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Abstract. In the present paper a formula for calculation of the density function fρ(x)

of the distance between two independent points randomly and uniformly chosen in a

bounded convex body D is given. The formula permits to �nd an explicit form of density

function fρ(x) for body with known chord length distributions. In particular, we obtain

an explicit expression for fρ(x) in the case of a ball of diameter d. A simulation model is

suggested to calculate empirically the cumulative distribution function of the distance

between two points in a body from Rn, where explicit form of the function is hard to

obtain. In particular, simulation is performed for balls and ellipsoids in Rn.
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1. Introduction

In the present paper we continue investigations of [10] and [11]. In the previous two

papers a similar problem was considered. In this paper we generalize those results

for the bodies in n-dimensional Euclidean space.

Let D be a bounded, convex body in n-dimensional Euclidean space, with the

volume V (D) and the surface area S(D). Let P1 and P2 be two points chosen at

random, independently and with uniform distribution in D. Firstly, we are going to

�nd the probability that the distance ρ(P1, P2) between P1 and P2 is less or equal

to x, that is we would like to �nd the distribution function Fρ(x) of ρ(P1, P2). By

de�nition, we have

(1.1) Fρ(x) = P (P1, P2 ∈ D : ρ(P1, P2) ≤ x) =

∫∫
{(P1,P2) : ρ(P1,P2)≤x}

dP1dP2∫∫
{P1,P2∈D}

dP1dP2
,

where dPi, i = 1, 2 is an element of Lebesgue measure in Rn. As∫∫
{P1, P2∈D}

dP1dP2 = V 2(D)

1The research of the �rst author was supported by RA MES State committee of Science, Grant
# 18T-1A252
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(here we use that points P1 and P2 select independently in D) we get

(1.2) Fρ(x) =
1

V 2(D)

∫∫
{P1,P2) : ρ(P1,P2)≤x}

dP1dP2.

From the expression of the volume element in spherical coordinate where as the

origin we select the point P1, we have

x1 = r cosψ1

x2 = r sinψ1 cosψ2

x3 = r sinψ1 sinψ2 cosψ3

xn−1 = r sinψ1... sinψn−2 cosψn−1

xn = r sinψ1... sinψn−2 sinψn−1,

where r is the distance between P1 and P2. Thus, using transformation from the

Cartesian coordinate system to spherical coordinate system, we obtain

(1.3)

dP2 = dx21dx22....dx2n = rn−1 sinn−2 ψ1 sinn−3 ψ2.... sinψn−2drdψ1dψ2....dψn−1.

Using (1.3) expression we have

(1.4) dP1dP2 = rn−1 sinn−2 ψ1 sinn−3 ψ2.... sinψn−2dP1drdψ1dψ2....dψn−1,

where dK is an element of kinematic measure in Rn.

The kinematic density in Euclidean space was �rst introduced by Poincare. In

modern terminology it is the Haar measure of the group of motions (translations

and rotations) which acts on Rn. Let Rn be the Euclidean n-space, and let dK be

the kinematic density. We know that

(1.5) dK = sinn−2 ψ1 sinn−3 ψ2.... sinψn−2dP1dψ1dψ2....dψn−1.

Using (1.4) and (1.5) we can rewrite (1.2) in the following form:

Fρ(x) =
1

V 2(D)

∫
0

x

rn−1K(D, r)dr,

where K(D, r) is the kinematic measure of all oriented segments of length r that

lie inside D. Therefore, we obtain a relationship between the density function fρ(x)

of ρ(P1, P2) and the kinematic measure K(D,x):

(1.6) fρ(x) =
xn−1K(D,x)

V 2(D)
.

It should be noted that we can calculate the kinematic measure of all the unoriented

segments that lie inside D and then multiply the result by 2.

Let S1 = MS be the image of segment S under an Euclidean motion. M is the

group of all Eculidean motions in the space Rn. For the locally compact group M,

there is a locally �nite Haar measure, i.e. a locally �nite, non identically zero Borel

measure, invariant both from the left and the right. Segment S1 can be de�ned by
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means of the two coordinates (γ, t), where γ ∈ J (J is the space of all straight lines

in Rn) contains segment S1 , and t is the one dimensional coordinate of the center

of the segment S1 on the line γ. In the spaceM , we de�ne a measure by its element

in the following way:

K(dS1) = dγ dt,

where dγ is an element in a locally �nite measure in the space J , which is invariant

with respect to the group M and dt is the one-dimensional Lebesgue measure on

γ. The measure K(·, ·) is said to be a kinematic measure on the group M .

2. The main formula

This section gives a main formula for calculating the kinematic measure K(D, r)

in terms of chord length distribution function of body D. Obviously,

K(D, r) = 0, if r ≥ diam(D)

where diam(D) is the diameter of D, i.e. diam(D) = max{ρ(x, y) : x, y ∈ D},
where ρ(x, y) is the distance between the points x and y . Therefore, only the case

0 ≤ r ≤ diam(D) is considered in the paper. It is evident that in the mentioned

case

(2.1) K(D, r) =

∫
[D]

∫
t∈(χ(γ)−r)

dγ dt =

∫
[D]

(χ(γ)− r)+dγ,

where [D] = {γ ∈ J : γ ∩ D 6= ∅} is the set of lines in Rn intersecting body D,

χ(γ) = γ ∩D is a chord in D, while

x+ =

{
0, if x ≤ 0

x, if x ≥ 0.

Let On be the surface area of the n-dimensional unit sphere. On is de�ned [1]

On =
2π(n+1)/2

Γ(n+1
2 )

,

where Γ is the gamma function which satis�es the recursion formula,

Γ(n+ 1) = nΓ(n)

especially, Γ(n+ 1) = n! and Γ(1/2) =
√
π.

Consequently,

K(D, r) =

∫
χ(γ)>r

χ(γ)dγ − r
∫
χ(γ)>r

dγ =

(2.2) =
On−1

2
V (D)−G(r)− r On−2

2(n− 1)
S(D)[1− FD(r)],
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where

G(x) =

∫
χ(γ)≤x

χ(γ) dγ

and FD(·) is the chord length distribution function of body D, de�ned as

FD(y) =
2(n− 1)

On−2

∫
χ(γ)≤y

dγ

(since
∫

[D]
dγ = On−2

2(n−1) · S(D)).

Now we will prove the following formula:

G(x) =
On−2

2(n− 1)
S(D)

∫
0

x

ufD(u)du,

where fD(x) is the chord length density function of body D, i.e. fD(x) = F ′D(x)

is the �rst derivative of the distribution function. Afterwards, for calculating the

derivative of the function G(x) we observe that

G(x+ ∆x)−G(x)

∆x
=

1

∆x

∫
x<χ(γ)≤x+∆x

χ(γ)γ =

= (x+ θ∆x)
On−2

2(n− 1)
S(D)

FD(x+ ∆x)− FD(x)

∆x
.

Then, assuming that the distribution function FD(x) possesses the density fD(x),

when ∆x→ 0, we get G′(x) = On−2

2(n−1)S(D)xfD(x) which implies

(2.3) G(x) = G(0) +
On−2

2(n− 1)
S(D)

∫
0

x

ufD(u)du =
On−2

2(n− 1)
S(D)

∫
0

x

ufD(u)du,

since G(0) =
∫
χ(γ)≤0

χ(γ) dγ = 0. Now, we transform formula (2.3) by means of

integration by parts:

G(x) =
On−2

2(n− 1)
S(D)

∫
0

x

ufD(u)du = − On−2

2(n− 1)
S(D)

∫
0

x

ud[1− FD(u)] =

(2.4) = −x On−2

2(n− 1)
S(D)[1− FD(x)] +

On−2

2(n− 1)
S(D)

∫
0

x

[1− FD(u)]du.

At last, substituting (2.4) into formula (2.2) we come to the main formula of this

section:

K(D, r) =
On−1

2
V (D)− On−2

2(n− 1)
S(D)

∫
0

r

[1− FD(u)]du.

Theorem 2.1. For any body D in Rn

(2.5) K(D, r) =
On−1

2
V (D)− On−2

2(n− 1)
S(D)

∫
0

r

[1− FD(u)]du.

Thus, if the explicit form of the function K(D, r) is given, then we can derive

the explicit expression for the density function by means of (2.5). Formula (2.5) has

been obtained for unoriented segments. For oriented segments this formula should
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be multiplied by 2. Substituting (2.5) into (1.6) (and multiplying by 2) we obtain

the main formula of the present paper:

(2.6) fρ(x) =
1

V 2(D)

(
xn−1On−1V (D)− xn−1On−2

(n− 1)
S(D)

∫
0

x

[1− FD(u)]du
)
.

If n=2 then

fρ(x) =
1

V 2(D)

(
O1xV (D)− xO0S(D)

∫
0

x

[1− FD(u)]du
)
,

where O0 = 2 and O1 = 2π. This result is proved in [9].

If n=3 then

fρ(x) =
1

V 2(D)

(
x2O2V (D)− x2O1S(D)

2

∫
0

x

[1− FD(u)]du
)
,

where O1 = 2π and O2 = 4π. This result is proved in [11].

3. The case of a ball in Rn

In case of the ballD = Bd with diameter d, the chord length distribution function

has the following form

(3.1) FBd
(y) =


0, if y ≤ 0

1−
[
1−

(
y
d

)2]n−1
2

, if 0 ≤ y ≤ d
1, if r ≥ d.

Consequently, substituting (3.1) into (2.5) we obtain

K(D, r) =
On−1

2
V (D)− On−2

2(n− 1)
S(D)

∫
0

r

[1−
(u
d

)2]n−1
2

du.

Substituting this result in (1.6) or (2.6) we obtain the density function of the

distance between two points chosen independently in the ball of diameter d

fρ(x) =
1

V 2(D)

(
xn−1On−1V (D)− xn−1On−2

(n− 1)
S(D)

∫
0

x

[1−
(u
d

)2]n−1
2

du
)
.

This formula for n=2 and n=3 was obtained in [10] and [11].

4. Moments of distance between two points in Rn

One of the simplest applications of the formulae (2.6) is the calculation of the

k-th moment between two points randomly and independently distributed on the

bounded convex domain. To �nd the k-th moment between points (we denote it by

Mn
k , where n is the dimension of space) we need to calculate the following integral

(4.1) Mn
k =

∫ d

0

xkfnρ (x)dx.

Using (2.6) we rewrite the last equation in the following form:

Mn
k =

∫ d

0

xkfnρ (x)dx =
On−1

V (D)

∫ d

0

xn+k−1dx−

7
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(4.2) − On−2S(D)

(n− 1)V 2(D)

∫ d

0

xn+k−1dx

∫
0

x

[1− FD(u)]du) =

=
On−1d

n+k

V (D)(n+ k)
− On−2S(D)

(n− 1)(n+ k)V 2(D)

∫ d

0

dxn+k

∫
0

x

[1− FD(u)]du =

=
On−1d

n+k

V (D)(n+ k)
− On−2S(D)

(n− 1)(n+ k)V 2(D)

∫ d

0

dxn+k

∫
0

x

[1− FD(u)]du =

=
On−1d

n+k

V (D)(n+ k)
− On−2S(D)

(n− 1)(n+ k)V 2(D)
×[

dn+k

∫ d

0

[1− FD(u)]du−
∫ d

0

xn+k(1− FD(u)du)
]
.

In (4.2) we can calculate the integral
∫ d

0
[1− FD(u)]du. Consider the value of G(x)

function at point x = d. Since G(d) = On−1V (D)
2 , we get

G(d) =
On−2S(D)

2(n− 1)

∫
0

d

ufD(u)du = −On−2S(D)

2(n− 1)

∫
0

d

ud(1− FD(u)) =

= −On−2S(D)

2(n− 1)
(d(1− FD(d))−

∫
0

d

(1− FD(u)du) =
On−2S(D)

2(n− 1)

∫
0

d

(1− FD(u)du

therefore

(4.3)

∫ d

0

[1− FD(u)]du =
On−1V (D)(n− 1)

On−2S(D)

Putting (4.3) in (4.2) we obtain

(4.4) Mn
k =

On−2S(D)

(n− 1)(n+ k)V 2(D)

∫ d

0

xn+k(1− FD(u)du).

5. Mean distance between two points in a domain and the case of

ball in Rn

Using (4.4) for k=1 we obtain a formula for calculating the mean distance

between two points uniformly and independently distributed in a bounded convex

domain :

(5.1) Mn
1 =

On−2S(D)

(n− 1)(n+ 1)V 2(D)

∫ d

0

xn+1(1− FD(u))du.

In case of the ball D = Bd with diameter d, putting (3.1) in (5.1) we obtain

Mn
1 =

On−2S(D)

(n− 1)(n+ 1)V 2(D)

∫ d

0

xn+1
[
1−

(x
d

)2]n−1
2

dx.

If n=2 then

M2
1 =

4πr

3π2r4

∫ d

0

x3
[
1−

(x
d

)2] 1
2

dx =
64

45
d.

This is the result from [9].

If n = 3 then

M3
1 =

9

16r4

∫ d

0

x4
[
1−

(x
d

)2]
dx =

18

35
d.
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Abstract. The paper considers measures in the space IE of planes in IR3, and

combinatorial decompositions for their values on ”Buffon sets” in IE. These

decompositions, written in terms of a “wedge function” depending on the mea-
sure, have been known since long in Combinatorial Integral Geometry, yet

their explicit expressions have been well established only for “non-degenerate”

Buffon sets. Theorem 1 removes this gap and presents a decomposition al-
gorithm valid with no similar restriction. Theorem 2 presents a result in a

direction converse to Theorem 1. Starting from the decomposition algorithm,

a combinatorial valuation ΨF is defined that depends on ”general” continuous
additive wedge function F (W ). The question is: when ΨF becomes a measure

in the space IE? Theorem 2 points at special ”tetrahedral inequalities”, the

analogues of triangular inequalities of the planar theory. If ΨF satisfies these
“tetrahedral inequalities”, then ΨF becomes a measure and the corresponding

F (W ) is called a “wedge metric” (to stress the connection of the paper’s topic
with Hilbert’s Fourth Problem).

MSC2010 numbers: 53C65; 53C60; 31A10.

Keywords: integral geometry; Buffon functional; wedge metric; Hilbert’s Fourth
Problem.

1. Introduction

The paper considers measures in the space IE of planes in IR3, and combinatorial

decompositions for their values on Buffon sets in IE (i.e. members of Buffon rings

in IE). The existence of similar decompositions in the spaces of Integral Geometry

was first discovered in [5], they together with first applications have been discussed

in the books [6] and [8] (see also [18]). Although later on further applications have

been found (in convexity theory, see [7], [11]-[13], [15], Hilbert’s Fourth problem,

see [4], [13], [14], [17], [19], [20] , tomography, see [9]), in the basic theory the initial

effort left many gaps. The present paper fills some of the gaps by presenting new

results, Theorems 1, 2.

One of the basics of the combinatorial theory for IE known already in [1], [2],

[3] was the so-called ”four indicator rule” valid for ”non-degenerate” Buffon sets.

In Theorem 1 we give its extension for quite general Buffon sets in IE. (The

10
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corresponding result for the space of lines in the plane have been recently announced

in [10].)

The general combinatorial algorithm given in Theorem 1 permits construction

of the combinatorial valuation ΨF that depends on a continuous additive ”wedge

function” F (W ). The valuation ΨF lives on subsets of IE that make up a special

set ring U3 of Buffon sets, including the degenerate cases. After brief discussion of

the key properties of ΨF , follows demonstration of the role of special ”tetrahedral

inequalities” in the generation of measures by ΨF (Theorem 2). In the author’s

earlier paper [4] a similar theorem was proved about generation of measures in the

space of lines on the plane by linearly additive pseudo-metrics. That theorem was

called in [17] ”the most elegant and natural solution” of Hilbert’s Fourth Prob-

lem. By analogy, an additive F (W ) satisfying the tetrahedral inequalities we call

a ”wedge metric”. The construction of ΨF on the basis of Theorem 1 permits to

essentially simplify the proof of Theorem 2, as compared with the proof of the cor-

responding planar theorem given in [4] that was based on the planar version of the

”four indicator rule”.

2. Wedge combinatorics

2.1. Wedges in IR3. The tool of wedges in IR3 have been shown in [5] and the

books [6], [8] to be a rather effective in the theory of measures in the space

IE = the space of planes in Euclidean 3-space IR3, e ∈ IE.

We consider the spaces

S = the space of directions in IR3, (elliptical plane), ω ∈ S,

sΩ = the circle of spatial directions ω ∈ S orthogonal to some Ω ∈ S,

and use the notation

γ = a line in IR3,

ν = a segment of a line γ ⊂ IR3.

Given a line γ ⊂ IR3 of direction Ω ∈ S or a needle ν ⊂ γ, instead of sΩ we may

write sγ or sν .

A flag f in IR3 is a triad

f = (P, γ,Φ)

consisting of a point P ∈ IR3, a line γ containing P , and Φ ∈ sγ .

Denote by Cγ the following family of flags depending on a line γ ⊂ IR3:

Cγ = {f = (P, γ,Φ) : P ∈ γ and Φ ∈ sγ},
11
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Cγ can be identified with unit radius circular cylinder with axis γ. A wedge is

defined to be a subset of Cγ having the product form

W = {P ∈ ν} × {Φ ∈ λ} = ν × λ ⊂ Cγ ,

where ν ⊂ γ is a needle (= finite open segment of a line in IR3) and λ ⊂ sγ is

an arc (of length not exceeding π). By eν(Φ) we denote the plane containing the

needle ν and the direction Φ ∈ sν . For every edge W = ν × λ the dihedral region

V is defined to be

(2.1) V = ∪Φ∈λ eν(Φ).

2.2. Wedges associated with {Pi}. Let a finite set of points {Pi} be given in

IR3. For a 2-subset {Pi, Pj} from that set, by eij(Φ) we denote the plane containing

the needle ν = {Pi Pj} and the direction Φ ∈ sν . The values of Φ for which the

plane eij(Φ) contains points from {Pi} outside the line carrying Pi and Pj , split sν

into pairwise disjoint open arcs

λ1, ..., λl ⊂ sν .

(they “belong” to {Pi Pj}). Each {Pi, Pj} = ν together with one of the belonging

arcs λr = λ determines a wedge Ws = (ν, λ). In this writing, the index s ”codes”

({ij}, r), i.e. there is a one-to-one correspondence

(2.2) s 7→ ({ij}, r).

All the wedges Ws obtained in this way form the system of wedges associated with

our finite set {Pi}. By the definition of λr, for every associated wedge Ws its

dihedral region

Vs = ∪Φ∈λreij(Φ)

does not contain points from {Pi} in its interior, while each of the two planes bound-

ing Vs necessarily contain points from {Pi} other then those on their intersection

line.

2.3. Buffon rings and sets. Let a finite set of points {Pi} be given in IR3. Two

planes which avoid any of the points Pi we call equivalent if they induce the same

partition of the set {Pi}. An equivalence class Υ (a maximal set of equivalent

planes) is always a connected set in the topology of IE, but its closure will not be

compact if for each plane e ∈ Υ the total {Pi} lies in one of the two half-spaces

separated by e. All other equivalence classes have compact closures: these we call

atoms. By Br{Pi} we denote the minimal ring of subsets of IE which contains all

atoms (they become atoms of the ring Br{Pi} in the usual sense). We call Br{Pi}
the Buffon ring that corresponds to the set {Pi}. A set A ⊂ IE we call Buffon if

12
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A ∈ Br{Pi} for some point set {Pi} ⊂ IR3. An element A ∈ Br{Pi} necessarily

has the form A =
⋃
ai, where ai are some of the atoms of Br{Pi}.

For the time being, we assume that the number of points in the finite point set

{Pi} exceeds 2.

Let Ws be a wedge form the system of wedges associated with {Pi}, s = ({ij}, r)
in the sense of the map of (2.2), γij = the line through Pi and Pj . Below always

Φ ∈ λr.
If γij contains no points from {Pi} except Pi and Pj , then there exist exactly four

different equivalence classes Υ for which we have eij(Φ) ∈ ∂Υ. They do not depend

on the choice of Φ ∈ λr and we denote them as Υs(+ +), Υs(−−), Υs(+−) and

Υs(−+). The sign rule is as follows (see Figure 1):

Figure 1

every plane e ∈ Υs(+ +) or e ∈ Υs(−−) leaves Pi and Pj in one half-space,

every plane e ∈ Υs(+−) or e ∈ Υs(−+) leaves Pi and Pj in different half-spaces.

Given A ∈ Br{Pi}, the values of the indicator function

IA(e) =

{
1, if e ∈ A,

0, otherwise

on the planes from the above four sets we denote correspondingly as

IA(s,+−) ≡ IA(e) for e ∈ Υs(+−), IA(s,−+) ≡ IA(e) for e ∈ Υs(−+),

IA(s,++) ≡ IA(e) for e ∈ Υs(+ +), IA(s,−−) ≡ IA(e) for e ∈ Υs(−−).

2.4. No collinear triads case. This subsection describes the state of the art in

[5], [6] and [8].

Let M be some locally finite measure in IE that vanishes on every bundle of planes

(bundle= the set of planes that contain some point P ∈ IR3). Let a point set {Pi}
13
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with no three points on a line be given. Then for every Buffon set A ∈ Br{Pi} the

following decomposition is valid:

(2.3) M(A) =
1

2

∑
us(A)F (Ws),

where the summation is over the system of wedges Ws associated with {Pi}. The

coefficients us(A) are integers that do not depend on the choice of measure m and

are given by “four indicator formula”

(2.4) us(A) = IA(s,+−) + IA(s,−+) − IA(s,++) − IA(s,−−).

For the “wedge function” F (W ) the following representation was proposed in [6]:

(2.5) F (W ) = (2π)−1

∫
e hits ν

|W ∩ e|M(de),

where W ∩ e is the angular trace left by the wedge on the plane e, that is, see (2.1)

W ∩ e = e
⋂
V,

while |...| stands for the usual angular measure on sν .

2.5. Euclidean motions invariant measure. In the space IE there exists [18]

unique up to a constant factor Euclidean motions invariant locally finite measure;

we denote it as µ. We assume that the constant factor is chosen in a way to ensure

µ( planes that hit the unit ball in IR3) = 2π.

For M = µ the wedge function F (W ) given by (2.5) reduces to the product of

length of ν and the angular measure of λ:

(2.6) F (W ) = |ν| |λ|.

2.6. More remarks. If the number of points in {Pi} equals 2, i.e. {Pi} = {P1, P2}
then Br{Pi} contains only one element A = the planes that separate P1 from P2,

and their is only one wedge W1 = ν × sν with ν = the needle joining P1 and

P2. Yet (2.3) remains valid since formally IA(1,++) = IA(1,−−) = 0 and we get

u1(A) = 2. If the number of points in {Pi} equals 1, then the corresponding Buffon

ring is empty.

In case the point set {Pi} is confined to some plane in IR3, every wedge associated

with {Pi} gets the form W = ν × sν , hence always F (Ws) = π |νs|. The equation

(2.3) reduces to the four indicator rule for lines in the plane.

The book [6] starts with derivation of decomposition (2.3) for M = µ by direct

analytical ”Invariant Imbedding” method. For general M (2.3) was derived in [2]

basing on the planar decomposition for projection of {Pi} on the plane.

14
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2.7. Collinear triads permitted. We are going to formulate Theorem 1, which

removes the restrictions on the point set {Pi} present in the formulation of the four

indicators rule. Theorem 1 is instrumental in the construction of the functional Ψ

in the Section 4 below.

For the case where the lines γij may contain points from {Pi} other from Pi and

Pj , a decomposition similar to (2.3) survives. However the sets Υs(+−), Υs(−+),

Υs(++) and Υs(−−) are now no longer well defined, hence the algorithm (2.4)

requires modification.

Let Ws be a wedge form the system of wedges associated with {Pi}, and s = ({ij}, r)
in the sense of (2.2).

The class (+): We say that Ws belongs to the class (+) if the interior of the needle

with endpoints Pi, Pj does not contain any points from {Pi}. For every Ws ∈
(+),we define the equivalence classes Υs(+−) and Υs(−+) in the same way as

above. (That definition is no longer consistent for Ws outside (+)).

The class (−): We say that Ws belongs to the class (-) if the interior of complement

of the needle with endpoints Pi, Pj contains no other points from {Pi}. For every

Ws ∈ (−) we define the equivalence classes Υs(++) and Υs(−−) in the same way

as above. (That definition is no longer consistent for Ws outside (-)).

Let A ∈ Br{Pi} be a Buffon set. For Ws from the class (+) we denote by

u+
s (A) = IA(s,+−) + IA(s,−+),

and for Ws from the class (-) we denote by

u−s (A) = IA(s,++) + IA(s,−−).

Theorem 1. Let M be some locally finite measure in IE that vanishes on every

bundle of planes. For any point set {Pi} and every Buffon set A ∈ Br{Pi} the

following decomposition is valid:

(2.7) M(A) =
1

2

∑
Ws∈(+)

u+
s (A)F (Ws) −

1

2

∑
Ws∈(−)

u−s (A)F (Ws),

where the wedge function F (W ) is given by the integral (2.5).

The proof follows by a simple check of (2.7).

2.8. An example. Let Π be a bounded convex polygon in some plane e0 ⊂ IR3

with vertices v1, ..., vn. Let Q be a point outside e0. The pair (Q,Π) corresponds

15
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to a pyramid K with apex Q and base Π. We put {Pi} = {Q, v1, ..., vn}; then the

set

B = {e ∈ IE e separates Q from Π}

belongs to Br{Pi}.

For any Ws = (ν, V ) from the system of associated wedges, see (2.1), the needle ν

is always an edge of K. An edge of K we call lateral if it is of Q, vi type and basal

if it is of vivj type. A wedge Ws we call a support wedge if Vs ∩ intK = ∅, and

a covering wedge if intK ⊂ Vs. We write Ws ∈ I if Ws is a support wedge on a

lateral edge and Ws ∈ II if Ws is a covering wedge on a basal edge. We have

us(B) = 1 if Ws ∈ I,

us(B) = −1 if Ws ∈ II, and

us(B) = 0 for all other cases.

We remark, that if we assume that position of the apex Q changes so that Q

tends to some limiting position Q0 ∈ interior of τ , then the ratio M(B)[µ(B)]−1

would tend to the value of the density of the measure M on the plane containing

τ .

3. The valuation ΨF

Below, we use both (equivalent) definitions of a wedge:

W = ν × λ a product set on the unit cylinder Cγ and

W = (ν, V ), definition of V is given in (2.1).

The wedges from the family {W : W ⊂ Cγ} can be described as (P1, P2, ω1, ω2),

where P1, P2 ∈ γ are the endpoints of ν, while ω1, ω2 are the spatial directions

normal to Cγ at the endpoints of the arc λ. This provides a topology in the space of

wedges; so we can speak about continuous ”wedge functions” F (W ) (an F (W ) maps

the space of wedges onto the numerical axis). Within each class {W : W ⊂ Cγ}
the notion of additivity of an F (W ) in both ν and in λ is well defined as usual. In

fact the functions F (W ) generated by means of (2.5) actually generate measures

on the cylinders Cγ .

Let {Pi}1 and {Pi}2 be two finite point sets in IR3. Two sets B1 ∈ Br{Pi}1 and

B2 ∈ Br{Pi}2 we call equivalent if their closures coincide.

We define U3 to be the set of equivalence classes within the
⋃
Br{Pi}, where

the union is taken over all possible choices of finite sets {Pi} ⊂ IR3. For elements

A,B ∈ U3 usual set theoretic operations ∪ and ∩ can be defined. For A, a finite

point set {Pi} ⊂ IR3 can be found, such that (up to equivalence) A ∈ Br{Pi}.
16
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Similarly, B ∈ Br{Qi} for some finite set of points {Qi} ⊂ IR3. Then up to

equivalence

A ∪B ∈ Br[{Pi} ∪ {Qi}] and A ∩B ∈ Br[{Pi} ∪ {Qi}].

Given a continuous wedge function F (W ), for any {Pi} and any A ∈ Br{Pi} we

define a functional

(3.1) ΨF (A; {Pi}) =
1

2

∑
u+
s (A)F (Ws) −

1

2

∑
u−s (A)F (Ws),

where us(A) are calculated according to the rules of (2.7), both sums are over the

system of wedges associated with {Pi} .

Lemma 1. If F (W ) is additive (both in ν and λ) on every cylinder Cγ , then the

value ΨF (A; {Pi}) does not depend on the choice of {Pi}, as long as A ∈ Br{Pi}
holds. This means that

ΨF (A) ≡ ΨF (A; {Pi}),

consistently defines an additive functional ΨF that lives on U3.

The proof of Lemma 1 follows from the ”stability” of the sums (see (2.7))∑
ν⊂γ

u+
s (A)F (Ws) −

∑
ν⊂γ

u−s (A)F (Ws),

where each sum is over all wedges ws that have ν on the same line γ (the later

contains at least two points from {Pi}). Stability means no dependence on the

presence of ”non-essential” points in {Pi}: a point Pi is ”non-essential” for A if the

bundle of planes through Pi is disjoint from ∂A.

Next we formulate a continuity property of ΨF to be used in the measure construc-

tion below.

Let s1, s2, s3 be three linear segments in IR3, while

s
(n)
i ⊂ si, i = 1, 2, 3

be a sequence of needles which approximates νi in the sense of endpoint convergence:

lim ν
(n)
i = νi, i = 1, 2, 3.

In IE we consider the sets

A = ∩[si] and , An = ∩[s
(n)
i ].

Lemma 2. If a wedge function F is continuous and additive and the functional

ΨF is nonnegative, i.e.

ΨF ≥ 0 on U3,

17
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then the limit of ΨF (An) exists and

lim ΨF (An) = ΨF (A).

Proof. By additivity of ΨF

ΨF (A)−ΨF (An) =
∑
r

ΨF (Br),

where each of the sets Br is necessarily of the form [τ ] ∩ C, with τ = a needle

component of some set differences sk \ s(n)
k , while C ∈ U3. Hence by assumed

nonnegativity of ΨF we have

ΨF ([τ1]∩C) ≤ ΨF ([τ1]∩C) + ΨF ([τ1]∩Cc) = ΨF ([τ1])→ 0, where C = [ν
(n)
1 ]∩[ν

(n)
2 ].

Hence for each r, lim ΨF (Br) = 0 as n→∞ and the lemma is proved.

3.1. Tiling in the elliptical 3-space. The space IE of planes in IR3 is homeo-

morphic to E3 \ N , the three dimensional elliptical space with a point N deleted.

Recall that E3 has the interpretation of the space of diameters of the unit sphere in

IR4. We consider a standard map IE⇒ E3 \N under which the images of bundles

and pencils (a pencil is the set of planes through a line in R3) are the ”planes” and

”lines” in the elliptical geometry of E3

Assume a finite set {Pi} is given in IR3. The corresponding ”planes” produce

a partition of E3 into convex polyhedrons. Except for the cell that contains the

point N , these cells are the images of the atoms of the ring Br{Pi}.To a general

A ∈ Br{Pi} corresponds a union of cells.

Let in IR3 we have a tetrahedron Θ with vertices P1, P2, P3, P4. The number

of atoms in

Br{P1, P2, P3, P4} = Br(Θ)

is seven: an atom of Br(Θ) can be either of 1-3 type (separation of one vertex from

three others) or of 2-2 type (separation of two vertices from two others). The four

bundles

[Pi] = planes through the point Pi, [Pi] ⊂ IE,

split E3 in eight components; each of the eight is a tetrahedron θ ⊂ E3 (each θ is

bounded by four ”planes” in E3). Except for the one which contains N , these θ-s

are images of the atoms of Br(Θ). Those four θ-s which correspond to the atoms

of 1-3 type have a two–dimensional face in common with the cell containing N ,

while those three θ-s which correspond to the atoms of 2-2 type, each have two

one–dimensional edges in common with the letter cell.

18
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Given a tetrahedron θ ⊂ E3 \ N , we write θ ∈ U3 if the IE-image of θ belongs to

U3. In fact θ ∈ U3 occurs whenever among the four planes in IR3 that correspond

to the vertices of θ there are no parallel pairs. So θ ∈ U3 determines a tetrahedron

Θ ⊂ IR3, while θ itself is identified with an atom of Br(Θ).

Assume σ ⊂ E3 \N corresponds to an atom of some Br{Pi}. It is always possible

(“tiling”) to represent σ as a union of pairwise disjoint tetrahedral cells θs ⊂ E3 \N
from the class U3:

σ =
⋃
θs.

It follows that for every A ∈ U3 a representation

(3.2) A =
⋃
As

is valid, where each As ∈ U3 is an atom of some Br(Θs). In terms of the functional

ΨF this rewrites as ΨF (A) =
∑

ΨF (As). Hence the condition

(3.3) ΨF (A) ≥ 0 for any tetrahedron Θ and every atom A ∈ Br(Θ)

guarantees that ΨF (A) ≥ 0 for any A ∈ U3. The actual expression of ΨF (A) in

(3.3) depends on the type (1-3 or 2-2) of the atom A.

3.2. Tetrahedral inequalities. Given a tetrahedron Θ with vertices P1, P2, P3, P4 ⊂
IR3, we denote

]P1[ = the set of planes that separate P1 from P2, P3, P4

]P1, P2[ = the set of planes that separate P1, P2 from P3, P4

In order to explicitly put down ΨF (]P1[) and ΨF (]P1, P2[), we define the following

groups of wedges associated with P1, P2, P3, P4:

I = {w = (ν, V ) : ν is ”lateral”; Θ ∩ V = ∅},

II = {w = (ν, V ) : ν is ”basal”; Θ ⊂ V },

III = {w = (ν, V ) : ν is ”pure”; Θ ∩ V = ∅},

IV = {w = (ν, V ) : ν is ”mixed”; Θ ⊂ V },

where

ν is lateral means that ν = P1, P2, P1, P3 or P1, P4;

ν is basal means that ν = P2, P3, P3, P4 or P4, P1;

ν is pure means that ν = P1, P2 or P3, P4

ν is mixed means that ν = P1, P3 or P1, P4, P2, P3 or P2, P4.

The first kind tetrahedral inequality writes:

(3.4) ΨF (]P1[) =
∑
I

F (ws)−
∑
II

F (ws) ≥ 0.
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The second kind tetrahedral inequality writes:

(3.5) ΨF (]P1, P2[) =
∑
III

F (ws)−
∑
IV

F (ws) ≥ 0.

We came to the following result.

Lemma 3. If a continuous and additive wedge function F satisfies the tetrahe-

dral inequalities (3.4) and (3.5) for any tetrahedron P1, P2, P3, P4 ⊂ IR3 and any

numeration of its vertices, then ΨF the combinatorial valuation is nonnegative on

U3.

3.3. Measure generation. We are now ready to outline the proof of a theorem,

whose role in IE compares with that of the theorem on planar pseudo-metrics proved

in [4]. The continuous and additive wedge functions we consider are “general”, i.e.

they are not supposed to possess any special representation like (2.5).

Theorem 2. Let F be a continuous and additive wedge function that satisfies the

tetrahedral inequalities (3.4) and (3.5) . Then there exists a unique (nonnegative )

measure M in IE whose value on any set A ∈ U3 can be calculated as

M(A) = ΨF (A).

Let F1 be another wedge function possessing the same properties as F , and M1 let

be the corresponding measure in IE. If for some tetrahedron Θ ⊂ IR3 one has

F1(W ) = F (W ) on wedges W = (ν, V ) with endpoints of ν on the edges of Θ,

then the restrictions of M and M1 to the set [Θ] = planes that hit Θ coincide.

Proof. Let Θ = {P1, P2, P3, P4} be a tetrahedron in IR3 with (open) edges νk, k =

1, ..., 6. Given an atom ]Pi, Pj [ of Br{Pi} (a 2-2 tetrahedral set), we choose from

the corresponding collection of “mixed” edges a triad νk, νm, νr. Also, there is

a natural correspondence ]Pi[→ νk, νl, νr where νk, νl, νr are the three edges of Θ

that meet at Pi. So for atoms A ∈ Br(Θ) we get a map

(3.6) A→ (νk, νm, νr).

Now each plane e that hits Θ but avoids any Pi can be described by the points

lk, lm, lr of intersection of e with corresponding νk, νm, νr. For each atom we

consider the usual semi-algebra of subsets of the corresponding product νk×νl×νr
consisting of the products

I1 × I2 × I3 with I1 ⊆ νk, I2 ⊆ νm, I3 ⊆ νr,

where I1, I2, I3 can be open, semi-open or closed intervals. The sets of the type
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[I1]∩[I2]∩[I3] = the image of I1×I2×I3 form a semi-algebra in [Θ]. By (3.6) and

Lemma 3, the valuation ΨF is nonnegative, and so is each value ΨF ([I1]∩[I2]∩[I3]).

By Lemma 2, the latter value can be obtained as a limit of values of ΨF on the

sets belonging to the ”compact class”

{[I1] ∩ [I2] ∩ [I3] : I1, I2, I3 are closed intervals}.

By a standard criterion of measure theory this implies that ΨF is (can be extended

to) a measure MΘ on [Θ], after we additionally put MΘ([Pi]) = 0, i = 1, 2, 3, 4.

The next (and final) step consists in proving that the family of measures MΘ is

consistent: for any tetrahedron Θ1 ⊂ Θ

(3.7) MΘ1 is the restriction of MΘ on the set [Θ1] = {e ∈ IE : e hits Θ1}.

To prove (3.7)) we take three intervals I1, I2, I3 from νk, νl, νr = edges of Θ, and

three intervals J1, J2, J3 from a triad ν′k, ν
′
l , ν
′
r = edges of Θ1. It is enough to show

that for the sets

A1 = [I1] ∩ [I2] ∩ [I3] and A2 = [J1] ∩ [J2] ∩ [J3]

we have

A1 ∩A2 = ∅ implies ΨF (A1 ∩A2) = 0 and

A1 ⊂ A2 implies ΨF (A1 ∩A2) = ΨF (A1).

The last two implications can be seen directly from the algorithm (3.1) as applied

to A1, A2 ∈ Br{Pi}, where {Pi} is the set of endpoints of the intervals I1, I2, I3

and J1, J2, J3.

We note, that this consistency proof implies, that the measure MΘ does not depend

on the map (3.6). Consistency of the measures MΘ implies the existence of some

(unique) measure µ on IE such that MΘ is the restriction of M on the set [Θ].

The second assertion of the theorem follows from our construction of the measure

MΘ and the uniqueness of the measure extension. The proof is complete.

3.4. A uniqueness problem. Assume that we have some wedge function F0(W )

that satisfies the conditions of Theorem 3. Let M(de) be the measure in the space

of planes guaranteed by the Theorem. Using that M(de), we construct the function

F (W ) as given by the integral (2.5). Is it true, that always

F (W ) = F0(W ) ?

In other words, can a measure in the space IE be generated, according to Theorem

2, by two different wedge functions? This seems to be the basic unsolved problem

in the theory of wedge metrics.
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1. Introduction

The �nal purpose of this paper is to derive the existence of a solution to the

Maxwell-Stokes type system.

First, we consider the following quasilinear magneto-static problem:

curl [G(x, curlu)] = f in Ω,(1.1a)

divu = 0 in Ω,(1.1b)

uT = u0
T on Γ,(1.1c)

where Ω is a bounded domain in R3 with a boundary Γ = ∂Ω, uT denotes the

tangent component of u, namely, if we write the unit outer normal vector of the

boundary by n, then uT = (n× u)× n, and u0
T is a given tangential vector �eld,

that is, n · u0
T = 0 on Γ.

This system is interesting in physics, and may be viewed as the stationary version

of the eddy current model, where the relation between the magnetic �eld H and

the magnetic induction B is de�ned by the nonlinear B-H-curve. For the physical

nature of the nonlinear B-H-curve, see Kaltenbacher et al. [14] and Pechstein and

J�utter [19]. The eddy-current problem is a quasi-static approximation at very low

frequency of the Maxwell equation, and the approximation is obtained by neglecting

the displacement current in the Maxwell-Amp�ere law. Here we want to say that the

solvability of (1.1a)-(1.1b) depends on the nonlinearity of a vector function G(x, z),

the boundary conditions and the shape of the domain Ω with special emphasis,

Such system are investigated by many authors, for example, Pan [18], Miranda
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et al. [15, 16], Yin [21, 23], Yin et al. [22]. If a given function f does not satisfy

div f = 0 in Ω, or Ω has holes, then the system (1.1a)-(1.1c) are not nicely posed

problem, so we may introduce an unknown scalar function π to the system, which

may be called a potential.

To overcome such di�culty, we consider the following Maxwell-Stokes type system:

curl [St(x, |curlu|2)curlu] +∇π = f in Ω,(1.2a)

divu = 0 in Ω,(1.2b)

u× n = 0 on Γ,(1.2c)

u · n = g on Γ,(1.2d)

where f and g are given functions, and S(x, t) is a Carath�eodory function on

Ω × [0,∞) satisfying some structure conditions (see section 3). According to the

conditions on a function S(x, t), we can see that the equation (1.2a) contains a

p-curlcurl equation:

curl [|curlu|p−2curlu] +∇π = f in Ω (1 < p <∞).

If we impose the Dirichlet boundary condition to π, then we derived the solvability of

the system (1.2a)-(1.2c) in a multi-connected domain without holes in the author's

previous paper Aramaki [8]. The de Rham theorem used there was rather restrictive

(cf. Aramaki [6]).

However, in the case where Ω has holes, it is necessary to impose the boundary

condition (1.2d) for g satisfying some conditions. For this purpose, we have to derive

a more general de Rham theorem.

In this paper, we do not impose any boundary condition to the potential, and we

derive the existence of solution to the system (1.2a)-(1.2d). To do so, it is necessary

to derive an Lp version of de Rham theorem.

The paper is organized as follows. In section 2, we give an Lp version of the de

Rham theorem which is ushered by an Lp version of the celebrated Ne�cas inequality.

In section 3, we give some preliminaries for the Maxwell-Stokes type system. Section

4 is devoted to the existence theory of a solution to the Maxwell-Stokes system,

using the de Rham theorem given in section 2.

2. A coarse version of the de Rham theorem

In this section, let Ω be a bounded domain which means a bounded, connected

open subset of Rd (d ≥ 2) with a Lipschitz boundary Γ, 1 < q < ∞, and let q′ be

the conjugate exponent i.e., (1/q) + (1/q′) = 1.
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From now on we use Lq(Ω), Wm,q(Ω) (m ≥ 0, integer), W s,q(Γ) (s ∈ R), and so

on, for the standard real Lq and Sobolev spaces of real valued functions. For any

real Banach space B, we denote Bd by boldface character B. Hereafter, we use this

character to denote vector and vector-valued functions, and we denote the standard

inner product of vectors a and b in Rd by a · b. Moreover, for the dual space B′,

we denote the duality bracket between B′ and B by 〈·, ·〉B′,B.
We consider a coarse version of the de Rham theorem. In order to do so, we �rst

state the Ne�cas inequality which takes an important role for the proof of a coarse

version of the de Rham theorem.

Theorem 2.1 (Ne�cas inequality). Let Ω is a bounded domain of Rd with a Lipschitz
boundary Γ and 1 < q <∞. Then the set

{π ∈W−1,q(Ω);∇π ∈W−1,q(Ω)}

is equal to Lq(Ω), and there exists a constant C > 0 depending only on q and Ω

such that

‖π‖Lq(Ω) ≤ C(‖π‖W−1,q(Ω) + ‖∇π‖W−1.q(Ω)).

For the proof, see Theorem IV.1.1 for q = 2 and Remark IV.1.1 for general

1 < q <∞ in Boyer and Fabrie [10].

The Ne�cas inequality now allow the following Poincar�e type inequality for the

function of Lq(Ω).

Proposition 2.1. Let Ω be a bounded domain of Rd with a Lipschitz boundary Γ

and let 1 < q <∞. Then there exists a constant C > 0 depending only on q and Ω

such that

‖π‖W−1,q(Ω) ≤ C
(

1

|Ω|

∣∣∣∣∫
Ω

πdx

∣∣∣∣+ ‖∇π‖W−1,q(Ω)

)
for all π ∈ Lq(Ω),

where |Ω| denotes the volume of Ω.

Proof. Assume that the conclusion is false. Then there exists {πn}∞n=1 ⊂ Lq(Ω)

such that

‖πn‖W−1,q(Ω) ≥ n
(

1

|Ω|

∣∣∣∣∫
Ω

πndx

∣∣∣∣+ ‖∇πn‖W−1,q(Ω)

)
.

By homogeneity, we may assume that ‖πn‖W−1,q(Ω) = 1. From Ne�cas inequality

(Theorem 2.1), we can deduce that {πn} is bounded in Lq(Ω). Passing to a subsequence,

we may assume that πn → π weakly in Lq(Ω). Since the embedding W 1,q′

0 (Ω) ↪→
Lq
′
(Ω) is compact and dense, we can see the embedding Lq(Ω) ↪→W−1,q(Ω) is also

compact. Therefore, πn → π strongly in W−1,q(Ω). Since ‖∇πn‖W−1,q(Ω) → 0 as
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n→∞, we obtain ∇π = 0 in the distribution sense and therefore π = c = const. .

However, we also have
1

|Ω|

∣∣∣∣∫
Ω

πndx

∣∣∣∣ ≤ 1

n
.

Since πn → π = c weakly in Lq(Ω), we obtain c = 0, so π = 0. On the other hand,

since ‖π‖W−1,q(Ω) = limn→∞ ‖πn‖W−1,q(Ω) = 1, this leads to a contradiction. �

Next we derive that the gradient operator from Lq(Ω) to W−1,q(Ω) has a closed

range.

Proposition 2.2. Let Ω be a bounded domain of Rd with a Lipschitz boundary Γ

and 1 < q < ∞. Then the gradient operator grad = ∇ : Lq(Ω) →W−1.q(Ω) has a

closed range in W−1,q(Ω).

Proof. Let πn ∈ Lq(Ω) and ∇πn → f in W−1,q(Ω) as n → ∞. Then we may

assume that
∫

Ω
πndx = 0 for all n ∈ N. By Ne�cas inequality, we have

‖πn − πm‖Lq(Ω) ≤ C(‖πn − πm‖W−1,q(Ω) + ‖∇(πn − πm)‖W−1,q(Ω)).

However, it follows from Proposition 2.1 that we have

‖πn − πm‖W−1,q(Ω) ≤ C‖∇(πn − πm)‖W−1,q(Ω)).

Thus we obtain

‖πn − πm‖Lq(Ω) ≤ C1‖∇(πn − πm)‖W−1,q(Ω)).

Since ∇πn → f in W−1.q(Ω), {πn} is a Cauchy sequence in Lq(Ω). Therefore, there

exists π ∈ Lq(Ω) such that πn → π in Lq(Ω). So we have f = ∇π ∈ ∇(Lq(Ω)). �

We are in a position to state a coarse version of the de Rham theorem.

Theorem 2.2 (A coarse version of the de Rham theorem). Let Ω be a bounded

domain of Rd with a Lipschitz boundary Γ, 1 < q < ∞ and let h ∈W−1,q′(Ω). If

h satis�es

(2.1) 〈h,v〉W−1,q′ (Ω),W 1,q
0 (Ω) = 0

for all v ∈W 1,q
0 (Ω) satisfying div v = 0 in Ω,

then there exists a function π ∈ Lq
′

0 (Ω) :=
{
q ∈ Lq′(Ω);

∫
Ω
qdx = 0

}
such that

(2.2) h = ∇π in Ω.

Conversely, if (2.2) holds, then clearly (2.1) holds.

Proof. In general, for any subset A of a normed linear space X, de�ne

A⊥ = {f ∈ X ′; 〈f, x〉X′,X = 0 for all x ∈ A},
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and for any subset A′ of the dual space X ′, de�ne

⊥(A′) = {x ∈ X; 〈f, x〉X′,X = 0 for all f ∈ A′}.

It is well known that if A is a closed subspace of X, then it holds that ⊥(A⊥) = A

(cf. Taylor and Lay [20, p. 164]).

De�ne X = W−1,q′(Ω) and

Y q′(Ω) = {∇π : π ∈ Lq
′
(Ω)}.

Then it follows from Proposition 2.2 that Y q′(Ω) is a closed subspace of X =

W−1,q′(Ω), so

(2.3) ⊥(Y q′(Ω)⊥) = Y q′(Ω).

If we de�ne

Zq(Ω) = {v ∈W 1,q
0 (Ω); div v = 0 in Ω},

then Zq(Ω) is a closed subspace of X ′ = W−1,q′(Ω)′ = W 1,q
0 (Ω). The theorem

clearly means that

(2.4) ⊥Zq(Ω) ⊂ Y q′(Ω).

To derive (2.4), it su�ces to show that Y q′(Ω)⊥ ⊂ Zq(Ω) since (2.3) holds. Assume

that v ∈ Y q′(Ω)⊥ ⊂ X ′ = W 1,q
0 (Ω). Then for any π ∈ Lq′(Ω),

−
∫

Ω

πdiv vdx = 〈∇π,v〉W−1,q′ (Ω),W 1,q
0 (Ω) = 0.

This implies that

〈div v, π〉D′(Ω),D(Ω) = 0 for all π ∈ D(Ω),

where D(Ω) is the space of C∞ functions with compact supports in Ω, and D′(Ω) is

the space of distributions in Ω. Therefore, div v = 0 in D′(Ω). Since div v ∈ Lq(Ω),

we obtain that div v = 0 in Lq(Ω), so v ∈ Zq(Ω). �

Remark 2.1. To tell the truth, the Ne�cas inequality (Theorem 2.1), Proposition

2.1 and a coarse version of the de Rham theorem (Theorem 2.2) are equivalent. For

this facts, see Amrouche et al. [4] for q = 2, and see [6] for genaral 1 < q <∞

3. Preliminaries for the Maxwell-Stokes type problem

In this section, we give preliminaries for the Maxwell-Stokes type problem as an

application of a coarse version of the de Rham theorem (Theorem 2.2). To do so, we

assume that Ω is a bounded domain (connected open subset) of R3 with a Lipschitz

boundary Γ satisfying the following conditions as in Amrouche and Seloula [2] (cf.

Amrouche and Seloula [3] and Girault and Raviart [13]).

Assume that Ω is locally situated on one side of Γ. In addition,
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(O1) Γ has a �nite number of connected components Γ0,Γ1, . . . ,ΓI with Γ0

denoting the boundary of the in�nite connected component of R3 \ Ω.

(O2) There exist J connected open surfaces Σj , (j = 1, . . . , J), called cuts,

contained in Ω such that

(a) Σj is an open subset of a smooth manifoldMj .

(b) ∂Σj ⊂ Γ (j = 1, . . . , J), where ∂Σj denotes the boundary of Σj , and

Σj is non-tangential to Γ.

(c) Σj ∩ Σk = ∅ (j 6= k).

(d) The open set Ω̇ = Ω \ (∪Jj=1Σj) is simply connected and of Lipschitz

class.

The number J is called the �rst Betti number which is equal to the number of

handles of Ω, and I is called the second Betti number which is equal to the number

of holes. We say that if J = 0, Ω is simply connected, and if I = 0, Ω has no holes.

De�ne two spaces by

KpN (Ω) = {v ∈ Lp(Ω); div v = 0, curlv = 0 in Ω,v × n = 0 on Γ},

KpT (Ω) = {v ∈ Lp(Ω); div v = 0, curlv = 0 in Ω,v · n = 0 on Γ}.

Then it is well known that dimKpT (Ω) = J and dimKpN (Ω) = I.

We assume that a Carath�eodory function S(x, t) satis�es the following conditions:

There exist 1 < p < ∞ and positive constants 0 < λ ≤ Λ < ∞ such that for a.e.

x ∈ Ω, S(x, ·) ∈ C2((0,∞))∩C0([0,∞)) as a function of t, and S(x, t) satis�es that

S(x, 0) = 0 and λt(p−2)/2 ≤ St(x, t) ≤ Λt(p−2)/2 for t > 0.(3.1a)

λt(p−2)/2 ≤ St(x, t) + 2tStt(x, t) ≤ Λt(p−2)/2 for t > 0.(3.1b)

If 1 < p < 2, Stt(x, t) < 0, and if p ≥ 2, Stt(x, t) ≥ 0 for t > 0.(3.1c)

Here St = ∂S/∂t, Stt = ∂2S/∂t2. We note that from (3.1a), we have

(3.2)
2

p
λtp/2 ≤ S(x, t) ≤ 2

p
Λtp/2 for t ≥ 0 and a.e. x ∈ Ω.

Example 3.1. If S(x, t) = ν(x)tp/2, where ν is a measurable function in Ω and

satis�es 0 < ν∗ ≤ ν(x) ≤ ν∗ <∞, then it follows from elementary calculations that

(3.1a)-(3.1c) hold.

We have the following lemma with respect to the monotonicity of St.

Lemma 3.1. There exists a constant c > 0 such that for all a, b ∈ R3,(
St(x, |a|2)a− St(x, |b|2)b

)
· (a− b)

≥
{
c|a− b|p if p ≥ 2,
c(|a|+ |b|)p−2|a− b|2 if 1 < p < 2.
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In particular, St is strictly monotone, that is,(
St(x, |a|2)a− St(x, |b|2)b

)
· (a− b) > 0 if a 6= b.

For the proof, see Aramaki [7, Lemma 3.5].

Next, we show that S(x, |a|2) is strictly convex with respect to a ∈ R3.

Lemma 3.2. For a.e. x ∈ Ω, S(x, |a|2) is strictly convex with respect to a ∈ R3,

that is, for a, b ∈ R3 and 0 ≤ θ ≤ 1,

(3.3) S(x, |θa + (1− θ)b|2) ≤ θS(x, |a|2) + (1− θ)S(x, |b|2),

and in particular, if a 6= b and 0 < θ < 1, then we have

(3.4) S(x, |θa + (1− θ)b|2) < θS(x, |a|2) + (1− θ)S(x, |b|2).

Proof. For brevity of notation, we put F (x, t) = S(x, t2). Since

Ft(x, t) = 2tSt(x, t
2) ≥ 2λtp−1 > 0 a.e. x ∈ Ω and t > 0

from (3.1a), and

Ftt(x, t) = 2(St(x, t
2) + 2t2Stt(x, t

2)) ≥ 2λtp−2 > 0 a.e. x ∈ Ω and t > 0

from (3.1b), we see that for a.e. x ∈ Ω, F (x, t) is strictly increasing and strictly

convex as a function ot t ∈ [0,∞). Therefore, for a.e. x ∈ Ω, a, b ∈ R3 and 0 ≤ θ ≤ 1,

we have

F (x, |θa + (1− θ)b|) ≤ F (x, θ|a|+ (1− θ)|b|) ≤ θF (x, |a|) + (1− θ)F (x, |b|).

Thus F (x, |a|) = S(x, |a|2) is a convex function of a ∈ R3.

Let a 6= b and 0 < θ < 1, Without loss of generality, we may assume a 6= 0. If

|θa + (1− θ)b| < θ|a|+ (1− θ)|b|, then we have

F (x, |θa + (1− θ)b|) < F (x, θ|a|+ (1− θ)|b|) ≤ θF (x, |a|) + (1− θ)F (x, |b|).

If |θa + (1 − θ)b| = θ|a| + (1 − θ)|b|, then this implies that a · b = |a||b|. By the

Schwarz inequality, a and b are linearly dependent, so we can write b = ca, where

c ≥ 0 and c 6= 1. This implies |a| 6= |b|. Thus it follow from the strict convexity of

F (x, t) as a function ot t that

F (x, |θa + (1− θ)b|) = F (x, θ|a|+ (1− θ)|b|) < θF (x, |a|) + (1− θ)F (x, |b|).

�
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4. Existence of a solution to the Maxwell-Stokes type system

In this section, we derive the existence of a solution to the Maxwell-Stokes type

system. Let Ω be a bounded domain in R3 satisfying (O1) and (O2), 1 < p < ∞
and let a Carath�eodory function S(x, t) satisfy (3.1a)-(3.1c).

We consider the following Maxwell-Stokes type problem: for given f and g, �nd

(u, π) such that

curl [St(x, |curlu|2)curlu] +∇π = f in Ω,(4.1a)

divu = 0 in Ω,(4.1b)

u = gn on Γ.(4.1c)

De�ne a space

Vp(Ω) = {v ∈W 1,p(Ω); div v = 0 in Ω,v × n = 0 on Γ,

〈v · n, 1〉Γi
= 0 for i = 1, . . . , I}.

Then we can see that Vp(Ω) is a separable, re�exive Banach space equipped with

the semi-norm

(4.2) ‖v‖Vp(Ω) = ‖curlv‖Lp(Ω).

By [3, p. 40], since we have

‖v‖W 1,p(Ω) ≤ C(p,Ω)‖curlv‖Lp(Ω) for all v ∈ Vp(Ω),

the de�nition (4.2) is, in fact, the norm and ‖v‖Vp(Ω) and ‖v‖W 1,p(Ω) are equivalent

(cf. [15, 16]).

Assume that a given function f satis�es that f ∈ Vp(Ω)′ ∩W−1,p′(Ω), where p′

denotes the conjugate exponent of p, and

f
∣∣
Vp(Ω)∩W 1,p

0 (Ω)
in W−1,p′(Ω) = f

∣∣
Vp(Ω)∩W 1,p

0 (Ω)
in Vp(Ω)′,

that is,

(4.3) 〈f ,v〉Vp(Ω)′,Vp(Ω) = 〈f ,v〉W−1,p′ (Ω)′,W 1,p
0 (Ω)

for all v ∈ Vp(Ω) ∩W 1,p
0 (Ω).

Moreover, we assume that g ∈W 1−1/p,p(Γ) and satis�es that

(4.4)

∫
Γi

gdσ = 0 for every i = 0, 1, . . . , I,

where dσ denotes the surface area of Γ. We de�ne a space

Up
g (Ω) = {v ∈W 1,p(Ω); div v = 0 in Ω,v = gn on Γ}.
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If v ∈ Up
g (Ω), then v × n = 0 and 〈v · n, 1〉Γi

=
∫

Γi
gdσ = 0, and so we can easily

see that Up
g (Ω) is a closed, convex subset of Vp(Ω). If we put g = gn on Γ, then

from (4.4), we have ∫
Γ

g · ndσ =

∫
Γ

gdσ =

I∑
i=0

∫
Γi

gdσ = 0.

Therefore, it follows from Amrouche and Girault [1, Lemma 3.3] that there exists

v ∈W 1,p(Ω) such that div v = 0 in Ω and v = g = gn on Γ. Thus v ∈ Up
g (Ω), so

Up
g (Ω) is a non-empty set. Since Up

g (Ω) is a closed and convex subset of Vp(Ω), we

can see that Up
g (Ω) is sequentially weakly closed subset of Vp(Ω) (cf. Ciarlet [12,

Theorem 5.13-1]).

We are in a position to state a main theorem.

Theorem 4.1. Assume that Ω is a bounded domain of R3 with a Lipschitz boundary

Γ and satis�es (O1) and (O2), 1 < p < ∞ and a Carath�eodory function S(x, t)

satis�es (3.1a)-(3.1c). Moreover, assume that f ∈ Vp(Ω)′ ∩W−1,p′(Ω) satis�es

(4.3) and g ∈ W 1−1/p,p(Γ) satis�es (4.4). Then the Maxwell-Stokes type system

(4.1a)-(4.1c) has a unique weak solution (u, π) ∈ W 1,p(Ω) × Lp′(Ω)/R, and there

exists a constant C > 0 dependent only on p and Ω such that

(4.5) ‖u‖pW 1,p(Ω) + ‖π‖p
′

Lp′ (Ω)/R

≤ C(‖f‖p
′

W−1,p′ (Ω)
+ ‖f‖p

′

Vp(Ω)′ + ‖g‖p
W 1−1/p,p(Γ)

).

Proof. We prove this theorem using the direct method of calculus of variation

and using a coarse version of the de Rham theorem. In order to do so, we consider

a functional

(4.6) J [v] =
1

2

∫
Ω

S(x, |curlv|2)dx− 〈f ,v〉Vp(Ω)′,Vp(Ω) for v ∈ Up
g (Ω).

Step 1. J has a unique minimizer u ∈ Up
g (Ω), that is,

J(u) = inf
v∈Up

g (Ω)
J(v).

From (3.2), the duality and the Young inequality, for any ε > 0, there exists a

constant C(ε) > 0 such that for all v ∈ Up
g (Ω),

J [v] ≥ λ

p
‖curlv‖pLp(Ω) − ‖f‖Vp(Ω)′‖v‖Vp(Ω)

≥ λ

p
‖v‖pVp(Ω) − C(ε)‖f‖p

′

Vp(Ω)′ − ε‖v‖
p
Vp(Ω).

If we put ε = λ/2p, we have

(4.7) J [v] ≥ λ

2p
‖v‖pVp(Ω) − C‖f‖

p′

Vp(Ω)′ > −∞ for v ∈ Up
g (Ω).
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Thus we see that J is coercive on Up
g (Ω).

Next we show that J : Up
g (Ω)→ R is sequentially weakly lower semi-continuous.

Let vj → v weakly in Vp(Ω). Since curl : Vp(Ω) → Lp(Ω) is linear and bounded,

it is clear that curlvj → curlv weakly in Lp(Ω).

Then it follows from Aramaki [5] that∫
Ω

S(x, |curlv|2)dx ≤ lim inf
j→∞

∫
Ω

S(x, |curlvj |2)dx.

On the other hand, since f ∈ Vp(Ω)′ and vj → v weakly in Vp(Ω), we have

〈f ,v〉Vp(Ω)′,Vp(Ω) = lim
j→∞
〈f ,vj〉Vp(Ω)′,Vp(Ω).

Thus we have

J(v) ≤ lim inf
j→∞

J(vj),

that is, J : Up
g (Ω)→ R is sequentially weakly lower semi-continuous. Therefore, J

has a minimizer u ∈ Up
g (Ω). See, for example, Ciarlet [12, Theorem 9.3-1].

Using (3.3), we can easily see that J is a convex functional on Up
g (Ω). Moreover,

since ‖v‖Vp(Ω) and ‖v‖W 1,p(Ω) are equivalent for v ∈ Vp(Ω), it follows that if u 6= v

in Up
g (Ω), then curlu 6= curlv in Lp(Ω). From Lemma 3.2, we see that J is strictly

convex on Up
g (Ω). Thus the minimizer is unique.

Step 2. Let u ∈ Up
g (Ω) be a unique minimizer of J on Up

g (Ω). For any

w ∈ Zp(Ω) = {v ∈W 1,p
0 (Ω); div v = 0 in Ω},

we have u + τw ∈ Up
g (Ω) for all τ ∈ R, and so J(u) ≤ J(u + τw). By the Euler-

Lagrange equation and assumption (4.3), we have

0 =
d

dτ
J [u + τw]

∣∣∣∣
τ=0

=

∫
Ω

St(x, |curlu|2)curlu · curlwdx− 〈f ,w〉Vp(Ω)′,Vp(Ω)

=

∫
Ω

St(x, |curlu|2)curlu · curlwdx− 〈f ,w〉W−1,p′ (Ω)′,W 1,p
0 (Ω).

From a coarse version of the de Rham theorem (Theorem 2.2), we can derive that

there exists a function π ∈ Lp
′

0 (Ω) such that

(4.8) curl [St(x, |curlu|2)curlu] +∇π = f in W−1.p′(Ω).

Thus (u, π) is a solution of the system (4.1a)-(4.1c).

Step 3. We show the uniqueness of a solution of (4.1a)-(4.1c). Let (u1, π1), (u2, π2) ∈
W 1,p(Ω)×Lp′(Ω)/R be two solutions of (4.1a)-(4.1c). Since ui·n = g and ui×n = 0

for i = 1, 2, we see that u1 − u2 = 0 on Γ, so we have u1 − u2 ∈ Zp(Ω). Thus we
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have

〈∇πi,u1 − u2〉W−1,p′ (Ω),W 1,p
0 (Ω) = 0 for i = 1, 2.

Therefore, if we take the inner product of (4.1a) and u1 − u2, and then integrate

over Ω, we have∫
Ω

(
St(x, |curlu1|2)curlu1

− St(x, |curlu2|2)curlu2

)
· curl (u1 − u2)dx = 0.

From this equality and the strictly monotonicity of St (Lemma 3.1), we have

curlu1 = curlu2 in Ω. This implies u1 = u2. From (4.1a), we have ∇π1 = ∇π2 in

W−1,p′(Ω), so in the distribution sense. Since Ω is connected, we have π1 − π2 is

equal to a constant, so π1 = π2 in Lp
′
(Ω)/R.

Step 4. We derive the estimate (4.5). Let u ∈ Up
g (Ω) be the minimizer of J .

Then for any v ∈ Up
g (Ω) and for 0 < θ < 1, since

J(u) ≤ J((1− θ)u + θv) = J(u + θ(v − u)),

we have

0 ≤ d

dθ
J(u + θ(v − u))

∣∣
θ=0+

=

∫
Ω

St(x, |curlu|2)curlu · curl (v − u)dx− 〈f ,v − u〉Vp(Ω)′,Vp(Ω).

Therefore, we have

(4.9)

∫
Ω

St(x, |curlu|2)curlu · curludx− 〈f ,u〉Vp(Ω)′,Vp(Ω)

≤
∫

Ω

St(x, |curlu|2)curlu · curlvdx− 〈f ,v〉Vp(Ω)′,Vp(Ω)

for all v ∈ Up
g (Ω). If we put g = gn ∈W 1−1/p,p(Γ), it follows from [1, Lemma 3.3]

that there exists v ∈W 1,p(Ω) such that div v = 0 in Ω and v = g = gn on Γ, so

v ∈ Up
g (Ω), and there exists a constant C > 0 dependent only on p and Ω such that

inf
w∈Zp(Ω)

‖v + w‖W 1,p(Ω) ≤ ‖g‖W 1−1/p,p(Γ).

Here we can easily show that infw∈Zp(Ω) ‖v + w‖W 1,p(Ω) is achieved. Hence there

exists v0 ∈ Up
g (Ω), and there exists a constant C > 0 depending only on p and Ω

such that

(4.10) ‖v0‖W 1,p(Ω) ≤ C‖g‖W 1−1/p,p(Ω).
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We estimate (4.9) with v = v0. From (3.1a), for any ε > 0, there exists a constant

C(ε) > 0 such that∫
Ω

St(x, |curlu|2)curlu · curludx− 〈f ,u〉Vp(Ω)′,Vp(Ω)

≥ λ
∫

Ω

|curlu|pdx− ‖f‖Vp(Ω)′‖u‖Vp(Ω)

≥ λ‖u‖pVp(Ω) − C(ε)‖f‖p
′

Vp(Ω)′ − ε‖u‖
p
Vp(Ω).

On the other hand, using (3.1a), H�older inequality and (4.10), we have∫
Ω

St(x, |curlu|2)curlu · curlv0dx− 〈f ,v0〉Vp(Ω)′,Vp(Ω)

≤ Λ

∫
Ω

|curlu|p−1|curlv0|dx+ C‖f‖Vp(Ω)′‖v0‖W 1,p(Ω)

≤ Λ‖u‖p−1
Vp(Ω)‖curlv0‖Lp(Ω) + C‖f‖p

′

Vp(Ω)′ + C‖v0‖pVp(Ω)

≤ ε‖u‖pVp(Ω) + C(ε)‖v0‖pW 1,p(Ω) + C‖f‖p
′

Vp(Ω)′

≤ ε‖u‖pVp(Ω) + C1(ε)‖g‖p
W 1−1/p,p(Γ)

+ C‖f‖p
′

Vp(Ω)′ .

Therefore, if we choose ε > 0 small enough, then there exists a constant C > 0

depending only on p and Ω such that

(4.11) ‖u‖pVp(Ω) ≤ C(‖f‖p
′

Vp(Ω)′ + ‖g‖p
W 1−1/p,p(Γ)

).

Since Lp
′
(Ω) ⊂ W−1,p′(Ω), taking the Ne�cas inequality (Theorem 2.1 and the

Poincar�e inequality (Proposition 2.1) into consideration, we have

‖π‖Lp′ (Ω) ≤ C(‖π‖W−1,p′ (Ω) + ‖∇π‖W−1,p′ (Ω))

≤ C1

(
1

|Ω|

∣∣∣∣∫
Ω

πdx

∣∣∣∣+ ‖∇π‖W−1,p′ (Ω)

)
for all π ∈ Lp

′
(Ω). Since curl [St(x, |curlu|2)curlu] + ∇π = f in W−1,p′(Ω), we

have

‖π‖Lp′ (Ω)/R ≤
∥∥∥∥π − ∫

Ω

πdx

∥∥∥∥
Lp′ (Ω)

≤ C‖f‖W−1,p′ (Ω) + ‖curl [St(x, |curlu|2)curlu]‖W−1,p′ (Ω).

Here, if we note that for all v ∈W 1,p
0 (Ω),

|〈curl [St(x, |curlu|2)curlu],v〉W−1,p′ (Ω),W 1,p
0 (Ω)|

=

∣∣∣∣∫
Ω

St(x, |curlu|2)curlu · curlvdx

∣∣∣∣
≤ C‖u‖p−1

Vp(Ω‖v‖W 1,p(Ω),
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then we obtain

‖curl [St(x, |curlu|2)curlu]‖W−1,p′ (Ω) ≤ C‖u‖
p−1
Vp(Ω).

Thus we have

(4.12) ‖π‖p
′

Lp′ (Ω)/R ≤ C(‖f‖p
′

W−1,p′ (Ω)
+ ‖u‖pVp(Ω))

≤ C(‖f‖p
′

Vp(Ω)′ + ‖f‖p
′

W−1,p′ (Ω)
+ ‖u‖pVp(Ω).

Summing (4.11) and (4.12), we get the estimate (4.5). �

Remark 4.1. When p = 2 and S(x, t) = t, the equation (4.1a) reduces to the

Stokes equation

−∆u +∇π = F .

For such the Stokes system, there exist many articles, for example, see Cattabriga

[11] and Amrouche and Girault [1] and the references therein.

As a concluding remark, we are sure of a potential application of the developed

theory of this paper for solving more general Maxwell problem in Lp setting, in

particlualr for inclusion and evolutionary variational inequalities (obstacle problems),

and mention recent results in this direction: Azevedo et al. [9], Yousept [24, 25] and

Miranda et al. [17].

Acknowledgment. We would like to thank the anonymous referee for his or
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1. Ââåäåíèå

Åñëè äâàæäû ôîðìàëüíî èíòåãðèðîâàòü òðèãîíîìåòðè÷åñêèé ðÿä

(1.1)
a0

2
+

∞∑
n=1

(an cosnx+ bn sinnx) =:

∞∑
n=0

An(x),

ñ êîýôôèöèåíòàìè ñòðåìÿùèìèñÿ ê íóëþ, òî ïîëó÷èòñÿ ðàâíîìåðíî ñõîäÿøèéñÿ

ðÿä ñ ñóììîé

(1.2) F (x) := Ax+B +
a0x

2

4
−
∞∑

n=1

An(x)

n2
.

Îáîçíà÷èì

(1.3) S(x, h) :=
F (x+ h) + F (x− h)− 2F (x)

h2
,

è

S∗(x) := sup
h>0
|S(x, h)|.

Âûðàæåíèÿ S(x, h), h > 0, íàçûâàþò ñóììàìè Ðèìàíà ðÿäà (1.1), à S∗(x)-ìàæîðàíòîé

Ðèìàíà ýòîãî ðÿäà. Èçâåñòíî, ÷òî

(1.4) S(x, h) =
a0

2
+

∞∑
n=1

An(x)

(
sin nh

2
nh
2

)2

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÃÊÍÌÎÍÈÑ ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà
18T�1A074
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è åñëè ðÿä (1.1) â òî÷êå x ñõîäèòñÿ (ñì. [1] ñòð. 187), òî

lim
h→0

S(x, h) =

∞∑
n=0

An(x),

à âîîáùå, åñëè ñóùåñòâóåò limh→0 S(x, h) = S, òî ãîâîðÿò, ÷òî ðÿä (1.1) â òî÷êå

x ìåòîäîì Ðèìàíà ñóììèðóåòñÿ ê çíà÷åíèþ S.

Â òåîðèè òðèãîíîìåòðè÷åñêèõ ðÿäîâ õîðîøî èçâåñòíà (ñì. [2], à òàêæå [1] ñòð.

191)

Òåîðåìà Êàíòîðà. Åñëè ðÿä (1.1) âñþäó ñõîäèòñÿ ê íóëþ, òî âñå êîýôôè-

öèåíòû ýòîãî ðÿäà ðàâíû íóëþ.

Íà ñàìîì äåëå äîêàçûâàåòñÿ, ÷òî åñëè ðÿä (1.1) ìåòîäîì Ðèìàíà âñþäó ñóì-

ìèðóåòñÿ ê íóëþ, òî âñå êîýôôèöèåíòû ýòîãî ðÿäà ðàâíû íóëþ. Â äàëüíåéøèõ

óñèëåíèÿõ è îáîáùåíèÿõ òåîðåìû Êàíòîðà ïðèñóòñòâîâàëà ñõîäèìîñòü èëè ñóì-

ìèðóåìîñòü âñþäó èëè âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî ñ÷åòíîãî ìíîæå-

ñòâà. Ýòî îïðàâäûâàåòñÿ òåì, ÷òî èìååò ìåñòî (ñì. [3], à òàêæå [1] ñòð. 804)

Òåîðåìà Ìåíüøîâà. Ñóùåñòâóåò òðèãîíîìåòðè÷åñêèé ðÿä, êîòîðûé ïî-

÷òè âñþäó ñõîäèòñÿ ê íóëþ, îäíàêî íå âñå êîýôôèöèåíòû ýòîãî ðÿäà ðàâíû

íóëþ.

Ñëåäîâàòåëüíî, äëÿ ïîëó÷åíèÿ òåîðåì î ïî÷òè âñþäó ñõîäÿùèõñÿ ðÿäîâ, íóæ-

íû äîïîëíèòåëüíûå óñëîâèÿ íà ðÿä. Â ýòîì íàïðàâëåíèè ïåðâûå ðåçóëüòàòû ïî-

ëó÷åíû â ðàáîòàõ [4]-[6]. Â ýòèõ ðàáîòàõ â êà÷åñòâå äîïîëíèòåëüíûõ óñëîâèé

âûñòóïàþò óñëîâèÿ íà ôóíêöèè ðàñïðåäåëåíèÿ ìàæîðàíò Àáåëüÿ è Ðèìàíà.

Çäåñü ìû äîêàæåì ñëåäóþùèå òåîðåìû.

Òåîðåìà 1.1. Ïóñòü äëÿ ðÿäà (1.1) âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî

ñ÷åòíîãî ìíîæåñòâà B âûïîëíÿåòñÿ

(1.5) S∗(x) <∞, êîãäà x 6∈ B,

è ñóììû S(x, h) ïî ìåðå ñõîäÿòñÿ ê íóëþ, êîãäà h→ 0. Òîãäà âñå êîýôôèöèåíòû

ýòîãî ðÿäà ðàâíû íóëþ.

Òåîðåìà 1.2. Ïóñòü äëÿ ðÿäà (1.1) âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî

ñ÷åòíîãî ìíîæåñòâà B âûïîëíÿåòñÿ (1.5) è ñóììû S(x, h) ïî ìåðå ñõîäÿòñÿ

ê íåêîòîðîé îãðàíè÷åííîé ôóíêöèè f , êîãäà h → 0. Òîãäà ðÿä (1.1) ÿâëÿåòñÿ

ðÿäîì Ôóðüå ôóíêöèè f .

Ó÷èòûâàÿ ðåãóëÿðíîñòü ìåòîäà ñóììèðîâàíèÿ Ðèìàíà, èç òåîðåì 1.1, 1.2 ïî-

ëó÷èì ñëåäóþùèå òåîðåìû.
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Òåîðåìà 1.3. Ïóñòü äëÿ ðÿäà (1.1) âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî

ñ÷åòíîãî ìíîæåñòâà B âûïîëíÿåòñÿ

(1.6) sup
N

∣∣∣∣∣
N∑

n=0

An(x)

∣∣∣∣∣ <∞, êîãäà x 6∈ B,

è limN→∞
∑N

n=0An(x) = 0 ïî ìåðå. Òîãäà âñå êîýôôèöèåíòû ýòîãî ðÿäà ðàâíû

íóëþ.

Òåîðåìà 1.4. Ïóñòü äëÿ ðÿäà (1.1) âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî

ñ÷åòíîãî ìíîæåñòâà B âûïîëíÿåòñÿ (1.6) è

lim
N→∞

N∑
n=0

An(x) = f(x) ïî ìåðå,

ãäå f -íåêîðîðàÿ îãðàíè÷åííàÿ ôóíêöèÿ. Òîãäà ðÿä (1.1) ÿâëÿåòñÿ ðÿäîì Ôóðüå

ôóíêöèè f .

2. Íåêîòîðûå âñïîìîãàòåëüíûå ëåììû

Ïóñòü

(2.1) ϕ(x) := (1− |x|)+, ãäå t+ = max(t, 0), è ϕh(x) :=
1

h
ϕ
(x
h

)
, h > 0.

Íåòðóäíî ïðîâåðèòü, ÷òî

(2.2) S(x, h) =

∞∑
n=0

(An ∗ ϕh)(x) =

∞∑
n=0

∫ x+h

x−h
An(t)ϕh(x− t)dt.

Íàïîìíèì, ÷òî ðàçäåëåííàÿ ðàçíîñòü âòîðîãî ïîðÿäêà ôóíêöèè g ïî ðàçëè÷íûì

ìåæäó ñîáîé óçëàì x1, x2, x3 îïðåäåëÿåòñÿ ôîðìóëîé

[x1, x2, x3]g :=
g(x1)

(x1 − x2)(x1 − x3)
+

g(x2)

(x2 − x1)(x2 − x3)
+

g(x3)

(x3 − x1)(x3 − x1)
.

Íåòðóäíî ïðîâåðèòü, ¸òî

2[x− h, x, x+ h]F = S(x, h).

Ïðîñòûìè âû÷èñëåíèÿìè ïîëó÷àåòñÿ ñëåäóþùàÿ ëåììà (ñì. [5] ëåììà 1)

Ëåììà 2.1. Ïðè ëþáûõ x1 < x2 < x3 èìååò ìåñòî

2[x1, x2, x3]F =

∞∑
n=0

∫ x3

x1

An(t)ϕx1x2x3
(t)dt,

ãäå

ϕx1x2x3
(t) :=


2

x3−x1
, êîãäà t = x2,

0, êîãäà t 6∈ (x1, x3),
ëèíåéíàÿ íà îòðåçêàõ [x1, x2] è [x2, x3].
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Íàì ïðèãîäèòñÿ ñëåäóþùàÿ ëåììà, àíîíñèðîâàííàÿ â ðàáîòå [7] è äîêàçàííàÿ

â ðàáîòå [6]. ×àñòíûé ñëó÷àé ýòîé ëåììû áûë äîêàçàí â ðàáîòå [5].

Ïóñòü òî÷êè x
(1)
j < x

(2)
j < x

(3)
j , j = 1, 2, ..., n, ïðèíàäëåæàò îòðåçêó [a, b] è

ϕj(x) =


1, êîãäà x = x

(2)
j ,

0, êîãäà x 6∈ (x
(1)
j , x

(3)
j ),

âûïóêëàÿ íà îòðåçêàõ [x
(1)
j , x

(2)
j ] è [x

(2)
j , x

(3)
j ].

Âåðíà ñëåäóþùàÿ ëåììà

Ëåììà 2.2. Äëÿ ëþáîé íåîòðèöàòåëüíîé è âîãíóòîé íà îòðåçêå [a, b] ôóíêöèè

φ(x) ñóùåñòâóþò íåîòðèöàòåëüíûå ÷èñëà αk, k = 1, 2, ..., n òàêèå, ÷òî

n∑
k=1

αkϕk(x
(2)
j ) = φ(x

(2)
j ), j = 1, 2, ..., n,

è
n∑

k=1

αkϕk(x) ≤ φ(x), x ∈ [a, b].

Ëåììà 2.3. Äëÿ ôóíêöèé F (x) è S(x, h), îïðåäåëåííûå ôîðìóëàìè (1.2) è (1.3)

èìåþò ìåñòî

(2.3) S(x, h) = o(h−1), ðàâíîìåðíî ïî x,

(2.4) |F (x+ h) + F (x− h)− 2F (x)| = o(h), ðàâíîìåðíî ïî x.

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæåì ñ÷èòàòü, ÷òî |An(x)| ≤ 1,

äëÿ âñåõ x è n. Äëÿ ïðîèçâîëüíîãî ε > 0 íàéäåì n1 òàêîå, ÷òî |An(x)| < ε, n ≥ n1.

Òîãäà (ñì. (1.4)) äëÿ h < ε
n1

ïîëó÷èì

|S(x, h)| ≤
n1−1∑
n=0

1 +

[ 2
h ]∑

n=n1

ε+

∞∑
n=[ 2

h ]+1

ε
4

n2h2
≤ n1 +

2ε

h
+

4ε

h
<

7ε

h
.

Ñîîòíîøåíèå (2.3) äîêàçàíî. Ñîîòíîøåíèå (2.4) ñëåäóåò èç (2.3) è (1.3).

Äëÿ ïðîñòîòû ôîðìóëèðîâêè ëåììû 2.4�2.8 côîðìóëèðîâàíû äëÿ îòðåçêà

[0, 1]. Îäíàêî î÷åâèäíî, ÷òî îíè âåðíû äëÿ ëþáîãî îòðåçêà [a, b].

Ëåììà 2.4. Åñëè

(2.5) S

(
i

2k
,

1

2k

)
= 0, äëÿ ëþáûõ k = 1, 2, ..., 1 ≤ i ≤ 2k − 1,

òî F (x)-ëèíåéíàÿ ôóíêöèÿ íà [0, 1].
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Äîêàçàòåëüñòâî. Îáîçíà÷èì xk,i = i
2k . Òîãäà óñëîâèå (2.5) ðàâíîñèëüíî

F (xk,i−1) + F (xk,i+1)− 2F (xk,i) = 0, k = 1, 2, ..., 1 ≤ i ≤ 2k − 1.

Ñëåäîâàòåëüíî òî÷êè (xk,i−1, F (xk,i−1)), (xk,i, F (xk,i)) è (xk,i+1, F (xk,i+1)), k =

1, 2, ..., 1 ≤ i ≤ 2k − 1, íàõîäÿòñÿ íà îäíîé ïðÿìîé. Îòñþäà, ó÷èòûâàÿ íåïðåðûâ-

íîñòü ôóíêöèè F ïîëó÷èì óòâåðæäåíèå ëåììû.

Èç ëåììû 2.4 ïîëó÷àåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 2.5. Åñëè S(x, h) = 0, êîãäà [x − h, x + h] ⊂ [0, 1], òî F (x)-ëèíåéíàÿ

ôóíêöèÿ íà [0, 1].

Ëåììà 2.6. Äîïóñòèì

(2.6) lim
h→0

S(x, h) = 0 ïî ìåðå íà [0, 1],

è

(2.7) S∗(x) ≤M, äëÿ íåêîòîðîãî M è âñåõ x ∈ [0, 1].

Òîãäà F (x)-ëèíåéíàÿ ôóíêöèÿ íà [0, 1].

Äîêàçàòåëüñòâî. Ïóñòü ε-ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Òîãäà ñóùå-

ñòâóåò òàêîå íàòóðàëüíîå ÷èñëî k, ÷òî

(2.8) |F (x+ h)− F (x)| < ε êîãäà |h| ≤ 2−k è x ∈ [0, 1],

è

mes(A) < ε, ãäå A := {x ∈ [0, 1] : |S(x, 2−k)| > ε}.

Îáîçíà÷èì

(2.9) ψ(t) :=

2k−1∑
m=0

χA(t+m2−k), t ∈ [0, 2−k),

ãäå χA(t)-õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà A. ßñíî, ÷òî

(2.10)

∫ 2−k

0

ψ(t)dt = mes(A).

Ñëåäîâàòåëüíî ñóùåñòâóåò òàêîå t0 ∈ [0, 2−k), ÷òî ψ(t0) ≤ 2kε. Ïîýòîìó, èç (2.9),

(2.10) ñëåäóåò ñóùåñòâîâàíèå òàêîãî t0 ∈ [0, 2−k), ÷òî

(2.11) card{m : |S(xm, 2
−k)| > ε} ≤ 2kε, ãäå xm = t0 +m2−k,

à card(G)-êîëè÷åñòâî òî÷åê ìíîæåñòâà G.

Îáîçíà÷èì

φ0(x) :=

 2, êîãäà x = 1
2 + t0,

0, êîãäà x 6∈ (t0, 1 + t0),
ëèíåéíàÿ íà îòðåçêàõ [t0,

1
2 + t0] è [ 1

2 + t0, 1 + t0].
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À äëÿ m = 0, ..., 2k − 1 ïîëîæèì

φm(x) :=

 2k, êîãäà x = xm,
0, êîãäà x 6∈ (xm − 2−k, xm + 2−k),
ëèíåéíàÿ íà îòðåçêàõ [xm − 2−k, xm] è [xm, xm + 2−k].

Èç ýòèõ îáîçíà÷åíèé è ôîðìóë (2.1), (2.2) ñëåäóþò

(2.12) S

(
1

2
+ t0,

1

2

)
=

∞∑
n=0

∫ 1+t0

t0

An(x)φ0(x)dx

è

(2.13) S(xm, 2
−k) =

∞∑
n=0

∫ 1+t0

t0

An(x)φm(x)dx, m = 0, 1, ..., 2k − 1.

Íåòðóäíî çàìåòèòü, ÷òî

(2.14) φ0(x) =

2k−1∑
m=1

αmφm(x), ãäå αm =
φ0(xm)

φm(xm)
, m = 1, 2, ..., 2k − 1.

Èç (2.12)�(2.14) ïîëó÷èì

(2.15) S

(
1

2
+ t0,

1

2

)
=

2k−1∑
m=1

αmS(xm, 2
−k).

Î÷åâèäíî, ÷òî èíòåãðàëû ôóíêöèé φm, m = 0, 1, 2, ..., 2k − 1, ðàâíû åäèíèöå è

ïîýòîìó èç (2.14) èìååì

(2.16)

2k−1∑
m=1

αm = 1 è 0 ≤ αm ≤ 21−k, m = 1, ..., 2k − 1.

Îáîçíà÷èì Λ1 := {m : |S(xm, 2
−k)| ≤ ε} è Λ2 := {m : |S(xm, 2

−k)| > ε}. Îòñþäà,
ñ ïîñëåäîâàòåëüíûì ïðèìåíåíèåì (2.15), (2.16) (2.7) è (2.11) ïîëó÷èì∣∣∣∣S (1

2
+ t0,

1

2

)∣∣∣∣ ≤ ∑
m∈Λ1

αm|S(xm, 2
−k)|+

∑
m∈Λ2

αm|S(xm, 2
−k)|

≤ ε+M
∑

m∈Λ2

21−k < ε+ 2Mε = ε(2M + 1).

Îòñþäà, ñ ó÷åòîì (2.8), èìååì∣∣∣∣S (1

2
,

1

2

)∣∣∣∣ < ε(2M + 17).

Ïîýòîìó, ñ ó÷åòîì ïðîèçâîëüíîñòè ε, ïîëó÷èì S
(

1
2 ,

1
2

)
= 0. Ïîâòîðÿÿ âûøåïðè-

âåäåííûå ðàññóæäåíèÿ äëÿ îòðåçêà [x − h, x + h] ⊂ [0, 1], ïîëó÷èì S(x, h) = 0,

êîãäà [x−h, x+h] ⊂ [0, 1]. Îòñþäÿ, â ñèëó ëåììû 2.5, ïîëó÷èì, ÷òî F (x)-ëèíåéíàÿ

ôóíêöèÿ íà [0, 1]. Ëåììà äîêàçàíà.
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Ëåììà 2.7. Åñëè

S

(
1

2
,

1

2

)
6= 0

t0 ∈ [0, 1], òî íàéäóòñÿ x0 è h0 > 0, òàêèå ÷òî

(2.17) S(x0, h0) 6= 0 è t0 6∈ [x0 − h0, x0 + h0] ⊂ [0, 1].

Äîêàçàòåëüñòâî. Êàê ìû çàìåòèëè ïðè äîêàçàòåëüñòâå ëåììû 2.6, äëÿ ëþ-

áîãî k èìååò ìåñòî (ñì. (2.15), (2.16))

(2.18) S

(
1

2
,

1

2

)
=

2k−1∑
m=1

α(k)
m S(x(k)

m , 2−k), ãäå x(k)
m =

m

2k
, è 0 ≤ α(k)

m ≤ 21−k.

Äîïóñòèì S
(

1
2 ,

1
2

)
= d 6= 0. Òîãäà, åñëè áû íå áûëî òàêèõ x ∈ [0, 1] è h >

0, êîòîðûå óäîâëåòâîðÿëè áû (2.17), òî ñðåäè îòðåçêîâ [x
(k)
m − 2−k, x

(k)
m + 2−k],

m = 1, 2, ..., 2k − 1, íàøëèñü áû íå áîëåå òðè îòðåçêà, êîòîðûå ñîäåðæàëè áû

òî÷êó t0, äëÿ êîòîðûõ âûïîëíÿëîñü áû S(x
(k)
m , 2−k) 6= 0. Òîãäà èç (2.18) ñëåäîâàëî

áû, ÷òî äëÿ íåêîòîðîãî mk âûïîëíÿåòñÿ α
(k)
mk |S(x

(k)
mk , 2

−k)| ≥ |d|/3, k = 1, 2, ....

Îòñþäà ïîëó÷èëîñü áû |S(x
(k)
mk , 2

−k)| ≥ 2k|d|/6. Íî ýòî ïðîòèâîðå÷èò (2.3). Ëåììà
äîêàçàíà.

Íåòðóäíî çàìåòèòü, ÷òî èç íåïðåðûâíîñòè ôóíêöèè F ñëåäóåò, ÷òî ïðè ëþáîì

M > 0 ìíîæåñòâî

EM := {x ∈ (0, 1) : S∗(x) > M}

ÿâëÿåòñÿ îòêðûòûì ìíîæåñòâîì è êàê ëþáîå îòêðûòîå ìíîæåñòâî ÿâëÿåòñÿ îáú-

åäèíåíèåì ñâîåãî ñîñòàâëÿþùèõ èíòåðâàëîâ, ò.å. ñóùåñòâóþò îòêðûòûå èíòåð-

âàëû I
(M)
k , òàêèå ÷òî

EM =
⋃
k

I
(M)
k , è I

(M)
k

⋂
I(M)
m = ∅, åñëè k 6= m.

Ëåììà 2.8. Äîïóñòèì S( 1
2 ,

1
2 ) 6= 0 è âûïîëíÿåòñÿ (2.6). Òîãäà ñóùåñòâóåò

[x0 − h0, x0 + h0] ⊂ EM , òàêîå ÷òî S(x0, h0) 6= 0.

Äîêàçàòåëüñòâî. Äîïóñòèì îáðàòíîå:

(2.19) S

(
1

2
,

1

2

)
= d 6= 0,

âûïîëíÿåòñÿ (2.6), íî S(x, h) = 0 äëÿ ëþáîãî [x − h, x + h] ⊂ EM . Òîãäà, â ñèëó

ëåììû 2.5, ôóíêöèÿ F (x) ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé íà êàæäîì èíòåðâàëå

I
(M)
k .

Ïóñòü ε ∈ (0, 0.25) òàêîå, ÷òî

(2.20)
4Mε

1− 2ε/3
<
|d|
3
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è

(2.21)

∣∣∣∣S (1

2
,

1

2

)
− 2F [z1, z2, z3]

∣∣∣∣ < |d|3 , êîãäà |z1| < ε, |z2−
1

2
| < ε, |z3−1| < ε.

Íàéäåòñÿ íàòóðàëüíîå ÷èñëî k0, òàêîå ÷òî

(2.22) mes(D) <
ε

6
, ãäå D :=

⋃
k>k0

I
(M)
k .

Èç ñõîäèìîñòè ïî ìåðå ê íóëþ ñóìì S(x, h) ñëåäóåò ñóùåñòâîâàíèå òàêîãî íàòó-

ðàëüíîãî ÷èñëà N , ÷òî äëÿ h0 := 1
2N âûïîëíÿþòñÿ

(2.23) mes{x ∈ [0, 1] : |S(x, h0)| < ε} > 1− ε

6

è (ñì. (2.3))

(2.24) |S(x, h)| ≤ ε

k0h
, êîãäà |h| ≤ h0 è x− ëþáîå.

Îáîçíà÷èì

(2.25) B := D
⋃
G, ãäå G := {x ∈ [0, 1] : |S(x, h0)| > ε}.

Èç (2.23) è (2.22) ñëåäóåò, ÷òî

(2.26) mes(B) <
ε

3
.

Ïîëîæèì

ϕ(t) :=

2N∑
i=1

χB((i− 1)h0 + t), t ∈ [0, h0).

Î÷åâèäíî, ÷òî
∫ h0

0
ϕ(t)dt = mes(B). Ïîýòîìó ñóùåñòâóåò òàêîå t0 ∈ [0, h0), ÷òî

ϕ(t0) ≤ 2Nmes(B), ò.å.

(2.27) card{i : (i− 1)h0 + t0 ∈ B} ≤ 2Nmes(B).

Îáîçíà÷èì xi := (i− 1)h0 + t0, i = 1, 2, ..., 2N , è ïîëîæèì

(2.28) Λ1 := {i : xi 6∈ B}, Λ2 := {i : xi ∈ B} è H :=
⋃
i∈Λ2

[xi − h0/2, xi + h0/2].

Èç (2.27), (2.28) è (2.26) ñëåäóåò, ÷òî

(2.29) N2 := card{Λ2} ≤
ε

3h0
, mes(H) ≤ N2h0 ≤

ε

3
.

Äëÿ i ∈ (N2, 2N −N2)
⋂

Λ1 îáîçíà÷èì

(2.30) mi := min{j ≥ 1 : i± j ∈ Λ1}.

Óáåäèìñÿ, ÷òî òàêîå mi ñóùåñòâóåò. Äåéñòâèòåëüíî, åñëè i−j 6∈ Λ1 èëè i+j 6∈ Λ1

äëÿ j ≤ k, òî èç ÷èñåë i− k, i− k + 1, ... i+ k õîòüÿ áû k øòóê ïðèíàäëåæàò Λ2.

Òîãäà èç (2.29) ñëåäóåò, ÷òî k ≤ N2, ò.å. mi ≤ N2.
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Ïîëîæèì

(2.31) Λ3 := {i ∈ (N2, 2N −N2) ∩ Λ1 : mi > 1}, B3 :=
⋃
i∈Λ3

[xi−mi
, xi+mi

]

è

[z1, z3] := [xN2
, x2N−N2

]
⋃
B3.

Èç (2.29) èìååì

|z1| <
ε

3
è |1− z3| <

ε

3
.

Èç îïðåäåëåíèÿ ÷èñåë mi è ìíîæåñòâ B3 è H ñëåäóåò, ÷òî

B3 ⊂
{
x : M(χH , x) ≥ 1

3

}
,

ãäå M(χH , x)-ìàêñèìàëüíàÿ ôóíêöèÿ Õàðäè-Ëèòòëâóäà õàðàêòåðèñòè÷åñêîé

ôóíêöèè ìíîæåñòâà H. Ñëåäîâàòåëüíî

(2.32) mes(B3) < ε

è ïîýòîìó ñóùåñòâóåò xi =: z2, ñî ñâîéñòâàìè

|z2 −
1

2
| < ε z2 6∈ B3.

Îáîçíà÷èì

(2.33) ϕ0(x) :=


2

z3−z1 , êîãäà x = z2,

0, êîãäà x 6∈ (z1, z3),
ëèíåéíàÿ íà îòðåçêàõ [z1, z2] è [z2, z3].

À äëÿ i ∈ Λ4 := {i ∈ Λ1 : xi ∈ (z1, z3)} ïîëîæèì

ϕi(x) :=


2

xi+mi
−xi−mi

, êîãäà x = xi,

0, êîãäà x 6∈ (xi−mi
, xi+mi

),
ëèíåéíàÿ íà îòðåçêàõ [xi−mi

, xi] è [xi, xi+mi
].

ßñíî, ÷òî ôóíêöèè ϕ0 è ϕi, óäîâëåòâîðÿþò óñëîâèÿì ëåììû 2.2. Ïðèìåíÿÿ ýòó

ëåììó, ïîëó÷èì ñóììó ∑
i∈Λ4

αiϕi(x), ñ αi ≥ 0,

ñî ñâîéñòâàìè

(2.34) ϕ0(xi) =
∑
i∈Λ4

αiϕi(xi), êîãäà i ∈ Λ4

è ∑
i∈Λ4

αiϕi(x) ≤ ϕ0(x), êîãäà x ∈ [z1, z3].

Ïóñòü i, j ∈ Λ4 è i < j òàêèå, ÷òî åñëè m ∈ (i, j), òî m 6∈ Λ4. Òîãäà âñå ôóíêöèè

ϕi(x), i ∈ Λ4, â ñèëó îïðåäåëåíèÿ ÷èñåë mi (ñì. (2.30)), ÿâëÿþòñÿ ëèíåéíûìè
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ôóíêöèÿìè íà [xi, xj ]. Íà òîì æå îòðåçêå ôóíêöèÿ ϕ0(x) òàêæå ëèíåéíà. Ïîýòî-

ìó, èç (2.34) èìååì

(2.35)
∑
i∈Λ4

αiϕi(x) = ϕ0(x), êîãäà x ∈ [z1, z3].

Ó÷èòûâàÿ, ÷òî èíòåãðàëû âñåõ ôóíêöèé ϕi(x), i ∈ Λ4, è ϕ0(x) ðàâíû åäèíèöå, èç

(2.35) ïîëó÷èì

(2.36)
∑
i∈Λ4

αi = 1.

Îáîçíà÷èì Λ5 := {i ∈ Λ4 : mi > 1}, Λ6 := {i ∈ Λ4 : mi = 1}. Òîãäà

(2.37) 2[z1, z2, z3]F =
∑
i∈Λ5

αiS(xi,mih0) +
∑
i∈Λ6

αiS(xi, h0) =: σ5 + σ6.

Ó÷èòûâàÿ, ÷òî èíòåãðàëû âñåõ ôóíêöèé ϕ ðàâíû åäèíèöå, èç (2.35), ñ ïðèìåíå-

íèåì (2.32), (2.33) è (2.31), ïîëó÷èì

(2.38)
∑
i∈Λ5

αi =

∫ z3

z1

∑
i∈Λ5

αiϕi(x)dx ≤
∫
B3

ϕ0(x)dx ≤ ‖ϕ0‖∞mes(B3) ≤ 2ε

1− 2ε/3
.

Èç (2.28), (2.25), (2.22) ñëåäóåò, ÷òî |S(xi,mih0)| < M, êîãäà i ∈ Λ5. Ïîýòîìó èç

(2.38) ïîëó÷èì

(2.39) |σ5| ≤
2Mε

1− 2ε/3
.

Äëÿ i ∈ Λ6 âîçìîæíû òðè ñëó÷àÿ:

• (xi−1, xi+1) ⊂
⋃

k≤k0
I

(M)
k ,

• (xi−1, xi+1)
⋂
EM = ∅ è xi 6∈ B,

• äëÿ íåêîòîðîãî k ≤ k0 èìåþò ìåñòî (xi−1, xi+1)
⋂
I

(M)
k 6= ∅ è (xi−1, xi+1) 6⊂

I
(M)
k .

Ïî íàøåìó ïðåäïîëîæåíèþ, â ïåðâîì ñëó÷àå èìååì S(xi, h0) = 0.

Âî âòîðîì ñëó÷àå (ñì. (2.25) è (2.28)) âûïîëíÿåòñÿ |S(xi, h0)| < ε. Ïîýòîìó, ñ

ó÷åòîì (2.36) ïîëó÷èì

(2.40)
∑
Λ7

αi|S(xi, h0)| ≤ ε,

ãäå Λ7-ìíîæåñòâî èíäåêñîâ, óäîâëåòâîðÿþùèõ âòîðîìó ñëó÷àþ.

Ìíîæåñòâî èíäåêñîâ i, óäîâëåòâîðÿþùèõ òðåòüåìó ñëó÷àþ îáîçíà÷èì ÷åðåç

Λ8. Âòîðîìó ñëó÷àþ ìîãóò óäîâëåòâîðÿòü íå áîëåå 2k0 øòóê xi è äëÿ íèõ, â ñèëó
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ëåììû 2.3, èìååì |S(xi, h0)| ≤ εh−1
0 k−1

0 . Ñëåäîâàòåëüíî

(2.41)

|σ6| ≤ ε+

∣∣∣∣∣∑
i∈Λ8

αiS(xi, h0)

∣∣∣∣∣ ≤ ε+ εh−1
0 k−1

0

∑
i∈Λ8

αi = ε+ εh−1
0 k−1

0

∫ ∑
i∈Λ8

αiϕi(x)dx

≤ ε+ εh−1
0 k−1

0 4k0h0‖ϕ0‖∞ <
9ε

1− 2ε/3
.

Èç (2.41), (2.39) (2.40) è (2.37), èìååì (ìîæåì ïðåäïîëîæèòü, ÷òî M > 5)

|2[z1, z2, z3]F | ≤ 4Mε

1− 2ε/3
.

Îòñþäà, ñ ïðèìåíåíèåì (2.21), ïîëó÷èì (ñì. òàêæå (2.20), (2.19))∣∣∣∣S (1

2
,

1

2

)∣∣∣∣ < |d|3 .

Íî ýòî ïðîòèâîðå÷èò (2.19). Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ëåììó.

3. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Äîêàçàòåëüñòâî òåîðåìû 1.1. Ïóñòü ñóììû Ðèìàíà S(x, h) òðèãîíîìåòðè-

÷åñêîãî ðÿäà (1.1) ïî ìåðå ñõîäÿòñÿ ê íóëþ è ìàæîðàíòà Ðèìàíà S∗(x) ýòîãî

ðÿäà äëÿ íåêîòîðîãî ñ÷åòíîãî ìíîæåñòâà B := {yp}∞p=1 óäîâëåòâîðÿåò óñëîâèþ

(3.1) S∗(x) <∞, êîãäà x 6∈ B.

Äîêàæåì, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ F�ëèíåéíàÿ. Äîïóñòèì îáðàòíîå. Òîãäà

ñóùåñòâóþò x0 è h0 > 0, òàêèå ÷òî S(x0, h0) 6= 0. Ïðèìåíÿÿ ëåììó 2.7, íàéäåì

x′0 è h′0 òàêèå, ÷òî

y1 6∈ [x′0 − h′0, x′0 + h′0] ⊂ [x0 − h0, x0 + h0]

è

(3.2) S(x′0, h
′
0) 6= 0.

Îáîçíà÷èì

E1 := {x ∈ (x′0 − h′0, x′0 + h′0) : S∗(x) > 1}.

Åñëè áû ìíîæåñòâî E1 áûëî áû ïóñòî, òî â ñèëó ëåììû 2.6 ôóíêöèÿ F áûëà áû

ëèíåéíîé íà [x′0 − h′0, x′0 + h′0], ÷òî ïðîòèâîðå÷èò (3.2). Ñëåäîâàòåëüíî E1 6= ∅.
Òîãäà â ñèëó ëåììû 2.8 ñóùåñòâóåò [x1−h1, x1 +h1] ⊂ E1 òàêîå, ÷òî S(x1, h1) 6= 0.

Èòàê, ìû íàøëè [x1 − h1, x1 + h1], ñî ñâîéñòâàìè

y1 6∈ [x1 − h1, x1 + h1] ⊂ [x0 − h0, x0 + h0]

è

S∗(x) > 1, êîãäà x ∈ [x1 − h1, x1 + h1].
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Äîïóñòèì äëÿ i ≤ p ìû íàøëè ÷èñëà xi, hi > 0 òàêèå, ÷òî

yi 6∈ [xi − hi, xi + hi] ⊂ [xi−1 − hi−1, xi−1 + hi−1], i ≤ p,

(3.3) S(xi, hi) 6= 0, i ≤ p,

S∗(x) > i êîãäà x ∈ [xi − hi, xi + hi], i ≤ p.

Ïðèìåíÿÿ ëåììó 2.7, íàéäåì îòðåçîê [x′p − h′p, x′p + h′p] ñî ñâîéñòâàìè

yp+1 6∈ [x′p − h′p, x′p + h′p] ⊂ [xp − hp, xp + hp].

Îáîçíà÷èì

Ep+1 := {x ∈ (x′p − h′p, x′p + h′p) : S∗(x) > p+ 1 è S(x′p, h
′
p) 6= 0}.

Åñëè áû ìíîæåñòâî Ep+1 áûëî áû ïóñòî, òî â ñèëó ëåììû 2.6 ôóíêöèÿ F áûëà

áû ëèíåéíîé íà [x′p−h′p, x′p +h′p], ÷òî ïðîòèâîðå÷èò S(x′p, h
′
p) 6= 0. Ñëåäîâàòåëüíî

Ep+1 6= ∅. Òîãäà, â ñèëó ëåììû 2.8 ñóùåñòâóåò [xp+1 − hp+1, xp+1 + hp+1] ⊂ Ep+1

òàêîå, ÷òî S(xp+1, hp+1) 6= 0. Èòàê, ìû íàøëè [xp+1− hp+1, xp+1 + hp+1], ñî ñâîé-

ñòâàìè

(3.4) yp+1 6∈ [xp+1 − hp+1, xp+1 + hp+1] ⊂ [xp − hp, xp + hp]

è

(3.5) S∗(x) > p+ 1, êîãäà x ∈ [xp+1 − hp+1, xp+1 + hp+1].

Èç (3.4), (3.5) ñëåäóåò, ÷òî ñóùåñòâóåò òî÷êà z, êîòîðàÿ íå ïðèíàäëåæèò B è

S∗(z) =∞. Ïîëó÷åííîå ïðîòèâîðå÷èò (3.1). Ñëåäîâàòåëüíî ôóíêöèÿ F � ëèíåé-

íàÿ è èç (1.2) èìååì

(3.6) A1 +B1x+
a0x

2

4
=

∞∑
n=1

An(x)

n2
.

Èç îãðàíè÷åííîñòè ïðàâîé ÷àñòè (3.6) íà R ñëåäóåò, ÷òî B1 = a0 = 0. Îòñþäà,

ó÷èòûâàÿ ðàâíîìåðíóþ ñõîäèìîñòü ïðàâîé ÷àñòè (3.6) , ïîëó÷èì A1 = an = bn =

0 äëÿ âñåõ n. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1.2. Ïóñòü ðÿä

(3.7)
c0
2

+

∞∑
n=0

(cn cosnx+ dn sinnx)

ÿâëÿåòñÿ ðÿäîì Ôóðüå ôóíêöèè f , Sf (x, h)�ñóììû Ðèìàíà ðÿäà (3.7) è ðÿä (1.1)

óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû.

Ëåãêî âèäåòü, ÷òî

(3.8) Sf (x, h) =

∫ x+h

x−h
f(t)ϕh(x− t)dt.
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Èç (3.8) ëåãêî ïîëó÷àåòñÿ, ÷òî limh→0 Sf (x, h) = f(x), âî âñåõ òî÷êàõ Ëåáåãà

ôóíêöèè f . Èç (3.8) òàêæå ñëåäóåò, ÷òî |Sf (x, h)| ≤ ‖f‖∞. Ñëåäîâàòåëüíî, äëÿ
ðàçíîñòè ðÿäîâ (1.1) è (3.7) èìåþò ìåñòî

sup
h>0
|S(x, h)− Sf (x, h)| <∞, êîãäà x 6∈ B,

lim
h→0

(S(x, h)− Sf (x, h)) = 0 ïî ìåðå.

Â ñèëó òåîðåìû 1.1 ðàçíîñòü ðÿäîâ (1.1) è (3.7) íóëåâîé ðÿä, ò.å. an = cn, bn = dn,

äëÿ ëþáîãî n. Òåîðåìà äîêàçàíà.

4. Íåêîòîðûå êîììåíòàðèè

Èçâåñòíî, ÷òî èç óñëîâèÿ S∗(x) <∞ ïî÷òè âñþäó ñëåäóåò ñóùåñòâîâàíèå ïðå-

äåëà limh→0 S(x, h) ïî÷òè âñþäó (ñì. [8], à òàêæå [9] ñòð. 120). Ýòî îçíà÷àåò, ÷òî â

òåîðåìàõ 1.1 è 1.2 èç óñëîâèÿ (1.5) ñëåäóåò ïî÷òè âñþäó ñóììèðóåìîñòü ìåòîäîì

Ðèìàíà ðÿäà (1.1), è òåì áîëåå ñõîäèìîñòü ïî ìåðå ñóìì S(x, h), êîãäà h→ 0.

Èç òåîðåìû 1.1 ñëåäóåò òàêæå (ñì. [1] ñòð. 792)

Òåîðåìà Þíãà. Åñëè ðÿä (1.1) âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî

ñ÷åòíîãî ìíîæåñòâà, ñõîäèòñÿ ê íóëþ, òî âñå êîýôôèöèåíòû ýòîãî ðÿäà ðàâ-

íû íóëþ.

À èç òåîðåìû 1.2 ïîëó÷àåòñÿ (ñì. [1] ñòð. 200)

Òåîðåìà äþ Áóà-Ðåéìîíà�Ëåáåãà. Åñëè ðÿä (1.1) âñþäó ñõîäèòñÿ ê îãðà-

íè÷åííîé ôóíêöèè, òî ÿâëÿåòñÿ ðÿäîì Ôóðüå ýòîé ôóíêöèè.

Îòìåòèì åùå îäíó âàæíóþ òåîðåìó èç òåîðèè òðèãîíîìåòðè÷åñêèõ ðÿäîâ (ñì.

[12], à òàêæå [1] ñòð. 789)

Òåîðåìà Âàëëå�Ïóññåíà. Ïóñòü ïðåäåëû íåîïðåäåëåííîñòè ðÿäà (1.1),

ò.å. ôóíêöèè

(4.1) G(x) := lim inf
N→∞

N∑
n=0

An(x) è G(x) := lim sup
N→∞

N∑
n=0

An(x),

êîíå÷íû âñþäó, êðîìå, áûòü ìîæåò, íåêîòîðîãî ñ÷åòíîãî ìíîæåñòâà, è îáå

ôóíêöèè èíòåãðèðóåìû íà [0, 2π], òî ðÿä (1.1) ñóììèðóåòñÿ ìåòîäîì Ðèìàíà

ïî÷òè âñþäó è ÿâëÿåòñÿ ðÿäîì Ôóðüå ýòîé ñóììû.

Èç ýòîé òåîðåìû ñëåäóåò äðóãàÿ òåîðåìà

Òåîðåìà Âàëëå�Ïóññåíà. Åñëè (1.1), âñþäó, êðîìå, áûòü ìîæåò, íåêîòî-

ðîãî ñ÷åòíîãî ìíîæåñòâà ñõîäèòñÿ ê âñþäó êîíå÷íîé èíòåãðèðóåìîé ôóíêöèè,

òî ÿâëÿåòñÿ ðÿäîì Ôóðüå ýòîé ôóíêöèè.
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Î÷åâèäíî, ÷òî óñëîâèå èíòåãðèðóåìîñòè ôóíêöèé (4.1) ñèëüíåå ÷åì óñëîâèå

(1.5) èëè (1.6). Ïîýòîìó èç òåîðåìû Âàëëå�Ïóññåíà íå ñëåäóþò òåîðåìû 1.1-1.4.

Ñ äðóãîé ñòîðîíû èç òåîðåì 1.2 èëè 1.4 íå ñëåäóåò òåîðåìà Âàëëå�Ïóññåíà.

Â ñâÿçè ñ ýòèì èíòåðåñíî áûëî áû âûÿñíèòü: èìååò ëè ìåñòî òåîðåìà 1.4, åñëè

â íåì âìåñòî îãðàíè÷åííîñòè ôóíêöèè f ïîòðåáîâàòü åå èíòåãðèðóåìîñòü.

Abstract. In paper is proved, that if Riemann's majorant of trigonometric series is

bounded everywhere, except, maybe, of some countable set, and converge in measure

to bounded function f , then the series is Fourier series of function f . From this are

obtained Cantor's and Young's theorems generalization.
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íîâîê â Lp[0, 1], p ∈ (0, 1).

MSC2010 number: 42C10; 43A15.

Êëþ÷åâûå ñëîâà: óíèâåðñàëüíàÿ ôóíêöèÿ; ðÿä Ôóðüå; ñõîäèìîñòü; ñèñòåìà
Óîëøà.

1. Ââåäåíèå

Ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ àâòîðà ñâÿçàííûõ ñ ñóùåñòâîâàíèåì è îïè-

ñàíèåì ñòðóêòóðû ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ ïî çàäàííîé êëàññè÷åñêîé

ñèñòåìå óíèâåðñàëüíû òåì èëè èíûì ñìûñëîì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ

êëàññàõ. Çàìåòèì, ÷òî åäèíîãî îïðåäåëåíèÿ ïîíÿòèÿ ¾óíèâåðñàëüíàÿ ôóíêöèÿ¿

íå ñóùåñòâóåò. Îáû÷íî ïîä ýòèì òåðìèíîì ïîíèìàåòñÿ ôóíêöèÿ, ñ ïîìîùüþ êî-

òîðîé ìîæíî ¾ïðåäñòàâèòü¿ ¾âñå¿ ôóíêöèè. Ïðè ýòîì ñïîñîá ïðåäñòàâëåíèÿ, à

òàêæå êëàññ ïðåäñòàâèìûõ ôóíêöèé ìîæåò òðàêòîâàòüñÿ ðàçëè÷íûì îáðàçîì.

Ïðèìåðû óíèâåðñàëüíûõ ôóíêöèé ïðèâëåêàëè âíèìàíèå ìíîãèõ ìàòåìàòèêîâ è

ïóáëèêàöèè ïî ýòîé òåìàòèêå ðåãóëÿðíî ïîÿâëÿþòñÿ â ìàòåìàòè÷åñêîé ïå÷àòè.

Â ýòèõ ïóáëèêàöèÿõ èçó÷àþòñÿ òå èëè èíûå óíèâåðñàëüíûå ôóíêöèè, à òàêæå

èõ ñâîéñòâà. Ïðè÷åì ðàçâèòèå ïðîèñõîäèò êàê â äåéñòâèòåëüíûõ, òàê è â êîì-

ïëåêñíûõ ðàìêàõ. Ïî ñóòè ïåðâûé òèï óíèâåðñàëüíîé ôóíêöèè áûë ðàññìîòðåí

â 1929 ã. Äæ. Áèðêõîôîì â ðàáîòå[1]: ñóùåñòâóåò öåëàÿ ôóíêöèÿ g(z), êîòîðàÿ

óíèâåðñàëüíà îòíîñèòåëüíî ñäâèãîâ, ò.å. äëÿ ëþáîé öåëîé ôóíêöèè f(z)

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå
ÌÎÍ ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà íî. 18T-1A148.
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è ÷èñëà r > 0 ñóùåñòâóåò âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ

÷èñåë {nk}∞k=1 òàêàÿ,÷òî ïîñëåäîâàòåëüíîñòü ñäâèãîâ {g(z + nk)}∞k=1 ðàâíîìåðíî

ñõîäèòñÿ ê f(z) íà êðóãå |z| ≤ r.
Â 1935 ãîäó É. Ìàðöèíêåâè÷ [2], îïèðàÿñü íà íåêîòîðûå èäåè Í. Í. Ëóçèíà,

äîêàçàë ñóùåñòâîâàíèå íåïðåðûâíîé ôóíêöèé, êîòîðàÿ óíèâåðñàëüíà îòíîñè-

òåëüíî ïðîèçâîäíûõ ÷èñåë (ïðîèçâîäíîé îòíîøíèÿ). Åñëè hn → 0 çàðàíåå ôèê-

ñèðîâàííàÿ ïîñëåäîâàòåëüíîñòü, òî ñóùåñòâóåò ôóíêöèÿ F ∈ C[0, 1] òàêàÿ, ÷òî

äëÿ ëþáîé èçìåðèìîé ôóíêöèé g îïðåäåëåííîé íà [0, 1] ñóùåñòâóåò âîçðàñòàþ-

ùàÿ ïîäïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë nk òàêàÿ, ÷òî ïî÷òè âñþäó íà

[0, 1]

lim
→∞

F (x+ hnk)− F (x)

hnk
= g(x)

Áîëåå òîãî, îí â ýòîé ñòàòüå äîêàçàë, ÷òî ìíîæåñòâî òàêèõ óíèâåðñàëüíûõ

ôóíêöèé ÿâëÿåòñÿ ìíîæåñòâîì 2-îé êàòåãîðèè â C[0, 1]. Â ýòîì íàïðàâëåíèè

èíòåðåñíûå ðåçóëüòàòû áûëè ïîëó÷åíû òàêæå â ðàáîòàõ [3]-[4].

Â 1952ã. Äæ. Ìàêëåéí â ðàáîòå [5] äîêàçàë, ÷òî ñóùåñòâóåò öåëàÿ ôóíêöèÿ

g(z), êîòîðàÿ óíèâåðñàëüíà îòíîñèòåëüíî ïðîèçâîäíûõ, à èìåííî: äëÿ ëþáîé

öåëîé ôóíêöèè f(z) è ÷èñëà r > 0 ìîæíî íàéòè âîçðàñòàþùóþ ïîñëåäîâàòåëü-

íîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 òàê, ÷òîáû ïîñëåäîâàòåëüíîñòü ïðîèçâîäíûõ

{g(nk)(z)}∞k=1 ðàâíîìåðíî ñõîäèëàñü ê f(z) íà êðóãå |z| ≤ R.
Â 1987ã. Ê. Ãðîññå � Ýðäìàí [6] äîêàçàë ñóùåñòâîâàíèå âåùåñòâåííîé äåé-

ñòâèòåëüíîé ôóíêöèè ñ óíèâåðñàëüíûì ðÿäîì Òåéëîðà: ñóùåñòâóåò ôóíêöèÿ

g(x) ∈ C∞(R) ñ g(0) = 0, ðÿä Òåéëîðà êîòîðîé â òî÷êå x = 0 ëîêàëüíî � ðàâ-

íîìåðíî óíèâåðñàëåí â C(R), ò.å. äëÿ ëþáîé ôóíêöèè f(x) ∈ C(R) ñ f(0) = 0 è

÷èñëà r > 0, ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü

Snk(g, 0) =

nk∑
m=1

g(m)(0)

m!
xm

÷àñòè÷íûõ ñóìì ðÿäà Òåéëîðà ôóíêöèè g(x), êîòîðàÿ ðàâíîìåðíî ñõîäèòñÿ ê

f(x) íà îòðåçêå |x| ≤ r.
Â ðàáîòàõ [7],[8] Â. Ëüþ áûë ïîñòðîåí êîìïëåêñíûå ñòåïåííûå ðÿäû

∑∞
k=1 ckz

k

ñ íåíóëåâûìè ðàäèóñàìû ñõîäèìîñòè R > 0, ïîäïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ

ñóìì êîòîðûõ àïïðîêñèìèðóåò ëþáûå ìíîãî÷ëåíû íà ïðîèçâîëüíûõ êîìïàêòàõ

{z ∈ K : |z | > R} ñî ñâÿçàííûìè äîïîëíåíèÿìè.
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Ñëåäóåò îòìåòèòü, ÷òî âîïðîñàì ñóùåñòâîâàíèÿ ðÿäîâ êàê ïî êëàññè÷åñêèì,

òàê è ïî îáùèì îðòîíîðìàëüíûì ñèñòåìàì, óíèâåðñàëüíûõ òåì èëè èíûì ñìûñ-

ëîì â ðàçëè÷íûõ êëàññàõ ôóíêöèé, ïîñâÿùåíî ìíîãî ðàáîò (ñì. [9�16]). Äëÿ

ôîðìóëèðîâêè íåêîòîðûõ ðåçóëüòàòîâ ñóùåñòâîâàíèÿ óíèâåðñàëüíûõ ðÿäîâ íà-

ïîìíèì ñëåäóþùèå îáîçíà÷åíèÿ.

ÏóñòüM [0, 1]- ñîâîêóïíîñòü âñåõ (íå îáÿçàòåëüíî êîíå÷íûõ) èçìåðèìûõ ôóíê-

öèé (ñîîòâ. L0[0, 1]) - êëàññ âñåõ (ñîîòâ. ïî÷òè âåçäå êîíå÷íûõ ) èçìåðèìûõ íà

[0, 1] ôóíêöèé. Ïîä ñõîäèìîñòüþ âM [0, 1] èëè â L0[0, 1] ìû áóäåì ïîäðàçóìûâàòü

ñõîäèìîñòü ïî÷òè âñþäó. Ïóñòü E ⊆ [0, 1] íåêîòîðîå èçìåðèìîå ìíîæåñòâî è |E|�

ìåðà Ëåáåãà èçìåðèìîãî ìíîæåñòâà E ⊆ [0, 1], Lp(E) (p > 0) � êëàññ âñåõ òåõ èç-

ìåðèìûõ íà E ôóíêöèé, äëÿ êîòîðûõ
∫
E
|f(x)|pdx <∞ . Ïóñòü Φ = {ϕk(x)}∞k=1 �

ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà íà [0, 1] è ïóñòü ck(U) =
∫ 1

0
U(x)ϕk(x)dx, k ∈

N−êîýôôèöèåíòû Ôóðüå ïî ñèñòåìå {ϕk(x)}∞k=0 ôóíêöèè U ∈ L1[0, 1],(N− ñî-

âîêóïíîñòü âñåõ íàòóðàëüíûõ ÷èñåë).Ïóñòü

(1, 1) Sm(x, U,Φ) =

m∑
k=0

ck(U)ϕk(x), spec(U) = {k ∈ N∪{0}; ck(U) 6= 0}

Ïóñòü ìåòðè÷åñêîå ïðîñòðàíñòâî S− êàêîå-íèáóäü èç ïðîñòðàíñòâ M [0, 1] è

Lp[0, 1], p ≥ 0.

Îïðåäåëåíèå 1.1. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ U ∈ L1[0, 1] óíèâåðñàëüíà

äëÿ êëàññà S îòíîñèòåëüíî ñèñòåìû {ϕk(x)}∞k=0 :

à) â îáû÷íîì ñìûñëå, åñëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå óíèâåð-

ñàëåí â S â îáû÷íîì ñìûñëå, ò.å. ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {mk}∞k=1 ⊂
N , mk ↗∞ òàêàÿ, ÷òî {Smk(x, U,Φ)}∞k=1 ñõîäèòñÿ ê f(x) â S.

á) â êâàçè-îáû÷íîì ñìûñëå, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü çíàêîâ

{δk = ±1}∞k=0 òàêàÿ, ÷òî ðÿä
∑∞
k=0 δkck(U)Wk(x) áûë áû óíèâåðñàëüíûì â îáû÷-

íîì ñìûñëå â S,

â) â ñìûñëå ïåðåñòàíîâîê, åñëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå

óíèâåðñàëåí â S â ñìûñëå ïåðåñòàíîâîê ò.å. äëÿ êàæäîé ôóíêöèè f ∈ S ÷ëåíû

ðÿäà
∑∞
k=0 ck(U)Wk(x) ìîæíî ïåðåñòàâèòü òàê, ÷òîáû âíîâü ïîëó÷åííûé ðÿä∑∞

k=1 cσ(k)(U)Wσ(k)(x) ñõîäèëñÿ ê ôóíêöèè f(x) â S,

ã) â ñìûñëå çíàêîâ, åñëè äëÿ êàæäîé ôóíêöèè f ∈ S ìîæíî íàéòè ïîñëåäîâà-

òåëüíîñòü çíàêîâ { δk = ±1}∞k=0, äëÿ êîòîðîé ðÿä
∑∞
k=1 δkck(U)Wk(x) ñõîäèòñÿ

ê ôóíêöèè f(x) â S.
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Ïåðâîé ðàáîòîé, ãäå ïîñòðîåíû óíèâåðñàëüíûå â îáû÷íîì ñìûñëå òðèãîíî-

ìåòðè÷åñêèå ðÿäû â M [0, 1] â ñìûñëå ñõîäèìîñòè ïî÷òè âñþäó, ÿâëÿåòñÿ ðàáîòa

[9] Ä.Å.Ìåíüøîâa. Ðÿäû
∑∞
k=1 akϕk(x) ïî ëþáîé îðòîíîðìèðîâàííîé ïîëíîé ñè-

ñòåìå {ϕn(x)}∞n=1, x ∈ [0, 1], óíèâåðñàëüíûå â M â îáû÷íîì ñìûñëå (â ñëó÷àå

ñõîäèìîñòè ïî÷òè âñþäó) áûëè ïîñòðîåíû â ðàáîòå [10] À.À.Òàëàëÿíîì.(ñì. òàê-

æå ðàáîòû [11]-[16]).

Â ïîñëåäíèå ãîäû íàìè (ìíîé è ìîèìè ñîàâòîðàìè -ó÷åíèêàìè ) áûëè ïî-

ëó÷åíû íåêîòîðûå ðåçóëüòàòû (ñì. [17] -[22]), ñâÿçàííûå ñ ñóùåñòâîâàíèåì è

îïèñàíèåì ñòðóêòóðû ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ ïî çàäàííîé êëàññè÷åñêîé

ñèñòåìå óíèâåðñàëüíû òåì èëè èíûì ñìûñëîì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ

êëàññàõ. Òàêèå ôóíêöèè ìû íàçîâåì óíèâåðñàëüíûìè îòíîñèòåëüíî êëàññè÷å-

ñêèõ ñèñòåì.

Çàìå÷àíèå 1.1. Íå ñóùåñòâóåò ôóíêöèè U ∈ L1[0, 1], ðÿä Ôóðüå êîòîðîé ïî

òðèãîíîìåòðè÷åñêîé ñèñòåìå (ïî ñèñòåìå Óîëøà) áûë áû óíèâåðñàëüíûì â

êëàññå M [0, 1] â îáû÷íîì ñìûñëå (äàæå â ñëó÷àå, ñõîäèìîñòè ïî ìåðå).

Â ñàìîì äåëå, åñëè ñóùåñòâîâàëà áû ôóíêöèÿ U ∈ L1[0, 1], êîòîðàÿ óíèâåð-

ñàëüíà äëÿ êëàññàM [0, 1] îòíîñèòåëüíî òðèãîíîìåòðè÷åñêîé ñèñòåìû â îáû÷íîì

ñìûñëå, òîãäà äëÿ ôóíêöèè f(x) = 2U(x) íàøëàñü áû ïîäïîñëåäîâàòåëüíîñòü íà-

òóðàëüíûõ ÷èñåë {mk} òàêàÿ, ÷òî ïî ìåðå íà [0, 1]

(1, 2) lim
k→∞

mk∑
|n|=0

dn(U)e2πnix = 2U(x), dn(U) =

∫ 1

0

U(x)e−2πnixdx

Ñ äðóãîé ñòîðîíû, èç èçâåñòíîé òåîðåìû Êîëìîãîðîâà [23] (ðÿä Ôóðüå êàæäîé

èíòåãðèðóåìîé ôóíêöèè ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ñõîäèòñÿ â Lp[0, 1], p ∈

(0, 1)) âûòåêàåò, ÷òî
mk∑
|n|=0

dn(U)e2πnix -ñõîäèòñÿ ê U(x) ïî ìåðå íà [0, 1].Îòñþäà

è èç (1.2) âûòåêàåò, ÷òî U(x) = 2U(x) ïî÷òè âñþäó íà [0, 1]. Ïðèøëè ê ïðîòè-

âîðå÷èþ.

Çíà÷èò, íå ñóùåñòâóåò ôóíêöèè U ∈ L1[0, 1] óíèâåðñàëüíàÿ äëÿ êëàññîâM [0, 1]

è Lp[0, 1], p ∈ (0, 1) îòíîñèòåëüíî òðèãîíîìåòðè÷åñêîé ñèñòåìû (ñîîòâ. îòíîñè-

òåëüíî ñèñòåìû Óîëøà) â îáû÷íîì ñìûñëå.

Ñðàçó æå âîçíèêàåò ñëåäóþùèé âîïðîñ, îòâåò íà êîòîðûé íàì íå èçâåñòåí.

Âîïðîñ 1. Ñóùåñòâóåò ëè îãðàíè÷åííàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà {ϕn(x)}
òàêàÿ, ÷òî ìîæíî áûëî áû ïîñòðîèòü ôóíêöèþ U ∈ L1[0, 1] óíèâåðñàëüíóþ äëÿ

êëàññà Lp[0, 1], p ∈ [0, 1) èëè äëÿ êëàññà M [0,1] îòíîñèòåëüíî ñèñòåìû {ϕn(x)} â
îáû÷íîì ñìûñëå?
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Îòìåòèì, ÷òî â ðàáîòàõ [18], [20] àâòîðîì è À.Ñàðãñÿíîì ïîñòðîåíû èíòðåãðè-

ðóåìûå ôóíêöèé U(x) óíèâåñàëüíûå äëÿ êëàññîâ Lp[0, 1], p ∈ (0, 1) îòíîñèòåëüíî

ñèñòåìû Óîëøà â ñìûñëå çíàêîâ. Îòìåòèì òàêæå, ÷òî íàì íå èçâåñòåí âîïðîñ

î òîì: ñóùåñòâóåò ëè ôóíêöèÿ U ∈ L1[0, 1) óíèâåñàëüíà äëÿ êëàññîâ Lp[0, 1],

p ∈ (0, 1) îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå ïåðåñòàíîâîê ?

Â ýòîé ñòàòüå ìû ïîñòðîèì ôóíêöèþ U ∈L1[0, 1] òàêóþ, ÷òî ïîñëå âûáîðà

ïîäõîäÿùèõ çíàêîâ ( εk= ±1 , k = 0, 1, 2..) äëÿ åå êîýôôèöèåíòîâ Ôóðüå- Óîëøà

{ck(U)}∞k=0 ìîæíî äîñòè÷ü òîãî, ÷òîáû âíîâü ïîëó÷åííûé ðÿä
∑∞
k=0 εkck(U)Wk(x)-

áóäåò óíèâåðñàëüíûì â Lp[0, 1], p ∈ (0, 1) â ñìûñëå ïåðåñòàíîâîê.

Âåðíû ñëåäóþùèå òåîðåìû

Òåîðåìà 1.1. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] (suppU ⊂ [0, ε] , çäåñü ε ∈
(0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî L1[0, 1] íîðìå è âñþäó íà

(0, 1) ðÿäîì Ôóðüå - Óîëøà ñ ìîíîòîííî óáûâàþùèìè êîýôôèöèåíòàìè, è êîòî-

ðàÿ ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ êëàññà M [0, 1] îòíîñèòåëüíî ñèñòåìû Óîëøà

â êâàçè- îáû÷íîì ñìûñëå.

Òåîðåìà 1.2. Ñóùåñòâóþò ÷èñëà { εk = ±1, k ≥ 0} è ôóíêöèÿ U ∈ L1[0, 1]

(suppU ⊂ [0, ε] , çäåñü ε ∈ (0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî

L1[0, 1] íîðìå è âñþäó íà (0, 1) ñ ðÿäîì Ôóðüå - Óîëøà ñ ìîíîòîííî óáûâàþùèìè

êîýôôèöèåíòàìè, òàêèå, ÷òî ðÿä
∑∞
k=0 εkck(U)Wk(x) -óíèâåðñàëåí â Lp[0, 1] ,

p ∈ (0, 1) â ñìûñëå ïåðåñòàíîâîê.

Çàìå÷àíèå 1.2. Íåòðóäíî âèäåòü, ÷òî òåîðåìà 1.2 îêîí÷àòåëüíà â íåêîòî-

ðîì ñìûñëå (íåóëó÷øàåìà), îíà íå âåðíà ïðè p ≥ 1.

Òåîðåìû 1.1 è 1.2 ñëåäóþò èç áîëåå ñèëüíîé Òåîðåìû 1.3.

Òåîðåìà 1.3. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] (suppU ⊂ [0, ε] , çäåñü ε ∈
(0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî L1[0, 1] íîðìå è âñþäó íà

(0, 1) ðÿäîì Ôóðüå-Óîëøà ñ ìîíîòîííî óáûâàþùèìè êîýôôèöèåíòàìè, êîòîðàÿ

îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) îíà ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ êëàññà M [0, 1] îòíîñèòåëüíî ñèñòåìû

Óîëøà â êâàçè- îáû÷íîì ñìûñëå,

2) äëÿ ëþáîãî p ∈ (0, 1) ôóíêöèÿ U(x) óíèâåðñàëüíà äëÿ Lp[0, 1] îòíîñèòåëüíî

ñèñòåìû Óîëøà â ñìûñëå çíàêîâ,
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3) ìîæíî íàéòè ïîñëåäîâàòåëüíîñòü çíàêîâ {εk = ±1}∞k=0 òàêóþ, ÷òî ðÿä∑∞
k=0 εkck(U)Wk(x) áóäåò óíèâåðñàëüíûì â Lp[0, 1], p ∈ (0, 1) â ñìûñëå ïåðåñòà-

íîâîê.

2. Âñïîìîãàòåëüíûå ôàêòû

Íàïoìíèì îïðåäåëåíèå ñèñòåìû Óîëøà-Ïýëè {Wk(x)} (ñì.[24], [25]).

W0(x) = 1, Wn(x) =

k∏
s=1

rms(x), n =

k∑
s=1

2ms , m1 > m2 > ... > ms ≥ 0,

ãäå {rk(x)}∞k=0 - ñèñòåìà Ðàäåìàõåðà:

r0(x) =

{
1, x ∈ [0, 1

2 );

−1, x ∈ [ 1
2 , 1).

r0(x+ 1) = r0(x), rk(x) = r0(2kx), k = 1, 2, ...

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Ðàçîáüåì ïîëóèíòåðâàë [0, 1) íà 2m ðàâíûõ ÷à-

ñòåé è îáîçíà÷èì ýòè ïîëóèíòåðâàëû ÷åðåç ∆
(j)
m , êîòîðûå áóäåì â äàëüíåéøåì

íàçûâàòü äâîè÷íûìè èíòåðâàëàìè èëè ïðîñòî èíòåðâàëàìè âèäà∆
(j)
m , (∆

(j)
m =

[ j−1
2m , j

2m ) , 1 ≤ j ≤ 2m). Ïóñòü

(2, 1) Sm(x, g) =

m∑
k=0

ck(g)Wk(x),

ãäå ck(g) =
∫ 1

0
g(x)Wk(x)dx−êîýôôèöèåíòû Ôóðüå- Óîëøà ôóíêöèè g ∈ L1(0, 1).

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå íåðàâåíñòâà (ñì. [26])

(2, 2) |Sn(x, g)| < 2

δ

∫ d

c

|g(t)| dt ∀x /∈ [c− δ, d+ δ] ,

ãäå g(t)− ïðîèçâîëüíàÿ èíòåãðèðóåìàÿ è âíå (c, d) îáðàùàþùàÿñÿ â íîëü ôóíê-

öèÿ, δ− ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî.

(2.3)

∫ 1

0

|Sn(x, g)|p dx < A

1− p

(∫ 1

0

|g(x)|dx
)p

, ∀p ∈ (0, 1),

ãäå g(t)− ïðîèçâîëüíàÿ èíòåãðèðóåìàÿ íà (0, 1) ôóíêöèÿ è A−ïîñòîÿííàÿ. Â
äàëüíåéøåì íàì ïîëåçíà áóäåò ñëåäóþùàÿ î÷åâèäàÿ ëåììà.

Ëåììà 2.1. Äëÿ êàæäîé ôóíêöèè g(x) ∈ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

{Pk(x)}∞k=1 ïîëèíîìîâ ïî ñèñòåìå Óîëøà ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè ,

êîòîðàÿ ïî÷òè âñþäó íà [0, 1] ñõîäèòñÿ ê g(x).
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Ìû òàêæå áóäåì èñïîëüçîâàòü ñëåäóþùóþ ëåììó, äîêàçàííóþ â [20] (ñì. Ëåì-

ìà 3 â [20]).

Ëåììà 2.2. Ïóñòü 0 < p0 < 1, n0 ∈ N, η ∈ (0, 1) è f(x) =
∑ν̃0
m=1 γ̃mχ∆̃m

(x) åñòü

òàêàÿ ñòóïåí÷àòàÿ ôóíêöèÿ, ÷òî γ̃m 6= 0 è {∆̃m}ν̃0m=1 � ñóòü íåïåðåñåêàþùèéñÿ

äâîè÷íûå èíòåðâàëû ñ
∑ν̃0
m=1 |∆̃m| = 1. Òîãäà ìîæíî íàéòè ïîëèíîìû

H(x) =

2n−1∑
k=2n0

akWk(x), Q(x) =

2n−1∑
k=2n0

δkakWk(x), δk = ±1,

ïî ñèñòåìå Óîëøà, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

0 < ak+1 ≤ ak < η, ∀k ∈ [2n0 , 2n − 1 ), H(x) · χ[2−n0 ,1](x) = 0,∫ 1

0

|f(x)−H(x)|p0 dx < η, max
2n0≤M<2n

∫ 1

0

∣∣∣∣∣
M∑

k=2n0

akWk(x)

∣∣∣∣∣ dx < η,

max
2n0≤M<2n

∫ 1

0

∣∣∣∣∣
M∑

k=2n0

δkakWk(x)

∣∣∣∣∣
p0

dx < 5

∫ 1

0

|f(x)|p0dx.

3. Äîêàçàòåëüñòâî òåîðåì 1.1 � 1.3

Ïóñòü 0 < ε < 1 è p ∈ (0, 1). Ïîëîæèì

(3.1) m0 = 2 + [log2

1

ε
] M1 = 2m0 .

Ðàññìîòðèì ñ÷åòíîå ìíîæåñòâî âñåõ ñòóïåí÷àòûõ ôóíêöèé âèäà

(3.2)

2n∑
j=1

γjχ∆
(j)
n

(x),

ãäå γj 6= 0-ðàöèîíàëüíûå ÷èñëà è ïóñòü {fm(x)}∞m=1− åñòü ïîñëåäîâàòåëüíîñòü

ýòèõ ôóíêöèé â ïðîèçâîëüíîé íóìåðàöèåé.

Ïðèìåíèì Ëåììó 2, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = m0, η = 2−4, p0 = p, f(x) = f1(x)

Òîãäà îïðåäåëÿþòñÿ ïîëèíîìû ïî ñèñòåìå Óîëøà âèäà

H
(1)
1 (x) =

M2−1∑
k=M1

a
(1)
k Wk(x) , Q

(1)
1 (x) =

M2−1∑
k=M1

δ
(1)
k a

(1)
k Wk(x), M1 = 2m0 , M2 = 2m1

óäîâëåòâîðÿþùèå óñëîâèÿì:

0 < a
(1)
k+1 ≤ a

(1)
k <

1

2
, δ

(1)
k = ±1,

∫ 1

0

∣∣∣f1(x)−Q(1)
1 (x)

∣∣∣p dx < 2−4, k ∈ [M1 ,M2 ),
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H
(1)
1 (x) · χ[I2,1](x) = 0, I1 =

1

M1
,∫ 1

0

|H(1)
1 (x)|dx < max

m∈[M1,M2)

∫ 1

0

|
m∑

k=M1

a
(1)
k Wk(x)|dx < 2−4,

H
(1)
1 (x) · χ[I2,1](x) = 0, I1 =

1

M1
,

∫ 1

0

∣∣∣f1(x)−Q(1)
1 (x)

∣∣∣p dx < 2−4,

max
m∈[M1 ,M2 )

∫ 1

0

|
m∑

k=M2n−1

δ
(1)
k a

(1)
k Wk(x)|pdx < 5

∫ 1

0

|f1(x)|pdx.

Ñíîâà ïðèìåíÿÿ ëåììó 2.2, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = [log2M2], η = min{a(1)
M2−1; 2−8}, p0 = p, f(x) = {f1(x)−H(1)

1 (x)}.

Òîãäà îïðåäåëÿþòñÿ ïîëèíîìû ïî ñèñòåìå Óîëøà âèäà

H
(2)
1 (x) =

M3−1∑
k=M2

a
(1)
k Wk(x) , Q

(2)
1 (x) =

M3−1∑
k=M2

δ
(1)
k a

(1)
k Wk(x), k ∈ [M2,M3) = [2m1 , 2m2)

óäîâëåòâîðÿþùèå óñëîâèÿì:

0 < a
(1)
k+1 ≤ a

(1)
k < a

(1)
M2−1 , δ

(1)
k = ±1,∀k ∈ [M2,M3),∫ 1

0

|{f1(x)−H(1)
1 (x)}−Q(2)

1 (x)|p dx < 2−8, H
(2)
1 (x) · χ[I2,1](x) = 0, I2 =

1

M2
,∫ 1

0

|H(2)
1 |dx < max

m∈[M2,M3)

∫ 1

0

|
m∑

k=M2

a
(1)
k Wk(x)|dx < 2−8.

Íåòðóäíî âèäåòü, ÷òî ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ìû ìîæåì ïî èíäóêöèè îïðå-

äåëèòü ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ

{H(1)
n (x)}∞n=1, {H(2)

n (x)}∞n=1, {Q(1)
n (x)}∞n=1, {Q(2)

n (x)}∞n=1

âèäà

(3.3) H(1)
n (x) =

M2n−1∑
k=M2n−1

a
(n)
k Wk(x) , H(2)

n (x) =

M2n+1−1∑
k=M2n

a
(n)
k Wk(x), M1 = 2m0 ,

(3.4) Q(1)
n (x) =

M2n−1∑
k=M2n−1

δ
(n)
k a

(n)
k Wk(x) , Q(2)

n (x) =

M2n+1−1∑
k=M2n

δ
(n)
k a

(n)
k Wk(x),

ãäå

(3.5) Mk ↗∞, δ
(n)
k = ±1, k ∈ [M2n−1 ,M2n+1 ),n = 0, 1, 2, ....,

êîòîðûå äëÿ êàæäîãî n = 1, 2, .... óäîâëåòâîðÿþò óñëîâèÿì:

(3.6) 0 < a
(n)
k+1 ≤ a

(n)
k < a

(n−1)
M2n−1−1 , k ∈ [M2n−1 ,M2n+1 ),
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(3.7)

∫ 1

0

∣∣∣∣∣∣fn(x)−
n∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)∣∣∣∣∣∣
p

dx < 2−3n,

(3.8) H(1)
n (x)χ[I2n−1,1](x) = H(2)

n (x)χ[I2n,1](x) = 0, Ij =
1

Mj
,

(3.9)

∫ 1

0

|H(1)
n (x)|dx ≤ max

m∈[M2n−1,M2n)

∫ 1

0

|
m∑

k=M2n−1

a
(n)
k Wk(x)|dx < 2−

2
p (n+4),

(3.10)

∫ 1

0

|H(2)
n (x)|dx ≤ max

m∈[M2n,M2n+1)

∫ 1

0

|
m∑

k=M2n

a
(n)
k Wk(x)|dx < 2−

2
p (n+4),

(3.11)

∫ 1

0

∣∣∣fn(x)−Q(1)
n (x)

∣∣∣p dx < 2−4n−2,

(3.12) max
m∈[M2n−1,M2n)

∫ 1

0

|
m∑

k=M2n−1

δ
(n)
k a

(n)
k Wk(x)|pdx < 5

∫ 1

0

|fn(x)|pdx.

Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.3) è (3.8)- (3.10), â ñèëó (2.1) è (2.2) äëÿ âñåõ x ∈ [I2n−1+2−n, 1]

è äëÿ êàæäîãî m ∈ [M2n−1,M2n), ∀n ≥ 1 áóäåì èìåòü

(3.13)

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣ =
∣∣∣Sm(x,H(1)

n )
∣∣∣ < 2

2−n

∫ 1

0

∣∣∣H(1)
n (t)

∣∣∣ dt ≤ 2−n−1,

Àíàëîãè÷íî äëÿ âñåõ x ∈ [I2n+2−n, 1] è äëÿ êàæäîãî m ∈ [M2n,M2n+1), n ≥ 1

ïîëó÷èì

(3.14)

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ < 2

2−n

∫ 1

0

∣∣∣H(2)
n (t)

∣∣∣ dt ≤ 2−n−1.

Èç (3.9), (3.10) ñëåäóåò

(3.15)

∞∑
n=1

2∑
j=1

(∫ 1

0

∣∣∣H(j)
n (x)

∣∣∣ dx) <∞.

Îïðåäåëèì ôóíêöèþ U(x) è ïîñëåäîâàòåëüíîñòü ÷èñåë {ak} ñëåäóþùèì îáðàçîì

(3.16) ak = 1, k ∈ [0, 2m0 ), ak = a
(n)
k , k ∈ [M2n−1,M2n+1), n = 1, 2, .

(3.17) U(x) = H0(x) +

∞∑
n=1

(
H(1)
n (x) +H(2)

n (x)
)

=

∞∑
k=0

akWk(x),

ãäå (ñì. (3.1))

(3.18) H0(x) =

2m0 −1∑
k=0

Wk(x),
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Îòñþäà è èç (3.15) ñëåäóåò U(x) ∈ L1 [0 , 1 ]. Â ñèëó (3.1), (3.3), (3.8), (3.17) è

(3.18) èìååì U(x) = 0 ïðè x ∈ [2−m0 , 1] ⊂ [ε, 1].

Ïóñòü x ∈ (0, 1), ÿñíî, ÷òî äëÿ íåêîòîðãî íàòóðàëüíîãî nx, x ∈ [I2n−1+2−n, 1]

äëÿ âñåõ n ≥ nx.Òîãäà â ñèëó (3.13), (3.14) è (3.16) � (3.18) äëÿ ëþáûõ N ∈
[M2n−1,M2n+1) ïðè n ≥ nx áóäåì èìåòü∣∣∣∣∣U(x)−

N∑
k=0

akWk(x)

∣∣∣∣∣ ≤ max
m∈[M2n−1,M2n)

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣+
+ max
m∈[M2n,M2n+1)

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ ≤ 2−n

Îòêóäà âûòåêàåò, ÷òî ðÿä
∑∞
k=0 akWk(x) ñõîäèòñÿ ê U(x) âñþäó íà (0, 1). Ó÷è-

òûâàÿ ñîîòíîøåíèÿ(3.9), (3.10), (3.16)- (3.18) äëÿ ëþáûõ N ∈ [M2n−1,M2n+1),

n ≥ 1 ïîëó÷èì∫ 1

0

∣∣∣∣∣U(x)−
N∑
k=0

akWk(x)

∣∣∣∣∣ dx ≤ max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣ dx+

+ max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ dx ≤ 2−2n

Çíà÷èò, ðÿä
∑∞
k=0 akWk(x) ñõîäèòñÿ ê U(x) ïî L1 [0 , 1 )− íîðìå è ñëåäîâàòåëüíî

(3.19) ak = ck(U) =

∫ 1

0

U(x)Wk(x)dx, k = 0, 1, 2...

Â ñèëó (3.6), (3.16) è (3.19) áóäåì èìåòü ck(U) ↘. Èç (2.3), (3.3), (3.9) è (3.10)

ñëåäóåò

max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

ck(U)Wk(x)

∣∣∣∣∣∣
p

dx+ max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx

(3.20) ≤ A

1− p
2−2(n+4) .

Ïîëîæèì

(3.21) δk = 1, k ∈ [0, 2m0 ) ∪
∞⋃
n=1

[M2n−1,M2n); δk = δ
(n)
k , k ∈ [M2n,M2n+1),

(3.22) εk = δ
(n)
k , k ∈ [M2n−1,M2n); εk = 1, k ∈ [0, 2m0 ) ∪

∞⋃
n=1

[M2n,M2n+1) .
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Ïîêàæåì, ÷òî ðÿä

(3.23)

∞∑
k=0

δkck(U) Wk(x) = H0(x) +

∞∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)
,

óíèâåðñàëåí êàê â M [0, 1) îòíîñèòåëüíî ñèñòåìû Óîëøà â îáû÷íîì ñìûñëå,

à ðÿä

(3.24)

∞∑
k=0

εkck(U)Wk(x) = H0(x) +

∞∑
j=1

(
Q

(1)
j (x) +H

(2)
j (x)

)
.

óíèâåðñàëåí â Lp [0 , 1 ) îòíîñèòåëüíî ïåðåñòàíîâîê.

Ïóñòü g(x) ∈ M [0, 1). Ïðèìåíÿÿ ëåììó 1 ìû ìîæåì èç ïîñëåäîâàòåëüíîñòè

{fm(x)}∞m=1(ñì. (3.2)) âûáðàòü ïîäïîñëåäîâàòåëüíîñòü {flk(x)}∞k=1 òàê, ÷òîáû ïî-

÷òè âñþäó íà [0, 1]

(3.25) lim
k→∞

flk(x) = (g(x)−H0(x)).

Â ñèëó (3.7) èìååì

∫ 1

0

∣∣∣∣∣∣flk(x)−
lk∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)∣∣∣∣∣∣
p

dx < 2−8(lk+2).

Îòñþäà ñëåäóåò, ÷òî äëÿ íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè {lkq}∞q=1 âûáðàííîé

èç ïîñëåäîâàòåëüíîñòè {lk}∞k=1 ïî÷òè âñþäó íà [0, 1] èìååò ìåñòî

(3.26) lim
q→∞
{flkq (x)−

lkq∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)
} = 0.

Ïîëîæèì Nq = M2lkq+1 − 1. Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.3), (3.4), (3.16), (3.19),

(3.21), (3.23), (3.25) è (3.26), ïî÷òè âñþäó íà [0, 1] èìååò ìåñòî

lim
q→∞

Nq∑
s=0

δscs(U) Ws(x) = g(x).

Èòàê (ñì. (3.23)), ïåðâàÿ ÷àñòü òåîðåìû 3 äîêàçàíà. Òåïåðü ïîêàæåì, ÷òî ðÿä

(3.24) óíèâåðñàëåí â Lp [0 , 1 ) â ñìûñëå ïåðåñòàíîâîê.

Ïóñòü f(x) ∈ Lp [0 , 1 ]. Ïîëîæèì

(3.27) f∗(x) = f(x)−H0(x).

Ïî èíäóêöèè ïîñòðîèì ïîñëåäîâàòåëüíîñòè ôóíêöèè
{
fνq (x)

}∞
q=1

÷èñåë {νq}∞q=1,

{s(q)}∞q=1 è ïîëèíîìîâ {Q(1)
νq (x)}∞q=1 , {Rq(x)}∞q=1 , {βq(x)}∞q=1 óäîâëåòâîðÿþùèõ
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ñëåäóþùèì óñëîâèÿì:

(3.28)∫ 1

0

∣∣ fνq (x)
∣∣p dx ≤ 2−2q +

∫ 1

0

|Rq−1(x)+βq−1(x))|p dx , νq > νq−1+1, ν0 = 1,

(3.29)

Rq(x) =

 νq−1∑
n=νq−1

H(2)
n (x)

, βq(x) = εs(q)cs(q)(U)W
s(q)

(x), (R0(x) = f∗(x), β0(x) = 0) ,

(3.30)

s(q) = min{ k ∈ N, k ∈ spec

 q∑
j=1

νj−1∑
n=νj−1+1

Q(1)
n (x)

�{s(n)}q−1
n=1 }, s(1) = M1,

(3.31)∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
βj(x) +Rj(x)+Q(1)

νj (x)+
]
∣∣∣∣∣∣
p

dx ≤ 2−2(q+2) +

∫ 1

0

|Rq(x)+βq(x))|p dx.

Íà ïåðâîì øàãå âîçüìåì ôóíêöèþ fν1(x), (ν1 > ν0+1) èç ïîñëåäîâàòåëüíîñòè

(3.2) òàêèì îáðàçîì, ÷òîáû

∫ 1

0

|{f∗(x)− fν1(x)|pdx ≤ 2−10 .

Îòñþäà è èç (3.11) èìååì∫ 1

0

| fν1(x)|p dx ≤ 2−2(1+4) +

∫ 1

0

|f∗(x)|p dx = 2−10 +

∫ 1

0

|R0(x)+β0(x)|p dx

∫ 1

0

∣∣∣f∗(x)−
{
R1(x)+β1(x)+Q

(1)
ν1 (x)

}∣∣∣p dx ≤ 2−10 +

∫ 1

0

|R1(x)+β1(x))|p dx,

ãäå

β0(x) = 0, R0(x) = f∗(x),

R1(x) =

(
ν1−1∑
n=1

H(2)
n (x)

)
, s(1) = M1 = 2m0 , β1(x) = εs(1)cs(1)(U)W

s(1)
(x).

Íàõîäÿ ôóíêöèþ fν1(x), ÷èñëà ν1, s(1) è ïîëèíîìû R1(x) , β1(x) èQ(1)
ν1 (x) òàêèì

îáðàçîì, ÷òîáû ïðè q = 1 âûïîëíÿëèñü óñëîâèÿ (3.28)�(3.31). Ïðåäïîëîæèì, ÷òî

óæå îïðåäåëåíû ôóíêöèè fν1(x), ..., fνq (x) ÷èñëà ν0 < ν1 < ... < νq; s(1) < ...... <

s(q) è ïîëèíîìû {Q(1)
νj (x)}qj=1 , {Rj(x)}qj=1 , {βj(x)}qj=1 ,óæå ïîñòðîåíû. Ïîêàæåì

òåïåðü, êàê ñëåäóåò ñòðîèòü ôóíêöèþ fνq+1
(x) ÷èñåëà νq+1, s(q+1), è ïîëèíîìû

Q
(1)
νq+1(x), Rq+1(x), βq+1(x).
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Ñíà÷àëà ïîäáåðåì íàòóðàëüíîå ÷èñëî νq+1 > νq + q ñëåäîâàòåüíî è ôóíêöèþ

fνq+1(x) èç ïîñëåäîâàòåëüíîñòè {fm(x)}∞m=1(ñì. (3.2)) òàê, ÷òîáû

(3.32)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x) + βj(x)+Q(1)

νj (x)
]− fνq+1

(x)

∣∣∣∣∣∣
p

dx ≤ 2−2(q+4) .

Èç (3.11) è (3.34) ñëåäóåò

(3.33)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x)+βj(x) +Q(1)

νj (x)
]− Q(1)

νq+1
(x)

∣∣∣∣∣∣
p

dx ≤ 2−2(q+3).

Ïîêàæåì, ÷òî óñëîâèÿ (3.28)�(3.31) âûïîëíåíû ñ q+ 1 íà ìåñòå q. Ñíà÷àëà çàìå-

òèì, ÷òî èç (3.31), (3.32) âûòåêàåò∫ 1

0

∣∣ fνq+1(x)
∣∣p dx ≤ 2−2(q+1) +

∫ 1

0

|Rq(x)+βq(x))|p dx,

ò.å. (3.28) âûïîëíåíî äëÿ q + 1. Ïîëîæèì

(3.34) Rq+1(x) =

νq+1−1∑
n=νq

H(2)
n (x)

, βq+1(x) = εs(q+1)cs(q+1)(U)W
s(q+1)

(x),

(3.35) s(q + 1) = min{ k ∈ N, k ∈ spec

q+1∑
j=1

νj−1∑
n=νj−1+1

Q(1)
n (x)

�{s(n)}qn=1 }.

Ñ ïîìîùüþ (3.33) - (3.35) ïðîâåðÿåì (3.31) äëÿ q + 1:∫ 1

0

∣∣∣∣∣∣f∗(x)−


q+1∑
j=1

[
Rj(x) + βj(x)+Q(1)

νj (x)
]
∣∣∣∣∣∣
p

dx ≤ 2−2(q+3) +

∫ 1

0

|Rq+1(x)+βq+1(x)|p dx.

Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.10), (3.12) è (3.29) äëÿ âñåõ q > 1 ïîëó÷èì∫ 1

0

|Rq(x)+βq(x))|p dx ≤ 2−2(q+3) +

νq+1−1∑
n=νq

∫ 1

0

∣∣∣H(2)
n (x)

∣∣∣p dx+
∣∣cs(q+1)(U)

∣∣p
(3.36) ≤ 2−2(q+1) +

∣∣cs(q)(U)
∣∣p .

Â ñèëó (3.12), (3.16), (3.19) è (3.22) èìååì

(3.37) max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

εkck(U)Wk(x)

∣∣∣∣∣∣
p

dx =

= max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

δ
(νq)
k a

(νq)
k Wk(x)

∣∣∣∣∣∣
p

dx ≤
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≤ 5

∫ 1

0

∣∣ fνq (x)
∣∣p dx ≤ 5.2−2(q−1) + 5

∣∣cs(q−1)(U)
∣∣p.

ßñíî, ÷òî ïîñëåäîâàòåëüíîñòü ÷èñåë (ñì.(3.5) (3.30))

0, 1, .., M1 − 1;M2, ..,M3;M5,..,M7,...;M2ν1−2, ..,M2ν1−1 − 1;

s(1);M2ν1−1, ..,M2ν1 − 1;M2ν1 , ..,M2ν1+1 − 1; ...., ;

M2n, ..,M2n+1−1; ...;M2νq−2 , ..,M2νq−1−1; s(q);M2νq−1...M2νq−1;M2νq ..M2νq+1; ...

-åñòü íåêîòîðàÿ ïåðåñòàíîâêà {σ(k)}∞k=1. Ñëåäîâàòåëüíî ðÿä

(3.38)

∞∑
k=1

εσ(k)cσ(k)(U)Wσ(k)(x)= H0(x) +

∞∑
q=1

[
Rq(x)+βq(x) +Q(1)

νq (x)
]

-åñòü ïåðåñòàíîâëåííûé ðÿä îïðåäåëÿåìûé â ñèëó (3.3), (3.4), (3.18), (3.22), (3.28),

(3.31) è (3.30) ðÿäà (3.24). Îñíîâûâàÿñü (3.20), (3.27), (3.36), (3.37) è (3.38) äëÿ

ëþáûõ N ∈ [M2νq−1,M2νq+1+1) è q > 1 áóäåì èìåòü∫ 1

0

∣∣∣∣∣f(x)−
N∑
k=1

εσ(k)cσ(k)(U)σ(k)Wσ(k)(x)

∣∣∣∣∣
p

dx ≤

≤
∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x)+βj(x) +Q(1)

νj (x)
]
∣∣∣∣∣∣
p

dx+

+ max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

εkck(U)Wk(x)

∣∣∣∣∣∣
p

dx+

+

νq+1∑
n=νq+1

max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx+

+
∣∣cs(q+1)(U)

∣∣ ≤ (2−2q +
∣∣cs(q)(U)

∣∣p)+5(2−2(q−1) +
∣∣cs(q−1)(U)

∣∣p) +

+
A

1− p
2−2(q+1) +

∣∣cs(q+1)(U)
∣∣p .

Îòêóäà, ïðèíèìàÿ âî âíèìàíèå, ÷òî cs(q)(U)→ 0 ïðè q → ∞ è ÷òî q → ∞
êîãäà N →∞ çàêëþ÷àåì, ÷òî ðÿä (3.38) ñõîäèòñÿ ê f(x) â ìåòðèêå Lp[0, 1). Äëÿ

çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû 1.3 îñòàëîñü ïðîâåðèòü,÷òî ôóíêöèÿ U(x)

óíèâåðñàëüíà äëÿ Lp[0, 1] îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå çíàêîâ.

Íåòðóäíî óáåäèòüñÿ, ÷òî ïî òåì æå ñîîáðàæåíèÿì, ÷òî è ïðè ïîëó÷åíèè ïî-

ñëåäîâàòåëüíîñòè ôóíêöèè
{
fνq (x)

}∞
q=1

÷èñåë {νq}∞q=0, {s(q)}∞q=0 è ïîëèíîìîâ

{Q(1)
νq (x)}∞q=1 , {Rq(x)}∞q=1 , {βq(x)}∞q=1 óäîâëåòâîðÿþùèõ óñëîâèÿì (3.28)-(3.31),

ïî èíäóêöèè ìîæíî âûáðàòü ïîñëåäîâàòåëüíîñòè ôóíêöèè
{
fλq (x)

}∞
q=1

,÷èñåë
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{λq}∞j=0 è ïîëèíîìû {Q(1)
λq

(x)}∞q=1, {Aq(x)}∞q=1 , {Bq(x)}∞q=1 , êîòîðûå óäîâëåòâî-

ðÿþò ñëåäóþùèì óñëîâèÿì:

(3.39) Aq(x) =

λq∑
n=λq−1+1

(
H(1)
n (x) +H(2)

n (x)
)
, A0(x) = f∗(x), H

(1)
0 (x) = 0 =λ0,

(3.40)

∫ 1

0

∣∣ fλq (x)
∣∣p dx ≤ 2−p(q+2) +

∫ 1

0

∣∣∣Aq−1(x)−H(1)
λq−1

(x))
∣∣∣p dx ≤ 2−2q, q > 1,

(3.41)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Aj(x)−H(1)

λj
(x) +Q

(1)
λj

(x)
]
∣∣∣∣∣∣
p

dx ≤

≤ 2−2(q+3) +

∫ 1

0

∣∣∣Aq(x)−H(1)
λq (x))

∣∣∣p dx ≤ 2−2(q+1).

Ïîëîæèì

(3.42) ηk = δ
(n)
k , k ∈ [M2λq−1,M2λq ); ηk = 1, k /∈

∞⋃
q=1

[M2λq−1,M2λq ) .

Â ñèëó (3.12), (3.16), (3.19), (3.40) è (3.42) èìååì

(3.43) max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

ηkck(U)Wk(x)

∣∣∣∣∣∣
p

dx =

= max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

δ
(λq)
k a

(λq)
k Wk(x)

∣∣∣∣∣∣
p

dx ≤ 5

∫ 1

0

∣∣ fλq (x)
∣∣p dx ≤ 5 2−2q

Èç (3.39)- (3.43) äëÿ ëþáûõ N ∈ [M2λq−1,M2λq+1−1) è q > 1 áóäåì èìåòü∫ 1

0

∣∣∣∣∣f(x)−
N∑
k=0

ηkck(U)Wk(x)

∣∣∣∣∣
p

dx ≤
∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Q

(1)
λj

(x) +Aj(x)+Bj(x)
]
∣∣∣∣∣∣
p

dx+

+

λq+1∑
n=λq+1

 max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

ck(U)Wk(x)

∣∣∣∣∣∣
p

dx+ max
l∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
l∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx

+

+ max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

δ
(λq)
k a

(λq)
k Wk(x)

∣∣∣∣∣∣
p

dx≤ 2−q+3.

Îòñþäà è èç òîãî, ÷òî q →∞ êîãäàN →∞ çàêëþ÷àåì, ÷òî ðÿä
∑∞
k=1 ηkck(U)Wk(x)

ñõîäèòñÿ ê f(x) â ìåòðèêå Lp[0, 1).

Òåîðåìà 1.3 äîêàçàíà.
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Abstract. In this work it is constructed an integrable function U(x) is universal

for clas Lp [0 , 1 ], p ∈ (0, 1) with respect to the Walsh system in sence of signs ,

with strictly decreasing Fourier -Walsh coe�cients {ck(U) }∞k=0 ↘, and converging

everywhere on (0, 1) and in the norm of L1[0, 1) Fourier -Walsh series , which

has the following propertie: one can �nd a numbers εk= ±1 such that the series∑∞
k=0 εkck(U)Wk(x) is universal in Lp [0 , 1 ], p ∈ (0, 1) in sense of rearrangements.
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