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ÔÓÍÊÖÈÎÍÀËÜÍÛÌÈ ÏÅÐÅÌÅÍÍÛÌÈ

Ä. Í. ÀÐÓÒÞÍßÍ

Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Àííîòàöèÿ. Â ðàáîòå [1] äîêàçûâàåòñÿ ÷òî îáðàòèìàÿ àëãåáðà (Q,Σ) óäî-
âëåòâîðÿþùàÿ ñëåäóþùåé ôîðìóëå âòîðîãî ïîðÿäêà

∀X,Y, ∃X′, Y ′∀x, y, z(X(Y ′(x, y), z) = Y (x,X′(y, z))),

ÿâëÿåòñÿ ëèíåéíîé íàä ãðóïïîé. Â íàñòîÿùåé ñòàòüå äîêàçûâàåòñÿ áîëåå îá-
ùèé ðåçóëüòàò, à èìåííî, ÷òî ðåãóëÿðíàÿ è äåëèìàÿ àëãåáðà (Q,Σ) ñ óêàçàí-
íîé ôîðìóëîé âòîðîãî ïîðÿäêà ÿâëÿåòñÿ ýíäî-ëèíåéíîé íàä ãðóïïîé.

MSC2010 number: 03C05, 03C85, 20N05.

Êëþ÷åâûå ñëîâà: ∀∃(∀)-òîæäåñòâî; ðåãóëÿðíàÿ è äåëèìàÿ àëãåáðà; ýíäî-ëèíåéíàÿ
àëãåáðà; êâàçèýíäîìîðôèçì.

1. Ââåäåíèå è ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ïóñòú (Q, ·) ãðóïïîèä è a ∈ Q. Îáîçíà÷èì ÷åðåç La, Ra ñëåäóþùèå îòîáðàæå-

íèÿ: Lax = ax,Rax = xa è íàçîâåì ñîîòâåñòâåííî ëåâûì è ïðàâûì óìíîæåíèåì.

Ãðóïïîèä (Q, ·) íàçûâàåòñÿ ñ äåëåíèåì, åñëè äëÿ ëþáîãî a ∈ Q La è Ra ñþðú-

åêòèâíûå îòîáðàæåíèÿ. Áèíàðíàÿ àëãåáðà (Q,Σ) íàçûâàåòñÿ ñ äåëåíèåì, åñëè

(Q,A) ÿâëÿåòñÿ ãðóïïîèäîì ñ äåëåíèåì äëÿ ëþáîãî A ∈ Σ.

Íàçîâåì ãðóïïîèä (Q, ·) ëåâî-ðåãóëÿðíûì, åñëè:

ca = cb⇒ Ra = Rb,

ãäå a, b, c ∈ Q. Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðàâî-ðåãóëÿðíûé ãðóïïîèä. Íàçàâåì

ãðóïîèä ðåãóëÿðíûì, åñëè îí îäíîâðåìåííî ëåâî-ðåãóëÿðíûé è ïðàâî-ðåãóëÿðíûé.

Áèíàðíàÿ àëãåáðà (Q,Σ) íàçûâàåòñÿ ðåãóëÿðíûì, åñëè (Q,A) ÿâëÿåòñÿ ðåãóëÿð-

íûì ãðóïïîèäîì äëÿ ëþáîãî A ∈ Σ.

Îïðåäåëåíèå 1.1. [2][3] Ãðóïïîèä (Q,A) ãîìîòîïåí ãðóïïîèäó (Q,B), åëñè ñó-

ùåñòâóþò òàêèå îòîáðàæåíèÿ α, β, γ : Q → Q, ÷òî èìååò ìåñòî ðàâåíñòâî

γA(x, y) = B(αx, βy), äëÿ ëþáûõ x, y ∈ Q. Òîãäà òðîéêà (α, β, γ) íàçûâàåòñÿ

ãîìîòîïåé èç (Q,A) â (Q,B). Åñëè γ = idQ òîãäà ñêàæåì, ÷òî ýòè ãðóïïîèäû
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ãëàâíî ãîìîòîïíû. Åñëè α, β, γ ñþðúåêòèâíûå îòîáðàæåíèÿ òîãäà íàçîâåì ýòè

ãðóïïîèäû ýïèòîïíûìè èëè ãëàâíî ýïèòîïíûìè ñîîòâåñòâåííî.

Îïðåäåëåíèå 1.2. Îòîáðàæåíèå γ : Q → Q íàçûâàåòñÿ ãîìîòîïåé ãðóïîè-

äà (Q,A), åñëè ñóùåñòâóþò òàêèå îòîáðîæåíèÿ α, β : Q → Q, ÷òî òðîéêà

(α, β, γ) áóäåò ãîìîòîïåé èç (Q,A) â (Q,A).

Îïðåäåëåíèå 1.3. [4] Áèíàðíàÿ àëãåáðà (Q,Σ) ãîìîòîïíà ãðóïïîèäó (Q, ·), åñ-
ëè ãðóïïîèä (Q,A) ãîìîòîïåí ãðóïïîèäó (Q, ·) äëÿ ëþáîãî A ∈ Σ. Òàêèì æå

îáðàçîì îïðåäåëÿåòñÿ ãëàâíàÿ ãîìîòîïíîñòü, ýïèòîïíîñòü è ãëàâíàÿ ýïèòîï-

íîñòü áèíàðíîé àëãåáðû (Q,Σ) ãðóïïîèäó (Q, ·).

Îïðåäåëåíèå 1.4. Áèíàðíàÿ àëãåáðà (Q,Σ) íàçûâàåòñÿ ýíäî-ëèíåéíîé íàä ãðóï-

ïîèäîì (Q, ·), åñëè êàæäàÿ îïåðàöèÿ A ∈ Σ ÿâëÿåòñÿ ýíäî-ëèíåéíîé íàä ãðóïïî-

èäîì (Q, ·), ò. å. äëÿ êàæäîãî A ∈ Σ ñóùåñòâóþò ñþðúåêòèâíûå ýíäîìîðôèçìû

φA, ψA ãðóïïû (Q, ·) è ýëåìåíò tA èç Q, äëÿ êîòîðûõ èìååò ìåñòî ðàâåíñòâî:

A(x, y) = φAx · (ψAy · tA)

äëÿ ëþáîãî x, y ∈ Q.

Îïðåäåëåíèå 1.5. Îòîáðàæåíèå φ : Q → Q ÿâëÿåòñÿ êâàçèýíäîìîðôèçìîì

ãðóïïû (Q, ·), åñëè

φ(xy) = φx · (φ1)−1 · φy

äëÿ âñåõ x, y ∈ Q, ãäå 1 - åäèíèöà ãðóïïû (Q, ·).

Ëåììà 1.1. Ëþáîé êâàçèýíäîìîðôèçì φ ãðóïïû (Q, ·) èìååò âèä:

φ = R̃aφ
′,

ãäå R̃a = x · a, a ∈ Q, è φ′ ÿâëÿåòñÿ ýíäîìîðôèçìîì ãðóïïû (Q, ·).

Äîêàçàòåëüñòâî. Ïóñòü φ1 = k. Ïîêàæåì, ÷òo φ′ = R̃k−1φ ÿâëÿåòñÿ ýíäîìîð-

ôèçìîì. Èìååì:

φ′(ab) = R̃k−1φ(ab) = φa · (φ1)−1 · φb · k−1

= (φa · k−1) · (φb · k−1) = φ′a · φ′b.
�

Ëåììà 1.2. Ëþáàÿ ãîìîòîïèÿ α ãðóïïû (Q, ·) ÿâëÿåòñÿ êâàçèýíäîìîðôèçìîì

(Q, ·).
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Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ ãîìîòîïèè, äîëæíû ñóùåñòâîâàòü äâå

òàêèå îòîáðàæåíèÿ β è γ, ÷òîáû èìåëî ìåñòî ðàâåíñòâî

(1.1) α(ab) = βa · γb,

äëÿ ëþáûõ a, b ∈ Q.
Ñäåëàâ ïî î÷åðåäè â (1.1) çàìåíû: 1) a = 1, 2) b = 1, 3) a = b = 1, ïîëó÷à-

åì:

(1.2) αb = β1 · γb, αa = βa · γ1, α1 = β1 · γ1 :

Ïðåîáðàçóåì ðàâåíñòâî (1.1), ó÷èòûâàÿ ðàâåíñòâà (1.2):

α(ab) = αa · (γ1)−1 · (β1)−1αb = αa · (β1 · γ1)−1 · αb =

= αa · (α1)−1 · αb,

ò. å. α êâàçèýíäîìîðôèçì. �

Òåîðåìà 1.1. [5] Ïóñòü (Q,A), (Q,B), (Q,C), (Q,D) ãðóïïîèäû ñ äåëåíèåì, à

(Q,A), (Q,C) - ðåãóëÿðíû. Òîãäà, åñëè èìååò ìåñòî òîæäåñòâî

(1.3) A(x,B(y, z)) = C(D(x, y), z),

òî àëãåáðà (Q, {A,B,C,D}) áóäåò ýïèòîïíî íåêîòîðîé ãðóïïå (Q, ·). Áîëåå òî-
ãî, ñóùåñòâóþò òàêèå A1, A2, B1, B2, C1, C2, D1, D2 ñþðúåêòèâíûå îòîáðàæå-

íèÿ, ÷òî èìåëè ìåñòî ðàâåíñòâà:
A(x, y) = A1x ·A2x,

A2B(x, y) = A2B1x ·A2B2y,

C(x, y) = C1x · C2x,

C2D(x, y) = C2D1x · C2D2y,

è 
A1 = C1D1,

A2B1 = C1D2,

A2B2 = C2.

2. Îñíîâíûå ðåçóëüòàòû

Òåïåðü ìû ãîòîâû ñôîðìóëèðîâàòü è äîêàçûâàòü îñíîâíûå ðåçóëüòàòû ñòàòüè.

Òåîðåìà 2.1. Ïóñòü (Q,Σ) ðåãóëÿðíàÿ àëãåáðà ñ äåëåíèåì, è äëÿ ëþáûõ A,C ∈
Σ ñóùåñòâóþò B,D ∈ Σ òàêèå, ÷òî èìååò ìåñòî òîæäåñòâî (1.3). Òîãäà, ñó-

ùåñòâóåò òàêàÿ ãðóïïà (Q, ·), ÷òî (Q,Σ) áóäåò ãëàâíî ýïèòîïíî ýòîé ãðóïïå.
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Äîêàçàòåëüñòâî. Ïóñòü A ∈ Σ, òîãäà èç òåîðåìû 1.1 ñëåäóåò, ÷òî ñóùåñòâó-

þò îïåðàöèè A′, A′′ ∈ Σ è òàêàÿ ãðóïïà (Q, ·), ÷òî èìåþò ìåñòî òîæäåñòâî

A(x,A′(y, z)) = A(A′′(x, y), z), è
A(x, y) = αx · βy,
βA′(x, y) = βλx · βθy,
A(x, y) = φx · ψy,
ψA′′(x, y) = ψγx · ψδy,

ãäå α, β, γ, λ, θ, φ, ψ, δ - ñþðúåêòèâíûå îòîáðàæåíèÿ.

Èç òåîðåìû 1.1 ñëåäóåò, ÷òî äëÿ ëþáîãî C ∈ Q ñóùåñòâóþò òàêèå îïåðàöèè

B,D ∈ Σ è ãðóïïà (Q, ·C) òàêàÿ, ÷òî èìåþò ìåñòî ðàâåíñòâà A(x,B(y, z)) =

C(D(x, y), z), è 
A(x, y) = αCx ·C βCy
βCB(x, y) = βCλCx ·C βCθCy
C(x, y) = φCx ·C ψCy
ψCD(x, y) = ψCγCx ·C ψCδCy

,

ãäå αC , βC , γC , λC , θC , φC , ψC , δC - ñþðúåêòèâíûå îòîáðàæåíèÿ.

Òàê êàê αC , βC ñþðúåêöèè, òî ñóùåñòâóþò òàêèå hαC
, hβC

îòîáðàæåíèÿ, ÷òî

αChαC
= idQ, è βChβC

= idQ.

Ñäåëàâ çàìåíû x→ hαC
x, y → hβC

y â ðàâåíñòâå A(x, y) = αCx ·C βCy, ïîëó-
÷àåì A(hαC

x, hβC
y) = x ·C y, è òàê êàê A(x, y) = αx ·βy, òî èç ýòèõ äâóõ ðàâåíñòâ

ñëåäóåò

(2.1) x ·C y = αhαC
x · βhβC

y.

Äîêàæåì, ÷òî αhαC
, βhβC

áóäóò áèåêöèÿìè.

Ñäåëàâ çàìåíó y = 1C â ðàâåíñòâå (2.1), ãäå 1C - åäèíèöà ãðóïïû (Q, ·C),

ïîëó÷àåì:

x = αhαC
x · c1 = R̃c1αhαC

x,

ãäå c1 = βhβC
1C , è R̃c1 ÿâëÿåòñÿ ëåâûì óìíîæåíèåì ãðóïïû (Q, ·C) ñ ýëåìåíòîì

c1. Òàê êàê R̃c1 ÿâëÿåòñÿ áèåêòèâíûì îòîáðàæåíèåì, è R̃−1c1 = R̃c−1
1
, òî αhαC

òîæå

áóäåò áèåêòèâíûì îòîáðàæåíèåì. Òàêèì æå îáðàçîì βhβC
òîæå áóäåò áèåêòèâ-

íûì îòîáðàæåíèåì.

Ñëåäóåò, ÷òî äëÿ ëþáûõ x, y ∈ Q, è äëÿ ëþáîãî C ∈ Σ èìååò ìåñòî ðàâåíñòâî

x ·C y = σCx ·µCy, ãäå σC = αhαC
, µC = βhβC

, òî åñòü σC è µC áèåêöèè. Òàê êàê
6
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C(x, y) = φCx ·C ψCy, òî ñäåëàâ çàìåíó ïîëó÷èì:

C(x, y) = σCφCx · µCψCy,

ãäå, σCφC , µCψC ñþðúåêöèè. Òî åñòü äëÿ ëþáîãî C ∈ Σ, (Q,C) áóäåò ãëàâíî

ýïèòîïíî ãðóïïå (Q, ·). �

Òåîðåìà 2.2. Ïóñòü (Q,Σ) - ðåãóëÿðíàÿ àëãåáðà ñ äåëåíèåì, è äëÿ ëþáûõ A,C ∈
Σ ñóùåñòâóþò B,D ∈ Σ òàêèå, ÷òî èìååò ìåñòî òîæäåñòâî (1.3). Òîãäà,

ñóùåñòâóåò òàêàÿ ãðóïïà (Q, ·), ÷òî àëãåáðà (Q,Σ) áóäåò ýíäî-ëèíåéíîé íàä

ýòîé ãðóïïîé.

Äîêàçàòåëüñòâî. Èìååì, ÷òî êàêîâû áû íè áûëè îïåðàöèè A,C ∈ Σ, íàéäóòñÿ

äâå îïåðàöèè B,D ∈ Σ òàêèå, ÷òî èìååò ìåñòî òîæäåñòâî (1.3).

Ñîãëàñíî òåîðåìå 2.2, âñå îïåðàöèè èç Σ äîëæíû áûòü ãëàâíî ýïèòîïíû îäíîé

è òîé æå ãðóïïå (Q, ·), ò. å. èìååì:
A(x, y) = αAx · βAy
B(x, y) = αBx · βBy
C(x, y) = αCx · βCy
D(x, y) = αDx · βDy

,

ãäå αA, βA, αB , βB , αC , βC , αD, βD - ñþðúåêòèâíûå îòîáðàæåíèÿ.

Ñäåëàâ çàìåíû â òîæäåñòâå (1.3), ïîëó÷èì

αC(x · y) = αAhαD
x · βA(αBhβD

y · ·BhβC
1).

Ñäåëàåì çàìåíû z → hβC
1, x → hαD

x è y → hβD
y, ãäå βChβC

= αDhαD
=

βDhβD
= idQ, ãäå 1 ÿâëÿåòñÿ åäèíèöåé ãðóïïû (Q, ·). Òîãäà èç ïîñëåäíåãî ðàâåí-

ñòâà ïîëó÷èì

αC(x · y) = αAhαD
x · βA(αBhβD

y · βBhβC
1),

èëè

αC(x · y) = σx · µy,

ãäå σ = αAhαD
è µ = βAR̃lαBhβD

y, ãäå l = βBhβC
1.

Ñîãëàñíî ëåììå 1.2, αC áóäåò êâàçèýíäîìîðôèçìîì (Q, ·), à èç ëåììû 1.1 ïî-

ëó÷èì, ÷òî

αC = R̃tα
′
C ,

ãäå R̃t - ïðàâîå óìíîæåíèå ãðóïïû (Q, ·), à α′C ÿâëÿåòñÿ ýíäîìîðôèçìîì ãðóïïû

(Q, ·).
7
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Ñëåäîâàòåëüíî ïîëó÷àåì, ÷òî äëÿ ëþáîãî C ∈ Σ èìååò ìåñòî ðàâåíñòâî

(2.2)
C(x, y) = αCx · βCy = R̃tα

′
Cx · βCy = α′Cx · t · βCy =

= α′Cx · L̃tβCy = α′Cx · γCy,

ãäå α′C - ñþðúåêòèâíûé ýíäîìîðôèçì, à γC - ñþðúåêòèâíîå îòîáðàæåíèå.

Èç ðàâåíñòâà (2.2) òåïåðü ïîëó÷àåì:
A(x, y) = φAx · γAy
B(x, y) = φBx · γBy
C(x, y) = φCx · γCy
D(x, y) = φDx · γDy

,

ãäå φA, φB , φC , φD - ñþðúåêòèâíûå ýíäîìîðôèçìû, à γA, γB , γC , γD - ñþðúåêòèâ-

íûå îòîáðàæåíèÿ.

Ñäåëàâ çàìåíû â òîæäåñòâå (1.3), ïîëó÷èì:

φAx · γA(φBy · γBz) = φC(φDx · γDy) · γCz.

Ñäåëàåì çàìåíû x→ hφA
1, y → hφB

y è z → hγBy, ãäå φAhφA
= φBhφB

= γBhγB =

idQ, è 1 ÿâëÿåòñÿ åäèíèöåé ãðóïïû (Q, ·). Òîãäà èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì:

γA(y · z) = φC(φDhφA
1 · γDhφB

y) · γChγBz,

èëè

γA(y · z) = θy · νz,

ãäå θ = φCL̃fγDhφB
è ν = γChγB , ãäå f = φDhφA

1.

Ñîãëàñíî ëåììå 1.2, γA áóäåò êâàçèýíäîìîðôèçìîì (Q, ·) è èç ëåììû 1.1 ïî-

ëó÷èì, ÷òî γA = R̃gψA, ãäå R̃g - ïðàâîå óìíîæåíèå â ãðóïïå (Q, ·), è ψA ÿâëÿåòñÿ

ýíäîìîðôèçìîì ãðóïïû (Q, ·). Ñëåäîâàòåëüíî, äëÿ ëþáîãî A ∈ Σ èìååò ìåñòî

ðàâåíñòâî

A(x, y) = φAx · γCy = φAx · R̃gψAy = φAx · ψAy · gA,

ãäå φA, ψA - ñþðúåêòèâíûå ýíäîìîðôèçìû ãðóïïû (Q, ·), à gA - ýëåìåíò èç Q. �

Abstract. In [1] is proved that the invertible algebra (Q,Σ) satisfying the following

second-order formula

∀X,Y, ∃X ′, Y ′∀x, y, z(X(Y ′(x, y), z) = Y (x,X ′(y, z))),

8
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is linear over the group. In this paper, we prove a more General result, namely that

the regular and divisible algebra (Q,Σ) with the speci�ed second-order formula is

endo-linear over the group.
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Abstract. In this paper we prove that a planar set X of at most mn− 1 points,
where m ≤ n, is κ-dependent, if and only if there exists a number r, 1 ≤ r ≤ m− 1,

and an essentially κ-dependent subset Y ⊂ X , #Y ≥ rs, where r + s− 3 = κ, belonging
to an algebraic curve of degree r, and not belonging to any curve of degree less than r.
Moreover, if #Y = rs then the set Y coincides with the set of intersection points of some
two curves of degrees r and s, respectively. Let us mention that the first three criteria of
the scale, for m = 1, 2, 3, are well-known results.
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1. Introduction, n-independence

Denote by Πn the space of bivariate algebraic polynomials of total degree less
than or equal to n. Its dimension is given by

N := dim Πn =

(
n+ 2

2

)
.

A plane algebraic curve is the zero set of some bivariate polynomial. To simplify
notation, we shall use the same letter p, say, to denote the polynomial p and the
curve given by the equation p(x, y) = 0. More precisely, suppose p is a polynomial
without multiple factors. Then the plane curve defined by the equation p(x, y) = 0

shall also be denoted by p. So lines, conics, and cubics are equivalent to polynomials
of degree 1, 2, and 3, respectively.

Suppose a set of k distinct points is given:

Xk = {(xi, yi) : i = 1, 2, . . . , k} ⊂ C2.

The problem of finding a polynomial p ∈ Πn which satisfies the conditions

(1.1) p(xi, yi) = ci, i = 1, . . . , k,

is called interpolation problem. We denote this problem by (Πn,X ). The polynomial
p is called interpolating polynomial.

Definition 1.1. The set of points Xk is called n-poised, if for any data (c1, . . . , ck),
there is a unique polynomial p ∈ Πn satisfying the conditions (1.1).

10
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By a Linear Algebra argument a necessary condition for n-poisedness is

k = #Xk = dim Πn = N.

Definition 1.2. The interpolating problem (Πn,Xk) is called n-solvable, if for any
data (c1, . . . ck), there exists a (not necessarily unique) polynomial p ∈ Πn satisfying
the conditions (1.1).

A polynomial p ∈ Πn is called n-fundamental polynomial of a point A ∈ X , if
p(A) = 1 and p

∣∣
X\{A} = 0, where p

∣∣
X means the restriction of p to X . We shall

denote such a polynomial by p?A,X .

Sometimes we call n-fundamental also a polynomial from Πn that just vanishes at
all the points of X but A, since such a polynomial is a nonzero constant multiple
of p?A. A fundamental polynomial can be described as a plane curve containing all
but one point of X .

Next we consider an important concept of n-independence and n-dependence of
point sets (see [1], [2], [4]).

Definition 1.3. A set of points X is called n-independent, if each its point has an
n-fundamental polynomial. Otherwise, it is called n-dependent.

Since the fundamental polynomials are linearly independent, we get that #X ≤
N is a necessary condition for n-independence.

Proposition 1.1. A set X is n-independent if and only if the interpolation problem
(Πn,X ) is n-solvable.

Proof. Suppose X := Xk. In the case of n-independence we have the following
Lagrange formula for a polynomial p ∈ Πn satisfying interpolating conditions (1.1):

p =

k∑
i=1

cip
?
i .

On the other hand if the interpolation problem is n-solvable then for each point
(xi, yi), i = 1, . . . , k, there exists an n-fundamental polynomial. Indeed, it is the
solution of the interpolation problem (1.1), where ci = 1, and cj = 0 ∀j 6= i. �

Definition 1.4. A set of points X is called essentially n-dependent, if none of its
points has an n-fundamental polynomial.

If a point set X is n-dependent, then for some A ∈ X , there is no n-fundamental
polynomial, which means that for any polynomial p ∈ Πn we have that

p
∣∣
X\{A} = 0 =⇒ p(A) = 0.

11
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Thus a set X is essentially n-dependent means that any plane curve of degree n
containing all but one point of X , contains all of X .

In the proof of the main result we will need the following

Proposition 1.2 ([5], Cor. 2.2). Suppose a set X is given. Denote by Y the subset
of X that have n-fundamental polynomials with respect to X . Then the set X \Y is
essentially n-dependent.

Corollary 1.1. Any n-dependent point set has essentially n-dependent subset.

Set d(n, k) := dim Πn − dim Πn−k. It is easily seen that d(n, k) = (n+ 1) + n+

· · ·+ (n− k + 2) = 1
2k(2n− k + 3), if k ≤ n.

In the sequel we will need the following well-known proposition (see, e.g., [7],
Proposition 3.1).

Proposition 1.3. Let q be a curve of degree k without multiple components and
k ≤ n. Then the following assertions hold:

(i) Any set of more than d(n, k) points located on the curve q is n-dependent;
(ii) Any set X of d(n, k) points located on the curve q is n-independent if and

only if

p ∈ Πn, p
∣∣
X = 0⇒ p = fq, where f ∈ Πn−k.

Corollary 1.2. The following assertions hold:

(i) Any set of at least n+ 2 points located on a line is n-dependent;
(ii) Any set of at least 2n+ 2 points located on a conic is n-dependent;
(iii) Any set of at least 3n+ 1 points located on a cubic is n-dependent.

2. Some known results

Let us start with the three known results which coincide with the first three
items of the scale established in this paper, respectively.

Theorem 2.1 ([8]). Any set X consisting of at most n+1 points is n-independent.

Theorem 2.2 ([1], Prop. 1). A set X with no more than 2n+2 points on the plane
is n-dependent if and only if either n+ 2 of them are collinear or #X = 2n+ 2 and
all the 2n+ 2 points belong to a conic.

Theorem 2.3 ([3], Thm. 5.1). A set X consisting of at most 3n points is n-
dependent if and only if at least one of the following conditions hold:

(i) n+ 2 points are collinear;
(ii) 2n+ 2 points belong to a (possibly reducible) conic;

12
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(iii) #X = 3n, and there exist σ3 ∈ Π3 and σn ∈ Πn such that X = σ3 ∩ σn.

The following two results describe some properties of essentially dependent point
sets laying in a curves of certain degrees.

Proposition 2.1 ([6], Prop. 3.3). Suppose that m ≤ n. If a set X of at most mn
points is essentially κ-dependent then all the points of X lay in a curve of degree
m.

We say that a curve σ is not empty with respect to a set X if X ∩ σ 6= ∅.

Theorem 2.4 ([6], Thm. 3.4). Assume that σm is a curve of degree m, which is
either irreducible or is reducible such that all its irreducible components are not
empty with respect to a set X ⊂ σm, where X is essentially κ-dependent and m ≤
n+ 2. Then we have that #X ≥ mn.

The next result states a necessary and sufficient conditions for a set of mn points
to coincide with the set of the intersection points of some two plane algebraic curves
of degrees m and n, respectively.

Theorem 2.5 ([6], Thm. 3.1). A set X with #X = mn, m ≤ n, is the set of
intersection points of some two plane curves of degrees m and n, respectively, if
and only if the following two conditions are satisfied:

(i) The set X is essentially (m+ n− 3)-dependent;
(ii) No curve of degree less than m contains all of X .

3. Main result

By combining Proposition 2.1 and Theorem 2.4 we readily get the following

Proposition 3.1. Suppose that X is an essentially κ-dependent point set with
#X ≤ mn − 1, where m ≤ n, and κ = m + n − 3. Then there exists a number r,
1 ≤ r ≤ m− 1, and a curve σr of degree r, such that the following conditions hold:

(i) #X ≥ rs, where r + s− 3 = κ;
(ii) σr contains all of X
(iii) There is no curve of degree less than r containing all of X .

Proof. We obtain from Proposition 2.1 that the set of points X lies in a curve
σ of degree at most m. Without loss of generality we may assume that σ is either
irreducible or is reducible such that all its irreducible components are not empty
with respect to the set X . Then, notice that the degree of the curve does not equal
m, since in that case, in view of Theorem 2.4, we would have that #X ≥ mn.
Finally, consider such a curve σr of the smallest possible degree 1 ≤ r ≤ m − 1.

13
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Note that r < κ− r + 3 since r < m ≤ κ−m+ 3. Now, Theorem 2.4 implies that
#X ≥ rs, where r + s− 3 = κ. �

Now we are in a position to formulate the main result of the paper:

Theorem 3.1. Suppose that X is a set of points such that #X ≤ mn − 1, where
m ≤ n. Then X is κ-dependent, where κ = m + n − 3, if and only if there exist a
number r, 1 ≤ r ≤ m−1, and an essentially κ-dependent subset Y ⊂ X , #Y ≥ rs,
where r + s − 3 = κ, belonging to a curve of degree r, and not belonging to any
curve of degree less than r.
Moreover, if #Y = rs then we have that Y coincides with the set of intersection
points of some two plane curves of degrees r and s respectively.

Proof. The sufficiency part is obvious. If some set has a κ-dependent subset
then the set itself is κ-dependent. Now let us prove the part of necessity.

We have that the set X is κ-dependent. By the Corollary 1.1 there exists some
essentially κ-dependent subset Y ⊂ X . Now, applying Proposition 3.1 to the set of
points Y we get that there exists a curve σr of degree r, 1 ≤ r ≤ m− 1, containing
all of Y, such that #Y ≥ rs, where r + s − 3 = κ, and there is no curve of lower
degree containing all of Y.

Finally, let us prove the "moreover"part of the theorem. Here we have that Y
is essentially κ-dependent, #Y = rs and there is no curve of degree less than r

passing through all the points of Y. Notice also that r < s since r < m < κ− r+ 3.

Hence we get from Theorem 2.5 that Y is the set of intersection points of some two
plane curves of degrees r and s, respectively. �

Now, let us mention some necessary conditions for the set X to be able to apply
Theorem 3.1. Suppose that we have a κ-dependent set X . We need to find such
numbers m and n, for which #X ≤ mn, where m + n − 3 = κ and m ≤ n. Since
the the expression mn achieves its maximum when m = n = (κ + 3)/2, then #X
must be not more than b(κ+ 3)2/4c.

4. Some special cases of Theorem 3.1

In this section we verify that Theorem 3.1 is a generalization of Theorems 2.1,
2.2 and 2.3. For this purpose let us formulate Theorem 3.1 in the special cases with
m = 1, 2, 3, 4.
Case m = 1. A set X of at most κ+1 points is never κ-dependent. This is equivalent
to Theorem 2.1.
Case m = 2. A set X of at most 2κ+ 1 points is κ-dependent if and only if κ+ 2

points of X are collinear.
14
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Case m = 3. A set X of at most 3κ− 1 points is κ-dependent, if and only if one of
the following conditions hold:

(i) κ+ 2 points of X belong to a line,
(ii) 2κ+ 2 points of X belong to a conic.

Clearly the statement in Case m = 3 is a generalization of Theorem 2.2.
Case m = 4. A set X of at most 4κ− 5 points is κ-dependent, if and only if one of
the following conditions hold:

(i) κ+ 2 points of X belong to a line,
(ii) 2κ+ 2 points of X belong to a conic,
(iii) #X = 3κ and X coincides with an intersection points of some two algebraic

curves of degrees 3 and κ,
(iv) more than 3κ points of X belong to a cubic.

Finally, this statement generalizes Theorem 2.3.
Note that in above statements we used Corollary 1.2.
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Abstract. In this paper we study the properties of the Lebesgue constant of

the conjugate transforms. For conjugate Fej�er means we will �nd necessary and

su�cient condition on t for which the estimation E
∣∣∣σ̃(t)

n f
∣∣∣ ≤ cE |f | holds. We

also prove that for dyadic irrational t, L logL is the maximal Orlicz space for

which the estimation E
∣∣∣σ̃(t)

n f
∣∣∣ ≤ c1 + c2E

(
|f | log+ |f |

)
is valid.
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1. Dyadic Hardy spaces and conjugate transforms

Let P denote the set of positive integers, N:=P∪{0}, the set of all integers by Z
and the set of dyadic rational numbers in the unit interval I := [0, 1) by Q. In
particular, each element of Q has the form p

2n for some p, n ∈ N, 0 ≤ p < 2n.

Denote by Z2 the discrete cyclic group of order 2, that is Z2 = {0, 1}, where
the group operation is the modulo 2 addition and every subset is open. The Haar

measure on Z2 is given such that the measure of a singleton is 1/2. Let G be the

complete direct product of the countable in�nite copies of the compact groups Z2.

The elements of G are of the form x = (x0, x1, ..., xk, ...) with xk ∈ {0, 1} (k ∈ N) .

The group operation onG is the coordinate-wise addition, the measure (denote by µ)

and the topology are the product measure and topology. The compact Abelian

group G is called the dyadic group. A base for the neighborhoods of G can be given

in the following way:

I0 (x) : = G, In (x) := In (x0, ..., xn−1)

: = {y ∈ G : y = (x0, ..., xn−1, yn, yn+1, ...)} , (x ∈ G,n ∈ N) .

These sets are called the dyadic intervals. Let 0 = (0 : i ∈ N) ∈ G denote the null

element of G, In := In (0) (n ∈ N) . For every �nite set E the number of elents in

E we denote by |E|, i. e. |E| := (E)
#
.

For k ∈ N and x ∈ G denote rk (x) := (−1)
xk , the k-th Rademacher function on

dyadic group G.
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Denote the dyadic expansion of t ∈ I by

t =

∞∑
j=0

tj
2j+1

, tj = 0, 1.

In the case of t ∈ Q choose the expansion which terminates in zeros. For t ∈ I we
denote ρ (t) := (t0, t1, ...) ∈ G.

The σ-algebra generated by the dyadic intervals {In (x) : x ∈ G} is denoted by

An, more precisely, An := σ {In (x) : x ∈ G}. The expectation and the conditional

expectation operators relative to An (n ∈ N) are denoted by E and En, respectively.

The norm (or quasinorm) of the space Lp is de�ned by

‖f‖p := (E |f |p)
1/p

(0 < p < +∞) .

Denote by f =
(
f (n), n ∈ N

)
martingale with respect to (An, n ∈ N) (for details

see, e. g. [18, 19]). The maximal function of a martingale f is de�ned by

f∗ = sup
n∈N

∣∣∣f (n)
∣∣∣ .

In case of f ∈ L1, the maximal function can also be given by

f∗ = sup
n∈N
|Enf | .

For 0 < p <∞ the Hardy martingale space Hp consists of all martingales for which

‖f‖Hp
:= ‖f∗‖p <∞.

For a martingale

f ∼
∞∑

n=0

(
f (n) − f (n−1)

)
, f (−1) = 0,

the conjugate transforms are de�ned by

f̃ (t) ∼
∞∑

n=0

rn (ρ (t))
(
f (n) − f (n−1)

)
,

where t ∈ I is �xed.
Note that f̃ (0) = f. As is well known, if f is an integrable function, then

conjugate transforms f̃ (t) do exist almost everywhere, but they are not integrable

in general.

The following equation holds ([18, 19])∥∥∥f̃ (t)
∥∥∥
Hp

= ‖f‖Hp
(0 < p <∞, t ∈ I) .

Furthermore, Khintchin's inequality implies that

‖f‖pHp
∼
∫
I

∥∥∥f̃ (t)
∥∥∥p
Hp

dt (0 < p <∞) .
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Let Q (L) = Q (L) (I) be the Orlicz space [9] generated by the Young function Q,

i.e. Q is convex continuous even function such that Q(0) = 0 and

lim
u→+∞

Q (u)

u
= +∞, lim

u→0

Q (u)

u
= 0.

This space is endowed with the norm

‖f‖Q(L)(I) = inf{k > 0 :

∫
I

Q(|f | /k) ≤ 1}.

In particular, if Q(u) = u log(1 + u), u > 0 then the corresponding space will be

denoted by L log+ L(I).

2. Walsh system and conjugate Fejér means

Let m ∈ N, then m =
∞∑
i=0

mi2
i, where mi ∈ {0, 1} (i ∈ N), i.e. m is expressed

in the number system of base 2. Denote |m| := max{j ∈ N:mj 6= 0}, that is,

2|m| ≤ m < 2|m|+1.

The Walsh-Paley system is de�ned as the sequence of Walsh-Paley functions:

wm (x) :=

∞∏
k=0

(rk (x))
mk = r|m| (x) (−1)

|m|−1∑
k=0

mkxk

(x ∈ G,m ∈ P) .

The Walsh-Dirichlet kernel is de�ned by

Dn (x) =

n−1∑
k=0

wk (x) .

Recall that ([14], [8])

(2.1) D2n (x) =

{
2n, if x ∈ In,
0, if x ∈ G\In,

and

(2.2) Dn (x) = wn (x)

∞∑
k=0

nk (D2k+1 (x)−D2k (x)) .

Let x ∈ Ij\Ij+1. Then from (2.1) and (2.2) we have

Dn (x) = wn (x)

(
j−1∑
k=0

nk2k − nj2j
)
.

Hence,

|Dn (x)| = αj (n) ,

where

αj (n) =

∣∣∣∣∣
j−1∑
k=0

nk2k − nj2j
∣∣∣∣∣ .
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The partial sums of the Walsh-Fourier series are de�ned as follows:

SMf :=

M−1∑
i=0

f̂ (i)wi,

where the number f̂ (i) = E (fwi) is said to be the ith Walsh-Fourier coe�cient of

the function f. It is easy to see that En (f) = S2n (f) .

For any given n ∈ N it is possible to write n uniquely as n =
∞∑
k=0

nk2k, where

nk = 0 or 1 for k ∈ N. This expression will be called the binary expansion of n and

the numbers nk will be called the binary coe�cients of n.

De�ne the variation of an n ∈ N with binary coe�cients (nk : k ∈ N) by

V (n) :=

∞∑
k=1

|nk − nk−1|+ n0.

The Fej�er means of Walsh-Fourier series is de�ned as follows

σnf :=
1

n

n−1∑
k=0

Skf (n ∈ P) .

If f ∈ L1 then it is easy to show that the sequence (En (f) : n ∈ N) is a martingale.

If f is a martingale, that is f = (f (n) : n ∈ N) then the Walsh-Fourier coe�cients

must be de�ned in a little bit di�erent way:

(2.3) f̂ (i) = lim
k→∞

E
(
f (k)wi

)
.

The Walsh-Fourier coe�cients of f ∈ L1 are the same as the ones of the martingale

(En (f) : n ∈ N) obtained from f .

Let

β0 (t) := r0 (ρ (t)) , βk (t) := rn (ρ (t)) if 2n−1 ≤ k < 2n.

Then the nth partial sums of the conjugate transforms is given by

S̃(t)
n f :=

n−1∑
k=0

βk (t) f̂ (k)wk (t ∈ I, n ∈ P) .

Let 2N ≤ n < 2N+1. Then we have

S̃(t)
n f = r0 (ρ (t)) f̂ (0)w0 +

N∑
l=1

rl (ρ (t)) (Elf − El−1f)

+rN+1 (ρ (t)) (Snf − ENf)

= (−1)
t0 Ef +

N∑
l=1

rl (ρ (t)) (Elf − El−1f)

+rN+1 (ρ (t)) (Snf − ENf) = f ∗ D̃(t)
n ,
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where

D̃(t)
n =

N−1∑
i=−1

(−1)
ti+1 (D2i+1 −D2i) + (−1)

tN+1 (Dn −D2N ) , D2−1 = 0.

It is easy to see that (−1)
tl = 1− 2tl. Then for D̃

(t)
n we can write

D̃(t)
n =

N−1∑
i=−1

(1− 2ti+1) (D2i+1 −D2i) + (1− 2tN+1) (Dn −D2N )

= Dn − 2

N−1∑
i=−1

ti+1 (D2i+1 −D2i)− 2tN+1 (Dn −D2N ) .

Set

m :=

N−1∑
i=0

ti+12i < 2N .

Then from (2.2) we get

D̃(t)
n = Dn − 2wmDm − 2tN+1 (Dn −D2N )− 2t0.

The conjugate (C, 1)-means of a martingale f are introduced by

σ̃(t)
n f :=

1

n

n−1∑
k=0

S̃
(t)
k f (t ∈ I, n ∈ P) .

The notiation a . b in the proofs stands for a < c·b, where c is an absolute constant.

3. Two sides estimation of Lebesgue constant of conjugate

Walsh-Fourier series

Denote by Ln the lebesgue constants of the Walsh system:

Ln :=

∫
G

|Dn| dµ.

These constants were studied by many authors. For the trigonometric system it is

important to note that results of Fejér and Szegõ, the letter gave in [16] an explicit

formula for Lebesgue constants, namely,

Ln =
16

π2

∞∑
k=1

1

4k2 − 1

(
1 +

1

3
+

1

5
+ · · ·+ 1

2k (2n+ 1)− 1

)
.

Along with the trigonometric system theWalsh-Paley system is also severely studied

for its importance in applications. The most properties of Lebesgue constants with

respect to the Walsh-Paley system were obtained by Fine in [2]. In ([14], p. 34), the

two-sided estimate

(3.1)
V (n)

8
≤ Ln ≤ V (n)
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is proved. In [10], Lukomskii presented the estimate Ln ≥ V (n) /4. Malykhin,

Telyakovskii and Kholshchevnikova [11] improved the estimation (3.1) and proved

the following

Theorem MTK. For any positive integer n, the two-sided inequality

V (n) + 1

3
≤ Ln < V (n)

is valid. Here the factors 1/3 and 1 are sharp.

We would like to mention the work of Astashkin and Semenov [1] in which

the sharp two-sided estimate for Lebesgue constants with respect to Walsh-Paley

system are obtained.

The Walsh- Fej�er kernels were studied by Toledo [17], in particular the following

is proved

sup {‖Kn‖1 : n ∈ P} =
17

15
.

Denote by L
(t)
n the lebesgue constants of the conjugate transforms:

L(t)
n :=

∫
G

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ.
For n,m ∈ N and 2N ≤ n < 2N+1 we de�ne

T (n,m) := {i : ni 6= ni−1,mi = mi−1, i = 0, 1, ..., N − 1} .

In this section we study the properties of the Lebesgue constant of the conjugate

transforms.

Theorem 3.1. Let n is positive integer and

m =

N−1∑
i=0

ti+12i, 2N ≤ n < 2N+1

and t ∈ I. The two-sides inequality

max

(
1

2
|T (n,m)|+ 1

3
V (n)− 1,

1

4
|T (n,m)|+ 2

3
V (m))− 1

)
≤ L(t)

n ≤ 2V (m) + |T (n,m)|+ 2

is valid.

Proof. We have

L(t)
n =

N−1∑
i=0

∫
Ii\Ii+1

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ+

∫
IN\IN+1

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ+(3.2)

+

∫
IN+1

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ := J1 + J2 + J3.
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From (2.1), it is easy to see that∫
Ii\Ii+1

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ
=

1∑
xi+1=0

· · ·
1∑

xN=0

∫
IN+1(0,...,0,xi=1,xi+1,...,xN )

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ
=

1∑
xi+1=0

· · ·
1∑

xN=0

∫
IN+1(0,...,0,xi=1,xi+1,...,xN−1,xN )

|(1− 2tN+1)Dn − 2wmDm| dµ

=

1∑
xi+1=0

· · ·
1∑

xN−1=0

 ∫
IN+1(0,...,0,xi=1,xi+1,...,xN−1,0)

|(1− 2tN+1)Dn − 2wmDm| dµ



+

1∑
xi+1=0

· · ·
1∑

xN−1=0

 ∫
IN+1(0,...,0,xi=1,xi+1,...,xN−1,1)

|(1− 2tN+1)Dn − 2wmDm| dµ



=

1∑
xi+1=0

· · ·
1∑

xN−1=0

 ∫
IN+1(0,...,0,xi=1,xi+1,...xN−1,0)

(|(1− 2tN+1)Dn − 2wmDm|+

|(1− 2tN+1)Dn + 2wmDm|) dµ) .

Since
|a− b|+ |a+ b|

2
= max {|a| , |b|}

we have ∫
Ii\Ii+1

∣∣∣D̃(t)
n + 2t0

∣∣∣ dµ =

∫
Ii\Ii+1

max {αi (n) , 2αi (m)} dµ

=
max {αi (n) , 2αi (m)}

2i+1
.

Hence

(3.3) J1 =

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

.

For J2 and J3 we can write

J2 =

∫
IN\IN+1

|Dn − 2wmDm − 2tN+1 (Dn −D2N )| dµ(3.4)

=

∣∣2N − n′ − 2m− 2tN+1

(
2N − n′ − 2N

)∣∣
2N+1

=

∣∣2N − n′ − 2m+ 2tN+1n
′
∣∣

2N+1
,
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where n = 2N + n′, n
′
< 2N and

J3 =

∫
IN+1

|Dn − 2wmDm − 2tN+1 (Dn −D2N )| dµ(3.5)

=

∣∣n− 2m− 2tN+1

(
n− 2N

)∣∣
2N+1

.

Combining (3.2)-(3.5) we conclude that

∥∥∥D̃(t)
n + 2t0

∥∥∥
1

=

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

+

∣∣2N+1 − n− 2m+ 2tN+1

(
n− 2N

)∣∣
2N+1

+

∣∣n− 2m− 2tN+1

(
n− 2N

)∣∣
2N+1

.

Set A(n) = {i : |ni − ni−1| = 1) and

S (n) :=
∑

i∈A(n)

αi (n)

2i+1
.

First, we prove that S(n) ≥ S(n(e)), where

n(e) = nN2N + ...+ ne+12e+1 + ne−12e + ....+ n021

and ne = ne−1 6= ne+1. Set Ae(n) = {i : i ∈ A(n), i > e}. Then,

S(n)− S(n(e)) =
∑

i∈Ae(n)

(
αi (n)

2i+1
_
αi (n(e))

2i+1

)

+
∑

i∈A(n)\Ae(n)

(
αi (n)

2i+1
_
αi+1 (n(e))

2i+2

)
.

Since

αi (n)

2i+1
_
αi+1 (n(e))

2i+2
= 0, i ∈ A(n)\Ae(n),

we get

S(n)− S(n(e)) =
∑

i∈Ae(n)

(
αi (n)

2i+1
_
αi (n(e))

2i+1

)
.

For i > e we can write

αi (n)− αi (n(e)) =
∣∣n020 + · · ·+ ni−12i−1 − ni2i

∣∣
−
∣∣n (e)0 20 + · · ·+ n (e)i−1 2i−1 − n (e)i 2i

∣∣
=

∣∣n020 + · · ·+ ni−12i−1 − ni2i
∣∣

−
∣∣n021 + · · ·+ ne−12e + ne+12e+1 + · · ·+ ni−12i−1 − ni2i

∣∣ .
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Suppose that ni = 1. Then we can write

αi (n)− αi (n(e)) = 2i − n020 − · · · − ni−12i−1

−(2i − n021 − · · · − ne−12e − ne+12e+1 − · · · − ni−12i−1)

=

e−1∑
j=0

nj2
j − ne2e.

Let now consider the case when ni = 0. Then we have

αi (n)− αi (n(e)) = −

e−1∑
j=0

nj2
j − ne2e

 .

So, we get following

αi (n)− αi (n(e)) = (2 |ni − ne| − 1)

∣∣∣∣∣∣
e−1∑
j=0

nj2
j − 2ene

∣∣∣∣∣∣ .
And �nally, since ne+1 6= ne, we get

S(n)− S(n(e)) =

∣∣∣∣∣∣
e−1∑
j=0

nj2
j − 2ene

∣∣∣∣∣∣
∑

i∈Ae(n)

(2 |ni − ne| − 1)

2i+1

>
1

2e+2
−

∞∑
i=e+2

1

2i+1
≥ 0.

From the de�nition of function V (n) it is easy to see thatV (n) = V (n(e)). If we

continue this process it is easy to see that we will get

n′ =

|n′|−1∑
i=0

n′i2
i,

where, for 0 ≤ i < |n′| n′i + n′i+1 = 1. First, we suppose that n′0 = 0. Set

n′ = (010101...). Then we can write V (n) = V (n′) and S (n) ≥ S (n′). Now, we

calculate S (n′). We suppose that V (n′) = 2s. It is easy to see that

α2m (n′) = 21 + 23 + · · ·+ 22m−1 =
22m+1 − 2

3

and

α2m−1 (n′) =
∣∣21 + 23 + · · ·+ 22m−3 − 22m−1

∣∣ =
22m + 2

3
.

24



CONJUGATE TRANSFORMS ON DYADIC GROUP

Then we can write

S (n′) =

s∑
m=1

α2m (n′)

22m+1
+

s∑
m=1

α2m−1 (n′)

22m
(3.6)

=

s∑
m=1

1

22m+1

22m+1 − 2

3
+

s∑
m=1

1

22m

22m + 2

3

=
2

3
s− 2

3

s∑
m=1

1

22m+1
+

2

3

s∑
m=1

1

22m

=
2

3
s+

1

9

(
1− 1

22s

)
.

Now, we suppose that n′0 = 1. Set n′ = (101010...). Then we can write

α2m (n′) =
∣∣20 + 22 + · · ·+ 22m−2 − 22m

∣∣ =
22m+1 + 1

3

and

α2m−1 (n′) = 20 + 22 + · · ·+ 22m−2 =
22m − 1

3
.

Hence, we have

S (n′) =

s∑
m=0

α2m (n′)

22m+1
+

s∑
m=1

α2m−1 (n′)

22m
(3.7)

=
2

3
s+

1

2
− 1

18

(
1− 1

22s

)
>

2

3
s.

Combining (3.6) and (3.7), we conclude

(3.8)
S (n)

V (n)
≥ S (n′)

V (n′)
>

1

3
.

Since T (n,m) ∩A(m) = ∅, we can write

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

(3.9)

>
∑

i∈A(m)\{N}

2αi (m)

2i+1
+

∑
i∈T (n,m)

αi (n)

2i+1

=
∑

i∈A(m)

2αi (m)

2i+1
+

∑
i∈T (n,m)

αi (n)

2i+1
− 2αN (m)

2N+1
.

From (3.8) we have

(3.10)
∑

i∈A(m)

2αi (m)

2i+1
= 2S (m) >

2

3
V (m).

It is easy to see that if ni 6= ni−1, then αi (n) ≥ 2i−1. So, we have

(3.11)
∑

i∈T (n,m)

αi (n)

2i+1
≥ 1

4
|T (n,m)| .
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Combining (3.9)-(3.11) we have

(3.12)

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

≥ 2

3
V (m) +

1

4
|T (n,m)| − 1.

On the other hand, we can write

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

(3.13)

>
∑

i∈A(n)\{N,N+1}

αi (n)

2i+1
+

∑
i∈T (m,n)

2αi (m)

2i+1

≥ 1

3
V (n) +

1

2
|T (m,n)| − αN (N)

2N+1
− αN+1 (N)

2N+2

≥ 1

3
V (n) +

1

2
|T (m,n)| − 1.

Combining (3.12) and (3.13) we have

max

(
1

2
|T (n,m)|+ 1

3
V (n)− 1,

1

4
|T (n,m)|+ 2

3
V (m))− 1

)
(3.14)

6
N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

≤ L(t)
n .

Now, we prove upper estimation. First, we prove

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

(3.15)

≤ 2
∑

i∈A(m)∪T (n,m)

max {αi (n) , 2αi (m)}
2i+1

.

Suppose that A(m) ∪ T (n,m) = {r1<r2...... < rs} . Then

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

=

s−1∑
i=1

ri+1−1∑
j=ri

max {αj (n) , 2αj (m)}
2j+1

.

Let ni = ni+1 for some i. Then it is easy to see that

αi+1 (n) =
∣∣2i+1ni+1 − 2ini..− 20n0

∣∣ =
∣∣2ini − 2i−1ni−1..− 20n0

∣∣ = αi (n) .

Consequently,

ri+1−1∑
j=ri

max {αj (n) , 2αj (m)}
2j+1

≤ max {αri (n) , 2αri (m)}
2ri

.
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Hence (3.15) is proved. Since αi (n) ≤ 2i (i ∈ N) and αi (n) ≤ 2i−1 (i /∈ A (n))

from (3.15) we have

N−1∑
i=0

max {αi (n) , 2αi (m)}
2i+1

≤ 2
∑

i∈A(m)

max {αi (n) , 2αi (m)}
2i+1

(3.16)

+2
∑

i∈T (n,m)

max {αi (n) , 2αi (m)}
2i+1

≤ 2 |A (m)|+ |T (n,m)| .

It is easy to see that ∣∣2N+1 − n− 2m+ 2tN+1

(
n− 2N

)∣∣
2N+1

(3.17)

+

∣∣n− 2m− 2tN+1

(
n− 2N

)∣∣
2N+1

≤ 2.

From (3.16) and (3.17)

(3.18) L(t)
n ≤ 2V (m) + |T (n,m)|+ 2.

Combining (3.14) and (3.18) we complete the proof of Theorem 3.1. �

4. Uniformly boundedness of conjugate Fej�er means

The �rst result with respect to the a.e. convergence of the Walsh- Fej�er means

σnf is due to Fine [3]. Later, Schipp [12] showed that the maximal operator

σ∗f := sup
n
|σnf | is of weak type (1, 1), from which the a. e. convergence follows by

standard argument. Schipp's result implies by interpolation also the boundedness

of σ∗ : Lp → Lp (1 < p ≤ ∞). This fails to hold for p = 1 but Fujii [4] proved

that σ∗ is bounded from the dyadic Hardy space H1 to the space L1 (see also

Simon [13]). Fujii's theorem was extended by Weisz [20]. Namely, he proved that

the maximal operator σ∗f and the conjugate maximal operator σ̃
(t)
∗ are bounded

from the martingale Hardy space Hp to the space Lp for p > 1/2. Simon [15] gave a

counterexample, which shows that this boundedness does not hold for 0 < p < 1/2.

In [7] (see also [6], [5]) the �rst author proved that the maximal operator σ̃
(t)
∗ is not

bounded from the Hardy space H1/2 to the space L1/2.

Weisz [20], [21] considered the norm convergence of conjugate Fejér means. In

particular, the following is true

Theorem A (Weisz). If t ∈ I then∥∥∥σ̃(t)
n f

∥∥∥
Hp

≤ cp ‖f‖Hp,
(f ∈ Hp) ,

whenever p > 1/2.

Since ‖f‖H1
. 1 + E

(
|f | log+ |f |

)
and E |f | ≤ ‖f‖H1

, Theorem A implies that

the following is true.
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Theorem B. Let f ∈ L logL and t ∈ I. Then

(4.1) E
∣∣∣σ̃(t)

n f
∣∣∣ . 1 + E

(
|f | log+ |f |

)
.

On the other hand, for t = 0 we have following estimation.

Theorem C. Let f ∈ L1. Then

(4.2) E
∣∣∣σ̃(t)

n f
∣∣∣ = E |σnf | . E |f | .

In this paper we �nd necessary and su�cient condition on t for which the

estimation (4.2) holds for conjugate Fej�er means. We also prove that for dyadic

irrational t, L logL is maximal Orlicz space for which the estimation (4.1) is valid.

Theorem 4.1. Let t ∈ Q and f ∈ L1. ThenE
∣∣∣σ̃(t)

n f
∣∣∣ . E |f |.

Theorem 4.2. Let t /∈ Q and Q (L) be an Orlicz space for whichQ (L) " L logL.

Then

sup
A

∥∥∥σ̃(t)

2A

∥∥∥
Q(L)→L1

=∞.

Proof of Theorem 4.1. Let 2A ≤ n < 2A+1. Then we can write

(4.3) σ̃(t)
n f =

1

n

A∑
m=1

2m−1∑
k=2m−1

S̃
(t)
k f +

1

n

n−1∑
k=2A

S̃
(t)
k f.

Since for 2m−1 ≤ k < 2m (E−1f = 0)

S̃
(t)
k f = r0 (ρ (t)) f̂ (0)w0 +

m−1∑
l=1

rl (ρ (t)) (Elf − El−1f)(4.4)

+rm (ρ (t)) (Skf − Em−1f)

=

m−1∑
l=0

rl (ρ (t)) (Elf − El−1f) + rm (ρ (t)) (Skf − Em−1f)

from (4.3) we have

σ̃(t)
n f =

1

n

A∑
m=1

2m−1
m−1∑
l=0

rl (ρ (t)) (Elf − El−1f)

+
1

n

A∑
m=1

rm (ρ (t))

2m−1∑
k=2m−1

(Skf − Em−1f)

+
n− 2A

n

A∑
l=0

rl (ρ (t)) (Elf − El−1f)

+
rA+1 (ρ (t))

n

n−1∑
k=2A

(Skf − Em−1f)

=
1

n

A∑
m=1

2m−1
m−1∑
l=0

rl (ρ (t)) (Elf − El−1f)
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+
1

n

A∑
m=1

rm (ρ (t))
(
2mσ2mf − 2m−1σ2m−1f

)
(4.5)

− 1

n

A∑
m=1

rm (ρ (t)) 2m−1Em−1f

+
n− 2A

n

A∑
l=0

rl (ρ (t)) (Elf − El−1f)

+
rA+1 (ρ (t))

n

(
nσnf − 2Aσ2Af

)
−rA+1 (ρ (t))

n

(
n− 2A

)
Em−1f =:

6∑
j=1

Jjf.

Since

(4.6) E |Emf | ≤ E |f |

and

(4.7) E |σnf | . E |f |

we can write

(4.8) E |Jjf | . E |f | , j = 2, 3, 5, 6.

For J1f we can write

J1f =
1

n

A∑
m=1

2m−1Ẽ(t)
m f,

where

(4.9) Ẽ(t)
m f :=

m−1∑
l=0

rl (ρ (t)) (Elf − El−1f) .

Since Elf = f ∗D2l we have

(4.10) Ẽ(t)
m f = f ∗

m−1∑
l=0

rl (ρ (t)) (D2l −D2l−1) := f ∗ D̃(t)
2m,

where

D̃
(t)
2m :=

m−1∑
l=0

rl (ρ (t)) (D2l −D2l−1) .
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It is easy to see that rl (t) = (−1)
tl = 1− 2tl. Then for D̃

(t)

2l we can write

D̃
(t)

2l =

m−1∑
l=0

(1− 2tl) (D2l −D2l−1)

= D2m−1 − 2

m−1∑
l=0

tl (D2l −D2l−1)

= (1− 2tm−1)D2m−1 − 2

m−2∑
l=0

(tl − tl+1)D2l .

Consequently,

(4.11) f ∗ D̃(t)
2m = (1− 2tm−1)Em−1f − 2

m−2∑
l=0

(tl − tl+1)Elf.

t ∈ Q imply that
∞∑
l=0

|tl − tl+1| <∞.

From (4.6) we get

E
∣∣∣Ẽ(t)

m f
∣∣∣ . (|2tm−1 − 1|+

∞∑
l=0

|tl − tl+1|

)
E |f | . E |f | .

Consequently,

(4.12) E |J1f | =
1

n

A∑
m=1

2m−1E
∣∣∣Ẽ(t)

m f
∣∣∣ . E |f | .

Combining (4.5)-(4.12) we complete the proof of Theorem 4.1. �

Proof of Theorem 4.2. Since t /∈ Q there exists a sequences {pi : i ∈ P} and {qi : i ∈ P}
such that

0 ≤ q1 ≤ p1 < q2 ≤ p2 < · · · < qA ≤ pA < · · ·

and

tj =

{
1, qi ≤ j ≤ pi
0, pi < j < qi+1

, i = 1, 2, ....

Set

∆A : =
⋃

tj=0 or 1,j∈{0,1,...,pA}\{q1,p1,...,qA,pA}

IpA+1 (t0, ..., tq1−1, 0, tq1+1, ..., tp1−1, 0, tp1+1, ..., tqA−1, 0, tqA+1, ..., tpA−1, 0) .

De�ne the function

fA (x) := 22AI∆A
(x) ,

where IE is characteristic function of the set E. It is easy to see that

(4.13) µ (∆A) =
2pA+1−2A

2pA+1
=

1

22A
.
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We can write (see (4.5) and (4.9))

σ̃
(t)

22pA+1fA =
1

22pA+1

2pA+1∑
m=1

2m−1Ẽ(t)
m fA(4.14)

+
1

22pA+1

2pA+1∑
m=1

rm (ρ (t))
(
2mσ2mfA − 2m−1σ2m−1fA

)
− 1

22pA+1

2pA+1∑
m=1

rm (ρ (t)) 2m−1Em−1fA =: F1fA + F2fA + F3fA.

From (4.6), (4.7) and (4.13) we have

(4.15) E |FjfA| . E |fA| . 1, j = 2, 3.

Set

∆̃i := Ipi+1 (x0, ..., xq1−1, 0, xq1+1, ..., xp1−1, 0, xp1+1, ..., xqi−1, 0, xqi+1, ..., xpi−1, 1) .

Suppose that x ∈ ∆̃i for some i = 1, 2, ..., A. Then

EafA (x) = 2a
∫

Ia(x)

fA (s) dµ (s) = 0, a > pi.

Therefore, for m > pA we obtain (see 4.11)

Ẽ(t)
m fA (x) = −2

pi∑
a=0

(ta − ta+1)EafA (x)(4.16)

=

i∑
k=1

[2Eqk−1fA (x)− 2Epk
fA (x)]

=

i∑
k=1

[
2qk+2Aµ (Iqk−1 (x) ∩∆A)− 2pk+1+2Aµ (Ipk

(x) ∩∆A)
]
.

it is easy to calculate that

µ (Iqk−1 (x) ∩∆A) =
2pA−(qk−1)−2(A−k+1)

2pA+1
= 2−qk−2(A−k)−2

and

µ (Ipk
(x) ∩∆A) =

2pA−pk−[2(A−k)+1]

2pA+1
= 2−pk−2(A−k)−2.

Hence, from (4.16) for m ≥ pA + 1 and x ∈ ∆̃i, i = 1, 2, ..., A we have

Ẽ(t)
m fA(4.17)

=

i∑
k=1

[
2qk+2A · 2−qk−2(A−k)−2 − 2pk+1+2A · 2−pk−2(A−k)−2

]
=

i∑
k=1

[
22k−2 − 22k−1

]
= −22i − 4

3
.
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Consequently, for x ∈ ∆̃i we get

1

22pA+1

2pA+1∑
m=pA+1

2m−1Ẽ(t)
m fA = − 1

22pA+1

2pA+1∑
m=pA+2

2m−1 22i − 4

3

= − 1

22pA+1

(
22pA+1 − 2pA+1

) 22i − 4

3
.

Since

E
∣∣∣Ẽ(t)

m fA

∣∣∣ ≤ E |EmfA|+ 2

m−1∑
a=0

E |EafA| . mE |fA| . m

and

F1fA =
1

22pA+1

pA+1∑
m=1

2m−1Ẽ(t)
m fA +

1

22pA+1

2pA+1∑
m=pA+2

2m−1Ẽ(t)
m fA,

we have

E |F1fA| ≥ E

∣∣∣∣∣ 1

22pA+1

2pA+1∑
m=pA+2

2m−1Ẽ(t)
m fA

∣∣∣∣∣(4.18)

− 1

22pA+1

pA+1∑
m=1

2m−1E
∣∣∣Ẽ(t)

m fA

∣∣∣
≥

A∑
i=1

∫
∆̃i

∣∣∣∣∣ 1

22pA+1

2pA+1∑
m=pA+1

2m−1Ẽ(t)
m fA

∣∣∣∣∣ dµ
− 1

22pA+1

pA+1∑
m=1

2m−1m

&
A∑
i=1

22iµ
(

∆̃i

)
− pA2pA

22pA+1
& A.

Combining (4.14), (4.15) and (4.18) we have

(4.19) E
∣∣∣σ̃(t)

22pA+1fA

∣∣∣ & A.
Let

(4.20) Q
(
22A
)
≥ 22A, A ≥ A0.
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By virtue of estimate (see ([9]))‖fA‖Q(L) ≤ 1 + E |Q (fA)|, from (4.13) and (4.20)

we can write

E
∣∣∣σ̃(t)

22pA+1fA

∣∣∣ ≤ ∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

‖fA‖Q(L)

≤
∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

(1 + E |Q (fA)|)

=
∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

(
1 +Q

(
22A
)
µ (∆A)

)
=

∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

(
1 +

Q
(
22A
)

22A

)

.
∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

Q
(
22A
)

22A
, A ≥ A0.

Consequently, by (4.19) we have

(4.21)
∥∥∥σ̃(t)

22pA+1

∥∥∥
Q(L)→L1

&
A22A

Q (22A)
, A ≥ A0.

The fact thatQ (L) " L logL is equalent to the condition

lim
u→∞

u log u

Q (u)
=∞.

Then there exists {uk : k ∈ P} such that

lim
k→∞

uk log uk
Q (uk)

=∞, uk+1 > uk, k = 1, 2, ...

and a monotonically increasing sequence of positive integers {Ak : k ∈ P} such that

22Ak ≤ uk < 22(Ak+1).

Then we have
22AkAk

Q (22Ak)
&
uk log uk
Q (uk)

→∞ as k →∞.

Then, from (4.21) we conclude that

sup
k

∥∥∥σ̃(t)

2
2pAk

+1

∥∥∥
Q(L)→L1

=∞.

Theorem 4.2 is proved. �
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Abstract. The problem, posed by N. N. Luzin in 1915 on the convergence of
trigonometric series to +∞ on the set of positive measure, was solved by S. V.
Konyagin in 1988. There naturally arises the question of N. N. Luzin for double
trigonometric series. In the present paper the theorem is proved which contains
the answer to this problem.
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The question whether the trigonometric series converges to +∞ on the set of

positive measure was posed by N. N. Luzin (see [1, p. 239]) in 1915. Yu. B. Germier

[2] showed that the trigonometric series cannot be summable by the Riemmann

method to +∞ on the set of positive measure. At the same time N. N. Luzin and

I. I. Privalov [3] have constructed an example of the trigonometric series, summable

almost everywhere to +∞ by the Abel method. P. L. Ulyanov [4] has proved that if

E is a subset of the second category of the non-degenerate interval (a, b) ⊂ [−π, π]
such that (E ∩ (c, d)) > 0 for every non-degenerate interval (c, d) ⊂ (a, b), then

there does not exist the trigonometric series, converging to +∞ or to −∞ when

x ∈ E.

D. E. Menshov [5] has shown that there exists the trigonometric series, converging

in measure to +∞ on [−π, π]. A. A. Talalyan and F. G. Arutyunyan [6] have shown

that the series with respect to the Haar system cannot converge to +∞ on the set

of positive measure. V. A. Skvortsov [7] has given a simpler proof of this result. At

the same time P. L. Ulyanov [8], R. I. Ovsepyan and A. A. Talalyan [9] have shown

that there exist uniformly bounded orthonormal systems of functions such that the

series with respect to them converge to +∞ on the set of positive measure.

In 1988, S. V. Konyagin [10] proved

Theorem (S. V. Konyagin). For every trigonometric series the equality

mes{x : x ∈ [−π, π], −∞ < lim
m→∞

Sm(x) ≤ lim
m→∞

Sm(x) = +∞} = 0
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is true, where Sm(x) are partial sums of this series.

It is clear that this gives a negative answer to N. N. Luzin’s problem.

There naturally arises N. N. Luzin’s problem for double trigonometric series.

Below we will prove the theorem, containing an answer to this problem.

In the sequel we use the following simple

Lemma 1. Let Sm1,m2
be a double sequence of numbers and

lim
m1→∞
m2→∞

Sm1,m2 = +∞.

If there exists

lim
m2→∞

Sm1,m2 ,

then

lim
m1→∞

(
lim

m2→∞
Sm1,m2

)
= +∞.

Proof. Let M > 0 be an arbitrary number. Then there exists a number N such

that

Sm1,m2
≥M when m1 > N, m2 > N.

Going to the limit in this inequality when m2 →∞, we get

lim
m2→∞

Sm1,m2 ≥M when m1 > N.

This yields the validity of the lemma. �

Consider the systems of functions

(1)
{
ϕ(j)
nj

(xj)
}∞
nj=1

, xj ∈ [0, 1], j = 1, 2,

where every function ϕ(j)
nj (xj), j = 1, 2, is measurable and takes finite values, and

the series
∞∑

nj=1

a(j)nj
ϕ(j)
nj

(xj), j = 1, 2,(2)

∞∑
n1=1

∞∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x2).(3)

Let

S(j)
mj

=

mj∑
nj=1

a(j)nj
ϕ(j)
nj

(xj),

Sm1,m2
(x1, x2) =

m1∑
n1=1

m2∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x2)

be, respectively, partial sums of series (2) and (3).
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Definition. It is said that system {ψn(x)} has the property K if the following

equality holds

mes
{
x ∈ [0, 1] : −∞ < limSm(x) ≤ limSm(x) = +∞

}
= 0

for each series
∞∑

n=1
anψn(x), where

Sm(x) =

m∑
n=1

anψn(x).

Theorem 1. Let the systems (1) have the property K, then every series (3) will

not be convergent to +∞ on the set E ⊂ [0, 1]2, µ2E > 0.

Proof. Assume the contrary, i.e. there exists a series (3) such that

(4) lim
m1→∞
m2→∞

Sm1,m2(x1, x2) = +∞

on some set E, µ2E > 0. Then there exists a natural number N and a set E1 ⊂ E,

µ2E1 > 0, such that

(5) Sm1,m2
(x1, x2) ≥ 0, mj ≥ N, j = 1, 2, (x1, x2) ∈ E1.

Hence for (x1, x2) ∈ E1 and fixed m2 ≥ N

(6) lim
m1→∞

Sm1,m2
(x1, x2) > −∞.

Let

(7) lim
m1→∞

Sm1,m2(x1, x2) = fm2(x1, x2), (x1, x2) ∈ E1, m2 ≥ N.

Since Sm1,m2
(x1, x2) is measurable, the function fm2

(x1, x2) are also measurable

and, consequently, the sets

Am2
= {(x1, x2) : (x1, x2) ∈ E1, fm2

(x1, x2) < +∞},

Bm2
= {(x1, x2) : (x1, x2) ∈ E1, fm2

(x1, x2) = +∞}

are measurable. Besides, let for x2 ∈ [0, 1] and m2 ≥ N

Cm2(x2) = {x1 : (x1, x2) ∈ Bm2}.

As far as the system {
ϕ(1)
m1

(x1)
}∞
m1=1

has the property K, from (6) for almost every x2 ∈ [0, 1] we will have

µ1Cm2
(x2) = 0.

It follows that

µ2Bm2
= 0.
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Let

E2 =

∞⋂
m2=N

Am2
.

Then E2 ⊂ E1 and

µ2E2 = µ2E1 > 0.

Thus at every point of the set E2

(8) 0 ≤ lim
m1→∞

Sm1,m2
(x1, x2) < +∞, m2 ≥ N.

Now let

lim
m2→∞

Sm1,m2(x1, x2) = hm1(x1, x2), (x1, x2) ∈ E2, m1 ≥ N.

By the same reasoning as was made from equality (6) to equality (8) it comes out

that there exists a set E3 ⊂ E2, µ2E3 = µ2E2 > 0, such that the inequality (8) for

(x1, x2) ∈ E3 and the following inequality holds

(9) 0 ≤ lim
m2→∞

Sm1,m2
(x1, x2) < +∞, (x1, x2) ∈ E3, m1 ≥ N.

It can be easily seen that when m1 ≥ N ,

Sm1,m2
(x1, x2)− SN,m2

(x1, x2)

=

m1∑
n1=N+1

m2∑
n2=1

cn1,n2
ϕ(1)
n1
ϕ(2)
n2

= S∗m1,m2
(x1, x2),(10)

where S∗m1,m2
(x1, x2) are partial sums of the following series

(11)
∞∑

n1=N+1

∞∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x2).

From (4), (9) when m1 = N and from (10) we get

(12) lim
m1→∞
m2→∞

S∗m1,m2
(x1, x2) = +∞, (x1, x2) ∈ E3,

i.e. the series (11) converges to +∞ on the set E3, µ2E3 > 0.

Let

E4(x
0
2) = {x1 : (x1, x

0
2) ∈ E3},

where x02 is chosen so that

µ1E4(x
0
2) > 0.

From (12) and E4(x
0
2) ⊂ E3 it follows that

(13) lim
m1→∞
m2→∞

S∗m1,m2
(x1, x

0
2) =

∞∑
n1=N+1

∞∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x02) = +∞.

Since E4(x
0
2) ⊂ E3, from (9) we have

(14) 0 ≤ lim
m2→∞

Sm1,m2
(x1, x

0
2) < +∞, m1 ≥ N.
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Besides (see (5), (14)), we will have

lim
m2→∞

∣∣∣∣ϕ(1)
m1

(x1)

m2∑
n2=1

cm1,n2
ϕ(2)
n2

(x1, x
0
2)

∣∣∣∣
= lim

m2→∞

∣∣Sm1,m2(x1, x
0
2)− Sm1−1,m2(x1, x

0
2)
∣∣

≤ lim
m2→∞

∣∣Sm1,m2
(x1, x

0
2)
∣∣+ lim

m2→∞

∣∣Sm1−1,m2
(x1, x

0
2)
∣∣

= lim
m2→∞

Sm1,m2
(x1, x

0
2) + lim

m2→∞
Sm1−1,m2

(x1, x
0
2) < +∞, m1 > N.(15)

Without loss of generality, we will assume that for every m1 ≥ N + 1 there exists

x1(m1) depending on m1 such that ϕ(1)
m1(x1(m1)) 6= 0 (in fact, otherwise, the

member with this index m1 in series (13) will be equal to zero on the set E4(x
0
2)

and if we remove it, the sum of series (13) will not be changed). Therefore from

(15) we get

−∞ < lim
m2→∞

m2∑
n2=1

cm1,n2
ϕ(2)
n2

(x02) < +∞, m1 ≥ N + 1.

Since the sequence
m2∑

n2=1

cm1,n2
ϕ(2)
n2

(x02)

is bounded for every fixed m1 ≥ N + 1, we can select for m1 = N + 1 a convergent

subsequence m2(1, p). Let

lim
m2(1,p)→∞

m2(1,p)∑
n2=1

cm1,n2
ϕ(2)
n2

(x02) = dm1
, m1 = N + 1.

Further, from the subsequencem2(1, p) we select a convergent subsequencem2(2, p).

Let

lim
m2(2,p)→∞

m2(2,p)∑
n2=1

cm1,n2
ϕ(2)
n2

(x02) = dm1
, m1 = N + 1, N + 2.

Proceeding in this way and making use of the Cantor diagonal method, we will have

(16) lim
m2(p,p)→∞

m2(p,p)∑
n2=1

cm1,n2
ϕ(2)
n2

(x02) = dm1
, m1 ≥ N + 1.

From (13) we get

lim
m1→∞

m2(p,p)→∞
S∗m1,m2(p,p)

(x1, x
0
2) = +∞.

From here, by using Lemma 1 on the double sequence of numbers and (16), we will

have

lim
m1→∞

m2(p,p)→∞
S∗m1,m2(p,p)

(x1, x
0
2) = lim

m1→∞
m2(p,p)→∞

m1∑
n1=N+1

m2(p,p)∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x02)

39



L. GOGOLADZE

= lim
m1→∞

(
lim

m2(p,p)→∞

m1∑
n1=N+1

m2(p,p)∑
n2=1

cn1,n2ϕ
(1)
n1

(x1)ϕ
(2)
n2

(x02)
)

= lim
m1→∞

m1∑
n1=N+1

ϕ(1)
n1

(x1) lim
m2(p,p)→∞

m2(p,p)∑
n2=1

cn1,n2ϕ
(2)
n2

(x02)

= lim
m1→∞

m1∑
n1=N+1

dn1ϕ
(1)
n1

(x1) = +∞, x1 ∈ E4(x
0
2),

i.e. the series
∞∑

n1=N+1

dn1
ϕ(1)
n1

(x1)

converges to +∞ on the set E4(x
0
2), µ1E4(x

0
2) > 0. This contradicts the fact that

the system {
ϕ(1)
n1

(x1)
}

has the property K. �

Lemma 2. Assume that for some natural m1 and for the set E ⊂ [0, 1], µE > 0,

the condition

lim
m2→∞

∣∣Am1,m2
cosm12πx1 +Bm1,m2

sinm12πx1
∣∣ <∞, x1 ∈ E,

holds. Then

lim
m2→∞

∣∣Am1,m2

∣∣ <∞, lim
m2→∞

∣∣Bm1,m2

∣∣ <∞.
Proof. Assume the opposite. Then there exists a subsequence m2(k) such that at

every point x1 ∈ E,

(17) lim
m2(k)→∞

Am1,m2(k) cosm12πx1 +Bm1,m2(k) sinm12πx1

Cm1,m2(k)
= 0,

where

(18) Cm1,m2(k) = max
(
|Am1,m2(k)|, |Bm1,m2(k)|

)
.

From (18) it follows that

(19)

|Am1,m2(k)|
Cm1,m2(k)

≤ 1,
|Bm1,m2(k)|
Cm1,m2(k)

≤ 1,

1

Cm1,m2(k)

(
|Am1,m2(k)|+ |Bm1,m2(k)| ≥ 1.

Without loss of generality we will assume that there exist the limits

(20) lim
m2(k)→∞

Am1,m2(k)

Cm1,m2(k)
= am1 , lim

m2(k)→∞

Bm1,m2(k)

Cm1,m2(k)
= bm1 .

Then from (17)–(20) it follows that when x1 ∈ E, µE > 0,

am1
cosm12πx1 + bm1

sinm12πx1 = 0,
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|am1
|+ |bm1

| ≥ 1.

We have obtained the contradiction. �

The general double trigonometric series has the following form:

m1∑
n1=0

m2∑
n2=0

(
an1,n2

cosn12πx1 cosn22πx2 + bn1,n2
sinn12πx1 cosn22πx2

+cn1,n2
cosn12πx1 sinn22πx2+dn1,n2

sinn22πx1 sinn22πx2
)
, (x1, x2) ∈ [0, 1]2.

Let Sm1,m2
(x1, x2) be partial sums of this series, i.e.,

(21)

Sm1,m2
(x1, x2) =

m1∑
n1=0

m2∑
n2=0

(
an1,n2

cosn12πx1 cosn22πx2+bn1,n2
sinn12πx1 cosn22πx2

+ cn1,n2
cosn12πx1 sinn22πx2 + dn1,n2

sinn12πx1 sinn22πx2
)

=

m1∑
n1=0

[
cosn12πx1

m2∑
n2=0

(
an1,n2

cosn22πx2 + cn1,n2
sinn22πx2

)
+ sinn12πx1

m2∑
n2=0

(
bn1,n2

cosn22πx2 + dn1,n2
sinn22πx2

)]

=

m2∑
n2=0

[
cosn22πx2

m1∑
n1=0

(
an1,n2 cosn12πx1 + bn1,n2 sinn12πx1

)
+ sinn22πx2

m2∑
n1=0

(
cn1,n2

cosn12πx1 + dn1,n2
sinn12πx1

)]
.

Theorem 2. Every double trigonometric series cannot converge to +∞ on the set

E, µ2E > 0.

Proof. Assume the contrary. Then following the same reasoning as for proving

Theorem 1 and using the fact that the one-dimensional trigonometric systems have

property K, we get that (see (10), (13), (14), (21)) there exists a natural number

N and a set E4(x
0
2), µ1E4(x

0
2) > 0, such that

(22) lim
m1→∞
m2→∞

S∗m1,m2
(x1, x

0
2) = lim

m1→∞
m2→∞

(
Sm1,m2

(x1, x
0
2)− SN,m2

(x1, x
0
2)
)

=

∞∑
n1=N+1

∞∑
n2=0

(
an1,n2 cosn12πx1 cosn22πx

0
2 + bn1,n2 sinn12πx1 cosn22πx

0
2

+ cn1,n2
cosn12πx1 sinn22πx

0
2 + dn1,n2

sinn12πx1 sinn22πx
0
2

)
= +∞

and

(23) 0 ≤ lim
m2→∞

Sm1,m2
(x1, x

0
2) <∞, m1 ≥ N.
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Besides (see (15), (21), (23)),

lim
m2→∞

∣∣∣∣ cosm12πx1

m2∑
n2=0

(
am1,n2 cosn22πx

0
2 + cm1,n2 sinn22πx

0
2

)
+ sinm12πx1

m2∑
n2=0

(
bm1,n2 cosn22πx

0
2 + dm1,n2 sinn22πx

0
2

)∣∣∣∣
= lim

m2→∞

∣∣Sm1,m2
(x1, x

0
2)− Sm1−1,m2

(x1, x
0
2)
∣∣

≤ lim
m2→∞

∣∣Sm1,m2
(x1, x

0
2)
∣∣+ lim

m2→∞

∣∣Sm1−1,m2
(x1, x

0
2)
∣∣

= lim
m2→∞

Sm1,m1
(x1, x

0
2) + lim

m2→∞
Sm1−1,m2

(x1, x
0
2) <∞, m1 > N.

Hence, in view of Lemma 2, we have

−∞ < lim
m2→∞

m2∑
n2=0

(
am1,n2

cosn22πx
0
2 + cm1,n2

sinn22πx
0
2

)
< +∞, m1 > N,

−∞ < lim
m2→∞

m2∑
n2=0

(
bm1,n2

cosn22πx
0
2 + dm1,n2

sinn22πx
0
2

)
< +∞, m1 > N.

Besides, acting in the same way as in Theorem 1 and using the diagonal Cantor

method, we get that there exists a subsequence of numbers m2(p, p) such that

lim
m2(p,p)→∞

m2(p,p)∑
n2=0

(
am1,n2 cosn22πx

0
2 + cm1,n2 sinn22πx

0
2

)
= αm1 , m1 > N,

lim
m2(p,p)→∞

m2(p,p)∑
n2=0

(
bm1,n2

cosn22πx
0
2 + dm1,n2

sinn22πx
0
2

)
= βm1

, m1 > N.

From this and (22), applying Lemma 1, we will get

lim
m1→∞

m2(p,p)→∞
S∗m1,m2(p,p)

(x1, x
0
2)

= lim
m1→∞

m1∑
n1=N+1

(
lim

m2(p,p)→∞

m2(p,p)∑
n2=0

[
cosn12πx1

(
an1,n2 cosn22πx

0
2+cn1,n2 sinn22πx

0
2

)
+ sinn12πx1

(
bn1,n2 cosn22πx

0
2 + dn1,n2 sinn22πx

0
2

)])
= lim

m1→∞

m1∑
n1=N+1

(
αn1

cosn12πx1 + βn1
sinn12πx1

)
= +∞, x1 ∈ E4(x

0
2),

i.e., the series
m1∑

n1=N+1

(
αn1 cosn12πx1 + βn1 sinn12πx1

)
converges to ∞ on the set E4(x

0
2), µ1E4(x

0
2) > 0. This is contradiction to the fact

that the trigonometric system has the property K. �
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It is interesting to know that if the systems (1) have the property K, then will

the following equality

µ2

(x1, x2) ∈ [0, 1]2 : −∞ < lim
m1→∞
m2→∞

Sm1,m2(x1, x2) ≤

≤ lim
m1→∞
m2→∞

Sm1,m2
(x1, x2) = +∞

)
= 0

hold for every series (3)?

Addition to corrections

Recently some interesting papers have been published along these lines. G. G.

Gevorkyan [11] has proved that every Franklin series cannot converge to +∞ on

the set of positive measure. The similar result, in particular, for multiple Franklin

series was obtained by G. G. Gevorkyan and M. G. Grigoryan [12].

G. G. Gevorkyan [13] has obtained the criterion for almost everywhere convergence

of Franklin series on a set. G. G. Gevorkyan, K. A. Keryan, M. P. Poghosyan [14]

have proved that there does not exist a series with respect to orthogonal splines

and Ciesielskie series, converging to +∞ on the set of positive measure.
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Аннотация. Рассматривается преобразование Фурье ассоциированное с нор-
мированном логарифмом модуля дзета функции Римана. Установливаются
формулы связи преобразования Фурье и нулей дзета функции Римана, ко-
торые приводят к необходимому и достаточному условию выполнении гипо-
тезы Римана.

MSC2010 number: 11M26; 42A38.

Ключевые слова: преобразование Фурье; дзета функции Римана; гипотеза Ри-
мана.

1. Введение

В [1] М. Балазар, Е. Сайас и М. Йор получили формулу суммирования лога-

рифма модуля дзета функции Римана с ядром 1
|s|2 на критической линии через

нетривиальные нули ζ (s). В [2] А. А. Кондратюк и А. М. Брудин исследовали

свойства коэффициентов Фурье функции log |ζ (s)|. В [3] А. А. Кондратюк и Р.

А. Ятсулька применяя метод рядов Фурье для мероморфных функций Л. А.

Рубеля и Б. А Тейлора получили формулу суммирования с ядром 1
|s|4 на крити-

ческой линии через нетривиальные нули ζ (s). В [4] У. В. Басюк и С. И. Тарасюк

доказали аналогичный результат с ядром 1
|s|6 . В [5] А. А. Кондратюк, в [6] А.

М. Брудин и Р. А. Ятсулька получили формулы суммирования на критической

линии соответственно с ядрами e−sε (ε > 0) и eis через нетривиальные нули ζ (s).

Все перечисленные результаты позволяют установить новые утверждения, эк-

вивалентные гипотезе Римана.

Метод исследования настоящей работы основан на следующей теореме [7] (см.

также [8]).

Теорема 1.1. Пусть отличная от постоянной функция f мероморфна в ниж-

ней полуплоскости G = {w : Imw < 0}, аналитична в окрестности бесконечно
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удаленной точки и f (∞) = 1. Пусть {uk + ivk}∞k=1 последовательность нулей

а {pk + iqk}∞k=1 последовательность полюсов функции f и

exv0

i
√

2πx

+∞∫
−∞

e−ixu
f ′ (u+ iv0)

f (u+ iv0)
du = h(x), v0 < min

k
vk, v0 < min

k
qk, x 6= 0

Тогда h (x) не зависит от v0, равен нулю при x > 0 и при любом v < 0 справед-

лива формула

(1.1)
1√
2π

+∞∫
−∞

e−ixu log |f(u+ iv)|du =
1

2

(
e−xvh(x) + exvh(−x)

)
−

−
√

2π

x

∑
vk<v

e−ixuk sh (x (vk − v)) +

√
2π

x

∑
qk<v

e−ixpk sh (x (qk − v)) .

ζ - функция Римана при Re s > 1 определяется формулой

ζ (s) =

∞∑
n=1

1

ns
.

ζ(s) мероморфно продолжается на всю комплексную плоскость с единствен-

ным полюсом s = 1. Гипотеза Римана гласит, что все нетривиальные нули (не-

реальные) ζ лежат на «критической линии» Re s = 1
2 .

Наряду с дзета-функцией рассматривается кси-функция Римана

(1.2) ξ (s) =
s− 1

2
π−

s
2 Γ
(

1 +
s

2

)
ζ (s) ,

где Γ гамма-функция Эйлера. ξ-целая функция первого порядка, нули которой

совпадают с нетривиальными нулями дзета-функции Римана, находятся в полосе

0 ≤ Re s ≤ 1 и симметричны относительно прямой Re s = 1
2 . Рассматривается

также четная целая функция первого порядка Ξ(z) = ξ
(

1
2 + iz

)
, нули которой

на действительной оси соответствуют нулям функции ζ(s) на прямой Re s = 1
2 .

Замена переменной s = 1
2

(
1− i

w

)
переводит полуплоскость Re s > 1

2 в полу-

плоскость Imw < 0. В полуплоскости Imw < 0 рассмотрим функцию

ξ0(w) =
ξ
(

1
2 −

i
2w

)
ξ
(

1
2

) .

2. Oсновные результаты

Сформулируем основные результаты настоящей работы. Обозначим

Ωξ0(x, v) =
1√
2π

+∞∫
−∞

e−ixu log

∣∣∣∣ξ0(1

2
− i

2(u+ iv)

)∣∣∣∣ du, v < 0, x 6= 0.
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Теорема 2.1. При любом v < 0 справедливы формулы

(2.1)

Ωξ0(x, v) =

√
2π

2x
e−xv

∞∑
n=1

(
e−ixwk − 1

)
−
√

2π

x

∑
vk<v

e−ixuk sh (x (vk − v)) , x < 0,

(2.2) Ωξ0(x, v) = Ωξ0(−x, v), x > 0.

Теорема 2.2. Гипотеза Римана выполняется тогда и только тогда когда для

любого v (−∞ < v < 0)

lim
x→0

+∞∫
−∞

cos(xu) log

∣∣∣∣∣∣
ξ
(

1
2 −

i
2(u+iv)

)
ξ
(

1
2

)
∣∣∣∣∣∣ du = 0.

Аналогично выше изложенному, обозначим

ζ0(w) =
ζ
(

1
2 −

i
2w

)
ζ
(

1
2

) , Imw < 0,

Ωζ0(x, v) =
1√
2π

+∞∫
−∞

e−ixu log

∣∣∣∣ζ0(1

2
− i

2(u+ iv)

)∣∣∣∣ du, v < 0, x 6= 0.

Следующие теоремы являются перефразировками теорем 2.1 и 2.2.

Теорема 2.3. При любом v < 0 справедливы формулы

Ωζ0(x, v) =

√
2π

4
(γ + log π)−

√
2π

x
sh(x(v + 1))+

+

√
2π

2x

(
1− e−x

)
e−xv +

√
2π

2x
e−xv

∞∑
n=1

(
e−ixwn − 1

)
+

+

√
2π

4x
e−xv

∞∑
n=1

(
2
(
e

x
1+4n − 1

)
− x

2n

)
−
√

2π

x

∑
vk<v

e−ixuk sh (x (vk − v)) , x < 0,

Ωζ0(x, v) = Ωζ0(−x, v), x > 0,

где γ постоянная Эйлера.

Теорема 2.4. Гипотеза Римана выполняется тогда и только тогда когда для

любых v (−∞ < v < 0)

lim
x→0

+∞∫
−∞

cos(xu) log

∣∣∣∣∣∣
ζ
(

1
2 −

i
2(u+iv)

)
ζ
(

1
2

)
∣∣∣∣∣∣ du =

√
2π

(
γ + log π

4
+
π − 13

16
+

3 log 2

8
− v
)
.
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В терминах функции Ξ(z) = ξ
(

1
2 + iz

)
интегральное преобразование имеет

вид

ΩΞ(x, v) =
1√
2π

+∞∫
−∞

e−ixu log

∣∣∣∣∣∣
Ξ
(
− 1

2(u+iv)

)
Ξ(0)

∣∣∣∣∣∣ du
или

exvΩΞ(x, v) =
1√
2π

+∞+iv∫
−∞+iv

e−ixs log

∣∣∣∣∣Ξ
(
− 1

2s

)
Ξ(0)

∣∣∣∣∣ ds.
Горизонтальные линии Imw = v < 0 в нижней полуплоскости при отображе-

нии s = 1
2

(
1− i

w

)
переводятся в окружности Cv =

{
s :
∣∣∣s− 1

2 −
1

4|v|

∣∣∣ = 1
4|v|

}
.

Тогда преобразование Фурье можно представить в видах

exvΩζ(x, v) =
1√
2π

+∞+iv∫
−∞+iv

e−ixz log

∣∣∣∣∣ζ
(

1
2 −

i
2z

)
ζ
(

1
2

) ∣∣∣∣∣ dz
или

exvΩζ(x, v) = − i√
2π

∫
Cv

e−
x

2s−1 log

∣∣∣∣ ζ(s)

ζ( 1
2 )

∣∣∣∣ ds

(s− 1
2 )2

.

А формулы преобразования Фурье превращаются в следующие формулы

1√
2π

+∞∫
−∞

e−ix(u+iv) log

∣∣∣∣∣∣
ξ
(

1
2 −

i
2(u+iv)

)
ξ
(

1
2

)
∣∣∣∣∣∣ du =

=

√
2π

2x

∞∑
k=1

(
e−ixwk − 1

)
−
√

2π

2x
exv

∑
vk<v

(
e−xve−ixwk − exve−ixw̄k

)
,
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2i√
2π

∫
Cv

e−
x

2z−1 log

∣∣∣∣ ξ(z)ξ( 1
2 )

∣∣∣∣ ds

(z − 1
2 )2

=

=

√
2π

2x

∞∑
k=1

(
e

x
1−2ρk − 1

)
−
√

2π

2x

∑
ρk∈Dv

(
e

x
1−2ρk − e−2xRe(1−2s)−1

e
x

1−2ρ̄k

)
,

где Dv круг с границей Cv.

3. Доказательства теорем

Из (1.2) имеем

(3.1)
ξ′(s)

ξ(s)
=

1

s− 1
− log π

2
+

1

2

Γ′
(
1 + s

2

)
Γ
(
1 + s

2

) +
ζ ′(s)

ζ(s)
.

Для логарифмической производной ψ(z) = Γ′(z)
Γ(z) гамма функции при z 6= n (n =

0, 1, 2, . . .) справедливо разложение

ψ(z) = −γ +

∞∑
n=0

(
1

n+ 1
− 1

n+ z

)
.

Следовательно при s 6= −2n

Γ′
(
1 + s

2

)
Γ
(
1 + s

2

) = −γ
2

+

∞∑
n=0

(
1

2n+ 2
− 1

2n+ 2 + s

)
= −γ

2
+

∞∑
n=1

(
1

2n
− 1

2n+ s

)
.

В силу формулы (см. например [9])

(3.2)
ζ ′(s)

ζ(s)
= − s

s− 1
+

∞∑
n=1

(
1

s− ρn
+

1

ρn

)
+

∞∑
n=1

(
1

s+ 2n
− 1

2n

)
+ log 2π,

где {ρn}∞n=1 комплексные нули функции ζ и (3.1) будем иметь

(3.3)
ξ′(s)

ξ(s)
= −γ

2
+ log 2π − log π

2
− 1 +

∞∑
n=1

(
1

s− ρn
+

1

ρn

)
.

Применяя (3.3) и формулу Римана (см. например [9])
∞∑
n=1

1

ρn
=
γ

2
− log 2π +

log π

2
+ 1

получаем разложение

(3.4)
ξ′(s)

ξ(s)
=

∞∑
n=1

1

s− ρn
.

Функция ξ0 удовлетворяет условиям теоремы 1. Для этой функции вычислим

значения h (x), т.е. интеграл

h (x) =
exv0

2
√

2πx

+∞∫
−∞

e−ixu
ξ′0

(
1
2 −

i
2(u+iv0)

)
ξ0

(
1
2 −

i
2(u+iv0)

) du

(u+ iv0)
2
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при x < 0.

При вычислении интеграла мы используем следующую формулу (см. [10])

(3.5)
+∞∫
−∞

eiλx

y + ix
dx = 2πe−λy (λ > 0, y > 0).

Ввиду (3.4)

h(x) =
exv0

2
√

2πx

∞∑
n=1

+∞∫
−∞

e−ixu

1
2 −

i
2(u+iv0) − ρn

du

(u+ iv0)
2 ,

следовательно в силу (3.5)
+∞∫
−∞

e−ixu

1
2 −

i
2(u+iv0) − ρn

du

(u+ iv0)
2 =

+∞∫
−∞

e−ixu(
1
2 − ρn

)
(u+ iv0)− i

2

du

u+ iv0
=

= −2i

+∞∫
−∞

e−ixu

(
1
2 − ρn(

1
2 − ρn

)
(u+ iv0)− i

2

− 1

u+ iv0

)
du =

= −2i

+∞∫
−∞

e−ixu
du

u+ iv0 − i

2( 1
2−ρn)

+ 2i

+∞∫
−∞

e−ixudu

u+ iv0
=

= 2

+∞∫
−∞

e−ixudu
1

1−2ρn
+ |v0|+ iu

− 2

+∞∫
−∞

e−ixudu

|v0|+ iu
=

= 4πex(
1

1−2ρn
−v0) − 4πe−xv0 = 4πe−xv0

(
e

x
1−2ρn − 1

)
.

Формула (3.5) применима, поскольку известно, что для всех n |Im ρn| > 14. При

Re ρn >
1
2 и |v0| > 1

56

Re

(
|v0|+

1

1− 2ρn

)
= |v0|+

1− 2 Re ρn

|1− 2ρn|2
≥ |v0|+

1− 2 Re ρn
4 |Im ρn| (2 Re ρn − 1)

=

= |v0| −
1

4 |Im ρn|
> |v0| −

1

56
> 0,

a при Re ρn ≤ 1
2

Re

(
|v0|+

1

1− 2ρn

)
= |v0|+

1− 2 Re ρn

|1− 2ρn|2
≥ |v0| > 0.

Таким образом

(3.6) h(x) =

√
2π

x

∞∑
n=1

(
e

x
1−2ρn − 1

)
, x < 0.

Обозначим i
1−2ρk

= wk = uk+ivk и заметим, что условию Re ρk >
1
2 соответствует

условие vk < 0.
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Тогда из (1.1) и (3.6) следуют формулы (2.1) и (2.2).

Поскольку вместе с ρk нулем функции является и 1 − ρk, то
∑∞
k=1

1
1−2ρk

= 0,

т. е.
∑∞
k=1 wk = 0. Следовательно, при x→ 0

1

x

∞∑
k=1

(
e−ixwk − 1

)
=

1

x

∞∑
k=1

∞∑
n=2

(−ix)nwnk
n!

→ 0,

поскольку показатель сходимости последовательности {ρn} равен единице. Та-

ким образом

lim
x→0

Ωξ0(x, v) =
√

2π
∑
vk<v

(v − vk) .

При v < 0 введем следующие обозначения n(v) =
∑
vk<v

1, N(v) =
v∫
−∞

n(t)dt.

Заметим, что ∑
vk<v

(v − vk) =

∫ v

−∞
(v − t)dn(t) = N(v).

Следовательно в силу (2.1) и (2.2)

lim
x→0

Ωξ0(x, v) = N(v),

и справедливы формулы

lim
x→0

1

2π

+∞∫
−∞

cos(xu) log

∣∣∣∣ξ0(1

2
− i

2(u+ iv)

)∣∣∣∣ du = N(v),

lim
x→0

1

2π

+∞∫
−∞

sin(xu) log

∣∣∣∣ξ0(1

2
− i

2(u+ iv)

)∣∣∣∣ du = 0.

Теоремы 2.1 и 2.2 доказаны.

Доказательство теоремы 2.3 следует из формулы

hζ0(x) =

√
2π

2x

(
2
(
1− e−x

)
+ 2

∞∑
n=1

(
e−ixwn − 1

)
+

+

∞∑
n=1

(
2
(
e

x
1+4n − 1

)
− x

2n

)
+
γ + log π

2
x

)
при x < 0 и теоремы 1.1, применением представления (3.2), формул (3.6) и

+∞∫
−∞

eiλx

(y + ix)2
dx = 2πλe−λy, λ > 0, y > 0 (см. [10]).

Теорема 2.4 получается из теоремы 2.3 предельным переходом при x→ 0

lim
x→0

Ωζ0(x, v) =

√
2π

4
(γ + log π)−

√
2π(v + 1) +

√
2π

2
+
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+

√
2π

4

∞∑
n=1

(
2

1 + 4n
− 1

2n

)
−
√

2π
∑
nk<v

(vk − v)

с yчетом, что

1

4

∞∑
n=1

(
2

1 + 4n
− 1

2n

)
= − 1

32

∞∑
n=1

1

n
(
n+ 1

4

) = −1

8

(
ψ

(
1

4
+ 1

)
+ γ

)
=

= −1

8

(
ψ

(
1

4

)
+ 4 + γ

)
=

1

8

(
−5

2
+
π

2
+ 3 log 2

)
.

Замечание 3.1. Следует отметить, что функция log |ζ0(u+ iv)| при любом v

(−∞ < v < 0) не принадлежит пространству L1(−∞,+∞), но принадлежит

пространству L2(−∞,+∞).

Во первых, поскольку при w →∞

log

∣∣∣∣∣ζ
(

1
2 −

i
2w

)
ζ
(

1
2

) ∣∣∣∣∣ ∼ 1

|w|
, w →∞,

то функция log |ζ0(u+ iv)| не принадлежит пространству L1(−∞,+∞). Извест-

но, что (см. [11]) ζ(s) = O(|s|), s→∞
(
Re s ≥ 1

2

)
, т.е.∣∣∣∣ζ (1

2
− i

2w

)∣∣∣∣ = O

(∣∣∣∣12 − i

2w

∣∣∣∣) , w → 0.

Так как∣∣∣∣12 − i

2w

∣∣∣∣ =

√(
1

2
− v

2 (u2 + v2)

)2

+

(
1

2

u

u2 + v2

)2

=
1

2

√
u2 + (v − 1)2

u2 + v2

и при w → 0

log

∣∣∣∣12 − i

2w

∣∣∣∣ ≤ log
1

2
+

1

2
log

u2 + (|v|+ 1)2

u2 + v2
≤ 1

2
log

(
1 +

1 + 2|v|
u2 + v2

)
≤ 1 + 2|v|
u2 + v2

,

log

∣∣∣∣∣ζ
(

1
2 −

i
2w

)
ζ
(

1
2

) ∣∣∣∣∣ = O

(
1

|w|

)
= O

(
1√

u2 + v2

)
, w →∞.

Следовательно при любом v (−∞ < v < 0) log |ζ0(u+ iv)| ∈ L2(−∞,+∞).

Abstract. The Fourier transform associated with the normalized logarithm of the

Riemann Zeta function module is considered. Formulas for the relationship between

the Fourier transform and the zeros of the Riemann Zeta function are established

which lead to a necessary and sufficient condition for the fulfillment of the Riemann

hypothesis.
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Abstract. In this paper our aim is to establish new integral representations for the Fox–
Wright function pΨq [

(αp,Ap)

(βq,Bq)
|z] when µ =

∑q
j=1 βj −

∑p
k=1 αk + p−q

2
= −m, m ∈ N0.

In particular, closed-form integral expressions are derived for the four parameter Wright
function under a special restriction on parameters. Exponential bounding inequalities are
derived for a class of the Fox-Wright function. Moreover, complete monotonicity property
is presented for these functions.

MSC2010 numbers: 33C20; 33E20; 26D07; 26A42; 44A10.
Keywords: Fox-Wright function; Fox’s H-function; complete monotonicity; Log–
convexity; Turán type inequalities; гeneralized Stieltjes function.

1. Introduction

We use a definition of the Fox-Wright ( generalized hypergeometric) function by

its series

(1.1) pΨq

[(α1,A1),...,(αp,Ap)

(β1,B1),...,(βq,Bq)

∣∣∣z] = pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣z] =

∞∑
k=0

∏p
i=1 Γ(αl + kAl)∏q
j=1 Γ(βl + kBl)

zk

k!
,

(
αi, βj ∈ C, and Ai, Bj ∈ R+ (i = 1, ..., p, j = 1, ..., q)

)
,

where, as usual,

N = {1, 2, 3, ...} , N0 = N ∪ {0} ,

R, R+ and C stand for the sets of real, positive real and complex numbers,

respectively. This function was first introduced by Wright [7] in 1935, who also

derived some of its important properties including asymptotic behavior.

The convergence conditions and convergence radius of the series at the right-

hand side of (1.1) immediately follow from the known asymptotic of the Euler

Gamma-function. To formulate the results, let us first introduce the following
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notations:

∆ =

q∑
j=1

Bj −
p∑
i=1

Ai, ρ =

(
p∏
i=1

A−Aii

) q∏
j=1

B
Bj
j

 ,

µ =

q∑
j=1

βj −
p∑
k=1

αk +
p− q

2

(1.2)

The defining series in (1.1) converges in the whole complex z-plane if ∆ > −1.

If ∆ = −1, then the series in (1.1) converges for |z| < ρ, and |z| = ρ under the

condition <(µ) > 1
2 , see [15] for details. If, in the definition (1.1), we set

A1 = ... = Ap = 1 and B1 = ... = Bq = 1,

we get the relatively more familiar generalized hypergeometric function pFq[.] given

by

(1.3) pFq

[
α1,...,αp
β1,...,βq

∣∣∣z] =

∏q
j=1 Γ(βj)∏p
i=1 Γ(αi)

pΨq

[(α1,1),...,(αp,1)

(β1,1),...,(βq,1)

∣∣∣z], (αj > 0, βj /∈ Z−0 ).

Moreover, both theWright functionWα,β(.) and the Mittag-Leffler function Eα,β(z),

are particular cases of the Fox-Wright function (1.1):

Wα,β(z) = 0Ψ1

[
−

(β,α)

∣∣∣z] , Eα,β(z) = 1Ψ1

[
(1,1)
(β,α)

∣∣∣z]
Note important properties for this functions including its Turán, Lazarević and

Wilker type inequalities, was proved by Mehrez [11] and Mehrez et al in [9],[10].

In a recent papers [12],[13],[14], the authors have studied certain advanced properties

of the Fox-Wright function including its new integral representations, the Laplace

and Stieltjes transforms, Luke inequalities, Turán type inequalities and completely

monotonicity property are derived. In particular, it was shown there that the

following Fox-Wright functions are completely monotone:

pΨq

[(αp,A)

(βq,A)

∣∣∣− z], z > 0,

p+1Ψq

[(λ,1),(αp,Ap)

(βq,1)

∣∣∣1
z

]
, z > 0,

and was proved that the Fox’s H-functionHp,0
q,p [.] constitutes the representing measure

for the Fox-Wright function pΨq[.], if µ > 0, i.e., [12, Theorem 1]

(1.4) pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣z] =

∫ ρ

0

eztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
.

when µ > 0. Here, and in what follows, we use Hp,0
q,p [.] to denote the Fox’s H-

function, defined by

(1.5) Hp,0
q,p

(
z
∣∣∣(Bq,βq)
(Ap,αp)

)
=

1

2iπ

∫
L

∏p
j=1 Γ(Ajs+ αj)∏q
k=1 Γ(Bks+ βk)

z−sds,
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where Aj , Bk > 0 and αj , βk > 0. The contour L has one of the following forms :

• L = L−∞ is a left loop in a horizontal strip starting at the point −∞+ iϕ1

and terminating at the point −∞+ iϕ2 with −∞ < ϕ1 < ϕ2 <∞;

• L = L∞ is a right loop in a horizontal strip starting at the point ∞+ iϕ1

and terminating at the point ∞+ iϕ2 with ∞ < ϕ1 < ϕ2 <∞;

• L = Liγ∞ is a contour starting at the point γ − i∞ and terminating at the

point γ + i∞+ iϕ2, where γ ∈ R.

Details regarding the contour and conditions for convergence of the integral in (1.5)

can be found in [16, Sections 1.1,1.2] and [8].

In the course of our investigation, the first main tools is extended some results

proved in [12] in the case when µ = −m, m ∈ N0. Secondly, we establish the

monotonicity of ratios involving the Fox-Wright functions.

2. Main results

The following theorem leads to an extension of the integral equation for the

H-function obtained in (1.4) to the case µ = −m, m ∈ N0.

Theorem 2.1. Suppose that µ = −m, m ∈ N0 and
p∑
i=1

Ai =

q∑
j=1

Bj .

If γ ≥ 1, then the Fox-Wright function pΨq[.] possesses the following integral

representation

(2.1) pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣z] =

∫ ρ

0

eztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
+ η

∞∑
k=0

m∑
j=0

lm−jk
jρkzk

k!
,

where the coefficients η and γ are defined by

(2.2) η = (2π)
p−q
2

p∏
i=1

A
αi− 1

2
i

q∏
j=1

B
1
2−βj
j , γ = − min

1≤j≤p
(αj/Aj),

and the coefficients lr satisfy the recurrence relation:

(2.3) lr =
1

r

r∑
n=1

qnlr−n, l0 = 1,

with

qn =
(−1)n+1

n+ 1

 p∑
i=1

Bn+1(αi)

Ani
−

q∑
j=1

Bn+1(βj)

Bnj

 ,
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where Bn is the Bernoulli polynomial defined via generating function [2, p. 588]

teat

et − 1
=

∞∑
n=0

Bn(a)
tn

n!
, |t| < 2π.

Proof. In [1, Theorem 2], the authors found the Mellin transform of the H-function

when µ = −m, m ∈ N0, that is∏p
i=1 Γ(Aik + αi)∏q
j=1 Γ(Bjk + βj)

=

=

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
tk−1dt+ ηρk

m∑
j=0

lm−jk
j , <(k) > γ.

(2.4)

This implies that

pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣z] =

∞∑
k=0

∏p
i=1 Γ(Aik + αi)z

k

k!
∏q
j=1 Γ(Bjk + βj)

=

∞∑
k=0

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
(zt)k

k!

dt

t
+

∞∑
k=0

ηρk m∑
j=0

lm−j
kjzk

k!


=

∞∑
k=0

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
(zt)k

k!

dt

t
+ η

∞∑
k=0

m∑
j=0

lm−jk
jρkzk

k!

=

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)( ∞∑
k=0

(zt)k

k!

)
dt

t
+ η

∞∑
k=0

m∑
j=0

lm−jk
jρkzk

k!

=

∫ ρ

0

eztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
+ η

∞∑
k=0

m∑
j=0

lm−jk
jρkzk

k!
.

For the exchange of the summation and integration, we use the asymptotic behavior

of the H-function as z → 0 [8, Theorem 1.2, Eq. 1.94]

(2.5) Hm,n
q,p (z) = O(z−γ), |z| −→ 0,

and the asymptotic behavior of the H-function as z → ρ [1, Theorem 1], we obtain∫ ρ

0

tk−1

∣∣∣∣Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)∣∣∣∣ dt ≤ ∫ ρ

0

t−1

∣∣∣∣Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)∣∣∣∣ dt < M <∞.

Then, we are in position to apply the Lebesgue dominated convergence theorem.

This completes the proof of Theorem 2.1. �

Recall that a function f : (0,∞) −→ (0,∞) is called completely monotonic if

(−1)nf (n)(x) ≥ 0 for x > 0 and n ∈ N0. The celebrated Bernstein theorem asserts

that completely monotonic functions are precisely those that can be expressed by

the Laplace transform of a non-negative measure.
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Corollary 2.1. Suppose that µ = 0, γ ≥ 1 and
p∑
i=1

Ai =

q∑
j=1

Bj . Then, the Fox-

Wright function pΨq[.] possesses the following integral representation

(2.6) pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣− z]− ηe−ρz =

∫ ρ

0

e−ztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
, z ∈ R.

Moreover, if the function Hp,0
q,p [.] is non-negative, then the function

z 7→ pΨp

[(αp,A)

(βp,A)

∣∣∣− z]− ηe−ρz,
is completely monotonic on (0,∞).

Proof. The application of Theorem 2.1 for m = 0 yields

(2.7) pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣z] =

∫ ρ

0

eztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
+ ηeρz,

which implies that (2.6) holds. Now, suppose that the H-function Hp,0
p,p [.], then by

means of (2.6), we deduce that all prerequisites of the Bernstein Characterization

Theorem for the complete monotone functions are fulfilled. �

Example 2.1. The four parameters Wright function is defined by the series

(2.8) φ ((µ1, a), (ν1, b); z) =

∞∑
k=0

zk

Γ(a+ kµ1)Γ(b+ kν1)
, µ1, ν1 ∈ R, a, b ∈ C.

The series on the right-hand side of (2.8) is absolutely convergent for all z ∈ C if

µ1 + ν1 > 0. If µ1 + ν1 = 0, the series is absolutely convergent for |z| < |µ1|µ1 |ν1|ν1

and |z| = |µ1|µ1 |ν1|ν1 under the condition <(a+b) > 2. Some of the basic properties

of the four parameters Wright function was proved in [4]. So, by means of formula

(2.6) we deduce that the four parameters Wright function φ ((µ1, a), (ν1, b); z) admits

the following integral representation:

φ ((µ1, a), (ν1, b); z) =

=

∫ µ1
µ1ν

ν1
1

0

eztH1,0
2,1

[
t
∣∣∣(µ1,a),(ν1,b)

(1,1)

]
dt

t
+
µ1

1
2−aν1

1
2−b

√
2π

eµ1
µ1ν1

ν1z,
(2.9)

where a, b, µ1, ν1 ∈ R for which µ1 + ν1 = 1 and a+ b = 3/2.

As a consequence, we derive the finite Laplace Transform for the function

t 7→ t−1H1,0
2,1

[
t
∣∣∣(1/2,1/2),(1/2,1)

(1,1)

]
in (0, 1/2). Recall that the finite Laplace Transform of a continuous ( or an almost

piecewise continuous) function f(t) in (0, T ) is denoted by
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LT f(t) = f̄(s, T ) =

∫ T

0

e−stf(t)dt.

We note that LT f is actually the Laplace transform of the function f which vanishes

outside of the interval (0, T ).

Example 2.2. Letting in (2.8) and (2.9), the values ν1 = µ1 = a = 1/2 and b = 1

and using the Legendre Duplication Formula

Γ(z)Γ(z + 1/2) = 21−2z
√
πΓ(2z),

we get the following curious integral evaluation:

(2.10)
e−2z − e−z√

π
=

∫ 1
2

0

e−ztH1,0
2,1

[
t
∣∣∣(1/2,1/2),(1/2,1)

(1,1)

]
dt

t
, z ∈ R.

In the next result we show that the function p+1Ψq[.] − η1F0[.] is a Stieltjes

transform.

Corollary 2.2. Let σ > 0 and z ∈ C, such that | arg(1 + z)| < π and |z| < 1.

In addition, assume that the hypotheses of Corollary 2.1 are satisfied. If Hp,0
q,p [.] is

non-negative, then, the following representation holds true:

(2.11) f(z) := p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz) =

= Γ(σ)

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t(1 + tz)σ
.

In particular, f(z) is completely monotonic on (0,∞).

Proof. Employing the generalized binomial expansion

(1 + z)−σ =

∞∑
k=0

(σ)k
(−1)kzk

k!
, z ∈ C, |z| < 1,

with the formula (2.4) and the right hand side of (2.11) we obtain

Γ(σ)

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t(1 + tz)σ
=

= Γ(σ)

∞∑
k=0

(σ)k
(−1)kzk

k!

[∫ ρ

0

tk−1Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

]

= Γ(σ)

∞∑
k=0

(σ)k
(−1)kzk

k!

[∏p
i=1 Γ(Aik + αi)∏q
j=1 Γ(Bjk + βj)

− ηρk
]

=

∞∑
k=0

Γ(σ + k)
∏p
i=1 Γ(αi + kAi)∏q

j=1 Γ(βj + kBj)

(−zk

k!
− η

∞∑
k=0

Γ(σ + k)(−ρz)k

k!

= p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz).

(2.12)

This completes the proof. �
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Corollary 2.3. Suppose that µ = −1 and
p∑
i=1

Ai =

q∑
j=1

Bj .

Then the following integral representation

g(z) : = pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣− z]− η(l1 − ρz)e−ρz =

=

∫ ρ

0

e−ztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt, z ∈ R

(2.13)

holds true. Moreover, if Hp,0
q,p [.] is non-negative, then the function g(z) is completely

monotonic on (0,∞).

Proof. From Theorem 2.1, when µ = −1, we have

(2.14) pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣− z] =

∫ ρ

0

e−ztHp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t
+ η(l1 − ρz)e−ρz.

Example 2.3. The four parameters Wright function φ ((µ, a), (ν, b); z) possesses

the following integral representation

φ ((µ, a), (ν, b); z) =

∫ µµνν

0

eztH1,0
2,1

[
t
∣∣∣(µ,a),(ν,b)

(1,1)

]
dt

t
+

+
µ

1
2−aν

1
2−b

√
2π

(l1 + µµννz) eµ
µννz,

(2.15)

where

l1 =
1

12
− 6a2 − 6a+ 1

12µ
− 6b2 − 6b+ 1

12ν
,

and a, b, µ, ν be a real number such that µ+ ν = 1 and a+ b = 1/2.

The following lemma is called the Jensen’s integral inequality, for more details,

one may see [5, Chap. I, Eq. (7.15)].

Lemma 2.1. Let ω be a non-negative measure and let ϕ ≥ 0 be a convex function.

Then for all f be a integrable function we have

(2.16) ϕ

(∫
fdν

/∫
dν

)
≤
∫
ϕ ◦ fdν

/∫
dν.

In the next theorem we present a new Luke type inequality when µ = 0.

Theorem 2.2. Keep the notations and constraints of hypotheses of Corollary

2.1. Assume that the function Hp,0
q,p [.] is non-negative, then the following two-sided

bounding inequality holds true:
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Ψ0 e
−(Ψ1/Ψ0)z + η e−ρz ≤ pΨq

[(αp,Ap)

(βq,Bq)

∣∣∣− z] ≤
≤
(

Ψ0 −
Ψ1

ρ

)
+

(
η +

Ψ1

ρ

)
e−ρz,

(2.17)

where

Ψ0 :=

∏p
i=1 Γ(αi)∏q
j=1 Γ(βj)

− η, Ψ1 :=

∏p
i=1 Γ(αi +Ai)∏q
j=1 Γ(βj +Bj)

− ηρ.

Proof. Letting ϕz(t) = e−zt, f(t) = t, and

dν(t) = Hp,0
p,p

(
t
∣∣∣(A,βp)

(A,αp)

)
dt

t
.

From (2.4) we get ∫ ρ

0

dν(t) =

∏p
i=1 Γ(αi)∏q
j=1 Γ(βj)

− η = Ψ0,

and ∫ ρ

0

f(t)dν(t) =

∏p
i=1 Γ(αi +Ai)∏p
j=1 Γ(βj +Bj)

− ηρ = Ψ1,

and using (2.1) when m = 0 we find∫ ρ

0

φz(f(t))dν(t) = pΨp

[(αp,A)

(βq,A)

∣∣∣− z]− ηe−ρz.
Hence, Lemma 2.1 completes the proof of the lower bound of inequalities (2.17). In

order to demonstrate the upper bound, we will apply the converse Jensen inequality,

due to Lah and Ribarić, which reads as follows. Set

A(f) =

∫ M

m

f(s)dσ(s)
/∫ M

m

dσ(s),

where σ is a non-negative measure and f is a continuous function. If −∞ < m <

M <∞ and ϕ is convex on [m,M ], then according to [3, Theorem 3.37]

(2.18) (M −m)A(ϕ(f)) ≤ (M −A(f))ϕ(m) + (A(f)−m)ϕ(M).

Setting

ϕz(t) = e−zt, dσ(t) = dν(t), f(s) = s and [m,M ] = [0, ρ],

we complete the proof of the upper bound in (2.17). �

In view of inequalities (2.17) and the Laplace transform of the function xλ−1
pΨq[x]

[18, Eq. (7)]

(2.19)
∫ ∞

0

e−ttλ−1
pΨq

[
(αp,Ap)

(βq,Bq)

∣∣∣zt] dt = p+1Ψq

[
(λ,1),(αp,Ap)

(βq,Bq)

∣∣∣z]
and make use of the following known formula∫ ∞

0

tλe−σtdt =
Γ(λ+ 1)

σλ+1
, (λ > −1, σ > 0),
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we can deduce the new following inequalities for the function p+1Ψq[.] :

Corollary 2.4. Let λ > 0 and suppose the hypotheses of Corollary 2.1 are satisfied.

If the function Hp,0
q,p [.] is non-negative, then the following two–sided bounding inequality

holds true:
ηΓ(λ)

(1 + ρz)λ
+

Ψ0Γ(λ)

(1 + (Ψ1/Ψ0)z)λ
≤ p+1Ψq

[
(λ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z] ≤
(

Γ(λ)Ψ0 −
Γ(λ)Ψ1

ρ

)
+

Γ(λ)
(
η + Ψ1

ρ

)
(1 + ρz)λ

.

(2.20)

Theorem 2.3. Keep the notations and constraints of hypotheses of Corollary 2.1.

Assume that the function Hp,0
q,p [.] is non-negative, then the following inequality

(2.21)
Γ(σ)Ψ0

(1 + (Ψ1/ψ0)z)σ
+ η 1F0(σ;−;−ρz) ≤ p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z],
is valid for all σ > 0 and |z| < 1.

Proof. We set ϕ(u) = uσ, σ > 0, f(t) = 1/(1 + tz) and

dν(t) = t−1Γ(σ)Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt.

By (2.4) we have ∫ ρ

0

dν(t) = Γ(σ)

∫ ρ

0

Hp,0
q,p

(
t
∣∣∣(Bq,βq)
(Ap,αp)

)
dt

t

=
Γ(σ)

∏p
i=1 Γ(αi)∏q

j=1 Γ(βj)
− ηΓ(σ).

(2.22)

Moreover (2.11), reads

(2.23)
∫ ρ

0

f(t)dν(t) = p+1Ψq

[(1,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η

1 + ρz
,

and

(2.24)
∫ ρ

0

ϕ(f(t))dν(t) = p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz).

By means of Lemma 2.1 we obtain

(2.25) Γ(σ)Ψ1−σ
0

(
p+1Ψq

[(1,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η

1 + ρz

)σ
≤

p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz)

By virtue of the left-hand side of inequality (2.20) and (2.25) we conclude the

inequality (2.21). �

The next lemma is in fact the so-called the Chebyshev integral inequality, see [5,

p. 40].
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Lemma 2.2. If f, g : [a, b] −→ R are synchoronous (both increasing or decreasing)

integrable functions, and p : [a, b] −→ R is a positive integrable function, then

(2.26)
∫ b

a

p(t)f(t)dt

∫ b

a

p(t)g(t)dt ≤
∫ b

a

p(t)dt

∫ b

a

p(t)f(t)g(t)dt.

Note that if f and g are asynchronous (one is decreasing and the other is increasing),

then (2.26) is reversed.

Theorem 2.4. Assume that the hypotheses of Corollary 2.1 are satisfied. Suppose

that δ, σ > 0. If Hp,0
q,p [.] is non-negative, then the function

F : = F
[

(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣δ; z] =

=
p+1Ψq

[(σ,1),(αp+δAp,Ap)

(βq+δBq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz)

p+1Ψq

[(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣− z]− η 1F0(σ;−;−ρz)
,

(2.27)

is increasing on (0, 1). In addition, the function F (z) is decreasing on (0, 1) for

each δ < 0 and σ > 0.

Proof. In view of (2.11), using the following property of the Fox H-function [8,

Property 1.5, p. 12]

Hn,m
q,p

[
(Ap,αp+δAp)

(Bq,βq+δBq)

∣∣∣z] = zδHn,m
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣z] ,
we can rewrite the function F as follows:

F
[

(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣δ; z] =

∫ ρ
0
Hp,0
q,p

[
(Ap,αp+δAp)

(Bq,βq+δBq)

∣∣∣t] dt
t(1+tz)σ∫ ρ

0
Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt
t(1+tz)σ

=

∫ ρ
0
tδ−1Hp,0

q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt
(1+tz)σ∫ ρ

0
Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt
t(1+tz)σ

.

Now, we consider the functions p, f, g : [0, ρ] −→ R, defined by

p(t) = t−1(1 + tz)−σHp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] , f(t) = tδ, g(t) =
t

1 + tz
.

Observe that the functions f and g are increasing, thus, by means of Lemma 2.2,

we infer

(2.28)
(∫ ρ

0

tσ−1Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ

)(∫ ρ

0

Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ+1

)

≤
(∫ ρ

0

Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

t(1 + tz)σ

)(∫ ρ

0

tσHp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ+1

)
.
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On the other hand, we have

(2.29)
1

σ

[∫ ρ

0

Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

t(1 + tz)σ

]2
∂

∂z
F
[

(σ,1),(αp,Ap)

(βq,Bq)

∣∣∣δ; z] =

=

(∫ ρ

0

Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

t(1 + tz)σ

)(∫ ρ

0

tσHp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ+1

)
−
(∫ ρ

0

tσ−1Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ

)(∫ ρ

0

Hp,0
q,p

[
(Ap,αp)

(Bq,βq)

∣∣∣t] dt

(1 + tz)σ+1

)
.

By (2.28) and (2.29) we deduce that the function z 7→ F (z) is increasing on (0, 1)

for all σ > 0 and δ > 0. Moreover, if δ < 0 then the inequality (2.28) is reversed

and consequently the function z 7→ F (z) is decreasing on (0, 1) for all σ > 0 and

δ < 0. Now, the proof of this theorem is completed. �
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Abstract. In this paper, we present functional Strassen’s law of the iterated
logarithm for Csörgő-Révész (C-R) increments of a fractional Brownian motion
in Hölder norm with respect to (r, p)-capacity. The method of the proof for our
main results is based on the large deviation for the fractional Brownian motion.
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1. Introduction and main results

The functional limit theorems for fractional Brownian motion (FBM)
have been investigated in various directions. For example, Wang [5] studied
functional limit theorems for increments of a fractional Brownian motion
under the Sup-norm. At the same time, Lin, Wang and Hwang [3] obtained
functional limit theorems for d-dimensional FBM under Hölder norm.

The capacity is a set function on B with the property that it sometimes
takes positive values even for µ−null sets, while a set of capacity zero has
always µ−measure zero. Therefore, an interesting problem is to find out
what property holds not only almost sure but also quasi sure. In this paper,
we shall discuss this topic. Liu [4] established quasi sure Strassen-type law
of the iterated logarithm for Csörgő-Révész (C-R) increments of Brownian
Motion (BM) in Hölder norm with respect to (r, p)−capacity. In this paper,
we present Strassen’s law of the iterated logarithm for C-R increments of

1This work was partially supported by NSFC(No.11771105), Guangxi Natural Science
Foundation (No. 2017GXNSFFA198012) and Guangxi Distinguished Expert Project.
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FBM in Hölder norm with respect to (r, p)−capacity. We generalize Strassen-
type law of the iterated logarithm of FBM in terms of (r, p)−capacities under
Hölder norm, the corresponding results in [3], [4] and [7] are extended.

Let (B,H, µ) be an abstract Wiener space and Dr,p denotes the Sobolev
space, i.e.,

Dr,p = (1−L)−
r
2Lp, ‖F‖r,p = ‖(1−L)−

r
2F‖p, F ∈ Lp, r ≥ 0, 1 ≤ p <∞,

where Lp denotes Lp−space of real-valued functions on (B,µ) and L is the
Ornstein-Uhlenbeck operator on (B,H, µ). For r ≥ 0, p > 1, (r, p)−capacity
is defined by

Cr,p(O) = inf{‖F‖pr,p;F ∈ Dr,p, F ≥ 1, µ−a.s. on O} for open set O ⊂ B,

and for any set A ⊂ B, we define Cr,p(A) by

Cr,p(A) = inf{Cr,p(O);A ⊂ O ⊂ B,O is open}.

Let {X(t); t ≥ 0} be a standard γ-fractional Brownian motion with 0 < γ < 1

and X(0) = 0. The {X(t); t ≥ 0} has a covariance function

R(s, t) = E(X(s)X(t)) =
1

2
(s2γ + t2γ − |s− t|2γ), s, t ≥ 0,

and a representation

X(t) =

∫
R1

1

kγ

{
|x− t|(2γ−1)/2 − |x|(2γ−1)/2

}
dB(x),

where k2γ =

∫
R1

{
|x− 1|(2γ−1)/2 − |x|(2γ−1)/2

}2
dx, {B(t);−∞ < t < +∞}

is a Brownian motion and
1

kγ

{
|x− t|(2γ−1)/2 − |x|(2γ−1)/2

}
is interpreted to

be I(0,t] when γ = 1
2 . {X(t); t ≥ 0} has stationary increments with E(X(s+

t)−X(s))2 = t2γ , s, t ≥ 0 and when γ = 1
2 , it is a standard Brownian motion.

Let C0[0, 1] be the space of continuous functions from [0, 1] to R with value
zero at the origin, endowed with usual norm ‖f‖ = sup0≤t≤1 |f(t)| and we
denote by

H = {f ∈ C0[0, 1] : f is an absolutely continuous function,

‖f‖2H =

∫ 1

0
(ḟ(s))2ds <∞}.

Then H is a Hilbert space with respect to the scalar product

〈f, g〉 =

∫ 1

0
ḟ(x)ġ(x)dx, for f, g ∈ H.
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Let µ be the Wiener measure on C0[0, 1], then (C0,H, µ) is an abstract
Wienner space. Let us consider two Banach spaces as follows

Cα =

{
f ∈ C0[0, 1] : ‖f(·)‖α = sup

s,t∈[0,1],s 6=t

|f(t)− f(s)|
|t− s|α

<∞

}
,

Cα,0 =

{
f ∈ Cα : lim

δ→0
sup

s,t∈[0,1],0<|t−s|<δ

|f(t)− f(s)|
|t− s|α

= 0

}
,

where 0 < α < 1
2 . In this paper, we assume 0 < α < γ < 1

2 . Then (Cα,0,H, µ)

is also an abstract Wiener space, see [1, Theorem 2.4] for details. Define a
mapping I : Cα,0 → [0,∞] by

I(f) =

 1

2

∫ 1

0
|ḟ(t)|2dt, f ∈ H,

+∞, otherwise.

The limit set associated with functional laws of the iterated logarithm for
{X(t); t ≥ 0} is Kγ and it is a subset of functions in Cα,0 with the form

f(t) =

∫
R1

1

kγ
{|x− t|(2γ−1)/2 − |x|(2γ−1)/2}g(x)dx, 0 ≤ t ≤ 1.

Here the function g(x) ranges over the unit ball of L2(R1) and
∫
R1

g2(s)ds ≤

1. The subset K of Cα,0 is defined by

K = {f ∈ H : f ∈ Kγ , 2I(f) ≤ 1}.

Let au be a non-decreasing function from (0,+∞) to (0,+∞) such that

(H1) au ≤ u, for any u ∈ (0,+∞);

(H2) The function
u

au
is non-decreasing;

(H3) lim
u→+∞

au

u
= ρ with the constant ρ < 1;

(H4) lim
u→+∞

log
u

au
log log u

= +∞.

We set `u = log u log u
au

, βu = (2a2γu `u)−
1
2 and let ∆(t, u) denote the path

s→ X(ut+ aus)−X(ut), s ∈ [0, 1] .
In the following, we state our main results.

Theorem 1.1. Assume that (H1) and (H2) hold, then we have

(1.1) lim
u→∞

sup
t∈[0,1−au

u
]

inf
f∈K
‖βu∆(t, u)(·)− f(·)‖α = 0, Cr,p − q.s.
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Theorem 1.2. Assume that (H1), (H2) and (H3) hold, then for any f ∈ K,
we have

(1.2) lim inf
u→∞

inf
t∈[0,1−au

u
]
‖βu∆(t, u)(·)− f(·)‖α = 0, Cr,p − q.s.

Moreover, assume that (H4) also holds, then for any f ∈ K, we have

(1.3) lim
u→∞

inf
t∈[0,1−au

u
]
‖βu∆(t, u)(·)− f(·)‖α = 0, Cr,p − q.s.

Remark 1.1. In [3], authors proved the equations (1.1)-(1.3) in the sense of
probability. Theorem 1.1 and Theorem 1.2 generalized them from probability
to (r, p)-capacity. At the same time, in [4], Liu established quasi sure Strassen-
type law of the iterated logarithm for C-R increments of BM in Hölder norm
with respect to (r, p)−capacity. Theorem 1.1 and Theorem 1.2 generalized
them from BM to FBM. From the proof below, we can see that the method
we use is different from that in [3] and [4], and it is more complicated.

This paper is organized as follows. In Section 2, we introduce some basic
lemmas which will be used in this paper. In Section 3, we prove Theorem
1.1. In Section 4, we prove Theorem 1.2.

2. Some lemmas

Our proofs are based on the following lemmas. We followed Theorem 3.3
in [7], we have following lemma.

Lemma 2.1. Assume {X(t); t ≥ 0} is FBM with X(0) = 0. Then for any
closed set A ⊂ Cα,0, we have

lim sup
ε→0

ε

logCr,p

 ⋃
0≤t≤T−h

{√
ε

h2γ
(X(t+ h·)−X(t)) ∈ A

}+ log
h

T

 ≤
≤ − inf

f∈A
I(f),

where 0 < h < 1, 0 ≤ α < γ < 1.

We followed the method in [6], we have following lemma.

Lemma 2.2. Let 1 ≤ k < Z, q1, q2 ∈ (1,∞) be given so that 1
p = 1

q1
+ 1

q2
.

For any f ∈ K, put

F (i)
ε =

∥∥∥∥∥∥εX(ti + hi·)−X(ti)√
h2γi

− f

∥∥∥∥∥∥
α

, i = 1, 2, ..., n,
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where 0 ≤ ti < ∞, hi > 0. Then there exits a constant C = C(r, p, q1, f),
such that for any δ ∈ (0, 1] and ε ∈ (0, 1], we have

Cr,p

(
n⋂
i=1

{
Z; ai < F (i)

ε < bi

})1/p

≤

≤ Cδ−2r2−rnrµ

(
n⋂
i=1

{
Z; ai − δ < F (i)

ε < bi + δ
})1/q2

.

The following lemmas can be found in the corresponding literature, so we
list them directly without proof.

Lemma 2.3. ([3]) Let 0 < γ < 1 and fix 0 < α < q < γ. Let dk = kk+(1−ι),
sk = k−k for k ≥ 1 and 0 < ι < 1. Let

Yk(sk, t) =

∫
|x|/∈Ik

1

kγ

{
|x− skt|(2γ−1)/2 − |x|(2γ−1)/2

}
dB(x), 0 ≤ t ≤ 1,

where B(x) is a standard Brownian motion, Ik = (skdk−1, skdk]. Let 0 <

β < ι. Then, for δ = min{2β(γ − q), ι− β, (1− ι)(2− 2γ), (2γ − 2q)ι}, there
is a constant C > 0 depending only on γ such that uniformly in t, h, k, we
have

σ2k(t, h) = E{[Yk(sk, t+ h)− Yk(sk, t)]2} ≤ Ch2qs2γk k
−δ.

Lemma 2.4. ([3]) Let {X(t); t ≥ 0} be FBM with X(0) = 0 and σ2(t− s) =

E(X(t)−X(s))2, For any ε > 0, there exists a positive constant C1 = C(ε),
∀x ≥ x0 > 0 such that

µ

(
sup

0≤s<t≤1
|X(t+ s)−X(t)| ≥ xσ(t− s)

)
≤ C exp

(
− x2

2 + ε

)
.

Lemma 2.5. ([2]) Consider a separable Banach space E with dual E∗ and a
centered Gaussian measure µ on E. Let V be a convex, symmetric, measurable
subset of E. For all f ∈ H,

µ(f + V ) ≥ µ(V ) exp

{
−1

2
‖f‖2µ

}
.

3. Proof of Theorem 1.1

Put un = θn with 1 < θ < 2. For any u, there exists an integer n such that
un ≤ u ≤ un+1. Let Ψt,u(s) = βu[X(t+aus)−X(t)], s ∈ [0, 1], t ∈ [0, u−au],
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then Ψt,u(s) = βu
βun+1

Ψt,un+1( au
aun+1

s). We have

(3.1)

sup
t∈[0,1−au

u
]

inf
f∈K
‖βu∆(t, u)(·)− f(·)‖α

= sup
t∈[0,1−au

u
]

inf
f∈K
‖βu[X(ut+ aus)−X(ut)]− f(s)‖α

= sup
x∈[0,u−au]

inf
f∈K
‖βu[X(x+ aus)−X(x)]− f(s)‖α

= sup
x∈[0,u−au]

inf
f∈K
‖Ψx,u(s)− f(s)‖α

= sup
x∈[0,u−au]

inf
f∈K
‖ βu
βun+1

Ψx,un+1(
au

aun+1

s)− f(s)‖α

≤ sup
x∈[0,un+1−aun ]

inf
f∈K

∥∥∥∥Ψx,un+1(
au

aun+1

·)− f(
au

aun+1

·)
∥∥∥∥
α

+

(
βu

βun+1

− 1

)
sup

x∈[0,un+1−aun ]

∥∥∥∥Ψx,un+1(
au

aun+1

·)
∥∥∥∥
α

+ inf
f∈K

∥∥∥∥f(
au

aun+1

·)− f(·)
∥∥∥∥
α

:= I1 + I2 + I3.

For any ε > 0, let A = {f ∈ Cα,0; ‖f − K‖α ≥ ε}. If f ∈ A, f /∈ K, thus
there exits δ > 0, 2 inff∈K I(f) > 1 + δ := η > 1. By Lemma 2.1, (H1) and
(H2), we have

Cr,p(I1 ≥ ε) =

= Cr,p

(
sup

x∈[0,un+1−aun ]
inf
f∈K

∥∥βun+1 [X(x+ an+1s)−X(x)]− f(s)
∥∥
α
≥ ε

)

= Cr,p

 sup
x∈[0,un+1−aun ]

∥∥∥∥∥∥
√

1

2`n+1

X(x+ an+1s)−X(x)√
a2γun+1

−K

∥∥∥∥∥∥
α

≥ ε


≤ Cr,p

 ⋃
0≤x≤un+1−aun


√

1

2`n+1

X(x+ an+1s)−X(x)√
a2γun+1

∈ A




≤ un+1

aun

(
aun+1

un+1 log un+1

)η
≤ θ

(
aun
un

)η−1( 1

log un+1

)η
≤ θ

[(n+ 1) log θ]η
.

It is clear that
∞∑
n=1

θ

[(n+ 1) log θ]η
<∞.

By the Borel-Cantelli lemma, we get

(3.2) lim
n→∞

I1 = 0, Cr,p − q.s.
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For any f ∈ K ⊂ Cα,0, ‖f‖α ≤ 1 and large n, by (3.2), we have

sup
x∈[0,un+1−aun ]

∥∥∥∥Ψx,un+1(
au

aun+1

·)
∥∥∥∥
α

≤ 2, Cr,p − q.s.

Obviously,

βu
βun+1

− 1 ≤ θγ − 1.

By (3.4) in [3], we have

I3 = sup
f∈K

∥∥∥∥f(
au

aun+1

·)− f(·)
∥∥∥∥
α

≤ 2(θ − 1)γ−α.

Letting θ → 1, we get

(3.3) lim
n→∞

(I2 + I3) = 0, Cr,p − q.s.

Combining (3.1) with (3.2) and (3.3), we obtain (1.1).

4. Proof of Theorem 1.2

First of all, let’s prove the following two lemmas.

Lemma 4.1. If conditions (H1)-(H3) hold, for any f ∈ K, we have

lim inf
u→∞

‖βu∆(1− au
u
, u)− f(s)‖α = 0, Cr,p − q.s.

Proof. Case (I). lim sup
u→∞

log ua−1
u

log log u <∞. We take um, such that u1 = u0, um+1−
aum+1 = um, m ≥ 1. For k = 1, 2, · · · , we define

Zk(t) =

∫
|x|∈(dk−1,dk]

1

Kγ

{
|x− t|(2γ−1)/2 − |x|(2γ−1)/2

}
dB(x)

and

Xk(t) = X(t)− Zk(t),

for 0 ≤ t ≤ 1, dk = kk+(1−ι), sk = k−k, 0 < γ < 1. Then {Zk(·)}, k =

1, 2, · · · , are independent and

{sγkXk(·)}
D
={Yk(sk, ·)}.
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where Yk(sk, ·) is as in Lemma 2.2. For any ε > 0, we have

(4.1)

Cr,p

{
‖βum∆(1− aum

um
, um)(·)− f(·)‖α ≥ 4ε

}
= Cr,p {‖βum [X(um−1 + aums)−X(um−1)]− f(s)‖α ≥ 4ε}

≤ Cr,p {‖βum [Zm(um−1 + aums)− Zm(um−1)]− f(s)‖α ≥ 2ε}

+ Cr,p {‖βum [Xm(um−1 + aums)−Xm(um−1)]‖α ≥ 2ε}

:= I41 + I42.

By Lemmas 2.2-2.4, we have

I42 = Cr,p {‖βum [Xm(um−1 + aums)−Xm(um−1)]‖α ≥ 2ε}

= Cr,p


∥∥∥∥∥∥ 1√

2s2γm `um

Ym(sm, um−1 + aum ·)− Ym(sm, um−1)√
a2γum

∥∥∥∥∥∥
α

≥ 2ε


≤ Cε(−2k2−k)pµ


∥∥∥∥∥∥ 1√

2s2γm `um

Ym(sm, um−1 + aum ·)− Ym(sm, um−1)√
a2γum

∥∥∥∥∥∥
α

≥ ε


p
q2

≤ C1µ


∥∥∥∥∥∥ 1√

2s2γm `um

[Ym(sm,
um−1
aum

+ ·)− Ym(sm,
um−1
aum

)]

∥∥∥∥∥∥
α

≥ ε


p
q2

≤ C1µ

(
sup

0≤x<y≤1

∣∣∣∣∣Ym(sm, y)− Ym(sm, x)

(y − x)q
√
Cs2γmm−δ

∣∣∣∣∣ ≥ ε
√
nδ

C
2`um

) p
q2

≤ C1 exp

(
− p

q2

2ε2mδ

(2 + ε)C
log

um log um
aum

)
≤ C1

(
aum

um log um

)C2mδ

,

where

C1 = Cε(−2k
2−k)p > 0, C2 =

p

q2

2ε2

(2 + ε)C
> 0.

For large m, we have C2m
δ > 1, thus

∑∞
m=1 I42 <∞. By the Borel-Cantelli

lemma, we get

(4.2) lim
m→∞

{‖βum [Xm(um−1 + aums)−Xm(um−1)]‖α} = 0, Cr,p − q.s.
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Since {Zk(·)}, k = 1, 2, · · · are independent, by Lemma 2.2, we have
(4.3)

Cr,p

{
n⋂

m=l

‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ 2ε

} q2
p

≤ Cnrq2ε(−2r2−r)q2
n∏
k=l

µ(‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ ε)

:= C3n
rq2

n∏
m=l

Jm

(
C3 = Cε(−2r

2−r)q2 > 0
)
.

Moreover,

(4.4)

Jm = µ(‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ ε)

≤ µ
(
‖βum [X(um−1 + aum ·)−X(um−1)]− f(·)‖α ≥

1

2
ε

)
+ µ

(
‖βum [Xm(um−1 + aum ·)−Xm(um−1)]‖α ≥

1

2
ε

)
:= J1

m + J2
m.

By the same method of the estimate of I42, exist C21 > 0, C22 > 0, such
that

(4.5) J2
m ≤ C21

(
aum

um log um

)C22mδ

.

Let f (ε) = (1− ε
2)f , for f ∈ K and 0 < ε < 1. Then f (ε) ∈ K and ‖f−f (ε)‖α <

ε
2 . For large n, by Lemma 2.5 and Lemma 2.3, we have

µ

(
‖βum [X(um−1 + aum ·)−X(um−1)]− f(·)‖α <

1

2
ε

)
≥ µ

(∥∥∥∥X(um−1 + aum ·)−X(um−1)

aγum
− f (ε)(·)

√
2`um

∥∥∥∥
α

<
ε

4

√
2`um

)
≥ exp

(
−‖f (ε)‖2γ`um

)
µ

(∥∥∥∥X(um−1 + aum ·)−X(um−1)

aγum

∥∥∥∥
α

<
ε

4

√
2`um

)
≥ exp

(
−(1− ε

2
)2‖f‖2γ log

um log um
aum

)(
1− C exp

(
− ε2

8(2 + ε)
log

um log um
aum

))
≥ exp

(
−(1− ε

2
)2 log

um log um
aum

)(
1− C exp

(
− ε2

8(2 + ε)
log

um log um
aum

))
=

(
aum

um log um

)C11
(

1− C
(

aum
um log um

)C12
)
,

where

C > 0, 0 < C11 = (1− ε

2
)2 < 1, C12 =

ε2

8(2 + ε)
> 0.
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Therefore, for large m, 1− C
(

aum
um log um

)C12

> 1
2 , we have

(4.6)

J1
m ≤ exp

{
−
(

aum
um log um

)C11
(

1− C
(

aum
um log um

)C12
)}

≤ exp

{
−1

2

(
aum

um log um

)C11
}
.

By (4.3)-(4.6), for large n, we have

Cr,p

{
n⋂

m=l

‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ 2ε

} q2
p

= C1n
rq2

n∏
m=l

(
C21

(
aum

um log um

)C22mδ

+ exp

{
−1

2

(
aum

um log um

)C11
})

.

≤ C1n
rq2

n∏
m=l

exp

{
−1

4

(
aum

um log um

)C11
}

= C1n
rq2 exp

{
−1

4

n∑
m=l

(
aum

um log um

)C11
}
.

Therefore,

(4.7)

Cr,p

{
n⋂

m=l

‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ 2ε

}

≤ C1n
rp exp

{
− p

q2

1

4

n∑
m=l

(
aum

um log um

)C11
}
.

By (H3) and definition of um, we have
n∑

m=l

(
aum

um log um

)C11

≥ A(log un)η0 ,

where A = A(l) > 0, η0 = 1 − C11 > 0. Since lim sup
u→∞

log ua−1
u

log log u < ∞, we take

θ > 2
η0

and u0 = e(logn0)θ , for large n, we can proof

log un ≥ (log n)θ, n ≥ n0.

Thus, for n0 < l < n, we get

(4.8)
n∑

m=l

(
aum

um log um

)C11

≥ A(log un)η0 ≥ A(log n)η0θ ≥ (log n)2.
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By (4.7) and (4.8), we obtain

Cr,p

{
n⋂

m=l

‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ 2ε

}

≤ C1n
rp exp

{
− p

4q2
(log n)2

}
→ 0, n→∞.

So,

Cr,p

{∞⋃
l=1

∞⋂
m=l

‖βum [Zm(um−1 + aum ·)− Zm(um−1)]− f(·)‖α ≥ 2ε

}
= 0.

Thus,

(4.9) lim inf
u→∞

{‖βum [Zm(um−1 + aums)− Zm(um−1)]− f(s)‖α} = 0,

Cr,p - q.s. By (4.1), (4.2) and (4.9), Lemma 4.1 holds.
Case (II) lim sup

u→∞
log ua−1

u
log log u =∞, see Lemma 4.2. Hence, the proof is completed.

Lemma 4.2. If conditions (H1)-(H4) hold, for any f ∈ K, we have

lim
u→∞

inf
t∈[0,1−au

u
]
‖βu∆(t, u)− f(s)‖α = 0, Cr,p − q.s.

Proof. Since lim
u→∞

log ua−1
u

log log u = ∞, we choose un, such that un
aun

= nd, d > 1.

Let ti = iaun+1 , i = 0, 1, ..., kn =
[

un
aun+1

]
− 1, g(n) =

log un
aun

log log un
= lognd

log log un
.

We have un = exp (n
d

g(n) ), g(n) is non-decreasing and g(n) → ∞, n → ∞.
Moreover, for any b > 0, nb

log un
→∞ and

1 ≤ un+1

un
= exp

{
(n+ 1)

d
g(n+1) − n

d
g(n)

}
≤ exp

(
n

d
g(n)
−1
)
→ 1, n→∞.

Therefore, we have

(4.10)

inf
t∈[0,1−au

u
]
‖βu∆(t, u)(·)− f(·)‖α

= inf
x∈[0,u−au]

‖βu[X(x+ aus)−X(x)]− f(s)‖α

= inf
x∈[0,u−au]

‖ βu
βun+1

Ψx,un+1(
au

aun+1

s)− f(s)‖α

≤ inf
x∈[0,un−aun+1 ]

∥∥∥∥Ψx,un+1(
au

aun+1

·)− f(
au

aun+1

·)
∥∥∥∥
α

+

(
βu

βun+1

− 1

)
sup

x∈[0,un−aun+1 ]

∥∥∥∥Ψx,un+1(
au

aun+1

·)
∥∥∥∥
α

+

∥∥∥∥f(
au

aun+1

·)− f(·)
∥∥∥∥
α

:= I5 + I ′2 + I ′3.
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Similarly to the proof of (3.3), we have

(4.11) lim
n→∞

(I ′2 + I ′3) = 0, Cr,p − q.s.

On the other hand,
(4.12)
Cr,p{I5 ≥ 4ε} = Cr,p{ inf

x∈[0,un−aun+1 ]

∥∥Ψx,un+1(·)− f(·)
∥∥
α
≥ 4ε}

= Cr,p{ inf
x∈[0,un−aun+1 ]

∥∥βun+1 [X(x+ aun+1 ·)−X(x)]− f(·)
∥∥
α
≥ 4ε}

≤ Cr,p{ min
xi∈[0,un−aun+1 ]

∥∥βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)
∥∥
α
≥ 2ε}

+ ≤ Cr,p{ max
xi∈[0,un−aun+1 ]

∥∥βun+1 [Xi(xi + aun+1 ·)−Xi(xi)]− f(·)
∥∥
α
≥ 2ε}

:= I51 + I52.

By Lemmas 2.2-2.4, we have

I52 ≤

[ un
aun+1

]−1∑
i=0

Cr,p
{
‖βun+1[Xi(xi + aun+1s)−Xi(xi)]‖α ≥ 2ε

}

=

[ un
aun+1

]−1∑
i=0

Cr,p


∥∥∥∥∥∥ 1√

2s2γi `un+1

Yi(si, xi + aun+1 ·)− Yi(si, xi)√
a2γun+1

∥∥∥∥∥∥
α

≥ 2ε


≤ Cε(−2k2−k)p

[ un
aun+1

]−1∑
i=0

µ


∥∥∥∥∥∥ 1√

2s2γi `un+1

Yi(si, xi + aun+1 ·)− Yi(si, xi)√
a2γun+1

∥∥∥∥∥∥
α

≥ ε


p
q2

≤ C1

[ un
aun+1

]−1∑
i=0

µ


∥∥∥∥∥∥ 1√

2s2γi `un+1

[Yi(si, i+ ·)− Yi(si, i)]

∥∥∥∥∥∥
α

≥ ε


p
q2

≤ C1

[ un
aun+1

]−1∑
i=0

µ

 sup
0≤x<y≤1

∣∣∣∣∣∣Yi(si, y)− Yi(si, x)

(y − x)q
√
Cs2γi i

−δ

∣∣∣∣∣∣ ≥ ε
√
iδ

C
2`un+1


p
q2

≤ C1

[ un
aun

]−1∑
i=0

exp

(
− p

q2

2ε2iδ

(2 + ε)C
log

un+1 log un+1

aun+1

)

≤ C1

[ un
aun+1

]−1∑
i=n0

(
aun+1

un+1 log un+1

)C2iδ

≤ C1
un+1

aun+1

(
aun+1

un+1 log un+1

)C2n0
δ

≤ C1 (n+ 1)−d(C2nδ0−1)−C2n0
δ

.
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where

C1 = Cε(−2k
2−k)p > 0, C2 =

p

q2

ε2

(2 + ε)C
> 0.

Taking n0 to be large enough such that d(C2n
δ
0 − 1) + C2n0

δ > 1, thus

∞∑
n=1

I52 <∞.

By the Borel-Cantelli Lemma, we have

(4.13) lim sup
n→∞

max
xi∈[0,un−aun+1 ]

∥∥βun+1 [Xi(xi + aun+1 ·)−Xi(xi)]
∥∥
α

= 0,

Cr,p - q.s. Since {Zk(·)}, k = 1, 2, · · · are independent, by Lemma 2.2, we
have
(4.14)
I51 = Cr,p{ min

xi∈[0,un−aun+1 ]

∥∥βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)
∥∥
α
≥ 2ε}

= Cr,p{
kn⋂
i=0

∥∥βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)
∥∥
α
≥ 2ε}

≤ C(kn + 1)rpε(−2r
2−r)p

kn∏
i=0

µ
(
‖βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)‖α ≥ ε

) p
q2

:= C1(kn + 1)rp
kn∏
i=0

L
p
q2
i .
(
C1 = Cε(−2r

2−r)p > 0
)
.

Moreover,

(4.15)

Li = µ
(
‖βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)‖α ≥ ε

)
≤ µ

(
‖βun+1 [X(xi + aun+1 ·)−X(xi)]− f(·)‖α ≥

1

2
ε

)
+ µ

(
‖βun+1 [Xi(xi + aun+1 ·)−Xi(xi)]− f(·)‖α ≥

1

2
ε

)
:= L1

i + L2
i .

By the same method of the estimate of I52, there exist C21 > 0, C22 > 0

such that

(4.16) L2
i ≤ C21

(
aun+1

un+1 log un+1

)C22iδ

.
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By the same method of the estimate of J1
m, there exist C > 0, C11 > 0, C12 >

0 such that

(4.17)

L1
i ≤ exp

{
−
(

aun+1

un+1 log un+1

)C11
(

1− C
(

aun+1

un+1 log un+1

)C12
)}

≤ exp

{
−1

2

(
aun+1

un+1 log un+1

)C11
}
.

Therefore, by (4.14)-(4.17), we have

I51 = C1(kn + 1)rp
kn∏
i=0

L
p
q2
i ≤ C1(kn + 1)rp×

×
kn∏
i=0

[
exp

{
−1

2

(
aun+1

un+1 log un+1

)C11
}

+ C21

(
aun+1

un+1 log un+1

)C22iδ
] p
q2

≤ C1(kn + 1)rp
kn∏
i=0

[
exp

{
−1

4

(
aun+1

un+1 log un+1

)C11
}] p

q2

≤ C1n
drp exp

{
− p

4q2

un
aun+1

(
aun+1

un+1 log un+1

)C11
}
.

Take a appropriate d, such that
∞∑
n=1

I51 ≤
∞∑
n=1

C1n
drp exp

{
− p

4q2

un
aun+1

(
aun+1

un+1 log un+1

)C11
}
<∞.

By Borel-Cantelli Lemma, we have

(4.18) lim sup
n→∞

min
xi∈[0,un−aun+1 ]

∥∥βun+1 [Zi(xi + aun+1 ·)− Zi(xi)]− f(·)
∥∥
α

= 0,

Cr,p-q.s. By (4.10)-(4.13) and (4.18), the proof of Lemma 4.2 is completed.
Below, we prove Theorem 1.2. Obviously, by Lemmas 4.1-4.2, (1.2) holds.

Moreover, by Lemma 4.2, (1.3) also holds.
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