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Abstract. In this paper, at first we study boundedness and compactness
criterions for generalized composition operator from the Lipschitz space into

the Zygmund space. Then we estimate the essential norm of this operator.
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1. INTRODUCTION

Let X and Y be Banach spaces. The essential norm of a bounded linear operator
T : X — Y is its distance to the set of compact operators K mapping X into Y,
that is,

IT|le, x>y = nf{||T — K| x—v : K is compact}

Let D be the open unit disc in the complex plane C, H(D) the space of analytic

functions on D and H° be the space of bounded analytic functions on D with norm

[fllsc = sup.ep [f(2)]-

Let u € H(D) and ¢ € S(D), the set of self-maps of I. The weighted composition

operator with symbols v and ¢, denoted by uC,, is defined as follows

uCopf = M, Cypf = u(fowp), feH(D),

where M, is the multiplication operator with symbol v and C,, is the composition
operator. We refer the interested reader to [4] and [12] for the theory of the
composition operators and to [2, 3, 6, 10, 14, 16, 20, 21, 22| for (weighted) composition
on various spaces of analytic functions.

Let Z denote the set of all functions f € H(D) N C(D) such that
F(E0H) 4 50 — 24(e)

h

where the supremum is taken over all # € R and h > 0. By Theorem 5.3 of [12] and

Hf” = sup < 00,

the Closed Graph Theorem, we see that an analytic function f on ID belongs to Z
3
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if and only if sup,cp(1 — |2]?)]f”(2)] < co. Furthermore,
1£1l ~ sup(1 — |2*)] £ ()]
z€D
The preceding quantity is seminorm for the space Z. The norm defined by
Ifllz = [£(O)] + [f(0)] + Slelg(l — 2" (2)]

yields a Banach space structure on Z, which is called the Zygmund space.
Let 0 < a < 0o. A function f € H(D) is said to belong to the Bloch type space
B, if
By = sup(1 — |:[2)°[f(2)] < oo.
2D
Under the seminorm f — [ , B is conformally invariant, and the norm defined
by ||fllze = |f(0)] + By yields a Banach space structure on B<. It is well known
that for 0 < a < 1, B“ is a subspace of H*. When a = 1, we get the classical
Bloch space B.

The Lipschitz space Lip,, (with 0 < a < 1) is the space of functions f € H(D)
satisfying the Lipschitz condition of order a, i.e, there exists a constant C' > 0 such
that

1f(2) = f(w)| < Clz —w|* 2z,weD.
Such functions f extend continuously to the closure of the disc.

The quantity

I lip,, = 17(0)] +sup {

defines a norm on Lip,. Let f € Lip, and set

£ (z) = f(w)]

|2 — w|*

, z,weD,z;ﬁw}

C= sup{M, z,w €D,z # w}.

|z —wl|*

Then, for z € D, we have
£ () < [f(0)] + Clz]* < Clz — w|* < || flLip,-

Thus, taking the supremum over D, we obtain || f||cc < || f||Lip,- By a theorem of
Hardy and Littlewood [5], the elements of Lip,, are characterized by the following
Bloch-type condition: A function f € H(D) belongs to Lip,, if and only if
a(f) = Sug(l — [z (2)] < oo
S

Moreover,

(1.1) [fllLip, = [£(O) + a(f)-

Composition operators, weighted composition operators, and related operators between

the Zygmund space and some various spaces of analytic functions have been studied
4
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in [7, 8, 9, 13, 19).

In [8], Li and Stevié defined the generalization composition operator C9Y as follows

(1.2) (C9f)(=) = /£z1”<w<a>>g<f>ds.

Li and Stevié¢ studied the boundedness and compactness of the generalized composition
operator on the Zygmund space and the Bloch type space and the little Bloch
type space in [8]. In this paper, we study boundedness and compactness of the
generalization composition operator C'J from Lip,, to Z. Also we give some estimates
for the essential norm of this operator. Weighted composition operators uC,, between
Lip,, and Z spaces were studied by Colonna and Li in [2]. Some characterizations of
the boundedness and compactness of the composition operator, as well as Volterra
type operator, on the Bloch type space and the Zygmund space can be found in
[1, 15, 17].

The notation a < b means that there is a positive constant C' such that a < Cb.
We say that a =~ b if both @ < b and b < a hold

2. Boundedness of the operator CY : Lip, — Z

In this section, we give necessary and sufficient conditions for the boundedness

of the operator C : Lip, — Z.

Theorem 2.1. Let 0 < o < 1, g € H(D) and ¢ € S(D). Then the operator
CY : Lip, — Z is bounded if only if the following quantities are finite:

o (L= PG
My =210 (T ()i

and

(- Pl G)
Mo = R

Proof. For any f € Lip,,
(1= [2P)ICLH" () = (1 = |2 (¢(2))9(2))|
< (1= ) (e(2)llg'(2)]
+ (1= 2P Nlg () (e(2))]
|
2

AP A P el
< Wl (T * - p@pE e )

where in the last inequality we have used (1.1) and the following well known

characterization of Bloch type functions (see [18]):

sup(1 — [2[*)' [ f"(2)] = |£(0)| + sup(1 - |2[) =17 (2)]-

zeD
5
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Conversely, assume that CJ : Lip, — Z is bounded. For a fixed a € D and for
zeDand 1 <5 <3, set

oy (=)
Fas(?) = (g

A direct calculation shows that

(a) = (1 —|a*)~ ’Aa:(j_; //‘a:(]'—06)(]'-1-1—0()62
fa,]( ) (1 ‘ | ) ) fa,]( ) (17 |a|2)1704’ fa,]( ) (1*|CL‘2)2*0‘

Then, for w € D, we get,

(0.0) (O ) (w) = LW | (1= 0)2 = dglw)ew)plw)

(1= [p(w)P)i—= (1= [p(w)P)2—=
, b (2= a)gw)p) | (2—a)B3 = a)g(w)e (w)p(w)
22) (el ) = e (1 olw)P)>=

and
- R
(23)  (COfpuya)(w) = B2 | (=)t = aJg(w)¢(w)p(w)

(1 = Jp(w)[?)t=« (1 = fp(w)[)2=e
Subtracting (2.1) from (2.2), we get

g ") — (9 ") = g(w)m
(2.4) (Colotwra) () = {Celotn) () (1*|<P( ))=e
+(4—204) g(w)p(w )280(10)
(1 = p(w)]?)?~ '

On the other hand, subtracting (2.1) from (2.3), we obtain

(O3 o))" () = (Cofotura)"(w) = 7 fﬁﬁﬁ)

(10 — 4a)g(w)p(w)2p(w)
(1 - [p(w)P)2—=

Subtracting (2.3) from (2.4), we get

29(“’)@/(“})@2 (g " g " g "
(1 — |<p(w)|2)2*°‘ - (Cgof@(w),l) (’LU) - 2(C<pf<p(w),2) (’LU) + (Cgoftp(w)B) (w)

which implies that

(1 — [w]*)g(w)e’ (w) |l (w) ?
(1= [p(w)[?)2=«

1
(Cfo(wy )" (W) 4+ (C fipuw).2)" (w)] + 5\(Cf;f¢(w),3)”(w)|

[(CE fo(wy ) (W)l z + [(CE fow) 2) (W) 2 + %”(ngfap(w),?))(w)HZ

(2.5)

ININA
Q NJLD—\ [\’)\H

Fix r € (0,1). If |p(w)| > r, then by (2.5), we have

(1 |wf? )Ig’(w)lw( )|
(1= [ (w)]?)>=

<

¢
=

2
6
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Taking the functions f(z) = z and f(z) = 22 respectively, we obtain
(2.6) Ny = sup(1 — [2[*)]g'(2)] < o0
zeD
and
No = sup(1 — |21)]g' (2)0(2) + 9(2)¢/ (2)] < oo
ze
If |o(w)| < r, then by (2.6) we get

_ (A= JwP)lg'(w)] N
(2.7) M = (1 — |p(w)[2)2—= < (1 —r2)l-a

which, combined with (2.7), implies that M; < co. Arguing similarly, we get
(1 —Jw|*)|g’ (w)]

<C
(1 = p(w)[?)2—
and
(1 — |w]?)|g(w)¢' (w)| N,
M, = < .
2T T U fpw)P)r e S (a—rpe =%
This is mean My < oo. ([l

3. COMPACTNESS OF THE OPERATOR CY : Lip, — Z

In this section, we study the compactness of the operator C¢ : Lip, — Z. We

begin with the following lemma.

Lemma 3.1 ([11], Lemma 3.7). Let 0 < a < 1 and T be a bounded linear operator
from Lip,, into a normed linear space Y. Then T is compact if and only if | T frlly —

0 whenever {fn} is a norm-bounded sequence in Lip,, that converges to 0 uniformly
on D.

Theorem 3.2. Let 0 < a <1, ¢ € S(D) and g € H(D). Then CY : Lip, — Z is
compact if and only if bounded,

_ 2 /
T G £ )|92(fk)|
le(zi)l—=1 (1= |p(zr)[2)

(3.1) =0

and
(1= lze*)l¢’ (2) g (2)|

im = 0.
le(ze)l =1 (1= |p(2x)]?)2

Proof. Let (zx)ren be a sequence in D such that |p(zx)] — 1 as k — oo. Let

(e’
i = Gz

uniformly on D as £ — oo. Let C% : Lip, — Z be compact. By Lemma 3.1 it gives
limg— o0 |C4 fi,jllz = 0. Note that

k € N. Then f. ; € Lip,,, supgey || fr,jllLip, < 0o and fr ; — 0

/ _ (] - a)sﬁ(zk) " 2 _ (J - Oz)(] +1- O‘)‘p2('zk)
fk,j(@(zk)) = (1= [p(z[2)i—2" fa,] (o(zk)) (1 — |o(z]?2)2—
7
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We have
a) (L — |zk*)lg’ (zx) I (21)]
(1= |p(zk) )t
3 ‘ (=) +1 = a)(1 = [z *)|9"(ze)|9(ze) ll(z0)* |
(1= le(ze)[?)?—

jf
1CE fr.illz > ’(

Consequently

LG 0)(1 [Pl Gollet]
(3.2) o (z0) |1 (1= l(zk)[2)t =

L G a)G 1= a)(1 — |l )l o)l

lo(z1)| -1 (1= lp(zr)?)?~

if one of these two limits exists. Next, set

L= A =leC)P)Y  d—a  (1—|p()]?)!

g =

(1—p(ar)zyi=a  JH1=a(l—p(z)z)iti-e
Then hj, ;(¢(zr)) = 0, supgey ||k, jllz < oo and hg,; converges to 0 uniformly on D
as k — oo. Since CY : Lip, — Z is compact, we have limy o |CShk [z = 0. On

the other hand,
(=) +1—a)(1 = |z)e' (z1) g (ze)llp(z0)*

1Cehesllz 2 (T~ To ()P
Hence,
L G )G+ 1= )1~ ) Gl
k=00 (1= lo(ze)[?)> '
Therefore,
(= P el
leGzr)l=1 (1= Jp(zk)[?)?
o Um0+ 1= )= P Gl _

k=00 (1= lo(zr)?)?~
This together with (3.2) imply that
s _ 2 /
=00 )l )
lel=1 (1= lp(z)?) =
Conversely, assume that CJ : Lip, — Z is bounded and (3.1) holds. Since CY :
Lip, — Z is bounded we have ||C%f||z < C||f|Lip, for all f € Lip,. Taking the

functions f(z) = z and f(z) = 22 respectively, we obtain

=0.

(3.3) sup(1 — |2[*)|¢' ()] < o0
zeD
and
(3.4) igg(l —121%)1g' (2)(2) + g(2)¢' (2)] < 0.

Using these facts and the boundedness of the function ¢(z), we get

sup(1 — |2[*)]¢' (2)] < oo
zeD

8
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)

(3-5) C1 = sup(1 — |2[*)lg(2)]l¢’ (2)] < oo,
zeD

s = Slelg(l —[21)g(2)l¢’ (2)] < oo.

On the other hand, from (3.1), for every ¢ > 0, there is a § € (0,1), such that
1— 2 / 1— 2 /

se QBRG] | G- laP Gl

A-lp(z))—=  ~° (1= o (=) 2>

whenever 0 < |p(z)] < 1. Assume that (fx)ren is a sequence in Lip, such that

<€

supgen || frllLip, < oo and (fy) converges to 0 uniformly on D as k — oco. Let
U={zeD:|p(z)| <d}. Then by (3.5) and (3.6), it follows that

21615(1 = [2P)(CLf)"(2)] < ilelg(l = 21 fi(e(2))llg'(2)]
+sup(l = [2*)| (@' ()lg(IIf (e(2)| + sup (1= [2*)|fi(())llg' (=)
z€eD z€D\U

+ sup (1= 2@ ()llg ()1 (0 ()]

z€D\U
/ (1 —[21*)lg(=)
< (Cysu z))| + su i
1 zeg |fk((p( ))| zE]D)I\)U (1 — |(p(Z)|2)1_O‘ Hf”L Pa

, (1~ [P)1g ) lle(2)]
TNt s R

< C1 sup [fp (N + C2 sup [ff/ (N +2C]| fllLip, -
[Al<6 A<

| fllLip,,

So,
1C% fillz = | £ (£(0))[1g(0)] + ilelg(l — 2P f)" (2)]

< Cy sup [fr(N)]+ C2 sup [f/ (N)] + 2C|| flluip, + 1z (¢(0))[lg(0)].
BNES S

The proof is complete. O

4. ESSENTIAL NORM OF CYf : Lip, = Z

In this section, we give some estimates for the essential norm of operator C% f :

Lip, — Z.

Theorem 4.1. Let ¢ € S(D) and g € H(D) such that CY : Lip, — Z is bounded.
Then
1CE fllerip,—z =~ max{Ai, Ao},
where (4 (a2}
Aj :=limsup ||Cg((7a.> lz, j7=1,2.

la|—1 1—az)i—
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Proof. First we prove that max{A, A2} < [|C%l¢ Lip,—z. Let a € D. Define

(1—la?)?

fai(2) = T =i—a
(1 —az)i

It is easy to check that f, ; € Lip,, for all a € D and f, ; converges uniformly to 0 on

compact subset of Lip,, as |a| — 1 Thus, for any compact operator T : Lip, — Z,

we have limq1 | T fa ]|z =0, j =1,2. Hence,

1CS — TLip, —z 2 limsup |CF — T fa,;
la]—1

|z
2 limsup [|CY fo jllz —limsup [|T fo ]z = A;.
la|—1 la]—1

Therefore, based on the definition of the essential norm, we obtain
1CE e tip—z = WECF = TllLip, 2 2 Aj, J= 1,2

Now, we prove that ||CS fl|e Lip, —z < max{As, Ao}. Forr € [0,1), set K, : H(D) —
H(D) by (K,f)(z) = fr(z) = f(rz). It is obvious that f, — f — 0 uniformly on
compact subsets of D as r — 1. Moreover, the operator K. is compact on B and
1K, |lB—B < 1(see[10]). By a similar argument can be proved that the operator K, is
compact on Lip, and || Ky ||Lip, —Lip, < 1. Let {r;} C (0,1) be a sequence such that
rj — 1 as j — co. Then for all positive integer j, the operator C$K,, : Lip, — Z
is compact. By the definition of the essential norm, we get

||CZZHE,Lipa—>Z < hmsup ||Cg; - CgKrj ||Lipa—>Z-
j—o0

For any f € Lip,, such that || f||Lip, <1,

1(C — CIK,)) fllz < [(CLFO) 4+ I(f = fr;) (9(0))g(0)]
+ 225(1 — [P 2)I(f = fr,) (0(2))]
+ ilelg(l —2)1g(2)e’ ()I(f = fr,)" (2(2))]

<limsup sup (1—|z]*)|¢'(2)|(f — fr) (9(2))]

J=oo fp(2)|<rN

M,y

+limsup  sup (1*|Z|2)|g/(2)|(f*frj),(@(zm
J=oo fe(z)[>rN

Mo
+limsup sup (1— |z|2)|g(2)90’(2)\(f - frj)"(@(Z))|

=0 e(2)I<rN

M3
+limsup  sup (1 —[2[)|g(2)¢"(2)|(f = fr,)" (9(2))],

J=roo fe(2)>rN

My
10
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where N € N is large enough such that r; > § for all j € N. Since C : Lip,, — Z
is bounded, by (3.3) and (3.4), we have

Fy = sup(1 — |2[2)[g/(2)] < o0
zeD

Fy = Sug(l — 29 (2)¢(2) + g(2)¢' (2)] < o0.
zE
Since 7 f;j — f’ uniformly on compact subsets of D as j — oo, so

My < Fy = sup(1 - [2*)|g'(2)| = 0,
z€D

M; < Fp = Sgg(l —12P)g' (2)e(2) + g(2)¢' ()] = 0.
Next we consider My. We have M, < lim supj_mo(Ql + Q2), where

Q= sup (1—[z)|(f'(e()llg(2)¢' (2,

le(z)|>rN
Q2= sup (1= [z)r5|(f'(0(2)llg(2)¢ (2)].
le(2)|>rn
Using the fact that || f||Lipa < 1 and (1.1), we obtain

Q= sw (1= D) )
(L= lp()P) = (G - a)elz)
G-el) A- eGP
G =l i, G~ )p()

~ 2P g —121)g(2)¢ (2
= - Mzﬂgm(l 12[%)]g(2)¢'( )|(1_|¢(z)|2)1_a

X

< sup (1 2P)le()el ()] )

lo(2) > 1= |e(z)2) -
=< sup [|C4(fuj)ll  J=1,2.
la]|>rN

Taking the limit as N — oo, we obtain

limsup @ < limsup ||Cg(fa7j)\|z.

Jj—o0 la]—o0
Similarly,
limsup Q2 < limsup ||Cg(fa7j)‘|2.

j—o0 la]—o0
Hence, we get Mo < max{A;, Ao}. Similarly, it can be shown that My < max{A4;, A2}.
This completes the proof of the theorem. ([l
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Abstract. Landesman-Lazer’s type efficient sufficient conditions are established for the solvability
of the two-point boundary value problem u(® (t) = p(t)u(t) + f(t,u(t)) + h(t) for a <t < b,
uw®(a) =0, u®(b)=0, (i=0,1), where h,p € L([a,b]; R) and f € K([a,b] x R; R), in the case
where the linear problem w® (t) = p(H)w(t), w®(a) =0, w®(b) =0, (i =0,1) has nontrivial
solutions. The results obtained in the paper are optimal in the sense that if f = 0, i.e. when nonlinear

equation turns to the linear equation, from our results follows the first part of Fredholm’s theorem.

MSC2010 numbers: 34B05, 34B15, 34C10.

Keywords: fourth order nonlinear ordinary differential equation; resonance.

1. INTRODUCTION
In the paper we study the fourth order nonlinear ordinary differential equation
(1.1) uP(t) = p(t)u(t) + f(t,u(t)) + h(t) for tel=]a,bl,
with the boundary conditions
(1.2) uD(a) =0, uwDb)=0 (i=0,1),
under the assumption that the homogeneous problem

(1.3) wW(t) = p()w(t) for tel,

(1.4) wD(a) =0, w?b)=0 (i=0,1)

has the nonzero solution, i.e., at the resonance case, when h,p € L(I; R) and f €
K(I x R;R).

We will say that a function w : I — R is a solution of problem(1.1), (1.2), if
u € 53(1 ,R), and satisfies equation (1.1) almost everywhere on I and satisfies
conditions (1.2).

At present, two-point boundary value problems for the fourth order ordinary and

functional differential equations are studied by many authors and investigated in
13
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detail, on the other hand these problems are studied mainly for the non resonance
case (See [2], [3], [5],[7], [12], [13] and the references therein.)

Even for the second order ordinary differential equations boundary value problems
at resonance case are still little investigated, literature is poor on this subject and
in the majority of articles, the authors study Dirichlet problems for the equations
of the following type v’ (t) = —u(t) + f(¢t,u(t)) + h(t) for ¢t € [0, «], i.e., when
the linear part of studied equation has the constant coeflicient, moreover, when this
constant is the first eigenvalue of corresponding homogeneous linear problem (See
[1], [4], [6], [17],[18] and the references therein). The boundary value problems for the
fourth order ordinary differential equation at resonance are even less investigated
than boundary problems for the second order equations, and again authors study

mainly the problem

(1.5) u® () = pu(t) + f(t,ut)) + h(t) for tel0,1],

(1.6) u?(0)=0, «D(1)=0, (i=0,1),
where 44 is the nth eigenvalue of problem

(1.7) w® () = ptw(t) for tel0,1],

(1.8) w?(0) =0, wP1)=0, (i=0,1),

mainly for the first eigenvalue pf (See for instance [8], [9]). An exception is the paper
[19] of L. Sanchez, where the author studies general problem (1.1),(1.2), when A
is the first eigenvalue (i.e., when corresponding eigenfunction is the constant sign

function on ]0, 7[) of the problem
(1.9) w®(t) = p(tyw(t), w?(0)=0, wD(r)=0 (i=0,1),

and proves that under some restrictions on the function F(t,z) = [ f(t,s)ds
problem (1.1),(1.2) (with a = 0, b = 7) is solvable if [ h(s)w(s)ds = 0, where
w is a solution of problem (1.9). As we can see from our results the class of such
functions h and f for which problem (1.1), (1.2) is solvable can be extended to the
class characterized by the inequality (2.3;) which is in some sense optimal (See
Remark 2.4) for an arbitrary eigenvalue A of problem (1.9), i.e., when problem
(1.3), (1.4) has nonzero solution with arbitrary number of zeros.

The following notations are used throughout the paper:

N is the set of all natural numbers; R is the set of all real numbers; Ry = [0, 4+o00];

C(I; R) is the Banach space of continuous functions v : I — R with the norm
Julle = max{Ju(t)] : ¢ € I};

14
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C™(I;R) is the set of functions u : I — R which are absolutely continuous
together with their nth derivatives;

L(I; R) is the Banach space of Lebesgue integrable functions p : I — R with the

b
norm [pl = J* |p(s)lds:

Lo (I; R) is the Banach space of essentially bounded functions p : I — R with
the norm ||p||ec = esssup,¢; [p(t)[;

K(I x R;R) is the set of functions f : I x R — R satisfying the Carathéodory
conditions, i.e., f(-,z) : I — R is a measurable function for all x € R, f(¢,-) :
R — R is a continuous function for almost all ¢ € I, and for arbitrary » > 0
Fo(t, 1) = sup{If (t,2)| : 2] < v} € L(I, Ry);

Also having the function = : I — R, we put:

[2(®)]+ = (@] + 2(8))/2, [2@)]- = (J=(B)] — x(t))/2.
S, is the space of the solutions of problem (1.3), (1.4).
In this article we study problem (1.1), (1.2) under the assumption that dim S, =
1. In Theorems 1.1 and 1.2 of our paper [16] are proved efficient sufficient conditions

which guarantee the validity of the inequality dim .S, < 1, which we present in the

following proposition:

Proposition 1.1. Let p € L(][a, b]; R), and

b
/ [p(s)]ds < (bl_l(;)s or p(t)>0 for te€]a,b.

Than dim S, < 1.

Now notice that for an arbitrary nonzero solution w; of problem (1.3), (1.4), the
inequality

b

b b
(1.10) /p(s)w%(s)ds:/ w§4)(s)w1(s)ds:/ wy?(s)ds > 0,

a

holds, from which it follows that if p < 0, than problem (1.3), (1.4) has only the zero
solution. Therefore problem (1.1), (1.2) can be at resonance only if p > 0, p £ 0, or

when p changes its sign on I.

Definition 1.1. Let f € K(I x R; R) and A = {t1,--- ,tx} be a finite subset of I.
Then we say f € E(A) if for an arbitrary neighbourhood U(A) of the set A, and

positive constant r, there exists a; > 0 such that

/ |f(s,x)|ds—/ |f(s,z)lds >0 for |z|>7r a<a,
U (A)\Uq

where U'(A) =INU(A), and U, =1IN (U?zl [t; —a, t; +a]).
15
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Remark 1.1. a. In example 0.1 of [14], for given set A C I the function f €
K(I x R; R) is constructed so, that f ¢ E(A).

b. It is clear that if f(¢,z) := fo(t)go(x), where fo € L(I; R) and g9 € C(I; R),
then f € E(A) for arbitrary finite A C I.

Remark 1.2. If dim S, = 1, and w;, w are arbitrary nonzero solutions of problem
(1.3), (1.4), then

(1.11) wy (t) = Pw(t) for tel,

where § = —[ju[|c/[lw]lc or B = [|willc/[[w]|c-

2. MAIN RESULTS

First we remind that in this article we study problem (1.1),(1.2) under the
assumption that dim .S, = 1, and therefore if w is an arbitrary nonzero solution of

problem (1.3), (1.4), then from Remark 1.2 follows that the notation
Np = {t € [a,b] : w(t) =0}
is correct. Now consider the following existence theorems

Theorem 2.1. Let j € {0,1}, » > 0, and the functions f € E(N,), f*,f~ €
L(I; Ry) be such that the inequalities

(=1 f(t,x) < —f~(t) for x<-—r, tel,

(2.15) N .
fr@) < (=1 ft,z) for z=r tel,
hold, and
N L
(2.2) pEl—’IQ—loo;/a f*(s,p)ds = 0.

Let moreover there exist € > 0 such that for an arbitrary nonzero solution w of
problem (1.3), (1.4) the inequality
(2:3;)

b
- [ (P OO+ 1 Gl )ds +exlulle <
b b
< (0 [ hGsus)ds < [ (1G] + Ol )ds - enlele,
holds, where ~, = f; f*(s, r)ds. Then problem (1.1), (1.2) has at least one solution.

Remark 2.1. If f =0, then fT = f~ =4, =0, and from inequality (2.3;) it is
evident that Theorem 2.1 turns to the first part of Fredholm’s Theorem.
16
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Remark 2.2. If f(¢) = min{f*(t), f~(t)} then condition (2.3;) can be replaced

by the condition
b
/ h(s)w(s)ds

The following Remark immediately follows from the Lemma 3.4

b~
< / F()lw(s)[ds — e[l

Remark 2.3. If in Theorem 2.1 additionally the condition N, = {a, b} is required,
then (2.3;) can be replaced by the condition
/ £ (8)@(s)ds e ||@lle < (~ 1)j+1/ §)ds < / FH(s)(s)ds—e ||lc

where w is a solution of problem (1.3), (1.4) positive on ]a, b].

Example 2.1. From Remark 2.2 it follows that the equation

u@® () = p(t)u(t) + fo(ﬂ%

under boundary conditions (1.2), where « €]0, +oo], for an arbitrary p € L(I, R)

sgnu(t) + h(t) for tel,

and constant sign fo € L(I, R) has at least one solution if |h(t)| < |[fo(t)| on
I. Indeed, if p is such that problem (1.3),(1.4) has only the zero solution then
solvability of our nonlinear problem follows from Corollary 2.1, of [11]. If p is such
that problem (1.3),(1.4) has also the nonzero solution then due to Remark 2.2
it is clear that all the assumptions of Theorem 2.1 hold, from which follows the

solvability of our nonlinear problem.

Theorem 2.2. Let j € {0, 1}, r > 0, and the function f € E(Np) be such that the
conditions
(~1) f(t,x)sgne >0 for |a]>r, te,

and (2.2) are satisfied. Let moreover there exist such sets I, I~ C I that

hm |f(t, £)] = +o0  uniformly on I*,
r—+

and for an arbitrary nonzero solution w of problem (1.3), (1.4) inequalities

@) [ lweeds+ [ wolods 20, [ we))ds+ [ u(s)lads 20,
I+ - I+ -
hold. Then for an arbitrary h € L(I;R) problem (1.1), (1.2) has at least one
solution.
Let I* be the sets defined in Theorem 2.2, and Iy := {t € I : fo(t) > 0}. Then
under the conditions of Corollary 2.1 we have
I+ =] = I(), mesfo 7& 0,

and then from Theorem 2.2 by Remark 1.1 immediately follows
17
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Corollary 2.1. Let j € {0, 1}, f(t, x) = fo(t)go(z) where the functions fo €
L(I;R,), and go € C(R; R), be such that

/b fo(s)ds #0,  lim 90(x) =0,

|z|—+00 T
and
1) 1V 1 —
(-1 Jim_go(a) = +oo, (~1)' lim_go(x) = —oc.

Then for an arbitrary h € L(I; R) problem (1.1), (1.2) has at least one solution.

Example 2.2. From Corollary 2.1 it follows that the equation
uM () = p(t)ult) + folt)|u(t)|*sgnu(t) + h(t) for te I,

under boundary conditions (1.2), where o €]0, 1[, for an arbitrary p, fo, h € L([0, 1], R)

has at least one solution if fj is constant sign function and fab fo(s)ds #£ 0.

Remark 2.4. If we assume that p(t) = pt and I = [0, 1], i.e. when problem
(1.1), (1.2) transforms to problem (1.5), (1.6),

assume that

then in Theorems 2.1 and 2.2, we can

sin p,, — sinh i,

w(t) = sin pi,,t — sinh p,t + (cos pint — cosh ji,t)

cos it — cosh py,
for ¢t € [0, 1] (See Lemma 2 in [9]), and N}, = Nya.

3. AUXILIARY PROPOSITIONS

Let w be an arbitrary nonzero solution of problem (1.3), (1.4), k > 2, N, =
{t1, -+, tx} with t1 = a, ty = b, t; <tj41 (j =1, k — 1), and assume that

Un = [t1, t1 + a[ U]ty — o, tk}U<U§;21]tj—a, tj+aD it k>2,
Uy = [t1, t1 + o[UJtg —a, tg] if k=2,

for arbitrary « > 0. Also for arbitrary measurable sets A,B C I, x € R, w €
C(I, R), and f; € K(I x R; R), assume that

I(A, B, z,w) := / |f1(s, 2)w \ds—/|f1 s, x)w(s)|ds.
A\B

Then the following lemma is true

Lemma 3.1. Let w be an arbitrary nonzero solution of problem (1.3), (1.4), and
fi € E(Ny). Then for an arbitrary § €]0, s min{t;41 — t; : j = 1,k —1}[ and
positive constant r, there exists v €]0, 0 such, that

(3.1) I(I,Uy,z,w) > / [fi(s,x)w(s)|ds for |z| >

I\Us
18
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Proof: From definition 1.1 follows the existence of such positive v; < ¢, that
(3.2) I(Us,U,,,2,1) >0 for |z|>r.

Let now wy be such a solution of problem (1.3), (1.4) that ||wg||c = 1. Then from
the inclusion N, C U,, C I, and Remark 1.2, it is evident that there exist such

positive numbers v, By, that

(3.3) U, C Hy, = {t €1 |wo(t) < 50} cU,,.
But the inequality 71 < § and (3.3) implies inclusion Hg, C Us, and then the
relations
|w0(t)| > 0By for te Ug\HﬂO,
(3.4)

I\HBO = (I\ U5) U (U5\Hﬂ0)7 (I\U5) n (U5\H50) =0
hold. Therefore from Remark 1.2, and (3.3), (3.4), we have
1

W]I(Ivvawi) =1I(1,Uy,z,wo) > I(I, Hg,, x, wp) >
w||c

> / 1 (s, 2)wo(s)]ds + Bol(Us, Hay, 2,1) >
I\Us

2 / |f1(s,x)w0(s)|d8—&—ﬂOH(Ug,U,YULI) fOI‘ |x‘ Z T.
I\U5

From the last inequality by (3.2) immediately follows (3.1). O
Let u, € C(I; R), ||unllc # 0 (n € N), wy be an arbitrary nonzero solution of
problem (1.3), (1.4), and r > 0. Then we define:

Qf ={tel:w () >0}, Qp ={tel:w() <0},

w1 w1
Apr:={t el |u,(t)|>r}, An2:={tel:|u,(t)|<r},
B = {t € A, :sgnu,(t) = (—1) tsgnw (£)} (£ =1,2).
From these definitions it is clear that for all n € N, we have

(3.5)
An,2 N An,l = @7 An,2 U An,l = I; Bn,l N Bn,2 = (2)7 Bn,l ) Bn72 = An,l cl.

Lemma 3.2. Let r > 0, w1 be a nonzero solution of problem (1.3), (1.4), and

functions u, € C1(I; R) (n € N) admits to the conditions

(3.6) u(a) =0, u?®)=0(@G=0,1),

(3.7) llunllc > 2rn for n € N,

and

(3.8) W@ —w||c <1/2n for neN (i=0,1),
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where vy, (t) = wn (t)||un||o". Then if Ny = {t1,- -, tx}, for arbitrary § €]0, 1 min{t; 41—
tj:j=1k—1}], and v €]0, ¢[ there exists no € N such that

(3.9) I\U, CN+2 By,
(3.10) B,.CU, for n>ny,
(3.11) tun(t) >r for t€ QL N(I\Us), n>no.
Moreover
(3.12) lim mes A, 2 =0, lim mes A, = mes I,
n—+4oo n——+oo
(313) ngrfoo Thes Bn’Q - O’ nEIJrrloo Tes Bn,l = mes I’
and
(3.14) ;irr(l) mes (Qil \[Q5, NI\ U(;)]) =0.
—

Proof. First fix v €]0, [, and note that min{|w,(¢)| : t € I\ Uy} > 0. Then we

can choose ny € N such that the inequality
lwi(t)] > 1/ng for teI\U,
holds, from which by (3.8) we obtain

(3.15) |un ()] > 1/2ng for n>ng, tel\U,,

(3.16) sgn uy, (t) = sgnw (t) for n>ng, teI\U,.
Also from (3.15) by (3.7) we get
(3.17) |un ()] > nr/ng >r for n>ng, t€I\U,.

From the last two relations it follows that if ¢ € I\ U,, then t € By, 1 for n > nyg, i.c.
(3.9) holds. Now assume that there exists such an increasing sequence {n; };;C"fthat
tn, € Bn; 2 and 1}, ¢ U,. Then taking into account (3.9) we get t}, € I\U, C By, 1
if n > ng, which contradicts (3.5), i.e. (3.10) is valid. For an arbitrary t* ¢ N,
in view of condition (3.8) the inequalities w1 (t*) — v, (t*)] < 1|wy(t*)| hold if
n > 1/|wi(t*)]. Therefore sgnv,(t*) = sgnw(t*) and |v, (t*)] > F|wi(t*)| if n >
1/]w1(t*)|, and then due to (3.7) we get that t* € By, if n > 1/|wy(t*)|. Then
the second equality of (3.13) holds, from which by (3.5) follows the validity of
first relation of (3.13) and validity of the second equality of (3.12). Consequently
by (3.5) it is evident that the first equality of (3.12) also holds. Inequality (3.11)
immediately follows from (3.16) and (3.17). From the trivial fact lims_,o mesUs = 0

follows (3.14). O
20
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Now introduce the notation

M., (wy) = /ab (1a(s) + (5. () s (5)ds.

Then the following lemma is true

Lemma 3.3. Let the functions u,, w1 be such that all the assumptions of Lemma
3.2 are fulfilled, r > 0, f1 € E(N,), and there exist functions f~, f* € L(I,Ry)
such that

filt,e) < —f7(t) for z<—r, tel,
(3.18)

fr@) < filt,x) for x>r tel.

Let moreover there exists € > 0
(1.3), (1.4) the condition

(3.19) b
~ [ (OO + Gl )ds +enlulle < - [ hlsus)ds <

such that for an arbitrary solution w of problem

b
< [ (O + £ @) )ds - lulle
holds, where ~, = f: f1(t, r)ds. Then there exists ng € N such that
(3.20) M, (w1) >0 for n>ng.

Proof. First note that in view of conditions (3.12) and (3.14) for an arbitrary
€ > 0 there exist ¢ €]0, 1/2min{t;j41 —t; : j =1,k — 1}[ and ny € N, such that

1
/ f*(s, r)ds < —ev, for n>mnq,
An2 3

(3.21) |

el Jos,

1 1
Ol (slds - o, < o [ 7% ()lun (s)]ds,
3 lwille Jag A
where if fi = 0, then it can be assumed that v, = f~ = f* = 0. Also, by the
definition of sets A,, s, By, (¢ = 1,2), and conditions (3.5) and (3.18), we obtain

estimates
(3.22) (=D fi (s, un(s)wi(s) >0 for s€ Buy (£ =1,2),

and

b
M, (wy) > — (s, m)|wi(s)lds + | hi(s)wi(s)ds+
BT e,

+ /B £1(5, tn (5))un (s)ds — / 15, () (5)]ds,

Bn,Z
for n € N. On the other hand by Lemma 3.1 for chosen ¢ there exists v €]0, [

such, that the inequality (3.1) holds, and now for chosen §, and v, by Lemma 3.2
21
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we can find ng > ny such, that (3.9)—(3.11) hold. Then by virtue of (3.9), (3.10),
(3.22) and (3.1), from (3.23) we get

b
M, (w1) > — fr(s, r)dsllwille + [ ha(s)wi(s)ds+
S

+ fi(s,un(s))wi(s)ds for n > ny.
I\Us

Now if we take into account that I\ Us C I \ Ny, = Q7 UQ} | then from (3.11),
and conditions (3.18) we get

/h@w@ﬂﬁMﬁ L/ £1(5 () 0 (5) | ds—

I\Us Qb N(I\Us)

3.25 — S, Up(8))|wi(s)|ds >
(3.25) Awmwﬁm’nU”(”d>

z/ fﬂﬂm@m+/ £ () wn (s)]ds,
Qb NI\Us) Qu, N(I\Us)

for n > ng. Also it is clear that under the conditions of our Lemma equality (1.11)

holds, and then
+ _ + _ +
%j°®wﬂww—ﬁéaf( wis)] cds = B/f wl(s)]ads,

if B = [lwille/||wllc; and

b
+ _ + . +
/9331 f=(s)wi(s)|ds = |ﬁ|/ﬂ$1 I (8)[w(s)]xds = |,8|/a FE(S)[w(s))ds,

it 8 = —||wi||c/||w||c. Consequently from (3.24) by virtue of (3.21),(3.25), and

the last equalities we get

Mn(wl) b B b

S = —enlullo+ [ (£ + @) )ds+ [ mlsus
for n > ng, B > 0, and
Mn(wl) b

S = —erlulle + [ (£ @) + 7 (9l w—/hl

for n > ng, f < 0, from which by condition (3.19) we immediately obtain (3.20). O

Lemma 3.4. Let in Lemma 3.3 additionally the condition N, = {a, b} holds,
and W be a given positive solution of problem (1.3), (1.4). Then condition (3.19) is

equivalent to the condition
(3.26)

/f (s)ds + evr||w||c < — / d8</f+ (8)ds — ev,||w]|c-
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Proof. If N, = {a, b}, than from Remark 1.2 it follows that w = Sw where
B # 0. Therefor if in condition (3.19) ((3.26)) instead of w (w) we substitute the
function Sw (w/f), due to equalities [fw]_- = 0if § > 0 and [fw] =01if 8 < 0,
we get that condition (3.26) ((3.19)) holds. O

Lemma 3.5. Let the functions u,, wy be such that all the assumptions of Lemma
3.2 are fulfilled, 1o > 0, f € E(N,), and

(3.27) filt,x)sgnz >0 for |z|>ro, tel.

Let moreover there exist such sets I, I~ C I that

(3.28) lim|fi(t, )| = +oo  uniformly on I*,

and for an arbitrary solution w of problem (1.3), (1.4) the inequalities (2.4) are
satisfied. Then inequality (3.20) holds.

Proof. Let hy € L(I, R) be arbitrarily chosen function, ¢ € R, and
c for teI*
fE@) = 4

0 for tel\I
In view of Remark 1.2, and conditions (2.4) we can find such ¢ > 0 that the
inequality

b b

[ (F O+ @) ds <~ [ hiuisds <
(3.29) a \ @
< [ (5 )+ @) ) ds

will hold. On the other hand for chosen ¢ in view of conditions (3.27) and (3.28)
we can find such r > 0, that inequalities (3.18) will be fulfilled. Also in view of
Remark 1.2 and (3.29) it is clear that for given r > 0 we can find such ¢ > 0
that inequality (3.19) will be satisfied. Therefore for arbitrarily chosen h; all the
conditions of Lemma 3.3 are fulfilled and then inequality (3.20) holds. O

Lemma 3.6. Let problem (1.3), (1.4) has a nontrivial solution. Than there ezists
€ > 0 such that the problem
(3.30) w () = ptwt) tel, w(a)=0, w?b)=0(@G=0,1),
has only the trivial solution if X € [1 —e, 14 ¢]\ {1}.
Proof. Let G be the Green’s function of the boundary value problem u(®(t) =

0, u(a) =0, u(b) =0 (i = 0,1), then problem (3.30), is equivalent to the

equation

(3.31) w(t) = AL(w)(t),
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where the operator T' : C(I; R) — C(I;R) is defined by the equality T'(x)(t) =
fab G(t,s)p(s)x(s)ds. As it is well-known I' : C(I;R) — C(I; R) is the compact
operator, and then for arbitrary r > 0 the disc |A] < r, contains at most finite
number of characteristic values [See [10], Capitol XIII, §3, Theorem 1]. From this
fact follows the existence of € > 0 such that the set [1 —¢,1 +¢] \ {1} does not
contain the characteristic values of equation (3.31), i.e., problem (3.30) has only
the trivial solution if A € [1 —¢g,1+¢]\ {1}. O

4. PROOF OF THE MAIN RESULTS

Proof Let j € {0, 1}, p,(¢t) = (1 + %)p(t) (n € N), and n; € N be such that

1/n1 < & where ¢ is the number defined in Lemma 3.6. Now consider the problems

(4.1) uD(t) = po()un(t) + f(t,un(t)) + h(t) for tel,
(4.2) uP(a) =0, u(b)=0(@=0,1),

and

(4.3) w(t) = pa(t)w(t), w(a) =0, w?(b) =0 (i =0,1).

In view of Lemma 3.6, problem (4.3) has only the zero solution for every n > n;.
Therefore, as it is well-known (See [11], Corollary 2.1, p. 2271]), from conditions
(2.2) it follows that problem (4.1), (4.2) has at least one solution, suppose u,,.

Assume that

(4.4) Jim[fun]lo = +oc,
and v, (t) =, (£)||un ||, then

(4.5) oD () = palt)on(t) + W (£t un(®) + 1)),
(4.6) v (a) =0, v (b)=0(i=0,1),

and

(4.7) [oalle = 1,

for n € N. Now note that from conditions (4.6) follows the existence of such points
cnk €1 (k=2,3) that

(4.8) v (e, k) =0(k=2,3) for neN.

Also, from (4.5) by (4.4),(4.7) and condition (2.2) we conclude that there exists
ro > 0 such that f; |v,(L4) (s)|ds < rg for n € N, and therefore in view of (4.6),
and (4.8) we get |\U§Lm)||c < (b—a)*™ry (m = 1,2,3) for n € N. In view of

the last inequalities and (4.7), by Arzela-Ascoli lemma, without loss of generality
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we can assume that there exists a nonzero function w; € C®) (I, R) such that
limy, - 4 oo oim (t) = wgm) (t) (m = 0,3) uniformly on I. From the last equality
and (4.4) it follows the existence of an increasing sequence {ay}{>5 of natural
numbers, such that ||uq,||c > 2rk and ||U((1T) - wgm)”c < 1/2k (m = 0,3) for
k € N. Without loss of generality we can suppose that u, = u,,, and then wu,
and vy, are the solutions of problems (4.1), (4.2) and (4.5), (4.6) respectively, with
pa(t) = (1+ (_a—i)j)p(t), and the inequalities

(4.9) lunlle > 2rn, [0 —w{™||lc < 1/2n (m =10,3)

hold for n € N. Now note that from (4.5) and (4.6) by (2.2), and (4.9) we get that
wy is the solution of problem (1.3),(1.4) and then admits to the inequality (1.10).
Also if we multiply the equations (4.1) and (1.3) (with w = wy) respectively by
wy and —u,, and integrate their sum from a to b, in view of conditions (4.2) and

(1.4) (with w = wy), by the integration by parts we obtain

” b ) b
(4.10) nlle [ punuas)ds = (-7 [ (h6) + .05 ) ur(5)ds

« n

for n > ny. Therefore from (4.10) by virtue of (1.10) and (4.9) follows the existence

of such constant ny > ny, that

b
(4.11) (—1)j+1/ (h(s) + f(s,un(s)))wl(s)ds >0 for n>ns.

On the other hand, in view of conditions (4.2), (4.9), and (2.1;), all the assumptions
of Lemma 3.3 with f1(¢,2) = (=1) f(t,x), h1(t) = (—1)7h(t) are fulfilled. Therefore,
inequality (3.20) is true, which contradicts (4.11) when n > max{ng, na}. This
contradiction proves that (4.4) does not hold and thus there exists r; > 0 such that
[lun|lc < rq for n € N, and consequently, from (4.1) we get
b b
/ |ul® (s)|ds < 1’ = / <2|p(s)|7"1 + |h(s)] —|—%«1(s))d$ for me N,

and than by virtue of (4.2) we have Hu,(lm)Hc < (b—a)3~™" (m = 1,2,3). Hence, by
Arzela-Ascoli lemma, without loss of generality we can assume that there exists a
function ug € C®)(I; R) such that limy,_, o ulf™ (t) = ul™ (t) (m = 0,3) uniformly
on I. Therefore, it follows from (4.1) and (4.2) that ug is a solution of problem (1.1),
(1.2). O

Proof. The proof is the same as the proof of Theorem 2.1. The only difference

is that we use Lemma 3.5 instead of Lemma 3.3. O
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O ITPOU3BO/IHBIX MHTETPAJIOB TUIIA KOIIIN B
IOJIMIUCKE

A. 1. IIETPOCHAH

Hucruryr maremaruku Hammonanbuas Axanemust Hayk Apvennn
E-mail: apetrosyan@ysu.am

AnHoTAaLuA. B crarbe ganbl (bOPMYJIBL AJIs TPOU3BOAHBIX HHTErpaJia Tuna Ko-
mu K[u| riagkux Ha OCTOBE MOJHANCKA DYHKIHA u. DT HOPMYIIBl BBIPAXKAIOT
npou3BogHbIEe nOpsaka m oT K[u] wepe3 npoussoanbie Gomee HU3KOrO MOPAIKS
(Teopema 2.1). OHE UCHONB3YIOTCS JJIA OIEHKH IJIAJAKOCTH MPOU3BOJHBIX HHTE-
rpasa tuna Komu B TepMuEax nopsakosoi mkanst Leapaepa (Teopema 3.1).

MSC2010 number: 30H05, 46E15.

Kurouessbie cioBa: [lonuauck, monmsap Beitns, unrerpan tuna Komn, mkamra [eanb-
zepa.

1. BBEAEHUE

B pabore B. Epukxe [1] momyten cieqyiommii pesyIbTar: ecau GyHkuua, 360aH-
HASA HG 0CTNOBE NOAUIUCKE UAU HEBLLPONHCIEHH020 NoAuIdpa Belias 6 npocmpancmee
C™ ydosaemsopsem ycaosuio Leavdepa nopadka o, o € (0,1), mo modyav nenpepvie-
Hocmu ee unmezpanra munae Kowu uau Belas ouenusaemcsa ceepry uepes const -
§%(log 1/6)"~1. O dbyHKIHAX, YAOBIETBOPSIOMEX ycI0BUI0 Lesbiepa mopsaaka o, M.
Hampumep B [2].

[Ipusesen coOTBETCTBYIOMMI IPUMED, U3 KOTOPOTO CJIELYeT, YTO ITOT PE3YJIbTAT
TOYHBIH, T.€. €r0 HEIL3S YJIydIATh. HamoMHAM Omnpee/enne HeBBIPOKICHHOTO IT0-
avsapa Beitrst.

Mycrs z = (21, ..., 2,) — TOYKA N-MepHOro KoMmIuiekcHoro npocrpaucrea C". O6-
nacts D B C" Ha3bIBaeTCs aHAIUTHYECKUM TTOJNIIPOM, €Clin CyIecTBYioT N QyHK-
it X, (2), n =1,..., N, roroMopdHbIX B HeKOTOPOit okpectrOCTH U (D) 3aMbIKaHIA

D wn takwx, 9TO
D={ze€UD): |xa(2)| <1, a=1,...,N}.

O4eBUIHO, TTOJIUIUCK ABJIIETCA YaCTHBIM CJIyYaeM nojmdapa, eciu N = n u xqo(2)] =
Za-
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AnanuTuyeckuil moJM3Ap HA3LIBAETCA IMOJIUdAPOM Beitns, eciim N > n u mepece-
venve mobbix k, 1 < k < n, runepnopepxuocreil |xqo,(z)| =1, i=1,...,k, numeer

pa3MepHOCTH He BhIme 2n — k. B 3ToM cIydae COBOKYITHOCTH N-MepHBIX ‘pedep”
Oaroay, =12 2€ D, |xa;(2)|=1, i=1,...,n},

OPMEHTUPOBAHHBIX €CTECTBEHHBIM 00PA30M, HA3BIBAETCS OCTOBOM mosmdapa DD u 060-

suauaercs depe3 A(D):

AD)= |J oaan-

(cMm., Hampumep [3]).

Ewe oquu pesynbrar, poka3anubiil B [1], 3akirodaercs B CeAyiomeM: ecat Gymk-
YUA, 360a4HHAA HA OCTNOBE, HENPEPHLLEHO NPOJOANCAENCA 00 NAIOPUZAPMOHUYECKOT 6
noAuducKe, mo A02aPUPMUHECKUT, COMHONCUMEAD HE B0ZHUKAEM, M.e. IMOM CAYY™aE
seper noanbil anasoe meopemo, Ipusanosa.

Bo3HUKaeT ecTecTBEHHBIN BOMPOC O MPOM3BOAHBLIX WHTEerpasa Tumna Ko, ecan
MPOU3BOIHBIE 33JAHHON HA OCTOBE (DYHKIMH YIOBJIETBOPSAIOT yCJIOBUIO lembaepa.
OTOMY BOIPOCY ¥ MOCBAIIEHA HACTOSIIAsS PAbOTA.

Hamu monygena dopmysia, BeIpazkaroas IpOun3BoaHbIe mHTerpasa tuma Komm na
OCTOBE TIOJIUJIMCKA Yepe3 Npou3BoaHbe 6ojiee Hu3Koro nopsaka (Jlemma 2.1). Biaro-
Jlapsi 9TOMY CBOHMCTBY (DOPMyJIbI, € HOMOIIBIO WHIYKTUBHBIX PACCYZKIEHUI TeopeMa
Epukke pacmpocrpansiercs na ciydaii mpoussoauerx (Teopema 2.1).

Msr OymemM TOB30BATHCS CIIEAYOIUME OO03HAUMEHUSIMHA:

Ur={z=(z1,...,2n) €C": |z| <1, k=1,...,n} — eINHUIHBIA DOJUIUCK B

npocrpancrse C*;
Tr={ze€C": |z| =1, k=1,...,n}— ero ocros.

Hns bysximn u, 3aganHoi Ha ocroBe T™ vepe3 K [u](z) obo3Ha9aeTCs €e n-KpaTHBIIl

nHTerpaa Tuma Korrm:

_ 1 u(¢)d¢
B (27”')"T[ [Toeq (G — 21)’

rne (= (G, 4 Cn) €T, 2= (21,...,2,) €U, dC=dC A ... A\dp.

Tanee, nua muozkectsa X (y Hac B Kagecrse X Oyqer ambo U™, 6o T™) 0bo3Ha-

Klul(2)

UM

C™(X)— mHOXKeCTBO (DYHKIWMIA, KOTOpble HA X M pa3 HenpepbiBHO audbepeHiiu-

pyeMbl;
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C™*(X) — mommuOXKecTBO Tex dynkimii n3 C™(X), y KOTOPBIX BCE MPOU3BOJHbIE

TIOpAaKa M YAOBJIETBOPAIOT yCJIOBUIO Fe.nbglepa C TTOKa3aTeJIeM .

C{:g’a (X) — muoxecTBO Tex Gyukuumit uz C™(X), y KOTOPbIX MO/LyJb HENPEPHIBHOCTU

n—1
MPOU3BOIHBIX TOPSIKA 1M OTPAHUYEH CBEpXy const - 6% <log 6) .

0
9 u T K pyHK-

musm u3 kaacca C™(T™). Cormacuo Teopeme Yurnu (M., Hanpumep, |4]) st GyHk-

Bcroay Huzke Mbl IpuMeHsieM OmepaTopsl aud hepeHnupoBanns ——

I MOYKHO TPOJOIZKUTH B OKPECTHOCTH OCTOBa 1™ ¢ cOXpaHeHNeM KJacca TJIaIKOCTH.
YromsuyThie oneparnuu quddepeHInpOBaHNs TPUMEHSIOTCS UMEHHO K TTPOIOJIKEH -
sIM, IPUYEM 3TH IPOIOJKEHNs MbI OyzeM 0003Ha9aTh TOH 2Ke OYyKBOIi, YTO U UCXOIHYIO

dbyHKIHIO.

2. ®OPMVYJIbl JIJIs 1IPOU3BO/IHBIX

Haunewm ¢ Hpe,HBapI/ITeJIbHOI‘/JI JIEMMBI:

Jdemma 2.1. ITyemv g € CHT™), 1<k < n. Tozda

2.1 K| B @ - [ 0+ gkl o).

Zoxasameavcmeo. Ilpu dbukcupoBannom z € D™ paccmMoTpum Cieayiontyio hopMy

_ (CD)Fg(Q) |
©T [1=1(G = 2) i 260

Nmeem

- [ d 9(9)
(2.2) O—T[ dew —T[%W(K—i—

t9(Q)

e
/(9( [T5-i( Cj—zj)dC A(i;/é\dei)'

31ech mepBoe paBeHCTBO ciemyer u3 dopmynabl Crokca. lasee, mockonbky Ha 1™
uveem (;C; =1 (j=1,...,n), 70 {;dC; = —(;d¢;. Tloaromy

—2 .
@ o) <[
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C yuerom (2.3) u3 (2.2) moxyvaem

a0 dc 9(Q)dc B
R A TON | [ G

(990 Crdg

Tn

ALLyuE. -0
9Cy, Hi:l(Ci - z)
C yuerom TOTO, 9TO
191
(G —2)? Oz G — 2k

u3 (2.4) nosyuum

99() ¢ _ [99(Q) Cude & [ o

Gk TIimy (G — =) 2. 3¢, TTiey (G — =) 8Zan [T (G — )
B namux o6o3nadyenusix 1o u ecrb (2.1). O

B cnenyioreit Teopeme saercs dhopmysia, KOTOpasi BbIparKaeT MPOU3BOIHbIE MTOPSI-

ka m byuknun K|[f] uepe3 npoussogmbie 60Iee HU3KOTO MOPSATKA.

Teopema 2.1. IIyemo v € C™(T") u myavmuunderc r = (r1,...,7,) yodosaemeo-
paem ycaosuio r1 + - -+ + 1, = m. Tozda umeem mecmo dopmyaa

oritotra

2. —_— K =
@5 ooy KM
n i oritetri—k; _ oFitrivittra
= Z 1 Ti—1 rj—ij lC§ — kji—1 Tit1 U(C) r ] Z)—
- Ozy' ... 02,75 0z; 0¢;0¢7 OG- OCn"

) 87"1*‘*%(4)}
r [ o ag |

B dopmyie (2.5), ecrectsento, oneparop auddepeHupoBanust Mo, 3HAKOM JIBOM-
HOW CyMMBbI CUUTAETCS TOXKJIECTBEHHBIM OIEPATOPOM B CJIy4dae, €CJId €ro IMOPsI0K

r1+ -+ 1; — k; paBen HyJIO.

Loxazameavcmeo. B3as B Jlemme 2.1 k=1 u
ar1—1+rz+---+rnu(z)
g(z) = ri—1g+ry T’
0z1' 7 0Cy% - -+ Oz,

OymeM uMerhb

8T1+”'+Tnu(<)
acT ... och

8T1+.“+T"U(C) :|
acaq g ..age | T
i 3r11+r2+-~~+rnu(<)}
i 821K {8&1‘10(52 0" @)

26 K| Je-x g
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Ob6paruM BHUMAHWE HA, TO, YTO MOABIHTErPAJIHLHOE BHIPAXKEHNE BO BTOPOM CJIAraeMOM
B mpaBoii yactu (2.6) umeer nopsaok auddepeHInpoBanus o () Ha, €IUHUILY MEHb-
uie, 4yem cieBa, T.e. dhopmyna (2.6) umeer pekyppeHTHbIH xapakrep. [Ipumenssa ee
TIOCJIeJOBATENBHO 7' Pa3, MOTYIYUM

8T1+"'+Tnu(c) B
(2.7) K [M} (z) =
[ omru(Q) ]
=k {Cl ac,octack: ... ochn (2)+

i 9 3r1—1+r2+~~+rnu(<) :|
3 {* [t o) O

9 Gri—2+rattry
+ K [ S u(f)] (z)} _
dz1 LA 20¢ ... A¢h
"L gri—ka o PRatrettTagy (¢
= Z r1—k1 Cl — k1—1 o ( )Tn (Z)
o 971 0C,0¢, ™ 0¢3? ... 9¢n

A LTl (V]
Ozt 0Cy? ... o¢" ’
3amMeruM, 9TO B MOCTAETHEM CJIAraeMOM B TpaBoil dactu (2.7) mpousBommbie 10O (g

ucue3su. UTobbl n36aBUTHCS U OT OCTAIBHBIX IPOU3BOIHBIX, IPUMEHSIEM, KAK U BbIIIIE,

dopmyiy (2.1) nociienoBaTebHO MO TEPEMEHHBIM (o, . . . , (,, BHIOMpasa KaxKIblil pa3

coorBercrByomum obpazom k u dynkuuio g(z). 1o upusezer k (2.5). |
-2 —2

3ameuanme 2.1. CoMmHOXKUTETN ¢; B maTerpanax Kommn K[Cj ...] B mpagoii ua-

crd (2.5) MOABAAIOTCS O YUCTO TEXHUIECKUM IPUYNHAM U J/s npuitoxkenuii (B Teo-

peme 3.1) He Meraor.

3. PEJBJAEPOBCKUE ONEHKH /15 ITPOU3BOIHEIX
s mekoroporo «, 0 < a < 1 BBezeM cireayrorniye 0003HATEHUS:

A™(U™) o3HauaeT MpOCTPAHCTBO Beex ronoMopdHbIx B U™ dhyHKIWMii, KOTOphle m pa3

HempepwIBHO AuddepeHnupyemMbl Ha Un;

A™(U™) o3HadMaeT MOAMHOXKECTBO TexX (yuknmii w3 A™(U™), y KOTOPLIX IPOU3BOJI-

=N
HbIE MOPs/IKA M IpUHAIIeKAT a-Kiaccy Lenpaepa va U

A?f(;g)(U”) O3HAYAET MOAMHOXKECTBO TexX (yHkiuit u3 A" (U™), y KOTOPBIX MOIYIDb
HeIPEepPbIBHOCTH BCEX [IPOU3BO/IHbIX M-I LOPsi/iKa OrpaHuyensl csepxy const - 6 (log 1) "
na U . B 91ux 0603HAMEHUAX MBI omyckaem m, ecin m = 0. 3amernm, uto A%(U™) =
A(U™) aBagercs 0OBIMHOM MO UCK-Are6poit.

31



A. 1. IETPOCAAH

Teopema 3.1. IIyemo u € C™(T™), 0 < a < 1. Toeda Ku] € A(log)( m.

Lloxazameavcmeo. lokazarenascTso Oyaem npoBoauth uaayknueit mo m. [lIpy m =0
YTBEDPIKIEHIE TEOPEMbI SBIETCS CIIEACTBAEM TeOpeMbl Kpukke [1]-

CuenaeM MHJYKTUBHOE IIPE/IIOJIOKEHUE: [IYCTh YTBEPXKIEHUE TEOPEMbL CIIPABE/I-
JIMBO JIJisl BCEX MOPSAIKOB IVIAJAKOCTH, MeHbIuX m. Bocrosib3yeMcs Toxaecrsom (2.5)
u3 jgemmbl 2.1. I3 ycaoBus TeOpeMbl CIeayer, 9To (DyHKIUH

9 ak'+’fj+1+“'+Tnu(<‘)

Toc,0¢ o oG

npunajgexar kiaccy CH kit (Tn) Tak kak 1+ - +7;—k; < m, To cornacuo
HHIYKTHBHOMY IIPE/IIIOIOXKEHHIO

2 OFitritit g, ¢ ritetri—kito T,
K kj—1 7541 ( ) T (Z) < O(lo-g) ' o (Un)
19,007 o L oG

ITosroMy ciaraemble 110/ 3HAKOM ABOMHOIN CyMMbl B 1IpaBoil yactu (2.5) upuHaiexar

(ol‘og)(W), T.€.

(3.1)

grittry—ky bty (¢ .
r Ti—1 T kj—1a, Tjt1 ( ) r (Z) € C(log)(Un)'
o5 0202 M acach TNy L ac

Jasee, T.K. IO YCJIOBUIO

ity ()
acT ... ac

TO JIJIsl HOCTIEJHETO craraeMoro B (2.5) nmeem
oty (C)
K|———7~* eC
|: aCIl 3C’2n :| ( ) log)( )
N3 (3.1), (3.2) u (2.5) caexyer, 9T0O

€ ou(Tm),

(3.2)

gritetra -

mK[U](Z) € Cllog) (U™),
a 310 m o3Hauaer, uto Ku] € C(”fog (U™). Tockonuky K |[u] romomopdna B (U™), To
orciona cremyer, uro Ku] € A”fog)(U ™). Teopema moka3zana. O

Abstract. The paper gives formulas for the derivatives of the Cauchy-type integral
K[u] of functions u smooth on the distinguished boundary of polidisk. These formulas
express derivatives of order m of K[u] in terms of derivatives of lower order (Theorem
2.1). They are used to estimate the smoothness of the derivatives of a Cauchy-type

integral in terms of the Holder order scale (Theorem 3.1)
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ABSTRACT. B cTarhe mosydeHo MOJHOE OMUCAHKE C1ab0 0OPATHMBIX 9JEMEHTOB
B BeCOBBIX LP mpocrpaHCcTBax Hesbix pyHkmuit tuna Ooka.

MSC2010 number: 30H05; 46E15; 30D15; 47B35.

KuroueBble cjioBa: menbie pyHKINN; TpocTpancTBo Poka; THHEHHbIE HeITPEPhIBHBIE
dyHKIMOHABI; Mpobiaema BaTcoHa; BecoBast OTMHOMHUATIbHAS ANMPOKCAMAITAS.

1. BBEAEHUE

ITycrs C - komminekcHas miockoctb, H(C) - MHOKeCTBO BCeX 1ebix (DyHKIMA 1
nycts Ry = {z € R:x > 0}. dna mobbix o, « € Ry, p > 0, BBe#EM B paccMOTpeHUE

CJIeIyTOIIee BECOBOE MPOCTPAHCTBO MEbIX (DYHKIIHIA:

“+o00 s %
B2y =3 f e HC): | fllpy, = </O 67(”0/ |f(r60)ypdadr> < ool

—T
nmpup =2, a=2,0 = % TIpOCTPaHcTBO F 12 1 COBITQIAET C KJIACCUIECKAM MTPOCTPAHCTBOM
’2

Doka (cm.[1]), a mpu p = 2, 0, @ > 0 911 HpocTPaHCTBA ObLIU BBEIEHBI U U3YyYEHbI
M.M. Ixp6amisiHom B paborax [2], [3](cm. Takske [4,5]).

st M3J107KEeHUsI OCHOBHBIX PE3YJIBTATOB CTATHH HAM MOTPEOYeTCs eI HeKOTOPhIE
onpesesienus u 0obo3HadueHus. [lycts P - MHOXKECTBO BCEX aaredOpandeCcKux MHOTOUIEHOB
oT z, X - HEKOTOpPOe MPOCTPAHCTBO Hebix (Gyukimit P C X, npuyem P cocrasisier
BCIOJIY TLJIOTHOE MHOXKECTBO B X .

[Ipeanonoxum, aro f € X, mpu 3TOM [1j1st TPOU3BOJIBLHOTO MHOTOUWIEHA p € P, pf €
X. Craxem, aro pyuknus f caabo obparuma B mpocTpaHcTBe X, eClid CyIIeCTByeT
TTOCTIEIOBATETHLHOCTD MHOTOUJIEHOB Py, N = 1,2, ..., TAKUX 9TO nll}a[_loo pnf = 1, mpuuem

CXOIUMOCTDb MMEET MECTO B TomoJioruu mpocrpancTBa X. B kinaccmaeckux paborax
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B. . Cvupuosa, M. B. Kengpima, C. H. Meprensana takue dyHKIInN HA3BIBAINCH
“marcnMasbHBIMI (eM.[6] cTp. 237)

Omnucanue ciabo 0OPATUMBIX 3JEMEHTOB B KOHKPETHBIX (DYHKITHOHATBHBIX MTPOCT-
PAHCTBAX TECHO CBSA33aHO C MIHPOKWM KPYTrOM 33734 HECKOJBKUX MUCIUIJIAH: OT
Teopun TudHEPEHITHATHHBIX OIEPATOPOB U UX 0000IIEeHH 70 aOCTPAKTHOIO TapMO-
HUYeckoro anammsa (cMm. [7,8]).

B pabore ycranasiusaercs, uro gyukuua f € FP , cnabo obparuma s FY , Torna
u ToabKo Toruma, Korma f(z) # 0,z € C, upu 3TOM IOJyYEHO IMOJHOE ONUCAHUE
takux ¢yHkiumii. Takyke B CTaThe CTPOUTCS MPOCTPAHCTBO Twma PoKa, B KOTOPOM
CYIIECTBYIOT CHJIBHO OOpaTuMble (PYHKINH, He 00/1aIa101me caadoi 06paTuMOCThbIO.

OcCHOBHBIMHI pe3yabTaTaMu CTaThbU ABJIAIOTCA CJICAYIONINE YTBEPZKICHUA:

Teopema 1.1. ITycmo 0 < p < 400, 0 < a,0 < +oo, f € H(C), f(z) #0, z € C.
Tozda

1) ecau €N, mo caedyrousue Yeao68us PaGHOCUABHDL

i)f € FY,,

n
(%) i) f(z) =exp(h(2)), h(z) = Y _arz*, 2 € C,n < a.
k=0
2) Ilyemv o = n € N, f € FP,, moeda [ umeem 6ud (*), 2de n < a, npunem,
ecau o =n, n < 2, mo gynkyua euda f(z) = exp(az") npunadaescum FY ,, mozda
u moavko moeda, Koeda |a| < 7, ecau gce n > 2, mo 60smodicen u cayual lal = 7.
o

Ecau pynryus suda (*) npunadaesrcum xaaccy FP ., mo |a,| < r Ob6pamno, ecau

o0
g
lan| < 7, mo f € FL,.
3) ITycmo Ppynryus f umeem eud (*), npu smom, aubo n < «, aubo o = n, Ho
z 0 F?_ 0 0]
an| < %, mozda pf € FY , dan npouseosvhozo anzebpauvieckozo MHOZOUAENA P, NPU
.

amom f caabo obpamuma 6 FY .
Crenyromiasi TeopeMa yTOYHSIET TOCIEIHEE YTBEPXK AeHne TeopeMbr 1.1,

Teopema 1.2. IIycmo p, o, € R\ {0}, f - yeraa Pynxyus, npedcmasuman 6 eude
(*), 2de |an| < Z. Ilycmo danee
n—1
Y(x) = (0 —plap|)z —bp_1277 p—e(x), 2 € Ry,
n—1

2de by 1 =3 |ax|, u e(x) - norosrcumervras dynxyua uz C(Ry), npuvem
k=0
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lim eM(2) = lim 2@ (2) =0; lim 2@ _ 4o,

P =
o0

=

+oo

/exp(—oro‘+¢(ro‘))/|f(rei9)‘pd9dr < +o0.

0

P H© Il

W

IIpu smom o =n € N.
Tozda caedyroujue ymeeprcoenus PaBHOCUALHDL:
a) npoussosvhas Gynkyus f euda (x), npunadaescawan FP

o,
p
6 Fa,a,w'

caabo obpamuma

T I €}

10 5 /p—|an -
6) f /p—lan| Z1/n PE_ e — +00.
1

21/2

Teopema 1.3. ITyemv 0 < p, 0 < +00, n € N. Toeda cywecmeyem ¢ € C?(R,),
f € H(C) maxue, wmo Pf C FY, _, % € Fp

o,n,p?

inf {Qf ~ 1lrz, , =Cf >0,Q€ P}.

6 ootce 8peMA,

3ameuanne 1.1. Awnanoeu meopem 1.1 u 1.2 npu p = +oo, npu boree obuux
6€CO8UT PYHKUUAT panee Obuau ycmanosaens, 68 pabomax asmopa [9], [10]. Memod,

npumensemuiii 3deco, no udee 6AU30K K IMUM PAOOMAM.

3ameuanne 1.2. B mom wacmuom cayuae, kKozda o = 2, 0 = %, p = 2, 6 pabome [11]
cosepuerno Opyaum cnocobom dokasarna meopema 1 (no-eudumomy, asmop we Ovii
anaxom ¢ pabomamu [9],[10]), npunem cywecmsenno ucnoab3osana 2uabbepmosocms
F;Q U €60Ucmeo 80cnpoussodsuezo adpa exp(zW) 3M020 NPOCMPAHCMEA, NPU OC-

MANBHBLEL 3HAMEHUAT NAPAMEMPOS T, (v, P YKA3AHHbLT Memod He Nporodum.

3ameuanmne 1.3. Ommemum, 4mo ananroz meopemv 1.3 8 cayuae 66CO8HLE NPOCMPAHCME
aHasumMUeCKUT 8 Kpyze dynryud 6w ycmanosaen 6 pabomaz [9], [10], a 6 cayuae

secoswr npocmparcme Bepemana 6 edunuunom kpyze — 6 pabome [12].

2. ®OPMVYJINPOBKA U JJOKABATEJILCTBO BCIIOMOTATEJ/IbHBIX YTBEPXKIEHUI

B nmanbreitimem Ham morpebyeTrcs ere HeCKOJbKO ODO3HAYEHWI W OMpEeIe/TeHU:
4epe3 ¢ = ¢(...) Oymem 0603HAYATH AGCOMIOTHYIO KOHCTAHTY, 3aBHCSIIYI0 TOIBKO OT
(...). Ecau nse BemecrBo3naunbie dbyHKUuu f U g onpejesenbl Ha MHOxKecTBe E,
to onenka f({) < ¢g(€),( € E o3Hauaer, 4T0 CyLIECTBYET MOJIOXKUTEIHHOE YUCI0 A,
rakoe uro f({) < Ag(¢),V¢ € E, a coornomenue f(¢) = g(¢),¢ € FE o3nagaer, 4ro
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F(O) <g(¢),9(¢) £ f(¢),¢ € E. Muo)ecTBO BCex cybrapmonmaeckux gynkmii ma C
oboznaunm depe3 SH(C).
Cremytomasa meMMa yCTaHABIMBAETCA TOYHO TAKUM YKe 06pa3oM, Kak JeMMa 8 m3

[10].
Jlemma 2.1. Ilyemv» 0 < p < 1,0 < p < 400, a,0 € R, «a,0 # 0,f €

F o f(2)= 2%2", fo(2) = f(pz). Toeda

i) |1fo— fllpz, =0 npup—1-0.
ii) Ecau @ € (FY )%, mo

+oo
(2.1) O(f) = lim > axp o(5),
k=0

2de 6(2) = 2F ke Z,.

JIemma 2.2. ITycemv h € SH(C), npusém

“+o0 iy

(2.2) e " | exp(h(re'®))dpdr < M.
[

Toz0a

(2.3) / \h(re?)|df < R*.

Joxazameavcmeso. To nepapencrsy Wemncena (cm. [13] crp. 45)
i/h(rew)dﬁ <lIn 1 /em h(re?)d
27 - 27 b ’

or®

YMHOXKagd YKa3aHHOE HePaBEeHCTBO Ha €~ u npounrerpupys 1o nosyocu (0, +00),

MOJTy9aeMm
“+o0 1 ™ T 1 T
(2.4) /e_”’“aeasp?/h(rew)dﬁdr < /e_”’"aZ—/exp(h(rew))dOdr < M.
T T
0 —T —T —7
Honoxum ¥(r) = expy= [ h(re'?)dd. Ucnomssys cybrapmormanocts dykmum h,

—T
3ameruM, 4ro (byHKIms 1 He ybbiBaer Ha mosyocu (0,+00), CiIeI0BATENBHO, W3

orenku (2.4) momyvaem
+oo
V(R) - / e~ dr < M.
R
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Hepr,ZLHO yCTaHOBUTH aCUMIITOTUKY

oo N e—o’RD‘
2.5 T dr R ———.
( ) /6 r O(O'Ro‘_l
R

N3 onerok (2.4),(2.5) nomydaem

T

(2.6) % h(Re')df < R™.
Tlonoxum
ht(Re) = max(h(Re™),0)
h~(Re') = maz(—h(Re™),0).
Torna
(2.7) h(Re) = h™ (Re™) — h™ (Re").

[pucrymiv x onerke maTerpaa ot Gyuxmun ht (Re'). Ucnomssys pasenctso (2.7),

UMeeM:
=L /exp(h(Rew))dr L /exp(m(Rei@) — h™(Re"))do >
27 2m -
1 , .
> o exp(h™(Re)) — h™ (Re')do+
™
E(6:ht(Re?)>0)
1 ) .
—|—2— exp(h™(Re™)) — h™ (Re)db >
™
E(0:h+ (Rei?)=0)
1 ) )
> o exp(h™ (Re®)) — h™ (Re)dd.
™
E(6:h(Re?®)>0)
CitetoBaTesbHO,
L /6$p(h+(Rei9))d9 1 / exp(h™ (Re™))do+
2m 27
-7 E(0:ht+(Re'?)>0)
1 , 1 .
+% exp(h™ (Re?))do = o / exp(h™ (Re'))do+
E(0:h+ (Rei0)=0) E(0:h+(Rei®)>0)
_ +(Peif)) —
Jr27r m(E(hT(Re")) =0) <I41.
2m
CuoBa ucnosb3ys (2.6) u (2.7), nomyanm
1 [ :
(2.8) %/ ht(Re?)dd < RY, R>0.
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YT00bI BRIBECTH W3 IMOCJIEIHEH OIMEHKHU TOKA3ATEIHCTBO JIEMMBbI, MCIOIb3yeM CHOBA

cybrapMOHUYIHOCTE (DyHKIWH h. Meem

1

h(0) < %/h(Re“’)dG =

17 . 17 .
= —/h*(Re“’)d@— — /h*(Rew)de.
2T 21

™

%/h*(Re“’)do < L /h*(Rew)dG — h(0).
™

TTosTomy
17 . 17 . .
S / Ih(Rei®)|do = - / (W (Re™) + h=(Re™)do <
2 2

T

1 )
<= / ht(Re)dd — h(0) < R*, R>0.
™

—T

Jlemma 2.3. ITycmov h - yesas yukyus, Makas, mo

—+o0 ™
/ e " /exp(pReh(reie))dr < +00.
0 -7

Toz0a

h(z) = Zakzk,z eC.
k=0

ITpu amom aubo n < o, aubo n = «, 1o |a,| < %, eCAU T > 2, MO 603MOHCEH MAKICE
a

cayuati |an| =

Joxasamenvcmeo.  Joka3aTebCTBO NEPBOH YaCTH HENOCPEACTBEHHO CJIELYeT U3
JlemMBr 2.2 ¥ XOPOTTO W3BECTHRIX OLEHOK Tnma Komm kK03(hMUIMEHTOR pasIoKenust
nesioit pyHKuuuM Yepes3 AeficTBUTENbHY 0 YacTh camoil dyukuuu (cum. [14] crp. 265).

Heiicreurensro, ecan h(z) = u(z) 4+ iv(z), z € C, 10 13 JemMMbI 2.2 cJieyer, 9To
s
/ lu(Re®)[d0 < R®, VR > 1.
—1Tr

Ocraercd IpUMEHATH PacCyxaeHust ucnosb3yemore B [14] (em. [14] crp. 264-265.).
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n
Urak, h(z) = 3 a,2", rne n < a. Ilepeiigem K j0Ka3aTe bCTBY BTOPOIl YacTu:
k=0

(2.9) FEFL,, f(2) #0,f(2) = exp(i anz¥),1<n<a.
k=0

He orpannunBasi 00IIHOCTH, MOYKHO TPEANOIOKUTE, 9TO arga, = 0, T.K. U3 TPUHAIIEIKHOCTH

—ifn
[ € FY, cnenyer, uto f(e™» z) Tax e mpunaanexur FY ., rae On = arga,.

o,

ITonoxum
P P
Xn(2) = exp(=|an|z"), Xn-1(2) = exp(= Zanzk), zeC,
s s =

rae s - sl meficrBUTEILHOE YHCTO, S > 1.
Hokaxkem cuavasa, uro eciu f € FP | upu srom f umeer Bug (2.9), n = «, u3

npuHaIeKHOCTH f Kaccy FL , caemyer, 91O Xp € F;a HeiicTBUTEIHHO

“+o00 T +oo s
/ e / | (re™® [ dOdr = / e " / X (€™ )Xn—1(re”) X L (re™) | dbdr
0 - 0 -

IIpumennm B mocieIHEM WHTETPAJIe HEPABEHCTBO Lestbiepa ¢ ToKa3aTesaeM s, MOy IuM

+oo ™
[ [atrenias <
0 —T

+oo T +oo T
@) <[ [eriseenpdsant ([ [ e Gt dsan
0 —m 0 —m

S

! __ &
rie s’ = 2.

JlokazkeM OrpaHWYeHHOCTH MOCJETHUX WHTerpajioB. llepBurit mATErpas KoHEUEH,

nockonbky f € FY . Jlokaskem OrpaHu¥eHHOCTh BTOPOTO WHTerpaa. $IcHo, 9to

n—1

b (re)| < eapt (Y faulr), 7 € (0.400), 6 € (—mm).
k=0

IMosTomy nocsiennuii uaTerpas B Hepasencrse (2.10) oneHuBaeTcst 09€BUAHBIM 00PAa30M:
—+oo —+oo

7r n—1
/ e o / \X;il(rew”s dodr < / exp(—or® + P 1(2 |aj|rj))d7" < 400,
5 —
0 Zn 0 J=0

Taxum obpasom, u3 npunasiesknocrtu gynknuu f knaccy FY | sbitexkaer x, € F, glya Vs >

1, Te.
—+o0 T
(2.11) /e*‘”ﬁ /exp(gr”|an|cosn0)d0dr§M(s).
s
0 -7
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IIpugem M 3aBHUCHT TOJIBKO OT 5. JloKazkeM, 9TO U3 CXOAUMOCTH TIOC/IeTHETO HHTErpasa

crenyet yrBepxkaenue Jlemvbl. Hafimem cHadaia OMEHKN WHTErpasia CBEpXy W CHU3Y.

1 7 1 7
I= —/exp(£|an|r" cosnb)df = f/exp(£|an|r" cosnb)db.
2m S 0 s
—T 0

IIpoussenem 3ameny nepeMeHHOI

1 nmw 1 n-1 (k+1)7
p
I=- n|r™ cos0)df = = =lan|r"™ cos )do.
7T/egcp(p\a |r"™ cos 6) 7",;) / exp(s|a |r"™ cos 6)
0 Y km

Tlonoxus v = 0 — km, monydnm

n—1 T n—1 pi
1 P 1 p k
I=— =|an|r" km))dv = — =lan|r"(—1 dv).
ﬂ_’;)/exp(sm |r™ cos(v + km))dv 7Thz:_o(/eacp(sa |r" (—=1)" cos v)dv)
=00 =00

13 mocnmennero paBeHCTBa HEMOCPEACTBEHHO CJIEIYET CJIEIYIONas OIEHKa

™ ™
n
(2.12) /ear:p(g|an|7‘n cosv)dv < T < — /exp(gr”|an|cosv)dv.
s T s
0 0
Tenepp MOMYYMM ACCHUMOTOTHKY MOJIYy9eHHOrO uHTerpana. C 3TOH Heapio Pa3IoKuM

MOIMHTErpaIbHyI0 DyHKIHMIO B psix Makiopena

T +too p k,nk
Pl v N (slan)r ok
/0 emp(;|an|r cosv)dv = E T (cosv)"dv

k=0 3
Hcrnonb3yst XOpOoIo n3BeCTHbIE 3HAYEHHS MocaeHero nurerpana (cm. [15] crp. 387)

acumurorudeckue dpopmyibl (M. [16] crp. 294), nonyuaem

(2.13) /exp(g\an\r" cosv)dv =
0

P
exp(§lanlpr™)
rs )
CrenoBaresibHO, U3 cXoauMocTH uHTerpana (2.11) ciemyer
+oo

/ exp(—or® + \an\gr")dr < 4o

(2.13) =
r2

1

W3 370ii oneHKy cremyer, 9To aubo n < o, b0 n = «, HO |a,| < %, IIpHu BCex s > 1,

re. |an| < 2. Ecmm xe lan|2 = o, mpu HEKOTOPOM 5, TO HEOOXOMUMO ITOOLI 1 > 2.

CaencrBue 2.1. ITyemov f umeem sud (*), npu smom n < a, uau n = a, HO

|an| < Z. Tozda Qum f € FT

o,

m
0as MPOU3E0ALHO20 MHO20uAEHE Qp (2) = S bi2".
k=0
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JIemma 2.4. IIycmo [ npunadaeocurn H(C), f(z) # 0,npu smom O,(2)f €
F?,,2de 0m(z) = 2™,z € C, m € N. Tozda, D™f € FZ,, 2de D(f)(z) :=

o,

2f(2),2 € C,D™f = D(D™f), m=1,2,3,..

JlokazaTeabCTBO HEMOCPEICTBEHHO caeayeT u3 JleMMmbl 2.3 u ee CaeCTBUS.
[lycrs nanee f € FY ,, npu srom Qf € FP , na1s npoussosibHOTO MHOro4wIeHa Q.
O6osmasnm gepes E( f) sampikanne B npocTpanctse FY , muoxkectsa P- f. Hamomam,

410 P - MHO2KECTBO BCeX MHOI'OYJIEHOB.

Jlemma 2.5. Ilyemo f € FP . f(z) #0, =z € C. IIpu smom ewunosnaomes 6ce

yeaosus nemmo, 2.4, moeda D f € E(f) Vm € N.

JlokazaTebCTBO HEMOCPEACTBEHHO CJIEAyeT U3 JeMMBbI 2.3, ee CJIeICTBUS U JIEMMbI

24.

3. JIOKABATEJBCTBO OCHOBHBIX PE3YJ/IbTATOB

Hoka3zaresbcTtBo Teopembl 1.1. Jloka3areabCTBO MEPBOrO IIYHKTA CJELYET U3
nepBoii yactu jemMmbl 2.2 u mepBoi yactu jemmbl 2.3 (cm. (2.9)). Tlepeiizem K
JI0KA3aTeJIbCTBY BTOPOro nyHkra. fcuo, uro ecinu f(z) = exp(az™),1 <n <2, 1o f
npuHAIeXuT FY  Torna n TonbKko Torxa, Koraa [af < 2, (em. (2.13) n (2.13")), roe
a = . Ecam xe n > 2, ro Bosmoxen u cay4ait |a| = 2 (cm.(2.13)).

IMepeiiném K 10KA3aTENBCTBY 3-0r0 IYHKTA. 1lepBas 4acTh 3TOrO MyHKTa CJIELyeT

u3 jgeMM 2.3 u 2.4, nokaxkeM Bropyio 4acTtb. Vcmonb3ys jsemmy 2.3, numeem:
n
(3.1) flz)= exp(z arz®), z€C
k=0
IIpu srom mubo n < «, mmbo n = «, HO
o
(3.2) lan| < .

Cravana mpemnonoxum, ato 1 < p < +oo. Ilycth ®-mpon3BOIBHBIN JTHHERHBIH

HenpepbIBHBIA GyHKIMOHAT Ha mpocTtpancrse FP . rakoil, uro ® L E(f), r.e. ®(g) =

o,
0, nuist nponssosbHOTO g € E(f).
Hoxkaxem, uro (1) = 0, u3 reopembl Xana-Banaxa caenyer, uro 1 € E(f). Ilo

aemmaMm 2.2, 2.3 u 2.5

+o00o
ney 1 m k _
(3.3) ®(D"f) = PEEO,CZ,OI{ c®(0k)p" =0,
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rie
+oo
f(z)= chzk, zeC, m=0,1,2,...
k=0
JIoKazKeM, 9To IMOCTIECTHUN P, CXOAUTCA abcomoTHO. C 3TO HesIbIo OIEHIM BBIPAZKeHIE
ekl [(0%)] < ek || 2119 |

Ncnonbays ouenkn (2.11), (2.13) u Hepasencrso Kormm, momydaem
I
(3.4) et < o [1e)pdo S eapl(lanlp-+ ™)
i
-7

re € - IPOU3BOJIBHOE IMOJIO?KUTEJILHOE YIUCJIO. Tenepb OII€EHUM HOpMy
“+o0o
P _ —or® k
P
0

< ay, kp+2
N;relaRf(exp(GT )rePTE).

Nrak,
1
lekP1® (k)P S ——=exp((Jan|p + €)r™) max{exp(—aro‘)rkp“}.
Tkp T€R+
IIycTs Temeps

(3.5) g%f{exp(—ar")rkp“} = exp(—ord)rPt?

Ipu HEKOTopoM 7 = 1, € R4 . Torma momygaem
2

1 2
exl|®@)] S exp{- (jarlp + )i —orihry
N
(3.6) lek||@(0)|E™ < exp{(|an| + ];)’I”k - Erk frek™, m=0,1,2,..
Tenepp 3ameTnM, 9TO r); ABIAETCS PEMIEHUEM yDABHEHWS
—e“"Egart (o + kp+1) + e Tk (kp + 2)r,(€kp +1)=0
T.e. T = (%)é. CrnenoBarenbHo u3 (3.6) nomydaem
kp+2)ﬁ J(kp+2
oo P o«

(3.7) e[ @ (0% ) K™ S exp{(lar| + }%)( IR,

Ho mo mepBoMy MyHKTY Teopembl aubo n < «, Jb0 N = «, TMPH TOM |a,| < z.

YuurbiBas 31U ycjioBus u3 OueHKy (3.7), OKOHYATEJIBLHO MOy YaeM
(3.8) |cx| |0k ) K™ < exp(—0 - k)™,
re

€

0<e<o—pla, 5:g—|an|—7.
p
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ITosTomy
—+o0

S Jakl[¢(d) k™ < +oo

k=0
upu Jsobom m = 0,1, 2, ... CienoBaresibho, u3 (3.3) nosydaem

+oo
(3.9) O(D™F) =) e ®(5k)k™ =0,
k=0

ansg Becex m=0,1,2,....

Ocraercsi KONUPOBATH PACCYKIEHUE TTPUMEHSIEMOE MPU JOKA3ATETHbCTBE T€OPEMbI
2 n3 [10] n ycranosuth f(0)p(1) = 0, me. ¢(1) = 0. Teopema mokazana mpu 1 < p <
+00.

Hepetinem k ciygaio 0 < p < 1. Iyers f € FY,, f(2) # 0, =z € C, Torna,

WCTIONB3Ysl JeMMbI 2.3, 2.4, 2.5, moxydum
n
(3.10) f(z)= exp(z arz®), ze€C, D"fe F?,
k=0

IIpwm sTom, 6o n < «, IMbO N = «, HO

o
3.11 an| < —
(3.11) |an] ’

TMonoxnwm, g(z) = [f (z)}%7 z € C, tae BoIOpaHa riIaBHast BETBb CTEMEHHON (QyHKITAH.
fcuo, uro g € F?2 . Cornacuo n1epsoii 4acTu TeOpeMbl, CyIIECTBYeT HOCIeI0BATEILHOCTD
MHOTOUTEHOB {Q,, Y™ Taxux, 410 ||Qmg — UY|pz,, — 0 mpu m — 4oo. Otcrona
crenyer, uto (cM. [3]) paBHOMEPHO HA KOMMAKTHBIX MOIAMHOMKECTBAX KOMTIIEKCHOM

IIJTIOCKOCTH

lim  Qu(2)g(z) = lim Q% (2)f(z) = 1.

m——+oo m——+oo

JokazkeM, 9TO yKa3aHHAs CXOAUMOCTb UMEeT MecTO U B npocrpanctse FP . Cragana

3aMeTHM, 4TO

I = 1Qmg” ~ 1l = [1(@mg = 1)(@mg + D,

IIpumernM K 3TOMY WHTerpaiy HepaBeHCTBO Kommm - ByHAKOBCKOrO, MOIyduM

+oo 2

I, < cap(=or®) [ |Qm(re'?)g(re'?) — 1[*Pddr
[ ]

+oo T 3
/ cap(=or?) / |Qun (re™®)g(re™®) + 12 depdr
0 —7
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IIpumensis HepaBencTBO L'etbiepa ¢ mokazaTesreM % IIPUXOJNM K OICHKE

+oo 2

< | [ ean-ar®) [ 1Quire®)g(re) ~ 1doar

+oo 2

/exp(—aro‘)/|Qm(rei¢)g(r6w)+1|2d¢dr
0 —T

BBuay cxomumoctu mocnenoBarenbnoctu {Q,,g}5° B npocrpancrse F) 0270(, MOJTy YaeM

lim I, =0. ]

m——+o0
Hepefx’meM K JOKa3aTeJIbCTBY T€OPEMbI 1.1. CHaqa,na JOKazKeM, 9TO u3 6) cirenyer a).
IIo yCIOBUU TE€OPEMbI, f JOTYyCKaeT TTpeacTaBJIeHue (*) Ipu 3TOM N = &, HO |an| < %.

Ciietyst paccyKIeHUsIM TPUMEHSEMbIM MPU JI0Ka3aTeabcTBe TeopeMbl 1.1, moxyanm

B(6)] < supleap{—Zre + LIy ke
r>0 D p

ITonoxus x = r®, moayunm
b)

(3.12) | (65| Ssup{ew (—;f” w?*(]” 2)1110;:)}

>0 p
IlycTs

w(z) = ox — 2’ (z)

ITo ycaoBusim Teopembt 1.2 w(z) 17°° (2 — +00), roraa sxcrpemym B (3.12) gocruraercs

B TOYKeE:
kp+2
—0 4 (wh) + = =0
[6H A
T.e.
kp+2
(3.13) o — at () = L

ycrs v(x) aBasercsa obparuoit Kk Gynkuuu w(z) Ha (g, +00) UPU JOCTATOIHO GOJIBIIOM

Zo-
Torna m3 pasenctsa (3.13) mmeem z, = v(*12).  Caenosarensro, w3 (3.13)

OJTy 9aeM

o x 2lnx k
(3.14) 1B(61,)] < exp{—xk NCIC ’“} caxp

p p p <

1

Hamommmm, uto rp, = xf. U3 onenxm Komm ana xoaddunmenTos pasiorKeHns

dyukuuu f u no pasencry (3.13), aHAJIOrMYHO KAK NPH JOKA3ATEILCTBE TEOPEMbI
1.1, okOHYATEJBHO TTOIyYaeM,
ek |2(8k)] <
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o P(u(EE2)) kp+2, n-a kp+2 n-1-a\  kp+2
Sexpl_<p_pv(’“p+2)_|an|v( o ) & = bnav( o ) e v( o )

[e3

Tenepb, yauTsiBasg, 9to n < o, W3 MOCJETHEN ONEHKN BHIBOIUM

o Y((*E2)) bp—1 kp + 2
|ckl|@(0k)] S exp l— (p—lanl— po222) )—v<,§p:2)>v( pa

)

CHOBa MCTIOIB3yeM OIEHKY |ay, |p < o, cooTHOMIeHNe v(T) ~ |ay, |px U yCIOBHE TEOPEMBI,

3aMeTUM,4TO

(e by (E2)) o)
A\ el gm0
TlosTomy
+o0
ka|ck||<1>(5k)| <400, m=0,1,....
k=0

ITpu 3TOM BbITIOIHAETCsT PABEHCTBO (3.3) B ciiyvae p = 1 CHOBA, KONUPY PACCY XK JCHUS,
UCIIOJIb30BAHHbBIE IPU JOKa3aTesbeTBe TeopeMbl 2 u3 [10], Z0cTaroYyHo yCcTaHOBUTD,
4T0 DYHKIHS

= Ck(I)(5k)

k—=z
k=0

F(z)= , 2 7y

TOXKJIECTBEHHO paBHA HYJIIO TIPU Beex Takux z. llomoxkus g(z) = F(—2z?), xak u B [10]
(cm. onenku (68), (69)) nonyaum

m
l9(2) £ |Z|2(7pp,1)7p >2, Rez>1,

rue

m, =sup < kP exp | — g_bni_l_lal_dj(v(%)) U(k‘p—|—2)
g U B VTR TS

Tenepn,ipuMeHsisi peleHre XOpoIo U3BeCcTHOl 1pobsembl Barcona (cm.[17]), Touno

[e3%

TaKUM JKe 00pa30M KaK [IPU JOKA3aTeNbCTBe TeopeMsl 2 u3 [10], momyanm
F(z)=0,Vze C\ Z;

Tosromy co®(1) = f(0)®(1) = 0, re. $(1) = 0. IlepBast YacTh TEOPEMBI yCTAHOBJIEHA.
Mepeiiném k moKa3aTEIBCTBY BTOPOit 9acT. JIOKazKeM, 9TO eCIM WHTErpaJl,0TMEeUaHHbIi
B Teopeme 1.2 cxonutes, To cymectsyer ynkmus f us FY, ., f(2) # 0,2 € C cnabo
HeOOpaTHMasi B IIPOCTPAHCTBE Fy p, . 3/1€Ch MBI IPHMEHHM METON J0KA3aTeTbCTBA
reopembl 3 u3 [10]. Tlomoxkum f,(z) = exp(az™),z € C, Oyuem upeanosarars,
qro a = |a| > 0. okaxewm, 4r0 dyHKIHs f, caabo HeoOpaTHMa B NPOCTPAHCTBE

Fy . Hokaxem or nporusuoro. Ilpeiuosoxum f, cinabo obparuma. Oukcupyem
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z € C,|z] =ru R > r, yaurbiBas cybrapmorndsocts byukunu |P(z)|P, roe P(z) =

Qm(2) - fa(z) — 1, nmeem

@ / —12)|®(Ret? |P
- 277 R? — QTRCOS(G ) + 12
IIostomy

1
(3.15) B(2) P < g” /|qs (REPdh,0 < p < o

Tonoxum p, = r+r~". YMHOKAM MOCJIeHee HepaBeHCTBO Ha exp(—o R™ + ¢(R™))
W TIPOMHTErpUpyeM HepaBeHCTBO (3.15) mo moayocu (py, +00). Homyuanm

1
— )"

rn
2

0 (2r +
B(2) P / exp — (0R" + $(R"))dR <
Pn
—+o0 T

X / e R T (RY) / ®(Re PdAdR <

Pn -

il 41
— X
2T

+o0 77
/exp(—oR"—H/)(R”))/|Qm(Rei9)fa(Rei9)—l\dedR.

0 —T
ITo mpennonoxkennio dbyukmma f, caabo obparmma B mpocTpancTse Fy , . Torma

MOZKHO TI0ZI00PATh MHOTOUIEH @y, TAKO# 91O ||Qu fa—1|[%r < 7 CienoBaTeIbHO,
o,mn,p
HepaBeHcTBo (3.15) MOXKHO 3amucarh B BUIE
+oo

B(2)[? / exp(—0 - R" + $(R"))dr <

Pn

orntl 41
2 ’

HCHOJIbByH ACUMIITOTUKY MOCJICJHErO MHTErpaJia MmoJIydaeM

e=oPnt¥(on)  gpntl 41

[ p
P =

T.C.
[B(2)[" < pp " exp(opl — ¥ (p}))x

2t 41 (2t n

% 2w = 2pr(n=D)n

—exp(op, —¥(py))-

Teneps 3ameTnM, 4TO
1 n n n
no__ S \n __ Jan—j—mj _ .n j .—j(n—1) n Jj _ .n n
pn—(r—i—rn) —E chr =r +E chr <r"+ ) o =r"+27,
=0 j=1 =0
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eciu r > 1, rae ¢, - Gunomuanbubie ko3 durumentst. [losTomy

(2rmtt 4+ 1)
ST~ xRl = v ™)

VaurhiBasg 3Ty ONEHKY U CJIEIYIOIIee JIeMEeHTAPHOEe HEPABEHCTBO,

Q. (2) fa(2)[" < (|Qm(2) fa(z) = 1|P +1) - 27, 0 < p < 400

(3.16) 12(2)[” 5

W3 (3.16) BbiBOgUM

(2fz["* + 1)

|Qm(2) fa(2)[” < exp(o]z]" — ¢(|2[")) — Repaz") =

|Z|n(n—1)
22"+ 4 1)n
@an. = D e — g(lal) — apResn), 2] > 1,
|Z‘n(n—1)
U3 100t oueHku cieiyer, 4TO IMOCAEI0BATENbHOCT 0|Qm ()] S 1,m = 1,2,... aus
Bcex |z| = 1. Ilo mpuHImMIY MaKCHMyMa Takas JKe OIleHKA CIPABEJINBA BCIOAY B

2 .
exauunyanom Kpyre. ITonoxum B (3.17) z = (=, rue BbiOpaHa rjaBHas BETBb ITOM
byHKIMY B BEPXHEH MOy LIOCKOCTH.

U3 (3.17) nonyunm ciaeayronyto OLeHKy

2(n+1)
2 O 1y
|Qm(.’L’ )| < 1 |(E|2(n71)
(3.18) x exp(ox? — (2?) — apx?),z € (—o0; +00).
Ilosioxkum Tenepnb
2(n+1)
2 o + 1 n 2
(3.19) h(z) = cl(|m||x|2(n_1)) exp 2’ (o — 1/’5:; ) _ ap),z € (—o0;4+00).
YuuTBIBAsA YCIOBHE TEOPEMBI, JOKAYKEM, ITO
a
/ %dw < +o00.
x
dAcwo, uTo
n 2 2
Inh(z) =Inec; + nln(2|x|( it 1) —2(n—1)In|z|+2*(c — ¢(Z‘2 ) _ ap)
x
ITosTomy
T
[ B < o,
x
— 00
+oo +oo
.1’2(0 _ 1/}{(;2) . ap)d 7/1(552) de —
T2 T (o — - —ap)dx =
—o0 1
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—+oo +oo
2 o ¥
=2/<o—wi€)—ap>dx=/w<+oo.
1 1

ITycrs remeps G(z
G(z)| = h(z), ||

1Qu(z7)] < |G(x)],2 € (—00;400). CrenoBaTennHO, Takas ke ONCHKA BEPHA HA

- BHemrHsist (DYHKIWS HA BEPXHEH MOJYTJIOCKOCTH, TaKas UTO

v

1,u|G(z)| = ¢, eciu =1 < z < 1. U3 (3.13) caenyer, uro

seeit epxueii nonymiockocru Cy, re. |Qum(z7)| < |G(2)],z € Cy. Ho yuurbisas,

aro Qm(2) — f1(2),Vz € C4 u3 nociemueil oleHKH morydaem
|| < |G(2)], = € C4.

Ionoxus z = iy npuxomumM K mepasenctsy e < |G(iy)|,y € (0,400). Ouesmmmo,

4TO TaKasl OLEHKA He BO3MOXKHA, 109TOMY (pyHKUuUs f, €J1a00 He 00OparuMa B IIPOCTPAHCTBE

P
o,

JlokazaTeabCTBO TeOpeMbI 1.3 HEMMOCPEICTBEHHO CJIEIYET U3 JIEMMBI 2.3 U T€OpeMbI
1.2, nockosnbky u3 jemmbl 2.3 cienyer,uro byuxkuuu f,(z), f-q(2) onHoBpemenHo
NpUHAJJIEKAT WM He NPUHAJJIeKAT MPOCTpancTBy F, o .. Ilogbupas Takyio «,p,
4106bl MHTErpas B IyHkKTe 0) Teopeme 1.2 cxomuiics, upu srom Gyukuus fq(z) nupu-

HaJJIeKasa IPOCTPAHCTBY Fy o, , MBI HOJYyIHM TpeOyeMblil IpuMep.

Abstract. In this article we obtain a complete description of weakly invertible

elements in LP weighted spaces of entire functions.
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ON WEIGHTS WHICH ADMIT REPRODUCING KERNEL OF
SZEGO TYPE
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Abstract. In this paper we generalize the concept of the Szegd kernel by putting the weight
of integration in the definition of the inner product in the Szego space. We give some sufficient
conditions for the weight in order for the Szeg6 kernel of the correspoding space to exist. We
give examples of weights on unit ball for which there is no Szego kernel of the corresponding
Szegd space. Then using biholomorphisms we prove that there exist such weights for a large class
of domains. At the end we show that weighted Szegd kernel depends continuously in some sense

on weight of integration.

MSC2010 numbers: 32A25; 46E22.

Keywords: reproducing kernel Hilbert space; Szegd kernel; admissible weight.

1. PRELIMINARIES

Weighted reproducing kernels play a significant role in physics (see e.g. [7]) and
informatics (see e.g. [4]). Therefore, it is important to know which weights are ’good
enough’ to take, i.e. for which weights there exist reproducing kernels of considered
weighted spaces. The aim of this paper is to prove some interesting theorems in
this topic in case of Szego kernel.

Let Q € CY be a bounded domain with the boundary of class C2. For p : 92 — R
measurable and almost everywhere greater than 0 (which we will call a weight) by
L2(09, 1) we will denote a set of classes of functions f : 9Q — C, square-integrable

in the sense

(L1) I f 2= /8 17 @)Pa(w)s < .

where the integral is understood as an integral of a scalar field with a surface

measure. The set L2(9€2, ) with an inner product given by

(1.2) o) = /B  Flwlg(wpnw)as

is a Hilbert space. Now let us consider the space A(2) of continuous functions
f: Q — C, such that fio is holomorphic. Let us denote B(Q,u) := {fjaq : f €
AQ)} N L2092, 1). By L2H (99, 1) we will understand the closure of B(Q, 1) in
L?(09, 1) topology.
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We will name any such space L?H (9, 1) a weighted Szegd space. For u =1
it is a classical Szegd space. Of course L? H (02, 11) can change as a set with a change

of u. However, if p1, uo are weights and there exist m, M > 0, such that
(1.3) mpa () < p2(z) < Mpa(z)

a.e. on 09 , then for any f € L*(0%, ;) we have f € L*(0Q, k), j,k € {1,2}, and
m || fI2, < FI2,< M| £, Hence L2H (9, p1) = L*H(9Q, i) as a set and
norms || - ||, and || - ||u, are equivalent. In particular if 0 < m < p < M < oo,
then L2H (0, ) = L2H(9%,1) as a set.

Simple examples show that converse of these implications is not true. If L2H (9, j11) =
L2H (0N, us) as sets, we will write g1 ~ pus. It is easy to show that it is an
equivalence relation.

Each element of L2H(92,1) has a unique holomorphic prolongation to € (see
[6] for more details), so it is also true for any element from B(Q, ), because
B(Q,u) € L2H(09,1) for any . We will denote the set of all such prolongations
by B(S, 11) (where B(2, ;1) C A(Q)). A good question to ask is however how to find
a holomorphic prolongation of functions from L2H (99, i)\ B(£, 1) for an arbitrary
©? We will answer this question in a moment.

We will use the same symbol for a function and its prolongation, which should
not be misleading.

Let p be a weight with the following property:

(CB) for any compact set X C 2 there exists Cx > 0, such that for any f €
B(Q,p) and z € X

FI<Cx || f -

Then for functions from L?H (98, n) \ B(€, ) we can define their prolongation to
Q in the following way:

Let f,, be a sequence of functions from B(Q, ). Let f € L2H(9Q, 11) be the limit
of this sequence. Since by (CB) the sequence of functions (f,|o) fullfils the Cauchy
condition locally uniformly on 2, the function

f(z) == lim f,(2),z€

n—oo

is well defined and holomorphic on €.

From now on, if u fullfils (CB), we will interpret L?H (95, 11) as a set of functions
on .

Let p be a weight satisfying (CB). A function (if it exists) S, : @ x Q — C, such

that for any z € Q, S,,(z,-) € L2H (9, 1) and for any f € L?H (99, u) (reproducing
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property)

(1.4) f(z) = (Su(z ) (D
will be called Szegd kernel of L?H (0%, u).

It is true (as for any reproducing kernel Hilbert space) that if S, and S, are
Szegd kernels of the same space, then S, = S;L and if the Szegd kernel exists, then
it is given uniquelly by the formula

(1.5) Sz w) = Y pi(2)pi(w),

iel

where {¢;}icr is an arbitrary complete orthonormal system of L?H (9, 11). Hence
for any z,w € Q we have S, (w, z) = S, (z,w) and by Hartogs theorem on separate
analyticity the function Q x ' > (z,w) — S%(z,w) := S,(2,w) is holomorphic,
where Q' = {w € CV : w € Q}. So S, is real analytic on Q x Q, holomorphic with
respect to first IV variables and antiholomorphic with respect to last IV variables.
Moreover for any z € Q we have || S,(z,-) 12=1 Su(, 2) 112= Su(z, 2).

It is a natural question to ask, which conditions must p satisfy in order to

L?H (0%, i) to be a reproducing kernel Hilbert space.

Definition 1.1. We will say that a weight u is Szegd admissible (S-admissible
for short) if there exists Szegd kernel of L>H (0, i) space.

Theorem 1.1. p is an S-admissible weight if and only if the condition (CB) is
satisfied.

Proof. = comes directly from the definition. (By reproducing property and
Schwarz inequality we can take C'x = max,ex /Su(2, z) in (CB)).

< (CB) means that functionals of evaluation i. e. functionals
E.:B(Qu) > f— f(z)eC

are continuous. Since B(Q,u) is dense in L2H (9, 1) we can prolong E. to the
functional E, € L2H (0, p)* with the same majoring constant Cx for any z € Q.
By Riesz representation theorem for E, it means that for z € ) there exists e, €
L?2H (0%, i), such that for any f € L2H (9%, i)

f(2) = (e:|f)
and the function
Su(z,w) = e (w), (z,w) € A xQ

is the Szegt kernel of L2H (09, u). O
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2. SUFFICIENT CONDITIONS FOR A WEIGHT TO BE S-ADMISSIBLE

Theorem 2.1. Let p be a weight on the boundary 02 of a bounded domain Q with
0 of class C?, such that

1
(2.1) /89 mds < 00.

Then u is an S-admissible weight.
In order to prove the theorem we are going to use the following lemma:

Lemma 2.1. Let Q4, Qs be bounded domains with C?-smooth boundaries, such that
Q1 C Qy. Then there exists C > 0, such that for any f € L>H(082) = L>H (095, 1)

we have

[ iswpas <o [ iswyas
121971

0,
It is a particular case of a lemma 2.1 from article 3], which was proven for p > 1.
It remains true, however, for p = 1, since authors of [3] follow the proof of Theorem
1 from [10] and in case of p = 1 we just need to change f(y)do(y) to a finite Borel
measure on Jf.

Moreover, since (2 is a bounded domain of class C?, 9 has finite surface measure
and f € L?*(0%, p) implies that f € L1(9Q, ).

Proof of the theorem: Let zy € Q and let r be sufficiently small for K :=
K(29,2r) == {w € CN : |29 —w| < 2r} to lie with its boundary in Q. Then by mean
value theorem for harmonic functions we have for f € B(Q,u), z € K(z,r) and
K = K(z,r)

ral=al [ swas|<a [ irws
0K oK
1

where oo Is a measure of 0K. By lemma 2.1 we have

[ 1swlas <€ [ |fw)ds <CCa [ fw)ias.
0K 0Ky o0

By Schwarz inequality,

s — [ 1y VD s, [
/m|f( )|dsS = aﬂlf( )Imd5<\//mf( )P u( )015\//6Q M(ﬂ})dS,

where Cy can be chosen so it suits for any K(z,r), where z € K(zo,7) (see [3] for

more details).

Finally,

)] < cocacz\/ /a ) ij)ds\/ /a 1) Pu(w)dS < CoCrCo0 || 1< C I 1

where C' does not depend on z € K(zp,r). Hence p satisfies (CB). O
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Corollary 2.1. If Q is a bounded domain with a boundary of class C2, then a
weight u defined on 9 such that pu(z) > ¢ > 0 is an S-admissible weight.

Theorem 2.2. Let Q be a bounded domain with the boundary of class C?. Let
U1, p2 be weights on 0Y, such that py is S-admissible and po > 1 a.e. Then pg is

also S-admissible.

Proof. If py is S-admissible, then for any compact set X C 2 there exists
Cx > 0, such that for any z € X and any f € B(Q, 111)

F < Cx || fllu -
Since
[ 1r@Pmw)ds < [ () Puatds,
a0 a0
we have that B(Q, p2) € B(, 11) and that for any f € B(€Q, ug)

f() < Cx || f Iz - O

In particular, if u is an S-admissible weight, then also e* and p* are admissible

weights, because e* > z and z* > x almost everywhere on the interval [0, +ool.

Corollary 2.2. Let Q be a bounded domain with the boundary of class C?. Let
Wy, Uy be weights on 0 and let Wy be S-admissible. Then ¥, + Wy is also an S-
admissible weight. In particular sum of S-admissible weights on the same boundary

is an S-admissible weight.

Theorem 2.3. Let ) be a bounded domain with the boundary of class C2. Let i1, pto
be S-admissible weights, such that po > C > 0 a.e. Then py - po is an S-admissible
weight.

Proof. If u; is S-admissible, then for any compact set X C €2 there exists
Cx > 0, such that for any z € X and any f € B(Q,ul)

FEI<Cx Nl f s -

Since

| s@Pmas = & [ w)Pinw)eas < & [ ) (s
00
we have that B(Q, p1p2) C B(Q, p1) and for any f € B(S, pu1p12)

If(2)| < Cx—= O

\ﬁ 1 e -

Corollary 2.3. Let p be an S-admissible weight on the boundary 0 of class C?

of a bounded domain Q2 and let « > 0. Then au is also an S-admissible weight.
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3. NON-ADMISSIBLE WEIGHT FOR A UNIT CIRCLE IN C!

Z. Pasternak-Winiarski in [8] found an example of a weight which is not admissible
for the case of the Bergman kernel. As we will see in a moment, a similiar construction
allows us to find a weight which is not S-admissible. In this section we are going to

use the following theorem (for the proof see [9]):

Theorem 3.1 (Runge). Let X C C be a compact set, such that C\ X is connected.
Let f : X — C be continuous on X and holomorphic on intX. Then f is a uniform

limit of (holomorphic) polynomials on X.

Now let us define Q := K(0,1) = {2z € C: |z| < 1},
A, ={2€C: 2| <2} U{z€C:|Imz|] <27" A0 < Rez < 1}
and
M, = (Q\ A,)UA, 1.
Moreover let f, : M,, — C be defined in the following way

. 1+% for we€ Ani1
fn(w) = { 0 for weQ\A4,

By theorem 3.1 there exist polynomials g,, : M,, — C, n € N such that |f,(w) —
gn(w)] < L for any w € M,. It implies that |g,(w)| < + for w € Q\ A, and
1 < |gn(w)| <1+ 2 for w € A, 41. Now let us define polynomials

gn(w)
hp(w) = .
(w) gn(0)
Since |g,(0)| > 1, hy, is well defined, (1+ %)_1 < |hn(w)| < 1+ 2 on A, and
|hn(w)| < L on Q\ A,. Now let us denote D,, := 9QN A,. Then we may define a

weight
1 for w e N\ Dy;
(3.1) w(w) = 0 for w=1;
min{1, m} for we D, \ Dy
Since p is bounded from above (by 1), h,, € B(f, u) for any n € N. It is not hard
to show that for any w € 02

| (w) P pa(w) < 9 and lim |h,(w)[*u(w) = 0.
n—oo
Therefore, by Lebesgue Majorized Convergence Theorem, we have:

/ lim (A, (w)]?p(w)dS = nh%rrolo/ | A (w)]? 1 (w)dS = 0.
a G19)

Q n—oo
As we can see, |h,(0)] =1 for any n, but || h, ||,— 0, so functional of evaluation
Eo: B(Q,p) 3 f — f(0) € C is not continuous on B(£2, xz) and therefore x is not
an S-admissible weight.
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4. NON-ADMISSIBLE WEIGHT FOR A UNIT BALL IN CV
Let Q:= K(0,1) = {w e CV : |w| < 1} and U := {w € CV : |wy| < 1}. Let

Ay = ({weCV:jw|<2"}u{we CY: [Imw;| < 27" A0 < Rew; <1}) NQ

and

M, = (Q\ A,)UA, 1.
Now we may define p, (w1, ws,...,wy) = hy(wy) on M, where h,, : V — C,
Vi={w e CY :wy =--- = wy = 0}, has the same properties and is constructed

in the same way as in the previous section. Then we can define

1 for weUN\ Ay,
(4.1) U(wy,wa,. .., wyN) = 0 for w; €[0,1] C R;
min{1, m} for we A, \ Apya.
p = W 5q is non S-admissible weight on 0f2. Indeed, since 1 is bounded from above
(by 1), pn € B(Q, ) for any n € N by Hartogs’s theorem on separate analytycity.

Moreover for w € 92

pa(w)Pu(w) <9 and  lim [pa(w)a(w) = 0.

n—oo
Therefore, we can use Lebesgue Majorized Convergence Theorem as in the previous
section, to show that functional of evaluation Ej : B(Q, w) > f+— f(0)= f(0,0,...,0) €
C is not continuous on B(L, i). (Moreover all functionals of evaluation E,, for

w = (0,ws,...,wy) are not continuous.)

5. WEIGHTS AND BIHOLOMORPHISMS

In this section we are going to use the following theorems:

Theorem 5.1. Let Q1,Qs be open domains in CN of one of the following types:
Type 1: smooth bounded pseudoconvex domain with the real analytic boundary;
Type 2: smooth bounded strictly pseudoconvexr domain and (more generally);
Type 3: smooth bounded domain for which a O-operator exists and satisfies

subelliptic estimates.

Then any biholomorphic mapping between 2 and 2o extends smoothly to the boundary.

This theorem was proved by S. Bell and E. Ligocka in [2]. Note that each
(geometrically) convex domain is pseudoconvex and moreover in C!' each open
domain is pseudoconvex. (See [5] or [6] for more details.)

In the following two theorems we are going to use the same symbol for biholomorphism
and its smooth prolongation to the boundary, if it exists, which should not cause

confusion.
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Theorem 5.2. Let 21,y be domains of one of types 1-3 introduced above and
D : Q1 — Qo be a biholomorphic mapping. Then for any integrable function f :
00y — C we have

/de: (f o ®)| det Jo®|¥F1dS,
BQQ 801

where Jo® is the complex Jacobian matriz of .

It is a simple generalization of theorem included in [1] as Proposition 1. for
particular f and for 4, {25 being strongly pseudoconvex domains with C'*° boundary.
It remains true in this version, since proof does not depend on integrated function
and the reason for restriction to only strongly pseudoconvex domains was the fact
that in that case biholomorphism has smooth prolongation to the boundary, which

remains true in this more general case.

Theorem 5.3. Let Q21,5 be of type 1, 2 or 8. Let ® : Q1 — Qs be a biholomorphism.
Then
(i) for any g measurable and non-negative almost everywhere we have:
/ gpdS < oo & (go®)(no®)dS < 0
002 Q1
In particular, g € L>H (0Qa, 1) if and only if go ® € L2H (9, o ®).
(ii) p is S-admissible on 9Qs if and only if po @ is S-admissible on 98 .

Proof. (i) By the fact that u := | det J@‘1>|1\%1 is continuous function on compact
set 1, we have
Cl/ (go®)(uo®)dS < / (go®)(puo®)| det J(C(I)|%d5 < Cg/ (go®)(puo®)ds,

oM oM oM
where C1 := min g u(w) > 0 and Cy := max, g u(w). By theorem 5.2 we can
change integral in the middle to get:
(5.1) Cl/ (go®@)(no ®)dS < / gpdS < CQ/ (go®)(o®)dS,
o0 004 o

If the integral on the right hand side is finite, then integral in the middle must be
also finite and if integral in the middle is finite, then integral on the left hand side
must be also finite.

(ii) Since @ is biholomorphism, we need only to show implication in one direction.

If p is S-admissible on 925, then for any compact set X C Qq, w € X and any
f € B(89s, 1) we have

(5.2) (W) < Cxyf /a |7Ppas.
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By using (5.1) for inequality (5.2) we gain

(fo®)(a)]| < CX\/Cz\// 17 0 @20 ®)ds,
o
for Q) DY := @ 1(X),w := & !(w) € Y, so (CB) is satisfied for Cy := Cx+/C. O

Corollary 5.1. For any simply-connected bounded domain 2 in C which is of type

1-83 there exists a non S-admissible weight on O0S).

Proof. By Riemann mapping theorem there exists biholomorphism ® : @ — K(0, 1).
By theorem 5.1 ® has a smooth prolongation to 9). By theorem 5.3 weight po @,

where p is a weight constructed in (3.1), is non S-admissible weight on 0€. g

6. WEIGHTS ON NON-CONNECTED BOUNDARIES OF DOMAINS IN CV

In this section we will prove theorem which states that in case of domain U in
CN such that AU is not connected "S-admissibility in some sense, of a weight on
one connected component of QU is sufficient for this weight to be S-admissible on
whole OU.

Theorem 6.1. Let Q be a bounded domain with the boundary of class C?. Let
G1,...G, be domains in CV for N > 2, such that CV \ G; is connected, Gij C Q,
GjNGy =0 for j #k and G, be of class C?. Let p be S-admissible weight on 9
and let U be a weight on OU , where U := Q\(G1 U --- U G,,), such that ¥(w) = p(w)
forw € 002 Then V is S-admissible weight on U. In addition, if Vaq, is integrable
on G for any j, the map L*H(OQ,p) > f — Tf = fly € L*H(OU,¥) is a

continuous isomorphism of Hilbert spaces.

Proof. Let X be a compact subset in U. Then X C  and there exists C'x > 0,
such that for any f € B(Q, ) and any z € X

(6.1) f <Cx || fllu

On the other hand, if g € B (U, ), then by Hartogs prolongation theorem, there
exists § continuous on € and holomorphic on §2, such that gu = g- It is obvious
that

/ §(w)2(w)ds < / 5(w) 2T (w)dS = g 3 < oo,
o0 oU

Then

(6.2) 1 0u<l g1l

and § € B(Q, p).
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For any z € X we have

(6.3) 9(2)[ =19 < Cx [ g lu< Cx [l g llw -

Since g is an arbitrary element of B(U,¥), we see that ¥ is an S-admissible
weight on OU.

Moreover, if V|55, is integrable on any dGj, then for any f € B(Q, 1) we have
that fIU € B(U, W) and the prolongation B(U,¥) 3 g — § € B(Q, ) is unicly
defined, then it is an inverse of T. By (6.2), T~! is bounded and by Banach inverse
theorem, T is continuous. Since condition (CB) is fulfilled, the same considerations
can be applied to a function f € L>H (0U, ¥). O

In the case N = 1, theorem is not true. For example, if Q := K := K(0,1) =
{weC:|w| <1}, G:=K(0,%), p=1and ¥ = 1, the function

(6.4) g(w) = %, w € U,

is an element of L2 H(dU, ¥), but it has no prolongation to a function g € L2H (92, ).
However, using similar argument as in the proof of the theorem, we can show
that if N = 1, then the operator of restriction T : L2H (9, u) — L*H(9U, W) is
continuous and one-to-one map onto its image, and that T(L2H (99, 1)) is a closed
subspace of L?H (0U, ).

7. DEPENDANCE OF WEIGHTED SZEGO KERNEL ON WEIGHT

Weighted Szeg6 kernel continuously depends on weight in the following sense:

Theorem 7.1. Let Q C CV be a bounded domain with the boundary of class C?.
Let p, be a sequence of S-admissible weights on 02 with uniform limit w, which
is also an S-admissible weight. We want p, to have following properties: pu, =~ u
for anyn and p < C and p, < C for any n. Let S, be a reproducing kernel of
L2H (09, 1) and let S(z,-) be for any z € Q an uniform limit of S,,, (z,-) on 0.
Then S is a weighted Szegé kernel of L>H (0K, ).

Note that assumption for a limit of u, to be S-admissible is necessary, because
simple example of u, = % shows that even a uniform limit of S-admissible weights

does not have to be an S-admissible weight (here it is not a weight at alll).

Proof. Since

f(w)u(w)ds\ < MEC sup (|f(w)),
o0 weIN

where M (09) is the surface measure of 9, uniform limit implies limit in the sense
of L2H (99, i1). By our choice, each space L2 H (9, j1,,) and L? H (9, 11) are equal as
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sets, so S(z, ) is an element of L2H (9, i) as limit in L2H (99, 11) sense. Moreover,
for any n and any f € L>H (99, 1) we have

| St fwhm(w)as = £2)
so it remains true also if we put limit in front of the integral on the left hand side

of the equation:
lim [ 5, (z,w)f(w)pn(w)dS = f(z).

n—oo a0

Because Sy, (2,-) = S(z,-) uniformly, we can put the limit inside the integral to

get
| s fwinas = ).
So we showed that S has reproducing property. O
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