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E. A. ADEGANI, T. BULBOAC�A, A. MOTAMEDNEZHAD

and we denote by Kp(β) this class of functions (see Aouf [1] and Owa [15]).

Since g(z) = zp ∈ S∗p (β), it follows that a function f ∈ Ap satisfying

(1.1) Re
f ′(z)

zp−1
> β, z ∈ U,

is a member of the class Kp(β), and we denote the class of all the function f ∈ Ap

satisfying (1.1) by K∗p(β).
Note that S∗(β) := S∗1 (β), C(β) := C1(β) and K(β) := K1(β) are, respectively,

the usual classes of starlike, convex and close-to-convex functions of order β (0 ≤
β < 1) in U, while Kp(β) ⊂ Cp(β).

A function f ∈ Ap is said to be k-uniformly starlike of order β, (−1 ≤ β <

p, k ≥ 0) denoted by USp(β, k), if and only if

Re

(
zf ′(z)

f(z)
− β

)
> k

∣∣∣∣zf ′(z)f(z)
− p
∣∣∣∣, z ∈ U.

A function f ∈ Ap is said to be k-uniformly convex of order β, (−1 ≤ β < p, k ≥
0) denoted by UCp(β, k), if and only if

Re

(
1 +

zf ′′(z)

f ′(z)
− β

)
> k

∣∣∣∣zf ′′(z)f ′(z)
− (p− 1)

∣∣∣∣, z ∈ U.

The above two classes have been introduced by Frasin in [4].

For two functions f and F which are analytic in U, we say that the function f is

subordinate to F , and write f(z) ≺ F (z), if there exists a Schwarz function ω, which
is analytic in U with ω(0) = 0 and |ω(z)| < 1, z ∈ U, such that f(z) = F (ω(z)) for

all z ∈ U.
By Schwarz lemma we have |ω(z)| ≤ |z|, z ∈ U, which concludes that, if f(z) ≺

F (z), then f(0) = F (0) and f(U) ⊂ F (U). In particular, if the function F is

univalent in U, then we have the following equivalence

f(z) ≺ F (z)⇔ f(0) = F (0) and f(U) ⊂ F (U).

In [1] Aouf introduced the class Sp(A,B, β) consisting of functions f ∈ Ap and

satisfying

zf ′(z)

f(z)
≺ p+ [pB + (A−B)(p− β)]z

1 +Bz
, z ∈ U, (0 ≤ β < p)

where −1 ≤ B < A ≤ 1. In particular, Sp(1,−1, β) = S∗p (β).
The following lemma is required for proving our main results of this paper, and it

is a special case of a more general theorem (see [8, Theorem 5], see also [9, Theorem

1] and [10, Theorem 1]).

Lemma 1.1. [11, Theorem 2.3i.] Let ψ : D ⊂ C2 → C be a complex-valued function

satisfying the conditions:
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SUFFICIENT CONDITION FOR P-VALENT STRONGLY ...

(i) ψ(r, s) is continuous in a domain D ⊂ C2,

(ii) (1, 0) ∈ D and Reψ(1, 0) > 0,

(iii) Reψ(ir2, s1) ≤ 0 whenever (r1 + ir2, s1 + is2) ∈ D and s1 ≤ −
1 + r22

2
.

If P (z) = 1 + c1z + c2z
2 + . . . is a function that is analytic in U such that

(P (z), zP ′(z)) ∈ D and Reψ(P (z), zP ′(z)) > 0 for z ∈ U, then ReP (z) > 0,

z ∈ U.

The aim of this work is to obtain simple su�cient conditions for analytic functions

to belong to certain subclasses of p-valently starlike functions of order β, in order

to generalize some earlier corresponding results.

2. Main results

To obtain our main result, �rst we will prove the next theorem:

Theorem 2.1. For p ∈ N, 0 ≤ δ < p and ω > 0, let de�ne

(2.1) γ := γ(p, δ, ω) =


δ − δ

2ω(p− δ)
, if 0 ≤ δ ≤ p

2
,

δ − p− δ
2ωδ

, if
p

2
≤ δ < p.

If p(z) = p +
∞∑

n=1
cnz

n is an analytic function in U that satis�es the di�erential

subordination

(2.2) p(z) +
zp′(z)

ωp(z)
≺ p+ (p− 2γ)z

1− z
,

then

p(z) ≺ p+ (p− 2δ)z

1− z
.

Proof. If we de�ne the function P : U→ C by

P (z) :=
p(z)− δ
p− δ

, z ∈ U,

then P is analytic on U with P (0) = 1, and satis�es

p(z) +
zp′(z)

ωp(z)
= (p− δ)P (z) + δ +

(p− δ)zP ′(z)
ω[(p− δ)P (z) + δ]

, z ∈ U.

From the de�nition formula (2.1) it follows that γ ≤ δ, then the above relation

combined with the assumption (2.2) shows that

(2.3) Re

[
(p− δ)P (z) + δ +

(p− δ)zP ′(z)
ω[(p− δ)P (z) + δ]

]
> γ, z ∈ U.

Let de�ne function ψ : C2 → C by

ψ(r, s) := (p− δ)r + δ +
(p− δ)s

ω[(p− δ)r + δ]
− γ.
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Then, the function ψ is continuous in the domain D := C\
{
−δ
p− δ

}
×C, (1, 0) ∈ D,

and from the de�nition (2.1) we have Reψ(1, 0) = p− γ > 0.

For ρ ∈ R and σ ≤ −1 + ρ2

2
it is easy to check that

Reψ(iρ, σ) = Re

{
(p− δ)iρ+ δ +

(p− δ)σ
ω[(p− δ)iρ+ δ]

− γ
}

= δ − γ +
(p− δ)σδ

ω[(p− δ)2ρ2 + δ2]
≤ δ − γ − (p− δ)δ

2ω

1 + ρ2

(p− δ)2ρ2 + δ2
.

According to the de�nition formula of γ given by (2.1), for 0 ≤ δ ≤ p

2
we have

Reψ(iρ, σ) ≤ δ − γ − (p− δ)δ
2ω

1 + ρ2

(p− δ)2ρ2 + δ2

≤ δ − γ − (p− δ)δ
2ω

1 + ρ2

(p− δ)2ρ2 + (p− δ)2
= δ − γ − δ

2ω(p− δ)
= 0,

and, for
p

2
≤ δ < p we get

Reψ(iρ, σ) ≤ δ − γ − (p− δ)δ
2ω

1 + ρ2

(p− δ)2ρ2 + δ2

≤ δ − γ − (p− δ)δ
2ω

1 + ρ2

δ2ρ2 + δ2
= δ − γ − p− δ

2ωδ
= 0.

Since (P (z), zP ′(z)) ∈ D and from (2.3) is equivalent to Reψ(P (z), zP ′(z)) > 0 for

z ∈ U, thus, by applying Lemma 1.1 we conclude that Re p(z) > δ, z ∈ U, that is
equivalent to the conclusion of our result. �

We can rewrite the above theorem in the following equivalent form:

Corollary 2.1. Let p ∈ N, ω > 0, and let γ ≥ 0 such that

0 ≤ γ ≤ p− 1/ω

2
, if ω ≥ 2

p
, and

p− 1/ω

2
≤ γ < p, if ω ≥ 1

p
.

If p(z) = p +
∞∑

n=1
cnz

n is an analytic function in U that satis�es the di�erential

subordination

p(z) +
zp′(z)

ωp(z)
≺ p+ (p− 2γ)z

1− z
,

then

p(z) ≺ p+ (p− 2δ)z

1− z
,

6
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where δ = δ(p, γ, ω) =

=



2(γ + p)− 1

ω
−

√[
2(γ + p)− 1

ω

]2
− 16pγ

4
, if 0 ≤ γ ≤ p− 1/ω

2
, ω ≥ 2

p
,

(
2γ − 1

ω

)
+

√(
2γ − 1

ω

)2

+
8p

ω

4
, if

p− 1/ω

2
≤ γ < p, ω ≥ 1

p
.

Proof. For the proof of �rst case, according to the relation (2.1), let de�ne �rst

γ = ϕ(δ), where

ϕ(δ) := δ − δ

2ω(p− δ)
, 0 ≤ δ ≤ p

2
.

We have ϕ(0) = 0, ϕ(p/2) =
p− 1/ω

2
, and

ϕ′(δ) = 1− p

2ω(p− δ)2
= 0 ⇔ δ = p±

√
p

2ω
.

For any ω > 0, it is clear that δ1 := p+

√
p

2ω
> p >

p

2
. Also, a simple computation

shows that δ2 := p −
√

p

2ω
≥ p

2
if and only if ω ≥ 2

p
. So, assuming this last

assumption, the function ϕ is an increasing function on
[
0,
p

2

]
, hence ϕ

([
0,
p

2

])
=[

0,
p− 1/ω

2

]
.

Therefore, assuming that ω ≥ 2

p
, the equation γ = ϕ(δ), 0 ≤ γ ≤ p− 1/ω

2
, has

a unique solution that will be one of the roots of the equation

ψ(δ) = 0,

where

ψ(δ) := 2δ2 −
[
2(γ + p)− 1

ω

]
δ + 2pγ,

more exactly that root which belongs to
[
0,
p

2

]
. A such a root exists, since ϕ is a

bijection between the intervals
[
0,
p

2

]
and

[
0,
p− 1/ω

2

]
.

The roots of the above equations are

δ± =

2(γ + p)− 1

ω
±

√[
2(γ + p)− 1

ω

]2
− 16pγ

4
,

and δ− ≤ δ+.
Now, we will determine which of these two roots belongs to

[
0,
p

2

]
. Since δ− ·δ+ =

pγ ≥ 0 and at least one of the roots belongs to
[
0,
p

2

]
, it follows that both roots

7
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are nonnegative. Using the fact that γ ≤ p− 1/ω

2
, we have

ψ
(p
2

)
= p

(
γ +

1

2ω
− p

2

)
≤ p

(
p

2
− 1

2ω
+

1

2ω
− p

2

)
= 0,

it follows that δ− ∈
[
0,
p

2

]
, while δ+ ≥

p

2
.

Similarly, for the proof of the second case let de�ne γ = χ(δ) by

χ(δ) := δ − p− δ
2ωδ

,
p

2
≤ δ ≤ p.

We have χ(p/2) =
p− 1/ω

2
, χ(p) = p, and using the fact that ω > 0 we get

χ′(δ) = 1 +
p

2ωδ2
> 0, δ ∈

[p
2
, p
]
.

Hence, the function χ is an increasing function on
[p
2
, p
]
, and thus χ

([p
2
, p
])

=[
p− 1/ω

2
, p

]
. In this case assuming that ω > 0 we need to have

0 ≤ p− 1/ω

2
≤ p⇔ ω ≥ 1

p
.

Therefore, assuming that ω ≥ 1

p
, the equation γ = χ(δ),

p− 1/ω

2
≤ γ ≤ p, has

a unique solution that will be one of the roots of the equation

κ(δ) = 0,

where

κ(δ) := 2δ2 −
(
2γ − 1

ω

)
δ − p

ω
,

more exactly that root which belongs to
[p
2
, p
]
. A such a root exists, since κ is a

bijection between the intervals
[p
2
, p
]
and

[
p− 1/ω

2
, p

]
.

The roots of the above equations are

δ± =

(
2γ − 1

ω

)
±

√(
2γ − 1

ω

)2

+
8p

ω

4
,

and δ− ≤ δ+.
We will determine which of these two roots belongs to

[p
2
, p
]
. Since δ− · δ+ =

− p

2ω
< 0 and at least one of the roots belongs to

[p
2
, p
]
, it follows that δ− < 0 and

δ+ > 0. Hence, δ+ ∈
[p
2
, p
]
and the proof is complete in this second case. �

Remark 2.1. 1. Setting p = 1, ω =
1

β
in Corollary 2.1, we get the result

obtained by Darus et al. in [3, Lemma 1.3].

8
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2. For w = 1 and p(z) :=
zf ′(z)

f(z)
, Corollary 2.1 reduces to the result of

Nunokawa et al. in [13, Theorem 2].

Theorem 2.2. Let ω > 0 and 0 ≤ γ < p. If p(z) = p +
∞∑

n=1
cnz

n is an analytic

function in U that satis�es the di�erential subordination

(2.4) p(z) +
zp′(z)

ωp(z)
≺ p+ (p− 2γ)z

1− z
,

then

p(z) ≺ p

2F1

(
2ω(p− γ), 1, ωp+ 1;

z

z − 1

) := q(z),

where 2F1(a, b, c; z) is the Gaussian hypergeometric function, and q is the best

dominant of the subordination.

Moreover, if max

{
0;
p

2
− 1

2ω

}
≤ γ < p, then

Re p(z) > δ, z ∈ U,

where δ := δ(p, γ, ω) = q(−1), and this inequality is sharp.

Proof. If we de�ne the function P : U→ C by

P (z) :=
p(z)

p
, z ∈ U,

then P is analytic on U with P (0) = 1 and satis�es

p(z) +
zp′(z)

ωp(z)
= pP (z) +

zP ′(z)

ωP (z)
, z ∈ U.

According to (2.4) the above inequality is equivalent to the next subordination

P (z) +
zP ′(z)

ωp P (z)
≺

1 +

(
1− 2

γ

p

)
z

1− z
.

Now to obtain a delimitation for the function P with P (0) = 1, we will use Theorem

3.3d. of [11, page 109] by taking in the subordination (3.3-11) of [11, page 109] the

values

β := ωp, γ := 0, A := 1− 2
γ

p
, B := −1.

Thus, the assumptions of Theorem 3.3d., i.e. Re[β + γ] = ωp > 0 and (3.3-10) of

[11, page 108] are satis�ed. According to this theorem, combined with the relations

(3.3-13) and (3.3-15) of [11, page 110], we conclude that

P (z) ≺ 1

ωp
· ωp

2F1

(
2ω(p− γ), 1, ωp+ 1;

z

z − 1

) := q1(z) ≺
1 +

(
1− 2

γ

p

)
z

1− z
,

9
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and q1 is the best dominant of the subordination. Consequently,

p(z) ≺ p

2F1

(
2ω(p− γ), 1, ωp+ 1;

z

z − 1

) := q(z) ≺ p+ (p− 2γ)z

1− z
.

and q is the best dominant of the subordination.

On the other hand, to determine the best lower-bound of Re q(U), i.e.

Re p(z) > inf {Re q(z) : z ∈ U} =: δ(p, γ, ω),

we will use Theorem 1 of [12] (see also [11, Theorem 3.3e]). Therefore, by choosing

in this theorem

β := ωp > 0, β + γ := ωp > 0, α :=
γ

p
,

and assuming p > γ ≥ max

{
0;
p

2
− 1

2ω

}
, which is equivalent to

α0 = max

{
ωp− 1

2ωp
; 0

}
≤ γ

p
< 1,

we obtain that the best lower-bound of Re q1(U) will be

q1(−1) =
1

2F1

(
2ω(p− γ), 1, ωp+ 1; 1

2

) .
It follows that

ReP (z) > q1(−1), z ∈ U,

hence

Re p(z) > p q1(−1) =
p

2F1

(
2ω(p− γ), 1, ωp+ 1; 1

2

) := q(−1) = δ, z ∈ U,

and this result is the best possible. �

Theorem 2.3. Let p ∈ N, and let α, β, k and λ be real numbers satisfying the

inequalities

(2.5) −1 ≤ β < p, k ≥ 0, 1 + kλ > 0, kp|1− α| < p− β,

and

(2.6)


0 ≤ β + kpα ≤ p(1 + k)− (1 + kλ)

2
, if p ≥ 2(1 + kλ)

1 + k
,

p(1 + k)− (1 + kλ)

2
≤ β + kpα < p(1 + k), if p ≥ 1 + kλ

1 + k
.

If the function p(z) = p+
∞∑

n=1
cnz

n is analytic in U and satis�es

(2.7)

Re

(
p(z) +

zp′(z)

p(z)
− β

)
> k

∣∣∣∣(1− λ)p(z) + λ

(
p(z) +

zp′(z)

p(z)

)
− pα

∣∣∣∣ , z ∈ U,

10
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then

p(z) ≺ p+ (p− 2δ)z

1− z
,

where

δ =



2

(
β + kpα

1 + k
+ p

)
− 1 + kλ

1 + k
−

√[
2

(
β + kpα

1 + k
+ p

)
− 1 + kλ

1 + k

]2
− 16p(β + kpα)

1 + k

4
,

if 0 ≤ β + kpα ≤ p(1 + k)− (1 + kλ)

2
,

1 + k

1 + kλ
≥ 2

p
,

(
2(β + kpα)

1 + k
− 1 + kλ

1 + k

)
+

√(
2(β + kpα)

1 + k
− 1 + kλ

1 + k

)2

+
8p(1 + kλ)

1 + k

4
,

if
p(1 + k)− (1 + kλ)

2
≤ β + kpα < p(1 + k),

1 + k

1 + kλ
≥ 1

p
.

Proof. From (2.7) we obtain

Re

(
p(z) +

zp′(z)

p(z)
− β

)
> k

∣∣∣∣(1− λ)p(z) + λ

(
p(z) +

zp′(z)

p(z)

)
− pα

∣∣∣∣
= k

∣∣∣∣p(z) + λ
zp′(z)

p(z)
− pα

∣∣∣∣ = k

∣∣∣∣pα− p(z)− λzp′(z)p(z)

∣∣∣∣ ≥ kRe(pα− p(z)− λzp′(z)p(z)

)
, z ∈ U,

and therefore

Re

(
p(z) +

1 + kλ

1 + k

zp′(z)

p(z)

)
>
β + kpα

1 + k
, z ∈ U.

Since the above inequality is equivalent to the di�erential subordination

p(z) +
1 + kλ

1 + k

zp′(z)

p(z)
≺
p+

(
p− 2(β + kpα)

1 + k

)
z

1− z
,

using Corollary 2.1 for ω :=
1 + k

1 + kλ
and γ :=

β + kpα

1 + k
, and according to our

assumptions we get the desired result. �

Remark 2.2. We will emphasize some special cases of the inequality (2.7):

1. For α = λ = 1 and p(z) :=
zf ′(z)

f(z)
we obtain the class of UCp(β, k).

2. For k = 0 and p(z) :=
zf ′(z)

f(z)
we get the class of Cp(β).

3. For p = α = β + 1 = 1, 0 ≤ λ ≤ 1 and p(z) :=
zf ′(z)

f(z)
we obtain the class

introduced by Darus et al. in [3].

4. For p = α = λ + 1 = β + 1 = 1 and p(z) :=
zf ′(z)

f(z)
we obtain the class

de�ned and studied by Sivasubramanian et al. in [17].

5. For p = k = α = λ + 1 = β + 1 = 1 and p(z) :=
zf ′(z)

f(z)
get the class

introduced by Sok�o l and Nunokawa in [18].

11
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6. For p = α = λ = β + 1 = 1 and p(z) :=
zf ′(z)

f(z)
we obtain the class de�ned

and widely studied by Kanas and Wi�sniowska in [7].

7. For p = α = k = λ = β + 1 = 1 and p(z) :=
zf ′(z)

f(z)
we obtain the class

introduced and studied by Goodman in [5, 6].

8. For p = λ = 1, 0 ≤ β < α ≤ 1, and p(z) :=
zf ′(z)

f(z)
we get the class

introduced by Sim et al. in [16].

Remark 2.3. Letting p = α = λ + 1 = β + 1 = 1 in Theorem 2.3 we get the

obtained result by Sivasubramanian et al. in [17, Theorem 2.4].

Theorem 2.4. Let p ∈ N, and let α, β, k and λ be real numbers satisfying the

inequalities

−1 ≤ β < p, k ≥ 0, 1 + kλ > 0, and 0 ≤ β + kpα < p(1 + k).

If the function p(z) = p+
∞∑

n=1
cnz

n is analytic in U and satis�es (2.7), then

p(z) ≺ p

2F1

(
2
1 + k

1 + kλ

(
p− β + kpα

1 + k

)
, 1, p

1 + k

1 + kλ
+ 1;

z

z − 1

) := q(z),

where 2F1(a, b, c; z) is the Gaussian hypergeometric function, and q is the best

dominant of the subordination. Moreover, assuming that

max

{
0;
p(1 + k)

2
− 1 + kλ

2

}
≤ β + kpα < p(1 + k),

then

Re p(z) > δ, z ∈ U,

where δ := q(−1) is given in Theorem 2.2, and this inequality is sharp.

Proof. According to the proof of Theorem 2.3 we have

p(z) +
1 + kλ

1 + k

zp′(z)

p(z)
≺
p+

(
p− 2(β + kpα)

1 + k

)
z

1− z
.

If we set in Theorem 2.3 ω :=
1 + k

1 + kλ
and γ :=

β + kpα

1 + k
, from the assumptions we

obtain ω > 0 and 0 ≤ γ < p, and using Theorem 2.2 we obtain our result. �

Remark 2.4. 1. By setting p = α = β+1 = 1, 0 ≤ λ ≤ 1 and p(z) :=
zf ′(z)

f(z)
in Theorem 2.4 we get the result of Darus et al. [3, Theorem 2.4] and [3,

Theorem 2.5].
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2. Taking p = k = α = λ+ 1 = β + 1 = 1 and p(z) :=
zf ′(z)

f(z)
in Theorem 2.4

we get the result obtained by Sok�o l and Nunokawa [18, Theorem 2.2] and

[18, Corollary 2.3].

For f ∈ Ap and p(z) :=
zf ′(z)

f(z)
, Theorem 2.3 leads to the following result which

gives a su�cient condition for p-valently starlikeness of order β:

Corollary 2.2. Let p ∈ N, and let α, β, k and λ be real numbers satisfying the

inequalities (2.5) and (2.6). If f ∈ Ap and satis�es

Re

(
1 +

zf ′′(z)

f ′(z)
− β

)
> k

∣∣∣∣(1− λ)zf ′(z)f(z)
+ λ

(
1 +

zf ′′(z)

f ′(z)

)
− pα

∣∣∣∣ , z ∈ U,

then
zf ′(z)

f(z)
≺ p+ (p− 2δ)z

1− z
,

where δ is given in Theorem 2.3.

Remark 2.5. 1. By setting p = α = β + 1 = 1, 0 ≤ λ ≤ 1 in Corollary 2.2

we get the result obtained by Darus et al. [3, Theorem 2.1].

2. For p = α = λ + 1 = β + 1 = 1, Corollary 2.2 reduces to the result of

Sivasubramanian et al. in [17, Theorem 2.5].

For f ∈ Ap, setting p(z) :=
pf(z)

zp
and p(z) :=

f ′(z)

zp−1
, Theorem 2.3 reduces to

the following corollaries, respectively:

Corollary 2.3. Let p ∈ N, and let α, β, k and λ be real numbers satisfying the

inequalities (2.5) and (2.6).

If f ∈ Ap and satis�es

Re

(
zf ′(z)

f(z)
+
pf(z)

zp
− p− β

)
> k

∣∣∣∣(1− λ)f(z)zp
+ λ

(
zf ′(z)

f(z)
+
pf(z)

zp
− p
)
− pα

∣∣∣∣ , z ∈ U,

then
pf(z)

zp
≺ p+ (p− 2δ)z

1− z
,

where δ is given in Theorem 2.3.

Corollary 2.4. Let p ∈ N, and let α, β, k and λ be real numbers satisfying the

inequalities (2.5) and (2.6).

If f ∈ Ap and satis�es

Re

(
zf ′′(z)

f ′(z)
+
f ′(z)

zp−1
− (p− 1)− β

)
>

k

∣∣∣∣(1− λ)f ′(z)zp−1
+ λ

(
zf ′′(z)

f ′(z)
+
f ′(z)

zp−1
− (p− 1)

)
− pα

∣∣∣∣ , z ∈ U,

13
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then
f ′(z)

zp−1
≺ p+ (p− 2δ)z

1− z
,

where δ is given in Theorem 2.3.

Remark 2.6. 1. By setting p = α = λ + 1 = β + 1 = 1 in Corollary 2.3 we

get the result obtained by Sivasubramanian et al. [17, Corollary 2.3].

2. Letting p = α = λ+1 = β+1 = 1 in Corollary 2.4 we get the result due to

Sivasubramanian et al. [17, Corollary 2.4].
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(1.3) f(0) =
α+ 1

π

∫
D

f(ζ)(1− |ζ|2)α

(1− z · ζ)2+α
dm(ζ), z ∈ D,

ãäå ζ = u+ iv, dm(ζ) = dudv (äâóìåðíàÿ ìåðà Ëåáåãà â êîìïëåêñíîé ïëîñêîñòè).

Ýòè ïðåäñòàâëåíèÿ ïîëó÷èëè ìíîãî÷èñëåííûå ïðèëîæåíèÿ â òåîðèè ôàêòîðè-

çàöèè ìåðîìîðôíûõ ôóíêöèé â åäèíè÷íîì êðóãå (ñì. [3,4]), à òàêæå â äðóãèõ

çàäà÷àõ êîìïëåêñíîãî àíàëèçà (ñì. [5]).

Â [6] äëÿ âåñîâûõ Lp− êëàññîâ (ñ âåñîâîé ôóíêöèåé òèïà |w|γ · (1 − |w|ρ)α)

ãîëîìîðôíûõ ôóíêöèé â åäèíè÷íîì êðóãå D áûëè óñòàíîâëåíû âåñîâûå èíòå-

ãðàëüíûå ïðåäñòàâëåíèÿ ñ âîñïðîèçâîäÿùèìè ÿäðàìè òèïà Ìèòòàã-Ëåôôëåðà.

Â íàñòîÿùåé ñòàòüå äîêàçàíû íîâûå ñâîéñòâà ïðîñòðàíñòâ, ââåäåííûõ â [6].

Êðîìå òîãî, äëÿ ýòèõ ïðîñòðàíñòâ óñòàíîâëåíî öåëîå ñåìåéñòâî âåñîâûõ èíòå-

ãðàëüíûõ ïðåäñòàâëåíèé.

2. Íåîáõîäèìûå ôàêòû è ðåçóëüòàòû

Â ýòîì ðàçäåëå ìû ïðèâîäèì íåêîòîðûå õîðîøî èçâåñòíûå ôîðìóëû è ôàêòû

êîìïëåêñíîãî àíàëèçà. Âñþäó â äàëüíåéøåì Γ îáîçíà÷àåò èçâåñòíóþ ôóíêöèþ

Ýéëåðà.

Ìû áóäåì èñïîëüçîâàòü èçâåñòíóþ àñèìïòîòè÷åñêóþ ôîðìóëó

(2.1) |Γ(µ+R)| � e−RRR+µ1− 1
2 ,

ãäå µ ∈ C, µ1 = Re(µ), R ≥ 0 è R→ +∞. Çäåñü è âñþäó äàëåå ñèìâîë � èñïîëü-

çóåòñÿ â ñëåäóþùåì ñìûñëå:

A(R) � B(R) ïðè R→∞, åñëè îòíîøåíèå
∣∣∣A(R)
B(R)

∣∣∣ çàêëþ÷åíî ìåæäó ôèêñèðîâàí-
íûìè ïîëîæèòåëüíûìè ÷èñëàìè ïðè R ≥ R0 > 0.

Äëÿ z ∈ C è µ ∈ C, ρ > 0

(2.2) Eρ(z;µ) =

∞∑
k=0

zk

Γ(µ+ k
ρ )
, z ∈ C,

èçâåñòíà êàê ôóíêöèÿ òèïà Ìèòòàã-Ëåôôëåðà. Eρ(z;µ) ÿâëÿåòñÿ öåëîé ôóíêöè-

åé ïîðÿäêà ρ è òèïà 1, ò.å. äëÿ ∀ε > 0:

(2.3) |Eρ(z;µ)| ≤ e(1+ε)|z|ρ , |z| ≥ R(ε) > 0.
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Áîëåå òîãî,

(2.4)
∣∣∣Eρ(σ 1

ρ z;µ)
∣∣∣ ≤ eσ(1+ε)|z|ρ ,

ãäå σ > 0 è |z| ≥ R(ε) > 0.

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü èçâåñòíûé ôàêò, ÷òî åñëè ôóíêöèÿ

f ãîëîìîðôíà â êðóãå {ζ : |ζ| < R}, òî äëÿ ∀p > 0 ôóíêöèÿ
2π∫
0

∣∣f(reiθ)
∣∣p dθ,

r ∈ [0, R), ÿâëÿåòñÿ íåóáûâàþùåé ïî r. Â ÷àñòíîñòè,

(2.5) |f(0)|p ≤ 1

2π

2π∫
0

∣∣f(reiθ)
∣∣p dθ,

ãäå 0 ≤ r < R.

Êðîìå òîãî, åñëè f ∈ H(Ω), òî åñòü f ãîëîìîðôíà â Ω, ãäå Ω ⊂ C - ïðîèçâîëü-

íîå îòêðûòîå ìíîæåñòâî, ñîäåðæàùåå êðóã {ζ : |ζ − a| < r}, è p > 0, òîãäà

(2.6) |f(a)|p ≤ 1

πr2

∫∫
|ζ−a|<r

|f(ζ)|p dm(ζ).

3. Îñíîâíûå êëàññû ãîëîìîðôíûõ ôóíêöèé

Ïðåäëîæåíèå 3.1. Ïóñòü ρ > 0 è α, γ ∈ R, òîãäà

I(α; ρ; γ) ≡
∫∫
D

(
1− |ζ|2ρ

)α |ζ|2γdm(ζ) < +∞

òîëüêî åñëè α > −1 è γ > −1. Áîëåå òîãî, â ýòîì ñëó÷àå

(3.1) I(α; ρ; γ) =
π

ρ
·

Γ

(
1 + γ

ρ

)
· Γ (α+ 1)

Γ

(
1 + γ

ρ
+ α+ 1

) .

Äîêàçàòåëüñòâî.

I(α; ρ; γ) =

1∫
0

2π∫
0

(
1−

∣∣reiθ∣∣2ρ)α ∣∣reiθ∣∣2γ rdθdr
= 2π

1∫
0

(
1− r2ρ

)α
r2γ+1dr =

π

ρ
·

1∫
0

r
γ+1
ρ −1 (1− r)α dr =

π

ρ
·B
(

1 + γ

ρ
, α+ 1

)
.

Âñþäó íèæå ïðåäïîëàãàåòñÿ, ÷òî ρ > 0, α > −1, γ > −1 è µ = γ+1
ρ . �

17



Ô. Â. ÀÉÐÀÏÅÒßÍ

Îïðåäåëåíèå 3.1. Îáîçíà÷èì ÷åðåç Lpα,ρ,γ(D) (p > 0) ìíîæåñòâî âñåõ êîì-

ïëåêñíîçíà÷íûõ èçìåðèìûõ ôóíêöèé f(ζ), ζ ∈ D, äëÿ êîòîðûõ

(3.2) Mp
α,ρ,γ(f) ≡

∫∫
D

|f(ζ)|p
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ) < +∞.

Îïðåäåëåíèå 3.2. Îáîçíà÷èì

Hp
α,ρ,γ(D) =

{
f ∈ H(D) : Mp

α,ρ,γ(f) < +∞
}
.

Èç ïðåäëîæåíèÿ 3.1 íåïîñðåäñòâåííî ñëåäóåò

Ïðåäëîæåíèå 3.2. ζk ∈ Hp
α,ρ,γ(D) äëÿ ëþáîãî k = 0, 1, 2, . . . .

Ïðåäëîæåíèå 3.3. Åñëè 1 ≤ p < q < +∞, òî Lqα,ρ,γ(D) ⊂ Lpα,ρ,γ(D).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ íåðàâåíñòâî Ã¼ëüäåðà, ïîëó÷àåì

Mp
α,ρ,γ(f) =

∫∫
D

|f(ζ)|p
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

≤

∫∫
D

|f(ζ)|p·
q
p
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)


p
q

·

∫∫
D

(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

1− pq

= const(α; ρ; γ; p; q) · (Mq
α,ρ,γ(f))

p
q

äëÿ ïðîèçâîëüíîé êîìïëåêñíîçíà÷íîé èçìåðèìîé ôóíêöèè f(ζ), ζ ∈ D. Ñëåäîâà-

òåëüíî, Lqα,ρ,γ(D) ⊂ Lpα,ρ,γ(D). �

Ñëåäñòâèå 3.1. Åñëè 1 ≤ p < q < +∞, òî Hq
α,ρ,γ(D) ⊂ Hp

α,ρ,γ(D).

Çàìåòèì, ÷òî ïðè ρ = 1 è γ = 0 ââåä¼ííûå ïðîñòðàíñòâà ãîëîìîðôíûõ ôóíê-

öèé ñîâïàäàþò ñ îòìå÷åííûìè âî ââåäåíèè êëàññàìè Hp(α). Áîëåå òîãî, îêà-

çûâàåòñÿ ÷òî ïðè ïðîèçâîëüíûõ ρ > 0 è γ > −1 "íîðìû" Mp
α,ρ,γ(f) è Mp

α(f)

ýêâèâàëåíòíû â êëàññå ãîëîìîðôíûõ â D ôóíêöèé. Èíûìè ñëîâàìè, ñïðàâåäëè-

âî ñëåäóþùåå óòâåðæäåíèå, äîêàçàòåëüñòâî êîòîðîãî ëþáåçíî ïðåäîñòàâèë íàì

ðåöåíçåíò íàñòîÿùåé ñòàòüè.

18



ÂÅÑÎÂÛÅ ÈÍÒÅÃÐÀËÜÍÛÅ ÏÐÅÄÑÒÀÂËÅÍÈß ÃÎËÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ ...

Ïðåäëîæåíèå 3.4. Ñóùåñòâóþò êîíñòàíòû c1(α, ρ, γ) > 0 è c2(α, ρ, γ) > 0,

òàêèå ÷òî Mp
α,ρ,γ(f) ≤ c1 · Mp

α(f) è Mp
α(f) < c2 · Mp

α,ρ,γ(f) äëÿ ïðîèçâîëüíîé

ôóíêöèè f ∈ H(D). Â ÷àñòíîñòè, ïðîñòðàíñòâà Hp
α,ρ,γ(D) è Hp(α) èäåíòè÷íû.

Äîêàçàòåëüñòâî. Ñïåðâà çàìåòèì, ÷òî 1−tρ � 1−t. Ýòî çíà÷èò, ÷òî ñóùåñòâóþò

C ′ρ, C
′′
ρ > 0 òàê ÷òî 0 < C ′ρ ≤ 1−tρ

1−t ≤ C
′′
ρ , 0 < t < 1. Ñëåäîâàòåëüíî

Mp
α,ρ,γ(f) �Mp

α,γ(f) ≡
∫∫
D

|f(z)|p
(
1− |z|2

)α |z|2γdm(z).

Òåïåðü äîêàæåì, ÷òî |z|2γ íå ìåíÿåò êëàññ è âîçíèêàþò ýêâèâàëåíòíûå íîðìû.

Ñëó÷àé 1. γ ≥ 0. Ïî ñêîëüêó |z|2γ ≤ 1, èìååì Mp
α,γ(f) ≤ Mp

α(f). Ñ äðó-

ãîé ñòîðîíû, èñïîëüçóÿ òîò ôàêò, ÷òî èíòåãðàëüíûå ñðåäíèå
2π∫
0

∣∣f(reiθ)
∣∣p dθ íå

óáûâàþò ïî r, èìååì:

Mp
α(f) =

∫∫
|z|≤1/2

|f(z)|p
(
1− |z|2

)α
dm(z) +

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α
dm(z)

=

2π∫
0

1/2∫
0

∣∣f (reiθ)∣∣p (1− r2
)α
rdrdθ +

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α |z|2γ
|z|2γ

dm(z)

≤

 2π∫
0

∣∣∣∣f (1

2
eiθ
)∣∣∣∣p dθ

 2π∫
0

1/2∫
0

(
1− r2

)α
rdrdθ+22γ

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α |z|2γdm(z)

= C(α)

2π∫
0

∣∣∣∣f (1

2
eiθ
)∣∣∣∣p dθ + 4γ

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α |z|2γdm(z)

≤ C(α, γ)

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α |z|2γdm(z) ≤ C(α, γ)Mp
α,γ(f).

È òàê, Mp
α,γ(f) �Mp

α(f) â ñëó÷èè γ ≥ 0.

Ñëó÷àé 2. −1 < γ < 0. Î÷åâèäíî, ÷òî |z|2γ ≥ 1. Â òàêîì ñëó÷àå Mp
α(f) ≤

Mp
α,γ(f). Â òî æå âðåìÿ èìååì:
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Mp
α,γ(f) =

2π∫
0

1/2∫
0

∣∣f (reiθ)∣∣p (1− r2
)α
r2γrdrdθ+

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α |z|2γdm(z)

≤

 2π∫
0

∣∣∣∣f (1

2
eiθ
)∣∣∣∣p dθ

 2π∫
0

1/2∫
0

(
1− r2

)α
r2γrdrdθ

+ 2−2γ

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α
dm(z)

= C(α, γ)

2π∫
0

∣∣∣∣f (1

2
eiθ
)∣∣∣∣p dθ + 2−2γ

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α
dm(z)

≤ C1(α, γ)

∫∫
1/2<|z|<1

|f(z)|p
(
1− |z|2

)α
dm(z) ≤ C1(α, γ)Mp

α(f),

îòêóäà âûòåêàåò, ÷òî Mp
α,γ(f) �Mp

α(f). �

Îïðåäåëåíèå 3.3. Äëÿ ïðîèçâîëüíîé f ∈ H(D) ïîëîæèì fr(ζ) ≡ f(r ·ζ), ζ ∈ D,

0 ≤ r < 1.

Ïðåäëîæåíèå 3.5. Ïóñòü f ∈ H(D) è r ∈ [0, 1), òîãäà Mp
α,ρ,γ(fr) ≤Mp

α,ρ,γ(f).

Äîêàçàòåëüñòâî.

Mp
α,ρ,γ(fr) =

∫∫
D

|f(r · ζ)|p
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

=

1∫
0

2π∫
0

∣∣f(r · teiθ)
∣∣p (1− t2ρ)α t2γ+1dθdt =

1∫
0

 2π∫
0

∣∣f(r · teiθ)
∣∣p dθ

(1− t2ρ)α t2γ+1dt

≤
1∫

0

 2π∫
0

∣∣f(teiθ)
∣∣p dθ

(1− t2ρ)α t2γ+1dt = Mp
α,ρ,γ(f).

�

Ñëåäñòâèå 3.2. Åñëè f ∈ Hp
α,ρ,γ(D), òî fr ∈ Hp

α,ρ,γ(D) äëÿ r ∈ [0, 1).

Ñëåäóþùåå óòâåðæäåíèå ïðèâîäèòñÿ òàêæå â [6, Ëåììà 1.1].
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Ïðåäëîæåíèå 3.6. Ïóñòü f ∈ Hp
α,ρ,γ(D), òîãäà fr → f (êîãäà r ↑ 1) â ïðî-

ñòðàíñòâå Hp
α,ρ,γ(D), ò.å. Mp

α,ρ,γ(f − fr)→ 0 (êîãäà r ↑ 1).

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç ïðåäëîæåíèÿ 3.4 ââèäó òîãî, ÷òî àíà-

ëîãè÷íûé ôàêò äëÿ ïðîñòðàíñòâ Hp(α) õîðîøî èçâåñòåí (ñì. [4]). �

Ïðåäëîæåíèå 3.7. Ïóñòü p > 0 è f ∈ H(D). Òîãäà ñïðàâåäëèâî ñëåäóþùåå

íåðàâåíñòâî:

(3.3) |f(0)|p ≤ const(α; ρ; γ) ·Mp
α,ρ,γ(f),

ãäå const(α; ρ; γ) = 1
I(α;ρ;γ) .

Äîêàçàòåëüñòâî. Ââèäó (2.5) èìååì

|f(0)|p ≤ 1

2π

2π∫
0

∣∣f (reiθ)∣∣p dθ, 0 ≤ r < 1.

Óìíîæàÿ îáå ÷àñòè íåðàâåíñòâà íà
(
1− r2ρ

)α
r2γ+1 è èíòåãðèðóÿ ïî r îò 0 äî 1,

ïîëó÷èì:

1∫
0

|f(0)|p
(
1− r2ρ

)α
r2γ+1dr ≤ 1

2π

1∫
0

2π∫
0

∣∣f (reiθ)∣∣p (1− r2ρ
)α
r2γ+1dθdr.

Òîãäà

|f(0)|p · Γ(α+ 1) · Γ(µ)

Γ(µ+ α+ 1)
· 1

2ρ
≤ 1

2π

∫∫
D

|f(ζ)|p(1− |ζ|2ρ)α|ζ|2γdm(ζ),

èëè, ââèäó (3.1),

|f(0)|p ≤ 1

I(α; ρ; γ)

∫∫
D

|f(ζ)|p(1− |ζ|2ρ)α|ζ|2γdm(ζ).

�

Ïðåäëîæåíèå 3.8. Ïóñòü p > 0, ρ > 0, α > −1, γ > −1,

0 < cρ = inf
[0,1)

1− xρ

1− x
≤ 1,

l =

{
α, α ≥ 0

0, −1 < α ≤ 0
, m =

{
γ, γ ≥ 0

0, −1 < γ ≤ 0
.
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Åñëè f ∈ H(D) è 1
2 < |z| < 1, òî

(3.4) |f(z)|p ≤ const(α, ρ, γ) ·
Mp
α,ρ,γ(f)

(1− |z|)2+l
,

ãäå const(α, ρ, γ) =
42m+1 · 2l

π · (cρ)l
.

Äîêàçàòåëüñòâî. Ïîëîæèì t =
1− |z|

2
, òîãäà äëÿ ëþáîãî ζ, ãäå |ζ−z| ≤ t, áóäåì

èìåòü

|ζ| ≤ |z|+ t = |z|+ 1− |z|
2

=
1 + |z|

2
,

|ζ| ≥ |z| − |ζ − z| ≥ |z| − t = |z| − 1− |z|
2

=
3|z| − 1

2
>

1

4

è

1− |ζ| ≥ 1− 1 + |z|
2

=
1− |z|

2
= t.

Äàëåå,

1− |ζ|2ρ =
1− |ζ|2ρ

1− |ζ|2
·
(
1− |ζ|2

)
≥ cρ · (1− |ζ|) · (1 + |ζ|) ≥ cρ · (1− |ζ|) ≥ cρ · t.

Ïóñòü G = {ζ : |ζ − z| ≤ t}. Ñîãëàñíî (2.6) èìååì:

|f(z)|p ≤ 1

πt2

∫∫
G

|f(ζ)|p dm(ζ) =
1

πt2

∫∫
G

|f(ζ)|p
(
1− |ζ|2ρ

)α |ζ|2γ
(1− |ζ|2ρ)α |ζ|2γ

dm(ζ).

Â ñèëó âûøåïðèâåäåííûõ íåðàâåíñòâ

|f(z)|p ≤ 1

πt2

∫∫
G

|f(ζ)|p
(
1− |ζ|2ρ

)α |ζ|2γ
clρ · tl ·

(
1
4

)2m dm(ζ) ≤ 42m

π · t2+l · clρ
·Mp

α,ρ,γ(f)

=
42m · 22+l

π · (1− |z|)2+l · clρ
·Mp

α,ρ,γ(f).

�

Çàìå÷àíèå 3.1. Â ðàáîòàõ [7] è [8, äîêàçàòåëüñòâî ëåììû 1.19] àíàëîãè÷íàÿ

îöåíêà óñòàíîâëåíà äëÿ íîðìû Mp
α(f) è ïðè âñåõ z ∈ D. Ïîýòîìó â ñèëó ïðåä-

ëîæåíèÿ 3.4 îöåíêà (3.4) îñòàåòñÿ â ñèëå äëÿ âñåõ z ∈ D è äëÿ l = α, íî ïðè

ýòîì òî÷íàÿ êîíñòàíòà èçìåíèòñÿ.
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Ñëåäñòâèå 3.3. Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ H(D) è äëÿ ëþáîãî êîìïàêòà

K ⊂ D èìååò ìåñòî ñëåäóþùàÿ îöåíêà:

(3.5) |f(z)|p ≤ const(α, ρ, γ,K) ·Mp
α,ρ,γ(f), z ∈ K.

Äîêàçàòåëüñòâî. Ïóñòü K ⊂ D - ïðîèçâîëüíîå êîìïàêòíîå ìíîæåñòâî. Âûáåðåì

r0 òàê, ÷òî K ⊂ D(0; r0) è ïîëîæèì r1 = max
(
r0,

1
2

)
. Èç ïðåäëîæåíèÿ 3.8 ñëåäóåò,

÷òî äëÿ êàæäîãî z0 ∈ S(0; r1) ≡ ∂D(0; r1)

|f(z0)|p ≤ const(α, ρ, γ,K) ·Mp
α,ρ,γ(f).

Â ñèëó ïðèíöèïà ìàêñèìóìà ìîäóëÿ ñóùåñòâóåò z1 ∈ S(0; r1), òàê ÷òî

|f(z)| ≤ |f(z1)|, z ∈ D(0; r1).

Ïîýòîìó äëÿ êàæäîãî z ∈ K

|f(z)|p ≤ |f(z1)|p ≤ const(α, ρ, γ,K) ·Mp
α,ρ,γ(f).

�

Ñëåäñòâèå 3.4. Hp
α,ρ,γ(D) ÿâëÿåòñÿ çàìêíóòûì ïîäïðîñòðàíñòâîì â Lpα,ρ,γ(D),

ò.å. åñëè {fk} ∈ Hp
α,ρ,γ(D) ⊂ Lpα,ρ,γ(D), f ∈ Lpα,ρ,γ(D) è Mp

α,ρ,γ(fk − f)→ 0, êîãäà

k → 0, òî f ∈ Hp
α,ρ,γ(D).

Ïðåäëîæåíèå 3.9. Ïóñòü k, l = 0, 1, 2, . . . , òîãäà

(3.6)

∫∫
D

ζk · ζl · (1− |ζ|2ρ)α · |ζ|2γdm(ζ) =


0, k 6= l,

π

ρ
·

Γ(α+ 1) · Γ
(
µ+ k

ρ

)
Γ
(
µ+ α+ 1 + k

ρ

) , k = l.

Äîêàçàòåëüñòâî. Ïóñòü k 6= l, òîãäà

∫∫
D

ζkζ
l (

1− |ζ|2ρ
)α |ζ|2γdm(ζ) =

1∫
0

2π∫
0

rk+l+2γ+1ei(k−l)θ
(
1− r2ρ

)α
dθdr

=

1∫
0

rk+l+2γ+1
(
1− r2ρ

)α 2π∫
0

ei(k−l)θdθdr = 0.
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Åñëè æå k = l, òî

∫∫
D

ζkζ
k (

1− |ζ|2ρ
)α |ζ|2γdm(ζ) =

1∫
0

2π∫
0

r2k+2γ+1
(
1− r2ρ

)α
dθdr

= 2π

1∫
0

r2k+2γ+1
(
1− r2ρ

)α
dr =

π

ρ

1∫
0

t
k+γ−ρ+1

ρ (1− t)α dt =
π

ρ
B

(
k

ρ
+ µ, α+ 1

)
.

�

Çàìå÷àíèå 3.2. Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü, ÷òî ôîðìóëà (3.6)

ñïðàâåäëèâà äëÿ êîìïëåêñíûõ çíà÷åíèé α è γ ñ Reα > −1, Reγ > −1.

Ïðåäëîæåíèå 3.10. Ïóñòü 1 ≤ p < +∞. Ñèñòåìà {ζk}∞k=0 ïîëíà â Hp
α,ργ(D).

Äðóãèìè ñëîâàìè, åñëè f ∈ Hp
α,ρ,γ(D) è

∫∫
D
f(ζ)ζ

k (
1− |ζ|2ρ

)α |ζ|2γdm(ζ) = 0 äëÿ

âñåõ k = 0, 1, 2, . . . , òî f ≡ 0 â D.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ f ïðåäñòàâèìà ðÿäîì f(ζ) =
∞∑
k=0

akζ
k, ζ ∈

D. Òîãäà äëÿ r ∈ [0, 1) f(r · ζ) =
∞∑
k=0

rkakζ
k, ζ ∈ D, ïðè÷åì ïîñëåäíèé ðÿä ìàæî-

ðèðóåòñÿ ïîëîæèòåëüíûì ñõîäÿùèìñÿ ðÿäîì ðàâíîìåðíî ïî ζ ∈ D. Äàëåå,∫∫
D

f(r · ζ) · ζk
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

=

∫∫
D

( ∞∑
m=0

amr
mζm

)
· ζk

(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

=

∞∑
m=0

∫∫
D

amr
mζmζ

k (
1− |ζ|2ρ

)α |ζ|2γdm(ζ) =

∫∫
D

akr
k|ζ|2k+2γ

(
1− |ζ|2ρ

)α
dm(ζ)

= ak · rk ·
∫∫
D

|ζ|2k+2γ ·
(
1− |ζ|2ρ

)α
dm(ζ).

Ìû íàìåðåíû óñòðåìèòü r → 1 â îáåèõ ÷àñòÿõ ïîñëåäíåãî ñîîòíîøåíèÿ.∣∣∣∣∣∣
∫∫
D

(f(ζ)− f(r · ζ)) · ζk
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

∣∣∣∣∣∣
≤
∫∫
D

|f(ζ)− f(r · ζ)| ·
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ).
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Ïîñêîëüêó f ∈ Hp
α,ρ,γ(D), òî â ñèëó ñëåäñòâèÿ 3.3.1 èìååì òàê æå f ∈ H1

α,ρ,γ(D).

Ïîýòîìó ââèäó ïðåäëîæåíèÿ 3.6∫∫
D

|f(ζ)− f(r · ζ)| ·
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)→ 0.

Â èòîãå ïîëó÷àåì∫∫
D

f(ζ) · ζk
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ) = ak ·
∫∫
D

|ζ|2k+2γ ·
(
1− |ζ|2ρ

)α
dm(ζ),

îòêóäà è ñëåäóåò, ÷òî ak = 0 äëÿ êàæäîãî k = 0, 1, 2, ..., ò.å. f ≡ 0. �

4. Îñíîâíûå èíòåãðàëüíûå ïðåäñòàâëåíèÿ

Èç ïðåäëîæåíèé 3.9 è 3.10 ñëåäóåò, ÷òî ñèñòåìà {ζk}∞0 ÿâëÿåòñÿ îðòîãîíàëü-

íûì áàçèñîì â ãèëüáåðòîâîì ïðîñòðàíñòâå H2
α,ρ,γ(D) è , êàê ñëåäñòâèå, ñèñòåìà

(4.1) {ϕk(ζ)}∞0 ≡


ζk√

π
ρ ·

Γ(α+1)·Γ(µ+ k
ρ )

Γ(µ+α+1+ k
ρ )


∞

k=0

ÿâëÿåòñÿ îðòîíîðìàëüíûì áàçèñîì â ãèëüáåðòîâîì ïðîñòðàíñòâå H2
α,ρ,γ(D).

Õîðîøî èçâåñòíî, ÷òî èñõîäÿ èç çàäàííîãî îðòîíîðìàëüíîãî áàçèñà {ϕk(ζ)}∞k=1

â ãèëüáåðòîâîì ïðîñòðàíñòâå A2(Ω) ⊂ L2(Ω) ãîëîìîðôíûõ ôóíêöèé â îãðàíè-

÷åííîé îáëàñòè Ω ⊂ C, ïîñðåäñòâîì ñóììû
∞∑
k=1

ϕk(z) · ϕk(ζ)

ñòðîèòñÿ âîñïðîèçâîäÿùåå ÿäðî äëÿ A2(Ω). Ñëåäîâàòåëüíî (ñì. [6, (1.9)])

(4.2) Sα,ρ,γ(z, ζ) ≡
∞∑
k=0

ρ

π
·

Γ(µ+ α+ 1 + k
ρ )

Γ(α+ 1) · Γ(µ+ k
ρ )
· zk · ζk

áóäåò âîñïðîèçâîäÿùèì ÿäðîì äëÿ H2
α,ρ,γ(D). Ïîñëåäíåå îáñòîÿòåëüñòâî èíèöè-

èðóåò ñëåäóþùåå îáîáùåíèå ôîðìóëû (4.2).

Îïðåäåëåíèå 4.1. Ïóñòü ρ > 0, Re(β) > −1, Re(ϕ) > −1 è µ =
1 + ϕ

ρ
. Òîãäà

ïîëîæèì

(4.3) Sβ,ρ,ϕ(z, ζ) =
ρ

π · Γ(β + 1)
·
∞∑
k=0

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

· zk · ζk,

ãäå z ∈ D è ζ ∈ D.
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Îñíîâíûå ñâîéñòâà ââåä¼ííîãî ÿäðà Sβ,ρ,ϕ(z, ζ) ñîäåðæàòñÿ â ñëåäóþùåé òåî-

ðåìå.

Òåîðåìà 4.1. (1) Äëÿ ëþáîãî z ∈ D è äëÿ ëþáîãî ζ ∈ D ðÿä (4.3) àáñîëþòíî

ñõîäèòñÿ.

(2) Äëÿ ëþáîãî z ∈ D è äëÿ ëþáîãî ζ ∈ D

(4.4) |Sβ,ρ,ϕ(z, ζ)| ≤ const(Γ;β, ρ, ϕ)

(1− |z|)2+Re(β)
.

(3) Ðÿä (4.3) ìàæîðèðóåòñÿ ïîëîæèòåëüíûì ñõîäÿùèìñÿ ðÿäîì ðàâíîìåð-

íî ïî z ∈ K ⊂ D è ζ ∈ D, ãäå K - êîìïàêòíîå ìíîæåñòâî.

(4) Äëÿ ôèêñèðîâàííîãî ζ ∈ D, Sβ,ρ,ϕ(z, ζ) ãîëîìîðôíî ïî z ∈ D.

Äëÿ ôèêñèðîâàííîãî z ∈ D, Sβ,ρ,ϕ(z, ζ) àíòèãîëîìîðôíî ïî ζ ∈ D è íåïðå-

ðûâíî ïî ζ ∈ D.

(5) Äëÿ ëþáîãî z ∈ D è äëÿ ëþáîãî ζ ∈ D

(4.5) Sβ,ρ,ϕ(z, ζ) =
ρ

π · Γ(β + 1)
·
∞∫

0

e−t · tµ+β · Eρ
(
t
1
ρ zζ;µ

)
dt.

Áîëåå òîãî, ôóíêöèÿ ïîä çíàêîì èíòåãðàëà ìàæîðèðóåòñÿ ïîëîæè-

òåëüíîé èíòåãðèðóåìîé ôóíêöèåé ðàâíîìåðíî ïî z ∈ K ⊂ D è ζ ∈ D,

ãäå K - êîìïàêòíîå ìíîæåñòâî.

Äîêàçàòåëüñòâî. Ñïåðâà çàìåòèì, ÷òî ñîãëàñíî (2.1)

∣∣∣∣∣Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

· zk · ζk
∣∣∣∣∣ � e−

k
ρ

(
k
ρ

) k
ρ+µ1+Re(β)+1− 1

2

e−
k
ρ

(
k
ρ

) k
ρ+µ1− 1

2

· |z|k =

(
k

ρ

)Re(β)+1

|z|k

� kRe(β)+1|z|k =
e−kkk+Re(β)+2− 1

2

e−kkk+1− 1
2

|z|k � Γ(k +Re(β) + 2)

Γ(k + 1)
|z|k.

Òîãäà

|Sβ,ρ,ϕ(z, ζ)| ≤ const ·
∞∑
k=0

Γ(k +Re(β) + 2)

Γ(k + 1)
|z|k

� const ·
∞∑
k=0

Γ(k +Re(β) + 2)

Γ(k + 1) · Γ(Re(β) + 2)
|z|k =

const

(1− |z|)Re(β)+2
.
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Åñëè z ∈ K ⊂ D, òî ñóùåñòâóåò λ ∈ (0, 1), òàê ÷òî |z| ≤ λ äëÿ ëþáîãî z ∈ K.

Òîãäà

Γ(k +Re(β) + 2)

Γ(k + 1) · Γ(Re(β) + 2)
|z|k ≤ Γ(k +Re(β) + 2)

Γ(k + 1) · Γ(Re(β) + 2)
λk.

Ïîñëåäíåå îçíà÷àåò, ÷òî ðÿä (4.3) ìîæåò áûòü ìàæîðèðîâàí ïîëîæèòåëüíûì ñõî-

äÿùèìñÿ ðÿäîì

const ·
∞∑
k=0

Γ(k +Re(β) + 2)

Γ(k + 1) · Γ(Re(β) + 2)
λk = const · 1

(1− λ)Reβ+2
< +∞

ðàâíîìåðíî ïî ζ ∈ D, z ∈ D.

Òàêèì îáðàçîì, (à), (á), (â) äîêàçàíû è (ã) ñëåäóåò èç (â). Äàëåå,

Sβ,ρ,ϕ(z, ζ) =
ρ

π · Γ(β + 1)
·
∞∑
k=0

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

· zk · ζk

=
ρ

π · Γ(β + 1)
·
∞∑
k=0

∞∫
0

e−t · tµ+β+ k
ρ dt

Γ(µ+ k
ρ )

· zk · ζk

=
ρ

π · Γ(β + 1)
·
∞∫

0

e−t · tµ+β ·
∞∑
k=0

(
t
1
ρ · z · ζ

)k
Γ(µ+ k

ρ )
dt

=
ρ

π · Γ(β + 1)
·
∞∫

0

e−t · tµ+β · Eρ(t
1
ρ zζ;µ)dt,

è (ä) äîêàçàíî ñ ó÷¼òîì (2.4). �

Òåîðåìà 4.2. Ïóñòü 1 ≤ p < +∞, ρ > 0, α > −1, γ > −1, êîìïëåêñíûå ÷èñëà β

è ϕ óäîâëåòâîðÿþò óñëîâèÿì

(4.6)


Re(β) ≥ α,Re(ϕ) ≥ γ, p = 1{
Re(β) > α+1

p − 1

Re(ϕ) > γ+1
p − 1

, 1 < p <∞

è µ = ϕ+1
ρ .

Òîãäà äëÿ êàæäîé ôóíêöèè f ∈ Hp
α,ρ,γ(D) ñïðàâåäëèâû ñëåäóþùèå ïðåäñòàâëå-

íèÿ:

(4.7) f(z) =

∫∫
D

f(ζ) · Sβ,ρ,ϕ(z, ζ) · (1− |ζ|2ρ)β · |ζ|2ϕdm(ζ), z ∈ D,
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è

(4.8) f(0) =

∫∫
D

f(ζ) · Sβ,ρ,ϕ(z, ζ) ·
(
1− |ζ|2ρ

)β · |ζ|2ϕdm(ζ), z ∈ D.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü òîëüêî (4.7), òàê êàê (4.8) ìîæåò áûòü

óñòàíîâëåíî äîñëîâíûì ïîâòîðåíèåì ñîîòâåòñòâóþùèõ øàãîâ. Ñíà÷àëà äîêàæåì

(4.7) äëÿ ôóíêöèè fr â ïðåäïîëîæåíèè, ÷òî f èìååò ðàçëîæåíèå

f(ζ) =

∞∑
m=0

amζ
m, ζ ∈ D.

Äëÿ ôèêñèðîâàííîãî z ∈ D èìååì:

∫∫
D

f(r · ζ) · Sβ,ρ,ϕ(z, ζ)
(
1− |ζ|2ρ

)β |ζ|2ϕdm(ζ)

=

∫∫
D

( ∞∑
m=0

amr
mζm

)
· ρ

π · Γ(β + 1)
·

( ∞∑
k=0

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

· zk · ζk
)

·
(
1− |ζ|2ρ

)β |ζ|2ϕdm(ζ)

=
ρ

π · Γ(β + 1)
·
∫∫
D

∞∑
k=0

akr
kzk|ζ|2k

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

·
(
1− |ζ|2ρ

)β |ζ|2ϕdm(ζ)

=
ρ

π · Γ(β + 1)
·
∞∑
k=0

akr
kzk

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

·
∫∫
D

(
1− |ζ|2ρ

)β |ζ|2k+2ϕdm(ζ)

=
ρ

π · Γ(β + 1)
·
∞∑
k=0

akr
kzk

Γ(µ+ β + 1 + k
ρ )

Γ(µ+ k
ρ )

·
Γ(µ+ k

ρ ) · Γ(β + 1)

Γ(µ+ β + 1 + k
ρ )
· π
ρ

=

∞∑
k=0

akr
kzk = f(r · z).
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Ìû íàìåðåíû óñòðåìèòü r → 1 â îáåèõ ÷àñòÿõ ïîñëåäíåãî ñîîòíîøåíèÿ. Î÷å-

âèäíî, îñíîâíàÿ ñëîæíîñòü çàêëþ÷àåòñÿ â îñóùåñòâëåíèè ýòîãî ïðåäåëüíîãî ïå-

ðåõîäà â ëåâîé ÷àñòè. Ïóñòü p > 1 è 1
p + 1

q = 1, òîãäà∣∣∣∣∣∣
∫∫
D

(f(ζ)− f(r · ζ)) · Sβ,ρ,ϕ(z, ζ)
(
1− |ζ|2ρ

)β |ζ|2ϕdm(ζ)

∣∣∣∣∣∣
≤
∫∫
D

|f(ζ)− f(r · ζ)| · |Sβ,ρ,ϕ(z, ζ)|
(
1− |ζ|2ρ

)Reβ |ζ|2Reϕdm(ζ)

≤
∫∫
D

|f(ζ)− f(r · ζ)|·
(
1− |ζ|2ρ

)α
p |ζ|

2γ
p |Sβ,ρ,ϕ(z, ζ)|

(
1− |ζ|2ρ

)Reβ−αp |ζ|2Reϕ− 2γ
p dm(ζ)

≤

∫∫
D

|f(ζ)− f(r · ζ)|p ·
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

 1
p

·

∫∫
D

|Sβ,ρ,ϕ(z, ζ)|q
(
1− |ζ|2ρ

)q(Reβ−αp ) |ζ|q(2Reϕ−
2γ
p )dm(ζ)

 1
q

(4.9) ≡
(
Mp
α,ρ,γ(f − fr)

) 1
p · J

1
q .

Ââèäó (4.6), q
(
Reβ − α

p

)
> −1 è q

(
Reϕ− γ

p

)
> −1. Ñëåäîâàòåëüíî, íà îñíîâà-

íèè (4.4), ïðåäëîæåíèé 3.1 è 3.6 ìû çàêëþ÷àåì, ÷òî J < +∞ è ÷òî ïðàâàÿ ÷àñòü

(4.9) ñòðåìèòñÿ ê 0 ïðè r → 1.

Åñëè p=1, â ñèëó (4.6), (4.4) è ïðåäëîæåíèÿ 3.6 èìååì:∣∣∣∣∣∣
∫∫
D

(f(ζ)− f(r · ζ)) · Sβ,ρ,ϕ(z, ζ)
(
1− |ζ|2ρ

)β |ζ|2ϕdm(ζ)

∣∣∣∣∣∣
≤
∫∫
D

|f(ζ)− f(r · ζ)| · |Sβ,ρ,ϕ(z, ζ)|
(
1− |ζ|2ρ

)Reβ |ζ|2Reϕdm(ζ)

≤
∫∫
D

|f(ζ)− f(r · ζ)| ·
(
1− |ζ|2ρ

)α |ζ|2γ |Sβ,ρ,ϕ(z, ζ)|
(
1− |ζ|2ρ

)Reβ−α |ζ|2Reϕ−2γdm(ζ)

≤ const

(1− |z|)2+Reβ

∫∫
D

|f(ζ)− f(r · ζ)| ·
(
1− |ζ|2ρ

)α |ζ|2γdm(ζ)

=
const

(1− |z|)2+Reβ
·M1

α,ρ,γ(f − fr)→ 0, r → 1.

�
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Çàìå÷àíèå 4.1. Åñëè β = α è ϕ = γ ôîðìóëà (4.7) äîêàçàíà â [6, òåîðåìà 1.1].

Abstract. For weighted Lp−classes of holomorphic functions in the unite circle, a

family of weighted integral representations with a weight function of type |w|2ϕ · (1−

|w|2ρ)β and with reproducing kernels of the Mittag-Le�er type are obtained.
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relation holds:∑
t∈{−1,1}n

f(x1 + tx2) = 2n
∑

j1,j2,··· ,jn∈{1,2}

f(x1j1 , x2j2 , · · · , xnjn)(1.1)

where xj = (x1j , x2j , · · · , xnj) ∈ V n with j ∈ {1, 2}.
In 1940, Ulam [37] raised the �rst stability problem for functional equations.

Speci�cally, he proposed a question whether there exists an exact homomorphism

near an approximate homomorphism. One year later, an answer to this problem

was given by Hyers [25] in the setting of Banach spaces. Later on, the stability

problems have been extensively investigated for a variety of functional equations

and spaces. For instance, various generalizations and extensions of Ulam's problem

and Hyers' result were ascertained by Th. M. Rassias [34], Gajda [24], Aoki [1], J.

M. Rassias [33] and Skof [35] (see also [6, 8, 13, 20, 27], and the references therein).

Recall that a mapping f : V n −→W is said to be k-additive and (n−k)-quadratic

(multi-additive-quadratic, in short) if f is additive in each of some k variables and

is quadratic in each of the remaining (n−k) variables (see [17]). Bahyrycz et al. [4]

characterized the multi-additive-quadratic mappings, and showed that a mapping

f is multi-additive-quadratic if and only if it satis�es the following relation:

∑
q∈{−1,1}n−k

f(xk1 + xk2 , x
n−k
1 + qxn−k2 ) = 2n−k

∑
i1,i2,··· ,in∈{1,2}

f(x1i1 , x2i2 , · · · , xnin)

(1.2)

where xki = (x1i, · · · , xki) ∈ V k, xn−ki = (xk+1i, · · · , xni) ∈ V n−k, i ∈ {1, 2}. The
generalized Hyers-Ulam stability of multi-additive and multi-quadratic mappings

in Banach spaces have been investigated by Ciepli�nski in [22] and [21], respectively

(see also [2] and [40]).

In Zamani et al. [39] it was introduced the following mixed additive-quadratic

functional equation:

f(x+ 2y) + f(x− 2y) + 8f(y) = 2f(x) + 4f(2y).(1.3)

They found the general solution of equation (1.3) and established its Hyers-Ulam

stability in non-Archimedean Banach modules over a unital Banach algebra. Najati

and Moghimi [30] considered the following mixed type additive-quadratic equation:

f(2x+ y) + f(2x− y) = f(x+ y) + f(x− y) + 2f(2x)− 2f(x),(1.4)

which is somewhat di�erent from (1.3) and obtained its general solution. After that,

the general form of the equation (1.3) was introduced by Bodaghi and Kim in [10]

as follows:

f(x+ sy) + f(x− sy) = 2f(x) + s2f(2y)− 2s2f(y),(1.5)
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where s is an integer with s 6= 0,±1. It can easily be veri�ed that the function

f : R −→ R de�ned by f(x) = ax2+bx is a solution of the functional equations (1.3),

(1.4) and (1.5). Notice that some results on the stability of mixed type mappings

can be found in [5], [7], [9], [19], [23], [29], [31], [32] and [38].

In this paper, we de�ne the multi-mixed additive-quadratic mappings and present

a characterization of such mappings. In other words, we reduce the system of

n equations de�ning the multi-mixed additive-quadratic mappings to obtain a

single functional equation. We also prove the generalized Hyers-Ulam stability

for multi-mixed additive-quadratic mappings by applying the �xed point method,

which was introduced and used for the �rst time by Brzd�ek [15] (see also [14]).

More applications of this approach for the stability of multi-Cauchy-Jensen, multi-

additive-quadratic, multi-cubic and multi-quartic mappings in Banach spaces can

be found in [3], [4], [11] and [12], respectively.

2. A characterization of multi-mixed additive-quadratic mappings

Let V and W be vector spaces over the rational numbers, n ∈ N and xni =

(xi1, xi2, · · · , xin) ∈ V n, where i ∈ {1, 2}. We shall denote xni by xi if there is no

ambiguity. Let s ∈ N with s ≥ 3. For x1, x2 ∈ V n and p, q ∈ N0 with 0 ≤ p, q ≤ n,

we set

M := {Mn = (M1, · · · ,Mn)| Mj ∈ {x1j , x2j , 2x2j}} ,

where j ∈ {1, · · · , n}, and consider the subsetsMn
(p,q) ofM de�ned as follows:

Mn
(p,q) := {Mn ∈M| Card{Mj : Mj = x1j} = p and Card{Mj : Mj = x2j} = q} .

We say that a mapping f : V n −→W is n-multi-mixed additive-quadratic or multi-

mixed additive-quadratic if f is mixed additive-quadratic in each variable (see (1.5)).

From now on, for such mappings, we use the following notation:

f
(
Mn

(p,q)

)
:=

∑
Mn∈Mn

(p,q)

f(Mn),(2.1)

f
(
Mn

(p,q), z
)

:=
∑

Mn∈Mn
(p,q)

f(Mn, z) (z ∈ V ).

For each x1, x2 ∈ V n and s ∈ N with s ≥ 3, we consider the following functional

equation: ∑
t∈{−s,s}n

f(x1 + tx2) =

n∑
p=0

n−p∑
q=0

2p(−2s2)q(s2)n−p−qf
(
Mn

(p,q)

)
.(2.2)

It can easily be veri�ed that the function f : Rn −→ R de�ned by f(z1, z2 · · · , zn) =∏n
j=1(ajz

2
j +bjzj) satis�es the equation (2.2). We note that the left- and right-hand
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sides of (2.2) have 2n and 3n terms, respectively. We �rst prove that a multi-mixed

additive-quadratic mapping satis�es equation (2.2).

Proposition 2.1. If f : V n −→ W is a multi-mixed additive-quadratic mapping,

then it satis�es the equation (2.2).

Proof. The proof is by induction on n. For n = 1, it is trivial that f satis�es

equation (1.5). Assume that f satis�es equation (2.2) for n = m. Then, for n =

m+ 1, we have

∑
t∈{−s,s}m+1

f(xm+1
1 + txm+1

2 ) = 2
∑

t∈{−s,s}m
f(xm1 + txm2 , x1m+1)

+ s2
∑

t∈{−s,s}m
f(xm1 + txm2 , 2x2m+1)− 2s2

∑
t∈{−s,s}m

f(xm1 + txm2 , x2m+1)

= 2

m∑
p=0

m−p∑
q=0

2p(−2s2)q(s2)m−p−qf
(
Mm

(p,q), x1m+1

)

+ s2
m∑
p=0

m−p∑
q=0

2p(−2s2)q(s2)m−p−qf
(
Mm

(p,q), 2x2m+1

)

− 2s2
m∑
p=0

m−p∑
q=0

2p(−2s2)q(s2)m−p−qf
(
Mm

(p,q), x2m+1

)

=

m+1∑
p=0

m+1−p∑
q=0

2p(−2s2)q(s2)m+1−p−qf
(
Mm+1

(p,q)

)
(2.3)

for all xm+1
1 , xm+1

2 ∈ V m+1, and the result follows. �

In what follows, by

(
n
k

)
we denote the binomial coe�cients de�ned for all

n, k ∈ N0 with n ≥ k by n!/(k!(n− k)!). Let 0 ≤ k ≤ n− 1. We put

Kk := {kx := (0, · · · , 0, xj1 , 0, · · · , 0, xjk , 0, · · · , 0) ∈ V n},

where 1 ≤ j1 < · · · < jk ≤ n. In other words, Kk is the set of all vectors in V n for

which exactly k components are non-zero.

We are going to show that if a mapping f : V n −→ W satis�es equation (2.2),

then it is multi-mixed additive-quadratic. In order to do this, we need the next

lemma.

Lemma 2.2. If a mapping f : V n −→W satis�es the equation (2.2), then f(x) = 0

for any x ∈ V n for which at least one component is equal to zero.
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Proof. Putting x1 = x2 = (0, · · · , 0) in (2.2), we can write

2nf(0, · · · , 0) =

n∑
p=0

n−p∑
q=0

(
n
p

)(
n− p
q

)
2p(−2s2)q(s2)n−p−qf(0, · · · , 0)

=

n∑
p=0

(
n
p

)
2p

n−p∑
q=0

(
n− p
q

)
(−2s2)q(s2)n−p−qf(0, · · · , 0)

=

n∑
p=0

(
n
p

)
2p(s2 − 2s2)n−pf(0, · · · , 0)

=

n∑
p=0

(
n
p

)
2p(−s2)n−pf(0, · · · , 0)

= (2− s2)nf(0, · · · , 0).(2.4)

Since s 6= 2, we get f(0 · · · , 0) = 0. Assume that f(k−1x) = 0 for each k−1x ∈ Kk−1.
We show that if kx ∈ Kk, then f(kx) = 0. By a suitable replacement in (2.2), we

get

2nf(kx) = 2k
n−k∑
p=0

n−k−p∑
q=0

(
n− k
p

)(
n− k − p

q

)
2p(−2s2)q(s2)n−k−p−qf(kx).

Similar to the above, one can show that 2nf(kx) = 2k(2− s2)n−kf(kx), and hence

f(kx) should equal to zero. This completes the proof. �

We say that f : V n −→W is odd in the jth variable if

f(z1, · · · , zj−1,−zj , zj+1, · · · , zn) = −f(z1, · · · , zj−1, zj , zj+1, · · · , zn).

Similarly, a mapping f is said to be even in the jth variable if

f(z1, · · · , zj−1,−zj , zj+1, · · · , zn) = f(z1, · · · , zj−1, zj , zj+1, · · · , zn)

for all (z1, · · · , zn) ∈ V n.

Theorem 2.3. Suppose that a mapping f : V n −→ W satis�es equation (2.2).

Then f is a multi-mixed additive-quadratic mapping. Furthermore, the following

assertions hold:

(i) if f is odd in the jth variable, then it is additive in the same variable;

(ii) if f is even in the jth variable, then it is quadratic in the same variable.

Proof. Let j ∈ {1, · · · , n} be an arbitrary �xed number. Put x2k = 0 for each

1 ≤ k ≤ n in (2.2) such that k 6= j. Then, using Lemma 2.2, for all x1k ∈ V with
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k ∈ {1, · · · , n}, we get

2n−1
∑

t∈{−s,s}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)

= 2n−1[2f(x11, x12, · · · , x1n) + s2f(x11, · · · , x1j−1, 2x2j , x1j+1, · · · , x1n)

− 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n)].(2.5)

So, f is mixed additive-quadratic in the jth variable.

(i) Let f be odd in the jth variable. Then, it follows from (2.5) that∑
t∈{−s,s}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, x12, · · · , x1n) + s2f(x11, · · · , x1j−1, 2x2j , x1j+1, · · · , x1n)

− 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.6)

Taking x1j = 0 in (2.6) and using the oddness of f in the jth variable, we obtain

f(x11, · · · , x1j−1,2x2j , x1j+1, · · · , x1n)

= 2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.7)

Substituting (2.6) into (2.7), we get∑
t∈{−s,s}

f(x11, · · · , x1j−1,x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n).(2.8)

Replacing x2j by
x2j

s in (2.8), we �nd∑
t∈{−1,1}

f(x11, · · · , x1j−1,x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n).(2.9)

Replacing (x1j , x2j) by (x2j , x1j) in (2.9), we arrive at∑
t∈{−1,1}

f(x11, · · · , x1j−1,x2j + tx1j , x1j+1, · · · , x1n)

= 2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.10)

Now, it follows from (2.9), (2.10) and the assumption, that

f(x11, · · · , x1j−1, x1j + x2j , x1j+1, · · · , x1n) = f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n)

+ f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n),(2.11)

showing that f is additive in the jth variable.
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(ii) Similar to the proof of part (i), we have∑
t∈{−s,s}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, x12, · · · , x1n) + s2f(x11, · · · , x1j−1, 2x2j , x1j+1, · · · , x1n)

− 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.12)

Taking x1j = 0 in (2.12), then applying Lemma 2.2 and using the evenness of f in

the jth variable, we get

2f(x11, · · · , x1j−1, sx2j , x1j+1, · · · , x1n) = s2f(x11, · · · , x1j−1, 2x2j , x1j+1, · · · , x1n)

− 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.13)

Replacing (x1j , x2j) by (sx1j , x1j) in (2.12), we obtain

f(x11, · · · , x1j−1, 2sx1j , x1j+1, · · · , x1n) = 2f(x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n)

+ s2f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n)

− 2s2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n).(2.14)

It follows from (2.13) and (2.14) that

f(x11, · · · , x1j−1, 2sx1j , x1j+1, · · · , x1n)

= 4f(x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n),(2.15)

implying that

f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n)

= 4f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n).(2.16)

Using (2.12) and (2.16), we obtain∑
t∈{−s,s}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, x12, · · · , x1n) + 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.17)

Letting x1j = 0 in (2.17), we �nd that

f(x11, · · · , x1j−1, sx2j , x1j+1, · · · , x1n)

= s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n).(2.18)

Replacing x1j by sx1j in (2.16) and applying (2.18), we get∑
t∈{−1,1}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)

= 2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n) + 2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n),

(2.19)

showing that f is quadratic in the jth variable. This completes the proof. �
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Corollary 2.4. Under the hypothesis of Theorem 2.3, the following assertions

hold:

(i) if f is odd in each variable, then it is multi-additive;

(ii) if f is even in each variable, then it is multi-quadratic.

3. Stability Results for equation (2.2)

In this section, we prove the generalized Hyers-Ulam stability of equation (2.2)

in Banach spaces by using a �xed point result (Theorem 3.1). In what follows, for

two sets A and B, the set of all mappings from A to B is denoted by BA. We �rst

set up the following hypotheses.

(A1) Y is a Banach space, S is a nonempty set, j ∈ N, g1, · · · , gj : S −→ S and

L1, · · · , Lj : S −→ R+,

(A2) T : Y S −→ Y S is an operator satisfying the inequality:

‖T λ(x)− T µ(x)‖ ≤
j∑
i=1

Li(x) ‖λ(gi(x))− µ(gi(x))‖ , λ, µ ∈ Y S , x ∈ S,

(A3) Λ : RS+ −→ RS+ is an operator de�ned by

Λδ(x) :=

j∑
i=1

Li(x)δ(gi(x)) δ ∈ RS+, x ∈ S.

The following theorem, which is a fundamental result in the �xed point theory

(see [18, Theorem 1]), will play a key role to obtain the main results of this paper.

Theorem 3.1. Let the hypotheses (A1)-(A3) be ful�lled, and let the function θ :

S −→ R+ and the mapping φ : S −→ Y satisfy the following two conditions:

‖T φ(x)− φ(x)‖ ≤ θ(x), θ∗(x) :=

∞∑
l=0

Λlθ(x) <∞ (x ∈ S).

Then, there exists a unique �xed point ψ of T such that

‖φ(x)− ψ(x)‖ ≤ θ∗(x) (x ∈ S).

Moreover, we have ψ(x) = liml→∞ T lφ(x) for all x ∈ S.

For a number s ∈ N with s ≥ 3 and a mapping f : V n −→ W , we consider the

di�erence operator Γsf : V n × V n −→W de�ned by

Γsf(x1, x2) =
∑

t∈{−s,s}n
f(x1 + tx2)−

n∑
p=0

n−p∑
q=0

2p(−2s2)q(s2)n−p−qf
(
Mn

(p,q)

)
,

where f
(
Mn

(p,q)

)
is de�ned in (2.1). In what follows, all the mappings f : V n −→

W are assumed to satisfy f(x) = 0 for any x ∈ V n with at least one component of

which is equal to 0. With this assumption, we have the following stability result.
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Theorem 3.2. Let β ∈ {−1, 1}, V be a linear space over the rationals and W be

a Banach space. Suppose that φ : V n × V n −→ R+ is a function satisfying the

equality:

lim
l→∞

(
1

2nβ

)l
φ(2βlx1, 2

βlx2) = 0(3.1)

for all x1, x2 ∈ V n, and

Φ̃(x) =
1

2n
β+1
2

∞∑
l=0

(
1

2nβ

)l
Φ
(

2βl+
β−1
2 x
)
<∞(3.2)

for all x = x1 ∈ V n, where

Φ(x) =
1

s2

n∑
j=1

1

2n−j
φj(x)(3.3)

in which

φj(x) = φ((x11, · · · , x1j−1, 0, 2x1j+1, · · · , 2x1n), (0, · · · , 0, x1j , 0, · · · , 0)).(3.4)

Also, assume that f : V n −→W is a mapping satisfying the inequality:

‖Γsf(x1, x2)‖Y 6 φ(x1, x2)(3.5)

for all x1, x2 ∈ V n. If f is odd in each variable, then there exists a unique multi-

additive mapping A : V n −→W such that for all x ∈ V n,

(3.6) ‖f(x)−A(x)‖ ≤ Φ̃(x).

Proof. Replacing (x1j , x2j) by (0, x1j) and putting x2k = 0 for k ∈ {1, · · · , n}
with k 6= j in (3.5), and using the oddness of f in each variable, we get

‖f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n)− 2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n)‖

≤ 1

2n−1s2
φ((x11, · · · , x1j−1, 0, x1j+1, · · · , x1n), (0, · · · , 0, x1j , 0, · · · , 0))

(3.7)

for all x = x1 ∈ V n. For j ∈ {1, · · · , n}, we set

fj(x) := f(x11, · · · , x1j−1, 2x1j , 2x1j+1, · · · , 2x1n)(3.8)

for all x ∈ V n. It follows from (3.7) that

‖f(2x)− 2nf(x)‖ = ‖f(2x)± 2f1(x)± 22f2(x)± · · · ± 2n−1fn−1(x)− 2nf(x)‖

≤
n∑
j=1

2j−1‖fj(2x)− 2fj(x)‖ ≤ 1

s2

n∑
j=1

1

2n−j
φj(x),(3.9)

where φj(x) is de�ned in (3.4). The relation (3.9) implies that

‖f(2x)− 2nf(x)‖ ≤ Φ(x)(3.10)
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for all x ∈ V n, where Φ(x) is de�ned in (3.3). De�ne ξ(x) := 1

2n
β+1
2

Φ
(

2
β−1
2 x
)

and T ξ(x) := 1
2nβ

ξ(2βx) for all x ∈ V n. Then inequality (3.10) can be modi�ed as

follows:

‖f(x)− T f(x)‖ ≤ ξ(x)(3.11)

for all x ∈ V n. De�ne Λη(x) := 1
2nβ

η(2βx) for all η ∈ RV n+ and x ∈ V n. We now see

that Λ has the form described in (A3) with S = V n, g1(x) = 2βx and L1(x) = 1
2nβ

for all x ∈ V n. Moreover, for each λ, µ ∈WV n and x ∈ V n,

‖T λ(x)− T µ(x)‖ =

∥∥∥∥ 1

2nβ
[
λ(2βx)− µ(2βx)

]∥∥∥∥ ≤ L1(x) ‖λ(g1(x))− µ(g1(x))‖ .

The above equalities show that the hypothesis (A2) holds. By induction on l, one

can check that for any l ∈ N0 and x ∈ V n, we have

Λlξ(x) :=

(
1

2nβ

)l
ξ(2βlx) =

1

2n
β+1
2

(
1

2nβ

)l
Φ
(

2βl+
β−1
2 x
)

(3.12)

for all x ∈ V n. The relations (3.2) and (3.12) necessitate that all the assumptions

of Theorem 3.1 are satis�ed. Hence, there exists a mapping A : V n −→ W such

that

A(x) = lim
l→∞

(T lf)(x) =
1

2nβ
A(2βx) (x ∈ V n),

and (3.6) holds. Now we proceed to show that

‖Γs(T lf)(x1, x2)‖ ≤
(

1

2nβ

)l
φ(2βlx1, 2

βlx2)(3.13)

for all x1, x2 ∈ V n and l ∈ N0. We argue by induction on l. The inequality (3.13) is

valid for l = 0 by (3.5). Assume that (3.13) is true for l ∈ N0. Then, we can write

‖Γs(T l+1f)(x1, x2)‖

=

∥∥∥∥∥∥
∑

t∈{−s,s}n
(T l+1f)(x1 + tx2)−

n∑
p=0

n−p∑
q=0

2p(−2s2)q(s2)n−p−q(T l+1f)
(
Mn

(p,q)

)∥∥∥∥∥∥
=

1

2nβ

∥∥∥∥∥∥
∑

t∈{−s,s}n
(T lf)(2β(x1 + tx2))−

n∑
p=0

n−p∑
q=0

2p(−2s2)q(s2)n−p−q(T lf)
(

2βMn
(p,q)

)∥∥∥∥∥∥
=

1

2nβ
∥∥Γs(T lf)(2βx1, 2

βx2)
∥∥ ≤ ( 1

2nβ

)l+1

φ(2β(l+1)x1, 2
β(l+1)x2)

(3.14)

for all x1, x2 ∈ V n. Letting l → ∞ in (3.13) and applying (3.1), we arrive at

ΓsA(x1, x2) = 0 for all x1, x2 ∈ V n. This means that the mapping f satis�es (2.2).

Now, the part (i) of Corollary 2.4 implies that A is a multi-additive mapping.

40



A CHARACTERIZATION OF MULTI-MIXED ADDITIVE-QUADRATIC ...

Finally, assume that A′ : V n −→W is another multi-additive mapping satisfying

equation (2.2) and inequality (3.6). Then for �xed x ∈ V n and j ∈ N we can write

‖A(x)−A′(x)‖

=

∥∥∥∥ 1

2nβj
A(2βjx)− 1

2nβj
A′(2βjx)

∥∥∥∥
≤ 1

2nβj
(‖A(2βjx)− f(2βjx)‖+ ‖A′(2βjx)− f(2βjx)‖)

≤ 2
1

2nβj
Φ̃(2βjx) ≤ 2

1

2n
β+1
2

∞∑
l=j

(
1

2nβ

)l
Φ
(

2βl+
β−1
2 x
)
.

Consequently, letting j → ∞ and using the fact that series in (3.2) is convergent

for all x ∈ V n, we obtain A(x) = A′(x) for all x ∈ V n. This completes the proof.

Theorem 3.2 is proved. �

The following corollary, stating the stability of (2.2) for the case β = 1, is a

direct consequence of Theorem 3.2, and so, we state it without proof.

Corollary 3.3. Let δ > 0. Suppose that V is a linear space over the rationals, W

is a Banach space and f : V n −→W is a mapping satisfying the inequality:

‖Γsf(x1, x2)‖ ≤ δ

for all x1, x2 ∈ V n. If f is odd in each variable, then there exists a unique multi-

additive mapping A : V n −→W such that for all x ∈ V n,

‖f(x)−A(x)‖ ≤ δ

2n−1s2
.

The next result is an analog of Theorem 3.2 for functional equation (2.2) in the

even case.

Theorem 3.4. Let β ∈ {−1, 1}, V be a linear space over the rationals and W be

a Banach space. Suppose that φ : V n × V n −→ R+ is a function satisfying the

equality:

lim
l→∞

(
1

22nβ

)l
φ(2βlx1, 2

βlx2) = 0(3.15)

for all x1, x2 ∈ V n, and

Ψ̃(x) =
1

2n(β+1)

∞∑
l=0

(
1

22nβ

)l
Ψ
(

2βl+
β−1
2 x
)
<∞(3.16)

for all x = x1 ∈ V n, where

Ψ(x) =
1

2n−1

n∑
j=1

4j−1ψj(x)(3.17)
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for all x ∈ V n, in which

ψj(x) = φ((x11, · · · , x1j−1, x1j , 2x1j+1, · · · , 2x1n), (0, · · · , 0, s−1x1j , 0, · · · , 0))

+ φ((x11, · · · , x1j−1, 0, 2x1j+1, · · · , 2x1n), (0, · · · , 0, s−1x1j , 0, · · · , 0)).

(3.18)

Also, assume that f : V n −→W is a mapping satisfying the inequality:

‖Γsf(x1, x2)‖Y 6 φ(x1, x2)(3.19)

for all x1, x2 ∈ V n. If f is even in each variable, then there exists a unique multi-

quadratic mapping Q : V n −→W such that for all x ∈ V n,

(3.20) ‖f(x)−Q(x)‖ ≤ Ψ̃(x).

Proof. Putting x2k = 0 for k ∈ {1, · · · , n} with k 6= j in (3.19), we obtain

‖
∑

t∈{−s,s}

f(x11, · · · , x1j−1, x1j + tx2j , x1j+1, · · · , x1n)− 2f(x1)

− s2f(x11, · · · , x1j−1, 2x2j , x1j+1, · · · , x1n) + 2s2f(x11, · · · , x1j−1, x2j , x1j+1, · · · , x1n)‖

≤ 1

2n−1
φ((x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n), (0, · · · , 0, x2j , 0, · · · , 0))

(3.21)

for all x = x1 ∈ V n. Replacing (x1j , x2j) by (0, x1j) in (3.21) and using the evenness

of f in each variable, we �nd that

‖2f(x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n)

− s2f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n) + 2s2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n)‖

≤ 1

2n−1
φ((x11, · · · , x1j−1, 0, x1j+1, · · · , x1n), (0, · · · , 0, x1j , 0, · · · , 0))

(3.22)

for all x ∈ V n. Replacing (x1j , x2j) by (sx1j , x1j) in (3.21), we get

‖f(x11, · · · , x1j−1, 2sx1j , x1j+1, · · · , x1n)− 2f(x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n)

− s2f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n) + 2s2f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n)‖

≤ 1

2n−1
φ((x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n), (0, · · · , 0, x1j , 0, · · · , 0))

(3.23)

for all x ∈ V n. Plugging (3.22) into (3.23), we obtain

‖f(x11, · · · , x1j−1, 2sx1j , x1j+1, · · · , x1n)− 4f(x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n)

≤ 1

2n−1
(φ((x11, · · · , x1j−1, sx1j , x1j+1, · · · , x1n), (0, · · · , 0, x1j , 0, · · · , 0))

+ φ((x11, · · · , x1j−1, 0, x1j+1, · · · , x1n), (0, · · · , 0, x1j , 0, · · · , 0)))

(3.24)
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for all x ∈ V n. Relation (3.24) implies that

‖f(x11, · · · , x1j−1, 2x1j , x1j+1, · · · , x1n)− 4f(x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n)

≤ 1

2n−1
[φ((x11, · · · , x1j−1, x1j , x1j+1, · · · , x1n), (0, · · · , 0, s−1x1j , 0, · · · , 0))

+ φ((x11, · · · , x1j−1, 0, x1j+1, · · · , x1n), (0, · · · , 0, s−1x1j , 0, · · · , 0))]

(3.25)

for all x ∈ V n. Similar to (3.9), one can obtain

‖f(2x)− 4nf(x)‖ ≤ 1

2n−1

n∑
j=1

4j−1ψj(x),(3.26)

where ψj(x) is de�ned in (3.18). We rewrite relation (3.26) as follows:

‖f(2x)− 4nf(x)‖ ≤ Ψ(x)(3.27)

for all x ∈ V n, where Ψ(x) is de�ned in (3.17). Fix x ∈ V n and de�ne ξ(x) :=
1

2n(β+1) Ψ
(

2
β−1
2 x
)
, T ξ(x) := 1

22nβ
ξ(2βx). Inequality (3.27) can be modi�ed as follows:

‖f(x)− T ξ(x)‖ ≤ ξ(x)(3.28)

for all x ∈ V n. De�ne Λη(x) := 1
22nβ

η(2βx) for all η ∈ RV n+ , x ∈ V n. Hence, the
hypothesis (A3) holds for Λ, where S = V n, g1(x) = 2βx and L1(x) = 1

22nβ
for all

x ∈ V n. In addition, for each λ, µ ∈WV n and x ∈ V n, we have

‖T λ(x)− T µ(x)‖ =

∥∥∥∥ 1

22nβ
[
λ(2βx)− µ(2βx)

]∥∥∥∥ ≤ L1(x) ‖λ(g1(x))− µ(g1(x))‖ .

Now, the hypothesis (A2) is satis�ed by the last relation. By induction on l, we can

conclude that for any l ∈ N0 and for all x ∈ V n,

Λlξ(x) :=

(
1

22nβ

)l
ξ(2βlx) =

1

2n(β+1)

(
1

22nβ

)l
Ψ
(

2βl+
(β−1)

2 x
)
.(3.29)

It follows from (3.16) and (3.29) that all the assumptions of Theorem 3.1 are

satis�ed. Hence, there exists a mapping Q : V n −→W such that

Q(x) = lim
l→∞

(T lf)(x) =
1

22nβ
Q(2βx) (x ∈ V n).

In particular, (3.20) holds. Similar to the proof of Theorem 3.2, we can prove that

ΓsQ(x1, x2) = 0, and hence Q satis�es (2.2). Thus, the part (ii) of Corollary 2.4

implies that Q is a multi-quadratic mapping which is also unique. Theorem 3.4 is

proved. �

Corollary 3.5. Let δ > 0. Suppose that V is a linear space over the rationals, W

is a Banach space and f : V n −→W is a mapping satisfying the inequality:

‖Γsf(x1, x2)‖ ≤ δ
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for all x1, x2 ∈ V n. If f is even in each variable, then there exists a unique multi-

quadratic mapping Q : V n −→W such that for all x ∈ V n,

‖f(x)−Q(x)‖ ≤ δ

3× 2n−1
.

The next result shows that under some mild conditions a multi-mixed additive-

quadratic mapping can be stable.

Corollary 3.6. Let δ > 0, V be a linear space over the rationals andW be a Banach

space. Suppose that f : V n −→ W is a decomposable mapping as f = fo + fe such

that fo is odd in each variable and fe is even in each variable. If the inequalities

‖Γsfo(x1, x2)‖ ≤ δ and ‖Γsfe(x1, x2)‖ ≤ δ

hold for all x1, x2 ∈ V n, then there exist a unique multi-additive mapping A :

V n −→ W and a unique multi-quadratic mapping Q : V n −→ W such that for all

x ∈ V n,

‖f(x)−A(x)−Q(x)‖ ≤ 1

2n−1

[
1

s2
+

1

3

]
δ.

Proof. It follows from Corollaries 3.3 and 3.5 that there exists a unique multi-

additive mapping A : V n −→W and a unique multi-quadratic mapping Q : V n −→
W such that

(3.30) ‖fo(x)−A(x)‖ ≤ δ

2n−1s2

and

(3.31) ‖fe(x)−Q(x)‖ ≤ δ

3× 2n−1

for all x ∈ V n. The result now follows from inequalities (3.30) and (3.31). �

Let A be a nonempty set, (X, d) be a metric space, ψ ∈ RAn+ , and F1,F2 be

operators mapping a nonempty set D ⊂ XA into XAn . We say that the operator

equation:

F1ϕ(a1, · · · , an) = F2ϕ(a1, · · · , an)(3.32)

is ψ-hyperstable if every ϕ0 ∈ D satisfying the inequality:

d(F1ϕ0(a1, · · · , an),F2ϕ0(a1, · · · , an)) ≤ ψ(a1, · · · , an), a1, · · · , an ∈ A,

satis�es equation (3.32) (see [16]). In other words, a functional equation F is

hyperstable if any mapping f satisfying the equation F approximately is a true

solution of F .
The next result shows that under some conditions functional equation (2.2) can

be hyperstable.
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Corollary 3.7. Suppose that αij > 0 for i ∈ {1, 2} and j ∈ {1, · · · , n} satis�es the
condition

∑2
i=1

∑n
j=1 αij 6= n, 2n. Let V be a normed space and W be a Banach

space. Then a mapping f : V n −→ W satisfying the hypotheses of Corollary 3.6

and the following inequalities:

‖Γsfo(x1, x2)‖ ≤
2∏
i=1

n∏
j=1

‖xij‖αij and ‖Γsfe(x1, x2)‖ ≤
2∏
i=1

n∏
j=1

‖xij‖αij

for all x1, x2 ∈ V n, satis�es equation (2.2).
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Ïóñòü P (D) =
∑
α γαD

α ëèíåéíûé äèôôåðåíöèàëüíé îïåðàòîð ñ ïîñòîÿííû-

ìè êîýôôèöèåíòàìè, P (ξ) =
∑
α γαξ

α îòâå÷àþùèé åìó ñèìâîë (õàðàêòåðèñòè÷å-

ñêèé ìíîãî÷ëåí), ãäå ñóììà ðàñïðîñòðàíÿåòñÿ ïî êîíå÷íîìó íàáîðó ìóëüòèèí-

äåêñîâ (P ) = {α ∈ Nn0 : γα 6= 0}, à P̃ (ξ) :=
∑
ν
|DνP (ξ)| ôóíêöèÿ Ë. Õëðìàíäåðà

ýòîãî îïåðàòîðà (ìíîãî÷ëåíà) (ñì.[4], ïðèìåð 10.1.2) .

Îïðåäåëåíèå 1.1. (ñì. [9] � [10]) Ïóñòü A = {α1, ..., αM : αj ∈ Rn,+ (j =

1, 2, ...,M)}. Ìèíèìàëüíûé âûïóêëèé ìíîãîãðàííèê <(A) ⊂ Rn,+, ñîäåðæàùèé

íàáîð A, íàçîâåì ìíîãîãðàííèêîì Íüþòîíà (ì.í.) íàáîða A. Míîãîãðàííèê

Íüþòîíà íàáîðà (P ) ∪ {0} íàçîâåì ìíîãîãðàííèêîì Íüþòîíà ìíîãî÷ëåíà P (ξ),

(îïåðàòîðà P (D)) .

Ìíîãîãðàííèê < ⊂ Rn,+ íàçîâåì ïðàâèëüíûì åñëè a) < èìååò âåðøèíó â

íà÷àëå êîîðäèíàò è îòëè÷íóþ îò íà÷àëà êîîðäèíàò âåðøèíó íà êàæäîé îñè êî-

îðäèíàò (ìíîæåñòâî êîòîðûõ îáîçíà÷èì ÷åðåç <0), b) êîîðäèíàòû âñåõ âíåøíûõ

(îòíîñèòåëüíî <) íîðìàëåé (n−1)− ìåðíûõ íåêîîðäèíàòíûõ ãðàíåé (ìíîæåñòâî

êîòîðûõ îáîçíà÷èì ÷åðåç Λ(<)) íåîòðèöàòåëüíû.

Ïóñòü λ ∈ Rn,+∩Rn, 0. Ìíîãî÷ëåí R íàçîâåì îáîáùåííî - îäíîðîäíûì (λ−îä-
íîðîäíûì) λ−ïîðÿäêà d, åñëè R(tλ ξ) = td R(ξ) äëÿ ëþáûõ t > 0 è ξ ∈ Rn.
Î÷åâèäíî, ÷òî ïðè λ1 = ... = λn = 1 ýòî îáû÷íûé îäíîðîäíûé ìíîãî÷ëåí.

Îòìåòèì, ÷òî ïîäìíîãî÷ëåíû ìíîãî÷ëåíà îò n ïåðåìåííûõ íà ñàìîì äåëå

ìîãóò çàâèñåòü îò k ïåðåìåííûõ, ãäå k < n. Ïîýòîìó ìû ââåäåì ñëåäóþùåå

îáîçíà÷åíèå: ÷åðåç Pol(n, k), (k ≤ n) îáîçíà÷èì ìíîæåñòâî ìíîãî÷ëåíîâ P (ξ) =

P (ξ1, ..., ξn) òàêèõ, ÷òî (áûòü ìîæåò ïîñëå ñîîòâåòñòâóþùåé ïåðåíóìåðàöèè) ñó-

ùåñòâóþò òî÷êè ξj òàêèå, ÷òî DjP (ξj) 6= 0 (j = 1, ..., k), à DjP (ξ) ≡ 0 ∀ξ ∈ Rn
ïðè j = k + 1, ..., n.

Äëÿ λ−îäíîðîäíîãî ìíîãî÷ëåíàR îáîçíà÷èì Σ(R) = Σ(R, λ) := {ξ ∈ Rn, |ξ, λ| =
1, R(ξ) = 0}. Ïóñòü η ∈ Σ(R), ÷åðåç lR, λ(η) îáîçíà÷èì λ−êðàòíîñòü íóëÿ η, ò.å.

÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ∑
(λ, α)< l R, λ(η)

|DαR(η)| = 0,
∑

(λ, α)=l R, λ(η)

|DαR(η)| 6= 0.

Äàëåå ÷åðåç In (ñîîòâåòñòâåííî Ĩn) îáîçíà÷èì ìíîæåñòâî ìíîãî÷ëåíîâ P òàêèõ,

÷òî |P (ξ)| → ∞ (ñîîòâåòñòâåííî P̃ (ξ) → ∞) ïðè |ξ| → ∞. Î÷åâèäíî, ÷òî èç

P ∈ In ñëåäóåò, ÷òî P ∈ Ĩn. Îáðàòíîå íå âåðíî, ÷òî ñëåäóåò èç ñëåäóþùåãî

ïðîñòîãî ïðèìåðà: P (ξ) = ξ2
1 − ξ2

2 /∈ I2, îäíàêî P ∈ Ĩ2.
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Îïðåäåëåíèå 1.2. (ñì. [4] è [13]) Îïåðàòîð P (D) (ìíîãî÷ëåí P (ξ)) íàçûâà-

åòñÿ ãèïîýëëèïòè÷åñêèì (ñîîòâåòñòâåííî ïî÷òè ãèïîýëëèïòè÷åñêèì), åñëè

äëÿ ëþáîãî ìóëüòèèíäåêñà 0 6= ν ∈ Nn0 |DνP (ξ)|/[1 + |P (ξ)| → 0 ïðè |ξ| → ∞
(ñîîòâåòñòâåííî |DνP (ξ)|/[1 + |P (ξ)|) ≤ C ∀ξ ∈ Rn ñ íåêîòîðîé ïîñòîÿííîé

C > 0).

Âî ìíîãèõ âîïðîñàõ îáùèõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðåøàþùóþ

ðîëü èãðàåò ïîâåäåíèå íà áåñêîíå÷íîñòè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà (ïîë-

íîãî ñèìâîëà) ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî îïåðàòîðà è ïîâåäåíèå íà

áåñêîíå÷íîñòè ôóíêöèè Ë. Õeðìàíäåðà. Íàïðèìåð, ñèìâîë ãèïîýëëèïòè÷åñêîãî

îïåðàòîðà áåñêîíå÷íî âîçðàñòàåò íà áåñêîíå÷íîñòè (ïðèíàäëåæèò In), ïîýòîìó,
÷òîáû ïðîâåðèòü ãèïîýëëèïòè÷íîñòü äàííîãî îïåðàòîðà P (D), â ïåðâóþ î÷åðåäü

íåîáõîäèìî óáåäèòñÿ, ÷òî P ∈ In. Äðóãîé ïðèìåð ýòî âåñîâûå ïðîñòðàíñòâà Bp,k

Ë. Õëðìàíäåðà, ãäå âåñîâàÿ ôóíêöèÿ k ∈ In.Ïðè èññëåäîâàíèè ñâîéñòâ ãëàäêîñòè
ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ P (D)u = 0 ðîëü âåñà èãðàåò ôóíêöèÿ

Ë. Õeðìàíäåðà P̃ .

Ýòè è äðóãèå ïðèìåðû ñòàëè òîë÷êîì äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ìíîãî÷ëå-

íîâ ìíîãèõ ïåðåìåííûõ è èõ ôóíêöèé Ë. Õëðìàíäåðà ïðè ñòðåìëåíèè ìîäóëÿ

àðãóìåíòà ê áåñêîíå÷íîñòè. Ýòèì âîïðîñàì ïîñâÿùåíû ìíîãèå ðàáîòû, îòìåòèì

ëèøü ðàáîòû [1] - [12], íåïîñðåäñòâåííî ïðèìûêàþùèå ê íàñòîÿùåé çàìåòêå.

Â ÷àñòíîñòè â ðàáîòàõ [1] [2] (ñì. òàêæå [4], Äîáàâëåíèå À) äîêàçàíî (òåîðåìà

Çàéäåíáåðãà - Òàðñêîãî), ÷òî äëÿ ìíîãî÷ëåíà P : P (ξ) > 0 ∀ξ ∈ Rn ñóùåñòâóþò

÷èñëà σ > 0 è T ∈ R1 òàêèå, ÷òî P (ξ) ≥ σ (1 + |ξ|)T ∀ξ ∈ Rn. Ïðè ýòîì, åñëè

P ∈ In, òî T > 0.

Â ðàáîòàõ [3] , [5] è [12] èçó÷åíû ïîâåäåíèÿ ãëàäêèõ ôóíêöèé è, â ÷àñòíîñòè

ìíîãî÷ëåíîâ, â îêðåñòíîñòüÿõ êðèòè÷åñêèõ òî÷êàõ è â áåñêîíå÷íîñòè. Â ðàáîòàõ

[9] è [10] â ðàçíûõ òåðìèíàõ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ãèïîýëëèïòè÷íîñòè

è óñëîâèÿ äëÿ P ∈ In. Â ðàáîòàõ [6] - [8] è [11] è äðóãèõ ïîëó÷åíû äîñòàòî÷íûå

óñëîâèÿ ãèïîýëëèïòè÷íîñòè îïåðàòîðà è, òåì ñàìûì óñëîâèÿ ïðèíàäëåæíîñòè

ìíîãî÷ëåíà ê ìíîæåñòâó In. Â ýòèõ ðàáîòàõ ìíîãî÷ëåí P ÿâëÿåòñÿ â îïðåäåëåí-

íîì ñìûñëå íåâûðîæäåííûì, ò.å. ìàëî îòëè÷àåòñÿ îò ýëëèïòè÷åñêîãî. Â ðàáîòàõ

[14]-[16], ïðè ïîìîùè ñðàâíåíèÿ êðàòíîñòåé íóëåé ïîäõîäÿùèõ ïîäìíîãî÷ëåíîâ

è èõ ïîðÿäêîâ îäíîðîäíîñòè, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ãèïîýëëèïòè÷íîñòè

äëÿ íåêîòîðûõ êëàññîâ âûðîæäåííûõ îïåðàòîðîâ, è, òåì ñàìûì óñëîâèÿ ïðèíàä-

ëåæíîñòè ìíîãî÷ëåíà ê ìíîæåñòâó In.
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Ìû ïîñòàâèëè ïåðåä ñîáîé öåëüþ íàõîæäåíèÿ óñëîâèé äëÿ P ∈ Ĩn, íå ïðèáåãàÿ
ê èçâåñòíûì êðèòåðèÿì äëÿ P̃ 2 ∈ In. Ñ óñëîâåì, êîíå÷íî, ÷òîáû, â ñðàâíåíèè ñ

èìåþùèìèñÿ óñëîâèÿìè, ýòè óñëîâèÿ áûëè ëåãêî ïðîâåðÿåìûìè è áîëåå ïðîçðà÷-

íûìè. Ïðè ýòîì îñíîâíîå óäàðåíèå ìû áóäåì äåëàòü íà ïîëó÷åíèå íàãëÿäíûõ

ãåîìåòðè÷åñêèõ óñëîâèé.

Ðàáîòà ñîñòîèò èç äâóõ ïóíêòîâ. Â ïåðâîì ïóíêòå à) ïðèâîäÿòñÿ íåîáõîäèìûå

ïîíÿòèÿ, á) â òåðìèíàõ ñðàâíåíèÿ ñòåïåíè è êðàòíîñòåé íóëåé îáîáùåííî - îäíî-

ðîäíîãî ìíîãî÷ëåíà R ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå äëÿ R ∈ Ĩn
(òåîðåìà 1.1), â) â òåðìèíàõ ñðàâíåíèÿ ñòåïåíè è êðàòíîñòåé íóëåé ãëàâíîãî

îáîáùåííî - îäíîðîäíîãî ïîäìíîãî÷ëåàíà ìíîãî÷ëåíà P ïîëó÷åíî äîñòàòî÷íîå

óñëîâèå äëÿ P ∈ Ĩn (òåîðåìà 1.2), ã) â òåðìèíàõ ãåîìåòðè÷åñêèõ ñâîéñòâ ìíîãî-

ãðàííèêà Íüþòîíà íàéäåíû óñëîâèÿ ïðè êîòîðûõ äëÿ îáîáùåííî - îäíîðîäíîãî

ìíîãî÷ëåíà R âûïîëíÿþòñÿ äîñòàòî÷íîå óñëîâèå Òåîðåìû 1.1 (ëåììa 1.1), ñëåäî-

âàòåëüíî R ∈ Ĩn è óñëîâèÿ ïðè êîòîðûõ ïî÷òè ãèïîýëëèïòè÷åñêèé ìíîãî÷ëåí P

óäîâëåòâîðÿåò óñëîâèþ Òåîðåìû 1.2 (ëåììà 1.2), ñëåäîâàòåëüíî P ∈ Ĩn. Âòîðîé
ïóíêò ïîñâÿùëí ìíîãî÷ëåàíàì òðëõ ïåðåìåííûõ. Çäåñü íàéäåíû ãåîìåòðè÷åñêè

íàãëÿäíûå äîñòàòî÷íûå óñëîâèÿ ïðè êîòîðûõ îáîáùåííî-îäíîðîäíûé ìíîãî÷ëåí

óäîâëåòâîðÿåò óñëîâèþ Òåîðåìû 1.1 (ëåììû 2.1-2.3) è, â òåðìèíàõ íåêîòîðîãî

ïðåäñòàâëåíèÿ îáùåãî ìíîãî÷ëåíà P, îäíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå

äëÿ P /∈ Ĩ3 (ëåììa 2.5).

Ñëåäóþùåå ïðåäëîæåíèå äàëò êðèòåðèé ïðèíàäëåæíîñòè îáîáùåííî-îäíîðîäíîãî

(λ−îäíîðîäíîãî) ìíîãî÷ëåía ê ìíîæåñòâó Ĩn â òåðìèíàõ ïîðÿäêà è êðàòíîñòåé

íóëåé ýòîãî ìíîãî÷ëåíà.

Òåîðåìà 1.1. Ïóñòü R λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà d(λ). Òîãäà R ∈
Ĩn â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

(1.1) lR,λ(η) < d(λ) ∀η ∈ Σ(R, λ).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü.ÏóñòüR ∈ Ĩn, äîêàæåì ñïðàâåäëèâîñòü (1.1).

Òàê êàê
∑

(λ,α)=d(λ) |DαR(ξ)| = const := c0 è
∑

(λ,α)<lR,λ(η) |DαR(η)| = 0 äëÿ âñåõ

η ∈ Σ(R, λ), òî, ïðåäïîëàãàÿ îáðàòíîå, ÷òî lR, λ(η0) = d(λ) äëÿ íåêîòîðîé òî÷êè

η0 ∈ Σ(R, λ), ïîëó÷èì

R̃(ξs) := R̃(sλ η0) =
∑

(λ, α)=d(λ)

|DαR(ξs)|+
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(1.2) +
∑

(λ, α)< d(λ)=lR, λ(η0)

s(λ, α)|DαR(η0)| = c0, (s = 1, 2, ...).

Òàê êàê λ ∈ Rn,+ ∩ Rn, 0 è |η0, λ| = 1, òî |ξs| → ∞ ïðè s → ∞, ïîýòîìó (1.2)

ïðîòèâîðå÷èò óñëîâèþ R ∈ Ĩn è äîêàçûâàåò íåîáõîäèìîñòü òåîðåìû.

Äîñòàòî÷íîñòü. Ïóñòü, íàîáîðîò, ïðè âûïîëíåíèè óñëîâèÿ (1.1) ñóùåñòâóþò

ïîñëåäîâàòåëüíîñòü {ξs} : |ξs| → ∞ ïðè s→∞ è ÷èñëî C > 0 òàêèå, ÷òî

(1.3) R̃(ξs) ≤ C (s = 1, 2, ...).

Ïîëîæèì ηs = ξs/| ξs, λ|λ (s = 1, 2, ...). Òàê êàê | ηs, λ| = 1 (s = 1, 2, ...), òî ìíî-

æåñòâî {ηs} îãðàíè÷åíî. Çà ñ÷åò âûáîðà ïîäïîñëåäîâàòåëüíîñòè ìîæíî ñ÷èòàòü,

÷òî ïîñëåäîâàòåëüíîñòü {ηs} ñõîäèòñÿ ( ïóñòü ê íåêîòîðîé òî÷êå η : |η, λ| = 1 ).

Â ñèëó λ−îäíîðîäíîñòè ìíîãî÷ëåíîâ R(α) : α ∈ Nn0 (λ− ïîðÿäêîâ d(λ)− (λ, α))

èç (1.3) èìååì äëÿ äîñòàòî÷íî áîëüøèõ s

C ≥ R̃(ξs) =
∑
α

| ξs, λ|d(λ)−(λ,α)|R(α)(ηs)| =
∑
α

| ξs, λ|d(λ)−(λ,α)[|R(α)(η)|+ o(1)].

Òàê êàê |ξs, λ| → ∞ ïðè s → ∞, òî îòñþäà ñëåäóåò, ÷òî R(α)(η) = 0 äëÿ âñåõ

α ∈ Nn0 : (λ, α) < d(λ), ò.å. ÷òî η ∈ Σ(R, λ) è lR,λ(η) ≥ d(λ). Ýòî ïðîòèâîðå÷èò

óñëîâèþ (1.1) è äîêàçûâàåò òåîðåìó. �

Î÷åâèäíî, ÷òî äëÿ ïðîèçâîëüíîãî âåêòîðà λ ∈ Rn,+ ∩ Rn, 0 ëþáîé ìíîãî÷ëåí

P (ξ) =
∑
α γαξ

α ìîæíî ïðåäñòàâèòü â âèäå ñóììû λ−îäíîðîäíûõ ìíîãî÷ëåíîâ

(1.4) P (ξ) =

M∑
j=0

Pj(ξ) =

M∑
j=0

∑
(λ,α)=dj

γαξ
α,

ãäå ÷èñëà d0 > d1 > ... > dm ≥ 0 îïðåäåëÿþòñÿ îäíîçíà÷íî.

Òåîðåìà 1.2. Ïóñòü ïî äàííîìó âåêòîðó λ ∈ Rn,+ ∩ Rn, 0 ìíîãî÷ëåí P ïðåä-

ñòàâëåí â âèäå (1.4). Åñëè lP0, λ(η) < d0 äëÿ âñåõ η ∈ Σ(P0, λ), òî P ∈ Ĩn.

Äîêàçàòåëüñòâî. Ïóñòü, íàîáîðîò, ïðè óñëîâèÿõ òåîðåìû ñóùåñòâóþò ïîñëåäî-

âàòåëüíîñòü {ξs} è ÷èñëî C > 0 òàêèå, ÷òî |ξs| → ∞ ïðè s→∞ è

(1.5) P̃ (ξs) ≤ C (s = 1, 2, ...).

Òàê êàê ìíîæåñòâî { ηs := ξs/|ξs, λ|λ} îãðàíè÷åíî, òî çà ñ÷åò âûáîðà ïîäïîñëå-

äîâàòåëüíîñòè ìîæíî ñ÷èòàòü, ÷òî ïîñëåäîâàòåëüíîñòü {ηs} ñõîäèòñÿ (ïóñòü ê
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íåêîòîðîé òî÷êå η : |η, λ| = 1). Òîãäà â ñèëó (1.5) è λ−îäíîðîäíîñòè ìíîãî÷ëå-

íîâ {Pj} (λ−ïîðÿäêîâ {dj}) èç (1.4) èìååì äëÿ äîñòàòî÷íî áîëüøèõ s

C ≥ P̃ (ξs) ≥ |P (ξs)| ≥ ||P0(ξs)| −
M∑
j=1

Pj(ξ
s)|

= |ξs, λ|d0 |P0(ηs)| − |
M∑
j=1

|ξs, λ|dj Pj(ηs)|| = |ξs, λ|d0 [|P0(η)|+ o(1)].

Òàê êàê d0 > 0, òî îòñþäà ñëåäóåò, ÷òî η ∈ Σ(P0, λ). Îòêóäà, â ñèëó óñëîâèé

lP0, λ(η) < d0, d0 > d1 > ... > dM ≥ 0 è îïðåäåëåíèÿ ÷èñëà lP0, λ(η), èìååì ïðè

s→∞

P̃ (ξs) ≥
∑

(λ,α)=lP0, λ
(η)

|P (α)(ξs)| ≥
∑

(λ,α)=lP0, λ
(η)

| |P (α)
0 (ξs)− |

M∑
j=1

P
(α)
j (ξs)| |

=
∑

(λ,α)=lP0,λ
(η)

|ξs, λ|d0−(λ,α) |P (α)
0 (ηs)| − |

M∑
j=1

|ξs, λ|dj−(λ,α) P
(α)
j (ηs)| |

= |ξs, λ|d0−lP0,λ
(η)

∑
(λ,α)=lP0,λ

(η)

|P (α)
0 (η)| [1 + o(1)]→∞.

Ýòî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ (1.5) è äîêàçûâàåò òåîðåìó. �

Çàìå÷àíèå 1.1. Îòìåòèì, ÷òî à) èìåÿ â âèäó òåîðåìó 1.1, òåîðåìó 1.2 ìîæ-

íî ñôîðìóëèðîâàòü òàê: åñëè ãëàâíàÿ îäíîðîäíàÿ ÷àñòü P0 ìíîãî÷ëåí P ïðè-

íàäëåæèò In, òî P ∈ Ĩn, á) ýòî óñëîâèå íå ÿâëÿåòñÿ íåîáõîäèìûì, êàê ïî-

êàçûâàåò ñëåäóþùèé ïðèìåð: ìíîãî÷ëåí P0(ξ) = (ξ1 − ξ2)4 íå ïðèíàäëåæèò

ìíîæåñòâó Ĩ2, â òî âðåìÿ, êàê P (ξ) = P0(ξ) + ξ2
1 + ξ2

2 ∈ Ĩ2.

Òåïåðü ìû ïðèâåäåì íåñêîëüêî íàãëÿäíûõ ãåîìåòðè÷åñêèõ ïðèìåðîâ, êîãäà

óñëîâèå (1.1) äëÿ λ−îäíîðîäíîãî ìíîãî÷ëåíà èëè óñëîâèå lP0,λ(η) < d0 äëÿ îá-

ùåãî ìíîãî÷ëåíà âûïîëíÿþòñÿ. Äðóãèå ïðèìåðû (äëÿ ìíîãî÷ëåíîâ òðëõ ïåðå-

ìåííûõ ) áóäóò ïðèâåäåíû âî âòîðîì ïóíêòå.

Ëåììà 1.1. Ïóñòü R ∈ Pol(n, n) λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà d(λ).

Òîãäà lR, λ(η) < d(λ) äëÿ ëþáîé òî÷êè η ∈ Σ(R, λ) ïðè âûïîëíåíèè îäíîãî èç

ñëåäóþùèõ óñëîâèé

a) <0(R) ∩ Rn, 0 6= ∅, b) λi 6= λj ïðè i 6= j, (i, j = 1, ..., n).

Äîêàçàòåëüñòâî. Ïóíêò a). Ïóñòü α0 ∈ <0 ∩Rn,0. Òîãäà ñóùåñòâóåò âåêòîð λ0 ∈
Rn,+ ∩Rn,0 òàêîé, ÷òî d0 := (λ0, α0) > max{(λ0, α) : α ∈ (R) \ {α0} }. Ïðåäñòàâèì
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λ−îäíîðîäíûé ìíîãî÷ëåí R â âèäå ñóììû λ0−îäíîðîäíûõ ìíîãî÷ëåíîâ: R(ξ) =∑M
j=0 rj(ξ), ãäå rj λ0−îäíîðîäíûé ìíîãî÷ëåí λ0−ïîðÿäêà dj (j = 0, 1, ...,M),

d0 > d1 > ... > dM > 0, ïðè ýòîì α0
j ≥ 1 (j = 1, ..., n) è r0(ξ) = γ0ξ

α0

äëÿ

íåêîòîðîãî γ0 6= 0. Òîãäà lr0,λ0(τ) ≤ d0 − min1≤j≤n λ
0
j α

0
j < d0 äëÿ ëþáîãî τ ∈

Σ(r0, λ
0). Ïîýòîìó íà îñíîâàíèè òåîðåìû 1.2 R ∈ Ĩn, à ïî òåîðåìå 1.1 lR, λ(η) <

d(λ) äëÿ âñåõ η ∈ Σ(R, λ), ÷òî äîêàçûâàåò ïóíêò a)

Ïóíêò b). Äîêàçàòåëüñòâî áóäåì ïðîâåñòè ïî èíäóêöèè ïî n. Ïðè n = 2

ýòà ëåììà äîêàçàíà â [15]. Ïóñòü óòâåðæäåíèå ëåììû ñïðàâåäëèâî ïðè n ≤ k −
1 (k ≥ 3), äîêàæåì åãî ñïðàâåäëèâîñòü ïðè n = k. Ïðåäïîëîæèì îáðàòíîå,

÷òî ïðè n = k ñóùåñòâóþò âåêòîð λ = (λ1, ..., λk), óäîâëåòâîðÿþùèé óñëîâèþ

b) ëåììû, λ−îäíîðîäíûé ìíîãî÷ëåí R ∈ Pol(k, k) è òî÷êà η0 ∈ Σ(R, λ) äëÿ

êîòîðûõ lR, λ(η0) = d(λ). Èç óñëîâèÿ íà λ ñëåäóåò, ÷òî (áûòü ìîæåò ïîñëå

íåêîòîðîé ïåðåíóìåðàöèè) åãî êîîðäèíàòû óäîâëåòâîðÿþò óñëîâèþ

(1.6) 0 < λ1 < λ2 < ... < λk.

Ïîëîæèì B1 := {α ∈ (R), α1 = maxβ=(β1,...,βn)∈(R) β1}, Bj+1 = {α ∈ (Bj), αj =

maxβ∈Bj βj} (j = 1, ..., k − 1).

Èç ïîñòðîåíèÿ ìíîæåñòâ Bj (j = 1, ..., k) ñëåäóåò, ÷òî ìíîæåñòâî Bk ñîñòîèò

èç åäèíñòâåííîé òî÷êè α0 ∈ (R), ïðè ýòîì α0
1 > 0, à èç (1.6) ñëåäóåò, ÷òî {β ∈ (R) :

β ≥ α0 − (1, 0, ..., 0)} = {α0}. Ñëåäîâàòåëüíî Dα0−(1, 0,...,0)R(ξ) = α0! γα0 ξ1 ∀ξ ∈
Rn. Òàê êàê α0 ∈ (R), òî γα0 6= 0, ïîýòîìó ñ íåêîòîðîé ïîñòîÿííîé c > 0 îòñþäà

èìååì

(1.7) |ξ1| ≤ c R̃(ξ) ∀ξ ∈ Rn.

Òàê êàê R λ−îäíîðîäíûé ìíîãî÷ëåí äëÿ êîòîðîãî lR, λ(η0) = d(λ), òî íà ïîñëå-

äîâàòåëüíîñòè ξs = sλη0 (s = 1, 2, ...) R̃(ξs) ≡ const := b0, à èç (1.7) è óñëîâèÿ

λ1 > 0 ñëåäóåò, ÷òî |η0
1 | sλ1 ≤ c b0 (s = 1, 2, ...), ò.å. η0

1 = 0.

Ïóñòü ðàäè îïðåäåëåííîñòè η0
1 = η0

2 = ... = η0
r = 0, η0

r+1...η
0
k 6= 0 1 ≤ r < k.

Ïîëîæèì ξ
′

:= (ξ1, ..., ξr), ξ
′′

:= (ξr+1, ..., ξk), λ′ = (λ1, ..., λr) λ′′ = (λr+1, ..., λk)

è ïðåäñòàâèì ìíîãî÷ëåí R â âèäå R(ξ) = R(ξ
′
, ξ

′′
) =

∑
α′∈Nr0

(ξ
′
)α

′

qα′ (ξ
′′
), ãäå

qα′ λ
′′−îäíîðîäíûé ìíîãî÷ëåí λ

′′−ïîðÿäêà d(λ)− (λ
′
, α

′
). Ïðè ýòîì, òàê êàê

R ∈ Pol(k, k), òî, î÷åâèäíî, ñóùåñòâóåò ìóëüòèèíäåêñ β
′ ∈ Nr

0 : (β′, λ′) < d(λ)

òàêîé, ÷òî qβ′ 6= const.

Â ñèëó òîãî, ÷òî (η′)0 = 0, lR, λ(η0) = d(λ) è (β
′
, λ

′
) < d(λ) èìååì

(1.8) 0 = (Dβ
′

R)(η0) = β
′
! qβ′ ((η

′′
)0).
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Î÷åâèäíî, ÷òî ëþáîé íåíóëåâîé λ−îäíîðîäíûé ìíîãî÷ëåí ïîëîæèòåëüíîãî ïî-

ðÿäêà îò îäíîé ïåðåìåííîé îáðàùàåòñÿ â íóëü òîëüêî â íà÷àëå êîîðäèíàò. Ïîýòî-

ìó, èìåÿ â âèäó òî, ÷òî (η
′′
)0 ∈ Rk−r, 0, d(λ)−(β

′
, λ

′
) > 0 è qβ′ λ

′′−îäíîðîäíûé
ìíîãî÷ëåí λ

′′−ïîðÿäêà d(λ) − (λ
′
, β

′
), ïîëó÷èì, ÷òî k − r ≥ 2, ïðè ýòîì ñó-

ùåñòâóþò èíäåêñû i1 è i2 : r < i1, i2 ≤ k òàêèå, ÷òî âûðàæåíèå Di1qβ′ (ξ′′) ·
Di2qβ′ (ξ′′) îòëè÷íî îò òîæäåñòâåííîãî íóëüÿ.

Ïóñòü qβ′ ∈ Pol(k − r, k1), ãäå 2 ≤ k1 ≤ k − r < k. Äëÿ îïðåäåëåííîñòè

ïðåäïîëîæèì, ÷òî Dr+1 qβ′ ...Dr+k1 qβ′ 6= 0 è Dr+j qβ′ (ξ) ≡ 0 (j = k1 +1, ..., k−r).
Ïîëîæèì ξ

′′
= (ξ

′′′
, ξIV ), ãäå ξ

′′′
= (ξr+1,...,ξr+k1

), ξIV = (ξr+k1+1, ..., ξk). Òàê

êàê äëÿ ëþáîãî α
′′′ ∈ Nk10 (λ

′′′
, α

′′′
) < d(λ) − (λ

′
, β

′
) è (λ, (β

′
, α

′′′
, 0IV )) <

d(λ), òî â ñèëó ïðåäïîëîæåíèÿ lR, λ(η) = d(λ) èìååì 0 = 1
β′ !

(Dβ
′

Dα
′′′

)R(η0) =

(Dα
′′′

qβ′ )((η
′′′

)0), ò.å. lq
β
′ , λ

′′′ ((η
′′′

)0) = d(λ)− (λ
′
, β

′
).

Ïîëîæèì τ
′′′

= (η
′′′

)0/|(η′′′
)0, λ

′′′ |λ
′′′

. Òîãäà â ñèëó λ
′′′−îäíîðîäíîñòè ìíîãî-

÷ëåíà qβ′ λ
′′′−ïîðÿäêà d(λ) − (λ

′
, β

′
) > 0 ïîëó÷àåì, ÷òî τ

′′ ∈ Σ(qβ′ , λ
′′′

) è

lq
β
′
, λ

′′′ (τ
′′′

) = d(λ) − (λ
′
, β

′
). Òàê êàê k1 < k è qβ′ ∈ Pol(k1, k1), òî ýòî ïðî-

òèâîðå÷èò ïðåäïîëîæåíèþ èíäóêöèè è äîêàçûâàåò ëåììó. �

Ñëåäóþùåå ïðåäëîæåíèå îòíîñèòñÿ ê ïî÷òè ãèïîýëëèïòè÷åñêèì ìíîãî÷ëåíàì

è äîêàçûâàåòñÿ àíàëîãè÷íûìè ñîîáðàæåíèÿìè. Îòìåòèì òîëüêî, ÷òî èç îïðåäå-

ëåíèÿ ïî÷òè ãèïîýëëèïòè÷íîñòè ìíîãî÷ëåíà (ñì. îïðåäåëåíèå 1.2) ñëåäóåò, ÷òî

òàêîé ìíîãî÷ëåí ïðèíàäëåæèò Ĩn òîãäà è òîëüêî òîãäà, êîãäà êîãäà îí ïðèíàä-

ëåæèò In.

Ëåììà 1.2. Ïóñòü P ∈ Pol(n, n) ïî÷òè ãèïîýëëèïòè÷åñêèé ìíîãî÷ëåí. Òîãäà

P ∈ In ïðè âûïîëíåíèè îäíîãî èç ñëåäóþùèõ óñëîâèé

1) <0(P ) ∩ Rn,0 6= ∅,
2) ñóùåñòâóåò âåêòîð λ ∈ Λ(<(P )) òàêîé, ÷òî λi 6= λj ïðè i 6= j (i, j =

1, 2, ..., n).

2. Ìíîãî÷ëåíû îò òðeõ ïåðåìåííûõ

Â ýòîì ïóíêòå ìû áóäåì ðàññìàòðûâàòü ìíîãî÷ëåíû îò òðëõ ïåðåìåííûõ. Ïðè

ýòîì, â îòëè÷èå îò ïðåäûäóùåãî ïóíêòà, â íàñòîÿùåì ïóíêòå ïîä ìíîãîãðàííè-

êîì Íüþòîíà ìíîãî÷ëåíà R áóäåì ïîíèìàòü ìíîãîãðàííèê Íüþòîíà íàáîðà (R).
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Ëåììà 2.1. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α λ−îäíîðîäíûé ìíîãî÷ëåí, ìíîãî-

ãðàííèê Íüþòîíà <(R) êîòîðîãî ÿâëÿåòñÿ îäíîìåðíûì ñ âåðøèíàìè íà êîîð-

äèíàòíûõ ïëîñêîñòÿõ R3 . Åñëè <(R) íå ïàðàëëåëåí íè îäíîé êîîðäèíàòíîé

ïëîñêîñòè R3, òî lR,λ(η) < d(λ) äëÿ âñåõ η ∈ Σ(R, λ).

Äîêàçàòåëüñòâî. Ïóñòü α0 6= α1 âåðøèíû ìíîãîãðàííèêà <(R). Èç îäíîìåðíî-

ñòè <(R) ñëåäóåò, ÷òî ìíîæåñòâî òî÷åê <(R) ìîæíî ïðåäñòàâèòü â âèäå

(2.1) <(R) = {ν(t) := t α0 + (1− t) α1; t ∈ [0, 1]}.

Òàê êàê α0 è α1 ëåæàò íà êîîðäèíàòíûõ ïëîñêîñòÿõ è <(R) íå ïàðàëëåëåí

íè îäíîé êîîðäèíàòíîé ïëîñêîñòè, òî α0 è α1 ëåæàò íà ðàçíûõ êîîðäèíàòíûõ

ïëîñêîñòÿõ. Ïóñòü, äëÿ îïðåäåëåííîñòè α0 = (0, α0
2, α

0
3) è α1 = (α1

1, 0, α
1
3). Èç

óñëîâèÿ ëåììû ñëåäóåò, ÷òî α1
1 α

0
2 6= 0 è α0

3 6= α1
3 (ïóñòü α0

3 > α1
3 ). Ýòî çíà÷èò,

÷òî R ∈ Pol(3, 3).

Ðàññìîòðèì ñëåäóþùèå âîçìîæíûå ñëó÷àè: 1) α1
3 6= 0, 2) α1

3 = 0.

Òàê êàê, î÷åâèäíî, â ñèëó óñëîâèÿ α0
3 > α1

3 (ñì. òàêæå ïðåäñòàâëåíèå (2.1) ),

â ñëó÷àå 1): 1.a) {α ∈ (R), α ≥ (0, 0, α0
3)} = {α0}, òî D

α3
0

3 R(ξ) = α3
0 ! γα0 ξ

α0
2

2 ∀ξ ∈
R3 è 1.b) {α ∈ (R), α3 ≥ α1

3, α2 = 0} = {α1}, òî D
α1

3
3 R(ξ1, 0, ξ3) = α1

3 ! γα1 ξ
α1

1
1 ∀ξ ∈

R3.

Ñ äðóãé ñòîðîíû, òàê êàê γα0 · γα1 6= 0, òî äëÿ âñåõ η ∈ Σ(R, λ), äëÿ êîòîðûõ

η2 6= 0 èç 1.a) ïîëó÷àåì lR,λ(η) ≤ λ3α
0
3 = d(λ) − λ2α

0
2 < d(λ). À äëÿ òåõ η =

(η1, 0, η3) ∈ Σ(R, λ), äëÿ êîòîðûõ η1 6= 0, èç 1.b) ïîëó÷àåì lR,λ(η) ≤ d(λ)− λ1 α
1
1

< d(λ).

Åñëè æå η1 = η2 = 0 äëÿ η ∈ Σ(R, λ), òî η = ±(0, 0, 1) è, òàê êàê äëÿ

{α ∈ (R) : α2 ≥ α0
2, α1 6= 0} = {α0}, òî D

α0
2

2 R(η) = (D
α0

1
1 R)(η) = α0

1 ! γα0 η
α0

3
3 6= 0.

Îòñþäà ñëåäóåò, ÷òî lR,λ(η) ≤ d(λ)− λ3α
0
3 < d(λ).

Ýòèì óòâåðæäåíèå ëåììû â ñëó÷àå 1) äîêàçàíî.

Ðàññìîòðèì ñëó÷àé 2), ò.å. êîãäà α0 = (0, α0
2, α

0
3), α1 = (α1

1, 0, 0) ãäå α0
2 ·α0

3 ·α1
1 6=

0. Èç óñëîâèÿ α1 ∈ <0(R) íåïîñðåäñòâåííî ñëåäóåò, ÷òî ±(1, 0, 0) /∈ Σ(R, λ).

Ñëåäîâàòåëüíî |η2|+ |η3| > 0 äëÿ ëþáîãî η ∈ Σ(R, λ) è , òàê êàê â ñëó÷àå 2) (ñì.

òàêæå ïðåäñòàâëåíèå (2.1)) α2 < α0
2 è α3 < α0

3 äëÿ ëþáîãî α ∈ (R) : α 6= α0,

òî D
α0

2
2 R(ξ) = α0

2 ! γα0 ξ
α0

3
3 , D

α0
3

3 R(ξ) = α0
2 ! γα0 = α0

3 ! γα0 ξ
α0

2
2 ∀ξ ∈ R3.

Îòñþäà, â ñèëó óñëîâèÿ γα0 6= 0, íåïîñðåäñòâåííî ñëåäóåò, ÷òî lR,λ(η) ≤
max{λ2α

0
2, λ3α

0
3} äëÿ ïðîèçâîëüíîé η ∈ Σ(R, λ). Ëåììà äîêàçàíà. �
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Ëåììà 2.2. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α λ−îäíîðîäíûé ìíîãî÷ëåí, âåðøè-

íû ìíîãîãðàííèêà Íüþòîíà <(R) êîòîðîãî ëåæàò íà êîîðäèíàòíûõ ïëîñêî-

ñòÿõ. Åñëè <(R) èìååò îäíîìåðíóþ ãðàíü íå ïàðàëëåëüíóþ íè îäíîé êîîðäè-

íàòíîé ïëîñêîñòè, òî lR,λ(η) < d(λ) äëÿ âñåõ η ∈ Σ(R, λ).

Äîêàçàòåëüñòâî. Ïóñòü Γ− îäíîìåðíàÿ ãðàíü <(R), íå ïàðàëëåëüíàÿ íè ê îä-

íîé êîîðäèíàòíîé ïëîñêîñòè è R1,Γ(ξ) =
∑
α∈Γ∩(R) γαξ

α. Ïîâòîðÿÿ ðàññóæäå-

íèÿ, ïðîâîäèìûå ïðè ïåðâîé ÷àñòè äîêàçàòåëüñòâà ëåììû 2.1, ïîëó÷èì, ÷òî

R1,Γ ∈ Pol(3, 3), ñëåäîâàòåëüíî R ∈ Pol(3.3).

Ïîêàæåì, ÷òî ñóùåñòâóåò âåêòîð λ0 ∈ R3,+∩R3, 0, ÿâëÿþùèéñÿ âíåøíåé íîð-

ìàëüþ ãðàíè Γ, (òîãäà (λ0, α) = const := d0(λ0) äëÿ ëþáîé òî÷êè α ∈ Γ ) è

îðòîãîíàëüíûé âåêòîðó λ òàê, ÷òîáû d0 = d0(λ0) > maxβ∈[<(R)\Γ]∩(R)(λ
0, β). Íà

ñàìîì äåëå, ïóñòü λ1 ïðîèçâîëüíàÿ íîðìàëü ãðàíè Γ ( ÿâëÿþùàÿñÿ è âíåøíåé

íîðìàëüþ ìíîãîãðàííèêà <(R)) îðòîãîíàëüíàÿ âåêòîðó λ. Òîãäà äëÿ êàæäî-

ãî ε > 0 âåêòîð ελ1 + λ òàêæå ÿâëÿåòñÿ âíåøíåé íîðìàëüþ ãðàíè Γ. Òàê êàê

λ ∈ R3,+ ∩ R3,0, òî ελ1 + λ ∈ R3,+ ∩ R3,0 äëÿ äîñòàòî÷íî ìàëûõ ε. Ñ äðóãîé

ñòîðîíû, ïî âûáîðó âåêòîðà λ1, äëÿ ïðîèçâîëüíûõ òî÷åê α ∈ Γ è β ∈ [<(R) \ Γ]

(λ1, α) > (λ1, β), ïîýòîìó, î÷åâèäíî, (ελ1 +λ, α) > (ελ1 +λ, β) äëÿ ëþáîãî ε > 0.

Ñëåäîâàòåëüíî, â êà÷åñòâå âåêòîðà λ0, ìîæíî áðàòü ïðîèçâîëüíûé âåêòîð âèäà

λ0 = ε0λ
1 + λ, ãäå ÷èñëî ε0 > 0 âûáðàíî òàê, ÷òîáû λ0 ∈ R3,+ ∩ R3,0.

Ïðåäñòàâèì ìíîãî÷ëåí R â âèäå ñóììû λ0−îäíîðîäíûõ ìíîãî÷ëåíîâ: R(ξ) =∑m

j=0Rj(ξ) =
∑m

j=0

∑
(λ0,α)=dj

γαξ
α, ãäå d0 > d1 > ... > dM > 0, ïðè ýòîì,

î÷åâèäíî, R0(ξ) = R1,Γ(ξ) ∀ξ ∈ R3.

Òàê êàê ìíîãî÷ëåí R0 óäîâëåòâîðÿåò óñëîâèÿì ëåììû 2.1, òî lR0,λ0(τ) < d0

äëÿ ëþáîé òî÷êè τ ∈ Σ(R0, λ
0). Òîãäà, â ñèëó òåîðåìû 1.2, R ∈ Ĩ3 è, òàê êàê

R λ−îäíîðîäíûé ìíîãî÷ëåí, òî â ñèëó òåîðåìû 1.1 lR,λ(η) < d(λ) ïðè âñåõ

η ∈ Σ(R, λ). Ëåììà äîêàçàíà. �

Íà ïðèìåðå ïîêàæåì, ÷òî òðåáîâàíèå î ñóùåñòâîâàíèè îäíîìåðíîé ãðàíè, íå

ïàðàëëåëüíîé íè îäíîé êîîðäèíàòíîé ïëîñêîñòè, ñóùåñòâåííî.

Ïðèìåð 2.1. Ïóñòü λ = (1, 1, 2), R(ξ) = (ξ1 − ξ2)4 ξ3
3 +ξ5

3 λ−îäíîðîäíûé ìíî-

ãî÷ëåí λ−ïîðÿäêà d(λ) = 10. Âåðøèíû e1 = (0, 4, 3), e2 = (4, 0, 3) è e3 = (0, 0, 5)

åãî ìíîãîãðàííèêà Íüþòîíà ëåæàò íà êîîðäèíàòíûõ ïëîñêîñòÿõ, ïðè ýòîì

îäíîìåðíûe ãðàíè (e1, e3) è (e3, e2) ëåæàò íà êîîðäèíàòíûõ ïëîñêîñòÿõ, à îä-

íîìåðíàÿ ãðàíü Γ := (e1, e2) ïàðàëëåëüíà ïëîñêîñòè ξ1 = 0. Òàêèì îáðààçîì,
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âñå îäíîìåðíûå ãðàíû ïàðàëëåëüíû ñîîòâåòñòâóþùèì êîîðäèíàòíûì ïëîñêî-

ñòÿì. Ãðàíè Γ ñîîòâåòñòâóåò ïîäìíîãî÷ëåí RΓ(ξ) = (ξ1 − ξ2)4 ξ3
3 ñ íóëÿìè

±η := ±(
√

2
2 ,
√

2
2 , 0), ïðè ýòîì lΓ,λ(±η) = 10 = d(λ).

Ëåììà 2.3. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α λ = (λ1, λ2, λ3) - îäíîðîäíûé ìíî-

ãî÷ëåí ( λ1 6= λ2 ), ïðåäñòàâëåííûé â âèäå

(2.2) R(ξ) =

M∑
j=r

ξj3 qj(ξ1, ξ2) =:

M∑
j=r

Rj(ξ),

ãäå r,M ∈ N0, qj µ := (λ1, λ2)−îäíîðîäíûé ìíîãî÷ëåí µ−ïîðÿäêà d(λ) − j λ3

äâóõ ïåðåìåííûõ (j = r, ...,M). Åñëè ëèáî a) 0 < r < d(λ)/λ3 è qr ∈ Pol(2, 2)

ëèáî b) 0 < M < d(λ)/λ3 è qM ∈ Pol(2, 2), òî lR,λ(η) < d(λ) äëÿ âñåõ η ∈
Σ(R, λ).

Äîêàçàòåëüñòâî. Î÷åâèäíî, ïðè âûïîëíåíèè êàæäîãî èç óñëîâèé a) èëè b) R ∈
Pol(3, 3). Òàê êàê äîêàçàòåëüñòâî ëåììû â îáîèõ ñëó÷àÿõ ïðîâîäèòñÿ àíàëîãè÷-

íî, òî ðàññìîòðèì òîëüêî ñëó÷àé a). Ïóñòü λ0 = (λ1, λ2, λ
0
3), ãäå 0 < λ0

3 < λ3. Òàê

êàê ìíîãî÷ëåíû Rj (j = r, ...,M) ÿâëÿþòñÿ λ0−îäíîðîäíûìè ïîðÿäêîâ dj :=

d(λ)− j(λ3−λ0
3), òî ïðåäñòàâëåíèå (2.2) ÿâëÿåñÿ ïðåäñòàâëåíèåì λ−îäíîðîäíîãî

ìíîãî÷ëåíà R â âèäå ñóììû λ0−îäíîðîäíûõ ìíîãî÷ëåíîâ. Ïðåäñòàâèì ìíîæå-

ñòâî Σ(Rr, λ
0) â ñëåäóþùåì âèäå

Σ(Rr, λ
0) = {τ ∈ Σ(Rr, λ

0), τ3 6= 0} ∪ {τ ∈ Σ(Rr, λ
0), τ3 = 0} =: B1 ∪B2.

Òàê êàê qr(τ1, τ2) = 0 äëÿ âñåõ τ ∈ B1, ïî óñëîâèþ a) qr ∈ Pol(2, 2) ÿâëÿåòñÿ

µ := (λ1, λ2)−îäíîðîäíûì ìíîãî÷ëåíîì µ−ïîðÿäêà d(λ)− r λ3, è λ1 6= λ2, òî íà

îñíîâàíèè ëåììû 1 ðàáîòû [15] lqr, µ(τ1, τ2) < d(λ)−r λ3. Ñëåäîâàòåëüíî lRr, λ0(τ)

= lqr, µ(τ1, τ2) < d(λ)− r (λ3 − λ0
3) = d0 äëÿ âñåõ τ ∈ B1.

Åñëè qr(τ1, τ2) 6= 0 äëÿ äàííîãî τ ∈ B2, òî, î÷åâèäíî, lRr,λ0(τ) < r λ0
3 < d0.

Åñëè æå qr(τ1, τ2) = 0 äëÿ τ ∈ B2, òî íà îñíîâàíèè òîé æå ëåììû 1 ðàáîòû [15]

lRr,λ0(τ) ≤ r λ0
3 +lqr,µ(τ1, τ2) < r λ0

3 + d(λ)− r λ3 = d0. Ñëåäîâàòåëüíî lRr,λ0(τ) <

d0 äëÿ âñåõ τ ∈ B2. Îòñþäà â ñèëó òåîðåìû 1.2 èìååì, ÷òî R ∈ Ĩ3. Òàê êàê R

λ−îäíîðîäåí, òî â ñèëó òåîðåìû 1.1 ýòî îçíà÷àåò, ÷òî lR,λ(η) < d(λ) äëÿ âñåõ

η ∈ Σ(R, λ). �

Ïðèìåð 2.2. Íà ïðèìåðå ïîêàæåì, ÷òî âûïîëíåíèå óñëîâèÿ a) èëè b) ñóùå-

ñòâåííî äëÿ âûïîëíåíèÿ ñîîòíîøåíèÿ lR,λ(η) < d(λ) äëÿ âñåõ η ∈ Σ(R, λ).
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Ïóñòü λ = (1, 3/2, 3/2), R(ξ) = ξ6
1+(ξ2−ξ3)4 λ−îäíîðîäíûé ìíîãî÷ëåí ïîðÿä-

êà d(λ) = 6, Σ(R, λ) = {η± := ±(0,
√

2/2,
√

2/2)}, r = 0, M = 4 = d(λ)/(3/2), ò.å.

íàðóøàþòñÿ îáà óñëîâèÿ a) è b). Ëåãêî ïîñ÷èòàòü òîãäà, ÷òî lR,λ(η±) = 6 = d(λ).

Èç ëåìì 1.1 - 1.2 è 2.2 - 2.3 íåïîñðåñòâåííî ñëåäóåò

Ñëåäñòâèå 2.1. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α λ−îäíîðîäíûé ìíîãî÷ëåí. Òî-

ãäà lR,λ(η) < d(λ) äëÿ âñåõ η ∈ Σ(R, λ) ïðè âûïîëíåíèè îäíîãî èç ñëåäóþùèõ

òðåõ óñëîâèé 1) <(R) èìååò âåðøèíó â R3,0, 2) <(R) èìååò îäíîìåðíóþ ãðàí,

íå ïàðàëëåëüíóþ íè ê îäíîé êîîðäèíàòíîé ïëîñêîñòè, 3) <(R) ìîæåò èìåòü

îäíîìåðíóþ ãðàíü, ïàðàëëåëüíóþ êàêîé - ëèáî êîîððäèíàòíîé ïëîñêîñòè (íà-

ïðèìåð êîîððäèíàòíîé ïëîñêîñòè ξ1 = 0), íî íå ëåæàùåé â íåé è òàêîé, ÷òî

λ2 6= λ3.

Íèæå ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèì î÷åâèäíûì ïðåäëîæåíèåì

Ïðåäëîæåíèå 2.1. Ïóñòü R λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà d(λ). Åñëè

λ1 = λ3 =: µ, òî ìíîãî÷ëåí R ìîæíî ïðåäñòàâèòü â âèäå R(ξ) =
∑
r∈A2

ξr2 qr,2(ξ1, ξ3),

ãäå A2 = A2(R) := {r ∈ N0, [d(λ) − rλ2]/µ ∈ N0}, à qr,2 îäíîðîäíûé ìíîãî÷ëåí

ïîðÿäêà [d(λ)− rλ2]/µ. Ïðè ýòîì

max
r∈A2

{r} = max
α∈(R)

{α2}; min
r∈A2

{r} = min
α∈(R)

{α2}.

Îòìåòèì, ÷òî â ýòîì ïðåäñòàâëåíèè ìíîæåñòâî A2 ìîæíî çàìåíèòü íà ìíî-

æåñòâà A1, èëè A3, ñîîòâåòñòâóþùèì îáðàçîì ìåíÿÿ qr,2 íà qr,1 èëè qr,3.

Ëåììà 2.4. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α ∈ Pol(3, 3) λ−îäíîðîäíûé ìíîãî-

÷ëåí λ−ïîðÿäêà d(λ) òàêîé, ÷òî (R)∩{ξj = 0} 6= ∅, j = 1, 3, m2 := max
α∈(R)

{α2} <

d(λ)/λ2 è lR,λ(η0) = d(λ) äëÿ íåêîòîðîé òî÷êè η0 ∈ Σ(R, λ). Òîãäà a) λ1 = λ3,

b)η0
1 η

0
3 6= 0, c) ñóùåñòâóåò λ−îäíîðîäíûé ìíîãî÷ëåí R1 ∈ Pol(3.3) λ−ïîðÿäêà

d1(λ) = m2 λ2 òàêîé, ÷òî (0,m2, 0) ∈ <0(R1), η0 ∈ Σ(R1, λ) è lR1, λ(η0) = d1(λ),

ïðè ýòîì R(ξ) = (η0
3 ξ1 − η0

1 ξ3)[d(λ)−d1(λ)]/λ1 R1(ξ).

Äîêàçàòåëüñòâî. Èç óñëîâèÿ P ∈ Pol(3, 3) ñëåäóåò, ÷òî m2 > 0, à èç óñëîâèÿ

lR,λ(η0) = d(λ) è ñëåäñòâèÿ 2.1, ÷òî 1 ) âñå âåðøèíû <(R) ëåæàò íà êîîðäè-

íàòíûõ ïëîñêîñòÿõ, 2) êàæäàÿ îäíîìåðíàÿ ãðàíü <(R) ïàðàëëåëüíà ê íåêîòîðîé

êîîðäèíàòíîé ïëîñêîñòè, 3) Åñëè êàêàÿ - òî îäíîìåðíàÿ ãðàíü ìíîãîãðàííèêà

<(R) ïàðàëëåëüíà (íàïðèìåð) êîîðäèíàòíîé ïëîñêîñòè ξ1 = 0 , íî íå ëåæèò íà

ýòîé ïëîñêîñòè, òî λ2 = λ3.
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Èç óñëîâèé (R)∩{ξj = 0} 6= ∅ (j = 1, 3) ñëåäóåò, ÷òî <0(R)∩{ξj = 0} 6= ∅. (j =

1, 3). Ïóñòü α0 = (0, α0
2, α

0
3), α1 = (α1

1, α
1
2, 0) ∈ <0(R) òàêèå, ÷òî α0

2 = max{α2;α =

(0, α2, α3) ∈ ((R) ∩ {ξ1 = 0})}, α1
2 = max{α2;α = (α1, α2, 0) ∈ (R ∩ {ξ3 = 0})}.

Ëåãêî âèäåòü, ÷òî èç ñâîéñòâà 1) ñëåäóåò, ÷òî G := {ν(t) = t α0 + (1 − t) α1 t ∈
[0, 1]} ÿâëÿåòñÿ îäíîìåðíîé ãðàíüþ <(R). Òàê êàê α0

2, α
1
2 ≤ m2 < d(λ)/λ2 òî

α0
3 α

1
1 > 0, ñëåäîâàòåëüíî â ñèëó 2) G ïàðàëëåëüíà ïëîñêîñòè ξ2 = 0 è ïîýòîìó

α0
2 = α1

2 = m2.

Îòñþäà â ñèëó 3) ïîëó÷àåì, ÷òî λ1 = λ3 =: µ è

(2.3) α0 = (0,m2, [d(λ)−m2 λ2]/λ1), α1 = ([d(λ)−m2 λ2]/λ1,m2, 0).

Òîãäà â ñèëó ïðåäëîæåíèÿ 2.1 ìíîãî÷ëåí R ìîæíî ïðåäñòàâèòü â âèäå

(2.4) R(ξ) =
∑
j∈A2

ξj2qj, 2(ξ1, ξ3),

ãäå qj, 2 îäíîðîäíûé ìíîãî÷ëåí ïîðÿäêà [d(λ) − j2 λ2]/µ, ïðè ýòîì qm2, 2 ∈
Pol(2, 2), è qm2, 2(1, 0) · qm2, 2(0, 1) 6= 0 ( ñì (2.3) ). Îòñþäà, â ñâîþ î÷åðåäü,

ñëåäóåò, ÷òî η0
1 .η

0
3 6= 0.

Èòàê, äîêàçàíî, ÷òî λ1 = λ3, η0
1 .η

0
3 6= 0 è qm2, 2 ∈ Pol(2, 2).

Ïî èíäóêöèè ïî óáûâàíèþ j ∈ A2 ïîêàæåì, ÷òî

(2.5) lqm2, 2(η0
1 , η

0
3) = [d(λ)−m2λ2]/µ,

(2.6) lqj , 2(η0
1 , η

0
3) ≥ [d(λ)−m2λ2]/µ ∀j ∈ A2.

Äëÿ òåõ α ∈ N3
0 äëÿ êîòîðûõ α1 + α3 = [d(λ) − m2λ2]/µ − 1 ( íàïîìíèì, ÷òî

(λ, α) = d(λ)− µ < d(λ) ) èç óñëîâèÿ lR, λ(η0) = d(λ) èìååì

0 = [DαR](η0) = Dα1
1 Dα3

3 qm2,2(η0
1 , η

0
3).

Îòñþäà, â ñèëó ôîðìóëû Ýéëåðà äëÿ îäíîðîäíûõ ôóíêöèé, èìåÿ åùå â âèäó

òî, ÷òî ìíîãî÷ëåí qm2,2 îòëè÷åí îò òîæäåñòâåííîãî íóëÿ è ordqm2,2 = [d(λ) −
m2 λ2]/µ, ïîëó÷àåì (2.5).

Ïóñòü k ∈ A2 è lqj, 2(η0
1 , η

0
3) ≥ [d(λ)−m2 λ2]/µ äëÿ âñåõ j ∈ A2 : j > k. Äîêàæåì,

÷òî lqk, 2(η0
1 , η

0
3) ≥ [d(λ)−m2λ2]/µ.

Ïóñòü α = (α1, k, α3) ∈ N3
0, α1 + α3 = [d(λ) −m2 λ2]/µ − 1. Òàê êàê (λ, α) =

d(λ)− (m2−k)λ2−µ < d(λ), òî â ñèëó óñëîâèÿ lR, λ(η0) = d(λ) è ïðåäïîëîæåíèÿ

èíäóêöèè èìååì

0 = [DαR](η0) =
∑

A23j≥k

j!

(j − k)!
(η0

2)j−k[Dα1
1 Dα3

3 qj,2](η0
1 , η

0
3)
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= [Dα1
1 Dα3

3 qk,2](η0
1 , η

0
3).

Òàê êàê qk, 2 îäíîðîäíûé ìíîãî÷ëåí, òî â ñèëó óïîìÿíóòîé ëåììû Ýéëåðà îòñþäà

ïîëó÷àåì, ÷òî lqk, 2(η0
1 , η

0
3) ≥ [d(λ) −m2λ2]/µ. Ïî ïðåäïîëîæåíèþ èíäóêöèè, ýòî

âìåñòå ñ (2.5) äîêàçûâàåò ñîîòíîøåíèå (2.6).

Òàê êàê ïðè j ∈ A2 qj, 2 îäíîðîäíûé ìíîãî÷ëåí, òî â ñèëó ëåììû Á.Ïèíè (ñì.

[6] äëÿ îäíîðîäíûõ è [14] äëÿ îáîáùåííî - îäíîðîäíûõ ìíîãî÷ëåíîâ) äëÿ ëþáîãî

j ∈ A2 ñóùåñòâóåò îäíîðîäíûé ìíîãî÷ëåí q
′

j, 2 (q
′

m2, 2 ≡ const 6= 0) òàêîé, ÷òî

qj, 2(ξ1, ξ3) = (η0
3 ξ1 −η0

1 ξ3)[d(λ)−m2 λ2]/µ q
′

j, 2(ξ1, ξ3). Îòñþäà, â ñèëó ïðåäñòàâëåíèÿ

(2.4) èìååì

R(ξ) = (η0
3 ξ1 − η0

1 ξ3)[d(λ)−m2 λ2]/µ
∑
j∈A2

ξj2 q
′

j, 2(ξ1, ξ3)

(2.7) =: (η0
3 ξ1 − η0

1 ξ3)[d(λ)−m2 λ2]/µ R1(ξ),

ãäå, î÷åâèäíî,R1 λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà m2 λ2. Òàê êàê lR,λ(η0) =

d(λ), òî èç (2.7), â ñèëó óñëîâèÿ m2 < d(λ)/λ2 ëåììû, ñëåäóåò, ÷òî η0 ∈ Σ(R1, λ)

è lR1,λ(η0) = m2 λ2. �

Èç äîêàçàííîé ëåììû íåïîñðåäñòâåííî ñëåäóåò

Ñëåäñòâèå 2.2. Ïóñòü R(ξ) =
∑

(λ,α)=d(λ) γα ξ
α ∈ Pol(3, 3), (R)∩{ξj = 0} 6= ∅,

è mj := maxα∈(R){αj} < d(λ)/λj (j = 1, 2, 3). Åñëè R /∈ Ĩ3, òî λ1 = λ2 = λ3.

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåãî ïóíêòà ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 2.1. (â ñëó÷àå n = 2 ñì. [17]) Ïóñòü R ∈ Pol(3, 3) λ−îäíîðîäíûé
ìíîãî÷ëåí λ−ïîðÿäêà d(λ) > 0, λ1 = λ2 6= λ3. Òîãäà R /∈ Ĩ3 â òîì è òîëüêî â

òîì ñëó÷àå, êîãäà ñóùåñòâóþò ÷èñëà a, b, cj j ∈ A3(R) (îïðåäåëåíèå ìíîæå-

ñòâà A3(R) ñì. â ïðåäëîæåíèè 2.1 ) òàêèå, ÷òî ìíîãî÷ëåí R ïðåäñòàâëÿåòñÿ

â âèäå

(2.8) R(ξ) =
∑

j ∈ A3(R)

cj ξ
j
3 (a ξ1 + b ξ2)[d(λ)−j λ3]/λ1 .

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü î÷åâèäíà. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü R /∈
Ĩ3, ïîêàæåì, ÷òî ìíîãî÷ëåí R ïðåäñòàâëÿåòñÿ â âèäå (2.8). Ðàññìîòðèì ñëåäóþ-

ùèå äâà âîçìîæíûõ ñëó÷àÿ: 1) M := max
α∈(R)

{α3} = d(λ)/λ3, 2) M < d(λ)/λ3.

Â ñèëó ïðåäëîæåíèÿ 2.1 ìíîãî÷ëåí R ìîæíî ïðåäñòàâèòü â âèäå

(2.9) R(ξ) =
∑

j∈ A3(R)

ξj3 qj, 3(ξ1, ξ2) =:
∑

j ∈ A3(R)

Rj(ξ),
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ãäå, äëÿ êàæäîãî j ∈ A3(R), qj, 3 îäíîðîäíûé ìíîãî÷ëåí ïîðÿäêà [d(λ)−j λ3]/λ1,

à Rj íåíóëåâîé λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà d(λ).

Â ñèëó òåîðåìè 1.1 è èç óñëîâèÿ R /∈ Ĩ3 ñëåäóåò, ÷òî lR,λ(η0) = d(λ) äëÿ

íåêîòîðîé òî÷êè η0 ∈ Σ(R, λ).

Â ñëó÷àå 1) âîçìîæíû ñëåäóþùèå ïîäñëó÷àè: 1.1) 0 < λ3 < λ1 = λ2, 1.2)

0 < λ1 = λ2 < λ3. Ëåãêî ïðîâåðèòü, ÷òî â ïîäñëó÷àå 1.1) {α ∈ (R), α3 > M − 1}
= {(0, 0,M)}, ïîýòîìó

(2.10) DM−1
3 R(ξ) = M ! γ(0,0,M) ξ3 ∀ξ ∈ R3.

Òàê êàê â ñëó÷àå 1) γ(0,0,M) 6= 0, òî îòñþäà ñ íåêîòîðîé ïîñòîÿííîé κ1 > 0 èìååì

|ξ3| ≤ κ1 R̃(ξ) ∀ξ ∈ R3. Îòêóäà, â ñèëó óñëîâèé η0 ∈ Σ(R, λ) è lR,λ(η0) = d(λ),

ïîëó÷àåì, ÷òî η0
3 = 0. Òàê êàê

(2.11) (Dj
3R)(ξ1, ξ2, 0) = j! qj, 3(ξ1, ξ2) ∀(ξ1, ξ2) ∈ R2, j ∈ A3(R), j < M,

òî â ñèëó óñëîâèÿ lR,λ(η0) = d(λ) îòñþäà ïîëó÷àåì, ÷òî qj, 3(η0
1 , η

0
2) = 0 è

lqj, 3,(λ1,λ2)(η
0
1 , η

0
2) = d(λ)− j λ3 > 0.

Ïîêàæåì, ÷òî â ïîäñëó÷àå 1.1) èç óñëîâèÿ R ∈ Pol(3, 3) ñëåäóåò, ÷òî qj, 3 ∈
Pol(2, 2).Ïðåäïîëîæèì îáðàòíîå, ÷òî, íàïðèìåð,D2 qj0(ξ) ≡ 0, ò.å. qj0, 3 ∈ Pol(2, 1)

äëÿ íåêîòîðîãî j0 ∈ A3(R), j0 < M. Òîãäà â ñèëó îäíîðîäíîñòè ìíîãî÷ëåíà qj, 3

ïîëó÷àåì, ÷òî η0
1 = 0, ò.å η0 = ±(0, 1, 0). Òîãäà èç (2.11) ñëåäóåò, ÷òî äëÿ ëþáîãî

j ∈ A3, j < M qj, 3(0, 1) = 0 è lqj, 3,(λ1,λ2)(0, 1) = d(λ) − j λ3. Òàê êàê qj, 3 îäíî-

ðîäíûé ìíîãî÷ëåí ïîðÿäêà [d(λ)− j λ3]/λ1 òàêîé, ÷òî lqj, 3
(0, 1) = [d(λ)− j λ3]/λ1

äëÿ ëþáîãî j ∈ A3, j < M, òî â ñèëó ëåììû Ýéëåðà îá îäíîðîäíûõ ôóíêöèÿõ

ïîëó÷àåì, ÷òî qj, 3(ξ1, ξ2) = qj, 3(ξ1, 0) äëÿ âñåõ ξ ∈ R2 è j ∈ A3, j < M.

Òàê êàê qM, 3(ξ1, ξ2) = const, òî îòñþäà â ñèëó ïðåäñòàâëåíèÿ (2.9) ïîëó÷àåì,

÷òî R ∈ Pol(3, 2). Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî qj, 3 ∈ Pol(2, 2).

äëÿ òåõ j ∈ A3, äëÿ êîòîðûõ qj, 3 íå îáðàùàòñÿ â íóëü òîæäåñòâåííî. Òîãäà â

ñèëó ëåììû Ïèíè, äëÿ îäíîðîäíîãî ìíîãî÷ëåíà qj, 3, äëÿ êîòîðîãî lqj, 3(η0
1 , η

0
2)

= [d(λ)− j λ3]/λ1, ñóùåñòâóåò ÷èñëî cj òàêîå, ÷òî

(2.12) qj, 3(ξ1, ξ2) = cj (η0
2ξ1 − η0

1ξ2)[d(λ)−j λ3]/λ1 ∀ξ ∈ R2, j ∈ A3, j < M,

îòêóäà â ñèëó (2.9) ïîëó÷àåì óòâåðæäåíèå ëåììû â ïîäñëó÷àå 1.1) ñ cM =

γ(0,0,M).

Ïåðåéäåì ê ïîäñëó÷àþ 1.2). Ïóñòü r := minα∈(R){α3}. Î÷åâèäíî r ∈ A3(R).

Èç óñëîâèÿ R ∈ Pol(3, 3) ñëåäóåò, ÷òî r < M. Òàê êàê â ðàññìàòðèâàåìîì ñëó÷àå

{α = (α1, α2, α3) ∈ (R) : α1 + α2 ≥ [d(λ) − r λ3]/λ1 − 1} = {α = (α1, α2, r) ∈ (R)}
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( 6= ∅), òî
∑

Θr
|Dα1

1 Dα2
2 Dr

3R(ξ)| = r!
∑

Θr
|Dα1

1 Dα2
2 qr, 3(ξ1, ξ2)|, ãäå ñóììû ðàñïðî-

ñòðàíÿþòñÿ ïî ìíîæåñòâó Θr := {(α1, α2) ∈ N2
0 : α1 + α2 = [d(λ)− r λ3]/λ1 − 1}.

Òàê êàê â ñèëó óñëîâèÿ 0 < λ1 = λ2 ïðè α1 + α2 = [d(λ) − r λ3]/λ1 − 1 èìå-

åò ìåñòî ñîîòíîøåíèå λ1α1 + λ2α2 + λ3 r = d(λ) − λ1 < d(λ), òî ó÷èòûâàÿ, ÷òî

lR,λ(η0) = d(λ) îòñþäà ïîëó÷àåì: Dα1
1 Dα2

2 qr, 3(η0
1 , η

0
2) = 0 äëÿ âñåõ (α1, α2) ∈ N2

0 :

α1 + α2 = [d(λ)− r λ3]/λ1 − 1.

Òàê êàê lqr, 3,(λ1,λ2)(η
0
1 , η

0
2) = d(λ) − λ3 r, òî îòñþäà, â ñèëó ëåììû Ýéëåðà,

ïîëó÷àåì, ÷òî qr, 3(η0
1 , η

0
2) = 0 è lqr, 3

(η0
1 , η

0
2) = [d(λ)− λ3 r]/λ1.

Ïóñòü qj, 3 íå îáðàùàþòñÿ â íóëü òîæäåñòâåííî äëÿ j ∈ A3(R), j < M. Äî-

êàæåì ïî èíäóêöèè ïî âîçðàñòàíèþ j ∈ A3(R) : j < M, ÷òî qk, 3(η0
1 , η

0
2) = 0 è

lqk, 3
(η0

1 , η
0
2) = [d(λ)− λ3 k]/λ1. ïðè âñåõ k ∈ A3(R) : k < M.

Ïóñòü k ∈ A3(R) : r < k < M è ïðè âñåõ j < k qj, 3(η0
1 , η

0
2) = 0 è lqj, 3

(η0
1 , η

0
2) =

[d(λ)−λ3 j]/λ1. Òàê êàê äëÿ (îòëè÷íîãî îò òîæäåñòâåííîãî íóëÿ) ìíîãî÷ëåíà qj, 3

ñïðàâåäëèâî ñîîòíîøåíèå lqj, 3(η0
1 , η

0
2) ≥ [d(λ) − λ3 k]/λ1, òî ïî ïðåäïîëîæåíèþ

èíäóêöèè ïðè âñåõ (α1, α2) ∈ N2
0 : α1 + α2 = [d(λ)− r λ3]/λ1 − 1 èìååì

0 =
∑
Θk

|[Dα1
1 Dα2

2 Dk
3R](η0)| = k!

∑
Θk

|[Dα1
1 Dα2

2 qk, 3](η0)|.

Îòñþäà, â ñèëó ëåììû Ýéëåðà, èìååì qk, 3(η0
1 , η

0
2) = 0 è lqk, 3

(η0
1 , η

0
2) = [d(λ) −

λ3 k]/λ1. Ýòèì, ïðè îòëè÷èè îò òîæäåñòâåííîãî íóëÿ ìíîãî÷ëåíîâ qj, 3 (j ∈ A3(R) :

j < M), ïî ïðèíöèïó ìàòåìàòè÷åñêîé èíäóêöèè, äîêàçàíî, ÷òî qj, 3(η0
1 , η

0
2) = 0 è

lqj, 3(η0
1 , η

0
2) = [d(λ)− λ3 j]/λ1. äëÿ ëþáîãî j ∈ A3(R) : j < M.

Òîãäà, ïðèìåíÿÿ ëåììó Ïèíè, ñ íåêîòîðûìè ïîñòîÿííûìè cj (ïðè ýòîì cj = 0

ïðè qj, 3(ξ) ≡ 0 è cj 6= 0 â ïðîòèâíîì ñëó÷àå) ïîëó÷àåì ïðåäñòàâëåíèå (2.12). À

èç ïðåäñòàâëåíèé (2.9) è (2.12) ïîëó÷àåì óòâåðæäåíèå òåîðåìû â ñëó÷àå 1.2) ñ

cM = γ(0, 0,M).

Ðàññìîòðèì ñëó÷àé 2), êîãäà M < d(λ)/λ3. Ìû ñâåäåì ýòîò ñëó÷àé ê ñëó÷àþ

1). Ñíà÷àëà ïîêàæåì, ÷òî â ñëó÷àå 2) â ïðåäñòàâëåíèè (2.9) qM, 3 ∈ Pol(2, 2).

Ïóñòü, íàîáîðîò, äëÿ îïðåäåëåííîñòè qM, 3 ∈ Pol(2, 1) ò.å. D2 qM, 3(ξ) ≡ 0, à

D1 qM, 3 îòëè÷åí îò òîæäåñòâåííîãî íóëÿ. Èç óñëîâèÿ R /∈ Ĩ3 è ñëåäñòâèÿ 2.1

èìåååì

I) âåðøèíû ìíîãîãðàííèêà <(R) ëåæàò â êîîðäèíàòíûõ ïëîñêîñòÿõ

II) êàæäàÿ îäíîìåðíàÿ ãðàíü <(R) ïàðàëëåëüíà íåêîòîðîé êîîðäèíàòíîé ïëîñ-

êîñòè.
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Èç óñëîâèÿ R ∈ Ĩ3 ñëåäóåò, ÷òî M > 0, à èç óñëîâèé íà ìíîãî÷ëåíû D1qM, 3 è

D2qM, 3, ÷òî α
0 := (α0

1, 0,M) ∈ <0(R), ãäå α0
1 := ord qM, 3(ξ1, 0) = [d(λ)−λ3 M ]/λ1.

Òàê êàê maxα=(0,α2,α3)∈(R){α3} < M ( íàïîìíèì, ÷òî D2qM, 3(ξ) ≡ 0), òî â ñèëó

ïóíêòà II) (R) ∩ {ξ1 = 0} = ∅. Òîãäà èç óñëîâèÿ R ∈ Pol(3, 3) ñëåäóåò, ÷òî

<0(R) ∩ {ξ3 = 0} 6= ∅.
Ïóñòü α1 = (α1

1, α
1
2, 0) ∈ <0(R) âûáðàí òàê, ÷òî α1

1 = minα=(α1,α2,0)∈(R){α1}.
Èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé î÷åâèäíî, ÷òî α0

1 = minα=(α1,0,α3)∈(R){α1}. Òî-
ãäà ëåãêî óáåäèòüñÿ â òîì, ÷òî G; = {ν(t) = t α0

1 + (1 − t) α1, t ∈ [0, 1]} ÿâëÿåòñÿ
îäíîìåðíîé ãðàíüþ <(R). Òîãäà èç ïóíêòà II) ïîëó÷àåì, ÷òî α0

1 = α1
1 (ñëåäîâà-

òåëüíî α0
2 > 0. ) Òàê êàê

∑
α∈(R)∩G

γαξ
α = ξ

α0
1

1 ·
∑

(α0
1,α2,α3)∈(R)

γ(α0
1,α2,α3)ξ

α2
2 ξα3

3 :=

ξ
α0

1
1 q(ξ2, ξ3), ãäå q(1, 0).q(0, 1) 6= 0, òî q ∈ Pol(2, 2) (λ2, λ3)−îäíîðîäíûé ìíîãî-

÷ëåí (λ2, λ3)−ïîðÿäêà d(λ)−α0
1λ1 > 0. Òîãäà â ñèëó ëåììû 2.3 lR,λ(η) < d(λ) äëÿ

ëþáîé η ∈ Σ(R, λ). Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî qM,3 ∈ Pol(2, 2).

Òîãäà â ñèëó ëåììû (2.4) ìíîãî÷ëåí R ïðåäñòàâëÿòüñÿ â âèäå R(ξ) = (η0
2ξ1 −

η0
1ξ2)[d(λ)−M λ3]/λ1 R1(ξ), ãäå R1 ∈ Pol(3, 3) λ−îäíîðîäíûé ìíîãî÷ëåí λ−ïîðÿäêà
M λ3 > 0 òàêîé, ÷òî η0 ∈ Σ(R1, λ), lR1,λ(η0) = M λ3 è (0, 0,M) ∈ (R1).

Òàê êàê ìíîãî÷ëåí R1 óäîâëåòâîðÿåò óñëîâèÿì äîêàçûâàåìîé òåîðåìû è

maxα∈(R1){α3} = M , òî â ñèëó äîêàçàííîé ÷àñòè ýòîé òåîðåìû íåïîñðåäñòâåííî

ïîëó÷àåì óòâåðæäåíèå òåîðåìû è â ñëó÷àå 2). �

Abstract. Denote by In (by Ĩn respectively) the set of polynomials of n variables

P (ξ) = P (ξ1, ξ2, ..., ξn) with real coe�cients such that |P (ξ)| → ∞ as |ξ| → ∞
(respectively P̃ (ξ) :=

∑
ν |DνP (ξ)| → ∞ as |ξ| → ∞). In terms of a degree m,

the geometrical structure of Newton polyhedron <(P ) of polynomial P and the

multiplicity of zeros of its main homogeneous subpolynomial Pm necessary and su�cient

conditions are obtained for P ∈ In (respectively P ∈ Ĩn). For generalized homogeneous
polynomials R of three variables geometrical su�cient conditions are obtained for

R ∈ Ĩ3.
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when f(cg(x)) is sublinear at 0 and∞ for every c > 0. Relevant results are obtained

in [8], in the case f(0) < 0 or g(0) < 0, where the authors extended the study of

[6] to the case with no sign conditions on f(0) or g(0).

In [7], the authors considered the existence results of positive solutions for the

nonlinear p-Laplacian system

(1.2)
−∆pu = λf(v) in Ω,
−∆pv = λg(u) in Ω,
u = v = 0 on ∂Ω,


in the semiposotone case, i.e., f(0) or g(0) is negative. Under the condition

(1.3) lim
x→+∞

f [M(g(x))
1
p−1 ]

xp−1
= 0, for every M > 0,

the existence results of positive weak solutions was given for system (1.2) when λ

is large enough.

In this paper, we discuss the existence of positive weak solution for λ, µ large for

the singular nonlinear system

(1.4)
−div[|x|−rp|∇u|p−2∇u]− %pΛpu = λa(x)|x|−(r+1)p+γ f(v) in Ω,
−div[|x|−sq|∇v|q−2∇v]− %qΛqv = µb(x)|x|−(s+1)q+δg(u) in Ω,

u = v = 0 on ∂Ω,


where Ω is a bounded domain of Rn with boundary ∂ Ω, 0 ∈ Ω, 1 < p, q < n,

0 ≤ r < n−p
p , 0 ≤ s < n−q

q ,Λpu = |u|p−2u, %p, %q, λ, µ, γ, δ are positive constants,

a, b are weight functions and f, g are given functions. We prove through the sub�

supersolutions method, the existence of a large positive weak solutions for λ, µ large

when lim
x→+∞

f
1
p−1 (M(g(x))

1
q−1 )

x = 0, for every M > 0

In this paper we are dealing with the singular (p, q)−Laplacian nonlinear system

with no any sign-changing conditions on the functions a or b.

This paper is organized as follows: we introduce some basic de�nitions, technical

results, notations and some assumptions on the functions a, b, f, g in section 2.

Section 3 is devoted to the study of the existence and nonexistence of positive

weak solutions for (1.4) by using the sub�supersolutions method. In section 4, we

present an application and concluding remark showing that our results complement

previously reported results.

2. Definitions and technical results

Let Ω be a bounded domain in Rn with smooth boundary ∂Ω. If 0 < r < n−p
p

and p ≥ 1, we de�ne the weighted Lp(Ω, |x|−(r+1)p+γ) space with the norm (see
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[27])

(2.1) ‖u‖Lp(Ω,|x|−(r+1)p+γ) =

∫
Ω

|x|−(r+1)p+γ |∇u|p
 1
p

<∞.

If 1 < p < n and 0 < r < n−p
p , we de�ne W 1,p

0 (Ω, |x|−rp) as being the closure of

C∞0 (Ω) in W 1,p(Ω, |x|−rp) with respect to the norm de�ned by

(2.2) ‖u‖W 1,p
0 (Ω,|x|−rp) =

∫
Ω

|x|−rp|∇u|p
 1
p

<∞.

The space W 1,p
0 (Ω, |x|−rp) is a separable re�exive Banach space.

De�nition 2.1. We say that a pair of functions (u, v) ∈W 1,p
0 (Ω, |x|−rp)×W 1,q

0 (Ω, |x|−sq)
is a weak solution for system (1.4) if and only if:

(2.3)∫
Ω

|x|−rp|∇u|p−2∇u∇ζdx− %p
∫
Ω

|u|p−2uζdx = λ
∫
Ω

a(x)|x|−(r+1)p+γf(v)ζdx,∫
Ω

|x|−sq|∇v|q−2∇v∇ηdx− %q
∫
Ω

|v|q−2vηdx = µ
∫
Ω

b(x)|x|−(s+1)q+δg(u)ηdx,


for all test functions (ζ, η) ∈W 1,p

0 (Ω, |x|−rp)×W 1,q
0 (Ω, |x|−sq) with ζ, η ≥ 0.

De�nition 2.2. We say that a pair of functions (ψ1, ψ2) ∈ W 1,p
0 (Ω, |x|−rp) ×

W 1,q
0 (Ω, |x|−sq) is a weak subsolution of (1.4) if and only if:

(2.4)∫
Ω

|x|−rp|∇ψ1|p−2∇ψ1∇ζdx− %p
∫
Ω

|ψ1|p−2ψ1ζdx ≤ λ
∫
Ω

a(x)|x|−(r+1)p+γf(ψ2)ζdx,∫
Ω

|x|−sq|∇ψ2|q−2∇ψ2∇ηdx− %q
∫
Ω

|ψ2|q−2ψ2ηdx ≤ µ
∫
Ω

b(x)|x|−(s+1)q+δg(ψ1)ηdx,


for all test functions (ζ, η) ∈W 1,p

0 (Ω, |x|−rp)×W 1,q
0 (Ω, |x|−sq) with ζ, η ≥ 0.

De�nition 2.3. We say that a pair of functions (z1, z2) ∈ W 1,p
0 (Ω, |x|−rp) ×

W 1,q
0 (Ω, |x|−sq) is a weak supersolution of (1.4) if and only if:

(2.5)∫
Ω

|x|−rp|∇z1|p−2∇z1∇ζdx− %p
∫
Ω

|z1|p−2z1ζdx ≥ λ
∫
Ω

a(x)|x|−(r+1)p+γf(z2)ζdx,∫
Ω

|x|−sq|∇z2|q−2∇z2∇ηdx− %q
∫
Ω

|z2|q−2z2ηdx ≥ µ
∫
Ω

b(x)|x|−(s+1)q+δg(z1)ηdx,


for all test functions (ζ, η) ∈W 1,p

0 (Ω, |x|−rp)×W 1,q
0 (Ω, |x|−sq) with ζ, η ≥ 0.

Then the following result holds:

Lemma 2.1. ([4]) Suppose there exist subsolutions and supersolutions (ψ1, ψ2) and

(z1, z2) respectively of system (1.4) such that (ψ1, ψ2) ≤ (z1, z2). Then system (1.4)

has a solution (u, v) such that (u, v) ∈ [(ψ1, ψ2), (z1, z2)].

67



S. KHAFAGY, H. SERAG

We suppose that a, b, f and g verify the following hypotheses:

(H1) ∃ a0, a1, b0, b1 > 0 such that a0 ≤ a(x)|x|−(r+1)p+γ ≤ a1 and b0 ≤
b(x)|x|−(s+1)q+δ ≤ b1.

(H2) f, g : [0,∞) −→ [0,∞) are C1 nondecreasing continuous functions such

that f(s), g(s) > 0 for s > 0 and ∃ k0 > 0 such that f(s), g(s) ≥ −k0 for all s ≥ 0.

(H3) ∃ ξ, κ, α, β,∆,Γ > 0 such that f(v) ≤ ξvq(
p−1
p ), g(u) ≤ κup(

q−1
q ) with

1
p + 1

q = 1.

(H4) For all M > 0,

(2.6) lim
x→+∞

f
1
p−1 (M(g(x))

1
q−1 )

x
= 0.

For simplicity, we make use of the following notations

(2.7) λ∗ =
%p
a0

+
λξa1

pa0
+
µκb1
qb0

, µ∗ =
%q
b0

+
µκb1
qb0

+
λξa1

pa0
,

where the unknown quantities will be de�ned later.

Now, for the following singular eigenvalue problems ([27])

(2.8)
−div[|x|−rp|∇u|p−2∇u] = λa(x)|x|−(r+1)p+γ |u|p−2u inΩ,

u = 0 on ∂Ω,

}
and

(2.9)
−div[|x|−sq|∇v|q−2∇v] = λb(x)|x|−(s+1)q+δ|v|q−2v inΩ,

v = 0 on ∂Ω,

}
we introduce the following technical results.

Theorem 2.1. ([27]) There exists the simple isolated �rst eigenvalue λp > 0

(respectively λq > 0) and precisely one corresponding eigenfunction φp ≥ 0 (respectively

φq ≥ 0) a.e. in Ω of the eigenvalue problems (2.8) (respectively (2.9)). Moreover,

they are characterized by

(2.10)

λp
∫
Ω

a(x)|x|−r(p+1)+γ |φp|p ≤
∫
Ω

|x|−rp|∇φp|p. and

λq
∫
Ω

b(x)|x|−s(q+1)+δ|φq|q ≤
∫
Ω

|x|−sq|∇φq|q.

Theorem 2.2. (Young's Inequality) Let 1 < p < ∞ and let q be the conjugate

index of p, that is 1
p + 1

q = 1.Then for all X,Y ≥ 0,

(2.11) XY ≤ Xp

p
+
Y q

q
.

3. Existence and nonexistence results

Theorem 3.1. Let (H1)− (H4) are hold. Then system (1.4) has a positive weak

solution (u, v) ∈W 1,p
0 (Ω, |x|−rp)×W 1,q

0 (Ω, |x|−sq) for λ, µ large.
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Proof. Let m, σ > 0 be such that |x|−rp|∇φp|p − λpa(x)|x|−r(p+1)+γφpp ≥ m

and |x|−sq|∇φq|q − λqb(x)|x|−s(q+1)+δφqq ≥ m on Ωσ = {x ∈ Ω : d(x, ∂Ω) ≤
σ}. We shall verify that (ψ1, ψ2) is a subsolution of (1.4) for λ, µ large where

(ψ1, ψ2) = ( p−1
p (λa0k0m )

1
p−1φ

p
p−1
p , q−1

q (µb0k0m )
1
q−1φ

q
q−1
q ). Let ζ ∈ W 1,p

0 (P,Ω) with

ζ ≥ 0. A calculation shows that∫
Ω

|x|−rp|∇ψ1|p−2∇ψ1∇ζdx− %p
∫
Ω

|ψ1|p−2ψ1ζdx

≤ λa0k0

m

∫
Ω

|x|−rpφp|∇φp|p−2∇φp∇ζdx

=
λa0k0

m


∫
Ω

|x|−rp|∇φp|p−2∇φp∇(φpζ)dx−
∫
Ω

|x|−rp|∇φp|pζdx


=

λa0k0

m

∫
Ω

(λpa(x)|x|−r(p+1)+γφpp − |x|−rp|∇φp|p)ζdx.(3.1)

Similarly, for η ∈W 1,q
0 (Q,Ω) with η ≥ 0, we have∫

Ω

|x|−sq|∇ψ2|q−2∇ψ2∇ηdx− %q
∫
Ω

|x|−s(q+1)+δ|ψ2|q−2ψ2ηdx

≤ µb0k0

m

∫
Ω

(λqb(x)|x|−s(q+1)+δφqq − |x|−sq|∇φq|q)ηdx.(3.2)

Now, on Ωσ, we have |x|−rp|∇φp|p−λpa(x)|x|−r(p+1)+γφpp ≥ m. Hence, Using (H1)

and (H2), we have

λa0k0

m
(λpa(x)|x|−r(p+1)+γφpp− |x|−rp|∇φp|p) ≤ −λa0k0 ≤ λa(x)|x|−r(p+1)+γf(ψ2).

A similar argument shows that

µb0k0

m
(λqb(x)|x|−s(q+1)+δφqq − |x|−sq|∇φq|q) ≤ −µb0k0 ≤ µb(x)|x|−(s+1)q+δg(ψ1).

Next, on Ω− Ωσ, we have φp ≥ ρp, φq ≥ ρq for some ρp, ρq > 0. Also g(ψ1) and

f(ψ2) are depending on λ, µ respectively and nondecreasing continuous functions

and therefore for λ, µ large we have, using (2.10), (H1) and (H2),

λa0k0

m
(λpa(x)|x|−r(p+1)+γφpp − |x|−rp|∇φp|p) ≤ λa0k0

m
λp ≤ λa(x)|x|−r(p+1)+γf(ψ2),

µb0k0

m
(λqb(x)|x|−s(q+1)+δφqq − |x|−sq|∇φq|q) ≤ µb0k0

m
λq ≤ µb(x)|x|−(s+1)q+δg(ψ1).

Hence, (3.1) becomes∫
Ω

|x|−rp|∇ψ1|p−2∇ψ1∇ζdx−%p
∫
Ω

|ψ1|p−2ψ1ζdx ≤ λ
∫
Ω

a(x)|x|−r(p+1)+γf(ψ2)ζdx.
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Similarly, for η ∈W 1,q
0 (Q,Ω) with η ≥ 0, (3.2) becomes∫

Ω

|x|−sq|∇ψ2|q−2∇ψ2∇ηdx− %q
∫
Ω

|ψ2|q−2ψ2ηdx ≤ λ
∫
Ω

b(x)|x|−(s+1)q+δg(ψ1)ηdx.

That is, according to (2.4), (ψ1, ψ2) is a subsolution of (1.4) for λ, µ large.

Supersolution:

Next, let (ep, eq) be the unique solution of (see [21])

(3.3)
−div[|x|−rp|∇ep|p−2∇ep] = 1 in Ω,
−div[|x|−sq|∇eq|q−2∇eq] = 1 in Ω,

ep = eq = 0 on ∂Ω,


where as it is known ep, eq > 0 on Ω and

∂ep
∂n ,

∂eq
∂n < 0 on ∂Ω.

Let

z1 =
C

νp
(

λ

1− %pνp−1
p

)
1
p−1 ep,

z2 = (
µb1

1− %qνq−1
q

)
1
q−1 [g(C(

λ

1− %pνp−1
p

)
1
p−1 )]

1
q−1 eq,(3.4)

where C > 0 is a large enough to be chosen later, νp = ‖ep‖∞ and νq = ‖eq‖∞.
Now, let us verify that (z1, z2) is a supersolution of (1.4 ) for λ, µ large. To this

end, let ζ ∈W 1,p
0 (Ω, |x|−rp) with ζ ≥ 0. Then we have, using (3.3) and (3.4)∫

Ω

|x|−rp|∇z1|p−2∇z1∇ζdx− %p
∫
Ω

|z1|p−2z1ζdx

=
λ

1− %pνp−1
p

(
C

νp

)p−1 ∫
Ω

|x|−rp|∇ep|p−2∇ep∇ζdx

− λ

1− %pνp−1
p

(
C

νp

)p−1

%p

∫
Ω

|ep|p−2epζdx

≥ λ

(
C

νp

)p−1 ∫
Ω

ζdx.(3.5)

By (H4), we can choose C large enough so that

(
C

νp
)p−1 ≥ a1f([(

µb1

1− %qνq−1
q

)
1
q−1 ][g(C(

λ

1− %pνp−1
p

)
1
p−1 )]

1
q−1 νq).

Hence (3.5) becomes,∫
Ω

|x|−rp|∇z1|p−2∇z1 · ∇ζdx− %p
∫
Ω

|z1|p−2z1ζdx

≥ λa1

∫
Ω

f([(
µb1

1− %qνq−1
q

)
1
q−1 ][g(C(

λ

1− %pνp−1
p

)
1
p−1 )]

1
q−1 νq)ζdx

≥ λ

∫
Ω

a(x)|x|−(r+1)p+γf(z2)ζdx.
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Next, for η ∈W 1,q
0 (Ω, |x|−sq) with η ≥ 0, one can have∫

Ω

|x|−sq|∇z2|q−2∇z2∇ηdx− %q
∫
Ω

|z2|q−2z2ηdx

=
µb1

1− %qνq−1
q

g(C(
λ

1− %pνp−1
p

)
1
p−1 )

∫
Ω

|x|−sq|∇eq|q−2∇eq∇ηdx

− µb1

1− %qνq−1
q

g(C(
λ

1− %pνp−1
p

)
1
p−1 )%q

∫
Ω

|eq|q−2eqηdx

≥ µb1

1− %qνq−1
q

g(
C

νp
(

λ

1− %pνp−1
p

)
1
p−1 ep)[

∫
Ω

ηdx−
∫
Ω

%qν
q−1
q ηdx]

=
µb1

1− %qνq−1
q

g(
C

νp
(

λ

1− %pνp−1
p

)
1
p−1 ep)[1− %qνq−1

q ]

∫
Ω

ηdx

≥ µb1

∫
Ω

g(
C

νp
(

λ

1− %pνp−1
p

)
1
p−1 ep)ηdx ≥ µ

∫
Ω

b(x)|x|−(s+1)q+δg(z1)ηdx.

That is, according to (2.5), (z1, z2) is a supersolution of (1.4) with zi ≥ ψi for C

large, i = 1, 2. Thus, according to (Lemma 1), there exists a positive weak solution

(u, v) of (1.4) with ψ1 ≤ u ≤ z1, ψ2 ≤ v ≤ z2. This completes the proof.

Theorem 3.2. If f and g satisfy hypothesis (H3), then system (1.4) has not

nontrivial positive weak solution if

(3.6) 0 < λ∗ < λp and 0 < µ∗ < µq ,

where λ∗, µ∗ are given by (2.7).

Proof. Multiplying the �rst equation of system (1.4) by u, and using Young

inequality given by (2.11), we get∫
Ω

|x|−rp|∇u|pdx− %p
∫
Ω

|u|pdx = λ

∫
Ω

a(x)|x|−r(p+1)+γf(v)dx ≤ λξa1

∫
Ω

uvq(
p−1
p )dx

≤ λξa1

p

∫
Ω

[up + (p− 1)vq]dx.

It follows that

∫
Ω

|x|−rp|∇u|pdx ≤ [%p +
λξa1

p
]

∫
Ω

updx+
λξa1

q

∫
Ω

vqdx.

Using (2.10), we have
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λpa0

∫
Ω

|u|pdx ≤ λp

∫
Ω

a(x)|x|−r(p+1)+γ |u|pdx ≤
∫
Ω

|x|−rp|∇u|pdx

≤ [%p +
λξa1

p
]

∫
Ω

updx+
λξa1

q

∫
Ω

vqdx,

and hence,

(3.7) [λp −
%p
a0
− λξa1

pa0
] ‖u‖pp −

λξa1

qa0
‖v‖qq ≤ 0.

On the other hand, multiplying the second equation of system (1.4) by v, and

using (2.11), we have

∫
Ω

|x|−sq|∇v|qdx− %q
∫
Ω

|v|qdx = µ

∫
Ω

b(x)|x|−s(q+1)+δg(u)vdx ≤ µκb1
∫
Ω

up(
q−1
q )vdx

≤ µκb1
q

∫
Ω

[(q − 1)up + vq]dx,

which implies

∫
Ω

|x|−sq|∇v|qdx ≤ µκb1
p

∫
Ω

updx+ [%q +
µκb1
q

]

∫
Ω

vqdx.

Using (2.10), we have

λqb0

∫
Ω

|v|qdx ≤ λq

∫
Ω

b(x)|x|−s(q+1)+δ|v|qdx ≤
∫
Ω

|x|−sq|∇v|qdx

≤ µκb1
p

∫
Ω

updx+ [%q +
µκb1
q

]

∫
Ω

vqdx,

and hence,

(3.8) −µκb1
pb0

‖u‖pp + [λq −
%q
b0
− µκb1

qb0
] ‖v‖qq ≤ 0.

Combining (3.7) and (3.8), we obtain

(3.9) [λp − (
%p
a0

+
λξa1

pa0
+
µκb1
qb0

)] ‖u‖pp + [λq − (
%q
b0

+
µκb1
qb0

+
λξa1

pa0
)] ‖v‖qq ≤ 0,

which is a contradiction if (3.6) holds. This completes the proof.
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4. Application and concluding remark

Consider the following nonlinear system

(4.1)
−div[|x|−rp|∇u|p−2∇u] = λa(x)|x|−(r+1)p+γvβ in Ω,
−div[|x|−sq|∇v|q−2∇v] = µb(x)|x|−(s+1)q+δuα in Ω,

u = v = 0 on ∂Ω,


under the assumptions

(a1) Let a(x), b(x) be weight functions such that a0 ≤ a(x)|x|−(r+1)p+γ ≤ a1,

b0 ≤ b(x)|x|−(s+1)q+δ ≤ b1.
(a2) 0 < α < p− 1 and 0 < β < q − 1.

Corollary 4.1. If (a1) and (a2) are hold, then system (4.1) has a large positive

weak solution for λ, µ large.

Proof. If f(v) = vβ , g(u) = uα, then (H4) implies αβ < (p − 1)(q − 1). Then,

according to theorem 3.1 with %p = %q = 0, system (4.1) has a large positive weak

solution for λ, µ large.

Remark 4.1. Existence results obtained in this paper still hold if we replace the

condition (2.6), given in (H4), by the condition lim
x→+∞

f [M(g(x))
1
q−1 ]

xp−1 = 0, for every

M > 0.

Remark 4.2. The results of this paper generalize and complement some results

reported in the literature:

1) If |x|−rp = |x|−sq = 1, p = q = 2, %p = %q = 1, λ = µ = 1 and a(x)|x|−(r+1)p+γ =

b(x)|x|−(s+1)q+δ = 1, then we have some results for the existence theorem in [1].

2) If |x|−rp = |x|−sq = 1, p = q, %p = %q = 0, λ = µ and a(x)|x|−(r+1)p+γ =

b(x)|x|−(s+1)q+δ = 1, then we have some results for the existence theorem in [7].

3) If |x|−rp = |x|−sq = 1, p = q = 2, %p = %q = 0, |x|−(r+1)p+γ = |x|−(s+1)q+δ = 1

and λ = µ, then we have some results for the existence theorem in [22].

4) If |x|−rp = |x|−sq = 1, %p = %q = 0, |x|−(r+1)p+γ = |x|−(s+1)q+δ = 1 and

λ = µ, then we have some results for the existence and nonexistence theorems in

[23].
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The Ces�aro space of sequences is de�ned to be the set of all real sequences (an)n≥1

that satisfy

‖a‖Cesp =

( ∞∑
n=1

(
1

n

n∑
k=1

|ak|

)p) 1
p

<∞,

and the Ces�aro space of functions is de�ned to be the set of all Lebesgue measurable

real functions on [0,∞) such that

‖f‖Cesp =

(∫ ∞
0

(
1

x

∫ x

0

f(t)dt

)p
dx

) 1
p

<∞.

The same interpretation is valid if the Hardy operator is substituted by its dual.

In his celebrated book, Bennett [4, Theorem 4.5] �enhanced� the classical Hardy

inequality by substituting it with an equality, factorizing the Ces�aro space of sequences,

with the �nal aim to characterize its K�othe dual. He proved that a sequence x

belongs to the Ces�aro space of sequences ces(p) if and only if it admits a factorization

(1.3) x = y · z

with

(1.4) y ∈ lp and zp
∗

1 + zp
∗

2 + · · ·+ zp
∗

n = O (n) ,

where p∗ = p
p−1 is the conjugate index of p. This factorization gives also a better

insight in the structure of Ces�aro spaces. Since the discovery of this new way of

looking at inequalities, various papers which deal with new proofs, generalizations

and extensions have appeared in the literature. Several mathematicians such as

Barza [3], Carton and Heinig (see [6]), Manna [12], Johnson and Mohapatra (see

[9], [10] and [11]) studied the generalizations of the sequence spaces lp and ces(p).

The natural question emerges now: Is it possible to extend the factorization

concept (1.3) and (1.4) to an arbitrary time scale T and obtain their continuous

and discrete analogues as special cases?. The aim of this paper is to give an

a�rmative answer to this question. In particular, we will prove the time scales

version of Bennett's result. The main results will be proved by applying the time

scales H�older's inequality and the time scales power rule of integration.

The paper is organized in the following way: In Section 2, we give some basic

concepts of the calculus on time scales and some other lemmas which will be used

throughout the paper. In Section 3, we prove the main results of the paper.

2. Preliminaries and basic lemmas

In this section, we present some basic de�nitions concerning the delta calculus

on time scales. A time scale T is an arbitrary nonempty closed subset of the real
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numbers. For t ∈ T, we de�ne the forward jump operator σ : T → T by σ(t) :=

inf{s ∈ T : s > t}. The mapping µ : T → R+ = [0,∞) such that µ(t) := σ(t) − t
is called graininess. A function f : [a, b] → R is said to be right�dense continuous

(rd−continuous) if it is right continuous at each right�dense point and there exists

a �nite left limit at all left�dense points, and f is said to be di�erentiable if its

derivative exists. The space of rd−continuous functions is denoted by Crd(T, R). In

addition, we presume that supT = ∞ and the time scale interval [a, b]T is de�ned

by [a, b]T := [a, b] ∩ T. For a function f : T→ R, we de�ne the delta derivative f∆

as follows: For t ∈ T, if there exists a number α ∈ R such that for all ε > 0 there

exists a neighborhood U of t with

|f(σ(t))− f(s)− α(σ(t)− s)| ≤ ε|σ(t)− s|,

for all s ∈ U , then f is said to be di�erentiable at t, and we call α the delta

derivative of f at t denoted by f∆(t). For example, if T = R, then

f∆(t) = f
′
(t) = lim

∆t→0

f(t+ ∆t)− f(t)

∆t
, for all t ∈ T.

If T = N, then f∆(t) = f(t+1)−f(t) for all t ∈ T. A useful formula is fσ = f+µf∆,

where fσ := f ◦ σ. The following theorem gives the product rule for the derivative

of the product fg of two di�erentiable functions f and g. Assume f, g : T→ R are

delta di�erentiable at t ∈ T, Then

(2.1) (fg)∆ = f∆g + fσg∆ = fg∆ + f∆gσ.

Now, we pass to the antiderivative and the integration on time scales for detla

di�erentiable functions. For a, b ∈ T, and a delta di�erentiable function f, the

Cauchy integral of f∆ is de�ned by∫ b

a

f∆(t)∆t = f(b)− f(a).

An integration by parts formula reads

(2.2)

∫ b

a

f(t)g∆(t)∆t = f(t)g(t)|ba −
∫ b

a

f∆(t)gσ(t)∆t.

More details about delta calculus on time scales and the corresponding integral

can ce found in [5, Chapter 1]. In the following, we present a time scales chain

rule. Let f : R→ R be continuously di�erentiable and suppose g : T→ R is delta

di�erentiable. Then f ◦ g : T→ R is delta di�erentiable and the formula

(2.3) (f ◦ g)∆(t) =

{∫ 1

0

f
′
(g(t) + hµ(t)g∆(t))dh

}
g∆(t),
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holds. A special case of (2.3) is given by

(2.4) (xγ(t))
∆

= γ

∫ 1

0

[hxσ + (1− h)x]
γ−1

dhx∆(t), γ > 0.

The H�older inequality, see [5, Theorem 6.13], on time scales is given by

(2.5)

∫ b

a

|f(t)g(t)|∆t ≤

[∫ b

a

|f(t)|γ∆t

] 1
γ
[∫ b

a

|g(t)|ν∆t

] 1
ν

,

where a, b ∈ T and f, g ∈ Crd(I,R), γ > 1 and 1
γ + 1

ν = 1.

In the following, we will introduce the time scales power rule for integration

presented and proved in [14].

Lemma 2.1. Let T be a time scale with a, x ∈ T and x ≥ a. If 0 < p < 1, then

(2.6)

(∫ σ(x)

a

f(t)∆t

)p
≥ p

∫ σ(x)

a

f(t)

(∫ σ(t)

a

f(s)∆s

)p−1

∆t,

the inequality reversed for p ≥ 1.

Lemma 2.2. Let T be a time scale with b ∈ T. If 0 < p < 1, then

(2.7)

(∫ b

x

f(t)∆t

)p
≥ p

∫ b

x

f(t)

(∫ b

t

f(s)∆s

)p−1

∆t,

for x ∈ T, x ≤ b. The inequality reversed for p ≥ 1.

The following special form of the dynamic Mikowski inequality, presented in

[14],will be needed in the sequel.

Lemma 2.3. Let T be a time scale with a, b ∈ T and let f and g be nonnegative

rd−continuous functions on [a, b]T. If m ≥ 1, then

(2.8)

(∫ b

a

f(t)

(∫ σ(t)

a

g(s)∆s

)m
∆t

) 1
m

≤
∫ b

a

g(s)

(∫ b

s

f(t)∆t

)m
∆s.

Finally, the following two Hardy's lemmas will play a remarkable role in the

proofs of our main results, see [15, Page 476] for their detailed proofs.

Lemma 2.4. Let T be a time scale with a, b ∈ T and f , g, h ∈ Crd([a, b]T ,R+). If∫ σ(t)

a

f(x)∆x ≤
∫ σ(t)

a

g(x)∆x,

then

(2.9)

∫ b

a

f(t)H(t)∆t ≤
∫ b

a

g(t)H(t)∆t,

where H(t) :=
∫ b
t
h(x)∆x.
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Lemma 2.5. Let T be a time scale with a, b ∈ T and f , g, h ∈ Crd([a, b]T ,R+). If

k is a positive constant such that

F (t) :=

∫ b

t

f(x)∆x ≤ k
∫ b

t

g(x)∆x := kG (t) ,

then

(2.10)

∫ b

t

f(t)Hσ(t)∆t ≤ k
∫ b

t

g(t)Hσ(t)∆t,

where Hσ(t) :=
∫ σ(t)

a
h(x)∆x.

3. Factorization theorems of Ces�aro space

Throughout this section (without mentioning) the integrals in the statements of

the theorems are assumed to exist. We assume throughout the paper that T has

the topology that it inherits from the standard topology on the real numbers R and

assume that the functions in the statements of the theorems are rd-continuous and

∆−integrable functions de�ned on [0,∞)T.We say that the function f : [0,∞)T→ R
belongs to the space Lp∆(T) if

‖f‖Lp∆(T) =

(∫ ∞
0

|f(t)|p∆t
) 1
p

<∞, if 1 ≤ p <∞

or there exists a constant C ∈ R+ such that ‖f‖∞ = supt≥0 |f(t)| < C, if p = +∞.

The Ces�aro space Cesp∆(T) for p ≥ 1 is the space of all functions f de�ned on

[0,∞)T such that

(3.1) ‖f‖Cesp∆(T) =

(∫ ∞
0

(
1

σ(x)

∫ σ(x)

0

|f(t)|∆t

)p
∆x

)1/p

<∞.

For p ≥ 1, the space Cespλ(T) is obvious a Banach space with the norm (3.1). For

1 ≤ p <∞, we de�ne the function space G∆(p) as

G∆(p) :=

h : sup
x>0

 1

σ(x)

σ(x)∫
0

|h(t)|p ∆t


1
p

<∞

 ,

and we denote

!f !p = inf
{
‖g‖p ‖h‖G∆(p∗)

}
,

where in�mum is taken over all factorizations f = g · h with g ∈ Lp∆(T) and

h ∈ G∆(p∗).

Theorem 3.1. Let T be a time scale with a ∈ T. If 1 < p <∞, then

(3.2) Cesp∆(T) = Lp∆(T) ·G∆(p∗),

79



S. H. SAKER, R. R. MAHMOUD

which means that the function f belongs to Cesp∆(T) if and only if it admits a

factorization f = g · h with g ∈ Lp∆(T), h ∈ G∆(p∗) and

(3.3) (p− 1)
−1
p !f !p ≤ ‖f‖Cesp∆ ≤ p

∗!f !p.

Proof. �Imbedding ↪→�. For f ∈ Cesp∆(T), f 6= 0 and x > 0, let

k(x) =

∫ ∞
x

u−1

(
1

σ(u)

∫ σ(u)

0

|f(t)|∆t

)p−1

∆u.

Then k(x) > 0, k is decreasing and by H�older's inequality (2.5)

k(x) =

∫ ∞
x

u−1

(
1

σ(u)

∫ σ(u)

0

|f(t)|∆t

)p−1

∆u

≤
(∫ ∞

x

u−p∆u

) 1
p

(∫ ∞
x

(
1

σ(u)

∫ σ(u)

0

|f(t)|∆t

)p
∆u

) 1
p∗

.

Using time scales chain rule (2.4) on the term
(∫∞
x
u−p∆u

) 1
p , we get that(∫ ∞

x

u−p∆u

) 1
p

≤ 1

(p− 1)
1
p x1− 1

p

,

which leads directly to

k(x) ≤ 1

(p− 1)
1
p x1− 1

p

‖f‖p−1
Cesp∆

.

Consider the factorization f = g · h, where

g(x) = (|f(x)| k(x))
1
p sgn f(x) and h(x) = |f(x)|

1
p∗ k(x)

−1
p .

Applying Lemma 2.3, we obtain that

‖g‖pp =

∫ ∞
0

|f(x)|
∫ ∞
x

u−p

(∫ σ(u)

0

|f(t)|∆t

)p−1

∆u∆x

≤
∫ ∞

0

u−p

(∫ σ(u)

0

|f(t)|∆t

)p−1 ∫ σ(u)

0

|f(x)|∆x∆u = ‖f‖pCesp∆ .

By using H�older's inequality (2.5), we get that(∫ σ(x)

0

|h(t)|p
∗

∆t

)p
=

(∫ σ(x)

0

|f(t)|
1
p∗ |f(t)|

1
p k(t)

−p∗
p ∆t

)p

≤

(∫ σ(x)

0

|f(t)|∆t

)p−1(∫ σ(x)

0

|f(t)| k(t)−p
∗
∆t

)
.
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Since k(x) is decreasing, we have that∫ ∞
x

(
1

σ (s)

∫ σ(x)

0

|h(t)|p
∗

∆t

)p
∆s

≤
∫ ∞
x

s−1

( 1

σ (s)

∫ σ(x)

0

|f(t)|∆t

)p−1(∫ σ(x)

0

|f(t)| k(t)−p
∗
∆t

)∆s

= k(x)

∫ σ(x)

0

|f(t)| k(t)−p
∗
∆t

≤
∫ σ(x)

0

|f(t)| k(t)1−p∗∆t =

∫ σ(x)

0

|h(t)|p
∗

∆t,

equivalently, ∫ ∞
x

(σ (s))
−p

∆s

(∫ σ(x)

0

|h(t)|p
∗

∆t

)p−1

≤ 1,

which leads to (∫ σ(x)

0

|h(t)|p
∗

∆t

)p−1

≤ (p− 1)xp−1,

and hence (note that x ≤ σ(x))

sup
x>0

1

σ(x)

∫ σ(x)

0

|h(t)|p
∗

∆t ≤ (p− 1)
1
p−1 ,

or ‖h‖G∆(p∗) ≤ (p− 1)
1
p , which proved that

Cesp∆ ⊂ L
p
∆(T) ·G∆(p∗),

and (p− 1)
−1
p !f ! ≤ ‖f‖Cesp∆ which proves the right hand side.

�Imbedding ←↩�. Let f = g · h with g ∈ Lp∆(T), h ∈ G∆(p∗). Then∫ σ(x)

0

|h(t)|p
∗

∆t ≤ ‖h‖p
∗

G∆(p∗)

∫ σ(x)

0

∆t.

Applying Lemma 2.4 for any decreasing function w on (0,∞)T , we get that∫ σ(x)

0

|h(t)|p
∗
w(t)∆t ≤ ‖h‖p

∗

G∆(p∗)

∫ σ(x)

0

w(t)∆t.

By H�older's inequality (2.5), we �nd that(∫ σ(x)

0

|f(t)|∆t

)p
=

(∫ σ(x)

0

|g(t)|w
−1
p∗ (t) |h(t)|w

1
p∗ (t)∆t

)p

≤
∫ σ(x)

0

|g(t)|p w1−p(t)∆t

(∫ σ(x)

0

|h(t)|p
∗
w(t)∆t

)p−1

≤
∫ σ(x)

0

|g(t)|p w1−p(t)∆t ‖h‖p
∗

G∆(p∗)

(∫ σ(x)

0

w(t)∆t

)p−1

,
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and, thus∫ ∞
0

(
1

σ(x)

∫ σ(x)

0

|f(t)|∆t

)p
∆x

≤
∫ ∞

0

(σ(x))
−p

(∫ σ(x)

0

|g(t)|p w1−p(t)∆t

)(∫ σ(x)

0

w(t)∆t

)p−1

∆x ‖h‖pG∆(p∗) .

Taking in the last estimate w(t) = t−
1
p , we obtain that (note that 1

σ(x) ≤
1
x )

‖f‖pCesp∆(T) ≤
∫ ∞

0

x−p

(∫ σ(x)

0

|g(t)|p t1−
1
p (t)∆t

)(
x1− 1

p

1− 1
p

)p−1

∆x ‖h‖pG∆(p∗)

= (p∗)
p−1

∫ ∞
0

(∫ σ(x)

0

|g(t)|p t1−
1
p (t)∆t

)
x

1
p−2∆x ‖h‖pG∆(p∗) .

Using Lemma (2.3), we obtain that

‖f‖pCesp ≤ (p∗)
p−1

∫ ∞
0

(∫ ∞
t

x
1
p−2∆x

)
|g(t)|p t1−

1
p∆t ‖h‖pG∆(p∗)

≤ (p∗)
p
∫ ∞

0

|g(t)|p ∆t ‖h‖pG∆(p∗) = (p∗)
p ‖g‖pp ‖h‖

p
G∆(p∗) ,

or ‖f‖Cesp∆(T) ≤ p∗ ‖g‖p ‖h‖G∆(p∗) , that is,

Lp∆(T) ·G∆(p∗) ⊂ Cesp∆(T),

and ‖f‖Cesp∆(T) ≤ p∗!f ! which proved the left hand side of (3.3). The proof is

complete. �

As a consequence from Theorem 3.1, we could get the best form of the dynamic

Hardy inequality for 1 < p <∞ due to �Reh�ak [13] with the same constant.

Corollary 3.1. Let T be a time scale with 0 ∈ T, f are positive rd-continuous

functions de�ned on [0,∞)T. If 1 < p <∞, then∫ ∞
0

(
1

σ(t)

∫ σ(t)

0

|f(t)|∆t

)p
∆x ≤ (p∗)

p
∫ ∞

0

fp(x)∆x.

Proof. By taking f(x) = h(x) and g(x) = 1, x > 0, the right-hand side of (3.3)

results the required inequality. This completes the proof. �

The next two special cases cover known factorizations to both Ces�aro sequence

and Ces�aro function spaces for p > 1.

Remark 3.1. If we set T = R in Theorem 3.1, we get the factorization to unweighted

Ces�aro function space due to [2], [3] and [6].

Remark 3.2. If we set T = N in Theorem 3.1, we get the factorization to unweighted

Ces�aro sequence space due to Bennett [4].
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We conclude this section by presenting the corresponding factorization results

for the case p = 1. For this case, we will denote

‖g‖∞ := ess sup
x>0
|g(x)| <∞,

which allows us to de�ne the space L∞∆ (T) associated with this norm, and

!f !1 = inf
{
‖g‖∞ ‖h‖L1

∆(T)

}
,

where in�mum is taken over all factorizations f = g ·h with g ∈ L∞∆ and h ∈ L1
∆(T).

By considering

k(x) :=

∫ ∞
x

∆t

t
≤ α,

we will denote by c1 the least constant for which the above inequality is satis�ed.

Similarly, c2 is the biggest constant for which the reverse inequality is satis�ed.

Assume that there is some positive constant λ for which the inequality σ(x) ≤ λx

holds.

Theorem 3.2. Let T be a time scale, then the function f belongs to Ces1
∆(T) if

and only if it admits a factorization f = g · h with g ∈ L∞∆ (T), h ∈ L1
∆(T) and

(3.4) λc2!f !1 ≤ ‖f‖Ces1∆ ≤ c1!f !1.

Proof. For g ∈ L∞∆ and h ∈ L1
∆(T), we will prove that the factorization f = g ·h

belongs to Ces1
∆(T). Consider the factorization f = g ·h. Using H�older's inequality

(2.5) we get that∫ ∞
0

(
1

σ(x)

∫ σ(x)

0

|f(t)|∆t

)
∆x =

∫ ∞
0

(
1

σ(x)

∫ σ(x)

0

|g(t) · h(t)|∆t

)
∆x

≤ ‖g‖∞
∫ ∞

0

(
1

σ(x)

∫ σ(x)

0

|h(t)|∆t

)
∆x.

Applying Lemma 2.3, we obtain that f ∈ Ces1
∆(T) and

‖f‖Ces1∆(T) ≤ c1 inf
{
‖g‖∞ ‖h‖L1

∆(T)

}
,

where in�mum is taken over all possible factorizations of f . This completes the �rst

part of the proof.

Conversely, suppose that f ∈ Ces1
∆(T) and

k(x) =

∫ ∞
x

∆t

t
> 0, for all t > 0.

By setting

g(x) = (|f(x)| k(x)) sgn f(x), h(x) = k(x)−1,

this leads directly to

‖g‖L1
∆(T) ≤ λ ‖f‖Ces1∆(T) <∞.
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Moreover, we have that

‖f‖Ces1∆ ≥
1

λ
‖h‖L1

∆(T) ≥ c2 ‖h‖L1
∆(T) ‖g‖∞ ,

which asserts the left-hand side inequality (3.4). This completes the proof. �

4. Factorization theorems of Copson space

Following the same spirit as the previous section, in this section we present the

factorization theorems for the Copson spaces Copp∆, 1 ≤ p < ∞, consisting of all

functions f de�ned on [0,∞)T associated with the norm

‖f‖Copp∆ =

(∫ ∞
0

(∫ ∞
x

|f(t)|
t

∆t

)p
∆x

) 1
p

<∞.

We de�ne the dynamic function spaces G∆(p) as

G∗∆(p) :=

f : sup
t>0

(
1∫∞

t
x−p∆x

∫ ∞
t

f(x)p

xp
∆x

) 1
p

<∞

 ,

and

!!f !!p = inf
{
‖g‖p ‖h‖G∗∆(p∗)

}
,

where in�mum is taken over all factorizations f = g · h with g ∈ Lp∆(T) and

h ∈ G∗∆(p∗).

Theorem 4.1. Let T be a time scale with a ∈ T. If 1 < p <∞, then

(4.1) Copp∆ = Lp∆(T) ·G∗∆(p∗),

which means that the function f belongs to Copp∆ if and only if it admits a factorization

f = g · h with g ∈ Lp∆(T), h ∈ G∗∆(p∗) and

(4.2) !!f !!p ≤ ‖f‖Copp∆ ≤ p
1
p (p∗)

1
p∗ !!f !!p.

Proof. �Imbedding ↪→�. For f ∈ Copp∆, f 6= 0 and x > 0, let

k(x) =
1

x

∫ σ(x)

0

(∫ ∞
t

f(s)

s
∆s

)p−1

∆t.

Consider the factorization f = g · h, where

g(x) = (|f(x)| k(x))
1
p sgn f(x) and h(x) = |f(x)|

1
p∗ k(x)

−1
p .

As in Theorem 3.1 and applying Lemma 2.3, we can obtain that

‖g‖pp = ‖f‖pCopp∆ <∞,

but using H�older's inequality (2.5) and the de�nition of h(x), we get that∫ ∞
x

(
h(t)

t

)p∗
∆t

p

≤
(∫ ∞

x

|f(t)|
t

∆t

)p−1 ∫ ∞
x

|f(t)|
t

k−p
∗
(t)

tp∗
∆t.

84



FACTORIZATION THEOREMS OF CES�ARO AND COPSON ...

We estimate �rst the right-hand side term of the above inequality multiplied by

σ(x), we have that(∫ σ(x)

0

∆t

)(∫ ∞
x

|f(t)|
t

∆t

)p−1 ∫ ∞
x

|f(t)|
t

k−p
∗
(t)

tp∗
∆t

≤

(∫ σ(x)

0

(∫ ∞
t

|f(s)|
s

∆s

)p−1

∆t

)(∫ ∞
x

|f(t)|
t

k−p
∗
(t)

tp∗
∆t

)
= x k(x)

(∫ ∞
x

|f(t)|
t

k−p
∗
(t)

tp∗
∆t

)
,

since, by de�nition, σ(x)k(x) is an increasing function. This implies that(∫ σ(x)

0

∆t

)(∫ ∞
x

|f(t)|
t

∆t

)p−1 ∫ ∞
x

|f(t)|
t

k−p
∗
(t)

tp∗
∆t ≤

∫ ∞
x

f(t)
k1−p∗(t)

tp∗
∆t.

From the de�nition of h(x), we can write that hp
∗
(x) = f(x)k1−p∗(x), which leads

to (∫ ∞
x

t−p
∗
∆t

)−1
p∗
(∫ ∞

x

hp
∗
(t)

tp∗
∆t

) 1
p∗

≤ 1(∫ σ(x)

0
∆t
) 1
p (∫∞

x
t−p∗∆t

) 1
p∗

≤ 1

(p∗ − 1)
1
p∗
,

equivalently,

sup
x>0

(
1∫∞

x
t−p∗∆t

∫ ∞
x

hp
∗
(t)

tp∗
∆t

) 1
p∗

≤ 1,

or ‖h‖G∗∆(p∗) ≤ 1, which means that h ∈ G∗∆(p∗) and then

Copp∆ ⊂ L
p
∆(T) ·G∗∆(p∗),

with

!!f !! ≤ ‖g‖pp = ‖f‖Copp∆ .

�Imbedding ←↩�. Let f = g · h with g ∈ Lp∆(T), h ∈ G∗∆(p∗) and w(t) be any

increasing function on (0,∞)T , we get by H�older's inequality (2.5) that∫ ∞
x

f(t)

t
∆t =

∫ ∞
x

g(t)h(t)

t
∆t =

∫ ∞
x

g(t)w−1(t)
h(t)w(t)

t
∆t

≤
(∫ ∞

x

gp(t)w−p(t)∆t

) 1
p
(∫ ∞

x

hp
∗
(t)wp

∗
(t)

tp∗
∆t

) 1
p∗

.

Applying Lemma 2.5 to the term
(∫∞

x
hp
∗

(t)wp
∗

(t)
tp∗

∆t
) 1
p∗

, we get that

∫ ∞
x

f(t)

t
∆t ≤

(∫ ∞
x

gp(t)w−p(t)∆t

) 1
p
(∫ ∞

x

wp
∗
(t)

tp∗
∆t

) 1
p∗

‖h‖G∗∆(p∗) ,
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and thus after raising to pth power and integrating from 0 to ∞, we have that∫ ∞
0

(∫ ∞
x

f(t)

t
∆t

)p
∆x

≤ ‖h‖pG∗∆(p∗)

∫ ∞
0

(∫ ∞
x

gp(t)w−p(t)∆t

)(∫ ∞
x

wp
∗
(t)

tp∗
∆t

)p−1

∆x.

Using Lemma 2.3, we obtain that∫ ∞
0

(∫ ∞
x

f(t)

t
∆t

)p
∆x

≤ ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ σ(x)

0

(∫ ∞
t

wp
∗
(s)

sp∗
∆s

)p−1

∆t

)
w−p(x)∆x.

Taking w(t) =
(∫∞
t
x−p

∗
∆x
) −1
pp∗ and applying Lemma 2.2, we can write that∫ ∞

t

wp
∗
(s)

sp∗
∆s =

∫ ∞
t

1

sp∗

(∫ ∞
t

1

xp∗
∆x

) 1
p∗−1

∆s ≤ p∗
(∫ ∞

t

s−p
∗
∆s

) 1
p∗

.

Inserting this in the above inequality,∫ ∞
0

(∫ ∞
x

f(t)

t
∆t

)p
∆x

≤ (p∗)
p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ σ(x)

0

(∫ ∞
t

1

sp∗
∆s

) p−1
p∗

∆t

)(∫ ∞
x

t−p
∗
∆t

) 1
p∗

∆x

= (p∗)
p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ ∞
x

t−p
∗
∆t

) 1
p∗

×

∫ σ(x)

0

(∫ σ(t)

0

∆s

) 1
p−1(∫ ∞

t

1

sp∗
∆s

) p−1
p∗
(∫ σ(t)

0

∆s

) p−1
p

∆t

∆x.

By the de�nition of the constant C, we can write∫ ∞
0

(∫ ∞
x

f(t)

t
∆t

)p
∆x ≤ (p∗)

p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ ∞
x

t−p
∗
∆t

) 1
p∗

×

∫ σ(x)

0

(∫ σ(t)

0

∆s

) 1
p−1(

1

(p∗ − 1)
1
p∗

(
σ(t)

t

) 1
p

)p−1

∆t

∆x

= (p∗)
p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ ∞
x

t−p
∗
∆t

) 1
p∗

×

(∫ σ(x)

0

(σ(t))
1
p−1 1

(p∗ − 1)
p−1
p∗

(
σ(t)

t

) p−1
p

∆t

)
∆x

= (p∗)
p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)

(∫ ∞
x

t−p
∗
∆t

) 1
p∗
(

1

(p∗ − 1)
p−1
p∗

∫ σ(x)

0

t
−1
p∗ ∆t

)
∆x,
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Finally, after using time scales chain rule (2.4) to estimate the inner integrals, we

can easily obtain that

‖f‖pCopp∆ ≤ p (p∗)
p−1 ‖h‖pG∗∆(p∗)

∫ ∞
0

gp(x)∆x,

or ‖f‖Copp∆ ≤ p
1
p (p∗)

1
p∗ ‖g‖p ‖h‖G∗∆(p∗) , that is,

Lp∆(T) ·G∗∆(p∗) ⊂ Copp∆,

and ‖f‖Copp∆ ≤ p
1
p (p∗)

1
p∗ !!f !!. This completes the proof. �

As a consequence from Theorem 3.1, we could get the best form of the dynamic

Copson inequality for 1 < p <∞ (see [1]).

Corollary 4.1. Let T be a time scale with 0 ∈ T, f are positive rd-continuous

functions de�ned on [0,∞)T. If 1 < p <∞, then∫ ∞
0

(∫ ∞
x

|f(t)|
t

∆t

)p
∆x ≤ p

1
p (p∗)

1
p∗

∫ ∞
0

fp(x)∆x.

Proof. By taking f(x) = h(x) and g(x) = 1, x > 0, the right-hand side of (4.2)

results the required inequality. This completes the proof. �

The next two special cases cover known factorizations to both unweighted Copson

sequence and Copson function spaces for p > 1.

Remark 4.1. If we set T = R in Theorem 4.1, we get the factorization to Copson

function space due to [2] and [3].

Remark 4.2. If we set T = N in Theorem 4.1, we get the factorization to Copson

sequence space due to Bennett [4, Theorem 5.5].

We conclude this section by presenting the corresponding factorization results

for the case p = 1. For this case, by denoting ‖g‖∞ := supx>0 |g(x)| < ∞, we get

that ∫ ∞
t

gp(x)

xp
∆x ≤ ‖g‖∞

∫ ∞
t

1

xp
∆x,

and !!f !!1 = inf
{
‖g‖∞ ‖h‖L1

∆(T)

}
, where in�mum is taken over all factorizations

f = g · h with g ∈ L∞∆ (T) and h ∈ L1
∆(T). Suppose that there is some constant

C for which the inequality σ(x) ≤ Cx, and assume that there exists a positive

constant c4 the least constant for which this inequality is satis�ed. Similarly, c5 is

the biggest constant for which the reverse inequality is satis�ed. The proof of the

following theorem is similar to the proof of Theorem 3.2 and hence is omitted.

Theorem 4.2. Let T be a time scale with a ∈ T. The function f belongs to Cop1
∆

if and only if it admits a factorization f = g · h with g ∈ L∞∆ (T), h ∈ L1
∆(T) and

(4.3) c5!!f !!1 ≤ ‖f‖Cop1
∆
≤ c4!!f !!1.
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