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Abstract. In this paper, we discussed the existence and uniqueness of solution of the
singular Quadratic integral equation (SQIE). The Fredholm integral term is assumed in
position with singular kernel. Under certain conditions and new discussions, the singular
kernel will tend to a logarithmic kernel. Then, using Chebyshev polynomial, a main of
spectral relationships are stated and used to obtain the solution of the singular Quadratic
integral equation with the logarithmic kernel and a smooth kernel. Finally, the Fredholm
integral equation of the second kind is established and its solution is discussed, also nume-
rical results are obtained and the error, in each case, is computed.
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1. Introduction

The numerous kinds of integral equations are necessary mathematical tools
for describing knowledge models that appear in various areas of applied science, see
[6, 22] 23]. Because of extensive application of integral equations and not having the
exact solutions in many cases, numerical solution of integral equations has attracted
researcher’s attention to develop numerical method for approximating solution of
these equations. Among these methods, we refer to Degenerate kernel method [29],
Resolvent kernel method [2], Trapezoidal rule [3], Wavelet method [4} 8], Homotopy
perturbation method [32, [I8], Collocation method [IZ], Separation of variables
method [1] and Meshless method [15]. Anovelalgorithm to getapproximatesolution
of these equations is to express the solution as linear combination of orthogonal
or nonorthogonal basis functions and polynomials such as Block-pulse functions
[9, 21], Hat functions [[L0] 4], Bernoulli polynomials [IT], Bessel polynomials [34],
Chebyshev polynomials [7], Fibonacci polynomials [25], Orthonormal bernstein

polynomials [26], and others [20} 33]
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Mathematical modeling of many phenomena in the real world is led to a special
kind of integral equations called Quadratic integral equations. Quadratic integral
equations always arise in many problems of mathematical physics and chemical
such as theory of radiative transfer, the kinetic theory of gases, the theory of
neutron transport, the queuing theory, and the traffic theory and many other
applications. Existence solution and numerical method to solve these type of integral
equations have been studied in previous papers, see [14, 27]. Lately, Quadratic
integral equations with singular kernels have taken a lot of attention because of
their useful applications in describing many events and problems of the real world.

In this paper, we consider the Quadratic integral equation with singular kernel
in the position. We use a numerical method to obtain the solution of the singular
Quadratic integral equation, where the existence and the uniqueness of the solution
of the integral equations can be discussed and proved using Picard’s method.

Consider the singular Quadratic integral equation,

(L1 () :9($)+/1 5(‘yAI

(12) (5 _I{qu@f)) cos( 5w,

L(w)zler7 qg>1, )\E(O,oo)—{g},

where, the function ¢ (z) is unknown in the Banach space La([—1,1]),—1 < 2 <1,

>u(y,w(y))dy/ p(z,y)n(y, ¥ (y))dy,

1

the domain of integration with respect to the position z € [—1,1]. p(x,y) is given

smooth function, the given function g(z) belongs to the space Ly([—1,1]). £ (|452|)

is a discontinuous kernel in position.

This paper is divided into seven sections, In section two, the existence and unique
solution of Eq. is discussed and proved. In section three, we mentioned a
theory explaining that the bad kernel takes the logarithmic form. While, in section
four, we state some algebraic and integral formulas for the Chebyshev polynomials,
also, we use Chebyshev polynomial method to obtain the solution of the singular
Quadratic integral equation. In section five, a main theorem of spectral relationships
for the Fredholm—integral equation of the second kind established and its solution
is discussed. In section six, numerical results and estimated errors are computed.

In section seven, general conclusions are deduced.

2. THE EXISTENCE AND UNIQUENESS OF SOLUTION OF THE (SQIE)

In order to discuss the existence and uniqueness of solution of Eq. ([L.1f), we

assume the following:
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(i): A smooth function p(x,y) satisfies |p(x,y)| < k, Va,y € [—1,1] and k is
a constant.
(ii): Bad behavior of the kernel £ (|%52]) satisfies the discontinuity condition

()

where @) is a small constant.

2 2
dxdy} =Q,

(iii): The two known functions u(y, ¥ (y)), n(y, ¥ (y)) are bounded and satisfy:
(i—1) |60 $@)| < Mo, 19 9(5)] < Np 5.t Ny, Ny are a constants.

(il —2)  |u(y, ¥1(y)) — uly, v2(y)| < Mi(y)[¥1(y) — v2(y)l;
In(y, ¥1(y)) =y, ¥2())| < Ma(y)lvh1(y) — Pa2(y)l,
where, | My (y)| < b1, |Ma(y)| <ly, (I3, Iy are a constants).
Theorem 2.1. Let the conditions (i — iii) are satisfied. If the condition
(2.1) AQK[lL Ny + 1o Ny] < 1

is satisfied, then the equation (1.1)) has a unique solution ¥ (x) in the space Lo ([—1, 1]).

Proof. To prove the existence and uniqueness of solution of equation (|L.1)), we use
the successive approximations method (Picard’s method).
We assume the solution of Quadratic integral equation (1.1)) approaches to the

solution, which takes the following form:

(2.2)
Yn(x) = g(x) + [15 (‘y ; ° ) u(y,¢n_1(y))dy[1p(x,y)n(yywn_l(y))dy,
Yo(z) = g(z).

All the functions v, (x) are continuous functions and 1, (z) can be written as a
sum of successive differences:
n
(@) = Po(x) + > _(vi(x) — i 1()).
i=1
This means that convergence of the sequence 1, () is equivalent to convergence of
the finite series >, (¢;(z) — 1;—1(z)), the solution will be

Y(x) = lm ¢, (z),

n—oo
ie. if the finite series Y. | (¢;(x) — 1;—1(x)) converges, then the sequence v, ()
will converge to ¥(z).

Now, we must prove the following lemmas:
5
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Lemma 2.1. A sequence {¢, ()} is uniformly convergent to a continuous solution

function {¢(z)}.

Proof. To prove the uniform convergence of {,(x)}, we shall consider the

associated series

oo

> (Wn(@) = Y1 (@)).

n=1

From Eq. (2.2)), for n = 1, we obtain

() — tho(x) = /_115 <‘y;x

and

)u(yw()(y))dy/_lp(w,y)n(ywo(y))dy,

1 1
(2.3) [ () — to(x)] < QNN / dy / dy = 4QNIEN,.

Now, we shall obtain an estimate for 1, (z) — ¥,—1(x); n > 2,

Yal2) = Pna (@ (‘) o tm () /11p<x,y>n<y,wn_1<y>>dy

<‘ Ax >“ Y, ¥n-a(y ))dyllp(x,y)n(y,zbn—z(y))dy,

- _15 (‘)\x > (Y n—1(y))dy /_llp(ffvy)ﬁ(y,tbnl(y))dy
_/ ( : ; : > (Y, Yn-2(y))dy /_11p(w,y)n(y,¢n1(y))dy,

1
+ f

) o aan [ ottt at)

L
(y—x

E

—1

)u( a2y [ D) b2l

1 E(‘y ) Y, Pn—1( u(y,%L—z(y))}dy/llp(aay)n(y,wn—l(y))dy
/ 5(“) (v tn-a(o)ay [ 11p<x,y>[n(y,wn_1<y>>n(y,wn_2<y>>1dy.

Using conditions (i)-(iii), we have
1 1
) = Yua @) <QkNz [ M) u10) ~ b2l [y
1 1
+ @ik [ dy [ Ma(u)lwnor () = -2l
1
<QULEN. n n d d
<Ql 2/|7/11 1/12()\y/_1y

+QN1klz/ dy/ n1(y) — Yu2(y)|dy.
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Putting n = 2, then using (2.3), we get
1 1
s (x) — o1 (2)] < QLN / 1 () — o(y)ldy / dy
—1

+QN1kl2/ dy/ 1 (y (y)ldy < 42Q*1Lik* N1 N3 + 4°Q*N{k*Io N,
< 4QkN1 N (4QK[ly Ny + 1o Ny]) .

1 1
() — va(z)| <QLEN, / i (y) — 1 ()\dy / dy

QN / dy / [2(y) — 1 (y)\dy,
<4QU kN3 (AQEN, Ny (4QK[L Ny + 1sNy]))
4 4QN; Kl (AQkN, No (4QK[L No + 15N1]))
< (4QkNLNo) (AQK[I No + 1sN1]) % (4Qk[1 Na + laNy]) -

Repeating this technique, we obtain the general estimate for the terms of the series:

|wn($) — ql)n_l(x)| < (4Q1€N1N2) (4Qk[llN2 -+ lQNlD X (4@]{3[11]\[2 + lQNl]) X
X (4Qk[l1N2 + lgNl]) < (4Qk[llN2 + lgNl])n

Since 4Qk[l1 N2 + o N1 < 1, then the uniform convergence of

is proved and so the sequence {1, (x)} is uniformly convergent.

o) = 1 (o) + [ & (|252]) vt [ st oimtovatonian)

—ow+ [ ¢ (’ykl) 603 [ o wn, vy

-1

Thus, the existence of a solution of equation (|1.1)) is proved.

Lemma 2.2. The function ¢(z) represents a unique solution of Quadratic integral

equation ,

Proof. To prove the uniqueness of Eq. (1.1)), let ¢(z) be another continuous
solution of Eq. (1.1]). Then

o) = o)+ [ & (|15

)my,as(y))dy [ e owiar el
7
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and

¢(x) = Yn(x)

p(y ( )Ny, é(y))dy

I

w(y p(w Iy, ¥n(y))dy,

/1
i

(e

/

Iy

w(y (fc y)In(y, d(y))dy

x|

)t

)uins

)“ / s
§<yf)uywn / dy

)

) s

)t

QQ
H

—

+

Lo

gl
/1
/
/

1

€<y/\x w(y, Yn(y / n(y, ¥n(y))dy,

—1

1
("

-1
1 y—

[

Using assumptions (i)—(iii), we get

y—x
_ 5( .

1
1y, ()] / Dl (. 6(0)dy

w(y p(x Y[y, ¢(v)) — 1y, ¥u(y))]ldy

>

16(2) — Yu(2)] < QKN / M) 16() = v () / Sy
QN / -y / Ma(0)[6() — 6 0) .
< QLN / 190 = )y / -y

1 1
QN ks / dy / 16(1) — n(w)]dy.
—1 —1
But
1 1
(2.4) 6(0) ~ 9() < @NikN: [ dy [ dy = 1QNkN,
—1 —1
and using the inequality (2.4) gives

|p(x) — Y (z)] < (4QK[I1 Na + IaN1])"™ .

Hence
T () = 9(x) = 1h(a) = 6(a),
which completes the proof. ([

3. THE KERNEL OF POSITION

Theorem 3.1. The bad kernel of equation takes the logarithmic form.
8
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Proof. For w € (0,00), the function L(w) is positive and continuous. Then it

can satisfy the asymptotic equalities:

(3.1) L(w) =q¢ — (¢ — )w + O(w?), w — 0,
-1

(3.2) Lw)=1+"—+0w™?), w-—o0, ¢q>1.
w

Most of the previous authors have been solved the Fredholm integral equations
of the first and second kind in the problems of continuum mechanics, when w —
oo, g =1.1e L(w)=1.

Here, we consider the case when w — 0, then for the first and second approximate

of L(w) after using the two famous relations

e == 4\
/ de:fhﬂyfx\er; d=In—,
(3.3) 0 w T

/ cos(y ; xw)dw =6(y — x); d(y — x) is the Dirac function.
0
We can arrive

(3.4) 5(‘@’;

)-—ln|y—x|+d.

4. THE SOLUTION ALGORITHM OF THE (SQIE)

Let T,,(z) = cos(ncos™tz);z € [~1,1]; n > 0 denotes the Chebyshev
polynomials of the first kind, while U,,(z) = sin[(n+1) cos~! z]/sin(cos ™1 x), n > 0
denotes the Chebyshev polynomials of the second kind. It is well known that
T, (z) form an orthogonal sequence of functions with respect to the weight function
(1 —22)=1/2 while U, (z) form an orthogonal sequence of functions with respect to
the weight function (1 — z2)'/2.

In this section, we use Chebyshev polynomial T}, (z) of the first kind of order n to

solve the following Quadratic integral equation with singular kernel (— In |y—x|+d):
1

(41) )+ / (nly =l = dywla)dy / P, )b (y)dy = g(z),

here f_ll denotes integration in the sense of logarithmic principal value, the singular
Quadratic integral equation with Carleman kernel can be obtained from (4.1)) by

using the famous relation, see [30]
(42) Inly - 2 = B,y - 21~ 0<a<1,

where E(z,y) = |y —z|*In|y — z| € C[-1,1] for all z € [-1,1].

Assume the unknown function v (z), in the light of weight function, takes the form

(4.3) $(@) = R@@)H(x);  R(z) = (1—a?)7%,
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where H (z) is unknown function and R(x) represents the weight function of T, (z).

Now, to obtain numerically a solution of Eq. (4.1)), we express H(xz) as

(4.4) H(z) =Y CT().
n=0
Hence, we have
- - T ()
(4.5) () = 2;0 Y

the formula (4.5)) can be truncated to

(4.6) }:c 17xf

where C,, are constants and T, (x) are the Chebyshev polynomials of the first kind
that satisfy the orthogonal relation

L ()T 0, n#m,
(4.7) Mdm =< m n=m=0,
vi-z 5, n=m#0.
1
(45) T (@)To(x) = 3 [Ton(8) + Ty ()], (mon > 0)
! 1% n=20,2,4,...
(4.9) llT"(x)dm - { 0, n=1,3,5,..

Also, we say that, if ¢)(x) € La([—1, 1]), then the polynomial series (4.6]) belongs to
Lo([-1,1]). In view of (4.6)), the known term of (4.1]) can be represented as

(4.10) ovle) = 3Gl
— V11— z2

where the coefficients G,,; n > 0, are constants. If the known function g(x) €
Lo([—1,1]), it follows that the polynomial series (4.10) belongs to La([—1,1]).
Since, any smooth function can be represented in the polynomial series form,

therefore we assume the smooth function p(x,y) of (4.1)) in the form:

(4.11) p@,y) =Y Tu(@)Tn(y);  m=0,1,2,..., M.

m=0
Using , and in m, we obtain
Tn(y)
+ C/ 1 — ———dyx
nZﬂ ﬁ Z (ny -l - d)—=dy
M o
T.(z)
P IPIELC / \/f -3, N

n=0

(4.12)
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where

(413) . _ { £ 9@ Tu(e)de, n 0.
= [, 9@) T (x)dx, n=0.

The method of finding the approximate solution through depends on comparing

the coefficients associated with the same polynomial terms T, the approximate

solution is obtained directly from , then the exact solution is obtained from

. This method is said to be convergent of order r if and only if for NV sufficiently

large, there exists a constant D > 0 independent of N such that

(4.14) [¢(z) — ¥n ()| < DN

So, the transformation error En can be determined as

oo
(4.15) En = [[¢@@) —yn@ < | D Cul-
n=N-+1
In the aid of (4.14]), we write
(4.16) Eny < DN7"; (D is a constant).

Using orthogonal the relation (4.7)) and the following famous relation:
1
Inly — x| —d)T,(y m(ln2—d), n=0,

(4.17) / (In] [ = )T )dy: { T, (2)

-1 1/1_y2 ﬂ'T, TLZl
The solution of (4.12)) can be obtained after discussing the following:
Case (i): For n =0, m = 0, we have

To(x) To(x)

V1—2? V1—2?’
multiplying both sides of (4.18) by the term T, (z)dz, then integrating the result

from —1 to 1, we get

(4.18) Co + 21 (In2 — d)To(z) = Go

(4.19) C3 + - ! ! Go = 0.

o A
(n2—d) ° w(ln2—d)
Case (ii): For n = 0, m # 0, after using the orthogonal relation and formula

(4.17), (4.12) tends to

T T
Co o) _ 0 blz) ;o om=>1,

(4.20) V1 — 22 V1 — 22

Co = Go,
where

1 /1

Go = —~ /_1 (x)dx
Case (iii): For n # 0, m = 0, we deduce
(4.21) V1—z? V1—2a2

11
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where,

Case (iv): For n = m # 0, we can establish

T (x) _G T (x) n 1
- i T
Multiplying both sides of (4.22)) by the term T, (z)dz, then integrating the result

from —1 to 1, we get

(4.22) Chp C2n? Ty (2) T ();  n, m > 1.

1
n
where
1 _
(4.24) H—1 T-Gm? 3m=0,2,4,...
0, 3m=1,3,5, ...,
and
1
s _ ) 1o m=0,2,4,..
(4.25) H* = { 0, m=1,3,5,..

5. FREDHOLM INTEGRAL EQUATION OF THE SECOND KIND

From the above discussion, we can establish a famous integral equation
as the following: Assume in (4.1) the known smooth function p(z,y) = 1 and
f_ll ¥(y)dy = P where, P is constant, this result is called the pressure condition.

Therefore, we have
1

(5.1) b(z) + P / (Inly — 2| — dyb(y)dy = g(2).

-1
The above formula is called Fredholm integral equation of the second kind with
logarithmic kernel. In addition, using the famous relation (4.2)), we have Fredholm

integral equation of the second kind with Carleman kernel, see [30]

(5.2) b(r)+ P / Bg)ly = | 0(5)dy = g(a).

The important of Carleman kernel came from the work of Aroytion, who proved that
the first approximation of the nonlinear integral equation in the theory of plasticity,
represent a Fredholm integral equation of the second kind with Carleman kernel,
see [5].
Differentiating the integral equation with respect to z, we have

1
. W =g'(x).

The importance of the above equation came from the work of Frankel, see [16].

(5.3) ' (x) + P

Many authors have discussed the solution of the above equations using different

methods. For Cauchy methods, see [28], for potential theory method, see [I7]. And
12



SOLVABILITY OF QUADRATIC INTEGRAL EQUATIONS ...

for orthogonal method, see [31]. The importance of orthogonal polynomials came
from its spectral relationships which have many applications in astrophysics and
mathematical physics problems. For this, we us the following spectral relationships
to discuss the solution of Fredholm integral equation of the second kind with
logarithmic kernel. Moreover, we will establish many spectral relationships from

the integral equation,

1
1 T2n(y) { 7(In2+d); n=0;
54 ln + d d — 7T ) 9
54 /4 ( ly — = > V1—y? Y anlon(2);  n#0,
for even function, and

1
1 Tgn_l(y) s
. 1 d dy = Ton_1():
5) [ (g e ) Gt = )

for odd function, where T,,(x) is the Chebyshev polynomial of the first kind.

Many different spectral relations, that have importance applications in mathematical
physics, can be established.

(i) For even values, let

_ sinw/2 sinv/2

sinu/2’ y_sinu/2’
and we get the integral relation operators of the first kind in the form:

1 T s.in'u/2
1 2n (smu/2)

5.6 In ———+d dv =
(56) /4 ( 2| sin(w — v)/2| ) 2(cosv — cosu)

7 (In(sin %) +d); n=0,

= T sinw/2) | .

ETn (552): n=1.2..

(ii) For odd values, let in ([5.5)),

tanw/2 tanwv/2
Tr = =
tanwu/2’ Y tanu/2’

and we get

tanv/2

(5.7) / | <ln 2| sin( 1 d> o <tanu/2> oo /?) dv =

_|_
1 w—v)/2| 2(cosv — cosu)
t 2
S (LT D
2n—1 tanw/2
Differentiating (5.4) and (5.5) with respect to z, we obtain the integral relations
for the Chebyshev polynomials with Cauchy kernel in the form:

1

T, d

(5.8) / W _ dy wUnp_1(z); n=12, ..,
1Y—T /1 -2

13
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where U, (x) is the Chebyshev polynomial of the second kind. Using the two cases
(i) and (ii) in polar coordinates, relation (5.8)) takes the form:

/1 . (tanv/Q) Q(COS(”/Q) dv

—1 2 tan u/2 COSU — COS U)
0; n =20,

— ) mese(u/2)Usm—1 ii’;tg : n=2m;m>1,
mesc(u/2)Ugpm—1 ziﬁ‘;’ﬁ + (fl)m% (tanwu/4); n=2m—1,

and

/1 cotvinn (tanv/2> sec(v/2) o
1 2 tanwu,/2 2(cosv — cosu)
) mese(u/2) sec®(w/2)Up -1 (tiiﬁ;g) :on=1,23,..,
sec(u/2) tan(w/2); n=0; |w| < u.

6. APPLICATION AND NUMERICAL RESULTS

In this section, we applied presented method in this paper for solving singular
Quadratic integral equation (4.1)).
To obtain the numerical solution of SQIE , we calculate the constant C,, of
Egs (4.19)-(4.21) and (4.23). Then, with the aid of the results of main relation,

we can calculate the unknown function ¢y (x); —1 < z < 1, when N = 50, M =

8, A = 0.1, g(z) = 2°. The tables and Figs are given for different cases.

In Table 1, we presented the absolute error |¢(z) — ¢¥n(x)|, N = 50, using the
introduced numerical method (Chebyshev polynomial) with m = 0 in the interval
x € [—1,1]. Here in the following table, we have taken m = 0 and this is present in

two cases, the case (i) and from which we get Cy, case (iii) we get Cp,, n > 1.

Table 1. Case (i, iii); represents the solution ¢y (z) and its error for
different position in the simple case m = 0.

x Yy (z) [Y(z) — YN (2)]
0.9 0.811029582 4.99495683x10~°
0.7 0.489852149 3.45213542x 106
0.5 0.249993254 1.23514698x 1076
0.3 0.089735841 1.02514368x 1076
0.1 0.011009523 9.23514569x10~7
-0.1 0.032154867 5.63251201x10~7
-0.3 0.075216987 7.45238743x1076
-0.5 0.262514871 8.85221476x 106
-0.7 0.532648796 9.85416321x 1076

In Figure 1, we presented a comparison between the exact solution and the
approximate solution using the introduced numerical method (Chebyshev polynomial)

with different values of z.
14
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------ Approx. solution
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Figure 1.
Exact and approximate solution of Chebyshev
polynomial method for N = 50.

In Table 2, we have presented approximated solution and the absolute error of
approximate solution in some arbitrary points. We take here m > 1 this is achieved

in both cases (ii, iv), where we get C,,, n > 0.

Table 2. Case (ii, iv); represents the solution 1y (z) and its error for
different x in m # 0.

x Y () [Y(z) — YN ()]
0.9 0.815456797 6.45572136x10~°
0.7 0.489231464 8.21365475x10~¢
0.5 0.244625825 6.32014578x10~¢
0.3 0.086321456 5.36985212x 106
0.1 0.012698721 4.14785412x10~7
-0.1 0.039574215 3.32145698x 107
-0.3 0.0765654566 6.25814736x 1076
-0.5 0.221466574 5.23541587x10~¢
-0.7 0.538412301 9.25413698x10~°

In Figure 2, we presented a comparison between the exact solution and the
approximate solution using the introduced numerical method (Chebyshev polynomial)

with different values of z.
15
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Figure 2.
Exact and approximate solution of Chebyshev
polynomial method for N = 50.

7. CONCLUSION AND REMARKS

In this paper, from the above results and discussion, the following may be
concluded, the equation has a unique solution ¢ (z) in the space Lo([—1,1]),
under some conditions. Singular Quadratic integral equation is usually difficult to
solve analytically, in many cases, it is required to obtain the approximate solutions.
From the Tables 1, 2, we note that the error takes maximum value at the ends when
x =1 and x = —1, while it is minimum at the middle when z = 0.

The smooth function p(z,y) has an effect for the potential function ¢ (z), that
is the error becomes smaller for bigger powers of x and y in p(z,y). The singular
Quadratic integral equation with Carleman kernel can be established from this
work by using Eq. The Fredholm integral equations of the second kind with
logarithmic and Carleman kernels are considered, now, as special cases of this work.
Many spectral relations are established from the problem these relations have many
important applications in mathematical physics problems.
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Moceawaemcs 90-nemuro Cepees MeaHosu4ya AOsHaA

AHHOTauma. B paboTe Ansd n-kpy4veHbIX rpynn HeyeTHoro nepwopa n = 1003
CTpouTCsl HekoTopasi Moandurkauusa metoaa, Kotopbin 6bin npuaymad C. U. Agsa-
HOM AiNs NOSOXKMUTENBHOMO pPeLLeHUst M3BECTHON NPOGNEMbI O CyLLLECTBOBAHUMN HEKOM-
MyTaTMBHbIX aHanoros agAMTUBHON rPynnbl paumMoHanbHbIX Yncen c nobbiM Ko-
HEYHbIM YMCNIOM MOPOXKAALWMNX, U C ee MOMOLLbIO AoKa3sbiBaeTcs, YTo ntobas
m-nopoxaeHHas abenesa rpynna D moxeT 6bITb BNoxeHa B kKa4yecTBe LeHTpa B
HeKkoTopyto rpynny A Tak, 4to gaktop rpynna A/D nsomopcdHa 3agaHHOM Nn-
KpYy4EeHOWMTpynmne cHe MeEHeE YeM M HE3aBUCUMbIMU ONpeaensitoL MMM COOTHOLLE-
HUSMW. B kayecTBe NpUIOXeEHWs [OKa3bIBAETCS, YTO Kaxxaas KOHeYHas noarpyn-
na nbo N-Kpy4eHoW rpynnbl ABMASETCS LMKIUYECKOW, 4To ob6obLaeT aHanorny-
HbIVi pe3ynbTaT, Joka3aHHbIN paHee C. U . AasiHom ans cesoboaHbIx 6epHcangoBbix
rpynn He4YyeTHOro nepuoga n = 665. 3aMeTMM, YTO MHOXECTBO HEU3OMOPMHbIX
S-NOPOXAEHHBIX N-KPYYEHbIX FPYMN KOHTUHYarnbHO A5s (OUKCUpPOBaHHOMO S > 1
1 nboro HeyeTHoro n = 1003.

MSC2010 number: 20E22; 20F50.

KroueBble c10Ba: LLEHTpanbHOE pacluMpeHmne, N-KpydeHas rpynna; 6epHcainnosa
rpynna; nepuogunyeckas rpynna; KoHe4yHasi noarpynna.

1. BeepeHune

Ecnu B rpynne G BbinonHeHo Toxaectso X" = 1, To roBopsT, 4To G ABnseTcs
NepuoanYecKo rpynmnowv 3KCNOHEHThI N, nnu, 4To G — n-nepuoamnyeckas rpynna. Bee
noaobHbIe rpynnbl COCTaBNAT MHOroobpasne. CBobogHas rpynna paHra m 3Toro
MHoroobpasust 06o3Ha4aeTcs Yepe3 B(m, n). OgHa 13 cambix M3BECTHbLIX NPobem
anrebpbl n Teopun rpynn (MoctaeneHHbI Y.bepHcarigom B 1902 r.) MMeeT NpocTyio
OPMYIIMPOBKY: KOHEYHA /U B8CAKAA KOHeYHO nopoxdeHHas epynna B(m, n)? B Ha-
crosiLiee BpeMsi cBoboaHble rpynnbl B(M, n) HasbiBatoT Takke cBOOOAHbIMUN GepHcain-
[O0BbIMM rpynnamu B YecTb Y. bepHcanaa.

1cenenoBanve nepeoro aBTopa BbINOMAHEHO Npy hrHaHCoBOM noaaepkke KH PA u POOU (P®)
B paMKax cCoBMeCTon Hay4YHo nporpammbl 20RF-152 1 20-51-05010 cOOTBETCTBEHHO.
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OrpurnarenpHoe perienne mpobseMbl BepHcaiiga OBLIO MOTYYeHO B KJIACCHIECKON
cepun pabor C. 1. Anana u II. C. HoBukosa. Heckosbko Jsier niozzke C. 1. AnsH B
moHorpadun [2] MopuduIupoBal U yCUJIUII OCTPOEHHYIO TEOPHIO U J0KA3aJl CBOIO
3HAMEHHUTYIO TEOPEMY: O0Af 6cer Hewemuux n > 665 u xonewnsir m > 1 epynno
B(m,n) 6eckoneunwi. Tlomnumo ucenenosanus rpynn B(m,n), B Mmonorpadwun [2] nmo-
CTPOEHBbI W U3YYEHBI PsiJ JIPYTUX Py MMEIOINX HOBbIE HEIPUBBIYHBIE CBOWCTBA.
KoncTpykiun u ujien mocTpoeHus 3TUX IPYII CTaJId OCHOBOI [IJIsi PEIlleHus IeJIoi
CepHUHU XOPOIIIO M3BECTHBIX CTAPBIX W TPYAHBIX pobsieM Teopun rpyti. [lepBas Baxk-
HAasl cepusl TPYII, IOCTPOEHHBIX B [2] ¢ IOMOIIBIO MOPOXKIAMOIIIX U OIIPe IS IONIIX
COOTHOIIIeHNHT, 0603HaYeHa Yepe3 B(m, n, a), Te m — 9UCII0 IMOPOXKJAONIIX IPYIIIb,
n > 665 — NpPOU3BOJIBLHOE HEUETHOE YHCIIO, a (v — HATYPAJbHBIN napamerp. B [2] mqoka-
3aHO, 4TO cBOGOHAs GepHcaiioBa rpyia B(m,n) saBisgercs IPIMbIM IPEIeIoM 110
« rpymun B(m,n, «).

Creayromuii BaskKHBII KJIACC CBsI3aH C M3BECTHON P0OJIEMOIl KOHEYHOro Oasuca
Teopuu rpyiil, Koropas Obuta nocrasiena b. Helimanom B 1937 1. B [2] (cMm. Takxke
[3]) nokazano, uro mpu sr06oM HedeTHOM N1 > 1003 coteytomee ceMeficTBO TOXK/IECTB

OT JBYX IlepEeMEHHBIX

rie mapaMmerp p npoberaer Bce IMPOCThbIE YUC/IA, SBJISIETCS HEIPUBOIUMBIM, T.€. HU
OJTHO U3 ITHX TOXKJECTB HE SIBJISIETCSI CJIEJICTBAEM OCTaJbHbIX. OTCIO/Ia ciemyer, 9To
Jtst roboro Hederroro n > 1003 cymecTByeT KOHTHHYYM Pa3IUIHbIX MHOTOODpa3umit
Ap(II) COOTBETCTBYIOMUX PA3IMIHBIM MHOXKeCTBaM mpocThix umcest 11. Tlpu sTom,
JUIS KaXK0ro (DUKCUPOBAHHOTO 3HAYEHUsT M > 1 CYIIECTBYeT KOHMUHYYM HEH30-
mopdubix rpym I'(m, n, IT), tae T'(m, n, II) — oTHOCHTEIBHO CBOGOIHAS IPYIIIA DAHTa
m muoroobpasus A, (I).

Haugee, B pabore [4] (cm. Takxke [5]) 610 NOKa3aHo, uTO ecan rpynmna G He cojep-
JKAT WHBOJIIONUI U 3aJaHa KOHEYHBIM YHCJIOM OIIPEJIEJISIIONINX COOTHOIIEHUI BUIA
A" 4 = 1,2, ...k, Tjle Bce MOKA3aTesd n; JEIATCs HA (DUKCHPOBAHHOE HEYETHOE
qucyio n > 665, To B Hell pa3pernuMbl TpobiieMa PacIo3HABAHUS PABEHCTBA CJIOB U
pobJIeMa COTPSIKEHHOCTH.

JIrobast m3 IPUBEIEHHBIX BBIIIE IPYIIT 0018/ 1aeT CJIEYIOIIMME JIBYMsI CBOHCTBAMMA:
1. rpynmna mmeer cucreMy ONpPeHessoIInX COOTHOoIIeHni Buga A™ = 1 i HeKoTo-
PBIX 9J1eMeHTOB A; 2. KaXKIblii 3JIEMEHT @ I'PYIIIbI, UMEIOIIUNA KOHEUHbIH MOPSIOK,

V/I0BJIETBOPSIET COOTHOIEHHIO a” = 1.
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IIEHTPAJIBHBIE PACHINPEHNA N-KPYYEHBIX I'PVYIIII

MpbI puxonuM K CIIEAYIOMEMY €CTeCTBEHHOMY omnpefenennto. [lycte G — rpymma,
3aJIaHHAs CUCTEMOM TOpOXKTafomux X u P — MHOXKECTBO BCEX €€ 9JIEMEHTOB KOHETHOT'O
[TOPSI/IKA 3aIMCAHHBIX B MOPOXKaaommx X, a n > 1 — GDUKCHpOBAHHOE HATYPAJIbHOE

YHUCJIO.

Omnpegenenne 1.1. Ckaxewm, uaro rpymmna G uMmeer n-Kpydenne, win G — n-KpydeHast

IpyIiiia, €CJI1 OHa MOZKET 6bITb 3a/laHa CJIEIyIOIINM 06pa30M:
(1.1) G=(X|R"=1,Re®P),

[ukudeckas: rpyrmma MopsiaKa n 1 Jodas abCOJIOTHO CBOOOIHAS I'DYIINA, SBJIs-
I0TCSI N-KPYYeHBIMU IPYIIIAME JIJIsl IPOU3BOJIbHOrO HaTypasbaoro n. A. Kappac, B.
Marnyc u 1. Cosurap B [6] mokazasnu, aro B rpymue G = (X |A™ = 1), roe A — upocroe
CJIOBO (T.€. CJIOBO HE SIBJIAIONIEECs] COOCTBEHHON CTEIEHBIO JPYTOrO CJIOBA), SJEMEHT
A umeer opsJioK 1 B (G, a KayKJIblil 3JIEMEHT KOHEYHOTO TOPsijika B (G COMPSIZKEH ¢
HEKOTOpOIl cremennio snementa A. ITomumo [2] — [7], B eme oxmoit padore [8] C. 1.
A st nccsietoBast cBOOOHBIE TPYIIIIEI MHOTOOOPA3usl, yIOBIETBOPSIIONIETO TOXK JIECTBY
[z,y]™ = 1, moka3aB, 4TO KOMMYTAHTBI ITUX [PYIIl HE SABJSIOTCH HEPUOJUICCKUMU
rpymnmaMu npu HedeTHbIX 1 > 1001 (pemenune npobuevbr . Maknonanbia). Ha oc-
HOBaHUU PabOTHI [8] HETPYHO BBIBECTH, YTO ITU CBOOOIHBIE IPYIIIBI TOXKE ABJISIOTCS
n-Kpy4eHbIMHU rpynmnamu. B pabore [9] 2019 r. jmoka3aHO, U4TO N-IEPUOATIECKOE TIPO-
u3BeJIeHne JTI000r0 CeMEHCTBA N-KPYUIEHBIX TPYII SBJISIETCS N-KPYI€HON TPYIIOH J1Tst
Jiroboro HeyeTHOro 1 > 665. HamomuamM, 910 n-niepuoguyeckue Ipon3BeIeHnst TPYIII
6eutn Beesierbl C. V. Ansom B 1976 romy B [10]. Jlerko yGeamrest, 4To cBOGOIHBIE
rpymnsl jroboro muoroobpasus suma B, U, rae B, — GepHcaiinoBo MHOTOOOpa3ne, a
U — mHOrOO6pa3me, cBOOOIHBIE I'PYIIILI KOTOPOH HE MMEIOT KPyUeHUe, TOXKE SIBJIs-
I0TCSI N-KPYy4YeHHbIMU TpyinaMu. HeKoTopbie IpyIIbl, KOTOPBIE, [0 CyTH, SBJISTIOTCS
N-KPY4YEHBbIME, OBLIU MOCTPOEHBI U U3y4YeHbl Takke B paporax A. FHO. Oubimanckoro,
C. B. Usanosa, U. I. JIbicenka u apyrux aBropos (cMm., Hanpumep, [11] — [20]).

U3 onpenenenns: n-Kpy4ueHoil rpynnbl G HEMOCPEJACTBEHHO CJIEIAYET, 9TO TOXKJIE-
CTBEHHOE Ha MopoKaarnmx X orobpaxkenne u3 G B B(X, n) npogomkaeTcest 10 CIOpb-
eKTUBHOrO romomopdusma, rae B(X,n) cobounas GepHcaiiioBa rpyliia Nepruoia mn
¢ ojmHAaKOBOI ¢ G cucremoit mopoxkaomux X . B qacraocTH, robast HeIUKJINIecKast
N-KpydeHas rpylna OeCKOHeYHA, €CJU N MMeeT HedeTHBIH gesmTenb k > 665 mim
nmeqmrensb Buga k = 16m > 8000 B cmty Bbimeykasanuoit Teopembl C. U. Ansna n

reopemsbl U. T JIeicenka [13] (em. Taxxke [12]).
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B pabore [9] nokazano, 4ro npu HeYeTHBIX 1 > 665 [ KaxKIo# n-KpydeHoit
IPYIIBI MOXKHO IIOCTPOUTH TEOPUIO, aHAJIOTUYHYIO T€OPUU IIOCTPOCHHON B MOHOIDa-
dbuu [2]|, 9T0 1MO3BOJLET N-KPYUEHbIE TPYIIIBI UCCIEI0BATH METOAAMU PA3BUTHLIMU B
[2] m m3yunTh X KIroUeBble cBoiicTBa. B wactHocTH, B [9] mokazaHo, uTo ar0bast n-
KpydeHasi TPYIIa MOXKeT ObITh 3a/IaHa C TOMOIIBI0 HEKOTOPO# HE3ABUCUMON CHCTEMBI
onpeiesisoInux coorHomennit Buga A™ = 1 jyist HekoTopsix c1oB A (cM. (2.6) Huzke).
Takoe mpejicTaBIeHNE N-KPYIEHOH IPYIIBI Mbl Oy/IeEM HA3BIBATH MPECTABICHUEM
A gsiaa.

B coBmecTHO# pabote [21] 6bL1a mocTpoeHa HEKOTOPas MOAUMDUKAIMST METOA, KO-
Topslit 6611 nenosb3oBan C. . Ansgaom (eM. (2], [22]) /151 TOT0KATETBHOTO PEIeHns
uzBecTHOI 1pobsiemsbr 11. . KorTopoBrya o cyecTBOBaHUN HEKOMMYTATUBHBIX aHA~
JIOTOB &JIINTUBHOM T'PYIIILI PAIMOHAJIBHBIX IUCEJ C JIIOOBIM KOHEYHBIM YHUCJIOM I10-
poxparomux. beio mokazaHo, 9To Jirobasi cueTHas abeseBa rpymma D MoxkeT OBITH
BepOaJIbHO BJIOXKEHA B KadyeCTBE IEHTPa B HEKOTOPYIO 1M-IOPOXKJIEHHYIO Ipyiiny A
Tak, 4ro ¢akrop rpyuna A/D Gyner uzomopdua cBobomHON GepHCai0BOil rpyIie
B(m,n). MbI oKazkeM, 9T0 Ha CAMOM JIeJle AHAJIOTMIHY0 MOUMUKAIINIO MOXKHO [0~
CTPOUTD JIJIs N-KPYUEHBIX IpyTir. B npoosrkennn paboTsl Mbl OyeM IIPe/IIoararh,

qro n > 1003 — mpon3BoIbHOE (PUKCHPOBAHHOE HEYETHOE UHCJIO.

Teopema 1.1. Jlwbas m-noposcdennan (m mosxcem 6ums u beckonewnoti) abesesa
epynna D mootcem 6oimb 6a001CeHa 6 Kauecmee uenmpa 6 wekomopyio 2pynny Ap
max, wmo gaxmop epynna Ap/D 6ydem usomopdra 3adarnot n-kpyuenot epynne ¢
npedcmasaeruem Adsna (2.6), 6 Komopotll ne menee uem M onpedeasOUUT COOMHO-

weHU.
C nomotpio Teopembl 1.1 MBI JI0KaXKeM

Teopema 1.2. Jlobaa koneunan nodzpynna Kaicdol n-Kpyuenot 2pynnov. — YuKAU-

HECKAA.

HepBbIMI/I npuMepaMu Hea6eﬂeBbIX NMepruonIeCKnX I'pyIliil, BC€ KOHEIHbIE ITIOJATPYII-
bl KOTOPBIX IMKJIMYecKue, ObLiu cBoOOIHbIE GepHCaiizoBbl rpymnsl B(m,n) (cM.
reopemy VIL.1.8 u3 [2]). Ilo ciosam C. U. AnsiHa, MMEHHO 9TH NPUMEDBI SIBUJIUCH
ITOBOJIOM JIJTsl TIOCTAHOBKHU M3BeCcTHOrO Bompoca A. Tapckoro o cyimecTBOBaHWM Tak
Ha3bIBAEMOT0 “MOHCTPa Tapckoro™ cymiecTByer jiu OECKOHEUHAas I'PYIINa, Iepuoia 1,

BCe COOCTBEHHBIE MOJIPYIIIBI KOTOPOi MUKJINIecKue?
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B panbreiimeM Mbl HEOJHOKpATHO OyzeM ccbuiaThea Ha MoHorpaduio [2]. Tlpu
CCBIIKAX HA YTBEPKJEHUsI U3 [2] MBI UCIOJIB3yeM IPUHATHIE B HEH CTaHIapTHBIE 060~
3HavYeHus u cucremy ccoiok. Hamnpumep, 11.5.3 [2] o3nagaer nyukr 3 naparpada 5
raassl 11 mororpadun [2].

B cirenyromem maparpade Mbl TOCTPOMM TaK HA3BIBAEMOE IIPEJICTABJICHUE A sTHA
JUIsT 33TaHHON M-KpydeHoil rpymmbl. B naparpade 3 OyayT moCTpOeHbI CrieluabHbIE
IIEHTPAJIbHbIE PACIIUPEHNs N-KPpy4deHbIX rpymi. Ha ocHoBe 3THX mOCTpoeHMi B Iapa-

rpadax 4 u 5 mokaxkem teopembl 1.1 u 1.2 cCOOTBETCTBEHHO.

2. IIPEACTABJIEHUS AJSHA /TSI n-KPYUEHBIX T'PYIIII

[Mycrs 3amana npousBosibHas n-Kpydenas rpynna G ¢ npencrasienuem (1.1). s
KaskJION Takoi I'PyNIbI MHYKIMEH 110 HATYPaJbHOMY HapamMerpy « B [9] mocTpoeHo
HEKOTOPOE IPEJICTABJIEHNE C IIOMOIIBIO TOPOXKIAIONTIX X U HOBOH CHCTEMBI OIpese-
nsromux coornomennit {A™ = 1; A4 € (JO, €,}. KopoTko nsioxum nocTpoeHHyIo
B [9] cucTemy moHsITHIN, MCIIOMB3YsT 3aJAHHOE MHOXKECTBO CJIOB P U3 IIpeICTABICHUS
(L.1).

ITpexx e Bcero, MOXKHO CIMTATh, 9TO Bee cioBa R € P B npescrasnenun (1.1) sBis-
IOTCsl IUKJINIECKN HECOKPATUMBIMY U IIPOCTBIMH, T.€. HU OJHO CJI0BO R He sBisercs
COBCTBEHHOM CTeIeHbIo Kakoro-mbo cyiosa. Jleiictsurensho, ecmu RY = R € P, To
snemeHT R B G mMeeT KOHUYEHBIN MOPSIIOK, U TaK Kak (G SBJISETCS N-KPyJeHOil rpyTi-
moit, o R} = 1 8 G. Torma Bmecto coornomrenuit R™ = 1 u R} = 1 10cTaTo4HO B35ATH
OJIHO cooTHoleHue R} =

Iyist panra 0 Bce mousarus u3 1.4.1 [2] ocratorcst 6e3 usmenenuii. B uactaocTu, Bee
HECOKPATUMBIE CJIOBA HA3BIBAIOTCS MPUBEJACHHLIMU B paHre (), a BCSIKOE IUKJITIECKU
HECOKPATHUMOE CJIOBO €CTh IePHUO paHra 1.

Bce cioBa R € P aBagioTcst MUHUMAADHOLMU TIEPUOIAME PaHTa 1 B CHIIY UX IUK-
JITIECKU HECOKPATUMOCTH ¥ TPOCTOTHI (cM. onpezesnenne 1.4.9 [2]). Cpexn Beex mpu-
BeJIeHHBIX B panre 0 0B (MHOXKECTBO KOTOPBIX 0003HauaeTcst yepe3 Rg) BbIIAEIUM BCe
anemernmaproie nepuodv, parra 1 corsracuo onpenesenuo 1.4.10 us [2]. DuemenrapHblit
nepuon E panra 1 nasosem omwmeuennvim (B panre 0), eciu Kakoil jmbo MUK/IHYe-
cKuil ciBur cjioBa F mim ero obpaTHOro MpuHAIEKUT MHOXKeCcTBY P. B nporuBaHOM
cJIydae 9JIeMEeHTAPHBIN eprojL, panra 1 Ha30BEM HEOMMEYeHHbLM. 3aTEM Mbl BBEJIEM
TOBOPOTHI paHra 1 1jis BCeX MEePUOAMYECKUX CJIOB, TEPUO/bl KOTOPBIX OTMEUYEHHBIE

B panre 0 sjeMeHTapHbIE EPUOJILI paHra 1. DT MOBOPOTHI OYAYyT UMETH OOBITHYIO
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dopmy:
(2.1) PA'A,Q — P(A~H)" 171471 Q,

rne A mm A~ ecTh OTMEUEHHBII 3IeMEHTAPHBIH NIePHOJ] PaHra 1 WM HEKOTOPHIH ero
MUKIIdecKuit cusur, A = A1 Ay n coBa A Ay n (A_l)"_t_lAQ_1 coJepzKaT He MeHee
p =9 y4acTKOB, T.€. SIBJIAIOTCS P-CTEIEHSIMHU.

EcrecTBennbIM 00pa3oM MBI ompenenisieM peaavhvie nosopoms, panra 1. Ha 6a3ze
peaJIbHbIX IIOBOPOTOB OIIpejie/isieTcst oHsATre adpa panra 1 mjs caos W € Ny, e
MHOXKecTBO ¢10B N7 ompegensiercs cornacHo 1.4.21 u3 [2]. Hanee cormacuo 1.4.26 u3
[2] Mb1 onpenensiem mHOXKecTBa R, K1, L1, M1, OTHOIIEHNE SKBUBAJIEHTHOCTH DaHra
1, obozHagaemoe Tepe3 . , & TAKXKe BCe OCTaJIbHbIE TTOHATHS panra 1. Jlokazarenb-
CTBa BCEX HEOOXOJMMBIX CBOMCTB BBeJeHHBIX B §4 riasbl I MoHOrpaduu [2] nonsruii
pamra 1 npoxomar 6e3 m3menenuit. HoBbIM sB/IsIeTCS TOTBKO OTPAHMYEHUE KJIACCA
9JIEMEHTAPHBIX CJIOB OTMEYEHHBIMU dJIeMEHTapHbIMU cjoBaMu panra 1. Hakownerr, mjis
n06eIx cioB B, C' € Ry onpenesnm Gunaphyto onepayuto [B, Cly emvikarnusa parra 1

1o axasornu onpejenenus 1.4.36 [2]:
[B,C]; = PQ ++3IT(BAPT & CAT7'Q & PQ € Ry).

Jlajtee COBMECTHOI MHIYKITHEH [0 PAHTY (v BCe BBEJICHHBIE MOHATHS OIPEIEIISTIOT-
cs 7T BCEX HATYPAJIbHBIX PAHTOB. IlycTh ommeuennvie TEPUOIBI PAHTA (v U AHAJIOTH
BCEX TOHSATHUIl, KoTopble OblIn onpenesnensl B §4 riapbl 1 Monorapduu [2], yxke BBe-
JIeHbI 71t Beex panroB < «. OmpesesnM ux B panre « + 1.

Ectu W € Rou W = x;, %4, -+ iy, THE Tiy, Liy, -+ , T4, NPUHAIIIEIKAT MHONKE-
cTBy mopoxnaomux X (3HaK = o3Hauaer rpaduuecKoe PABEHCTBO), TO uepes [W],

0003HAYNM pPE3YJIbTAT CJIEAYIONEH TOC/IeI0BATEIEHOCTI CMBIKAHWIT PDAHTa (v

H o Hmimxiz]a]a T }aa xik]a'

Takum obpazom,
(2.2) Wla = [[ - [[Zirs Ziz]as  * *Jas TiJa € Ra.

DnemenTtapHblil nepuosx A panra o + 1 HA30BEM 0MMEUEHHDIM IAEMEHMAPHBLM Te-
puodom (B paHre ), ecju MOXKHO YKAa3aTh TaKOe CJI0BO B u takoe cjioBo R € P,

(2.3) [Rla ~ [BA'B™]a

JJ1sI HEKOTOPOTO TIEJIOTO j. B MPOTHBHOM cjIydae 3JIEMEHTAPHBIN IMepuoj panra o + 1

HA30BEM HEOMMEUEHHBIM INEMEHMAPHBLM Nepuodom panea o + 1. Jlerko nmpoBeputs,
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urTo Tpu « = 1 ompeJiesieHne OTMEYEHHOTO 3JIEMEHTAPHOrO MEPHOja PaHra (o COB-
IaJa€T C IIPUBEJACHHBIM BBIIIE OIIpeJe/IEHNEM OTMEYEHHOI'O JIEMEHTApHOI'O IIe€pUuoia
pamra 1, rak xak ect BEIB~1 X R € P, 1o BE/B~! = R B cBobommoii rpyme. To-
raa |j| = 1, mockosbKy ciioBo R saBigercs npocrbiM. CrieoBaTeIbHO OUH U3 CJIOB E
E~! gpnsercs MUKIMYECKIM CIBUTOM CJI0Ba R B CHITY IMUK/IMYECKON HECOKPATHMOCTH
37eMeHTOB u3 P u s/1eMeHTapHoro nepuoja F.

Ucrosib3yst MOHATHE OTMEYEHHOTO JIEMEHTAPHOTO TEPUOJIA MBI 110 aHAJIOTHE C §2
riasbl VII monorpadwuu [2] BHOCHMM HEKOTOpble M3MEHEHUS B OIPEIEICHUIX HEKO-
TopbIX MOoHsTHH U3 §4 riaesl I MoHorpadun [2]. VIMeHnHO, BO BCEX YIOMUHAHUSIX O
HOPMUPOBAHHBIX BXOXKJEHUSIX JIEMEHTAPHBIX CJIOB paHTra « OyJeM IIPeJIIoJararh,
YTO MMEIOTCs BBHJLY OTMEUEHHbBIE 3JIEMEHTAPHbIE IIePUOJILI paHTa «. Bce ocrajibHbie
onpesenenns (popMaabHO OCTAaIOTCs 6e3 nm3menenus. Bee yTBepxkaerus riaas [1-V mo-
Horpaduu [2], a Takke Bce yTBepKAeHUs U3 MyHKTOB 2.3, 2.4 u 2.7-2.10 riaser VII [2]
u nemma 2.6 13 paborsl [23] nx mokazareabeTBa GOPMAIBHO TIOBTOPSIFOTCST U OCTAIOTCST
B CHUJIE C YYETOM IOIIPABKH O MOHITUU OTMEIEHHOTO 3JIEMEHTAPHOTO MEPUOJIA B TIPUBE-
JIGHHOM BBIIIIE HOBOM CMbICJIe. [ToI4epKHeM, B 4aCTHOCTH, 9TO COTJIACHO JIeMMbI V.1.8
[2] 6uHapHas onepanust CMBIKAHUST PAHTa (v SIBJISIETCST ACCOIMATUBHON OTeparueii mpu
Jirodbom « > 0.

Ha ocHoBanum BBEJICHHBIX MTOHSITUN MBI TOCTPOMM HOBOE TIPEJICTABIICHHE JJIS TPYTI-
bl G. Iyers I (X, 0) ectb cBoGoguas rpymma ¢ obpasyrommmu X . CrHagasa nocrpo-
uM BeromoraresbHble rpynnbl I'g (X, ), KOTOpble CTPOSTCsI NHYKIUEH 110 paHry «
(o anasorun onpenesenns V1.2.2 rpyun B(m,n, «) uz monorpaduu [2]).

Ipemonoxum « > 0 u rpynusl 'g(X,y) yke mocrpoensr st Beex v < a — 1.
Yepes €, 0003HAYNM MHOYKECTBO, COCTOSIIIEE M3 TAKUX OTMEYCHHBIX JIEMEHTAPHBIX
nepuosioB A paHra v, 9TOOBI BBITOJTHSJIUCH YCJIOBUSI:

(a) MJIsT BCSIKOTO OTMEYEHHOIO 3JIEMEHTApHOro nepuosia E padra o mMeercst oiHO
U TOJIBKO 0IHO ¢ioBo A € &, rakoe, uyro nepuon E conpsizken B rpyme g (X, a— 1)
i ¢ nepuonoM A, mmm ¢ A7L.

(b) eciiu A € &, To myist HEKOTOPBIX cjioB P u () umeer Mecto Briodenue PA™(Q €
Mao_1 -

3ameuanmne. Cywecmsosarue anemenmapror nepuodos A ¢ yrkasannoim Goiue

ceoticmeamu (a) u (b) caedyem us aemmo, 2.6 (cM. HEKE).
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Yepes I'g(X, o) 0603Ha4UM IPYIIIy ¢ TeME 2Ke 00pa3yomumu X 1 CUCTEMOIl onpe-

nessomux coorHomennit A” =1, rne A € |J_, €t
n
Io(X,a)=(X|A"=1,4¢€ | ] &)
a=1

Hanee, oboznadmm
(2.4) &= ¢
a=1

Ipeaenpayto rpymy oboznaunm depe3 ['(X). Ona nopoxpaercsa obpasyomummu X
U MIMeEeT CHCTEMY OIpeJesIsronux coornomenunit A™ =1, rne A € E:

oo
(2.5) To(X)=(X|A"=1, A€ &)

a=1

B [9] mokazano
JIemma 2.1. I'pynnot G u T'g(X) cosnadarom:
(2.6) G’:(X|R”:1,RET>:<X|A”:1,A€GE(X):F(;(X).
a=1
Kax ormernu Boime, npeacrasiaenne (2.6) Mbl HA3bIBAEM NPEICTABICHUEM A sHA

rpymumnsl G.

B [9] o6ocHOBaHDI TAKIKE CJIEAYIONHE BAXKHBIE JIEMMBI.

JIemma 2.2. Jas amobwx dsyx caos C,D € R, (o > 0) sunoaneno coommowenue

CRD & C=Ds I'g(X,a).

JIemma 2.3. [Jas w6020 panea o u awbozo caosa C 6 I'g(X,a) umeem mecmo
paseHcmeo

C =[Cla.

Jlemma 2.4. Jlas 4106020 parea o u 4106020 ca06a C' MOIAHCHO YKA3AMD MAKOE CAOBO
DeX,, wmo C =D 6Tg(X,a). Ecau a > 9(C), mo maxoe D moorcho yxasamsv 6

Aaii.

Jlemma 2.5. Daemernmaprviii nepuod A ABAAEMCA OMMEUEHHBIM INEMEHMAPHBIM
NEPUOJOM parea & Mo2da U MOALKO Mo2da, k0204 MOMCHO YKG3GMb MAKOE CA0E0
R € P u maxoe caoso B, wmo

R=BA'B!

6 epynne L' (X, — 1) dan nexomopozo ueaozo j.
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Jlemma 2.6. Kaotcduti snemernmapnniti nepuod E panea o > 1 conpaoicen 6 epynne
Io(X,a — 1) nexomopomy anemenmapromy nepuody A panea o marxomy, 4mo 0as
nexkomopur caoe P u Q umeem mecmo exmouenue PA"Q € Mq_1. Ipu amom,
ecau E — ommevennoids (neommenennoill) aremenmaphoid nepuod parea o, mo u A

ABAAEMCA OMNMMEHYEHHBIM (Heomme%eumnm) INEMEHMAPHDIM nepuo@om parea .

Jlemma 2.7. Ecau E ecms ommeuennoili aaemenmaphviii nepuod nekomopozo panza
v >1 (uru ecou E € E), mo E umeem nopadox n 6 epynne I'c(X,7) (u 6 epynne
(X))

Jlemma 2.8. Ecau E ecmo HeommeweHHbld anemenmaphoili nepuod HeKomopo2o pak-

2a v, mo E umeem Geckonewnuiid nopadox 6 I'g(X).

JIemma 2.9. Jlas ao6oz20 caosa C, komopoe ne pasno 1 6 epynne T (X), moorcro
yxasamv makue crosa T u E, wmo C = TE"T~! 6 I'g(X) npu nexomopom ueaom
r, 2de aubo E € &, aubo E — neommeuenmnvili snemenmaproili nepuod Hexomopozo

anea Y u caogo B sxodum 6 mexomopoe caoso u3 xaacca Mo _q.
¥

3. IIEHTPAJIbHBIE PACHIMPEHUS

[IepBble npuMeps! Heaberesbix TPy 6e3 KPYUeHusl, B KOTOPBIX JIIOObIE JIBe HeeIr-
HUYHbBIE HOIPYIIIbI UMEIOT HeTpUuBHajbHoe nepecedenue (Borpoc 1.63 uz Koyposckoit
rerpasm), 6pun nocrpoensl C. W1 AjsiHoM B pabore [22] (em. takeke [2], ror. VII). TTo-
crpoennbie C. U. AnstHoM HeabeJieBbI aHAJIOIW I'PYINIbI PAIMOHAJIBHBIX YHCE]I, 060-
sHagaeMble B MoHorpadun [2] yepes A(m,n), upeacraBisior coOOil IEHTPAJIbHBIE
pacmupenusi cBoboHO GepHcaiinosoit rpynmubl B(m,n) ¢ GECKOHEYHBIM IIEHTPOM,
MTOPOKJIAEMBIM HOBBIM 00Pa3yIOIIM JIEMEHTOM d HECKOHETHOrO MOPS/Ka. 3aIaHue
rpynubl A(m,n) MOPOXKJIAIONUMU U OIPEJIEJISONMMI COOTHOIIEHNUSIME TI0JIY IaeTCsI
u3 3amanus rpynnsl B(m,n) ¢ nomormpo mocrpoenuoi B |2, VI.2.1] nezasucumoti cu-
creMbl onpegessionux coorHomenuit {A™ = 1| A € €} B pesyibrare nobaBiaeHus K
ee ayiaBuTy HOBOH OyKBBI d, KOTOpPas KOMMYTHPYET CO BCEMU IOPOKIAIONIUMU, U
3aMeHoll Kaxkoro coornomtenns A™ = 1 ma A™ = d. Eciiu K onpenessiionyuM cOOTHO-
nrennsM rpyTmsl A(m,n) 106aBUTH erme oiHo cooTHomTenne dF = 1, To B Moy YeHHO
rpymme A’ (m,n) meRTp, MOpOKIaeMblit 3semeHTOM d, OyIeT mMeTh nopaoK k. I'pym-
na A’'(m,n) obiaagaer unrepecHbiM cBoiicTBoM: rpyrmna A’(m,n) monyckaer TOJBKO

JIICKPETHYIO TOIOJIOrui0. Bolpoc o CyIecTBOBaHUU HETOIOJOTU3UPYEMOil CUETHOH
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rpynnbl 6611 moctasier A. A. MapKOBBIM U OCTaBAJICS OTKPBITBIM HECKOJIBKO JIEeCs-
rusternii. Tlosxke B padore [21] Gbuia TpesIoKeHa HEKOTOPast MOIUMUKAIUS OIpe-
JesieHust Tpyibl A(m,n), 4To MO3BOJIMIO C IIOMOIIBIO HEKOTOPO MomuduKanuu B
U3JI0KEHHOM B MoHorpadun [2] MeTome ucciieoBanus TUX TPYII JJisi TPOU3BOJIb-
HO# cueTHOH abesyieBOil rpyuubl D MOCTPOUTH I'PYIILY, IEHTP KOTOPOH COBIAIAET C
D, a daxrop rpymma no noarpymnmne D uzomopdHa cBOOOmHOI GepHCcaiioBoil TpyIie
B(m,n). Oupeesenne n-KpyvIeHbIX IPYII MO3BOJSIET 3Ty MOTUMDUKAIMIO TPOIBA-
HyTb JAJIbIIE U M TPOU3BOJILHOM M-TTOPOXKIeHHOI abeseBoil rpymmsl D mocTpouTsb
IpyIiLy, IeHTp KoTopoil coBmagaer ¢ D, a daxrop rpymma no moarpymme D wuszo-
MopdHA 3aJaHHON N-KPYUIeHON TpyIIe, B MpeJcTaBieHnn A IsiHa KOTOPO#l He MeHee
m ompeJiesisTiomux cooTHorrennii. Huke MbI mocTponM yKa3aHHBIE TIEHTPAJILHBIE PAC-

IUPEHUs.

st onpesiestennocTn hpukcupyeM KoHeuHslii andasur X = {aq, ..., Gm, al_l, e
m > 1, u paccMOTpUM B 3TOM asiaBUTe MHOXKECTBO JIEMEHTAPHBIX CJIOB (2.4) s
saganHoil n-kpydenoit rpymusl G (1.1). MuoxkecrBo € ne Gosnee yem cuerHo. Duk-
cupyem HekoTopyto Hymeparmio u myctb & = {A;|j € I} (rme J — mmm muokecTBO
HATYPAJIbHBIX YUCEJ, WU er0 HAYAJIbHBIA OTPE30K ).

dukcupyeM TakKe IIPOU3BOJIBHYIO He 6ojiee ueM cueTHy abeseBy rpymmy D, 3a-

JaHHYIO ITOPOXK/IAIONINMU U OIPEJIeISTIONIUMI COOTHOIIEHUSIMU:

(31) D:<d1,d2,...,di,...|T:1,7’€:R>,
rie R — HEKOTOpOe MHOXKECTBO CJIOB B IpylinoBoM ajidasure di,ds,...,d;, ... Ilo
ycs0BuIO TeopeMbl 1.1 umeer mecto Hepasenctso |J| > |{d1,da, ..., d;, ...}

Yepes Ap(G) 0603HAUNM IPYIILY, 38JaHHYI0 CHCTEMOl 00pas3yoIuX JBYX BUJIOB

(3.2) 1,02, ..., Gy,
n
(3.3) di,da,...,d;, ....

U CUCTEMOI1 OIIPEJIEJISIONINX COOTHOIIIEHUN TPeX COPTOB:

(3.4) r=1, musBcex r € R,
(35) aidj = djai,
(3.6) A} =d,



IIEHTPAJIBHBIE PACHINPEHNA N-KPYYEHBIX I'PVYIIII

quist Beex ¢ = 1,2,...,m, j € Ju A; € &. Ilpu srowm, ecau |J| > [{d1,ds, ..., d;,...}| =
k, To mnsa Bcex j > k ompesesnsem

(3.7) AT = d.

W3 coornomenuii (3.6) Boirekaet, aro rpyunsl Ap (G) ABISIOTCA M-IOPOXK JCHHBIMI
rpyunamu ¢ nopoxkaomumu (3.2). s rpynn Ap (G) cupasemiuBa cJieyomas oc-

HOBHasd TeoOpeMa.

Teopema 3.1. Ilpu mobom m > 1 u newemmnom n > 1003 u das 40600 abeaegots
epynnwe D ¢ npedcmasaeruem (3.1) umerom mecmo caedyrougue ymeepircoerus:

1. yenmp epynno. Ap(G) cosnadaem ¢ D,

2. gaxmop epynna epynnu Ap(G) no nodepynne D ecmv 3adannas n-Kpyuenas

epynna G.

3ameuyanmne. Ob6paraeM BHUMaHHE YUTATENs] HA ONPEJEJIEHHYI0O CBOOOJY IIpU MO-
crpoeruu rpyui Aqp(G). Bo nepsbix, HOPAI0K HyMepaluy 3JIeMEHTAPHBIX IIEPHOJIOB
Aj € &, j € N - cBobonuerii. Bo BTOpEIX, MBI IMeeM CBOOOLY ¥ IIPH BBEIOOpE 32 JaHuUs
(3.1) abesesoit rpyuubt D. Takum o6pa3oM, B CHIy OLPEIEJISIONIUX COOTHOLICHUM
Buga (3.6), mis dukcupoBaHHON Ipymbl D MbI MOXKEM HOJIYIUTH PA3HBIE TPYIIIHI

Ap(G). Tlpu arom it Kaxk10ii U3 HUX ClIpaBeiuBa TeopeMa 3.1.

4. JIOKA3ATEJIBCTBO TEOPEMBI 1.1

st obocHoBaHus TeopeMbl 1.1, 09€BUIHO, JOCTATOYHO J0Ka3aTh TeopeMy 3.1.

st caos B andasure (3.2)—(3.3) rpynnst Ap (G) Mbl mocTpouM 060OIIEHHBIE aHA~
JIOI'U [OHATUI, KOTOpbIe ObLINM OCTPOEHBI U U3y4eHbl B IiiaBax -V monorpadun [2].

MuozkecTBO Beex ¢i0B Buja Qd, rie @ — cioBo B asudasute (3.2), npuHaiexaiee
MHOKeCTBY Ry, a d € D, Tiie rpynma D nmeer 3aanue (3.1), obozmaumm wepes REY.
Amnanoruuano, wepes NP PL xD £D D ﬁf, AL o6ozramv MEOKecTBO ClOB
Buga Qd, riue d € D, a ) UpuHAIEKNAT, COOTBETCTBEHHO, MHOXKECTBY Ny, Po, Ky,
Loy Mo, Mo, Ao

Ms1 6yemM paccMaTpuUBaTh TOJBKO TAaKWe BXOXKJIEHUsI B CJI0Ba (Qd, OCHOBBI KOTO-
PBIX BXOIAT B @), T.e. siBisioTcs ciaoBamu B ajidasure (3.2). Ilpu srom ecam V' ectb
BXOXK/JIeHIE B CJIOBO (), TO 1uepe3 Vd OymeMm 0003HAYATEH BXOXKIEHUE, IOJIYIAIOIIEECs

B pe3yJIbTaTe IPUIICHIBAHUS CJI0Ba d K BXOXKJEHUIO V' cipasa.
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[TousATHA IEPUOINYIECKOTO, IEJIOT0, MOJIYIEJIOT0 U 3JIEMEHTAPHOIO CJIOBA PaHra «,
IIOPOKIAIONIETO BXO2K/IECHNA PaHTl'a ¢ 1 OIIOPHOT'O d/Ipa paHT'a ¢ 1 BCE IIOHATUA, KOTO-
pbie 6buin onpesesensl B [2, ri. I, nyakrer 4.3-4.10], onpenessiorcss TOUHO Tak, KAk
OHWU OIIPeJIeJIJINCH BhIIe B maparpade 2 s 3a1aHHol n-KpydeHoil rpymnmsl G.

C yuerom 3TMX U3MeHEHHil jajiee Mbl OYKBAJIBHO MOBTOpPHM Tmaparpad 3 pabo-
1ol [9]. B wacTHOCTH, COBMECTHOI MH/YKIMEH 110 PAHTY (v OIIPEJEeIUM Ha MHOYKECTBE
fRaD OTHOIITEHTIE 0000ITEeHHOIT SKBUBAJIEHTHOCTH PAHTA (v U OTEPAIIUIO 0OO0OIEHHOTO
evpikanus [X, Y] panra a. Ipu stom, anamormano coornomrernmsv (12) n (13) u3

(0%
[9], moKa3bIBAETCS, UTO OTHOINIEHNE ~ YJIOBJIETBOPSIET CIIEYFOIINM COOTHOIIEHUSIM:

(4.1) PR Q< 3dvd (Pd ~Q(dd)),

(4.2) QI=Qd =d=d s D,

rae P,Q — cnosa B andasure (3.2), d,d’ € D, (dd') — nponssenenne snemenTos d u
d' B abenesoit rpymume D.

Ha 3ToM ocHOBaHHE TIOCTPOMM Beromorartesbhyto rpymry I'P (G, a), smementamu
KOTODOii SIBJISIOTCS KJIACCHI 9KBUBAJTEHTHOCTEH, Ha KOTOpble MHOXKecTBo R2 paz-
GUBAETCH OTHOIICHHEM SKBUBAICHTHOCTH ~, a IPYIIIOBas ONEpAIHS COBIAIACT C
omeparueil cmbikanus paxra «. Ilo amamorunm ¢ mymkramu 1.4, 1.5 rrasor VII pa-
6orr [2] mposepsiercss, uto I'P (G, ) OTHOCHTENLHO YKA3AHHOII ONEPAINN SBJISTET-
¢ rpymnoit. OnuimeM 3Ty TPyHIy ¢ HOMOIIBIO HOPOXKIAIONIAX M OIPEJIEAIONTIX
coornomenuit. s sroro wepes Ap (G, ) 0603HAYMM TPYNIy € TOPOXKIAIONAMEA

A1,Q2...; Uy dy,da, ...y d;, ... 1 CUCTEMOMN OIPEEISIFONINX COOTHOIIEHUH BUI0B (3.4),

(3.5) u Buza (3.6) musa Beex Tex j € N, ma xotopeix A; € (J &
t=1

JIlemma 4.1. /s mobvix caos X,Y € IRE BVINONHEHDL IKBUBAAEHMHOCTNU
X=Y 6 Ap(G,a) & X~Y & X=Y s G a).

Ora JeMMa JI0Ka3bIBaeTCs aHAJIOTMYIHO jeMmMe 3 pabors! [9]. Hyxkuo sumb B ee
nokazaresbeTse rpymmy Ap(m,n, o) samennts Ha Ap (G, a), a rpymmy TP (m,n, a)
samennts Ha I'P (G, a).

O6o3naunM depes Z moarpymmy rpymnst Ap (G), mopoxknennyio snementamu {d;|j € N}.

Jlemma 4.2. odepynna Z cosnadaem c uenmpom epynnv. Ap(G) u daxmop epynna

Ap(G)/Z usomopdra 3adanrol n-kpyuernot epynne G.
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Joxasameavcmeo. B cuiy coornomenuii (3.5) Z comepzkures B nenTpe rpyunst Ap (G).
Cornacuo npegioxernnto 2.1 u coorromenusiM (3.6), (3.7) dakrop rpymma rpymmst
Ap(G) no nmoarpynie Z ectb 3alaHHas n-Kpydenas rpynua G. Bosee Toro, B cuiy
ciresicTBUsA 1 paboThI [9]7 COTJIACHO KOTOPO IEHTP JII000M HEMUKINIECKON N-KPY ICHOH
rpyuisl TpuBHaJieH, rpyina G = Ap(G)/Z uMeer TpUBHAJIBHBIA LEHTD, 103TOMY 2

CoOBIaJaeT ¢ IeHTpoM rpynisl Ap (G). O

Cormnacuo jmemme 4.2 moarpymna Z, mopoxkaennas snementamu {d;|j € N} cosna-
nmaer ¢ meaTpoM rpynnsl Ap(G), daxrop rpymna Ap(G)/Z msomopdua rpymme G.
ITostomy Teopema 3.1 Gyjer jokasana, ecjid MbI TOKaXKeM, 4To abejeBa rpymma D
¢ arumu ke nopoxkgatomumu {d;|j € N} Bioxkena B rpymny Ap(G) u, TeM caMmbiM,
COBIIaIaCT C 2.

Cuauama y6eaumcs, aro rpymma D roxena s rpymmy [P (G, o) ayist mo6oro panra
o TIpeanookumM, 910 st HEKOTOPBIX 3aeMeHToB d',d’ € D umeeT MeCTO SKBHBa-
sentroCTs d' ~ d”. Torma d’ Za" JIJTst JTIODOTO paHTa 7y > (v, TaK KaK, [0 ONMPEJIEJIEHUIO,
d,d" e fR;D. Orcrona, B cuity cooTHomenus (4.2), HemeuieHHo nosydaeM, aro d' = d’
B abesesoit rpymme D, T.e. D Bioxkena B rpymmy I'P? (G, 7). Orciona, B CHLy J1eMMbI
4.1, BeITeKaeT, uro abesiea rpyimna D BioxkeHa B rpymiy Ap (G, ) st m06oro paH-
ra v > «. ITockosibKy MHOXKECTBO ompejessiiomux coorHomenuii (3.4)—(3.7) rpymubt
Ap(GQ) ectb 00beMHEHNE MHOKECTB ONPEAEIAIONUX cooTHOmenuit rpynn Ap (G, 7)

ISt BeeX v > a, 10 D Bioxkena u B rpymy Ap(G). Teopema 3.1 nokaszana.

5. KOHEYHBIE ITIOAIPYIHIIBI n-KPYYEHBIX I'PVYIIII

JokakeM yTBepzKIeHe TeopeMbl 1.2 0 TOM, 4To Jirobast KOHeIHAs! IOAIPYIIIa Kark-
JIOI M-KPYydeHO TPYIIBI — IMKJIMYecKas. Mbl IpoBeieM paccykJeHusi, OIn3Kue K
pacCyKJeHUsIM JIOKA3aTeIbCcTBa TeopeMbl 1.8 u3 [2] 0 ToM, 4TO BCe KOHEUHBIE MOJI-
IPyHIbI CBOOOIHON OEHCANI0BON I'PYIIIBI HEIETHOTO IIepuoa n > 665 KOHEIHHI.

Jost 3amansoit n-kpyderoit rpymmnsl I'(X) no ykasanzoii B (3.2)—(3.6) cxeme no-

crpouM rpyuiy Ap(X), B KadectBe rpymubl D B3gB GECKOHEUHYIO IUKJIMYECKYIO
rpyuILy
D = (d,).

B cuiy nmysakra 1 reopembr 3.1, nenTp 310it rpymmbt Ap (X) — GeckoHedHasd MUK/ITYe-

cKas TpyIIa, TOPOXKIeHHAs dJIeMeHTOM d = dj.
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Mubr yrBepxkgaeM, aro rpymia Ap(X) He umeer kpydenus. UTobbl oKa3aTh 910,
CHavaJIa 3aMeTUM, UTO B CUJIy IIYHKTa 2 TeopeMbl 3.1, BCIKUN HETPUBUAJIBHBIN dJIe-
MeHT a rpynmbl Ap(X) MOXKHO HpecTaBuTL B Buje a = Td’, Tie T ecTb CJIOBO B
rpymmosoM asdasure X, a d nopoxjgaromuii smement nentpa Ap(X). Tlokaxkem,
9TO @ uMeeT DECKOHEYHBIH TOPSIOK.

Ecmu cioso z pasro 1 B ['(X), To @ = d* B Ap(X) a1 HEKOTOPOTO 1EJIOTO i,
nockosibKy Ap(X)/D = T'(X). Torma a = d*¢ # 1, riie d — a71eMenT GeCKOHETHOTO
[IOPS/IKA. SHAYUT, ¢ UMeeT DECKOHEUHBIN MOPSIOK.

Ecim ¢ # 1 B I'(X), To B cuiy jemmel 2.9 HaiiayTes takue caosa T u E, uro
xr = TE*T~! rpynmne I'(X) pu mekoTopom resioM 7, e min E € &, Te., E apasgercs
OTMEYEHHBIM JIEMEHTAPHBIM [I€PHOJOM HEKOTOPOTI'O PAHTa Y, Uik F — HEOTME'UeHHbII
3JIEMEHTAPHBIN [T€PUOJI HEKOTOPOr'o PaHra -y, npuydeM cjoBo F? BXOIUT B HEKOTOPOE
cy10B0 U3 Kiacca My_1.

B ciyuae, korna E — HeOTMEUYEHHBIH 3JIeMEHTAPHBII I€pUO, HEKOTOPOT'O PAaHTa 7y
u cioBo E? BXOAUT B HEKOTOPOE CJIOBO M3 KJlacca ﬁy_l, TO TIO JieMMe 2.8, 3JIEeMeHT
E, a 3HauwuT u x, nuMeer GeCKOHEUHBIN mopsiiok B dakrop rpynne I'(X). Torna ero
upoobpas a B Ap (X)) roxke umeer 6GeCKOHEUHBI TOPSAIOK.

Teneps npegnonoxkum, uro E € &, T.e., 4T0 E 0OTMEUEHHBI 3JIeMEHTAPHBIN 1IepUo/T
HekoToporo panra 7. IIpeacrasum uncio s B Bugie s =ng+r, rme 0 <r <n (z #1

B I'(X)). Ucnons3ys coorromtenus (3.5), (3.6), mosyaum
(5.1) a=TE"" T @) = TE"T~d9%7.
B Ap(X). Hockonbky d — neHTpasbHBIN sseMeHT, u3 (5.1) BbITEKaeT

o = grlatitr.

Tak xkak 0 < 7 < n u d TOPOKIAIOMINN JIEMEHT OECKOHETHON ITUKIMIECKON IPYIIIIHI,
10 @" = drlati)+r HETPUBHUAJILHBIN 3JIEeMEHT GecKoHedIHOro nopsiaka. CiemoBaTebHo,
3JIEMEHT @ TOXKE MMeeT OeCKOHETHBIN MOpsAoK. TakuMm oO6pa3oM, MbI MTOKA3AJIH, UTO
rpymna Ap (X) asisierca rpynnoii 6e3 KpydeHust.

ITokazkem, 4To Jr0Oasi KOHEYHAs IIOAIPYIIIA IIPOU3BOJIBHON N-KPYyYEHON I'DYIIIBI
(X)) aBagercsa nukiandeckoii rpymnoit. Ilycrs koneunas noprpynna K rpynne: I'(X)
ITOPOXKIAETCS IJIEMEHTAMU (1, G2, ---, Jk- PACCMOTPUM MOPOXKIEHHYIO JIEMEHTAME (1,
g2, -y gk, d noprpyuny Kj rpyunst Ap(X), rue Ap(X) — mocrpoeHHOE BbIIIE 1I€H-
TpasbHoe pacmuperre rpynibl I'(X) ¢ HoMonpio 6eCKOHEIHON IUKINIECKON IPYIIIIbI

(d). DmemenT d comepKuTCs B IeHTpe Ipynibl K, 109TOMy (HDaKTOp TPYIIA PYIIIHI
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K 1o cBoemy 1ieHTpy Koneuna. I1o uszBectnoit reopeme Bapa (cum. [24]) u3 xoneuno-
ctu BaKTOp IPYIILI O MEHTPY CJIEyeT KOHETHOCTh KoMMyTaHnTa. CiieoBaTesbHo,
KOMMyTaHT rpyuibl K koneden. B cuity nokazannomy Bbitie, rpynna Aq (X)) aBiis-
eTcs rpyIIoi 6e3 KpydeHns U B Hell KOHEYHA TOJIBKO eJIMHUYIHAA OArPYIIa. SHAUIUT
KOMMYTaHT Tpynnbl Ky TpuBmaJieH, T.e. K saBisercsa abesnesoit rpymmoit. Torma 06-
pa3 K B I'(X) rpynust K Toxe aBisiercs abesieBoii rpyumnoii. CornacHo cjaeacTBuio 2
pab6otsrl [9] Besikast abesiea moarpytmna rpynnsl I'(X) — nukandeckast rpynna. SHATHT,

K — muknmaeckas moarpynna. Teopema 1.2 mokazana.

Abstract. For n-torsion groups of odd period n > 1003 we construct a certain
modification of the method invented by S. I. Adyan to positively solve the well-known
problem of the existence of non-commutative analogs of the additive group of rational
numbers with a finite number of generators. Using this modification we prove that
any m-generated abelian group D can be embedded as a center into some group A so
that the quotient group A/D is isomorphic to a given n-torsion group with at least
m independent defining relations. As an application, it is proved that every finite
subgroup of any n-torsion group is cyclic, which generalizes a similar result proved
earlier by S. I. Adyan for free Burnside groups of odd period n > 665. Note that the
set of non-isomorphic s-generated n-torsion groups has a cardinality of the continuum
for fixed s > 1 and any odd n > 1003.
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AHHOTaUMA. YcTaHoB/EeHbl HeKoTopble 0606LEHNA KAAaCCMYECKOro HepaBeHCTBa
MapuuHkeBu4a—3urmyHga o maxkopauum g-pyHkumm Jntrasypa-Mann ana rap-
MOHMYECKMX PYHKLMI B eAMHMYHOM wape npoctpaHctea R™.

MSC2010 number: 31B05; 42B25.

KiroueBbie cimoBa: g-pyHkumm JlutTneyaa-anu; vHterpan nnowanen JlysuHa;
HepaBeHcCTBa JInTTneyaa-anu; HekacaTenbHble ONyCTUMbIE 06NacTu; KoHyc JlyanHa.

1. BeepeHune

WcecneposaHusa B Teopumn psgoB Pypbe v rpaHUYHOro noBegeHus FronoMopgHbIX
dyHkumn B 1930-x rogax npveenu Jinttneyaa v Nanu [1] K Tak HasbiBaemown g-
dYHKUUK, HOCALLEN UX UMST:

fr ; 172
(1.1) g(f)(©6) = . (1 —r)|fi(re®)|?dr , oc (—mm),
roe f (z) —ronomopdHast pyHKUus B eanHnydHoM Kpyre D = B,. B 3ToM HanpaBneHuu
OOMH 13 OCHOBHbIX pe3ynbTaTtoB JIuttneyda v [1a5m — 370 9KBMBaNEHTHOCTb LP-HopMm
dyHkuun g(f) n f Ha egnHMyHOM okpyXkHOCTM Npu p > 1 (cm. [1], [2, Tn.14]). Jokasa-
TenbCTBa CyLEeCTBEHHO OCHOBaHbI HAMOTOYEYHbIX OLleHKax g-pyHKuun. ByactHocTu,
MapumHkeBu4 1 3urmyHp, [3] nokasanu, 4To g-pyHKLNS MaXXopUpyeTcs MHTerpanomM
nnowagen (Mnn dyHkumen) JlyanHa Sg,

1rr 1/2

(1.2)  9(f)(B) < CsSs(F)(6) :=Cs 0n(®) f{(z)|2 dx dy , oc (—m,m),
rae ans napameTpa 6,0 < & < 1, u Toukn e® o6osHaueH cekTop JysnHa Qs(6) B
kpyre D, T.e. obnacTb, orpaHMyeHHas OByMS KacaTenbHbIMU, UCXOAALLMMU N3 TOYKM
¢ = €% k okpyxHOCTM |z| = &, 1 HamBonbLUen Oyroi OKPYKHOCTU |z| = & Mexay

1Hac1'onu1,ee nccaenoBaHMe BbINOMHEHO NpY NogaepXKe LleHTpa MaTtemaTuyeckux MccneposaHnii
EpeBaHcKkoro locypgapctBeHHOro YHuBepcuteTa
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ToukaMmu Kacauus. [lomobuyo obmacts HaspBaoT Takke yriom [Ilrosbia. JIBoitHoit
uHTerpas B mpapoii wactu (1.2) ectb minomaae ob6pasa cekropa Jlysuna Qs(6) npu
orobpazkenuu f. drum obbscHsercd HazBanue dyukimn Ss(f).

B nacrosimeit cratbe Mbl 06001aeM g-pyukuto JIlunrrasymna—ITsmm u dyukimro Jly-
3WHA [0 HECKOJILKUM HarpaBienusiM. [ojomopdubie GyHKIUNA 3aMeHsIeM HA TapMO-
HUdYeckue (QYHKINU B IUHAIHOM Itape u3 R™, BMECTO MHTErPUPYEMBIX C KBaIPAaTOM
GbyHKIWIT paccMaTpuBaeM JUisl HUX Pa3/IMIHbIe CTEIEHHBIE MTOKA3aTe I, & TaKxKe 0e-
PeM [POU3BOJHbIE U IPAJIMEHTHI BBICOKOrO MOpsaaKa. Kpome Toro, BMecTo cekTopa (Ko-
Hyca) Jlysuna Qs(0) mososisiem 6ostee MUPOKUIA KIaCC JTONYCTUMBIX obsacTeit. B aToM
KOHTeKCTe pasziudnble 0000mmenns dyukiuit Jlnrrnsyna—Ilsmu u Jlysuna nzyvanuce
B paborax [4] — [8]. MbI JloKa3bIBaEM MOTOYEUHBIE OIEHKHN JIJIsi 0GOBIEHHBIX (DyHKIMI
Jurrnsyna—1lsmm gq,m u Jlysuna Ss 4 ¢ pasmumuabiMu naAeKcaMu ¢, 0 < ¢ < oo.

IMycrs B = B,, — OTKPBITLI €AMHUYHBIH [1ap B €BKJAUI0BOM npocrpancrse R” (n >
2), u S = OB — ero rpanuna, equanaHas cdepa. Toukn B R™ Gyjem npeacrasisiTs B
Buge x = r¢ = rz’, |x| = r, Tak yro upoekuuio Touku x # 0 Ha eqUHUIHON cdepe
Oyaem obozHadaTh ubo Kak ¢ € S, ymbo ' € S. Anamornduo GyJeM IIpPeJICTABIATh
y=pmm=py, [y =p,n=19y €85. Yepes B(z,s) 0603HATAM OTKPBITHI map C
HeHTpoM B Touke x € R™ u paguycom s > 0, re. B(z,s) :={y € R": l[y—z| < s}, B
gacraoct, B = B(0,1). Cumsossl C(a, B, ... ), Cy u T.11. 6yyT 0003HAYATH PA3IINI-
HbIE IOJIOKUTEIbHBIE TOCTOSIHHBIE, 3aBUCAIINE TOJBKO OT YKA3AHHBIX HapaMeTpPOB.
Homonnenne maoKectBa G C E B E 0603Ha4YnM Kak Gg, wm kpatko G¢. MHoxke-
CTBO TIOJIOXKHUTEJILHBIX IIEJIBIX drces obo3HaunM 4depe3 N, rakxe Z := NU {0}.

Juist 3anaHHOl ocTaTouHo Tyaakoi dyHKimn u(x) ee rpaguent V™u mopsijka
m € N omnpeiessieTcst Kak BeKTOP-QyHKIHsI, Y5 KOMIOHEHTHI 9aCTHBIE TTPOU3BOHBIE
Py = ——0u | = (k1,ka, ... k), nopsaaka m = |k|, yunopsamoyenunsie B

k k 9
8:511 8122 8:1:5,"

HekoTopoM dukcupoBanuoM mopsake. Hopma V™u HaxXoanTcsa n3 paBeHCTBA

1/2
|0%u(@)|?

kezZn |k|=m
2. HOIIYCTUMBIE OBJIACTU

B equHUYHOM IMape ONpeJeIuM [IBa U3BECTHLIX THIIA JIOMYCTHMBIX objacTeil —
konyc Jlysmna Q,(z') m mekacarespHy®o nomyctumyto obmacts [g(z'). Ins duken-
posanuoii Touku ' € S u pamuyca 0 < s < 1 onpegessgeM OTKPLITYIO 061acTh Qg (')

KaK BHYTPEHHOCTb HaMMEHbLIIEr'o BBIIIYKJ/IOI'O MHOXKECTBa, COAEp2Kalllero TOYKY LL'/ u
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map B(0, s), ecM. Pucynok 1. Obmacts Q, (z') Ha3biBaeTCst KoHycoM JlysuHa ¢ Bepin-
HOit o’ m pacTBOopoM 2, 0 < o < 7/2, Tak uTO $ = Sin . BBeseM B paccMoTpeHne
JIPYIYIO, HO CXOXKYIO HEKACATEJIbHYIO JIONyCcTuMyIo obiacth (non-tangential approach

region)
Ts(z') = {y €B: |y—a'| <ol |y|)}, 5> 1.

OueBuiHO, 00€ 00JIACTH PACIIUPSIIOTCS OTHOCUTEIBHO (v M ¢, COOTBETCTBEHHO,

Qa, (2") C Qu, (2), 0< o <042<E,

F51 (.23/) C F52 (l‘/), 1 <07 < do.

2

Pucysnok 1.
3areHnenHast 061aCTh €cTh cedeHue Kounyca Jlysmna Q, (x')

¢ BepmuHOil ', pacTBopoM 2 1 § = sin«

Xots kouyc Jlysuna 2, (z') reomerpudecku npoire, uem I's(2’), 06e obractu nme-
0T sinesnaHy0 Gopmy B B ¢ 3aocTpeHHBIM KOHIOM Ha cdepe S. O6macts I's(x’)
upu y — «’ acumurorudecku Oymska kK komycy (2, (z'). Bomee Toro, atu gsa Tuna

JIOIYCTUMBIX 00JIacTell CPABHUMBI B CJIEIYIOIIEM CMBICJIE.

Teopema 2.1. llyemov x € B, x # 0 - durcuposarnas mowxa.
(1) Jas moboeo 0 < o < /2 natidemes nocmosnnas 0 > 2, 3a6UCAUAA MOALEO

om o, Maxas, 4mo

Qu(2") C Ts(2").
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A ecau 0 < a < 1/3, mo cywecmeyem nocmosnnas dq > 1, 3a6ucawas moavko om

Q u makas, ¥mo
Qo (') CTs (2'), u lim 6, = 1.
a—0t

14sina
l—sina”

Hocmoannyio 6o MOHCHO 83AMb, HANPUMED, Oq 1=

(ii) Jas mo6oz0 § > 1 natidemesa nocmoannas 8 = B(0) € (0,7/2) maxas, wmo
Ls(z") € Qp(a).
Hocmosnnyto B moorcho 83amob, nanpumep, [ := arccos(1/4).

Joxasameavcmeo. (1) B obmem ciayuae y € Q. (') oleHKa ¢ IpuMeHeHneM TeOpPEeMbI

KOCHUHYCOB Jla€T

f— ~ 2 2 2 ~
2" — | < §, := max — = — Oa > 2,
11—yl 1—sina’ cosa 1—sina

cM., Hanpumep, [9, p.167]. B cnenmanbrom ciydae 0 < o < 1/3 3HaueHHe IOCTOSTHHOI

0 = 04 > 1 MOXKHO B34Tb MeHbIIle, IpudeM lim J, = 1.
a—0t

HeitcrBuresnnbho, ecm Touka y € Q. (') nexur wa paguyce (0,2'), re. y = |y|z’,

lz’—yl _ 1=lyl _ 4
1-lyl 1-lyl )

Ecmn y € B(0, s), s =sina, re. |y| < sina, o

TO OYEBUTHO

|2" — y| < 1+ |y < 1+sina

:'6’
11—yl —1—]yl ~ 1—sina %

Ecim y nexur sre B(0,sina), Te. y € (') msina < |y| < 1, To Teopema cumycos,
OPUMEHEHHasl K TPeyroJbHUKY ¢ BepimHamu 0,2’ y, IpuBoauT K
|2" — y| sin«
]
rje cuMBoa Z(x,y) O3HAYAeT yroJ MeXKJy BEKTOpaMH & U Y. B ToxjecTse
sin? Z(z,y)
cos? (£(z,y)/2)’

(2.1) sin Z(x,y) <

)

2 .o L(m,y 2
(22) |2' —y|> = (1—|y|)” + 4y| sin® % =(1—1y])” +1yl
MIOCJIETHAN 3HaMEHAaTe/Jb OrDAHUYEH CHU3Y, cos? (#) > %(1 + sin a) > % SEVo)

Bmecte ¢ (2.1) u (2.2) naer

2 .
| —y|* < (1= Jy[)” + 2[y| sin® Z(z,y) <
|2/ — y|?sin?
ly[?

5 |z" — y|?sin® a

< (1—1y)* +2Jy|

< (1—|y|)2—|— s = (1—|y|)2—|—281noz|x’—y|2.
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: |2’ —yl 1 .1
Tak kak sina < a < 1/3, 1o =Ty < NiEs Tyl 0. IlosTomy mia moboro y €

Q. (x') oupenenumM MOCTOAHHYIO

5 '*max{é’ 6"}*max 1+sina 1 _ 1+sina
@ o el l1—sina’/1—2sina) 1-—sina’

rjie mocjejiHee PaBeHCTBO rapanTupoBano yciosueMm 0 < a < 1/3. Takum ofpaszom,

2"~y
1-lyl

< g, uto o3Havaer y € I's_(z'), m lim 6, = 1.
a—0t

(ii) o upoussosbHoil Touku y € I's(z'), obo3nauas w = a2’ — y, U3 HepaBeHCTBaA

|#" —y| < §(1 — |y|) Haitmem yros Mexkiy BeKTOpaMu I U w,

w] < 6(1 — [" — wl),

2
1
lz" —w|* < (1 — 5|w> ,

1 2
1+ |w]? — 2|w]| cos Z(z,w) < 1+ ﬁ\wﬁ - g\w|,

[w] 1 1

2.3 Lw) > 21— =)+ =,
(2.3) cos Z(x,w) 5 52 + 3
ITpasas gacts (2.3) Menbiue 1 g w, |w| < %7 B YacTHOCTH I |w| < 1, mosromy
UMEET MECTO

1 1 1

|Z(x,w)| < arccos [“2‘4 (1 - 52) + 5] < arccos 5= B.

Takum obpasom, |Z(z,z’ — y)| = |£(z,w)] < B = arccos(1/§) < /2 pns Bcex
y €Ts(a’) ¢ |lw| = |y — 2’| <1, 970 IPUBOAUT K BIOKEHUIO

1
Is(z") N B(2',1) € Qp(2") N B(a', 1), §d>1, [ =arccos 5

Hpumbikatomee Baoskerne Is(z') N B (2/,1) € Qp(a’) N BC(2',1) crenyer m3 mepa-
Bercte 1 < |y — /| < §(1 — |y[), rax uro |y| < 1 — 4 = 1 —cosf < sinf, u

cienoBaresibHO Y € Qg(z’). O

3. OYHKIUU TUIA JIUTTABYOA-II3/11 n JIY3UHA

Byznem paccmarpusath (BemecTBeHHBIE) rapMOHTYIecKre (DYHKIMHA % (2) B eIMHII-
wom mmape B. st mapamerpos 0 < ¢ < 00, § > 1 ompejesnM BapuaHT (DYHKIIUN

(nnm maTerpasa miomaneit) Jlysuna (1.2) caeayromum o6 bEMHBIM HHTEPATIOM

q 1/q
(3.1) Ss,q(u)(C) := (/F o m] da:) , ces.
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Ilpu ¢ = 2 dyuxmus S52(Vu) ¢ xomycom €25(¢) Bmecro I'5(¢) Gbuaa mpemioxena
Tacriepom [4], a B ciryaae sepxiero mosynpocrpanctsa R’ — Creitnonm [10]. Bue-
cre ¢ TeM, dyukuus (3.1) cBomures K kiaaccudueckoi dbyukiuu Jlysuna, ecan mog-
craButh N = ¢ = 2, 3amernTb ['s(() Ha Qs((), a takke u(x) Ha Vu(x). dcHo,
410 byHKIU S;54(U) BO3pACTAIOMAsS OTHOCUTEIBHO mapamMerpa . JIpyrum oobexToM
reopun Jlurriasyna-Ilsmm asnsiorces g-dbyaxiuu. Onpegennm 0GOOIIEHHYIO BEPCHIO

g-dbyaxrun JInrrasymna-ITsmm (1.1):

1 1/q
Gom()() - (/ (1—r>mq1|u<r<)|qczr) . CeS 0<q<oo,
G (W)(C) = sup (1= )" u(rO)], ces

0<r<1
OcoGenno Hac uHTepecyIoT g-MyHKIMH Gqm (V™ ) (C) 1 goo,m (V™u)((), m € N.
Harra 3a1a9a — ycranoBUThH aHAJIOT HepaBeHcTBa Mapuuukesuda-3urmynja (1.2) s

00001eHHbIX DYHKIHNA S5 U Gg.m-

Teopema 3.1. ITycmov u(x) — npoussosvras 2apmoruseckas PYHKUUL 68 eOUHUYHOM

wape B, 0<p<g<oo,meN,§>1. Tozda

(3.2) 9q.m (vm_lu) (C) < C(4,p, q,m,n) Sé,p(u)(g)a ¢es.

,Z[OKaBaTeJ'II)CTBO- Ham cirelyeT JJ0Ka3aThb HEpaBEHCTBO

1 1/q 1/p
—_r mq—1 mflu r q p |u(x)|p T
a3 ([ -l ar) SO(/W(l_|x>n_pd>

Ha cdepe S ¢ Hexoropoi nocrosuuoit C' = C(4, p,q, m,n). Bocuonb3yemest opuru-
HaJIBHBIME niesamu u3 [3], [2, Tu.14].

Iis puxcuposannoro ¢ € S jieBblit uuTerpas B (3.3) pasIioKuM B Pl O TOYKAM
o =1-— 2%, k =0,1,2,.... Kpome Toro BeiGepem 3HaveHue 1y, € [pg, Pr+1], HA

KOTOPOM JOCTHUTaeTCA MaKCUMYM

max |V u(r¢)| = [V u(red)|, k=0,1,2,....
PEST<Pprt1
Torma oCKOIBKY p/ q < 1, To nosryanm
p/q

Iy (V") (¢) = </01(1 - r)mq1|Vm1u(r<)|qdr> —

i

k=0

Pt p/q
/ (1 —r)yma=t |Vm71u(7’§)’q dr <
Pk
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s Pk+1 p/4q
<> (/ (1- r)mq‘llvm‘lu(ro\qdr) <
k=0 Pk

1 . - m m p/q
S@@ﬁﬁEZWM1MWQV“1—%)q—ﬂ—pmﬂq} =
k=0
L g b1 Lo
- (mq)p/q l;) |V U(Tko| (quk B qu(k+1)) -
w (Y [P O
: mq2mq ompk :

k=0
Hanee, B Toukax 1, IPUMEHNM HEPABEHCTBO CPeHero 3Havuenus 1o mapy B(r(, Ry),
rie paguycel Ry Boibepem gocrarouno Maiabivu, 9106t B(ri(, Ri) C T's((). asg aro-
I'0 MOXKHO SIBHO BBIOpaTb pajauychbl Ry Kax

arccos(1/0
Ry = ﬁk: (k/), k=0,1,2,....

8-2 8-2

Kpome Toro, Beibop pammycoB Ry cienan ¢ TaKUM pacdeToM, UTOOBI KarXKIbI Imap

B(r1(, Ri) mepecekasicst TOJIBKO C JIByMsl COCEJIHUMU IIApaMH,

B(ﬁcflCakal)ﬂB(Tk+1C7Rk+1):Qv k=12,...,

ubo r—1 + Rp—1 < rpp1 — Rpy1. 3akimogaem, aro maper B(ri(, Ry) ¢ 4erHbiMU
(nam HeyeTHBIMM) HOMepaMu K IIOIIAPHO HE [EPECeKaloTCsl, & B CyMMe BJIOYKEHBI B

nouycrumyio obsacts '5((),

(3.5) B(rar(, Rak) ﬂB(T2k+2C7 Ropy2) = @, k=0,12,...,
(3.6) B(rog—1¢, Rog—1) ﬂB(T2k+1CvR2k+1) =9, k=12,...,
(3.7) U B(rk(, R) C I's(Q).

k=0

Wrax, mpuMeHnM BapuaHT U3BECTHOTO HepaBeHCTBa cpeanero 3uadenus Peddepmana-

Creiina no mapy B(ri(, Rg),

L N
B(T}cC,Rk)

m—1)+n
P
= et [ gy SO g
B(r¢, Ry) (1 - |m|)n P
n—p 2
< ¢ gk(mptn—p) [1 e Rk)} / Lﬂn_ de <
B(rac,Ry) (1= [x])"P

u(z)P
S C((Sap7Q7m7n) 2mpk/ 71 N
B(ric,Ry) (L —]z[)"7P
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TaK Kak
arccos(1/9) 1
4 . k+1 < 2k+1

1
nu 1—7“k+Rk<2(1—7’k)<2f

Ry = i

< 1 —TE < 27
Orcrona, a takxke u3 (3.4) momydaeMm
p/a

D m=1,, — ' — Y=L gm=1y,(r N dr
9y (V )(©) (/O (1—r) v Q)] d) <
|Vm ! Tk<)|

< C Z 2mpk S

(3.8) < C(8,p,q,m,n) Z/ M dx .

= JBrc,ry (1= lz)) P
Tenepb 1OCTATOYHO 1101, 3HAKOM CyMMBI OTJIEJIUTh Y€THbIe U HeUeTHbIe k U BOCIOJIb-
30BaThCs cooTHOIeHusIME (3.5)—(3.7),
SR | T )l
= JBrc,my (1 —[z))"P rs(¢) (1—lz)mP
Hakonen, nepasencrsa (3.8) u (3.9) BMecTe UpUBOAAT K TPEOYEMOMY HEPABEHCTBY
(3.3), (3.2). ]

Bameyanue 3.1. B cayuae m = 1 nepasencmso (3.2)—(3.3) coomeememeyem nepa-
sencmey Cmoana [8, Thm 3.1]. IIpunyunuaibro Hu%e20 He USMEHUMCA, ECAU 6 Hepa-
sencmee (3.2) samenums eapmonuneckyro gyrxyuto uw(z) na ee epaduenm. B pesyav-

mame nNoAYHuUM

(3.10) 9am (V™) (C) < C(8,p,q,m, 1) S5,,(Vu)(C), ¢ €S,

m.e.

1 1/q |VU(Z‘)‘F 1/p
— Ym0 (r O dr —— —dx .
@ ([a-nreereola) gc(ﬁmwl—uwwd>

B wacmmom cayvae n = p = ¢ = 2, m = 1 nepasencmso (3.10)—(3.11) ceodumcs

K Kaaccuseckomy nepasenemaey Mapuyunkesuvwa—3uemynda (1.2) das eapmonuveckux

Pyrruu.

IIpenesbublil caydait ¢ = oo He oxBadeH Teopemoit 3.1 m TpebOyer OT/EIBHOIO
paccMoTpeHuA. B aroM ciaydae OYHKIUA Goo,m HMEET APYIYIO Ma’KOPaHTY BMECTO
dyukipn Jly3una, a IMEHHO HEKacaTeJIbHYI0 MAKCUMAJIBHYIO (DYHKIIIIO

uy(¢) == sup |u(y)l, ¢esS, A>1
yelA(C)
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Teopema 3.2. [Tyems u(x) — npoudeosvHas 2apMONHUNECKaA PYHKUUSL 6 eOUHUYHOM

wape B, m € N, A > 1. Tozda umeem mecmo HepageHcmso
goom (V"u)(() £ C(\,m,n)ui(C),  C€S.

Zoxazameavcmeo. Tlockoibky 1o Teopeme 2.1 umeer mecro Biioxkenue §2,(¢) C I'x(¢)
)\ — 14sina

l—sina’

Juist Hekotoporo 0 < a < 7, TO JIOCTATOYHO JIOKA3aTh HEPABEHCTBO

(1 =)™V u(r¢)] < Claym,n) sup |u(y)
yEQa(C)

, 0<r<l1, (es.

O6ozHauus § := sin «, 1 pUKCUpoBaHHOM Touku x = r( € B paccMOoTpuM Imap

B = Bast=n)/2) = {yerr iy -l < ri= L5 c a0

(1— r)s

Ilocnenmee BaokeHme obecriedeHO BHIOOPOM MAJIOTO pajamyca R = . OyuaKIIIO

u(x) npencrasum unrerpasom Ilyaccona no cdepe 9B,

(312) we)= [ Po(n2)u)dol). v b,

9B,
rie do — HopMupoBaHHas (n — 1)-MepHas oBepxHOCTHas Mepa JleGera Ha cdepe u
oboznadeno siapo [lyaccona mis mapa B,

R2_ —1‘2
PBz(y7z) = |y |

= Y1 yeB,, z€0dB,.
Rz —y|"

B dopmyiie Iyaccona (3.12) BozbMeM rpajuent nopsaka m € N u oleHuM, 0/Ib3yACh

U3BECTHBIMH oreHKamu siipa [Tyaccona, cM., Hanmpumep, [11], [12],

Vput| < [ V3P w.2) u(2) o) <
OB

x

SuimyéB\vmfkmy,\da

sO@mnw&@)éB|szSLll=
. R 1do
= C(m,n) uA(C)/S Rt — (y— x)(|§72+n1 <

Hakomner, 6epem y = x,

1 *
V7 u(a)| < o) u3(0) g = Clav) 2
9TO 3aBEPINAET J0Ka3aTeabcTBO Teopembr 3.2. O
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Abstract. Some generalizations for classical Marcinkiewicz-Zygmund inequality

majorization of Littlewood-Paley g-function for harmonic functions in the unit

ball of the space R™ are established.
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Abstract. In this paper, four parameters Wright function is considered. Certain geometric
properties such as starlikeness, convexity, uniform convexity and close-to-convexity are discussed
for this function. Further, certain geometric properties of normalized Bessel function of the
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1. Introduction

The Wright function
D P 1S
(1.1) Wa,,B (2)= KIF(ak + )’ Bz _Ca>_1
k=0
was introduced by E. M. Wright [33] in connection with the asymptotic theory
of partitions. The Wright function plays vital role in fractional calculus [13,/22],
the Mikusiski operational calculus, integral transforms of the Hankel type and
stochastic processes. For a historical overview regarding the Wright function and its
applications we refer to [2, Appendix F]. Note that W, g(z) is an entire function
of order 1/(1 + a) and also known as the generalized Bessel function [4]22]. These
functions generalize hypergeometric functions [1,[2].
The four parameters Wright function [13]16]
-k

12 Weawn @ M@+ +ky) a0

Ca tuav R1 (=

was studied by E. M. Wright for the case y,v > 0 in [32]. Further, he derived

several properties of W, ) v,p)(2) for the case b=v =1and -1 <p<0in [34].

It can be verified [16] that if u+ v > 0, then the infinite series expansion (@ of
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W u,a),(v,p)(2) converges absolutely for all z € C. It is well-known (see [13]) that
Wiu,a),(vp)(2) is an entire function for a,b € C and 0 < —p < v.

Note that H denotes the class of all analytic functions inside the unit disk D =
{#z : |2| < 1}, and A is the class of all functions f € H which are normalized by
f(0) = f’(0) — 1 = 0 such that

flz)= erZakzk, z € D.
k=2

A function f € A is said to be a starlike function (with respect to the origin 0)
in D, if f is univalent in D and f(D) is a star-like domain with respect to 0 in C.
This class of starlike functions is denoted by &*. The analytic characterization of

S* is given [6] below:

%(ZJ{;S)> >0VzeD <«— fesS

!/

Let n € [0,1) and z € D. If ® (Z}C((j)) > 7, then the function f € A is said to be
z

a starlike function of order n. We denote the class of starlike functions of order n

by &*(n).
A function f € A is said to be convex in D if f is univalent in D and f(D) is a
convex domain in C. We denote this class of convex functions by K. This class can

be analytically characterized as follows:

3%(1+Zfﬁ(z>> >0,VzeD < fek.

f'(2)
A function f(z) € A is said to be a convex function of order n (0 < n < 1), if
Zf”(2)>
R <1 + >n, ze€D.
F@ )"

This class is denoted by K(n). In particular, £ = K(0) and S* = §*(0). It is well-
known that zf” is starlike if and only if f € A is convex. A function f(z) € A is

said to be close-to-convex in I if there exists a starlike function g(z) in D such that

3%(2?2?) >0, zeD.

The class of all close-to-convex functions is denoted by C. It can be easily verified

that  C §* C C. It is well-known that every close-to-convex function in D is also
univalent in .

A function f € A is said to be uniformly convex (starlike) if for every circular
arc v contained in D) with center ¢ € D the image arc f(7) is convex (starlike w.r.t.

the image f({)). The class of all uniformly convex (starlike) functions is denoted
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by UCV (UST) [27]. In |10,/11], A. W. Goodman introduced these classes. Later,
F. Renning [27] introduced a new class of starlike functions S, defined by

Sy ={f:f(z)=2F'(2), FeUCV}.

For further details on geometric properties of analytic functions we refer to [4,/6,/8]
9,/14,/15,/18,/19,25] and references cited therein.

Problems for investing geometric properties including starlikeness, closed-to-
convexity, convexity or univalency of family of analytic functions in the D involving
special functions have always been attracted by several researchers |3}4}6,(8}9,(14L
151|20L|24} [28}29].

We observe that W, 4),.5)(2) ¢ A. For this reason, we consider the following

normalization of W, 4) (v, (2) as follows

Wia),,0)(2) = 2T(@)T(O)Wa),(v,) (2)

(1.3) 2. I(a)(b)zF! = K
= beC R = +1
2 T(a+ k)T + k) @7 S0V E kzzoa’“'z )
where
_ I'(a)L(b)
T Tt k)T + k)’

Although in , a,b,z € C, however in this work a and b are restricted to real
valued and z € D. For two functions f and g, which are analytic in D, we say that
the function f(z) is subordinate to ¢g(z) in D, and write f(z) < g(z) or f < g
(z € D), if there exists a function w(z), which is analytic in D with w(0) = 0 and
|lw(z)| < 1 for all z € D, such that f(z) = g(w(z)), z € D. It is well-known that
if f(z) < g(2) (z € D), then f(0) = ¢g(0) and f(D) C g(D). Furthermore, if the
function g(z) is univalent in D, then f(z) < g(z) if and only if f(0) = g(0) and
#(D) < g(D).
Following definition is helpful to prove some of the main results.

Definition 1.1. Let {5,},>1 be a sequence of complex numbers. Then {8, }n>1

is called a subordinating factor sequence, if

(1.4) f(z) = ianz” ek
n=1
implies
(1.5) > anBnz"=f(2).
n=1

This class is denoted by F. A finite sequence {3,}%_; is called a subordinating
factor sequence if ([L.4]) yields (L.5)) whenever ax11 = agio = --- = 0. This class of

such finite sequences of length k is denoted by F.
47



S. DAS AND K. MEHREZ

This paper is organized as follows. We provide some lemmas in Section 2, which
will be helpful to prove the main results. In Section 3, starlikeness, convexity and
uniform convexity of W, 4).(v,5)(2), are discussed using the properties of Fox-Wright
function. In Section 4, we provide some alternative conditions for starlikeness,
convexity and uniform convexity of W, 4 (,,»)(2), which will be helpful to discuss
close-to-convexity (univalency) of W, 4y (,,4)(2). In Section 5, we derive some proper-
ties and inequalities related to W, a),(v,0)(2) and W, 4y ) (2) involving hyper-
geometric function. In Section 6, we discuss geometric properties of normalized
Bessel function of the first kind and two parameters Wright function, as applications
and show that the results obtained in this paper, are better than the existing ones

available in the literature.

2. SOME LEMMAS

In this section, we provide some lemmas which are useful to complete the proof

of the main results.

Lemma 2.1 ([7]). Let {ar}32, be a sequence of non-negative real numbers such

that ay = 1. If {ar}2 is convex decreasing, i.e., 0 > apio — Qg1 > Qg1 — Gk,

then
= _ 1
R (kg_lakzk 1) > 3 z € D.

Lemma 2.2 ( [29]). Let {vr} be a sequence of complex numbers and z € D. Then

the following statements are equivalent:

(1) {3z, € F.
(i) R (142377, we") > 0.

Lemma 2.3 ( |17]). Let f(2) € A and |f'(z) — 1| < 2/v/5 Yz € D. Then f(z) is a

starlike function in D.

Lemma 2.4 ( [14]). Suppose that f(z) € A and |(f(2)/z) — 1| <1 Vz € D. Then
[(2) is a univalent and starlike in Dy /o = {z : |z| < 1/2}.

Lemma 2.5 ( [15]). Let f(2) € A and |f'(z) —1| <1 Vz e D. Then f(z) is a
convex function in Dy = {2 :]2] < 1/2}.

Lemma 2.6 ( [26]). Let f(z) € A.

(i) If Z%S) < % then f(z) € UCV.
(ii) If fo(S) - 1‘ < % then f(z) € S,.
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Lemma 2.7. For any a,b > 0, the following inequalities hold:
k < 1

ala+1)---(a+k—1) ~ ala+1)k2’
1 1

(22) oD k=1 S bprF1 FEN

(2.1) keN\ {1},

Proof. Under the given hypothesis it can be observed that

12k (o) () ()

Multiplying both sides of . 2.3) by (a 1)*=2 we obtain
(a+ k OIS

ala+1D(a+2) - (a+k—-2)——L>ala+1)*2,  fork>2,

which proves the inequality ( .
It can be noted that under the given hypothesis, following inequality holds true:

1 2 k—2
2.4 1({14+ —— 14— 14+—)]>1
24) (+b+1>(+b+1> <+b+1>_
Multiplying both sides of (2.4) by b(b+ 1)k¥~1, we obtain
bb+1)(b+2)---(b+k—1)>bb+1)*"1  fork>1,

which proves the inequality (2.2]). a

3. STARLIKENESS, CONVEXITY AND UNIFORM CONVEXITY

To prove some of the main results, we need the Fox-Wright function ,¥,[z],
defined by |31} p. 4, Eq. (2.4)]

(a1,A1),...,(ap,Ap) . D> s (1 =+ kA, ) Z
(31) ”@q[(bl,&),.‘.,(bq,Bq) Z} =¥ Lb By) } Z Z+kB ) k!

where A;, B € Rt (i = 1,..,p,j = 1,...,q) and ai,bj € C. The series (3.1)

converges uniformly and absolutely for all bounded |z|, z € C when

q p
€:1+ZBj—ZAj>O.
j=1 J=1

In 23] Theorem 4], the authors established the following two-sided inequality

_ (ap,Ap)
(3:2) Yoe ol < L, [(:B: Z] < g — (1 — ey,
is valid for all z € R and for all ,¥,[2] satisfying
(3.3) U1 > 2 and Y < Yot

Here,

[1j_1 T'(a; + kAj)

3:1 F(bj + kBj) 7
49
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Theorem 3.1. Assume that a,b, u,v > 0. Suppose that the following conditions
hold:

(i) T'(a+2p) < I'(b+3v)

FEQ+3/)L)( 31")(b+2u)’ 20, )

. .. I'(a+p)l'(a+3u 3 (b+2v

T Gy .
(11)  Farpirry T Marorere < 1-

Then the function W, ) (vp)(2) is starlike in D.

Wi, (?)

Win,a), 000 (2)
in D and ¢(0) = 1. To prove that R(q(z)) > 0, it is enough to show that |¢(z)—1| < 1.

From (1.3)), we get

!
W(,u,a),(u,b)( )

Proof. Let us assume that ¢(z) = , z € D. Then ¢(z) is analytic

W), (u b (2

(k + 1)D(a)T(b)
ZF a—i—/A—l-ku) (b+v+kv)

(3.4) oy
= D(a)T (), s (a+ ), (b+v,0) 1
In our case
) - r) - r(4)
P Tar i+ T Tarzoror ) ™Y T T st )

It is easy to see that the hypotheses “(Hy) : (i), (i1)” are equivalent to 1y < 11 and

¥? < 1Ppi), and consequently
2,1 1 2(1—e
(3:5) 10a (a—i—M,L)’a (?)+ o) = S re Ty~ e 2(u>r<b)+ 2)’
Combining and (3.5), for all z € D we obtain
‘W'w o ()~ Wna), () (2) L@r®) 20 -eT(a)T()
NS z Fa+pwIT(b+v) Tle+2u)IT(b+2v)
Now, using and the triangle inequality |21 + 22| > ||#1] — |22]|, we have

Wia), v (2) F(a)r(b)zk
‘z 217 (b + ko)
S (@)T(b)
(3.6) kz:: a+p+ ku)F(b +v+kv)
—1_-T(a L(k+1)
— )F(b) OF(a+u+ku) (b+ v+ kv)k!
=1- 1\112{ a+u,u b+1/1/) M

. 1 2
In this case, Yo = vrorEey: V1 = F(a+2u)F(b+2u) and V2 = FoEEITeTE)

Clearly, the inequalities 1o < 11 and ¥? < gt are satisfied under the given
hypothesis. Using (3.2)), we have

(17 1) 1 (e — 1)
61l (o 1w S TG * e T m)
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Combining (3.6) and (3.7, we have

W0, 00 (%) T'(a)L'(b) (e = DI'(a)T(b)
(38) ’ z 21~ {F(a +u)b+v) T(a+2u)I(0b+2v)

under the given hypothesis (H; : (4it)). Now, using (3.4) and (3.8), we obtain
Wipa), 0.0 (2)

>0,

I L O N A Y O e
== ' W@ | Wina). 00 (2)
< [ ['(a)L(b) 2(e — 1)I'(a)T'(b) }
Fla+w)I'(b+v) Tla+2u)(b+2v)
['(a)L(b) (e—Dl(a)r(p) 17
x [1 TTatmlb+r) Tla+ 2000+ QV)] <1
This proves the theorem. O

Theorem 3.2. Let a,b,pu and v be positive real numbers. Also suppose that the

following conditions hold:

. [(a+2 30(b+3v
(4) rga+3Z§ < SFEbJrng

. .. I'(a+p)T(a+3p) 1602 (b42v)
RN IR = T (G 55 )
(”Z) T(a+m)T(+v)  T(a+2u)T(b+2v) <L

Then the function W, oy, (vp)(2) is conver in ]DD%.

Proof. Let z € D, then we get

o~ (k+1)(a)0(b)
(2 =1 z:: T(a+ pk)D(b+ kv)

e (k + 2)k!T(a)T(b)

(39) - k; kI (a + p+ pk)T(b+ v + kv)
(1,1),(3,1)

=T'(a)l'(b)2¥3 [ (2,1), (@ + p, ), (b+1v,v) ‘1} '

In this case,
_ 2 _ 5 dpy = °

Yo = T(a+ p)T(b+v)’ Y1= I'(a+2w)T(b+2v)’ and ¢ = T(a+3u)L(b+3v)

Hence, the conditions “(Hz) : (4), (i¢)” imply that

(3.10)
(1,1),(3,1) 2 3(1—e)
V[ (5,1, (a4 g, (6 + 20) |1 Sr<a+u> <b+ V) T+ 20T (b+20)

Hence, combining the hypotheses “(Hs) : (ii4)”, (3.9) and ( -, we have

’Wm,a) (i (2 1’ <l

Therefore, the function W, 4) (.5 (2) is convex on D 1, by means of Lemma H O
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Corollary 3.1. Let a > % If b > 27‘1;_220, then the function W1 o) (1,5)(2) is convex

onID)%.

Proof. Setting = v = 1 in Theorem [3.2} we observe that the condition “(Has) :
(¢)” holds true for all a,b > 0. Moreover, it is clear that the condition “(Hz) : (i4)”

is equivalent to the following inequality

2a + 20 2
= h =.
b> — fl(a),vvena>7
Straightforward calculation yields that the assumption ”(Hs) : (4i4)” is equivalent

to

—(a® —a— a?—a—1)2+4a(a a— €
b 2) +/( 2a(a1+)1)+4(+1)(2 1+3)::gl(a)_

By using that fact that the functions fi(a) and g;(a) are decreasing on (2/7,c0)
such that

2
lim fi(a) = oo, li_>m fila) = = lim g¢1(a) #9.63 and lim g¢;(a) =0.

‘1‘>(%)Jr a%(%)+ a—00
Therefore

b> max(f1(a), 01 (@) = fi(a).

Putting a = 14 in Corollary we obtain the following example.
Ezxample 3.1. If b > %, then the function Wy 14 (1,4)(2) is convex on ]D)%.

Theorem 3.3. Assume that the conditions of the above Theorem (Hs) : (i), (i)

hold true. Also, suppose that
2T (a)T'(b) - 3(1 —e)T'(a)l'(b) - 2
Fla+pwlb+v) Tla+2pW)T0b+2v) /5

Then the function W, oy (vp)(2) is starlike in D.

Proof. The proof is similar to the proof of Theorem (3.2 (]

Theorem 3.4. Suppose that a,b, u and v are positive real numbers. Assume that

the following conditions hold:

. P(at2u) _ T(b+3v)
(1) Tarsg < ar(rz)

X .. I'(a+p)l(a+3 22 (b4-2v
S (5?73)15%5‘) "< <§(b+>?§(FSI?T§>V)7
(11)  FaroTOm) — TaramrGran < L

Then the function W, oy (vp)(2) is starlike in D;.
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Proof. It can be verified that

W), wn (2 ‘ -\ (@)T(b)
(3.11) z - kZ:oF a+u+/€u)F(b+y+kv)
_ (1,1)
= D@ G0 [ (a+ p ), (b+v,v) M '
In this case,
B 1 B 1 L — 2
= a0 T Tzt 2 Y T Tat st )’

which is equivalent to “(Hzs) : (¢), (4¢)”. This implies that

(1,1) 1 (1—e)
1\112[ (a+ p,p), (b+v,v) ‘1} = L(a+m(b+v) T(a+2w)(b+2v)

Using the above inequality (3.11]) and hypothesis “(Hj) : (iii)”, we obtain
’ W(/L,a),(v,b) (Z)

- 1‘ <1,
for all z € D, which implies that the function W, 4) .5 (2) is starlike in Dy, by
Lemma 2.4 O

Corollary 3.2. Let a,b > 0. If ab > 2, then Wy o) (13)(2) is starlike in ]D)%.

Proof. Set ¢ = v =1 in Theorem [3.4] Then the condition “(Hjs) : (¢)” is valid
for each a,b > 0 and the assumption “(H3) : (47)” holds true for all ab > 2. Further,

the assumption “(Hs) : (i4i)” is equivalent to the following inequality:

b 1—a?+ /(a2 —1)2+4(a+e)(a® +a)
2a(a +1) '
Consequently,
2 1-— 4 2 2
b > max a® + /(a2 2+ 4(a+e)(a®+a) _2 .
a>0 \ a’ 2a(a +1) a

Ezample 3.2. If b > 2, then the function Wy 1) 14)(2) is starlike in ]D)%.
Ezample 3.3. The function W, 5 /3)(2) is starlike in D, .

Theorem 3.5. Let a,b,v and p be positive real numbers and z € D. If the following

conditions hold

(Z) T'(a+p) < T'(b+2v)
TR
. .. I'(a a+t+ +2v
(Ha) : (44) r2(a+u)“ < 30 (b+v)L(b+3v)°
(Z’LZ) I'(a)I'(b) _ 30—=e)T(a)T'(b) <1
T'(a+p)L(b+v) T'(a+2p)T(b+2v) 47

then the function W, oy b (2) € UCV.
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Let z € D. Tt is easy to see that

_ (3,1)
(W00 0y ()] = D@D O) 10 [0 ]|

< P@P®) 192 [ 1]

Taking into consideration (3.2]) and under the following assumptions

() - Fla+p)  TO+2v) an T(a+ p)(a+3u) - 472 (b + 2v)
Y T(a+2p)  AT(b+v) I'2(a + 2p) 3T (b+v)T'(b+3v)’
we get
I'(b) 6(1 —e)I'(a)I'(b)
12 ’ W ’ <@ - .
(3.12) o)) (2] < Fla+wI'b+v) Tla+2u)T(b+2v)
However, for all z € D, we have
(3.13)
= ['(a)T(b)z* . (k+1)I(a)T(b)2*
1 >1
Wi (2)| = +Z a+k,ul“b+k1/ = kz::r +k‘prb+kz/)
RS (k + 2)F(a)P(b) _ (L1),(3.1)
=1 ;r(a+u+ku)r(b+y+m =1 295 | 635 o, e [1]
Using (3.2)), under the following assumptions
(H) - T(a+2u) 30+ 3v) an T'(a+ p)(a+3u) 16I%(b + 2v)
Y T(a+3u) ~ 8T(b+2v) I'2(a + 2p) 9L (b+ v)L'(b+ 3v)’
we obtain

o [ {50 e 2, 3D
@D (atpop), 0+2) 7] = D(a 4+ p)T(b+v)  T(a+2u)T(b+ 2v)

In view of the above inequality and -, we have

2T'(a)T(b) 3(e—1)T(a)T'(b)
3.14 W BE .
(3:.14) (ma) ) (2)] 2 T(a+p)T(b+v)  T(a+2m)T(b+2v)
We note that the right hand side of the above inequality is positive under the
assumption (Hy) : (i42). Now, combining (3.12] and “(Hy) : (#41)”, we get
Wiisa). ) (%)
Wiy, (2)
Hence, the first assertions of Lemma [2.6] completes the proof of Theorem 3.5] O

<1 for all z € D.

Corollary 3.3. Let a > 3. If b> 2045 then the function W1 4y (1) (2) € UCV.

Proof. Let p = v =1 in the above Theorem. Then the condition (Hy) : (7)” is
valid for all ab+a+b > 3. The second condition of (Hy) is equivalent to b(a —3) >
6 + 2a. Finally, the condition “(Hy) : (i44)” holds true for all
—(a? —3a—4) + /(a2 — 3a — 4)2 + 4(4a + 12¢ — B)

2a(a+1) ’
54

b >




GEOMETRIC PROPERTIES OF THE FOUR PARAMETERS ...

Consequently,
2 —(a® = 3a — — 4(4a + 12e —
b> max a—i—67 (a a—4)+ /(a2 - 3a 2+ 4(4a + 12¢ — 8)
>3 \ a—3 2a(a+1)
_2a+6
a-3"

4. FURTHER RESULTS ON STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

In this section, we provide some alternative conditions for starlikeness, convexity
and uniform convexity of W, o (4)(2), which will be useful to discuss close-to-

convexity (univalency) of W, o () (2) in D.

3 2
Theorem 4.1. Let a,b,u,v > 1 be such that b > ¢(a) = (aiil)' Then
ala

(i) W(ua), b (2) is starlike in D.

(i) W a), () (2) is close-to-convex with respect to the starlike function W, 4y (1,p)(2)
in D.

W, ) ) (2)

Proof. (i) Let p(z) = ——222"2 "~ 2> € D. Then p(z) is analytic in D and
Wipa),(0) (2)

p(0) = 1. To prove that R(p(z)) > 0, it is enough to show that |p(z) — 1| < 1. It is

well-known that
I'a+k) <T(a+ku), keN, apu>1.
Therefore,

I'(a) I'(a) 1
T(a+kp) ~T(a+k) ala+1l)--(at+k—1)

Similarly, we have

(4.1)

re) ) 1
T+ k) Ttk bo+1)--(brk-1)

Using Lemma [2.7 and the above inequalities (4.1)) and (4.2, we obtain

(4.2)

W0, S (@)L (b)2"*
W M
(0. (v) (%) = E;Fa+kuF@+km
Do : N
Zeabat Do+ 1) (atk-Do+k-1) ab  ab b+n

k=2

1 { }’“_ (a+1)(b+1)
ab a+1)( b+1) ~ab{(a+1)(b+1) -1}

Mg

b+1 k:O

Again, we have
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W(ua)(ub) = 2
‘ ’; a—l—k,u b—l—ku)

1
abla+1)(b+1)---(a+k—-1)(b+k—1)

Mg

k=1

k
. @+ n+1)
1@,;){(a+1)(b+1)} =1 ab(ab + a + b)

ab(a + b+ ab) — (a+1)(b+ 1)
ab(a + b+ ab) '

Therefore, under the given condition,

W (,a),(0,5) (2)

Wiy wi(2) = .

W(u,a),(z@b) (Z)
z

-1

U
p(z) — 1] = W o (2)
W(,a),(0,6) (2)

(a+1)(b+1)+a
abla+b+ab) — (a+1)(b+1) —

This shows that W, 4) .5)(2) is starlike in D and consequently the part (i) of this
theorem is proved.
Now, we proceed to prove the part (ii). For this, we have to show that there

exists a function A € §* such that

W/ z
R (wﬁzz(;)b)( )> >0, zeD,

which can be proved by showing that

Wika), w) (7)

W)L

<1, ze€D.

Using part (i) of this Theorem we can observe that W, ,) 1,5 (2) is starlike in
D under the given hypothesis. Again using (2.1) and (2.2]), we obtain

I<2lk

(k + 1)T(a)T'(b) T'(a)0(b)

(a+Ek)I(b+kv) T(a+E)I(D+E)

W) (1 b(z

> kT (a)T(b) k
SkZ:l F(a+k)r(b+k)‘S;ab(a+1)(b+1)-~~(a+k—1)(b+k—1)

1 15 1 (et 1)(d+1)+a

ab %Z (a+ )20+ 1)1 " ab{(a+1)(b+1) -1}

and
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Wpa),(1,6)(2) T(a)T(b)z*
‘z =1- ‘F(a+k)r(b+k)'
— 1
- 1_,;1ab(a+1)(b+1)---(a+k—1)(b+k-1)

9] k
1 1
>1— — Z {} —-1— w
ab £~ (a+1)(b+1) ab(ab+a +b)
abla+b+ab) — (a+1)(b+1)
ab(a + b+ ab) '
Using the above inequalities and given conditions, we have

Wna),(1,6)(2)
z

!
Wisa), ) (2) =
W (,a),(1,5)(2)

(a+1)(bj—1)+a <1
abla+b+ab) —(a+1)(b+1) = 7

Wia), o) (2)

—1
W (,a),(1,5)(2)

S . W, (2) .
(1,0, (12,5
which implies that R < W(;ia),(lﬂ,b)(Z) ) > 0. Consequently, W, 4) (.5 (2) is close-to-
convex with respect to the starlike function W, 4) (1) (2) in D, under the given

hypothesis. ([

Theorem 4.2. Let a,b,u,v > 1 and 0 < n <1 be such that b > (a,n), where
_(a+1)+ (1 —n)(a+1-a?)
Plam) = 2a(1 —1)(a+ 1)
n \/{(a + 1)+ 0 -n)(a+1-a?)}?—4a(l—n)(a+1){(1—n)(a+1)+2a+1}
2a(1 —n)(a+1) '
Then W, 4),(v.p)(2) € S*(n) for each z € D.

Proof. From the proof of Theorem it can be observed that W, ,) o) (2) is

(a+1)(b+1)+a
a+b+ab)—(a+1)(b+1)

of the given condition. O

Using Lemma [2.6] and the similar technique as in Theorem the following

starlike function of order 7, if ab < 1—mn, which is a consequence

theorem can be obtained.

Theorem 4.3. Let a,b,u,v > 1 be such that b > 7(a), where
(a) = 3(a+1) — a® + Va* + 14a3 + 3542 + 30a + 9
B 2a(a + 1) '
Then W, 0),w,)(2) € Sp for each z € D.

Theorem 4.4. Let a,b,u,v > 1. If b > ¢1(a), where

(a+1—a%) ++Va*+2a3+7a2 + 6a + 1
2a(a+1) ’
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then W, o). (v.)(2) is starlike in Dy /5.

Proof. Using Lemma and the inequalities (4.1) and (4.2)), we obtain
Wina).00)(2) f: 1
z kzlab(a—|—1)(b—|—1)~--(a—|—k—1)(b—|—k—1)
g 1 P oa+ Db +1)
Tabi= L (a+1)(b+1) ~ ablab+a+b)

Using the given condition and Lemma we conclude that W, 4) (1) (2) is starlike

-1/ <

in Dy /5, under the given hypothesis. [

Theorem 4.5. Let a,b, u,v > 1.

(i) If b = 1 (a), where Y1 (a) =
conver in Dy ;.
(ii) If b > v¥o(a), where
V5(2a + 3) — 2a% + \/4a4 + 8v/5a3 + 20(1 + v/5)a? + 4(15 + 4+/5)a + 45
da(a+1)
then W, o). .p)(2) is starlike in D.

B—a)+Va*+2a+9

2a

; then W(H7a)7(y,b)(z) 1S

Pa(a) =

)

Proof. Using inequalities (4.1)) and and Lemma 2.7 we have

oo

(k+ 1)(a)T'(b)
‘WW“)(” 1‘ ZF (a+kp)T b+ku)

> k+1
Z: ba+1)(b+1)---(a+k—1)(b+k—1)

> k
:55+g;@m+n@+1ynm+k—n@+k—n

+Zab

—

1
latk—1(b+k—1)

1 (a+2) & 1 2a(b+ 1)+ 3b+ 2
A ey
ab  abla+1) &= | (a +1)(b+1) T ab{la+ )b+ 1) -1}
Using Lemma and given condition (i), we can conclude that W, 4) () (2) is
convex in ; /5. Further using the given condition (ii) and with the help of Lemma
it is easy to show that W, 4) () (2) is starlike in D. O
If we set @ = u = v = 1 in the normalized four parameters Wright function (|1.3]),

+1)-
1 | 1 -
< —
_ab+zab(a+1)’“1b—|—1)k2 Z klb—|—1)

then we obtain the normalized form of a class of functions involving the confluent
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hypergeometric function as follows:

F(b, 2) _ZZ b+l<: =z X oF1(—;b;2),

where o F7(—; b; 2) is the conﬂuent hypergeometric function |142]. Following corollary
provides a set of sufficient conditions for F(b, z) to be starlike and convex in the

open unit disk D and in D, /5.

Corollary 4.1. The following assertions hold true:

(i) If b> 2, then F(b, ) is starlike in the open unit disk D.
(i) Ifb > CEY5) then F(b, 2) € S,
(iii) If b > (1%\/177), then F(b, z) is starlike in Dy /5.

)

(iv) Ifb> 1+ /3, then F(b, z) is convex on Dy s.

Proof. Part (i) can be proved using Theorem Part (ii) is a consequence
of Theorem {4.3] Using part (i) of Theorem part (iii) of this corollary can be
obtained. Fmally using Theorem [4.5] part (iv) can be proved. O

5. RESULTS RELATED TO W, a),(1,b)(2)

Theorem 5.1. For any a,b,u,v > 1 and z € D, the following inequality holds:
[Wsia), ) (2)] < |2] X 1Fa(150, b3 2]),

o0

k
where 1Fy(c;a, b;|z|) Z @ i)(];) % is hypergeometric function with () as
pochhammer symbol deﬁ ned as (a)o =1, () = a(a+1)- - (a+k—1).

Proof. Using (2.1) and (2.2)), we obtain

)F(b)ZkJrl
|Wisa), 00 (2)] = Z I( k:M +a)L (kv +b)

> I'(a)T(b)2*
< |2 ];) ‘ T(kp+ a)T (kv + b)
El
= ‘Z|Z ab(a+1)(b+1)---(a+k— Do+ E—1)

1 k
\z|z Dl = |z| x 1F2(1;a,b; |2]). O

Using (|1.1) and Theorem -, following corollary can be obtained.
Corollary 5.1. For any a,b, i, v > 1 and z € D the following inequality holds:
e
Fy(1;a,b;
’ = F )F(b) X1 2( @y a‘ZD?

where 1F5(1;a,b; |z|) is a hypergeometric function.

Wisa, ) (2

Figure 1. Mapping of F(b, z) and W, o) (v,4)(2) over D and D /5.
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(a) F(3/2,2) for z € D. | (B) f(l,zj for z € ]]])1/2.‘

(c) F(1+v/3,2) for z € Dy s. (D) Wi 3, (1,v3)(2) for 2 € Dy .

6. CONCLUSION

Our research discusses about some geometric properties (such as starlikeness,
convexity, uniform convexity and close-to-convexity) of four parameters Wright
function. In addition, geometric properties of the partial sums of this function
are studied. As applications, we obtain certain geometric properties of normalized
Bessel function of the first kind and two parameters Wright function as given below.

It can be noted that fora=p=v=1,b=08+1and z = —z(z € D), we have
a normalization of the Bessel function of first kind [4] Js(z) defined as [24]:

J5(2) = Wi gi1),1,1)(—2) = T(B + 1)z 72 75(2/2).

(i) Using Theorem [4.1] we claim that Jz(2) is starlike in D if 5 > 3/2, which
is a sharper than the lower bound (v/3) available in [24].
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Using Theorem we obtain J(z) is convex in Dy o if 8 > v/3, which is
the same condition available in [24].
Theorem helps us to conclude that Jg(z) € S, if 8 > @.
For @ = p = 1, the four parameters Wright function reduces to two
parameters Wright function

k

> z
Wi (=) = Wanwn () = 3 5rs 5 )
k=0

and the corresponding normalized two parameters Wright function can be
defined as

= T(b)2*
Wi (2) = Wi, o) = TOWos() = 3 pro T i
k=0

Using Theorem [4.1} we claim that if ¥ > 1 and b > 5/2, then W, ,(2)
is starlike in D. This lower bound of b is sharper than the lower bound
(b>1++/3) available in [24].

From Theorem [4.5, we have if v > 1 and b > (1 + v/3), then W, ,(z) is
convex in Dy /5, which is the same condition available in [24].

From Theorem we obtain, if » > 1 and b > 5/2, then W, ,,(2) is close-
to-convex with respect to Wy ,,(z) in D.

Using Theorem we conclude that Wy, ,(2) € Sp if b > (5'2/@).

Setting a = ¢ = 1 and b = 4 in Theorem we obtain that Wy ,(2) is
convex in Dy if v € [0.76,0.95]. Putting a = = 1 and b = 2 in Theorem
we have Wy, (2) is starlike in Dy if v € [0.645,0.999]. Similarly, we can
verify that the other results obtained in Section [3| will be useful to discuss

the geometric properties of Wj ., (2) when 0 < v < 1. In literature, various
results involving geometric properties of Wy, ,(2) are available [24] with the
condition that b, > 1. But the results obtained in Section [3| discuss the
case 0 < v < 1. On the other hand, the results obtained in Section [ will
be helpful to discuss the geometric properties of Wy, ,(z) when b, > 1.
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Abstract. The goal of this paper is to establish the existence of an unbounded sequence
of weak solutions for the following non-homogeneous Neumann problem

: —div(a(x, IVu(x)I)Vu(x)) + a(x, lJux)Dux) = Af x,u(x)” forx € Q,
O a x, |[Vu(x)| g: x) = ug(y(u(x))) for x € 0Q.

To deal with the existence of the mention solutions, we use the variational methods and
critical point theory, in an appropriate Orlicz-Sobolev space.

MSC2010 numbers: 35J60; 35J20; 46N20; 58 E05.

Keywords: multiple solution; Neumann problem; non-homogeneous differential
operator; Orlicz-Sobolev space; variational methods.

1. Introduction

In this paper, we study the non-homogeneous Neumann problem

S ¢ ) )
—div a(x, | Vu(x))Vu(x)” +a(x, lu(x)Du(x) =Af x,u(x) forx e Q,
a(x, IVu(x)I)g—‘lj(x) = ug(y(u(x))) for x € 9Q.

where Q is a bounded domain in RN (N > 3) with smooth boundary 99, £
is the outer unit normal derivative, f : Q X R — R is a Carathéodory function,
g: QX R — Ris a continuous function, A and p are real parameters with A >0

and i = 0, and the functions a(x,t) : Q X R — R and y will be specified later.
In recent years, quasilinear elliptic partial differential equations involving non-

homogeneous differential operators are becoming increasingly important in appli-
cations in many fields of mathematics, such as approximation theory, mathematical
physics (electrorheological fluids, nonlinear elasticity and plasticity), calculus of
ariations,nonlinear potential theory, the theory of quasi-conformal mappings, differen-
tial geometry, geometric function theory, probability theory (for instance see [9] 161).
Another recent application which uses non-homogeneous differential operators can
be found in the framework of image processing (see [5]). The study of nonlinear

elliptic equations involving quasilinear homogeneous type operators is based on
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the theory of Sobolev spaces WP () in order to find weak solutions. In the case
of non-homogeneous differential operators, the natural setting for this approach
is the use of Orlicz-Sobolev spaces. These spaces consist of functions that have
weak derivatives and satisfy certain integrability conditions. Many properties of
Orlicz-Sobolev spaces come in [I} [7, 8], [17]-]21]. The importance of Orlicz-Sobolev
spaces arises from its applications to many different fields of mathematics, such as
approximation theory, partial differential equations, calculus of variations, nonlinear
potential theory, quasiconformal mappings, differential geometry, geometric function
theory, and probability theory, for instance see [9, [16]. Due to these, in recent years,
the existence of solutions for the eigenvalue problems involving non-homogeneous
operators in the divergence form, have been widely studied by many authors. They
have studied the existence of solutions by means of variational methods and critical
point theory, monotone operator methods, fixed point theory and degree theory,
for instance see [2, [15] [I7, 23]. For example, in [3] the author establish some new
sufficient conditions under which the problem possesses three weak solutions
in the Orlicz-Sobolev space. In [2] employing variational methods and critical point
theory, in an appropriate Orlicz-Sobolev setting, the existence of infinitely many
solutions for Steklov problems associated to non-homogeneous differential operators
was established. In [23] the authors establish the existence of infinitely many non-

negative weak solutions to the non-homogeneous Neumann problem:

@(x) =0 for x € 99.

{ —div(a(|Vu(2)])Vu(z))u(z) + a(Ju(z))u(z) = Ah(z) f(u(z)) for z € Q,
ov

where ) is a bounded domain in RN (N > 3) with smooth boundary 052, % is
the outer unit normal derivative, f : R — R and h : Q — [0, +00) are continuous
functions, A is positive parameter, and the functions a : (0, +00) — R is such that
the mapping ¢ : R — R defined by

o= { 00 128
is an odd and increasing homeomorphism R onto R.

In the present paper, motivated by the above facts and the papers [6l [I3], under
an appropriate oscillating behavior of the primitive of the nonlinearity and a suitable
growth of the primitive of g at infinity, when p~ := inf,cq p(x) > N, the existence
of infinitely many weak solutions for the problem in the Orlicz-Sobolev space,
is obtained, for all A belonging to a precise interval and provided g small enough

(Theorem [3.1)).
65



A. KASHIRI, G. A. AFROUZI

A special case of Theorem is the following theorem, when ¢(¢) = 0 for all
teR.

Theorem 1.1. Let p € C(Q) withp~ > N for allz € Q and let f : R — R be a
non-negative continuous function. Put F(§) = fo'f f(t)dt for all £ € R and assume
that

oo F(E) . F(§)
1 f =0 d 1
i g =0 o

Then, the problem
{ —div(a(z, |Vu(z)])Vu(z)) + a(z, |u(@)|)u(z) = f(u(z)) forz e,

:+OO

%(m) =0 for x € 0.

admits infinitely many weak solutions in W1Lg ().

This paper is organized as follows. In section 2, the abstract critical point theorem
(Theorem [2.1) is recalled. Moreover, some preliminaries and the abstract Orlicz-
Sobolev spaces setting are presented. In Section 3, our main result is established,

then some particular case and some example are presented.

2. PRELIMINARIES

Our main tool is the following critical points theorem obtained in [4]. This result

is a refinement of the variational principle of Ricceri [22].

Theorem 2.1. Let X be a reflexive real Banach space, let J,I : X — R be two
Gateaur differentiable functionals such that J is strongly continuous, sequentially
weakly lower semicontinuous and coercive and I is sequentially weakly upper semi-

continuous. For every r > infx J, put

o(r) = inf <Sup“€J1(]—°Om[) I@)) — I(u)

uw€J=1(]—oo,r) r— J(u) ’

and

7 := liminf ¢(r), 0:= liminf (r).

r—+00 r—(infx J)+
Then we have the following.
(a) For everyr > infx J and every A €]0, ﬁ[, the restriction of the functional
Ty :=J—X to J7Y(] —oo,r[) admits a global minimum, which is a critical
point (local minimum) of Ty in X.
(b) If ¥ < 400, then, for each X €]0, %[, the following alternative holds: either
the functional Ty := J— A1 has a global minimum, or there exists a sequence
{un} of critical points (local minima) of T such that lim, o J(up) =
+0o0.
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(c) If § < +oo then, for each X €]0, [, the following alternative holds: either
there exists a global minimum of J which is a local minimum of Ty := J—MAI,
or there exists a sequence {u,} of pairwise distinct critical points (local
minima) of Tx, with limy, 4o J(u,) = infx J, which weakly converges to

a global minimum of J.

We begin by recalling some facts from the theory of Orlicz-Sobolev spaces that
will be used in the present paper; for more details we refer the reader to Adams
[1], Diening [8], Musielak [18], Rao and Ren [21I], Radulescu [I9], Radulescu and
Repovs [20]. Suppose that the function a(xz,t) : @ xR — R is such that the mapping
¢(x,t) : Q x R — R, defined by

| a(z,|tht for t#0,
cp(x,t)—{ 0 for t=0

satisfies the condition(y) for all z € Q,¢(x,) : R — R is an odd, increasing

homeomorphism from R onto R, and
t
O(z,t) = / o(z, s)ds, VreQ,t>0
0
belongs to class ® (see [I8], p. 33), i.e., the function ® satisfies the following
conditions:

(®1) forallz € Q, ¢(x,-) : [0,4+00) — R is a non-decreasing continuous function,
with ®(z,0) = 0 and ®(x,t) > 0 whenever ¢ > 0, lim;_,, P(x,t) = 0o,
(®y) for every t > 0, ®(x,-) : Q@ — R is a measurable function.

Since ¢(z, -) satisfies condition (¢), we deduce that ®(z, -) is convex and increasing
from Rt to RT.

For the function ®, we define the generalized Orlicz class,
Kgs(Q2) = {u: Q — R, measurable; / O (z, ju(z)|) dx < oo}
Q
and the generalized Orlicz class,
L*(Q) = {u: Q — R, measurable; lim / O(x, A|lu(x)]) dx = 0}
A—=0t Jo
The space L?(12) is a Banach space endowed with the Luzemburg norm
|u|p = inf {,u > 0; / @(x, |u(m)|> dx < 1}
Q H
or the equivalent norm (the Orlicz norm)

|| (@) —sup{’/ﬂuvdfc v e L%(Q), /Q@(x, lv(z)]) da < 1}.

where ® denotes the conjugate Young function of ®, that is,

E(x,t)zsup{ts—q)(m,s);SER}, VYeeQ,t>0.
s>0
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Furthermore, for ® and ® conjugate Young functions, the Hélder type inequality
holds true

(2.1) ‘/qud;v

where B is a positive constant (see [I8, Theorem 13.13]). In this paper we assume

<B x lue x vy, VueL*(Q),ve L),

that there exist two positive constants ¢y and ¢° such that

t‘)o(xvt) 0 e}
2.2 1<y < < ¢” < o0, Ve t>0.
(2.2) Yo = B(z,0) < 00 T >

The above relation implies that ® satisfies the As-condition, i.e.

(2.3) P(z,2t) < K x ®(x,t), Ve, t>0.

where K is a positive constant (see [I7, Proposition 2.3]). Relation (2.3)) and
Theorem 8.13 in [I8] imply that L®(Q) = K¢(f). Furthermore, we assume that ®

satisfies the following condition:
(2.4) for eachz € Q, the function [0, 00) 3 t — ®(z, /1) is convex.

Relation (2.4) assures that L () is an uniformly convex space and thus, a reflexive
space (see [I7], Proposition 2.2).
On the other hand, we point out that assuming that ® and ¥ belong to class ®

and

(2.5) U(z,t) < K - ®(x, Ka.t) + h(x), Ve, t>0,

where h € LY(Q2), h(z) > 0 a.e. z € Q and K;, Ky are positive constants, then by
Theorem 8.5 in [I8] we have that there exists the continuous embedding L () C

LY (). Next, we define the generalized Orlicz-Sobolev space

ou
3:13i

On W1?(Q) we define the equivalent norms

whe(Q) = {uELq)(Q); eL‘I’(Q),izl,...,N}.

ulle = [Vul s + [uls,

[ull2,e = max{[ [Vu| e, [u|s},

| = inf{,u > 0;/Q [¢<x, “Ef)') +‘1>(a:, |V1;(x)|ﬂ dz < 1}.

More precisely, for every u € WH®(Q), we have

(2.6) lull < 2ul

2.0 < 2[|ullie < 4y

(see [IT, Proposition 2.4]). The generalized Orlicz-Sobolev space W1®(Q) endowed
with one of the above norms is a reflexive Banach space.
In the following, we will use the norm||- || on E := W1®(Q) and we suppose that

v : E — L*(Q) is the trace operator.
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The following lemma is useful in the proof of our results (see, for instance, Lemma
2.3 of [15]).

Lemma 2.1. Let u € E. Then

(2.7) /Q (‘I)(xa [Vu(z)]) + @(z, |U($)|)> de > [lull® i luf > 1

(2.8) /Q (‘P(x, [Vu(z)]) + (=, IU(:U)I)> de > ul® i ul <1,

We point out that assuming that & and ¥ belong to class ®, satisfying relation
(2.5) and infyecq ®(z,1) > 0, infyeq ¥(z,1) > 0 then there exists the continuous
embedding W1H®(Q) — WL¥(Q).

In this paper we study the problem (|1.1) in the particular case when ® satisfies
(2.9) M x [tP® < ®(z,t), VeeQ t>0,

where p(z) € C(Q) with p~ > N for all z € Q, and M > 0 is a constant.
By the relation (2.9) we deduce that E is continuously embedded in WP()(()

(see relation with U (z,t) = [¢|P*).

Moreover, as pointed out in [IT] and [14], W' P(*)(Q) is continuously embedded
in WhP (Q) and since p~ > N, we deduce that W1P (Q) is compactly embedded
in C(Q). Thus, E is compactly embedded in C°(€), and there exists a constant
m > 0 such that

(2.10) |ulloo < m|ull, Yue€E,

where [|ul|oe = sup, g [u(z)|.
Throughout the sequel, f : QxR — Ris an L'-Carathéodory function, g : R = R

is a nonnegative continuous function, and A and p are real parameters. Put

F(z,t) = /tf(x,g)df for all (z,t) € Q@ x R,
0
and
G(t) := / g(&)d¢ for allt € R.
0

We say that u € F is a weak solution of the problem (1.1]) if

/a(x,|Vu(z)|)Vu(z) x Vou(z) d:zr+/ afz, ju(z)]) u(zx) v(z) de
Q Q
= )\/Qf(%u(ff))v(x) dx+N/mg<“/(u($))>7(v($))d0

for every v € E.
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3. MAIN RESULTS

We formulate our main result as follows. Let
fQ maxF(x,t)dx

F(x,&)d
A := liminf MK&—, B :=limsup w,
§—+o0 £¢0 E—+o0 €¢
and
Jo @ (2, 1)da 1

1 Ay = = - 7 Ao 1= ——
(3 ) 1 B ’ 2 c¢0147
where ¢ is given by (2.10).
Theorem 3.1. Let f: QxR — R be an L'-Carathéodory function. Assume that

F(z,t)d 1 F(z,&)d

liminffQ maxy<¢ F(z, t)d < lim sup w
§—+oo £¢O cto fQ @(x, 1)d$ E—+o0 5‘75

Then, for each A €]\1, A2|, for each nonnegative continuous function g : R — R
such that

G(&)

Goo = limsup —= < 400
> E—+4o0 §¢0 ’

and for each p € [0, 4], with

5— 1—c%NA
G a(0Q)’

when a(0) = fBQ do, problem admits a sequence of weak solutions which is
unbounded in E = W'Lg(Q).

Proof. Our aim is to apply Theorem to problem (1.1)). To this end, fix A, u
and g satisfying our assumptions. For each u € E, let the functionals J, I : E — R
be defined by

sy i= [ (% Vut@) + o fu(w) ) e

I(u) ::/QF(x,u(x))dx—i—g 89G(7(u(m)))da,

and put T ,(u) := J(u) — AI(u). Similar arguments as those used in [I7, Lemma

4.2] imply that J € C1(E,R) with the derivative given by

(J'(u),v) = /Q a(z, [Vu(x)|)Vu(z) x Vou(z) dx —|—/ a(z, |u(z)|)u(z) v(z) de

Q
for every v € E. Also J is bounded from below. Moreover, I € C'(E,R) and

Ww).0) = [ fe @@ e+ § [ o))l do

for every v € E.
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So, with standard arguments, we deduce that the critical points of the functional
T are the weak solutions of problem (I.1]). Let {{,} be a real sequence of positive

numbers such that lim,,_, 1 &, = +00, and

max F(x,t)dx
) Ja max F(z,1)
im
n—+oo go

= A

Putr, = (g—n)%, for alln € N. By Lemma and this fact that max{?“rl/%, ?“71/4)0} =
c

r,l/ ¢o , we deduce

{veE:Jw)<r,}C {U eE:|v| <r71/¢°} = {’UEE llv]| < §n}
Moreover, due to (2.10), we have |v(z)| < ||v]|eo < cljv]| < &, = € Q. Hence,
{v EE:|v|< fn} C{weE |v|oo <&}

Therefore, one has

sup  I(v) [ max F(z, t)de + £ [, max G(t)do

veJ "t (J—o0,mn) [t|<&n [t|<&n
) < <
SD(T )_ Tn - gn o
(?)
fQ lir‘1<agx F(z,t)dr + § a(0Q) G(&n)
<c? , for all n € N.

&’
Then,
7 < liminf p(r,) < ¢?°A+ £ E oo a(00)Go < +00.
n—-+oo )\
Now, let {n,,} be a real sequence of positive numbers such that lim,,_, o, 7, = +00,

and

(3.2) fm Jof@mde o

0 ;
n— 0o 77?15

for each n € N large enough. For all n € N, define w,, € F by
wn(T) = 1, z €.
For any fixed n € N large enough, due to the inequality
d(z,0-t)<o® - D(x,t), VaeQ t>00>1
(see [I7]), we have definitively,

Hwn) = [ @@ nas <o [ o 1)ds
71



A. KASHIRI, G. A. AFROUZI
On the other hand, from the definition of I, we infer

I(wn)z/QF(x,wn(x))dﬂg | G do

— [ Pan)de+ 5 [ Gn)do = | Fla,na)de + £ a(09)G()
Q )‘ o0 Q )‘

and so

() = )= M) < [

w
Q@(x,l)daz—)\[/ﬂF(z,nn)dz—l—A a(0Q)G () |-

Now, consider the following cases.

If B < 400, let

EG]OBW{

A
From ({3.2)), there exists v, such that

/ F(z,n,)dx > (B —¢) nﬁo, for alln > v,
Q

and so

0
Ty(wn) < f /

O(z,1)der — A [(B —€) nffo + %G(nn)a(a 9))
Q

=i’ [ o1~ xB - 0] - uGln a0,

Since [, ®(x,1)dz — \(B — €) < 0, one has lim, _, o T (w,) = —00.

If B =400, fix
Jo ®(z,1)dx

M
> )

From ([3.2)), there exists vy; such that
/ F(x,n,)dx > Mn;‘:o, for alln > vy,
Q

and moreover

Ty (wn) < 1’ /

[ @, 1)dr - )\[M e’ + % G(nn)a(aQ)}

=n? [/Q d(z,1)dz — AM} — 1 G(1,)a(09).

Since [, ®(x,1)dx — AM < 0, this leads to limy, 4o Th(wy) = —00.

Taking into account that

] Joy ®(x, 1)dx 1A { c }OH

B " o

and that T) does not possess a global minimum, from part (b) of Theorem [2.1

there exists an unbounded sequence {u,} of critical points, and our conclusion is
achieved. [
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Remark 3.1. If in Theorem[3.1], we assume f(x,0) =0 for a.e. x € €, then the

weak solutions obtained are nonnegative.

Indeed, define

f+(:c,t):{ iy

and consider the following problem

(3.3)
—div(a(z, |Vua(ac)|)Vu(:U)) + a(z, [u(@))u(z) = Af4 (z,u(z)) for ae. x €Q,
oz, |Vu(x)|)a—?:(x) = png(y(u(x))) for a.e. z € 9.

If @ is weak solution of problem ({3.3]), then one has

/a(x, |Va(z)|)Vi(z) Vo(z) de + / a(z,|u(z)]) a(z) v(z) dz
Q

Q

[ Fetoa@) ) do [ Qg(wu(x)))v(v(m))da

for every v € E. Arguing by a contradiction and setting A = {z € Q : @(z) < 0}
one has A # (). Put 4~ = min{a,0}. One has @~ € F, in fact from, [I2, Lemma
7.6] one has

_ 0 u > 0;
Vi _{ Vi u<0.

So, taking into account that @ is a weak solution and by choosing v = @~ one has
/ a(z, |Va(x)|)Va(z) Va(x) de + / a(z,|a(z)]) u(z) u(z) d
A A

[ el et g(wu(x)))v(u(x))daso,

Q

that is, [|t]|w1.2(4) = 0 which is an absurd. Hence, our claim is proved.
We also observe that, when f(z,t) > 0 for a.e. x € Q and for all ¢t € R, the same

conclusion holds (see [10, Lemma 1.1]).

Theorem 3.2. Let f: Q x R — R be an L'-Carathéodory function. Assume that
Jomaxy ¢ F(z,t)dx 1 Jo F(z,&)dx

- i
Eroo g % [o @@ dr o €

Then, for each A €]A1, Ao[, where A1 and Ag are given in , problem
{ —div(a(z, |[Vu(2)])Vu(z)) + a(z, |u(@))u(z) = M (z,u(z)) forz e,

%(m) =0 for z € 0N.
v

admits a sequence of weak solutions which is unbounded in W' Lq ().
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Remark 3.2. We observe that the role of functions f and g can be reversed. For
instance, we can study the following problem
{ —div(a(z, [Vu(@)])Vu(z)) + a(z, [u(z)))u(z) = pg(u(z))  forz e,

oz, |Vu(m)|)%(m) =\ (z,u(z)) for x € 09.

and obtain a sequence of weak solutions providing an oscillating behavior of f for a
suitable interval of parameters \. It is enough to substitute in the proof of Theorem
the functional I with the following
I(u) := F(z,y(u(x)))do + B/ G(u(x))dx.
XS AJa

In particular, the case = 0 can be investigated.

Example 3.1. Let Q = {(z,y) € R?; 2% + y? < 3}. Define
|t|P(@y) =2

—_— for t#0 d 0)=0
x’y)log(1+|t|) or 7& an gO(.fL',y, ) )

o(z,y,t) = p(

where p(z,y) = 2% +y? + 3 for all (x,y) € Q. Some simple computations imply

. \t|p("’”’y) |t] () d
t) = ————
(%ya ) log(l + |t|) + /O (1 =+ 8)(10g(1 + 8))2 >

and the relations (), (®1), and (®,) are verified. For each x € € fixed, by Example

3 on p. 243 in [7], we have

to(@,y, t)

< AT

S e

Thus, the relation (2.2) holds true with oo = p~ — 1 = 2 and ¢° = pT =
SUP (4, 4)c0 p(z,y) = 6. Next, ® satisfies the condition (2.9) since

<pz,y), Vt=0.

®(x,y,t) > tPEV Y (2y) e Q, t>0.

d*(P(, y, V1))
_ dt?
all (x,y) € Q and t > 0. Thus, the relation (2.4) is satisfied. Consider

(3.4)

Finally, we point out that trivial computations imply that > 0 for

d |Vu|P(@9)—2 v | [P(:y) =2 ; 0
— 1v(p($»y)w U) +P(xay)mu = f(z,y,u) or (z,y) € Q,
|Vu|PE¥)=2 gy 1
= f Q.
P o TVl v~ T+ r(ae, )P i eo
where
Fonyy = 4 1@t (T sinn) = Teos(n(e))) it e,0.) < 02 (R~ {0))

0 if (x,y,t) € 00 x {0},
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where f* : 92 — R is a non-negative continuous function and ¢ € R. A direct

calculation shows

F(z,y,t) = f*(%y)ﬂ(l — cos(ln(|t|))> if (z,y,t) € 9Q x (R — {0}),
if (z,y,t) € 09 x {0}.

So,
N ﬁl‘zz)gF(m,yJ) do
i nf S ——— =0
and
/ F(z,y,€)do
Fib

Hence, using Theorem the problem ({3.4)) admits infinitely many weak solutions
in E.
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Abstract. General exotic commodity options involving more than one price process are modeled
by an ordinary stochastic differential equation and mostly priced by either closed formula if one is
derived or via Monte Carlo simulation. In this paper we derive some helpful simplification for general
class of exotic switch options, with more than two commodity products, for less costly Monte Carlo

simulation.

MSC2010 numbers: 97M30; 91B25; 65C30.
Keywords: commodity options; switch options; multivariate Gaussian distribution.

1. Introduction

The present paper continues the investigations begun in [1]-[6]. Commodity
derivatives combined with other assets or containing several commodities generally
require numerical techniques for pricing. For most cases with difference of two
assets one uses Margrabe’s formula (see [7]). Though this formula describes pricing
for assets with predetermined dividend rate, one can derive analogous formula for
case of two commodities (without any prescribed rate, but in complete market).
The inspiration for this paper comes from market executed physical commodity
sale/purchase contracts embedded with options. In one such case the physical
commodity purchaser has the option of buying the commodity at the minimum
of 2 future contracts. Denote these two future contracts prices by F (t, T1) and
G(t, T,) at time t, where T1 and T, are maturities of two contracts. Hereafter we
always take risk free rate to be 0.

Note that the negative sign denotes cash out during the purchase we can write
down the following equation dropping Ty and T» but keeping in mind that t; <
Ti1 <t <T,.

~min(G(t2), F(t1)) = -G(t2)+max(G(tz) -F (t1),0) = ~G(t2)+(G(t2) -F (t))"
To see this explicitly for commodity market, consider the following derivative

V =E((G(t2) —aF (t1))™)

IThe research of the second author is partially supported by the Mathematical Studies Center
at Yerevan State University.
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with G(t2) and F'(t1) representing different commodities market prices at different
time, while F stands for expectation. This is a kind of exchange or switch option.
When working within Black-Scholes framework (with 1 driver for each process),

the closed-form formula is the following

2 2
—lna—&—ln% + %tl + 072752 — 0109pt1

V= 332(1)
\/O'gtg + O'%tl — 20’10’2pt1
(1.1) ) )
o —lna—&—ln%—%tl—%tg—i-alazptl
— axr
\/O'gtg + O’%tl — 20’10’2pt1
With 23 = G(0) and z; = F(0), 03 and 0% are respective variances, and p is

instantaneous correlation of two commodities, thus correlation of two commodities
is pty.

Formula (1.1) naturally reduces to two special cases (thus it is generalization of
both of them).
1. Whenever we have G(t) = F(t) (meaning dealing with same commodity future

but in different times), the formula reduces to forward starting option.

2 2
~1 2 (ty —t —Ina— Z(ty—t
V=zd nat gtz —t) —azx® na - gt = h)
O’\/tg—tl O’\/tg—tl
2. Whenever a = 1; and t5 = t; = ¢, (1.1) reduces to Margrabe’s formula (with 0
dividends).

2 2 2 2
In 22 + Tt + Gt — oy09pt In 2 — 5t — Ft+ 0109pt

V:Q?Q‘b

—.’Elq)

Vo3t + ot — 20,09pt Vo3t + o3t — 20109pt

It is the case where both commodities have one correlated driver having correlation
pt (all parameters either known, or calibrated). This formula is quite easy to check
(see [8], and compare it to Margrabe’s formula).

When dealing with more than 2 commodities, we cannot derive closed form
formula for general case. Attempts to simplify computation have been made. Some
of applied models can be found in ([9, 10]). For mean reverting process model
pricing see [8]. For spot price spread options modelling based on given forward curve
dynamics see [11]. The simplifications here are done to make numerical analysis
faster.

As closed-form formulas are intractable or cannot be explicitly derived by use of
elementary functions, Monte Carlo simulation is used for the case of more than 2

commodities (see [12])
(1.2) Vs = E(h(G(ts), H(t2), F(t1))| F5)

We consider an exact type of switch option. The aim of the paper is to provide an
easier formula to simplify Monte Carlo simulation and make the process faster, as
78



ALGORITHM OF CALCULATION OF COMBINED ...

generally Monte Carlo simulation with even 3 commodities require more than 109%
simulations at once, where k is multiplicity (order) of simulations.

If we could somehow reduce the dimension by one, we will make it 10°% times
faster. For one exact type of 3 commodity based derivative we give algorithm
based on direct computation, and with computation of integral of bivariate normal
distribution. We give all necessary formulas as well as order of computation. In this

02k

final form only 10°* simulation are needed.

2. STATEMENT OF PROBLEM WITH THREE FUTURES

As we deal with switch (exchange) options, we take exact form of function h(.)
in (1.2), namely

V, = E(max(G(ts) — min(F(t:); H(ts)), 0)| F,)
— E((G(ts) - min(F(t,); H(t2))) | F)

If all three commodities G, F, H are driven with one Wiener process and can be
brought to martingale form, we would like to have some integral formula involving
bivariate normal distribution. Hereafter we will take s = 0, and use V = V°

notation. Taking the processes to be

F(ty) = F(0)e~ " Vhtho - H(ty) = H(0)e 722 ViH02

(2.1)
G(ts) = G(0)e 7a¥aViattals,

Without loss of generality we assume t3 > to > t; and

1 pi2vti pi3Vti

0 Ve Vi
(2.2) (F(t1),H(ts),G(ts)) ~ N | p= (0] ;0= [ 22 1 ooyl
O »013\/5 »023\/5 1

Vector (F(t1), H(t2), G(t3)) has 3-dimensional normal distribution with mean vector
w and covariation matrix X, with pia, p13, p2g are correlations (instantaneous) between
respective commodities (1 — F;2 — H;3 — G). In general, making use of Monte
Carlo simulation, you will need 3 x 3 X k simulations, to calculate approximate
price.

What we do, is simplification of formula through direct computation, which later
yield to only 2 random variables to simulate. The nice part of it is that the derived
formula does not need combined simulation of bivariate normal random variables.
So there is no need to simulate 2 x 2 x k, but rather (14 1) x k, with the cost of
other additional computations.
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3. THE MAIN FORMULA

Having the above framework, we can rewrite

o L
G

h max (G(O)e*"SyS\/@rt:ﬂ% — F(0)eTyvhthion
(0)6—031/3\/54-15393 _ H(o)e—ozyzx/g+t202) dylddey3.

We divide the region of integration into three parts.
1. G(t3) — F(t1) > max((G(ts) — H(t2),0));

2. G(t3) — H(t2) > max(G(t3) — F(t1),0);

3. 0 > max(G(t3) — F(t1),G(t3) — H(ta)).

These regions do not overlap, their union represent the whole domain of integration,
and on the 3rd region the integral yields 0. Now back to the first and 2nd regions.
The first region can be understood equivalently G(t3) > F'(t1) & H(t2) > F(t1)
The 2nd region can be understood as G(t3) > H(t2) & H(t2) < F(t1) So we can
rewrite V' = V7 4+ V5. The final formula will have the following complicated form,

where ®5 stands for bivariate normal distribution function: for V;

(3.2)

o0
P1/ e IDy(yy = fao(y1);ys = fas(y1)imarr,mairr, orr, orrr, pirirn)dy

—00

o0
—Ql/ B 1By (ys = fp2(v1);ys = FB3(W1)imp.ir, mB 111,011, 0111, pri,111)dY1
— 00

with the components

G(0)e" o rr011r\/1 = P} 111 F(0)e" orrorrry /1= p3; 10
(3'3) Pl = Ql =

PHDE Lo PHDE

B _ t292 —t191 Ul\/ﬂ 1 H(O)
5 fa2() = fe2(y1) = oo/la + 0—2\/5y1 + 02\/5111 (F(O))
sl = faaty) = DB O Ly, (G0
A3W) = JB3\Y1) = 0_3\/g 03\/591 03\/t>3 F(O)

and

- T 3|2 2t
Ty = <(P12P23 p13)vt n o3v/t3] > 8y — <1 _ P12 1) on

\/g yl t2
it - t 7|3
Mz = a1f — <1 _ Pis 1) ((p12,023 p13)Vt1 N o3v/13] |>
fa Vs Y1
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— T 2t
(Pr2p23 Pls)ﬁﬂl _ (1 _ P12 1) o
Vis to
2
tq 12023 — P13)V 1
23 = a1 f — (1 _ P13 ) (p12p 14 )\F

Y122 =

t t
(3.5) 3 Vi
ay = _plQ\/E n P13p23V/tito By = _p23\/t§ i P12p13t1
. Vi t3 ’ . Vis Viste
2
"= ( p23v'ta n p12p13ty ) 1 Pt L pisty
(3.6) mA 1 = —Y122;MA I = —Y1T3
. MBI = Y122, MB, 111 = —Y123
2
7P23\/E p12p13t1
. B . I G )
II 1_ p?tgtl t3 (1 _ pi2t1>
3 2
(37) 2 (_M + ﬂ12P13t1)2
o — ﬂ 1— p12t1 . Vis Vists
o 1— Piats to (1 B p§3t1>
ts B
PIIIIT = pasts — p12p13%s
’ V(ts — pisty) (ta — plyt1)
1 P33t
A = —— (2 (1= P28 B
Mo (yl ( ts
2 piati o Plati\ o
yi((1— ) T2 +({1- n T3+
3 2
2 (1 — p%3t1> (1 _ p%2t1) (_ p23\/t2 n P12/)13t1> -
(3.8) ts t2 Vi3 Vst
| BlI:*L 2[S[ovy Vi + yi 17@ -
’ 21X t3
2 piati o plati o
yi((1— T2 +({1- . 25+
3 2
2 (1 — p%3t1> (1 _ p§2t1) (_ P23Vt " P12P13t1> 2oz
ts b N !
where
2 t 2.t 2.t 2.t
(3.9) || =1+ P12p13p2301  P13li  Pagl2 Pigll

t3 t3 t3 to
Each term (3.3)-(3.9) should be calculated precisely in the following order. First
fix some y;. Then do the calculation like this (3.9) — (3.7) — (3.3)(3.5) —
(3.4)(3.6)(3.8). Here (3.6) and (3.7) represents all parameters of both bivariate
normal distributions. Note that they change with the change of y;. Before computing
(3.3) one can calculate integrals first. As (3.3) does not depend on y; . For calculating
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integral just make y; change through some interval (with small steps note also that
one cannot say that interval (—30,30), as o changes with y;). We obtain
(3.10)

o0
Vo = Pz/ 21Dy (y1 = for(y2);ys = foa(y2);mp.1r, mp 111, 00,1, 00,111, pC.1.117)dY2

— 00

o0
_QQ/ eP21®y(yy = fpa(y2);ys = fp3(y2);mp 11, Mp 111,00.11,0C 11T, PC.1.111) Y2

oo

with the components

t50
G(0)e'%0c roc,rrr4/1 — /-’20,1,111

P =
: CSHBE
(3.11)
0 H(O)€t2020071007111m
2= TSR

t393 — t292 0'2\/5 1 G(O)
foi(y2) = fps(y2) = + Y1+ In
T N R N TRV
| fonlu) = fon(u) = 20— te0a oovla 1 (PO
— = n
CRRITIPT T o e/ ol \H(0)
and
7 t ) 2.t
You1 = Ba (P23\/>2 + P12P1301 + a3V/13] > . (1 _ P12 1) o
Vi3 Vista Y2 t2
2qt T t 5|E
o3 = Baciy — (1 _ P33 2> <,023\/>2 4 P12p1301 + o313 |>
t3 \/E), \/@ Y2
p23vlz  pizpists piat
= — (1=
oy (P ) (1P
’ s = Bacrs <1 P%3t2) ( P23\/E+ 012p13t1>
2W3 = - - -
l3 Vis Vista
ag = aq; By = (p12p23 — p13)\/ﬂ
’ \/E
2
_ <(P12023 - 1013)\/H> ( P%2t1> ( P%3t2>
Yo 1= -1 - === 1 ——==
Vis ta t3
megcr = —Y20V1; Mc, 111 = —Y2v3
(3.14)
Mmp, 1 = —Y2W1; Mp 111 = —Y2W3
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2
( —p13)VtL
B m . pggtg ( P12P23\/£13 1)
oc,1 = 1— @ B t3 B (1 P%2t1>
ts T Tty
2
3.15 (Plzms—pm)\/H)
(3.15) _ _WVIE piati ( N
oc, 111 = P 1- ¢ - 2 4
1— Pi2%1 2 1— Pa3l2
to \ ( ts )

—(p12p23 — p13)Vt1t2
V/ (ts — p3stz) (t2 — piat1)

1 pisti
Cor—e—— (21113 _
21T (y ( ts

2.t 2ot

() () e
2.t 2t - t

9.1 — P22 1 _ P2l (p12p23 ,013)\/711}103
t3 t Vis

Dy =— ! 2|2 |o2ya vt + v3 @ -
’ 2‘E| t3

2 2
t t
g (1222 ) 2y (1 - A2 2y
ts to
2.t 2ot — p13)V/1
9. [ (1 P2st2 1 _ P2t (p12p23 — p13) Ly ws
i3 to 4TS

Generate yo. Then make the calculation like this (3.9) — (3.15)(3.13) — (3.11)
(3.12)(3.14)(3.16).

Once you take inputs and combine them into formula (3.1), the remaining part

pC.IIIII =

(3.16)

is usage general Cholesky decomposition techniques (for 2 variable case it takes
extremely simple form, see for example Box-Muller transform [12]), and generate 2
correlated variables in the form given in V7 and V5. This is exactly what is done in
(3.4) and (3.12). Note, however, that one needs only one standard normal variable
in each part. So first generate 2 normal random variables with prescribed bivariate
distribution, then use each one in the integral.
Concluding algorithm:
1. Calibrate the parameters of the model parameters in (2.1) (either using least
square or other techniques), plus find correlations from (2.2) (with correlation
matrices estimation techniques).
2. Calculate (3.9) — (3.4) — (3.3)(3.5).
3. Generate y; running through some interval.
4. Calculate for each y; (3.4)(3.6)(3.8).
5. Then calculate normal distrbution values from (3.2) first and second integral.
Multiply them by exponents in (3.8), and interval length of each step of change of
y1. Sum up them to compute integrals.
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6. Find the value of (3.2).

7. Use (3.9) and further compute. (3.15)(3.13) — (3.11).

8. Generate yo running through some interval.

9. Calculate for each y, (3.12)(3.14)(3.16).

10. The same as in step 5, but for the second part (3.10) and using (3.16).
11. Find the value of (3.10).

12. Sum (3.2) and (3.10) to find (3.1).

Note that you need to generate only 1 variable in each case. In given form one

needs to generate ~ 10%*. However more computation should be carried out at each

step. So the general result can be formulated as follows.

Theorem 3.1. The price of (1.2) with given properties of h(.) function can be
found by formula V.= Vi + Vi, where Vi and Vo can be calculated by (5.2) and
(3.10).

Remark. The described algorithm shows reduction in size of simulations needed

for pricing by up to 107% times.

1]
2l

3

[4

(5]
(6]
(7]
(8]
i
11]

(12]
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