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1. Introduction

Let X and Y be Banach spaces. The essential norm of a bounded linear operator

T : X → Y is its distance to the set of compact operators K mapping X into Y ,

that is,

‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact}

Let D be the open unit disc in the complex plane C, H(D) the space of analytic

functions on D and H∞ be the space of bounded analytic functions on D with norm

‖f‖∞ = supz∈D |f(z)|.

Let u ∈ H(D) and ϕ ∈ S(D), the set of self-maps of D. The weighted composition

operator with symbols u and ϕ, denoted by uCϕ, is defined as follows

uCϕf = MuCϕf = u(f ◦ ϕ), f ∈ H(D),

where Mu is the multiplication operator with symbol u and Cϕ is the composition

operator. We refer the interested reader to [4] and [12] for the theory of the

composition operators and to [2, 3, 6, 10, 14, 16, 20, 21, 22] for (weighted) composition

on various spaces of analytic functions.

Let Z denote the set of all functions f ∈ H(D) ∩ C(D) such that

‖f‖ = sup
|f(ei(θ+h)) + f(ei(θ−h))− 2f(eiθ)|

h
<∞,

where the supremum is taken over all θ ∈ R and h > 0. By Theorem 5.3 of [12] and

the Closed Graph Theorem, we see that an analytic function f on D belongs to Z
3
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if and only if supz∈D(1− |z|2)|f ′′(z)| <∞. Furthermore,

‖f‖ ≈ sup
z∈D

(1− |z|2)|f ′′(z)|.

The preceding quantity is seminorm for the space Z. The norm defined by

‖f‖Z = |f(0)|+ |f ′(0)|+ sup
z∈D

(1− |z|2)|f ′′(z)|

yields a Banach space structure on Z, which is called the Zygmund space.

Let 0 < α <∞. A function f ∈ H(D) is said to belong to the Bloch type space

Bα, if
βf = sup

z∈D
(1− |z|2)α|f ′(z)| <∞.

Under the seminorm f → βf , Bα is conformally invariant, and the norm defined

by ‖f‖Bα = |f(0)| + βf yields a Banach space structure on Bα. It is well known

that for 0 < α < 1, Bα is a subspace of H∞. When α = 1, we get the classical

Bloch space B.
The Lipschitz space Lipα (with 0 < α < 1) is the space of functions f ∈ H(D)

satisfying the Lipschitz condition of order α, i.e, there exists a constant C > 0 such

that

|f(z)− f(w)| ≤ C|z − w|α z, w ∈ D.

Such functions f extend continuously to the closure of the disc.

The quantity

‖f‖Lipα = |f(0)|+ sup
{ |f(z)− f(w)|
|z − w|α

, z, w ∈ D, z 6= w
}

defines a norm on Lipα. Let f ∈ Lipα and set

C = sup{ |f(z)− f(w)|
|z − w|α

, z, w ∈ D, z 6= w}.

Then, for z ∈ D, we have

|f(z)| ≤ |f(0)|+ C|z|α ≤ C|z − w|α ≤ ‖f‖Lipα .

Thus, taking the supremum over D, we obtain ‖f‖∞ ≤ ‖f‖Lipα . By a theorem of

Hardy and Littlewood [5], the elements of Lipα are characterized by the following

Bloch-type condition: A function f ∈ H(D) belongs to Lipα if and only if

α(f) = sup
z∈D

(1− |z|2)1−α|f ′(z)| <∞.

Moreover,

(1.1) ‖f‖Lipα ≈ |f(0)|+ α(f).

Composition operators, weighted composition operators, and related operators between

the Zygmund space and some various spaces of analytic functions have been studied
4
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in [7, 8, 9, 13, 19].

In [8], Li and Stević defined the generalization composition operator Cgϕ as follows

(1.2) (Cgϕf)(z) =

∫ z

0

f ′(ϕ(ξ))g(ξ)dξ.

Li and Stević studied the boundedness and compactness of the generalized composition

operator on the Zygmund space and the Bloch type space and the little Bloch

type space in [8]. In this paper, we study boundedness and compactness of the

generalization composition operator Cgϕ from Lipα to Z. Also we give some estimates

for the essential norm of this operator. Weighted composition operators uCϕ between

Lipα and Z spaces were studied by Colonna and Li in [2]. Some characterizations of

the boundedness and compactness of the composition operator, as well as Volterra

type operator, on the Bloch type space and the Zygmund space can be found in

[1, 15, 17].

The notation a � b means that there is a positive constant C such that a ≤ Cb.
We say that a ≈ b if both a � b and b � a hold

2. Boundedness of the operator Cgϕ : Lipα → Z

In this section, we give necessary and sufficient conditions for the boundedness

of the operator Cgϕ : Lipα → Z.

Theorem 2.1. Let 0 < α < 1, g ∈ H(D) and ϕ ∈ S(D). Then the operator

Cgϕ : Lipα → Z is bounded if only if the following quantities are finite:

M1 = sup
z∈D

(1− |z|2)|g′(z)|
(1− |ϕ(z)|2)1−α

and

M2 = sup
z∈D

(1− |z|2)|g(z)ϕ′(z)|
(1− |ϕ(z)|2)2−α

.

Proof. For any f ∈ Lipα,

(1− |z|2)|(Cgϕf)′′(z)| = (1− |z|2)|(f ′(ϕ(z))g(z))′|

≤ (1− |z|2)|f ′(ϕ(z)||g′(z))|

+ (1− |z|2)|(ϕ′(z))||g(z)||(f ′′(ϕ(z))|

≤ C‖f‖Lipα
( (1− |z|2)|g(z)|

(1− |ϕ(z)|2)1−α
+

(1− |z|2)|g′(z)||ϕ(z)|
(1− |ϕ(z)|2)2−α

)
,

where in the last inequality we have used (1.1) and the following well known

characterization of Bloch type functions (see [18]):

sup
z∈D

(1− |z|2)1−α|f ′(z)| ≈ |f ′(0)|+ sup
z∈D

(1− |z|2)2−α|f ′′(z)|.

5
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Conversely, assume that Cgϕ : Lipα → Z is bounded. For a fixed a ∈ D and for

z ∈ D and 1 ≤ j ≤ 3, set

fa,j(z) =
(1− |a|2)j

(1− az)j−α
.

A direct calculation shows that

fa,j(a) = (1− |a|2)α, f ′a,j(a) =
(j − α)a

(1− |a|2)1−α
, f ′′a,j(a) =

(j − α)(j + 1− α)a2

(1− |a|2)2−α
.

Then, for w ∈ D, we get,

(2.1) (Cgϕfϕ(w),1)′′(w) =
(1− α)g(w)ϕ(w)

(1− |ϕ(w)|2)1−α
+

(1− α)(2− α)g(w)ϕ′(w)ϕ(w)
2

(1− |ϕ(w)|2)2−α
,

(2.2) (Cgϕfϕ(w),2)′′(w) =
(2− α)g(w)ϕ(w)

(1− |ϕ(w)|2)1−α
+

(2− α)(3− α)g(w)ϕ′(w)ϕ(w)
2

(1− |ϕ(w)|2)2−α

and

(2.3) (Cgϕfϕ(w),3)′′(w) =
(3− α)g(w)ϕ(w)

(1− |ϕ(w)|2)1−α
+

(3− α)(4− α)g(w)ϕ′(w)ϕ(w)
2

(1− |ϕ(w)|2)2−α
.

Subtracting (2.1) from (2.2), we get

(2.4)
(Cgϕfϕ(w),2)′′(w)− (Cgϕfϕ(w),1)′′(w) =

g(w)ϕ(w)

(1− |ϕ(w)|2)1−α

+
(4− 2α)g(w)ϕ(w)2ϕ(w)

2

(1− |ϕ(w)|2)2−α
.

On the other hand, subtracting (2.1) from (2.3), we obtain

(Cgϕfϕ(w),3)′′(w)− (Cgϕfϕ(w),1)′′(w) =
2g(w)ϕ(w)

(1− |ϕ(w)|2)1−α

+
(10− 4α)g(w)ϕ(w)2ϕ(w)

2

(1− |ϕ(w)|2)2−α
.

Subtracting (2.3) from (2.4), we get

2g(w)ϕ′(w)ϕ(w)
2

(1− |ϕ(w)|2)2−α
= (Cgϕfϕ(w),1)′′(w)− 2(Cgϕfϕ(w),2)′′(w) + (Cgϕfϕ(w),3)′′(w)

which implies that

(2.5)

(1− |w|2)|g(w)ϕ′(w)||ϕ(w)|2

(1− |ϕ(w)|2)2−α

=
1

2
|(Cgϕfϕ(w),1)′′(w)|+ |(Cgϕfϕ(w),2)′′(w)|+ 1

2
|(Cgϕfϕ(w),3)′′(w)|

≤ 1

2
‖(Cgϕfϕ(w),1)(w)‖Z + ‖(Cgϕfϕ(w),2)(w)‖Z +

1

2
‖(Cgϕfϕ(w),3)(w)‖Z

≤ C.

Fix r ∈ (0, 1). If |ϕ(w)| > r, then by (2.5), we have

(1− |w|2)|g′(w)|ϕ(w)|
(1− |ϕ(w)|2)2−α

≤ C

r
.

6
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Taking the functions f(z) = z and f(z) = z2 respectively, we obtain

(2.6) N1 = sup
z∈D

(1− |z|2)|g′(z)| <∞

and

N2 = sup
z∈D

(1− |z|2)|g′(z)ϕ(z) + g(z)ϕ′(z)| <∞.

If |ϕ(w)| < r, then by (2.6) we get

(2.7) M1 =
(1− |w|2)|g′(w)|
(1− |ϕ(w)|2)2−α

≤ N1

(1− r2)1−α

which, combined with (2.7), implies that M1 <∞. Arguing similarly, we get

(1− |w|2)|g′(w)|
(1− |ϕ(w)|2)2−α

≤ C

and

M2 =
(1− |w|2)|g(w)ϕ′(w)|

(1− |ϕ(w)|2)2−α
≤ N2

(1− r2)2−α
<∞.

This is mean M2 <∞. �

3. Compactness of the operator Cgϕ : Lipα → Z

In this section, we study the compactness of the operator Cgϕ : Lipα → Z. We

begin with the following lemma.

Lemma 3.1 ([11], Lemma 3.7). Let 0 < α < 1 and T be a bounded linear operator

from Lipα into a normed linear space Y . Then T is compact if and only if ‖Tfn‖Y →
0 whenever {fn} is a norm-bounded sequence in Lipα that converges to 0 uniformly

on D̄.

Theorem 3.2. Let 0 < α < 1, ϕ ∈ S(D) and g ∈ H(D). Then Cgϕ : Lipα → Z is

compact if and only if bounded,

(3.1) lim
|ϕ(zk)|→1

(1− |zk|2)|g′(zk)|
(1− |ϕ(zk)|2)1−α

= 0

and

lim
|ϕ(zk)|→1

(1− |zk|2)|ϕ′(zk)|g(zk)|
(1− |ϕ(zk)|2)2−α

= 0.

Proof. Let (zk)k∈N be a sequence in D such that |ϕ(zk)| → 1 as k → ∞. Let

fk,j = (1−|ϕ(zk)|2)j

(1−ϕ(zk)z)j−α
, k ∈ N. Then fk,j ∈ Lipα, supk∈N ‖fk,j‖Lipα <∞ and fk,j → 0

uniformly on D as k →∞. Let Cgϕ : Lipα → Z be compact. By Lemma 3.1 it gives

limk→∞ ‖Cgϕfk,j‖Z = 0. Note that

f ′k,j(ϕ(zk)) =
(j − α)ϕ(zk)

(1− |ϕ(zk|2)1−α
, f ′′a,j(ϕ(zk)) =

(j − α)(j + 1− α)ϕ2(zk)

(1− |ϕ(zk|2)2−α
.

7



S. MAHMOUDFAKHEH, H. VAEZI

We have

‖Cgϕfk,j‖Z ≥
∣∣∣ (j − α)(1− |zk|2)|g′(zk)||ϕ(zk)|

(1− |ϕ(zk)|2)1−α

∣∣∣
−
∣∣∣ (j − α)(j + 1− α)(1− |zk|2)|ϕ′(zk)|g(zk)||ϕ(zk)|2

(1− |ϕ(zk)|2)2−α

∣∣∣.
Consequently

(3.2)
lim

|ϕ(zk)|→1

(j − α)(1− |zk|2)|g′(zk)||ϕ(zk)|
(1− |ϕ(zk)|2)1−α

=

lim
|ϕ(zk)|→1

(j − α)(j + 1− α)(1− |zk|2)|ϕ′(zk)|g(zk)||ϕ(zk)|2

(1− |ϕ(zk)|2)2−α

if one of these two limits exists. Next, set

hk,j =
(1− |ϕ(zk)|2)j

(1− ϕ(zk)z)j−α
− j − α
j + 1− α

(1− |ϕ(zk)|2)j+1

(1− ϕ(zk)z)j+1−α
.

Then h′k,j(ϕ(zk)) = 0, supk∈N ‖hk,j‖Z <∞ and hk,j converges to 0 uniformly on D
as k → ∞. Since Cgϕ : Lipα → Z is compact, we have limk→∞ ‖Cgϕhk,j‖Z = 0. On

the other hand,

‖Cgϕhk,j‖Z ≥
(j − α)(j + 1− α)(1− |zk|2)|ϕ′(zk)|g(zk)||ϕ(zk)|2

(1− |ϕ(zk)|2)2−α
.

Hence,

lim
k→∞

(j − α)(j + 1− α)(1− |zk|2)|ϕ′(zk)|g(zk)||ϕ(zk)|2

(1− |ϕ(zk)|2)2−α
= 0.

Therefore,

lim
|ϕ(zk)|→1

(1− |zk|2)|ϕ′(zk)|g(zk)|
(1− |ϕ(zk)|2)2−α

= lim
k→∞

(j − α)(j + 1− α)(1− |zk|2)|ϕ′(zk)|g(zk)||ϕ(zk)|2

(1− |ϕ(zk)|2)2−α
= 0.

This together with (3.2) imply that

lim
|ϕ(zk)|→1

(j − α)(1− |zk|2)|g′(zk)|
(1− |ϕ(zk)|2)1−α

= 0.

Conversely, assume that Cgϕ : Lipα → Z is bounded and (3.1) holds. Since Cgϕ :

Lipα → Z is bounded we have ‖Cgϕf‖Z ≤ C‖f‖Lipα for all f ∈ Lipα. Taking the

functions f(z) = z and f(z) = z2 respectively, we obtain

(3.3) sup
z∈D

(1− |z|2)|g′(z)| <∞

and

(3.4) sup
z∈D

(1− |z|2)|g′(z)ϕ(z) + g(z)ϕ′(z)| <∞.

Using these facts and the boundedness of the function ϕ(z), we get

sup
z∈D

(1− |z|2)|g′(z)| <∞.

8
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Then,

(3.5) C1 = sup
z∈D

(1− |z|2)|g(z)||ϕ′(z)| <∞,

and

C2 = sup
z∈D

(1− |z|2)|g(z)||ϕ′(z)| <∞.

On the other hand, from (3.1), for every ε > 0, there is a δ ∈ (0, 1), such that

(1− |zk|2)|g′(zk)||ϕ(zk)|
(1− |ϕ(zk)|2)1−α

< ε and
(1− |zk|2)|ϕ′(zk)|g(zk)|

(1− |ϕ(zk)|2)2−α
< ε(3.6)

whenever δ < |ϕ(z)| < 1. Assume that (fk)k∈N is a sequence in Lipα such that

supk∈N ‖fk‖Lipα < ∞ and (fk) converges to 0 uniformly on D as k → ∞. Let

U = {z ∈ D : |ϕ(z)| ≤ δ}. Then by (3.5) and (3.6), it follows that

sup
z∈D

(1− |z|2)|(Cgϕfk)′′(z)| ≤ sup
z∈D

(1− |z|2)|f ′k(ϕ(z))||g′(z)|

+ sup
z∈D

(1− |z|2)|(ϕ′(z))||g(z)||f ′′k (ϕ(z))|+ sup
z∈D\U

(1− |z|2)|f ′k(ϕ(z))||g′(z)|

+ sup
z∈D\U

(1− |z|2)|(ϕ′(z))||g(z)||f ′′k (ϕ(z))|

≤ C1 sup
z∈D
|f ′k(ϕ(z))|+ sup

z∈D\U

(1− |z|2)|g(z)|
(1− |ϕ(z)|2)1−α

‖f‖Lipα

+ C2 sup
z∈D
|f ′′k (ϕ(z))|+ sup

z∈D\U

(1− |z|2)|g′(z)||ϕ(z)|
(1− |ϕ(z)|2)2−α

‖f‖Lipα

≤ C1 sup
|λ|≤δ

|f ′k(λ)|+ C2 sup
|λ|≤δ

|f ′′k (λ)|+ 2Cε‖f‖Lipα .

So,

‖Cgϕfk‖Z = |f ′k(ϕ(0))||g(0)|+ sup
z∈D

(1− |z|2)|(Cgϕfk)′′(z)|

≤ C1 sup
|λ|≤δ

|f ′k(λ)|+ C2 sup
|λ|≤δ

|f ′′k (λ)|+ 2Cε‖f‖Lipα + |f ′k(ϕ(0))||g(0)|.

The proof is complete. �

4. Essential norm of Cgϕf : Lipα → Z

In this section, we give some estimates for the essential norm of operator Cgϕf :

Lipα → Z.

Theorem 4.1. Let ϕ ∈ S(D) and g ∈ H(D) such that Cgϕ : Lipα → Z is bounded.

Then

‖Cgϕf‖e,Lipα→Z ≈ max{A1, A2},

where

Aj := lim sup
|a|→1

‖Cgϕ
( (1− |a|2)j

(1− az)j−α
)
‖Z , j = 1, 2.

9
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Proof. First we prove that max{A1, A2} ≤ ‖Cgϕ‖e,Lipα→Z . Let a ∈ D. Define

fa,j(z) =
(1− |a|2)j

(1− az)j−α
.

It is easy to check that fa,j ∈ Lipα for all a ∈ D and fa,j converges uniformly to 0 on

compact subset of Lipα as |a| → 1 Thus, for any compact operator T : Lipα → Z,
we have lim|a|→1 ‖Tfa,j‖Z = 0, j = 1, 2. Hence,

‖Cgϕ − T‖Lipα→Z & lim sup
|a|→1

‖Cgϕ − Tfa,j‖Z

& lim sup
|a|→1

‖Cgϕfa,j‖Z − lim sup
|a|→1

‖Tfa,j‖Z = Aj .

Therefore, based on the definition of the essential norm, we obtain

‖Cgϕ‖e,Lipα→Z = inf
k
‖Cgϕ − T‖Lipα→Z & Aj , j = 1, 2.

Now, we prove that ‖Cgϕf‖e,Lipα→Z . max{A1, A2}. For r ∈ [0, 1), setKr : H(D)→
H(D) by (Krf)(z) = fr(z) = f(rz). It is obvious that fr − f → 0 uniformly on

compact subsets of D as r → 1. Moreover, the operator Kr is compact on B and

‖Kr‖B→B ≤ 1(see[10]). By a similar argument can be proved that the operatorKr is

compact on Lipα and ‖Kr‖Lipα→Lipα ≤ 1. Let {rj} ⊂ (0, 1) be a sequence such that

rj → 1 as j → ∞. Then for all positive integer j, the operator CgϕKrj : Lipα → Z
is compact. By the definition of the essential norm, we get

‖Cgϕ‖e,Lipα→Z ≤ lim sup
j→∞

‖Cgϕ − CgϕKrj‖Lipα→Z .

For any f ∈ Lipα such that ‖f‖Lipα ≤ 1,

‖(Cgϕ − CgϕKrj )f‖Z ≤ |(Cgϕf(0)|+ |(f − frj )′(ϕ(0))g(0)|

+ sup
z∈D

(1− |z|2)|g′(z)|(f − frj )′(ϕ(z))|

+ sup
z∈D

(1− |z|2)|g(z)ϕ′(z)|(f − frj )′′(ϕ(z))|

≤ lim sup
j→∞

sup
|ϕ(z)|≤rN

(1− |z|2)|g′(z)|(f − frj )′(ϕ(z))|︸ ︷︷ ︸
M1

+ lim sup
j→∞

sup
|ϕ(z)|>rN

(1− |z|2)|g′(z)|(f − frj )′(ϕ(z))|︸ ︷︷ ︸
M2

+ lim sup
j→∞

sup
|ϕ(z)|≤rN

(1− |z|2)|g(z)ϕ′(z)|(f − frj )′′(ϕ(z))|︸ ︷︷ ︸
M3

+ lim sup
j→∞

sup
|ϕ(z)|>rN

(1− |z|2)|g(z)ϕ′(z)|(f − frj )′′(ϕ(z))|︸ ︷︷ ︸
M4

,

10
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where N ∈ N is large enough such that rj ≥ 1
2 for all j ∈ N. Since Cgϕ : Lipα → Z

is bounded, by (3.3) and (3.4), we have

F̃1 = sup
z∈D

(1− |z|2)|g′(z)| <∞

F̃2 = sup
z∈D

(1− |z|2)|g′(z)ϕ(z) + g(z)ϕ′(z)| <∞.

Since rjf ′rj → f ′ uniformly on compact subsets of D as j →∞, so

M1 ≤ F̃1 = sup
z∈D

(1− |z|2)|g′(z)| = 0,

M3 ≤ F̃2 = sup
z∈D

(1− |z|2)|g′(z)ϕ(z) + g(z)ϕ′(z)| = 0.

Next we consider M2. We have M2 ≤ lim supj→∞(Q1 +Q2), where

Q1 = sup
|ϕ(z)|>rN

(1− |z|2)|(f ′(ϕ(z))||g(z)ϕ′(z)|,

Q2 = sup
|ϕ(z)|>rN

(1− |z|2)rj |(f ′(ϕ(z))||g(z)ϕ′(z)|.

Using the fact that ‖f‖Lipα ≤ 1 and (1.1), we obtain

Q1 = sup
|ϕ(z)|>rN

(1− |z|2)|(f ′(ϕ(z))||g(z)ϕ′(z)|

× (1− |ϕ(z)|2)1−α

(j − α)ϕ(z)

(j − α)ϕ(z)

(1− |ϕ(z)|2)1−α

�
(j − α)‖f‖Lipα

rN
sup

|ϕ(z)|>rN
(1− |z|2)|g(z)ϕ′(z)| (j − α)ϕ(z)

(1− |ϕ(z)|2)1−α

� sup
|ϕ(z)|>rN

(1− |z|2)|g(z)ϕ′(z)| (j − α)ϕ(z)

(1− |ϕ(z)|2)1−α

� sup
|a|>rN

‖Cgϕ(fa,j)‖ j = 1, 2.

Taking the limit as N →∞, we obtain

lim sup
j→∞

Q1 ≤ lim sup
|a|→∞

‖Cgϕ(fa,j)‖Z .

Similarly,

lim sup
j→∞

Q2 ≤ lim sup
|a|→∞

‖Cgϕ(fa,j)‖Z .

Hence, we getM2 � max{A1, A2}. Similarly, it can be shown thatM4 � max{A1, A2}.
This completes the proof of the theorem. �
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spaces”, Filomat, 27(2), 267 – 275 (2013).
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Abstract. Landesman-Lazer’s type efficient sufficient conditions are established for the solvability
of the two-point boundary value problem u(4)(t) = p(t)u(t) + f(t, u(t)) + h(t) for a ≤ t ≤ b,

u(i)(a) = 0, u(i)(b) = 0, (i = 0, 1), where h, p ∈ L([a, b];R) and f ∈ K([a, b]×R;R), in the case
where the linear problem w(4)(t) = p(t)w(t), w(i)(a) = 0, w(i)(b) = 0, (i = 0, 1) has nontrivial

solutions. The results obtained in the paper are optimal in the sense that if f ≡ 0, i.e. when nonlinear
equation turns to the linear equation, from our results follows the first part of Fredholm’s theorem.
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Keywords: fourth order nonlinear ordinary differential equation; resonance.

1. Introduction

In the paper we study the fourth order nonlinear ordinary differential equation

(1.1) u(4)(t) = p(t)u(t) + f(t, u(t)) + h(t) for t ∈ I = [a, b],

with the boundary conditions

(1.2) u(i)(a) = 0, u(i)(b) = 0 (i = 0, 1),

under the assumption that the homogeneous problem

(1.3) w(4)(t) = p(t)w(t) for t ∈ I,

(1.4) w(i)(a) = 0, w(i)(b) = 0 (i = 0, 1)

has the nonzero solution, i.e., at the resonance case, when h, p ∈ L(I;R) and f ∈
K(I ×R;R).

We will say that a function u : I → R is a solution of problem(1.1), (1.2), if

u ∈ C̃3(I,R), and satisfies equation (1.1) almost everywhere on I and satisfies

conditions (1.2).

At present, two-point boundary value problems for the fourth order ordinary and

functional differential equations are studied by many authors and investigated in
13
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detail, on the other hand these problems are studied mainly for the non resonance

case (See [2], [3], [5],[7], [12], [13] and the references therein.)

Even for the second order ordinary differential equations boundary value problems

at resonance case are still little investigated, literature is poor on this subject and

in the majority of articles, the authors study Dirichlet problems for the equations

of the following type u′′(t) = −u(t) + f(t, u(t)) + h(t) for t ∈ [0, π], i.e., when

the linear part of studied equation has the constant coefficient, moreover, when this

constant is the first eigenvalue of corresponding homogeneous linear problem (See

[1], [4], [6], [17],[18] and the references therein). The boundary value problems for the

fourth order ordinary differential equation at resonance are even less investigated

than boundary problems for the second order equations, and again authors study

mainly the problem

(1.5) u(4)(t) = µ4
nu(t) + f(t, u(t)) + h(t) for t ∈ [0, 1],

(1.6) u(i)(0) = 0, u(i)(1) = 0, (i = 0, 1),

where µ4
n is the nth eigenvalue of problem

(1.7) w(4)(t) = µ4
nw(t) for t ∈ [0, 1],

(1.8) w(i)(0) = 0, w(i)(1) = 0, (i = 0, 1),

mainly for the first eigenvalue µ4
1 (See for instance [8], [9]). An exception is the paper

[19] of L. Sanchez, where the author studies general problem (1.1), (1.2), when λ

is the first eigenvalue (i.e., when corresponding eigenfunction is the constant sign

function on ]0, π[) of the problem

(1.9) w(4)(t) = λp(t)w(t), w(i)(0) = 0, w(i)(π) = 0 (i = 0, 1),

and proves that under some restrictions on the function F (t, x) =
∫ x

0
f(t, s)ds

problem (1.1), (1.2) (with a = 0, b = π) is solvable if
∫ π

0
h(s)w(s)ds = 0, where

w is a solution of problem (1.9). As we can see from our results the class of such

functions h and f for which problem (1.1), (1.2) is solvable can be extended to the

class characterized by the inequality (2.3j) which is in some sense optimal (See

Remark 2.4) for an arbitrary eigenvalue λ of problem (1.9), i.e., when problem

(1.3), (1.4) has nonzero solution with arbitrary number of zeros.

The following notations are used throughout the paper:

N is the set of all natural numbers; R is the set of all real numbers; R+ = [0,+∞[;

C(I;R) is the Banach space of continuous functions u : I → R with the norm

‖u‖C = max{|u(t)| : t ∈ I};
14
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C̃n(I;R) is the set of functions u : I → R which are absolutely continuous

together with their nth derivatives;

L(I;R) is the Banach space of Lebesgue integrable functions p : I → R with the

norm ‖p‖L =
∫ b
a
|p(s)|ds;

L∞(I; R) is the Banach space of essentially bounded functions p : I → R with

the norm ||p||∞ = ess supt∈I |p(t)|;
K(I × R;R) is the set of functions f : I × R → R satisfying the Carathéodory

conditions, i.e., f(·, x) : I → R is a measurable function for all x ∈ R, f(t, ·) :

R → R is a continuous function for almost all t ∈ I, and for arbitrary r > 0

f∗(t, r) = sup{|f(t, x)| : |x| ≤ r} ∈ L(I, R+);

Also having the function x : I → R, we put:

[x(t)]+ = (|x(t)|+ x(t))/2, [x(t)]− = (|x(t)| − x(t))/2.

Sp is the space of the solutions of problem (1.3), (1.4).

In this article we study problem (1.1), (1.2) under the assumption that dimSp =

1. In Theorems 1.1 and 1.2 of our paper [16] are proved efficient sufficient conditions

which guarantee the validity of the inequality dimSp ≤ 1, which we present in the

following proposition:

Proposition 1.1. Let p ∈ L([a, b];R), and∫ b

a

|p(s)|ds ≤ 110

(b− a)3
or p(t) ≥ 0 for t ∈ [a, b].

Than dimSp ≤ 1.

Now notice that for an arbitrary nonzero solution w1 of problem (1.3), (1.4), the

inequality

(1.10)
∫ b

a

p(s)w2
1(s)ds =

∫ b

a

w
(4)
1 (s)w1(s)ds =

∫ b

a

w′′21 (s)ds > 0,

holds, from which it follows that if p ≤ 0, than problem (1.3), (1.4) has only the zero

solution. Therefore problem (1.1), (1.2) can be at resonance only if p ≥ 0, p 6≡ 0, or

when p changes its sign on I.

Definition 1.1. Let f ∈ K(I ×R;R) and A = {t1, · · · , tk} be a finite subset of I.

Then we say f ∈ E(A) if for an arbitrary neighbourhood U(A) of the set A, and

positive constant r, there exists α1 > 0 such that∫
U ′(A)\Uα

|f(s, x)|ds−
∫
Uα

|f(s, x)|ds ≥ 0 for |x| ≥ r, α ≤ α1,

where U ′(A) = I ∩ U(A), and Uα = I ∩
(
∪kj=1 [tj − α, tj + α]

)
.

15
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Remark 1.1. a. In example 0.1 of [14], for given set A ⊂ I the function f ∈
K(I ×R;R) is constructed so, that f 6∈ E(A).

b. It is clear that if f(t, x) := f0(t)g0(x), where f0 ∈ L(I;R) and g0 ∈ C(I;R),

then f ∈ E(A) for arbitrary finite A ⊂ I.

Remark 1.2. If dimSp = 1, and w1, w are arbitrary nonzero solutions of problem

(1.3), (1.4), then

(1.11) w1(t) = βw(t) for t ∈ I,

where β = −||w1||C/||w||C or β = ||w1||C/||w||C .

2. Main results

First we remind that in this article we study problem (1.1), (1.2) under the

assumption that dimSp = 1, and therefore if w is an arbitrary nonzero solution of

problem (1.3), (1.4), then from Remark 1.2 follows that the notation

Np := {t ∈ [a, b] : w(t) = 0}

is correct. Now consider the following existence theorems

Theorem 2.1. Let j ∈ {0, 1}, r > 0, and the functions f ∈ E(Np), f
+, f− ∈

L(I;R+) be such that the inequalities

(2.1j)
(−1)jf(t, x) ≤ −f−(t) for x ≤ −r, t ∈ I,

f+(t) ≤ (−1)jf(t, x) for x ≥ r, t ∈ I,

hold, and

(2.2) lim
ρ→+∞

1

ρ

∫ b

a

f∗(s, ρ)ds = 0.

Let moreover there exist ε > 0 such that for an arbitrary nonzero solution w of

problem (1.3), (1.4) the inequality

(2.3j)

−
∫ b

a

(
f+(s)[w(s)]− + f−(s)[w(s)]+

)
ds+ εγr||w||C ≤

≤ (−1)j+1

∫ b

a

h(s)w(s)ds ≤
∫ b

a

(
f−(s)[w(s)]− + f+(s)[w(s)]+

)
ds− εγr||w||C ,

holds, where γr =
∫ b
a
f∗(s, r)ds. Then problem (1.1), (1.2) has at least one solution.

Remark 2.1. If f ≡ 0, then f+ ≡ f− ≡ γr ≡ 0, and from inequality (2.3j) it is

evident that Theorem 2.1 turns to the first part of Fredholm’s Theorem.
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Remark 2.2. If f̃(t) = min{f+(t), f−(t)} then condition (2.3j) can be replaced

by the condition ∣∣∣∣∣
∫ b

a

h(s)w(s)ds

∣∣∣∣∣ ≤
∫ b

a

f̃(s)|w(s)|ds− εγr||w||C .

The following Remark immediately follows from the Lemma 3.4

Remark 2.3. If in Theorem 2.1 additionally the condition Np = {a, b} is required,
then (2.3j) can be replaced by the condition

−
∫ b

a

f−(s)w̃(s)ds+εγr||w̃||C ≤ (−1)j+1

∫ b

a

h(s)w̃(s)ds ≤
∫ b

a

f+(s)w̃(s)ds−εγr||w̃||C ,

where w̃ is a solution of problem (1.3), (1.4) positive on ]a, b[.

Example 2.1. From Remark 2.2 it follows that the equation

u(4)(t) = p(t)u(t) + f0(t)
|u(t)|α

1 + |u(t)|α
sgnu(t) + h(t) for t ∈ I,

under boundary conditions (1.2), where α ∈]0, +∞[, for an arbitrary p ∈ L(I, R)

and constant sign f0 ∈ L(I, R) has at least one solution if |h(t)| < |f0(t)| on
I. Indeed, if p is such that problem (1.3), (1.4) has only the zero solution then

solvability of our nonlinear problem follows from Corollary 2.1, of [11]. If p is such

that problem (1.3), (1.4) has also the nonzero solution then due to Remark 2.2

it is clear that all the assumptions of Theorem 2.1 hold, from which follows the

solvability of our nonlinear problem.

Theorem 2.2. Let j ∈ {0, 1}, r > 0, and the function f ∈ E(Np) be such that the

conditions

(−1)jf(t, x) sgnx ≥ 0 for |x| ≥ r, t ∈ I,

and (2.2) are satisfied. Let moreover there exist such sets I+, I− ⊂ I that

lim
x→±∞

|f(t, x)| = +∞ uniformly on I±,

and for an arbitrary nonzero solution w of problem (1.3), (1.4) inequalities

(2.4)
∫
I+

[w(s)]+ds+

∫
I−

[w(s)]−ds 6= 0,

∫
I+

[w(s)]−ds+

∫
I−

[w(s)]+ds 6= 0,

hold. Then for an arbitrary h ∈ L(I;R) problem (1.1), (1.2) has at least one

solution.

Let I± be the sets defined in Theorem 2.2, and I0 := {t ∈ I : f0(t) > 0}. Then
under the conditions of Corollary 2.1 we have

I+ = I− = I0, mes I0 6= 0,

and then from Theorem 2.2 by Remark 1.1 immediately follows
17
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Corollary 2.1. Let j ∈ {0, 1}, f(t, x)
def
≡ f0(t)g0(x) where the functions f0 ∈

L(I;R+), and g0 ∈ C(R;R), be such that∫ b

a

f0(s)ds 6= 0, lim
|x|→+∞

g0(x)

x
= 0,

and

(−1)j lim
x→+∞

g0(x) = +∞, (−1)j lim
x→−∞

g0(x) = −∞.

Then for an arbitrary h ∈ L(I;R) problem (1.1), (1.2) has at least one solution.

Example 2.2. From Corollary 2.1 it follows that the equation

u(4)(t) = p(t)u(t) + f0(t)|u(t)|αsgnu(t) + h(t) for t ∈ I,

under boundary conditions (1.2), where α ∈]0, 1[, for an arbitrary p, f0, h ∈ L([0, 1], R)

has at least one solution if f0 is constant sign function and
∫ b
a
f0(s)ds 6= 0.

Remark 2.4. If we assume that p(t) ≡ µ4
n and I = [0, 1], i. e. when problem

(1.1), (1.2) transforms to problem (1.5), (1.6), then in Theorems 2.1 and 2.2, we can

assume that

w(t) = sinµnt− sinhµnt+
sinµn − sinhµn

cosµnt− coshµn
(cosµnt− coshµnt)

for t ∈ [0, 1] (See Lemma 2 in [9]), and Np = Nµ4
n
.

3. Auxiliary propositions

Let w be an arbitrary nonzero solution of problem (1.3), (1.4), k ≥ 2, Np =

{t1, · · · , tk} with t1 = a, tk = b, tj < tj+1 (j = 1, k − 1), and assume that

Uα := [t1, t1 + α[∪ ]tk − α, tk] ∪
(
∪k−1
j=2

]
tj − α, tj + α

[ )
if k > 2,

Uα := [t1, t1 + α[∪ ]tk − α, tk] if k = 2,

for arbitrary α > 0. Also for arbitrary measurable sets A,B ⊂ I, x ∈ R, w ∈
C(I, R), and f1 ∈ K(I ×R;R), assume that

I(A,B, x, w) :=

∫
A\B

|f1(s, x)w(s)|ds−
∫
B

|f1(s, x)w(s)|ds.

Then the following lemma is true

Lemma 3.1. Let w be an arbitrary nonzero solution of problem (1.3), (1.4), and

f1 ∈ E(Np). Then for an arbitrary δ ∈]0, 1
2 min{tj+1 − tj : j = 1, k − 1}[ and

positive constant r, there exists γ ∈]0, δ[ such, that

(3.1) I(I, Uγ , x, w) ≥
∫
I\Uδ
|f1(s, x)w(s)|ds for |x| ≥ r.
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Proof: From definition 1.1 follows the existence of such positive γ1 < δ, that

(3.2) I(Uδ, Uγ1 , x, 1) ≥ 0 for |x| ≥ r.

Let now w0 be such a solution of problem (1.3), (1.4) that ||w0||C = 1. Then from

the inclusion Np ⊂ Uγ1 ⊂ I, and Remark 1.2, it is evident that there exist such

positive numbers γ, β0, that

(3.3) Uγ ⊂ Hβ0
:=
{
t ∈ I : |w0(t)| < β0

}
⊂ Uγ1 .

But the inequality γ1 < δ and (3.3) implies inclusion Hβ0 ⊂ Uδ, and then the

relations

(3.4)
|w0(t)| ≥ β0 for t ∈ Uδ \Hβ0 ,

I \Hβ0 = (I \ Uδ) ∪ (Uδ \Hβ0), (I \ Uδ) ∩ (Uδ \Hβ0) = ∅

hold. Therefore from Remark 1.2, and (3.3), (3.4), we have
1

||w||C
I(I, Uγ , x, w) = I(I, Uγ , x, w0) ≥ I(I,Hβ0

, x, w0) ≥

≥
∫
I\Uδ
|f1(s, x)w0(s)|ds+ β0I(Uδ, Hβ0

, x, 1) ≥

≥
∫
I\Uδ
|f1(s, x)w0(s)|ds+ β0I(Uδ, Uγ1 , x, 1) for |x| ≥ r.

From the last inequality by (3.2) immediately follows (3.1). �

Let un ∈ C̃1(I;R), ‖un‖C 6= 0 (n ∈ N), w1 be an arbitrary nonzero solution of

problem (1.3), (1.4), and r > 0. Then we define:

Ω+
w1

:= {t ∈ I : w1(t) > 0}, Ω−w1
:= {t ∈ I : w1(t) < 0},

An,1 := {t ∈ I : |un(t)| > r}, An,2 := {t ∈ I : |un(t)| ≤ r},

Bn,` := {t ∈ An,1 : sgnun(t) = (−1)`−1sgnw1(t)} (` = 1, 2).

From these definitions it is clear that for all n ∈ N, we have

(3.5)
An,2 ∩An,1 = ∅, An,2 ∪An,1 = I, Bn,1 ∩Bn,2 = ∅, Bn,1 ∪Bn,2 = An,1 ⊂ I.

Lemma 3.2. Let r > 0, w1 be a nonzero solution of problem (1.3), (1.4), and

functions un ∈ C̃1(I;R) (n ∈ N) admits to the conditions

(3.6) u(i)
n (a) = 0, u(i)

n (b) = 0 (i = 0, 1),

(3.7) ||un||C ≥ 2rn for n ∈ N,

and

(3.8) ||v(i)
n − w

(i)
1 ||C ≤ 1/2n for n ∈ N (i = 0, 1),
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where vn(t) = un(t)||un||−1
C . Then if Np = {t1, · · · , tk}, for arbitrary δ ∈]0, 1

2 min{tj+1−
tj : j = 1, k − 1}[, and γ ∈]0, δ[ there exists n0 ∈ N such that

(3.9) I \ Uγ ⊂ ∩+∞
n=n0

Bn,1,

(3.10) Bn,2 ⊂ Uγ for n > n0,

(3.11) ±un(t) ≥ r for t ∈ Ω±w1
∩ (I \ Uδ), n > n0.

Moreover

(3.12) lim
n→+∞

mes An,2 = 0, lim
n→+∞

mes An,1 = mes I,

(3.13) lim
n→+∞

mesBn,2 = 0, lim
n→+∞

mes Bn,1 = mes I,

and

(3.14) lim
δ→0

mes
(

Ω±w1
\ [Ω±w1

∩ (I \ Uδ)]
)

= 0.

Proof. First fix γ ∈]0, δ[, and note that min{|w1(t)| : t ∈ I \ Uγ} > 0. Then we

can choose n0 ∈ N such that the inequality

|w1(t)| > 1/n0 for t ∈ I \ Uγ

holds, from which by (3.8) we obtain

(3.15) |vn(t)| > 1/2n0 for n ≥ n0, t ∈ I \ Uγ ,

(3.16) sgnun(t) = sgnw1(t) for n ≥ n0, t ∈ I \ Uγ .

Also from (3.15) by (3.7) we get

(3.17) |un(t)| > nr/n0 ≥ r for n ≥ n0, t ∈ I \ Uγ .

From the last two relations it follows that if t ∈ I \Uγ then t ∈ Bn,1 for n ≥ n0, i.e.

(3.9) holds. Now assume that there exists such an increasing sequence {nj}+∞j=1that

t′nj ∈ Bnj ,2 and t′nj 6∈ Uγ . Then taking into account (3.9) we get t′nj ∈ I\Uγ ⊂ Bnj ,1
if n > n0, which contradicts (3.5), i.e. (3.10) is valid. For an arbitrary t∗ 6∈ Np

in view of condition (3.8) the inequalities |w1(t∗) − vn(t∗)| ≤ 1
2 |w1(t∗)| hold if

n ≥ 1/|w1(t∗)|. Therefore sgn vn(t∗) = sgnw(t∗) and |vn(t∗)| > 1
2 |w1(t∗)| if n ≥

1/|w1(t∗)|, and then due to (3.7) we get that t∗ ∈ Bn,1 if n ≥ 1/|w1(t∗)|. Then
the second equality of (3.13) holds, from which by (3.5) follows the validity of

first relation of (3.13) and validity of the second equality of (3.12). Consequently

by (3.5) it is evident that the first equality of (3.12) also holds. Inequality (3.11)

immediately follows from (3.16) and (3.17). From the trivial fact limδ→0 mesUδ = 0

follows (3.14). �
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Now introduce the notation

Mn(w1) :=

∫ b

a

(
h1(s) + f1(s, un(s))

)
w1(s)ds.

Then the following lemma is true

Lemma 3.3. Let the functions un, w1 be such that all the assumptions of Lemma

3.2 are fulfilled, r > 0, f1 ∈ E(Np), and there exist functions f−, f+ ∈ L(I,R+)

such that

(3.18)
f1(t, x) ≤ −f−(t) for x ≤ −r, t ∈ I,

f+(t) ≤ f1(t, x) for x ≥ r, t ∈ I.

Let moreover there exists ε > 0 such that for an arbitrary solution w of problem

(1.3), (1.4) the condition

(3.19)

−
∫ b

a

(
f+(s)[w(s)]− + f−(s)[w(s)]+

)
ds+ εγr||w||C ≤ −

∫ b

a

h1(s)w(s)ds ≤

≤
∫ b

a

(
f−(s)[w(s)]− + f+(s)[w(s)]+

)
ds− εγr||w||C

holds, where γr =
∫ b
a
f∗1 (t, r)ds. Then there exists n0 ∈ N such that

(3.20) Mn(w1) ≥ 0 for n ≥ n0.

Proof. First note that in view of conditions (3.12) and (3.14) for an arbitrary

ε > 0 there exist δ ∈]0, 1/2 min{tj+1 − tj : j = 1, k − 1}[ and n1 ∈ N, such that

(3.21)

∫
An,2

f∗(s, r)ds ≤ 1

3
εγr for n > n1,

1

||w1||C

∫
Ω±w1

f±(s)|w1(s)|ds− 1

3
εγr ≤

1

||w1||C

∫
Ω±w1
∩(I\Uδ)

f±(s)|w1(s)|ds,

where if f1 ≡ 0, then it can be assumed that γr ≡ f− ≡ f+ ≡ 0. Also, by the

definition of sets An,`, Bn,` (` = 1, 2), and conditions (3.5) and (3.18), we obtain

estimates

(3.22) (−1)`−1f1(s, un(s))w1(s) ≥ 0 for s ∈ Bn,` (` = 1, 2),

and

(3.23)
Mn(w1) ≥ −

∫
An,2

f∗(s, r)|w1(s)|ds+

∫ b

a

h1(s)w1(s)ds+

+

∫
Bn,1

f1(s, un(s))w1(s)ds−
∫
Bn,2

|f1(s, un(s))w1(s)|ds,

for n ∈ N. On the other hand by Lemma 3.1 for chosen δ there exists γ ∈]0, δ[

such, that the inequality (3.1) holds, and now for chosen δ, and γ, by Lemma 3.2
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we can find n0 > n1 such, that (3.9)–(3.11) hold. Then by virtue of (3.9), (3.10),

(3.22) and (3.1), from (3.23) we get

(3.24)
Mn(w1) ≥ −

∫
An,2

f∗(s, r)ds||w1||C +

∫ b

a

h1(s)w1(s)ds+

+

∫
I\Uδ

f1(s, un(s))w1(s)ds for n ≥ n0.

Now if we take into account that I \ Uδ ⊂ I \Nw1
= Ω−w1

∪ Ω+
w1
, then from (3.11),

and conditions (3.18) we get

(3.25)

∫
I\Uδ

f1(s, un(s))w1(s)ds =

∫
Ω+
w1
∩(I\Uδ)

f1(s, un(s))|w1(s)|ds−

−
∫

Ω−w1
∩(I\Uδ)

f1(s, un(s))|w1(s)|ds ≥

≥
∫

Ω+
w1
∩(I\Uδ)

f+(s)|w1(s)|ds+

∫
Ω−w1
∩(I\Uδ)

f−(s)|w1(s)|ds,

for n > n0. Also it is clear that under the conditions of our Lemma equality (1.11)

holds, and then∫
Ω±w1

f±(s)|w1(s)|ds = β

∫
Ω±w1

f±(s)[w(s)]±ds = β

∫ b

a

f±(s)[w(s)]±ds,

if β = ||w1||C/||w||C , and∫
Ω±w1

f±(s)|w1(s)|ds = |β|
∫

Ω±w1

f±(s)[w(s)]∓ds = |β|
∫ b

a

f±(s)[w(s)]∓ds,

if β = −||w1||C/||w||C . Consequently from (3.24) by virtue of (3.21), (3.25), and

the last equalities we get

Mn(w1)

|β|
≥ −εγr||w||C +

∫ b

a

(
f+(s)[w(s)]+ + f−(s)[w(s)]−

)
ds+

∫ b

a

h1(s)w(s)ds,

for n ≥ n0, β > 0, and

Mn(w1)

|β|
≥ −εγr||w||C +

∫ b

a

(
f+(s)[w(s)]− + f−(s)[w(s)]+

)
ds−

∫ b

a

h1(s)w(s)ds,

for n ≥ n0, β < 0, from which by condition (3.19) we immediately obtain (3.20). �

Lemma 3.4. Let in Lemma 3.3 additionally the condition Np = {a, b} holds,

and w̃ be a given positive solution of problem (1.3), (1.4). Then condition (3.19) is

equivalent to the condition

(3.26)

−
∫ b

a

f−(s)w̃(s)ds+ εγr||w̃||C ≤ −
∫ b

a

h1(s)w̃(s)ds ≤
∫ b

a

f+(s)w̃(s)ds− εγr||w̃||C .
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Proof. If Np = {a, b}, than from Remark 1.2 it follows that w = βw̃ where

β 6= 0. Therefor if in condition (3.19) ((3.26)) instead of w (w̃) we substitute the

function βw̃ (w/β), due to equalities [βw̃]− ≡ 0 if β > 0 and [βw̃]+ ≡ 0 if β < 0,

we get that condition (3.26) ((3.19)) holds. �

Lemma 3.5. Let the functions un, w1 be such that all the assumptions of Lemma

3.2 are fulfilled, r0 > 0, f ∈ E(Np), and

(3.27) f1(t, x) sgnx ≥ 0 for |x| ≥ r0, t ∈ I.

Let moreover there exist such sets I+, I− ⊂ I that

(3.28) lim
x→±∞

|f1(t, x)| = +∞ uniformly on I±,

and for an arbitrary solution w of problem (1.3), (1.4) the inequalities (2.4) are

satisfied. Then inequality (3.20) holds.

Proof. Let h1 ∈ L(I, R) be arbitrarily chosen function, c ∈ R, and

f±(t) :=

{
c for t ∈ I±

0 for t ∈ I \ I±
.

In view of Remark 1.2, and conditions (2.4) we can find such c > 0 that the

inequality

(3.29)
−
∫ b

a

(
f+(s)[w(s)]− + f−(s)[w(s)]+

)
ds < −

∫ b

a

h1(s)w(s)ds <

<

∫ b

a

(
f−(s)[w(s)]− + f+(s)[w(s)]+

)
ds

will hold. On the other hand for chosen c in view of conditions (3.27) and (3.28)

we can find such r > 0, that inequalities (3.18) will be fulfilled. Also in view of

Remark 1.2 and (3.29) it is clear that for given r > 0 we can find such ε > 0

that inequality (3.19) will be satisfied. Therefore for arbitrarily chosen h1 all the

conditions of Lemma 3.3 are fulfilled and then inequality (3.20) holds. �

Lemma 3.6. Let problem (1.3), (1.4) has a nontrivial solution. Than there exists

ε > 0 such that the problem

(3.30) w(4)(t) = λp(t)w(t) t ∈ I, w(i)(a) = 0, w(i)(b) = 0 (i = 0, 1),

has only the trivial solution if λ ∈ [1− ε, 1 + ε] \ {1}.

Proof. Let G be the Green’s function of the boundary value problem u(4)(t) =

0, u(i)(a) = 0, u(i)(b) = 0 (i = 0, 1), then problem (3.30), is equivalent to the

equation

(3.31) w(t) = λΓ(w)(t),
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where the operator Γ : C(I;R) → C(I;R) is defined by the equality Γ(x)(t) =∫ b
a
G(t, s)p(s)x(s)ds. As it is well-known Γ : C(I;R) → C(I;R) is the compact

operator, and then for arbitrary r > 0 the disc |λ| ≤ r, contains at most finite

number of characteristic values [See [10], Capitol XIII, §3, Theorem 1]. From this

fact follows the existence of ε > 0 such that the set [1 − ε, 1 + ε] \ {1} does not

contain the characteristic values of equation (3.31), i.e., problem (3.30) has only

the trivial solution if λ ∈ [1− ε, 1 + ε] \ {1}. �

4. Proof of the main results

Proof Let j ∈ {0, 1}, pn(t) = (1 + (−1)j

n )p(t) (n ∈ N), and n1 ∈ N be such that

1/n1 ≤ ε where ε is the number defined in Lemma 3.6. Now consider the problems

(4.1) u(4)
n (t) = pn(t)un(t) + f(t, un(t)) + h(t) for t ∈ I,

(4.2) u(i)
n (a) = 0, u(i)

n (b) = 0 (i = 0, 1),

and

(4.3) w(4)(t) = pn(t)w(t), w(i)(a) = 0, w(i)(b) = 0 (i = 0, 1).

In view of Lemma 3.6, problem (4.3) has only the zero solution for every n ≥ n1.

Therefore, as it is well-known (See [11], Corollary 2.1, p. 2271]), from conditions

(2.2) it follows that problem (4.1), (4.2) has at least one solution, suppose un.

Assume that

(4.4) lim
n→+∞

||un||C = +∞,

and vn(t) = un(t)||un||−1
C , then

(4.5) v(4)
n (t) = pn(t)vn(t) +

1

||un||C

(
f(t, un(t)) + h(t)

)
,

(4.6) v(i)
n (a) = 0, v(i)

n (b) = 0 (i = 0, 1),

and

(4.7) ||vn||C = 1,

for n ∈ N. Now note that from conditions (4.6) follows the existence of such points

cn,k ∈ I (k = 2, 3) that

(4.8) v(k)
n (cn,k) = 0 (k = 2, 3) for n ∈ N.

Also, from (4.5) by (4.4),(4.7) and condition (2.2) we conclude that there exists

r0 > 0 such that
∫ b
a
|v(4)
n (s)|ds ≤ r0 for n ∈ N, and therefore in view of (4.6),

and (4.8) we get ||v(m)
n ||C ≤ (b − a)3−mr0 (m = 1, 2, 3) for n ∈ N. In view of

the last inequalities and (4.7), by Arzela-Ascoli lemma, without loss of generality
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we can assume that there exists a nonzero function w1 ∈ C̃(3)(I,R) such that

limn→+∞ v
(m)
n (t) = w

(m)
1 (t) (m = 0, 3) uniformly on I. From the last equality

and (4.4) it follows the existence of an increasing sequence {αk}+∞k=1 of natural

numbers, such that ||uαk ||C ≥ 2rk and ||v(m)
αk − w

(m)
1 ||C ≤ 1/2k (m = 0, 3) for

k ∈ N . Without loss of generality we can suppose that un ≡ uαn , and then un

and vn are the solutions of problems (4.1), (4.2) and (4.5), (4.6) respectively, with

pn(t) = (1 + (−1)j

αn
)p(t), and the inequalities

(4.9) ||un||C ≥ 2rn, ||v(m)
n − w(m)

1 ||C ≤ 1/2n (m = 0, 3)

hold for n ∈ N. Now note that from (4.5) and (4.6) by (2.2), and (4.9) we get that

w1 is the solution of problem (1.3),(1.4) and then admits to the inequality (1.10).

Also if we multiply the equations (4.1) and (1.3) (with w = w1) respectively by

w1 and −un, and integrate their sum from a to b, in view of conditions (4.2) and

(1.4) (with w = w1), by the integration by parts we obtain

(4.10) ||un||C
αn

∫ b

a

p(s)w1(s)vn(s)ds = (−1)j+1

∫ b

a

(
h(s) + f(s, un(s))

)
w1(s)ds

for n ≥ n1. Therefore from (4.10) by virtue of (1.10) and (4.9) follows the existence

of such constant n2 ≥ n1, that

(4.11) (−1)j+1

∫ b

a

(
h(s) + f(s, un(s))

)
w1(s)ds > 0 for n > n2.

On the other hand, in view of conditions (4.2), (4.9), and (2.1j), all the assumptions

of Lemma 3.3 with f1(t, x) = (−1)jf(t, x), h1(t) = (−1)jh(t) are fulfilled. Therefore,

inequality (3.20) is true, which contradicts (4.11) when n ≥ max{n0, n2}. This
contradiction proves that (4.4) does not hold and thus there exists r1 > 0 such that

||un||C ≤ r1 for n ∈ N, and consequently, from (4.1) we get∫ b

a

|u(4)
n (s)|ds ≤ r′ :=

∫ b

a

(
2|p(s)|r1 + |h(s)|+ γr1(s)

)
ds for n ∈ N,

and than by virtue of (4.2) we have ||u(m)
n ||C ≤ (b−a)3−mr′ (m = 1, 2, 3). Hence, by

Arzela-Ascoli lemma, without loss of generality we can assume that there exists a

function u0 ∈ C̃(3)(I;R) such that limn→+∞ u
(m)
n (t) = u

(m)
0 (t) (m = 0, 3) uniformly

on I. Therefore, it follows from (4.1) and (4.2) that u0 is a solution of problem (1.1),

(1.2). �

Proof. The proof is the same as the proof of Theorem 2.1. The only difference

is that we use Lemma 3.5 instead of Lemma 3.3. �

25



S. MUKHIGULASHVILI, M. MANJIKASHVILI

Acknowledgement

For S. Mukhigulashvili the research was supported by institutional grant RVO:

67985840.

Список литературы

[1] S. Ahmad, “A resonance problem in which the nonlinearity may grow linearly”, Proc. Amer.
Math. Soc., 92(3), 381 – 384 (1984).

[2] A. Cabada, R. Enguica, “Positive solutions of fourth orderproblems with clamped beam
boundary conditions”, Nonlinear Anal., 74(10), 3112 – 3122 (2011).

[3] J. Chu, D. O’Regan, “Positive solutions for regular and singular fourth order boundary value
problems”, Commun. Appl. Anal., 10(2-3), 185–199 (2006).

[4] C. W. Ha, C. C. Kuo, “On the solvability of a two point boundary value problem at resonance
II”, Topol. Methods Nonlinear Anal., 11(1), 159 – 168 (1998).

[5] C. De Coster, C. Fabry, F. Munyamarere, “Nonresonance conditions for fourth order nonlinear
boundary value problems”, Internat. J. Math. Math. Sci., 17(4), 725 – 740 (1994).

[6] P. Drabek, “On the resonance problem with nonlinearity which has arbitrary linear growth”,
J. Math. Anal. Appl., 127(2), 435 – 442 (1987).

[7] P. Drabek, G. Holubova, “Positive and negative solutions of one-dimensional beam equation”,
Appl. Math. Lett., 51, 1 – 7 (2016).

[8] C. Gupta, “Existence and uniqueness results for the bending of an elastic beam equation at
resonance”, J. Math. Anal. Appl., 135(1), 208 – 225 (1988).

[9] M. Xu, R. Ma, “On fourth-order boundary value problem at resonance”, Journal of funct.
Spac., 2017, 1 – 7 (2017).

[10] R. Kantorovich, G. Akilov, Functional Analysis, Pergamon Press, Oxford, New York (1982).
[11] I. Kiguradze, “Boundary value problems for systems of ordinary differential equations”, J.

Sov. Math., 43(2), 2259 – 2339, (1988).
[12] I. Kiguradze, B. Puza, “On some boundary value problems for fourth order functional

differential equations”, Mem. Differential Equations Math. Phys., 35, 55 – 64, (2005).
[13] P. Korman, “Uniqueness and exact multiplicity of solutions fora class of fourthorder semilinear

problems”, Proc. Roy. Soc. Edinburgh Sect. A, 134(1), 179 – 190, (2004).
[14] S. Mukhigulashvili, “The Dirichlet BVP The second Order Nonlinear Ordinary Differential

Equation At Resonance”, Italian J. Of Pure and Appl. Math., 28, 177 – 204 (2011).
[15] S. Mukhigulashvili, “The mixed BVP for second order nonlinear ordinary differential equation

at resonance”, Math. Nachr., 290(2-3), 393 – 400 (2017).
[16] S. Mukhigulashvili, M. Manjikashvili, “On one two point BVP for the forth order linear

ordinary differential equation”, Georgian Math. J., 24(2), 265 – 275 (2017).
[17] R. Iannacci, M. Nkashama, “Nonlinear two point boundary value problems at resonance

without Landesman-Lazer condition”, Proc. Amer. Math. Soc., 106(4), 943 – 952 (1989).
[18] R. Iannacci, M. Nkashama, “Nonlinear boundary value problems at resonance”, Nonlinear

Anal., 11(4), 455 – 473 (1987).
[19] L. Sanchez, “Boundary value problems for some forth order ordinary differential equation”,

Appl. Anal., 38(3), 161 – 177 (1990).

Поступила 30 июля 2019

После доработки 30 июля 2019

Принята к публикации 06 февраля 2020

26



Èçâåñòèÿ ÍÀÍ Àðìåíèè, Ìàòåìàòèêà, òîì 55, í. 5, 2020, ñòð. 27 � 33

Î ÏÐÎÈÇÂÎÄÍÛÕ ÈÍÒÅÃÐÀËÎÂ ÒÈÏÀ ÊÎØÈ Â

ÏÎËÈÄÈÑÊÅ

À. È. ÏÅÒÐÎÑßÍ

Èíñòèòóò ìàòåìàòèêè Íàöèîíàëüíàÿ Àêàäåìèÿ Íàóê Àðìåíèè

E-mail: apetrosyan@ysu.am

Àííîòàöèÿ. Â ñòàòüå äàíû ôîðìóëû äëÿ ïðîèçâîäíûõ èíòåãðàëà òèïà Êî-
øè K[u] ãëàäêèõ íà îñòîâå ïîëèäèñêà ôóíêöèé u. Ýòè ôîðìóëû âûðàæàþò
ïðîèçâîäíûå ïîðÿäêà m îò K[u] ÷åðåç ïðîèçâîäíûå áîëåå íèçêîãî ïîðÿäêà
(Òåîðåìà 2.1). Îíè èñïîëüçóþòñÿ äëÿ îöåíêè ãëàäêîñòè ïðîèçâîäíûõ èíòå-
ãðàëà òèïà Êîøè â òåðìèíàõ ïîðÿäêîâîé øêàëû Ãåëüäåðà (Òåîðåìà 3.1).

MSC2010 number: 30H05, 46E15.

Êëþ÷åâûå ñëîâà: Ïîëèäèñê, ïîëèýäð Âåéëÿ, èíòåãðàë òèïà Êîøè, øêàëà Ãåëü-
äåðà.

1. Ââåäåíèå

Â ðàáîòå Á. �Åðèêêå [1] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò: åñëè ôóíêöèÿ, çàäàí-

íàÿ íà îñòîâå ïîëèäèñêà èëè íåâûðîæäåííîãî ïîëèýäðà Âåéëÿ â ïðîñòðàíñòâå

Cn óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà ïîðÿäêà α, α ∈ (0, 1), òî ìîäóëü íåïðåðûâ-

íîñòè åå èíòåãðàëà òèïà Êîøè èëè Âåéëÿ îöåíèâàåòñÿ ñâåðõó ÷åðåç const ·
δα(log 1/δ)n−1. Î ôóíêöèÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà ïîðÿäêà α, ñì.

íàïðèìåð â [2].

Ïðèâåäåí ñîîòâåòñòâóþùèé ïðèìåð, èç êîòîðîãî ñëåäóåò, ÷òî ýòîò ðåçóëüòàò

òî÷íûé, ò.å. åãî íåëüçÿ óëó÷øèòü. Íàïîìíèì îïðåäåëåíèå íåâûðîæäåííîãî ïî-

ëèýäðà Âåéëÿ.

Ïóñòü z = (z1, . . . , zn) � òî÷êà n-ìåðíîãî êîìïëåêñíîãî ïðîñòðàíñòâà Cn. Îá-
ëàñòü D â Cn íàçûâàåòñÿ àíàëèòè÷åñêèì ïîëèýäðîì, åñëè ñóùåñòâóþò N ôóíê-

öèé χn(z), n = 1, . . . , N , ãîëîìîðôíûõ â íåêîòîðîé îêðåñòíîñòè U(D) çàìûêàíèÿ

D è òàêèõ, ÷òî

D = {z ∈ U(D) : |χα(z)| < 1, α = 1, . . . , N}.

Î÷åâèäíî, ïîëèäèñê ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïîëèýäðà, åñëè N = n è χα(z)| =
zα.
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Àíàëèòè÷åñêèé ïîëèýäð íàçûâàåòñÿ ïîëèýäðîì Âåéëÿ, åñëè N > n è ïåðåñå-

÷åíèå ëþáûõ k, 1 6 k 6 n , ãèïåðïîâåðõíîñòåé |χαi(z)| = 1, i = 1, . . . , k, èìååò

ðàçìåðíîñòü íå âûøå 2n− k. Â ýòîì ñëó÷àå ñîâîêóïíîñòü n-ìåðíûõ �ðåáåð�

σα1...αn
= {z : z ∈ D, |χαi

(z)| = 1, i = 1, . . . , n},

îðèåíòèðîâàííûõ åñòåñòâåííûì îáðàçîì, íàçûâàåòñÿ îñòîâîì ïîëèýäðà D è îáî-

çíà÷àåòñÿ ÷åðåç ∆(D):

∆(D) =
⋃

α1<···<αn

σα1...αn
.

(ñì., íàïðèìåð [3]).

Åùå îäèí ðåçóëüòàò, äîêàçàííûé â [1], çàêëþ÷àåòñÿ â ñëåäóþùåì: eñëè ôóíê-

öèÿ, çàäàííàÿ íà îñòîâå, íåïðåðûâíî ïðîäîëæàåòñÿ äî ïëþðèãàðìîíè÷åñêîé â

ïîëèäèñêå, òî ëîãàðèôìè÷åñêèé ñîìíîæèòåëü íå âîçíèêàåò, ò.å. ýòîì ñëó÷àå

âåðåí ïîëíûé àíàëîã òåîðåìû Ïðèâàëîâà.

Âîçíèêàåò åñòåñòâåííûé âîïðîñ î ïðîèçâîäíûõ èíòåãðàëà òèïà Êîøè, åñëè

ïðîèçâîäíûå çàäàííîé íà îñòîâå ôóíêöèè óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà.

Ýòîìó âîïðîñó è ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà.

Íàìè ïîëó÷åíà ôîðìóëà, âûðàæàþùàÿ ïðîèçâîäíûå èíòåãðàëà òèïà Êîøè íà

îñòîâå ïîëèäèñêà ÷åðåç ïðîèçâîäíûå áîëåå íèçêîãî ïîðÿäêà (Ëåììà 2.1). Áëàãî-

äàðÿ ýòîìó ñâîéñòâó ôîðìóëû, ñ ïîìîùüþ èíäóêòèâíûõ ðàññóæäåíèé òåîðåìà

�Åðèêêå ðàñïðîñòðàíÿåòñÿ íà ñëó÷àé ïðîèçâîäíûõ (Òåîðåìà 2.1).

Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè îáîçíà÷åíèÿìè:

Un = {z = (z1, . . . , zn) ∈ Cn : |zk| < 1, k = 1, . . . , n}� åäèíè÷íûé ïîëèäèñê â

ïðîñòðàíñòâå Cn;

Tn = {z ∈ Cn : |zk| = 1, k = 1, . . . , n}� åãî îñòîâ.

Äëÿ ôóíêöèè u, çàäàííîé íà îñòîâå Tn ÷åðåç K[u](z) îáîçíà÷àåòñÿ åå n-êðàòíûé

èíòåãðàë òèïà Êîøè:

K[u](z) =
1

(2πi)n

∫
Tn

u(ζ)dζ∏n
k=1(ζk − zk)

,

ãäå ζ = (ζ1, · · · , ζn) ∈ Tn, z = (z1, . . . , zn) ∈ Un, dζ = dζ1 ∧ . . . ∧ dζn.
Äàëåå, äëÿ ìíîæåñòâà X (ó íàñ â êà÷åñòâå X áóäåò ëèáî Un, ëèáî Tn) îáîçíà-

÷èì

Cm(X)� ìíîæåñòâî ôóíêöèé, êîòîðûå íà X m ðàç íåïðåðûâíî äèôôåðåíöè-

ðóåìû;
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Cm,α(X)� ïîäìíîæåñòâî òåõ ôóíêöèé èç Cm(X), ó êîòîðûõ âñå ïðîèçâîäíûå

ïîðÿäêà m óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì α.

Cm,αlog (X)� ìíîæåñòâî òåõ ôóíêöèé èç Cm(X), ó êîòîðûõ ìîäóëü íåïðåðûâíîñòè

ïðîèçâîäíûõ ïîðÿäêà m îãðàíè÷åí ñâåðõó const · δα
(

log
1

δ

)n−1

.

Âñþäó íèæå ìû ïðèìåíÿåì îïåðàòîðû äèôôåðåíöèðîâàíèÿ
∂

∂ζk
è

∂

∂ζk
ê ôóíê-

öèÿì èç êëàññà Cm(Tn). Ñîãëàñíî òåîðåìå Óèòíè (ñì., íàïðèìåð, [4]) ýòè ôóíê-

öèè ìîæíî ïðîäîëæèòü â îêðåñòíîñòü îñòîâà Tn ñ ñîõðàíåíèåì êëàññà ãëàäêîñòè.

Óïîìÿíóòûå îïåðàöèè äèôôåðåíöèðîâàíèÿ ïðèìåíÿþòñÿ èìåííî ê ïðîäîëæåíè-

ÿì, ïðè÷åì ýòè ïðîäîëæåíèÿ ìû áóäåì îáîçíà÷àòü òîé æå áóêâîé, ÷òî è èñõîäíóþ

ôóíêöèþ.

2. Ôîðìóëû äëÿ ïðîèçâîäíûõ

Íà÷íåì ñ ïðåäâàðèòåëüíîé ëåììû:

Ëåììà 2.1. Ïóñòü g ∈ C1(Tn), 1 6 k 6 n. Òîãäà

(2.1) K

[
∂g(ζ)

∂ζk

]
(z) = K

[
ζ
2

k

∂g(ζ)

∂ζk

]
(z) +

∂

∂zk
K [g] (z).

Äîêàçàòåëüñòâî. Ïðè ôèêñèðîâàííîì z ∈ Dn ðàññìîòðèì ñëåäóþùóþ ôîðìó

ω =
(−1)k−1g(ζ)∏n
j=1(ζj − zj)

∧
i 6=k

dζi.

Èìååì

(2.2) 0 =

∫
Tn

dζω =

∫
Tn

∂

∂ζk

g(ζ)∏n
j=1(ζj − zj)

dζ+

+

n∑
j=1

∫
Tn

∂

∂ζj

(−1)k−1g(ζ)∏n
j=1(ζj − zj)

dζj ∧
(
∧
i 6=k

dζi

)
.

Çäåñü ïåðâîå ðàâåíñòâî ñëåäóåò èç ôîðìóëû Ñòîêñà. Äàëåå, ïîñêîëüêó íà Tn

èìååì ζjζj = 1 (j = 1, . . . , n), òî ζjdζj = −ζjdζj . Ïîýòîìó

(2.3) (−1)k−1dζj ∧
(
∧
i6=k

dζi

)
=

{
−ζ2kdζ, åñëè j = k,

0, åñëè j 6= k.
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Ñ ó÷åòîì (2.3) èç (2.2) ïîëó÷àåì

(2.4)

∫
Tn

∂g(ζ)

∂ζk

dζ∏n
i=1(ζi − zi)

−
∫
Tn

g(ζ)dζ

(ζk − zk)2
∏
i 6=k(ζi − zi)

−

−
∫
Tn

∂g(ζ)

∂ζk

ζ
2

kdζ∏n
i=1(ζi − zi)

= 0

Ñ ó÷åòîì òîãî, ÷òî
1

(ζk − zk)2
=

∂

∂zk

1

ζk − zk
,

èç (2.4) ïîëó÷èì∫
Tn

∂g(ζ)

∂ζk

dζ∏n
i=1(ζi − zi)

=

∫
Tn

∂g(ζ)

∂ζk

ζ
2

kdζ∏n
i=1(ζi − zi)

+
∂

∂zk

∫
Tn

g(ζ)dζ∏n
i=1(ζi − zi)

.

Â íàøèõ îáîçíà÷åíèÿõ ýòî è åñòü (2.1). �

Â ñëåäóþùåé òåîðåìå äàåòñÿ ôîðìóëà, êîòîðàÿ âûðàæàåò ïðîèçâîäíûå ïîðÿä-

êà m ôóíêöèè K[f ] ÷åðåç ïðîèçâîäíûå áîëåå íèçêîãî ïîðÿäêà.

Òåîðåìà 2.1. Ïóñòü u ∈ Cm(Tn) è ìóëüòèèíäåêñ r = (r1, . . . , rn) óäîâëåòâî-

ðÿåò óñëîâèþ r1 + · · ·+ rn = m. Òîãäà èìååò ìåñòî ôîðìóëà

(2.5)
∂r1+···+rn

∂zr11 . . . ∂zrnn
K[u](z) =

=

n∑
j=1

rj∑
kj=1

∂r1+···+rj−kj

∂zr11 . . . ∂z
rj−1

j−1 ∂z
rj−kj
j

K

[
ζ
2

j

∂kj+rj+1+···+rnu(ζ)

∂ζj∂ζ
kj−1
j ∂ζ

rj+1

j+1 . . . ∂ζrnn

]
(z)−

−K
[
∂r1+···+rnu(ζ)

∂ζr11 . . . ∂ζrnn

]
(z).

Â ôîðìóëå (2.5), åñòåñòâåííî, îïåðàòîð äèôôåðåíöèðîâàíèÿ ïîä çíàêîì äâîé-

íîé ñóììû ñ÷èòàåòñÿ òîæäåñòâåííûì îïåðàòîðîì â ñëó÷àå, åñëè åãî ïîðÿäîê

r1 + · · ·+ rj − kj ðàâåí íóëþ.

Äîêàçàòåëüñòâî. Âçÿâ â Ëåììå 2.1 k = 1 è

g(z) =
∂r1−1+r2+···+rnu(z)

∂zr1−11 ∂ζr22 · · · ∂z
rn
n

,

áóäåì èìåòü

(2.6) K

[
∂r1+···+rnu(ζ)

∂ζr11 . . . ∂ζrnn

]
(z) = K

[
ζ
2

1

∂r1+···+rnu(ζ)

∂ζ1∂ζ
r1−1
1 ∂ζr22 . . . ∂ζrnn

]
(z)+

+
∂

∂z1
K

[
∂r1−1+r2+···+rnu(ζ)

∂ζr1−11 ∂ζr22 · · · ∂ζ
rn
n

]
(z).
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Îáðàòèì âíèìàíèå íà òî, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå âî âòîðîì ñëàãàåìîì

â ïðàâîé ÷àñòè (2.6) èìååò ïîðÿäîê äèôôåðåíöèðîâàíèÿ ïî ζ1 íà åäèíèöó ìåíü-

øå, ÷åì ñëåâà, ò.å. ôîðìóëà (2.6) èìååò ðåêóððåíòíûé õàðàêòåð. Ïðèìåíÿÿ åå

ïîñëåäîâàòåëüíî r1 ðàç, ïîëó÷èì

K

[
∂r1+···+rnu(ζ)

∂ζr11 . . . ∂ζrnn

]
(z) =(2.7)

= K

[
ζ
2

1

∂r1+···+rnu(ζ)

∂ζ1∂ζ
r1−1
1 ∂ζr22 . . . ∂ζrnn

]
(z)+

+
∂

∂z1

{
K

[
ζ
2

1

∂r1−1+r2+···+rnu(ζ)

∂ζ1∂ζ
r1−2
1 ∂ζr22 . . . ∂ζrnn

]
(z)+

+
∂

∂z1
K

[
∂r1−2+r2+···+rnu(ζ)

∂ζr1−21 ∂ζr22 . . . ∂ζrnn

]
(z)

}
= · · ·

=

r1∑
k1=1

∂r1−k1

∂zr1−k11

K

[
ζ
2

1

∂k1+r2+···+rnu(ζ)

∂ζ1∂ζ
k1−1
1 ∂ζr22 . . . ∂ζrnn

]
(z)

+
∂r1

∂zr11
K

[
∂r2+···+rnu(ζ)

∂ζr22 . . . ∂ζrnn

]
(z).

Çàìåòèì, ÷òî â ïîñëåäíåì ñëàãàåìîì â ïðàâîé ÷àñòè (2.7) ïðîèçâîäíûå ïî ζ1

èñ÷åçëè. ×òîáû èçáàâèòüñÿ è îò îñòàëüíûõ ïðîèçâîäíûõ, ïðèìåíÿåì, êàê è âûøå,

ôîðìóëó (2.1) ïîñëåäîâàòåëüíî ïî ïåðåìåííûì ζ2, . . . , ζn, âûáèðàÿ êàæäûé ðàç

ñîîòâåòñòâóþùèì îáðàçîì k è ôóíêöèþ g(z). Ýòî ïðèâåäåò ê (2.5). �

Çàìå÷àíèå 2.1. Ñîìíîæèòåëè ζ
2

j â èíòåãðàëàõ Êîøè K[ζ
2

j . . .] â ïðàâîé ÷à-

ñòè (2.5) ïîÿâëÿþòñÿ ïî ÷èñòî òåõíè÷åñêèì ïðè÷èíàì è äëÿ ïðèëîæåíèé (â Òåî-

ðåìå 3.1) íå ìåøàþò.

3. Ãåëüäåðîâñêèå îöåíêè äëÿ ïðîèçâîäíûõ

Äëÿ íåêîòîðîãî α, 0 < α < 1 ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Am(Un) îçíà÷àåò ïðîñòðàíñòâî âñåõ ãîëîìîðôíûõ â Un ôóíêöèé, êîòîðûåm ðàç

íåïðåðûâíî äèôôåðåíöèðóåìû íà U
n
;

Am,α(Un) îçíà÷àåò ïîäìíîæåñòâî òåõ ôóíêöèé èç Am(Un), ó êîòîðûõ ïðîèçâîä-

íûå ïîðÿäêà m ïðèíàäëåæàò α-êëàññó Ãåëüäåðà íà U
n
;

Am,α(log)(U
n) îçíà÷àåò ïîäìíîæåñòâî òåõ ôóíêöèé èç Am(Un), ó êîòîðûõ ìîäóëü

íåïðåðûâíîñòè âñåõ ïðîèçâîäíûõm-ãî ïîðÿäêà îãðàíè÷åíû ñâåðõó const · δα
(
log 1

δ

)n−1
íà U

n
. Â ýòèõ îáîçíà÷åíèÿõ ìû îïóñêàåì m, åñëè m = 0. Çàìåòèì, ÷òî A0(Un) =

A(Un) ÿâëÿåòñÿ îáû÷íîé ïîëèäèñê-àëãåáðîé.
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Òåîðåìà 3.1. Ïóñòü u ∈ Cm,α(Tn), 0 < α < 1. Òîãäà K[u] ∈ Am,α(log)(U
n).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü èíäóêöèåé ïî m. Ïðè m = 0

óòâåðæäåíèå òåîðåìû ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû �Åðèêêå [1].

Ñäåëàåì èíäóêòèâíîå ïðåäïîëîæåíèå: ïóñòü óòâåðæäåíèå òåîðåìû ñïðàâåä-

ëèâî äëÿ âñåõ ïîðÿäêîâ ãëàäêîñòè, ìåíüøèõ m. Âîñïîëüçóåìñÿ òîæäåñòâîì (2.5)

èç ëåììû 2.1. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ôóíêöèè

ζ
2

j

∂kj+rj+1+···+rnu(ζ)

∂ζj∂ζ
kj−1
j ∂ζ

rj+1

j+1 . . . ∂ζrnn

ïðèíàäëåæàò êëàññó Cr1+···+rj−kj+α(Tn). Òàê êàê r1+· · ·+rj−kj < m, òî ñîãëàñíî

èíäóêòèâíîìó ïðåäïîëîæåíèþ

K

[
ζ
2

j

∂kj+rj+1+···+rnu(ζ)

∂ζj∂ζ
kj−1
j ∂ζ

rj+1

j+1 . . . ∂ζrnn

]
(z) ∈ Cr1+···+rj−kj+α(log) (Un).

Ïîýòîìó ñëàãàåìûå ïîä çíàêîì äâîéíîé ñóììû â ïðàâîé ÷àñòè (2.5) ïðèíàäëåæàò

Cα(log)(U
n), ò.å.

(3.1)
∂r1+···+rj−kj

∂zr11 . . . ∂z
rj−1

j−1 ∂z
rj−kj
j

K

[
ζ
2

j

∂kj+rj+1+···+rnu(ζ)

∂ζj∂ζ
kj−1
j ∂ζ

rj+1

j+1 . . . ∂ζrnn

]
(z) ∈ Cα(log)(U

n).

Äàëåå, ò.ê. ïî óñëîâèþ

∂r1+···+rnu(ζ)

∂ζr11 . . . ∂ζrnn
∈ Cα(Tn),

òî äëÿ ïîñëåäíåãî ñëàãàåìîãî â (2.5) èìååì

(3.2) K

[
∂r1+···+rnu(ζ)

∂ζr11 . . . ∂ζrnn

]
(z) ∈ Cα(log)(Un).

Èç (3.1), (3.2) è (2.5) ñëåäóåò, ÷òî

∂r1+···+rn

∂z1 . . . ∂zn
K[u](z) ∈ Cα(log)(Un),

à ýòî è îçíà÷àåò, ÷òî K[u] ∈ Cm,α(log)(U
n). Ïîñêîëüêó K[u] ãîëîìîðôíà â (Un), òî

îòñþäà ñëåäóåò, ÷òî K[u] ∈ Am,α(log)(U
n). Òåîðåìà äîêàçàíà. �

Abstract. The paper gives formulas for the derivatives of the Cauchy-type integral

K[u] of functions u smooth on the distinguished boundary of polidisk. These formulas

express derivatives of order m of K[u] in terms of derivatives of lower order (Theorem

2.1). They are used to estimate the smoothness of the derivatives of a Cauchy-type

integral in terms of the Holder order scale (Theorem 3.1)
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Abstract. Â ñòàòüå ïîëó÷åíî ïîëíîå îïèñàíèå ñëàáî îáðàòèìûõ ýëåìåíòîâ
â âåñîâûõ Lp ïðîñòðàíñòâàõ öåëûõ ôóíêöèé òèïà Ôîêà.

MSC2010 number: 30H05; 46E15; 30D15; 47B35.

Êëþ÷åâûå ñëîâà: öåëûå ôóíêöèè; ïðîñòðàíñòâî Ôîêà; ëèíåéíûå íåïðåðûâíûå
ôóíêöèîíàëû; ïðîáëåìà Âàòñîíà; âåñîâàÿ ïîëèíîìèàëüíàÿ àïïðîêñèìàöèÿ.

1. Ââåäåíèå

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, H(C) - ìíîæåñòâî âñåõ öåëûõ ôóíêöèé è

ïóñòü R+ = {x ∈ R : x ≥ 0}. Äëÿ ëþáûõ σ, α ∈ R+, p > 0, ââåä¼ì â ðàññìîòðåíèå

ñëåäóþùåå âåñîâîå ïðîñòðàíñòâo öåëûõ ôóíêöèé:

F pσ,α =

{
f ∈ H (C) : ‖f‖Fpσ,α =

(∫ +∞

0

e−σr
α

∫ π

−π

∣∣f (reθ)∣∣p dθdr) 1
p

< +∞

}
,

ïðè p = 2, α = 2, σ = 1
2 ïðîñòðàíñòâî F

2
1, 12

ñîâïàäàåò ñ êëàññè÷åñêèì ïðîñòðàíñòâîì

Ôîêà (ñì.[1]), à ïðè p = 2, σ, α > 0 ýòè ïðîñòðàíñòâà áûëè ââåäåíû è èçó÷åíû

Ì.Ì. Äæðáàøÿíîì â ðàáîòàõ [2], [3](ñì. òàêæå [4,5]).

Äëÿ èçëîæåíèÿ îñíîâíûõ ðåçóëüòàòîâ ñòàòüè íàì ïîòðåáóåòñÿ åù¼ íåêîòîðûå

îïðåäåëåíèÿ è îáîçíà÷åíèÿ. Ïóñòü P - ìíîæåñòâî âñåõ àëãåáðàè÷åñêèõ ìíîãî÷ëåíîâ

îò z, X - íåêîòîðîå ïðîñòðàíñòâî öåëûõ ôóíêöèé P ⊂ X, ïðè÷åì P ñîñòàâëÿåò

âñþäó ïëîòíîå ìíîæåñòâî â X.

Ïðåäïîëîæèì, ÷òî f ∈ X, ïðè ýòîì äëÿ ïðîèçâîëüíîãî ìíîãî÷ëåíà p ∈ P , pf ∈
X. Ñêàæåì, ÷òî ôóíêöèÿ f ñëàáî îáðàòèìà â ïðîñòðàíñòâå X, åñëè ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ pn, n = 1, 2, ..., òàêèõ ÷òî lim
n→+∞

pnf = 1, ïðè÷åì

ñõîäèìîñòü èìååò ìåñòî â òîïîëîãèè ïðîñòðàíñòâà X. Â êëàññè÷åñêèõ ðàáîòàõ
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Â. È. Ñìèðíîâà, Ì. Â. Êåëäûøà, Ñ. Í. Ìåðãåëÿíà òàêèå ôóíêöèè íàçûâàëèñü

�ìàêñèìàëüíûìè� (ñì.[6] ñòð. 237)

Îïèñàíèå ñëàáî îáðàòèìûõ ýëåìåíòîâ â êîíêðåòíûõ ôóíêöèîíàëüíûõ ïðîñò-

ðàíñòâàõ òåñíî ñâÿçàíî ñ øèðîêèì êðóãîì çàäà÷ íåñêîëüêèõ äèñöèïëèí: îò

òåîðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ è èõ îáîáùåíèé äî àáñòðàêòíîãî ãàðìî-

íè÷åñêîãî àíàëèçà (ñì. [7,8]).

Â ðàáîòå óñòàíàâëèâàåòñÿ, ÷òî ôóíêöèÿ f ∈ F pσ,α ñëàáî îáðàòèìà â F pσ,α òîãäà

è òîëüêî òîãäà, êîãäà f(z) 6= 0, z ∈ C, ïðè ýòîì ïîëó÷åíî ïîëíîå îïèñàíèå

òàêèõ ôóíêöèé. Òàêæå â ñòàòüå ñòðîèòñÿ ïðîñòðàíñòâî òèïà Ôîêà, â êîòîðîì

ñóùåñòâóþò ñèëüíî îáðàòèìûå ôóíêöèè, íå îáëàäàþùèå ñëàáîé îáðàòèìîñòüþ.

Îñíîâíûìè ðåçóëüòàòàìè ñòàòüè ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà 1.1. Ïóñòü 0 < p < +∞, 0 < α, σ < +∞, f ∈ H(C), f(z) 6= 0, z ∈ C.
Òîãäà

1) åñëè α∈N, òî ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû

i)f ∈ F pσ,α,

(∗) ii) f(z) = exp(h(z)), h(z) =

n∑
k=0

akz
k, z ∈ C, n < α.

2) Ïóñòü α = n ∈ N, f ∈ F pσ,α, òîãäà f èìååò âèä (*), ãäå n ≤ α, ïðè÷åì,

åñëè α = n, n ≤ 2, òî ôóíêöèÿ âèäà f(z) = exp(azn) ïðèíàäëåæèò F pσ,α, òîãäà

è òîëüêî òîãäà, êîãäà |a| < σ
p , åñëè æå n > 2, òî âîçìîæåí è ñëó÷àé |a| = σ

p .

Åñëè ôóíêöèÿ âèäà (*) ïðèíàäëåæèò êëàññó F pσ,α, òî |an| ≤ σ
p . Îáðàòíî, åñëè

|an| < σ
p , òî f ∈ F

p
σ,α.

3) Ïóñòü ôóíêöèÿ f èìååò âèä (*), ïðè ýòîì, ëèáî n < α, ëèáî α = n, íî

|an| < σ
p , òîãäà pf ∈ F

p
σ,α äëÿ ïðîèçâîëüíîãî àëãåáðàè÷åñêîãî ìíîãî÷ëåíà p, ïðè

ýòîì f ñëàáî îáðàòèìà â F pσ,α.

Ñëåäóþùàÿ òåîðåìà óòî÷íÿåò ïîñëåäíåå óòâåðæäåíèå òåîðåìû 1.1.

Òåîðåìà 1.2. Ïóñòü p, σ, α ∈ R+ \{0}, f - öåëàÿ ôóíêöèÿ, ïðåäñòàâèìàÿ â âèäå

(∗), ãäå |an| < σ
p . Ïóñòü äàëåå

ψ(x) = (σ − p|an|)x− bn−1x
n−1
n p− ε(x), x ∈ R+,

ãäå bn−1 =
n−1∑
k=0

|ak|, è ε(x) - ïîëîæèòåëüíàÿ ôóíêöèÿ èç C(2)(R+), ïðè÷åì
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lim
x→∞

ε(1)(x) = lim
x→∞

x ε(2)(x) = 0; lim
x→∞

ε(x)
ln x = +∞.

F pσ,α,ψ =

=

f ∈ H (C) : ‖f‖Fpσ,α,ψ =

 +∞∫
0

exp (−σrα + ψ(rα))

π∫
−π

∣∣f(reiθ)
∣∣p dθdr


1
p

< +∞.


Ïðè ýòîì α = n ∈ N.

Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

à) ïðîèçâîëüíàÿ ôóíêöèÿ f âèäà (∗), ïðèíàäëåæàùàÿ F pσ, α, ñëàáî îáðàòèìà

â F pσ, α, ψ.

á)
+∞∫
1

σ/p−|an|−
bn−1

x1/n
−ψ(x)

px

x1/2 dx = +∞.

Òåîðåìà 1.3. Ïóñòü 0 < p, σ < +∞, n ∈ N. Òîãäà ñóùåñòâóåò ϕ ∈ C(2)(R+),

f ∈ H(C) òàêèå, ÷òî Pf ⊂ F pσ,n,ϕ, 1
f ∈ F

p
σ,n,ϕ, â òîæå âðåìÿ

inf
{
‖Qf − 1‖Fpσ, n, ϕ = Cf > 0, Q ∈ P

}
.

Çàìå÷àíèå 1.1. Àíàëîãè òåîðåì 1.1 è 1.2 ïðè p = +∞, ïðè áîëåå îáùèõ

âåñîâûõ ôóíêöèÿõ ðàíåå áûëè óñòàíîâëåíû â ðàáîòàõ àâòîðà [9], [10]. Ìåòîä,

ïðèìåíÿåìûé çäåñü, ïî èäåå áëèçîê ê ýòèì ðàáîòàì.

Çàìå÷àíèå 1.2. Â òîì ÷àñòíîì ñëó÷àå, êîãäà α = 2, σ = 1
2 , p = 2, â ðàáîòå [11]

ñîâåðøåííî äðóãèì ñïîñîáîì äîêàçàíà òåîðåìà 1 (ïî-âèäèìîìó, àâòîð íå áûë

çíàêîì ñ ðàáîòàìè [9],[10]), ïðè÷åì ñóùåñòâåííî èñïîëüçîâàíà ãèëüáåðòîâîñòü

F 2
1
2 ,2

è ñâîéñòâî âîñïðîèçâîäÿùåãî ÿäðà exp(zw) ýòîãî ïðîñòðàíñòâà, ïðè îñ-

òàëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ σ, α, p óêàçàííûé ìåòîä íå ïðîõîäèò.

Çàìå÷àíèå 1.3. Îòìåòèì, ÷òî àíàëîã òåîðåìû 1.3 â ñëó÷àå âåñîâûõ ïðîñòðàíñòâ

àíàëèòè÷åñêèõ â êðóãå ôóíêöèé áûë óñòàíîâëåí â ðàáîòàõ [9], [10], à â ñëó÷àå

âåñîâûõ ïðîñòðàíñòâ Áåðãìàíà â åäèíè÷íîì êðóãå � â ðàáîòå [12].

2. Ôîðìóëèðîâêà è äîêàçàòåëüñòâî âñïîìîãàòåëüíûõ óòâåðæäåíèé

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ åùå íåñêîëüêî îáîçíà÷åíèé è îïðåäåëåíèé:

÷åðåç c = c(...) áóäåì îáîçíà÷àòü àáñîëþòíóþ êîíñòàíòó, çàâèñÿùóþ òîëüêî îò

(...). Åñëè äâå âåùåñòâîçíà÷íûå ôóíêöèè f è g îïðåäåëåíû íà ìíîæåñòâå E,

òî îöåíêà f(ζ) . g(ζ), ζ ∈ E îçíà÷àåò, ÷òî ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî A,

òàêîå ÷òî f(ζ) ≤ Ag(ζ),∀ζ ∈ E, à ñîîòíîøåíèå f(ζ) ≈ g(ζ), ζ ∈ E îçíà÷àåò, ÷òî
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f(ζ) . g(ζ), g(ζ) . f(ζ), ζ ∈ E. Ìíîæåñòâî âñåõ ñóáãàðìîíè÷åñêèõ ôóíêöèé íà C
îáîçíà÷èì ÷åðåç SH(C).

Ñëåäóþùàÿ ëåììà óñòàíàâëèâàåòñÿ òî÷íî òàêèì æå îáðàçîì, êàê ëåììà 8 èç

[10].

Ëåììà 2.1. Ïóñòü 0 < ρ < 1, 0 < p < +∞, α, σ ∈ R, α, σ 6= 0, f ∈

F pσ,α, f(z) =
+∞∑
n=0

anz
n, fρ(z) = f(ρz). Òîãäà

i) ||fρ − f ||Fpσ,α → 0 ïðè ρ→ 1− 0.

ii) Åcëè Φ ∈ (F pσ,α)∗, òî

(2.1) Φ(f) = lim
ρ→1−0

+∞∑
k=0

akρ
kφ(δk),

ãäå δk(z) = zk, k ∈ Z+.

Ëåììà 2.2. Ïóñòü h ∈ SH(C), ïðè÷¼ì

(2.2)

+∞∫
0

e−σr
α

π∫
−π

exp(h(reiφ))dφdr ≤M.

Òîãäà

(2.3)

π∫
−π

|h(reiθ)|dθ . Rα.

Äîêàçàòåëüñòâî. Ïî íåðàâåíñòâó Éåíñåíà (ñì. [13] ñòð. 45)

1

2π

π∫
−π

h(reiθ)dθ ≤ ln

 1

2π

π∫
−π

exph(reiθ)dθ

 ,

óìíîæàÿ óêàçàííîå íåðàâåíñòâî íà e−σr
α

è ïðîèíòåãðèðóÿ ïî ïîëóîñè (0,+∞),

ïîëó÷àåì

(2.4)

+∞∫
0

e−σr
α

exp
1

2π

π∫
−π

h(reiθ)dθdr ≤
π∫
−π

e−σr
α 1

2π

π∫
−π

exp(h(reiθ))dθdr ≤M.

Ïîëîæèì ψ(r) = exp 1
2π

π∫
−π

h(reiθ)dθ. Èñïîëüçóÿ ñóáãàðìîíè÷íîñòü ôóêöèè h,

çàìåòèì, ÷òî ôóíêöèÿ ψ íå óáûâàåò íà ïîëóîñè (0,+∞), ñëåäîâàòåëüíî, èç

îöåíêè (2.4) ïîëó÷àåì

ψ(R) ·
+∞∫
R

e−σr
α

dr ≤M.
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Íåòðóäíî óñòàíîâèòü àñèìïòîòèêó

(2.5)

+∞∫
R

e−σr
α

dr ≈ e−σR
α

ασRα−1
.

Èç îöåíîê (2.4),(2.5) ïîëó÷àåì

(2.6)
1

2π

π∫
−π

h(Reiθ)dθ . Rα.

Ïîëîæèì

h+(Reiθ) = max(h(Reiθ), 0)

h−(Reiθ) = max(−h(Reiθ), 0).

Òîãäà

(2.7) h(Reiθ) = h+(Reiθ)− h−(Reiθ).

Ïðèñòóïèì ê îöåíêå èíòåãðàëà îò ôóíêöèè h+(Reiθ). Èñïîëüçóÿ ðàâåíñòâî (2.7),

èìååì:

I =
1

2π

π∫
−π

exp(h(Reiθ))dr =
1

2π

π∫
−π

exp(h+(Reiθ)− h−(Reiθ))dθ ≥

≥ 1

2π

∫
E(θ:h+(Reiθ)>0)

exp(h+(Reiθ))− h−(Reiθ)dθ+

+
1

2π

∫
E(θ:h+(Reiθ)=0)

exp(h+(Reiθ))− h−(Reiθ)dθ ≥

≥ 1

2π

∫
E(θ:h(Reiθ)>0)

exp(h+(Reiθ))− h−(Reiθ)dθ.

Ñëåäîâàòåëüíî,

1

2π

π∫
−π

exp(h+(Reiθ))dθ =
1

2π

∫
E(θ:h+(Reiθ)>0)

exp(h+(Reiθ))dθ+

+
1

2π

∫
E(θ:h+(Reiθ)=0)

exp(h+(Reiθ))dθ =
1

2π

∫
E(θ:h+(Reiθ)>0)

exp(h+(Reiθ))dθ+

+
2π −m(E(h+(Reiθ)) = 0)

2π
≤ I + 1.

Ñíîâà èñïîëüçóÿ (2.6) è (2.7), ïîëó÷èì

(2.8)
1

2π

∫ π

−π
h+(Reiθ)dθ . Rα, R > 0.
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×òîáû âûâåñòè èç ïîñëåäíåé îöåíêè äîêàçàòåëüñòâî ëåììû, èñïîëüçóåì ñíîâà

ñóáãàðìîíè÷íîñòü ôóíêöèè h. Èìååì

h(0) ≤ 1

2π

π∫
−π

h(Reiθ)dθ =

=
1

2π

π∫
−π

h+(Reiθ)dθ − 1

2π

π∫
−π

h−(Reiθ)dθ.

Ò.å.

1

2π

π∫
−π

h−(Reiθ)dθ ≤ 1

2π

π∫
−π

h+(Reiθ)dθ − h(0).

Ïîýòîìó

1

2π

π∫
−π

|h(Reiθ)|dθ =
1

2π

π∫
−π

(h+(Reiθ) + h−(Reiθ)dθ ≤

≤ 1

π

π∫
−π

h+(Reiθ)dθ − h(0) . Rα, R > 0.

Ëåììà 2.3. Ïóñòü h - öåëàÿ ôóíêöèÿ, òàêàÿ, ÷òî

+∞∫
0

e−σr
α

π∫
−π

exp(pReh(reiθ))dr < +∞.

Òîãäà

h(z) =

n∑
k=0

akz
k, z ∈ C.

Ïðè ýòîì ëèáî n < α, ëèáî n = α, íî |an| ≤ σ
p , åñëè n > 2, òî âîçìîæåí òàêæå

ñëó÷àé |an| = σ
p .

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïåðâîé ÷àñòè íåïîñðåäñòâåííî ñëåäóåò èç

Ëåììû 2.2 è õîðîøî èçâåñòíûõ îöåíîê òèïà Êîøè êîýôôèöèåíòîâ ðàçëîæåíèÿ

öåëîé ôóíêöèè ÷åðåç äåéñòâèòåëüíóþ ÷àñòü ñàìîé ôóíêöèè (ñì. [14] ñòð. 265).

Äåéñòâèòåëüíî, åñëè h(z) = u(z) + iv(z), z ∈ C, òî èç ëåììû 2.2 ñëåäóåò, ÷òî

π∫
−π

|u(Reiθ)|dθ . Rα, ∀R ≥ 1.

Îñòàåòñÿ ïðèìåíÿòü ðàññóæäåíèÿ èñïîëüçóåìûå â [14] (ñì. [14] ñòð. 264-265.).
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Èòàê, h(z) =
n∑
k=0

anz
k, ãäå n ≤ α. Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîé ÷àñòè:

(2.9) f ∈ F pσ,α, f(z) 6= 0, f(z) = exp(

n∑
k=0

anz
k), 1 ≤ n ≤ α.

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïðåäïîëîæèòü, ÷òî argan = 0, ò.ê. èç ïðèíàäëåæíîñòè

f ∈ F pσ,α ñëåäóåò, ÷òî f(e
−iθn
n z) òàê æå ïðèíàäëåæèò F pσ,α, ãäå θn = argan.

Ïîëîæèì

χn(z) = exp(
p

s
|an|zn), χn−1(z) = exp(

p

s

n−1∑
k=0

anz
k), z ∈ C,

ãäå s - sl äåéñòâèòåëüíîå ÷èñëî, s > 1.

Äîêàæåì ñíà÷àëà, ÷òî åñëè f ∈ F pσ,α, ïðè ýòîì f èìååò âèä (2.9), n = α, èç

ïðèíàäëåæíîñòè f êëàññó F pσ,α ñëåäóåò, ÷òî χn ∈ F 1
σ,α. Äåéñòâèòåëüíî

+∞∫
0

e−σr
α

π∫
−π

|χn(reiθ|dθdr =

+∞∫
0

e−σr
α

π∫
−π

|χn(reiθ)χn−1(reiθ)||χ−1n−1(reiθ)|dθdr.

Ïðèìåíèì â ïîñëåäíåì èíòåãðàëå íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëåì s, ïîëó÷èì
+∞∫
0

e−σr
α

π∫
−π

|χn(reiθ)|dθ ≤

(2.10) ≤ (

+∞∫
0

π∫
−π

e−σr
α

|f(reiθ)|ρdθdr) 1
s · (

+∞∫
0

π∫
−π

e−σr
α

|χ−1n−1(reiθ)|s
′

dθdr)
1
s′ ,

ãäå s′ = s
s−1 .

Äîêàæåì îãðàíè÷åííîñòü ïîñëåäíèõ èíòåãðàëîâ. Ïåðâûé èíòåãðàë êîíå÷åí,

ïîñêîëüêó f ∈ F pσ,α. Äîêàæåì îãðàíè÷åííîñòü âòîðîãî èíòåãðàëà. ßñíî, ÷òî

|χ−1n (reiθ)| ≤ expp
s

(

n−1∑
k=0

|ak|rk), r ∈ (0,+∞), θ ∈ (−π, π).

Ïîýòîìó ïîñëåäíèé èíòåãðàë â íåðàâåíñòâå (2.10) îöåíèâàåòñÿ î÷åâèäíûì îáðàçîì:
+∞∫
0

e−σr
α

π∫
−π

|χ−1n−1(reiθ)|s
′

dθdr .

+∞∫
0

exp(−σrα +
p

s− 1
(

n−1∑
j=0

|aj |rj))dr < +∞,

Òàêèì îáðàçîì, èç ïðèíàäëåæíîñòè ôóíêöèè f êëàññó F pσ,α âûòåêàåò χn ∈ F 1
σ,α ∀s >

1, ò.å.

(2.11)

+∞∫
0

e−σr
α

π∫
−π

exp(
p

s
rn|an| cosnθ)dθdr .M(s).
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Ïðè÷åìM çàâèñèò òîëüêî îò s. Äîêàæåì, ÷òî èç ñõîäèìîñòè ïîñëåäíåãî èíòåãðàëà

ñëåäóåò óòâåðæäåíèå Ëåììû. Íàéäåì ñíà÷àëà îöåíêè èíòåãðàëà ñâåðõó è ñíèçó.

I =
1

2π

π∫
−π

exp(
p

s
|an|rn cosnθ)dθ =

1

π

π∫
0

exp(
p

s
|an|rn cosnθ)dθ.

Ïðîèçâåäåì çàìåíó ïåðåìåííîé

I =
1

π

nπ∫
0

exp(p|an|rn cos θ)dθ =
1

π

n−1∑
k=0

(k+1)π∫
kπ

exp(
p

s
|an|rn cos θ)dθ.

Ïîëîæèâ v = θ − kπ, ïîëó÷èì

I =
1

π

n−1∑
k=0

π∫
0

exp(
p

s
|an|rn cos(v + kπ))dv =

1

π

n−1∑
k=0

(

pi∫
0

exp(
p

s
|an|rn(−1)k cos v)dv).

Èç ïîñëåäíåãî ðàâåíñòâà íåïîñðåäñòâåííî ñëåäóåò ñëåäóþùàÿ îöåíêà

(2.12)

π∫
0

exp(
p

s
|an|rn cos v)dv ≤ I ≤ n

π

π∫
0

exp(
p

s
rn|an| cos v)dv.

Òåïåðü ïîëó÷èì àññèìïòîòèêó ïîëó÷åííîãî èíòåãðàëà. Ñ ýòîé öåëüþ ðàçëîæèì

ïîäèíòåãðàëüíóþ ôóíêöèþ â ðÿä Ìàêëîðåíà∫ π

0

exp(
p

s
|an|rn cos v)dv =

+∞∑
k=0

(ps |an|)
krnk

k!

π∫
0

(cos v)kdv

Èñïîëüçóÿ õîðîøî èçâåñòíûå çíà÷åíèÿ ïîñëåäíåãî èíòåãðàëà (ñì. [15] ñòð. 387)

àñèìïòîòè÷åñêèå ôîðìóëû (ñì. [16] ñòð. 294), ïîëó÷àåì

(2.13)

π∫
0

exp(
p

s
|an|rn cos v)dv ≈

exp(ps |an|pr
n)

r
n
2

.

Ñëåäîâàòåëüíî, èç ñõîäèìîñòè èíòåãðàëà (2.11) ñëåäóåò

(2.13‘)

+∞∫
1

exp(−σrα + |an|ps r
n)

r
n
2

dr < +∞.

Èç ýòîé îöåíêè ñëåäóåò, ÷òî ëèáî n < α, ëèáî n = α, íî |an| < sσ
p , ïðè âñåõ s > 1,

ò.å. |an| ≤ σ
p . Åñëè æå |an|ps = σ, ïðè íåêîòîðîì s, òî íåîáõîäèìî ÷òîáû n > 2.

Ñëåäñòâèå 2.1. Ïóñòü f èìååò âèä (*), ïðè ýòîì n < α, èëè n = α, íî

|an| < σ
p . Òîãäà Qmf ∈ F

p
σ,α, äëÿ ïðîèçâîëüíîãî ìíîãî÷ëåíà Qm(z) =

m∑
k=0

bkz
k.
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Ëåììà 2.4. Ïóñòü f ïðèíàäëåæèò H(C), f(z) 6= 0,ïðè ýòîì δm(z)f ∈
F pσ,α, ãäå δm(z) = zm, z ∈ C, m ∈ N. Òîãäà, Dmf ∈ F pσ,α, ãäå D(f)(z) :=

zf(z), z ∈ C, Dmf = D(Dm−1f), m = 1, 2, 3, ...

Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç Ëåììû 2.3 è åå ñëåäñòâèÿ.

Ïóñòü äàëåå f ∈ F pσ,α, ïðè ýòîì Qf ∈ F pσ,α äëÿ ïðîèçâîëüíîãî ìíîãî÷ëåíà Q.

Îáîçíà÷èì ÷åðåç E(f) çàìûêàíèå â ïðîñòðàíñòâå F pσ,α ìíîæåñòâà P ·f.Íàïîìíèì,
÷òî P - ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ.

Ëåììà 2.5. Ïóñòü f ∈ F pσ,α, f(z) 6= 0, z ∈ C. Ïðè ýòîì âûïîëíÿþòñÿ âñå

óñëîâèÿ ëåììû 2.4, òîãäà Dmf ∈ E(f) ∀m ∈ N.

Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç ëåììû 2.3, åå ñëåäñòâèÿ è ëåììû

2.4.

3. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Äîêàçàòåëüñòâî òåîðåìû 1.1. Äîêàçàòåëüñòâî ïåðâîãî ïóíêòà ñëåäóåò èç

ïåðâîé ÷àñòè ëåììû 2.2 è ïåðâîé ÷àñòè ëåììû 2.3 (ñì. (2.9)). Ïåðåéäåì ê

äîêàçàòåëüñòâó âòîðîãî ïóíêòà. ßñíî, ÷òî åñëè f(z) = exp(azn), 1 ≤ n ≤ 2, òî f

ïðèíàäëåæèò F pσ,α òîãäà è òîëüêî òîãäà, êîãäà |a| < σ
p , (ñì. (2.13) è (2.13‘)), ãäå

a = an
s . Åñëè æå n > 2, òî âîçìîæåí è ñëó÷àé |a| = σ

p (ñì.(2.13)).

Ïåðåéä¼ì ê äîêàçàòåëüñòâó 3-îãî ïóíêòà. Ïåðâàÿ ÷àñòü ýòîãî ïóíêòà ñëåäóåò

èç ëåìì 2.3 è 2.4, äîêàæåì âòîðóþ ÷àñòü. Èñïîëüçóÿ ëåììó 2.3, èìååì:

(3.1) f(z) = exp(

n∑
k=0

akz
k), z ∈ C

Ïðè ýòîì ëèáî n < α, ëèáî n = α, íî

(3.2) |an| <
σ

p
.

Ñíà÷àëà ïðåäïîëîæèì, ÷òî 1 ≤ p < +∞. Ïóñòü Φ-ïðîèçâîëüíûé ëèíåéíûé

íåïðåðûâíûé ôóíêöèîíàë íà ïðîñòðàíñòâå F pσ,α, òàêîé, ÷òî Φ ⊥ E(f), ò.å. Φ(g) =

0, äëÿ ïðîèçâîëüíîãî g ∈ E(f).

Äîêàæåì, ÷òî Φ(1) = 0, èç òåîðåìû Õàíà-Áàíàõà ñëåäóåò, ÷òî 1 ∈ E(f). Ïî

ëåììàì 2.2, 2.3 è 2.5

(3.3) Φ(Dnf) = lim
ρ→1−0

+∞∑
k=0

kmckΦ(δk)ρk = 0,
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ãäå

f(z) =

+∞∑
k=0

ckz
k, z ∈ C, m = 0, 1, 2, ...

Äîêàæåì, ÷òî ïîñëåäíèé ðÿä ñõîäèòñÿ àáñîëþòíî. Ñ ýòîé öåëüþ îöåíèì âûðàæåíèå

|ck||Φ(δk)| ≤ |ck|‖Φ‖‖δk‖

Èñïîëüçóÿ îöåíêè (2.11), (2.13) è íåðàâåíñòâî Êîøè, ïîëó÷àåì

(3.4) |ck|prkp ≤
1

2π

π∫
−π

|f(reiφ)|pdφ . exp((|an|p+ ε)rn),

ãäå ε - ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Òåïåðü îöåíèì íîðìó

||δk||pFpσ,α =

+∞∫
0

e−σr
α

rkpdr .

. max
r∈R+

(exp(σrα)rkp+2).

Èòàê,

|ck|p|Φ(δk)|p . 1

rkp
exp((|an|p+ ε)rn) max

r∈R+

{exp(−σrα)rkp+2}.

Ïóñòü òåïåðü

(3.5) max
r∈R+

{exp(−σrα)rkp+2} = exp(−σrαk )rkp+2
k

ïðè íåêîòîðîì r = rk ∈ R+. Òîãäà ïîëó÷àåì

|ck||Φ(δk)| . exp{1

p
(|ak|p+ ε)rnk − σrαk }r

2
p

k .

Èëè

(3.6) |ck||Φ(δk)|km . exp{(|an|+
ε

p
)rnk −

σ

p
rαk }r

2
p

k k
m, m = 0, 1, 2, ...

Òåïåðü çàìåòèì, ÷òî rk ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

−eσr
α
k σαrk(α+ kp+ 1) + e−σr

α
k (kp+ 2)r

(
kkp+ 1) = 0

ò.å. rk = (kp+2
σα )

1
α . Ñëåäîâàòåëüíî èç (3.6) ïîëó÷àåì

(3.7) |ck||Φ(δk)|km . exp{(|ak|+
ε

p
)(
kp+ 2

σα
)
n
α − σ

p
(
kp+ 2

σα
)}km,

Íî ïî ïåðâîìó ïóíêòó òåîðåìû ëèáî n < α, ëèáî n = α, ïðè ýòîì |an| < σ
p .

Ó÷èòûâàÿ ýòè óñëîâèÿ èç îöåíêó (3.7), îêîí÷àòåëüíî ïîëó÷àåì

(3.8) |ck||Φ(δk)|km . exp(−δ · k)km,

ãäå

0 < ε < σ − p|ak|, δ =
σ

p
− |an| −

ε

p
.
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Ïîýòîìó
+∞∑
k=0

|ak||φ(δk)|km < +∞

ïðè ëþáîì m = 0, 1, 2, ... Ñëåäîâàòåëüíî, èç (3.3) ïîëó÷àåì

(3.9) Φ(DmF ) =

+∞∑
k=0

ckΦ(δk)km = 0,

äëÿ âñåõ m = 0, 1, 2, ....

Îñòàåòñÿ êîïèðîâàòü ðàññóæäåíèå ïðèìåíÿåìîå ïðè äîêàçàòåëüñòâå òåîðåìû

2 èç [10] è óñòàíîâèòü f(0)φ(1) = 0, ò.å. φ(1) = 0. Òåîðåìà äîêàçàíà ïðè 1 ≤ p <

+∞.
Ïåðåéäåì ê ñëó÷àþ 0 < p < 1. Ïóñòü f ∈ F pσ,α, f(z) 6= 0, z ∈ C, òîãäà,

èñïîëüçóÿ ëåììû 2.3, 2.4, 2.5, ïîëó÷èì

(3.10) f(z) = exp(

n∑
k=0

akz
k), z ∈ C, Dmf ∈ F pσ,α

Ïðè ýòîì, ëèáî n < α, ëèáî n = α, íî

(3.11) |an| <
σ

p

Ïîëîæèì, g(z) = [f(z)]
1
2 , z ∈ C, ãäå âûáðàíà ãëàâíàÿ âåòâü ñòåïåííîé ôóíêöèè.

ßñíî, ÷òî g ∈ F 2
σ,α. Ñîãëàñíî ïåðâîé ÷àñòè òåîðåìû, ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

ìíîãî÷ëåíîâ {Qm}+∞1 òàêèõ, ÷òî ||Qmg − 1||F 2
σ,α
→ 0 ïðè m → +∞. Îòñþäà

ñëåäóåò, ÷òî (ñì. [3]) ðàâíîìåðíî íà êîìïàêòíûõ ïîäìíîæåñòâàõ êîìïëåêñíîé

ïëîñêîñòè

lim
m→+∞

Qm(z)g(z) = lim
m→+∞

Q2
m(z)f(z) = 1.

Äîêàæåì, ÷òî óêàçàííàÿ ñõîäèìîñòü èìååò ìåñòî è â ïðîñòðàíñòâå F pσ,α. Ñíà÷àëà

çàìåòèì, ÷òî

Im = ||Q2
mg

2 − 1||p
Fpσ,α

= ||(Qmg − 1)(Qmg + 1)||p
Fpσ,α

Ïðèìåíèì ê ýòîìó èíòåãðàëó íåðàâåíñòâî Êîøè - Áóíÿêîâñêîãî, ïîëó÷èì

Im ≤

 +∞∫
0

exp(−σrα)

π∫
−π

|Qm(reiφ)g(reiφ)− 1|2pdφdr


1
2

·

·

 +∞∫
0

exp(−σrα)

π∫
−π

|Qm(reiφ)g(reiφ) + 1|2pdφdr


1
2

.
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Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëåì 1
p ïðèõîäèì ê îöåíêå

Im ≤

 +∞∫
0

exp(−σrα)

π∫
−π

|Qm(reiφ)g(reiφ)− 1|2dφdr


p
2

·

·

 +∞∫
0

exp(−σrα)

π∫
−π

|Qm(reiφ)g(reiφ) + 1|2dφdr


p
2

Ââèäó ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè {Qmg}∞1 â ïðîñòðàíñòâå F 2
σ,α, ïîëó÷àåì

lim
m→+∞

Im = 0. �

Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 1.1. Ñíà÷àëà äîêàæåì, ÷òî èç á) ñëåäóåò à).

Ïî óñëîâèè òåîðåìû, f äîïóñêàåò ïðåäñòàâëåíèå (∗) ïðè ýòîì n = α, íî |an| < σ
p .

Ñëåäóÿ ðàññóæäåíèÿì ïðèìåíÿåìûì ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, ïîëó÷èì

|Φ(δk)| . sup
r>0

[exp{−σ
p
rα +

ψ(rα)

p
}rk+

2
p ]

Ïîëîæèâ x = rα, ïîëó÷èì

(3.12) |Φ(δk)| . sup
x>0

{
exp

(
−σ
p
x+

ψ(x)

p
+ (k +

2

p
)
lnx

α

)}
Ïóñòü

ω(x) := σx− xψ′(x)

Ïî óñëîâèÿì òåîðåìû 1.2 ω(x) ↑+∞ (x→ +∞), òîãäà ýêñòðåìóì â (3.12) äîñòèãàåòñÿ

â òî÷êå:

−σ + ψ′(xk) +
kp+ 2

αxk
= 0

Ò.å.

(3.13) σxk − xkψ′(xk) =
kp+ 2

α

Ïóñòü v(x) ÿâëÿåòñÿ îáðàòíîé ê ôóíêöèè ω(x) íà (x0,+∞) ïðè äîñòàòî÷íî áîëüøîì

x0.

Òîãäà èç ðàâåíñòâà (3.13) èìååì xk = v(kp+2
α ). Ñëåäîâàòåëüíî, èç (3.13)

ïîëó÷àåì

(3.14) |Φ(δk)| . exp
{
−σ
p
xk +

ψ(xk)

p
+

2

p

lnxk
α

}
· x

k
α

k

Íàïîìíèì, ÷òî rk = x
1
α

k . Èç îöåíêè Êîøè äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ

ôóíêöèè f è ïî ðàâåíñòâó (3.13), àíàëîãè÷íî êàê ïðè äîêàçàòåëüñòâå òåîðåìû

1.1, îêîí÷àòåëüíî ïîëó÷àåì,

|ck||Φ(δk)| .
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. exp

[
−

(
σ

p
−
ψ(v(kp+2

α ))

pv(kp+2
α )

− |an|v(
kp+ 2

α
)
n−α
α − bn−1v(

kp+ 2

α
)
n−1−α

α

)
v(
kp+ 2

α
)

]
Òåïåðü, ó÷èòûâàÿ, ÷òî n ≤ α, èç ïîñëåäíåé îöåíêè âûâîäèì

|ck||Φ(δk)| . exp

[
−

(
σ

p
− |an| −

ψ(v(kp+2
α ))

pv(kp+2
α )

)− bn−1

v(kp+2
α )

)
v(
kp+ 2

α
)

]
Ñíîâà èñïîëüçóåì îöåíêó |an|p < σ, ñîîòíîøåíèå v(x) ∼ |an|px è óñëîâèå òåîðåìû,
çàìåòèì,÷òî

lim
x→+∞

(
σ

p
− |an| −

bn−1

v(kp+2
α )

−
ψ(v(kp+2

α ))

pv(kp+2
α )

)
v(kp+2

α )

ln k
= +∞

Ïîýòîìó
+∞∑
k=0

km|ck||Φ(δk)| < +∞, m = 0, 1, . . . .

Ïðè ýòîì âûïîëíÿåòñÿ ðàâåíñòâî (3.3) â ñëó÷àå ρ = 1 cíîâà, êîïèðóÿ ðàññóæäåíèÿ,

èñïîëüçîâàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2 èç [10], äîñòàòî÷íî óñòàíîâèòü,

÷òî ôóíêöèÿ

F (z) =

+∞∑
k=0

ckΦ(δk)

k − z
, z 6∈ Z+

òîæäåñòâåííî ðàâíà íóëþ ïðè âñåõ òàêèõ z. Ïîëîæèâ g(z) = F (−z2), êàê è â [10]

(ñì. îöåíêè (68), (69)) ïîëó÷èì

|g(z)| . mp

|z|2(p−1)
, p ≥ 2, Re z ≥ 1,

ãäå

mp = sup
k≥1

{
kp exp

[
−

(
σ

p
− bn−1

v(kp+2
α )

− |an| −
ψ(v(kp+2

α ))

pv(kp+2
α )

)
v(
kp+ 2

α
)

]}
Òåïåðü,ïðèìåíÿÿ ðåøåíèå õîðîøî èçâåñòíîé ïðîáëåìû Âàòñîíà (ñì.[17]), òî÷íî

òàêèì æå îáðàçîì êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2 èç [10], ïîëó÷èì

F (z) = 0,∀z ∈ C \ Z+

Ïîýòîìó c0Φ(1) = f(0)Φ(1) = 0, ò.å. Φ(1) = 0. Ïåðâàÿ ÷àñòü òåîðåìû óñòàíîâëåíà.

Ïåðåéä¼ì ê äîêàçàòåëüñòâó âòîðîé ÷àñòè. Äîêàæåì, ÷òî åñëè èíòåãðàë,îòìå÷àííûé

â òåîðåìå 1.2 ñõîäèòñÿ, òî ñóùåñòâóåò ôóíêöèÿ f èç F pσ,n, f(z) 6= 0, z ∈ C ñëàáî

íåîáðàòèìàÿ â ïðîñòðàíñòâå Fσ,n,ψ. Çäåñü ìû ïðèìåíèì ìåòîä äîêàçàòåëüñòâà

òåîðåìû 3 èç [10]. Ïîëîæèì fa(z) = exp(azn), z ∈ C, áóäåì ïðåäïîëàãàòü,

÷òî a = |a| > 0. Äîêàæåì, ÷òî ôóíêöèÿ fa ñëàáî íåîáðàòèìà â ïðîñòðàíñòâå

Fσ,n,ψ. Äîêàæåì îò ïðîòèâíîãî. Ïðåäïîëîæèì fa ñëàáî îáðàòèìà. Ôèêñèðóåì
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z ∈ C, |z| = r è R > r, ó÷èòûâàÿ ñóáãàðìîíè÷íîñòü ôóíêöèè |Φ(z)|p, ãäå Φ(z) =

Qm(z) · fa(z)− 1, èìååì

|Φ(z)|p ≤ 1

2π

π∫
−π

(R2 − r2)|Φ(Reiθ)|p

R2 − 2rRcos(θ − ϕ) + r2
dθ.

Ïîýòîìó

(3.15) |Φ(z)|p ≤ R+ r

R− r
1

2π

π∫
−π

|Φ(Reiθ|pdθ, o < p <∞

Ïîëîæèì ρn = r+ r−n. Óìíîæèì ïîñëåäíåå íåðàâåíñòâî íà exp(−σRn +ψ(Rn))

è ïðîèíòåãðèðóåì íåðàâåíñòâî (3.15) ïî ïîëóîñè (ρn,+∞). Ïîëó÷èì

|Φ(z)|p
+∞∫
ρn

exp− (σRn + ψ(Rn))dR ≤
(2r +

1

rn
)rn

2π
×

×
+∞∫
ρn

e−σR
n+ψ(Rn)

π∫
−π

Φ(Reiθ)|pdθdR <
rn+1 + 1

2π
×

+∞∫
0

exp(−σRn + ψ(Rn))

π∫
−π

|Qm(Reiθ)fa(Reiθ)− 1|pdθdR.

Ïî ïðåäïîëîæåíèþ ôóíêöèÿ fa ñëàáî îáðàòèìà â ïðîñòðàíñòâå Fσ,n,ψ. Òîãäà

ìîæíî ïîäîáðàòü ìíîãî÷ëåíQm, òàêîé ÷òî ||Qmfa−1||p
Fpσ,n,ψ

<
1

2
. Ñëåäîâàòåëüíî,

íåðàâåíñòâî (3.15) ìîæíî çàïèñàòü â âèäå

|Φ(z)|p
+∞∫
ρn

exp(−σ ·Rn + ψ(Rn))dr <
2rn+1 + 1

2π
.

Èñïîëüçóÿ àñèìïòîòèêó ïîñëåäíåãî èíòåãðàëà ïîëó÷àåì

|Φ(z)|p e
−σρnn+ψ(ρ

n
n)

nρn−1n

<
2rn+1 + 1

4π
,

ò.å.

|Φ(z)|p < ρn−1n exp(σρnn − ψ(ρnn))×

×2rn+1 + 1

2π
≤ (2rn+1 + 1)n

2πr(n−1)n
− exp(σρnn − ψ(ρnn)).

Òåïåðü çàìåòèì, ÷òî

ρnn = (r +
1

rn
)n =

n∑
j=0

cjnr
n−j−nj = rn +

n∑
j=1

cjnr
−j(n−1) ≤ rn +

n∑
j=0

cjn = rn + 2n,

47



Ô. À. ØÀÌÎßÍ

åñëè r ≥ 1, ãäå cjn - áèíîìèàëüíûå êîýôôèöèåíòû. Ïîýòîìó

(3.16) |Φ(z)|p . (2rn+1 + 1)n

2πr(n−1)n
− exp(σrn − ψ(rn))

Ó÷èòûâàÿ ýòó îöåíêó è ñëåäóþùåå ýëåìåíòàðíîå íåðàâåíñòâî,

|Qm(z)fa(z)|p ≤ (|Qm(z)fa(z)− 1|p + 1) · 2p, 0 < p < +∞.

Èç (3.16) âûâîäèì

|Qm(z)fa(z)|p . (2|z|n+1 + 1)n

|z|n(n−1)
exp(σ|z|n − ψ(|z|n))−Repazn) =

(3.17). =
(2|z|n+1 + 1)n

|z|n(n−1)
exp(σ|z|n − ψ(|z|n)− apRezn), |z| ≥ 1,

Èç ýòîé îöåíêè ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü σ|Qm(z)| . 1,m = 1, 2, . . . äëÿ

âñåõ |z| = 1. Ïî ïðèíöèïó ìàêñèìóìà òàêàÿ æå îöåíêà ñïðàâåäëèâà âñþäó â

åäèíè÷íîì êðóãå. Ïîëîæèì â (3.17) z = ζ
2
n , ãäå âûáðàíà ãëàâíàÿ âåòâü ýòîé

ôóíêöèè â âåðõíåé ïîëóïëîñêîñòè.

Èç (3.17) ïîëó÷èì ñëåäóþùóþ îöåíêó

|Qm(x
2
n )|p < c1

(2|x|
2(n+1)
n + 1)n

|x|2(n−1)
×

(3.18) × exp(σx2 − ψ(x2)− apx2), x ∈ (−∞; +∞).

Ïîëîæèì òåïåðü

(3.19) h(x) = c1
(2|x|

2(n+1)
n + 1)n

|x|2(n−1)
expx2(σ − ψ(x2)

x2
− ap), x ∈ (−∞; +∞).

Ó÷èòûâàÿ óñëîâèå òåîðåìû, äîêàæåì, ÷òî
+∞∫
−∞

| lnh(x)|
1 + x2

dx < +∞.

ßñíî, ÷òî

lnh(x) = ln c1 + n ln(2|x|
(n+1)2

n + 1)− 2(n− 1) ln |x|+ x2(σ − ψ(x2)

x2
− ap)

Ïîýòîìó
+∞∫
−∞

| ln |h(x)||
1 + x2

dx < +∞.

+∞∫
−∞

x2(σ − ψ(x2)
x2 − ap)

1 + x2
dx ≈

+∞∫
1

(σ − ψ(x2)

x2
− ap)dx =
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= 2

+∞∫
1

(σ − ψ(x2)

x2
− ap)dx =

+∞∫
1

(σ − ψ(u)
u − ap)
u

1
2

< +∞.

Ïóñòü òåïåðü G(z) - âíåøíÿÿ ôóíêöèÿ íà âåðõíåé ïîëóïëîñêîñòè, òàêàÿ ÷òî

|G(x)| = h(x), |x| ≥ 1, u|G(x)| = c0, åñëè −1 ≤ x ≤ 1. Èç (3.13) ñëåäóåò, ÷òî

|Qm(x
2
n )| ≤ |G(x)|, x ∈ (−∞; +∞). Ñëåäîâàòåëüíî, òàêàÿ æå îöåíêà âåðíà íà

âñåé âåðõíåé ïîëóïëîñêîñòè C+, ò.å. |Qm(z
2
n )| ≤ |G(z)|, z ∈ C+. Íî ó÷èòûâàÿ,

÷òî Qm(z)→ f−1a (z),∀z ∈ C+ èç ïîñëåäíåé îöåíêè ïîëó÷àåì

|e−az
2

| ≤ |G(z)|, z ∈ C+.

Ïîëîæèâ z = iy ïðèõîäèì ê íåðàâåíñòâó eay
2 ≤ |G(iy)|, y ∈ (0,+∞). Î÷åâèäíî,

÷òî òàêàÿ îöåíêà íå âîçìîæíà, ïîýòîìó ôóíêöèÿ fa ñëàáî íå îáðàòèìà â ïðîñòðàíñòâå

F pσ,α,ψ.

Äîêàçàòåëüñòâî òåîðåìû 1.3 íåïîñðåäñòâåííî ñëåäóåò èç ëåììû 2.3 è òåîðåìû

1.2, ïîñêîëüêó èç ëåììû 2.3 ñëåäóåò,÷òî ôóíêöèè fa(z), f−a(z) îäíîâðåìåííî

ïðèíàäëåæàò èëè íå ïðèíàäëåæàò ïðîñòðàíñòâó Fσ, α, ϕ. Ïîäáèðàÿ òàêóþ α,ϕ,

÷òîáû èíòåãðàë â ïóíêòå á) òåîðåìå 1.2 ñõîäèëñÿ, ïðè ýòîì ôóíêöèÿ fa(z) ïðè-

íàäëåæàëà ïðîñòðàíñòâó Fσ, α, ϕ ìû ïîëó÷èì òðåáóåìûé ïðèìåð.

Abstract. In this article we obtain a complete description of weakly invertible

elements in Lp weighted spaces of entire functions.
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Abstract. In this paper we generalize the concept of the Szegö kernel by putting the weight
of integration in the definition of the inner product in the Szegö space. We give some sufficient
conditions for the weight in order for the Szegö kernel of the correspoding space to exist. We
give examples of weights on unit ball for which there is no Szegö kernel of the corresponding

Szegö space. Then using biholomorphisms we prove that there exist such weights for a large class
of domains. At the end we show that weighted Szegö kernel depends continuously in some sense
on weight of integration.

MSC2010 numbers: 32A25; 46E22.
Keywords: reproducing kernel Hilbert space; Szegö kernel; admissible weight.

1. Preliminaries

Weighted reproducing kernels play a significant role in physics (see e.g. [7]) and

informatics (see e.g. [4]). Therefore, it is important to know which weights are ’good

enough’ to take, i.e. for which weights there exist reproducing kernels of considered

weighted spaces. The aim of this paper is to prove some interesting theorems in

this topic in case of Szegö kernel.

Let Ω ⊂ CN be a bounded domain with the boundary of class C2. For µ : ∂Ω→ R
measurable and almost everywhere greater than 0 (which we will call a weight) by

L2(∂Ω, µ) we will denote a set of classes of functions f : ∂Ω→ C, square-integrable
in the sense

(1.1) ‖ f ‖2µ:=

∫
∂Ω

|f(w)|2µ(w)dS <∞,

where the integral is understood as an integral of a scalar field with a surface

measure. The set L2(∂Ω, µ) with an inner product given by

(1.2) 〈f |g〉µ :=

∫
∂Ω

f(w)g(w)µ(w)dS

is a Hilbert space. Now let us consider the space A(Ω) of continuous functions

f : Ω → C, such that f|Ω is holomorphic. Let us denote B(Ω, µ) := {f|∂Ω : f ∈
A(Ω)} ∩ L2(∂Ω, µ). By L2H(∂Ω, µ) we will understand the closure of B(Ω, µ) in

L2(∂Ω, µ) topology.
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We will name any such space L2H(∂Ω, µ) a weighted Szegö space. For µ ≡ 1

it is a classical Szegö space. Of course L2H(∂Ω, µ) can change as a set with a change

of µ. However, if µ1, µ2 are weights and there exist m,M > 0, such that

(1.3) mµ1(z) ≤ µ2(z) ≤Mµ1(z)

a.e. on ∂Ω , then for any f ∈ L2(∂Ω, µj) we have f ∈ L2(∂Ω, µk), j, k ∈ {1, 2}, and
m ‖ f ‖2µ1

≤‖ f ‖2µ2
≤ M ‖ f ‖2µ1

. Hence L2H(∂Ω, µ1) = L2H(∂Ω, µ2) as a set and

norms ‖ · ‖µ1
and ‖ · ‖µ2

are equivalent. In particular if 0 < m ≤ µ ≤ M < ∞,

then L2H(∂Ω, µ) = L2H(∂Ω, 1) as a set.

Simple examples show that converse of these implications is not true. If L2H(∂Ω, µ1) =

L2H(∂Ω, µ2) as sets, we will write µ1 ≈ µ2. It is easy to show that it is an

equivalence relation.

Each element of L2H(∂Ω, 1) has a unique holomorphic prolongation to Ω (see

[6] for more details), so it is also true for any element from B(Ω, µ), because

B(Ω, µ) ⊂ L2H(∂Ω, 1) for any µ. We will denote the set of all such prolongations

by B̃(Ω, µ) (where B̃(Ω, µ) ⊂ A(Ω)). A good question to ask is however how to find

a holomorphic prolongation of functions from L2H(∂Ω, µ)\B(Ω, µ) for an arbitrary

µ? We will answer this question in a moment.

We will use the same symbol for a function and its prolongation, which should

not be misleading.

Let µ be a weight with the following property:

(CB) for any compact set X ⊂ Ω there exists CX > 0, such that for any f ∈
B̃(Ω, µ) and z ∈ X

|f(z)| ≤ CX ‖ f ‖µ .

Then for functions from L2H(∂Ω, µ) \B(Ω, µ) we can define their prolongation to

Ω in the following way:

Let fn be a sequence of functions from B̃(Ω, µ). Let f ∈ L2H(∂Ω, µ) be the limit

of this sequence. Since by (CB) the sequence of functions (fn|Ω) fullfils the Cauchy

condition locally uniformly on Ω, the function

f(z) := lim
n→∞

fn(z), z ∈ Ω

is well defined and holomorphic on Ω.

From now on, if µ fullfils (CB), we will interpret L2H(∂Ω, µ) as a set of functions

on Ω.

Let µ be a weight satisfying (CB). A function (if it exists) Sµ : Ω×Ω→ C, such
that for any z ∈ Ω, Sµ(z, ·) ∈ L2H(∂Ω, µ) and for any f ∈ L2H(∂Ω, µ) (reproducing
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property)

(1.4) f(z) = 〈Sµ(z, ·)|f(·)〉µ,

will be called Szegö kernel of L2H(∂Ω, µ).

It is true (as for any reproducing kernel Hilbert space) that if Sµ and S′µ are

Szegö kernels of the same space, then Sµ = S′µ and if the Szegö kernel exists, then

it is given uniquelly by the formula

(1.5) Sµ(z, w) =
∑
i∈I

ϕi(z)ϕi(w),

where {ϕi}i∈I is an arbitrary complete orthonormal system of L2H(∂Ω, µ). Hence

for any z, w ∈ Ω we have Sµ(w, z) = Sµ(z, w) and by Hartogs theorem on separate

analyticity the function Ω × Ω′ 3 (z, w) 7→ S0(z, w) := Sµ(z, w) is holomorphic,

where Ω′ = {w ∈ CN : w ∈ Ω}. So Sµ is real analytic on Ω× Ω, holomorphic with

respect to first N variables and antiholomorphic with respect to last N variables.

Moreover for any z ∈ Ω we have ‖ Sµ(z, ·) ‖2µ=‖ Sµ(·, z) ‖2µ= Sµ(z, z).

It is a natural question to ask, which conditions must µ satisfy in order to

L2H(∂Ω, µ) to be a reproducing kernel Hilbert space.

Definition 1.1. We will say that a weight µ is Szegö admissible (S-admissible

for short) if there exists Szegö kernel of L2H(∂Ω, µ) space.

Theorem 1.1. µ is an S-admissible weight if and only if the condition (CB) is

satisfied.

Proof. ⇒ comes directly from the definition. (By reproducing property and

Schwarz inequality we can take CX = maxz∈X
√
Sµ(z, z) in (CB)).

⇐ (CB) means that functionals of evaluation i. e. functionals

Ẽz : B̃(Ω, µ) 3 f 7→ f(z) ∈ C

are continuous. Since B(Ω, µ) is dense in L2H(∂Ω, µ) we can prolong Ẽz to the

functional Ez ∈ L2H(∂Ω, µ)∗ with the same majoring constant CX for any z ∈ Ω.

By Riesz representation theorem for Ez it means that for z ∈ Ω there exists ez ∈
L2H(∂Ω, µ), such that for any f ∈ L2H(∂Ω, µ)

f(z) = 〈ez|f〉

and the function

Sµ(z, w) := ez(w), (z, w) ∈ Ω× Ω

is the Szegö kernel of L2H(∂Ω, µ). �
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2. Sufficient conditions for a weight to be S-admissible

Theorem 2.1. Let µ be a weight on the boundary ∂Ω of a bounded domain Ω with

∂Ω of class C2, such that

(2.1)
∫
∂Ω

1

µ(w)
dS <∞.

Then µ is an S-admissible weight.

In order to prove the theorem we are going to use the following lemma:

Lemma 2.1. Let Ω1,Ω2 be bounded domains with C2-smooth boundaries, such that

Ω1 ⊂ Ω2. Then there exists C > 0, such that for any f ∈ L2H(∂Ω2) = L2H(∂Ω2, 1)

we have ∫
∂Ω1

|f(w)|dS ≤ C
∫
∂Ω2

|f(w)|dS.

It is a particular case of a lemma 2.1 from article [3], which was proven for p > 1.

It remains true, however, for p = 1, since authors of [3] follow the proof of Theorem

1 from [10] and in case of p = 1 we just need to change f(y)dσ(y) to a finite Borel

measure on ∂Ω.

Moreover, since Ω is a bounded domain of class C2, ∂Ω has finite surface measure

and f ∈ L2(∂Ω, µ) implies that f ∈ L1(∂Ω, µ).

Proof of the theorem: Let z0 ∈ Ω and let r be sufficiently small for K0 :=

K(z0, 2r) := {w ∈ CN : |z0−w| < 2r} to lie with its boundary in Ω. Then by mean

value theorem for harmonic functions we have for f ∈ B̃(Ω, µ), z ∈ K(z0, r) and

K := K(z, r)

|f(z)| = C1

∣∣∣∣∫
∂K

f(w)dS

∣∣∣∣ ≤ C1

∫
∂K

|f(w)|dS,

where 1
C1

is a measure of ∂K. By lemma 2.1 we have∫
∂K

|f(w)|dS ≤ C0

∫
∂K0

|f(w)|dS ≤ C0C2

∫
∂Ω

|f(w)|dS.

By Schwarz inequality,∫
∂Ω

|f(w)|dS =

∫
∂Ω

|f(w)|
√
µ(w)√
µ(w)

dS ≤

√∫
∂Ω

|f(w)|2µ(w)dS

√∫
∂Ω

1

µ(w)
dS,

where C0 can be chosen so it suits for any K(z, r), where z ∈ K(z0, r) (see [3] for

more details).

Finally,

|f(z)| ≤ C0C1C2

√∫
∂Ω

1

µ(w)
dS

√∫
∂Ω

|f(w)|2µ(w)dS ≤ C0C1C2C3 ‖ f ‖µ≤ C ‖ f ‖µ,

where C does not depend on z ∈ K(z0, r). Hence µ satisfies (CB). �
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Corollary 2.1. If Ω is a bounded domain with a boundary of class C2, then a

weight µ defined on ∂Ω such that µ(z) ≥ c > 0 is an S-admissible weight.

Theorem 2.2. Let Ω be a bounded domain with the boundary of class C2. Let

µ1, µ2 be weights on ∂Ω, such that µ1 is S-admissible and µ2 ≥ µ1 a.e. Then µ2 is

also S-admissible.

Proof. If µ1 is S-admissible, then for any compact set X ⊂ Ω there exists

CX > 0, such that for any z ∈ X and any f ∈ B̃(Ω, µ1)

|f(z)| ≤ CX ‖ f ‖µ1
.

Since ∫
∂Ω

|f(w)|2µ1(w)dS ≤
∫
∂Ω

|f(w)|2µ2(w)dS,

we have that B̃(Ω, µ2) ⊂ B̃(Ω, µ1) and that for any f ∈ B̃(Ω, µ2)

|f(z)| ≤ CX ‖ f ‖µ2
. �

In particular, if µ is an S-admissible weight, then also eµ and µµ are admissible

weights, because ex > x and xx > x almost everywhere on the interval [0,+∞[.

Corollary 2.2. Let Ω be a bounded domain with the boundary of class C2. Let

Ψ1,Ψ2 be weights on ∂Ω and let Ψ1 be S-admissible. Then Ψ1 + Ψ2 is also an S-

admissible weight. In particular sum of S-admissible weights on the same boundary

is an S-admissible weight.

Theorem 2.3. Let Ω be a bounded domain with the boundary of class C2. Let µ1, µ2

be S-admissible weights, such that µ2 ≥ C > 0 a.e. Then µ1 · µ2 is an S-admissible

weight.

Proof. If µ1 is S-admissible, then for any compact set X ⊂ Ω there exists

CX > 0, such that for any z ∈ X and any f ∈ B̃(Ω, µ1)

|f(z)| ≤ CX ‖ f ‖µ1
.

Since∫
∂Ω

|f(w)|2µ1(w)dS =
1

C

∫
∂Ω

|f(w)|2µ1(w)CdS ≤ 1

C

∫
∂Ω

|f(w)|2µ1(w)µ2(w)dS,

we have that B̃(Ω, µ1µ2) ⊂ B̃(Ω, µ1) and for any f ∈ B̃(Ω, µ1µ2)

|f(z)| ≤ CX
1√
C
‖ f ‖µ1µ2

. �

Corollary 2.3. Let µ be an S-admissible weight on the boundary ∂Ω of class C2

of a bounded domain Ω and let α > 0. Then αµ is also an S-admissible weight.
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3. Non-admissible weight for a unit circle in C1

Z. Pasternak-Winiarski in [8] found an example of a weight which is not admissible

for the case of the Bergman kernel. As we will see in a moment, a similiar construction

allows us to find a weight which is not S-admissible. In this section we are going to

use the following theorem (for the proof see [9]):

Theorem 3.1 (Runge). Let X ⊂ C be a compact set, such that C\X is connected.

Let f : X → C be continuous on X and holomorphic on intX. Then f is a uniform

limit of (holomorphic) polynomials on X.

Now let us define Ω := K(0, 1) = {z ∈ C : |z| < 1},

An := {z ∈ C : |z| < 2−n} ∪ {z ∈ C : |Imz| < 2−n ∧ 0 < Rez < 1}

and

Mn := (Ω \An) ∪An+1.

Moreover let fn : Mn → C be defined in the following way

fn(w) :=

{
1 + 1

n for w ∈ An+1

0 for w ∈ Ω \An
By theorem 3.1 there exist polynomials gn : Mn → C, n ∈ N such that |fn(w) −
gn(w)| < 1

n for any w ∈ Mn. It implies that |gn(w)| < 1
n for w ∈ Ω \ An and

1 < |gn(w)| < 1 + 2
n for w ∈ An+1. Now let us define polynomials

hn(w) :=
gn(w)

gn(0)
.

Since |gn(0)| > 1, hn is well defined,
(
1 + 2

n

)−1
< |hn(w)| < 1 + 2

n on An+1 and

|hn(w)| < 1
n on Ω \ An. Now let us denote Dn := ∂Ω ∩ An. Then we may define a

weight

(3.1) µ(w) :=


1 for w ∈ ∂Ω \D1;
0 for w = 1;

min{1, 1
|hn(w)|2 } for w ∈ Dn \Dn+1

Since µ is bounded from above (by 1), hn ∈ B̃(Ω, µ) for any n ∈ N. It is not hard
to show that for any w ∈ ∂Ω

|hn(w)|2µ(w) < 9 and lim
n→∞

|hn(w)|2µ(w) = 0.

Therefore, by Lebesgue Majorized Convergence Theorem, we have:∫
∂Ω

lim
n→∞

|hn(w)|2µ(w)dS = lim
n→∞

∫
∂Ω

|hn(w)|2µ(w)dS = 0.

As we can see, |hn(0)| = 1 for any n, but ‖ hn ‖µ→ 0, so functional of evaluation

Ẽ0 : B̃(Ω, µ) 3 f 7→ f(0) ∈ C is not continuous on B̃(Ω, µ) and therefore µ is not

an S-admissible weight.
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4. Non-admissible weight for a unit ball in CN

Let Ω := K(0, 1) = {w ∈ CN : |w| < 1} and U := {w ∈ CN : |w1| ≤ 1}. Let

An :=
(
{w ∈ CN : |w1| < 2−n} ∪ {w ∈ CN : |Imw1| < 2−n ∧ 0 < Rew1 < 1}

)
∩ Ω

and

Mn := (Ω \An) ∪An+1.

Now we may define pn(w1, w2, . . . , wN ) := hn(w1) on Mn, where hn : V → C,
V := {w ∈ CN : w2 = · · · = wN = 0}, has the same properties and is constructed

in the same way as in the previous section. Then we can define

(4.1) Ψ(w1, w2, . . . , wN ) :=


1 for w ∈ U \A1;
0 for w1 ∈ [0, 1] ⊂ R;

min{1, 1
|pn(w)|2 } for w ∈ An \An+1.

µ := Ψ|∂Ω is non S-admissible weight on ∂Ω. Indeed, since µ is bounded from above

(by 1), pn ∈ B̃(Ω, µ) for any n ∈ N by Hartogs’s theorem on separate analytycity.

Moreover for w ∈ ∂Ω

|pn(w)|2µ(w) < 9 and lim
n→∞

|pn(w)|2µ(w) = 0.

Therefore, we can use Lebesgue Majorized Convergence Theorem as in the previous

section, to show that functional of evaluation Ẽ0 : B̃(Ω, µ) 3 f 7→ f(0) = f(0, 0, . . . , 0) ∈
C is not continuous on B̃(Ω, µ). (Moreover all functionals of evaluation Ew for

w = (0, w2, . . . , wN ) are not continuous.)

5. Weights and biholomorphisms

In this section we are going to use the following theorems:

Theorem 5.1. Let Ω1,Ω2 be open domains in CN of one of the following types:

Type 1: smooth bounded pseudoconvex domain with the real analytic boundary;

Type 2: smooth bounded strictly pseudoconvex domain and (more generally);

Type 3: smooth bounded domain for which a ∂-operator exists and satisfies

subelliptic estimates.

Then any biholomorphic mapping between Ω1 and Ω2 extends smoothly to the boundary.

This theorem was proved by S. Bell and E. Ligocka in [2]. Note that each

(geometrically) convex domain is pseudoconvex and moreover in C1 each open

domain is pseudoconvex. (See [5] or [6] for more details.)

In the following two theorems we are going to use the same symbol for biholomorphism

and its smooth prolongation to the boundary, if it exists, which should not cause

confusion.
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Theorem 5.2. Let Ω1,Ω2 be domains of one of types 1-3 introduced above and

Φ : Ω1 → Ω2 be a biholomorphic mapping. Then for any integrable function f :

∂Ω2 → C we have ∫
∂Ω2

fdS =

∫
∂Ω1

(f ◦ Φ)|det JCΦ|
2N

N+1 dS,

where JCΦ is the complex Jacobian matrix of Φ.

It is a simple generalization of theorem included in [1] as Proposition 1. for

particular f and for Ω1,Ω2 being strongly pseudoconvex domains with C∞ boundary.

It remains true in this version, since proof does not depend on integrated function

and the reason for restriction to only strongly pseudoconvex domains was the fact

that in that case biholomorphism has smooth prolongation to the boundary, which

remains true in this more general case.

Theorem 5.3. Let Ω1,Ω2 be of type 1, 2 or 3. Let Φ : Ω1 → Ω2 be a biholomorphism.

Then

(i) for any g measurable and non-negative almost everywhere we have:∫
∂Ω2

gµdS <∞⇔
∫
∂Ω1

(g ◦ Φ)(µ ◦ Φ)dS <∞

In particular, g ∈ L2H(∂Ω2, µ) if and only if g ◦ Φ ∈ L2H(∂Ω1, µ ◦ Φ).

(ii) µ is S-admissible on ∂Ω2 if and only if µ ◦ Φ is S-admissible on ∂Ω1.

Proof. (i) By the fact that u := |det JCΦ|
2N

N+1 is continuous function on compact

set Ω1, we have

C1

∫
∂Ω1

(g◦Φ)(µ◦Φ)dS ≤
∫
∂Ω1

(g◦Φ)(µ◦Φ)|det JCΦ|
2N

N+1 dS ≤ C2

∫
∂Ω1

(g◦Φ)(µ◦Φ)dS,

where C1 := minw∈Ω u(w) > 0 and C2 := maxw∈Ω u(w). By theorem 5.2 we can

change integral in the middle to get:

(5.1) C1

∫
∂Ω1

(g ◦ Φ)(µ ◦ Φ)dS ≤
∫
∂Ω2

gµdS ≤ C2

∫
∂Ω1

(g ◦ Φ)(µ ◦ Φ)dS,

If the integral on the right hand side is finite, then integral in the middle must be

also finite and if integral in the middle is finite, then integral on the left hand side

must be also finite.

(ii) Since Φ is biholomorphism, we need only to show implication in one direction.

If µ is S-admissible on ∂Ω2, then for any compact set X ⊂ Ω2, w ∈ X and any

f ∈ B̃(∂Ω2, µ) we have

(5.2) |f(w)| ≤ CX

√∫
∂Ω2

|f |2µdS.
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By using (5.1) for inequality (5.2) we gain

|(f ◦ Φ)(w̃)| ≤ CX
√
C2

√∫
∂Ω1

|f ◦ Φ|2(µ ◦ Φ)dS,

for Ω1 ⊃ Y := Φ−1(X), w̃ := Φ−1(w) ∈ Y , so (CB) is satisfied for CY := CX
√
C2. �

Corollary 5.1. For any simply-connected bounded domain Ω in C which is of type

1-3 there exists a non S-admissible weight on ∂Ω.

Proof. By Riemann mapping theorem there exists biholomorphism Φ : Ω → K(0, 1).

By theorem 5.1 Φ has a smooth prolongation to ∂Ω. By theorem 5.3 weight µ ◦ Φ,

where µ is a weight constructed in (3.1), is non S-admissible weight on ∂Ω. �

6. Weights on non-connected boundaries of domains in CN

In this section we will prove theorem which states that in case of domain U in

CN such that ∂U is not connected "S-admissibility in some sense, of a weight on

one connected component of ∂U is sufficient for this weight to be S-admissible on

whole ∂U .

Theorem 6.1. Let Ω be a bounded domain with the boundary of class C2. Let

G1, . . . Gn be domains in CN for N ≥ 2, such that CN \Gj is connected, Gj ⊂ Ω,

Gj ∩Gk = ∅ for j 6= k and ∂Gj be of class C2. Let µ be S-admissible weight on ∂Ω

and let Ψ be a weight on ∂U , where U := Ω\(G1 ∪ · · · ∪Gn), such that Ψ(w) = µ(w)

for w ∈ ∂Ω. Then Ψ is S-admissible weight on U . In addition, if Ψ∂Gj is integrable

on ∂Gj for any j, the map L2H(∂Ω, µ) 3 f 7→ Tf := f|U ∈ L2H(∂U,Ψ) is a

continuous isomorphism of Hilbert spaces.

Proof. Let X be a compact subset in U . Then X ⊂ Ω and there exists CX > 0,

such that for any f ∈ B̃(Ω, µ) and any z ∈ X

(6.1) |f(z)| ≤ CX ‖ f ‖µ

On the other hand, if g ∈ B̃(U,Ψ), then by Hartogs prolongation theorem, there

exists g̃ continuous on Ω and holomorphic on Ω, such that g̃|U = g. It is obvious

that ∫
∂Ω

|g̃(w)|2µ(w)dS ≤
∫
∂U

|g̃(w)|2Ψ(w)dS =‖ g ‖2Ψ<∞.

Then

(6.2) ‖ g̃ ‖µ≤‖ g ‖Ψ

and g̃ ∈ B̃(Ω, µ).
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For any z ∈ X we have

(6.3) |g(z)| = |g̃(z)| ≤ CX ‖ g̃ ‖µ≤ CX ‖ g ‖Ψ .

Since g is an arbitrary element of B̃(U,Ψ), we see that Ψ is an S-admissible

weight on ∂U .

Moreover, if Ψ|∂Gj
is integrable on any ∂Gj , then for any f ∈ B̃(Ω, µ) we have

that f|U ∈ B̃(U,Ψ) and the prolongation B̃(U,Ψ) 3 g 7→ g̃ ∈ B̃(Ω, µ) is unicly

defined, then it is an inverse of T . By (6.2), T−1 is bounded and by Banach inverse

theorem, T is continuous. Since condition (CB) is fulfilled, the same considerations

can be applied to a function f ∈ L2H(∂U,Ψ). �

In the case N = 1, theorem is not true. For example, if Ω := K := K(0, 1) =

{w ∈ C : |w| < 1}, G := K(0, 1
2 ), µ ≡ 1 and Ψ ≡ 1, the function

(6.4) g(w) =
1

w
, w ∈ U,

is an element of L2H(∂U,Ψ), but it has no prolongation to a function g̃ ∈ L2H(∂Ω, µ).

However, using similar argument as in the proof of the theorem, we can show

that if N = 1, then the operator of restriction T : L2H(∂Ω, µ) → L2H(∂U,Ψ) is

continuous and one-to-one map onto its image, and that T (L2H(∂Ω, µ)) is a closed

subspace of L2H(∂U,Ψ).

7. Dependance of weighted Szegö kernel on weight

Weighted Szegö kernel continuously depends on weight in the following sense:

Theorem 7.1. Let Ω ⊂ CN be a bounded domain with the boundary of class C2.

Let µn be a sequence of S-admissible weights on ∂Ω with uniform limit µ, which

is also an S-admissible weight. We want µn to have following properties: µn ≈ µ

for any n and µ < C and µn < C for any n. Let Sµn
be a reproducing kernel of

L2H(∂Ω, µn) and let S(z, ·) be for any z ∈ Ω an uniform limit of Sµn
(z, ·) on ∂Ω.

Then S is a weighted Szegö kernel of L2H(∂Ω, µ).

Note that assumption for a limit of µn to be S-admissible is necessary, because

simple example of µn ≡ 1
n shows that even a uniform limit of S-admissible weights

does not have to be an S-admissible weight (here it is not a weight at all!).

Proof. Since ∣∣∣∣∫
∂Ω

f(w)µ(w)dS

∣∣∣∣ ≤M(∂Ω)C sup
w∈∂Ω

(|f(w)|),

where M(∂Ω) is the surface measure of ∂Ω, uniform limit implies limit in the sense

of L2H(∂Ω, µ). By our choice, each space L2H(∂Ω, µn) and L2H(∂Ω, µ) are equal as
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sets, so S(z, ·) is an element of L2H(∂Ω, µ) as limit in L2H(∂Ω, µ) sense. Moreover,

for any n and any f ∈ L2H(∂Ω, µ) we have∫
∂Ω

Sµn
(z, w)f(w)µn(w)dS = f(z),

so it remains true also if we put limit in front of the integral on the left hand side

of the equation:

lim
n→∞

∫
∂Ω

Sµn
(z, w)f(w)µn(w)dS = f(z).

Because Sµn
(z, ·) → S(z, ·) uniformly, we can put the limit inside the integral to

get ∫
∂Ω

S(z, w)f(w)µ(w)dS = f(z).

So we showed that S has reproducing property. �
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