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Abstract. In the present paper a formula for calculation of the density function folx)
of the distance between two independent points randomly and uniformly chosen in a
bounded convex body D is given. The formula permits to find an explicit form of density
function f,(z) for body with known chord length distributions. In particular, we obtain
an explicit expression for f,(z) in the case of a ball of diameter d. A simulation model is
suggested to calculate empirically the cumulative distribution function of the distance
between two points in a body from R"™, where explicit form of the function is hard to

obtain. In particular, simulation is performed for balls and ellipsoids in R™.

MSC2010 numbers: 60D05; 52A22; 53C65.
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1. INTRODUCTION

In the present paper we continue investigations of [10] and [11]. In the previous two
papers a similar problem was considered. In this paper we generalize those results
for the bodies in n-dimensional Euclidean space.

Let D be a bounded, convex body in n-dimensional Euclidean space, with the
volume V(D) and the surface area S(D). Let P; and P, be two points chosen at
random, independently and with uniform distribution in D. Firstly, we are going to
find the probability that the distance p(P;, P2) between P; and P is less or equal
to x, that is we would like to find the distribution function F,(z) of p(Pi, P2). By
definition, we have

dPdP;
APy, P2) : p(P1,P2)<w}
o ff dP,dP; ’
{P1,P,eD}

(11)  F,(z)=P(P,Pye D:p(P,P,) < z)

where dP;, i = 1,2 is an element of Lebesgue measure in R™. As
dPydP, = V*(D)
{P., PeD}

LThe research of the first author was supported by RA MES State committee of Science, Grant
# 18T-1A252
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(here we use that points P; and P, select independently in D) we get
1

V2(D)
{P1,P2) : p(P1,P2)<z}

(1.2) F,(x) = dPydP;.
From the expression of the volume element in spherical coordinate where as the
origin we select the point P;, we have
r1 = rcos
ZTo = 1rSin cos Py
T3 = rsin 1y sin Y9 cos Y3
Tp_1 = Tsinty...sinY,_ocos Y, _1
Ty = 1rsinyy...sin, _osiny,, 1,
where r is the distance between P; and P,. Thus, using transformation from the
Cartesian coordinate system to spherical coordinate system, we obtain
(1.3)
dPy = dxo1des....dxa, = "1 sin™ 2 ¢y sin® " ¢y.... sin ¥y, _odrdip dibs....d1, 1.

Using (1.3) expression we have
(1.4)  dPydPy = r" sin™ % 4py sin™ 3 4. sin ¢, _odPrdrdipidipy....diy, 1,

where dK is an element of kinematic measure in R".

The kinematic density in Euclidean space was first introduced by Poincare. In
modern terminology it is the Haar measure of the group of motions (translations
and rotations) which acts on R"™. Let R™ be the Euclidean n-space, and let dK be
the kinematic density. We know that

(1.5) dK = sin" 291 sin" "3 )y.... sin ¢, _od Prdibdips....d1, .
Using (1.4) and (1.5) we can rewrite (1.2) in the following form:

F,(x) = VztD)/oxr"_lK(D,r)dr,

where K(D,r) is the kinematic measure of all oriented segments of length r that

lie inside D. Therefore, we obtain a relationship between the density function f,(z)
of p(Py, P;) and the kinematic measure K (D, z):

zn=t x
(1.6 fole) =

It should be noted that we can calculate the kinematic measure of all the unoriented
segments that lie inside D and then multiply the result by 2.

Let S; = MS be the image of segment S under an Euclidean motion. M is the
group of all Eculidean motions in the space R™. For the locally compact group M,
there is a locally finite Haar measure, i.e. a locally finite, non identically zero Borel

measure, invariant both from the left and the right. Segment S; can be defined by
4



DISTRIBUTION OF THE DISTANCE BETWEEN TWO ...

means of the two coordinates (v, t), where v € J (J is the space of all straight lines
in R™) contains segment S; , and t is the one dimensional coordinate of the center
of the segment S; on the line . In the space M, we define a measure by its element
in the following way:

K(dSy) = dyadt,

where dv is an element in a locally finite measure in the space J, which is invariant
with respect to the group M and dt is the one-dimensional Lebesgue measure on

~. The measure K (-,-) is said to be a kinematic measure on the group M.

2. THE MAIN FORMULA

This section gives a main formula for calculating the kinematic measure K (D, )

in terms of chord length distribution function of body D. Obviously,
K(D,r)=0, ifr>diam(D)

where diam(D) is the diameter of D, i.e. diam(D) = maz{p(x,y) : z,y € D},
where p(z,y) is the distance between the points z and y . Therefore, only the case
0 < r < diam(D) is considered in the paper. It is evident that in the mentioned

case
(2.1 ko= [ [ avas [ ao)-nte
[Dlte(x(v)—r)
where [D] = {y € J: yN D # @} is the set of lines in R" intersecting body D,
x(y) =N D is achord in D, while

X 0, if <0
xr =
x, if x>0.

Let O, be the surface area of the n-dimensional unit sphere. O,, is defined [1]
27T(n+1)/2
where I" is the gamma function which satisfies the recursion formula,

P(n+1) =nl'(n)

especially, I'(n + 1) = n! and I'(1/2) = /7.

Consequently,
K(D,r) = / X(y)dy — 7‘/ dy =
x(y)>r x(v)>r
Onfl On72
(22) = Z5AV(D) - GOr) - g P2 S(D)L - Fo ()

5
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where
Gw =[x
x(v) <z

and Fp(+) is the chord length distribution function of body D, defined as

2(n—1) /
F = ——" d
o) On—2 xX(7)<y !

. On—
(since [y dv = 505555 - S(D)).
Now we will prove the following formula:

On—2 v
2(n_l)S(D)/O ufp(u)du,

where fp(z) is the chord length density function of body D, i.e. fp(z) = Fp(x)

G(x) =

is the first derivative of the distribution function. Afterwards, for calculating the

derivative of the function G(z) we observe that

G(r+Az) - G(z) 1 _
A = Ar /1<X(7)<$+Aw x(v)y =
— (x +0AR) 2(?1”_21) s(pyfolet AA“””J): ~ @)

Then, assuming that the distribution function Fp(z) possesses the density fp(z),
when Az — 0, we get G/(z) = -22=2.8(D)x fp(z) which implies

2(n—1)
On—2 * o On—2 zu w)du
&&Gw=ﬂw%——fw%uhww—%;jﬂm4fﬂﬂ,

2(n—1

since G(0) = fx(w)<0X(7) dy = 0. Now, we transform formula (2.3) by means of

integration by parts:

Gz) = 2(?1":21)S(D)/0qup(u)du = 2(2;‘:21);9(1))/:@[1 — Fp(u)] =
(2.4) = —xz(%’_Ql)S(D)[l — Fp(x)] + 2(%1_21)S(D)/0w[1 — Fp(u)]du.
At last, substituting (2.4) into formula (2.2) we come to the main formula of this
section:
K(D,r) = OT;‘I V(D) — 2(%“21)5(1))/0 [1 — Fp(u)]du.

Theorem 2.1. For any body D in R"

On—l

(2.5) K(D,r) = =%

V(D) — On—2 )S(D)/Or[l — Fp(u)]du.

2(n—1
Thus, if the explicit form of the function K(D,r) is given, then we can derive

the explicit expression for the density function by means of (2.5). Formula (2.5) has

been obtained for unoriented segments. For oriented segments this formula should
6
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be multiplied by 2. Substituting (2.5) into (1.6) (and multiplying by 2) we obtain
the main formula of the present paper:
(26)  folx) =
If n=2 then
1

folz) = W

where Oy = 2 and O; = 27. This result is proved in [9].

If n=3 then
LEQ 1 x
folo) = gy (02v (D) = =22 [T~ Fp(ula).

where O; = 27 and Oy = 47. This result is proved in [11].

xn—lon_Q

(m"—lOn_lv(D) - (n—l)S(D)/Om[l - FD(u)]du).

V(D)

(leV(D) — 20,S(D) /0 - FD(u)]du),

3. THE CASE OF A BALL IN R"

In case of the ball D = By with diameter d, the chord length distribution function

has the following form

0, if y<0
2 n—1
(3.1) Fp,(y) = 1—[1—(%” i 0<y<d
1, if r>d.

Consequently, substituting (3.1) into (2.5) we obtain

K(D,r) = %V(D) - 2(?L"‘Ql)ks*(D)/or[l - (%)2} 7

Substituting this result in (1.6) or (2.6) we obtain the density function of the

distance between two points chosen independently in the ball of diameter d

This formula for n=2 and n=3 was obtained in [10] and [11].

n—1

’ du).

4. MOMENTS OF DISTANCE BETWEEN TWO POINTS IN R"

Oune of the simplest applications of the formulae (2.6) is the calculation of the
k-th moment between two points randomly and independently distributed on the
bounded convex domain. To find the k-th moment between points (we denote it by

M}, where n is the dimension of space) we need to calculate the following integral

d
(4.1) Mg:/o xkf;l(x)dx.

Using (2.6) we rewrite the last equation in the following form:
‘ k On-1 [* +k—1
M":/x "xdx:L/x" “da—
£ )y = Ey ),
7
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0,,_25 D d e z
__Opqdt* 0,—25(D L
_V(D)(n+/€)_(n—1)n+kv2 / / [1— Fp(u)]du =
= On*ldnJrk On— 25 n+k
_V(D)(n+k)_(n—1)n+k;v2 /dw / [1— Fp(u

O dn+k n 25(

VD)t k) (n—1)(n+KVED)
d d
[dn+k / [1— Fp(u)]du — / a (1 — FD(u)du)].

0 0
In (4.2) we can calculate the integral fod[l — Fp(u)]du. Consider the value of G(x)
function at point 2 = d. Since G(d) = O"%V(D) we get
. n QS o n 25( )/ _
G(d) = = / ufp(u 1) ), ud(1 — Fp(u)) =
On_2S( ) On—QS(D) /d

=——d(1-F 1-F T YAt 1-F

a2 (1 = Fp(d) - / (1= Fpu)du) = 222 [0 = Py
therefore

d _
(4.3) /0 (1 — Fp(u)]du = O"—Olf:(f; & D
Putting (4.3) in (4.2) we obtain

d
(4.4) M = = 10)’2;25 E:;‘)/Q D) /0 "R (1 — Fp(u)du).

5. MEAN DISTANCE BETWEEN TWO POINTS IN A DOMAIN AND THE CASE OF

BALL IN R"

Using (4.4) for k=1 we obtain a formula for calculating the mean distance
between two points uniformly and independently distributed in a bounded convex

domain :

d
(5.1) M} = o g’gnf(f;‘)ﬂw) /O 2"t (1 — Fp(u))du.

In case of the ball D = By with diameter d, putting (3.1) in (5.1) we obtain

n—1

d x 2
M= 8?;25(11))1)/2(17) /0 1= ()] e

If n=2 then 4
4r z\273 64
2 _ 3[4 _ (T _ o=
My = 37r2r4/0 * {1 (d) } de =5

This is the result from [9].

If n = 3 then ;
2
M= g e (5) = e

8
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ABSTRACT. The paper considers measures in the space IE of planes in IR3, and
combinatorial decompositions for their values on ”Buffon sets” in IE. These
decompositions, written in terms of a “wedge function” depending on the mea-
sure, have been known since long in Combinatorial Integral Geometry, yet
their explicit expressions have been well established only for “non-degenerate”
Buffon sets. Theorem 1 removes this gap and presents a decomposition al-
gorithm valid with no similar restriction. Theorem 2 presents a result in a
direction converse to Theorem 1. Starting from the decomposition algorithm,
a combinatorial valuation ¥ g is defined that depends on ”general” continuous
additive wedge function F(W). The question is: when ¥ g becomes a measure
in the space IE? Theorem 2 points at special ”tetrahedral inequalities”, the
analogues of triangular inequalities of the planar theory. If ¥ satisfies these
“tetrahedral inequalities”, then W becomes a measure and the corresponding
F(W) is called a “wedge metric” (to stress the connection of the paper’s topic
with Hilbert’s Fourth Problem).

MSC2010 numbers: 53C65; 53C60; 31A10.

Keywords: integral geometry; Buffon functional; wedge metric; Hilbert’s Fourth
Problem.

1. INTRODUCTION

The paper considers measures in the space IE of planes in IR?, and combinatorial
decompositions for their values on Buffon sets in IE (i.e. members of Buffon rings
in IE). The existence of similar decompositions in the spaces of Integral Geometry
was first discovered in [5], they together with first applications have been discussed
in the books [6] and [§] (see also [18]). Although later on further applications have
been found (in convexity theory, see [7], [T11]-[13], [15], Hilbert’s Fourth problem,
see [, [13], [14], [17], [I9], [20] , tomography, see [9]), in the basic theory the initial
effort left many gaps. The present paper fills some of the gaps by presenting new

results, Theorems 1, 2.

One of the basics of the combinatorial theory for IE known already in [1], [2],
[3] was the so-called ”four indicator rule” valid for "non-degenerate” Buffon sets.

In Theorem 1 we give its extension for quite general Buffon sets in IE. (The
10
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corresponding result for the space of lines in the plane have been recently announced
in [1I0].)

The general combinatorial algorithm given in Theorem 1 permits construction
of the combinatorial valuation ¥y that depends on a continuous additive ”wedge
function” F(W). The valuation U lives on subsets of IE that make up a special
set ring Ug of Buffon sets, including the degenerate cases. After brief discussion of
the key properties of ¥, follows demonstration of the role of special ”tetrahedral
inequalities” in the generation of measures by Up (Theorem 2). In the author’s
earlier paper [4] a similar theorem was proved about generation of measures in the
space of lines on the plane by linearly additive pseudo-metrics. That theorem was
called in [I7] ”the most elegant and natural solution” of Hilbert’s Fourth Prob-
lem. By analogy, an additive F'(W) satisfying the tetrahedral inequalities we call
a "wedge metric”. The construction of U on the basis of Theorem 1 permits to
essentially simplify the proof of Theorem 2, as compared with the proof of the cor-
responding planar theorem given in [4] that was based on the planar version of the

?four indicator rule”.

2. WEDGE COMBINATORICS

2.1. Wedges in IR*. The tool of wedges in IR® have been shown in [5] and the

books [6], [8] to be a rather effective in the theory of measures in the space
IE = the space of planes in Euclidean 3-space IR?, e € IE.

We consider the spaces
S = the space of directions in IR?, (elliptical plane), w € S,
sq = the circle of spatial directions w € S orthogonal to some 2 € S,
and use the notation
v = a line in IR?,
v = a segment of a line v C IR?.
Given a line v C IR? of direction Q € S or a needle v C 7, instead of sg we may

write s, or s,,.
A flag f in IR? is a triad
f=(F,)
consisting of a point P € IR?, a line v containing P, and ® € s,.
Denote by C, the following family of flags depending on a line v C R

Cy ={f=(P7,®): Pcyand ® €s,},
11
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C, can be identified with unit radius circular cylinder with axis v. A wedge is

defined to be a subset of C, having the product form
W ={Pevix{®PecA}l=vxACC,

where v C 7 is a needle (= finite open segment of a line in IR?) and A C S, is
an arc (of length not exceeding 7). By e,(®) we denote the plane containing the
needle v and the direction ® € s,. For every edge W = v x A the dihedral region
V' is defined to be

(21) V = Usgex GV(CI)).

2.2. Wedges associated with {P;}. Let a finite set of points {P;} be given in
IR®. For a 2-subset { P;, P;} from that set, by e;;(®) we denote the plane containing
the needle v = {P; P;} and the direction ® € s,. The values of ® for which the
plane e;;(®) contains points from {P;} outside the line carrying P; and P;, split s,,

into pairwise disjoint open arcs
)\1, veey /\l Csy,.

(they “belong” to {P; P;}). Each {P;, P;} = v together with one of the belonging
arcs A, = A determines a wedge W, = (v, A). In this writing, the index s ”codes”

({ij},r), i.e. there is a one-to-one correspondence

(2.2) s ({ig},r).
All the wedges W obtained in this way form the system of wedges associated with
our finite set {F;}. By the definition of A,, for every associated wedge Wj its
dihedral region

Vs = Usen, €i5(P)
does not contain points from {P;} in its interior, while each of the two planes bound-
ing V; necessarily contain points from {P;} other then those on their intersection

line.

2.3. Buffon rings and sets. Let a finite set of points {P;} be given in IR®. Two
planes which avoid any of the points P; we call equivalent if they induce the same
partition of the set {P;}. An equivalence class T (a maximal set of equivalent
planes) is always a connected set in the topology of IE, but its closure will not be
compact if for each plane e € T the total {P;} lies in one of the two half-spaces
separated by e. All other equivalence classes have compact closures: these we call
atoms. By Br{P;} we denote the minimal ring of subsets of IE which contains all
atoms (they become atoms of the ring Br{P;} in the usual sense). We call Br{P;}
the Buffon ring that corresponds to the set {P;}. A set A C IE we call Buffon if
12
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A € Br{P;} for some point set {P;} C IR®*. An element A € Br{P;} necessarily
has the form A = |Ja;, where a; are some of the atoms of Br{FP;}.

For the time being, we assume that the number of points in the finite point set
{P;} exceeds 2.

Let Wy be a wedge form the system of wedges associated with {P;}, s = ({ij},r)
in the sense of the map of (2.2), ;; = the line through P; and P;. Below always
D e .

If 7;; contains no points from {P;} except P; and P;, then there exist exactly four
different equivalence classes T for which we have e;;(®) € OT. They do not depend
on the choice of ® € X\, and we denote them as Ys(++), Ts(——), Ts(+—) and
Ts(—+). The sign rule is as follows (see Figure 1):

Figure 1

every plane e € T (++) or e € T (— —) leaves P; and P; in one half-space,
every plane e € T (+ —) or e € T(—+) leaves P; and P; in different half-spaces.

Given A € Br{P;}, the values of the indicator function

ifee A
I — b b)
ale) {O, otherwise

on the planes from the above four sets we denote correspondingly as
Ia(s,+—) = Ia(e) for e € To(+—), Ia(s,—+) = Ia(e) for e € To(—+),
Ia(s,++) = Ia(e) fore € Ts(+4), Ia(s,——) = Ia(e) for e € T (——).

2.4. No collinear triads case. This subsection describes the state of the art in

[B], [6] and [8].

Let M be some locally finite measure in IE that vanishes on every bundle of planes

(bundle= the set of planes that contain some point P € IR?). Let a point set {P;}
13
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with no three points on a line be given. Then for every Buffon set A € Br{P;} the

following decomposition is valid:
1

where the summation is over the system of wedges W associated with {P;}. The
coefficients us(A) are integers that do not depend on the choice of measure m and

are given by “four indicator formula”
(2.4) us(A) = Ia(s,+—) + Ia(s,—+) — Ia(s,++) — Ia(s,——).

For the “wedge function” F (W) the following representation was proposed in [6]:

(2.5) FW) = (2m)~* / ) |W Ne| M(de),
e hits v
where W Ne is the angular trace left by the wedge on the plane e, that is, see (2.1)
Wne =e ﬂ V,
while |...| stands for the usual angular measure on s,,.

2.5. Euclidean motions invariant measure. In the space IE there exists [I§]
unique up to a constant factor Euclidean motions invariant locally finite measure;

we denote it as . We assume that the constant factor is chosen in a way to ensure
1( planes that hit the unit ball in IR®) = 2.

For M = p the wedge function F(W) given by (2.5) reduces to the product of

length of v and the angular measure of A:
(2.6) EW) = [v][Al.

2.6. More remarks. If the number of points in {P;} equals 2, i.e. {P;} = {Py, P>}
then Br{P;} contains only one element A = the planes that separate P; from Ps,
and their is only one wedge W7 = v x s, with v = the needle joining P; and
Py. Yet remains valid since formally Ia (1,++4) = Ia(1,——) = 0 and we get
u1(A) = 2. If the number of points in {P;} equals 1, then the corresponding Buffon

ring is empty.

In case the point set {P;} is confined to some plane in IR?, every wedge associated
with {P;} gets the form W = v x s,, hence always F(W,) = m |vg|. The equation
(2.3) reduces to the four indicator rule for lines in the plane.

The book [6] starts with derivation of decomposition (2.3) for M = p by direct
analytical ”Invariant Imbedding” method. For general M (2.3) was derived in [2]

basing on the planar decomposition for projection of {P;} on the plane.
14
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2.7. Collinear triads permitted. We are going to formulate Theorem 1, which
removes the restrictions on the point set {P;} present in the formulation of the four
indicators rule. Theorem 1 is instrumental in the construction of the functional ¥

in the Section 4 below.

For the case where the lines 7,;; may contain points from {P;} other from P; and
P;, a decomposition similar to survives. However the sets YT5(4+—), Ts(—+),
Ys(++) and Y (——) are now no longer well defined, hence the algorithm
requires modification.

Let W be a wedge form the system of wedges associated with {P;}, and s = ({ij},r)

in the sense of (2.2).

The class (+): We say that W belongs to the class (4) if the interior of the needle
with endpoints P;, P; does not contain any points from {F;}. For every W, €
(4),we define the equivalence classes Y (+—) and Ts(—+) in the same way as

above. (That definition is no longer consistent for Wy outside (+)).

The class (—): We say that W belongs to the class (-) if the interior of complement
of the needle with endpoints P;, P; contains no other points from {P;}. For every
W € (—) we define the equivalence classes T;(+4) and Ts(——) in the same way

as above. (That definition is no longer consistent for Wy outside (-)).
Let A € Br{P;} be a Buffon set. For W from the class (+) we denote by

T(A) = Ia(s,+-) + Ia(s,—+),

Theorem 1. Let M be some locally finite measure in IE that vanishes on every
bundle of planes. For any point set {P;} and every Buffon set A € Br{P;} the
following decomposition is valid:
1 _
(2.7) MA) =5 > ul(A)F(W,) - 3 > ug(A)F(W),
Wse(+) Wse(-)

where the wedge function F(W) is given by the integral (2.5)).

The proof follows by a simple check of (2.7).

2.8. An example. Let II be a bounded convex polygon in some plane ¢y C IR?

with vertices vy, ...,v,. Let Q be a point outside eg. The pair (@, II) corresponds
15
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to a pyramid K with apex @ and base II. We put {P;} = {Q,v1, ..., v, }; then the
set

B ={e € IE e separates ) from II}
belongs to Br{F;}.

For any W, = (v, V) from the system of associated wedges, see , the needle v
is always an edge of K. An edge of K we call lateral if it is of Q,v; type and basal
if it is of v;v; type. A wedge W, we call a support wedge if Vy N int K = (), and
a covering wedge if int K C V. We write W, € I if Wy is a support wedge on a
lateral edge and Wy € IT if Wy is a covering wedge on a basal edge. We have

us(B) = 1if Wy €1,

us(B) = —1if W, € II, and

us(B) = 0 for all other cases.

We remark, that if we assume that position of the apex ) changes so that @
tends to some limiting position Qg € interior of 7, then the ratio M (B)[u(B)]~*

would tend to the value of the density of the measure M on the plane containing

T.

3. THE VALUATION Vg
Below, we use both (equivalent) definitions of a wedge:
W = v x X a product set on the unit cylinder C, and

W = (v,V), definition of V is given in (2.1).
The wedges from the family {W : W C C,} can be described as (Pi, Py, w1,ws2),
where Pj, P, € v are the endpoints of v, while wy,ws are the spatial directions
normal to C at the endpoints of the arc A. This provides a topology in the space of
wedges; so we can speak about continuous ”wedge functions” F(W) (an F(W) maps
the space of wedges onto the numerical axis). Within each class {W : W c C,}
the notion of additivity of an F'(W) in both v and in A is well defined as usual. In
fact the functions F(W) generated by means of actually generate measures

on the cylinders C,.

Let {P;}; and {P;}2 be two finite point sets in IR®. Two sets B; € Br{P;}; and
By € Br{P,;}, we call equivalent if their closures coincide.

We define Ujs to be the set of equivalence classes within the |J Br{P;}, where
the union is taken over all possible choices of finite sets {P;} C IR®. For elements
A, B € Ujz usual set theoretic operations U and N can be defined. For A, a finite
point set {P;} € IR® can be found, such that (up to equivalence) A € Br{P;}.

16
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Similarly, B € Br{Q;} for some finite set of points {Q;} € IR®. Then up to

equivalence
AUB e Br{P,}U{Q;}] and ANB e Br[{P;} U{Q;}].

Given a continuous wedge function F'(W), for any {P;} and any A € Br{P;} we

define a functional

1 1 _
(3.1) Up(A{P}) = 5 > uf (A F(W,) - 3 > ug (A) F(Wy),
where us(A) are calculated according to the rules of (2.7)), both sums are over the

system of wedges associated with {P;} .

Lemma 1. If F(W) is additive (both in v and X) on every cylinder C, then the
value Wp(A;{P;}) does not depend on the choice of {P;}, as long as A € Br{P;}
holds. This means that

Ur(A) = Yp(4;{P}),

consistently defines an additive functional Vg that lives on Ug.

The proof of Lemma 1 follows from the ”stability” of the sums (see (2.7))
Do ui (A FW,) = Y ug (A) F(W,),

vCry vCy
where each sum is over all wedges ws that have v on the same line v (the later
contains at least two points from {P;}). Stability means no dependence on the
presence of "non-essential” points in {P;}: a point P; is "non-essential” for A if the

bundle of planes through P; is disjoint from 0A.

Next we formulate a continuity property of ¥ to be used in the measure construc-

tion below.
Let s1, S2, s3 be three linear segments in IR?, while
(n) L

s, Csy, 1=1,2,3

be a sequence of needles which approximates v; in the sense of endpoint convergence:
lim ™ =, i=1,2,3.
In IE we consider the sets
A=nN[s;] and, A, = ﬂ[sgn)].

Lemma 2. If a wedge function F is continuous and additive and the functional
U is nonnegative, i.e.

Upr>0 on Ug,
17
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then the limit of U (A,,) exists and
ImUp(A,) =Ur(A).
Proof. By additivity of Up

Vp(A) = Up(4n) = > Ve(B,),

where each of the sets B, is necessarily of the form [r] N C, with 7 = a needle
component of some set differences sj \ s,(c"), while C' € Us. Hence by assumed

nonnegativity of ¥ we have

U p([1]NC) < Up([r]NC) + U p([n]NCC) = Up([r]) = 0, where C = [\ ]n[p"

Hence for each r, lim Up(B,) =0 as n — oo and the lemma is proved.

3.1. Tiling in the elliptical 3-space. The space IE of planes in IR® is homeo-
morphic to & \ N, the three dimensional elliptical space with a point N deleted.
Recall that &5 has the interpretation of the space of diameters of the unit sphere in
IR*. We consider a standard map IE = &; \ N under which the images of bundles
and pencils (a pencil is the set of planes through a line in R3) are the "planes” and

”lines” in the elliptical geometry of &3

Assume a finite set {P;} is given in IR®. The corresponding ”planes” produce
a partition of £ into convex polyhedrons. Except for the cell that contains the
point N, these cells are the images of the atoms of the ring Br{P;}.To a general
A € Br{P;} corresponds a union of cells.

Let in IR® we have a tetrahedron © with vertices Py, Py, P3, P,. The number

of atoms in
BT{Pl,PQ,P37P4} = BT(@)

is seven: an atom of Br(0) can be either of 1-3 type (separation of one vertex from
three others) or of 2-2 type (separation of two vertices from two others). The four
bundles

[P;] = planes through the point P;, [P;] C IE,

split &3 in eight components; each of the eight is a tetrahedron § C & (each 6 is
bounded by four ”planes” in £3). Except for the one which contains N | these 6-s
are images of the atoms of Br(©). Those four #-s which correspond to the atoms
of 1-3 type have a two-dimensional face in common with the cell containing N,
while those three 6-s which correspond to the atoms of 2-2 type, each have two

one—dimensional edges in common with the letter cell.
18
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Given a tetrahedron 8 C & \ N, we write 0 € Us if the IE-image of 6 belongs to
Us. In fact @ € Us occurs whenever among the four planes in IR® that correspond
to the vertices of 6 there are no parallel pairs. So 6 € Uz determines a tetrahedron
O C IR?, while 6 itself is identified with an atom of Br(©).

Assume o C &3\ N corresponds to an atom of some Br{F;}. It is always possible

(“tiling”) to represent o as a union of pairwise disjoint tetrahedral cells 8, C £3\ N

JZUGS.

It follows that for every A € Uj a representation

(3.2) A=A,
is valid, where each A; € Ug is an atom of some Br(©;). In terms of the functional
U this rewrites as Up(A) = > Up(As). Hence the condition

from the class Us:

(3.3) Up(A) >0 for any tetrahedron © and every atom A € Br(O)

guarantees that ¥p(A) >0 for any A € Us. The actual expression of ¥p(A) in
(3-3) depends on the type (1-3 or 2-2) of the atom A.

3.2. Tetrahedral inequalities. Given a tetrahedron © with vertices Py, Py, P3, Py C
IR?, we denote
|P1[ = the set of planes that separate P; from Py, P3, Py
| Py, Py[ = the set of planes that separate Py, Py from Ps, Py
In order to explicitly put down ¥p(]P;[) and ¥ (P, P»[), we define the following
groups of wedges associated with Py, Py, P3, Py:
I={w=(vV):vis lateral’; © NV = (0},
IT={w=(,V):vis basal”; © C V},
IIT ={w=(v,V):vis pure”; ©NV = 0},
IV ={w=(v,V):vis "mixed”; © C V},
where
v is lateral means that v = Py, Py, Py, P3 or Py, Py;
v is basal means that v = Py, P3, P3, Py or Py, Py;

v is pure means that v = Py, P, or P3, Py

v is mixed means that v = Py, P35 or Py, Py, Py, P3 or Py, Py.
The first kind tetrahedral inequality writes:
(3.4) Vp(Pi) = F(w,) =Y F(w,) > 0.
I 11
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The second kind tetrahedral inequality writes:

(3.5) Up(|P, Pof) = F(ws) =Y F(ws) > 0.
v

IIr
We came to the following result.

Lemma 3. If a continuous and additive wedge function F satisfies the tetrahe-
dral inequalities [3.4) and (3.5)) for any tetrahedron Py, Py, Py, Py C IR® and any
numeration of its vertices, then W the combinatorial valuation is nonnegative on
Us.

3.3. Measure generation. We are now ready to outline the proof of a theorem,
whose role in IE compares with that of the theorem on planar pseudo-metrics proved
in [4]. The continuous and additive wedge functions we consider are “general”, i.e.

they are not supposed to possess any special representation like ([2.5]).

Theorem 2. Let F be a continuous and additive wedge function that satisfies the
tetrahedral inequalities (3.4) and (3.5) . Then there exists a unique (nonnegative )

measure M in IE whose value on any set A € Uz can be calculated as
M(A) =Tp(A).
Let Fy be another wedge function possessing the same properties as F, and My let
be the corresponding measure in IE. If for some tetrahedron © C IR® one has
Fy(W)=FW) on wedges W = (v, V) with endpoints of v on the edges of ©,

then the restrictions of M and My to the set [O] = planes that hit © coincide.

Proof. Let © = {Py, P», P3, P,} be a tetrahedron in IR? with (open) edges v, k =
1,...,6. Given an atom |P;, P;[ of Br{P;} (a 2-2 tetrahedral set), we choose from
the corresponding collection of “mixed” edges a triad vy, vy, v-. Also, there is
a natural correspondence |P;[— vi, v, v, where vg, vy, v, are the three edges of ©

that meet at P;. So for atoms A € Br(0) we get a map
(3.6) A = (Vg Vi, Vr).

Now each plane e that hits © but avoids any P; can be described by the points
liy L, - of intersection of e with corresponding vy, v,,, v.. For each atom we
consider the usual semi-algebra of subsets of the corresponding product vy X v; X v,

consisting of the products
I x I, ><I3, with Ilgl/k, Iggl/m, Iggl/r,

where I, Is, I3 can be open, semi-open or closed intervals. The sets of the type
20
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[I;]N[I2]N[I5] = the image of I X I x I3 form a semi-algebra in [0©]. By (3.6) and
Lemma 3, the valuation ¥ is nonnegative, and so is each value U g ([I1]N[I2]N[I3]).
By Lemma 2, the latter value can be obtained as a limit of values of ¥ on the

sets belonging to the ”compact class”
{[LIN[L]N[5]: I, I, I3 are closed intervals}.

By a standard criterion of measure theory this implies that ¥ is (can be extended
to) a measure Mg on [0], after we additionally put Mg ([F;]) =0, i=1,2,3,4.
The next (and final) step consists in proving that the family of measures Mg is

consistent: for any tetrahedron ©; C ©
(3.7) Mg, is the restriction of Mg on the set [©;] = {e € IE : e hits O,}.

To prove (3.7)) we take three intervals I, I, I3 from v, v, v, = edges of ©, and
three intervals Ji, Jo, J3 from a triad vy, v}, v = edges of ©1. It is enough to show

that for the sets
Ay =[L)N[L]N[I5] and Ag = [Ji] N [J2] N [J35]
we have
A1NAs =0 implies ¥gp(A; N As) =0 and
A; C Ay implies Up(A;NAy)=Tr(A4)).
The last two implications can be seen directly from the algorithm as applied

to Ay, As € Br{P;}, where {P;} is the set of endpoints of the intervals Iy, Is, I3
and J1, JQ, Jg.

We note, that this consistency proof implies, that the measure Mg does not depend
on the map . Consistency of the measures Mg implies the existence of some
(unique) measure p on IE such that Mg is the restriction of M on the set [©)].
The second assertion of the theorem follows from our construction of the measure

Mg and the uniqueness of the measure extension. The proof is complete.

3.4. A uniqueness problem. Assume that we have some wedge function Fy(W)
that satisfies the conditions of Theorem 3. Let M (de) be the measure in the space
of planes guaranteed by the Theorem. Using that M (de), we construct the function
F(W) as given by the integral ([2.5). Is it true, that always

F(W) = Fy(W) ?

In other words, can a measure in the space IE be generated, according to Theorem
2, by two different wedge functions? This seems to be the basic unsolved problem

in the theory of wedge metrics.
21
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1. INTRODUCTION

The final purpose of this paper is to derive the existence of a solution to the
Maxwell-Stokes type system.

First, we consider the following quasilinear magneto-static problem:

(1.1a) curl [G(z, curlu)] = f in Q,
(1.1b) dive =0 1in £,
(1.1c) ur =uy on T,

where ) is a bounded domain in R? with a boundary I' = 0, ur denotes the
tangent component of u, namely, if we write the unit outer normal vector of the
boundary by m, then ur = (n x u) x n, and u% is a given tangential vector field,
that is, n-u% = 0 on T

This system is interesting in physics, and may be viewed as the stationary version
of the eddy current model, where the relation between the magnetic field H and
the magnetic induction B is defined by the nonlinear B-H-curve. For the physical
nature of the nonlinear B-H-curve, see Kaltenbacher et al. [14] and Pechstein and
Jiitter [19]. The eddy-current problem is a quasi-static approximation at very low
frequency of the Maxwell equation, and the approximation is obtained by neglecting
the displacement current in the Maxwell-Ampere law. Here we want to say that the
solvability of (1.1a)-(1.1b) depends on the nonlinearity of a vector function G(z, z),
the boundary conditions and the shape of the domain 2 with special emphasis,

Such system are investigated by many authors, for example, Pan [18], Miranda
23



J. ARAMAKI

et al. [15, 16], Yin [21, 23], Yin et al. [22]. If a given function f does not satisfy
div f =0 in Q, or  has holes, then the system (1.1a)-(1.1c) are not nicely posed
problem, so we may introduce an unknown scalar function 7 to the system, which
may be called a potential.

To overcome such difficulty, we consider the following Maxwell-Stokes type system:

(1.2a) curl [Sy(z, |curl w|?)curlu] + V7 = f in Q,
(1.2b) dive = 01in ,
(1.2¢) uxn=0onT,
(1.2d) u-n=gonl,

where f and ¢ are given functions, and S(z,t) is a Carathéodory function on
2 x [0,00) satisfying some structure conditions (see section 3). According to the
conditions on a function S(z,t), we can see that the equation (1.2a) contains a

p-curlcurl equation:
curl [[curl wP~2curlu] + Vr = f in Q (1 < p < 00).

If we impose the Dirichlet boundary condition to 7, then we derived the solvability of
the system (1.2a)-(1.2c) in a multi-connected domain without holes in the author’s
previous paper Aramaki [8]. The de Rham theorem used there was rather restrictive
(cf. Aramaki [6]).

However, in the case where {2 has holes, it is necessary to impose the boundary
condition (1.2d) for g satisfying some conditions. For this purpose, we have to derive
a more general de Rham theorem.

In this paper, we do not impose any boundary condition to the potential, and we
derive the existence of solution to the system (1.2a)-(1.2d). To do so, it is necessary
to derive an LP version of de Rham theorem.

The paper is organized as follows. In section 2, we give an LP version of the de
Rham theorem which is ushered by an LP version of the celebrated Necas inequality.
In section 3, we give some preliminaries for the Maxwell-Stokes type system. Section
4 is devoted to the existence theory of a solution to the Maxwell-Stokes system,

using the de Rham theorem given in section 2.

2. A COARSE VERSION OF THE DE RHAM THEOREM

In this section, let 2 be a bounded domain which means a bounded, connected
open subset of R? (d > 2) with a Lipschitz boundary I', 1 < ¢ < oo, and let ¢’ be
the conjugate exponent i.e., (1/q) + (1/¢") = 1.
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From now on we use L4(Q), W™2(Q) (m > 0, integer), W*4(T") (s € R), and so
on, for the standard real L? and Sobolev spaces of real valued functions. For any
real Banach space B, we denote B? by boldface character B. Hereafter, we use this
character to denote vector and vector-valued functions, and we denote the standard
inner product of vectors a and b in R¢ by a - b. Moreover, for the dual space B,
we denote the duality bracket between B’ and B by (-, )5’ B.

We consider a coarse version of the de Rham theorem. In order to do so, we first
state the Necas inequality which takes an important role for the proof of a coarse

version of the de Rham theorem.

Theorem 2.1 (Necas inequality). Let Q is a bounded domain of R® with a Lipschitz
boundary I' and 1 < q < co. Then the set

{r e W H(Q); Vr € W H4(Q)}
is equal to LI(QY), and there exists a constant C > 0 depending only on q and Q
such that
I7llLage) < CImllw-1a(0) + [[VTllw-1.0(0))-
For the proof, see Theorem IV.1.1 for ¢ = 2 and Remark IV.1.1 for general
1 < ¢ < oo in Boyer and Fabrie [10].

The Necas inequality now allow the following Poincaré type inequality for the
function of LI().

Proposition 2.1. Let Q be a bounded domain of R with a Lipschitz boundary T
and let 1 < g < co. Then there exists a constant C > 0 depending only on q and )
such that

1
ell gy < C (IQI ‘/ﬂ rdo

where |Q] denotes the volume of Q.

+ |V7T||W1,q(g)> for all m € L9(Q),

Proof. Assume that the conclusion is false. Then there exists {m,}5%,; C L9(2)

such that
/ Tpdx
Q

By homogeneity, we may assume that [|m,|/y-1.a() = 1. From Necas inequality

1
Il sy > n (Q

4 ||v7rn||W1,q<m) .

(Theorem 2.1), we can deduce that {r,, } is bounded in L(2). Passing to a subsequence,

we may assume that m, — 7 weakly in L9(€2). Since the embedding Wol’q,(Q) —

L9 (Q) is compact and dense, we can see the embedding L7(Q) — W~14(Q) is also

compact. Therefore, 7, — m strongly in W~19(€). Since ||V, |lw-1.4(q) — 0 as
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n — oo, we obtain Vo = 0 in the distribution sense and therefore # = ¢ = const. .
However, we also have
1

— Tpdx
jol /Q

Since 7, — 7 = ¢ weakly in L4(Q2), we obtain ¢ = 0, so 7 = 0. On the other hand,

<=,
n

since [|7][w-1.a(0) = limy o0 |70l -1.0(0) = 1, this leads to a contradiction. [
Next we derive that the gradient operator from L4(Q) to W ~14(Q) has a closed

range.

Proposition 2.2. Let Q be a bounded domain of R® with a Lipschitz boundary T’
and 1 < q < oo. Then the gradient operator grad = V : L1(Q) — W29(Q) has a
closed range in W=19(0Q).

Proof. Let 7, € L4(2) and V7, — f in W=19(Q) as n — co. Then we may

assume that fQ mpdx = 0 for all n € N. By Necas inequality, we have
17 = Tl zao) < CllTn — mmllw-19(0) + IV (T0 — ) lw-1.0(0))-
However, it follows from Proposition 2.1 that we have
|7 — 7rm||W*1v<1(Q) < COIV(mn — WM)”W*M(Q))'
Thus we obtain
|70 = TmllLa) < C1lIV(mn — mm)[lw-1.0(0))-

Since Vm,, — fin W=14(Q), {m,} is a Cauchy sequence in L9((2). Therefore, there
exists m € L1(f2) such that m, — 7 in L(2). So we have f = V7 € V(L1(Q2)). O

We are in a position to state a coarse version of the de Rham theorem.

Theorem 2.2 (A coarse version of the de Rham theorem). Let Q be a bounded
domain of R% with a Lipschitz boundary T', 1 < q < 0o and let h € W‘lvq/(Q). If
h satisfies

(2.1) (R V) yyra () wa () =0

for all v € Wy U(Q) satisfying dive = 0 in €,
then there exists a function 7 € Lg/(Q) = {q e LY (Q); Jo qdx = 0} such that
(2.2) h =V in Q.

Conversely, if (2.2) holds, then clearly (2.1) holds.

Proof. In general, for any subset A of a normed linear space X, define

At ={feX';(fa)xx =0forall x € A},
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and for any subset A’ of the dual space X', define
LAY ={z e X;(f,x)x x =0 forall fec A'}.
It is well known that if A is a closed subspace of X, then it holds that +(A+) = A
(cf. Taylor and Lay [20, p. 164]).
Define X = W~19(Q) and
Y9(Q) = {Vr:7e LI (Q)}
Then it follows from Proposition 2.2 that Y (Q) is a closed subspace of X =
W-L4(Q), so
(2.3) YT =Y (D).
If we define
Z9(Q) = {v € Wy (Q);dive = 0 in Q},
then Z9() is a closed subspace of X’ = W~14(Q) = W;*Y(Q). The theorem
clearly means that
(2.4) LZ1Q) cY?(Q).

To derive (2.4), it suffices to show that Y9 ()1 C Z%(2) since (2.3) holds. Assume
that v € Y9 (Q)+ ¢ X' = W;"9(Q). Then for any 7 € L7 (1),

—/ ndivodr = <V7r,v>W,1,q/(Q)’WO1,4(Q) =0.
Q
This implies that

<diV 'Ua77>D'(Q),D(Q) =0 forall 7 € D(Q),

where D(Q?) is the space of C>° functions with compact supports in 2, and D’'(Q) is
the space of distributions in 2. Therefore, divv = 0 in D’'(f2). Since divev € LI(Q),
we obtain that dive = 0 in L(), so v € Z(Q). O

Remark 2.1. To tell the truth, the Necas inequality (Theorem 2.1), Proposition
2.1 and a coarse version of the de Rham theorem (Theorem 2.2) are equivalent. For

this facts, see Amrouche et al. [4] for ¢ =2, and see [6] for genaral 1 < ¢ < oo

3. PRELIMINARIES FOR THE MAXWELL-STOKES TYPE PROBLEM

In this section, we give preliminaries for the Maxwell-Stokes type problem as an
application of a coarse version of the de Rham theorem (Theorem 2.2). To do so, we
assume that € is a bounded domain (connected open subset) of R® with a Lipschitz
boundary T' satisfying the following conditions as in Amrouche and Seloula [2] (cf.
Amrouche and Seloula [3] and Girault and Raviart [13]).

Assume that €2 is locally situated on one side of I'. In addition,
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(O1) T has a finite number of connected components I'g,T'y,...,T'; with Ty
denoting the boundary of the infinite connected component of R3 \ Q.
(O2) There exist J connected open surfaces ¥;, (j = 1,...,J), called cuts,
contained in 2 such that
(a) X; is an open subset of a smooth manifold M.
(b) 9%, Cc T (j =1,...,J), where 0%, denotes the boundary of ¥;, and
Y5 is non-tangential to I'.
(© S0 T =0(j # k).
(d) The open set Q = Q\ (U/_,%;) is simply connected and of Lipschitz
class.
The number J is called the first Betti number which is equal to the number of
handles of 2, and I is called the second Betti number which is equal to the number
of holes. We say that if J = 0, € is simply connected, and if I = 0, Q2 has no holes.

Define two spaces by

K (Q) = {veLP(Q);dive=0,curlv=0in Qv xn=0o0nT},
KL.(Q) = {veLP(Q);divv=0,curlv=0in Q,v-n=0o0nT}.
Then it is well known that dimK7.(Q) = J and dim K% (Q) = I.

We assume that a Carathéodory function S(z, t) satisfies the following conditions:
There exist 1 < p < oo and positive constants 0 < A < A < oo such that for a.e.
x€Q,S(x,-) € C?((0,00))NC°([0,00)) as a function of ¢, and S(x,t) satisfies that
(3.1a) S(z,0) =0 and AtP~2/2 < S, (x,t) < AtP~2/2 for t > 0.

(3.1b) P22 <8 () + 2t Sy (x,t) < AtP=2D/2 for ¢ > 0.
(3.1c) Ifl<p<2,Su(x,t) <0, and if p > 2, Sy (z,t) >0 for t > 0.
Here S; = 0S/0t, Sy = 0%5/0t?. We note that from (3.1a), we have

2 2
(3.2) ];)\tp/Q < S(x,t) < 2;Atp/Q for t >0 and a.e. z € Q.
Example 3.1. If S(x,t) = v(x)tP/2, where v is a measurable function in Q and

satisfies 0 < v, <wv(x) < v* < oo, then it follows from elementary calculations that
(3.1a)-(3.1c) hold.

We have the following lemma with respect to the monotonicity of S;.
Lemma 3.1. There exists a constant ¢ > 0 such that for all a,b € R3,

(St(@.al*)a — Si(x, [b]*)b) - (a — b)

C‘CL - b‘p pr > 27
=1 c(la| +[b))P"2la—b*> ifl<p<2.
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In particular, Sy is strictly monotone, that is,

(S¢(z,|al*)a — Si(z, |b*)b) - (a — b) > 0 if a # b.

For the proof, see Aramaki [7, Lemma 3.5].

Next, we show that S(z,|a|?) is strictly convex with respect to a € R3.

Lemma 3.2. For a.e. v € Q, S(z,|a|?) is strictly convex with respect to a € R3,
that is, fora,b € R and 0 < 6 < 1,

(3.3) S(x,|0a+ (1 —0)b|?) < 0S(z,|al?) + (1 —0)S(z, |b]?),
and in particular, if a # b and 0 < 0 < 1, then we have
(3.4) S(z,10a + (1 —0)b]*) < 0S(z,|al’) + (1 — 0)S(z, [b]*).
Proof. For brevity of notation, we put F(z,t) = S(z,t?). Since
Fi(x,t) = 2tSy(2,t*) > 20" >0 ae. 2 € Qand t > 0
from (3.1a), and
Fi(x,t) = 2(Ss (2, %) + 2t Sy (2, 1%)) > 2MP "2 > 0 ae. € Qand t > 0

from (3.1b), we see that for a.e. x € Q, F(x,t) is strictly increasing and strictly
convex as a function ot ¢ € [0, 00). Therefore, fora.e. z € Q,a,b € R3and 0 < 0 < 1,

we have
F(z,|0a+ (1 —-0)b]) < F(z,0lal + (1 —6)|b]) < O0F(z,|a|) + (1 — 0)F(z, |b]).

Thus F(z,|a|) = S(x,|al?) is a convex function of a € R3.
Let a # b and 0 < 6 < 1, Without loss of generality, we may assume a # 0. If
|0a + (1 — 0)b| < lal + (1 — 6)|b|, then we have

F(z,|0a+ (1 —0)b|) < F(z,0|a| + (1 —0)|b|]) < 0F(z,|a|) + (1 — 0)F(z, |b]).

If |fa + (1 — 0)b] = Ola| + (1 — 0)|b]|, then this implies that a - b = |a||b|. By the
Schwarz inequality, a and b are linearly dependent, so we can write b = ca, where
¢ > 0 and ¢ # 1. This implies |a| # |b|. Thus it follow from the strict convexity of
F(z,t) as a function ot ¢ that

F(z,|0a+ (1 —0)b]) = F(z,0la| + (1 —0)b]) < 0F (z,|a|) + (1 — 0)F(x, |b]).

]
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4. EXISTENCE OF A SOLUTION TO THE MAXWELL-STOKES TYPE SYSTEM

In this section, we derive the existence of a solution to the Maxwell-Stokes type
system. Let Q be a bounded domain in R? satisfying (01) and (02), 1 < p <
and let a Carathéodory function S(z,t) satisfy (3.1a)-(3.1c).

We consider the following Maxwell-Stokes type problem: for given f and g, find
(u, ) such that

(4.1a) curl [Sy(z, |curl w|?)curl u] + V7 = f in Q,
(4.1b) dive =0 in ,
(4.1¢) u=gnonl.

Define a space

VP(Q) = {ve WHP(Q);divv=0in Q,v xn=0onT,
(v-n,l)pr,=0fori=1,...,I}.
Then we can see that VP() is a separable, reflexive Banach space equipped with
the semi-norm
(4.2) [vllve (o) = lleurlv||Lr(q)-.
By [3, p. 40], since we have
lvllwreo) < C(p, Q)|[curl v gr(q) for all v € VP(Q),

the definition (4.2) is, in fact, the norm and ||[v||y»q) and ||v|w1.»(q) are equivalent
(cf. [15, 16]).
Assume that a given function f satisfies that f € V2(Q) N W~1#'(Q), where p/

denotes the conjugate exponent of p, and

: —1p () — .
f‘VP(Q)ﬂWOLP(Q) in W=5P (Q) = f|Vp(Q)mW01,p(Q) in V?(Q),

that is,
(4.3) (£, 0)ve @y we(0) = (£, 0) w10 @y wir ()
for all v € V() N W, *().

Moreover, we assume that g € W!=1/P2(T) and satisfies that
(4.4) / gdo =0 for every : =0,1,...,1,
r;
where do denotes the surface area of I'. We define a space

_ 1, - i —0; _
Ul(Q) ={ve W*(Q);divv=0in Q,v =gn on I'}.
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If v € UP(Q), then v x n =0 and (v-n,1)r, = [ gdo =0, and so we can easily
see that UP(12) is a closed, convex subset of V7(€2). If we put g = gn on T', then

I
g~nd0:/gd0: /gdcf:O.

Therefore, it follows from Amrouche and Girault [1, Lemma 3.3] that there exists
v € WHP(Q) such that dive = 0in Q and v = g = gn on I'. Thus v € U?(Q2), so
U?P(Q2) is a non-empty set. Since UP(€2) is a closed and convex subset of V?(Q), we
can see that UP((2) is sequentially weakly closed subset of V?(Q) (cf. Ciarlet [12,
Theorem 5.13-1]).

We are in a position to state a main theorem.

from (4.4), we have

Theorem 4.1. Assume that Q is a bounded domain of R? with a Lipschitz boundary
T' and satisfies (01) and (02), 1 < p < o and a Carathéodory function S(x,t)
satisfies (3.1a)-(3.1c). Moreover, assume that f € VP(Q) N W12 (Q) satisfies
(4.3) and g € W'=1/PP(T) satisfies (4.4). Then the Mazwell-Stokes type system
(4.12)-(4.1c) has a unique weak solution (u, ) € WHP(Q) x LV (Q)/R, and there
exists a constant C > 0 dependent only on p and Q such that

P v
(45)  Nullyyre) + 1750 o)
< O+ + 15 By + 190y

Proof. We prove this theorem using the direct method of calculus of variation
and using a coarse version of the de Rham theorem. In order to do so, we consider

a functional

1

(4.6) J[v] = 5/9 S(z, [curlv|?)dz — (f,v Yvr (), ve (o) for v e UY(Q).

Step 1. J has a unique minimizer u € UF(Q), that is,

J(u)= inf J(v).
()= inf o)

From (3.2), the duality and the Young inequality, for any ¢ > 0, there exists a
constant C'(¢) > 0 such that for all v € U2 (Q),

A
el = leutvllyy g ~ [ Flvwy vl

A
[0l 0y ~ CEIF ey = <llolne

If we put € = \/2p, we have
A
(4.7) Jv] > ||v||w,(Q C||f||w(Q , > —oo for v € UP ().
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Thus we see that J is coercive on UP(Q2).

Next we show that J : UJ(Q2) — R is sequentially weakly lower semi-continuous.
Let v; — v weakly in VP(€2). Since curl : V?(Q) — LP(2) is linear and bounded,
it is clear that curlv; — curlv weakly in L?(Q).

Then it follows from Aramaki [5] that

/ S(z, [curlv|*)dx < liminf/ S(z, |curl v;|?)dx.
Q I Ja
On the other hand, since f € V?(Q)’ and v; — v weakly in V?(Q), we have

(f,v)ve(yve(Q) = jli)I{.lo<f,vj>W(Q)gw<Q)~

Thus we have

J(v) < liminf J(v;),

j—roo
that is, J : U} () — R is sequentially weakly lower semi-continuous. Therefore, J
has a minimizer u € UP((2). See, for example, Ciarlet [12, Theorem 9.3-1].

Using (3.3), we can easily see that J is a convex functional on U} (2). Moreover,
since [|[v||y» (o) and [|v||w1.r(q) are equivalent for v € VP(Q), it follows that if u # v
in UP(Q), then curlu # curlv in LP(Q2). From Lemma 3.2, we see that .J is strictly
convex on UP((2). Thus the minimizer is unique.

Step 2. Let w € UP(Q2) be a unique minimizer of J on UP(2). For any
we ZP(N) = {v e WP (Q);dive = 0 in Q},

we have u + 7w € UP(Q) for all 7 € R, and so J(u) < J(u + 7w). By the Euler-

Lagrange equation and assumption (4.3), we have

0= %J[u—i—Tw]

7=0
= / Sy(, [curlul*)curlw - curl wdz — (f, w)ve(qy vo ()
Q
= [ Si(z,|curlu|*)curlu - curlwdz — (f, W) 10 () WP ()
Q '
From a coarse version of the de Rham theorem (Theorem 2.2), we can derive that

there exists a function 7 € Lg/(Q) such that
(4.8) curl [y (z, |curl w|?)curl u] + Vr = f in W12 (Q).

Thus (u, ) is a solution of the system (4.1a)-(4.1c).

Step 3. We show the uniqueness of a solution of (4.1a)-(4.1c). Let (w1, 1), (ug, m2) €
WP (Q)x L (Q) /R be two solutions of (4.1a)-(4.1c). Since u;-n = g and u;xn = 0
for i = 1,2, we see that u; — ua = 0 on I, so we have u; — us € ZP(Q)). Thus we
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have
(Vi uy — u2>W_1,p/(Q)7W01,p(Q) =0for:=1,2.

Therefore, if we take the inner product of (4.1a) and u; — uo, and then integrate

over €2, we have

/(St(;v, |curl wg |*)curl uy
Q

— Si(x, \curluz|2)curlu2) -curl (ug — ug)dx = 0.
From this equality and the strictly monotonicity of S; (Lemma 3.1), we have
curlu; = curlus in Q. This implies u; = us. From (4.1a), we have Vr; = Vg in
W17 (Q), so in the distribution sense. Since 2 is connected, we have m; — my is
equal to a constant, so m; = m in L¥ (Q)/R.

Step 4. We derive the estimate (4.5). Let u € U} ((2) be the minimizer of .J.
Then for any v € UP(€2) and for 0 < 6 < 1, since

J(u) < J(1-0)u+0v)=J(u+0(v-—u))),
we have

d
0 < @J('uﬂrﬁ('u—u))|9:OJr

= / Sy(z, [eurl ul*)curlw - curl (v — w)dz — (f,v — W)yr () vo(Q)-
Q

Therefore, we have

(4.9) / S, (z, |curlu|?)curlw - curl udz — (f, WYyr(Q) Ve (Q)
Q
< / Sy (x, |curl u|?)curl w - curl vde — (f, V)yr(Q) VP (Q)
Q

for all v € UP(Q). If we put g = gn € W1=1/pP(T), it follows from [1, Lemma 3.3
that there exists v € W1?(Q) such that dive = 0in Q and v = g = gn on T, so
v € U} (Q), and there exists a constant C' > 0 dependent only on p and €2 such that

weiélpf(g) lo +wllwir@) < Hg”Wl*l/p,p(p).

Here we can easily show that inf,ez» () [|v + w||w1r(q) is achieved. Hence there
exists vg € U} (12), and there exists a constant C' > 0 depending only on p and
such that

(4.10) [vollwe (o) < Cllgllwr-1/v0(0)-
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We estimate (4.9) with v = vg. From (3.1a), for any ¢ > 0, there exists a constant
C(e) > 0 such that

/QSt(a:, |curl w|?)curlw - curludz — (f, W)yr (), vr(Q)
> [ JeurluPde = | oy o)
> Ml 0, = CENF Iy — lulu o
On the other hand, using (3.1a), Holder inequality and (4.10), we have
/QSt(a:, lcurlu|?)eurl w - curlwodz — (f, vo)ve(q) vo ()

< A/ |curlu\p*1|curlvo\dx + C| fllve oy lvollw e )
Q
—1 /
< AH“ng(Q)||Cur1v0||LP(Q) + C|\f||§p(g)/ + C||vO||€/p(Q)
< 5||u||€/p(g) + C(E)Hvougvl,p(g) + CHngP(Q)/

< elfulliqy + CLENI 11/ ey + ClE Iy

Therefore, if we choose € > 0 small enough, then there exists a constant C' > 0

depending only on p and 2 such that

(4'11) ||u||€/p(Q) S C(”f”@r(g)/ + ||g||{;l/171/p,p(r‘))'

Since LV (Q) ¢ W~ (Q), taking the Netas inequality (Theorem 2.1 and the

Poincaré inequality (Proposition 2.1) into consideration, we have

||7THLP/(Q) < C(HWHW*I»P/(Q) + ||V7T||W*1fP'(Q))

1
<C —/ﬂ'dm
IQW‘Q

for all = € LP' (). Since curl [Sy(z, [curlu|?)curlu] + Vo = f in W27 (Q), we

have
™= / wdx
Q

<Ol fllw-10 (0 + [leurl [Se(z, |curl w|?)curl ulllyy 1.0 ()

+ ||V7TW1-p’(Q)>

7l Lo () r <

Lr' ()

Here, if we note that for all v € W7 (Q),

[(curl [Sy (x, |eurluf*)eurl ul, v) 1.0 () wie(@)|

/ S (x, |curl u|?)curl w - curl vdz
Q

1
< Ollullgs g llvllwe @),
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then we obtain
leurl [S;(z, [curl ul*)eurl w] ||y -1, () < Cllullfyq,-

Thus we have

(412) 7%, g0 < CUFI oy + 0l )
< CUIF Iy + 1F 1By s g + Il

Summing (4.11) and (4.12), we get the estimate (4.5). O

Remark 4.1. When p = 2 and S(z,t) = t, the equation (4.1a) reduces to the

Stokes equation
—Au+Vr=F

For such the Stokes system, there exist many articles, for example, see Cattabriga

[11] and Amrouche and Girault [1] and the references therein.

As a concluding remark, we are sure of a potential application of the developed
theory of this paper for solving more general Maxwell problem in LP setting, in
particlualr for inclusion and evolutionary variational inequalities (obstacle problems),
and mention recent results in this direction: Azevedo et al. [9], Yousept [24, 25] and
Miranda et al. [17].
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MupyeMocTh 1o Pumamy.

1. BBEAEHUE

Eciu aBaxk et hbopMaIbHO WHTErPUPOBATH TPUTOHOMETPUIECKUN P

(1.1) 0 4 Z ap, cosnx + by, sinnx) Z Ay (x

n=1

2

¢ ko3 duImeHTaMu CTPEMAIMIUMICS K HYJTI0, TO MOJIYYUTCH PABHOMEPHO CXOISAIITUICS

pan ¢ CyMMO

apz> = A, (z
(1.2) F(z):= Az + B+ 04 = ng).
n=1
O603Ha9UM
Flx+h)+ F(x—h)—2F(x
(1.3) S(z,h) = ( ) 22 ) ( ),
u

S*(x) :=sup |S(z, h)|.
h>0

Beipaxenus S(z, h), h > 0, HazbBatoT cyMMamu Puvana psina (1.1), a S*(x)-maxkopaHToii
Pumana sroro psma. 3BecTHo, 910

o0 nh

ag sin 5t
(1.4) S(z,h) = = Z —r

n=1 2

'PaBora Bemosnena upu gpurancosoi nopgepxke PKH MOHIUC PA B paMKax Hay4HOIO IIPOEKTA
18T-1A074
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u ecom psz (1.1) B Touke x cxoaures (em. [1] crp. 187), To

h—0

lim S(z,h) = Z Ap(z),
n=0

a BooOIIIE, ecu cymecTByer limy,_o S(xz,h) = S, To roopsar, uro pax (1.1) B Touke
2 mMerogom Pumana cymmmpyercsa K 3HadeHuto S.

B reopuu TpuroHomerpuueckux psOB XOpOIo u3secrHa (cM. [2], a rakxke [1] crp.
191)

TEOPEMA KAHTOPA. Ecau psad (1.1) ectody cxodumes x nyato, mo ece xkoapdu-
YUEHMDBL IMO20 PAJG PAGHDL HYAIO0.

Ha camowm nene mokasbiBaercs, uro ecau psz (1.1) meromom Pumana Bcomy cym-
MEPYeTcsa K HyJ/II0, TO BCe KOI(MPUIUEHTHI 3TOTO Psia PAaBHLI HymM0. B mampbHefmnx
yCUJIeHUSAX U 0000IIeHnsAX TeopeMbl KanTOpa mpucyTCTBOBAIA CXOAUMOCTD HJIH CYyM-
MHUPYEMOCTb BCIOJy WJIM BCIOIY, KpOME, OBITh MOYKET, HEKOTOPOTO CUYETHOTO MHOXKe-
CTBa. DTO OLPABIBIBACTCH TeM, YTO uMeeT MecTo (cM. [3], a Takwxke [1] crp. 804)

TEOPEMA MEHBIIOBA. Cywecmeyem mpuzoHomMempuseckut pad, Komopul no-
ymu 6crdy crodumcsa ¥ HYs0, 00HAKO He 6ce Kospduuuenmov, 3mozo pada pacHbL
HYA10.

CiteioBaTEIHHO, /1JIsI TIOJIYYEHUST TEOPEM O MOYTH BCIOAY CXOAAIINXCS PSIOB, HY K-
HBI JOTOJHUTEILHBIE YCIOBUS HA PA. B 9TOM HAMPABICHUN TIEPBBIE PE3YILTATHI MO-
jydensl B paborax [4]-[6]. B srux paborax B KadecTBe JONOJHATEIbHDLIX YCIOBHIL
BBICTYTIAIOT YCJIOBUs Ha QYHKIMH pacipeaeaenus: MaxKopanT Abenbs u Pumana.

3/1ech MBI JOKAYXKEM CJIEIYIOININE TEOPEMBI.

Teopema 1.1. ITycmo das pada (1.1) ecrody, kpome, Gvims moocem, HeKOMOPO2O

cuemmnozo mrodcecmea B evinoanaemcs
(1.5) S*(x) < 00, Ko2da x ¢ B,

u cymmor S(x, h) no mepe crodames x nyao, xkoeda h — 0. Tozda ece xoadduyuernmaot

2M020 PAda PaBHHL HYAIO.

Teopema 1.2. ITycmv das pada (1.1) ecrody, xpome, Gbimb MoHCEM, HEKOMOPO20
cuemmnozo muooicecmea B ewnoansemes (1.5) u cymmor S(z, h) no mepe cxodamesa
K Hekomopol ozpanuyuennoli dynkyuu f, xozda h — 0. Tozda pad (1.1) asasemcs

padom Pypve pynryuu f.

Y4auThBasg peryasgpHOCTb MeTo/ma cyMMupoBanus Prumana, u3 Teopem 1.1, 1.2 mo-

JIy4UM CJIelyIOIIue TeOpeMbL.
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Teopema 1.3. ITycmo das pada (1.1) ecrody, kpome, Gbims moocem, HeKOMOPOzo

cuemmo20 muoxcecmea B evinoansemcs

N
> An(x)
n=0

u limpy o0 ZnN:O A, (x) =0 no mepe. Tozda sce koapduyuenmu, 3mozo pada paerv

(1.6) sup < 00, ko200 x ¢ B,
N

HYA10.
Teopema 1.4. ITycmo das pada (1.1) ecrody, kpome, Gvims moocem, HeKOMOPO2o

cuemmuozo muooicecmea B svnoansemes (1.6) u

N —oc0

N
lim Z Ay (z) = f(z) no mepe,
n=0

20e f-nexopopas ozpanusennasn pynxyus. Tozda psad (1.1) asasemca padom Pypoe

dymnxyuu f.

2. HEKOTOPHIE BCIIOMOTATEJILHBIE JIEMMBI

IlycTs
1 T
21) ()= (1=lal)s, mre tp =max(t0), u pu(z) = ¢ (ﬁ) h > 0.
Herpymso nposeputhb, 910
e’} 0 x+h
(2.2) S(x,h) = (Anxpn)(z) = Z/ A (t)on (@ — t)dt.
n=0 n=0"z—h

HamomamM, 9T0 pasaeneHHas pa3HOCTh BTOPOTO MOPSAIKA (DYHKINH ¢ TIO PABTHTHBIM
Mexk Ty co0Ooi y3aaM X1, Ta, T3 onpenessiercs hopMyJIoit

g(z1) g(z2) g(z3)
Z1 —$2)($1 —$3) (962 —901)($2 —553) ($3—$1)($3—$1)

Herpyano npoBeputh, 9T0

[, 22, x3]g 1= (

2[x — h,z,x + h]F = S(x, h).
ITpocTbiMK BBIMUCIEHUAME LOJIydaeTcd ciaepyionias jemma (eM. [5] memma 1)

Jlemma 2.1. Ilpu a1006x T1 < To < T3 UMEET MECTO

[e'e) T3
2[551ax27x3]F = Z An(t)Sommzmg (t)dt,
n=0"vT1

—2_ , Koeda t = xq,
Tr3—I1

Paraans (1) := 4 0, wozda t & (x1,23),
AUHETHAA HG OMPE3KAT [T1,T2) u [T2,x3).
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Hawm mpuroaures cieyrommas JeMMa, aHOHCHPOBaHHas B pabore [7] u nokasaHHast

B pabore [6]. HacTublil caydait 9Toit JeMMbI ObLI JOKa3aH B pabore [5].

Iycrs Touku 2tV < 2 < x(.g), 7 =1,2,...,n, npuHAJIE)KAT OTPE3KY |a,b| u
Y J J J

1, xor =z
, na T =2z, ,
1= 0. roma 22 6059
BBIIL n .2 (2) .3
yKJlasd Ha OTpe3Kax [acj T | u [»Tj T ].

Bepna cremyromast Jemma

JIemma 2.2. Jlaa 410600 neompuyamensvnol u 602nymot na ompesxe [a,b] Pynxyuu

o(x) cywecmesyrom neompuyameavhoe wucaa o, k= 1,2,...,n maxue, wmo

S awpn(@?) = ¢(2'?), j=1,2,...n,
k=1

Zak(pk(x) < d)(x)? T € [a7b]'
k=1

JIemma 2.3. Jasa pynruyut F(x) u S(x, h), onpedeaennvie dopmyasamu (1.2) u (1.3)

UMENM, MECMO

(2.3) S(x,h) =o(h™'), pasnomepno no x,

(2.4) |F(x+ h)+ F(x — h) —2F(z)| = o(h), pasnomepno no .

HoxkaszaresbcrBo. He orpannyunBas 06IIHOCTH, MOKEM CUUTATH, 4TO | A, (z)] < 1,
JUTst Beex @ U n. J1jist mpomsBosibHOTO € > 0 Hadizem ng takoe, uro |4, ()] < &,n > nj.

Torna (cm. (1.4)) ans b < ;= nonyuum

! L] > 4 2 de Te

Sz, h)| < 1 < [ )

1S(@,h)| < n}_o +n§:ma+ §[2H1€n2h2 <mt+ <o
n=[%

Coornomtenne (2.3) nokazano. Coorromenue (2.4) crenyer u3 (2.3) u (1.3).
Has mpoctorsl GbopMymnpoBku jemMbl 2.4-2.8 ¢hOpMyIMPOBAHBL s OTpE3Ka.
[0,1]. Opuako 0MeBMAHO, YTO OHKM BEPHBI A 10600 orpeska [a, b].
Jlemma 2.4. Ecau
1
(2.5) S (;k 2k> —0, Oas mobuz k=1,2,.., 1<i<2F_1,

mo F(z)-aunetnas gynxyus na [0, 1].
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i

HoxkaszaresnbcrBo. O603Ha9NM Ty ; = 55. Torma ycmosue (2.5) paBHOCHIBHO
F(wgi1) + F(opiq1) — 2F(2,) =0, k=1,2,..., 1<i<2"—1.
Crenosarenbuo To9ku (T i—1, F(xki—1)), @k F(Tks)) 1 (g iv1, F(2riv1)), k =
1,2,..., 1 <i<2F — 1, maxogarca na omuoit npamoit. OTCI0a, YIUTHIBASA HEIIPEPhIB-

HOCTH (PYHKIMU F TOIyYnM yTBEPKICHUE JIEMMBI.

13 nemmbr 2.4 motydaeTcs CAeayIOnas JIeMma.

JIemma 2.5. Ecau S(z,h) = 0, xoeda [x — h,xz + h] C [0,1], mo F(z)-aunetinan
dynryua na [0, 1].

JlemMma 2.6. Jlonycmum

(2.6) lim S(z,h) =0 no mepe na [0,1],
h—0
u
(2.7) S*(z) < M, 0dan nexomopozo M wu ecex x € [0,1].

Tozda F(z)-aunetinas gynryus na [0, 1].

HdokaszaTesbcTBo. [IycTh £-TPOM3BOILHOE TOMOKATETLHOE uncao. Torma cyrme-
CTBYeT Takoe HaTypajbHOE YUCIO K, U4TO
(2.8) |F(z+h) — F(z)| <e xorma |h|<27%F u z€(0,1],

n

mes(A) <e, tme A:={zc[0,1]:]S(z,27%)| > ¢}.

O603Ha9UM
2k 1

(2.9) bt = 3 xalt+m25), teo,275),
m=0

rue x4 (t)-xapakrepucruueckas dbynkuus muoxkecrsa A. fcuo, uro

(2.10) /0 P (t)dt = mes(A).

Cremosatensno cymecTryer Takoe to € [0,27%), aro (o) < 2%e. Tlosromy, u3 (2.9),

(2.10) cmemyer cymectBoBanme Takoro to € [0,27F), aro
(2.11) card{m : |S(zm,27%)| > e} < 2%e, tme z,, =ty +m27",

a card(G)-kommuecTBO TOYeK MHOXKecTBa G.
Ob6o3HauuM
2, Korma T = % + to,
do(x):=< 0, worma x ¢ (to,1+to),
JMHeHAs Ha OTpe3Kax [to, % +to] m [% + to, 1 + to.
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A g m = 0,...,2% — 1 nonoxum

2k korma T = T,
bm(z) =14 0, worma z & (T — 27, 2y +27F),
JMHeHHAS Ha OTPE3KAX [Tn, — 27 % 2] W [T, T + 27F].

U3 srux obozuadenuii u dhopmya (2.1), (2.2) caexyior

(2.12) S(l + to, ) Z/Hto do(x)dz

u
oo 1+to
(2.13) S(xm,27F) = Z/ Ay (x)pm (z)dz, m=0,1,..,2F — 1.
n=0"to
Herpymno 3ameTnTh, 9TO
= do(m)
(2'14) ¢0(I) = Z Oémd)m(x), rae o, = ¢O( m), m=1,2, ,Qk —1
m ‘/L.m
m=1
N3 (2.12)—(2.14) momyuum
2k 1
(2.15) S ( + to, ) Z S (2, 27F).
OueBuaHO, 4TO HETErpaibl GYHKIHE ¢, m = 0,1,2,...,2F — 1, pasubl exunune u
nosromy u3 (2.14) umeem
2k 1
(2.16) Y am=1n0<a,<2"% m=1,.,2"-1.
m=1

0603nauum Ay == {m : [S(2,27%)| < e} u Ay := {m : [S(zm,27F)| > e}. Orcrona,

¢ mocyIei0BaTenbHbIM TpuMenenueM (2.15), (2.16) (2.7) u (2.11) noayunm

1 1 —k —k
‘5(2“072)‘ < D omlS@m, 27+ Y om[S(wm, 27|

me meAs
<e+M Y 2P <e+2Me=e(2M +1).
meEANs

Orciona, ¢ yaerom (2.8), nmeem

‘s (; ;)‘ < e(2M +17).

IosTomy, ¢ yderom upoussosbaocry &, nonyuum S (3, 1) = 0. osropss sblenpu-
BeJIEHHbIE PACCYKIeHus st orpe3ka [x — h,x + h] C [0,1], nonyuum S(z,h) = 0,
Korza [x—h,z+h] C [0,1]. Orciong, B cuity gemmsl 2.5, onydnM, uyro F(x)-nnHeiinas

dbyukuusa na [0, 1]. Jlemma nokasaua.
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11
5(y2)¢0

to € [0,1], mo natidymes xo u hg > 0, makxue wmo

Jlemma 2.7. Ecau

(2.17) S(zo,ho) #0 u tg & [xo — ho,xo + ho] C [0,1].

HokasaresbcTBo. Kaxk Mbl 3aMeru/u npy J0Ka3are/bCrse JeMMbl 2.6, Jjis Jio-
Goro k mmeer mecro (cm. (2.15), (2.16))

2k_1
(2.18) S (;;) =Y WS, 27F), rae ) = Qﬂk u 0<al® <otk

m=1
11
272
0, koropble yuosserBopssu Obl (2.17), TO cpeau OTPe3KOB [xg,lf) - Z’k,xg,]f) + 27%),

Jomycram S( ) = d # 0. Torma, ecim 6b1 He GbuIO Takux x € [0,1] u h >
m = 1,2,....,2%F — 1, mamuce 66 He Gojlee TPH OTPE3Ka, KOTOPBIE COIAEPIKAIM Obl
TOUKY tg, JJIsT KOTOPBIX BBITIOIHAIOCH OB S (mgf), 27F) =£ 0. Torma u3 (2.18) creqoBamno
Obl, 9TO JyIsi HEKOTOPOI'O M}, BBIIOTHIETCS a$,1§,1|5(x,(q]§,)€,2’k)| > |d|/3, k = 1,2, ...
Orciofa notyaunoch Obl |S(x§,’f,)€,2’k)| > 2%|d| /6. Ho sTo mpotusopeunt (2.3). Jlemma
JIOKA3aHA.

Herpym#o 3aMeTuTsh, 9T0 U3 HEIPEPHIBHOCTH (PYHKIUU F' caeayer, 9To mpHu JI000M
M > 0 MHOXKECTBO

Ey :={z€(0,1): S*(z) > M}

SABJISIETCS OTKPHITBIM MHOKECTBOM W KaK JII000€ OTKPHITOE MHOYKECTRBO ABJIAETCA 00h-
eIMHEHHEM CBOErO COCTABJAIOIINX MHTEPBAJIOB, T.€. CYHMIECTBYIOT OTKDPBITHIE MHTEP-

Ba, I (M)
Jel I/, Takme 9TO

EM:UI](CM), u I,(CM)HIT(,LM):Q, ecma k # m.
k

11
272
[zo — ho,xo + ho] C En, makoe wmo S(xo, ho) # 0.

JIemma 2.8. Jlonycmum S(s, =) # 0 u ewnoansemesn (2.6). Tozda cywecmeyem

HoxkazareabscrBo. Jlomyctum obparHOe:
11
2.1 Sl=,z]=d#0
(2.19) (3:3) —a#0
BeosHsiercst (2.6), vo S(x,h) = 0 mys moboro [x — h,x + h] C Ep. Torga, B cuiry
gemmbl 2.5, dyukims F(z) seasercs auHeitHol (QyHKIMeH Ha KaXKIOM WHTepBaJe
(M)
.
Iycrs € € (0,0.25) rakoe, 4To
(2.20) _4Me _|d|
’ 1-2¢/3 3
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n

2.21 -, =
( ) 272 3

Haiinerca narypanbroe uncio kg, Takoe 9To

€ M
5 rae D := U I,g ).
k>ko

11 d 1
S( )—QF[Zl,ZQ,Zg] < u, korga |z1] < e, |zz—§\ <eg lm—-1]<e.

(2.22) mes(D) <

N3 cxomumocTn 1o Mepe K Hymo cyMM S(x, h) cieyer CyIecTBOBaHWE TAKOTO HATY-

pazbroro wncna N, 9ro 11st hg = 55 BBITOIHAIOTCS

(2.23) mes{z € [0,1] : [S(z, ho)| < e} > 1 — %
u (em. (2.3))
(2.24) 1S(z, h)| < ﬁ xorma |h| <hg u x — moboe.
O603H249IM
(2.25) B:=D|JG, e G:={z€0,1]:|S(z,ho)| > €},
N3 (2.23) u (2.22) crenyer, aro
(2.26) mes(B) < %
Tlonoxum
2N

o) =3 x (i~ Dho + 1), 1€ [0,ho).

i=1
OueBngHO, 9TO foho p(t)dt = mes(B). IosTomy cyimectByer Takoe to € [0, hg), 9ro
o(to) < 2Nmes(B), T.e.

(2.27) card{i: (i — 1)ho + tg € B} < 2Nmes(B).
O6o3nauum z; := (i — )ho +to, ¢ = 1,2,..., 2N, u 1on0xkum

(2.28) Ay :={i:ax; ¢B}, No:={i:x; € B} u H:= U [z; — ho/2,x; + ho/2].

i€A2
N3 (2.27), (2.28) u (2.26) caeayer, uTo
(2.29) Ny := card{As} < i, mes(H) < Nyhy < =
3hg 3
Hns i € (N2,2N — Ny) (A1 obozHadnm
(2.30) m;:=min{j >1:i+tj€ A}

Ybeaumcst, aro Takoe m; cyiecrsyer. deiictBurensro, ecnu i —j € Ay wnm i+ 5 & Ay
st j < k,tous unceni—k,i—k+1, ... i+ k x0orhsa Obl k mTyK mpuHaIERAT As.

Toraa uz (2.29) caepyer, uro k < Na, 1.e. m; < Na.
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ITonoxxum

(231) Az = {Z € (N2,2N — N2) NAL:m; > 1}, Bj = U [xi,mi,xi+mi
i€A3

[21, 23] := [T Ny, T2n - N, ] UBS-
N3 (2.29) nmeem
€
3
W3 onpenentenns qncen m,; u MHOXKeCTB B3 u H cieayet, 9TO

€
|21|<§ n |1—z3) <

1
BgC {Z'ZM(XH,I') > 3}’

rae M (xm,x)-MakcumanbHas byHkuus Xapau-JINTTaByna XxapakTepucTuaeckon

by maO)KecTBa H. CriepoBarenbHo
(2.32) mes(B3) < €
U TO9TOMY CYIIECTBYET &; =: Z9, CO CBOMCTBAMU
1
|22*§|<6 22¢B3.

O60o3Ha49UM

2 _
oo Korma x = 2,

(2.33) wo(z):=1< 0, xorma x & (21, 23),
JIMHEHAs Ha OTpPe3Kax [z1,22] U [22, 23]

Annaie Ay :={ie€ A :x; €(21,23)} nOMOKIM
2

(‘07’(1:) = 0, xorma x € (xi—mmxi—kmi)a
JIMHEHHAS HA OTPE3KAX [Ti—m,,Ti| A [Tiy Titm,]-

, KOrma & = X,

fcno, uro byHKUME Q) U Y;, YAOBIETBOPAOT yciaoBusaM jgeMmMbl 2.2. [Ipumenss sty

JIeMMYy, HOIY9UM CyMMY
> i@y, ¢ a; =20,

1€ENy
CO CBOiCTBaAMU
(2.34) wolz;) = Z a;pi(z;), xorma i€ Ay
i€y

Z a;pi(z) < po(z), korma x € [z1, 23]

1€EN,
ITycrs 4,j € Ag m i < j makme, uro ecnu m € (4,5), o m € Ay. Torga Bce dbyHkunm
@i(x), © € A4, B cuny oupenenenus uucen m; (cm. (2.30)), aBnaorcs suHefiHbIMU

45



I'. T. TEBOPTAH

dbysxuuamu Ha [z, r;]. Ha ToM xe orpeske byHKIus () Takxke muHeiina. ITosro-

My, 3 (2.34) nmeem

(2.35) Z a;pi(x) = po(x), xorma x € [z1, 23]
1€EAy
YuurbiBas, 410 uHrerpasibl Bcex GyHkuumit ; (), i € Ay, u po(x) paBHbl equHULE, U3

(2.35) momy4anm

(2.36) Y ai=1.

1€Ay

O6o3naunm As := {i € Ay :m; > 1}, Ag:={i € Ay : m; = 1}. Torma

(237) 2[21, 22, Zg]F = Z aiS’(xi,miho) + Z OéiS(.’Ei, ho) =: 05 + 0g.-

1€A5 i€Ag
YuuThIBasA, YTO HATETPANBI BCeX (DYHKIWI (o PaBHBI equHuIe, n3 (2.35), ¢ mpuMeHe-
ureM (2.32), (2.33) u (2.31), noxyaum

2¢e

(2.38) > ;= /Z3 > aipi(x)de < /B3 eo(x)dz < [|¢ol|lcomes(Bs) < T 23

i€As ZLieAs
N3 (2.28), (2.25), (2.22) cnenyer, uro |S(x;, m;hg)| < M, xorga ¢ € As. ITosromy u3
(2.38) momyunm

2Me

2. < —.
(2:39) o5l < 7573

st i € Ag BOBMOXKHBI TPH CJIyHast:

M
o (zi—1,%i11) C ngko IIE )’

L] (xi_17$i+1) mEM = (Z) nx; ¢ B,
e st HekoToporo k < kg umeroT Mecto (T;—1, ;1) [ ) I,iM) # 0w (x;_1,0i41) ¢

M.

ITo namemy npeiosnoxenuio, B iepsoM ciaydae umeem S(x;, ho) = 0.
Bo Bropom cayuae (cm. (2.25) u (2.28)) Bemmoansiercs |S(z;, ho)| < €. Iloaromy, ¢

yuerom (2.36) momyanm

(2.40) > ailS(wi,ho)| <,
A7
rae A7-MHOXKECTBO MHIEKCOB, YAOBJIETBOPAIOIIUX BTOPOMY CJIyYaio.
MHOXECTBO WHIEKCOB i, YIOBJIETBOPSIONINX TPETHEMY CIyYal0 00O3HAYUM dYepe3

Ag. Bropomy ciiy4daro MoryT yj0BJerBOpaTh He 6osiee 2kg WITYK T; U [Jid HUX, B CHJLY
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nemubr 2.3, umeem |S(x;, ho)| < ehg 'k . Cenosarensuo

(2.41)
log| < e+ Z a;S(x;,ho)| <e+ ahglkgl Z a;=¢e+ ahglkgl/ Z a;pi(z)dx
i€As i€hs i€hs
< e+ ehg kg koholl@ollee < %
= o Fo 010190 || oo 1_ 25/3-
N3 (2.41), (2.39) (2.40) u (2.37), umeem (MOXKEM TIPENIOJIOKHUT, 4T0 M > 5)
4Me
2 FIl < ———.
‘ [21,2«'2,23] | = 1_2€/3

Orciona, ¢ mpumenenveM (2.21), nonyunm (cM. Takxe (2.20), (2.19))

11 \d|
s(L0)[<

3

Ho sro uporusopeunr (2.19). Iosyvennoe nporuBopedne JOKa3bIBALT JIEMMY.

3. JIOKABATEJIBCTBO OCHOBHBLIX PE3VJILTATOB

HokasaresbcrBo Teopembl 1.1. Ilycrs cymmbr Pumana S(x, h) Tpuronomerpu-
geckoro psia (1.1) mo mepe cxoaarcs K HyIIO B Makopanra Pumana S*(z) sroro
psia 11 HEKOTOPOTO CYETHOTO MHOYKECTBa B 1= {yp};ozl VJIOBJIETBOPSIET YCJIOBUIO

(3.1) S*(z) < 00, xorma z ¢ B.
Jokazkem, 9TO B 3TOM ciay4ae dyuknnsa F—nmraeitnasa. lomycrum obpatmoe. Torma
cymecTByOT o u hg > 0, Takue uro S(xg, ho) # 0. lpumensas jgemmy 2.7, naiizem
xy 1 hy Takue, 4TO

y1 & [z( — hg, z( + hy] C [xo — ho, o + ho
n
(3.2) S(z(, hiy) # 0.
Ob603na9UM

Ey = {x € (xy — hy, xy + hy) + S*(z) > 1}.
Ecnu 661 mHOXKeCTBO Fy ObLIO OBI TTyCTO, TO B Cily jeMMbl 2.6 dyukius F' Obuta Obl
mHeiHol Ha [z — hy,z( + hyl, 9ro mporusopeunt (3.2). Cremosarensuo Ey # ).

Torna B cuity sgemmbl 2.8 cymecrsyer [z — hy, x1 +hi| C Ey rakoe, uro S(x1,hi) # 0.

Nrak, mbl Hamwm [z — hy, 21 + hi], co cBoiicTBaMu

y1 € [x1 — ha, 21 + ha] C (2o — ho, 2o + ho)

S*(x) > 1, worma z € [x1 — hy,21 + hy].
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Homnyctum fyisg ¢ < p MBI HAIILIA 9UCTA L, h; > 0 Takue, 910

Yi € [x; — hiyxi + hi] C[wi—1 — him1,@i-1 + hi—a], i <p,

(3.3) S(xs, hi) 0, i <p,

S*(x) >1i worma x € [x; — hi,x; + hy], i <p.

/

[pumenss memmy 2.7, Haiizem oTpesox [z, — hy,, x4 h)] co cBoiicrBamu

Yps1 & [z, — hyyyx, + )] C [ — by, + Byl
O603Ha9UM

Epp1:=A{zx € (z, — hy,x, + hy) : S*(x) >p+1 wu S(x,,h;,) #0}.

Ecau 661 Muoxkecrso Ep, 1 6bw10 Obl 1IycTO, TO B cujly jdemmbl 2.6 dbynkuug F' ObLia
Obr muHEdHOM HA [z}, — hy,, T), + hyy], aT0 MpoTmBOpeunT S(z3,, hy)) # 0. Crenosarensuo
E,+1 # 0. Torna, B cuy aeMmbl 2.8 cymecTByer [Tp+1 — Rpt1, Tpt1 + hpt1] C Epta

rakoe, 410 S(Zpy1, hpt1) # 0. Urak, mbt sauum [Tp1 — Apy1, Tpy1 + hpta], co cBoii-

cTBaMu

(3.4) Yp+1 & [Tpt1 — hp1s Tpy1 + hpa] C wp — hp, 2 + D]
u

(3.5) S*(z) >p+1, xorma « € [Tpy1 — hpy1, Tpr1 + Apta].

U3 (3.4), (3.5) ciemyer, 4TO CyIIECTBYET TOYKa z, KOTOpas HE NPUHAIIEKAT B u
S*(z) = oo. Houyuennoe uporusopeuur (3.1). CaenoBarenbuo dbyuxkuus F — juneii-

Hag u u3 (1.2) umeem

2 > A
(3.6) At Bz + 2 =% ”(2‘”).
n=1

4 n

U3 orpanunyennocru npasoit yacru (3.6) na R cuemyer, uro By = ap = 0. Orciona,
YUUTBIBas PABHOMEPHYIO CXOAMMOCTH TIpaBoit wactu (3.6) , monyuum A; = a, = b, =
0 nost Beex n. Teopema mokasana.

HokazaTeabcTBo TeopeMbl 1.2. Ilycts psn

(3.7) %0 + ,;)(Cn cosnx + d,, sin nx)
apisercs pagom @yppe bynxuuu f, S¢(z, h)-cymmbr Pumana paia (3.7) u pag (1.1)
YIOBJIETBOPSET YCIOBHAM TEOPEMBI.
JIerko BUIETH, UTO
z+h
(3.8) S¢(z,h) = / F@®)pn(z —t)dt.

—h
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N3 (3.8) serxo momywaercs, aro limy_ Sy(z,h) = f(z), Bo Bcex Toukax Jlebera
dbynkmun f. U3 (3.8) raxxe caexyer, ato |Sy(x, h)| < || f|loo- Caemosarensro, qus
pasHoctu psyios (1.1) u (3.7) umeror mecto

sup |S(z, h) — Sf(z, h)| < o0, korma x & B,
h>0

lim (S(x,h) — Sy(x,h)) =0 mo mepe.
h—0

B cuay reopemst 1.1 pasuocts paaos (1.1) u (3.7) nysesoit psu, 1.e. a, = ¢y, by = dp,

st mroboro n. Teopema moKa3aHa.

4. HEKOTOPBLIE KOMMEHTAPUN

N3BectHO, 9TO M3 ycaoBus S*(x) < 0O TOYTH BCIOJY CJIEJYeT CYIIECTBOBAHUE TPe-
zeda limp, 0 S(z, h) noaru Berogy (cM. [8], a rakzke [9] crp. 120). D10 03Ha4AET, 4TO B
reopemax 1.1 u 1.2 u3 ycnosus (1.5) ciemyer nodru BCIOLY CyMMUPYEMOCTb METOIOM
Pumana psina (1.1), u Tem Gojee cXommMocTh o Mepe cymMm S(x, h), korma h — 0.

U3 reopemsr 1.1 crepyer Taxxke (cM. [1] crp. 792)

TeoPEMA IOHTA. Ecau psad (1.1) eciody, xkpome, Gumb modcem, HEKOMOPO2O
CUEMHO20 MHONHCECTNBA, CLOOUMCA K HYAI0, MO 6Ce KOIPHUYUEHMbL IM020 PAG PAG-
HOL HYAI0.

A u3 reopemsr 1.2 monygaercs (cm. [1] crp. 200)

TEOPEMA 10 BYA-PEINMOHA-JIEBETA. Ecau pad (1.1) ecody cxodumes « ozpa-
HUYEHHOT PYHKUUU, MO A6ASEMCA padom DPypve amotl PyHKyuu.

OTMeTuMm ere OJHy BaXKHYIO0 TEOPEMY M3 TEOPUH TPUTOHOMETPUYECKUX PsIJIOB (CM.
[12], a Takxe [1] cTp. 789)

TEOPEMA BAJNE-TIVCCEHA. I[Tycmv npedeave neonpedeaennocmu psada (1.1),

m.e. PYHKYUU

N N
4.1 G(x) := liminf A, G(z) := lims A, (x),
(4.1) Glo) =l 32 Ane) w B = s S 400

KOHEwHbL 6C100Y, Kpome, Obimb MOMCEM, HEKOMOPO20 CHEMHO20 MHOJICECEa, U 00e
dynxyuu unmezpupyemo, 1a [0,27], mo pad (1.1) cymmupyemesa memodom Pumara
noumu 6c100y u A6AAemcs padom DPypve Mot cymmot.

W3 9100 TEOpEMBI CIe/lyeT Ipyras TeopeMa,

TEOPEMA BANNE-TIYCCEHA. Ecau (1.1), ectody, xpome, 6oimod modicem, Hekomo-
PO20 CUETNHOZ20 MHONHCECTNEE CTOOUMCA K 6CHO0Y KOHEUHOT UHMEZPUPYEMOT PYHKUUU,

mo sasasemcs padom Pypve amol PyHnkyuu.
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OueBuzHo, 9TO ycsioBue unHTerpupyemoctu (yukuuii (4.1) cusbhee dem ycjaoBue

(1.5) nm (1.6). ITosTromy u3 Teopembl Basme-Ilyccena ne ciemyror Teopemsr 1.1-1.4.

C apyroit croponbl u3 Teopem 1.2 unu 1.4 wve ciegyer Teopema Bamne—Ilyccena.

B cBs31 ¢ 3TMM MHTEpECHO OBLIO ObI BHIACHUTH: HMEET JIM MECTO TeopeMa, 1.4, ecan

B HEM BMECTO OrpaHUYeHHOCTH (BYHKINK [ MOTPeOOBATH €6 WHTErPUPYEMOCTb.

Abstract. In paper is proved, that if Riemann’s majorant of trigonometric series is

bounded everywhere, except, maybe, of some countable set, and converge in measure

to bounded function f, then the series is Fourier series of function f. From this are

obtained Cantor’s and Young’s theorems generalization.

(1]
(2]

(3]
[4]

(5]
[6]
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OYHKIINNMN YHUBEPCAJIBHBIE OTHOCUTEJIbBHO CUCTEMBI
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EpeBancknii rocynapcTBeHHBII yHIBEpCATET
E-mail: gmarting@ysu.am

AnHoTanmsA. B manHo# pabore mocTpoeHa wHTErpupyemas (OYHKIUS YHUBED-
canpHa a1 LP[0,1], p € (0,1) OTHOCHTENBHO CHCTEMBI YOJIIIa B CMBICTIE 3HAKOB,
pan ®@ypee - Yosura, koTopoil cxomurca seroxy na (0,1) u B merpuxe LP[0, 1],
p € (0,1), ee xoapdpunuentsr Pypbe 10 cucreme YOJIIa PACIOIOKEHBL B yObI-
BaOIIEM IIOPAAKE U IIOCJE BBIOOPA MOAXOIINIUX 3HAKOB i ee KO3MDDUITIEHTOB
Qypbe BHOBb HOJIyIEHHBIH psifi OyaeT yHHBEPCAJBHBIM OTHOCHTEIBHO LIEPECTa-
HoBOK B LP[0,1], p € (0,1).

MSC2010 number: 42C10; 43A15.

KuroueBble ciioBa: yauBepcanbHas QyHknusa; psan Pypbe; CXOAUMOCTb; CHCTEMA
Yonma.

1. BBEAEHUE

Pabora mpomonKaer uccie0BaHus aBTOPA CBI3AHHBIX C CYIIECTBOBAHUEM U OITH-
caHueM CTPYKTYpbl (GyHKIWHA, psanbl Pypbe KOTOPHIX M0 3aJaHHON KJIACCUIECKON
CUCTEME YHUBEPCAJIbHBL TEM WJIM WHBIM CMBICJIOM B PA3JIUYHBIX (DYHKIMOHAIBHBIX
KJIAaCCaX. 3aMeTHM, 9TO €IMHOrO ONPEeIeHNS TOHITHs « YHUBEpCcaTbHasT (DYHKITUST»
ue cymecrByer. OOBITHO MO STUM TEPMUHOM TIOHUMAETCSA (PYHKITUS, C TIOMOIIBIO KO-
TOPOIT MOXKHO «IIPEJICTAaBUTb» «Bce» (yHKmu. IIpu 3TOM Crrocob mpeacraBieHus, a
TaK¥XKe KJIACC MPeJICTABUMBIX (DYHKIIUN MOXKET TPAKTOBATHCS PA3TUYHBIM 00PA30M.
IIpumMepsl yHUBEPCAIBHBIX (DYHKIWH TTPUBJIEKAIN BHUMAHUE MHOTMX MATEMATUKOB U
nyOauKAIMY 110 ITOI TEMATUKE PEryJIsSPHO MOSABJISAIOTCS B MATEMATUYECKON edaTu.
B s1ux myOGaukanusax u3ydaloTcs Te WU WHbIE YHUBEPCATbHBbIE (DYHKIUH, a4 TaK¥Ke
ux cBoiicrBa. I[lpuuem pa3BUTHE TPOMCXOAUT KAK B IEHCTBUTEILHBIX, TAK U B KOM-
IJIEKCHBIX paMKax. Ilo cyTu mepBblit TuIl yHUBEPCAIbHON QyHKIMHA ObLIT PACCMOTPEH
B 1929 r. I:x. Bupkxodom B padore[l]: cymecrsyer nemnas dyukuus g(z), Koropas

YHUBEPCAJIbHA OTHOCHTEIBHO CIIBUTOB, T.€. [JIst Jr000ii 1esoil dbyHkinn f(z)

1I/I(:CJIe;l;OBaHI/Ie BBIIIOJIHEHO 1P (DUHAHCOBOH mnojuepxkke ['0Cy[apCTBEHHOIO KOMUTETA 110 HAYKe
MOH PA B pamrax Hay4IHOro npoekta HO. 18T-1A148.
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n yucia r > 0 CyIIecTByeT BO3pACTAONIAs OCIEI0BATEIHHOCTh HATYPAIbHBIX
unces {ny 52, TAKas,UITO MOCIEIOBATEILHOCTD CABUTOB {g(2 + ny) } 72 | PABHOMEPHO
cxonures K f(z) na kpyre |z| < 7.

B 1935 rogy 1. Mapuunnkesna [2], onupasick Ha Hekoropble unen H. H. Jlysuna,
JIOKA3aJl CYIIeCTBOBAHNE HEMPEPHIBHON (DYHKIWI, KOTOpPAs YHUBEPCAJIHHA OTHOCH-
TeJIbHO IIPOU3BOJHBIX unces (pou3BoAHON orHowHus). Ecau h, — 0 3apanee ¢uk-
CHPOBaHHAs TIOCJIEI0BATENBHOCTD, TO cymmectByer dbyukuus F € C[0,1] Takas, dro
Jist i06o# mamepumoii dbyHkImit g onpemenenHoii Ha [0, 1] cymecTByer Bo3pacTaro-
iad IIOAIIOC/IEA0OBATEIbHOCTD HATYPAJbHBIX YHCEJT 7) TaKad, YTO IIOYTHU BCIOAY Ha

0.1
o P+ hu) = Fl@) _

00 hnk

Bonee Toro, o B 3TOH CTaThe DOKA3AJ, 9TO MHOXKECTBO TAKHX YHUBEPCATHHBIX
dbyuxmit sBASETCT MHOXKecTBOM 2-0i Kareropuu B C]0,1]. B sTOM HampammeHnn
UHTEPECHbIE Pe3y/IbTaThl ObLIN [OJyYeHbl TaKKe B paborax [3]-[4].

B 1952r. /I:xk. MaxJeitn B pabore [5] moka3zas, 9To cyiiectByer nenast byHKIHs
g(z), KOTOpasi yHUBEpCAJIbHA OTHOCHTEIHLHO IIPOU3BOIHBIX, 8 UMEHHO: i JIOOOMH

nesoii dbyukumu f(z) w uncaa r > 0 MOXKHO HAfTH BO3PACTAIOIIYIO MMOCJIEI0BATENb-
HOCTb HATYPAJIbHBIX 4HCeN {Ng}72; TaK, 4T00bL 1OC/IEI0BATEIBHOCTD IPOU3BOIHBIX
{g\")(2)}%2, paBrOMepHO cxomunack k f(z) na kpyre |z| < R.

B 1987r. K. I'pocce — Dpaman [6] J0Ka3aa CyIIeCTBOBAHNE BEIIECTBEHHON Jeil-
CTBATEIbHON (DYHKIIUN C YHHBEPCAJIbHBIM psaoM Teisopa: cymecrByer (QyHKIH
g(z) € C*(R) c g(0) = 0, pan Teitnopa koropoit B Touke x = 0 JOKAJILHO — PaB-
HOMepHO yHuBepcaseH B C(R), r.e. mis moboit dyskmun f(xz) € C(R) ¢ f(0) =0n

qucsaa 7 > 0, CymecTByer MOAIOCIeI0BATEIbHOCTD

"k (m)
ok ©) m
S’ﬂk (97 O) = m| €
m=1 ’

qacTraHbix cyMM psaga Teitnopa dbynknuu g(z), KOTOpas PaBHOMEPHO CXOAMTCA K
f(z) na orpeske |z| < r.

B pa6orax [7],[8] B. JIbio 6bi1 HOCTPOEH KOMILIEKCHBIE CTEICHHBIE DAL ¥ peq Ck 2"
C HEHYJIEBBIMU PAIyCaMbl CXOAUMOCTH R > (), MOAIOC/IEI0BATENILHOCTD TACTHIHBIX
CYMM KOTODBIX aIllIPOKCHMUDPYET JII00bIe MHOIOYJIEHBI Ha TPOU3BOJILHBIX KOMITAKTAX

{z € K :|z| > R} cO CBA3aHHBIMU JOIOJIHEHUSAMU.
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Ciemyer OTMETHTB, 9TO BONPOCAM CyINECTBOBAHUS PSAMOB KAK IO KJIACCHIECKUM,
TaK M MO OOIINM OPTOHOPMAIHHBIM CHCTEMAM, YHUBEPCAIBHBIX TEM WA WHBIM CMbIC-
JIOM B Da3jM4HbIX Kjaccax (pyHKuwii, nocpsiieno mMHoro pator (cm. [9-16]). s
GOPMYyTMPOBKH HEKOTOPBIX PE3YJIbTATOB CyIIECTBOBAHUS YHUBEPCAJIBHBIX PSIOB Ha-
MOMHWM CJIEAYIOITEe 0003HAYCHNUS.

ITycrs M0, 1]- coBokynHOCTb Beex (HE 00s13aTeIbHO KOHEUHBIX) M3MEPUMbIX (DYHK-
uuit (coors. L°[0,1]) - knacc Beex (COOTB. MOYTH Be3/Ee KOHEYHBIX ) U3MEPUMBIX Ha
[0, 1] bymuxmuit. Tlox cxomumoctsio B M [0, 1] umu B LO[0, 1] Mbr 6ymem moapasyMBIBaTh

cxoaumocTb nouru Bewoay. Ilyers E C [0, 1] nekoropoe uzmepumoe MHOxKecTBO U | E|—

mepa JleGera n3mepumoro muoxecrsa E C [0,1], LP(E) (p > 0) — KJ1acc Bcex Tex u3-
MepuMbixX Ha, E Gynkumii, 1ua koropsix [, | f(z)|Pdr < oo . HyCTb o = {(pk( e, -
ToJIHAst OPTOHOpMUpOBaHHas cucrema Ha [0, 1] n mycts ¢ (U fo x)dx, k €
N—koapdumuentsr Pypoe mo cucreme {@i ()}, (byHKuI/H/I Ue Ll[O, 1]’(1\], co-

BOKYITHOCTb BCEX HATypaJbHbIX uncen). [lycrs

(1,1) S (z, U, @) ch ), spec(U) = {k € NU{0}; ¢, (U) # 0}

ITycrs Merpuveckoe npocrpancTBo S— Kakoe-uubyap u3 npocrpancrs M[0, 1] u
r[0,1], p > 0.

Omnpenenenne 1.1. Bydem zosopumv, wmo dynxyus U € L0,1] yrnusepcarvha
[e ] .
daa Kaacca S ommocumenvro cucmemv, {pp ()},

a) 6 06vuHOM cmvicae, ecau pad Pypve dynxyuu U(x) no smot cucmeme yrueep-
canen 6 S 6 06bUHOM CMBLCAE, . €. CYUecmayem nodnocaedosamenvrocms {mytp. | C
N, my /7 maxan, wmo {Sy,, (z,U, ®)}7-, cxodumca % f(x) e S.

6) 6 K6a3U-00LIUHOM CMBICAE, ECAL CYUWECTBYEM NOCAEI08AMEALHOCTNL 3HAKOE
{6k = £1}32, makaa, wmo pad Y- 0kci(U)Wi(z) Gvur 6bn yrusepcanvrbim 6 o6bi-
HOM CcMbicae 8 S,

8) 6 cmovicae nepecmanosok, ecau pad Pypve dymnxuyuu U(z) no smol cucmeme
yHusepcasen 8 S 8 CMbiCAE NEPeCMano8or m.e. 0is Kasncdol pynkyuy f € S waenor
pada Y - ek (U)W (z) moorcro nepecmasums max, wmobvi 6106b noayuenul pad

o0
Y het Co(k) (U)Woy () cwodurca ® dynxyuu f(x) 6 S,

2) 8 CMbICAE 3HAKOB, eCAU OAA KaoHcdol Pynryuu [ € S moorcno natimu nocaedosa-

o [oe]
meavrocms 3nakos { 0y = £1}172 ), das Komopot pad Y, 0pcr(U)Wi(z) cxodumca

& dpynkyuu  f(x) 6 S
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ITepBoii paboTOii, r7e MOCTPOEHBI YHUBEPCAJIBHBIE B OOBITHOM CMBICJIE TPUTOHO-
Merpudeckue psigasl B M[0, 1] B cMbIC/Ie CXOIMMOCTH MOUTH BCIOAY, sIBJsSIETCsS paboTa
[9] J.E.Menbwmosa. Panpr Y- | argr(2) 1o moboii 0pTOHOPMUPOBAHHOMN HOMHOM Cu-
creme {@,(x)}>2,, = € [0,1], yuuBepcanbuble B M B OOBIMHOM CMBICTE (B CIydae
CXOZIMMOCTH TIOUTH BCIOALY) ObLiu mocTpoersl B pabote [10] A.A.TamansHoM. (cM. Tak-
ke paborst [11]-[16]).

B nocienaue rogpl HamMu (MHOH M MOMMHU COABTOPAMU -yYEHUKAMU ) ObLIM I10-
JIy9I€HBI HEKOTOpBIE pe3yabraTsl (cM. [17] -[22]), cBsI3aHHBIE € CYIIECTBOBAHHEM H
OIHUCAHUEM CTPYKTYPBI QYHKIHH, paabl Pypbe KOTOPBIX 10 3aJAHHON KIACCHIECKOIT
CHCTEME YHUBEPCAJIbHBI T€M WM UHBIM CMBICJIOM B Pa3jIMYHBIX (DYHKIUOHAIbHBIX
knaccax. Takue (GyHKIMU MBI HA30BEM YHUBEPCAJIBHBIMU OTHOCUTEIHHO KJIaCCHYe-

CKHX CHCTEM.

Bameuanue 1.1. He cywecmeyem dynryuu U € L0, 1], pad @ypve xomopoti no
mpuzoHomempuueckol cucmeme (no cucmeme Yoawa) 6via GvL YHUBEPCANOHBIM 6

xaacce M0,1] & obviurnom cmoicae (dasice 6 cayuae, CTOOUMOCTIU NO Mepe).

B camom gemne, ecim cymectsoBaia 661 dynknua U € L0, 1], koropast yHusep-
casbHa 7uist Kiacca M[0,1] OTHOCHTENLHO TPUTOHOMETPHYECKO CHCTEMBI B OOBIYHOM
cmbiciie, Torga g Gyukuuu f(x) = 2U (z) Hauwiack 6bl HOAIOCIE10BATEILHOCTD Ha-

TypaJbHBIX dnces {my} Takas, 9ro mo Mepe Ha [0, 1]
1
(1, 2) lim dn(U)eQ‘n'niJC _ 2[](1‘)7 dn(U) — / U(x)e—Qﬁniacdx
0

C npyroit croponb, u3 u3sectHoil Teopembl Kosmoroposa [23]  (psig @ypbe kaxkaoit

HHTErpupyemoii (byHKINK 10 TPUTOHOMETPHYECKOi cucreme cxoaures B LP[0,1], p €

my )

(0,1)) Borrexaer, ato Y, dn(U)e?™® -cxomures k U(x) mo mepe va [0, 1].0tciona
|n|=0

n u3 (1.2) Bwuirekaer, uro U(x) = 2U () mourn Beroxy wa [0, 1]. pumuin k mporn-

BODEYNIo.

Bnauur, ne cymecrsyer gynknuu U € L[0, 1] yausepcanbras as kiaccos M0, 1]
n LP[0,1], p € (0,1) OTHOCHTEILHO TPUIOHOMETPUUECKOH CHCTEMBI (COOTB. OTHOCH-
TEJIbHO CHCTEMbI YOIIIa) B OOBIYHOM CMBICIIE.

Cpazy ke BO3HHKAET CJIEAYIOIIUI BOIPOC, OTBET Ha KOTOPBIH HaM He U3BECTEH.

Bomnpoc 1. Cywecrsyer jin Orpanu<eHtas OPTOHOPMUPOBAHHAsL CuCTEMA { @y, (X)}
Takast, 9TO MOXKHO GbLIO ObI MocTpouTh dynkmmio U € L]0, 1] yausepcanbhyto as
knacca LP[0,1], p € [0,1) num st kaacca M [0,1] orHocuTensHo cucreMbl {¢, ()} B

0OBIYHOM CMBICTIE?
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Ormernm, gTo B paborax [18], [20] aBropom u A.CaprcsiHOM OCTPOEHBI HHTPErPH-
pyewmbie byukunii U(z) yruecanbHble 1yst kKiaccos LP[0,1], p € (0,1) orHoCHTETHHO
cuCTeMBI Yoia B CMbICJIe 3HAKOB. OTMETHUM TakzKe, 9TO HaM HE M3BECTEH BOIPOC
o tom: cymecryer ju dynuxkuus U € L1[0,1) ynusecanbna aas kiaaccos LP[0, 1],
p € (0,1) orHOCHUTENHHO cHCTEMBI YOJIIIa B CMBICJIE€ IIEPECTAHOBOK !

B sroit cratbe MbI moctponM dyrkmmio U €LY[0, 1] Takyio, 410 mocie BBIOOpa
noaxoamux 3uakoB (€= +1, k =0,1,2..) nua ee koabdunuenros @ypne- Yosma,
{er(U)}32 ) MOXKHO HOCTHEL TOTO, YTOOHI BHOBB MOy YeHHBIH P Y po o €xCk (U)W (2)-

6yaer yausepcanabubim B LP[0, 1], p € (0,1) B cMbICiIe I€EpeCcTaHOBOK.

BepHbI caemayionne TeopeMbl

Teopema 1.1. Cywecmeyem gynxyusa U € L1[0,1] (suppU C [0,¢] , adecv ¢ €
(0,1)— maneped szadanmoe wucao) co crodauwsumes no L1[0,1] nopme u ecrody mna
(0,1) padom Pypve - Yorwa ¢ MoOHOMONHO YOBLBAIOUWUMY KOIPHUUUEHMAMU, U KOMO-
pPaa AGAAEMCA YyHuBepcaavhol daa kaacca M0, 1] omnocumenvro cucmemv: Yoarwa

8 K8a3U- 00BIUYHOM CMbLCAE.

Teopema 1.2. Cywecmeyiom wucaa { ey = £1,k > 0} u dynxyua U € L'[0,1]
(suppU C [0,¢] , 3decv € € (0,1)— mnaneped 3adanmoe wucao) co CLodAUUMCH NO
L[0,1] nopme u 6crody na (0,1) ¢ padom @ypve - Yorwa ¢ MOHOMONHO YOBLEAMOULUMU
Kooppuyuenmamu, maxue, 4mo pad Yo excr(U)Wi(x) -ynusepcaren ¢ LP[0,1] ,

p € (0,1) 8 cmvicae nepecmanosox.

3ameuanne 1.2. Hempyouo sudems, umo meopema 1.2 oxonuamensvha 6 Hexomo-

DOM CMBICAE (HEYAYHULAEMA), OHG He 6epHa npu p > 1.
Teopewmsbr 1.1 u 1.2 caeayror u3 6osee cumbuoit Teopemsr 1.3.

Teopema 1.3. Cywecmeyemn gynxyusa U € L1[0,1] (suppU C [0,¢] , adecv ¢ €
(0,1)— naneped sadannoe wucao) co crodauwsumes no L1[0,1] nopme u ecrody ma
(0,1) padom Dypve-Yorwa ¢ MOHOMOHHO YOLIBAOULUMU KOIPHUUUEHMAMY, KOTMOPAA
obaadaem caedyrowumu c80UCMEAMU:

1) ona asasemca ywusepcarvrol das xaacca M0, 1] omuocumervro cucmemot

Yoruia 6 £6a3u- 00vHOM CMBICAE,
2) das abozo p € (0, 1) pynxyusa U(z) ynusepcarvra das LP[0, 1] omuocumenvro

cucmemvt Yorula 6 CMuLCAe 3HAK06,
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8) mootcno natimu nocaedosamenvrocmo shakos {e = £1}9°  makyro, wmo pad
Y reo ekcr(U)Wy(z) 6ydem ynusepcarvrom ¢ LP[0,1],p € (0,1) 6 cmouicae nepecma-

HOBOK.

2. BCIIOMOTATEJIbHBIE ®AKTHI

Hamommnm onpeznenenue cucremsr Youma-ITsmu {Wi(z)} (em.[24], [25]).

k k
Wo(z) =1, Wy(z) = Hrms(x), n= 22"“, my > mg > ... > mg >0,
s=1 s=1

rae {ri(z)}72, - cucrema Pasemaxepa:

ro(z) = {1, ze€l0,3);

-1, z€[3,1).

ro(z +1) =7ro(z), ri(z) =ro(2%z), k=1,2,..

Beeznem mekoropbie obo3Hauenus. Pazobbem noayunrepsas [0,1) Ha 2™ paBHbIX uYa-
creil u 0003HAYUM ITH TIOJTYWHTEPBAJIBI 9€PE3 A%) , KOTOpBbIE Oy/ieM B JajIbHEHIemM
(4 _

Ha3blBaTh JBOMYHBIMU MHTEPBAJAMU WM [IPOCTO HHTEpBaJiaMu BI/I;LBLA%)7 (A
j=1 3 ' m
[ 50 ) » 1 < j <2™). Ilyers

m

(2’ 1) Sm('xvg) =ch(g)Wk(x),

k=0

rie cx(g) = fol 9(2) Wy (z)dz—xoappunumentsr O@yphe- Yomma byuxmun g € L1(0,1).
Mper 6yieM nCIonb30BaTh CleLyonme HepaBeHcTBa (eM. [26])

d
2.2 Sulw)l < 5 [ la(oldr Vo g o= b.d+4).

rae g(t)— mpom3BoibHAsSt HHTErpupyemasi u BHe (¢, d) obparnaromniascst B HOJlb (HbyHK-

oy, o— IIPOMU3BOJIBHOE IIOJIO2KUTE/IbHOE IUCJIO.

(2.3) / (s g) P d < - ( / 1 |g(x>|dx)p, vp e (0,1),

rae g(t)— npowmssosibHas unrerpupyemas Ha (0,1) dynkuua u  A—mnocrosuHasa. B

JaJbHENIIeM HaM T0JI€3Ha OyIeT Caeayromas OYeBUIas JeEMMA.

JIemma 2.1. /[las xasicdol dynkyuu g(r) €  cywecmeyem nocaedosamesbHocmsy
{Pr(x)}32, noaunomos no cucmeme Yorswa ¢ paguonasbroLmu KosPHuyuenmamu

xomopas nowmu ecrody wa [0, 1] crodumes x g(z).
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Mbr1 Takke 6y1eM UCIIOIb30BaTh CIEAYIOULYIO JeMMy, goka3anuyio B [20] (cm. Jlem-
ma 3 B [20]).

JIemma 2.2. ITyemv 0 < py < 1, ng € N, n € (0,1) u f(x) = Zzﬁle YmXx,, (x) ecmo
makas cmynenwaman GyrnEuua, ¥mo Yy, £ 0 u {A, YL, ~ cymv nenepecexamouyutica

dsouunsvie unmepsarvs ¢ Yy o1 |A,| = 1. Toeda moocHO HATMU NOAUHOMDL

2" —1 2" —1
H(x) = Z aka(x), Q(l‘) = Z 5kaka(9c), 5k = il,
k=270 k=2m0

no cucmeme Yoawa, Yydoeaemseopaousue CACOYIOUUM YCAOBUAM:

0<aptr <ap<n, Vke[2™, 2"—1), H(x) Xpg-no)=0,

1 1 M
_ Po
/0 |f(z) — H(z)|™ dz < n, znorélz%f)iw/o k_éno apWi(x)| dx <n,

M
Z 5kaka(x)

k=2m0

Po 1
dz < 5/ |f(z)Poda.
0

1
2%21]%[)22”/0
3. JIOKA3ATEJIBCTBO TEOPEM 1.1 — 1.3
Mycts 0 <e<1lu pe(0,1). Honoxum
(3.1) mo = 2 + [log, é] My, =2"0 .

Paccmorpum cuerHOe MHO2KECTBO BCEX CTYHEHYATHIX PYHKIUN BUIA

i
(3:2) D vixaw (@),
j=1

rze 7y; # 0-panuoHabuble YUCIIa U LyCTb { f, () }09_; — €cTb 1oC/Ie10BaATeIbHOCTD
TuX (QPYHKINH B MPOU3BOILHON HyMepaIueii.

[Mpumenum Jlemmy 2, mojarasi B ee hOpMyIHPOBKE

ng=mo, n=2"4 po=p, f(2)=fi(2)

Torna onpenessaoTcs MOJUHOMBI 10 CUCTEME YOJIIIa BUJIA

Msy—1 Msy—1

Hil)(x) _ Z algl)Wk(I) ’ (11)(1,) _ Z 5](€1)a’(€1)Wk(x)7 My = 2™, M, =2™
k}:Ml k:Ml

YIOBJIETBOPAIONINE YCIOBUAM:

1 ! P
0<ap), <ap) <3, 5,<j>zi1,/o fi@) — QP @) dw <27 ke (M1, My),
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1
(1) _4
H dz < W |dx < 2
/0 |H} ()| da meg\;af%)/ Z af Wi(w)|d
1 p _
HO (2) - xq1,.1 () = 0, I1=ﬁ,/ 1) - Q@) dw <271,
1 0
1 m 1
max / > Ve Wi(a)Pdr < 5 / |1 (2)[Pda.
0

meMeMe) Jo e

CHoBa npuMeHsisg jeMmy 2.2, mojiarasi B ee (hOpMYyIUPOBKE

no = [logy Ms), 1 =min{al)_;27%}, po=p, flx)={fi(x)-H" (2)}.

Torna onpenenaOTcsa MOJMHOMBI TT0 CUCTEME YOJIITa BUIA
M3—1

H @)=Y a"Wi(2), QP(2) Z 5D aM W (2), k € [My, Ms) = [271,272)
k=DM, k=M
YIOBJIETBOPSAIONIUE yCIOBHAM:

0<all, <al <dly . o =£1,Vk € My, My),
1
[ 1@ @) -QP @ P ds <275 B @) xale) =0 L=
0

My’
L@
H.”|dr < max / a;’ Wi ( dac<2_8
| 1P < max Zk o(@)

Hepr,Z[HO BUAETH, 9TO IMIPOAOJIZKAsA 3TU PACCYZKACHNA, Mbl MOZ2KEM IO MHAYKITUU OTIpe-

JEJINUTH MTOCJIEA0BATEIBHOCTHA TTOJIMHOMOB

{HP (@)}, {HP (@), QW @)ty (@ (@)}

BHIA
Mo, —1 Map41—1
(33) HV(z)= > al"Wi(z), HP(z)= > aM Wi (x), My =20,
k‘:MQn_l k:MZn
Mo, —1 M2n+171
34) QV@ = Y W), QP@= Y Ve W),
k=Mas, _1 k=Mazy,
rIe
(3.5) My 7, 6 =41, k€ [Msy_1, Mopyq)n=0,1,2,....,
KOTOpBIE 71 KaXXJI0ro n = 1,2, .... yIOBJIETBOPSIOT YCIOBUIM:
(3.6) 0< a,(CJF)1 < a,(C " < a(Mngnl)l_J, k€ [Man—1, Many1),
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p
1 n
(3.7) / Y (H(” )+ QY (1’)) dz < 273",
j=1
1
(3.8) HT(ll)(x)X[Iznfhl] (z) = H7(L2) (JS)X[I%J] (x) =0, I = M;’
J

1 1 m
(3.9) /|H7§1>(x)|dxg max /| S A" Wil)lde < 275,
0

me[Man_1,M2y) Jo [y
—M2n—-1

m

1 1
(3.10) / |HP (¢)lde < max / Y W) lde < 2770,
0

meE[Man,Ma2ni1) Jo

k=May
(3.11) / ‘f QW )‘ dz < 2742,
(n)
(3.12) M$a>f7M2’L)/ Z 5" ak Wk( )Pdx < 5/ | f (2)|Pdaz.

k=Mapn—1
YuaursiBas coornommenus (3.3) u (3.8)- (3.10), B cuy (2.1) u (2.2) mns Beex z € [I2p—1+277,1]

U 71 Kakoro m € [Map_1, May,), Vn > 1 6yaem nversb

(3.13) S A" Wilx) ‘S xH(l) / ’H dt <o
k=Mazy,—1

Ananornano qyist Bcex « € [I2,+27", 1] n qust kaxgoro m € [May,, Mapi1), n > 1

TTOJTY YUM
m 1
(3.14) > A" Wi@)| < 55 / ’Hff)(t)‘dt <91,
k=Moan, 0

U3 (3.9), (3.10) creayer
2

(3.15) iz (/01 ’H}ﬁ(x)’ dx) < 0.

n=1 j=1

Onpenennm byrkunio U(z) n nocaenosarenbHoCTh ncen {ay } caeayommm o6pazom

(3.16) ar=1, k€[0,27), ar=a\", ke [Myp 1 Mopi1), n=1,2,.

(3.17) U(z) i( )+ HO (2 ) Zaka

rae (cm. (3.1))
(3.18) Hyw)= Y W),

k=0
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Orciona u u3 (3.15) caexyer U(x) € L1[0,1]. B cuny (3.1), (3.3), (3.8), (3.17) u
(3.18) mmeem U(x) =0 mpu z € [27™0,1] C [e,1].

Iycrs = € (0,1), scHO, 9TO I HEKOTOPTO HATYPAIBHOTO Ny, T € [Iop_1427", 1]
st Bcex n > ng.Torma B cumy (3.13), (3.14) u (3.16) — (3.18) mna miobbix N €

[Map—1, Map41) Ipu 1 > 1, OyJeM UMETh

N m
U(z) — Zaka(x) < me[MIQHa}li V) Z aé”)Wk(x) +
k=0 AN k= Moy
m (n) o
max a, Wi(z) <2
me[Mapn,Man41) k:z:% k k( ) -

OTkyna BBITEKAeT, 9TO psas y o axWi(z) cxomurea x U(z) scroay ma (0,1). Yun-
reiBas coornomenus(3.9), (3.10), (3.16)- (3.18) ana mobbix N € [May,_1, Mapt1),
n > 1 nonydum

/

1 m
dr < max W (2 ot
< me[Mzn,l,M%)/O k:g;n_l v Wi(x)

N
U(x) — Z apWi(x)
k=0

m

Z a,(cn)Wk (z)

k=M2,

dx <272

1
+ max /
me[Man,Mani1) Jo

Buauut, pan Y o o axWi(z) cxomures x U(z) no L]0, 1)— HOpME 1 CIe0BATEILHO

(3.19) ax = ex(U) :/0 U(2)Wi(z)dz, k = 0,1,2...

B cuny (3.6), (3.16) u (3.19) 6ymem umers ¢, (U) N\, W13 (2.3), (3.3),(3.9) u (3.10)

cienyer

1 m p 1 m p
max e (U)YWi(x)| dx+ max / e (U)W (2)| dx
mG[MznthQn)/O k:%:n—l k( ) k( ) meE[Man,Mant1) Jo k:Z:J\JQn k( ) k( )
A
2 < S 972ndd)
(320) <=
ITosiozxum
(3.21) Se=1, k€[0,27 YU | ) [Man_1, May); 65 =0\, k € [Map, Mapy1),
n=1
(322) gk = (5](!1), ke [Mgnfl,Mgn); ex,=1, ke [0727710 )U [M2n7M2n+1) .
n=1
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Ilokaxkem, 9TO psaf

(3.23) iéka(U) Wi (x )+ Z ( )+Q7 @ ))
k=0

yHuBepcaseH Kak B M[0,1) oTHOCHTEIFHO cucTeMbl Yoawa B 0GBIYHOM CMBICIIE,

a psd
(3.24) ieka(U)Wk +Z (Q(l) )+ 1 )>
k=0

yuusepcasied B LP[(), 1) OTHOCHTEIBHO MMEPECTAHOBOK.
Iycrs g(x) € M[0,1). Tlpumensist seMMy 1 MBI MOXKEM W3 MOCJIEOBATETHHOCTH
{fm(x)}59_1 (cm. (3.2)) BeiGpars noanociesosarensHocts { f, ()52, rak, 4106bL 1O-

grr Beiogy Ha [0, 1]

(3.25) lim fi (&) = (g()—Ho(2))-

B cuny (3.7) mmeem
L P

1
/ flk Z (H(l) Q§2)(z)) d < 2*8(lk+2).
0

Orciofa cresyer, uTo J1jsi HEKOTOPOIH MOJIIOCIeI0BATEILHOCTH {1k, }02 BHIGPAHHOI
u3 nocienoBareasaocty {l; }7° | nouru seroay sa [0, 1] umeer mMecro
lig

(3.26) lim {fi,, (@) = > (H{V (@) + @ (@))} = 0.

— 00
) =1

Honoxxum N, = My, 11 — 1. Yunrsisas coornomenus (3.3), (3.4), (3.16), (3.19),
(3.21), (3.23), (3.25) u (3.26), nouru Bcoay na [0, 1] umeer mecro

Nq
lim 3" 8., (U) W) = g(a).
s=0

Urak (cm. (3.23)), nepBas yacTh TeopeMbl 3 JOKa3aHA. Tenepb NOKaxKeM, YTO P
(3.24) yuuBepcasnen B LP[0, 1) B CMBICJIE TIEPECTAHOBOK.
Iycrs f(x) € LP[0, 1]. Tlonoxum

(3.27) [7 (@) = f(z)—Ho(x).
ITo uaAyKIUT DOCTPONM HOCJ'Ie,ZLOBaTeJIbHOCTI/I byuKIEN { fv, (;U)}cqil qucen {Vg g2y,

{s(g)}g2 u mommomos {Q ( hoi s {Ry(x )}20:17 {Bq(:v)}gil Y/I0BJICTBOPAIOLIMX
61



M. I. TPUT'OPAH

CITETYIOTIAM YCJIOBUSIM:
(3.28)

1 1
/0 ’ fl,q(x)|pdz <272 +/O |Rq_1(9:)+ﬂq_1(z))|p dr , vy >vea+1, 19 =1,

(3.29)
Ryw)= | 3 HO @), By(2) = cuoata) W,y (), (Rola) = [*(x), fo(x) =0),
(3.30)

l/j*

s(q) =min{ k € N, k € spec (Z Z Q% ( ))\{s(m}?;ﬁ }s(l) = M,

(3.31)

1 *(z) — : i(x , a: 2(q+2) P i

/0 f*(@) ;WHRJ } dv <2 +/|R J+54(2) P d
)

Ha mepBom mare Bo3bMem dyukmmio f,, (z), (11 > vp+1) u3 mocmenosBareasrHOCTH

(3.2) Takum 06pa3oM, 9TOOEI

/0 {F(2) = for (@)Pd < 2710 |

Orcrona n u3 (3.11) umeem

1 1 1
[ 1@ e <2200 4 [ @ de =271 + [ Ro(@)+ 8@ da
0 0 0

/

@ - {REn@l @}t <2+ [ r@ea @),

e

Bo(z) =0, Ro(z) = f"(x),
= (Z Hﬁ?)(x)), 8(1) = M; = 2m07 ﬂl(x) = 58(1)03(1)(U)Ws(1)(x).

Haxons dyukuuio f,, (x), ancna vy, s(1) u nomuaoMbl Ry(x), f1(x) u Q,(,ll)(x) TAKUM
06pa3oM, uyTobbl npu ¢ = 1 BeimoHAIUCH yeaoBusg (3.28)—(3.31). Ipeamonoxum, 94T0
yae onpegenenst dyukmun f,, (2), ..., fi, () wmcna vy <vip < ... <vg; s(1) < ... <
s(q) 1 TOTMHOMBI {Q,(ji)(z) do1 AR (@)}, s {B)(2)}]_, .y2xe nocrpoenst. ITokaxen
Tereph, KaK cleyeT CTpouTh GyrKnuio f,, ., () 9ncena vgyq, s(g-+1), n MOTHHOMEI

QU (@), Rysr(2), Byt (2).
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Cravasa nomdepeM HaTypaJbHOE UUCIO Vgt > Vg + ¢ Ce0BaTebHO U (DYHKITHIO

Jvgs:1 () m3 MOCTemOBaTEIBHOCTH { f1ry () }oo—1 (CM. (3.2)) TaK, TTOOB!

1 q P
(3.32) / Z [ +5J )—I—Qf,i)(x)} _ fuq+1(9€) dx < 9-2(q+4)
0 =
"3 (3.11) u (3.34) caemyer
P
1 q
(3.33) / @) = 3 [Ry@)+85(2) + QP (@) o - Q) (@)| dw < 2720+,
0 j=1 q+1

IMokazkem, 4ro ycnosusg (3.28)—(3.31) Bouionsenst ¢ ¢+ 1 #na mecre g. CHadamna 3ame-

uM, 910 U3 (3.31), (3.32) BBITEKAET

/|fuq+1 P dx < 272(a+D) /|R )+ B,(x))|? da,

r.e. (3.28) Boimosneno g g + 1. Ionoxum

vg+1—1
(334)  Rop(@)=|( > HP(2) s Bar1(®) = €sqrnCaqan) (DWW (1 (@),

qg+1  vj—1

(3.35) s(¢g+1)=min{ k € N, k € spec Z Z QW (x) IN{s(n)}i_, }.

j=ln=v; 1+1

C nmomompio (3.33) - (3.35) uposepsem (3.31) mus g + 1:
P

1 q+1 1
/ @) =3 [Rya) + Bi(@)+QW ()] §| dw <2720+ 4 / | Ry1(2) 4841 ()" da.
0 J=1 0

YuaursBas coorsomenns (3.10), (3.12) u (3.29) musa Beex ¢ > 1 nomydanm

vgy1—1

/|R z)+B(2))|P da < 2720*9) 4 Z / 2 @) d + fewggen (O

(3.36) <2720t ey oy (U)|7.

B cuiy (3.12), (3.16), (3.19) u (3.22) umeem
P

(3.37) max )/0 Z excr(U)Wi(z)| dz =

me[May,—1,Ma2y, ke M
=May,—1

P

1 m
= e / ST el Wix)| da <
0

meE[May,—1,M2y, k=Moo 1
=May, -
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< 5/1 | fo,(@)]" do < 5.27207D 4 5 g1y (V)]
Scuo, uro HOCJIe,ZLOBaieJIbHOCTb qucesn (cm.(3.5) (3.30))
0,1,.., My —1; My, ..,M3; Ms .., M7 ...; Moy, _2,.., My, 1 — 1;
$(1); Moy, —1, ., Moy, — 15 Moy, oo, Moy, 11 — 150005
Map, .oy Mop i1 —1; .5 Moy, s, Moy, 1 —155(q); Moy, —1.--May, —1; My, .. Moy, 115 ...

-ecTh HeKOTOpas mepecranoska {o(k)}72 ;. CrenoBaTesbHo pasg
(3:38) 3 oot (U)Wagw (2)= Z [Ry(@)+8,(x) + Q) ()]
k=1

-eCTh TIePECTAHOBJIEHHBIH s onpeeseMblii B cuy (3.3), (3.4), (3.18), (3.22), (3.28),
(3.31) u (3.30) paga (3.24). OcuosbiBagcs (3.20), (3.27), (3.36), (3.37) u (3.38) mna
mobeix N € [My,, 1, My, ,,+1) 1 g > 1 Gynem uvers

N P
- Z Eo(k)Co(k) (U)o (k) Wo ) ()| dr <
k=1
1 q P
< /0 [ (x) — Z [Rj(x)wj(x) + Q(Vlj)(w)] dot

j=1

p
m

1
max )/0 Z epck(U)Wy(z)| dz+

meE[May,—1,Ma2y,

k=May,—1
Vg1 1| m P
+ E Mmaﬁ / E cr(U)Wi(x)| dz+
n=pg1 o2 2nt1) k=Ma,

+esqrn (O)] £ 2727 + ey (U)[P) 4527207 + |eyony (U)]7) +
+% 272 4 Jeyqan ()]
OTkyzna, MpuHUMas BO BHUMaHWe, UTO Cy(q)(U) — 0 mpnm ¢ — 0o ¥ 49T0 ¢ — 00
korga N — oo 3akiodaeM, 4ro psax (3.38) cxoxurcs K f(x) B merpuke LP[0,1). s
3aBepIleHus JI0KA3aTeIbCTBA TeopeMbl 1.3 0cTajioch MpoBepuTh,9To Pynryus U(x)

yuuBepcasnbHa st LP[0, 1] OTHOCHTEIBHO CHCTEMBI YOIIIIA, B CMBICIE 3HAKOB.

Herpyano ybenuThcst, 9TO MO TEM YKe COOOPAYKEHWSIM, UTO W TPHU MOJYUECHUU MO~

citenosarenbuoctd Gyukiun { fo, x)}:i aucen {Vg}g2o, 15(q)}5%, u mommnOMOB

1
{Ql(,}z)(x) =1 {R(z )}q 15 1Bq(2 )} _ | yaosiersopgionux yciaosuam (3.28)-(3.31),
10 MHAYKIWH MOXKHO BBIOPATH MOCTIEIOBATENLHOCTH (PYHKITHN { Iag( )};il ,TUCETT

64



OYHKIVN YHUBEPCAJIBHBIE OTHOCUTEJIBHO CUCTEMBI YOJIIITA

{Ag}520 m mommHOMBL {Q ( T)}o%q, {Aq(z)}q 1s 1Bg(z )}q | » KOTOpbIE® yJIOB/IETBO-
PSIIOT CJIEYIOIIUM yCJIOBI/ISIM.

Aq
(339) A40) = > (HP@) +HP (@), Ao(x) = f* (), B (@) =0=,
n=Aq—1+1

1 1
(3.40) /O |, (@)[7 do < 27P(a+2) +/O ‘Aq_l(x) _Hg{l(z))\pdx <272 g1,

p

(3.41) /O @) =3 (A0 - B @) + Q)] | do <

1
P
< 9-2at) 4 / 4y w) — 1) (@) < 27204,
0

Ionoxxum
o
(3.42) me= 00", k€ [Mon, -1, Man,)i e =1, k¢ [ J[Mon,—1,May,) -
=1
B cuny (3.12), (3.16), (3.19), (3.40) u (3.42) nmeem
1 m p
3.43 ma Wl d =
( ) me[Mmq}l(,Mg,\q)/O Z TNk k( ) k( )

k=Msxg—1

p

1 m 1
= max / Z 5,2)“’)@5:‘(’)Wk(x) dx < 5/ | fr,(@)|" dz < 52724
0

mE[Max,—1,M2x,) Jo k=M
=Max,_,

3 (3.39)- (3.43) mna mobbix N € [Max,—1, May,,,—1) u ¢ > 1 Oynem umers

p 1 q p
anck Wio)| de < [ 7@ =430 [0 @)+ Ai@)+By@)] o do
0 =
Ag+1 1 m p 1 l P
+ ma e (U)YWi(x)| dax+ ma. / c(U)We(x)| dx
)\Z me[Mz'”*)f’M%h)/O _Z k( ) k( ) lE[Msz\ifizrnJrl) 0 _Z k( ) k( )
n “+1 k=Ms, _1 k=Mazy,

p
m

1

(Ag) (M) —q+3

max 0 Ya," Y Wi(x)| de<< 27977,
)/0 § : ko O k() S

me€[Max,—1,M2x, k=M
=Max, 1

Otciona u u3 Toro, aTo ¢ — 0o korga N — 00 3aKmI09aeM, 9To pa y po ; Npck (U)W (z)
cxonurest K f(xz) B Mmerpuke LP[0, 1).

Teopema 1.3 nokazana.
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Abstract. In this work it is constructed an integrable function U(z) is universal
for clas L?[0, 1], p € (0,1) with respect to the Walsh system in sence of signs ,
with strictly decreasing Fourier -Walsh coefficients {cz(U) }72, \,, and converging
everywhere on (0,1) and in the norm of L'[0,1) Fourier -Walsh series , which
has the following propertie: one can find a numbers &= 41 such that the series

> oo ekce(U)Wy () is universal in LP[0, 1], p € (0,1) in sense of rearrangements.
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Abstract. The paper continues the research to reconstruct a convex body in R™
from the distribution of characteristics of its k-dimensional sections (k < n). In this paper we
obtain explicit expressions for the covariogram and the orientation dependent chord length

distribution of right prisms with rectangular or right trapezoidal bases.

MSC2010 numbers: 60D05; 52A22; 53C65.

Keywords: Stochastic Geometry; convex body; covariogram; random chord length
distribution.

1. INTRODUCTION

Reconstruction of convex bodies using random cross-sections makes it possible to
simplify the calculation because the estimates of probability characteristics can be
obtained using the methods of statistics. These type of problems are fundamental
in the theory of geometric tomography and stereology and particularly can be
applied in medicine (see [1] — [3]). Quantities characterizing random sections of
body D carry some information about D. If there is a connection between geometric
characteristics of D and probabilistic characteristics of a random cross-section then
by a sample (of experiments) we can estimate the geometric characteristics of D.

Let R™ be the n-dimensional Euclidean space, D C R™ be a bounded convex body
with inner points, S"~! be the (n — 1)-dimensional unit sphere centered at the

origin, and L, () be the n-dimensional Lebesgue measure in R™. The function
Cp(z) = L,(DN{D+=z}), z€cR"

where D +x ={P+x : P € D}, is called the covariogram of the body D.

There is a one-to-one correspondence between planar convex bodies and the co-

variogram (see [9]). Earlier in [2], a conjecture has been formulated by Matheron

claiming that such correspondence exists in n-dimensional Euclidean spaces for any
IThe research of the first author was partially supported by the RA MES State Committee of

Science, in frame of the Research, Grant # 18T-1A252 and by the Mathematical Studies Center at
Yerevan State University.
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n. However, in the case n > 4 Matheron’s hypothesis has received a negative answer
(see [1] and [3]). The general 3-dimensional case is still open (see [3]).

This paper continues the research to reconstruct convex bodies in R3 using covari-
ogram (see [6] — [8], [12]) and the orientation-dependent chord length distribution
(see [4], [5], [10], [11], [13], and [14]).

Although the general 3-dimensional case is still open, Matheron’s conjecture has
been confirmed in the case of bounded convex polyhedrons in R3. Actually, the
covariogram problem was found to be equivalent to the problem of rebuilding a
convex domain from the length distribution of its orientation-dependent chords (see
2], [9]).

In the current paper we found explicit expressions for the covariogram and the
orientation-dependent chord length distribution of a right parallelepiped with rect-
angular base. Further, the base is transformed into a right trapezoid with the given
acute angle, and the mentioned expressions are obtained for right prisms with right

trapezoidal bases.

2. CHORD LENGTH DISTRIBUTION IN A RECTANGLE

Let E be a bounded convex subset of R2. Consider the vector
¢ = (cos p,sin p) € S,

and let [, be the subspace of R? spanned by ¢. By ¢ we denote the orthogonal
complement of I,. For any y € o, let l, + vy be the line which is parallel to ¢ and
passes through y. Denote

x(y +y) = Li((l, +y) N E).

If the line I, 4+ y has a common segment with E, then we will say that it makes a
chord in E of length x(l, + y).

Let Iz () be the orthogonal projection of E onto ¢. Assuming that y is uniformly
distributed over IIg (), the chord length distribution function in direction ¢ for E
is defined by

Fo(, ) = Li{y € HE(QZ) xp+y) < x}’
B(p)
where bp(p) = Li(ILe(p)).
When F is a parallelogram, the distribution function Fg(x, ) and the covariogram
Cg(t,¢) (which is an alternative notation for Cg(t¢)), are explicitly found in [15].

In particular, the following results can be extracted from [15], section 2.
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Lemma 2.1. Let R be the rectangle [0,b] x [0,a] C R?, where a < b, and let

mk — arctan § < ¢ < 7(k + 1) — arctan ¢ for some integer k. Then

0, if x<0
2| sin | - | cos |

2.1 Fr(x,p) = - , if O0<z< x
(2.1) R () al cos | + b| sin | U 7 < Tmax(¢)
1, Zf r > xmax(‘P)
and
(2.2)
ab — t(a| cos | + b sinp|) + t2[sinpcos |, if 0<t < Tmax(p)
CR(t»Sﬁ) = . )
0, if > Tmax(p)
where
b N a a
T, if —arctan§ + 7k < ¢ <arctan § + 7wk
(23)  Tmax() = ¢ |€OS¥ .
——, if arctan§ + 7k < < —arctan § +7(k+ 1)
| sin |

Remark 2.1. z.x(p) represents the length of the mazimal chord in R in direction
o, that is

Tmax = max lo +1).
() yenR(q,)X(“" Y)

Remark 2.2. The formula
(2.4) br(p) = alcos | + b| sin g|

holds for any real .

3. CHORD LENGTH DISTRIBUTION IN A RIGHT RECTANGULAR PARALLELEPIPED.

For w € S2, we denote by w' the orthogonal complement of {tw : ¢ € R} in R?.
For a bounded convex body D C R3, let IIp(w) be the orthogonal projection of D

onto the plane w.

Let I, + y be the line passing through y € w*

with direction vector w, and
X(w +v) = L1((lw + y) N D). Assuming y is uniformly distributed in IIp(w), we
define the chord length distribution function in direction w for D by

(3.1) Fo(t.w) = 2 EMpW) : xlo +y) <1}

bp(w) ’
where bp(w) = La(TIp(w)).
Let D be a cylinder with base B (not necessarily convex) placed on the OXY plane,

and height h. If w is given by its spherical coordinates (1, ¢, ), where 1 is the radius,

@ € [0,27) is the azimuthal angle, and 6 € [0, 7] is the elevation angle, then

(3.2) bp(w) = || B|sinf + bg(v)hcosb,
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where || B|| is the area of the base. A relation between orientation-dependent chord

length distribution functions Fp and Fp is found in [7]:

(3.3)
9 if t<0
ot % [(h —tsin)Fp(tcosh, )+
p(t,w) = +tsin0+sin9fg(1~FB(ucost9,<p))du , if 0 <t < Zmax(w)
1, it > Tomax (W)

where z . (w) is the length of the maximal chord in D in direction w.

Theorem 3.1. Let D be the parallelepiped [0,b] x [0,a] x [0,h] C R® and Fp(t,w)
be the orientation-dependent chord length distribution function of D in direction
w = (cos pcosB,sinpcosB,sind) € S?, where 0 < 0 < Z. Then

0, if <0

0 .
absn 0T bn(p) hcosd <(h cos 0] sin 2|+

FD(t,w) =

)

+2bg(p)sind) - t — 2 sin 20| sin 2| -t2>, if 0<t<Tmax(w)
1, if 2 Tmax(w)
where R =10,b] x [0, a].

Proof. The validity of the formula is obvious when ¢ < 0 or ¢t > Tyax(w), so we

assume 0 < ¢t < Tyax(w) hereinafter. Since

cos 6 ax ()
L <9<z

h
sin 0 Tmax(p) —

(3.4) Tmax (W) =

)

zm—x(‘P), if 0<6< arctan%
if arctan

the inequality

ZTmax(w) €080 < Tax(p)

holds for any 6 € [0, §]. Thus, taking into account (2.1), (3.2), and (3.3) we conclude

that
br(p)cosb

= absind + br(p)hcosf

FD(t7w)

t cos 0| sin 2¢|

- |(h — tsin#) br(o)

+2tsin9—sin9/

t .
u cos 0| sin 2¢| du} _
0 br(p)

B cos 0 (
~ absinf + br(p) - hcosh

3
hcos 6| sin 2| + 2bg(¢) sinf) - t — 750 20| sin 2¢| ~t2]

O

Remark 3.1. When 0 = 0 then functions Fp and Fr coincide. If 0 = 5 then
Tmax(w) = h. In this case Fp coincides with the indicator function of (—oo, h]. For

some other special cases the result of Theorem 3.1 is visualized by Figure 1.
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(A) a=5b=10,h=5,p= 3,0 =7 (B) a=5b=10,h=6,0=5,0=7

(¢) a=10,b=10,h =10v2,p =31 0 =% (D) a=10,b=10,h =10v2,0p = 5,0 = %

FIGURE 1. Orientation dependent chord length distribution func-
tion F'p for different cases

Remark 3.2. Direct use of (3.3) in the proof of the theorem avoided computation
of the covariogram of D. The function Cp(tw) could be found explicitly.

Indeed, if 0 < t < Zpax(w) then Cp(tw) = L3(D N {D + tw}) =
=Ly(RN {R+ (tcosf)p}) - (h—tsinh) = (h —tsinh) - Cr(tcosb, p).

Taking into account (3.4) and (2.2) we obtain
(3.5)
(h —tsin®)(ab—tcosb - br(p) + % cos? 0] sin2¢]), if 0 <t < Tmax(e)

Cp(tw) =
p(tw) 0, if > Tmax(9)

4. CHORD LENGTH DISTRIBUTION IN A RIGHT TRAPEZOID

Let T C R? be the right trapezoid with the vertices at O(0,0), A(0,a),C(b —
acoty,a), and B(b,0), where arctany <1 < 7. For every right trapezoid one can
choose the parameters a, b, and v such that it becomes congruent to OACB.

In this section we maintain the notations and terminology introduced earlier in

Section 2 for any bounded convex set F.

Proposition 4.1. Let 7k < ¢ < w(k + 1) for some integer k. Then

al cos | + b sin ¢, if tk<p<Z+7k
br(p) = { bl sing), if T+nk<e<nk+1)—9
alcosp|+ (b—acoty)|sing|, if w(k+1)—¢v <ep<mk+1)
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Proof. To reduce the computational burden, from now on we’ll use by for the shorter
base of T, that is by = b — acot 1.
If k < ¢ < § + 7k, then Il7(¢) = Ig(p). Therefore, due to (2.4), we have

br(p) = br(p) = alcos ¢| + b|sin ).
Similarly, if 7(k 4+ 1) — ¢ < ¢ < w(k + 1), then II7(¢) = g 4,1x[0,q)(¢), Which
implies
br(¢) = L1 (Mjo,by]x[0,a) () = a| cosp| + b sin o]
Finally, if § + 7k < ¢ < 7(k+ 1) — 1, then
br(p) = L1 (Ijo,5)x {0} () = beos(p — 7k — g) = (=1)*bsinp = bsin .
g

Let ¢ be the set of vectors y € ¢ so that the line [, + y passes through a vertex
of trapezoid T' and makes a chord of positive Lebesgue measure there. The two

quantities introduced below,
Zo(p) = min x(l, + and z;(¢) = max x(l, +y),
0( ) yEDL X( © y) 1( ) yegL X( ® y)

will play a crucial role in determination of distribution function Fr. The diagrams
shown in Figure 2 facilitate case-by-case computations (see Proposition 4.2) of the

above mentioned quantities.

A C A c
c o
o B o c, B

v
If 7k < @ < =+ k, then [001] = 21(¢),ICC1| = 20(¢)

A C

o A < B

ki
If 2+ 7k S @ < m(k+1) =9, then |Ad1] = |CC1| = 21(p) = zo (%)

A B, C A C
B, A
o] A B o} B

If m(k+1) = < o <w(k+1), then |AA1| = 20(¢), |BB1| = z1(»)

FIGURE 2. Possible dispositions of z(¢) and z1(y)
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Proposition 4.2. x1(p) = Tmax(p) for any angle p. Furthermore, if for some

keZ
(i) 7k < <% + 7k, then
b
—1, if Tk <@ <7k + arctan ;-
zo(p) = § sl 1
T if wk+arctany- <@ < 5+ 7k
| sin @] 1
bei
,Si, if ﬂk§@<7rk+arctanﬁ
Tmax(p) = { [5I(¢ + )|

m, if 7Tk+arctanﬁ§gp<g+7rk

(ii) 5+ 7k <@ <m(k+1) =1, then
a
To(P) = Tmax(p) = m

(i) m(k+1) —¢ < p <7(k+1), then

,L, if m(k4+1) =1 <@ <m(k+1)—arctan ¢
o= P
&, if m(k+1)—arctan § <o <m(k+1)
|sin(p + )]
,L, if m(k+1)—1 <@ <m(k+1)—arctan
Tunxlp) = { |73
— if w(k+1)—arctan§ <o <7(k+1)
| cos ¢

Proof. A chord of maximal length in a convex polygon with direction ¢, also known
as p-diameter of the polygon, is not necessarily unique (this is also seen in Figure 2:
the second, third, and fourth cases) but for any given ¢ there exists a p-diameter
such that at least one endpoint of the chord coincides with a vertex of the given
polygon ([16]). Thus,

Trnax = max lo+y)=max x(l, +vy) =z .
(p) = max x(lp+y) = maxx(ly +y) = 1(p)
Case (i), sub-case 1 (7k < ¢ < mk + arctan 3-). Observe the first trapezoid in

Figure 2. Here we are given Z010B = ¢ — wk. By Sine Rule,

zo(p) = 0G| = cos(p — k) |cos|’
bsin bsin

max =100,| = . = " .

Tmax(i7) = 00| sin(p — 7k +1)  |sin(e + )]

Case (i), sub-case 2 (7k + arctan ;- < ¢ < 7 + mk). Observe the second trapezoid
in Figure 2. Since ZAO,0 = Z010B = ¢ — 7k, from the right triangle AO;0 we

obtain
a a

To(p) = Tmax(p) = |O0:| =
74
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Case (i) is completely proved. The proof of the case (iii) is similar to (i), hence
omitted. It remains to discuss the case (i), where § 4+ 7k < ¢ < 7(k+ 1) — ¢ and
the third (in the middle) trapezoid in Figure 2 is relevant. In this case we have
LAAB =y —7k=/LAA;0 =x(k + 1) — ¢, which implies

a a
sin(m(k+1)—p) |sing|

To(®) = Tmax(p) = |AA1| =
O

By definition, for any angle ¢, if x < 0 then Fr(z,¢) =0, and if > Zyax(p) then
Fr(z,p) =1. The non-trivial case 0 < & < Tmax(p) is explored below.

Lemma 4.1. Fr(z,¢) = 0 if x < 0 and Fr(z,9) = 1 if © > zmax(p). For
0 < 2 < Tmax(9), Fr(z, @) is represented as follows (k € Z) :

(i) For mk < ¢ < § + k,

(4.1)
. zsin SD[Slng)‘i (‘:D;Z’S)i:gowsm vl : if 0<x<zo(p)
FT €T,p)= in2 — in? 2 ;
xsin“ (¢ J;TQZ(J()p) ngfc)ossz 1 cos SD’ if xo(p) < < Tmax(®)

(ii) if T +7k <o <mk+1)—1,

x sin? ¢ cot (8

(iii) if 7k +1) — ¢ < o < 7w(k + 1),
(4.3)

—z sin p[sin(p + 1) + cos @ sin )

_ br () sin |
Fr(z,p) = 2 cos? o sin2:’7:11 — z0(¢p) sin’(p + )

br(p) sin 1) cos ’

Proof. Let’s note that the function Fr(z,-) is m-periodic. This guarantees that

if 0<z<ump)

if 20(0) < T < Tmaxl(9)

generality will not be lost if we restrict the proof to the case k = 0.

Case (i), sub-case 1.1: let 0 < ¢ < arctan - and 0 < z < zo(¢p).

This case is displayed below in Figure 3(A) which shows |[MM;| = |[NNy| =z <
zo(p) = [CC1| <[|001] = Tmax ().

In this case we have Frp(z, p) = ﬁ(w) (bAAMM1 (p)+basnN, (go)) The quantities
baam s, () and bapnn, (@) are equal to the heights of triangles AM M (with base
M M) and BNN; (with base NNj), respectively. Those are computed below:

(4.4) baanm, (@) = xsing cos p.
_ xsinpsin(p + 1)
(4.5) bapNn, (¢) = prawn .
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A M C A d

A M, O.
> @) @ M h
3
C, N & C R O1N T ©
st N M, ) g ! oL )
5 3 : M
p (4
fo) ¥
N B O N 8 5 c
o s
(A) Case (i), sub-case 1.1: (B) Case (i), sub-case 1.2: (C) Case (i), sub-case 2:
O§<p<arctan%, 0§¢<arctan%, arctan%§¢<%,
0 < o < z0(0) 20(9) < & < Tmax(®) 0 < & < 20(#) = Tmax(¥)

FIGURE 3. Chords in trapezoid in direction ¢, where 0 < ¢ < 7.

Case (i), sub-case 1.2: let 0 < ¢ < arctan 3= and 2o(p) < T < Tmax(p)-
This case is displayed in Figure 3(B), where zo(p) = |CCy| < z = |MM,| =

INNi| < |OO1| = Zmax(¢). In this case we have Fr(z,¢) = le(w) (bacnan (@) +
1

basnN, (9)) = 57157 (basce, (9)+bannw, (9)+bocianm(9) = 5755 (2o(y) sin g cos p+

%W + bocy mym (). The quantity

(z — z0(p)) cos psin(p + 1)
cos Y
is computed from the trapezoid CCyM; M with bases CC; and M Mj, as a height.

Case (i), sub-case 2: let arctan ;- < ¢ < 7 and 0 < 2 < 2o(p) = Tmax(¢)-
This case is displayed in Figure 3(C), where x = |MM;| = [NN;| < |00,| =
|CC4| = xo(¢) = Tmax(p). Computation of the chord length distribution function

(4.6) booymm(p) =

in this case is absolutely identical to the case (i), sub-case 1.1.
Combining (4.4), (4.5), and (4.6), for any ¢ € [0, ) we obtain Fr(z,¢) =

zsin g cos @ + Zonesinlety) “Dsfrilnf+w)

bT(w) sin  sin( 7+w> ( ()) cos @ sin(p+1))
xo(cp) singocoscp + X sin LpSlsrlln % + xr—xo(p co:gpsm © )
¢ cos 20(9) < T < Trnax()

br(¢) 7

0<z<zo(p)

which is equivalent to (4.1).
Case (ii): let < ¢ < m — 1 and see Figure 4 below.

0 M, A G N B
Case (ii):

T le<T—1,
0 <z < zo(p) = Tmax(p)

FIGURE 4. Chords in trapezoid in direction ¢, where § < ¢ <7 —1).
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For x = |MM;| = |[NNy| < |AA;| = |CC4| = 2o(¢) = Tmax(p) we have
1
F =——(b b =
T(x,9) bT(tp)( aoma, (@) + ABNN1(<P))
zsin(m — ¢) cos(m — ) + %W - xsin’ o cos 1) _ xsin? ¢ cot ¢

br(p) ~br(p)sing  br(y)
Case (iii): let # — ¢ < ¢ < w. Similar to case (i), the distribution function can be

computed by three sub-cases, as shown in Figure 5.

A B, N, C
/0‘»}
g M
z

o

(A) Case (iii), sub-case 1: (B) Case (iii), sub-case 2.1: (C) Case (iii), sub-case 2.2:
m—1 < ¢ <7 —arctan ¢, m —arctan § < ¢ <, m —arctan § < o <,
0 <z <zo(p) = Tmax () 0<z < zo(p) zo(p) < = < Tmax(p)

F1GURE 5. Chords in trapezoid in direction ¢, where m — ¢ < ¢ < 7.

Ifr—yY<ep<mand 0 <z < x0(p) < Tmax(p), then (sub-cases 1 and 2.1)

zsin(m — @) cos(m — @) — L2 iis:ip(ww)

br ()
Inequality xo(¢) < & < Zmax () is possible if only m — arctan § < ¢ < 7 (sub-case

(4.7) Fr(z,¢) =

2.2). The distribution function in this last case is equal to

(4.8)
zsin(r — @) cos(m — @) — zo(p) sir;iﬁ f;n(w+w) + (ﬂc—ro(v));clslf sin(p+¢)
Fr(z,¢p) =
br ()
By simplifying (4.7) and (4.8), we establish (4.3). O

5. COVARIOGRAM OF A RIGHT PRiSM WITH RIGHT TRAPEZOIDAL BASE.
COMPUTATION OF CHORD LENGTH DISTRIBUTION FUNCTION

Denote by Dy the right prism {(z,y,2) : (z,y) € T, 0 < z < h}.

Due to the Matheron’s formula (see [2]) we have

‘9CT8—<:"P):—L1 ({yeqﬁL:Ll(Tm(lery))Zt}),

which can be rewritten in terms of the orientation-dependent chord length distribu-

tion function as OC(t.0)
t
T = br(e) - L= Fr(t, o).

Integration of both parts of the last formula yields
t
B0 Crlt) = Crl0.9) = brle)- [ (1~ Fr(ug)ldu t>0
0
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Using the formula (5.1) and Lemma 4.1 we immediately come to an explicit formula
for Cp(t, ), the covariogram of T'. Since Cr(t,-) has period equal to 7, it is enough
to have it computed for ¢ € [0, 7).

a(b + bl)

Crltp) = gt —thr (o) + br(e) - [ Priwg)du = 52— thr()+

2 . .
t* sin @[sin(p +.1/J) +cos<psm¢]’ i 0<p<Z, 0<t<aoly)
) 2sin
t?sin’(p +¢)  two(p)siny cos? ¢
N f 0< < 3 <t max
2sine) cos ) cos ¥ ;i 0< o< g, 2o(p) <t < Tmax(p)
t
Esin2<pcot¢, if 2<p<m—19, 0<t< Tmax(p)
t2 g : .
- SlnsD[Sln(WZ—;w)w—i- cos p sin | i m—p<p<n 0<t<zols)
in
t?cos? psinty  txo(ep)sin?(¢ + )
B f - < < t < max
2cosy sin v cos ¢ ;i m—Y <e<m 2o(p) St S Tmax(p)

As a result, for any ¢ € [0, Tymax(w)], any ¢ € [rk,m(k+1)), k € Z and any 6 € [0, 7]

the covariogram of Dp is equal to
Cpy(tw) = Lo(TN {T+(tcosf)p}) - (h—tsinf) = (h—tsind)-Cr(tcosb, p —7k),

where w = (cos ¢ cos 8, sin p cos 0, sin ) and xax(p) satisfies (3.4).
Computation of Fp,(z,w) requires more workload. Lemma 4.1 shows that if
k<< §+mkorm(k+1)—vY <@ <m(k+1) then the function Fr(z,¢) is

piecewise linear. To have those pieces written in slope-intercept form let’s denote

_ singlsin(e + 1) + cos psin ] _ sin(p+ )
mo(¢) = br () sine » male) = br(p) sin ¢ cos )’
_ xo(p) tanyp cos? o
(o) = br(p)

Then (4.1) and (4.3) can be represented as

mo(p)x, if 0<x<uzo(p)
5.2 Fr(z,p) =
(52) r(@,¢) {m1(@)$ —c(p), if zo(p) <2 < Tmax(p)
and

—mo(p)z, if 0<z<z0(p)
5.3 Fr(z,p) = . ,
( ) T(IE ) {C(@)m _ ml(sp)’ if 1’0(80) S T < fUmaX(SO)
respectively.

If t <0 then Fp,(t,w) = 0, and if t > Tpax(w) then Fp,(t,w) =1. 0 <t <
ZTmax(w), then Fp,. (unlike Fip) requires several pieces to be written explicitly. The

classification of cases is based on two factors:
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1) the choice of either of the intervals [rk, T + k), [§ + 7k, 7w(k + 1) — 1), or
[7(k+1) —,m(k + 1)) for ¢ to be taken from;
2) the magnitude of the orthogonal projection of za.x(w) onto the base T

compared to zo(yp) for the given ¢ and 6.

The result is formulated below.

Theorem 5.1.

(i) If ik < ¢ < § + 7wk and Tmax(w) cosf < xo(p), then

FDT (t’w) = b?(g)

0 <t < Tmax(w).

((hmo(go) cos® 0 +sin20) - ¢ — %mo(sﬁ) sin 26 cos 0 - t2>,

(ii) If ik < ¢ < § + mk and Tmax(w) cost > xo(p), then

FDT(t,w) = %X

(hmo(p) cos? 0 + sin 20) - t — 2mg(¢) sin 20 cos 6 - t2, if 0<t< D

cos 6

—c(p) (wo(p) sin @ + hcos ) — ng(w) sin 6+
+(hmy () cos? 0 + [c(p) + 1] sin26) - t—
—3my(p)sin26 cosd - 2, if 22 <t < (W)

cos 0

(iii) If T + 7k < o <m(k+1) =1, then

h cos? @ sin” ¢ cot 1 + by (¢) sin 260 _ sin2¢ sin? o cot ¥[2 cos § + 1] .2

FDT (t,w) = bDT (w) 4bDT (w) ’

0 <t < Tmax(w).

(i) Ifr(k+1)— ¢ <p<m(k+1) and Tmax(w) cosl < x2o(p), then

FDT (taw) = b?(g)

0 <t< Tmax(w).

((sin 20 — himo(p) cos® ) -t + %mo(cp) sin 26 cos 6§ - tz),

(W) If r(k+1) —¢ <p<7m(k+1) and xmax(w)cosd > xo(p), then

br(y)
F =
(sin260 — hmg(p) cos® 6) - t + 3mo(p) sin 26 cos 0 - £2, if 0<t< xc%(fo)
—m1 () (zo(y) sinf + hcos ) — M@%(@) sin 6+
+(he(p) cos? 0 + [mq(p) + 1] sin 26) - t—
—3¢(p) sin26 cos b - 2, if 228 <t < Tra(w)
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Proof. Case (i): Since t cos 0 < zo(¢), (5.2) yields Fr(p) = tmo(p) cosf. Then (3.3)

outputs

b 0
FDT(t’w) = %X
T

¢
(54) X <(h —tsin®) - tmo(p) cos O + 2tsin§ — Sin9/ u - mo(p) cos 0du) =
0

- bz (%) ((hmo(@) cos® 0 +sin2) - ¢ — §mo(‘ﬁ) sin 20 cos 6 - t2)'
bDT (w) 2

Case (ii): If 0 < t < ai%(s‘%), then the formula (5.4) still works. But if % <t<

Zmax(w), then there are two expressions for Fr(ucosé, ) to be used under the

integral in (3.3). Due to (5.2), those pieces are

. 0 if zo(p)
(65)  Fr(ucostg) =@ 00
u-my(p)cosf —c(p), if 2L <u

Therefore we get

Fp,(t,w) = br{p) cos {(h —tsind)(mq (@)t cosd — c(p)) + 2t sin H—
bDT (w)
— sin9/ mo () cos Qudu — sin@/ “ [m1(p) cosBu — c(p)]du| =
0 EoT)
= brlp)cost | he(p) — Mw%(gﬁ) + hmy (@) cos@ -t + sinfc(p)t—
bDT (w) 2
. g (Mi@)est k()
sin 6 cos fmy (¢)t* + 2t sin @ — sin 6 ( ) c(p) - t ml(cp)2cose+
()

+ep) )],

and finally

Fip (tw) = —c() (w0(p) sin + h cosg) — ol —ma(?)
(5.6) 3 .
(hmi(p) cos® 0 + [c(p) + 1] sin 260) - ¢ — Zml(go) sin 26 cos 6 - 2.

x2(¢) sin O+

Case (iii): Using (4.2) in (3.3), we obtain

Fp,(t,w) = 757*1)(;0:(0:)))89 [(h — tsin#) - tcos@s;:?g(;)&) coty + 2tsinf —sin @ - gx
sin? ¢ cot 1) br () cos [ [ hcosfsin? ¢ cot v .
br (%) ] b @) K (e o 9) "
B (sin@cosﬁsinzgocotw sin0s1n2<pcot¢> .tQ] _
br () 2br()
_ h cos? fsin? @ cot 1) + by () sin 26 e sin 20 sin” ¢ cot 1)[2 cos O + 1] 2
bp, (w) 4bp (w) .
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Cases (iv) and (v): Let’s notice that replacing mo(¢) by —mo(p) and interchanging

c(p) with mq () in (5.2) will produce (5.3). Applying the mentioned changes to (5.4)
and (5.6), we complete the proof of the theorem in cases (iv) and (v), respectively.
U

Remark 5.1. It follows from (3.2) that bp,(w) = @ + br(p)hcosf. This

expansion has not been used in the theorem.

Remark 5.2. When 0 =0, one can check that Fp, = Fr. If 0 = 5, then Fp,. is a
step function, which can be seen in Figure 6, example (C). The case (D) illustrates
an example where the graph of the distribution function comprises of 4 pieces, 2

horizontal lines and 2 arcs of parabolas.

o mp ocees st o) = 5T - Aol 25

R EEEEEERERER IBREEEEREEEEREE] 5452101334561 SNNEDUBGU B NARBMBETBED
t t

(A)a=5,b=10,h=5,p=%2,0=2 9 =12 (B) a=10v3,b=20,h =15,p = Z,0 =
arctan%,w: %

o e e Xenal) = 10.09

33 52061 13 4 IBREEEREEEREEEEEREE] R E R EEEEEEREEREREEE E R E R EEEEEE]
v t

() a=5,b=10,h=5,p=%,0=2,9 =% (D) a=5,b=10,h=10,p= 5,0 =%, =12

FIGURE 6. Orientation dependent chord length distribution func-
tion Fp, for different cases
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