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Annorauusi. B pabore [1] poxaseBaercs uTo obparnmas anrebpa (Q,X) ymo-
BJIETBOPSAIOIIAA CJEAYIOmEeR bopMyie BTOPOTo TOPAKA,

VXY, 33X YV, y, 2(X (Y (2,y),2) = Y (2, X' (y, 2))),

SABJISeTCA NUHEHHOR Hajg rpynnoil. B macrogmeit ctarne qoxasniBaercs 6osee 00-
mui pesysbTaT, a KMEHHO, YTO PeryJsapHas u neiauMad airebpa (Q,X) ¢ ykasaH-
HOU HOPMYJION BTOPOTO MOPSIIKA SIBJISETCS DHI0-JIUHEHHON HA[ IPYIIION.

MSC2010 number: 03C05, 03C85, 20N05.

KuntoueBslie ciroBa: VI(V)-Tox 1eCTBO; peryssipHas v IeuMasi airebpa; SHI0-JInHeHHas
ajrebpa; KBa3UIHIOMOPQPHU3M.

1. BBEJAEHUE U NIPEABAPUTE/ILHLIE PE3Y/ILTATHI

Iycrs (Q,-) rpymnong u a € Q. O6o3HaunM vepes L,, R, cremyiomniie oTobpaske-
wust: L, = ax, R, = Xa 1 HA30BEM COOTBECTBEHHO JIEBBIM U IMPABLIM YMHOKEHHEM.

Ppynnons (Q, -) Ha3bIBaeTCs C AEJIEHUEM, eCJu i Jiro0oro a € Q L, u R, ciopb-
eKTUBHBIE O0TOOpaxkenus. Bunaphas amrebpa (Q,Y) Ha3bIBAeTCA C JEJTEHUEM, €CIIH
(Q, A) gaBisiercsi IPYIIIOUIOM C JeeHueM Jisi jioboro A € Y.

Hasosem rpymmons (Q, -) JIeBO-PeryIsipHBIM, €CIIH:
ca=cb= R, = Ry,

rje a,b, ¢ € Q. AHAJIOrMYHO OmpeessieTcsi MPaBo-peryaapHbiii rpymnmona. Hazasem
IPYTION T, PETYJISIPHBIM, €CJTH OH OJIHOBPEMEHHO JIEBO-PETYIIAPHBIH U MPABO-PETYIAPHBIH.
Bunapuas anrebpa (Q, ) nasbiBaercs peryispubim, eciau ((Q, A) sBisiercst peryssp-

HBIM TPYMIIOUAOM JIjTst jTI0boro A € 3.

Onpepesienne 1.1. [2][3] I'pynnoud (Q, A) 2omomonen epynnoudy (Q, B), eacu cy-
wecmeyom makue omobpasicenua «, 3,7y : Q — Q, WMo umeem Mecmo paseHcmeo
vA(z,y) = Blax,By), daa awbuzr x,y € Q. Tozda mpoiixa («, 5,7) nasweaemca

eomomonets uz (Q, A) 6 (Q,B). Ecau v = idg mozda cradicem, 4mo smu epynnouds
3
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2Aa6H0 2omomonno. Ecau a, ﬁ, Y CHOPBEKTNUBHLE 0m06paOfC€HUﬂ mozda Ha308em Imu

epynnouam INUMONHBMU UAU 2AG6HO INUMONHBIMU COOMBECTNBEHHO.

Onpenenenne 1.2. Omobpasicenue v : QQ — Q Hasveaemcsa 2omomonets 2pynou-
da (Q,A), ecau cywecmeyrom maxue omobposicenusn «, 3 : Q — Q, wmo mpoiixa
(ar, B,7) bydem zomomonets us (Q,A) s (Q, A).

Onpenesienne 1.3. [4] Bunapnas anzebpa (Q, %) 2omomonna epynnoudy (Q, ), ec-
au epynnoud (Q,A) zomomonen zpynnoudy (Q,-) dasn awbozo A € Y. Taxum oice
00pa3oM ONPEICAALTNCA 2AABHAA 20MOMONHOCTIG, INUMONHOCTIG U 2AG6HAA INUTNOT-

Hocmb bunaprot anzebpo, (Q,%) 2pynnoudy (Q, ).

Omnpenesenne 1.4. Bunapras anzebpa (Q,X) nasvisaemcs smdo-auneinot nad epyn-
noudom (Q, -), ecau xaocdas onepayus A € ¥ aeasemea sndo-sunetinoti nad 2pynno-
udom (Q,-), m. e. das Kaswcdozo A € ¥ cywecmeyom clopseKmueHsie IH00MOPPHUIMbL

da,Va epynno (Q, ) u saemenm ta us Q, 048 KOMOPOIL UMEET MECTIO PABEHCNEO:
A(x,y) = dpax - (Yay - ta)

das a06020 T,y € Q.

Onpenenenune 1.5. Omobpasicenue ¢ : Q — Q ABaseMCHA K6A3UIHOOMOPHUIMOM

epynnos (Q, ), ecau
d(xy) = ¢z - (¢1)7" - ¢y
oas 6cex x,y € Q, 2de 1 - edunuya epynnv (Q, ).

JIemma 1.1. Jio601 keazusndomopdusm ¢ epynnos (Q,-) umeem 6ud:
¢ = §a¢/a
2de Ea =x-a,a €Q, ud asasemcs sndomoppusmom pynn (Q, ).

Joxazameavcmeo. Ilycrs ¢l = k. Tlokaxem, aro ¢ = Ekflqﬁ SBJISETCST HIOMOP-
duzmom. Nmeem:
¢/(ab) = Ry-1(ab) = a - (1) 7" - gb- k™
= (¢a-k7") - (ob- k™) =¢'a- b
O

JIemma 1.2. Jlwobas zomomonus o epynnos (Q, ) AGAAEMCA KEA3UIHOOMOPPUIMOM

(Q7 )
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Zloxasamenvcmeo. COryiacHO OMpeeIeHUI0 TOMOTOINHU, JTOJ2KHBI CyIIeCTBOBATH IBE

Takue OTOOPAYKEHUs [3 ¥ 7y, YTOOBI UMEJIO0 MECTO PABEHCTBO

(1.1) a(ab) = Ba - b,

JUIst JTI00BIX a, b € Q.
Cuenas no ouepeau B (1.1) 3amensr: 1) a =1, 2) b=1, 3) a=0b=1, nonyua-

eM:
(1.2) ab=p1-vb, aa=Pa-v1l, al=p1-~1:
ITpeo6pasyem pasencrso (1.1), yuurbisas pasencrsa (1.2):
alab) =aa- (y1)7t- (1) tab=aa- (B1-y1)"' - ab=
=aa-(al)™' - ab,

T. €. (@ KBa3WIHIOMOP(PU3M. O

Teopema 1.1. [5] ITycmos (Q, A),(Q, B), (Q,C),(Q, D) epynnoudw ¢ deaenuem, a

(Q,A),(Q,C) - peeyasprw. Tozda, ecau umeem mecmo mostcdecmeo
(1.3) A(z, B(y, z)) = C(D(z,y), 2),

mo aazebpa (Q,{A, B,C, D}) bydem snumonno nexomopoti epynne (Q, ). Boaee mo-
20, cyuecmeyrom maxue Ay, As, B1, By, Cy,Cy, D1, Dy clopsexmuensie omobpasice-
HUA, YN0 UMEAU MECTO PAEEHCTMEA:

Az, y) = A1z - Agx,

Ay B(x,y) = A2 Biz - A2 By,

C(z,y) = Crz - Cax,

CQD($, y) = Ongl‘ . OQDQy,

u
Al = OlDla
Az By = C1 D,
AsBy = (.

2. OCHOBHBIE PE3VJILTATEI

Tenepb MBI I'OTOBBI C(i)OpMyJ'II/IpOBaTI) 1 JOKa3bIBaTh OCHOBHBIE PE3YJ/IbLTATHI CTAThbU.

Teopema 2.1. Iycms (Q,X) peeyaapnas anrzebpa ¢ deaenuem, u dasn soboz A, C €
Y cywecmeyrom B, D € ¥ makue, wmo umeem mecmo movicdecmeo (1.3). Tozda, cy-

wecmsyem maxas epynna (Q,-), wmo (Q,X) bydem eaaeno snumonno smot epynne.
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Joxasamenavcmeo. Ilycts A € 3, Torma u3 Teopembl 1.1 cllemyeT, 9TO CyIIEeCTBY-
tor onepaimnn A’; A” € ¥ wm makas rpymma (Q,-), 9TO MMEIOT MeCTO TOXKIECTBO
Az, Ay, 2)) = A(A"(2,y),2), u

A(z,y) = ax - By,
BA(z,y) = BAz - Boy,
A(z,y) = ¢z -y,
VA" (z,y) = Yyz - Yoy,
rie «, 3,7, A\, 0, ¢,1,§ - CIOpbEeKTUBHBIE OTODPAYKEHMUS.
U3 teopemsbr 1.1 cnenyer, aro mis joboro C' € () CymmecTBYIOT TAKHE OII€PALUN

B,D € ¥ u rpymna (Q,-¢) Takasg, 4ro umeior mecro pasencrsa A(x,B(y,z)) =
C(D(x,y),2), n

A(z,y) = acz ¢ Bey
BeB(z,y) = BeAox ¢ Bebcy
C(z,y) = oz -c Yoy
YeD(z,y) = Yoy ¢ Yodcy
rie ac, Bo, Yo, Ao, ¢, ¢c, e, dc - CIOPbeKTUBHBIE OTOOPaXKEHNUS.
Tax Kak o, B¢ CIOPBEKINH, TO CYIEeCTBYIOT Takne hg,, hg, OTOOpakeHHsA, ITO
acha, =1dg, m fchg, = 1idg.
Cremnas 3amensl © — ho %, Yy — hg,y B paBercTBe A(x,y) = ac ¢ Boy, NOIYy-
qaeM A(hao®, haoy) = T -c Y, 1 Tak Kaxk A(z,y) = ax - By, TO U3 ITUX ABYX PABEHCTB

cremyer
(2.1) z-cy = aha.x- Bhg.y.

HoxaxeM, 910 ahg,,, Bhg, OyayT bnekmuamm.
Cnenap 3ameny y = 1o B pasencrse (2.1), rme 1o - emmnuna rpymmer (Q,-¢),

HOJTy9aeM:
r = aho,r-c1 = Re,ahoo,

rae ¢ = Bhg,lc, m ﬁcl SIBJISIETCST JIEBBIM YMHOYKEHWEM TPYTIHI (Q, -¢) € 3J1eMEeHTOM
c1. Tak kak Ecl SABJISIETCsI OMEKTUBHBIM OTODDaKeHWeM, U E;l = chla TO 0l TOXKE
Oyner OMeKTHBHBIM oToOpaskeHmeM. Takmm ke obpasom [hg, Toxe OyneT OMEKTHB-
HBIM OTOOPaKEHUEM.

Crenyer, uTo mis 00X X,y € @, u aasa goboro C' € Y uMeeT MECTO PABEHCTBO

T-cY =00k pcy, rae oc = dha,, pc = Phg,, T0 ecrb o¢ u pc duexknnu. Tak xak
6
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C(z,y) = ¢cx ¢ Yoy, TO cIeaB 3aMEHY MOJIY IUM:

C(x,y) = ococx - pcibcy,

rue, ocdc, oo cropbekiuu. To ectb ausa moboro C € X, (Q,C) Gyaer riaaBHO

snutonHo rpynme (@, -). O

Teopema 2.2. ITycmo (Q,X) - peeyaapnas aszebpa ¢ deaenuem, u das aobox A, C €
Y cywecmeyrom B, D € X maxue, wmo umeem mecmo mostcdecneo (1.3). Toeda,
cywecmeyem makas 2pynna (Q,-), wmo aszebpa (Q,X) 6ydem sndo-aunetinot nad

amot 2pynnod.

Jloxazameavcmeo. meem, 4o KakoBbl 661 HU ObLIn onepaiyuu A, C € X, Haiinyrcs
nse oneparuu B, D € 3 Takue, 9T0 nMeeT MecTo Toxkaecrso (1.3).
CorstacHo Teopeme 2.2, Bee OLepaIu U3 Y JIOJKHbBL ObITh IJIABHO SMUTOIHbBI OJ{HON
u Toii ke rpynme (Q,-), T. e. uMeeM:
Az, y) = aaz - Bay
B(r,y) = apx - BBy
C(z,y) = acz - Bey
D(x’y) = Q&pT- ﬁDy
e aq, Ba,ap, Be,ac, B, ap, Bp - CIOPBEKTUBHBIE OTOOPAIKEHHUS.

Cremnap 3amens! B Toxkaectse (1.3), momyanm
ac(z-y) = ashapx - Balaphs,y - -Bhesl).
Craenaem 3amensr z — hg,1l, £ = hopz m y — hg,y, tae Bchg, = apha, =

Bphg, = idg, rae 1 apasercsa enununeit rpynusl (@, ). Torza u3 nocnennero pasen-

CTBa TIOJLY IUM
aC(x : y) = O‘Ahan : ﬁA(O‘BhﬁDy : ﬁBhﬁcl)v
WIIH
ac(z-y) =ox - py,
rie 0 = aqhg, 1 = BaRiaphg,y, tae | = Bphg, 1.
Coruacuo nemme 1.2, a¢ Gyner kBaszusngomopdusmom (Q, -), a u3 semmbr 1.1 no-
JIy9HM, 9TO
ac = Eta/Cv

rae R, - npaBoe yMHOXKeHHe TPyl ((), -), & A ABISIETCS SHAOMOP(U3MOM IPYIIIIEL

(Q7 )
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CiienoBaTeIbHO MOIydaeM, 9T0 Jjist 11060ro C' € X mMeeT MecTo PaBeHCTBO

(2.2 C(x,y) = acz - Boy = Rialpx - Boy = alpa - t - Boy =

= agx - Lifcy = agx - Yoy,

L€ (v - CIOPBEKTUBHBIN SHI0MOP()U3M, & V¢ - CIOPBEKTHBHOE 0TOOpaZKEHNe.

U3 pasencrsa (2.2) renepb nosy4daem:

<
~—
Il

(IE, *YAY

AT
BT - YBY
cr
DI

S\@\

“Ycoy
"YDY

S Qe

(
(
(

—_ — —

x
Zz,
x

R e w

)

re ¢4, ¢, Pc, dp - CIOPHEKTUBHBIE SHIOMOPMUBMEL, & YA, VB, YO, YD - CIOPHEKTHUB-

HbIe OTOOparKeHNsI.

Cremnap 3amensl B ToxkaecTse (1.3), momydanm:

dax-v4(dBY - VYBZ) = ¢c(PpT - VDY) - YO 2.

Cremaem 3amensl & — g, 1,y — hep,yu 2 — hy,y, vae pahg, = ¢Bhe, = VB, =

idg, u 1 aBnsiercs equuuneii rpynnst (Q, -). Toraa u3 nocieiHero paBeHCTBA Oy THM:
Ya(y - 2) = dc(¢phes1 - YDhepY) - Yohys 2,
W
valy - z) =0y - vz,

e 0 = gbcif’me)B uv="ychy,, tne f = ¢phg,1.

Cornacuo aemme 1.2, v4 6yzmer kBasmsnmomopduamom (Q,-) n n3 jgemmsr 1.1 mo-
JIy9IHAM, 9TO Y4 = ﬁgijzA, rye Eg - npaBoe ymHoxKenue B rpyie (Q, ), u ¥4 aBisercs
sugomopduszmom rpymubl (Q, ). CremoBarenbho, aus jwodoro A € X uMeer mMecTo

PaBEHCTBO

Alz,y) = pax - Yoy = dax - §9¢Ay = QAT YAy - ga,

rie ¢, - CIOpbEKTUBHBIE HI0MOPdU3MbL rpynubl (Q, ), a g4 - sjaement u3 Q. O

Abstract. In [1] is proved that the invertible algebra (Q, X) satisfying the following

second-order formula

vX,Y, 3X/7 Y’Vm,y, z(X(Y’(:my), Z) = Y(.%‘, X/(y7 Z))>7
8
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is linear over the group. In this paper, we prove a more General result, namely that
the regular and divisible algebra (@, ) with the specified second-order formula is

endo-linear over the group.
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Abstract. In this paper we prove that a planar set X of at most mn — 1 points,
where m < n, is k-dependent, if and only if there exists a number r, 1 <r <m — 1,
and an essentially k-dependent subset ) C X, #) > rs, where r + s — 3 = K, belonging
to an algebraic curve of degree r, and not belonging to any curve of degree less than r.
Moreover, if #) = rs then the set ) coincides with the set of intersection points of some
two curves of degrees r and s, respectively. Let us mention that the first three criteria of

the scale, for m = 1,2, 3, are well-known results.
MSC2010 number: 14H50; 41A05; 41A63.

Keywords: plane algebraic curve; intersection point; n-poised set; n-independent
set.

1. INTRODUCTION, n-INDEPENDENCE

Denote by II,, the space of bivariate algebraic polynomials of total degree less
than or equal to n. Its dimension is given by
N := dimIIL, = (”+2).
2
A plane algebraic curve is the zero set of some bivariate polynomial. To simplify
notation, we shall use the same letter p, say, to denote the polynomial p and the
curve given by the equation p(z,y) = 0. More precisely, suppose p is a polynomial
without multiple factors. Then the plane curve defined by the equation p(z,y) =0
shall also be denoted by p. So lines, conics, and cubics are equivalent to polynomials
of degree 1, 2, and 3, respectively.

Suppose a set of k distinct points is given:
Xy, = {(zs,y3) i =1,2,...,k} c C2
The problem of finding a polynomial p € II,, which satisfies the conditions
(1.1) p(ziy) =c¢, t=1,...k,
is called interpolation problem. We denote this problem by (IL,,, X). The polynomial

p is called interpolating polynomial.

Definition 1.1. The set of points X} is called n-poised, if for any data (cq, ..., cx),

there is a unique polynomial p € II,, satisfying the conditions (1.1).
10
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By a Linear Algebra argument a necessary condition for n-poisedness is
k = #X;, = dimIl, = N.

Definition 1.2. The interpolating problem (II,,, X)) is called n-solvable, if for any
data (c1, ... cg), there exists a (not necessarily unique) polynomial p € II,, satisfying
the conditions (1.1).

A polynomial p € 11, is called n-fundamental polynomial of a point A € X, if

p(4) =1 and p’X\{A} = 0, where p‘X means the restriction of p to X'. We shall
denote such a polynomial by p} .
Sometimes we call n-fundamental also a polynomial from II,, that just vanishes at
all the points of X but A, since such a polynomial is a nonzero constant multiple
of p%. A fundamental polynomial can be described as a plane curve containing all
but one point of X.

Next we consider an important concept of n-independence and n-dependence of
point sets (see [1], [2], [4])-

Definition 1.3. A set of points X is called n-independent, if each its point has an

n-fundamental polynomial. Otherwise, it is called n-dependent.

Since the fundamental polynomials are linearly independent, we get that #X <

N is a necessary condition for n-independence.

Proposition 1.1. A set X is n-independent if and only if the interpolation problem
(I1,,, X) is n-solvable.

Proof. Suppose X := Xj. In the case of n-independence we have the following

Lagrange formula for a polynomial p € II,, satisfying interpolating conditions (1.1):

k
p=>_cp}.
=1

On the other hand if the interpolation problem is n-solvable then for each point
(zi,yi), © = 1,...,k, there exists an n-fundamental polynomial. Indeed, it is the

solution of the interpolation problem (1.1), where ¢; =1, and ¢; =0 Vj # 4. ]

Definition 1.4. A set of points X is called essentially n-dependent, if none of its

points has an n-fundamental polynomial.

If a point set X" is n-dependent, then for some A € X, there is no n-fundamental

polynomial, which means that for any polynomial p € II,, we have that

p‘X\{A} =0 11:> p(A) = 0.
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Thus a set X is essentially n-dependent means that any plane curve of degree n
containing all but one point of X, contains all of X.

In the proof of the main result we will need the following

Proposition 1.2 ([5], Cor. 2.2). Suppose a set X is given. Denote by ) the subset
of X that have n-fundamental polynomials with respect to X. Then the set X'\ Y is

essentially n-dependent.
Corollary 1.1. Any n-dependent point set has essentially n-dependent subset.

Set d(n, k) := dimII,, — dimII,_j. It is easily seen that d(n,k) = (n+1) +n +
o+ (n—k+2)=1k(2n—k+3),if k <n.
In the sequel we will need the following well-known proposition (see, e.g., [7],

Proposition 3.1).

Proposition 1.3. Let g be a curve of degree k without multiple components and

k < n. Then the following assertions hold:

(i) Any set of more than d(n, k) points located on the curve q is n-dependent;
(ii) Any set X of d(n, k) points located on the curve q is n-independent if and
only if

pell,, p|X:O:>p:fq, where f € I, _g.

Corollary 1.2. The following assertions hold:

(i) Any set of at least n 4 2 points located on a line is n-dependent;
(ii) Any set of at least 2n + 2 points located on a conic is n-dependent;

(iil) Any set of at least 3n + 1 points located on a cubic is n-dependent.

2. SOME KNOWN RESULTS

Let us start with the three known results which coincide with the first three

items of the scale established in this paper, respectively.
Theorem 2.1 ([8]). Any set X consisting of at most n+1 points is n-independent.

Theorem 2.2 ([1], Prop. 1). A set X with no more than 2n+2 points on the plane
is n-dependent if and only if either n+2 of them are collinear or #X = 2n+2 and
all the 2n + 2 points belong to a conic.

Theorem 2.3 ([3], Thm. 5.1). A set X consisting of at most 3n points is n-
dependent if and only if at least one of the following conditions hold:

(i) n+ 2 points are collinear;

(ii) 2n + 2 points belong to a (possibly reducible) conic;
12
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(iil) #X = 3n, and there exist o3 € I3 and o, € II,, such that X = o3 Noy,.

The following two results describe some properties of essentially dependent point

sets laying in a curves of certain degrees.

Proposition 2.1 (6], Prop. 3.3). Suppose that m < n. If a set X of at most mn
points is essentially k-dependent then all the points of X lay in a curve of degree

m.
We say that a curve o is not empty with respect to a set X' if X No # @.

Theorem 2.4 ([6], Thm. 3.4). Assume that oy, is a curve of degree m, which is
either irreducible or is reducible such that all its irreducible components are not
empty with respect to a set X C o,,, where X is essentially k-dependent and m <
n + 2. Then we have that #X > mn.

The next result states a necessary and sufficient conditions for a set of mn points
to coincide with the set of the intersection points of some two plane algebraic curves

of degrees m and n, respectively.

Theorem 2.5 ([6], Thm. 3.1). A set X with #X = mn, m < n, is the set of
intersection points of some two plane curves of degrees m and n, respectively, if
and only if the following two conditions are satisfied:

(i) The set X is essentially (m + n — 3)-dependent;

(ii) No curve of degree less than m contains all of X.

3. MAIN RESULT
By combining Proposition 2.1 and Theorem 2.4 we readily get the following

Proposition 3.1. Suppose that X is an essentially r-dependent point set with
#X < mn — 1, where m < n, and kK = m +n — 3. Then there exists a number r,
1<r<m-—1, and a curve o, of degree r, such that the following conditions hold:
(i) #X > rs, wherer + s —3 =k;
(ii) o contains all of X

(iii) There is no curve of degree less than r containing all of X.

Proof. We obtain from Proposition 2.1 that the set of points & lies in a curve
o of degree at most m. Without loss of generality we may assume that o is either
irreducible or is reducible such that all its irreducible components are not empty
with respect to the set A'. Then, notice that the degree of the curve does not equal
m, since in that case, in view of Theorem 2.4, we would have that #X > mn.

Finally, consider such a curve o, of the smallest possible degree 1 < r < m — 1.
13
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Note that r < kK — r 4+ 3 since r < m < k —m + 3. Now, Theorem 2.4 implies that
#X > rs, where r +s — 3 = k. (Il

Now we are in a position to formulate the main result of the paper:

Theorem 3.1. Suppose that X is a set of points such that #X < mn — 1, where
m < n. Then X is k-dependent, where k = m + n — 3, if and only if there exist a
numberr, 1 <r <m-—1, and an essentially k-dependent subset Y C X, #Y > rs,
where r + s — 3 = K, belonging to a curve of degree r, and not belonging to any
curve of degree less than r.

Moreover, if #Y = rs then we have that ) coincides with the set of intersection

points of some two plane curves of degrees r and s respectively.

Proof. The sufficiency part is obvious. If some set has a x-dependent subset
then the set itself is k-dependent. Now let us prove the part of necessity.

We have that the set X is k-dependent. By the Corollary 1.1 there exists some
essentially k-dependent subset J C X'. Now, applying Proposition 3.1 to the set of
points ) we get that there exists a curve o, of degree r, 1 <r < m — 1, containing
all of ), such that #) > rs, where r + s — 3 = k, and there is no curve of lower
degree containing all of ).

Finally, let us prove the "moreover"part of the theorem. Here we have that )
is essentially k-dependent, #) = rs and there is no curve of degree less than r
passing through all the points of ). Notice also that r < s since r <m < Kk —r+ 3.
Hence we get from Theorem 2.5 that ) is the set of intersection points of some two
plane curves of degrees r and s, respectively. (I

Now, let us mention some necessary conditions for the set X’ to be able to apply
Theorem 3.1. Suppose that we have a k-dependent set X'. We need to find such
numbers m and n, for which #X < mn, where m +n — 3 = k and m < n. Since
the the expression mn achieves its maximum when m = n = (k + 3)/2, then #X
must be not more than |(k + 3)2/4].

4. SOME SPECIAL CASES OF THEOREM 3.1

In this section we verify that Theorem 3.1 is a generalization of Theorems 2.1,
2.2 and 2.3. For this purpose let us formulate Theorem 3.1 in the special cases with
m=1,23,4.

Case m = 1. A set X of at most x+1 points is never k-dependent. This is equivalent
to Theorem 2.1.
Case m = 2. A set X of at most 2x + 1 points is k-dependent if and only if k + 2

points of X are collinear.
14
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Case m = 3. A set X of at most 3k — 1 points is k-dependent, if and only if one of
the following conditions hold:

(i) x4+ 2 points of X belong to a line,
(ii) 2k 4+ 2 points of X’ belong to a conic.

Clearly the statement in Case m = 3 is a generalization of Theorem 2.2.
Case m = 4. A set X of at most 4k — 5 points is k-dependent, if and only if one of

the following conditions hold:

(i) K+ 2 points of X belong to a line,
(ii) 2k 4+ 2 points of X belong to a conic,
(iii) #X = 3k and X coincides with an intersection points of some two algebraic
curves of degrees 3 and &,

(iv) more than 3x points of X belong to a cubic.

Finally, this statement generalizes Theorem 2.3.

Note that in above statements we used Corollary 1.2.
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1. DyAaDIC HARDY SPACES AND CONJUGATE TRANSFORMS

Let P denote the set of positive integers, N:=PU{0}, the set of all integers by Z
and the set of dyadic rational numbers in the unit interval T := [0,1) by Q. In
particular, each element of Q has the form £ for some p,n € N, 0 <p < 2"

Denote by Zs the discrete cyclic group of order 2, that is Z; = {0,1}, where
the group operation is the modulo 2 addition and every subset is open. The Haar
measure on Z, is given such that the measure of a singleton is 1/2. Let G be the
complete direct product of the countable infinite copies of the compact groups Zs.
The elements of G are of the form = = (xg, 21, ..., Tk, ...) with z; € {0,1} (k € N).
The group operation on G is the coordinate-wise addition, the measure (denote by )
and the topology are the product measure and topology. The compact Abelian
group G is called the dyadic group. A base for the neighborhoods of G can be given

in the following way:
Iy(z) : =G, Ly(z):= I, (x0,..., Tn—1)
={ye€G:y= (0, ,Tr-1,Yns Ynst1,---)}, (z € G,n € N).

These sets are called the dyadic intervals. Let 0 = (0: ¢ € N) € G denote the null
element of G, I, := 1, (0) (n € N). For every finite set E the number of elents in
E we denote by |E|, i. e. |E| := (E)¥.
For k € N and z € G denote 7 (z) := (—1)"*, the k-th Rademacher function on
dyadic group G.
16
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Denote the dyadic expansion of ¢ € I by

o0

L

j=0
In the case of t € Q choose the expansion which terminates in zeros. For ¢ € T we
denote p (t) := (to,t1,...) € G.
The o-algebra generated by the dyadic intervals {I,, (z) : z € G} is denoted by
A™, more precisely, A" := o {I,, (z) : © € G}. The expectation and the conditional
expectation operators relative to A” (n € N) are denoted by E and E,,, respectively.

The norm (or quasinorm) of the space L,, is defined by
1
11l = (BP0 < p < +00).

Denote by f = (f™,n € N) martingale with respect to (A",n € N) (for details
see, e. g. [18, 19]). The maximal function of a martingale f is defined by

J* = sup |1
neN

In case of f € L1, the maximal function can also be given by
[T =sup|E,f|.
neN
For 0 < p < oo the Hardy martingale space H,, consists of all martingales for which
11, = 1771, < oo
For a martingale

Noo (n) _ f(n—1) (-1 —
f nz_%(f Fon), e <o,

the conjugate transforms are defined by

FO S ralp®) (500 = g
n=0

where t € I is fixed.

Note that f(o) = f. As is well known, if f is an integrable function, then
conjugate transforms f(t) do exist almost everywhere, but they are not integrable
in general.

The following equation holds ([18, 19])

o

Furthermore, Khintchin’s inequality implies that

191, ~ [ (7]
I

=fly, (O<p<ootel.
Hy P

(0<p<o0).

p
dt
Hyp
17
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Let Q (L) = Q (L) (I) be the Orlicz space [9] generated by the Young function @,

i.e. Q) is convex continuous even function such that Q(0) = 0 and

lim L (u) = 400, lim 762 (u)

Uu——+00 u u—0 U

=0.
This space is endowed with the norm

1o = inf{k > 0 / QUfI/k) <1},
I

In particular, if Q(u) = ulog(l + u),u > 0 then the corresponding space will be
denoted by Llog™ L(I).

2. WALSH SYSTEM AND CONJUGATE FEJIIR MEANS

Let m € N, then m = Z m;2', where m; € {0,1} (i € N), i.e. m is expressed

in the number system of base 2. Denote |m| := max{j € Nim; # 0}, that is,
2lml < < olmi+1,

The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

o lm|—1
wnn () = [T (0 @)™ = iy (@) (=) & ™7 @ eGmeP).
k=0

The Walsh-Dirichlet kernel is defined by

n—1
k=0

Recall that ([14], [8])

2mif ¢ € I,
(2.1) Dar (z) = { 0, if x € G\I,,
and
(2.2) D, an (Dgr+1 () — Dar () .

Let « € I;\Ij41. Then from (2.1) and (2.2) we have

j-1
D, (z) = w, (x) (Z np2® — nj2j> .
k=0

Hence,

where

18
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The partial sums of the Walsh-Fourier series are defined as follows:

M—1

Sufi=Y Fi)w,
i=0

where the number f(z) = F (fw;) is said to be the ith Walsh-Fourier coefficient of
the function f. It is easy to see that E,, (f) = San (f).
For any given n € N it is possible to write n uniquely as n = > nz2¥, where

k=0
ny = 0 or 1 for k € N. This expression will be called the binary expansion of n and

the numbers n; will be called the binary coefficients of n.

Define the variation of an n € N with binary coefficients (ny : k € N) by
14 (n) = Z |7’Lk — nk,1| + ng.
k=1

The Fejér means of Walsh-Fourier series is defined as follows

n—1

anf::%ZSkf (neP).

k=0

If f € L; then it is easy to show that the sequence (E,, (f) : n € N) is a martingale.
If f is a martingale, that is f = (f(™ : n € N) then the Walsh-Fourier coefficients
must be defined in a little bit different way:

(2.3) F()= lim E (f(k)wZ) .
k—o0
The Walsh-Fourier coefficients of f € L, are the same as the ones of the martingale

(E, (f) : n € N) obtained from f.
Let

Bo (t) =10 (p (1), B (t) = (p (1)) if 2771 < k< 2™
Then the nth partial sums of the conjugate transforms is given by
n—1
Sf=3 8@ f(R)we (telneP).
k=0

Let 2V < n < 2N+l Then we have

N
SO = ro(p®) FO) wo+ > r(p(t) (Eif — Ei_1f)
=1
+rv 11 (p (1) (Suf = Enf)

N
(D" Ef+> r(pt) (Eif — Ei_1f)
=1

+rag1 (p (1) (Suf — Exf) = f+ DY,
19
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where
_ N-1
D) = 3" (=1)""** (Do — Dyi) + (—1)"™** (Dy, = Dyw), Dyr = 0.

n
i=—1

It is easy to see that (—1)" =1 — 2t;. Then for DY we can write

N-1
DY = 3" (1=2tis1) (Dasr — Do) + (1= 2ty 41) (D — Don)
i=—1
N-1
= Dp—2 Y tiy1(Dower — Dai) = 2ty 41 (Dy — Do)
i=—1

Set
N—-1
i=0
Then from (2.2) we get
DY = D,, — 2w, Dy, — 2tn 11 (D, — Don) — 210,

The conjugate (C, 1)-means of a martingale f are introduced by
1 n—1 ®
FPf==>"8) telneP).
o f 02 o ( N )

The notiation a < b in the proofs stands for a < ¢-b, where c is an absolute constant.

3. TWO SIDES ESTIMATION OF LEBESGUE CONSTANT OF CONJUGATE

WALSH-FOURIER SERIES

Denote by L,, the lebesgue constants of the Walsh system:

Ly ::/|Dn|du.
G

These constants were studied by many authors. For the trigonometric system it is
important to note that results of Fejiir and Szegx, the letter gave in [16] an explicit
formula for Lebesgue constants, namely,

L—lGOO ! troaleg !
”_ﬁ2k214k2—1 3 5 2k(2n+1)—1/)"

Along with the trigonometric system the Walsh-Paley system is also severely studied
for its importance in applications. The most properties of Lebesgue constants with
respect to the Walsh-Paley system were obtained by Fine in [2]. In ([14], p. 34), the

two-sided estimate

(3.1)
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is proved. In [10], Lukomskii presented the estimate L, > V (n)/4. Malykhin,
Telyakovskii and Kholshchevnikova [11] improved the estimation (3.1) and proved
the following

Theorem MTK. For any positive integer n, the two-sided inequality
Vin)+1

3
is valid. Here the factors 1/3 and 1 are sharp.

<L,<Vi(n)

We would like to mention the work of Astashkin and Semenov [1] in which
the sharp two-sided estimate for Lebesgue constants with respect to Walsh-Paley
system are obtained.

The Walsh- Fejér kernels were studied by Toledo [17], in particular the following

is proved

17
sup {|| Kyl :n € P} = TR

Denote by Lgf) the lebesgue constants of the conjugate transforms:

LY ;:/‘155? +2t0‘du.
G

For n,m € N and 2V < n < 2V we define
T(n,m) :={i:n; #nj_1,m; =m;_1,1=0,1,..., N —1}.

In this section we study the properties of the Lebesgue constant of the conjugate

transforms.

Theorem 3.1. Let n is positive integer and

N—1
m=Y t;n2, 2¥<n<2VH
i=0
and t € 1. The two-sides inequality

1 1 1 2
max | = |T'(n,m)|+ =V (n) = 1,= |T'(n,m)|+ =V (m)) — 1
2 3 4 3
< LW <2v(m)+|T(n,m)| +2
is valid.

Proof. We have

N—-1

32 LY = > / ’f)ff) + 2t0’ du + / ‘D'ﬁf) + 2t0‘ du +
=0 I\Ti41 IN\IN41
+ [ |[Dp® +2to‘dp = Ji + Jo+ Js.

Inta

21
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From (2.1), it is easy to see that

/ ‘f)ﬁﬁ + 2t0‘ dy

L\Iit1

1 1
-y .y / ’59+2t0’du

$i+1:0 xN:OIN+1(0,...,0,£i:1,$i+1,...,.’I:N)

(1 = 2tn41) Dy — 2w Dy | dp

M-

x;41=0 TN

0
IN+1(0,....,0,z;=1,2;41,....sN —1,ZN)

1 1
Yy / (1 = 2t 41) Do — 2w Do d

Zit1=0 oN-1=0 IN+1(0,....0,z;=1,ziy1,....,x N —1,0)

1 1
Y Y / (1= 2tn1) Dy — 2w Do dpt

i 0 _1=0
Fit1 N1 IN+1(0,00,0,2i=1,%i41,..,xN—1,1)

1 1
-y % / (|(1 = 2t 11) Do — 20 Do +

i+1=0 _1=0
Tit1 TN-1 IN+1(0,....,0,z;=1,2iy1,..x8 —1,0)

(1= 2t 41) Dy + 2w D) dps) .

Since
la — b+ |a + b
— = max {|al, |b|}
we have
/ ‘Bét) + Qto‘ dp = / max {a; (n),2a; (m)} du
I\Ii41 Ii\Iit1
~ max{a; (n),2q; (m)}
= ST .
Hence
V! max {a; (n),2c; (M)}
(3.3) Ji=) e :
i=0
For J, and J3 we can write
(34) JQ = / |Dn - 2mem - 2tN+1 (DTL - DQN)l d:u’
IN\IN 41
|2V —n' —2m — 2tn 4y (2N — 0/ —2V)|
- 9N+1
|2N —n/ —2m+ 2tN+1n”

2N+1 )
22
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where n = 2V 4+ n/,n’ < 2V and

(3.5) J3 = / Dy, — 2w Dy — 2tn+1 (D — Don)| dp
IN+1
|7’L —2m — 2tN+1 (’I’L — 2N)|
= 2N+1 :

Combining (3.2)-(3.5) we conclude that

N-1
= (1) B max {«; (n),2q; (m)}
[P0 +2u |, = 32 =

2N+~ —2m + 2t (0 — 2N)] . In—2m —2ty41 (n—2V)]

+ oN+1 oN+1

Set A(n) ={i:|n; —n;—1] =1) and

First, we prove that S(n) > S(n(e)), where
n(e) = nn2N + .+ ne+126+1 +ne_12° + ... + np2!

and ne = Ne_1 # Neq1. Set Ae(n) = {i: i € A(n),i > e}. Then,

st =) = Y (G-

i€Ac(n)
@i (n) iy (n(e))
+ Z ( 21+l — 9it2 :
1€A(n)\Ae(n)
Since
o; (N (673 nle .
21’_(;’_1) — +;i(+2( )) = 07 (AS A(TL)\AC(TL),
we get

S(m) = Sn(e) = 3 (ﬁi@ _a}(fi(f”)

1€A(n)

For 7 > e we can write

a; (n) —ai (ne)) = |no2” + -+ +ni12"7" —n;2’|
— ()2’ +---+n(e)_, 27" —n(e), 2|
= ‘n020+ "'+’ﬂi_12i71 777,1'21-‘

— ’n021 + 4 n6_12e -+ TL6+12€+1 + 4 ’I”Li_12i71 - 77,121 .
23
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Suppose that n; = 1. Then we can write

a; (n) —a; (n(e)) = 2" —ng2® — - — ;12071

_(21 — 7’L()21 — = ne,12e — ne+126+1 — = ni,12i_1)
e—1

= ZTZJ‘QJ —ne2e.
J=0

Let now consider the case when n; = 0. Then we have
e—1
a; (n) —a; (n(e)) = — Znﬂj —ng2°¢
§=0

So, we get following
e—1
a;(n) —a; (n(e)) = (2n; —ne| — 1) Znﬂj —2°n.|.

=0

And finally, since ne41 # ne, we get

S(n) — S(ne) = |3 n2 2| Y w
j=0

i€Ac(n)
1 — 1
Z Ger2 Z 9i+1 2 0.
1=e+2

From the definition of function V (n) it is easy to see thatV(n) = V(n(e)). If we

continue this process it is easy to see that we will get

[n'|—1

/I 1ot
n = E n;2°,
i=0

where, for 0 < i < |n/| nj +nj,, = 1. First, we suppose that ny = 0. Set
n' = (010101...). Then we can write V(n) = V(n’) and S (n) > S (n’). Now, we
calculate S (n’). We suppose that V(n’) = 2s. It is easy to see that

22m+1 —92

Qg (') =2" 428 4. 4227 = 3

and

22m 4 2

Qom—1 (n/) — |21 +23 R 22m73 o 22m71 — 3
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Then we can write

Bo s = Y ey sl

m=1 m=1

S S

7 1 22mtl_ g 1 22m 42
- Z 922m~+1 3 + Z 22m 3

m=1 m=1

S

2 12 1
3—*ZW+§ZQTTH

m=1 m=1

wl N
w

Now, we suppose that nj, = 1. Set n’ = (101010...). Then we can write

22nL+1 1
Qam (n/) — |20 + 22 NI 22m—2 _ 22m| — %
and
22m -1
Qg (0) =204 224 4 P =
Hence, we have
~ agm (n) | <~ azm-1 (1)
(3.7) S = D T2
m=0 m=1
2 n 1 1 1 1 < 2
= —s+-——|[1- —s.
37727 18 2% ) 73
Combining (3.6) and (3.7), we conclude
S(n) _ Sn) 1
. > > -
(38) Vi) = V) 3
Since T'(n,m) N A(m) = &, we can write
N-1
max {a; (n),2a; (m)}
(3.9) Z 2i+1
i=0
2a; (m) a; (n)
> ) SRt X
i€ A(m)\{N} €T (n,m)
2a; (m) a;(n)  2ay(m)
- Z i1 T Z 9it1 9N+1 -
i€ A(m) €T (n,m)
From (3.8) we have
2a; (m) 2
(3.10) | > S = 28 (m) > SV(m).
i€ A(m)
It is easy to see that if n; # n;_1, then a; (n) > 271, So, we have
a;(n) _ 1
(3.11) > S 2 7 Tm)l.

€T (n,m)
25
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Combining (3.9)-(3.11) we have

N-—1
(3.12) Yo fas (273;20” (m)} %V(m) + i T (n,m)| — 1.
i=0

On the other hand, we can write

N-1
max {«; (n),2q; (m)}
313 3 el 20
i=0
ay; (n) 2a; (M)
2 > i1 T > i+l
i€A(M)\{N,N+1} 1€T(m,n)
1 1 aN (N) AN +1 (N)
> §V(n)+§|T(m,n)\f 9N+1 - 9N+2
1 1
> gV(n) t3 T (m,n)| -1

Combining (3.12) and (3.13) we have

(3.14) max (; T (n, m)| + éV(n) _1, i IT(n, m)| + §V(m)) _ 1)
N—-1
<y menlap i) <
=0

Now, we prove upper estimation. First, we prove

N-1

- 5 )
i=0
max {a; (n),2a; (M
Sy g

1€ A(m)UT (n,m)
Suppose that A(m) U T (n,m) = {ri<ra...... < rs}. Then
N-1 s—1riy1—1

max{ o 2a; (M max ozj 204] m
Y gl =3 3 men el

i=0 =1 j=r;

Let n; = n;y1 for some i. Then it is easy to see that

Q41 (n) = |2i+1ni+1 - 217’2,1 - 201’Lo| = |217’LZ - 21'71711‘_1.. - 207’Lo| = Oy (n) .
Consequently,
"0 nax {oj (n),2a; (m)} o Inax {a, (n),2a,, (m)}
Z 27+1 - oTi :
JI=Ti
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Hence (3.15) is proved. Since o; (n) < 2° (i € N) and «a; (n) < 271 (i ¢ A(n))
from (3.15) we have
N-1

gy el o, 5 e i )
=0 i€A(m)

oy mexd (272’120“ "} <914 (m)| + T (n,m)].

€T (n,m)
It is easy to see that
|2V+ — = 2m + 2t g (n—2V)|

(3.17) SN
|n —2m — Z\]rvﬂl (n—27)]| <2.
From (3.16) and (3.17)
(3.18) L® < 2V(m) + |T(n,m)| + 2.
Combining (3.14) and (3.18) we complete the proof of Theorem 3.1. O

4. UNIFORMLY BOUNDEDNESS OF CONJUGATE FEJER MEANS

The first result with respect to the a.e. convergence of the Walsh- Fejér means
onf is due to Fine [3]. Later, Schipp [12] showed that the maximal operator
o*f :=sup|o, f| is of weak type (1, 1), from which the a. e. convergence follows by
standardnargument. Schipp’s result implies by interpolation also the boundedness
of o : L, = L, (1 < p < o00). This fails to hold for p = 1 but Fujii [4] proved
that o* is bounded from the dyadic Hardy space H; to the space L; (see also
Simon [13]). Fujii’s theorem was extended by Weisz [20]. Namely, he proved that
the maximal operator ¢* f and the conjugate maximal operator &53) are bounded
from the martingale Hardy space H,, to the space L, for p > 1/2. Simon [15] gave a
counterexample, which shows that this boundedness does not hold for 0 < p < 1/2.
In [7] (see also [6], [5]) the first author proved that the maximal operator 5" is not
bounded from the Hardy space H; /5 to the space Ly ;.

Weisz [20], [21] considered the norm convergence of conjugate Fejiir means. In

particular, the following is true

Theorem A (Weisz). Ift €1 then
50| < e, (€ Hy),
Hy P

whenever p > 1/2.

Since || fllz, S1+E (|f|log™* |f]) and E|f| < | f[Iz7,» Theorem A implies that
the following is true.
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Theorem B. Let f € LlogL andt € 1. Then

(4.1) 50| S 1+ E (1f110871£1).

On the other hand, for ¢ = 0 we have following estimation.
Theorem C. Let f € Li. Then
(4:2) |50 f| = Eloafl S EISI.
In this paper we find necessary and sufficient condition on ¢ for which the

estimation (4.2) holds for conjugate Fejér means. We also prove that for dyadic

irrational ¢, Llog L is maximal Orlicz space for which the estimation (4.1) is valid.

Theorem 4.1. Lett € Q and f € Ly. ThenE

A f| S Bl

Theorem 4.2. Let t ¢ Q and Q (L) be an Orlicz space for whichQ (L) € Llog L.
Then

= Q.

~(t)
sup ||&
ApH 2l o)=L,

Proof of Theorem 4.1. Let 24 < n < 24%!. Then we can write

A 2m-—1 n—1
_ 1 ~ 1 ~
(4.3) Af=100 3 Sren 380
m=1 k=2m—1 k=24

Since for 2m~1 <k < 2™ (E_;1f =0)

@4 SUF = n(e®)FO)wo+ > ri(pt) (Bf — Errf)

m—1

from (4.3) we have

A m—1
g0 p — 1§ gmo £) (Bif — Ei
W = L n e O) (B~ )
1 A 2Mm—1
+= S rm(p®) Y. (Skf = Em-1f)
m=1 =2m-1
o k=2
+— ;7’1 (0 () (Erf — Er1f)
n—1
At (p(t)) Z (Skf — Em_1f)
1 A 1'7'7,—:12
= - Z gm—1 Z r(p(0) (Eif — Ei—1f)
m=1 1=



(4.5)

(4.7)

we can write

(4.8)

CONJUGATE TRANSFORMS ON DYADIC GROUP

1 m:l
> () 2 B f
m=1
n—24 A
H S o () (B — B )
=0
+TAH¢(Lp t)) (nonf — 2A02Af)
6
TA+lT(Lp (t)) (n _9 ) Emflf — Z ij

E|Enf| < E|f]

Elonfl| S Ef]

E|LAISElf],7=23,56.

For Ji f we can write

where

(4.9)

A
1 e
Jlf:ﬁ § 2 TE@
m=1

—

m—

EQf:= n(p®) (Bf - Eiaf).

1=

Since E;f = f x Dy we have

(4.10)

where

m—1

EQf=f+> n(p(t) (Do = Dys) 1= f + DY)

2m>
=

m—1
DS =3 1 (p(1)) (Dot — Do) .
=0
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It is easy to see that r; (t) = (—1)" = 1 — 2t;. Then for ng) we can write

m—1
Dy = (1—2t;) (Dyi — Dyi—1)
1=0
m—1
= Dom-1—2 Z t; (Dot — Doi-1)
1=0
m—2
= (1—-2tp—1)Dym-—1 —2 (t; — tig1) Dot
1=0
Consequently,
. m—2
(4.11) FrD = (1= 2ty 1) Emoaf =23 (b —tis1) Bif.
1=0

t € Q imply that

oo
Z |tl — tl+1| < 00.
=0

From (4.6) we get

E‘Er(rtz)f‘ S <|2tm1 -1 +Z It —tl+1|> Elf S EIfl.

1=0
Consequently,
1A
4.12 ElLfl = > 2" B |EWf| S Bl
(4.12) nil=5 3 ©f < Bl
Combining (4.5)-(4.12) we complete the proof of Theorem 4.1. O

Proof of Theorem 4.2. Sincet ¢ Q there exists a sequences {p; : i € P} and {¢; : i € P}
such that

0<q1 <p1<q<py<---<qga<pa<--

and
f=d LaSISP g,
0,pi <J <gi+1
Set
Ay @ =

t;=0 or 1,j€{0,1,....pa }\{q1,p1,---,.qa,pa}

IPA+1 (th "'7tq171,07tq1+17 "'7tp171a Oatp1+1a "'7th71a O7th+1, "'7tpA71a 0) :

Define the function
fa(x) :=2°"a, (),

where I is characteristic function of the set E. It is easy to see that

opa+1-2A 1
(4.13) p(Aa) = Topatl | 924"
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We can write (see (4.5) and (4.9))

2pa+1

(114) 5= gy D 2B
| Al "
a0 Tm (p() (2"0un fa = 2" ogmes fa)
s
et O Tm (0(0) 2" Eafa = Fufa+ Fafa+ Fafa.
m=1

From (4.6), (4.7) and (4.13) we have

(4.15) E|Fjfal SE|fal $1,5=2,3.

Set

A, = Ip,+1 (@0 oy gy =150, gy 115 s Tpy =1, 0, Tpy 15 00, Tgy—1, 0, T 15 ooy Tpy—1, 1)

Suppose that x € A, for some i = 1,2,..., A. Then

Eufa(@)=2" [ fa(o)du(s) = 00> p.
I,(x)

Therefore, for m > pa we obtain (see 4.11)

Pi
(4.16) EW fa(x) = =2 (ta — tay1) Eafa ()
a=0
= Y 2By 1fa(@) = 2By, fa (2)]
k=1
= SRR (L, (@) N As) — 2L, (@) N AL)].
k=1
it is easy to calculate that
9pa—(qr—1)—2(A—k+1)

w (qu71 (.’E) N AA) = patl = 2_Qk—2(A—k)—2

and
9pa—pr—[2(A—k)+1]

+1 — 271))@72(14716)72.
opaA

:L"(ka (.CC) N AA) =
Hence, from (4.16) for m > pa + 1 and x € A;,i=1,2,..., A we have

(4.17) EWfa

m

3

- ¥ quzA L9k —2(A=k)=2 _ opk+1+24 Q—pk—z(A—m—z}
k=1
: 2% — 4

_ 2k—2 _ 92k—17 _
- Z[Z 2 ] 3

k=1
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Consequently, for x € A; we get

2pa+1 2pa+1

1 m—1 7(t) 1 m—122i —4
92pa+1 Z 2By fa = T 92pa+tl Z 2 3
m=pa+1 m=pa+2
_ 1 2pa+1 pa+1 2% —4
- _22PA+1(2 AT o) 3
Since
m—1
E|EQfa| < ElEnfal+2) E|Eafal SmE|fal Sm
a=0
and
1 pa+l 1 2pa+1
_ m—177(t) —170(t)
Fufa= 22pa+1 Z 2 Bl fat 922pa+1 Z 2" By fa,
m=1 m=pa+2
we have
1 2pa+1 _
(4.18) ElFifal > B\ > zm—lE;?fA’
m=pa—+2
1 pa+1l _
T 92pa+l Z 2m71E‘E§VtL)fA‘
m=1
A 1 2pa+1
m—1 (¢
2 > [l 3 2B
i:1Z‘ m=pa+1
1 pat+l
m—1
T 92patl > 2" m
m=1
A DA
> 2 (X)) _ PA2
~ 22 /“L(Al) 922pa+1 A
i=1

Combining (4.14), (4.15) and (4.18) we have

(4.19) E ‘5§§LA+1 fA‘ > A
Let
(4.20) Q(224) > 224, A > A,.
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By virtue of estimate (see ([9]))[|fallgr) <1+ E|Q (fa)|, from (4.13) and (4.20)

we can write

~(t)

~(1)
|5 anfa| < |70 oy, allow)
(1)
< 1+E
= O92p 4 +1 QL)1 ( + |Q (fA)D
~(t) 24
Oo2p 4+1 QL)L ( + Q ( ) M( A))
_ |ls® iG]
R EE RS P e 224
2A
) Q(2*4)
S |02eart|lg Ly, —ora A Ao

Consequently, by (4.19) we have
s Azt
QL-L Y Q(224)
The fact that@ (L) € Llog L is equalent to the condition
mu log u
u=oe Q (u)
Then there exists {uy : k € P} such that

A > Ap.

22p 4 +1

(4.21) Ha“)

lim uy, log uy
k—o0 Q(uk)

and a monotonically increasing sequence of positive integers { Ay : k € P} such that

=00, Ukl >ug, k=12 ..

22Ak < U < 22(Ak+1).
Then we have

224k A, S Uk log uy,

Q(224%) ™ Q (uk)
Then, from (4.21) we conclude that

— 00 as k — oo.

= OQ.
Q(L)A)Ll

sup ‘ s
p 92Pa, +1
Theorem 4.2 is proved. |
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Abstract. The problem, posed by N. N. Luzin in 1915 on the convergence of
trigonometric series to +o0o on the set of positive measure, was solved by S. V.
Konyagin in 1988. There naturally arises the question of N. N. Luzin for double
trigonometric series. In the present paper the theorem is proved which contains

the answer to this problem.
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The question whether the trigonometric series converges to +o0o on the set of
positive measure was posed by N. N. Luzin (see [1, p. 239]) in 1915. Yu. B. Germier
[2] showed that the trigonometric series cannot be summable by the Riemmann
method to +0o0 on the set of positive measure. At the same time N. N. Luzin and
I. I. Privalov [3] have constructed an example of the trigonometric series, summable
almost everywhere to +oo by the Abel method. P. L. Ulyanov [4] has proved that if
E is a subset of the second category of the non-degenerate interval (a,b) C [—m, 7]
such that (E N (¢,d)) > 0 for every non-degenerate interval (¢,d) C (a,b), then
there does not exist the trigonometric series, converging to +o00 or to —oo when
reFL.

D. E. Menshov [5] has shown that there exists the trigonometric series, converging
in measure to 400 on [—7, 7|. A. A. Talalyan and F. G. Arutyunyan [6] have shown
that the series with respect to the Haar system cannot converge to +o0o on the set
of positive measure. V. A. Skvortsov [7] has given a simpler proof of this result. At
the same time P. L. Ulyanov [§], R. I. Ovsepyan and A. A. Talalyan [9] have shown
that there exist uniformly bounded orthonormal systems of functions such that the
series with respect to them converge to +0o on the set of positive measure.

In 1988, S. V. Konyagin [10] proved
Theorem (S. V. Konyagin). For every trigonometric series the equality

mes{z:x € [-m, 7], —co < lim S,,(z) < @m S (x) =400} =0

m—oo m
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is true, where Sy, (x) are partial sums of this series.

It is clear that this gives a negative answer to N. N. Luzin’s problem.
There naturally arises N. N. Luzin’s problem for double trigonometric series.
Below we will prove the theorem, containing an answer to this problem.

In the sequel we use the following simple

Lemma 1. Let Sy, .m, be a double sequence of numbers and

lim S = +o0.
mi=Soo mi,Mmso +
mo—r00

If there exists

lim Sy, ms,
mo—>00

then

lim ( lim Sy, mz):+oo.
mi—r00 Mo —>00

Proof. Let M > 0 be an arbitrary number. Then there exists a number N such
that
Smyms > M when m; > N, mg > N.

Going to the limit in this inequality when mo — 0o, we get

lim Sy, m, > M when m; > N.

mo—r 00
This yields the validity of the lemma. O

Consider the systems of functions
(1) {go(]) } o T ef01], j=1,2,

where every function ap(J )( i), J = 1,2, is measurable and takes finite values, and
the series
(2) Z agj)‘pn] , J=12,

n;=1

oo

¥ Z Z Cnna Py (1) P30 (22)-

n1:1 n2:1

Let

m;
50 = 3 el o)

’I’Lj:l
Sml ma ‘Tla‘TQ E E Cn17n2(i0n1 xl)cpng)(IQ)
ni=1ngs=1

be, respectively, partial sums of series (2) and (3).
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Definition. It is said that system {¢,(z)} has the property K if the following
equality holds

mes {x €1[0,1]: —oo < lim Sy, (z) < lim S, (7) = —l—oo} =0

oo
for each series > antn(z), where
n=1

Sm(x) =Y anthn(2).

Theorem 1. Let the systems (1) have the property K, then every series (3) will
not be convergent to +oc on the set E C [0,1]2, us E > 0.

Proof. Assume the contrary, i.e. there exists a series (3) such that

(4) mllil)noo Sy ms (T1,22) = 400
mo—r00

on some set E, uo > 0. Then there exists a natural number NV and a set £y C F,

uaE1 > 0, such that
(5) Sm17m2(x17x2) > 07 m; > N7 .7 = 1727 (.Il,l‘g) € El'

Hence for (z1,z2) € Fy and fixed my > N

(6) lim Sml,mg(xlal?) > —0.
mi—00
Let
(7) mlli@m Sy ms (T1,T2) = fm, (1,22), (21,22) € E1, mg > N.

Since Sy, m, (%1, 22) is measurable, the function f,,(x1,z2) are also measurable

and, consequently, the sets
A, ={(z1,22) 1 (21,22) € E1,  fim, (21, 72) < +00},
B, = {(z1,22) 1 (x1,22) € E1,  fin, (21, 22) = +o0}
are measurable. Besides, let for x5 € [0, 1] and mg > N
Cm,(x2) = {1 : (x1,22) € B, }-
As far as the system
{em @0}, -y
has the property K, from (6) for almost every x5 € [0, 1] we will have
11 Cy (x2) = 0.

It follows that

/LQBM2 =0.
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Let
o0
Fy = ﬂ A,

m2:N

Then Fy C Fy and
/,LQEQ = /LQEl > 0.
Thus at every point of the set Fo

(8) 0< Hm Sy, my(w1,72) < +00, ma > N.

mi—00

Now let

E Smlﬂng(x17x2) = hm1 (zlaIQ)a ('IlaxQ) S E27 mi Z N
mo—»00

By the same reasoning as was made from equality (6) to equality (8) it comes out
that there exists a set E3 C Eo, usEs = puoEs > 0, such that the inequality (8) for
(z1,%2) € E3 and the following inequality holds

(9) 0< Hm Sy m,(71,72) < +00, (21,72) € F3, m; > N.

Mo —>00

It can be easily seen that when m; > N,

Sy ma (T1,T2) — SN my (71, T2)

mi meo
(10) = Z Z cn1’n290'£31)<p'222) = Sr*nl,mz (1'1,1'2)7

ni=N+1nz=1
where Sy, ., (z1,72) are partial sums of the following series

oo

(11) Do D Cmatl (@)l (w2).

ni=N+1ny=1
From (4), (9) when m; = N and from (10) we get

(12) L S0 (21, 22) = +00, (21, 72) € B,
mao—r00

i.e. the series (11) converges to +oo on the set E3, usFs > 0.
Let
Ey(29) = {z1 : (z1,29) € E3},
where 29 is chosen so that
1 Ey(x) > 0.
From (12) and E4(x9) C Es it follows that
(13)  lim Sho(@nad) = D D crmael (1)l (28) = oo
m2—00 ni=N+1ns=1

Since E4(x9) C E3, from (9) we have

(14) 0< mg@m Sini.ms (xl,xg) < 400, my > N.
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Besides (see (5), (14)), we will have

mo
e 1 ) 0
mlglgloo 807(713 (1) nz;l cml,n2<p§lz) (21, 23)
-

= lim ’Sml,m2($1,f£g)7Sm1_17m2(1‘1,117g)|
mo—> 00

< lim ‘SmlmQ(xl,:cZ |+ hm |Sm1 1m2(:c1,x8)|

mo—>00

(15) = Tm Sy, (21,29) + hm Sm1 Lms (21, 29) < +00, my > N.

ma—ro0
Without loss of generality, we will assume that for every m; > N + 1 there exists
x1(mq) depending on m; such that wﬁii (x1(m1)) # 0 (in fact, otherwise, the
member with this index m; in series (13) will be equal to zero on the set Ey(x9)
and if we remove it, the sum of series (13) will not be changed). Therefore from

(15) we get

mo
—oo < lm Zl Cmy ma Pl (29) < 400, m1 > N +1.
no=

Since the sequence

ma
Z Cmy,ny 907(122) (xg)

TL2:1
is bounded for every fixed m; > N + 1, we can select for m; = N + 1 a convergent
subsequence ma(1,p). Let

m2(1,p)

lim Z cml,nggogi)(xg) =dm,, mi=N+1.

maz(1,p)—o0
nog=

Further, from the subsequence ma(1, p) we select a convergent subsequence ms(2, p).

Let
m2 (2;17)

hm Z Cm;y 7L2(pn2 ‘r2) dmlv my =N + 1aN+2

(2,p)—o0

Proceeding in this way and making use of the Cantor diagonal method, we will have

ma(p,p)
(16) lim Z le,n2§0n2 (29) = dpm,, m1 >N +1.

ma(p,p)—00
From (13) we get

. * 0y _
mlllﬂ}oo Sinsma (p.p) (21, 23) = +o0.
ma(p,p)—00

From here, by using Lemma 1 on the double sequence of numbers and (16), we will

have

my  ma(p,p)

mlllgoo S:;ll,mg (p,p) (J"17 l‘g) = mlllgoo Z Z Cni,na (105111) (1’1)@;22) (.’L‘g)
ma(p,p)—o0 ma(p,p)—moon1=N+1 ng=1
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ma2(p,p)

:mlligloo< hm Z Z Cnl,m@nl Il)@g( ))

ma2(p,p) 4)00

=N+1 no=1
my ma(p,p)
: 1
= lim E 90511) (581 11111 E Cny,ny SDnQ 5”2)
m1—00 2(p,p)—o0
nl_N-‘rl n

= Z dn ol (1) = +oo, 1 € Ey(a)),
ni=N+1

i.e. the series

Z dn, @531) (1)

ni=N+1
converges to +0o on the set Fy(x9), u1F4(29) > 0. This contradicts the fact that

the system
{ei (@)}

has the property K. O

Lemma 2. Assume that for some natural my and for the set E C [0,1], pE > 0,

the condition

mlilglOo ‘Am17m2 cos m12mx1 + By m, sin m127rx1| <o, x €F,
2

holds. Then

lim ’Aml)mzl < 0, lim ‘Bml,m2’ < 00.
Mo —» 00 M2 —>00

Proof. Assume the opposite. Then there exists a subsequence mgy(k) such that at

every point 1 € F,

Ay ima (k) €OSM12TT1 + By oy (k) SIN M 2724

17 lim =0,
( ) ma (k)—o0 le,mg(k)
where
(18) Crnyma (k) = M3X (| Ay g (0)], [ Bony sma (i) -
From (18) it follows that
|Am1,7n2(kr)| < 1 |Bm17m2(’€)| < 1
C, n — C AU
19 my,ma(k) my,mo (k)
(19) 5

~ Am m + Bml me 2 1.
le,mz(k:) (| 1, Q(k)‘ | s z(k)|

Without loss of generality we will assume that there exist the limits

(20) fm Amema® o Bramey
ma(k)—o00 le,mg(k) ma(k)—o00 le,mg(k)

Then from (17)—(20) it follows that when z; € E, pE > 0,

Gy COSM 27T + by, sinmy 27z = 0,
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|@my | + b, | > 1.

We have obtained the contradiction. (]
The general double trigonometric series has the following form:

mi ma
E E (anl,nz €OS M1 2Tx1 COS N2 Ly + by, ny, SINNM 2T COS NR2T T2
n1=0n9=0

+Cny np COSN 2L SIN N2 27T T2+ dpy iy SIN N2 SID n227r502), (z1,22) € [0, 1]2.

Let Spn, ms (21, ®2) be partial sums of this series, i.e.,
(21)
maq mo
Sinyma (X1, T2) = E g (anh,12 COS N 12X COSN22TTo+by, 1y, SIN N 27T COSN22T X
ny =0 ’I’L2:0

+ Cnyny COSN 221 SINNR2T T2 + dpy,y n, SIN N 272 SID n227r:£2)

mi ma
E [cos n12Tx1 E (anhn2 COSN22TT2 + Cpy ny SID n227r:1c2)

n1=0 no=0

m2
+ sinni 272, g (bmm2 COSN22Txy + dpy p, SID n227r:r2)}

na =0

mao mi
= E [cos No2MTo g (anl,nz cos N1 2wy + by, p, Sin n127mc1)

n2:O 7l1:0

mo
+ sin no2mwxs E (cnl,n2 cosn127x1 + dy, pn, SID n127rx1)] .
n1=0
Theorem 2. FEvery double trigonometric series cannot converge to +o0o on the set

E, usE > 0.

Proof. Assume the contrary. Then following the same reasoning as for proving
Theorem 1 and using the fact that the one-dimensional trigonometric systems have
property K, we get that (see (10), (13), (14), (21)) there exists a natural number
N and a set E4(29), u1 E4(29) > 0, such that

(22)  lim Sy, o, (21,22) =l (Soayma (21, 23) = Svmg (21, 23))
mo— 00 mo—r00

o0 oo
= E E (anhn2 COSN127Tx1 COS n227r:c8 + by ny SINN 2721 COS n227r$g
n1=N+1n2=0

+ Cny np COST 2T SIND n227m;g + dp, n, SiN N 272 Sin n227m:g) = +00
and

(23) 0< lig S ma (a:l,xg) < oo, mp > N.
mo o0
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Besides (see (15), (21), (23)),

mo

T 0 : 0
lim |cosmi2mxy E (amw12 COS N2 Ty + Cpyy .y SID n227rm2)
mo—r00
'n,2:0
ma
i . 0 3 0
+ sinmq 27, by ny COSNR2TTy + dyyy .y SINNR2TT,
n2:0
= lim |S (z1,29) — S ( 9
- mi,msa 1,49 mlfl,mg x17$2
mo—00

< lim |Sm1,m2(x17$8)|—"_mlzi@w!‘gml*l,mz(xl?xg”

Mo —>00

T 0 T 0
= lm Spym,(z1,29) + Hm Spy—1,m, (21, 23) <00, my > N.
Mo —00 mo—>00

Hence, in view of Lemma 2, we have

ma
—o0o < lim E (amlm2 cos n227mcg + Cmy ny SID n227rxg) < 400, myp > N,
meo —>00
2 ngio
mao
—00 < lim (bmhn2 o8 N2 27Ty + dymy s sinn22ﬂ'xg) < 400, my > N.
mo—>00
TL2:O

Besides, acting in the same way as in Theorem 1 and using the diagonal Cantor

method, we get that there exists a subsequence of numbers mgy(p, p) such that

ma(p,p)
lim E (aml,nz cos n227rxg + Cmy,ny SID n227r:1cg) = Qmp,, M1 > N,
ma(p.p) oo Ty
ma(p,p)
lim E (bmhn2 cos n2277mg + dpny n, SID n227rx8) = Bm,, M1 > N.

—
ma(p.p)—oo =

From this and (22), applying Lemma 1, we will get

: * 0
mlllgloo St ma(pp) (15 22)

ma(p,p)—o0

my ma2(p,p)
— : 0 . 0
= m{lgnw E < lim E [cos n12mwr, (anl ‘ng COS N2 Ty+Cpy ny SID n227rx2)

N
N4 1 ma(p,p)—o0 15=0

. 0 : 0
+ sinnq27x (bnl,nz coSN22mxy + dy, n, SN n227m‘2)]>

mi
= lim Z (anl cosn12mx1 + Bp, sin n127m:1) =400, x1 € E4(338),
mi—r00
ni=N+1

i.e., the series

mi

Z (anl cosn127x1 + PBp, sin n127rx1)

ni=N+1

converges to oo on the set Fy(23), u1 F4(29) > 0. This is contradiction to the fact
that the trigonometric system has the property K. [
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It is interesting to know that if the systems (1) have the property K, then will
the following equality

po | (z1,22) € 0,121 —00 < Hm Spny my (21, 72) <

mi1—>00
mo—>00
< mlllgloo Snzl,mg (5171, 1:2) =+oo | =0
mo—r00

hold for every series (3)?

ADDITION TO CORRECTIONS

Recently some interesting papers have been published along these lines. G. G.
Gevorkyan [11] has proved that every Franklin series cannot converge to +o0o on
the set of positive measure. The similar result, in particular, for multiple Franklin
series was obtained by G. G. Gevorkyan and M. G. Grigoryan [12].

G. G. Gevorkyan [13] has obtained the criterion for almost everywhere convergence
of Franklin series on a set. G. G. Gevorkyan, K. A. Keryan, M. P. Poghosyan [14]
have proved that there does not exist a series with respect to orthogonal splines

and Ciesielskie series, converging to +o0o on the set of positive measure.
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Annotanus. Paccmarpusaercs npeobpasosanie @ypbe acCOUUPOBAHHOE C HOP-
MHPOBAHHOM JIOorapudMOM MOZLYJIs A3eTa MyHKnun Pumana. YCTaHOBIMBAIOTCH
dopmynsl cBsa3u npeobpaszoBanusag Pypbe u Hyseil a3era GyHKIuH Pumana, Ko-
TOPBIE IPUBOAAT K HEOOXOIMMOMY U JOCTATOYHOMY YCJIOBUIO BBIIIOJIHEHUU THIIO-
Te3bl Pumana.

MSC2010 number: 11M26; 42A38.

Kuarouesble cioBa: npeobpasoBanne Oypne; n13era dyukmuun Pumana; runoresa Pu-
MaHa.

1. BBEJIEHUE

B [1] M. Banazap, E. Caiiac u M. op mosyummn GhopMyIIy CyMMEPOBAHIS JIOTa-
1

pudma Momyas a3era dyHkiun Pumana ¢ sapom 7 Ha KPUTHUYIECKON JTMHUN depe3
uerpusnasbibie myau ¢ (s). B [2] A. A. Kongpariok u A. M. Bpyaun uccienosaiu
cpoiicrBa kKo3ddunuentos @ypoe byukuuu log [ (s)]. B [3] A. A. Konapariok u P.
A. drcynbka npumensiss meron psyioB Pypbe st Mepomopdubix dyukmit JI. A.
Py6ens u B. A Teitnopa noiayauin HGopMy/y CyMMUPOBAHUS C AIPOM # Ha KpUTH-
9ecKoii NN Yepe3 HerpuBnasibHbie Hyan ¢ (s). B [4] V. B. Bactok u C. . Tapaciok
JIOKA3aJIH AHAJIOTHIHBI PE3YJILTAT C SIAPOM ﬁ B [5] A. A. Kongpariok, B [6] A.
M. Bpyaun u P. A. drcynbka nomyamsin GopMyJsibl CYMMAPOBAHHUS HA KPUTHIECKON
JIMHUM COOTBETCTBEHHO ¢ sipamu e * (¢ > 0) u €' wepes merpusnasbubie Hyu C (s).

Bce nepednciieHHbIE PE3yJIbTAThI O3BOJISIOT YCTAHOBUTD HOBBIE YTBEPKICHUS, K-
BUBaJIEHTHBIE rUnoTe3e Pumana.

Mero uccienoBanust HacTosieil paboThl OCHOBaH Ha cJieyomeil reopeme [7] (cM.

Takxke [8]).

Teopema 1.1. Ilycms omauyunas om nocmosannols ynkyus f mepomoppra 6 nuoic-

nett noaynaockocmu G = {w : Imw < 0}, anasumuuna 6 okpecmuocmu Geckoneuno
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ydaaernnot mouku u f (c0) = 1. ITyemw {uy —|—ivk}ZO:1 Nn0cAed08AMEALHOCTND HYAET

a {pr + iqi} r—; nocaedosamenvrocmo noaocos dyrryuu [ u

+oo
ero / i f' (u + dvo) d
iN2mx [ (u 4+ ivg)

— 00

u=h(x), wvo< mkinvk,vo < mkinqk,x #£0

Tozda h () we 3asucum om vy, pasen wyato npu x > 0 u npu arwbom v < 0 cnpased-

AUBG Popmyaa
+oo
(1.1) L / e log | f(u + iv)|du = 1 (e‘”h(m) + e”h(—x)) -
) ous 8 2
—00

_@ e~k gh (z (v — v)) + @ Z ek sh (z (qp — v)) .

x
v <v qr<v
¢ - dynkmusa Pumana npu Res > 1 onpenensiercs dopmytoit
1

ns’
n=1

C(s) =

¢(s) MepoMOpdHO TPOJOIZKAETCA HA BCIO KOMILIEKCHYIO ILJIOCKOCTH C €IUHCTBEH-

HBbIM nosiocoM § = 1. Tunoresa Pumana rutacut, 9To Bee HeTpuBHANbHBIE HyJH (He-

peaJsibHble)  JIeXKaT HA «KPUTHIECKOl juuun» Re s = %
Hapsiy ¢ nzera-dyHKImel paccMaTpuBaeTcs: KCu-pyHKIUsT PuMana
s—1 & S
(1.2) §(s) = 5= (14 5) ¢ (),

e [' ramma-dyukus Ditnepa. £-nieas HYHKIMS TePBOTO MOPsIKA, HYJIH KOTOPOi

COBIIQIAIOT C HETPUBUAJIBHBIMU HYJISAMHU J13eTa-PYHKINN PuMaHa, HAXOASTCA B TIOJIOCE
0 < Res £ 1 u cuMMeTpUYIHBI OTHOCUTEIHHO IpsAMOil Re s = % Paccmarpusaercs

TakXKe deTHas Ieiagd QyHKIMs IepBOro nopsaka =(z) = & (% + zz) , HyJIl KOTOPOit

Ha JIefICTBUTENIbHOM OCH COOTBETCTBYIOT HyJsM yHKImA ((s) Ha npsimoii Re s = %

3aMeHa epeMeHHO § = % (1 — 1) [IEPEBOIUT MOJIYILIOCKOCTh Res > % B TIOJIY-

w
mwrockocTh Imw < 0. B moymiockoctn Imw < 0 paccMoTpuM byHKITHIO
£ 1_
go(w): (2 12w).
¢(3)

2. OCHOBHBIE PE3VJIbTATHI

CdopmymupyeM OCHOBHBIE pe3yJIbTaThl HacTOsIIEH paboTbl. O603HAYNM
+oo
1 . 1 i
O T - = P - -
— 00
46
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ITPEOBPABOBAHUNE ®YPHLE ACCOIIMMPOBAHHOE ...

Teopema 2.1. Ilpu a0bom v < 0 cnpasedsusv, Gopmyavt

(2.1)
V2 SN V2
Qe, (x,0) = T;e_” Z (e7wr —1) — TW e " sh (x (v, —v)), = <0,
n=1 v <v
(2.2) Qg (z,v) = Q¢ (—z,v), > 0.

Teopema 2.2. I'unomesa Pumana 6vinosnsemcs moada u mosvko mozda x020a 0ak

06020 v (—oo < v < 0)

400 1 i
A Cic==m)
lim [ cos(zu)log (221(+)> du = 0.
z—0 13 (5)

—00
AHAJIOrMYHO BBIIIE H3/I02KEHHOMY, 0003HATIM
1_
Co(w) = o~ aa) G i em) , Imw <0,
¢(3)
1

1
0 (2 © 2(u+ iv)

1 +oo
Qe (z,v) = \/—2? / e~ log >‘du, v <0,z #0.

Ciremymolnue TeopeMbl SIBJISIIOTCS 1epedpasupoBkamMu TeopeM 2.1 u 2.2.

Teopema 2.3. Ilpu awbom v < 0 cnpasedausv, Gopmy.avt

V2T V2T
Q¢ (w,v) = T('erlogw) T

sh(z(v+ 1))+

\/ﬂ —x —xv \/ﬂ —xv - —ix
ty (Lme) e e ) (T - 1)
ge—xv > (2 (emm —1) — — ) VTS g (@ (vk —v)),z <0,

n=1 V<V

+
Qe (z,v) = Q¢ (—z,v), 2 > 0,
2de v nocmosannas Jiiepa.

Teopema 2.4. ['unomesa Pumana 6vnoaniemcea mozda u moavko mozda x020a 0is

mobuix v (—oo < v < 0)

li 1
lim cos(zu) log c (%) 1 16 3

— 00

+o0 1 i
<<7_ uliv> 1 —1 1 2
2~ 2(utiv) dum<7+ogﬂ+7r 3+3og v).
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B repmnnax ymxmm Z(z) = £ (5 +iz) uETerpambHOC Npeo0pasOBaHME HMECT

BU/I,
1 +oo ) (_ 1 )
s = 2(utiv)
Q=(z,v) = — e "log | ———%|du
s(a) = o= [ o | =
A
“+oo+1iv
! SNEICES
e O=(r,v) = — e~ log | =252 | ds.
=(z,v) N 0
—oo+1v

Topuzonranbubie uann Imw = v < 0 B HUXKHEH TOJIYIIJIOCKOCTH TIPU OTOOparKe-

1 1| 1
Al [

2 Ay

HAU S = % (1 — i) epeBosiATCs B okpyxkuoctu C), = {s :

\_/

s —

e

Torna npeobpazosanne Pypbe MOXKHO IIPEICTABUTH B BUJIAX

1 +oo+iv C (1 i )
e*'Qe(z,v) = T e "% log ﬁ dz
—oo+1v 2
wm
i e ¢(s) ds
e"’'Qe(x,v)=———= [ e =110
= fledl -1

A dopmyier peobpazosanus Pyphe MIPEeBPAIIAIOTCS B CJIEAYONHE (HOPMYIIBI

Ty i)
1 —iz(utiv) log 2 21(u+w) du =
€(3)

e —e"e ),

\/ﬂ > e,mwk —1) — ﬁezv e TV —izwy vV, —1T W
( ) (
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Var | §3)] (z—3)?
_ \/227r Z (eﬁ _ 1) _ \/2277 (e% _ 672901%6(1723)_16173%) ,
z k=1 v prED,

rie D, kpyr c rpanuteit C,.

3. ,ZLOKABATEHI)CTBA TEOPEM
N3 (1.2) umeem

g(s) 1 logm 11V
31) H9) i1 5 Tar
-

(1+35) , (s
(1+3) o)
(=)

Hua norapudmudeckoit npousBoauHoii ¥ (z) = (o) TamMma dyukuun npu z £ n (n =

0,1,2,...) cupaBeJyInBO Pa3JIOKEHUE

CrreoBaTeIBHO TIPH S # —2n

I'1+3) 7 «— 1 1 7 (1 1
r(irs) 27 <2n+2_2n+2+s>_2+Z(2n_2n+s)'

n=0

B cuny dopmysbt (em. nanpumep [9])

(3.2) i’((j)):_sleri(sl +1)+§:<8+12n—21n>+1og2w,

n=1 P Pn n=1

rae {p,},o, KommekcHble Hymu dyrkuun ¢ u (3.1) Gyaem nvers

& (s) ~ logm > ( 1 1 )
3.3 = ——+log2m — -1+ +— .
3:3) &(s) 2 2 ; S=Pn  Pn
IMpumenssa (3.3) u dopmyny Pumana (cm. mHampumep [9])
1 1
Z—:1710g2w+ﬂ+1
n=1 Pn 2 2

[TOJIy9IaeM Pa3JIOyKeHre

€(s) 1
(3.4) ) 77;5_%.

Oyukims &) ya0BIeTBOPsieT ycaoBusM Teopembl 1. Jlnsg 310t pyHKIUN BBIYUCIAM

sHaveHust h (), T.e. MHTErpaj

+00 ¢ (; _ i )
h (:Z?) _ ﬂ / efizu 0\2 2(u+ivg) du
2V 27z & (L - —1 (u + ivp)?
—co 0\2 2(u+1ivg)
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npu z < 0.
ITpu BBIYKCIIEHNN MHTErPAJIa MBI UCHOJIb3YeM caeryontyio dopmyry (cm. [10])
—+oo

IAT
(3.5) / ye+ o dr =2me™™ (A>0,y > 0).

— 00

Beuny (3.4)

+oo .
eTvo e e—iTu du
h(z) = . E / 7 ; )
2v2mx n=1_rg % T 2(utivg) Pn (U + “)0)2

cilefioBaTesbHO B cuity (3.5)

+oo +oo

/ e—ixu du / 6—ixu du
2~ sy e (wtive)® S (5= o) (wtivg) — g uctivg

+oo 1 1
- _9; / 67ixu ; 2 pn - — : du =
(3 —pn) (utivg) — & utivg

— 00
+oo +o0 )
. ) du . e "ldy
= -2 / e - 7 + 29 P =
U+ — =77~ U+ 1V
—00 2(%7%1) —00
+o0 . +oo .
5 / e "y 5 e "l dy
= 1 - — _— =
=, T |vo| + iu |vo| + iu
s _
1
— 4re®(T555m ) _ gre=T0 — ggre—v0 (el,gp" — 1) .

Dopmyia (3.5) mpuMeHHMA, OCKOJIBKY M3BECTHO, ITO it Beex 1 [Im p,,| > 14. Tlpu
Repn > & u |vg| > o5

R(| I+ 1 > | |+1—2Repn>| I+ 1—-2Rep,
e\ fv a5 | =V S v =
12, T op P T 4mp,| (2Rep, — 1)

[o0] = 7 > | = 0= > 0
= |lvg| — ——m8— vol — —
O Amp,| ~ Y 56 T
aanRepngé
1—2Rep,
R = >0
e(|v0+1_2pn> |vo| + TEDE > [

Takum obpazom
2T .
(3.6) )= X2 (el—zpn - 1) . 2 <0.

O6o3Ha4nM = Wy, = ug+iv; ¥ 3aMeTuM, 9T0 ycsoBuio Re pg > % COOTBETCTBYET

R
1-2p4
ycaosue vy < 0.
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Torna u3 (1.1) u (3.6) crenyror dopmynst (2.1) u (2.2).

ITocKoIbKY BMeCTe C pp, HyjeM (DyHKIUH ABIseTcst U 1 — p, TO Y oo, ﬁ =0,

T. €. Z,;“;l wg, = 0. CnemoBarensuo, pu  — 0

1 - —izw _ 1 — (_Zx)nwn
;;(6 e == )

k=1n=2
HOCKOJIBKY ITI0Ka3aTelb CXOJAUMOCTH IOCJIeI0BATeNbHOCTH {py, } paBeH enunnie. Ta-

KM 00pa3oM

iii%ﬂgo(a?,v) =2r Z (v —wvg).
v <v
v
Ipu v < 0 BBegeM caexyromue obosuadenns n(v) = Y. 1, N(v) = [ n(t)dt.
v <v —00

Samernm, 4TO
v

> (v—vk):/ (v — t)dn(t) = N(v).

v <V -

CanegnoBaresnbro B cuiy (2.1) u (2.2)
lim O, (z,0) = N(0)

" CIIpaBeOJINBBI (bOpMyJ'H)I
—+oo

1
lim2— / cos(zu) log

z—0 27
-0

(- 7wrm)

+oo
1 L i
lim py / sin(zu) log |§o (2 B 2(U+W)>

x—0 27

Teopembr 2.1 u 2.2 jgo0Ka3aHbI.

JokazaTenbcTBO TeopeMbl 2.3 caeayeT u3 hopMyJIbl

hCO (‘T) = \éﬁ (2 (1 — 679:) +2 Z (efian . 1) +

T

- _z T v+ logm
LS (e - B )
7; 2n 2

upu ¢ < 0 u reopemsr 1.1, npumenenueMm npejcrasienus (3.2), dopmyr (3.6) u

400

AT
| s =2 4> 0> 0 (e [10).
— 0o

Teopema 2.4 nostyuaercst m3 TeopeMbl 2.3 IPenebHBIM 1epexonoM upu & — 0

V2T V2T
iingCO(‘T7v) = T(V +logm) — v2m(v+1) + —
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\/j?i(l—fzm 2n> Var ) (v =)

n=1 ng<v

C Y4€TOM, 4TO
1 1 1 & 1 1 1
p— — = — — —_—_— e — —_— 1 p—
4¥<1+4n 2n) 32;n(n+i) 8(¢(4+ )‘W)

1 1 1 5 7
= —— - 4 =—|—4+ = log2 | .
8(¢(4)+ +'y> 8( 2+2+30g)

Bameuanme 3.1. Caedyem ommemumo, wmo gynryus log |Co(u + iv)| npu arwbom v

(oo < v <0) nenpunadaesrcum npocmparicmey Ly (—oo, +00), 1o npunadaesrcum

npocmparcmsy Lo(—00, +00).

Bo 1IepBBIX, MOCKOIBKY IIPH W — 00
) .
(33|
i
¢(z)
o dyukuus log|(o(u + iv)| He npunamiekur npocrpancrsy Lq(—o0, +00). U3Bect-
Ho, uto (em. [11]) ¢(s) = O(Js]), s = oo (Res > 1), re.

1 ) 1 )
(-ae)=o(f5-l) woe

log

Tak xax
1 i /1 v 2+ 1w \° 1 [u2t(v—1)2
2 2w| 2 2w +0v?) 2u24+02) 2 u? 4 v?

unpu w — 0

u? + (Jv| + 1)2
u? 4 v?

log

N PP
~———|<log=+=1o
2 2w~ B3 T %®

1 14+2 142
§210g<1+ + v> + 2/

u? + v?

Ut -ol)-ola) v

Canenoparesbro pu aro6oM v (—oo < v < 0) log [o(u + iv)| € La(—00, +00).

log

Abstract. The Fourier transform associated with the normalized logarithm of the
Riemann Zeta function module is considered. Formulas for the relationship between
the Fourier transform and the zeros of the Riemann Zeta function are established
which lead to a necessary and sufficient condition for the fulfillment of the Riemann

hypothesis.
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NEW INTEGRAL REPRESENTATIONS FOR THE FOX-WRIGHT
FUNCTIONS AND ITS APPLICATIONS II

K. MEHREZ

University of Tunis EI Manar, Tunisia
University of Kairouan, Tunisia
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Abstract. In this paper our aim is to establish new integral representations for the Fox—
. . (ap,Ap) _

Wright function quq[(ﬁg,B:) |z] when p = Z?Zl Bi—>h_jar+ 2% =—-m, meN.
In particular, closed-form integral expressions are derived for the four parameter Wright
function under a special restriction on parameters. Exponential bounding inequalities are
derived for a class of the Fox-Wright function. Moreover, complete monotonicity property

is presented for these functions.

MSC2010 numbers: 33C20; 33E20; 26D07; 26A42; 44A10.

Keywords: Fox-Wright function; Fox’s H-function; complete monotonicity; Log—
convexity; Turdn type inequalities; reneralized Stieltjes function.

1. INTRODUCTION

We use a definition of the Fox-Wright ( generalized hypergeometric) function by

its series

(Oél,Al),,..,(Oép,Ap)
p\Ijq |:

j| \P |:(O‘P7AP)
Z =
(B1,B1),-- (B4, Bq) P

(Bq»Bq)

(1.1)

z
T T(B+ kBy) k!’

Jj=1

15 i Tl + kA 2
>

(i, 8; €C, and A;,B; eRY (i=1,...,p,j=1,....q)),
where, as usual,
N={1,2,3,..}, No=NuU{0},

R, Ry and C stand for the sets of real, positive real and complex numbers,
respectively. This function was first introduced by Wright [7] in 1935, who also
derived some of its important properties including asymptotic behavior.

The convergence conditions and convergence radius of the series at the right-
hand side of immediately follow from the known asymptotic of the Fuler

Gamma-function. To formulate the results, let us first introduce the following
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notations:
P p q
A:ZBJ_ZA“p:<HA1AI> HBJBJ 3
(1.2) j=1 i=1 i=1 j=1
q p
p=dBi =Y o+t
j=1 k=1

The defining series in (1.1) converges in the whole complex z-plane if A > —1.
If A = —1, then the series in (1.1 converges for |z| < p, and |z| = p under the
condition R(u) > %, see [15] for details. If, in the definition 1} we set

Ai=..=A4,=1 and By =..=B;=1,
we get the relatively more familiar generalized hypergeometric function ,F,[.] given
by

9 T(B; (a1,1),...,(ap,1)
z] Hj_l (ﬁ]) N [ ! 4

1.3) ,F [‘“"“’% — =1 ) M a; >0, 8; ¢ Z7).
( ) P q | B1,...,8q Hler(ai)p q (B1,1),ms (Bg,1) ( J BJ ¢ 0)

Moreover, both the Wright function W, (.) and the Mittag-Leffler function E,, g(z),
are particular cases of the Fox-Wright function (1.1)):
d

— 1,1
Wa,5<z) =¥ |:(B70t) Z} ) Eaﬁ(z) =1 {E,@l,a))

Note important properties for this functions including its Turan, Lazarevié¢ and

Wilker type inequalities, was proved by Mehrez [I1] and Mehrez et al in [9],[10].

In a recent papers [12],[13],[14], the authors have studied certain advanced properties
of the Fox-Wright function including its new integral representations, the Laplace
and Stieltjes transforms, Luke inequalities, Turdn type inequalities and completely
monotonicity property are derived. In particular, it was shown there that the

following Fox-Wright functions are completely monotone:
(ap,A)

w[ ‘—4,z>a
P 8,,4)

\Ij [(Avl)v(ap?Ap) 1:| >O
P, 1) P R

and was proved that the Fox’s H-function H 5,’19 [.] constitutes the representing measure

for the Fox-Wright function ,¥,[.], if > 0, i.e., [I2] Theorem 1]
(ap,Ap)
(1.4) oV |

p (Bq:Bq) \ dt
(B¢,Bq) 0 ’ (Ap,ap) t

when p > 0. Here, and in what follows, we use Hé’,’g [] to denote the Fox’s H-

function, defined by

(1.5) HPO

ap z" %ds,

( ‘(Bq’ﬁq)) 1 H?:l F(Ajs -+ Oéj)
z = -
(Ap,op) 24 r HZ:l F(Bks —+ 5k)
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where A;, By > 0 and «;, 8, > 0. The contour £ has one of the following forms :

o L =L_ isaleft loop in a horizontal strip starting at the point —oo + i1
and terminating at the point —oco + ips with —oco < @1 < s < 0;

e L = L is aright loop in a horizontal strip starting at the point oo + iy
and terminating at the point oo + 19 With 0o < 1 < @y < 00;

o L = L;,» is a contour starting at the point v — 700 and terminating at the

point v + ¢00 4 ip9, where v € R.

Details regarding the contour and conditions for convergence of the integral in
can be found in [16, Sections 1.1,1.2] and [§].

In the course of our investigation, the first main tools is extended some results
proved in [I2] in the case when p = —m, m € Nj. Secondly, we establish the

monotonicity of ratios involving the Fox-Wright functions.

2. MAIN RESULTS

The following theorem leads to an extension of the integral equation for the

H-function obtained in ([L.4]) to the case y = —m, m € Nj.

Theorem 2.1. Suppose that p = —m, m € Ny and

P q

> A=Y,

i=1 j=1
If v > 1, then the Fox-Wright function ,VU,[.] possesses the following integral
representation

(a;LNAP)
(2.1) p\yq[

(Bq>Bq)

(quﬁq k‘jp Z
_ thp 0 t‘ m J
J= [y () >0y

k=0 5=0

where the coefficients n and v are defined by

1<5<p

pog 1 i 1 g
(2.2) n=(m)= [[A7 = [[ B, 7=~ min (a;/4)).
i=1 j=1
and the coefficients l,. satisfy the recurrence relation:

1 T
(23) lT = ; z_:l qnl’r‘—'ru lO = 1a

with
o [

-y n+10% Xq: +1(8;)
dn = n+ 1 s n ,

i=1
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where By, is the Bernoulli polynomial defined via generating function [2, p. 588]

tedt el tn
i ZB”(G)E’ [t| < 2m.
n=0 ’

Proof. In [Il Theorem 2], the authors found the Mellin transform of the H-function

when p = —m, m € Ny, that is

i1 T(Bjk + B))
(2.4) o (BarBa) m .
= / Hé”z? (t‘ > th=tdt + np” Zlm,jk]7 R(k) > 7.
0 ’ (Apvo‘p) j=0

This implies that

(avap) N A k + al)
P d _Zk'H T(B;k + 5;)

(Bq:Bq)
( a:84) d > k kak
> [ (1) S+ g (e

=0
p (BasBa) \ (2t)F dt Ly kJ
=3 [l (L) G ey e
k=070 (Apsep) k=0 j=0
p (Ba:Ba) \ [ = (2t)"\ dt A em Lk pF2F
_ p,0 - m—yr T
7/0 Ha <t’<Ap,ap)) (Z Kot ”ZZ k!
k=0 k=0 j=0
P (quﬂq k‘Jp Z
_ zt ,0 m J
= [y () Yy
p:%) k=0 j=0

For the exchange of the summation and integration, we use the asymptotic behavior

of the H-function as z — 0 [8, Theorem 1.2, Eq. 1.94]

(2.5) HMMz)=0(=z"7), |2| — 0,

q,p

and the asymptotic behavior of the H-function as z — p [I, Theorem 1], we obtain

(Ba:Bq) P
/tlegﬁp(‘ )’dtg/
0 ’ (Ap,op) 0

Then, we are in position to apply the Lebesgue dominated convergence theorem.

This completes the proof of Theorem O

2.0 (Bg:B4q)
HH dt < M < o0.

q,p
(A,,,ap)

Recall that a function f : (0,00) — (0,00) is called completely monotonic if
(=1)"f™)(2) > 0 for 2 > 0 and n € Ny. The celebrated Bernstein theorem asserts
that completely monotonic functions are precisely those that can be expressed by

the Laplace transform of a non-negative measure.
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P q

Corollary 2.1. Suppose that p =0, v > 1 and ZAi = ZBj. Then, the Foz-
i=1 j=1

Wright function ,U,[.] possesses the following integral representation

e (Ba:Ba) \ dt
— z} —ne P? = / eiZtHf;}? <t’ > —, z€R.
0 ’ (Ap,ap) t

(ap,Ap)

(quBQ)

(26) 0

Moreover, if the function Hé’;g[.] is mon-negative, then the function
(ap,A4)

BN —
(Bp,A) ‘

z|—>p\11p[

is completely monotonic on (0, 00).

Proof. The application of Theorem for m = 0 yields
(ap,Ap)
(2.7) o0

P (Bq:Bq) \ dt
z| = e*t HP:O <t‘ ) — + nef?,
(Bq,Bq) jl /O P (Ap,ap) t K

which implies that li holds. Now, suppose that the H-function Hﬁ’g[.], then by
means of (2.6)), we deduce that all prerequisites of the Bernstein Characterization

Theorem for the complete monotone functions are fulfilled. O

Example 2.1. The four parameters Wright function is defined by the series

Zk

1)F(b + klll)

(28) d)((ul’a),(yl’b);Z):kZ:OF(G,-Fk,U, y M1,1 GR, aabe(c~

The series on the right-hand side of (@ is absolutely convergent for all z € C if
w1 +v1 > 0. If p+v1 =0, the series is absolutely convergent for |z < |pp|Ft|v1]™
and |z| = |p1|*|v1|** under the condition R(a—+b) > 2. Some of the basic properties
of the four parameters Wright function was proved in [4]. So, by means of formula
([2.6) we deduce that the four parameters Wright function ¢ (i1, a), (v1,b); 2) admits

the following integral representation:
¢ ((/1'17 a), (V17 b)5 Z) =

(2.9) B pt i)t vt 10 |,|(10) (D)) dt ulé_aulé_b PRGN
R I e
0 s Q

where a,b, pu1,v1 € R for which uyy +1v1 =1 and a+b=3/2.

As a consequence, we derive the finite Laplace Transform for the function
(1/2,1/2),(1/2,1)
ts t7LHyY [t’ ]
’ (1,1)
in (0,1/2). Recall that the finite Laplace Transform of a continuous ( or an almost

piecewise continuous) function f(¢) in (0,7") is denoted by
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T
Lof(t) = FT) = [ e far
0
We note that L1 f is actually the Laplace transform of the function f which vanishes

outside of the interval (0,T).

Example 2.2. Letting in (@ and (@, the values vy = uyy =a=1/2 and b =1

and using the Legendre Duplication Formula
D(2)T(z +1/2) = 2! 727/x(22),

we get the following curious integral evaluation:

-2z _ o2 3 (1/2,1/2),(1/2,1)
(2.10) £ —° :/ e ' Hy ! ‘ & er
VT 0 (1.1) t
In the next result we show that the function ,1%,[.] — n1Fp[.] is a Stieltjes
transform.

Corollary 2.2. Let 0 > 0 and z € C, such that |arg(l + z)| < m and |z| < 1.
In addition, assume that the hypotheses of Corollary are satisfied. If Hé’;z?[.] 18

non-negative, then, the following representation holds true:

(071)7(0417’*’41’)
(2.11) 1@ =t T | = 1Fo(os = —p2) =

o [ ()
o PP\ l(4,,0) /) t(14t2)°

In particular, f(z) is completely monotonic on (0,00).

Proof. Employing the generalized binomial expansion

—o S (_1)kzk
(1+Z) :Z(U)kTv Ze(c? ‘Z|<17
k=0 ’

with the formula (2.4)) and the right hand side of (2.11)) we obtain

P (Bq,Bq) dt
T HPO t‘ _ =
(0)/0 P ( (Ap,ap)> t(1+tz)°

i p (Bq,Bq)
Z U thtHPo (t‘ ) dt]
0 ’ (Ap’ap)

k=0
= Ve 2k P T(Aik 4+ o)
(2.12) —np
;;) ) F(B k+B;)
_il"( o+k) 1T + kA;) (—= _ni (o + k)(—pz)*
= ([3] + kB;) k! Pt k!
(0,1)7(%’ »)
= p+1 q|: (50.B0) - Z} —n1Fo(o;—; —p2).
This completes the proof. [
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Corollary 2.3. Suppose that p = —1 and
P
S a=yn,
i=1 j=1

Then the following integral representation

\Ij (O‘PVAP) l —pz
z) .= —zZ| — — pzle =
9(2) 1 =5 q[(ﬂq’Bq) } n(l = p2)

P - 0 (Bq,8q)
= [ e=mps (4 dt, z € R
0 ’ (Ap,op)

holds true. Moreover, if Hg:g[.] is non-negative, then the function g(z) is completely

(2.13)

monotonic on (0,00).

Proof. From Theorem [2.1] when © = —1, we have

p (Ba:Ba)\ dt
—z| = B t‘ — 4 n(ly — pz)e Pz,
Z:| »/(; ¢ P (A;nvo‘;n) t i T]( ! pZ)e

Example 2.3. The four parameters Wright function ¢ ((u,a),(v,b);z) possesses

(O‘;D)AP)

2.14 v [
(2.14) P (8,,8,)

the following integral representation

vt (1,0),(v:b)] dt
bl vy = [ ety [
0

1,1 t
(2.15) o (L
Mg_ayf_b T HyYz
—i—T(ll-i-ulVZ)e“ 5
m
where

7i76a276a+176b2—6b+1
12 124 120
and a,b, u, v be a real number such that p+v=1anda+b=1/2.

h

The following lemma is called the Jensen’s integral inequality, for more details,

one may see [5, Chap. I, Eq. (7.15)].

Lemma 2.1. Let w be a non-negative measure and let ¢ > 0 be a convex function.

Then for all f be a integrable function we have

(2.16) <p</fdu//dy)</<pofdu//du.

In the next theorem we present a new Luke type inequality when p = 0.

Theorem 2.2. Keep the notations and constraints of hypotheses of Corollary
. Assume that the function Hé’;g[.] is mon-negative, then the following two-sided

bounding inequality holds true:
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( IHAP)
Wy eI e < | ) 2] <
(Bq:Bq)
(2.17) o .
(0 2) )
P P
where
P_Fa,; p_FO[l+A7
\I/O = (1]71 FE/B; -1 \Ijl = (;71 FEB +B)> —np-
j=1 J j=1 Jj J

Proof. Letting ¢.(t) = e, f(t) =t, and

(ABp)\ dt
dv(t) = HE? t‘ —.
v(t) ”’( (A,ap)) t
From ({2.4) we get
P p F(oz')
dv(t) = ==Lt — = U,
/O ?:1“5;')
and

P IR T+ Ay
/0 Foivte) = R =

and using (2.1) when m = 0 we find
[ outnavt =, [V -] e
- v(t) = —z| —ne P%.
0 SRTCI) !
Hence, Lemma completes the proof of the lower bound of inequalities (2.17)). In

order to demonstrate the upper bound, we will apply the converse Jensen inequality,

due to Lah and Ribarié, which reads as follows. Set

4= [ g0 [ aots)

where ¢ is a non-negative measure and f is a continuous function. If —co < m <

M < oo and ¢ is convex on [m, M], then according to [3, Theorem 3.37]
(2.18) (M =m)A(p(f)) < (M = A(f))p(m) + (A(f) = m)p(M).
Setting
0. (t)=e* do(t)=dv(t), f(s)=s and [m,M]=]0,p],

we complete the proof of the upper bound in ([2.17). (I

In view of inequalities (2.17)) and the Laplace transform of the function 221, []
18, Eq. (7)]

> —tA—1 (ap,Ap)

(2.19) /0 e, (G ‘]
and make use of the following known formula

o r(A+1)
A _—ot _
A t"e dt_ig)\-s-l , (A> -1, 0 >0),
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we can deduce the new following inequalities for the function ,4q1¥,[.] :

Corollary 2.4. Let A > 0 and suppose the hypotheses of Corollary[2_1] are satisfied.
If the function Hg’;g[.] is non-negative, then the following two—sided bounding inequality

holds true:

() Yol'(N) W[wmmwm
(L4 p2)A T (14 (0 /Wg)z) = PH T L(BeBy)

I'(\) o
(F()\)\Ifo - FO\;\I}l) + a Snp—:')A ) .

2] <

(2.20)

Theorem 2.3. Keep the notations and constraints of hypotheses of Corollary [2-1].

Assume that the function Hé’jg[.] s mon-negative, then the following inequality

F(O’)\I/O (0'71))(0@7*’411)
- +tn1Fy(o; —;—pz) < \Il[ —z},
0+ (Wijde)e)r T T Sontal

is valid for all o > 0 and |z| < 1.

(2.21)

Proof. We set p(u) =u?, 0 >0, f(t) =1/(1+tz) and

—1 0 (B(UBIZ)
dv(t) = t~'T (o) HP0 4@ )t

By (2.4) we have
P P (Ba:Ba) \ dt
/ du(t) = (o) / HPO (t‘ )
(2 22) 0 0 ’ (Ap,ap) t
| IO Te)
;1‘:1 F(ﬁj)
Moreover ([2.11)), reads
4 (111)7(0‘1771417) 77
2.23 t)dv(t) = v —z| =
(2:23) vt = [ <) -

and

e21) [ e = |

By means of Lemma [2.1| we obtain

(U’l)v(azmAp)

(Bq,Bq)

- Z} —n1Fo(o;—; —p2).

(225) F(O’)\Ifoia <p+1\I/q |:(1,1)7(ap7‘4p) _ Z:| . n )0’ -
(Bq:Bq) L+ pz
p+1¥q {(0,1)’(%’%‘}7) - Z] —n1Fo(o;—; —pz)
(Bq»Bq)
By virtue of the left-hand side of inequality and we conclude the
inequality . (Il

The next lemma is in fact the so-called the Chebyshev integral inequality, see [5]
p. 40].
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Lemma 2.2. If f. g : [a,b] — R are synchoronous (both increasing or decreasing)

integrable functions, and p : [a,b] — R is a positive integrable function, then

b b b b
@20 [ s [ pgde< [ o [ pos@god
Note that if f and g are asynchronous (one is decreasing and the other is increasing),

then 18 reversed.

Theorem 2.4. Assume that the hypotheses of Corollary[2-1) are satisfied. Suppose
that 6,0 > 0. If HPD[.] is non-negative, then the function

FooF [(0,1),<%,Ap)

(5;2} =

(Bq»BQ)
v (0,1),(ap+5Ap,Ap) 7
(227) _ p+1¥q |: (Bat+6By.By) — Z:| — 11 0(0'7 ) —PZ)
\I] |:(U11)7(QP1AP) :| F ( . . ) ’
p+1¥q (Be.By) z| —n1folo; = —p2

is increasing on (0,1). In addition, the function F(z) is decreasing on (0,1) for

each 6 < 0 and o > 0.

Proof. In view of (2.11), using the following property of the Fox H-function [8]
Property 1.5, p. 12]

Hm (Ap,ap+dAy)
4,0 | (Bg,Bq+0By)

_ drgnm (Ap,ap)
Z} =z qu [(B,,,,Bq)

we can rewrite the function F' as follows:

J‘P Hp,O |:(Ap7ap+6Ap)
0 4, |(Bgq,Bq+0Byg)
5;2} =
fp Hp10 [(Ap*ap)
0 P (quﬁq)

P 5—117p,0 |(Ap,ap)
Ay |G

70 (A ’(X )
Jo Hiw [(BZ-ﬂ:) t

dt
t} t(1+tz)°

(0,1),(ap,Ap)
F |: (ﬁquq[)) '

dt
t:| t(1+tz)°

dt
:| (1+tz)”

] dt
t(1+tz)°

Now, we consider the functions p, f, g : [0, p] — R, defined by

L 56 =1, 90 =

T 1xtz

_ s Ay,
p(t) =711+ ) HES [y

Observe that the functions f and g are increasing, thus, by means of Lemma [2.2

dt P A dt
t Hp,O ( paO‘p) t
} (1+tz)"> (/0 ap [<Bqﬁq> } 1+ tz)o

dt p Ap,ap) dt
t:| tUHp’O |:( p Xp t:| .
t(l+tz)”> (/0 @ [Barbo) ] (1 4 tz)o+1
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we infer
P
o—1 ,0 (Ap,ap)
(2.28) (/Ot HPO [(Bq’ﬁq)

P
,0 [(Ap,ap)
< ([ mplas




1 P 0 [(Ap,ap)
(2.29) = [/O HPO [(ijﬂ:) ¢

By

for

K. MEHREZ

On the other hand, we have

dt r 0 [(071)7(%7"‘10) 5 Z} _

} t(1+tz)°] 9z L (BaBo)
P dt , dt
_ p,0 | (Ap,ap) o 17p,0 |(Ap,ap)
(/0 Hq,p [(BQ,BQ) t} t(1+tz)”> (/0 t Hq,p [(Bq,ﬁq) t} (]_+tz)a+1)

P dt P A dt
_ ta—al,O |:(Ap7°‘p) t] / Hp,O [( Pvap) t:| .
(/0 4P | (Bq,Bq) (1 —+ tz)g 0 2P [(Bq:Bq) (1 + t2)0+1
(2.28)) and (2.29) we deduce that the function z — F'(z) is increasing on (0,1)
all o > 0 and 6 > 0. Moreover, if § < 0 then the inequality (2.28)) is reversed

and consequently the function z — F(z) is decreasing on (0,1) for all & > 0 and

6§ < 0. Now, the proof of this theorem is completed. ([

Acknowledgements: The author is grateful to the reviewers for the suggestions

that help to improve the paper.

(1]
2]
(3]
[4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]

CHUCOK JINTEPATYPHI

D. E. Karp, E. Prilepkina, “Some new facts concerning the delta neutral case of Fox’s H-
Function”, Comput. Methods Funct. Theory, 17 (2), 343 — 367 (2017).

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark (eds.), NIST Handbook of
Mathematical Functions, Cambridge University Press, Cambridge (2010).

J. E. Pecari¢, F. Proschan, Y. L. Tong, Convex Functions, Partial Orderings, and Statistical
Applications, Math. Science Eng., 187, Academic Press (1992).

Yu. Luchko, R. Gorenflo, “Scale-invariant solutions of a partial differential equation of
fractional order”, Fract. Calc. Appl. Anal., 1, 63 — 78 (1998).

D. S. Mitrinovié, J. E. Pecarié, A. M. Fink, Classical and New Inequalities in Analysis, Kluwer
Academic Publishers (1993).

A. M. Mathai, A Handbook of Generalized Special Functions for Statistical and physical
Sciences, Clarendon Press, Oxford (1993).

E. M. Wright, “The asymptotic expansion of the generalized hypergeometric function”, Journal
London Math. Soc., 10, 287 — 293 (1935).

A. M. Mathai, R. K. Saxena H. J. Haubold, The H-functions: Theory and Applications,
Springer (2010).

K. Mehrez, S. M. Sitnik, “Functional inequalities for the Mittag—Lefller functions”, Results
Math., 72 (1), 703 — 714 (2017).

K. Mehrez, S. M. Sitnik, “Turdn type inequalities for classical and generalized Mittag-LefHler
functions”, Anal Math., 44, 521 — 541 (2018).

K. MEHREZ, “Functional inequalities for the Wright functions”, Integral Trans. Special Funct.,
28 (2), 130 — 144 (2017).

K. Mehrez, “New integral representations for the Fox-Wright functions and its applications”,
J. Math. Anal. Appl., 468 (2), 650 — 673 (2018).

K. Mehrez, “Monotonicity patterns and functional inequalities for classical and generalized
Wright functions”, Math. Inequal. Appl., 22 (3), 901 — 916 (2019).

K. Mehrez, S. M. Sitnik, “Functional inequalities for Fox-Wright functions”, Ramanujan J.,
50 (2), 263 — 287 (2019).

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam (2006).

A. A. Kilbas, M. Saigo, H-transforms and applications, Analytical Methods and Special
Functions, Volume 9, Chapman Hall/CRC (2004).

64



NEW INTEGRAL REPRESENTATIONS ...

[17] E. M. WricHT, “The asymptotic expansion of the generalized hypergeometric function”,
Journal London Math. Soc., 10, 287 — 293 (1935).

[18] T. K. Pogédny, H. M. Srivastava, “Some Mathieu-type series associated with the Fox-—Wright
function”, Comput. Math. Appl., 57, 127 — 140 (2009).

Iloctynuna 27 nHosiOpst 2019
ITocne mopaborku 28 mapra 2020

IIpunsara k nydmukarun 10 miona 2020

65



Wszsecrus HAH Apmennn, Maremaruka, ToM 56, H. 1, 2021, ctp. 66 — 80.

QUASI SURE STRASSEN’S LAW OF THE ITERATED
LOGARITHM FOR INCREMENTS OF FBM IN HOLDER
NORM
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Abstract. In this paper, we present functional Strassen’s law of the iterated
logarithm for Csérgs-Révész (C-R) increments of a fractional Brownian motion
in Holder norm with respect to (r, p)-capacity. The method of the proof for our

main results is based on the large deviation for the fractional Brownian motion.

MSC2010 numbers: 60F15; 60F17; 60G18; 60G22.

Keywords: Strassen’s LIL; C-R increments; FBM; (r, p) —capacity; Holder
norm.

1. INTRODUCTION AND MAIN RESULTS

The functional limit theorems for fractional Brownian motion (FBM)
have been investigated in various directions. For example, Wang [5] studied
functional limit theorems for increments of a fractional Brownian motion
under the Sup-norm. At the same time, Lin, Wang and Hwang [3] obtained
functional limit theorems for d-dimensional FBM under Holder norm.

The capacity is a set function on B with the property that it sometimes
takes positive values even for p—null sets, while a set of capacity zero has
always p—measure zero. Therefore, an interesting problem is to find out
what property holds not only almost sure but also quasi sure. In this paper,
we shall discuss this topic. Liu [4] established quasi sure Strassen-type law
of the iterated logarithm for Csérgé-Révész (C-R) increments of Brownian
Motion (BM) in Hélder norm with respect to (r, p)—capacity. In this paper,

we present Strassen’s law of the iterated logarithm for C-R increments of

!This work was partially supported by NSFC(No.11771105), Guangxi Natural Science
Foundation (No. 2017GXNSFFA198012) and Guangxi Distinguished Expert Project.
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FBM in Holder norm with respect to (r, p)—capacity. We generalize Strassen-
type law of the iterated logarithm of FBM in terms of (7, p) —capacities under
Holder norm, the corresponding results in [3], [4] and [7] are extended.

Let (B, H, i) be an abstract Wiener space and D™P denotes the Sobolev

space, i.e.,
D" =(1—L)2LF, ||Fl,p=(1-L) 2F|,, FEL?, r>0, 1<p< oo,
where LP denotes LP—space of real-valued functions on (B, u) and £ is the

Ornstein-Uhlenbeck operator on (B, H, ). For r > 0, p > 1, (r, p)—capacity
is defined by
Crp(O) = inf{||F|]} ); F € Drp, FF > 1,p—a.s. on O} for open set O C B,
and for any set A C B, we define C, ,(A) by

Crp(A) =inf{C, ,(0); A C O C B,O is open}.

Let {X(t);t > 0} be a standard ~-fractional Brownian motion with 0 < v < 1
and X (0) = 0. The {X(¢);t > 0} has a covariance function
1
R(s,t) = E(X(s)X(t)) = 5(827 +t2 — s —t/*), s,t>0,

and a representation

1
X(0) = [ {la =02 - |02 ap),
Rl Py

2
where k:% = /Rl {]az —1|&-D/2 _ |33|(27_1)/2} dz, {B(t); —oo < t < +o0}

27_1)/2} is interpreted to

1
is a Brownian motion and k—{|x — | =1/2 g
Y
be g, when v = 3. {X(t);t > 0} has stationary increments with E(X (s +
t)—X(s))?> =t*, s,t > 0 and when v = , it is a standard Brownian motion.
Let Cy0, 1] be the space of continuous functions from [0, 1] to R with value
zero at the origin, endowed with usual norm || f|| = supy<;<; |f(f)| and we

denote by

H ={f € Cy[0,1] : f is an absolutely continuous function,

1
112 = /0 (f())%ds < oo}.

Then H is a Hilbert space with respect to the scalar product

1 .
(f.9) = /O f@)i(e)de, for figeH.
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Let 1 be the Wiener measure on Cp[0,1], then (Co,H,u) is an abstract

Wienner space. Let us consider two Banach spaces as follows

- {f € o0 1] [f OVl = sup HTDZIGI_ oo},

stel01],s2t |t —8?
Ca,o:{feca s If(t)f(8)|:0}7

6=0 5 t€[0,1],0<|t—s|<6 |t —s|*
where 0 < a < % In this paper, we assume 0 < a < 7 < % Then (C*°, H, 1)
is also an abstract Wiener space, see [1, Theorem 2.4] for details. Define a

mapping I : C*° — [0, oc] by

1t
5 [ liwka sen.
2 Jo
otherwise.
The limit set associated with functional laws of the iterated logarithm for
{X(t);t >0} is K, and it is a subset of functions in C*® with the form

f(t) = / ,7{|x {2 g B0y de, 0<t< 1.
R

Here the function g(z) ranges over the unit ball of L2(R') and / g*(s)ds <
1. The subset K of C*Y is defined by i
K={fecH:fecK,2I(f) <1}
Let a, be a non-decreasing function from (0, 4+00) to (0, +00) such that
(Hy) ay < wu,for any u € (0,400);

u
(Hy) The function — is non-decreasing;

Gy
ay
(Hs) ukr—&I—loo w P with the constant p < 1;
u
log —
(Hy) lim —2% — 400,

u—+o0 loglog u
We set £, = log “12%, Bu = (2au ly)” 3 and let A(t,u) denote the path
s = X (ut + ays) — X (ut), s €[0,1] .

In the following, we state our main results.
Theorem 1.1. Assume that (Hy) and (Hg) hold, then we have
(L.1) fim ~sup - dof [18uAEw)C) = fO)la =0, Crp =g,

)
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Theorem 1.2. Assume that (Hy), (Ha) and (Hs) hold, then for any f € K,

we have

(12)  liminf  inf  BuAGW() — fO)lla =0, Crp—q.s.

u—00 t€[0,1—-%%]

Moreover, assume that (Hyg) also holds, then for any f € K, we have
(1.3) lim  inf [|BA{w)() — f()la =0, Crp—g.s.

u=00 t€[0,1— ]
Remark 1.1. In [3], authors proved the equations — in the sense of
probability. Theorem and Theorem generalized them from probability
to (r,p)-capacity. At the same time, in [4], Liu established quasi sure Strassen-
type law of the iterated logarithm for C-R increments of BM in Hdélder norm
with respect to (r,p)—capacity. Theorem and Theorem generalized
them from BM to FBM. From the proof below, we can see that the method

we use is different from that in [3] and [4], and it is more complicated.

This paper is organized as follows. In Section 2, we introduce some basic
lemmas which will be used in this paper. In Section 3, we prove Theorem
[l In Section 4, we prove Theorem [I.2]

2. SOME LEMMAS

Our proofs are based on the following lemmas. We followed Theorem 3.3

in 7], we have following lemma.

Lemma 2.1. Assume {X(t);t > 0} is FBM with X (0) = 0. Then for any
closed set A € C*°, we have

h
limsupe | logC,, U {\/};V(X(t—l—h-)—X(t))eA} —Hogf <
e=0 0<t<T—h
< —inf I
< - nf, (f),

where 0 < h <1, 0<a<y <1,
We followed the method in [6], we have following lemma.

Lemma 2.2. Let 1 <k < Z, q1,q2 € (1,00) be given so that % = qil + q%
For any f € K, put

EX(ti + hl) — X(tl)

F —
€ h?V
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where 0 < t; < co,h; > 0. Then there exits a constant C = C(r,p,q1, f),
such that for any § € (0,1] and ¢ € (0,1], we have

n 1/p
Cryp (ﬂ {Z; a; < FY < bz}> <

i=1

n 1/q2
< C’(5_2T2_""nr,u (ﬂ {Z;ai i< Fa(i) < b+ 5}) .

i=1
The following lemmas can be found in the corresponding literature, so we

list them directly without proof.

Lemma 2.3. ([3]) Let 0 <~y <1 and fit 0 < a < q <. Let dj, = kF+(1-1),

sp=k7F fork>1and0 <1< 1. Let

Vi, 1) = / T fe sl 2 | 2Y dB@), 0<i<1,
jalg¢ 1 Fv

where B(z) is a standard Brownian motion, I, = (spdg—1, Spdi]. Let 0 <

B <. Then, for § = min{28(y —q),t— B,(1 —¢)(2 — 27), (2y — 2q)¢}, there

is a constant C' > 0 depending only on v such that uniformly in t, h,k, we

have

o (t, h) = E{[Yi(sk,t + h) — Yi(s, 1)’} < Ch¥s, k™",

Lemma 2.4. ([3]) Let {X (t);t > 0} be FBM with X (0) = 0 and 02(t —s) =
E(X(t)— X(s))?, For any € > 0, there exists a positive constant Cy = C|(e),
Y > xg > 0 such that

u< sup |X(t+s)—X(t)|2fw(t—s)> < Cexp <_ v’ )

0<s<t<1 2+¢

Lemma 2.5. ([2]) Consider a separable Banach space E with dual E* and a
centered Gaussian measure i on . Let V' be a convex, symmetric, measurable
subset of E. For oll f € H,

u(F ) 2 Ve {51712 |

3. PROOF OF THEOREM [L.1]

Put u, = 0™ with 1 < 6 < 2. For any u, there exists an integer n such that
Up < U < Upq1. Let Wy o (s) = Bu[X(t+ays)—X(t)], s € [0,1], t € [0,u—ay],
70
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then Wy ,(s) = F2u \I/t,unﬂ(ai“ls). We have

'Bun+1 Qup 4

sup inf [|BuA(t u)(-) = f()la

K
tefo,1— ] f€

= sup inf ||Bu][X (ut + ays) — X (ut)] — f(s)]la
tefo,1—u] fEK

= sup i X (et 0us) — X(@)] = £l

= sup inf ||[W..(s) = f(9)a
o fGKH (s) = f(s)ll

. a
B = s nf W (-2 s) — £
2€[0,u—ay] TeK " Puyiq Un+1
a a
< sup inf || W, ., (——) = f(——)
2€[0Unt1—au, ] FEK B Un+1 AQupy1 g
Ay,
N S N
/Bun+1 2€[0,Un4+1—up ] Unt+1 g
. Ay
+ inf 9 — f( =11+ I, + Is.
jnf f(aun+1) f()a 1+ Ir+ 13

there exits § > 0, 2infyeg I(f) > 140 :=n > 1. By Lemma 2.1, (H1) and
(H2), we have

Or,p(Il > 5) =

For any ¢ > 0, let A = {f € C¥||f — K||o > €}. If f € A, f ¢ K, thus

— G,y (Ie[ sup - f [ [X (2 + ansas) = X(2)] = )], > E)

0,un+1 *aun]

1 X - X
=Crp sup 57 (@t anns) - X(@) g > e
ZE[0,Un4+1—Auy] n+1 /G%ZH

(67

< Crp U L Xletanns) ~X@)
7 2ln 41 \/T
0<z<upt1—au, Qup i

Ay, \Unt1logupir) — Up logup+1/) ~— [(n+1)logf)"

It is clear that

IN

>0 0
; [(n+1)loga]? =~

By the Borel-Cantelli lemma, we get

(3.2) lim Iy =0, Crp —g.s.

n—oo
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For any f € K C C*°, ||f||lo <1 and large n, by (3.2), we have

a
sup Vo nsn (——)|| <2, Crp—q.s.
z€[0,un+1—uy, | Un+1 o

Obviously,

bu_ 4 <6 —1.

Un+1
By (3.4) in [3], we have

Gy _

kz“ﬂ% )= 10| 20—
fek Ay a

Letting 6 — 1, we get
(33) nlggo<12 + I3) = 07 Cr,p —4q.S.

Combining (3.1)) with (3.2)) and (3.3)), we obtain (|L.1).

4. PROOF OF THEOREM [L.2]

First of all, let’s prove the following two lemmas.
Lemma 4.1. If conditions (H1)-(Hs) hold, for any f € K, we have
. a
liminf [|B,A(1 = =%, u) = f(s)]a =0, Crp—aq.s.

log uay’
loglogu

Proof. Case (I). limsup < 00. We take uy,, such that u; = ug, Umat1—
uU—r00

Qupy iy = Um, m > 1. For k=1,2,---, we define

1 _ _
2 = [ e — @2 a072) 4B ()
|z|e(dr—1,di] P>
and
Xelt) = X(8) - Zi(0),

for 0 <t <1, dp =k s = k™% 0 <+ < 1. Then {Zi()}, k =

1,2,---, are independent and

(57X ()} 2{Yi(s8, ) -
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where Y (s, ") is as in Lemma[2.2] For any ¢ > 0, we have

Crp {H/B“mA(l - C;uima Um)(-) = f()lla > 46}

m

= Crp 1B [X (trmt + 1 8) = X (1)) = £(5) o > 4}
A1) < Crp (1B [Zon (1 + €y 8) = Zia(tima—1)] = £(5) o = 26}

+ Crip B X (1 + 10, 8) = X ()| > 26}

= Iy1 + Iyo.

By Lemmas 2.2 we have

Lz = Crp {{|Bun [Xim (tm—1 + @u,,8) — Xin(tm—1)][la = 26}

Ym(5m7 U —1 + aum') - Ym(Smy um—l)

=Crp > 2¢
2s

2y 2y
m gum Aoy, o

Ym(sma Um—1 + aum'> — Ym(sma um—l)

1
\/ 25%7&% \/ a?ﬂn .

< Cel=26 k), ’ > ¢

)
S Cl,U - ms Uczn—l + ) - Ym(srru U;n—l )] Z €
23373&”” o e
(0%
5 P
Yo (Smy ) — Yo (sm, x) n .
<Ci sup 2 e\l 7 2bun
: <0§m<y§1 (y — x)q\/W ¢
2,65 Com?
< Oy exp (—p 25 Jog “mlog“m> <o (a“m) :
@ (2+¢6C ay,, U, 1Og Uy,
where
Cy = CE(_2k2_k)p >0 Cy = ﬁi > 0.
’ q2 (2 + E)C

For large m, we have Com® > 1, thus Yoo Isa < 00. By the Borel-Cantelli

lemma, we get

(4.2) W}gnoo B [ X (Um—1 + @y, 8) — Xin(um—1)]lla} = 0, Crp—q.s.
73



Y. MO AND Q. LIU

Since {Z;(-)}, k=1,2,--- are independent, by Lemma we have
(4.3)

Cre { (VB0 Zin 1+ @) = Zin (-] = £ (o = 25}

92
P

n

< O 208 T ul1Buy [ Zon (o1 + @2,2) = Zin(tm)] = £ > 2)
k=l

= Cyn’® f[ g, (03 — Ot o) .
m=l

Moreover,
1| Bun [Zim (um—1 + @u,,) — Zin(um—1)] — f()lla =€)

(4.4) < N(Hﬁum [X(um—l + ay,,") — X(um_l)] — ) |la > E)

1
1 (B o1+ 00 = Kol = 5 ) = T+ T

By the same method of the estimate of I49, exist Co; > 0, Cy > 0, such
that

) u,, C2am®
) heon (o)
Let f(©) = (1—5)f, for f € K and 0 < ¢ < 1. Then f(©) € K and || f— ()|, <
5. For large n, by Lemma and Lemma we have

M<H5um (X (um—1+ up) = X(Um-1)] = F()lla < ;5>

X(Um—1 + ay,,") — X(Um—1 . €
> u(‘ ( = ) = Xuma) g0y /ot | < 4\/2%)
. X(Um—1 + ay,,") — X (Um— €
b (—Hf‘ 26, ) u(] o ¥ o) = Xme)| - € 2eum>
> e ||f||2 U, 10 Uy, 1—Ce g2 o U, 10 Uy,
_Cexp | —
- A, P 8(2+¢) & Ay,
um log u, g2 U, 10 Uy,
_— 1-— — 1
< ) (1= 0o (g ™))
C11 012
— 7"” 1-— C %77" ,
U 10g Uy U, 1Oog Uy,
where
C>0, 0<Ch=(1—-2<1, Cp= R
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C
Therefore, for large m, 1 — C (Cbuim) " > 1 we have

U, 1O0g Um, 29

C11 012

J;ngexp{_“um) (1_C<%m> )}
Uy 10g Uy, U, 10g Uy,
C11
1 Ay

< __ ___m .
_exp{ 2 <umlogum> }

By (4.3))-(4.6)), for large n, we have

(4.6)

a2

p

Cﬁp { ﬂ ||/8um [Zm(um—l + au7n') - Zm(um—l)] - f()”a > 25}
m=l

n a Caam? 1 a C11
= Clnrqz H 021 <um > +expy —= (um > .
el U 10g U 2 \ up log un,

L 1 ay Cu
o Fon{ ()
m:l m m
1 n a C11
=C 7q2 __ _ Um .
m exp{ 4mz_:l<umlogum> }

Therefore,

Cﬁp { m Hﬁum [Zm(umfl + aum') - Zm(umfl)] - f()”a 2 25}
m=l

p1 " ay Cn
< Cin'P . —um .
= e qz4z(umlogum>

m=l

(4.7)

By (H3) and definition of w,,, we have

n a C11
Z <“m> > A(logun)"ﬂ,
— \um log .,

where A = A(l) > 0,79 = 1 — C11 > 0. Since lim sup loguay < 00, we take

00 log logu

0 > 7720 and ug = e(logno)e, for large n, we can proof
log u, > (logn)g, n > ng.

Thus, for ng <1 < n, we get

n

C11
(4.8) > (aum) > A(logu,)™ > A(logn)™ > (logn)2.

Uy, 10 U
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By (4.7) and (| @, we obtain
Crp { m | Bun [Zm (Um—1 + up ) = Zin(Um—1)] — f()|la = 25}

< Cin'"Pexp {—f(logn)z} — 0, n — 00.
a2

So,

Crp {U m 1Bum [Zm (uim—1 + @uy ) = Zin(um—1)] = f()lla = 25} =0.

I=1m=l
Thus,

(49)  1minf B, [Zn(utms + 01,05) — Zin(t1)] — F()]a} =0,

Crp - q.s. By ., and (4.9)), Lemma 1) holds.

Case (II) hm sup llzgg ?ggu = 00, see Lemma4.2| Hence, the proof is completed.

Lemma 4.2. If conditions (H1)-(Hy4) hold, for any f € K, we have

lim inf ||BuA(t,u) — f(s)||a =0, Crp —q.s.

u—00 tef0,1— 9

1
Proof. Since hm llogﬁ‘a“ = 00, we choose uy,, such that 42 = nd d > 1.
oglogu Qup,
log 4o d
R _ _ Un _ _ au, __ logn
Let t; = wun+17 1 =01,k = |:aun+1:| L, g(n) " loglogu, ~— loglogun "

d
We have u,, = exp (ns"), g(n) is non-decreasing and g(n) — oco,n — 0.

Moreover, for any b > 0 — 0o and

’ logu

1< Un+1

d d__
:exp{(n—l-l)g("“) —nm} < exp (nW 1) — 1, n = 0.

n

Therefore, we have

inf |[BuA(Eu)(-) = f() o

te[0,1— 4]
= inf  ||BulX (x4 aus) — X(2)] — £(5)]a

2€[0,u—ay]
. Bu
= inf Vo uni (
IEE[O,’U,*G,»U‘} Un+1 Un+1
Gy

(4.10) < inf Vo i (—) = f(

- xE[D,un—aun+1] Uni1 Ay
+ ( - — 1) sup
Bun-u 2€[0,un—au, ]

Hf ~50)

Ay,

s) = f(s)a

Gy

)

Q

Jﬁﬁ

aun+1

‘llxyun-&-l (

«

=I5 + I} + I5.

aun+1 o
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Similarly to the proof of (3.3)), we have

(4.11) li_>m (I, + 1) =0, Crp—q.s.
On the other hand,
(4.12)
Crplls 245} = Copf_ inf (s () = FO], > 42}
mG[O,unfaun_,_l]
=Crp{  inf [ Buia [X (2 + aupir) = X(@)] = £, = 4}
2€[0,un—au,, ]
< Cr’p{ elo, min ] H/B“nJrl xl + Qup g ) - Zz($z)] - f()Ha > 25}
T; Un—Cuy, g
+ =< CTP{ i€l max H/Bunﬂ x’t + Qupiq” ) - XZ(xZ)] - f()Ha > 25}
YUn— a“n+1
= I51 + Iso.

By Lemmas [2.2}2.4] we have

[uin —1

QUup 41

Isz < Z Corp {1Bun+1[Xi (@i + au, 1 8) = Xi(wi)][la > 26}

[ ] 1
n+1
- C (827 Ty + aun+1 - }/Z'(S% x’b) > 26
= r,p el
i 2y 2y
=0 28 gunJrl Qg g g
(03
p
un 1 q -
[a“‘n+1 a2

< Cel-2K—R)p 3y Yi(si, @i + Qu, () — Yi(si, ;)

1
" >
; 2 2
i=0 2s; gun-rl \/ Quni1 o

D
[Ga—]-1 a2

QU1

Sclz,u

2
i=0 2s; 0
«
[ _up ] 1 b

Hin+1 e ) Vi(as 5
<C Z wl sup Yi(si,y) = Yilsi,2) > e/ 220

= Uy,
0<z<y<l (y_x)q /CS?’YZ-_(; C +1
(2211

& p 2% Upt1 108 Un 11 >
<C E exp | —— lo
= P P ( @ (2+eC & -

un 71

Bup 4 Csid Can
G"U,n+1 Un+1 aun+l 2o
<O — <
S \unsrloguns Gy \Unt1108 Un i

< Oy (n+1) MO =Cono?

Yi(sivi+-) = Yi(si,0)]|| > ¢

Un41
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where

p &

Cr=CeHhr o ="
! c T e (2+¢€)C

> 0.

Taking ng to be large enough such that d(C’gng -1+ Cong® > 1, thus

o9
Z 159 < o0.
n=1

By the Borel-Cantelli Lemma, we have

(4.13) lim sup max | Hﬁwﬂ [(Xi(2i + uypyy ) — Xz(l’z)]Ha =0,

n—oo Ti€ [07un_aun+l

Crp - q.s. Since {Zy(-)},k = 1,2,--- are independent, by Lemma we
have

(4.14)
Iy =Crp{  min | B [Z6(i + Quny) = Zilws)] = £, > 2¢}

x¢€[0,unfaun+1
kn
= Crp{ [ 1Bunsa [ Zil@i + @ y?) — Zi(zi)] = FO)]|,, = 2¢}
1=0

kn
< Clhn + 1) T (1 Bungn [Zi(i + ) = Ziwi)] = F()lla > €) 7
=0

kn »
= Cilkn + 1) [[ L. (C1 = ce2" =7 > 0)).

i=0
Moreover,
Li = M(HIBU’IL+1[Zi(xi + aun+1') — Zi(w)] = f()la > 6)
< (s X 0,19 = X)) = SOl = e
(4.15)

1
(B X 009 = X)) = SOl >
= LZ-1 + L?.

By the same method of the estimate of I5o, there exist Co; > 0, Cyo > 0
such that

a szi‘s
(4.16) L} < Cy (“”*1> :
Up+1 108 Un 41
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By the same method of the estimate of Jﬁl, there exist C' > 0, C11 > 0, Co >
0 such that

. T C11 Ay Ci2
L: é exp § — (n) 1— C (W’)
’ Un+1108 Un 41 Up+110g Up 11

(4.17) o
1 ( Aoy )
<exp{ ——= | ——m—F—
2 \Upy1loguy, i1

Therefore, by (4.14)-(4.17), we have
kn L
Iy = Ci(kn + )P T L2 < Ci(kn +1)""x
i=0

kn Cn Caoil %
1 a a
% | | exp -3 <“"+1> + Co9 (“"+1>

pal Up 41108 Up 11 Un41 108 Up 11

kn 1 ay » Ch11 a9
< Cq(k 1 rp T
N 1( nt ) g) P 4 (un—H log un—i—l)

P u ay Cn
< On¥Pexp { —— " < it )
492 y,,y \Un+110g U 11

Take a appropriate d, such that

00 ) p w a Cn1
Z Is; < Z Cin?Pexpd —— " ( fntl ) < 00.
n=1 n=1

442 Ay, \Un+110g Unt
By Borel-Cantelli Lemma, we have

(4.18) Hmsup min | Bun 1 1Zi (@i + @,y ) = Zi(xi)] = f()||,, =0,

n—oo ;€ [O»Un 7a'“'n+1 ]

Crp-q.s. By (4.10))-(4.13) and (4.18)), the proof of Lemma is completed.
Below, we prove Theorem Obviously, by Lemmas (1.2)) holds.
Moreover, by Lemma , (1.3) also holds.
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