiplicities.

Rubel and Yang[20] considered the uniqueness of a nonconstant entire function

when it shares two values with its first derivative. Mues, Steinmetz [17] and Gundersen

[12] improved the result to the case of meromorphic functions and obtained the

following result.

Theorem A.[20] Let f be a nonconstant meromorphic function, and let a and b

be two distinct finite values. If f and f ′ share a and b CM, then f ≡ f ′.

1The work was supported by NNSF of China (No.11971344), Project of Qinglan of Jiangsu
Province.
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Gundersen[12] showed, by a counter-example, that two shared values CM in

Theorem A cannot be reduced to 1CM+1IM. However, 2CM is able to be replaced

by 3IM, see[10, 17]. Moreover, Frank and Weissenborn[8] proved the conclusion is

still valid by replacing f ′ by a higher order derivative f (k).

Theorem B.[8] Let f be a nonconstant entire function and k ⩾ 2 be a positive

integer. If f shares two distinct finite values a and b CM with f (k), then f ≡ f (k).

Later on, there are many related results about the uniqueness of meromorphic

functions with their first derivative f ′ or their k-th derivative f (k) [1, 2, 8, 21]. In

recent decade, Halburd and Korhonen[13]and, independently, Chiang and Feng[6]

developed a parallel difference version of classical Nevanlinna theory for meromorphic

functions. Then, many scholars tried to investigate the uniqueness of a meromorphic

function f(z) taking into account with its shift f(z + c) or difference operator

∆cf(z) = f(z + c) − f(z) where c is a complex constant, see[14, 15, 18, 22]. For

instance, Heittokangas et.al[14] considered the problem of a meromorphic function

f of finite order with its shift f(z + c) sharing two values CM and one value IM.

Theorem C.[14] Let f(z) be a meromorphic function of finite order, and let

a1, a2, a3 ∈ Ŝ(f) be three distinct periodic functions with period c, where c ∈ C∖{0}
is a constant. If f(z) and f(z+ c) share a1, a2 CM and a3 IM, then f(z) ≡ f(z+ c).

Regarding Theorem A and Theorem C, one may ask a question: What can be said

when the shift or difference operator of a meromorphic function f(z) shares some

values with its derivative? For a transcendental entire function f(z), Qi et.al[18]

proved the uniqueness result still remains true if f ′(z) and f(z+c) share two values

CM.

Theorem D.[18] Let f(z) be a transcendental entire function of finite order and a

be a nonzero complex constant. If f ′(z) and f(z + c) share 0, a CM, then f ′(z) ≡
f(z + c).

In 2018, Chen[4] considered the question above using the notation of partially

shared values by some ingenious methods.

Definition 1.1. Denote by E(a, f) the set of all zeros of f − a, where each zero

with multiplicity m times is counted m times. Similarly, we denote by E(a, f) the

set of zeros of f − a, where each zero is counted only once. If E(a, f) ⊆ E(a, g),

then we say that f(z) partially shares a with g(z). If E(a, f) ⊂ E(a, g), then we

can say that f and g partially share a CM.

Theorem E.[4] Let f(z) be a nonconstant meromorphic function of hyper-order

ρ2(f) < 1 and c ̸= 0 ∈ C. If ∆cf and f(z) share value 1 CM and satisfy E(0, f(z)) ⊂
E(0,∆cf) and E(∞,∆cf) ⊂ E(∞, f(z)), then f(z) ≡ ∆c(f) for all z ∈ C.
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In [5], Chen et.al extended the result to the case of n-th order differences ∆n
c f(z).

More recently, for f ′(z) and f(z + c) , Qi et.al[19] proved the following result.

Theorem F.[19] Let f(z) be a nonconstant meromorphic function of finite order,

and a ∈ C ∖ {0}. If f ′(z) and f(z + c) share a CM, and satisfy E(0, f(z + c)) ⊂
E(0, f ′(z)), E(∞, f ′(z)) ⊂ E(∞, f(z + c)), then f ′(z) ≡ f(z + c). Further, f(z) is

a transcendental entire function.

In this paper we consider the uniqueness of f (j)(z) and the k-th derivative of shift

f(z+c) under the conditions of one shared value IM and two partially shared values

0,∞ CM. Actually, we obtain the following Theorem 1.1 by a different method from

those mentioned above.

Theorem 1.1. Let f(z) be a transcendental meromorphic function of finite order,

and let c be a nonzero finite complex number and j, k be integers with 0 ⩽ j < k.

Suppose that f (j)(z) and f (k)(z + c) share a finite value a ̸= 0 IM and satisfy

E(0, f (j)(z)) ⊂ E(0, f (k)(z+c)) and E(∞, f (k)(z+c)) ⊂ E(∞, f (j)(z)). If N(r, 1
f(j)(z)

)+

N(r, 1
f(z) ) = S(r, f), then f (j)(z) ≡ f (k)(z + c).

If we remove the hypothesis "N(r, 1
f(j)(z)

)+N(r, 1
f(z) ) = S(r, f)"and replace IM

by CM, then the conclusion still holds.

Theorem 1.2. Let f(z) be a nonconstant meromorphic function of finite order,

a be a nonzero finite complex number and j, k be integers with 0 ⩽ j < k. If

f (j)(z) and f (k)(z + c) share a CM, and satisfy E(0, f (j)(z)) ⊂ E(0, f (k)(z + c))

and E(∞, f (k)(z + c)) ⊂ E(∞, f (j)(z)), then f (j)(z) ≡ f (k)(z + c).

2. Some lemmas

To prove our result, we recall some notations and results. Let k be a positive

integer, we use Nk)(r,
1

f−a ) to denote the counting function of a points of f with

multiplicity ⩽ k and use N(k+1(r,
1

f−a ) to denote the counting function of a points of

f with multiplicity > k, where each a point is counted on the basis of its multiplicity.

Similarly, we define Nk)(r,
1

f−a ) and N (k+1(r,
1

f−a ) where in counting the a points

of f we ignore the multiplicities.

Lemma 2.1. [6] Let f(z) be a meromorphic function of finite order and c ∈ C.

Then we have

m(r,
f(z + c)

f(z)
) +m(r,

f(z)

f(z + c)
) = S(r, f),

where S(r, f) = o(T (r, f)) for all r outside of a possible exceptional set E with finite

linear measure.
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Lemma 2.2. [23] Let f(z) be a nonconstant meromorphic function in the complex

plane and k be a positive integer. Set

Ψ(z) =

n∑
k=0

ak(z)f
(k)(z),

where ak(z)(k = 0, 1, ..., n) are all small functions of f(z). Then

T (r,Ψ) ⩽ T (r, f) + kN(r, f) + S(r, f)

⩽ (k + 1)T (r, f) + S(r, f),

N(r,
1

Ψ
) ⩽ N(r,

1

f
) + kN(r, f) + S(r, f).

Lemma 2.3. [6] Let f(z) be a nonconstant meromorphic function of finite order

and c ∈ C. Then

T (r, f(z + c)) = T (r, f) + S(r, f),

N(r, f(z + c)) = N(r, f) + S(r, f), N(r,
1

f(z + c)
) = N(r,

1

f(z)
) + S(r, f),

and

N(r, f(z + c)) = N(r, f) + S(r, f), N(r,
1

f(z + c)
) = N(r,

1

f(z)
) + S(r, f).

Lemma 2.4. Suppose that f(z) is a nonconstant meromorphic function of finite

order in |z| < R and at(t = 1, 2, ..., q) are q(⩾ 2) distinct finite complex numbers.

Let j, k be integers with 0 ⩽ j < k. Then for 0 < r < R, we have

m(r, f (j)(z)) +

q∑
t=1

m(r,
1

f (j)(z)− at
) ⩽ 2T (r, f (j)(z))−Npair(r, f) + S(r, f),

where

Npair(r, f) = 2N(r, f (j)(z))−N(r, f (k)(z + c)) +N(r,
1

f (k)(z + c)
) + S(r, f).

Proof. Set F (z) =
q∑

t=1

1
f(j)(z)−at

, then

G(z) = F (z)f (k)(z + c) =

q∑
t=1

f (k)(z + c)

f (j)(z)− at
.

It follows from the lemma of logarithmic derivatives that

m(r,G(z)) = m(r,

q∑
t=1

f (k)(z + c)

f (j)(z)− at
) ⩽

q∑
t=1

m(r,
f (k)(z + c)

f (j)(z)− at
) + S(r, f) = S(r, f).

Thus

m(r, F (z)) = m(r,G(z)
1

f (k)(z + c)
) ⩽ m(r,G(z)) +

+m(r,
1

f (k)(z + c)
) = m(r,

1

f (k)(z + c)
) + S(r, f).(2.1)
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Next, by Nevanlinna’s first fundamental theorem, we get from (2.1) that

T (r, f (k)(z + c)) = T (r,
1

f (k)(z + c)
) +O(1)

= m(r,
1

f (k)(z + c)
) +N(r,

1

f (k)(z + c)
) + S(r, f)

⩾ m(r, F (z)) +N(r,
1

f (k)(z + c)
) + S(r, f)

= m(r,

q∑
t=1

1

f (j)(z)− at
) +N(r,

1

f (k)(z + c)
) + S(r, f).(2.2)

Then by (2.2), we have
q∑

t=1

m(r,
1

f (j)(z)− at
) = m(r,

q∑
t=1

1

f (j)(z)− at
) +O(1)

⩽ T (r, f (k)(z + c))−N(r,
1

f (k)(z + c)
) + S(r, f).(2.3)

Hence, it is easy to deduce from (2.3) that

m(r, f (j)(z)) +
q∑

t=1
m(r, 1

f(j)(z)−at
)(2.4)

⩽ m(r, f (j)(z)) + T (r, f (k)(z + c))−N(r, 1
f(k)(z+c)

) + S(r, f)

= T (r, f (j)(z))−N(r, f (j)(z)) +m(r, f (k)(z + c)) +N(r, f (k)(z + c))−N(r, 1
f(k)(z+c)

)

+S(r, f) ⩽ T (r, f (j)(z))−N(r, f (j)(z)) +m(r, f (j)(z)) +m(r, f(k)(z+c)
f(j)(z)

)

+N(r, f (k)(z + c))−N(r, 1
f(k)(z+c)

) + S(r, f)

= 2T (r, f (j)(z))− 2N(r, f (j)(z)) +N(r, f (k)(z + c))−N(r, 1
f(k)(z+c)

) + S(r, f)

= 2T (r, f (j)(z))− [2N(r, f (j)(z))−N(r, f (k)(z + c)) +N(r, 1
f(k)(z+c)

)] + S(r, f).

We use Np(r,
1

f(k)−a
) to denote the counting function of the zeros of f − a where a

p− folds zero is counted m times if m ⩽ p and p times if m > p.

Lemma 2.5. [24, Lemma 2.4] Let f be a non-constant transcendental meromorphic

function. If f (k) ̸≡ 0, we have Np(r,
1

f(k) ) ⩽ T (r, f (k))−T (r, f)+Np+k(r,
1
f )+S(r, f).

Lemma 2.6. Let f be a non-constant transcendental meromorphic function and

j ⩾ 0 is an integer. If N(r, 1
f(z) ) = S(r, f), then S(r, f (j)) = S(r, f).

Proof. By Lemma 2.5,

T (r, f) ⩽ T (r, f (j))−Np(r,
1

f (j)
) +N1+j(r,

1

f
) + S(r, f)

⩽ T (r, f (j)) + (1 + j)N(r,
1

f
) + S(r, f) ⩽ T (r, f (j)) + S(r, f).

Also by Lemma 2.2, T (r, f (j)) ⩽ (j +1)T (r, f) +S(r, f). This completes the proof.
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3. Proof of Theorem 1.1

Without loss of generality, we assume that f (j)(z) and f (k)(z + c) share a = 1

IM. For a general case, we can consider substituting 1
af(z) for f(z). Suppose on

the contrary that f (j)(z) ̸≡ f (k)(z + c).

Set h(z) = f (j)(z) and g(z) = f (k)(z + c). By the assumption that E(0, h(z)) ⊂
E(0, g(z)) and E(∞, g(z)) ⊂ E(∞, h(z)), we have

(3.1)
f (k)(z + c)

f (j)(z)
=

g(z)

h(z)
= G(z),

where G(z) is an entire function.

From (3.1), the lemma of logarithmic derivative and Lemma 2.1 it follows that

(3.2)

m(r,G(z)) = m(r,
f (k)(z + c)

f (j)(z)
) ⩽ m(r,

f (k)(z + c)

f (k)(z)
) +m(r,

f (k)(z)

f (j)(z)
) = S(r, f).

Since G(z) is an entire function, we know that

(3.3) N(r,G(z)) = 0.

Combining (3.2) and (3.3), we get

(3.4) T (r,G(z)) = m(r,G(z)) +N(r,G(z)) = S(r, f).

Set

(3.5) F =
1

h
(

g′

g − 1
− h′

h− 1
) =

g

h
(

g′

g − 1
− g′

g
)− (

h′

h− 1
− h′

h
).

From the lemma of logarithmic derivative again, (3.2) and (3.5) it follows that

(3.6) m(r, F ) = m(r,
g

h
(

g′

g − 1
− g′

g
)− (

h′

h− 1
− h′

h
)) = S(r, f).

By (3.5), we see that the possible poles of F (z) can occur at the zeros of h(z),

the 1 points of h(z) and g(z), and the poles of h(z) and g(z). If z0 is a 1 point of

h(z), then by a short calculation with Laurent series and (8) we know that z0 is

a simple pole of F (z). And hence, the 1 points of g(z) are also the simple pole of

F (z). If z0 is a pole of h(z) with multiplicity p ⩾ 1, by E(∞, g(z)) ⊂ E(∞, h(z)),

we have F (z) = O((z − z0)
p−1). Similarly, the poles of g(z) are not the poles of

F (z). Therefore, the poles of F (z) can occur at the 1 point of h(z), the 1 point of

g(z) and the zeros of h(z). From (3.1), (3.4), the hypothesis N(r, 1
f(j) ) = S(r, f)

and h shares 1 IM with g, we can find that

N(r, F ) ⩽ N(r,
1

h− 1
) +N(r,

1

g − 1
) +N(r,

1

h
)

⩽ N(r,
1

G− 1
) +N(r,

1

G− 1
) +N(r,

1

f (j)
)

⩽ 2T (r,G) + S(r, f) = S(r, f).(3.7)
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Combining (3.6) and (3.7), we conclude that

(3.8) T (r, F ) = m(r, F ) +N(r, F ) = S(r, f).

If F ≡ 0, then by (3.5) we find that g − 1 = A(h− 1), with A ̸= 0 being constant.

We assert that A = 1. Otherwise, if A ̸= 1, then m(r, 1
h ) = 1

1−Am(r, g
h − A) =

S(r, f). Due to N(r, 1
h ) = N(r, 1

f(j) ) = S(r, f), it is easy to deduce that T (r, 1
h ) =

m(r, 1
h ) + N(r, 1

h ) = S(r, f), and then by the first fundamental theorem, we have

T (r, h) = T (r, 1
h ) + O(1) = S(r, f). Noting that h = f (j), by Lemma 2.6 we have

S(r, f) = S(r, h), and hence T (r, h) = S(r, h), which is a contradiction. Then F ̸≡ 0.

And so we can know from (3.5) and (3.8) that

(3.9) m(r, h) ⩽ m(r,
1

F
) +m(r,

g′

g − 1
− h′

h− 1
) ⩽ T (r, F ) + S(r, f) = S(r, f).

Set

(3.10) H(z) =
g′(h− 1)

h′(g − 1)
= (

g′

g − 1
− g′

g
)
g

h′ (h− 1).

It follows from the lemma of logarithmic derivative, (12) and (13) that

(3.11)

m(r,H) = m(r,
g′(h− 1)

h′(g − 1)
) ⩽ m(r,

g′

g − 1
− g′

g
) +m(r,

g

h′ ) +m(r, h− 1) = S(r, f).

We now estimate the poles of H(z). Obviously, the poles of H(z) can only occur at

the 1 point of g, the poles of h and g′, and the zeros of h′. Since h(z) and g(z) share

1 IM, then by Laurent series we know that H(z) is analytic at the 1 point of g. If

h has a pole z∞ with multiplicity p ⩾ 2, then by a short calculation with Laurent

series and (3.10) we see that the poles of h are not poles of H(z). Similarly, the

poles of g′ are not poles of H(z). Let z0 be a zero of h′ with multiplicity q, if z0
is also a zero of h (respectively h− 1) with multiplicity q + 1, then from these and

(3.10) it is easy to see that z0 is a pole of H(z) with multiplicity at most q. Thus

(3.12) N(r,H) ⩽ N0(r,
1

h′ ) + S(r, f),

where N0(r,
1
h′ ) denotes the zeros of h′ which are not zeros of h − 1. From (3.11)

and (3.12), we deduce that

(3.13) T (r,H) = m(r,H) +N(r,H) ⩽ N0(r,
1

h′ ) + S(r, f),

Next, we consider the simple poles of h(z). Let z0 be a simple pole of h. Since

E(∞, h(z)) ⊃ E(∞, g(z)), we need to discuss two cases:

Case 1. z0 is not a simple pole of g. We set

(3.14) h(z) =
a−1

z − z0
+ a0 + a1(z − z0) + a2(z − z0)

2 + · · ·
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and

(3.15) g(z) = b0 + b1(z − z0) + b2(z − z0)
2 + · · · ,

where aj(j = −1, 0, 1, · · · ) and bj(j = 0, 1, · · · ) are the coefficients of the Laurent

series of h(z) and g(z) respectively. Differentiating (3.14) and (3.15), we obtain

h′(z) = − a−1

(z − z0)2
+ a1 + 2a2(z − z0) + 3a3(z − z0)

2 + · · ·

and

g′(z) = b1 + 2b2(z − z0) + 3b3(z − z0)
2 + · · · .

By (3.10) it follows that

H(z) =
g′(h− 1)

h′(g − 1)
=

[b1 + 2b2(z − z0) + · · · ][ a−1

z−z0
+ a0 − 1 + a1(z − z0) + · · · ]

[− a−1

(z−z0)2
+ a1 + 2a2(z − z0) + · · · ][b0 − 1 + b1(z − z0) + · · · ]

.

Thus H(z0) = 0. If H(z) ≡ 0, then we have g′(h − 1) ≡ 0. By integration, we can

get f(z) is a nonconstant polynomial, this contradicts with the fact that f(z) is a

transcendental function. Thus H ̸≡ 0, and so

(3.16) N1)(r, h) ⩽ N(r,
1

H
).

Case 2. z0 is a simple pole of g. Similarly as in Case 1, let

h(z) =
c−1

z − z0
+ c0 + c1(z − z0) + c2(z − z0)

2 + · · ·

and

g(z) =
d−1

z − z0
+ d0 + d1(z − z0) + d2(z − z0)

2 + · · · .

Then

h′(z) = − c−1

(z − z0)2
+ c1 + 2c2(z − z0) + 3c3(z − z0)

2 + · · ·

and

g′(z) = − d−1

(z − z0)2
+ d1 + 2d2(z − z0) + 3d3(z − z0)

2 + · · · .

By (3.5), it follows that

F (z) =
1

h
(

g′

g − 1
− h′

h− 1
) =

1
c−1

z−z0
+ c0 + · · ·

(− d−1

(z−z0)2
+ d1 + · · ·

d−1

z−z0
+ d0 − 1 + · · ·

−
− c−1

(z−z0)2
+ c1 + · · ·

c−1

z−z0
+ c0 − 1 + · · ·

)
Thus F (z0) = 0. If F (z) ≡ 0, then we have g − 1 = t(h − 1) with t ̸= 0 constant.

Similarly, we can assert that t = 1, then g ≡ h, this contradicts with the assumption

g ̸≡ h. Thus F ̸≡ 0, and so

(3.17) N1)(r, h) ⩽ N(r,
1

F
).

Combining (3.8), (3.13), (3.16) and (3.17), we have

N1)(r, h) ⩽ N(r,
1

F
) +N(r,

1

H
) ⩽ T (r, F ) + T (r,H)

⩽ S(r, f) +N0(r,
1

h′ ) + S(r, f) = N0(r,
1

h′ ) + S(r, f).(3.18)
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Since h and g share 1 IM, it follows from (3.1) and (3.4) that

(3.19) N(r,
1

h− 1
) ⩽ N(r,

1

G− 1
) ⩽ T (r,G) = S(r, f).

Combining (3.18), (3.19), the second fundamental theorem, N(r, 1
h ) = N(r, 1

f(j) ) =

S(r, f) and S(r, h) = S(r, f), we have

T (r, h) ⩽ N(r,
1

h
) +N(r, h) +N(r,

1

h− 1
)−N0(r,

1

h′ ) + S(r, h)

⩽ S(r, f) +N0(r,
1

h′ )−N0(r,
1

h′ ) + S(r, h)

= S(r, f) + S(r, h) = S(r, h),(3.20)

which is impossible. Therefore, f (j)(z) ≡ f (k)(z + c).

4. Proof of Theorem 1.2

Firstly, we prove that T (r, f (j)(z)) and T (r, f (k)(z+c)) can be restricted by each

other. It follows from Lemma 2.2 that

T (r, f (j)(z)) ⩽ T (r, f(z)) + jN(r, f(z)) + S(r, f(z))

⩽ (j + 1)T (r, f(z)) + S(r, f(z))(4.1)

On the other hand, by Lemma 2.2 and Lemma 2.3, we get

T (r, f (k)(z + c)) = T (r, f (k)(z)) + S(r, f)

⩽ T (r, f(z)) + kN(r, f(z)) + S(r, f(z))

⩽ (k + 1)T (r, f(z)) + S(r, f(z)).(4.2)

Combining (4.1) and (4.2), we have

S(r, f (j)(z)) = S(r, f (k)(z + c)) = S(r, f).

Set

H(z) =
f (k)(z + c)

f (j)(z)
,(4.3)

From the assumption E(0, f (j)(z)) ⊂ E(0, f (k)(z + c)) and E(∞, f (k)(z + c)) ⊂
E(∞, f (j)(z)), we can deduce that H(z) is an entire function. That is to say,

N(r,H(z)) = 0.(4.4)

Case 1 If H(z) ≡ 1, then f (j)(z) ≡ f (k)(z + c).

Case 2 We suppose on the contrary that the result of Theorem 1.2 is not valid,
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i.e., H(z) ̸≡ 1. By Lemma 2.1 and the lemma of logarithmic derivative, we know

that

m(r,H(z)) = m(r,
f (k)(z + c)

f (j)(z)
) ⩽ m(r,

f (k)(z + c)

f (k)(z)
) +

+ m(r,
f (k)(z)

f (j)(z)
) = S(r, f).(4.5)

From (4.4) and (4.5), we can obtain that

T (r,H(z)) = m(r,H(z)) +N(r,H(z)) = S(r, f).(4.6)

Without loss of generality, we assume that f (j)(z) and f (k)(z+ c) share a = 1 CM.

For a general situation, we can consider replacing f(z) by 1
af(z). As a result of the

hypothesis that f (j)(z) and f (k)(z + c) share 1 CM, we find that

N(r,
1

f (j)(z)− 1
) ⩽ N(r,

1
f(k)(z+c)
f(j)(z)

− 1
) =

= N(r,
1

H − 1
) ⩽ T (r,H) + S(r, f) = S(r, f).(4.7)

Secondly, we shall estimate the counting functions of the zeros of f (j)(z)− 1 whose

multiplicities are not less than 2.

Differentiating (4.3), we have

(4.8) H ′(z) = (
f (k)(z + c)

f (j)(z)
)′ =

f (k+1)(z + c)f (j)(z)− f (k)(z + c)f (j+1)(z)

[f (j)(z)]2
.

It follows from (4.3) and (4.8) that

H ′(z)

H(z)
=

f (k+1)(z + c)f (j)(z)− f (k)(z + c)f (j+1)(z)

[f (j)(z)]2
· f (j)(z)

f (k)(z + c)

=
f (k+1)(z + c)f (j)(z)− f (k)(z + c)f (j+1)(z)

f (j)(z)f (k)(z + c)

=
f (k+1)(z + c)

f (k)(z + c)
− f (j+1)(z)

f (j)(z)
.(4.9)

Let z0 be a 1 point of f (j)(z) with multiplicity m ⩾ 2. Since f (j)(z) and f (k)(z+ c)

share 1 CM, we obtain that z0 is also a 1 point of f (k)(z + c) with multiplicity

m ⩾ 2. Then by (4.9) and calculation with Laurent series, we see that z0 is also a

zero of H′(z)
H(z) with multiplicity at least m− 1. Thus by Lemma 2.2 we can get

N(2(r,
1

f (j)(z)− 1
) ⩽ 2N(r,

1
H′

H

) ⩽ 2N(r,H) + 2N(r,
1

H ′ )

⩽ 2N(r,H) + 2[N(r,
1

H
) +N(r,H) + S(r, f)]

⩽ 6T (r,H) + S(r, f) = S(r, f).(4.10)
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Together (4.7) with (4.10), we have

(4.11) N(r,
1

f (j)(z)− 1
) = N(r,

1

f (j)(z)− 1
) +N(2(r,

1

f (j)(z)− 1
) ⩽ S(r, f).

By the assumption that E(0, f (j)(z)) ⊂ E(0, f (k)(z + c)) and E(∞, f (k)(z + c)) ⊂
E(∞, f (j)(z)) again, we deduce that

(4.12) N(r,
1

f (j)(z)
)−N(r,

1

f (k)(z + c)
) ⩽ 0, N(r, f (k)(z+c))−N(r, f (j)(z)) ⩽ 0.

From Lemma 2.4, we get

m(r, f (j)(z)) +m(r,
1

f (j)(z)
) +m(r,

1

f (j)(z)− 1
)

⩽ 2T (r, f (j)(z))−Npair(r, f) + S(r, f).(4.13)

Adding N(r, f (j)(z)) +N(r, 1
f(j)(z)

) +N(r, 1
f(j)(z)−1

) on both sides of (4.13) at the

same time and by (4.12), we obtain

T (r, f (j)(z)) ⩽ N(r, f (j)(z)) +N(r,
1

f (j)(z)
) +N(r,

1

f (j)(z)− 1
)−Npair(r, f) + S(r, f)

= N(r,
1

f (j)(z)− 1
) + [N(r,

1

f (j)(z)
)−N(r,

1

f (k)(z + c)
)]

+ [N(r, f (k)(z + c))−N(r, f (j)(z))] + S(r, f)

⩽ N(r,
1

f (j)(z)− 1
) + S(r, f) ⩽ S(r, f),

which yields a contradiction.

Therefore, H(z) ≡ 1. Then we have f (j)(z) ≡ f (k)(z + c).
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Abstract. In this paper, we study the existence of infinitely many nontrivial solutions for a
class of nonlinear Kirchhoff type equation

−
(
a+ b

∫
RN

|∇λu|2dx
)
∆λu+ V (x)u = f(x, u), in RN

where constants a > 0, b > 0, ∆λ is a strongly degenerate elliptic operator, and f is a function
with a more general superlinear conditions or sublinear conditions.
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Keywords: Kirchhoff type equation; symmetric mountain pass theorem; strongly
degenerate elliptic operator.

1. Introduction

This paper is concerned with a class of nonlinear Kirchhoff type equations

−
(
a+ b

∫
RN

|∇λu|2dx
)
∆λu+ V (x)u = f(x, u), in RN(1.1)

where constants a, b > 0, N ⩾ 1, V ∈ C(RN ,R), ∇λ = (λ1∂x1
u, ..., λN∂xN

u) and

∆λ is a strongly degenerate elliptic operator of the following form

∆λ :=
N∑
i=1

∂xi
(λ2

i ∂xi
), λ = (λ1, · · · , λN ) : RN → RN .

Kogoj and Lanconelli in [7] firstly introduced the strongly degenerate elliptic

operator ∆λ. After that, a growing attention has been devoted to ∆λ-Laplacians.

Kogoj and Lanconelli in [7] assume that the operator is homogeneous of degree

two with respect to a group dilation in RN . Kogoj and Sonner [8] showed that

global well-posedness and long-time behavior of solutions of semilinear degenerate

parabolic involving the ∆λ-Laplacians, and this result was extended in [9], where

hyperbolic problems were considered. Ahn and My [2] proved that Liouville-type

theorems for elliptic inequalities involving the ∆λ-Laplacians. Finally, Kogoj and

Sonner remark that the ∆λ-Laplacians belong to the more general class of X −

1This work is supported by Research Fund of National Natural Science Foundation of China
(No. 11861046), Chongqing Municipal Education Commission (No. KJQN20190081), Chongqing
Technology and Business University(No. CTBUZDPTTD201909), Graduate Innovation Project
of Chongqing Technology and Business University(yjscxx2021-112-109).
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elliptic operators. The ∆λ operator contains many degenerate elliptic operators

such as the Grushin-type operator

Gα = ∆x + |x|2α∆y, α > 0,

where (x, y) denotes the point of RN1 × RN2 , N1 + N2 = N , and the operator of

the form

Pα,β,γ = ∆x+|x|2α∆y+|x|2β |y|2γ∆z, (x, y, z) ∈ RN1×RN2×RN3 , N1+N2+N3 = N,

where α, β and γ are real positive constants. We can refer the readers to [1] for

some important properties of this operator.

In the last decades, ∆λ elliptic equations{
−∆λu = f(x, u), x ∈ Ω,
u = 0, x ∈ ∂Ω,

(1.2)

where Ω is a smooth bounded domain of RN , has been studied by many authors.

See [3, 1, 7, 13, 14, 19] and the references therein. The nonlinear term f satisfies

the Ambrosetti-Rabinowitz(AR) condition is studied in [7]. The (AR) condition

guarantees the boundedness of the Palais-Smale(PS) sequence of the energy functional,

which is essential for the application of the critical point theorem. When f does

not satisfy the (AR) condition is studied in [3, 1, 14]. At present, some authors

began to consider problem (1.2) on unbounded domain RN . The main difficulty in

RN is lack of compactness of Sobolev embedding. For this reason, some authors

work on the subspace of Sobolev space to overcome this difficulty. Luyen and Tri

[15] considered that V (x) is a coercive potential, which ensures that the weighted

Sobolev space embedding is compactness. They proved that ∆λ equation possess

infinity many solutions with the nonlinear term has (AR) condition.

Recently, a class of Kirchhoff-type elliptic equation

(1.3)
{

−
(
a+ b

∫
RN |∇u|2dx

)
∆u = f(x, u), x ∈ Ω,

u = 0, x ∈ ∂Ω,

has received extensive attention and research by many authors. Cheng and Wu [4]

proved the existence result of positive solutions to Kirchhoff-type problems with

the variational method. Mao and Zhang [16] shows that in the absence of (PS)

condition, the minimax methods and invariant sets of descent flow are used to

study multiple solutions of Kirchhoff type problems. The problem (1.3) is related

to the stationary analogue of the Kirchhoff equation

(1.4) utt −
(
a+ b

∫
Ω

|∇xu|2dx
)
∆xu = g(x, u)
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which was proposed by Kirchhoff in 1883 as a generalization of the well-known

d’Alembert’s wave equation

ρ
∂2u

∂t2
−

(
P0

h
+

E

2L

∫ L

0

∣∣∣∣∂u∂x
∣∣∣∣2 dx

)
∂2u

∂x2
= g(x, u)

for free vibrations of elastic strings. Kirchhoff’s model takes into account the changes

in length of the string produced by transverse vibrations. Here, L is the length of

the string, h is the area of the cross section, E is the Young modulus of the material,

ρ is the mass density and P0 is the initial tension. Problem (1.4) models several

physical systems, where u describes a process which depends on the average of

itself. A parabolic version of equation (1.4) be used to describe the growth and

movement of a particular species. The movement, modeled by the integral term, is

assumed dependent on the “energy” of the entire system with u being its population

density. Alternatively, the movement of a particular species may be subject to the

total population density within the domain (for instance, the spreading of bacteria)

which gives rise to equations of the type ut − a(
∫
Ω
udx)∆u = h.

In this paper, we want to use the idea of [21] to study the existence of infinitely

many nontrivial solutions for the Kirchhoff type problem with ∆λ type operator.

Now, we give the following assumptions on potential V (x):

(V1) V ∈ C(RN ,R), infx∈RN V (x) > 0.

(V2) There exists a constant R > 0 such that∫
|x|⩾R

V −1dx < ∞.

For the nonlinearity f , we give the following assumptions:

(f1) f ∈ C(RN × R,R) and there exist constants C1, C2 > 0 and p ∈ (2, 2∗λ)

such that

|f(x, u)| ⩽ C1|u|+ C2|u|p−1, ∀(x, u) ∈ RN × R.

where 2∗λ = 2Q
Q−2 and Q denotes the homogeneous dimension of RN with

respect to a group of dilations(see Section 2 for more details).

(f2) f(x, u) = −f(x,−u), ∀(x, u) ∈ RN × R.

(f3) lim|u|→∞
|F (x,u)|

|u|4 = ∞, uniformly in x ∈ RN , Q < 4, and there exists

r0 ⩾ 0, such that F (x, u) ⩾ 0, ∀(x, u) ∈ RN ×R, |u| ⩾ r0, where F (x, u) :=∫ u

0
f(x, t)dt.

(f4) There exist β ⩾ 0 such that F (x, u) ⩽ 1
4f(x, u)u+ βu2, ∀(x, u) ∈ RN × R.

(f5) F (x, u) ⩾ 0,∀(x, u) ∈ RN × R and G(x, h) ⩽ G(x, l) whenever (h, l) ∈
R+ × R+ and h ⩽ l, where G(x, u) := 1

4f(x, u)u− F (x, u).
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In the following theorem, we give the multiplicity result of the solution of problem

(1.1) when f satisfies the superlinear condition.

Theorem 1.1. Assume that the potential V (x) satisfies (V1), (V2) and nonlinearity

f(x, u) satisfies (f1) − (f4). Then the problem(1.1) has possesses infinitely many

nontrivial solutions {uk} such that

lim
k→∞

1

2

∫
RN

(
a|∇λuk|2 + V (x)u2

k

)
dx+

b

4

(∫
RN

|∇λuk|2dx
)2

−
∫
RN

F (x, uk)dx = +∞.

Theorem 1.2. Assume that the potential V (x) satisfies (V1), (V2) and nonlinearity

f(x, u) satisfies (f1)− (f3) and (f5). Then the problem(1.1) has possesses infinitely

many nontrivial solutions {uk} such that

lim
k→∞

1

2

∫
RN

(
a|∇λuk|2 + V (x)u2

k

)
dx+

b

4

(∫
RN

|∇λuk|2dx
)2

−
∫
RN

F (x, uk)dx = +∞.

Next, in addition to discussing the above results, we also consider the multiplicity

result that can still obtain a solution of problem (1.1) when f satisfies the sublinear.

(f6) f ∈ C(RN × R,R), there exist constant 1 < q1 < q2 < 2, such that

|f(x, t)| ⩽ q1|t|q1−1 + q2|t|q2−1.

(f7) There exist a bounded open set B̃ ⊂ RN and constants δ, ξ > 0, q3 ∈ (1, 2)

such that

F (x, u) ⩾ ξ|u|q3 , ∀(x, u) ∈ B̃ × [−δ, δ].

Now, we give the second result:

Theorem 1.3. Assume that the potential V (x) satisfies (V1), (V2) and nonlinearity

f(x, u) satisfies (f2), (f6), (f7). Then the problem (1.1) has possesses infinitely many

nontrivial solutions {uk}.

Remark 1.1. Compared with problem (1.1), we extend the equation to operator

∆λ, because operator ∆λ is more complicated with the addition of function λ. As

can be seen from [7], when the function λ is smooth, then ∆λ is the general operator

class studied by Hömander in [5], and is hypoelliptic. The typical example is the

Grushin-type operator, which means that ∆λ is a generalization of Grushin-type

operator. Later, ∆λ belongs to the more general X − elliptic operators introduced

in [10], and has some of the same important homogeneity as the classical Laplacian.

Therefore, it is meaningful for us to extend the problem (1.3) to a more general

Kirchhoff-type equation, and it is applicable to more environments.

Now, we give an example that satisfies all the assumptions of Theorem 1.1, as

follows f(x, u) = u| sinx|+|u|3u| cosx|, obviously, F (x, u) = 1
2u

2| sinx|+ 1
5 |u|

5| cosx|.
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Of course, there is also f that satisfies the sublinear condition, such as f(x, u) =
4
3 |u|

− 2
3u sin2 x + 5

4 |u|
− 3

4 cos2 x, and F (x, u) = |u| 43 sin2 x + |u| 54 cos2 x. Through

simple calculations, it can be verified that the assumptions of each theorem are

satisfied.

The main structure of this article is as follows. In the second section, we give

some preliminary knowledge and main theorems. In the third section, we use the

symmetric mountain pass theorem to prove Theorems 1.1 and 1.2. In the fourth

section, we apply the theorem in [18], to get the multiplicity result of the solution.

2. Preliminaries

We recall the functional setting in [7, 3]. We consider the operator of the form

∆λ :=

N∑
i=1

∂xi(λ
2
i ∂xi),

where ∂xi
= ∂

∂xi
, i = 1, . . . , N . Here the function λi : RN → R are continuous,

strictly positive and of C1 outside the coordinate hyperplane, i.e. λi > 0, i =

1, . . . , N in RN ∖
∏

, where
∏

= {(x1, . . . , xN ) ∈ RN :
∏N

i=1 xi = 0}. As in [7], we

assume that λi satisfy the following properties:

(1) λ1(x) ≡ 1, λi(x) = λi(x1, . . . , xi−1), i = 2, . . . N ;

(2) For every x ∈ RN , λi(x) = λi(x
∗), i = 1, . . . , N, where x∗ = (|x1|, . . . , |xN |)

if x = (x1, . . . , xN );

(3) There exists a constant ρ ⩾ 0 such that

0 ⩽ xk∂xk
λi(x) ⩽ ρλi(x), ∀k ∈ {1, . . . , i− 1}, i = 2, . . . , N,

and for every x ∈ RN
+ := {(x1, . . . , xN ) ∈ RN : xi ⩾ 0, ∀i = 1, . . . , N};

(4) Exists a group of dilations {δt}t>0

δt : RN → R, δt(x) = δt(x1, . . . , xN ) = (tϵ1x1, . . . , t
ϵNxN ),

where 1 ⩽ ϵ1 ⩽ ϵ2 ⩽ . . . ⩽ ϵN , such that λi is δt − homogeneous of degree

ϵi − 1, i.e.

λi(δt(x)) = tϵi−1λi(x), ∀x ∈ RN , t > 0, i = 1, . . . , N.

This implies that the operation ∆λ is δt − homogeneous of degree two, i.e.

∆λ(u(δt(x))) = t2(∆λu)(δt(x)), ∀u ∈ C∞(RN ).

We denote by Q the homogeneous dimension of RN with respect to group of

dilations {δt}t>0, i.e.

Q := ϵ1 + · · ·+ ϵN .
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The homogeneous Q plays a crucial role, both in the geometry and the functional

associated to the operator ∆λ.

Now, we denote by W 1,2
λ (RN ) the closure of C1

0 (RN ) with respect to the norm

∥u∥W 1,2
λ (RN ) =

(∫
RN

(|∇λu|2 + u2)dx

) 1
2

,

is Hilbert space with the inner product

(u, v) =

∫
RN

(∇λu∇λv + uv)dx.

Under the hypotheses (V1), we define space

E =

{
u ∈ W 1,2

λ (RN ) :

∫
RN

V (x)u2dx < +∞
}
,

with the inner product

(u, v) =

∫
RN

(∇λu∇λv + V (x)uv) dx,

and the norm

∥u∥2 =

∫
RN

(|∇λu|2 + V (x)u2)dx.

Here, we denote ∥ · ∥p as the norm of Lebesgue space Lp(RN ).

Proposition 2.1. Under the assumptions (V1) and (V2), the embedding E ↪→
Lp(RN ) is compact for every p ∈ [1, 2∗λ).

Proof. In [15], we know that under the assumption of (V1), the embedding

E ↪→ Lp(RN ) is continuous for p ∈ [2, 2∗λ], and E ↪→ Lp
loc(RN ) is compact for

p ∈ [1, 2∗λ). Then there are constant Cp such that

(2.1) ∥u∥p ⩽ Cp∥u∥, ∀u ∈ E.

When we want to embedding E ↪→ Lp(RN ) is compact for p ∈ [1, 2∗λ) under the

assumption of (V1) and (V2), it suffices to prove the result for p = 1. Assume un ⇀ u

in E. For any R > 0, write∫
RN

|un − u|dx =

∫
|x|⩽R

|un − u|dx+

∫
|x|>R

|un − u|dx.(2.2)

By the Hölder inequality to obtain that

(2.3)
∫
|x|>R

|un − u|dx ⩽

(∫
|x|>R

V |un − u|2dx

) 1
2
(∫

|x|>R

V −1dx

) 1
2

= oR(1),

where oR(1) is a quantity that converges to 0 as R → ∞ uniformly for n. Then

un → u strongly in L1(RN ) since un → u in L1
loc(RN ). □
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Remark 2.1. Several important problems arising in many research fields such

as physics and differential geometry lead to consider semilinear variational elliptic

equations defined on unbounded domains of the Euclidean space and a great deal

of work has been devoted to their study. From the mathematical point of view,

probably the main interest relies on the fact that often the tools of nonlinear

functional analysis, based on compactness arguments, can not be used, at least

in a straight forward way, and some new techniques have to be developed. The

seminal paper [11] by Lions has inspired a (nowadays usual) way to overcome the

lack of compactness by exploiting symmetry. This approach is fruitful in the study

of variational elliptic problems in presence of a suitable continuous action of a

topological group on the Sobolev space where the solutions are being sought.

Here, we use another skill following the idea of Rabinowitz [17] to get the Sobolev

embedding is compact by the potential V . Luyen and Tri [15] use the idea of

Rabinowitz to get the Sobolev compact embedding, but they only obtained the

embedding map from E into Lp(RN ) is compact for 2 ⩽ p < 2∗λ. We want to study

the sublinear case, so we give a wider interval for the Sobolev embedding. Moreover,

Assumption (V2) makes V look like a well-shaped potential.

Now, we define the following energy functional

J(u) =
1

2

∫
RN

(a|∇λu|2+V (x)u2)dx+
b

4

(∫
RN

|∇λu|2dx
)2

−
∫
RN

F (x, u)dx, u ∈ E.

Obviously, given constant a > 0,
∫
RN (|∇λu|2+V (x)u2)dx is equivalent to

∫
RN (a|∇λu|2+

V (x)u2)dx. Hence, the norm of u in E denoted by

∥u∥ =

(∫
RN

(a|∇λu|2 + V (x)u2)dx

) 1
2

that is,

(2.4) J(u) =
1

2
∥u∥2 + b

4

(∫
RN

|∇λu|2dx
)2

−
∫
RN

F (x, u)dx.

Definition 2.1. A sequence {un} ⊂ E is said to be a (C)c−sequence if J(un) → c

and J ′(un)(1 + ∥un∥) → 0. J is said to satisfy the (C)c − condition if any (C)c −
sequence has a convergent subsequence.

Definition 2.2. A sequence {un} ⊂ E is said to be a (PS)−sequence if J(un) ⩽ c

and J ′(un) → 0, n → ∞. J is said to satisfy (PS)−condition if any (PS)−sequence

has a convergent subsequence.
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Definition 2.3. Let X be a Banach space, J ∈ C1(X,R) and c ∈ R. Set

Σ = {A ⊂ X − {0} : A is closed in X and symmetric with respect to 0},

Kc = {u ∈ X : J(u) = c, J ′(u) = 0}, Jc = {u ∈ X : J(u) ⩽ c},

for A ∈ Σ, we say genus of A is n denoted by γ(A) = n if there is an odd map

ϕ ∈ C(A,Rn ∖ {0}) and n is the smallest integer with this property.

Theorem 2.1. ([18]) Let X be an infinite dimensional Banach space, X = Y ⊕Z,

where Y is finite dimensional. If J ∈ C1(X,R) satisfies (C)c − condition for all

c > 0, and

(J1) J(0) = 0, J(−u) = J(u) for all u ∈ X;

(J2) there exist constants ρ, α > 0 such that J |∂Bρ∩Z > α;

(J3) for any finite dimensional subspace X̃ ⊂ X, there is R = R(X̃) > 0 such

that J(u) ⩽ 0 on X̃ ∖BR.

Then J possesses an unbounded sequence of critical values.

Theorem 2.2. ([18]) Let X be a Banach space, J be an even C1 functional on X

and satisfy the (PS)− condition. For any n ∈ N, set

Σn = {A ∈ Σ : γ(A) ⩾ n}, cn = inf
A∈Σn

sup
u∈A

J(u).

(i) If Σn ̸= 0 and cn ∈ R, then cn is critical value of J ;

(ii) If there exists k ∈ N such that cn = cn+1 = · · · = cn+k = c ∈ R, and

c ̸= J(0), then γ(Kc) ⩾ k + 1.

3. The superlinear case

Lemma 3.1. Assume (V1), (V2) and (f1) are satisfied. Then J(u) is well-defined

and of class C1(E,R) and

(3.1)

⟨J ′(u), v⟩ = (u, v)+ b

(∫
RN

|∇λu|2dx
)∫

RN

∇λu∇λvdx−
∫
RN

f(x, u)vdx, u, v ∈ E.

And, the critical points of J(u) in E are also solutions of problem (1.1).

Proof. We can get from (f1), one has

(3.2) |F (x, u)| ⩽ C1

2
|u|2 + C2

p
|u|p,∀(x, u) ∈ RN × R,

for 2 ⩽ p < 2∗λ, where F (x, u) =
∫ u

0
f(x, t)dt. It can be known from Proposition 2.1

and the above formula, J(u) defined by (2.4) is well-defined on E.
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Let H(u) =
∫
RN F (x, u)dx. For all u, v ∈ E and 0 < |t| < 1, by the Mean Value

Theorem and (f1), there exist θ ∈ (0, 1) such that

|F (x, u(x) + tv(x))− F (x, u(x))|
|t|

= |f(x, u(x) + θtv(x))v(x)|

⩽C1|u(x)||v(x)|+ C1|v(x)|2 + C2|u(x) + θtv(x)|p−1|v(x)|

⩽C1|u(x)||v(x)|+ C1|v(x)|2 + 2p−1C2(|u(x)|p−1|v(x)|+ |v(x)|p).

The Hölder inequality implies that∫
RN

|u(x)||v(x)|dx ⩽∥u(x)∥p∥v(x)∥ p
p−1

,∫
RN

|v(x)|2dx ⩽∥v(x)∥p∥v(x)∥ p
p−1

,∫
RN

|u(x)|p−1|v(x)|dx ⩽∥u(x)∥p−1
p ∥v(x)∥p,∫

RN

|v(x)|pdx ⩽∥v(x)∥p/2
p2

2

∥v(x)∥p/2(p−1)
p2

2(p−1)

.

Hence,

ν(x) := C1|u(x)||v(x)|+ C1|v(x)|2 + 2p−1C2(|u(x)|p−1|v(x)|+ |v(x)|p) ∈ L1(RN ).

which implies H(u) ∈ C1(E,R). By Lebesgue’s Dominated Convergence Theorem

and Mean Value Theorem, we obtain

⟨H ′(u), v⟩ = lim
t→0+

H(u+ tv)−H(u)

t
= lim

t→0+

∫
RN

F (x, u+ tv)− F (x, u)

t
dx.

= lim
t→0+

∫
RN

f(x+ tθv)vdx =

∫
RN

f(x, u)vdx.

Next, we prove the continuity of H ′. Let un → u in E, then un → u in Lp(RN ) by

Proposition 2.1 for p ∈ [1, 2∗λ). Note that

∥H ′(un)−H ′(u)∥ = sup
∥v∥⩽1

|⟨H ′(un)−H ′(u), v⟩|

= sup
∥v∥⩽1

∣∣∣∣∫
RN

[f(x, un)− f(x, u)]vdx

∣∣∣∣ ⩽ sup
∥v∥⩽1

∫
RN

∣∣f(x, un)− f(x, u)
∣∣|v|dx.

By the Hölder inequality

sup
∥v∥⩽1

∫
RN

|f(x, un)− f(x, u)||v|dx

⩽ sup
∥v∥⩽1

(∫
RN

|f(x, un)− f(x, u)|
p

p−1 dx

) p−1
p
(∫

RN

vpdx

) 1
p

→ 0,

as n → ∞. Hence, H ′ is continuous. This shows that (3.1) holds. Moreover, by a

standard argument, it is easy to show that the critical points of J in E are solutions

of problem (1.1). □
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Lemma 3.2. Assume that (V1), (V2), (f1), (f3), (f4) are satisfied. Then any (C)c−
sequence {un} of J is bounded in E.

Proof. We will use the contradiction method to prove the boundness of {un},
assume that ∥un∥ → ∞, as n → ∞. Let {un} ⊂ E be (C)c − sequence such that

(3.3) J(un) → c, (1 + ∥un∥)J ′(un) → 0,

then we have

(3.4) c+ 1 ⩾ J(un)−
1

4
⟨J ′(un), un⟩.

Setting vn := un

∥un∥ , then ∥vn∥=1. And assume that

vn ⇀ v in E,

vn → v in Lp(RN ), for 1 ⩽ p < 2∗λ,

vn(x) → v(x) a.e. x ∈ RN .

If v = 0, then vn → 0 in Lp(RN ), ∀p ∈ [1, 2∗λ), and vn(x) → 0 a.e. in RN . By (f4)

and (3.4), we have

c+ 1

∥un∥2
⩾

1

∥un∥2

(
J(un)−

1

4
⟨J ′(un), un⟩

)
=

1

∥un∥2

(
1

4
∥un∥2 +

∫
RN

1

4
f(x, un)un − F (x, un)dx

)
⩾

1

4
− β

∫
RN

u2
n

∥un∥2
dx =

1

4
− β

∫
RN

v2ndx,

(3.5)

as n → ∞, which implies 1
4 ⩽ 0. Thus, it is a contradiction.

If v ̸= 0. For 0 ⩽ δ0 < δ1, let An(δ0, δ1) = {x ∈ RN : δ0 ⩽ |un| < δ1}. Setting

B := {x ∈ RN : v(x) ̸= 0}. Thus, meas(B) > 0. For almost every x ∈ B, we have

limn→∞ |vn(x)| = ∞. Hence, B ⊂ An(r0,∞) for large n ∈ N, where r0 is given in

(f3). By (f3), we have

lim
n→∞

|F (x, un)|
∥un∥4

= lim
n→∞

|F (x, un)|
|un|4

|vn|4 = ∞.
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From Fatou’s Lemma, (3.2) and (3.3) we can get

0 = lim
n→∞

c+ o(1)

∥un∥4
= lim

n→∞

J(un)

∥un∥4

= lim
n→∞

1

∥un∥4

(
1

2
∥un∥2 +

b

4

(∫
RN

|∇λun|2dx
)2

−
∫
RN

F (x, un)dx

)

=
b

4
lim
n→∞

(
∫
RN |∇λun|2dx)2

∥un∥4
+ lim

n→∞

1

∥un∥4

(
1

2
∥un∥2

−
∫
An(0,r0)

F (x, un)dx−
∫
An(r0,+∞)

F (x, un)dx

)

⩽
b

4
+ lim

n→∞

(
1

2∥un∥2
−
∫
An(0,r0)

F (x, un)

|un|2
|vn|2

|un|2
|vn|2dx−

∫
An(r0,+∞)

F (x, un)

∥un∥4
dx

)(3.6)

⩽
b

4
+ lim sup

n→∞

[
1

2∥un∥2
+

(
C1

2
+

C2

p
rp−2
0

)
1

∥un∥2

∫
RN

|vn|2dx−
∫
An

F (x, un)

|un|4
|vn|4dx

]
⩽
b

4
+ C3 − lim inf

n→∞

∫
An

F (x, un)

|un|4
|vn|4dx = −∞,

which is a contradiction. Thus, {un} is bounded in E. □

Lemma 3.3. Assume that (V1), (V2), (f1) − (f3) and (f5) are satisfied. Then any

(C)c − sequence {un} of J is bounded in E.

Proof. The proof method is similar to Lemma 3.2, also assuming that ∥un∥ →
∞, as n → ∞. We may assume that vn ⇀ v in E, by Proposition 2.1, vn → v in

Lp(RN ) for 1 ⩽ p < 2∗λ, and vn(x) → v(x) a.e. x ∈ RN .

If v = 0, we define

J(tnun) = max
t∈[0,1]

J(tun).

For any K > 0, set vn =
√
4K un

∥un∥ =
√
4Kvn, then ∥vn∥2 = 4K. By (3.2) and

Proposition 2.1, we have∣∣∣∣∫
RN

F (x, vn)dx

∣∣∣∣ ⩽ C1

2

∫
RN

|vn|2dx+
C2

p

∫
RN

|vn|pdx → 0, n → ∞.

Therefore, for a sufficiently large n such that

(3.7) J(tnun) ⩾ J(vn) =
1

2
∥vn∥2 +

b

4

(∫
RN

|∇λvn|2dx
)2

−
∫
RN

F (x, vn)dx ⩾ K.
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Hence, by(f3), (f5), we obtain

J(un)−
1

4
⟨J ′(un), un⟩ =

1

4
∥un∥2 +

∫
RN

(
1

4
f(x, un)un − F (x, un)

)
dx

⩾
1

4
∥tnun∥2 +

∫
RN

(
1

4
f(x, tnun)tnun − F (x, tnun)

)
dx

=J(tnun)−
1

4
⟨J ′(tnun), tnun⟩ .

According to (3.7), which implies limn→∞ J(tnun) = ∞, and due to the choice

of tn we know ⟨J ′(tnun), tnun⟩ = 0. That is, J(un) − 1
4 ⟨J

′(un), un⟩ ⩾ ∞, which

contradicts with (3.4).

If v ̸= 0, contradictions can be obtained by similar argument as (3.6). The proof

is complete. □

Lemma 3.4. ([20]) Assume that p1, p2 > 1, r, q ⩾ 1 and Ω ⊆ R. Let g(x, t) be a

Carathéodory function on RN × R and satisfy

(3.8) |g(x, t)| ⩽ a1|t|(p1−1/r) + a2|t|(p2−1/r), ∀(x, t) ∈ RN × R,

where a1, a2 ⩾ 0. If un → u in Lp1(RN ) ∩ Lp2(RN ), un(x) → u(x) a.e. x ∈ RN ,

then for any v ∈ Lp1q(RN ) ∩ Lp2q(RN ),

(3.9) lim
n→∞

∫
RN

|g(x, un)− g(x, u)|r|v|qdx = 0.

Lemma 3.5. ([20]) Assume that p1, p2 > 1, r ⩾ 1 and Ω ⊆ R. Let g(x, t) be

a Carathéodory function on RN × R and satisfy (3.8). If un → u in Lp1(RN ) ∩
Lp2(RN ), un(x) → u(x) a.e. x ∈ RN , then

lim
n→∞

∫
RN

|g(x, un)− g(x, u)|r|un − u|dx = 0.(3.10)

Lemma 3.6. Assume that (V1), (V2), (f1), (f3) and (f4) or (f5) are satisfied. Then

any (C)c − sequence {un} has a convergent subsequence in E.

Proof. By the previous lemma, we know that {un} is bounded in E. Going if

necessary to a subsequence, we can suppose that un ⇀ u in E. By Proposition 2.1,

un → u in Lp(RN ) for 1 ⩽ p < 2∗λ, and together with by Lemma 3.5, one has

(3.11)
∫
RN

|f(x, un)− f(x, u)||un − u|dx → 0, n → ∞.
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Observe that,

⟨J ′(un)− J ′(u), un − u⟩ =∥un − u∥2 + b

(∫
RN

|∇λun|2dx
)∫

RN

∇λun∇λ(un − u)dx

− b

(∫
RN

|∇λu|2dx
)∫

RN

∇λu∇λ(un − u)dx

−
∫
RN

[
f(x, un)− f(x, u)

]
(un − u)dx

=∥un − u∥2 + b

(∫
RN

|∇λun|2dx
)∫

RN

∇λ|un − u|2dx(3.12)

− b

(∫
RN

|∇λu|2 −
∫
RN

|∇λun|2dx
)∫

RN

∇λu∇λ(un − u)dx

−
∫
RN

[
f(x, un)− f(x, u)

]
(un − u)dx

⩾∥un − u∥2 −
∫
RN

[
f(x, un)− f(x, u)

]
(un − u)dx

− b

(∫
RN

|∇λu|2 −
∫
RN

|∇λun|2dx
)∫

RN

∇λu∇λ(un − u)dx.

It is clear that,

∥un − u∥2 ⩽⟨J ′(un)− J ′(u), un − u⟩+
∫
RN

(f(x, un)− f(x, u))(un − u)dx

+ b

(∫
RN

|∇λu|2 −
∫
RN

|∇λun|2dx
)∫

RN

∇λu∇λ(un − u)dx.

(3.13)

By the definition of weak convergence, we have

(3.14) ⟨J ′(un)− J ′(u), un − u⟩ → 0, n → ∞.

Set E = {u ∈ L2(RN ) : ∇λu ∈ L2(RN )} with the norm ∥u∥E =
(∫

RN |∇λu|2dx
) 1

2 .

Then the embedding E ↪→ E is continuous. Hence, un ⇀ u in E. According to the

boundedness of {un} in E, one has

(3.15) b

(∫
RN

|∇λu|2 −
∫
RN

|∇λun|2dx
)∫

RN

∇λu∇λ(un − u)dx → 0, as n → ∞.

From the (3.11)-(3.15) we can get un → u in E, as n → ∞. □

Let {ej} is an orthonormal basis of E and define Xj = Rej ,

Yk = ⊕k
j=1Xj , Zk = ⊕∞

j=k+1Xj , k ∈ Z.

Lemma 3.7. Assume that (V1) and (V2) are satisfied. Then

βk := sup
u∈Zk,∥u∥=1

∥u∥p → 0, k → ∞, p ∈ [1, 2∗λ).

Proof. It is clear that 0 < βk+1 ⩽ βk, so that βk → β ⩾ 0, k → ∞. For

every k ∈ N, there exists uk ∈ Zk such that ∥uk∥2 > βk

2 and ∥uk∥ = 1. We denote
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v =
∑∞

j=1 cjej , for any v ∈ E by the Cauchy-Schwarz inequality, one has

|(uk, v)| =

∣∣∣∣∣∣
uk,

∞∑
j=1

cjej

∣∣∣∣∣∣ =
∣∣∣∣∣∣
uk,

∞∑
j=k

cjej

∣∣∣∣∣∣ ⩽ ∥uk∥

∥∥∥∥∥∥
∞∑
j=k

cjej

∥∥∥∥∥∥
⩽

 ∞∑
j=k

c2j

 1
2
 ∞∑

j=k

e2j

 1
2

=

 ∞∑
j=k

c2j

 1
2

→ 0, as k → ∞,

which implies that uk ⇀ 0 in E. By Proposition 2.1, we have uk → 0 in Lp(RN ).

Hence, letting k → ∞, we get β = 0. □

Lemma 3.8. Assume that (V1), (V2) and (f1) are satisfied, there exist constants

ρ, α ⩾ 0 such that Jλ|∂Bρ∩Zm
⩾ α.

Proof. By Lemma 3.7, we can choose an integer m ⩾ 1 such that

(3.16) ∥u∥22 ⩽
1

2C1
∥u∥2, ∥u∥pp ⩽

p

4C2
∥u∥p, ∀u ∈ Zm.

According to (2.4) (3.2) and (3.16), for u ∈ Zm, we have

J(u) =
1

2
∥u∥2 + b

4

(∫
RN

|∇λu|2dx
)2

−
∫
RN

F (x, u)dx

⩾
1

2
∥u∥2 −

∫
RN

F (x, u)dx ⩾
1

2
∥u∥2 − C1

2
∥u∥22 −

C2

p
∥u∥pp

⩾
1

4
(∥u∥2 − ∥u∥p) = 2p−2 − 1

2p+2
:= α ⩾ 0,

choosing ρ = ∥u∥ = 1
2 . □

Lemma 3.9. Assume that (V1), (V2), (f1) and (f3) are satisfied. Then for any

finite dimensional subspace E ⊂ E, there is R = R(E) > 0 such that

J(u) ⩽ 0, ∀u ∈ E ∖BR.

Proof. For any E ⊂ E, there is a positive integral number m such that E ⊂ Em.

Since all norms are equivalent in finite dimensional space, there is a constant η > 0

such that

(3.17) ∥u∥4 ⩾ η∥u∥, ∀u ∈ Em.

By (f1) and (f3), one has

(3.18) F (x, u) ⩾ δ|u|4 − Cδ|u|2, ∀(x, u) ∈ RN × R,

for any δ > b
4C4

4
and constant Cδ > 0. Hence, by (3.17) and (3.18), we have

J(u) ⩽
1

2
∥u∥2+ b

4
∥u∥4−δ∥u∥44+Cδ∥u∥22 ⩽

(
1

2
+ CδC

2
2

)
∥u∥2−

(
δC4

4 − b

4

)
∥u∥4,∀u ∈ Em.

Hence, there is a large R = R(E) > 0 such that J(u) ⩽ 0 for all u ∈ E ∖BR. □
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Proof of Theorem 1.1. Let X = E, Y = Ym and Z = Zm. Obviously, J(0) = 0 and

(f2) implies J is even. By Lemmas 3.2, 3.6, 3.8 and 3.9, all conditions of Theorem

2.1 are satisfied. Thus, problem (1.1) possesses infinitely many nontrivial sequence

solutions {uk} such that J(uk) → ∞ as k → ∞. □

Proof of Theorem 1.2. Let X = E, Y = Ym and Z = Zm. Obviously, J(0) = 0 and

(f2) implies J is even. By Lemmas 3.3, 3.6, 3.8 and 3.9, all conditions of Theorem

2.1 are satisfied. Thus, problem (1.1) possesses infinitely many nontrivial sequence

solutions {uk} such that J(uk) → ∞ as k → ∞. □

4. The sublinear case

Lemma 4.1. Assume that (V1),(V2),(f2), (f6),(f7) are satisfied. Then the J satisfies

the (PS)-condition.

Proof. Obviously, from (V1), (f6), we know the functional J ∈ C1 and also have

the derivative functional (3.1). According to the (f6), one has

(4.1) |F (x, u)| ⩽ |u|q1 + |u|q2 , ∀(x, u) ∈ RN × R.

From the above formula, for 1 < q1 < q2 < 2, we can get

J(u) =
1

2
∥u∥2 + b

4

(∫
RN

|∇λu|2dx
)2

−
∫
RN

F (x, u)dx

⩾
1

2
∥u∥2 −

∫
RN

F (x, u)dx ⩾
1

2
∥u∥2 −

∫
RN

(
|u|q1 + |u|q2

)
dx

⩾
1

2
∥u∥2 − C ′

1 (∥u∥q1 + ∥u∥q2) → ∞.

(4.2)

as ∥u∥ → ∞. Hence J is bounded from below. Next we show that J satisfies (PS)-

condition. Suppose that {un}n∈N ⊂ E is (PS)-sequence. Therefore, according to

(2.1), there exist a constant η > 0, such that

(4.3) ∥u∥2 ⩽ C2∥u∥ < η.

By Proposition 2.1 let a subsequence still denoted by {un}, such that

un ⇀ u in E,

un → u in Lp(RN ), for 1 ⩽ p < 2∗λ.
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It follows from (f6) that∫
RN

∣∣f(x, un)− f(x, u)
∣∣∣∣un − u

∣∣dx
⩽
∫
RN

∣∣∣∣q1(|un|q1−1 − |u|q1−1) + q2(|un|q2−1 − |u|q2−1)

∣∣∣∣∣∣∣∣un − u

∣∣∣∣dx
⩽q1

(∫
RN

|un − u|q1dx
) 1

q1

[(∫
RN

|un|q1dx
) q1−1

q1

−
(∫

RN

|u|q1dx
) q1−1

q1

](4.4)

+ q2

(∫
RN

|un − u|q2dx
) 1

q2

[(∫
RN

|un|q2dx
) q2−1

q2

−
(∫

RN

|u|q2dx
) q2−1

q2

]
→ 0,

as n → ∞. According to (3.12), we know

∥un − u∥2 ⩽⟨J ′(un)− J ′(u), un − u⟩+
∫
RN

(f(x, un)− f(x, u))(un − u)dx

+ b

(∫
RN

|∇λu|2 −
∫
RN

|∇λun|2dx
)∫

RN

∇λu∇λ(un − u)dx.

(4.5)

It follow from (3.14), (3.15), (4.4) and (4.5), we have ∥un − u∥ → 0, as n → ∞. □

Proof of Theorem 1.3. We take n disjoint open sets B̃i for any n ∈ N, such that⋃n
i=1 B̃i ⊂ B̃. Let ui ∈

(
W 1,2

0 (B̃i)
⋂
E
)
∖ {0} and ∥ui∥E = 1, i = 1, 2, ..., n, and

Λ1 = span{u1, u2, · · · , un}, Λ2 = {u ∈ Λ1 : ∥u∥E = 1}.

For any u ∈ Λ1, there exist τi ∈ R, i = 1, 2, ..., n such that

(4.6) u(x) =

n∑
i=1

τiui(x), x ∈ RN .

Hence,

∥u∥q3 =

(∫
RN

|u|q3dx
) 1

q3

=

(∫
RN

∣∣∣∣∣
n∑

i=1

τiui(x)

∣∣∣∣∣
q3

dx

) 1
q3

=

(
n∑

i=1

|τi|q3
∫
B̃i

|ui(x)|q3dx

) 1
q3

,(4.7)

and

∥u∥2 =

∫
RN

(a|∇λu|2 + V (x)u2)dx =

n∑
i=1

τ2i

∫
B̃i

(a|∇λui|2 + V (x)u2
i )dx

=

n∑
i=1

τ2i ∥ui∥2 =

n∑
i=1

τ2i ,

(4.8)

which together with (4.7) implies there exists a constant κ > 0 such that

(4.9) κ∥u∥ ⩽ ∥u∥q3 , u ∈ Λ1.

61



J. CHEN, L. LI, SH. CHEN

It follows from (4.6) − (4.9) and (f7), we have

J(tu) = t2∥u∥2 + bt4

4

(∫
RN

|∇λu|2dx
)2

−
∫
RN

F (x, tu)dx

⩽ t2∥u∥2 + bt4

4
∥u∥4 −

n∑
i=1

∫
B̃i

F (x, tτiui)dx

⩽ t2∥u∥2 + bt4

4
∥u∥4 − ξtq3

n∑
i=1

|τi|q3
∫
B̃i

|ui|q3dx

= t2∥u∥2 + bt4

4
∥u∥4 − ξtq3∥u∥q3q3

⩽ t2∥u∥2 + bt4

4
∥u∥4 − ξ(tκ)q3∥u∥q3

= t2 +
bt4

4
− ξ(tκ)q3 := −σ, u ∈ Λ2.

Hence, there exist 0 < t < 1 and σ > 0 such that J(tu) < −σ, u ∈ Λ2. Let

Λ′
2 = {tu : u ∈ Λ2}, B̃ =

{
(τ1, τ2, · · · , τn) ∈ Rn :

n∑
i=1

τ2i < t2

}
.

Therefore J(u) < −σ, u ∈ Λ′
2. And by (f2), we know J is even and J(0) = 0, can

deduce Λ′
2 ⊂ J−σ ∈ Σ. Also, in view of (4.6), (4.8), there exist an odd mapping

φ ∈ C(Λ′
2, ∂B̃). By properties of the genus, we obtain that

(4.10) γ(J−σ) ⩾ γ(Λ′
2) = n.

Hence, we get for any n ∈ N, there exists σ > 0 such that γ(J−σ) ⩾ n. Now let

cn = inf
A∈Σn

sup
u∈A

J(u).

In view of J is bounded below on E and (4.10), one has

(4.11) −∞ < cn < −σ < 0.

In other words, for any n ∈ N, cn is negative real number. Thus, we can apply the

Theorem 2.2 to get that problem (1.1) has infinitely many solutions.

□
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[5] L. Hörmander, “Hypoelliptic second order differential equations”. Acta Math., 119, 147 -–
171 (1967).

62



INFINITELY MANY SOLUTIONS FOR KIRCHHOFF TYPE ...

[6] Y.-T. Jing and Z.-L. Liu, “Elliptic Systems with a Partially Sublinear Local Term”, Math.
Study, 48 (3), 290 – 305 (2015).

[7] A. E. Kogoj and E. Lanconelli, “On semilinear ∆λ-Laplace equation”, Nonlinear Anal., 75
(12), 4637 – 4649 (2012).

[8] A. E. Kogoj and S. Sonner, “Attractors for a class of semi-linear degenerate parabolic
equations”, J. Evol. Equ., 13(3), 675 – 691 (2013).

[9] A. E. Kogoj and S. Sonner, “Attractors met X-elliptic operators”, Math. Anal. Appl., 420
(1), 407 – 434 (2014).

[10] E. Lanconelli, A.E. Kogoj, “X-elliptic operators and X-control distances”, Contributions in
honor of the memory of Ennio De Giorgi (Italian), Ricerche Mat., 49, suppl., 223 -– 243
(2000).

[11] P.-L. Lions, “Symetrie et compacite dans les espaces de Sobolev”, J. Funct. Anal., 49 (3), 315
– 334 (1982).

[12] Z. Liu and Z.-Q. Wang, “On Clark’s theorem and its applications to partially sublinear
problems”, Ann. Inst. Henri Poincare (C) Anal. Non Lineaire, 32 (5), 1015 – 1037 (2015).

[13] D. T. Luyen, “Two nontrivial solutions of boundary-value problems for semilinear ∆γ -
differential equations”, Math. Notes, 101 (5-6), 815 – 823 (2017).

[14] D. T. Luyen, D. T. Huong, and L. T. H. Hanh, “Existence of Infinitely Many Solutions for
∆γ -Laplace Problems”, Math. Notes, 103 (5), 724 – 736 (2018).

[15] D. T. Luyen and N. M. Tri, “Existence of infinitely many solutions for semilinear degenerate
Schrödinger equations”, J. Math. Anal. Appl., 461 (2), 1271 – 1286 (2018).

[16] A. Mao and Z. Zhang, “Sign-changing and multiple solutions of Kirchhoff type problems
without the P.S. condition”, Nonlinear Anal., 70 (3), 1275 – 1287 (2009).

[17] P. H. Rabinowitz, “On a class of nonlinear Schrödinger equations”, Z. Angew. Math. Phys.,
43 (2), 270 -– 291 (1992).

[18] P. H. Rabinowitz, Minimax Methods in Critical Point Theory With Applications to
Differential Equations”, 65, American Mathematical Soc. (1986).

[19] B. Rahal and M. K. Hamdani, “Infinitely many solutions for ∆α-Laplace equations with
sign-changing potential”, J. Fixed Point Theory Appl., 20 (4), 137 (2018).

[20] X. Tang, “Infinitely many solutions for semilinear Schrödinger equations with sign-changing
potential and nonlinearity”, J. Math. Anal. Appl., 401 (1), 407 – 415 (2013).

[21] J. Zhang, X. Tang, and W. Zhang, “Existence of multiple solutions of Kirchhoff type equation
with sign-changing potential”, Appl. Math. Comput., 242, 491 – 499 (2014).

Поступила 23 июня 2021

После доработки 25 августа 2021

Принята к публикации 26 сентября 2021

63



Известия НАН Армении, Математика, том 57, н. 4, 2022, стр. 64 – 76.

INTEGRAL INEQUALITIES FOR THE GROWTH AND HIGHER
DERIVATIVE OF POLYNOMIALS

N. A. RATHER, A. BHAT, M. SHAFI

Department of Mathematics, University of Kashmir, Srinagar, India
E-mails: dr.narather@gmail.com; aijazb824@gmail.com; wanishafi1933@gmail.com

Abstract. Let P (z) be a polynomial of degree n which does not vanish in |z| ⩽ 1, it was
proved by S. Gulzar [Anal Math 42, 339-352 (2016). https://doi.org/10.1007/s10476-016-0403-7]
that∥∥∥∥zsP (s)(z) + β

n(n− 1)...(n− s+ 1)

2s
P (z)

∥∥∥∥
p

⩽ n(n− 1)...(n− s+ 1)

∥∥∥∥(1 +
β

2s

)
z +

β

2s

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

for every β ∈ C with |β| ⩽ 1, 1 ⩽ s ⩽ n and 0 ⩽ p < ∞. In this paper we extend the above
result to the growth of polynomials and also generalize the above and other related results in this
direction.

MSC2020 numbers: 30C15; 26D10; 41A17.
Keywords: polynomials; integral inequalities; complex domian.

1. Introduction

Let Pn denote the space of all polynomials of degree at most n over the field of

complex numbers. The subject of inequalities for polynomials and related classes

of functions plays an important and crucial role in obtaining inverse theorems in

Approximation Theory. The extremal problems of analytic functions and the results

were some approaches to obtaining the classical inequalities are developed on using

various methods of the geometric function theory are known for various norms and

for many classes of functions such as polynomials with various constraints and in

various regions of the complex plane. A classical result due to Bernstein [4] is that,

for two polynomials P (z) and T (z) with degree of P (z) not exceeding that of T (z)

and T (z) ̸= 0 for |z| > 1, the inequality |P (z)| ⩽ |T (z)| on the unit circle |z| = 1

implies the inequality of their derivatives |P ′(z)| ⩽ |T ′(z)| on |z| = 1. In particular,

for T (z) = zn max|z|=1 |P (z)| gives a famous Bernstein inequality namely, if P (z)

is a polynomial of degree n then

max
|z|=1

|P ′(z)| ⩽ nmax
|z|=1

|P (z)|.(1.1)

On the other hand, concerning the growth of polynomials we have for P ∈ Pn

and Q(z) = znP ( 1z ), then |Q(z)| = |P (z)| for |z| = 1. This implies |Q(z)| ⩽

max|z|=1 |P (z)| for |z| = 1. This further implies, by using maximum modulus
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theorem, that |Q(z)| ⩽ max|z|=1 |P (z)| for |z| ⩽ 1 or equivalently |znP ( 1z )| ⩽

max|z|=1 |P (z)|. If we take z = eiθ/R where θ ∈ [0, 2π) and R ⩾ 1, we get

|(einθ/Rn)P (Reiθ)| ⩽ max|z|=1 |P (z)|. Hence, the growth estimate for |P (z)| over

a large cricle |z| = R in comparsion with its maximum modulus over the unit circle

|z| = 1 is given by

max
|z|=R

|P (z)| ⩽ Rn max
|z|=1

|P (z)|, R > 1.(1.2)

These inequalities (1.1) and (1.2) are related with each other and have been the

starting point of a considerable literature in polynomial approximations and these

inequalities were generalized and extended in several directions, in different norms

and for different classes of functions.

Define the standard Hardy space norm for P ∈ Pn by

∥P∥p =

(
1

2π

2π∫
0

|P (eiθ)|pdθ
)1/p

, 0 < p <∞;

and the Mahler measure by

∥P∥0 = exp

(
1

2π

2π∫
0

log |P (eiθ)|dθ
)
.

It is well known that limp→0+ ∥P∥p = ∥P∥0. We also note that the supremum norm

of the space H∞ satisfies ∥P∥∞ := limp→∞ ∥P∥p = max|z|=1 |P (z)|.
If P ∈ Pn, then

∥P ′(z)∥p ⩽ n ∥P (z)∥p , p ⩾ 1,(1.3)

and for R ⩾ 1

∥P (Rz)∥p ⩽ Rn ∥P (z)∥p , p > 0.(1.4)

The inequality (1.3) is due to Zygmund [16], whereas the inequality (1.4) is a simple

consequences of a result due to Hardy [8]. Arestov [2] verified that (1.3) remains

true for 0 ⩽ p < 1 as well. Also inequalities (1.3) and (1.4) are further generalized

by Aziz and Rather [3] as∥∥∥zP ′(z) + β
n

2
P (z)

∥∥∥
p
⩽ n

∣∣∣∣1 + β

2

∣∣∣∣ ∥P (z)∥p , p > 0,(1.5)

and ∥∥∥∥P (Rz) + β

(
R+ 1

2

)n

P (z)

∥∥∥∥
p

⩽

∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣ ∥P (z)∥p , p > 0,(1.6)

respectively for every β ∈ C with |β| ⩽ 1 and R ⩾ 1. For p = ∞, inequalities (1.5)

and (1.6) are due to Jain [10].
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The inequalities (1.3) and (1.4) can be sharpened if we restrict ourselves to the

class of polynomials having no zeros in |z| < 1. In fact if P (z) ̸= 0 for |z| < 1, the

inequality (1.3) can be replaced by

∥P ′(z)∥p ⩽ n
∥P (z)∥p
∥1 + z∥p

, 0 ⩽ p ⩽ ∞,(1.7)

whereas the inequality (1.4) can be replaced by

∥P (Rz)∥p ⩽ n
∥1 +Rnz∥p
∥1 + z∥p

∥P (z)∥p , 0 ⩽ p ⩽ ∞.(1.8)

For p ⩾ 1, inequality (1.7) is due to de Brujin [6] and inequality (1.8) is due to

Boas and Rahman. Rahman and Schmeisser [14] extended both for 0 ⩽ p < 1. For

p = ∞, inequality (1.7) was conjectured by Erdös and later verified by Lax [12] and

inequality (1.8) by Ankeny and Rivlin [1]. Inequalities (1.7) and (1.8) are further

generalized by Aziz and Rather [[3] corollary 5, 6] as∥∥∥zP ′(z) + β
n

2
P (z)

∥∥∥
p
⩽ n

∥∥∥∥(1 + β

2

)
z +

β

2

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

, p > 0,(1.9)

and ∥∥∥∥P (Rz) + β

(
R+ 1

2

)n

P (z)

∥∥∥∥
p

⩽

∥∥∥∥(Rn + β

(
R+ 1

2

)n)
z + 1 + β

(
R+ 1

2

)n∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

, p > 0,(1.10)

respectively for every β ∈ C with |β| ⩽ 1 and R ⩾ 1. For p = ∞, inequalities (1.9)

and (1.10) are due to Jain [10] which were further generalized by Hans and Lal [9]

for sth derivative of polynomials. Recently S. Gulzar [7] obtained an Lp version of

Hans and Lal [9] results and proved following theorems:

Theorem A. If P ∈ Pn, then for β ∈ C with |β| ⩽ 1, 1 ⩽ s ⩽ n, and 0 ⩽ p <∞∥∥∥zsP (s)(z) + β
ns
2s
P (z)

∥∥∥
p
⩽ ns

∣∣∣∣1 + β

2s

∣∣∣∣ ∥P (z)∥p ,(1.11)

where ns = n(n− 1)(n− 2) . . . (n− s+ 1).

Theorem B. If P ∈ Pn and P (z) does not vanish in |z| ⩽ 1, then for β ∈ C with

|β| ⩽ 1, 1 ⩽ s ⩽ n, and 0 ⩽ p <∞∥∥∥zsP (s)(z) + β
ns
2s
P (z)

∥∥∥
p
⩽ ns

∥∥∥∥(1 + β

2s

)
z +

β

2s

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

,(1.12)

where ns = n(n− 1)(n− 2) . . . (n− s+ 1).

2. Main results

In this paper, we first present the following interesting result which is compact

generalization of inequalities (1.3) – (1.6) and (1.11).
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Theorem 2.1. If P ∈ Pn, then for β ∈ C with |β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1 , and

0 ⩽ p <∞ ∥∥∥∥zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

∥∥∥∥
p

⩽ s!C(n, s)

∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣ ∥P (z)∥p .(2.1)

The result is best possible and equality in (2.1) holds for P (z) = czn, c ̸= 0.

For taking R = 1 in (2.1) we obtain (1.11). The following result is obtained by

letting p→ ∞ in (2.1).

Corollary 2.1. If P ∈ Pn, then for β ∈ C with |β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1, and

0 ⩽ p <∞ ∥∥∥∥zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

∥∥∥∥
∞

⩽ s!C(n, s)

∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣ ∥P (z)∥∞ .(2.2)

The result is best possible and equality holds for P (z) = czn, c ̸= 0.

Taking β = 0 in (2.1), we get the following compact generalization of inequalities

of (1.3) and (1.4).

Corollary 2.2. If P ∈ Pn, then for 0 ⩽ s ⩽ n, R ⩾ 1, and 0 ⩽ p <∞∥∥∥zsP (s)(Rz)
∥∥∥
p
⩽ s!C(n, s)Rn−s ∥P (z)∥p .(2.3)

For taking both s = 1 and R = 1 in (2.3), we get inequality (1.3) and for taking

s = 0, inequality (2.3) reduces to (1.4).

Remark 1. Inequality (1.5) can be obtained by putting s = 1 and R = 1 in (2.1)

and for s = 0, inequality (2.1) reduces to (1.6).

Next, we present the following compact generalization of the inequalities (1.7), (1.8),

(1.9), (1.10) and (1.12).

Theorem 2.2. If P ∈ Pn and P (z) does not vanish in |z| ⩽ 1, then for β ∈ C with

|β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1, and 0 ⩽ p <∞

∥∥∥∥zsP (s)(Rz) + (R+ 1)n−sβ
s!C(n, s)

2n
P (z)

∥∥∥∥
p

(2.4)

⩽ s!C(n, s)

∥∥∥∥(Rn−s + (R+ 1)n−s β

2n

)
z +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

.

The result is best possible and equality in (2.4) holds for P (z) = azn + b, |a| =
|b| = 1.
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Remark 2. By letting p → ∞ in (2.4), we obtain a result due to Jain [[11],

Theorem 3]. Inequality (1.12) can be obtained by putting R = 1 in (2.4).

The following is compact generalization of inequalities (1.7) and (1.8) is obtained

by putting β = 0 in (2.4).

Corollary 2.3. If P ∈ Pn and P (z) does not vanish in |z| ⩽ 1, then for 0 ⩽ s ⩽ n,

R ⩾ 1 , and 0 ⩽ p <∞∥∥∥zsP (s)(Rz)
∥∥∥
p
⩽ s!C(n, s)

∥∥∥∥Rn−sz +
ds(1)

dzs

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

.(2.5)

For s = 1 and R = 1, inequality (2.5) reduces to (1.7) and inequality (1.8) is

obtained by putting s = 0 in (2.5). Also for s = 1 and R = 1 in (2.4), we obtain

(1.9) and inequality (1.10) can be obtained by putting s = 0 in (2.4).

Finally, we establish the following result for self-inversive polynomials.

Theorem 2.3. If P ∈ Pn and P (z) is a self-inversive polynomial, then for β ∈ C
with |β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1, and 0 ⩽ p <∞

∥∥∥∥zsP (s)(Rz) + (R+ 1)n−sβ
s!C(n, s)

2n
P (z)

∥∥∥∥
p

(2.6)

⩽ s!C(n, s)

∥∥∥∥(Rn−s + (R+ 1)n−s β

2n

)
z +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∥∥∥∥
p

∥P (z)∥p
∥1 + z∥p

.

If we let p→ ∞ in (2.6) , we obtain the following result:

Corollary 2.4. If P ∈ Pn and P (z) is a self-inversive polynomial, then for R ⩾ 1,

and β ∈ C with |β| ⩽ 1

∥∥∥∥zsP (s)(Rz) + (R+ 1)n−sβ
s!C(n, s)

2n
P (z)

∥∥∥∥
∞

(2.7)

⩽
s!C(n, s)

2

{∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣+ ∣∣∣∣ds(1)dzs
+ (R+ 1)n−s β

2n

∣∣∣∣} ∥P (z)∥∞ .

3. Lemmas

For the proof of these theorems, we need the following lemmas. The first lemma

is the following well known-result ([[13] Theorem 14.1.2 and its proof , corollary

12.1.3] and [[6] Theorem 1 and its proof]).

Lemma 3.1. Let F ∈ Pn and let P be a polynomial of degree at most n, such that

|P (z)| ⩽ |F (z)| for |z| = 1. If F (z) ̸= 0 for |z| < 1 (resp. |z| > 1) and for every

z ∈ C and every α, P (z) ̸= eiαF (z), then

(i) |P (z)| ⩽ |F (z)| for |z| < 1 (resp. |z| > 1),
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(ii) F (z) + βP (z) ̸= 0 for |z| < 1 (resp. |z| > 1) and β ∈ C with |β| ⩽ 1 and

(iii)P (z) + λF (z) ̸= 0 for |z| < 1 (resp. |z| > 1) and λ ∈ C with |λ| ⩾ 1.

Lemma 3.2. If P ∈ Pn and P (z) have all its zeros in |z| ⩽ 1, then for every

R > 1, and |z| = 1,

|P (Rz)| ⩾
(
R+ 1

2

)n

|P (z)| .

Proof. Since all the zeros of P (z) lie in |z| ⩽ 1, we write

P (z) = c

n∏
j=1

(
z − rje

iθj
)
,

where rj ⩽ 1. Now for 0 ⩽ θ < 2π, R > 1, we have∣∣∣∣Reiθ − rje
iθj

eiθ − rjeiθj

∣∣∣∣ =
{
R2 + r2j − 2Rrj cos(θ − θj)

1 + r2j − 2rj cos(θ − θj)

}1/2

⩾

{
R+ rj
1 + rj

}
⩾

{
R+ 1

2

}
, for j = 1, 2, · · · , n.

Hence ∣∣∣∣P (Reiθ)P (eiθ)

∣∣∣∣ = n∏
j=1

∣∣∣∣Reiθ − rje
iθj

eiθ − rjeiθj

∣∣∣∣ ⩾ n∏
j=1

(
R+ 1

2

)
=

(
R+ 1

2

)n

for 0 ⩽ θ < 2π. This implies for |z| = 1 and R > 1,

|P (Rz)| ⩾
(
R+ 1

2

)n

|P (z)| ,

which completes the proof of Lemma 3.2. □

By applying lemma 3.2 to the polynomial P s(z), (1 ⩽ s ⩽ n), we obtain

Lemma 3.3. If P ∈ Pn and P (z) have all its zeros in |z| ⩽ 1, then for 1 ⩽ s ⩽ n∣∣∣P (s)(Rz)
∣∣∣ ⩾ (

R+ 1

2

)n−s ∣∣∣P (s)(z)
∣∣∣ , R ⩾ 1 and |z| = 1.

Lemma 3.4. If P ∈ Pn and P (z) have all its zeros in |z| ⩽ 1, then for 0 ⩽ s ⩽ n,

|zsP (s)(z)| ⩾ s!C(n, s)

2s
|P (z)|, R ⩾ 1 and |z| = 1.

The above lemma is simply consequences of repeated application of Turán theorem

[15].

Lemma 3.4 along with lemma (3.3) leads to following lemma:

Lemma 3.5. If P ∈ Pn and P (z) have all its zeros in |z| ⩽ 1, then for 0 ⩽ s ⩽ n,

|zsP (s)(Rz)| ⩾ (R+ 1)n−s s!C(n, s)

2n
|P (z)|, R ⩾ 1 and |z| = 1,

and for every β ∈ C with |β| ⩽ 1, the zeros of polynomial

zsP (s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n P (z)

69



N. A. RATHER, A. BHAT, M. SHAFI

lies in |z| ⩽ 1.

The second part of above lemma is the consequences of lemma 3.1.

The next lemma is due to Jain [11].

Lemma 3.6. Let F (z) be a polynomial of degree n having all its zeros in |z| ⩽ 1

and P (z) be a polynomial of degree not exceeding that of F (z) such that

|P (z)| ⩽ |F (z)|, |z| = 1,

then for R ⩾ 1, 0 ⩽ s ⩽ n, and |β| ⩽ 1∣∣∣zsP (s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n P (z)

∣∣∣ ⩽∣∣∣zsF (s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n F (z)

∣∣∣ for |z| ⩾ 1.

The next lemma follows immediately from lemma 3.6 by taking F (z) = Q(z)

where Q(z) = znP (1/z).

Lemma 3.7. If P ∈ Pn and P (z) does not vanish in |z| < 1, then for every β ∈ C
with |β| ⩽ 1, 0 ⩽ s ⩽ n, and R ⩾ 1∣∣∣∣zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

∣∣∣∣(3.1)

⩽

∣∣∣∣zsQ(s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
Q(z)

∣∣∣∣ for |z| ⩾ 1,

where Q(z) = znP (1/z).

Lemma 3.8. If P ∈ Pn and P (z) does not vanish in |z| < 1 and Q(z) = znP (1/z),

then for every β ∈ C with |β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1, and α real(
zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

)
eiα + znM(1/z) ̸= 0 for |z| < 1,

where M(z) = zsQ(s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n Q(z).

Proof. Since P (z) =
∑n

j=0 ajz
j does not vanish in |z| < 1, therefore by lemma

3.7 for every β ∈ C with |β| ⩽ 1 and |z| = 1, we have∣∣∣∣zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

∣∣∣∣ ⩽ ∣∣∣∣zsQ(s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
Q(z)

∣∣∣∣
= |M(z)| = |znM(1/z)|.

Since P (0) ̸= 0 implies degQ(z) = n. Moreover Q(z) ̸= 0 for |z| > 1 and then

lemma 3.5 implies that M(z) ̸= 0 for |z| > 1. Therefore znM(1/z) ̸= 0 for |z| < 1.

Then by lemma 3.1 for |z| < 1(
zsP (s)(Rz) + β(R+ 1)n−s s!C(n,s)

2n P (z)
)
eiα + znM(1/z) ̸= 0. □
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Next we describe a result of Arestov [2].

For δ = (δ0, δ1, · · · , δn) ∈ Cn+1 and P (z) =
∑n

j=0 ajz
j ∈ Pn, we define

ΛδP (z) =

n∑
j=0

δjajz
j .

The operator Λδ is said to be admissible if it preserves one of the following properties:

(i) P (z) has all its zeros in {z ∈ C : |z| ⩽ 1} ,
(ii) P (z) has all its zeros in{z ∈ C : |z| ⩾ 1} .
The result of Arestov [2] may now be stated as follows.

Lemma 3.9. [2, Theorem 4] Let ϕ(x) = ψ(logx) where ψ is a convex non decreasing

function on R. Then for all P ∈ Pn and each admissible operator Λδ,∫ 2π

0

ϕ(|ΛδP (e
iθ)|)dθ ⩽

∫ 2π

0

ϕ(A(δ, n)|P (eiθ)|)dθ,

where A(δ, n) = max(|δ0|, |δn|).

In particular, Lemma 3.9 applies with ϕ : x→ xp for every p ∈ (0,∞). Therefore,

we have

(3.2)
{∫ 2π

0

(|ΛδP (e
iθ)|p)dθ

}1/p

⩽ A(δ, n)

{∫ 2π

0

|P (eiθ)|pdθ
}1/p

.

From lemma 3.9, we deduce the following result:

Lemma 3.10. If P ∈ Pn and P (z) does not vanish in |z| < 1 and Q(z) =

znP (1/z), then for every β ∈ C with |β| ⩽ 1, 0 ⩽ s ⩽ n, R ⩾ 1, α real, and

p > 0,∫ 2π

0

∣∣∣∣(eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
P (eiθ)

)
eiα + einθM(eiθ)

∣∣∣∣p dθ

⩽ (s!C(n, s))p
∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p
2π∫
0

|P (eiθ)|pdθ,

(3.3)

where M(z) = zsQ(s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n Q(z).

Proof. Since P (z) =
n∑

j=o

ajz
j does not vanish in |z| < 1. Therefore by lemma

3.8, the polynomial

ΛδP (z) =

(
zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

)
eiα + znM(1/z)

= s!C(n, s)

{(
Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

}
anz

n+

...+ s!C(n, s)

{(
ds(1)

dzs
+ (R+ 1)n−s β

2n

)
eiα +Rn−s + (R+ 1)n−s β

2n

}
a0
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does not vanish in |z| < 1 for every β ∈ C with |β| ⩽ 1 and α real. Therefore

Λδ is an admissible operator. Applying (3.2) we get desired result for p > 0. This

completes the proof of lemma 3.10. □

4. Proofs of the theorems

Proof of Theorem 2.1. By hypothesis P ∈ Pn, we can write

P (z) = P1(z)P2(z) =

k∏
j=1

(z − zj)

n∏
j=k+1

(z − zj), k ⩾ 1,

where the zeros z1, z2, . . . , zk of P1(z) lie in |z| ⩽ 1 and the zeros zk+1, zk+2, . . . , zn

of P2(z) lie in |z| > 1. Since all the zeros of P2(z) lie in |z| > 1, the polynomial

Q2(z) = zn−kP2(1/z) has all its zeroes in |z| < 1 and |Q2(z)| = |P2(z)| for |z| = 1.

Now consider the polynomial

T (z) = P1(z)Q2(z) =

k∏
j=1

(z − zj)

n∏
j=k+1

(1− zzj),

then all the zeros of T (z) lie in |z| ⩽ 1, and for |z| = 1,

|T (z)| = |P1(z)| |Q2(z)| = |P1(z)| |P2(z)| = |P (z)| .

Now on applying lemma 3.6 we get for R ⩾ 1, 0 ⩽ s ⩽ n, and |β| ⩽ 1∣∣∣∣zsP (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
P (z)

∣∣∣∣
⩽

∣∣∣∣zsT (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
T (z)

∣∣∣∣ for |z| ⩾ 1,

which in particular gives for p > 0,

2π∫
0

∣∣∣∣eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
P (eiθ)

∣∣∣∣p dθ(4.1)

⩽

2π∫
0

∣∣∣∣eisθT (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
T (eiθ)

∣∣∣∣p dθ.
Since all the zeros of T (z) lies in |z| ⩽ 1, by lemma 3.5 the polynomial

zsT (s)(Rz) + β(R+ 1)n−s s!C(n,s)
2n T (z),
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has also all its zeros in |z| ⩽ 1 for every β ∈ C with |β| ⩽ 1. Therefore if T (z) =

cnz
n + cn−1z

n−1 + ...+ c1z + c0, then the operator Λδ defined by

ΛδT (z) = zsT (s)(Rz) + β(R+ 1)n−s s!C(n, s)

2n
T (z)

= s!C(n, s)

(
Rn−s + (R+ 1)n−s β

2n

)
cnz

n + ...

+ s!C(n, s)

(
ds(1)

dzs
+ (R+ 1)n−s β

2n

)
c0,

is admissible. Hence by (3.2) of lemma 3.9 for each p > 0, we have

(4.2)
2π∫
0

∣∣∣∣eisθT (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
T (eiθ)

∣∣∣∣p dθ ⩽ (c(δ))p
2π∫
0

|T (eiθ)|pdθ,

where c(δ) = max
(
s!C(n, s)

∣∣Rn−s + (R+ 1)n−s β
2n

∣∣, s!C(n, s)
∣∣ds(1)

dzs + (R+ 1)n−s β
2n

∣∣).

For every β ∈ C with |β| ⩽ 1 and R ⩾ 1, it can be easily verified that c(δ) =

s!C(n, s)
∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣. Thus from (4.2), we have

2π∫
0

∣∣∣∣eisθT (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
T (eiθ)

∣∣∣∣p dθ(4.3)

⩽ (s!C(n, s))p
∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣p
2π∫
0

|T (eiθ)|pdθ.

Combining inequalities (4.1) and (4.3) and noting that |T (eiθ)| = |P (eiθ)|, we obtain

2π∫
0

∣∣∣∣eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
P (eiθ)

∣∣∣∣p dθ
⩽ (s!C(n, s))p

∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣p
2π∫
0

|P (eiθ)|pdθ.

This proves theorem (2.1) for p > 0. To obtain this result for p = 0, we simply

make p→ 0+. □

Proof of Theorem 2.2. By hypothesis P (z) does not vanish in z < 1, therefore

by lemma 3.6 for every β ∈ C with |β| ⩽ 1 and 0 ⩽ θ ⩽ 2π∣∣∣∣eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
P (eiθ)

∣∣∣∣(4.4)

⩽

∣∣∣∣eisθQ(s)(Reiθ) + β(R+ 1)n−s s!C(n, s)

2n
Q(eiθ)

∣∣∣∣ ,
73



N. A. RATHER, A. BHAT, M. SHAFI

where Q(z) = znP (1/z). Also by lemma 3.10,

2π∫
0

∣∣∣eiαF (θ) + einθM(eiθ)
∣∣∣p dθ

(4.5)

⩽ (s!C(n, s))p
∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p
2π∫
0

|P (eiθ)|pdθ,

where

F (θ) = eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n,s)
2n P (eiθ)

and

M(eiθ) = eisθQ(s)(Reiθ) + β(R+ 1)n−s s!C(n,s)
2n Q(eiθ).

Integrating both sides of (4.5) with respect to α from 0 to 2π, we get for each p > 0,
2π∫
0

2π∫
0

∣∣∣eiαF (θ) + einθM(eiθ)
∣∣∣p dθdα

⩽ (s!C(n, s))p
2π∫
0

∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p dα
2π∫
0

|P (eiθ)|pdθ.

(4.6)

Now for every real α, t ⩾ 1 and p > 0, we have
2π∫
0

|t+ eiα|pdα ⩾
2π∫
0

|1 + eiα|pdα.

If F (θ) ̸= 0, we take t = |M(eiθ)/F (θ)|, then by (4.4), t ⩾ 1 and we get
2π∫
0

∣∣∣eiαF (θ) + einθM(eiθ)
∣∣∣p dα = |F (θ)|p

2π∫
0

∣∣∣∣∣eiα +
einθM(eiθ)

F (θ)

∣∣∣∣∣
p

dα

= |F (θ)|p
2π∫
0

∣∣∣∣eiα +

∣∣∣∣M(eiθ)

F (θ)

∣∣∣∣∣∣∣∣p dα ⩾ |F (θ)|p
2π∫
0

|1 + eiα|pdα.

For F (θ) = 0, this inequality is trivially true. Using this in (4.6) , we conclude that

for every β ∈ C with |β| ⩽ 1

2π∫
0

|F (θ)|pdθ
2π∫
0

|1 + eiα|pdα

(4.7)

⩽ (s!C(n, s))p
2π∫
0

∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p dα
2π∫
0

|P (eiθ)|pdθ.
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Since
2π∫
0

∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p dα
=

2π∫
0

∣∣∣∣∣∣∣∣Rn−s + (R+ 1)n−s β

2n

∣∣∣∣ eiα +
ds(1)

dzs
+ (R+ 1)n−s

∣∣∣∣ β2n
∣∣∣∣∣∣∣∣p dα

=

2π∫
0

∣∣∣∣(Rn−s + (R+ 1)n−s β

2n

)
eiα +

ds(1)

dzs
+ (R+ 1)n−s β

2n

∣∣∣∣p dα,(4.8)

the desired result follows immediately by combining (4.7) and (4.8). This proves

Theorem 2.2 for p > 0. To establish this result for p = 0, we simply make p→ 0. □

Proof of Theorem 2.3. Since P (z) is a self-inversive polynomial, we have P (z) =

uQ(z) for all z ∈ C where |u| = 1 and Q(z) = znP (1/z). Therefore for every β ∈ C
with |β| ⩽ 1, ∣∣∣eisθP (s)(Reiθ) + β(R+ 1)n−s s!C(n,s)

2n P (eiθ)
∣∣∣ =∣∣∣eisθQ(s)(Reiθ) + β(R+ 1)n−s s!C(n,s)

2n Q(eiθ)
∣∣∣,

for all z ∈ C. Using (4.4) and proceeding similarly as in the proof of Theorem 2.2

we get the desired result. This completes the proof of Theorem 2.3. □
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