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Abstract. In this paper, we investigate the nonexistence of nontrivial global solutions
for a fractional integro-differential problem in the space of absolutely continuous functions.
We provide criteria under which no nontrivial global solutions exist. It is shown that a
dissipation of order between zero and one or even a (frictional) dissipation of order one
does not help providing global nontrivial solutions. The test function method is used
with several derived estimations. Examples with numerical computations are given to

illustrate the results.

MSC2010 numbers: 35A01, 34A08, 26A33.

Keywords: global solution; nonexistence; Caputo fractional derivative; fractional
integro-differential equation; nonlocal source.

1. INTRODUCTION

We consider the following fractional integro-differential inequality
t

(1.1) u'(t) + (D) (t) > / gt —s)f (u(s))ds, t>0,0<a<?2,
0

subject to

(1.2) u(0) = up, when 0 < a <1,

or,

(1.3) uw(0) = ug, v'(0) = uy, when 1 < a < 2,

where CD(‘)" ‘. is the Caputo fractional derivative of order a and ug,u; € R are given
initial data.

This initial value problem is a generalization of many interesting initial value
problems. When the kernel g represents the Dirac delta function, f(u) = u? (¢),
p > 1 and a = 0, the equality in represents the Bernoulli differential equation

(1.4) W) +ut)=uP(t), t >0, p>1.

IThe authors gratefully acknowledge financial support from King Fahd University of Petroleum
and Minerals through project number SB191023.
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Equation (|1.4)) with u(0) = ug has the solution

u(t) = ((ué_p — 1) (=Dt | l)ﬁ ’

that blows up in the finite time

T, =

1—
17p1n(1—uo p)

if and only if ug > 1, (see [A]).

The solution of the nonlinear Volterra integro-differential equation

(1.5) u'(t) = —c—i—/o uP(s)ds,

is given by

1-— 2 1-p\ =P
u(t):(2p Mt+u02> )

and it blows up in the finite time

2 p+1 1=
l - £ 2
b p—1 2 Yo~ >

when ¢ = p%uéﬁl and ug > 0.
When o = 0, up > 0 and the kernel ¢(t) is positive, locally integrable and

tlim fg g(s)ds = oo, it has been shown in [I1] that the solution of
— 00

(1.6) u'(t) +u(t) = /0 g(t —s)f (u(s))ds, t>0,

blows up in finite time if and only if for some § > 0,

</ s \7ds
(1.7) /V <f(s)> ’ 5 <% for any v > 0.

It has been assumed that f(t) is nonnegative, continuous and nondecreasing for
t>0, f=0fort <0, and tlim @ = oo. Obviously, when f(u(s)) = |u(s)|” in
— 0

(1.6)), the condition (|1.7) is fulfilled if p > 1.
By choosing g(t) to be the Dirac delta function and f (u) = |u(t)|”,p > 1 in the

equality in (1.1]), we obtain

(1.8) /() + (CDg,u) (t) = Ju(®)P, t>0, p>1.
4
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As proven in [12], the solution of the system

(1.9)
ug 4+ Y a; (Dyiu) () jg (;(15)7:)1 (u(s),v(s))ds, t>0,0<a;,mn <1,
i=1
n
vt+z:1ai (ngrv) fO F(l 'yg) f2 ( ) ( ))dS, t>0, 0<Bi772<1a
1=
u(0) = ug, v(0) =vy , 0<ug,vy €R,

blows up in finite time for the continuously differentiable functions f; and fs

satisfying the growth conditions:
fi(u,v) >alvl’ and fo(u,v) >blul?, a,b>0 forall u,ve€R.

Although, the authors in [12], treated a system rather than an equation, the kernel
(t=s)77

INCE

The present authors studied, in [3], the nonexistence of nontrivial global solutions

there is a special case of ours, that is k(t — s) =

for the fractional integro-differential problem

(Dg+u)(t)+( ) >f0 (t—s)|u(s)|Pds, t>0, p>1,
(1.10)

(I'~*u) (07) =b, bER,
where D, and Dg , are the Riemann-Liouville fractional derivatives of orders o and
B, respectively, 0 < < o < 1 and h is a nonnegative function different from zero

almost everywhere. It has been shown that if (t_ap/ + t_Bp,) R1=P' (t) € LL [0, 00)

T T
lim T~ ( / = P (4)dt + / tﬁp’hlp'(t)dt> -
T— o0 0 0

where p’ = %, then, the problem has no nontrivial global solution when
b>0.

In this paper, we prove nonexistence of nontrivial global solutions for Problems
— and — under some conditions on the functions g and f . The
test function method introduced in [I3] is adopted to the fractional case and used

here, see also [5], @ [10] [15].

loc

and

It is well known that lower order derivatives usually represent damping terms and
therefore help stabilizing the system in addition to the existence of solutions for all
time. On the contrary, polynomial sources destabilize the system and they can even
force solutions to blow up in finite time. In fact they are sometimes called blowing
up terms. When they are both present in the system we will have a competition
between these two terms. When 0 < « < 1, the fractional derivative acts as a

damping term, while when 1 < « < 2, it is the first derivative which plays this role.
5
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Many results on the existence of solutions for fractional differential equations are
available in the literature, ( see e.g. [T}, 2L §]). The most important recent results
on fractional differential equations with Caputo fractional derivatives are surveyed
in [I]. The study of the nonexistence of solutions for differential equations is as
important as the study of the existence of solutions. It is particularly capital for
the nonlinear differential equations where solutions cannot be found explicitly. We
refer the reader to [5] 6 12} [9, 10, [15] and the references therein.

The rest of this paper is structured as follows. Section 2 is devoted to the required
notions and notations from fractional calculus that will be used throughout this
paper. Also, we present the test function and some of its properties we use. The
statements and proofs of our results are presented in Section 3. In the last section,
we provide some examples of special types of kernels with the numerical treatment

at various values of the parameters.

2. PRELIMINARIES

In this section, we begin with some fractional-order operators relevant to our
study and recall some of their properties. We introduce our selected test function
with some of its characteristics.

The Riemann-Liouville left-sided and right-sided fractional derivatives of order

a > 0, are defined by

(2.1) (D) () = D" (I'%u) (1),
(2.2 (DEw)(t) = (—1)"D" (I2=) (o),
respectively, where D™ = ;Tr;, n = [a] + 1 and [o] is the integral part of a. I,

and ;' are the Riemann-Liouville left-sided and right-sided fractional integrals of

order o > 0 defined by

fe% _ 1 K a—1

(Ia+u) (t) = @/@ (t - S) U(S)ds, t> a,
« 1 ’ a—1

(I-u) (t) = @/t (s —t)* “u(s)ds, t<b,

respectively, provided the right-hand sides exist. The function I' is the Euler Gamma
function. We define Ig+u = Il?_u = u. In particular, when a = m € Ny, it follows

from the definitions that

Diu=D™u, Di u=(—1)"D"u.
6
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The Caputo left-sided and right-sided fractional derivatives of order o« > 0, are

defined by
n=1 ) (g _
Dsu) () = ( . <u<s>2 | )<sa>1>> ),

1=0

e |
(D) (1) = (Ds <u<s>—2 e (b—s>1>><t>,

=0

respectively, where n = [a] + 1 for @ ¢ Ny and n = « for o € Ny.
In particular, when o = n € Ny, it follows from the definitions that
“DOu =D u=u, D" u = D"u, D} u = (—1)"D"u.
Notice that if u(¥(a) = 0 for all ¢ = 0,1,...,n — 1, then D% u = D u, and if
u® () = 0 for all i = 0,1,...,n — 1, then CD?,u = D;* u. For more details about
fractional operators, we refer to the books |7} [14].

The space of absolutely continuous functions on [a, b] is denoted by AC [a,b]. In

general, for n € N,
AC"[a,b] = {u: [a,b] — R such that D" 'u € AC[a,b]}.

If u € AC™[a,b], then CDg‘Jru and CDZ“,U exist almost everywhere on the interval

[a, b] and
(2.3) (“Dgiu) (t) = (I}7D"u) (1),
(2.4) (“Dyu) (t) = (=)™ (I}7*D™u) (t).

Lemma 2.1. [7] If a« > 0, 8 > 0, then

- F(/B) B—a—1
DY (b—s) ) ()= —L_(b— .
(25 6-9"") )= 55 ¢ -9
Lemma 2.2. [14]Leta20,p21,q21and%—i—%gl—i—a(p;ﬁlandq#lin
the case when%—l—l:l—ka). If feLP(a,b) and g € L7 (a,b), then

b
/f (12, 9) (1) dt / o (t) (I2f) (1) dt.

Lemma 2.3. Let o > 0 and n = [a] + 1 for o ¢ Ny and n = « for oo € Ny. For
feCla,b] and g, I}'"* f € AC"[a,b], we have

n—1

/ £ () (CD%g) (1) dt = / g(t) (D3 F) () i+ [(DE"£) (1) (D) (1)]".

=0
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Proof. Since g € AC"|a, b], then we have from the definition (2.3)),

b
/ £0) (Dag) (0t = [ f10) (12D"9) ().
Because f € L™ (a,b) for any my > 1 and D"g € L' (a,b), we deduce from Lemma
2.2
/ f @) (I'7*D"g) (t)dt = / D"g (t) (1]~ f) (t)dt.
As I'"“f € AC™[a,b] and D""'g € AC [a,b], then integrating by parts n times
yields

n—1

[ 10€0z0) @ar =3 (D) 0 (079 02+
1=0
b
+(—1)”/ g(t)D™ (I~ f) (t) dt.
Owing to , the proof is complete. O

In this paper, we use the following test function

(1_%)0’ OStSTa
(2.5) 6 (1) :=
0, t>T.

The function ¢ has the following properties.

Lemma 2.4. Let ¢ be the function defined in (2.5), then for 8 > nr — 1, r > 1,

n=0,1,2,..., we have

T
/ ¢ (1) |D"¢ (1" dt = C,, T, T >0,
0

where
oo r7(6+1)
@ —nr+1)TT(0 —n+1)
Proof. Since
D" (t) = (-1)"00-1)(0-2)...0—n+1)T (T —1)""
_ =)'+, 0—n
B r(a—n+1)T9(T_t) ’

it follows that
’ - F(0+1) " — r 0—nr
1-r n r _ I S 0 B
[ o aieora = () o0 [ a0

= C,, T .
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Lemma 2.5. Let a« > 0 and ¢ be as in (2.5) with 0 > o — 1, then we have for all
0<t<T,

F(9 + 1) -0 0—a
. T =——>"T""(T-t

T
(2.7) / t" (DF-¢) (t)dt = EmoT™ 7 m=0,1,2,...n—1, n=[a] +1,
0

where &mo = Sy

Proof. We have from Lemma [2.1
r@e+1)

(D-9) (1) = (Dg-T (T~ 9)") (1) = Fo—agn! @0
An integration m times by parts yields
T m=1 ) oo r
[ s a@a = X [0 I (1) 0
0 o (m Z)- 0
T
(2.8) +(=1)™ m! / (17 DS ) (¢) dt.
0

Using (2.6) and Lemma we find

i+1 o _ r@+1) 0 p\O—atitl
re+1)

(I Dg-¢) (t) = T (T — )"

r—a+m+1)

Therefore
(2.9) [t (I Dg_¢) (1)) = 0 forall i =0,1,2,...,m — 1,
and
(2.10) / Y e gy di= — FOTD s

' g T T —a+m+2) '
Now, by substituting (2.9) and (2.10) in (2.8)) we obtain (2.7)) . O
Lemma 2.6. Let « >0, n=[a] +1 and ¢ be as in (2.5) with § > a — 1, then

o re+1 _ n—a
(13720) () = 0D oo pyene

S T@+n—a+1)
for all 0 <t <T. Moreover, I.-%¢ € AC™[0,T).

Proof. From an application of Lemma [2.1] we deduce that
- _ _ re+1)

e = (= (T70(T - 9)")) (t) =

(1720) (0 = (5= (17T =9") ) O = 54— D)

It is clear that I7:-%¢ is in the space AC™[0,T] for 6 > o — 1. O
9
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Lemma 2.7. Let o > 0 and ¢ be as in (2.5) with > max {0, — 1}. Suppose that
g€ AC™0,T], n=[a]+ 1 for a ¢ Ny and n = « for o € Ng. Then

T T n—1
/0 6 (1) (°DS. g) (1) dt = / 6(t) (DE_6) (1) dt — 3" & o T (D"1~7g) (0)
1=0
where ELQ = %

Proof. As a consequence of (2.6]) in Lemma we get for i =0,1,2,....n — 1,
re+1)
O@+1—-—a—i+n)

(DS ") (T) = 0.

(quitzfnqﬁ) (0) —_ - Tn—cv—'i’

Since ¢ € C[0,T] for & > 0 and I7-“¢ € AC™[0,T7], then the conclusion follows in
the light of Lemma [2.3 (]

3. THE MAIN RESULTS

In this section we prove the nonexistence of a nontrivial global solution for the

initial value problems (L.1) — (1.2) and (1.1)) — (1.3)).

Definition 3.1. By a nontrivial global solution of Problem (|1.1)) — (1.2)) or Problem
(1.1)) — (1.3]), we mean a nonzero function u defined on [0, 00) such that u € AC'[0,T]
or u € AC%[0,T] for all T > 0, for which the inequality (1.1]) holds for all ¢ > 0,

and satisfying (|1.2)) or (1.3)), respectively.
Firstly, we need to prove the following auxiliary lemma.

Lemma 3.1. Let § > 0, n = [8] + 1 and r > 1. Let ¢ be as in (2.5) with 6 >
nr — 1. Suppose that g is a nonnegative function that is different from zero almost
everywhere and t""=F=Ygl=" (t) € L} [0, +00). Then, for any T >0

1—r

/O ! (2-6) ) ( /t " s = D6 (s) ds> dt < Gy, T /0 " a0 i ()

where éﬁ,r = %, Chr 1s given in Lemma .

Proof. Since ¢)(T) = 0 for all i = 0,1,...,n — 1, then DJ_¢ = DI _¢. Also,
since ¢ € AC™[0,T] for § > n — 1, then DS_¢ = (=1)"1}'"" D" and

1

(P7-0) (0= (5= 1D"l) (0 = 7= N0 |(06) (9)] ds

_ 1 Byt (s
= w0
10
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Using Holder inequality with % + %, =1, we find

(pio) ) < F(;_B)Ufg(s—tw(s)ds)'

Therefore
T , T 1—7r
/0 (Ds-0) (1) ( /t o(s — ) () ds> dt
Tt r(n—p—1) = _r n r 1
< b o ), (s—1) g 7 (s=t)¢" 7 (s)[(D"9) ()| dsdt, bl:m
T S
_— / (s — £)""PD gl=r (s — )81 (5) (D) (s)]" dtds
0 0

n | Lo () 1(070) (5] ( [ =0t g - t)dt) s

Let 7 = s — t, then the following uniform bound is obtained

s T
/ Tr(n—ﬁ—l)gl—r(T)dT < / 7_7‘(71—[3—1)91—'r(7_)d7_7
0 0

and the result follows from Lemma 2.4l O
Now, we are able to prove the nonexistence of solutions for the problem (1.1 —
(1.2) when 0 < v < 1.

Theorem 3.1. Let 0 < a < land f be C! (R, R) function satisfies
f(x)>alx? for all z € R for some positive constant a and p > 1.

Suppose that g is a nonnegative function different from zero almost everywhere with
g P o g (1) e L [0, +00) and

loc

T—o00

T T
(3.1) lim T (T"’/ / g (t)dt + / t_‘”’,gl_p/(t)dt> =0,
0 0

where p' = 1%, Then the problem (1.1]) — (1.2) does not admit any global nontrivial

solution when ug > 0.

Proof. Assume, on the contrary, that a solution v € AC|0, T] exists for all T > 0.

Multiplying both sides of (1.1]) by the test function ¢ defined in (2.5)) with § > 2p’—1
11
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and integrating, we obtain

(32)
/ oWt + / " o) (°Dgyu) ()it > / o) ( / gt — ) () ds) it

By Lemma [2.7] we have,

T T B
B3 [ 00 @) Odi= [ ) (DF-0) ()it — o

T T
3.4 t)u' (t)dt = — t)¢' (t) dt — uo,
(3.4) | owuma=— [ uwe @i —uw
where & , = %.
Substituting and in yields
T T
(3.5) W+ ug (1+ &,aT" %) g/ u(—¢’)dt+/ uD$ dt
0 0
where
T t
3.6 W= t t— ds | dt.
(36) [ow ([ ote-9rwenas)

To have a bound for the integrall¥V, we rewrite it as

T T T
W= / £ (u(s) (/ g(t—s>¢<t>dt) ds = / £ (u () G(s)ds,

where .
G(s) ::/ glt—s)p(t)dt, 0<s<t<T.

Applying Holder inequality with % + L =1 for the two integrals in right hand side

p/
of (3.5)), we obtain

T T
/u(—qﬁ’)dtg(/ |qudt>
0 0
T T 5 T o , v’ N
/ uDg_¢dt < (/ |u|”Gdt> (/ G~ 7 (Dg_¢)" dt) <W Vo,
0 0 0

where

1
7

T , , P . 1
(/ G (—¢') dt) <W v U7,
0

1

=

’ ’
y2

T o , T o ,
(3.7) U= a—%/ G % (=¢)" dt and V.= a_7/ G~ 7 (DS_¢)" dt.
0 0

Therefore ([3.5) can be rewritten as
(3.8) W tug (1+&aT" ") SW 3 (U7 + V7).
From the positivity of W, ug and &y o, we get from
wosw (U V),
12
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which implies that

(3.9) W <2 LU +V).

Now, we estimate the integral U defined in ,

T
p’ p’ !

U = avr | G (t) (—¢' (1) dt

/

-5 / (/ g(s—t>¢<s>ds> (DL (1)" dt

! A ’ T ’
(3.10) < af%CLp/Tl_Qp / g' P (t)dt, (Lemma[3.1] with 8 = 1).
0

Il
S
3

Similarly, we see that

!’ T ’/ ’
Vo= o F [ et owie oa
T

/ T 1—p’ /
JL/O (/t g(s—t)¢(8)d$> (D2 )" (¢) dt

/7 T
3.11 < a T Cy TV [ o g P (1)at,
sP
0

I
S
B

(Lemma 3.1 with 0 < f = < 1).
Substituting (3.10)) and (3.11)) in (3.9) we end up with

T T
(3.12) W <M (T”p’ / g P (t)dt + T / t—ap’gl—P'(t)dt>,
0 0

where M = 2"~ max {a—p?éﬁ,p/, a” v Copr } Eventually, we deduce from Condition
(3.1) that u = 0 and the proof is complete. O

The following result is a corollary of Theorem [3.1

Corollary 3.1. Let a and f be as in the assumptions of Theorem [3.1] Suppose

that, for any T > 0, there exist positive constants ki, ks,

+1
(3.13) w1<z_1and w2<ﬁ
such that
T ’ T ’ /
. g P ()dt < kBT, an t™ P g TP (t)dt < kT2,
3.14 =P(tydt < kyT¢ d P gl=P () dt < koT®
0 0

where p’ = I% and g is a nonnegative function that is different from zero almost

everywhere with g' %", t=°? g1~ (t) € L} [0, +00). Then the problem (L.1)) — (1.2)
has no nontrivial global solution when ug > 0.
13
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Proof. It suffices to show that the assumptions (3.13) and (3.14]) imply that
(3.1) is fulfilled. We deduce from the hypothesis (3.14)), that

T T
o< " (TP' / g P (t)dt + / B (t)dt) <y TV A, TP e
0 0

We find from (3.13) that 1 —2p’ + w; <0, 1 —p' + wy < 0 and consequently (3.1)
follows. 0
The following corollary considers an important type of kernels appear in numerous

applications.

Corollary 3.2. Let a and f be as in the assumptions of Theorem[3.1]. Suppose that
g(t) > bt ", t > 0, for some constant b > 0, where 1 —p (1 —a) <n < 2+p(a—1).
Then the problem (L.1)) — (1.2) has no nontrivial global solution when ug > 0.

Proof. It suffices to show that Hypothesis (3.1) is satisfied with the function g.
Indeed, since g(t) > bt~"; b, > 0, then g' 7 (t) < b= (' =1) and

T T 1—p/
/ g P (t)dt < bl—P’/ (' =1) gt = /bipT"(P’—l)+1
0 0 np' —1)+1

T / / / T ’ /
/ o 1= (1)dt < pLP / (P =)= gy
0 0

17
_ b Tn(p'fl)fap#l.

np —1)—ap’ +1

’

Therefore

/ !/ T / T / !/

TP (TP / gt P (t)dt +/ tmop gl=p (t)dt)
0 0
1—-p' 1-p'
S L ™,

np —1)+1 np —1)—ap +1

where

o1=2-n+p (n-2), 2=2-n+p (n—a-1).
It follows from 1 —p (1 —a) <1 < 2+ p (o — 1) that both o7 and o3 are negative
and so (3.1)) is satisfied. d

Remark 3.1. Corollary [B:2] can be considered also as a consequence of Corollary

3.1 with

’

bl—p’ pl—p
ki = —F———— k2= )
np'—1)+1 n(p'—1) —ap’ +1
+n-1
= ) p1=PTNT 2
w1 n(p'—1)+ b1
1-— -1
wy = n(p/fl)fap'Jrl:p( )+ , 0<a< 1.

p—1
14
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Itisclear from 1 —p(l—a)<n<2-p(l—a) that0<w1<;%,0<w2<zﬁ.

The next theorem deals with the case 1 < a < 2.
Theorem 3.2. Let 1 < a < 2 and f be as in the assumptions of Theorem

[53 Assume that g is a nonnegative function that is different from zero almost

everywhere with gt=?" | t1=% g1=0"(t) € L1 [0, +00). Suppose that

loc

T T
(3.15) lim T'~2 < / g P (t)dt + / t““)p’glp'(t)dt) =0,
0

T—o0 0

where p' = —E=. Then (1.1) subject to (1.3) has no nontrivial global solution when
p—1

ug, u1 > 0.

Proof. Assume, on the contrary, that a solution u € AC?[0,T] exists for all
T > 0. Then as in the proof of Theorem we have

Wtuo (1+EaT' ™) +uboaT? W5 (U + V),

where W, U and V are as in (3.6) and (3.7)). Accordingly, for 1 < a < 2, from
Lemma [3.1] with 1 < 8 = a < 2, we obtain the following estimates

/A ’ T /
U < a‘%cl,p/TPZP/ g P (t)dt,
0

1—p’

v o= / (/ g<s—t>¢<s>ds> (D3 o) (1) dt
0 t

4 Py ’ T ’ ’
< a*%Ca,p,Tl_Q” / (=P g 1=p" (1)t (Lemma 3.1 with 1 < 8 = a < 2).
0

By the assumptions (3.15)), we get u = 0 and the proof is complete. O
Applying Theoremfor kernels of the type g(t) > bt~", we obtain the following

result.

Corollary 3.3. Let a and f be as in the assumptions of Theorem [3.3 Suppose
that g(t) > bt=", t > 0, for some constant b > 0, where 1 —p (2 — a) <n < 2. Then
(1.1) subject to (1.3)) has no nontrivial global solution when wg,u; > 0.

Proof. The hypotheses of Theorem are satisfied with the given kernel g. In
fact,

T T
/ g' P (t)dt < b7 / (' =) gt = by
0 0

T T
/ t=ap’ g 1= (1) g < '+’ / (r' 1) +(=)p’ gy — p e
0 0

15
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where
blfp' blfp'
b2 = ) b3 = )
n(p'—1)+1 np—-1)+0-a)p +1
/ ptn—1
m = n@E-D+l=—"——2>0,
p—1
/ ’ p (2 - a) +n—1
n o=@ -D+0-a)p +1= b1 > 0.
It is easy to check that 71,72 > 0and 1 —2p" + 11,1 —2p" + 13 < 0. O

Remark 3.2. The same results of Theorem [3.2] and Corollary [3:3] can be obtained
with more relaxed conditions on the initial data. It is enough to have aqug+aju; >
0, for some positive constants ag and aj, instead of ug > 0 and u; > 0. Indeed, ag

and a; can be given in terms of the constants T, éo,a and fﬁl,a.

4. APPLICATIONS

In this section, we provide a special case of the kernel ¢(t) in Corollaries and
[3:3] when the source term is the Riemann-Liouville fractional integral of a power of
the state. We show here by computing the solutions numerically that the solutions

can not exist globally.

Example 4.1. Consider the fractional integro-differential inequality

(4.1) «mw+(b&ﬂﬂwz(@qmgﬁyw,t>0,5>ap>L

subject to (1.2) when 0 < o < 1,0r, (1.3) when 1 < o < 2. The problem consists of
(4.1) subject to (1.2) is a special case of (L.1)) — (1.2]) when

gt)y=t""1, 0<B<p(l-a), 0<a<l.

Therefore, we deduce from Comllary when g(t) =t~", n =1—, that Problem
(4.1) has no nontrivial global solutions when ug > 0. Similarly, (4.1) subject to (|1.3))

has no nontrivial global solution when ug,uy > 0. This result is a special case of
Corollary[3-3 when

gt)=t",n=1-5, 0<B<p(2-a), 1<a<2.

For treating the two problems in Example numerically, we consider the case

of equality and write

u(t) = ug —/0 (“Dgyu) (s)ds + (Igfl |u(s)|p> (t).
16
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Using the iterative schemes

¢
u™ () = ug —/ Dy, (u("*l) (1) — uo) (s)ds + (Igjl ‘u(”*l)(s)
0

).

u™ (t) =ug — /Ot (D3+u(”*1) (1) —up — ”u,lT) (s)ds + ([gjl ‘u(nfl)(s) p) (t),

n =1,2,... with u(9(t) = ug, for {@1)) subject to (T.2) and (T.3), respectively, the

curves of the fourth iteration u(* show, for different values of the parameters, that

the solutions can not be extended for all ¢.

1,750t 1,750
1 540!t 1_smp0'?
12540 1250
10!t 10t
7.5040"" 7.5:40"
5400 500
2_sanl? 2_smpnll
z P 3 ] 10 2 a € 8 10

I
N[ —=
S

I
N
<
<)

I
<
[

I
—

Figure l: a = g = %,p:2,u0 =1. Figure2: a = %,ﬁ
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1. INTRODUCTION

Let H(U) denote the class of analytic functions in the open unit disk U = {z €
C: |z] < 1}, and H[a, m] denote the subclass of functions f € H(U) of the form

f2)=a+anz™+am12™ +..., 2 €T,

with a € Cand m € N:={1,2,...}.
Also, let A(m) denote the subclass of functions f € H(U) of the form

(1.1) flz)=z+ Z arz®, 2 €U,
k=m+1

with m € N, and let A := A(1).
A variable x is said to have the Pascal distribution if it takes the values 0,1,2,3, ...
with the probabilities

qr(l—q)"  ¢Frir+1)1—-¢q)"  ¢rir+1)(r+2)1—q)"
T 2! ’ 3!

(1-9),

respectively, where ¢ and r are called the parameters, and thus we have the probability
formula
E+r—1
r—1
19
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Now, we introduce a power series whose coefficients are probabilities of the Pascal

distribution, that is

= n+r—2 _
am(2) =2+ Z ( .1 )q" 1—¢)rz", 2 €1,

n=m-+1

(meN, r>1,0<¢g<1),
and using the ratio test we easily deduce that the radius of convergence of the above
1
power series is at least — > 1, hence Q7 ,, € A(m).

Defining the functions
r,m r T !
Mq,)\ (Z) = (1 - )‘) q,m(z) + Az ( q,m(z))

= n+r—2
— 1 -1 n—1 1— ) 2"
D D G L ER YRS P

(meN, r>1,0<¢<1, A>0),
we introduce the linear operator (" : A(m) — A(m) defined by

o f(2) = My (2) * f(2)

= —2
=zt ) (njil )[1+>‘(”1)]Q"1(1Q)Tanzn, z e,
(meN,7>1,0<¢<1, A>0),

where f is given by , and the symbol “x” stands for the Hadamard (or convolution)
product.

Remark that, for m = 1 the function M['\" reduces to N7 , := M"} introduced
and studied by El-Deeb et al. [9].

Definition 1.1. For f,g € H(U), we say that [ is subordinate to g, written f(z) <
g(z), if there exists a Schwarz function w, which is analytic in U, with w(0) =0
and |w(z)| < 1 for all z € U, such that f(z2) = g(w(z)), z € U. Furthermore, if the

function ¢ is univalent in U, then we have the following equivalence (see [12] [7]):
f(z) =< g(z) & f(0) = g(0) and f(U) C g(U).

Let k,h € H(U), and let ¢(r,s;2) : C2 x U — C.
(i) If k satisfies the first order differential subordination

(1.2) o(k(2), 2k'(2); 2) < h(2),

then k is said to be a solution of the differential subordination . The function
q is called a dominant of the solutions of the differential subordination if
k < q(z) for all the functions k satisfying (1.2). A dominant ¢ is said to be the best
dominant of if g(z) < q(z) for all the dominants q.

20
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(ii) If k satisfies the first order differential superordination
(1.3) h(z) < @(k(z), 2K (2); 2),

then k is called to be a solution of the differential superordination . The
function ¢ is called a subordinant of the solutions of the differential superordination
if ¢(z) < k(z) for all the functions k satisfying (L.3). A subordinant ¢ is said
to be the best subordinant of if ¢(z) < g(z) for all the subordinants g.

Miller and Mocanu [13] obtained conditions on the functions h, g and ¢ for which

the following implication holds:
h(z) < p(k(2), 2k'(2);2) = q(2) < k(2).

Using the results of Miller and Mocanu [13], Bulboaca [6] considered certain
classes of first order differential superordinations as well as superordination-preserving
integral operators [5]. Ali et al. [I], have used the results of [7] (see also |2 Bl §]) to
obtain sufficient conditions for normalized analytic functions f to satisfy
2f'(2)

f(z)

where ¢; and g2 are univalent functions in U with ¢;(0) = ¢2(0) = 1.

q1(z) <

< q2(2),

Sakaguchi [15] introduced a class S of functions starlike with respect to symmetric
points, which consists of functions f € A satisfying the inequality

2f'(2)
f(z) = f(=2)

that represents a subclass of close-to-conver functions, and hence univalent in U,

Re >0, z €T,

and moreover, this class includes the class of convexr functions and odd starlike
functions with respect to the origin (see [14} [15]).

Also, Aouf et al. [4] introduced and studied the class S;,T(1,1) of functions
n-starlike with respect to symmetric points, which consists of functions f € A with
ar, < 0 for k > 2, and satisfying the inequality
D" f(2)

e D)~ D=2

>0, z€eU,

where D" is the Salagean operator [10].
The classes defined in [14] and [I5] could be generalized by introducing the next

class of functions, defined with the aid of the N7"" operator:

Definition 1.2. A function f € A(m) with

(1.4) NITF(2) = NI f(=2) 40, 2 € U= U\ {0},
21
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is said to be in the class N"\" (7, 11, A, B) if it satisfies the subordination condition

2z !
(1.5) (1 “F'V) < ;",j\nf(z) N ;:;nf(_z))

(NP~ () % 4 As
( i)

- T,m T, m T,m T, m = )
ax f(2) =N f(=2) o T(2) =Ny 1+ Bz

(veC,0<pu<l, -1<B<A<1I,meN, r>1,0<¢<1, A>0).

In this paper we will obtain some sharp differential subordination and superordination
results for the functions belonging to the class N1 (v, i1, A, B), in order to try to
make a connection between a special subclass of analytic functions whose coefficients

are probabilities of the Pascal distribution, and the differential subordination theory.

2. PRELIMINARIES

In order to prove our results we shall need the following definition and lemmas.

Definition 2.1. [12] Definition 2.2b., p. 21] Let Q be the set of all functions f that

are analytic and injective on U\ E(f), where E(f) := {¢ €U : liné fz)= oo}
z2—

and are such that f'(¢) # 0 for ¢ € 9U \ E(f).

Lemma 2.1. [I2] Theorem 3.1b., p. 71] Let the function H be convez in U, with
H(0) =a, and A # 0 with ReA > 0. If ® € H[a,m] and

(2.1) d(z2) + % < H(2),
then
D(z) < U(z) = Ai /t%’lH(t)dt < H(z),

and the function ¥ is convex, ¥ € H|a,m|, and is the best dominant of (2.1]).

Lemma 2.2. [I8 Lemma 2.2., p. 3| Let ¢ be a univalent in U, with q(0) = 1. Let
&, p € C with ¢ #0, and assume that

Re (1 + zq”(z)) > max {0; —Ref} , 2z €.
q'(2) @

If k is analytic in U and
(2.2) §k(2) + @2k (2) < §q(2) + p2q'(2),

then k(z) < q(2), and q is the best dominant of (2.2)).

From [I3], Theorem 6, p. 820] we could easily obtain the following lemma:
22
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Lemma 2.3. Let q be conver in U, and k # 0 with Rek > 0. If g € H[q(0),1] N Q,
such that g(z) + kzg'(z) is univalent in U, then

(2.3) q(2) +kzq'(2) < g(2) + kzg'(2),
implies that q(z) < g(2), and q is the best subordinant of (2.3)).

Lemma 2.4. [10] Let F be analytic and convex in U, and 0 < A < 1. If f,g € A,
such that f(z) < F(z) and g(z) < F(z), then

AM(2)+ (1 =Ng(z) < F(2).
3. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that
vyelC0<pu<l,-1<B<A<1ImeNr>10<gq<1,A>0,and the

powers are understood as principle values.

Theorem 3.1. If f € N"\"(v, 1, A, B) and v € C* := C\ {0} with Rey >0, then

2z ! /1+Azu o 1+ Az
r.m m uym du =< ,
o f(2) =N f(=2) ’ym 1+ Bzu 1+ Bz

and U is conver, ¥ € H[1,m|, and is the best dominant.

Proof. If we define a function h by
"
2z
- - , 2€U,
<N;;;”f<z> - N;;m—z))
from (1.4) it follows that h is an analytic function in U, with 2(0) = 1. Differentiating
(3.1) with respect to z, we obtain that

2z g
) < ) - ;;;”f<—z>>

(3.1) h(z) =

s (Wys@) -2 (G ) .. .
! N (@) = NG f(=2) NG - N f(=2)
(3.2) = h(z) + ;Zh (=) < 1 —
Since
N(;,)?\nf(z) =z+ Z anz"™, and (;’;nf(—z) = —z+ Z o (—1)"2",
n=m+l n=m-+1

-2
an= (" T A D L

23
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we have
2 2 1
U(Z) = T, : T, = o0 : = e’} ?
an F(2) = NG f(=2) 224+ > ap[l+ (=Dt 1+ > Brek
n=m+1 k=m
with
1+ (=1)k
g = LV s,
2
Moreover,
1 > ,
U(Z):ioo :1+Z’YjZJ,ZE]U,
1+ > Brz* j=1
k=m

with unknowns ;, j > 1, we have

1= (1 + Bnz™ + Bmgp1z™ T+ ) (1 +y1z4+ 72 4+ F Y™ Ympr2™ T L

and equating the corresponding coefficients it follows that

71:72:"':7?%—1:0’ rY’m:_Bmv 7m+1:_ﬁm+17"'7
hence

U(z) =1+ i 720 € H[1,m].

j=m

According to , we have
h=U", with U e H[l,m],
and using the binomial power expansion formula we get
h=U*" € H[1,m].

Now, from the subordination (3.2)), using Lemma for A = Ll we obtain our
v
result. |

Remark 3.1. The above theorem shows that
NoN (v, s A, B) C N0, 1, A, B),

q;

for all v € C with Rey > 0.
Moreover, the next inclusion result for the classes N \"(7, 1, A, B) holds:

Theorem 3.2. If v1,v2 € R such that 0 < ;3 < 79, and —1 < B; < By < Ay <
Ay <1, then

(33) N(;,;\n(')/?v/’LaAQaBQ) CN(;’;\”(%?M’ALBl)
24



DIFFERENTIAL SANDWICH-TYPE RESULTS FOR ...

Proof. If f € N;’;\"(vg,u,Ag,Bz), since —1 < By < By < Ay < A; < 1,1t is
easy to check that

(14 7s) (Nmn 2z . )u
o f(2) = NG f(=2)
2 (N3 ) = NG T (=2)) 2 "
B e R e <N;;;”f<z> —N;’l"f(—z)>
1+Asz 1+ Az
1+ Byz 1+ Bz’

that is f € N;’F('yl, i, A1, B1), hence the assertion (3.3) holds for v; = 7s.
If 0 <9 < 79, from Remarkand (3.4) it follows f € N(;’f\n(O,u, A1, By), that

is
(3.5) 2z g ~ 1+ Az

' an f(2) =N f(=2) 1+ Bz’
A simple computation shows that

n
2z
(1 =+ 71) T 70
ax f(2) = NgX f(=2)

(W@ g 2 z
T TNITE) NI (=) | \NTT ) = NI F(—=2)

(3.4)

q,
¥ 2z ! ¥ 2z g
=(1-21 2a
( 72)< an f(2) — ;“;;”ﬂz)) | ”2)( o f(2) = ;‘;;“f<z>>

. 2 (N () = NG (=) 2 -
TG — N () TIE-NfE ) |

Moreover,
0< X<y,
V2
+ A1Z
]. —+ Blz
According to (3.6), using the subordinations (3.4) and (3.5), from Lemma we
deduce that

and the function , with —1 < By < A; < 1, is analytic and convex in U.

2z .

) (N;’Tf(z) —N;,M—z))

2 (N F() ~ N f(=2) ) 2 LA
7=

-nNn T, T T, T, s
o J(2) = N f(=2) o f(2) = NGy 1+ Bz
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that is f € N (71, 11, A1, B1). -

Theorem 3.3. Suppose that q is univalent in U, with ¢(0) = 1, and let v € C*
such that
2q"(2) [
(3.7) Re(1+ — > maxq 0;—Re— 7, z € U.
7(2) gl
If f € A(m) such that (1.4]) holds, and satisfies the subordination

2z !
) ( ) —N;;;”ﬂ—z))

(2@ - agsea) 2 -
N TNTIE - N7 |\ NI - N7 f(=2)
(3.8) < q(z) + gzq%z),

2z ! < q(2)
T,m T, q\z),
ax f(2) =N f(=2)
and q is the best dominant of (3.8).

Proof. Since f € A(m) such that (1.4 holds, it follows that the function h
defined by (3.1)) is analytic in U, and h(0) = 1. Like in the proof of Theorem [3.1
differentiating (3.1) with respect to z, we obtain that (3.8]) is equivalent to

h(z) + %Zh/(z) <q(z) + %zq’(z).

Using Lemma for £ := 1 and ¢ = 1, we get that the above subordination

implies h(z) < ¢q(z), and ¢ is the best dominant of (3.8)). O
1+ A
For the special case ¢(z) = 1::__7‘;, with —1 < B < A <1, Theorem reduces
z

to the following corollary:

Corollary 3.1. Let v € C* and —1 < B < A <1, such that

ol G < B<mind1 RS
(39) max § — ,7@ =~ _0, or O_ < min ,@ .

If f € A(m) such that (1.4) holds, and satisfies the subordination

(1+ ) 2z g
VAN FG) — N (—2)

(W - N 2 .
T\ TN - N () () — N F(—2)
1+Az ~ (A—DB)z
(310) <1+BZ+E(1+BZ)27
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then
w
2z - 1+ Az
G - Ns) ST
1+ Az . .
and is the best dominant of (3.10)).
1+ Bz
1+ Az .
Proof. For ¢(z) = 17 B the condition (3.7 reduces to
1-B

(3.11) Rel—i—Bz >max{0;—Re':}, z e U.
Since

1+ B

PPy 1<B<o,

. 1—- Bz 1-B
inf ¢ Re 12e€eUy =
1+ Bz 1-B it 0<B<l

1+8 ' - ’
we easily check that (3.11)) holds if and only if the assumption (3.9)) is satisfied,
whenever —1 < B < 1. O

Theorem 3.4. Let q be convex in U, with ¢(0) = 1, and v € C*, with Rey > 0.
Also, let f € A(m) such that

2z g
(3.12) ( ;;”f(z) — qu\ﬂf(—z)> € Hg(0),1] N Q,

and assume that the function
9 I
z
1+ | 7m o
o J(2) =N f(=2)

(2arse - A ea) 2
T NG NI (=) NTTF(z) = N7

I
1s univalent in U.
f(—2)>

If

Y 2z g
)+ 5016 < 047 (e Py

G (D;%g - ﬁﬁfS”) (D”f(z) —22an(—z>)“’

then

q(2) < = H
an [ =N f(=2) )
and q is the best subordinant of (3.14]).
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Proof. Letting the function h defined by (3.1)), then i € H[g(0), m], and from
we have that i € H[q(0),1]NQ. Like in the proof of Theorem 3.1 differentiating
(3.1) with respect to z, we obtain that

a(2) + L2q'(z) < h(z) + L2H'(2).
[ 1
Now, according to Lemma [2.3[ for k := J we obtain the desired result. (]

. 1+ Az
Taklng q(Z) = m

following corollary:

, with —1 < B < A < 1, in Theorem we obtain the

Corollary 3.2. Let v € C*, with Rey > 0, and -1 < B < A< 1. If f € A(m)
such that the assumption (3.12)) and (3.13) hold, and satisfies the subordination

1+A4z ~(A-B)z 2z !
+ = = (1 +’7) < T r,mf(z)>

1+ Bz p(l+ Bz)? an f(z) = NY
li
o1 2 (NI F) = NP (=) 2 ﬂ
. - T,m T,m T, m T, m )
ax £(2) =N f(=2) ax f(2) =N f(=2)
then
1+ Az < 2z g
1+ Bz an f2) =N f(=2) ) 7
1+A4
and 7 ::: Bz is the best subordinant of (3.15)).
z

Combining Theorem [3.3]and Theorem [3.4] we obtain the following sandwich-type

theorem:

Theorem 3.5. Let ¢1 and qa be two convex functions in U, with ¢1(0) = ¢2(0) = 1,
and let v € C*, with Rey > 0. If f € A(m) such that the assumption (3.12)) and

(3.13) hold, then

T 2z '
Q1(Z) + ;ZQ1(Z) = (1 +’Y) ( T,m r,mf(_z)>

A\ f(z)_ A\
(3.16)
2 (N F) = NG F (=) ( 2

I
- \
T\ NG N i F(2) = ;;”ﬂ_z)) < @) + - 2a(2),

implies that
n
2z
ql(z) = T, T, = QQ(Z),
(NM [OET f(—2)>
and q1 and go are, respectively, the best subordinant and the best dominant of (3.16)).
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Theorem 3.6. If f € N\ (0, 11,1-2p, —1), with0 < p < 1, then f € N\ (v, p1, 1—
2p,—1) for |z| < R, where

2 m
Tm? o him

3.17 R
(3.17) 2 .

Proof. For f € N"("(0, u, 1 — 2p, —1), with 0 < p < 1, let define the function h by

2z !
(3.18) (N;;\”f(z) —N[;’;”f(—z)> =(1—-p)h(z)+p, z€U.

Hence, the function h is analytic in U, with h(0) = 1, and since f € N7\ (0, 1,1 —

2p, —1) is equivalent to,

2z M_<1+(1—2p)z
N3 F() = NG F(=2) -z 7

it follows that Reh(z) > 0, z € U.
Like in the proof of Theorem since f € NV (0, p, 1—2p, —1), with 0 < p < 1,

we deduce that

m
2z
( () — ;;”f(—z)) € Hltml,

and from the relation (3.18) we get h € H[1,m]. Therefore, the following estimate
holds
2mr™Reh(z)

1—p2m

|20/ (2)] < |2] =7 <1,

that represents the result of Shah [I7] (the inequality (6), p. 240, for o = 0), which
generalize Lemma 2 of [11].

A simple computation shows that

= | A\NTTE - N (=)
(e - apses) 2. "
N TNTIE NI ) \ N N )
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hence, we obtain

N
1 27,
fe {1—p 1+7) (Ng;;“f(z) - N;;;“f(_z)>
(= Ware - Npra-2) 2. .
NN N |\ N N )

2 |y| mr™ B
(319) Z Reh(Z) [1 - M] y |Z| =1r< 17

and the right-hand side of (3.19)) is positive provided that » < R, where R is given
by (3.17). O

Theorem 3.7. Let f € N\"(v, u, A, B), let v € C* with Rey > 0, and -1 < B <
A<1.

1. Then,
m
I 1-Au w4 2z
— m d R
vm/l—Buqm v e(/\/rmf() NN E(=2)
0
/ 1+ A
H tAu
(3.20) < vm/l—i—Buuw du, z € U.

0
2. For |z| =r < 1, we have

1
1+Au7“ N T, T,
2r L/iuwm Ydu <‘ ax f(2) =N f(=2)

1
1— Aur
(3.21) <or L/imufm—ldu

All these inequalities are the best possible.

Proof. From the assumptions, using Theorem [3.1] we obtain that

o
2z 1+Azu w4
322 T T, / u'ym du7
( : ( Y f(z) - PN f(—z)) ’Vm 1+ Bzu

and the convex function ¥ € H[1,m] is the best dominant. Therefore,

n

27 1% 1+AZU. [

Re | /- #-1q

<./\/rmf() NN )) <§25 ¢ 'yrn/1+Bzuu b

0
i A i A
1 1
- H /supRe +Azu uwvm tdy = L/ + uuﬁfldu, z €U,
m 1+ Bzu ym J 1+ Bu

z€U
0
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and

1 1
1—A . 1—Au
- r / inf Re S A wm du = L/ uuﬁfldu, z € U.
ym J z€U 1 —Bzu ym / 1—Bu
0 0

Also, since

P g F1- Azu
2 ( )> > mf Re L / uvm Ldu
0

2z
NN f(2) = NG f(=2)

1

1+A
< sup| - / 1+Aeu w1y,
zeU | Y

1+ A 1+ A
=L/sup S g = / AU, |2 =1 < 1,
ym zelU 1+ Bzu ym 1+ Bur
0
we get
1 _1
m
T, T, M 1% 1+A'LL7" o q
NI (2) = N (=2 > 2 L / LA |
0
while
2 8 F1-A
4 12 — AZU no_q
T, M T m > inf / urm du
|Nq’>\f(z)— q,\f( z) 2eU 'ymo 1— Bzu

implies
Tk

1
T,m Tm H 1 — Aur -1
‘ ax F(2) = NG f(—z)‘ <2 ym / 1- Burlm du
0

The inequalities of and are the best possible because the subordination
is sharp. O
Concluding, all the above results give us information about subordination and
superordination properties inclusion results, radius problem, and sharp estimations
for the classes N {" (v, i, A, B), together general sharp subordination and superordi-
nation for the operator N g - For special choices of the parameters vy € C, 0 < pu <
1, -1<B<A<I,meNr>10<g¢qg<1,and A > 0 we may obtain several

simple applications connected with the above mentioned classes and operator.
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EXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF
BOUNDARY VALUE PROBLEMS WITH p-LAPLACIAN IN
BANACH SPACES
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University of Sofia, Sofia, Bulgaria
Bejaia University, Bejaia, A]gerizﬂ
E-mails: svetlingeorgievl @gmail.com , mebargi karima@hotmail.fr

Abstract. Weakly sufficient conditions that guarantee the existence of positive bounded
solutions are obtained for the equation: (¢p (u/(t)))" + f(u(t)) =60, 0 <t < 1, subject to
bounded conditions, by a simple application of a recent theoretical result for sum of two

operators. The nonlinearity f takes values in a general Banach space.

MSC2010 numbers: 34B15; 34B18.

Keywords: positive solution; p-Laplacian; sum of two operators; fixed point index;
Banach space.

1. INTRODUCTION
Let E be a Banach space with a norm || - || and zero element 6. Let also,
P={uecE:uz>0}

With P* we will denote the dual cone of the cone P. Set I = [0, 1]. Then (C(I, E), ||-

lc) is a Banach space with ||z|. = max |z(t)]|, and
Q={zxeC(,E):z(t)>60, tel}
is a cone of the Banach space C(I, F). Let > 1 be arbitrarily chosen and fixed and
B, = {w € C(LE): ol <7}.
In this article, we investigate the following boundary value problem (BVP for short):
(6p (W'(1) + flult) = 0, 0<t<1,

w'(0) =u(l) = 6,

(1.1)

where

(H1): ¢p(s) = |s|P s ,p>1 ¢, =g, 5+ 5 =1,

IThe second author was supported by: Direction Générale de la Recherche Scientifique
et du Développement Technologique DGRSDT. MESRS Algeria. Projet PRFU
CO0L03UN060120180009.
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(H2): f € C(P,P) and
sup{||f(u(®)] ;v e QNB,} < M < 0,
where M > 0 is a given constant such that

Mo

(1.2) p

<1

Our main result is as follows.

Theorem 1.1. Suppose (H1) and (H2). Then the BVP (1.1) has at least one

positive bounded solution.

In this paper, a positive solution u of (L.1)) means u(t) > 6, t € (0,1).
Set

P 1o P F ]

d tmsup SRy 72 = B S, ()
= iminM
Whs = R 5l

where =0 or oo, ¥ € P* and ||¢|| = 1, and for r1 > 0,
T, ={x € E:|z|| <r}.

Suppose that § € (O7 %) If P is a normal cone, f is uniformly continuous and
bounded on P (T}, and there exists a positive constant L,, with (¢—1)M? 2L, <
1 such that
a(f(D)) < Lra(D), VD ePNT,,,
and if
o) <1< 306, ((5-0) W)

in [I Theorem 3.1], it is proved that the BVP has at least one non zero
positive solution. Here a(-) denotes the Kuratowski measure. Evidently, our main
result is better than the result in [I].

The paper is organized as follows. In the next Section, we give some auxiliary
results. In Section 3, we prove our main result. In Section 4 we lustrate our main

result with some examples.

2. AUXILIARY RESULTS

Consider the nonlinear equation Tx+ F'x = x, posed in some closed convex subset
of a Banach space, where (I — T') is Lipschitz invertible mapping, in particular T
is an expansive operator, and F' is a k-set contraction.

A transformation which allows, under certain additional conditions, to derive several
34
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existence results for this equation by resorting to the theory of the fixed point
index in cones for strict set contractions mappings. Some of these results have been
improved in several directions, and they have been applied to obtain existence
results of initial and boundary value problems subject to ordinary and partial
differential equations (see [1]-[6]).

In what follows, K will refer to a cone in a Banach space E.

The following Proposition will be used to be proved our main result.

Proposition 2.1. [6l 5] Let Q be a subset of K and U be a bounded open subset
of K with 0 € U. Assume that the mapping T : Q@ C K — E be such that (I —T)
is Lipschitz invertible with constant v > 0, S : U — E is a k-set contraction with
0<k<~yt and S(U)C (I-T)(Q). If

Sz # (I —T)(A\zx) for alleBUnQ, A=1 and \x € Q,

then the fized point index i, (T + S, U (N Q,K) = 1.

If v € C(I,E), in (JI, Lemma 2.1]), is proved that the unique solution of the
BVP

(6p (W) +9() = 6, 0<t<l,

u'(0) =u(l) = 6,

(2.1)

is

(2.2) ult) = /t 1(,254 ( /0 87(7)d7> ds, tel.

3. PROOF OF THE MAIN RESULT

1

Take € > 0. Set R = % and

QO={ucQ:lul. <R}, U={ucQ:|ul.<r}

For u € @, define the operators

= (1= eJu(?),

Su(t) —e/ %(/f ir)as el

Note that any fixed point u € @ of the operator T'+ S is a solution of the BVP
[T

(1) For, u € 2, we have that
I = Tyu(®)] = lu®ll, tel.

Therefore I —T : Q — C(I, E) is Lipschitz invertible with a constant v = %
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(2) For u € U, we have

1 s 1 s
|Su®)] = e / " ( / f(U(T))dT) ds| < e / " ( / ||f<u<¢>>d7) ds
1 _
< Mq_le/ sq_ldséqu 1, tel,
t q
and 1
ISulle < X
Next,
d t
Gsu0| = o ([ swenas))|

N

con ([ Mrtwtsplas) < art, e o

Then, ||(Su)'||. < eM9~1. Hence and the Arzela-Ascoli theorem, we conclude
that S : U — C(I,E) is a completely continuous mapping. Therefore
S:U — C(I,E) is a O-set contraction.
(3) Let u € U be arbitrarily chosen. Take v = % We have v € @ and
—1
o 152 20
i.e., v € Q. Note that (I — T)v = Su. Therefore S(U) C (I —T)(Q).
(4) Assume that there are v € OU and A > 1 so that

Su=(I—-T)Au) and Iue Q.

We have Su = eAu, |Jul|. = r, and

Mt
€ 2 ||Sulle = eX[Jullc = er,
whereupon
Ma—t
S <L
q

This is a contradiction, because r > 1.

Hence and Proposition it follows that the operator T + S has a fixed point

u € @, which is a bounded solution of the BVP (|1.1)). This completes the proof of

the main result.

4. EXAMPLES

Example 1. For m, k > 0, consider the BVP:
(Il Pu’) (t) + (™) + In(ub(t) +1)) = 0, 0<t<1,
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Here E =R, P =R*,¢,(s) = |s|*>s (p =5, ¢ = 2) and f(y) = y™ + In(y* + 1).
Clearly, the function f is positive continuous and bounded when y is bounded.
Moreover, for some r > 1, the inequality in Assumption (H?2) is satisfied for
all constants m and k satisfying r™ + In(r* 4+ 1) < (3)*.

Therefore, the problem has a bounded positive solution.

Example 2. Consider the following BVP of infinite system of scalar differential
equations in the infinite-dimensional Banach space F = [*° = {u = (u1,...,Up,...) |
sup |u,| < +oo} with the sup-norm ||u|| = sup |uy,|:

(\u;l|u;1)' (t) + ﬁﬂ sinu, 1 (t)| +5u2(t) =0, 0<t<l,

(4.2)

2, (0) =0, 2,(1)=0, n=1,2,...
Let P ={x = (z,) €1® |z, 20, n =1,2,...}. It is easy to see that P is a
cone in E. System (4.2) can be regarded as a BVP of the form (1.1) in [*° with

qﬁp(s):\s\s(p:&q:%),u:(ul,...,un,...), =01 fayen)s

Fn(u(?)) L(\SinunJrl(t)\—%-Sufﬂb(t))7 forn=1,2,....

~ 100
Then f € C(P,P). Furthermore, for any r > 1 satisfying ﬁ(l +572) < 2,
1
sup{||f(u@®))|| ;v e Q@NB,} <M = m(l +57%) < oo,

and & 271 < 1. Therefore, the system 1) has a bounded positive solution.
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1. INTRODUCTION

Let (21,22) be the complex Euclidean coordinates of C? and let Q@ C C? be a
bounded domain. The Cauchy-Riemann complex on C!(Q)-functions is defined as

follow:
2
= ou
ou = 7z dz;,

Jj=1

0 1/ 0

where — = = [ — +v—1 with z; = z; ++v/—1xa4;,7 = 1,2. One of the
82.7‘ 2 axj L2245

most fundamental and important problems in multidimensional complex analysis

is to solve the Cauchy-Riemann equation

ou =
for a given (0, 1)-form ¢ = p1dZ1 +p2dZs. In the case when ( is a smoothly bounded,
convex domain, LP? estimates and Holder estimates of the J-equation were studied
by many mathematicians. The book [3] by Chen and Shaw is an excellent reference
for this literature. In this paper, we investigate the problem on a class of bounded
convex domains with non-smooth boundaries.

For each j = 1,..., N, let Q; C C? be a domain with smooth boundary b§2; and
pj : C* = R is a function of class C°°(C?). Assume that p; is a defining function
of £1; in the following sense:

e p;j(z) <0 if and only if z € Q;;
o {z€C?:p;(2) =0} = by
38
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o [Vp(z)| > 0if z € bQY;;
(] ij 4 bQJ
The certain domain in this paper is the transversal intersection of €2,...,Qy, that

is defined as follows
(L.1) Q=0:N...N 0N

so that dpj, A... Adpj # 0 on ﬂi;:1Ujk for 1 <j; <...<ji <N, where Uj is a
neighborhood of b€2;.
For z € Q, let us define
(1.2) -y
p(z)

= pi(2)

Since p € C*°(Q) and
N7 dnf {-pj} < —p< dnf {-pi)y
we have Q = {z € C? : p(z) < 0} and —p(z) ~ dist(z,b82). Here and in what
follows, the notations < and 2 denote inequalities up to a positive constant, and
~ means the combination of < and 2.
Such domains were firstly considered by M. Range in [13] and then by Berndtsson-
Andersson in [I]. The following theorem is the first result of this paper.

Theorem 1.1 (LP estimates). Let Q;, j = 1,..., N, be smooth bounded, convex
domains and admit the mazimal type F at all boundary points for a same function
F (see Definition (2.1)). Let Q be a piecewise smooth domain defined by (1.1) and
let p be defined by (1.2). Let ¢ be a (0,1)-form in LI(’OJ)(Q), forp € [1,+00]. Then,

there is a function u € LP(Q) satisfying Ou = ¢ in the weak sense, and

[ullze) < Collellry, | (€2).

©1)

By Ju = ¢ in the weak sense, we mean that u = El_i)%l+ ue in LP(QY) (or f-Holder
spaces in Theorem, where u. is the Berndtsson-Andersson solution of Ju. = ¢,
with smooth ..

In the lecture of Range [I5] given at Cortona (Italy), he proved that on the

following smoothly bounded convex domain
(13) Qm :{(2’1,22) 6@2 : |Z1|2m+|22‘2—1 <O},

where m = 1,2, ..., the Cauchy-Riemann equation Ou = ¢ is solvable. This domain
is said to be finite type in the sense of Range (see [14, Definition 1.1]). Moreover,
the solution u is Hélder continuous of order a < 7 whenever ¢ is a C* (™) (0,1)-

form. Moreover, he also showed that on the infinite type smooth boundary convex
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domain

-1
QOO :{(21322)6(:2, eXp(1+2/5)~exp< ) +|22|271<0},

E

for 0 < s < 1, the Cauchy-Riemann equation is although solvable. Nevertheless,
there is no solution which is Holder continuous of any positive order. For this
motivation, we need a class of corresponding non-standard Holder spaces, namely f-
Holder spaces on §2. That is, for f being an increasing function such that tiigloo f@) =
+00,

A (Q) ={u € L2(Q) : [lully = ||ull Lo o) + Sup. SFURI™ Dlu(z +h) = u(z)] < +o0}.

z,z+h
It is clear that if f(¢) = t%, for 0 < a < 1, the space Af(£2) coincides to A%(Q)-the
classical Holder space of order «. The f-Hélder space was introduced in [10} 9] and

extended to study tangential Cauchy-Riemann equations in [6] [7].

Theorem 1.2 (f-Holder estimates). Let Q,...,Qxn and Q be domains defined in
Theorem. Let ¢ be a continuous (0, 1)-form. Then, there is a function u € Af(Q)

satisfying Ou = ¢ in the weak sense, and

lullascen < lellegs (9,

)i (/O”T“’dt) 7

and F™* is the inverse function of F.

where

The paper is organized as follows. We recall the construction of Berndtsson-
Andersson 0-solution and maximal type F in Section 2. Then, we prove Theorem
[LTlin Section 3 and Theorem [[.2]in Section 4.

2. BERNDTSSON-ANDERSSON SOLUTION AND MAXIMAL TYPE F

In this section, for every k = 1,..., N, we assume that () is a bounded convex
domain in C? with smooth boundary b€}, and that p, is a defining function for

Q. The convexity means
4

o?
E Pk ¢)asa; >0 on by,
3%(’9%
4,j=1
L9
for every a = (ai,...,a4) € R* with E a; 8pk (¢) = 0 on bQy. Let us define the
x
j=1 J

following support function of €, for ¢,z € Qy:

0
(2.1) Bi(C,2) = B0, (€, 2) Za@f — ).
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For each ¢ € bQy, the condition ®((,z) = 0 characterizes the translate of the
complex tangent space Téc(ka). The convexity of € implies
@k(c,z);«éo, for aHCEka,ZEQk.
Theorem 2.1 (Berndtsson-Andersson solution [I]). Let Q1,...,Qn and Q) be defined
as above. Let A = {((, 2z) € Q x Q|¢ = z} be the diagonal of Q. Then for anyr > 1,

there exists a (2,1)-form K" ((, z) defined on (2 x Q)\ A such that: for any 0-closed,
continuous (0, 1)-form ¢ in Q, the following

Slel(z) = /< _PONKTCH), zen,

satisfies

Moreover, in [4, page 1421], Cho and Park showed that

N
H|Pj(§) R .
K7(¢2) § —— D H (I)ng \g( i
6=== [25(C. 22k (. )
|<—z|3H|<1>j<<,z>

(2.2)

H lp; (¢

H|<I> c7 @ (¢, 2)
J#k

= Ki(¢,2) + K5(C, 2) + K3(C, 2)-

and they also obtained the following L!-boundedness.
Theorem 2.2 (L'-estimate ([4])). Let ¢ be a O-closed (0,1)-form whose coefficients
in LY(Q). Then,

o(Slel) = ¢

in the weak sense, and ||S[¢]||L1 ) S ||<,0||L(10 @

In the present work, we are going to study the case L°°-estimates, for the solution

to the d-equation. Hence, we need the following geometric ingredient.

Definition 2.1. Let F : [0,00) — [0,00) be a function such that

(1) F is smooth and increasing;

s
) / |In F(?)|dt < oo for some small § > 0;
0
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Let Q C C? be a smoothly bounded, convex domain. Then, € is called a domain

is non-decreasing.

admitting the maximal type F' at the boundary point P € b if there are positive
constants ¢, ¢/, such that, for all ¢ € QN B(P,c’) we have

p(2) 2 F(lz = ¢),

for all z € B((,c) with ®q((,2) = 0.

In the case F(t) = t™, Q is called a convex domain of finite type 2m in the
sense of Range. The maximal type F' was introduced in [6 [7] to study tangential
Cauchy-Riemann equations, and the global Lipschitz continuity of the Bergman

projection weakly pseudoconvex domains in C2. Some examples are follows.

e Let € be a strongly convex domain with its defining function p. Then,

RD(C, 2) = p(¢) = p(2) + Aol¢ — 2%,

for |¢ — z| and |p(¢)| small, and Ag > 0 (see [3] for details). Hence, when
Cebn{|¢—z| <c}, and ®(¢,z) =0, we have

p(2) 2 F(lz = (%),
with F'(t) = t. So, Q in this case is of maximal type F.

e The complex ellipsoid is
O ={(z1,22) € C2. |Z1|2m1 n |Z2|2m2 <1},

where mq,ms € N. Then ) is convex of maximal type F' with F(t) = t™,
for m = max{my, ms}, see [15].

e Assume that €2 denote a bounded domain of the type

2
Q=(z=(21,22) €C": p(2) = ij(|zj|2) -1<0,
j=1

where all functions p; are assumed to be real-analytic in [0, a;] such that
(1) pj(t) > 0,p5(t) +2tp}(t) > 0 for 0 <t < ay;
(2) p}(0) = p;j(0) =0 and p;(a;) > 1.
In [2], J. Bruna and J. del Castillo obtained that there exists a positive
integer m such that

32:0 2 __12m
5o Olen = Gel? 16— 2,

2
RO((,2) 2 p(Q) = p(2) + )
k=1

for ¢,z € Q (see [2, Formula (7)]). Therefore (2 is a smoothly bounded, admissibly
decoupled, convex domain admitting an F-type, with F(t) = t™.
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o Let
0 = {(21,22) € C?| p(2) := exp(1 +2/s) - exp <|z_1|15) + |29 =1 < 0}.
Since
R 6,2)) 2 (0) — ) + oxpl1-+2/5) o { L
for 0 < s < 1/2, 0 is convex of the maximal type F(t) = exp(?g?), see

[19]. Note that Q is a domain of infinite type.

The most important property of support functions on convex domains admitting a

maximal type F' is the following.

Lemma 2.1. /|6, Lemma 3.3, p. 112]] For each k = 1,..., N, let Qi be a smoothly
bounded, conver domain in C? of mazimal type F at P € bQy. Then there is a
positive constant ¢y, such that the support function ®((,2) satisfies the following

estimate

(2.3) Px(C, 2)] 2 k(O] + 1or(2)| + 19Dk (C, 2)| + F(l2 = ¢]*),

for every ¢ € Q. N B(P,c), and z € Qy,, |z — (| < cx.

3. PROOF OF LP-ESTIMATE

By Theorem and Riesz-Thorin Interpolation Theorem (see Theorem B.6,
Appendix B in [3] for more details), we are only going to prove the L>°-estimate.

Let ¢ be a (0, 1)-form with L>-coefficients on Q. Then by Holder inequality,

SIS Ielegs o [ 1K1V Q)

where dV(.) is the Lebesgue measure in R%. Next, we will estimate the integral of
each term in the right hand side of (2.2)).
Firstly, by Lemma we obtain

N
[TInsQr WO
/Q K7(C,2)dV(C) < /Q ~ av(c) 5/9 EEraEi
IC— 23 H i (O

Next, for the second term K73((, z) and K3((, z), we have

ol av
(3.1) /QKS(Caz)dV(C) S I;/Q = z||<I>(;f()C,Z)|2
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and

(3.2) AKg(C,Z)dV Z/Q \g_z||<1>k 2|

We are going to estimate the right hand side of (3.1) and the process for (3.2) is

similar and more simple. To do this, we recall the Henkin coordinates on each €.

Lemma 3.1. [0l page 608] There exist positive constants M,a and n < ¢, and, for
each z with dist(z,b) < a, there is a smooth local coordinate system (t1,ta,t3,t4) =
t =1((,2) on the ball B(z,c) such that we have

t(z,2) =0,

t1(¢) = pr(¢) — pr(2),

t2(C) = S(Px(C, 2)),

[t| <& for (e B(z,c),

|[Je(t)| <M and |detJr(t)] > 17,

where Jr(t) is the Jacobian of the transformation at t.

Now, for each fixed k, by Lemma [2.1I] we have

/ </ dv (Q)

I¢ — ZH‘Pk C7 N2~ Ja 6 = 21l(lpk(Q)] + [SPx(C, 2)| + (|21 — Gi[?))?
</ dt dtodtsdty
~ Jizce |(ta,ta)|(ty + t2 + F(t5 +13))?

</ dt1dtsdty
~ Sz <e (s )|t + F (8 +13))

In F(t2 + t2
5/ wdtsdu
152—i-t4<c2 |(t37t4)|

C
5/ In F(s?)ds (< oo since the condition on F)
0
(using the polar coodinates t3 = scosf,ty = ssinf).

This estimate completes the proof of the L*>-estimate and so Theorem

4. PROOF OF f-HOLDER ESTIMATES

Before to prove, we recall the General Hardy-Littlewood Lemma for Af (2)-continuous
which was established by Khanh in [10].

Lemma 4.1. Let Q be a smoothly bounded domain in R™ and let p be a defining

G(t)
t

function of Q. Let G : RT™ — R* be an increasing function such that
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, T G(t)
decreasing and Tdt < oo for d > 0 small enough. If u € C*(Q) such that
0

|[Vu(z)| < |(|'?()|)|) for every x € Q,

then
F(le =y Hu(z) —uly)] < oo
—1
. . . 1G(1)
uniformly in x,y € Q, x # y, and where f(d™") := Tdt .
0
Hence, to prove Theorem we need to show that
F*(lp(2)])
VK(C2)dV(Q) S ~——~—-
ISR ()

It is not difficult to show that the term [, [V.K"((, 2)|dV (¢) is bounded from above
by

N
C .
;< foait | et fraeear t e ae)

Moreover, in these integrals it is most difficult to estimate the followings

/ |C—Z|2|<I>k C, Iz’/ \C—ZH% C, )P
and the others are similar and bounded from above by |In(—p(z))|. On the other
hand7 since ‘q)k(ZaC)‘ S ‘Z - C|7

/ v / dv (¢)
o 10— 2PI0k(C A ™ Jo [C— 2lI04(C 2P

Now, again by Lemma and the Henkin coordinates, we obtain
/ < / dt1dtadtsdty
¢ — le‘Pk C, 2P~ Jjz<er (3, t4)[(low(2)| + b1 + 2 + F(|(t3,14)*))°
dtsdty

S / +t22<cz I(t37t4)l(|pk(Z)| + F(|(ts,t4)[2))

/ [0(2)] + F(s2) |+F82)

Applying the technique introduced in [10], the right-hand-side is split into two parts

c B F*(|p(2)] dr ¢ dr
/0 lp(2)| + F(r?) _/0 lp(2)| + F(r?) +/\/m lp(2)] + F(r?)

easy part diff. part

VE(e)]) . For the “diff.

It is clear that the “easy part” is bounded from above by o

part”, if r > \/F*(|p(2)|), by F is increasing,
F(r?) _ F(F*(p()]) _ _ 1p(2)]
2 = F(p(2)]) [E*(lp(2)DI
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so we have

Therefore,

‘ dr 1 ¢ dr
/\/m PO+ F0?) = To(2)] W1+r2/F*(|p(z)l)
¢T /

_T
1+y 4 [p(2)|

| av(Q) (o))
Hence we obtain /Q ¢ — 2||®(C, 2)[3 s (2]
dist(z, bS2), we have

. Moreover, since |p(z)| =

/ < F~(dist(z, b))
¢ - zl |<1> g, 2B~ dist(z, Q)
F(dist(z, b))
dist(z, b2)
Hardy-Littlewood Lemma. The fact 7V}1(t) is decreasing is trivial.

Next, we are going to check that satisfies all conditions in General

For d > 0 small enough, by a changing variables, we have

/dF*(t)dt:/ F*(d)y(lnF(ﬁ))’dy
0 3 0

= VF*(d)Ind - lim t(In F(¢*))
[

0

(In F(y))dy .

finite by the hypothesis

Since |In(F(t?))] is decreasing when 0 < ¢t < 4, for § > 0 small enough, so

n é
|1nF(772)|77§/ \1nF(t2)|dtg/ |In F(t?)|dt < oo
0 0

uniformly in 0 < n < §. Hence, /F*(t)|Int] < oo for all 0 < ¢t < /F*(d), and
tlir% t|In F(t*)| = 0. These imply
—

/d'F*(t)dt<oo
0 t

The last inequality completes the proof of Theorem

For example, we consider the case
1
Q=0°NBA8 ((0,1),2) ,

for 0 < s < 1/2, where B ((0,1), 1) C C? be the ball with center (0,1) and radius

— 1024 2
1/2. Since F(t) = exp (3% , adirect calculation implies f(t) = w
s s
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Then, if ¢ be a continuous (0, 1)-form, the Berndtsson-Andersson solution S[¢] of
the equation du = ¢ belongs to Af ().
Acknowledgements. The authors would like to thank the referee for valuable

suggestions and comments that led to the improvement of the paper.
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Abstract. In this paper, we study Daubechies periodized wavelet packets (DPWP) and
give a necessary condition for it. Also, some properties of DPWP are discussed. Further,
we give an estimate for the approximation error related to DPWP. Finally, we use the

thresholding technique to study compression errors.

MSC2010 numbers: 42C40; 42A38; 41A30; 94A12.

Keywords: MRA; Daubechies periodized wavelet packets; approximation error;
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1. INTRODUCTION

The notion of wavelet packets was introduced by Coifman et al. [I] as a family
of orthonormal bases for discrete functions in R™. They split a generalization of the
procedure of MRA and constitute the whole set of subband coded decomposition.
The “best basis"selection can be easily done, since wavelet packets give quick access
to a rich library of orthonormal bases. It proves to be more flexible and useful in
application of pyramid algorithm to an image in order to reduce the information
into lesser number of coefficients (see [29]).

Zhang and Wu [42] gave a novel image compression technique using wavelet packets
and directional decomposition to exploit the image redundancy efficiently and
thereby giving high compression ratio. Klappenecker [25] observed that employing
periodized wavelet packet transform on quantum computer is much better and
economical than the periodized wavelet transform. Kasaei et al. [I5] introduced a
novel compression algorithm using wavelet packets and lattice vector quantization
for fingerprint analysis. Yoon and Vaidyanathan [41] defined a customized thresholding
function which significantly improved the performance of powerful wavelet-based
denoising scheme known as VisuShrink which uses a single threshold for all the
scales. Joseph [I4] used wavelet packets for spoken digit compression and employed

Malyalam spoken digit for the same.
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Later on, Khanna et al. [22] defined the orthogonal Coifman wavelet packet systems
and biorthogonal Coifman wavelet packet systems which have good approximation
properties with exponential decay and gave wavelet packet approximation theorem.
The problem of inadequacy of a wavelet function to study both the symmetries of
an asymmetric signal has been addressed by defining wavelets associated with Riesz
projectors [23]. Also, wavelet packets and their moments were studied by Khanna et
al. [I3] 24]. Recently, Khanna and Kaushik [I7] gave wavelet packet approximation
theorem for H” type norm which can measure difference of the (weak) derivatives.
Uniform approximation of wavelet packet expansions have been studied in [19]. For
litrature related to wavelets and wavelet packets one may consult [2], [4 - 13], [16 -
18], [20 - 24], [26 - 30], [32 - 34], [36].

Overview. Inspired from the work of Daubechies |3, 4], Restrepo et al. [35]
introduced periodized wavelets by restricting the wavelets on bounded subsets of
R. In Section 3, we define wavelet packets associated with the wavelets introduced by
Daubechies [3, 4] and called them Daubechies periodized wavelet packets (DPWP)
and obtain a necessary condition for it. Also, we give some properties of DPWP. In
Section 4, we define and obtain an estimate of the approximation error of a function
in L2([0,1]) N C9(R) (g > 1). Finally, in Section 5, we discuss compression errors
using hard thresholding techniques.

2. PRELIMINARIES

In [T2], Multiresolution analysis (MRA), is defined as an increasing sequence of

closed subspaces (V;);ez of L*(R) satisfying

(2.1) V; C Vg, forall j € Z,
2.2 f e V;if and only if f(2(-)) € V41, forall j € Z,
J Jt

(2.3) V; = {0},

JEL
(2.4) Jvi=r1*®).
JEL
(2.5) There exists a function ¢ € V, such that ¢(- — k) : k € Z}

is an orthonormal basis for V.

The function ¢ whose existence is asserted in (2.5) is called a scaling function of
the given MRA. The scaling function ¢ solves the dilation equation
(2.6) $(x) = up ¢(2x — p)

peEZ
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with |$(0)| = 1. But it is convenient to choose the phase of ¢ so that Jp O(x) de =1
and the associated function v is defined by
(2.7) W(x) =) vy é(2e —p).
pEZ
Note that only finitely many u, and v, are non-zero for Daubechies wavelet system.

A family of functions w,, n =0,1,2, ... defined by

2g—1

(2.8) wan () = D wn(2 — p),
p=0

(2.9) won+1(7) = Z vp wn (27 — p),
p=0

where w; = ¥ and wy = ¢ often called mother and father wavelets, are called
Daubechies wavelet packets with genus g (see [30]).

Also, the set {wp(z — k) : k € Z, n = 0,1,2,...} is an orthonormal basis of
L?(R). The family of wavelet packets {w, } define the family of subspaces of L?(R)

corresponding to some orthonormal scaling function ¢ = wq given by
(2.10) Un; = span{wn(2’z — k) : k€ Z}, j€Z, n=0,1,2,....

Note that Uy ; = V; and U; ; = W, so that the orthogonal decomposition Vj;11 =
V; @ Wj can be re-written as Ug j41 = Upj ® Ur4, j € Z. In general, the above
expression is given by Uy j+1 = Uspnj @ Uany1,5, forn =1,2,3,..;j € Z, where

Up,j is defined by (2.10).

Proposition 2.1. [36] Let w,,n € Ny be wavelet packets associated with scaling
function wg. Then, for j,k,l,m € Z with m > 0 and w; n px(x) = 2112w, (V2 — k),

we have

(i) (Wjnk>Win,t) = Ok,

(11) <wj,n,k7wj,m,l> = 67n,n 5k,l-
3. PERIODIZED DAUBECHIES WAVELET PACKETS

Heretofore, we have seen that the functions which were defined on R as in
some applications such as audio signal processing, where the length of the signal is
arbitrarily long and unknown prior to the desistance of its activity. Nevertheless,
for many applications, the time domain is a finite interval. One may notice such
example in case of data fitting problems, image processing of signal, etc. These
problems can be worked out efficiently with the introduction of periodized wavelet
packets. Significantly, wavelet packets which are defined in general can be periodized

with a technique of Poisson summation and give rise to periodic wavelet packets.
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Analogously, to the construction of non-periodic wavelet packets given in [I], [12],
the periodized wavelet packets have an exception that they wraps over the edges
of the domain, but in computation for large value of j, they reduced to the non-
periodic forms. Thus, due to compact support and the construction by the scaling
property of the non-periodic functions, many of the properties of wavelet packets
are preserved in the periodic case. For various details related to periodized wavelets
and wavelet packets, one may refer [4] [12] [3T] [35], [37] - [40].

Next, we give the definition of Daubechies periodized wavelet packets (DPWP).

Definition 3.1. The wavelet packets w,, € L*(R) (n € Np) obtained from scaling
function using multiresolution analysis are said to be periodized in the sense of
Daubechies (Daubechies periodized wavelet packets) (DPWP) if

(3.1) Wi (@) = Z Win.k(x+1),

l=—0o0

where j, k € Z and x € R.

Periodized wavelet packets unlike non-periodic ones, must be first dialated before
periodization as periodization does not commute with dialation.

Next, we give a necessary condition for Daubechies wavelet packets associated
with scaling function wg such that @&;(0) = 0. More preciously, we prove the

following result.

Proposition 3.1. Let w,, n € Ny be Daubechies wavelet packets associated with

scaling function wo and let w1(0) = 0. Then
(3.2) Wag41(4mr) =0, forreZ, g e N.
Proof. Taking Fourier transform of ws, () and using (2.8)), we compute

won () 7% dx

&>
¥
3
—
3
=

I

%\

1 2g—1 )
(3.3) s> we ¥ /wn(a:) e dr = F() a(g),
p=0 R
where
1 2g—1
(3.4) F(n) =5 > uy e,
p=0

Applying (3.3) k-times, we have

k
(3.5) Gan(n) = [T P50 @ (5p)-

Jj=1

o1
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Since @p(0) = 1, we have

2g—1

(3.6) >, =2.

p=0
Using (3.4) and (3.6), we obtain —1 < F(n) < 1 and so the product converges as
k — oo. This yields

This further gives

If r = 0, then using (3.4) and (3.6), we have @9, (0) = 1. Let r € Z ~ {0} be such
that r = 2° M, where s € Ny and M is odd integer. Then

. o7 25T M
Gan(27r) = [ ] F(=—5—)
j=1
=F(2°Mn) F(2 *Mr)...F(Mx)...=0.
2g—1
This gives wop, (2771) = o, T € Z. Using Proposition we get > up, v = 0.
p=0
Note that v, can be expressed in terms of u, as
(3.7 vp = (=1)P ugg—1—p, p=0,1,...,29 — L.
Using ([2.9), we obtain &y, 11(n) = G(2) @(3), where
1 2g—1
(3.8) G(n) = 3 Z vp e P neR.
p=0
Also, using (3.7)) in (3.8]), we evaluate
1 2g—1
G(n) = 3 Z (—=1)P ugg—1—p "
p=0
1 2g—1
= 5e*i(29*l)(n+7r) Z g el 1t — o=i29=1)0+m) Py o).
q=0
This gives
(3.9) Gansa () = oD@ (12T 5, (D),

Taking n = 2s, s € Ny and n = 4nr, we have

Qpsqr(dmr) = eI RITVCTET) P Qrr £ 1) Qg (277)

0, if r £ 0;
(3.10) —{ e=i20-07 B, if r = 0.
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Since @1 (0) = 0, it follows that

2g—1 1 2g—1
(3.11) 0= up/wo(m —p) do =3 > (=1
p=0 R 1=0

Using (3.4) and (3:11)) in , we finally get &yq41(4mr) = 0. O

In the followmg result7 we give some properties of the Daubechies periodized

wavelet packets.

Theorem 3.1. Let w, € L*>(R) (n € N) be wavelet packets. Then

(i) for any j, k € Z, wj’ nrk is 1-periodic.
(i) for j < =1, k € Z, s € Ng and x € R, i () =0, but for j =
0, Wi, 1 x(%) is neither zero nor any constant for odd choice of k.
(ili) for j >0, Wi is periodic in the shift parameter with period 27,
(iv) for j > j' = [loga(2g — 1)] and z € [0,1] with w, having compact support

[07 2g - 1];
per | wjnk(2), if v € I, N[0, 1];
(312) Wj,n,k(l') - { wj,n,k(x + 1)7 Zfl‘ c [0, 1] and ¢ I] X

Proof. (i) Let j,k € Z and = € R. Then

Wi (@ + Z Wi k(@ +1+1) =Wl ().

l=—00

Thus Wi, () is 1-periodic.

(ii) Let k € Z and = € R. Then

per wber
w],nkx+1 § :wjnk‘r+l ]nO()
l=—0c0

Since w?¢"

in o(x) is a l-periodic function, it can be expanded using Fourier series
.,

expansion, i.e.,

(3.13) Wl () Z a, 2™ 1 e R,

rT=—0C

where the Fourier coeflicients a, are given by

1
ar —/ WP () e T dy

7,n,0
(3.14) / Z Wjmo(x +p) e 27T dp =273 @, (20r277), 1 € Z.
p=—00
This yields
(3.15) K@) = Y 27 0,(2mr27Y) 70 s eR, 1€ L.
r=—00
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Using (3.10) in (3.15)), we have

Wi k(@) =0, j < -1, k€Z, s€Ngand z € R.

If j = 0in (3.14), then using (3.9), we have G451 (27k) # 0 for odd k, so w1 4 (2)
is neither 0 nor any constant for such value of k.

(iii) Let j >0, m € Z and 0 < k < 2/ — 1. Then
w;)ﬁ;k_:,.zjm(x) = Z wj,n,k:+2jm(x + l)
l=—00

— 2% Z wn(2(x+1—m)—k) = wit p(2), T €R.
l=—00
(iv) Let 27 > 2g — 1. Then, using (3.1)), we get

oo

W (2) =28 3 w2+ 21— k)
l=—0o0
(3.16) =27 > w(@r— (k—-21) = Y wjppon(@)
l=—o00 l=—o00

Since w,, is compactly supported, it follows that the supports of the terms in the
above sum do not overlap for sufficiently large value of 27. Choose smallest j' € Z
such that 27" > 2g — 1. Now, supp(w;.n.k) = Ijr, where I;}, = (&, k+§§_1] and for
j > 7’ the width of I, ; <1 and thus, (3.16)) implies that for z € [0, 1], periodized
wavelet packets can be expressed as

per (:E) _ wjﬂ’hk(I)v ifze Ij}k n [07 1]

gimok wimk(x+1), ifzel0,1], and x ¢ I; .

w

O
The following result shows that DPWP forms an orthonormal system for L*([0, 1]).

Theorem 3.2. The collection of Daubechies periodized wavelet packets

{wor £ () Yneng.kez is an orthonormal system for L*([0,1]).
Proof. The details of the proof can be seen in ([32], Section 9.3).

Corollary 3.1. For each fized j € Z, the collection of Daubechies periodized wavelet

packets {w? " Yneng kez forms an orthonormal system for L2([0,1]).

Proof. Proof follows from the Theorem 3.2.

4. APPROXIMATION PROPERTIES OF V7"

The domain of periodized wavelet packets when restricted to [0, 1], generate an
MRA of L?([0,1]) analogously to that of L?(R). The significant subspaces involved
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are defined as
VI = span{w (o) @ € (0,115
UJp,eT = Sp(m{wg n, e(@) 1z € [0, 1] nen, k=0,1,....20-1-
Note that the V" are nested similarly as in the case of non-periodic MRA,

VP C VP C VP - L2([0,1]).

So, U VP" = L?([0,1]). Further, the orthogonality relationship gives
20
oo 27711

(4.1) L(0,1)=vi"e P € UL, for some J; > 0.

j=J1 n=2J
Let f € VP and let J; : 1 < J; < J. Then, the periodized wavelet packet

expansion is

2711 J—12it1 1291
(4.2) Z CJy ke le 0, k: Z Z Z d 0 n, k: ), z €10,1],
j=J1 n=29 k=0

where the coefﬁments ¢je and dg ;. are respectively given by

/ F(2) WP () do and d 7/ fz) BT da
Let wy,,n € Ny be wavelet packets. Then the orthogonal projections of L?([0,1])

on V" and Uf5, are respectively defined as

(4.3) (Pyrer f)(@) = Y e wig (@)
k=—o0

(4.4) (Pug” Z dg. i Wge;k (2),
k=—oc0

where

per per
CJk*/ f(z _],Ok z) dx Ok*/ f(z Onk z) dx
and
J—12it11

Pef =P S+ 3 Y P J<

j=J1 n=2J
For f € L([0,1]) N C9(R) (g > 1) and x € [0, 1], the approximation error is given
by E27(2) = f(z) — (Pyyer f)(@):
Now, we give the following result related to the approximation error.

Theorem 4.1. Let f € L?([0,1]) N C9(R) (g > 1) be a function and w,, n € Ny
be DPWP such that
(i) Jwn(t)| = O0(2799) forn =27,..., (29 — 1), where j > 0,
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(i) [paP wp(z) de =0, for0<p<g—1.

Let JeZ:J>J, >0, where 271 > >2g—1. Then

1B (@)l = 027D

Proof. The periodic wavelet packet expansion for Py’ is

2711 J—12it1 1291
45)  (Puperf)@) = Y cnp ol @+ > > Zd ook
k=0 j=J1 n=29 k=0

Taking J — oo, the periodic wavelet packet expansion for f € L([0,1]) is given by

2711 oo 20tl_1271
. per mn per
(4.6) f(z) = E , CJi k le,Ok E : E : E :dOkWOnk
k=0 j=J1 n=2i k=0

The approximation error is given by

EY (2) = f(x) = (Pyper f)(2), = €[0,1].

Therefore, we get

oo 291127

(4.7) ET( Z 0k Wom, k(7
k=

j=J n=27

Let I = [0,2¢g — 1] be the compact support of w,. Then, it follows that wp . is
supported in the interval I, = [k, k + 2g — 1] with length [(I;) = 2g — 1 and centre
rp=k+g-— %

Note that

1
(48) = [ 1@ @) do = [ 1) Gita) de
0
Since f € C9(R), using Taylor’s expansion of f about the point xy, it follows that
6l =| [ 1700 + (o = 0) 10 an) 4

1
(g— 1!

(z = 2x)? " fO7 D (@) + Ry(2)] won(@)],

where Ry(x) = i(x —x1,)9 9 (n) for some number n between z;, and z. If z € I,

then, we have

Ry (@) < 559 = 5)" max[s9 @)l
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Therefore, we compute

sl = | [ Ro(e) Gonal)
Iy,

1 1

< (o= 3)" maxlfO@) [ fonun(@)l ds

25 K 1yg+3 g-1 ; 3
< _ )97z (9) 297
<CTE-3)" maxl Ve >|(/0 229 )
_ 2K 1 g+1 (9) —gj —qj

(4.9) _?(9_5) gng}:‘fg(x)m 99 = M 2797,

where M = QQ—If(g— 3

g+1 . . .
) glezidf(g) (x)]. Using (4.9) in (4.7), we obtain

oo 291127

IEF" (@)oo <D D ZM2 7 maxlwgl ()]

j=J n=2i k=0

Define Cper = = max |w . (2)]- Then, we compute

co 29t 1271

15" @l < Cugr, MY 3 327
j=J n=27 =
(4.10) = ngik M ZQ—(g—2)j — K’ 2~(9=Dij
j=J
where K’ is a constant. Thus, we find that with respect to the resolution .J,
error EY" shows an exponential decay. Besides, more is the number of vanishing

moments, faster will be the decay. 0

5. COMPRESSION ERRORS

In this section, using hard thresholding technique, we discuss the compression
errors.

The information about a signal f is stored in the form of wavelet packet coefficients
{(f,wjn.k)};kez and this knowledge helps us to reconstruct the signal f. Nevertheless,
practically it is not possible to store such an infinite sequence of non-zero numbers
and thus it is necessary to chose only finite number of such coefficients. This is
primarily done by specifying an independent parameter or threshold é > 0 such that
only those coefficients are retained for which |(f,w;n k)| = ¢. Such coeflicients are
known as significant wavelet packet coefficients, whereas others which do not satisfy
the above inequality are quantized to zero and are known as insignificant wavelet
packet coefficients. Thus, threshold value ¢ separates the insignificant wavelet packet
coefficients from the significant ones. One may note that the selection of wavelet
packets also plays an essential role as we always look for those wavelet packets

which correlates well with the signal under consideration or detection. If there is a
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large amount of signal information present, one can keep large number of wavelet
packet coeflicients, as compared to lesser number in case of a noisy signal. The
above process is known as hard thresholding. The errors which appeared when small
wavelet packet coefficients are repudiated are referred to as compression errors.

Let us define a set of significant wavelet packet coeffficients at level j as
={k:0<k<2 —land|dj,|>dforn=27 . (2" —1)}.

The set of insignificant wavelet packet coefficients are given by I7 0 = SO ~ 55 Thus,

d-truncated wavelet packet expansion for f is given by

2711 J—12it1 1

(PV”” Z CJl,kal()k "’Z Z Zd gi:k z).

j=J1 n=27 keS?
Let ng(d) be the number of all significant wavelet packet coefficients, i.e.,

J—1 27—

Z Z 2J1

j=J1 n=2J

where N(Sf) denotes the cardinality of S;-S. The last term in the above sum is due
to the coefficient of scaling function as they contribute the coarse approximation on
which the fine structures are built by wavelet packets. Let us suppose that n = 27
be the dimension of V7. Then, define n;(§) = n — ng(d) to be the number of
insignificant wavelet packet coefficients in the expansion. Due to this truncation,

an error E 7 has been occured and is given by

E5 (2) = (Pyrer f)(2) = (Pyper f)° (@)
J—129t11
(5.1) =D > D dirwins@

j=J1 n=2J kaj

with n() number of terms. This ensures the inequality
er 1
(5.2) IES S (@)]l2 < 6 (n1(8))>.
Now, if we redefine the set of significant wavelet packet coefficients as

SO ={k:0< k<2 —1and [d},|>627 % forn=2/,.., (2" — 1)},

then I 0 = SO \55 Therefore the scale j can be employed to transmute the threshold
value 4.
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Hence using (5.1]), we finally obtain

J—129t1 1

IEST @loo =D > > max(dg, whi (@)

j=J1 n=27 kGI;;

J—1 2911
(5.3) = Clper DD D ldil = Coger, 0 (9),

STy

j=J1 n=27 kEI};

i
where C’ per =272 Cper .
“Yo,n,k 0,n,k

CONCLUSION

Restrepo et al. [35] studied periodized wavelets by restricting the wavelets on
the bounded subsets of R. In the present article, we amalgamated their with that
of Daubechies [3, [4] and studied Daubechies periodized wavelet packets and using
it obtained approximation of periodic functions. Also, thresholding technique is
used to study compression errors. On comparing and , we find that the
threshold is scaled in which decreases substantially on the increase in the
scale resulting in consequence of which the number of wavelet packet coefficients
increases at the finer scales. Thus, n; will be lesser in the latter case. Finally, we
have also observed that using wavelet packets instead of just Daubechies wavelet

bases, one can expect reduction in the compression errors.
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Abstract. We study oscillatory properties of solutions of the Emden-Fowler type difference
equation A u(k) + p(k) |u(o(k))|>‘ signu(o(k)) =0, wheren >2,0<A<1,p:N—=Ry,
o :N— Nand o(k) > k+1 for k € N. Sufficient conditions of new type for oscillation of
solutions of the above equation are established. Analogous results for linear ordinary and

nonlinear functional differential equations see in [1-8].

MSC2010 numbers: 39A11.
Keywords: difference equation; proper solution, Property A.

1. INTRODUCTION

This work is dedicated to the study of oscillatory properties of the difference
equation
(1.1) A™u(k) + p(k) |u(o(k))|" signu(a(k)) =0,
where n > 2, p: N—-R;, 0 : N — N and
(1.2) 0<A<l, ok)>k+1 for keN.
Here AMu(k) = u(k +1) —u(k), A®D = AW o AC=D (5 =2 ... n). It will always
be assumed that the condition
(1.3) p(k) >0 for keN

is fulfilled. The following notation will be used throughout the work:

Let ky € N. By Nz) (N,:O) we denote the set of natural number NZ‘O = {ko, ko +
Lo b (N, ={1,2,...,ko}).
Definition 1.1. Let ky € N. We will call a function w : Nzo — R a proper solution
of the equation (1.1), if it satisfies (1.1) on Nj\ and

sup {|u(i)| :i € N} >0 for any k ENQ.

Definition 1.2. We say that a proper solution w : N;O — R of equation (1.1) is
oscillatory, if for any k € N:O there exist ki; ko € N; such that u(kq)u(ke) < 0.
Otherwise the solution is called nonoscillatory.
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Definition 1.3. We say that equation (1.1) has Property A if any its proper

solutions is oscillatory when n is even and either is oscillatory or satisfies
(14)  |ADu(k)| L0 as k1t +oo, k€N (i=0,...,n—1), whennisodd.

Some results analogous to those of the paper are given without proofs in [9-11].
The problem of establishing sufficient conditions for the oscillation of all solutions

to the second order linear and nonlinear difference equations see in [12-16].

2. ON SOME CLASSES OF NONOSCILLATORY DISCRETE FUNCTIONS

Lemma 2.1. Letn > 2, kg € N, u : NZO — R and u(k) > 0, AMu(k) < 0 for
ke NZO, AMu(k) # 0 for any s € N:O and k € N¥. Then there exist ki € NZO and
e{0,...,n} such that £+ n is odd and

ADuk) >0 for keN} (i=0,...,0),
(2.1) (-1 ADu(k) >0 for keNf (i=(,...,n—1),

AMy(k) <0 for ke Nzl.

Proof. The Lemma follows immediately from the fact that, if u(k) >0 and A u(k) <
0 for k € NZO, then there exist k; € Nﬁo, such that AMu(k) >0 for k € Ny,. O

Remark 2.1. Tt is obvious that if ;v : N — R and A®Du(ke) = AWu(ko) (i =
0,...,m—1) and A™y(k) = A™y(k) for k € Nzo (for k € N ). Then u(k) = v(k)
for k € N;:O (for k € Ny ).

Lemma 2.2. Letu:N — R, m;s € N. Then

ADy(k) %Mﬁ(k—s—r—i—l)-&- !

el ) Lt (m—i—1)!
m—i—1
22) xY [ k=i-r+DAMu(-1), i=0,...,m -1, for keN/,
j=s r=1
where
0
(2.3) AMy(s —1) =0, [J(k—s—r+1)=1,
r=1
and
m—1 : [
ADy(s) 3
A®) — —s— 1) —
u(k) ; = Tli[(k s—r+1) =i =1
s m—i—1
(2.4) x> ] k=i—r+1DA™u), i=0,...,m—1 for k€N,
j=k r=1
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where
0

(2.5) AlMu(s) =0, JJ(k-s—r+1)=1

Proof. Denote

(2.6)  ui(k) = ADu(k),

ug(k) = k—s—r+1
=X T I )
1 k m—i—1
- - i (m) (7 — +
(2.7) +(m_i_1)!§ ];[1 (k—j—r+ 1AMy —1), keN
Since
j—i j—i—i j—i
A(l)H(k—s—r—i—l): H(k+2—r—s)—H(l€+1—r—s)
r=1 r=1 r=1
j—i—1 j—i j—i—1
= [ k+1-r—s)—J[k+1-r—s)=@G—i) J[ k+1-r—5s),
r=0 r=1 r=1

according to (2.3), (2.6) and (2.7) we get AW uy(s) = AW uy(s) (j =0,...,m—i—1)
and A=y, (k) = AMm=Dyy(k) for k € NF. Therefore, the conditions of Remark
2.1 are fulfilled, which proves that the equality (2.2) is valid.

By (2.5), similarly we can prove that the equality (2.4) is valid, which proves the

lemma. O

Lemma 2.3. Let u: N — R, m;s € N. Then the equality holds

k m—1
D am T A (i) = Y ()" A u(k + AT (ki 1 - m)m I
i=s i=j

i

(28) = ()" AL u(s + AT (s i+ 1 —m)™ I for ke NY,

1=

<

where
(2.9) AMy(s) =0
and
= i+ 1) Ay 4 1)
i=k
= ()" AO Yk + DAY (k4 i 1 —m)m I
i=j
m—1
(210) =Y (=)™ A y(s + DA (s 4 i+ 1 —m)™ L for ke N7,
i=j
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where
(2.11) AMy(s+1) =0.

Proof. Let u,v : N = R, then AM [u(k) v(k)] = v(k+1) AWM u(k)+u(k) ADv(k).
Therefore

m—1

A(l)( (=)™ T AO y(k + DAM==D (k441 — m)m—j—l)

i=j
m—1
— Z (_1)m+i—1A(i+1)’u(k + 1)A(m—i—1)(k +i4+2— m)m—j—l
1=j
m—1 ‘ ‘ ‘ |
+Y (DAL (ke + AT (ki 41— m)m I
i=j

Since A=) (k4441 —m)™ 971 =0, then

m—1

A ( Z(fl)m“*IA(i)u(kJr1)A(”H'*1)(k+i+1fm)m*j*1) = (k+1)™ LAy (k+1).
i=j

By (2.9), ((2.11)) the equality (2.8) (the equality (2.10)) holds. O

Lemma 2.4. Letu:N — R, ky;n € N and

(212) (-1)'ADu(k) >0 (i=0,...,n—1), (-1)"A™u(k)>0 for ke N .

Then

+oo
(2.13) S R AMu (k)| < +oo,

k=1

@ 1 +oon—i—1 -
for keN;o, (i=0,....n—1),
-1 . ;
n A(])u(s) I

(2.15) u(k)Zu(s)+Z|,7'|H(j—k+r—1) for s > k.

j=1 ’ r=1

Proof. Let kg < k < s. It can be assumed without loss of generality that A (s) =
0. Let m = n, according to (2.12) from (2.4) with s — +o00, we can readily obtain
(2.13) and (2.14). As to (2.15), it is immediate consequence of (2.4). O

Lemma 2.5. Let u: N — R and for some ky € N and £ € {1,...,n— 1}, (2.1) be
fulfilled. Then
+oo
(2.16) D> R AM (k)| < oo,
k=1
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there exists ko € NZ‘l such that

+ocon—i—1

(2.17)  |A®u( )|_ 'ZH (G +r—k—1)|AMu()|
j=k r=1
for kENZZ (i=4...,n—1),
k—1 £—i—1

+ocon—~—1

(218) x> ] G+r—s—DAMu()|, for keNS , (i=0,...,0-1).

j=s r=1

If in addition

“+oo
(2.19) >k AM (k)| = +oo,
then
u(k) u(k)
(2.:20) i R
II (k=) II(k—1i)
=0 1=1
for large k
(2.21) u(k) > 1+£O( ) =1 A=D1
and
(£-1) k - n—l—1| A (), (;
1 ’ﬂ n

Zk2

Proof. Let s;k € N,j; and s < k. Assumed that (2.9) be fulfilled. By virtue of
(2.1), from the equality (2.8) with j = ¢ and m = n we have

k n—1
Z(—l)n+@in7571A(”)u(i) = Z(_l)ZJriA(i)u(s + 1)A(n7i71)(8 il — n)nil*l
i=s i=0
n—1 _ 4 .
S ) ADu(k + AT (ki 41— )
=L
Therefore
k n—1
Z" A Z‘A() (s+ DA (s +i+1—n)""** for ke N},
i=s =4
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The last inequality with k& — +00 we obtain (2.16). The equality (2.10) also implies
the inequality

Z|A u(k+1)|AC D (k+i+1—n)n !

(2.23) > Zi”*“l\A(”)u(i +1)| for ke N[ .
i=k
On account of (2.1) and (2.16), from (2.4) we obtain (2.17).
Analogously, equality (2.2) with s = ko and m = ¢, gives
k £—i—1

ADy(k) > ADu(ky) + _Z_1|Z II e=i+r—1)AOu - 1)

j=ko r=1
(i=0,...,£—1) for kEN‘k:.

Hence, by (2.17) we obtain (2.18). Using (2.1), from (2.8) with j = /—1 and m = n,

for s = kg we have

A= 1)u 1 'Zz” [|A |
i= k‘z
n—1
1 ; e . e
+ (nig!Z‘A(Z)u(k—i—lHA(" (ki1 —n)nt

f ' Z DAy (kg + DA D (kg + i+ 1 —n)" "
TL
i=0—1

Therefore, according to (2.19) there exist k* > ko such that

n—~{ n
ATl +1) 2 ,Zz Aui)|
1 n—1
+mz ’A(i)u(k+1)’A(n—i—1)(k+i+1_n)n—£ for k’ENz*.
T =t

From the last inequality by (2.19) we have
(2.24) AU Vyuk+1) — (k+£04+1-n)ABu(k +1) = 400 for k — +oo

and by (2.23) the inequality (2.22) holds.
Let kg € N and for any k € N;O and i € {1,...,¢} put

(2.25) pi(k) = iA (k) — (k41— ) AEHDy(k),
(2.26) Yilk) = (k — DA HDy(k) — (i — DA Dy (k).
Applying (2.24) and L’opital rule, we have
(e—i)
(2.27) im 2R =10,
k—+oo =1 i
IT(k—j)
j=1
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0
(Here it is meant that [] (k —j) = 1). Since

A(n(A“‘“U(k) ):, (k)
k-j-n/ T@E-j-1

by (2.27) there exist kp > --- > ki > ko such that v;(k;)) > 0 (i = 1,...,0).
Therefore, by (2.24) py (k) — 400 as k — 400, AN p; 1 (k) = pi(k), AW (k) =
yi(k) and vy (k) = (k — 1)A®u(k) > 0 for k € N;) (i=1,...,£—1), we find that
pi(k) = +o00 as k — +oo, and v;(k) > 0 for k € N; (i=1,...,£). These fact along
with (2.24)—(2.27) prove (2.20).

On the other hand, since p;(k) — 400, by (2.25) for large k, iA¢~Dy(k) >
(k41— A=+ Dy(k) (i =1,...,£), which implies (2.21). O

3. NECESSARY CONDITION FOR EXISTENCE OF SOLUTIONS OF TYPE 2.1

The results of this section play an important role in establishing sufficient conditions
for equation (1.1) to have Property A.

Let kg € N and £ = {1,...,n —1}. By Uy i, we denote the set of all solutions of
equation (1.1) satisfying the condition (2.1).

Theorem 3.1. Let condition (1.2), (1.3) be fulfilled, ¢ € {1,...,n — 1} with £+ n
odd and

oo
(3.1) Sk o (k)M p(k) = oo
k=1

If, moreover, for some kg € N, U i, # @, then for any 6 € [0, A] and i € N we have

—+oo
(3.2) SR ()M (g0 ())) (k) < e,
k=1
where
. k—1 400 . ﬁ
(33) pre(k) = (M ;;j"—f—l(ff(j))w‘ )p(j)) ,
(3.4)
1 k—1+o00 A(C—1) N
ptk) = e ;Ej"-‘—l(om) (i) (psre(0()))” (=2,3,..).

Proof. Let kg € N and Uy i, # @. By definition of the set Up x,, equation (1.1)
has a proper solution u € Uy, satisfying the condition (2.1). By (2.1) and (3.1)
it is clear that the condition (2.19) holds. Thus by Lemma 2.5, (2.20)-(2.22) are

68



ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS ...

fulfilled and by (1.1) and (2.21), (2.22) we have

+oo
Ay (k) > el(nk—é)' ;i"—f—lgk(f—l)(i) (A(Z—l)u(g(i)))Ap(i)

k
1 o 1. _ A
(3.5) + =0 l; il () (A(Z 1)u(cr(z))) p(i) for ke N/,
where k, it is sufficiently large natural number. By the identity
k k
> u@AW(i) = u(k)v(k + 1) = ulk. = Do(k) = > v(i)AMu(i - 1)
i=k. i=k.
we have
i A
Yot V@ (A u(a (i) p(i)
i=k.

k o)
= Al +Z 1A () (A Du(o(s))) p(s)
i=k =i

+oo
= _kzSn—é—lax\(f—l)(s)(A(Z—l)u(a<s>))/\p(8)

+oo
+ (ke — 1) Z s LA () (A(e’l)u(a(s)))Ap(s)
s=ku
k 4o A
+ Z an—e—lak(Z—l)(s) (A(E—l)u(o_(s))) p(s)
i=ky, s=1

Therefore, from (3.5) we get

k +oco
(3.6)  ACDy(k) > evn_ |§ 3 s AN (6) (AL Du(o(s))) p(s)
for k € NL. Denote
k—1 +o0
o) = g 2 2" 1A (5) (A Vu(o(5)) p(s).
i=k, s=i

Since A(L]_l)u(k) is nondecreasing and o(k) > k + 1, by (3.6) we have

(ACDu(k + 1)) &2

AD (k) > > s (s)p(s)

I(n — ¢)!
l(n—20)! gt
m)\ l{i+1 +oo e -
= Mzks £ 10_)\(2 1)(S)p(s) for kEN;{
Therefore
k—1 J1 4oo
n—f—1_A({-1)
7 A J+1 (n—¢ lZZ’ (@)p(3).
j=k. j=ks i=3
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Since . A
~1 . ~1 ;
A z(j+1)
> Sk 2U) _ z**(j+1)/ dt
P (7+1) ik, z(7)
and 27*(j + 1) <t when z(j) <t < x(j + 1), we have
k—1 , k—1 ;
A z(j+1) z(k)
Z )\7‘%(]) < / t=dt :/ t dt.
i (G+1) =) w(ky)
That’s why, from (3.7) we get
k—1 +oc0 L
1-A =1 A=) )
(35 o) > (g X 2 (i)
j=k« i=J
Le.
(3.9) AV u(k) > p1 o, (k) for ke N,
where

. k—1 400 ﬁ
ek (k) = (é'(ln—)\ﬁ)' Z Zi"‘%’““”(i)p(i)) )

=k i=j
Thus, by (3.6), (3.9) we get
(3.10) A Vu(k) > pyop. (k) for ke N (s=2,3,...),
where
k—1 400 N
Ps k., (k) = o é, SN MY ()p(i) (ps-rek. (0(0))
Jj=k« =7

On the other hand, by (1.2), (2.1), (3.9) and (3.10) from (3.6) for any 0 € [0, \] we

have

Ay (k + 1) ,ijﬁy"“*“ O
X (Pt <a<j>>>‘5|(A“—l)u(a(z')))“*, s=1,2,...
and
Al )(k+1_£, ,Z”“”l(ﬁp(])
(3.11) % (ps.r. (0(7))) (A“—l)u(g(j)))*“s, s=1,2,...

If 6 = A, then from the last inequality we get

n—r)! =1y,
ZJ" AN (G (pren (o)) < LI S]]

k+1
By first condition of (2.20) we have
+oo
—f— D Ay A
(3.12) D i I (G)p(5) (s, (0(4))) " < 400 (s =1,2,...).
=k

70



ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS ...
Let § € [0, A). Then from (3.11) implies
ACDy(k + 1) k— k.

>
5 D) s (010) (A Dato)

for k € Nz*. Therefore
(AC=Du(k + 1)) k= Lp(k) o D (k) (ps ook, (0(K)))
“+o00 ) 5 ) A—§ A—0
(S 10D Gp0) Ptk (0() (A V(o))

0

j=k
313) > (grmg)  ETROO 0 (o (00)
Denote
+o00o
(319)  w=> )0 (pnen. (00) (A1)
j=k

Since A~ Yu(k) is nondecreasing function, according to (3.14), from (3.13) we get

QK — Qg1 k—ke NA0 o A(E—1) 5
2 (gmoa) T (e ()

Thus, from the last inequality we get
(3.15)

, a;— a1 1 & A6 ;b1 A(6-1 5
> Z(e!(nf@!) > =k p(@)o M D (@) (pa k. (o))"

i=k., i 1=k
Since
k k ai k @i an 14+5-A
e ‘H/ dt < / té—kdt</ TG = e
T 2 < < =T s v
I:Zk* a; izzk* ait1 sz* @it1 0 1+45—A
from (3.15) we get
(3.16)
k s ap (E!(nfﬁ)!))ﬁé
gk: (i=ka) 0= p@)o V6 (poer. (00)” € =

Without loss of generality, by (3.14) we can assume that aj, < 1. Thus from (3.16)

we have
: N — N0
(3.17) ;; (i — k)0 (D) D (1) (ps e, (0(1)))° < ((1+5))/\

According to (3.12) and (3.17), for any ¢ € [0, A\] and s € N we have

k
n—f— _ . — . ) O
(3.18) S A (1) (py g (0(0))) < oo
i=k
Since % — 1 for k — 400, by (3.18) it is obvious that (3.2) holds, which
proves the validity of the theorem. [
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4. SUFFICIENT CONDITIONS OF NONEXISTENCE OF SOLUTIONS OF TYPE (2.1)

Theorem 4.1. Let conditions (1.2), (1.3), (3.1) be fulfilled, ¢ € {1,...,n—1} with
¢+ n odd and for some § € [0,A] and s € N

—+oo

(4.1) 3 kA AN (1) (pg o (0 (K))) p(k) = oo,
k=1

where ps ¢ is defined by (3.3) and (3.4). Then Upy, = @ for any ko € N.

Proof. Assume the contrary. Let there exists ky € N such that Uy x, # @. Thus
equation (1.1) has a proper solution u : N;O — (0,00) satisfying the condition
(2.1). Since conditions of Theorem 3.1 are fulfilled, (3.2) holds for any § € [0, A]
and s € N, which contradicts (4.1). The obtained contradiction proves the validity
of the theorem. O

Theorem 4.2. Let conditions (1.2), (1.3) be fulfilled, ¢ € {1,...,n—1} with {+n
odd and for some o € (1,400) and v € (A, 1)

+oo
e AN el A1) . ..o(k)
(4.2) lim inf ij D (G)p() > 0, iminf =72 > 0.
=
If moreover, at last one of the conditions
(4.3) a > 1,
or if a\ < 1, for some e >0
—+o0
(4.4) 3 kSR (k)T (k) = oo
k=1

holds, then Uy, = & for any ko € N.

Proof. It suffices to show that the condition (4.1) is satisfies for some s € N and
0 = A. Indeed, according to (4.2) there exist « > 1, v € (A\,1), ¢ > 0 and ko € N
such that

+oo

(4.5) O o))V p) 2 ¢ for ke N,
j=k

and

(4.6) o(k) > ck® for k € N;O.

By (3.3) and (4.2) it is obvious that klirf p1,0(k) = +oo. Therefore, without loss
c— 100
of generality we can assume that p; (k) > 1 for k € Nzo. Thus, by (4.6) from (3.4)

we get

k—1 i+1
S
i=ko t

72

k-1
¢ c
> = Y =
p2,0(k) = 0(n—0)! zk: ! O(n 1)
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k c -
(n— zlz/ EdE = = E)/”dt_a(n—e)!(l_y)(kl7_’“0 )

We can choose k; € N;O such that pg (k) > k1= for k € Nz. Thus,

2 WO
by (4.6) from (3.4), for s = 3 we have

14X
c

S (=) (1+a)) -
p3.e(k) > (26!(11—6)!(1 _7)> k for k€ N,

where ko € N;:l is a sufficiently large natural number. Therefore, for any s € N
there exists ks € N such that for k € N
(4.7
c

paelk) = (2@!(71 —0i(1—7)
Assume that (4.3) be fulfilled. Choose sy € N such that (1 —~)(so — 1) > 1. Then,
according to (4.7), ps,.e(k) > cok for k € Nk, , where cg > 0. Therefore, by (4.7) it
is obvious that (4.1) hold, for 6 = X\ and s = sg. In the case, when (4.3) holds, the
validity of the theorem has been already proved.

Assume now that 0 < a\ < 1 and (4.4) holds. Let € > 0 and by (4.7), choose
so € N such that pg, ¢(k) > clk e for k € N+ where ¢; > 0. Therefore, by
(4.4), (4.1) holds for s = sg. The proof of the theorem is proved. O

k(l_y)(1-|-o¢>\+--~+(0¢>\)572)7 k> ks.

> LA 252

5. DIFFERENCE EQUATIONS WITH PROPERTY A

Theorem 5.1. Let the conditions (1.2), (1.3) be fulfilled and for any € € {1,...,n—
1} with £+ n odd, let (3.1) as well as (4.1) hold for some § € [0, ] and s € N. Let

moreover

+oo
(5.1) > kT p(k) = +oo,
k=1

when n is odd, then equation (1.1) has Property A.

Proof. Let equation (1.1) have a proper nonoscillatory solution u : Ny, —
(0,400) (the case u(k) < 0 is similar). Then by (1.1), (1.3) and Lemma 1.1, there
exist £ € {0,...,n — 1} such that ¢ + n is odd and the condition (2.1) holds. Since
conditions of the Theorem 4.1 are fulfilled, for any ¢ € {1,...,n — 1} with £+ n
odd, we have £ & {1,...,n — 1}. Therefore, n is odd and ¢ = 0. Then we will show
that the conditions (1.5) hold. If that is not the case, there exists ¢ > 0 such that
u(k) > c for sufficiently large k. According to 2.1, with ¢ = 0, from (1.1) we have

(5.2) Z]" EA™M) gy +cZJ“ In(j) <0,

_] ko ] ko
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where k£ € N is sufficiently large natural number. On the other hand in view of
identity
k
S 5 AMu(G) = kT AT Du(k + 1) — (kg — 1) AP (k)
Jj=ko

k
= AP DuG)AG - 1)
Jj=ko
it is easy to show that

|
—

k? n
Z jnflA(n)u(j) _ (—l)jA(j)(k _ j)"*lA(”*j’l)u(k +1)
J=ko

= o

3 .

= (1 ko = — ) TIDACTT D)

<.
Il
o

From (5.2), by (2.1) with £ =0

k n—1
e ") < (ke — j — DI THAMTI (k).
j=ko j=0

Therefore Z;;fo 7" 1p(j) < +o0, which contradict the condition (5.1). Therefore,
equation (1.1) has Property A. O

From this theorem, with § = 0, immediately follow

Theorem 5.1". Let the conditions (1.2), (1.3) be fulfilled and for any ¢ € {1,...,n—
1} with £ +n odd, (3.1) as well as

+oo
(5.3) S R (k)p(k) = +oo
k=1

holds. Then in the case of odd n condition (5.1) is sufficient for equation (1.1) to
have Property A.

Theorem 5.2. Let the condition (1.2), (1.3) as well as (5.1) be fulfilled for odd n

and

A
(5.4) liminf 7 ]ik) > 0.

k—+oco

Then the condition
—+o00

(5.5) D kTP p(k) = o0,

k=1
for even n and the condition

+o0
(5.6) STk (k) k) = +oo,

k=1
for odd n is sufficient for equation (1.1) to have property A.
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Proof. It is obvious that, according to (5.4)—(5.6), for any ¢ = {1,...,n — 1},
where £+n odd, the conditions (5.3) hold. Therefore, all conditions of the Theorem
5.1’ hold, which proves the validity of the theorem. [

Theorem 5.3. Let the conditions (1.2), (1.3) be fulfilled and let

A
(5.7) lim sup z ]ik) < 400.

k— o0

Then for equation (1.1) to have Property A it is sufficient that
+oo An—2)

(5.8) Z k*(o(k)) p(k) = +o0.
k=1

Proof. It is obvious that, according to (5.7), (5.8) and first condition of (1.2), the
condition (5.1) and for any ¢ = {1,...,n — 1}, where £ + n is odd, the conditions
(5.3) hold. Therefore, all conditions of the Theorem 5.1 hold, which proves the
validity of the theorem. O

Theorem 5.4. Let the conditions (1.2), (1.3), (4.3), (4.6) and (5.4) or if 0 < aA <

1, for somee >0
= o eAd—)

(5.9) D RTEEEEST o p(k) = +oo
k=1

be fulfilled. If moreover, there exist v € (A, 1) such that

k—+oo

“+oo

(5.10) liminf k7 " 5" p(j) > 0,
j=k

then equation (1.1) has Property A.

Proof. Let equation (1.1) have a proper nonoscillatory solution u : Ni, — (0, 4+00)
(the case u(k) < 0 is similar). Then by(1.1), (1.3) and Lemma 1.1, there exist
¢ e€{0,...,n— 1} such that £+ n is odd and the condition (2.1) holds. Since by
(4.3), (4.6), (5.4), (5.9) and (5.10) all conditions of the Theorem 4.2 are fulfilled. So
forany £ € {1,...,n—1} with £+ n odd, we have £ ¢ {1,...,n—1}. Therefore, n is
odd and ¢ = 0. It is obvious that, since v € (0,1), by (5.10) satisfying the condition
(5.1). Therefore, analogously Theorem 5.1, we can proved the condition (1.5) hold.
That is equation (1.1) has Property A. The proof of the theorem is complete. O
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Abstract. This research is a continuation of the recent papers [20} 21]. In this paper,
we deal with the uniqueness problems on the derivative of f(z) with its shift f(z + c),
and give a new perspective on discussing the complex differential-difference equation
() =z +0).
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1. INTRODUCTION

It is well known that Nevanlinna theory has a wide range of applications in
considering the value distribution of meromorphic solutions of complex differential
equations. In addition, with the difference correspondence of the logarithmic derivative
lemma obtained by Chiang-Feng [3], and Halburd-Korhonen [7] respectively, the
complex domain differences and the complex difference equations also developed
rapidly. The related results, readers can refer to [2].

Although the research of complex differential-difference equations can be traced
back to Naftalevich’s work in [5, [16] [I7], the investigations on complex differential-
difference field using Nevanlinna theory are still very few. Therefore, the relevant
results are very limited, the reader is invited to see [11], 12} 14} 15] 19, [22].

In comparison, in real analysis, the researches on differential-difference equations
are too numerous to enumerate. For example, there are extensive studies on the
delay equations f'(z) = f(xz—k), (k > 0) in real analysis. The related results can be
found in [I]. Inspired by such results, Liu and Dong [I3] discussed the properties of
the solutions of complex differential-difference equations f’(z) = f(z+c¢). Recently,
we looked at this equation from another point of view, that is, “under what sharing

value conditions, does f'(z) = f(z + ¢) hold?” And in [20], we obtained

IThe work was supported by the NNSF of China (No. 11661052, 11801215, 12061042) and the
NSF of Shandong Province (No. ZR2016AQ20, ZR2018MA021).
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Theorem A. Let f(z) be a transcendental entire function of finite order, and let
a(£0) e C. If f'(2) and f(z+ ¢) share 0, a CM, then f'(z) = f(z+¢).

Here, we pose a list of questions related to Theorem A. These questions will be
considered in the following.

1. If the condition “f’(z) and f(z + ¢) share 0, a CM” is changed to “f’(z) and
f(z 4+ ¢) share two distinct values a, b CM”, is Theorem A still true?

2. Can value sharing condition or the restriction on the order of f(z) be improved

in Theorem A?
Remark. In fact, the solutions of f'(z) = f(z 4+ ¢) must be transcendental entire
functions. Otherwise, suppose that 2y is a pole of f(z), then from f'(z) = f(z + ¢),
we know zg +nc are poles of f(z) also. Hence, f(z) must have infinitely many poles.
If m is the minimum order of all poles of f(z), then m is the minimum order of all
poles of f(z+ c¢) as well. However, the minimum order of all poles of f'(z) is 1 +m,
which contradicts f/(z) = f(z + ¢). Hence, we just need to consider the condition
that f(z) is a transcendental entire function in the following.

In this paper, we will continue to consider the uniqueness problem for the
derivative of f(z) with its shift f(z + ¢). The reminder of this paper is organized
as follows: In Section 2, for Question 1, we will give a positive answer by giving
Theorem In Section 3, we will give two uniqueness results for f’(z) sharing one

value with f(z + ¢), under some appropriate deficiency assumptions.

2. FUNCTIONS SHARE TWO VALUES CM

Theorem 2.1. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1. If f'(2) and f(z + ¢) share two distinct values a, b CM, then f'(z) =

fz+ o).
The following lemma plays a key role in proving Theorem

Lemma 2.1. [I0, Theorem 1| Suppose that f(z) and g(z) are two distinct non-
constant entire functions. If f(z) and g(z) share the values 0 and 1 CM, then they

assume one of the following cases:
(1) f(z) =d(1—e*?)), g(2) = (1 = d)(1 — e AP));
(2) f(z) =e A YT I4R), g(z) = 1T 4B, n=1,2,..
(8) f(2) = —e (VAR TN iAE) g(z) = A TN 34 = 0,1,2,...,

where d(# 0, 1) is a constant, and A(z) is a non-constant entire function.
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Lemma 2.2. [23, Theorem 1.51] Suppose that f;j(z) (j = 1,...n) (n > 2) are
meromorphic functions and g;(z) (j = 1,...,n) are entire functions satisfying the
following conditions.

(1) Tt ()9 =0,

(2) 1<j<k<n,gj(z) = gr(z) are not constants for 1 < j < k <mn.

(3) For1<j<n,1<h<k<n,

T(r, f;) =o{T(r,e? %)}, r—o0,r¢FE,
where E C (1,00) is of finite linear measure.

Then f;(z) =0.

Lemma 2.3. [2, Theorem 1.3| Let ho(2) # 0, hi(2), F(z) be polynomials, ca,c1(#
co) be constants. Suppose that f(z) is a transcendental meromorphic solution of

difference equation
ho(2)f(z + c2) + I (2)f (2 + e1) = F(2).
Then, p(f) > 1, where p(f) is the order of f(2).

Lemma 2.4. [23] Lemma 5.1] Let f(z) be a non-constant periodic meromorphic

function. Then, p(f) > 1.

Proof of Theorem Suppose that f'(z) # f(z + ¢). Set

2.1) F(z) = % G(z) = %

Then, from the value sharing assumption and Lemma[2:1] one of the following cases
holds:

Case 1. If
(2:2) f'(z) = (b =a)d(l - e*?) +a

and

(2.3) flz4e¢)=0b-a)(1—d)(1—-e @) +a.

Here and below, A(z) is a non-constant entire function of order less than 1. Then,

(2.2) and (2.3) give
(2.4) det ) 4 (1= d)A'em A — (-2  ta=o.
—Qa

Subcase 1.1. If A(z) is a non-constant polynomial, then we have A(z), A(z +¢) and
A(z + ¢) + A(z) are non-constant polynomials. Applying Lemma to , we
have a contradiction.

Subcase 1.2. If A(z) is a transcendental entire function of order less than 1. Then,

we confirm that A(z4c)+ A(z) must be transcendental. Otherwise, we suppose that
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A(z 4 ¢) + A(z) is a polynomial, then from Lemma we deduce that p(A) > 1,
which is a contradiction. Further, applying Lemma to (2.4) again, we obtain a

contradiction as well.

Case 2. If
(2.5) flz)=0b—a)(l+e+e 4. 4e ™) +a
and
(2.6) fe+e)=0b-—a)(l+er +e* +. 4+ e +a.
Then, combining (2.5) and (2.6)), we have
(2.7)
nAlenA NI 2A/€2A + AIeA - ; b . 67A(z+c) o 672A(z+c) o ean(erc) —0.
—a

Subcase 2.1. If A(z) is a non-constant polynomial, then we obtain that sA(z) +
tA(z+c) is a non-constant polynomial, where s, t(# —s) are two integers such that
52 + 12 # 0. Hence, by Lemma and , we have a contradiction.

Subcase 2.2. If A(z) is a transcendental entire function of order less than 1.
Then, using the same way of Subcase 1.2, we have AA(z) + pA(z + ¢) must be
transcendental, where ), p are two integers such that A2 4+ p? # 0. Hence, applying
Lemma to , we obtian a contradiction.

Case 3. If
(2.8) Fz)=(a=b)(e* +e? 4. e D) 4 g,
and
(2.9) fzte)=(a—b)(e* + 4+ 4T 1 g,

Then, by and , it follows that

(n+1)AemTDA Lo 424724 4 Ale? 4 .
(2.10) b—a

— e Alte) _ gm240+e) 4 L om(nHDAG+) -
and as in Case 2, we get a contradiction. Therefore, f'(2) = f(z + ¢).
Remark. From the proof of the Theorem we can find that Lemma [2.1| can
make our proof of Theorem very simple. However, without the application of
Lemma [2.1] our proof will be very cumbersome. In fact, we have already given a
complicated proof before. In addition, using Lemma we can not only give a
very simple proof of Theorem B [25, Theorem 1.1], but also improve Theorem B.
Theorem B. Let f(z) be a transcendental entire function of finite order and a,b
be two distinct constants. If Af(z) = f(z+¢)— f(2)(£0) and f(z) share a,b CM,
then Af(z) = f(2).
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In fact, we have

Theorem 2.2. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a,b be two distinct constants. If Af(z)(# 0) and f(z) share a,b
CM, then Af(z) = f(z).

The proof of Theorem [2.2 is similar to the proof of Theorem [2.1} For the
convenience of the reader, we will give a brief proof here.
Proof of Theorem Similarly as in Theorem if f(z) # Af(z), then we

have three possibilities:

Case 1.
(2.11) (1= et —de! — (1—d)e " +d+ I
—a
Case 2.
b

enA+e(n71)A+H’€A+7+67A+672A+.”+67n14
(2.12) b—a

_ e—A(z—i—c) + 6—2A(z+c) NS e—nA(z—H:) = 0.
Case 3.

DA L gnd A4 —A 24 L (kDA
(2.13) b—a

e Alte) 4 o=24(z+e) 4 4 o—(ntDAG+e) _ (.
The only difference the proof of Theorem [2.1]is that, we need to prove one more case:
A(z+c¢) — A(z) is not a constant, when A(z) is a non-constant polynomial.
Here, we only prove the Case 1, as for the Cases 2 and 3, we can prove similarly.

Otherwise, we suppose A(z + 1) — A(z) = a, where « is a constant. Then, from
Lemma [2:4] we have o # 0. Further, we have

(2.14) A(z) = az+ B,

where  is a constant. Substituting into , it follows that

(2.15) (1= d)e®* B — def)e® 1 d + ﬁ —(1—d)ePem* = 0.
Applying Lemma to , we get a contradiction. Thus, A(z+c) — A(z) is not

a constant.

3. FUNCTIONS SHARE ONE VALUE CM or IM

First of all, let’s give the definitions that we need in the following proof.
Definitions. Suppose that z is a zero of F — 1 with multiplicity m, meanwhile,
a zero of G — 1 with multiplicity n. Then, we denote by Ny (r, ﬁ) the reduced
counting function of those 0-points of F' — 1 when m > n; by Ng(?“, ﬁ) the
reduced counting function of those 0-points of F'— 1 when m = n > 2. In addition,
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L) is the counting function of zeros of F' whose multiplicities are greater

N(2 (Ta il

than 2, Ny(r, %) is the counting function of zeros of F’ but not the zeros of F and
F —1. Notations N (r, ), Ng(r, &) Na(r, &) and No(r, &) can be similarly
defined. Moreover, we define §(0, f) as following
N(r, $)
0(0, f) =1—limsu A
(0, f) mSUp

Since in [21], we have given partial results for cases “1 CM + 1IM"and “2 IM". Hence,

in the following, we just give the result of f/(z) share one value with f(z+c), under

the deficiency assumption.

Theorem 3.1. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a(# 0) € C. If f'(z) and f(z + ¢) share a CM and (0, f) > 1.
Then, f'(z) = f(z +¢).

For the sharing assumption “1 IM”, we obtain

Theorem 3.2. Let f(z) be a transcendental entire function of hyper-order strictly
less than 1, and let a(# 0) € C. If f'(2) and f(z + c) share a IM and §(0, f) > 2.
Then, f'(z) = f(z +¢).

In order to prove Theorems we need the following lemmas. From Theorem

5.1 in [§], we can immediately obtain the following result:

Lemma 3.1. Let f(z) be a meromorphic function of hyper-order strictly less than

1. Then,
i (+2559) o () s

Remark. Here and below, we denote by S(r, f) any quantity satisfying S(r, f) =
o(T(r, f)) as r — oo outside a possible exceptional set of finite logarithmic measure.
Meanwhile, by Si(r, f) we denote any quantity satisfying Si(r, f) = o(T'(r, f)) for
all r outside of a possible exceptional set of finite linear measure.

From Lemma 8.3 in [§] and Lemma we have the following lemma:

Lemma 3.2. [3| Lemma 5.1] Let f(z) be a meromorphic function of hyper-order

strictly less than 1, then we have
T(r,f(z+¢) =T(r, )+ 5(r ).

The following result is just a simple modification of the result of meromorphic

functions with finite order in Lemma 2.5 [18]:
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Lemma 3.3. Let f(z) be a meromorphic function of hyper-order strictly less than
1, then

N (T, f(zl+C)> < N(r, %) +S(r, f).

Lemma 3.4. [23, Theorem 1.24] Suppose f(z) is a non-zero meromorphic function

in the complex plane and k is a positive integer. Then,
1 1 —
N (g ) < N0+ BN+ 810

Lemma 3.5. [24] Lemma 3] Let F'(z) and G(z) be two non-constant meromorphic

functions, and let

([ F"(2) 2F'(2) G'"(z) 2G'(2)
o0 o= (55w or) (G0 em )
If F(z) and G(2) share 1 IM and ®(z) # 0. Then,

1
F—

(3.2) NY(r,

2 < N(r,®) + Si(r, F) + 517, G),

where Né) (r, ﬁ) is the reduced counting function of the common simple zeros of
F—1and G—-1.

Proof of Theorem [3.2] Set

(3.3) P =220 e =

Then, by the sharing values assumption, we get F'(z) and G(z) share 1 IM. Moreover,
T(r,F) =T(r, f') + S(r, f) <T(r, f) + S(r, ).
And Lemma [3.2] gives
T(r,G)=T(r,f(z4+¢c))+S(r, f)=T(r, f)+ S(r, f).

Hence,
S(TvF):S(Taf), S(TvG):S(Taf)'

Further, from Lemma, it follows that

(3.4) N(r, %) < N(r, %) +S(r, f) < N(r, %) +S(r, f).
And Lemma [3.3] leads to

1 1 1
(3.5) N(TaG)<N(7';f(Z+c)>+S(T»f)<N(7"af)+S(T»f)'

Let ®(z) be given by (3.1). Then, we will discuss two cases as follows.
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Case 1. Suppose ®(z) £ 0. Then, from (3.1)) and the sharing values assumption,

we have
1
"F—1

+ No(r,

_ 1 _
N(’I’,‘I)) < N(Q(T7 F) + N(2(T

1
G-1

+NL(T’ )

+5(r, f)-

1
76)
) + No(r,

(3.6)

+ NL(T7

F’) G’>

Moreover, we have

— 1 1) 1 2 1 1 1
N =N Ny N —_— N —_—).
np =) = Ne g+ N O =) + Nulr =) + Vel =)
Noting F'(z) and G(z) share 1 IM, and so
— 1 — 1
N(r, —— N(r, ——
oy TOFD NG
’ 1
= 2N} 2N 2N 2N
E<T’F—1)+ E(T7F71>+ L(T7F—l)+ L(’G*1>
Thus, combining (3.2), (3.6) and (3.7) yields
1 1
N =) + N g =)
1 1
< N(r,®) + N (r, ——) + 2N
— (’I“, )+ E(T7F71)+ E(T’Ffl)
1
(38)  +2NL(r ) + 2N, o) + 50 f)
< N l)+N( l)+3N( #)+3N( ! )
> (QTaF (2T7G LT,F—]. LT,G_].
1) 2
+NE(r,F71)+2NE(7",F71)+N0( F,)+NO( G,)+S(rf)
Obviously,
Np(r ! )+ 2N (r L)—i—Nl)(r 1 )+2N(2(r )
"G-1 "F—1 ENT R -1 ENTE -1
1
gN(r,ﬁ)gT(r,F)JrS(r,f).
Substituting the above inequality into (3.8)) yields
— 1 — 1
N(ﬁﬁ)‘*‘N(ﬁm)
(39) < Nelrg)+ Nalr =) +2Np(r, o) + No(r, )
. = (2T7F (ZT’G LT,G 1 Ler_l
+ Nolr, 35) + No(r, ) + T, ) + 8(r, ),

On the other hand, applying the second main theorem, we derive that

T(r,F)+T(r,G)

(3.10) <N(r, %) +N(r, %) +N(r, é) + N(r, G 1_ 1)
— No(r, ;,) No(r, Gl,)+5( f).
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It is easy to see

— 1 — 1 1 — 1 — 1 1
. N — —) <N — N — N — )< N —).
(3 11) (’I“, F) + N(Q(ra F) > (’I“, F)) (T’ G) + (Q(T’ G) = (T, G)

Hence, it follows from (3.4)), (3.5) and (3.9)—(3.11), that
T(r,f)=T(r,G)+S(r,[)

1 1 1 1
< il — - -
(312) = N(T7 F)+N(’f’, G)+2NL(T7 G71)+NL(T7F71)+S(Taf)
1 1
< — e — .
_2N(T7f)+2NL(T7G_1)+NL(T7F_1)+S(raf)
Furthermore, by Lemma [3.4 and (3.4)), we obtain
1 1 1 1
. —) < —) < — < - .
(313) NL(er_l)—N(’rﬂF,)—N(TvF)—’_S(va)—N(rvf)—’_s(rvf)
Similarly, we have
1 1
. N, < N(r,= .
(3.14) Lr, =) = N(r, f)+5(r,f)

Substituting (3.13)) and (3.14) into (3.12)) yields that

T(r, f) < 5N(r, %) S0 ),

which contradicts the assumption §(0, f) > %.
Case 2. Suppose ®(z) = 0. Then, integrating twice, it follows from (3.1 that

1 a

G-1 F-1
where a(# 0) and S are constants. Rewrite (3.15) as
(B-a)G+(a=p-1)
G —(B+1)
Subcase 2.1. If 8 # 0, —1. Then, by (3.16)), we have

. 1 .
N (T7G_5H> :N(T7F)

B
From the second main theorem and (3.5), we obtain

T(va) :T(T’G)+S(T7f)

(3.15) + 0,

(3.16) F=

— 1 — 1

< N(r, é) +N(r,F)+ S(r, f) < N(r, %) +S(r, f),

which contradicts the assumption (0, f) > 1.
Subcase 2.2. If 8 = 0. Then, we rewrite (3.16) as

(3.18) F=aG—(a—1).
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If @ # 1, then by (3.18)), we have

— 1 — 1
N (T, C;'_O‘al> = N('r', F)
Similarly as Subcase 2.1, we get a contradiction as well.
If @ = 1, then by (3.18), we have F' = G. That is, f'(2) = f(z + ¢).
Subcase 2.3. If 8 = —1. Then, (3.16)) can be rewritten as
NG —
(3.19) F= %,

If @ # —1, then by (3.19)), it follows that

_ | 1
N< G_> =N, %),

a—+1
Using the same reasoning as in Subcase 2.1, we also get a contradiction.
If o = —1. then (3.19) leads to F'G = 1, which means that

(3.20) f'f(z+¢)=a*
By f'(z) and f(z+ ¢) share co CM and (3.20]), we deduce that

N <7~, f(zlﬂ)) — S(r. f).

Moreover, from Lemma Lemma on the logarithmic derivative and (3.20]), it
follows that

() e (0 f(1+c) #.0

<m( f'fz+¢) ( 1
- " f(z+c)? ffz+c)

§m( Zf_/’_cjz +mr—+S( )

i) S )

< m(r, ) S(r,f) = S(r, [).
Therefore, by Lemma [3.2] we have

T(r,f) =T(r,f(z+¢)) + S(r, f) = 5(r, f),

which is a contradiction.

Proof of Theorem Using the same way of Theorem we also obtain (3.12)),
ie.,

1 1
T(r, f) < 2N(T7?)+2NL(T7m)+NL(T7ﬁ) +S(r, f).

From the assumption that f(z) and f(z + ¢) share a CM, we know that F'(z) and
G(z) share 1 CM. Thus,

QNL(T

1
’j)+NL(T7 ):O-

F G-1
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And so,
T(r, f) < 2N(r, %) S0 ),

which contradicts the assumption that 6(0, f) > %
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