JU3UUSULR GUU

- SENBLUGHN
?MBBECTMH

HAH APMEHUW

UurtuusShul
MATEMATUKA




. Upuiplilljiu(i 1
o - -
. . 17Qq]ipuilijuiO n .
.. .QiupiupjiuO o2 n
R b | »1
. Ohuilijuiu (|| ) | )
piupinmrpup

PEANKUWMO HHAA KOJIJHT MNA

[naBHbIN pepakTop J1. A. CaaksH

. M. AlpaneTsH I1. 1i. MTHrH6apsH
b» B. AMbapuymsaH B. C. 3akapsaH
M. Y. ApakensH . J1. MapTupocsH
B. C. ArabeksH I» C. HaxancTtaH
I I I'eBOpKAH A. O. OraHHHesH
M C. HHOBSAH I» M. MorocsaH
B. K. OraHsH (3aM. rnaBHoOro pefakropa) A. A. TananaH

OTBeTCTBEHHbIN cekpeTapb H. I. ArapoHsH



Haneorma HAH Apsermn, Maresvatara, Touv 55, 1 4, 2020, crp. 3 - 14

SUFFICIENT CONDITION FOR P-VALENT STRONGLY
STARLIKE FUNCTIONS

E. A. ADEGANL T. BULBCACA, A, MOTAMEDNEZHAD

Dedicated to the memory of Professor Raimo Tapani Nakki (1946-2019)

Shahrood University of Technology, Shahrood, Iran
Babeg-Bolyai University, Chij-Napoca, Romania
Shahrood University of Technology, Shahrood, Iran
E-mails:  analoey. ebrabim@gmail. com;  bulboaca@math. ubbeluj.ro;
a.motemedne@gmail com
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1. INTRODUCQTION AND PRELIMINARIES

Let A, (p € N) be the class of functions of the form

(o]
f(z) =4 Z aﬂ+pzn+p:
n=1
which are analytic in the open unit disk U:= {z € C: |z| < 1}, and write A = A;.
A function f € A, is said to be p-valently starlike of order 8 (0 < 8 < p) if and

only i
2f'(2)
f(2)
and we denote by 5p (8) the well-known class of p-valent starlike functions {see Owa
[14] and Aouf |1, 2|).
A function f € A, is said to be p-vdently conver of order 8 (0 < § < p) if and

e zfll(z)) z
R <1+ 7y ) 7 2el

and wo denote by C,(5) the class of all such functions (see Owa [14] and Aouf [2]).

Re >f, ze

only if

A function f € A, is said to be p-valently close-to-conver of order 8 (0 < 8 < p)
if and only if there exists a function g € 5;(f) such that
2f'(2)

Re o)

> B, zeU.
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and we denote by K,(3) this class of functions (see Aouf [1] and Owa [15]).
Since g(z) = 2P € S;(B), it follows that a function f € A, satisfying
f'(2)

zp—1

(1.1) Re

>3, z €U,

is a member of the class K,(8), and we denote the class of all the function f € A,
satisfying (1.1) by K (8).

Note that S*(8) := S;(8), C(B) := C1(B8) and K(B) := K1(B) are, respectively,
the usual classes of starlike, convex and close-to-convex functions of order 8 (0 <
g < 1) in U, while K,(8) C Cp(5).

A function f € A, is said to be k-uniformly starlike of order 8, (-1 < § <
p, k > 0) denoted by US, (8, k), if and only if

z2f'(z z2f'(z
Re(e3-5) > 455

A function f € A, is said to be k-uniformly convex of order 5, (-1 < 8 <p, k>

0) denoted by UC, (5, k), if and only if
2f" (2 2f"(z
Re(1+ 358 -5) = 1|53

The above two classes have been introduced by Frasin in [4].

p|, z € U.

—(p—l)‘, zeU.

For two functions f and F' which are analytic in U, we say that the function f is
subordinate to F', and write f(z) < F(z), if there exists a Schwarz function w, which
is analytic in U with w(0) = 0 and |w(2)| < 1, z € U, such that f(z) = F(w(z)) for
all z e U.

By Schwarz lemma we have |w(z)| < |z|, z € U, which concludes that, if f(z) <
F(z), then f(0) = F(0) and f(U) C F(U). In particular, if the function F is

univalent in U, then we have the following equivalence
f(z) < F(z) & f(0)=F(0) and f(U)c F(U).

In [1] Aouf introduced the class S,(A4, B, 5) consisting of functions f € A, and
satisfying

2f'(z2)  p+[pB+ (A= B)p-p=
f(z) 1+ Bz
where —1 < B < A < 1. In particular, S,(1, -1, 8) = S;(B8).

The following lemma, is required for proving our main results of this paper, and it

,2€lU, (0<B<p)

is a special case of a more general theorem (see [8, Theorem 5], see also [9, Theorem
1] and [10, Theorem 1]).

Lemma 1.1. [11, Theorem 2.3i.] Let ¢ : D C C? — C be a complez-valued function

satisfying the conditions:
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(i) (r,s) is continuous in a domain D C C?,

(i) (1,0) € D and Re)(1,0) > 0,
1+73

(iii) Re(ire,s1) < 0 whenever (ry + irg,s1 +1is2) € D and s1 < — 5

If P(z) = 1+ c1z + 2% + ... is a function that is analytic in U such that
(P(z),zP'(z)) € D and Rey(P(z),zP'(z)) > 0 for z € U, then Re P(z) > 0,
zeU.

The aim of this work is to obtain simple sufficient conditions for analytic functions
to belong to certain subclasses of p-valently starlike functions of order 3, in order

to generalize some earlier corresponding results.

2. MAIN RESULTS

To obtain our main result, first we will prove the next theorem:

Theorem 2.1. Forpe N, 0 < <p and w > 0, let define

) . P
5 — < H< =
2w(p —0)’ if 0=0< 2’
(2.1) v :=7(p,d,w) =
p—29 P
- — < .
2wé ' if 2_5<p

o0
If p(z) = p+ > cu2z™ is an analytic function in U that satisfies the differential
n=1

subordination
' wp(2) 1—z 7
then )
p+(p—20)z
Proof. If we define the function P : U — C by
p(z) =0
P(z) :=
(2) pyay A U,
then P is analytic on U with P(0) = 1, and satisfies
2p'(2) (p—0)zP'(2)
p(z) + =(p—0)P(z)+ 0+ , z€U.
Bt ) ~ PP G TH P + )

From the definition formula (2.1) it follows that v < §, then the above relation

combined with the assumption (2.2) shows that
(p—9)zP'(2)

(2.3) Re (p_(s)P(Z)—HH_w[(p—d)P(z)+5] >, z€U.
Let define function v : C2 — C by
— (p—0)s
P(r,s)=(p—90)r+d+ ol(p = ) +9] Y

5
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-4
Then, the function v is continuous in the domain D := C\ { 5} xC, (1,0) € D,
p—
and from the definition (2.1) we have Re(1,0) =p—~v > 0.
1 2
For peRand 0 < —

it is easy to check that

Re)(ip, o) Re{(p5)ip+5+ m 7}

(=00 5 (20 14 p?
wl(p—08)2p2 +62] — 2w (p—106)2p2+ 62

According to the definition formula of v given by (2.1), for 0 < ¢ < g we have

(p—0)  1+4p°
2w (p—96)2p2+ 62
(p— )6 14 0 5

<F—m— — ey
=07 2w (p—0)2p2+ (p—0)? T 2w —9)

Re(ip,0) <6 —v—

=0,

and, for g < < pwe get

(p—09)  1+4p°
2w (p—06)2p% + 62
(p—206)5 1+ p? p—0

< — — e —_ —
S 2w 02p% + 62 5= 2wé

Re(ip,0) <8~

Since (P(z),2zP’(z)) € D and from (2.3) is equivalent to Re¢(P(z), 2P’(z)) > 0 for
z € U, thus, by applying Lemma 1.1 we conclude that Rep(z) > 4, z € U, that is
equivalent to the conclusion of our result. (Il

We can rewrite the above theorem in the following equivalent form:
Corollary 2.1. Let p € N, w > 0, and let v > 0 such that

0<~< if w>-, and <y<p, if w=>-.

p—1/w 2 p—1/w 1
2 p 2 p

(oo}

If p(z) = p+ > cnz™ is an analytic function in U that satisfies the differential
=1

subordination

2p'(z)  p+(p—2)2
wp(z) B 1—z 7

then
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where 6 = §(p,v,w) =

2
1 1
20y+p)———4/|2(v+p) — —| —16py
w w it 0< <p—1/w w>g
4 ) 7,77 2 ) 7p7
2
1 1 8p
2 —— ) +y/[(2y=2) + 22
AL R S 1
) if —5— <7<pw=-.
4 2 p

Proof. For the proof of first case, according to the relation (2.1), let define first
v = ¢(0), where

é p
—5——2% _o0<s<?t
p(0) =0 2w(p—5)’0_6_2
-1
We have ¢(0) = 0, p(p/2) = pT/w, and
ey =1— P _ S=n+ ./
@' (9) 2w(p — 6)2 0 < b 2w

For any w > 0, it is clear that §; :=p+ 2£ >p> g Also, a simple computation
V 2w

/ 2
shows that d§y := p — 2£ > g if and only if w > —. So, assuming this last
p

assumption, the function ¢ is an increasing function on {O, g}, hence ¢ ({0, E]) =

2
[o,p_;/w].

2 -1
Therefore, assuming that w > =, the equation v = ¢(8), 0 < v < p 5 /w’ has

a unique solution that will be one of the roots of the equation

where
} 6 + 2p,

1
w

(6) 1= 26% — [2@ +p)

more exactly that root which belongs to {0, g] A such a root exists, since ¢ is a

p—21/w}

bijection between the intervals {0, g} and [0,

The roots of the above equations are

2(7+p)—ii\/{2(7+p)—i}] — 16py
4 b

oy =
and 0_ < dy.
Now, we will determine which of these two roots belongs to [07 g} .Since 604 =

py > 0 and at least one of the roots belongs to [O, g], it follows that both roots
7
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p—1/w
2

are nonnegative. Using the fact that v < , we have

B): Loy o (p_ L 1 _p)_
¢<2 p(wrzw 2)—p<2 2w T 2) =0
. p . p
it follows that 0_ € [O,ﬂ,whlle 5+Z§.

Similarly, for the proof of the second case let define v = x(d) by

W) =6-2"0 Posey

2wd 7 2
p—1/w :
We have x(p/2) = — X(p) = p, and using the fact that w > 0 we get
0 =1+-2->0,0 [9 }
X(0)=1+5"5>0,0€]|5,p

Hence, the function y is an increasing function on [g,p}, and thus x ({g, pD =

[p 721/(,0

,p} . In this case assuming that w > 0 we need to have

0< P st
p

p—1jw
2

a unique solution that will be one of the roots of the equation

1
Therefore, assuming that w > —, the equation v = x(J), <~ < p, has
p

where

w

K(0) := 262 — <27 - 1) 5L,
w

more exactly that root which belongs to [g,p}. A such a root exists, since k is a

p—1/w
e )

bijection between the intervals {g,p} and [

The roots of the above equations are

(2= m)

4 )

oy =

and 6_ < d,.
We will determine which of these two roots belongs to [‘g,p}. Since d_ - §4 =
—% < 0 and at least one of the roots belongs to [g,p}, it follows that _ < 0 and

04+ > 0. Hence, d4 € {%p} and the proof is complete in this second case. O

1
Remark 2.1. 1. Settingp = 1, w = 3 in Corollary 2.1, we get the result

obtained by Darus et al. in [3, Lemma 1.3].
8
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2. For w = 1 and p(z) := ZJJ:ES)

Nunokawa et al. in [13, Theorem 2].

, Corollary 2.1 reduces to the result of

Theorem 2.2. Let w > 0 and 0 < v < p. If p(z) = p+ > cp2" is an analytic
n=1
function in U that satisfies the differential subordination
z2p' (2 +(p—2v)z
(2) + P() pt =27
wp(2) 1-=2

(2.4)

)

then
p

=42,
2 Fy (2w(p —7), Lwp+1; 2’—1)

where oFy(a,b,c;z) is the Gaussian hypergeometric function, and q is the best

p(z) <

dominant of the subordination.

1
Moreover, if max < 0; L <~ <p, then
2 2w

Rep(z) >4, z €U,
where ¢ := §(p,y,w) = q(—1), and this inequality is sharp.
Proof. If we define the function P : U — C by
P(z):=—2, z€U,

then P is analytic on U with P(0) = 1 and satisfies
zp'(2) 2P'(z)
= P U.
() + wp(2) pP(z) + wP(z2)’ z€

According to (2.4) the above inequality is equivalent to the next subordination

g
Pz + 2B = <1 _ 2p) 3
wp P(2) 1—2
Now to obtain a delimitation for the function P with P(0) = 1, we will use Theorem
3.3d. of [11, page 109] by taking in the subordination (3.3-11) of [11, page 109] the

values

B :=wp, v:=0, A::1721, B :=—-1.
p

Thus, the assumptions of Theorem 3.3d., i.e. Re[8 + 7] = wp > 0 and (3.3-10) of
[11, page 108] are satisfied. According to this theorem, combined with the relations
(3.3-13) and (3.3-15) of [11, page 110], we conclude that

1+<1—27>z
1 wp p

P(z) < —- =q1(2) < -
o Fy <2w(p7)71,wp+ 1; )

)

wp z
z—1

9
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and ¢; is the best dominant of the subordination. Consequently,
+(p—2
p = a(e) < p (1p_zv)z.
o[y <2w(p -7, Lwp+ 1 )

p(z) <
z—1
and ¢ is the best dominant of the subordination.
On the other hand, to determine the best lower-bound of Re ¢(U), i.e.
Rep(z) > inf {Req(z) : z € U} =: §(p, v, w),

we will use Theorem 1 of [12] (see also [11, Theorem 3.3e]). Therefore, by choosing

in this theorem

B:=wp>0, B+vy:=wp>0, «a:= l,
p
1
and assuming p > v > max {O; g - 2}, which is equivalent to
w
wp—1 Y
Qg = max 0, < =<1,
2wp P
we obtain that the best lower-bound of Re ¢; (U) will be
1
qi(—1)

B 2F1 (2w<p - 7)7 1awp+ 17 %) .
It follows that

Re P(z) > q1(—1), z € U,
hence

o p
oF1 (20(p =), Lwp + 1; 5)
and this result is the best possible. O

Rep(z) > pqi(—1) =q(-1)=4, z €,

Theorem 2.3. Let p € N, and let a, 5, k and X be real numbers satisfying the

inequalities
(2.5) -1<B8<p, k>0, 14+kX>0, kpll—a|<p-20,
and
p(14+ k) — (1 + kN . 2(1 + kN)

< k < > —— =
( ) O_B‘i’ P >~ D) s Zf p= 1+k )
2.6

14+k)— 1+ kA ) 14+ kA

LR UEEN g hpa<pt+h), o p2 2

[ee]

If the function p(z) = p+ > cp2™ is analytic in U and satisfies
n=1

(2.7)

Re (p(z) + 25(5) - 5) >k '(1 —A)p(2) + A <p(z) + Zﬁg?) ~pa

,ZGU,

10
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then
p+(p—26)2
p2) = =
where
B + kpa 14+ kA B + kpa 1+ kA2 16p(8 + kpa)
2( +k P) T ek TP T 11k
;o< pakpa < PUTR(HRY 14k 2
' =P = 2 © T4 EA T p
(5:

1+k 1+k 1+k 1+k

<2(ﬁ+kpa) - 1+m> . \/(2(5+kpa) j 1+m)2+ 8p(11::)\)

p(1+K) — (T4 £

if 5

< B+ kpa < p(1+k),

Proof. From (2.7) we obtain

Re (p(z) M AC /3) >k ’(1 —A)p(2) + A (p(z) + zﬂ(z)) —pa‘

p(2) p(2)
=k ‘p(z) + )\Z;D(S) — pa

=k

()

and therefore

o= p() <AL > ke () - A

)

1+k

1+k

14+ kX zp'(2) B+ kpa
R , z € U.
e(p(z)+ 1+k p(z) 1tk ~°
Since the above inequality is equivalent to the differential subordination
2(B + kpa)

(Z)+1+k)\zp/(z)_<p+<p_ 1+k ?

b 1+k p(z) 1—2 ’

1
using Corollary 2.1 for w = 1:_:/\ and v = ﬁl—:ikz;a’ and according to our

assumptions we get the desired result.

Remark 2.2. We will emphasize some special cases of the inequality (2.7):

O

1. Fora=X=1 and p(z) := zj:;i;) we obtain the class of UC,(B, k).

2. For k=0 and p(z) := Z}ZS) we get the class of C,(B).

3. Forp=a=0+1=1, 0< A <1 and p(z) := z]]:;(;) we obtain the class
introduced by Darus et al. in [3]. ’

4. Forp=a=X+1=p+1=1 and p(z) := ZJJ:ES) we obtain the class
defined and studied by Sivasubramanian et al. in [17].

5. Forp=k=a=A+1=0+4+1=1 and p(z) := Z}ZS) get the class

introduced by Sokdt and Nunokawa in [18].
11
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2f'(2)

6. Forp=a=XA=08+1=1and p(z) := we obtain the class defined

and widely studied by Kanas and Wigniojs%g in [7].

7. Forp=a=k=X=F+1=1 and p(z) := Z]J:;S) we obtain the class
introduced and studied by Goodman in [5, 6].

8 Forp=XA=1,0<8< a<l,andp(z) = ZJJ:ES) we get the class

introduced by Sim et al. in [16].

Remark 2.3. Lettingp = a = AX+1 =+ 1 =1 in Theorem 2.3 we get the

obtained result by Sivasubramanian et al. in [17, Theorem 2.4].

Theorem 2.4. Let p € N, and let a, 5, k and X be real numbers satisfying the

inequalities
—1<8<p, k>0, 14+kXA>0, and 0<pS+kpa<p(l+k).

[ee]
If the function p(z) = p+ > cp2™ is analytic in U and satisfies (2.7), then
n=1

p o
p(z) < P (g itk ( Bthkpa) 14k T = q(2),
2P AT 1+k ) P1se T2

where oFy(a,b,c;z) is the Gaussian hypergeometric function, and q is the best

dominant of the subordination. Moreover, assuming that

1 1
max{O;p( ;_k) — —|—2k‘)\} < B+ kpa < p(1+k),

then
Rep(z) > 6, z €U,

where ¢ := q(—1) is given in Theorem 2.2, and this inequality is sharp.

Proof. According to the proof of Theorem 2.3 we have

RS OAN
(Z)_i_l—l—k)\zp’(z){p b 1+k
P 1+Ek p(z) 1—2

1+k k
If we set in Theorem 2.3 w := 7 —:rk)\ and v := 512_72)0{, from the assumptions we
obtain w > 0 and 0 < v < p, and using Theorem 2.2 we obtain our result. O

, 2f'(2)
Remark 2.4. 1. By settingp=a=08+1=1,0< A <1 and p(z) := 5

in Theorem 2.4 we get the result of Darus et al. [3, Theorem 2.4] and [3,

Theorem 2.5].
12



SUFFICIENT CONDITION FOR P-VALENT STRONGLY ...

2f'(z) .
) in Theorem 2.4

we get the result obtained by Sokét and Nunokawa [18, Theorem 2.2] and
[18, Corollary 2.3].

2. Takingp=k=a=A+1=p+1=1 and p(z) :=

For f € A, and p(z) := ZJ]:;S)

gives a sufficient condition for p-valently starlikeness of order S:

, Theorem 2.3 leads to the following result which

Corollary 2.2. Let p € N, and let a, B, k and X be real numbers satisfying the
inequalities (2.5) and (2.6). If f € A, and satisfies

2f"(2) ) ‘ 2f'(2) ( Zf”(2)>
Re 1+ B >k|(1=X +A(1+ —pal, z€ U,
1+ U= 7
then
zf'(z) p+(p—29)z
= )
f(z) 1—2
where § is given in Theorem 2.3.
Remark 2.5. 1. By settingp=a=0+1=1,0< X <1 in Corollary 2.2

we get the result obtained by Darus et al. [3, Theorem 2.1].
2. Forp=a=A+1=p+1=1, Corollary 2.2 reduces to the result of

Sivasubramanian et al. in [17, Theorem 2.5].

For f € A, setting p(z) = ]%iz) and p(z) := J;(_Zl),

the following corollaries, respectively:

Theorem 2.3 reduces to

Corollary 2.3. Let p € N, and let «, 8, k and )\ be real numbers satisfying the
inequalities (2.5) and (2.6).
If f € Ay and satisfies

Re (sz;S) N p];iZ) p5> - k‘(l 7)\)f5) a (zJJ:(’S) N pJ;E)Z) p) e

, z €U,

then
pf(z)  pt+(p—20)2
zP 1—2z ’
where § is given in Theorem 2.3.

Corollary 2.4. Let p € N, and let a, B, k and X be real numbers satisfying the
inequalities (2.5) and (2.6).
If f € Ay and satisfies

Re (z;(i? n ip(j) —(p—1) —/3) >
k‘ami;(j) +,\(Z}f(S) + ﬁp(_l) (pl)) —pal, z€T,
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then

['(z)  p+(p—20)z
< )
zp—1 1—2

where § is given in Theorem 2.3.

Remark 2.6. 1. By settingp=a=X+1=8+1=1 in Corollary 2.3 we

(1]

get the result obtained by Sivasubramanian et al. [17, Corollary 2.3].
2. Lettingp=a=X+1=+1=11in Corollary 2.4 we get the result due to

Sivasubramanian et al. [17, Corollary 2.4].
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Annorauus. g neconnx LY —xracoon ronomopdnurx Py HKIg B e XHIMHOM
RKPYTE IMONYHEHO CEMETICTRO BECOBHIX MHTEIDAJRHHY IIPEICTARIEHHA ¢ BecoRol
dyrrmmei Tana [w|*?-(1—|w|?f) 8 1 ¢ pocaporisoaTIAMT SApaMH THIA MurTTar-
Jledpdaepa.

MSC2010 number: 30H20; 30E20; 30.J99; 30C40; 30H10.

Kmouesnie cxoBa: TOTOMODDHEE (DYHKIMH B CAFHUYHOM KRYTE; BECOBHIE THO-
CTDAHCTEA (PYHKIHE; BECOBRIE WHTEIDATFHEE NDPEICTABICHIA.

1. BBE/EHUER

Xopomo miRecTHO, UTo wHTerpanbuas dopmvyna Komm (1831) mmeer mmo-
JKOCTRO TIPHMENEHHH B KOMITICKCHOM aladnsc. JTa sHaMeHnTas chopMyan {a Tax-
&Ko ee JaspHeImEe oGoBMeRHA} TOIBOIAIT BOCIPOEIEOIATE FEANCHAA POIOMODg-
BEIX OYERUEH BEYTIPH O0FACTH OyTeM HHTEIPHPOBAHNH I'PAHNYHBIX SHATCHHH
dyuxuwmit. Pabors [1], [2] comepxar nepBre pesyILTarsl, B KOTODEIX SHATEHIN TOT0-
MODGYHETR (PYHKIEH BEYTDRE O0MACTH oMY YI0TeA TyTeM HHTerpupoBanns dhy K-
uuii o Beeidt obaactu. B 13,4] ama pecosrx mpoctpanere HP (o)(1 < p < o0, 00 >

—1) chymxmmit f rosomopdnx B ouHITHOM KpyTe [ ¥ yI0RIeTRODIAIONIK YOTOBHED

(1.1) ME(f) = fD [FOPQ —[¢]%)%dudv < +oo  ({=u+iv),
GLUT YOTAHORIOT CIRIYIONIN PURYARTAT:

Teopema 1.1. Jlaa npouzaoavnod gyweuuw f € HP{a) cnpeaedauai unme-
2PAADHBE TEPCOCTIEGACHIR

" foy ot L [ FO0-KP)?,

T p (1 —z-¢)2te m(C), =D,
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(1.3) ?zo‘“/f A=1P 4c), e,

1—z-()2te

rae ¢ = u+iv, dm(¢) = dudv (uBymepnas mepa Jlebera B KOMILJIEKCHOM [1JIOCKOCTH).
OTH TPEJCTABIEHNS TOJYIUIN MHOTOUNCIIEHHBIE TTPUIOKEHNST B TEOPUH (haKTOPHU-
3anmy MepoMopdHBIX byHKIMI B eauHraHOM Kpyre (cM. [3,4]), a Takke B Apyrux
3a/a7axX KOMIIJIEKCHOTO aHaau3a (cM. [5]).

B [6] ayst BecoBbix LP— kiaccoB (¢ BecoBoit dymkmmei tuma |w|? - (1 — |w]P)%)
rooMOp(MHBIX (GyHKIHH B equHUIHOM Kpyre ) ObLIH yCTaHOBJIEHBI BECOBLIE HMHTE-
rpaJibHbIE MIPEJCTABJIEHNS C BOCIIpou3BoAdImMu siigpamu tuna Murrar-Jledduiepa.

B nacrosiiieit crarbe JOKa3aHbl HOBbIE CBOMCTBA IPOCTPAHCTB, BBEJIEHHBIX B [6].
Kpowme Toro, j/1s1 3Tux NpoCTPAHCTB yCTAHOBJIEHO IeJI0€ CEMENCTBO BECOBbIX UHTE-

TPAJbHBIX TPEICTABICHUI.

2. HEOBXOJIUMBIE ®AKTHI U PE3VJIBTATHI

B srom paszgesnie Mbl IPUBOAUM HEKOTOPBIE XOPOIIO U3BECTHDBIE (DOPMYJIbI U (DAKTHI
KOMIIJIEKCHOTO anasin3a. Beiony B masnpueiiniem I' ob6o3mataeT n3BeCTHYIO (DYHKITHIO
Ditnepa.

Msr1 OyeM HCIOIB30BATH U3BECTHYIO ACUMIITOTHIECKYIO (DOPMYITY
(2.1) ID(u+ R)| < e BRA M5,

rae p € C, iy = Re(p), R > 0n R — +00. 31ech u BCIOAY JaJjiee CUMBOJ X HCIIOIb-
3yercs B CJIE/LYIONIEM CMbICJIE:

A(R) < B(R) npu R — 00, eC/Ti OTHOIIIEHHE ’ B R) 3aKJIIOYEHO MEXKY (PUKCUPOBAH-
HBIMHU TOJIOKHATEIbHbIMU ducaamu upu R > Ry > 0.

s z2€eCupeC,p>0
o0 k

(2.2) Ey(zp) =) w—.  2€C,

k=0 (:u + ;)

u3BecTHA Kak pyukius tuna Murrar-JIeddiepa. E,(z; 1) sapnserca nemoit Gynkim-
eit mopsiaka p u Tuna 1, T.e. aaa Ve > O:

(2.3) Bz )] < 2] > R(e) > 0
16



BECOBBIE UHTETPAJ/IBHEIE TPEICTABJ/JIEHUST TOJIOMOP®HBX GYHKIINI ...
Bogee Toro,
1 p
(2.4) ‘Ep(gpz;u)‘ < eo(+)lzl”.

rne o >0mu|z| > R() >0

B nambueiitiem MbI OyZeM HCIOJB30BATh W3BECTHBIN (DAKT, UTO ecau (DYyHKIUSA
27

[ romomopdua B kpyre {¢ : |{| < R}, 10 aas Vp > 0 dbysknus [ |f(7‘eze)|p de,
0

€ [0, R), siBnsieTcs HeyObIBatomiei mo r. B gacruocru,

27
25) o) < 5 [ Irte)f
0

rae 0 <r < R.
Kpowme Toro, eciiu f € H(2), To ecrb f rosomopdua B €, rue Q C C - nupousposib-

HOE OTKPBITOE MHOZKECTBO, cofepzkaree kpyr {¢ : | —a| < r}, m p > 0, Torma

(26) s@r <5 [[ 1rordm.

[(—al<r

3. OCHOBHBIE KJIACCHI T'OJIOMOP®HBIX (DYHKU;I/II;I
IIpennoxenne 3.1. ITycmv p > 0 u a,y € R, moada

I(as 957 // — LCPP) (¢ dm(C) < +oo

moavko ecau & > —1 u y > —1. Boaee mozo, 6 amom cayiae

F<m>~F(o¢+1)

T
(3.1) Hespiy) =2 p+7
(22 ras)
p
Jokazamesvcmeo.
1 27
Ia; p;y) = / 1 — | ) |rei0|2’y rdfdr
00

1 1
27r/ *p2tlge = T / - Ya—-rdr= (
0 P 0

Bciomy muzke mpemnognaraercs, 9ro p > 0, > —1,v > —1n p= == 0
17
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Omnpepnesenne 3.1. Obosnawum wepes LF, , (D) (p > 0) mnoorcecmeo ecex xom-

naexcHoznaunur udmepumnx gynxyut (), € D, das xomopwvix

(3-2) Mg pq( / O (1= [¢) " [V dm(¢) < +oo.

Onpegenenne 3.2. 0b603Havum
H? ):{feH( s MP (f)<+oo}.

apv a,p,y

W3 npengoxkenus: 3.1 HEIOCPEICTBEHHO CJeLyeT

IIpensioxenue 3.2. ¢F € HY (D) s mobozo k= 0,1,2,....

IIpennoxenne 3.3. Ecaul <p<q<+oo, mo LY , (D) CLh (D).

a,p,y

Jlokxazameavcmeo. Vcnons3ys nepaBencTso [€nnaepa, moaydaem

/|f P (1= [6F)" €[ dm(c)

/ FQPE (1= [¢2)” [¢[Ydm Q) // — 1C2)* ¢ dm(C)
D

P
q

= const(a; p;vip;q) - (ME , ()

JIJTsT TIPOM3BOJILHOM KOMIUTEKCHO3HAUHOW naMepumoii byukunn f(¢), ¢ € D. Crenosa-

renpro, LY, , (D) C LE, , (D). O
Caencrsue 3.1. Ecau 1 <p < q < +oo, mo HI , (D) C H , (D).

Samernm, uro mpu p = 1 u v = 0 BBeIEHHBIE TPOCTPAHCTBA TOJIOMOPMHBIX (DYHK-

Uil COBMAIAIOT ¢ OTMEYEHHBIMM BO BBesenuu kjaccamu HP(a). Bonee Toro, oka-
n n

3BIBAETCA UTO MPH MPOU3BOMLHBIX p > 0 m v > —1 "mopmer" ME , (f) m ME(f)

9KBHUBAJIEHTHBI B Kjaacce romoMopdubix B D ¢pyuknmit. IubiMu ctoBamMu, CIpaBeIin-

BO CJIeyIOIee yTBEPXKIEHNE, JOKA3ATEIHCTBO KOTOPOTO JI00E3HO MPEIOCTABIII HAM

PELEeH3EeHT HACTOAIIEH CTaTbU.
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BECOBBIE UHTETPAJILHBIE TTPEJICTABJIEHUSA TOJJOMOP®HBIX OYHKITUM ...

Ipennoxenue 3.4. Cywecmeyrom koncmanmo, ¢1(c, p,y) > 0 u co(a, p,y) > 0,

makue wmo MY, (f) < c1 - ME(f) uw ME(f) < c2- M, (f) daa npouseorvroti

pynwyuu f € H(D). B wacmuocmu, npocmpancmea HE | (D) u HP (o) udernmurnot.

Zloxazameavcmeo. Crepsa 3amerum, ato 1 —tP < 1 —¢. 9TO 3HAUUT, YTO CYIIECTBYIOT

¢}, CY > 0 ak uro 0 < C) < =t < Cy, 0<t< 1. Crexoparensno
Mz (1) =ML = [ 1 (1= )" 2P dm).
D

Tenepsb moKkaxkeM, 4To |2|?7 He MeHseT KJacc U BOSHUKAIOT SKBUBAJIEHTHbBIE HOPMBI.
- 2
Cayqaii 1. v > 0. o crompky [z[*7 < 1, mmeem MY (f) < ME(f). C mpy-
2m
. 0\ |P
rofi cTopoHbl, HCIob3yst 10T (akT, 4ro uHTerpanbubie cpeauue [ | f(re’?)|” df ne
0

yOBIBAIOT IO I, HKMEEM:

= [[ vera-Eptane [ e - ) ane

|z|<1/2 1/2<|z|<1
or 1/2

//\f re)|" (1 =) rdrdf + // — 23" Iz::dm(z)

1/2<|z|<1
[l (Ge)]
do + 4 // FEP (1= [2P)® |2 dm(z)

27
= C(a)/’f (;ew> !
1/2<]z|<1

// — |2[%)" |2 dm(2) < C(a,y)ME_(f).

1/2<|z|<1

or 1/2

// (1) rdrdg+2> // FEP (1= (=) |22 dm(z)

1/2<|z|<1

U rax, M _(f) < ME(f) B cayamn v > 0.

«

Cuaywait 2. —1 < v < 0. Ouesmuno, uro |2|>Y > 1. B raxom ciyuae MEP(f) <

MZ . (f)- B To xxe Bpems nveewm:
19
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o 1/2
Mg _(f) = / / |f (rew)}p (1 — TQ)QTQ'VrdeQ—&— // If(2)" (1 — |z\2)a |2|*Ydm(z)
0 0 1/2<]z|<1

27 1 » 27 1/2
< (/‘f <26w) d9) // (1—7’2)ar277’d1"d9
0 0 0

w2 [P (- 1) dm(z)

1/2<|z|<1

- s (3)
0

< Ci(a,) / / FEP (1= |22)° dim(z) < Ca(,y) ME(F),

1/2<|z|<1

do 427 // ()P (1 —12*)" dm(z)

1/2<|z|<1

oTKysa BBITeKaet, aro MY _(f) = ME(f). O

Onpepesenne 3.3. Jas npouseoavnot f € H(D) noaoorcum f(¢) = f(r-¢), C €D,

0<r<i1.

IIpennoxenue 3.5. [lycmy f € H(D) ur €[0,1), mozda ME, , . (fr) < ML, (f).

Jloxasamenvcmeo.

M2, (00 = [[ 156 OF (1= 162)" 6P ami0)
D

2m

p 1 27
= // |f(r.tez‘0)|1’ (1 —t2p)0‘t2’7+1d9dt :/ (/ ]f(r-tei9)|p do) (1 _tzp)atzwldt
0 0 0 s

27

o\ | P 420\ ¥ 12v+41 _ D
<O/(O/{f(te )| de) (1—2)" > dt = M2, (f).

Caencrsue 3.2. Ecau f € HE , (D), mo f. € HE , (D) dasnr € [0,1).

Cuesytoliee yrsepKienue npuBoaurcs rakxe B [6, Jlemma 1.1].
20



BECOBBIE UHTETPAJILHBIE TTPEJICTABJIEHUSA TOJJOMOP®HBIX OYHKITUM ...

IIpennoxenune 3.6. lycmo f € HE , (D), mozda f. — f (xozda v 1 1) 6 npo-

cmpancmee HY , (D), m.e. ME , (f — fr) = 0 (xo02da r 1 1).

Zlokazamenvbcmeo. YTBepKIeHUE CIEIyeT U3 MpeIoKeHns 3.4 BBULY TOTO, YTO aHaA-

sornanbiii daxr 175 npoctpancts HP (o) xoporo n3secrer (cum. [4]). O

IIpengioxxenne 3.7. ITycmo p > 0 u f € H(D). Tozda cnpasedauso caedyrousee

HEPABGEHCTNBO.

(3.3) |£(0)[” < const(e; p;v) - ME , . (f),

1

2de const(a; p;y) = TR

[Hokaszamenvemeo. Beuay (2.5) nmeem
1 2m
fOP < o [IF e[ as,  o<r<1,
T
0

[0
Yuuoxkas 06e actu nepasenctsa na (1 — r22)" 727! g yrrerpupys mo r ot 0 g0 1,

HOJIy YUM:

2m

f (Teie) |p (1 — sz)a r27 1 dodr.

—
-y
—~
>
=
—

—_

\

<
o
)
SN—
Q

<
[N}
)
+
—
U

3
IA

¥
O\H
o\

D(a+1)-D(n)

» 1
£ T(p+a+1) 2p~ 27

/ FOP(L — [C29)[¢ > dm Q).

D

uiu, Buay (3.1),

p ; P(1 _ 2p\ 2«,m
£ < // FQP (L~ ()¢ dm(¢).

Ilpenmoxenne 3.8. Ilycmvp >0, p>0, a>—1,v> —1,

1_,0
T

— )

0<c, = inf
G [gll)lf:v

! a, a>0 v v=0
= 5 m = .
0, —1<a<0 0, —1<~v<0

21
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Ecau f € HD) u 3 <|z] <1, mo

ME ,(f)
Py
(3.4) |f(2)P < const(a, p,7) - = [2F
42m+1 ) 2l
2de const(a, p,7y) = W.
1— |z
Joxasameavemeo. Tlomoxum t = 5 Tora s aoboro ¢, rae |¢—z| < t, 6yaem
UMeTb
1—|z| 147
< t= =
€< fel b= [e + -2 = B
1-— -1 1
2l =l -2l 2 el —t = - T 2L
u
1+ 2] 11—z
1-— >l—-——=—=1.
(21— —EE =12
Haree,
2p _ 1- |C|2p 2
1 -] —W%l—lﬁl )= (L= - (T+[C) > ¢p- (1= [¢]) > ¢, - .
IIycts G = {¢ : |¢ — 2| < t}. Cornacuo (2.6) mmeem:
LFOI (1= 1<) I¢1>
)P < O dm(¢) = d .
TEIs 2 / . w2 / -y

B cuiy BbIIIENpUBeIeHHBIX HEPABEHCTB

£(¢ |p —[¢1?7)" 161> 42m
1£(2) ﬂz/ e )) am(§) < oz Mo ()

42m . 22+l

= 'Mp .
el g, Meeall)

O

Bameuvanue 3.1. B pabomazx [7] u [8, doxasamervcmeo semmo, 1.19] anarozuynan
ouenka ycmanosaena dasn nopmot ME(f) u npu ecex z € D. Ilosmomy 6 cuay nped-
aoofcenus 3.4 ouenxa (3.4) ocmaemces 6 cune dasn 6cex z € D u das | = «, no npu

IMOM MOYHAA KOHCTNAHMA USMEHUIMCA.

22



BECOBBIE UHTETPAJILHBIE TTPEJICTABJIEHUSA TOJJOMOP®HBIX OYHKITUM ...

Caencrue 3.3. s npoussosonoti pynkyuyu f € H(D) u das 1106020 Komnarma

K C D umeem mecmo caedyrowas oyeHKa:

(3.5) FE)P < const(a,p, 7 K) - M2, (f),  z€K.

oGPy

Loxasameavcmeo. Ilycts K C D - npon3Bo/ibHOE KOMITAKTHOE MHOXKECTBO. Bhibepem
ro TaK, uyro K C D(0; 7o) u nonoxkum 1y = max (ro, 2) 13 npennoxenns 3.8 ciemyer,

9T0 JId Kaxkaoro zg € S(0;r1) = dD(0;71)

|f<20)|p < ConSt(avpaPYv K) Mg (f)

a,p,y

B cuny npunnuna makcumyma momyds cymecrsyer z; € S(0;71), rak 4ro

IFEI<f(z)l, 2 €D(0;m).

Tlostomy mnisa kaxkmoro z € K

lf()F < 1f(z0)[P < const(a, p,v, K) - ME |, ., (f)-

O

Caencreue 3.4. HY, | (D) asasemca samxnymotm noonpocmpancmeom 6 Lh, | (D),
m.e. ecou {fiy € HY , (D) C LY (D), feLh , (D)uM;, (fx—f)—0, xozda
k—0, mo f € HE (D).
ITpengyoxxenune 3.9. ITycmov k,1=0,1,2,..., mozda

0, k#1,

= o . E
3o [[¢ T a-ie o = {x Te+D-T(urg)
D p '

F(u+a+1+%)

Zloxazameavcmeo. Ilycts k # [, Torma

1 27

/ Ckzl (1 B |<~|2p) |§|27dm // PR L ik (1 _ sz)a dodr
D

(=)

0

1 27
/ B2y ( r2p)“/@i(k*l)9d0dr =0.
0 0

23
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Ecmm xe k =1, T0

1 27
[t @ tgpn) crame) = [ [ () dsar
D 0 0
1 1 I
_ gﬂ/rzkwwl (1- - f/t’“*” S (1-t%dt="1B ( o+ 1) :
J P po\p

O

Sameuanne 3.2. Anasozuunbvim 00pa3om ModcHO dokazamyb, wmo gdopmyaa (3.6)

CNPABEIAUBE 0N KOMNAEKCHOLE 3Havenul a u Yy ¢ Rea > —1, Rey > —1.

IIpengoxenue 3.10. ITycms 1 < p < 400. Cucmema {¢¥}3° ) noana 6 HP (D).

Apyeumu crosamu, ecru f € HE (D fff (1 —[¢PP)* [¢PYdm(¢) = 0 dan

ecex k=0,1,2,..., mo f =0 ¢ D.

Joxazameavcmeo. Ilycrs dynxmua f npeacrasuma psaaom f(¢) = > axpCk, ¢ e
k=0

o0 —

D. Torga ansa r € [0,1) f(r-¢) = Y. r*ar¢”, ¢ € D, npuaem mocae auil P MazKo-
k=0

pUpyeTcs NOJIOKHUTEIbHBIM CXOAAIMIMMCs PssioM paBaomepHo no ¢ € D. Tasee,

/ / £ (1= 1) [¢ [ dm ()
- / / (Z amrmcm> T (1= [¢2) [C2rdm(<)
D m=0
=3 //amrmgmf’“ (1—1¢1>)* ¢ dm(¢) = //akr"‘lcl%+27 (1= [¢[*)" dm(C)
m=0"p D
[ [ (1 o) dmic).
D

Mpb1 nHamepenbl ycrpeMuTh © — 1 B 00eux 4acTdX MOCJIEHEr0 COOTHOIIEHNUS .

/ / (F(Q) = £(r-0) - T (1= [¢[*%)* |¢[*dm(¢)
D

< / £ = £ Q- (1= [¢[2)* ¢ dm(C).
D
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BECOBBIE UHTETPAJILHBIE TTPEJICTABJIEHUSA TOJJOMOP®HBIX OYHKITUM ...

Ilockousbky f € HY

% p~y(D), To B cumy caencreus 3.3.1 nmeem Tak we f €

Hj (D).

ITostomy BBUIY npemtoxkenus 3.6
/ Q) = £ Q- (1= [¢%)* ¢/ dm(<) — 0.
B urore momygaem
/ [0+ T (1= 16" €7 dm(c) = o / (¢4 (1= [¢)” dm(<),
OTKya u caeyer, 9410 ap = 0 g kaxgoro k= 0,1,2, ..., r.e. f =0. ]
4. OCHOBHBIE UHTETPAJIbHBIE TIPEICTABJIEHUSA

N3 npengoxkennit 3.9 u 3.10 crenyer, uto cucrema {(;}5° ABISETCS OPTOrOHAIB-

HbIM Gazucom B ruabGepTosoM npoctpanctse H2 (D) u , Kak caeicTBUe, cucTeMa

a,pyy
Ck
4.1 =
(1.1) {or(O))3 ——
" T(utat+1+E) o

ABJIACTCA OPTOHOPMATBHBIM 6a3MCOM B THALGEPTOBOM mpocTpaHcTse H2 oy

(D).
X0opo1II0 H3BECTHO, ITO UCXOAS U3 33TAHHOIO OPTOHOPMAabHOro basuca {¢k(¢) 172,
B ruibbeprosoM npocrpanctee A%(Q) C L2(2) ronomopdubix ¢GyHKIuMii B orpanu-

qenHoi obnactu ) C C, mocpeacTBOM CyMMBbI

> en(2)
k=1

crpouTcs Bocpoussosimee sapo ais A%(Q). Cnenosarensro (cum. [6, (1.9)])

o D(p+a+1+5) —k
(4.2) Sapr(0)=Y L. Pk
k—OTr F(a—i—l) F(H—’_;)

6y/leT BOCIPOM3BOAAIINM AAPOM asa H?2

a.py(D). Hocmennee o6cTOATETHCTBO HAAIH-

upyer cienyiomee 0606imenue dhopmyanl (4.2).

1+
Omnpenenenne 4.1. I[Tycmv p > 0,Re(f) > —1,Re(p) > —1 u p = e . Toz0a
p
NONOACUM
> T( u+ﬁ+1+ ) —k
43 S (2, C) = > kL
(4.3) B,p,w( Q) 5+1 rar p)

2de z€Du(e€D.
25



@. B. AUPATIETSH

OcnoBHble CBOIICTBa BBEIEHHOTO A1pa S5, ,(%,() comepxKarcs B cieyomniei Teo-

pewme.

Teopema 4.1. (1) s a06020 2 € D u das ar060z0 ¢ € D pad (4.3) abeoarommo

cxodumcs.

(2) Jaa moboeo z €D u daa aobozo ¢ € D

COTLSt(F; 67 P SD)
(4.4) 198,00 (2, Q)] < A= |22 Re® -

(3) Pad (4.3) masicopupyemcs nosoHcumess oM CLoOAUUMCSA PAIOM PAGHOMED-
nonoz€KCDuceD, 2de K - xomnaxmmoe mnosicecmeo.

(4) aa puxcuposannozo ¢ € D, S, »(2,¢) 20a0mopgno no z € D.
Aara purcuposannozo z € D, Sz , ,(2,() anmueosomopdro no ¢ € D u nenpe-
pristo no ¢ € D.

(5) s ao6o20 z € D u das aobozo ¢ € D

oo

(4.5) Sg,p,0(2,0) = m : /e_t LB, (t%zZ; u) dt.
0

Boaee mozo, dynxyus nod 3naKomM UHMEZPAAL MAACOPUPYEMCA TOAOAHCU-
meabHol unmezpupyemots pynkyuel pasrnomepro no z € K C D u ¢ € D,

2de K - KomMmaxmmoe MHOAHCECTNGO.

Joxazameavcmeso. Cuepsa 3amerum, 4ro coryiacHo (2.1)

k (k) %+#1+R5(5)+1*%

I'(p+p+1+E% B e r(E kY Fed)+1
( - p) Lk Tk - 14 — . |Z|k _ () |z|k
Llp+2) ok (%)p -z p
< pReB)+1) 1k e kpFHReB2-5 _D(k+Re(B)+2),
- |Z‘ - eikkk_;’_l_l ‘ | - F(k+1) | ‘ .
Torna
T'(k + Re(B) +2)
158,00 (2, Q)| < const - Z T(k+ 1 |Z|k
— const - Z k‘—i—Re(ﬁ) 2) 2| = const

I(k+1) T'(Re(B) +2) (1 — |z|)ReB+2
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Ecmu z € K C D, 1o cymecrsyer A € (0,1), tak uro |z| < A\ gya moboro z € K.

Torna

I'(k 4+ Re(B) +2) 2| < T'(k+ Re(B) +2)
I'(k+1)-T(Re(B) +2) “T(k+1)-T(Re(B) +2)

IMocennee o3nauaet, 4ro psi (4.3) MOKET ObITH MasKOPUPOBAH MOJIOKUTETHHBIM CXO-

AR,

AAMIAMCS PAIOM

T'(k + Re(B) + 2) X 1
const - Z 0k +1) - T(Re(B) + 2))\":const~W<+oo

pasromepno 1o ¢ € D, z € D.

Taxum obpasom, (a), (6), (B) mokazaust u (r) crenyer u3 (B). dasee,

X T(p+p+1+ )

—k
Sﬁ, s (274) = b
S T B

o [etoptith gy

14 ) 0 Sk 'Zk

LB+1) &= T+
\ K
_ 14 ./e /Hrﬁ ( i) dt
m-L(B+1) ) (p+ ;
N 5+1 /e Lt By (e G )
0
u (1) nokazano c yuérom (2.4). O

Teopema 4.2. IIycmo 1 < p < +o0,p > 0,a > —1,7 > —1, Komnaexcuse wucaa 5

U © YO0BAEMBOPAINTN. YCAOBUAM

Re(B) z o, Re(p) 27, p=1
4.6 Re(B) > >l —1
(16) P>l
TR %1
Tozda das wascdot dynwyuu f € HE (D) cnpasedausw caedyrousue npedemasae-

HUAS

@n  fa)= / / £(Q) - 8ppo(2:Q) - (1 [C2) - [CPPdim(C), = €D,
D
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(48) / / )} Sppe(5,0) - (L= [C2))? - [¢[2%dm(C),  zeD.
D

Hoxazamesvemeo. Jocrarodno nokasarh Tonbko (4.7), tak kak (4.8) mMoxker ObITH
YCTAHOBJIEHO JOCTIOBHBIM [TOBTOPEHHEM COOTBETCTBYIONHX aros. CHadasa JOKaKeM

(4.7) nusg dyskuuu f, B UpeAnooxenun, 4o f uMeer pasJioxKeHue

)=> am¢™, (eD.
m=0

s pukcnpoBanuoro z € D nmeem:

// F ) - Spopp(2:0) (1= [CP)° 1¢[20dm ()

mom ) S P(u+B+1+3)
//(ZW C) NEESY <,§0 IES I C)

(1 —\<|2P)5|<|2¢dm<>
T+ B+145) . 2
- 55T //Zar’“z’wak FW&) (@16 [cPeam(<)

I k (u+5+1+ 2 242
- T gk // ~ I¢P?)” ¢+ dm(¢)

S R P <u+6+1+;>_r(u+;)~ L(B+1) «
IERCET =1 T(u+%)  Tu+s+1+%5) »

= i arr® 2t = f(r-2).
k=0
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Mb1 HaMEpeHBI yCTPEMUTh 1 — 1 B 00€MX 9acTdX MOC/IeaHero coorHomenuns. Ode-
BHU/IHO, OCHOBHAA CJIOKHOCTb 3aKJIIOYAaeTCAd B OCYIIECTBJEHUH 3TOIO IIPEJEe/IbHOIO IIe-

pexona B snesoit yactu. I[lycts p > 1 u % + % =1, Torma

// ) S5 p0(2:C) (1— C2) [¢[20dm(<)
D
/ (¢ Ol 185,90z )] (1 — [¢) %7 (¢ PReedm()
/ / £0) 1= C2) % 1¢I5 185,00 (5 O (1 — [C2) 75 ¢2Re7= % dim(¢)

=

< (/ IF(Q) = f(r-Q) (1ICI2p)alCl2”dm(C))
D

: ( / 1S5,0.0 (2, Q)7 (1 = [¢[2) 1075 |<|q<2Re“")dm<<))
D

q

1

(4.9) = (M?, (f—f))" - Ji

»Q

Beuay (4.6), ¢ (Reﬂ — %) >—-lmug (Regp — %) > —1. CiegoBarenbHO, HA OCHOBaA-
uuu (4.4), npemioxkenuit 3.1 u 3.6 Mbl 3akir04aeM, 40 J < 400 U YTO HpaBas YaCTh

(4.9) crpemutrca x 0 mpu 7 — 1.

Ecom p=1, B cuny (4.6), (4.4) n mpegyoxennst 3.6 nmeem:

// ) Sg.pp(2,¢) (1= ‘C|2p)ﬂ IC[*2dm(C)
D

/ 7 Ol 188,002 O (1= [¢12) ™7 ¢ 2R dm( ()
/ I£(¢) (1 - |C‘2p) 1> 158,p,0(2, )] (1 — |C‘2P)Re’g_a IC|2Ee? =2 dm (¢)

CﬁTiReg / 1766 - (1= )" [¢dm(¢)
const
= Ao pperes Mapalf =) =0 r oL
O
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Bameuyanue 4.1. Ecau 8 = o u @ =y dopmyaa (4.7) doxasana 6 [6, meopema 1.1].

Abstract. For weighted LP—classes of holomorphic functions in the unite circle, a
family of weighted integral representations with a weight function of type |w|*# - (1 —

|w|?)# and with reproducing kernels of the Mittag-LefHler type are obtained.
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Abstract, In this paper, we introduce n-variables mappings which are mixed
additive-quadratic in each variable. We show that such mappings can be described by
a equation, namely, by a multi-mixed additive-quadratic functional equation. The main
goal is to extend the applications of a fixed point method to establish the Hyers-Ulam
stability for the multi-mixed additive-quadratic mappings.
MSC2010 numbers: 39B82; 39B52; 47HI10.
Keywords: Banach space; genoralized Hyors-Ulam stability; multi-mixed additive-
cuadratic mapping: fixed point method.

1. INTRODUCTION

Throughout the paper we use the following notation. By N we denote the set
of all positive integers, No = MU {0}, Ry = [0,00), and n € N, For any [ € Ny,
myseNwiths > 3,6 =(t1, - ,tm) €{—s, -1, 1, s and z = (z1,--- , &) € V™
we write [z = (Iz1, - ,lzm) and tz 1= (f121, - ,tm ). where ro stands for the
rth power of an element a of the commmutative group V.

The additive (Canchy) equation A{z +y) = A(z) + A(y) and the quadratic
{Jordan-von Neumann} equation Q(z + y) + Qz — y) = 2Q(z) + 2Q{y) are the
well-known equations in mathematics which play a remarkable role in the algebra
and analysis. Some information about the solutions, stability and applications of
these equations can be found m 126] and 136].

Let V be a commutative group, W be a linear space, and n > 2 be an integer.
Recall that a mapping f: V™ — W iz called multi-additive if it s additive {that
is, satisfies Cauchy functional equation} in each variable (see [22]). Some facts on
such mappings can he found, for instance, in [28]. Furthermore, f is said to be
maulti-quadratic if it is quadratic in each variable (sce [21]}. In Zhao et al. [40] it was
proved that a mapping f: V™ — W is muiti-quadratic if and only # the following
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relation holds:

(1.1) > flan ttag) =27 > f(@1j0, @2j0, - Ty, )

te{-1,1}" J1.d2,0 in€{1,2}
where z; = (215, x2j,- -+ ,Tnj) € V"™ with j € {1,2}.

In 1940, Ulam [37] raised the first stability problem for functional equations.
Specifically, he proposed a question whether there exists an exact homomorphism
near an approximate homomorphism. One year later, an answer to this problem
was given by Hyers [25] in the setting of Banach spaces. Later on, the stability
problems have been extensively investigated for a variety of functional equations
and spaces. For instance, various generalizations and extensions of Ulam’s problem
and Hyers’ result were ascertained by Th. M. Rassias [34], Gajda [24], Aoki [1], J.
M. Rassias [33] and Skof [35] (see also [6, 8, 13, 20, 27], and the references therein).

Recall that a mapping f : V™ — W is said to be k-additive and (n—k)-quadratic
(multi-additive-quadratic, in short) if f is additive in each of some k variables and
is quadratic in each of the remaining (n — k) variables (see [17]). Bahyrycz et al. [4]
characterized the multi-additive-quadratic mappings, and showed that a mapping
f is multi-additive-quadratic if and only if it satisfies the following relation:
(1.2)

> far+ab el gyt =20k > f(@1iy, 2215, i, )

ge{—-1,1}n—F 1,02, ,in€{1,2}
where xF = (214, ,28) € VP, 207F = (2404, s o0i) € VPR i € {1,2}. The
generalized Hyers-Ulam stability of multi-additive and multi-quadratic mappings
in Banach spaces have been investigated by Ciepliniski in [22] and [21], respectively
(see also [2] and [40]).

In Zamani et al. [39] it was introduced the following mixed additive-quadratic

functional equation:

(1.3) flx+2y) + f(z —2y) +8f(y) = 2f(x) +4f(2y).

They found the general solution of equation (1.3) and established its Hyers-Ulam
stability in non-Archimedean Banach modules over a unital Banach algebra. Najati

and Moghimi [30] considered the following mixed type additive-quadratic equation:

(1.4) fQRr+y)+[f(2e—y) = fle+y)+ flz —y) +2f(2r) - 2f(2),

which is somewhat different from (1.3) and obtained its general solution. After that,
the general form of the equation (1.3) was introduced by Bodaghi and Kim in [10]

as follows:

(1.5) fx+sy) + f(z — sy) = 2f () + s f(2y) — 25° f(y),
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where s is an integer with s # 0,£1. It can easily be verified that the function
f: R — R defined by f(x) = az?+bax is a solution of the functional equations (1.3),
(1.4) and (1.5). Notice that some results on the stability of mixed type mappings
can be found in [5], [7], [9], [19], [23], [29], [31], [32] and [38].

In this paper, we define the multi-mixed additive-quadratic mappings and present
a characterization of such mappings. In other words, we reduce the system of
n equations defining the multi-mixed additive-quadratic mappings to obtain a
single functional equation. We also prove the generalized Hyers-Ulam stability
for multi-mixed additive-quadratic mappings by applying the fixed point method,
which was introduced and used for the first time by Brzdek [15] (see also [14]).
More applications of this approach for the stability of multi-Cauchy-Jensen, multi-
additive-quadratic, multi-cubic and multi-quartic mappings in Banach spaces can
be found in [3], [4], [11] and [12], respectively.

2. A CHARACTERIZATION OF MULTI-MIXED ADDITIVE-QUADRATIC MAPPINGS

Let V and W be vector spaces over the rational numbers, n € N and 2} =
(i1, o, -+, Tin) € V™, where ¢ € {1,2}. We shall denote z}* by x; if there is no
ambiguity. Let s € N with s > 3. For z1,202 € V™ and p,q € Ny with 0 < p,q < n,
we set

M= My = (My, -+, Myp)| M € {x1;, 225, 2325} },
where j € {1,--- ,n}, and consider the subsets M?p,q) of M defined as follows:

y = {M, € M| Card{M; : M; = z1;} =p and Card{M; : M; = x5} = q}.

n

(p.q
We say that a mapping f : V" — W is n-multi-mized additive-quadratic or multi-
mized additive-quadraticif f is mixed additive-quadratic in each variable (see (1.5)).

From now on, for such mappings, we use the following notation:

(2.1) F(M) = D fom),
Em"EM?p,Q)
F(Mbgpz) = X fz) (zeV),
My eMP

(p,a)

For each x1,29 € V™ and s € N with s > 3, we consider the following functional

equation:
n n—p
(2.2) Z flzg +tag) = Z Z 2P(—232)q(32)n—p—Qf ( ?p’q)) .
te{—s,s}™ p=0 ¢=0

It can easily be verified that the function f : R™ — R defined by f(z1,22- - ,2n) =
[[j=i(a; 27 +b;z;) satisfies the equation (2.2). We note that the left- and right-hand
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sides of (2.2) have 2" and 3" terms, respectively. We first prove that a multi-mixed

additive-quadratic mapping satisfies equation (2.2).

Proposition 2.1. If f: V" — W is a multi-mized additive-quadratic mapping,
then it satisfies the equation (2.2).

Proof. The proof is by induction on n. For n = 1, it is trivial that f satisfies
equation (1.5). Assume that f satisfies equation (2.2) for n = m. Then, for n =

m + 1, we have

Z F@m T 4ty =2 Z F@T +tah Timy1)

te{—s,s}mt+1 te{—s,s}™
+57 Y @t 2w ) — 287 Y f(@ +tah, wama)
te{—s,s}™ te{—s,s}m
m m—p
=2 Z Z 2?(_282)q(82)7rt—p—Qf (M&’q)7 $1m+1)
p=0 q=0
m m—p
+ 52 Z Z 2p(_2s2)q(82)m—p—Qf (M@q), 2x2m+1)
p=0 ¢=0
m m—p
- 25 Z Z 2P(=2s%)(s*)m P4 f (Mfg,q),l’zmﬂ)
p=0 ¢=0
m+1m+1—p

@3 =Y > ey (M)
p=0 ¢=0

for all "t x5! € V1 and the result follows. O

In what follows, by ( Z ) we denote the binomial coefficients defined for all

n,k € Ng with n > k by nl/(k!(n — k)!). Let 0 <k <n — 1. We put
’Ck = {kﬂf = (Oa aoaxjnov"' aovlemov"' 70) € Vn})

where 1 < j; < -+ < ji < n. In other words, Ky is the set of all vectors in V" for
which exactly k components are non-zero.

We are going to show that if a mapping f : V" — W satisfies equation (2.2),
then it is multi-mixed additive-quadratic. In order to do this, we need the next

lemma.

Lemma 2.2. If a mapping f : V" — W satisfies the equation (2.2), then f(xz) =0
for any x € V" for which at least one component is equal to zero.
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Proof. Putting x; = 22 = (0,---,0) in (2.2), we can write

2 (0, ,0) = g( () e 0

22\
zg( " )2p q_:( " ) (2?1 (s2) P90, .0)
- Z ()2 -2y s 0)
_ Z_j( ")t 0

(2.4 (2= )10, 0.

Since s # 2, we get f(0---,0) = 0. Assume that f(x_12) = 0 for each 1z € Kp_1.
We show that if pz € Ki, then f(xx) = 0. By a suitable replacement in (2.2), we
get

2" f(ir) = 2Zkf (") (" TE ) e

Similar to the above, one can show that 2" f(,z) = 2¥(2 — s2)"~* f(;,x), and hence
f(xx) should equal to zero. This completes the proof. O
We say that f: V" — W is odd in the jth variable if

f(zlv"' 7Zj717_zjvzj+17"' 7Zn) = _f(zlv"' 7Zj717zjvzj+1a"' 7Zn)~

Similarly, a mapping f is said to be even in the jth variable if

f(Zl,"' y Rj—1s —Rjy 41y " ,Zn) = f(Zl,"' y Rj—1s %5y Zj41y """ 7Zn)

for all (z1,---,2,) € V™

Theorem 2.3. Suppose that a mapping [ : V" — W satisfies equation (2.2).
Then f is a multi-mized additive-quadratic mapping. Furthermore, the following

assertions hold:

(i) if f is odd in the jth variable, then it is additive in the same variable;

(ii) if f is even in the jth variable, then it is quadratic in the same variable.

Proof. Let j € {1,--- ,n} be an arbitrary fixed number. Put z9; = 0 for each
1 < k < nin (2.2) such that k # j. Then, using Lemma 2.2, for all z1;, € V with
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ke {l,---,n}, we get

n—1
2 E flxin, - x—1, %15+t g1, 0, Tin)

te{—s,s}
= 2" 2f (w11, w12, Tan) + SO f (T, g1, 2005, Taja, e Tan)
(2.5)  —2s%f(x11,- - s T1j—1, %25, L1415 - s L1n)]-

So, f is mixed additive-quadratic in the jth variable.
(i) Let f be odd in the jth variable. Then, it follows from (2.5) that

Z f(xon, @1, 015 + t225, 141,00, T1n)
te{—s,s}
=2f(z11, %12,y T1n) + 2 (T11,+ , T1jm1, 2T25, T1j41, > T1n)
(2.6) — 28 f(z11, - s T1j—1, L2, L1415 5 T1n)-

Taking z1; = 0 in (2.6) and using the oddness of f in the jth variable, we obtain
flxin, - x1-1,2%25, L1415+ 5 T1n)
(2.7) =2f(x11, -+, T1j-1,T25, T1j41,° * » Tin)-

Substituting (2.6) into (2.7), we get

E flxa1, -+ x1j—1,@1 + t@oj, T1j41, -+ T1n)
te{—s,s}

(2.8) =2f(z11, =1, T15, T1j41, > Tin)-
Replacing x2; by 22 in (2.8), we find
Z flza1, - z1-1,215 + tZ2j, T1j41, -+ T1n)
te{—1,1}

(2.9) =2f(z11,  ,T1—1,T15, T1j41, > Tin)-

Replacing (x1;,z25) by (x2;,21;) in (2.9), we arrive at

E flz11, -+ 21j-1,@25 +tT1j, T1j41, - T1n)
te{—1,1}

(2.10) =2f(@11,  ,T1j—1, %25, T1j41, > Tin)-
Now, it follows from (2.9), (2.10) and the assumption, that
f(ﬂCn, ce X151, %15 + X5, T4, axln) = f(l‘u, 3 T15—15 15, L1415 " ,l‘ln)

(2.11) + f(z11, -+, T1j=1, T25, T1j4+1, > T1n)s

showing that f is additive in the jth variable.
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(ii) Similar to the proof of part (i), we have

E f@in, - w1, @15 + tTo5, T4, 0, Tin)

te{—s,s}
=2f(211, %19, ,T1n) + $2f(T11, - T1j—1, 224, T1jr1, 0 5 T1n)
(2-12) - 252f(I11, X1 -1, 225, 141, " 735171)-

Taking z1; = 0 in (2.12), then applying Lemma 2.2 and using the evenness of f in

the jth variable, we get

2f($117 X151, 8T25, L1441, ,»Tln) = Szf(xu, X151, 21'2j7x1j+1; s ,$1n)
(2.13) — 282f(acu7 e T 1, T2, Tl > Tin)-
Replacing (x1;, z2;) by (sz1;,21;) in (2.12), we obtain
f(wyg,- - s T1j—1, 28%15, T1j41," " s T1n) = 2f (w11, yL1j—1,8T15, T1j+1, " y T1n)
+ 82f($11, L, X151, 23013‘, Ti1j41,° " ,Cﬂln)

(2.14) — 2,92]”(55117 1, T, Tl > Tin)-
It follows from (2.13) and (2.14) that

f(l'117 C X115 28T, T4, ,l’ln)
(2.15) =4f(z11, -, @1j-1,8T15, T1j41, " Tin),
implying that

f(xn, 5, T15—1, 2$1j,331j+1, T 7I1n)
(2.16) =4f(z11, -, T1-1, 15, T1j41,* , Tin)-
Using (2.12) and (2.16), we obtain

Z fx11,- -+ x1j-1, 215 + tT25, T1j41, - 5 T1n)
te{—s,s}

(2.17) = 2f(z11, 212, ,T1n) + 2s2f(x11, C T o1, T2, Tl Tin)-
Letting z1; = 0 in (2.17), we find that

f(517117 crr X151, ST25, L1541, 00 ,Iln)
(2.18) = s%f(z11,- - S E1j—1, L25, L1415 5 T1n)-
Replacing x;; by sx1; in (2.16) and applying (2.18), we get

Z f(l‘n, cre X151, %15 + t$2j7x1j+1’ T 7331n)

te{—1,1}
(2.19)
=2f(@11, T1j—1, T, T1j1s 0 > Tin) + 2f(T11, - -1, T2j, Trjgt, 0 Tin),
showing that f is quadratic in the jth variable. This completes the proof. [
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Corollary 2.4. Under the hypothesis of Theorem 2.3, the following assertions
hold:
(i) if f is odd in each variable, then it is multi-additive;

(ii) if f is even in each variable, then it is multi-quadratic.

3. STABILITY RESULTS FOR EQUATION (2.2)

In this section, we prove the generalized Hyers-Ulam stability of equation (2.2)
in Banach spaces by using a fixed point result (Theorem 3.1). In what follows, for
two sets A and B, the set of all mappings from A to B is denoted by B#. We first
set up the following hypotheses.

(A1) Y is a Banach space, S is a nonempty set, j € N, g1,--- ,g; : S — S and

Ly, ,L; : 8§ — Ry,
(A2) T :YS — Y¥ is an operator satisfying the inequality:

J

[T () Z 2) [|A(g:(2)) = wlgi@)ll, A neYS zes,

(A3) A:RY — RY is an operator defined by
J
x) = ZLi(x)(S(gi(x)) seRf,z €S

The following theorem, which is a fundamental result in the fixed point theory

(see [18, Theorem 1]), will play a key role to obtain the main results of this paper.

Theorem 3.1. Let the hypotheses (A1)-(A3) be fulfilled, and let the function 6 :
S — R, and the mapping ¢ : S — Y satisfy the following two conditions:

1T ¢(x) — p(z)]| < 6(x) ZAl (z €3).
Then, there exists a unique fixed point 1) ofT such that

[o(x) = ¢(@)| <07(x)  (z€S5).
Moreover, we have 1(x) = lim;_,o, T'¢(x) for all z € S.

For a number s € N with s > 3 and a mapping f : V" — W, we consider the
difference operator I'sf : V™" x V™ — W defined by

Lsf(z1,22) = Z [y +tas) ZZQP —25%)7(s*)"" p_qf( ?:DJI))’

te{—s,s}n p=0 ¢=0
where f (./\/l’(lp q)) is defined in (2.1). In what follows, all the mappings f: V" —
W are assumed to satisfy f(z) =0 for any € V™ with at least one component of

which is equal to 0. With this assumption, we have the following stability result.
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Theorem 3.2. Let 8 € {—1,1}, V be a linear space over the rationals and W be
a Banach space. Suppose that ¢ : V" x V* — Ry is a function satisfying the

equality:

1\
(3.1) lim | —= ) (272, 2% 25) =0

=00 \ 278
for all x1,29 € V", and
& RS Ly Bl+E51

(3.2) ) = > (zm) @ (2 > :,;) <0

1=0
for all x = x1 € V™, where

1 1
(3.3) ®x) = 3 > 5y %3 (@)
j=1

in which

(34) ¢J('T) = (b((xlla e 7x1j71707 2x1j+17 e 72x1n)7 (07 e 707x1ja 07 e 10))
Also, assume that f: V™ — W is a mapping satisfying the inequality:
(3.5) ITs f(z1, 22)|ly < d(21,72)

for all x1,29 € V™. If f is odd in each variable, then there exists a unique multi-

additive mapping A : V"™ — W such that for all x € V™,
(3.6) If (@) = Ax)|| < ®(x).

Proof. Replacing (z1;,z2;) by (0,z1;) and putting zg,, = 0 for k € {1,--- ,n}
with k # j in (3.5), and using the oddness of f in each variable, we get

[f(z11, - @151, 2205, T1j41, 5 T1n) — 2f (@11, 0+ 5 T1j—1, Tag, D11, 0 5 Tin) |
(3.7)
1
S W¢((x117 tee 7x1j71) 0; xljJrlv tee ;xln)v (O) e 707‘r1j) 07 e )0))
for all x =2y € V™. For j € {1,--- ,n}, we set
(3.8) fi(x) = f(xi1, - ,21j-1, 2215, 221541, -, 2T1p)

for all x € V™. It follows from (3.7) that
1£(22) = 2" f(2)]| = £ (22) £ 2f1(2) £ 22 fa(a) £ - £ 2" fa () — 2" f ()]
(39) <3227 250 < 5D 5w
j=

j=1
where ¢;(x) is defined in (3.4). The relation (3.9) implies that

(3.10) 1f(2z) = 2" f(z)|| < ®(z)
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B—1

for all x € V", where ®(x) is defined in (3.3). Define £(x) == —4 1@ (2 z x)

BTT
2’”7
and T¢(z) == 525£(2°2) for all x € V™. Then inequality (3.10) can be modified as

follows:

(3.11) 1f(2) = Tf()]| < &(x)

for all z € V™. Define An(z) := 5251(2°x) for all ) € RY" and x € V™. We now see
that A has the form described in (A3) with S = V", g1(z) = 2°z and L1(z) = 525
for all € V™. Moreover, for each A\, u € W"V" and z € V",

ITA(x) = Tu(@)l| =

s N20) = 2%0)) | < 1a@) I ()~ (o))

The above equalities show that the hypothesis (A2) holds. By induction on /, one
can check that for any [ € Ny and = € V", we have

l l
312 M) = (g ) €070 = i () @ (2 )

for all z € V™. The relations (3.2) and (3.12) necessitate that all the assumptions
of Theorem 3.1 are satisfied. Hence, there exists a mapping A : V" — W such

that
Aw) = Jim (T ) (@) = 55 A@%2) (e e V™),

and (3.6) holds. Now we proceed to show that

l
(3.13) (T o an)l < (55 ) 00271, 2%00)

for all 1,29 € V™ and | € Ny. We argue by induction on [. The inequality (3.13) is
valid for I = 0 by (3.5). Assume that (3.13) is true for [ € Ny. Then, we can write

T (T f) (@1, o)

n n—p

— | T T ) -3 22 yn-r= q(Tl“f)( (pq))
te{—s,s}m p=0 ¢q=0
n m—p
_ 2%3 S (T ) = 303 2 (=221 T ) (200G, )
te{—s,s}” p=0¢=0

(3.14)

I+1
1 1
_ 37 HFS(Tlf)(Q*BIh?BIz)H < <25> ¢,(2ﬁ(l+1)x1,25(l+1)12)

n,

for all x1,29 € V™. Letting | — oo in (3.13) and applying (3.1), we arrive at
T A(z1,22) =0 for all 21,29 € V™. This means that the mapping f satisfies (2.2).
Now, the part (i) of Corollary 2.4 implies that A is a multi-additive mapping.
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Finally, assume that A’ : V" — W is another multi-additive mapping satisfying
equation (2.2) and inequality (3.6). Then for fixed z € V" and j € N we can write

[ A(z) — A'(z)|
B ‘ 2rzlﬁj“4(2ﬁjx) - %A/(Qﬁjx)
< s (IA@Y2) — £ + | A 2Y2) - F(2a))

<ol Gy <o L S (L) g (aris
— T onpj ( l‘)_ Zn%lz: onB ( .13)
=J

Consequently, letting 7 — oo and using the fact that series in (3.2) is convergent
for all z € V™, we obtain A(z) = A'(z) for all x € V™. This completes the proof.
Theorem 3.2 is proved. [

The following corollary, stating the stability of (2.2) for the case § = 1, is a

direct consequence of Theorem 3.2, and so, we state it without proof.

Corollary 3.3. Let 6 > 0. Suppose that V is a linear space over the rationals, W
is a Banach space and f : V" — W is a mapping satisfying the inequality:

ITsf(x1,22)|| <0

for all x1,20 € V™. If f is odd in each variable, then there exists a unique multi-
additive mapping A : V"™ — W such that for all x € V",
0
[f(x) — A(x)]| < Jnigz"
The next result is an analog of Theorem 3.2 for functional equation (2.2) in the

even case.

Theorem 3.4. Let 8 € {—1,1}, V be a linear space over the rationals and W be
a Banach space. Suppose that ¢ : V" x V* — Ry is a function satisfying the
equality:

l—o00

l
1

for all x1,29 € V", and

o] l
~ 1 1 B—=1
— Bl+
(3.16) () = S (22%) v (2 : x) <0
=0

for all x = x1 € V™, where

(3.17) U(x) = 2n1_1 Zzﬂ'*wj(z)
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for all x € V™, in which

¢J($) = (b((xlly e 7x1j717$1j7 2$1j+17 e ,2$1n), (07 e 707 8_1x1j7 03 e 70))
(3.18)
+ ¢((£L'11, o, T1j—1, 07 2xlj-‘,—l) T 72$1n), (07 e 707 S_lxlja Oa e 70))

Also, assume that f : V"™ — W is a mapping satisfying the inequality:
(3.19) ITsf (21, 22) |y < @z1,22)

for all x1,2o € V™. If f is even in each variable, then there exists a unique multi-

quadratic mapping Q : V" — W such that for all x € V",
(3.20) If (@) = Q(x)|| < (x).

Proof. Putting zo;, = 0 for k € {1,--- ,n} with k # j in (3.19), we obtain
|| Z f(13117 Cee X1, T15 + X0, Trjqn, 7l'1n) - 2f(x1)

te{—s,s}

— 2 f(T11, 0y T1j—1,2T25, T1jg1,s 5 T1n) + 282 f (T11, 0, T1j—1, Tag, 11y Tn) |
(3.21)

1
< Fqb((xlla"' yL1j—1,L15, L1541, """ ,.’13171),(0,"' 5077:2.770"" 70))

for all x = 21 € V™. Replacing (1, z2;) by (0,21;) in (3.21) and using the evenness
of f in each variable, we find that
12f (@11, s T1j—1,8T15, T1j41, "+, T1n)

— (@115 T1—1, 2215, T g1, 0 Tin) + 287 (@11, T 1, T1s Tty 1) |
(3.22)

1
< 2n7_1¢(($11a"' 7x1j—1707$1j+1a"' 7I1n)a(07"' ,0,1’1]’,0,'-' 70))

for all z € V". Replacing (x1;,z2;) by (sz1j,x1;) in (3.21), we get

| f(z11,- - 211,281, X141, T1n) — 2f (@11, -+, T1j—1, ST1j, L1415 5 T1n)

— 82 f(x11, 11, 2205, Tty Tin) + 282 F(T11, 0 B1j1, T, Ty, Tan) |

(3.23)

1
S F(b((xlla"' 7x1j7175x1j7$1j+17"' uxln)7(07"' 707:[;1]"07"' 70))

for all x € V™. Plugging (3.22) into (3.23), we obtain

| f(xin,- - @1j—1, 28215, T1jq1, - s T1n) — 4f (@11, T1j—1, 8T15, T1jq1, - T1n)
S gn—1 (¢(($11, L, X15-1,8T15, 141,00 71'1n)7 (Oa e 7Oax1j; 07 e 30))
(3.24

)
+¢(($117"' ax1j71;07$1j+17"' 7$1n)7(07"' ,07351]‘,0,"' a0)>)
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for all x € V™. Relation (3.24) implies that

||f(3711,"' ,$1j—172$1j7fc1j+1,"' 79€1n) —4f($117"' y L1j—1,L15, L1415 " ,$1n)
= on—1 [d)((‘rllr"' y L1j—1,L15, L1415 " axln)7(0a"' 70,571{131]‘,0,--- ,0))
(3.25)

+ ¢(($11, o ;xlj—1a07x1j+17 e 71:171)7 (Oa T ,0,8_1$1j70, T ,0))]
for all x € V™. Similar to (3.9), one can obtain

(3.26) I02) = 4" @) < g 24 (o),

where ¢;(z) is defined in (3.18). We rewrite relation (3.26) as follows:
(3.27) 1f(22) — 4" f(2)]| < ¥(z)

for all x € V™, where ¥(z) is defined in (3.17). Fix € V™ and define &(z) :=
Wlﬂ)\ll (2% x), TE(x) := 5mz&(2°2). Inequality (3.27) can be modified as follows:

(3.28) 1f(z) = TE(@)]| < ()

for all z € V™. Define An(z) := 5zn(2°z) for all 1) € RY",x € V™. Hence, the
hypothesis (A3) holds for A, where S = V", gi(z) = 2°z and L (z) = 545 for all
x € V™. In addition, for each X\, u € WV" and € V", we have

1

ITA(=z) = Tu(@) = || 208

< Li(2) [M(g1(2)) — plga ()]l

[/\(Zﬁm) - ,u(2’8x)]

Now, the hypothesis (A2) is satisfied by the last relation. By induction on I, we can
conclude that for any | € Ny and for all x € V™,

1\ 1 1\ B-1)
1 o 1y 1+ 820
(3.29) AN¢(z) = (2%[3) £(2Pz) = S (BTD) (22n,8> v (23 + :c) .

It follows from (3.16) and (3.29) that all the assumptions of Theorem 3.1 are
satisfied. Hence, there exists a mapping Q : V™ — W such that

Q) = lim (T'f)(2) = ——0(2%2)  (z V™).

l—00 - 22TB
In particular, (3.20) holds. Similar to the proof of Theorem 3.2, we can prove that
I'sQ(z1,22) = 0, and hence Q satisfies (2.2). Thus, the part (ii) of Corollary 2.4
implies that Q is a multi-quadratic mapping which is also unique. Theorem 3.4 is

proved. ([
Corollary 3.5. Let 6 > 0. Suppose that V is a linear space over the rationals, W
is a Banach space and f : V" — W is a mapping satisfying the inequality:
ITsf(z1,22)|| <6
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for all x1,x5 € V™. If f is even in each variable, then there exists a unique multi-

quadratic mapping Q : V" — W such that for all z € V",

1f(2) — Qx) i

< —m——.
= 3 x2n-1
The next result shows that under some mild conditions a multi-mixed additive-

quadratic mapping can be stable.

Corollary 3.6. Let d > 0, V be a linear space over the rationals and W be a Banach
space. Suppose that f: V'™ — W is a decomposable mapping as f = f, + fe such

that f, is odd in each variable and f. is even in each variable. If the inequalities
IDsfo(z1, 2)l| <6 and ||Tsfe(zy, z2)|| <6

hold for all x1,zo € V™, then there exist a unique multi-additive mapping A :
V" — W and a unique multi-quadratic mapping Q : V"™ — W such that for all
reVn,

1 1 1
150) ~ A - O] < s | + 5|0
Proof. It follows from Corollaries 3.3 and 3.5 that there exists a unique multi-
additive mapping A : V"™ — W and a unique multi-quadratic mapping Q : V" —

W such that

(3:0) 1o(2) ~ A@ < o5
and
(3.31) 1e(w) ~ Q) € 59
3 x 2n—1
for all © € V™. The result now follows from inequalities (3.30) and (3.31). O

Let A be a nonempty set, (X,d) be a metric space, ¢ € Rﬁn, and JFi, Fa be
operators mapping a nonempty set D C X4 into X4". We say that the operator

equation:
(332) Fl@(arl,"' 7an) :-FQQO(al)"' aan)
is ¢-hyperstable if every o € D satisfying the inequality:

d(]:lwo(a’la"' 7an)7]:2900(a17"' aan)) S ,(/J(a’h"' aa/’ﬂ)’ A1, " ,0n S A>

satisfies equation (3.32) (see [16]). In other words, a functional equation F is
hyperstable if any mapping f satisfying the equation F approximately is a true
solution of F.

The next result shows that under some conditions functional equation (2.2) can

be hyperstable.
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Corollary 3.7. Suppose that c;; > 0 fori € {1,2} and j € {1,--- ,n} satisfies the
condition 2?21 2;21 ajj # n,2n. Let V be a normed space and W be a Banach
space. Then a mapping f : V™ — W satisfying the hypotheses of Corollary 3.6

and the following inequalities:

2 n 2 n
I folzr, @)l < TTTT sl and | fe(wrwa)ll < TTTT sl

i=1j=1 i=1j=1

for all x1, 25 € V™, satisfies equation (2.2).
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Annorauns. OBosnaumy wepes ln (coorpercraenno ﬁn) MHOKECTRO MHOTOHEAC
HOB 1 nepenmennnx P(§) = P(£1,£q, ..., £n) ¢ nemecTRennMI RoMPPHIGIEHTAMH
Ty, w10 |P(E)| — co npu [¢] = oo {coornercinenio P(£) =3, |DY P(€)| —
oo npn €] — oo, B TepMEHAX CTEIRHH M, IEOMETDHECCKOR CTPYKTYDHL MHO-
rorpanrnka Hewrona R(P) umuorownena P ou wpatrocTel nyiell ero rRasHOro
QIHOPOAHOTO TOAMHOTOWRCHA Py MONVHAOTCed (B HEROTODHN CHYHALX CORIMA-
Aawmine) neofxoimMEe ¥ pocTaTounme venorug juim P € In {coorrercrrensHo
P e ]Tn) Ais oBoBIeHRe OARODOARN X MEOTGIeROB K Tpex nepemennmx Halk
FCHH TEOMETDPHMECKH HATIAARES AOCTATONNLE yoaons mpn roropux R e Is.

MSC2010 number: 12E10; 26C05.

Kmouespie cirosa: (i)}’}l‘f(?{?{ﬂ j—[. X(‘E)NI?H-IH(‘E)&? TOYTHE PEOOMIIHOTHECKEN MEOTO-
witen, Mmororpammex Heworoma.

1. TTOCTAHOBEA 3AJAMH,ONMUCAHHE MHOMKECTBA ﬁn B TEPMHHAX
KPATHOCTEN HYAERA HOAMHOUOWIEHOB

Myvers R™ ~ n—mepsoe €BRILICEC TPOCTPARCTEO TOICK (BexTOpoB) £ = (£1,...,&0).
Rt :={tecR%&20,((=1,..,n)}, RO :={£c R & --- & # 0.

Hepenr N obosmasmy MHOKECTBO n— MEDHLIX MYJILTHHILIEKCOB, T.E. TOYOK & =
(01,..., ) € TIRIBIME HOOTPATATEIBHEIME KoMmoReHETAMH. it & € R, o € N,
Ae R NR™® mi> 0cbosmammm ol = oq + .o+ 0y 8% = L0, |E] =
VET T, 16N = VB F LGP, = (M b, ), DY =
DIt D% wn Ll =005 =T wmn):

‘Pafiora nrmosnena 1tpi brranconoit noasepmxs NERHMOH PA, nmpoext N8SCS 157 - LAL97 «
resmaTraeckoro doria Pocorlicrs - ADMAHCKOTO YHEREDCHTETA MERHCTEDCTRA ODDASORANAS H HAYKH
Pocenticrolt deaepanmn,
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Ilycrs P(D) = ", VoD nuneiinsiit quddepennnaibhii onepaTop ¢ IOCTOAHHbI-
v kodbdunmentamu, P(§) = ) 7o{* OTBeYAIOMIT €My CHMBOI (XapaKTepuCTiHte-
CKUIi MHOTOWIEH), TJIe CyMMa PACIPOCTPAHSIETCS MO0 KOHETHOMY HAGOPY MyJTBTHHH-
aexcos (P) = {a € NI : 4, # 0}, a P(£) := 3 |DVP(¢£)| bynxmus JI. Xépmamaepa

v
9TOro oneparopa (MHorowieHa) (cum.[4], mpumep 10.1.2) .

Oupegenenne 1.1. (cm. [9] — [10]) Hyemv A = {a},...,.a™ . o € R»T (j =
1,2,..., M)}. Munumasvuod sunykaut muozozpannux R(A) C R™T ) codeporcausudi
nabop A, nazoeem mrozoeparnnurom Hvromona (m.n.) nabopa A. Mnozozparnur
Horomona nabopa (P) U {0} nasosem mrnozozpannurom Horomona muozowaena P(€),

(onepamopa P(D)) .

Muororpannuk = C R™" nazobem mpaBuabHBIM eciu a) R uMeer BepliuHy B
HaYaJie KOOPAMHAT W OTJIMYHYI0 OT HAavYaja KOOPAWHAT BEPIIUHY Ha KaXKJIOH OCH KO-
opuHaT (MHOXKECTBO KOTOpbIX 0603HaunM depes RC), b) KoOpMHATBI BCeX BHEITHBIX
(orHOCHTEBHO ) HOpMAaeil (n—1)— MepHBIX HEKOODAWHATHBIX TpaHeil (MHOMXKECTBO
KOTOPBIX 0603HaunM 4epe3 A(R)) HeoTpUIATETHHBL

IIycts A € R»TNR™ %, Muorousnen R Ha30BeM 0G00OIIEHHO - OIHOPOIHBIM (A—ox-
HOpOmHEIM) A—Tiopanaka d, ecmm R(t) €) = t¢ R(¢) nns mobbix t > 0 m & € R™,
OueBuaHO, 94TO HPU A\ = ... = A, = 1 370 OOBLIYHbIA OJHOPOAHBIA MHOI'OYJIEH.

OTmeruM, 9TO MOAMHOIOYIEHbI MHOTOYJIEHA OT 7 IMEPEMEHHBIX Ha CaMOM Jejie
MOryT 3aBucerb 0T k uepemensbix, rjge k < n. Ilosromy mbr BBezem ciiejyioriee
oboznauenue: uepe3 Pol(n, k), (k <n) obo3nauum MHO)KeCTBO MHOro4jIeHOB P(§) =
P(&, ..., &) Takux, 9ro (OBITH MOXKET TIOCJIE COOTBETCTBYIOIIEH TIEPEHyMEpPAINN) CY-
mecrByior Touku &7 raxue, uro D;P(&9) #0 (j =1,..,k),a D;P(§) =0 V¢ € R,
mpu j=k+1,...,n.

Ina A—onuopoauoro muorounena R o6osnauum N(R) = (R, A) := {£ e R, |{,\| =
1, R(¢) = 0}. Ilycts n € X(R), epe3 g, A(n) 0b03HATEM A\—KPATHOCTD HYNS 1), T.€.

YUCJIO, YAOBJIETBOPAIONIEE YCIOBUIO

>, ID*R(pl =0, > [DR(n)|#0.
(A )<l g, A(n) (A, @)=l r, A(n)
Tagee uepes I, (coorsercTBeHHO L,,) 0G03HAUMM MHOXKECTBO MHOTOUICHOB P TaKuX,
aro |P(£)| — oo (coorsercrenno P(€) — oo) mpu |¢| — oo. OueBuano, 4ro u3
P € 1, cnenyer, aro P € I,. O6parHOe HE BEPHO, |UTO CTIeyeT W3 CJIEeAYIOIIErO
upocroro npumepa: P(€) = €2 — ¢2 ¢ Iy, opnaxo P € L.
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Ounpepestenne 1.2. (em. [4] u [13]) Onepamop P(D) (mmozouren P(E)) naswea-
EMCA 2UNOIAAUNTNUNECKUM (COOMBEMCMEEHHO NOUMYU 2UNOIAAUNTIUYECKUM,), ECAU
daa mobozo myavmuundexca 0 # v € NJ | DYP(E)|/[1 + |P(§)| — 0 npu || — oo
(coomeememeenno |DY P(E)|/[1 + |P(§)]) < C V€ € R™ ¢ nexomopot nocmoannod
C >0).

Bo muOrmx Bompocax oOIux JUHEHHBIX U epeHnnaaIbHbIX YPABHEHUH PENTaiony o
POJIb UTPAET MOBEJEHUE Ha GECKOHEYHOCTH XaPAKTEPUCTUIECKOr0 MHOrOYIeHa (OJI-
HOI'O CUMBOJIA) COOTBETCTBYOMIEro Aud GepeHinaibHoro oneparopa u oBeJIeHne Ha,
6eckoneunoctn dbynknuu JI. Xepmangepa. HanpuMep, CUMBOJ MUIIO3JITANITHYECKOTO
ouieparopa 6eckonedHo Bospacraer Ha Geckoneunoctu (upunajgexur I,), nosromy,
9T06BI IPOBEPUTH TUIIOUIMITHIHOCTD JaHHOro oneparopa P (D), B iepByio ouepeinb
HeobxommmMo ybemntces, uro P € II,,. Ipyroit mpiuMep 3T0O BecOBBIe MPOCTPAHCTBA B 1
JI. Xépmanzepa, rie secosas dyukius k € 1,,. [Ipu uccienoBanmu cBoiicTB riragkocTu
pemenuii quddepennuanbaoro ypasaenus P(D)u = 0 ponb Beca urpaer dyHKIHs
JI. Xepmanzepa P.

OTH W IpyTHE TPUMEPBI CTAIA TOJTIKOM JIJIst NCCIIEI0BAHNS MOBEICHUS MHOTOYJIe-
HOB MHOTHMX TEepeMeHHbIX n nx dynkmmii JI. Xépmanaepa mpu CTPEMICHUR MOILYJIst
aprymenTa K 6ECKOHEYHOCTH. DTHM BOIPOCAM IIOCBSAIIEHBI MHOTHE PAGOTHI, OTMETHM
JIb pabots [1] - [12], HemocpeaCcTBEHHO MPUMBIKAIOIINE K HACTOSAIIEH 3aMeTKe.

B uacraocru B paborax [1] [2] (cm. Takxke [4], Jobasiaenue A) nokazano (Teopema
Baitnenbepra - Tapckoro), uro ajst MmHorounena P : P(€) > 0 V& € R™ cymecrByior
uncna o > 0 u T € R! rakue, uro P(£) > o (1 + [¢))T V¢ € R™. Ipu srom, eciu
Pel,, toT > 0.

B paborax [3] , [5] u [12] usyuensr noBenenus riagKkuX GYHKIMN 1, B 9aCTHOCTH
MHOTOYJIEHOB, B OKPECTHOCTHAX KPUTHIECKUX TOYKAX U B OecKoHeuHocTH. B paborax
[9] # [10] B pa3sHBIX TepMHHAX MOJIYYEHBI JOCTATOYHbIE YCIOBUS MHIOMIUINIITHIHOCTH
u ycnosus g P € 1. B paborax [6] - [8] u [11] u Apyrux mosydeHnsl ocTaToqHble
YCJIOBUS THIO3JUIMIITUIHOCTHA ONEPATOPa W, TEM CAMBIM yCJIOBUS MPHHAIJIEKHOCTH
MHOTOYJIeHA K MHOKeCTBY I,,. B 3tmx paGorax mHOrOwIeH P ABIsAETCA B ONpEae/IeH-
HOM CMBICJIE HEBBIPOKIEHHBIM, T.€. MaJIO OTJIAYAETCA OT JUTHIITHIECKOro. B paborax
[14]-[16], mpu moMOIIHM CcpaBHEHWs] KPATHOCTEH HyJell MOAXOIAIINX MOAMHOTOYIEHOB
U UX TIOPSIIKOB OJHOPOIHOCTH, MOJIy9€HBI JOCTATOYHBIE YCAOBUS TUIIOLTUIITHIHOCTH
JIJIsT HEKOTOPBIX KJIACCOB BBIPOXKIEHHBIX OMEPATOPOB, W, TEM CAMBIM yCJIOBHUS TPUHA,I-

JIE2ZKHOCTHU MHOI'OYJIEHa K MHOXKECTBY ]In
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Mbr nocTaBuIu mepe;t coboil MesTbi0 HAX0XK IeHns yCaoBuit ajis P € ﬁm He mpuberast
K m3BecTHBIM KpuTepusm 11 P2 € I,,. C ycioBeM, KOHEUHO, 9TOObI, B CPABHEHUH C
HUMEIONIUMUCS YCIOBUSAMHE, STH YCJIOBUS OBLIN JIETKO MPOBEPSIEMBIME 1 O0JIee MPO3Pad-
ubiMu. [Ipw 9TOM OCHOBHOE ymapeHwe Mbl OyaeM JejaTh Ha MOJIy9YeHre HATJISTHBIX
reOMeTPUYECKUX YCJIOBUI.

Pa6ora cocTouT u3 AByX MyHKTOB. B MEpBOM IyHKTE ) IPUBOIATCI HEOOXOAUMBIE
HOHsATHUS, ) B TEDMUHAX CPABHEHMs CTEIIEHU U KPATHOCTEH Hy/1ell 000BIIEHHO - 0JHO-
POJHOrO MHOTOU/IEHA R IOy 4eH0 HeoBXOIMMOoe U J0CTaTouHoe yeaosue s R € I,
(reopema 1.1), B) B TepMHHAX CPABHEHUs CTEICHW W KPATHOCTEH Hyseidl TIaBHOrO
0OODIEHHO - OIHOPOIHOTO IMOJAMHOTOMIEAHA MHOTOWIeHa P moaydeHo J0CTaToqHoe
yeaosue st P € I,, (teopema 1.2), T) B TEDMUHAX F€OMETPHUECKUX CBOACTE MHOIO-
rpanunka HpioToHa HaliIeHbl yCAOBUS IPU KOTOPBIX /i OOOOIIEHHO - OTHOPOIHOIO
MHOrO4JjIeHa R BbIno/HsAI0TCA qocrarounoe yeaosue Teopembr 1.1 (emma 1.1), caemo-
Bareabro R € I, u yCIoBUst MpH KOTOPHIX TIOYTH THIIOLIMTITHIECKAH MHOTOWIEH P
yaossiersopsier ycsopuio Teopembr 1.2 (nemma 1.2), cienoBarensao P € L,.. Bropoii
MYHKT MOCBSIIEH MHOTOYIEAHAM TPEX TEPEMEHHBIX. 3/1eCh HAMIEHBI TeOMETPUIECKU
HATJISITHBIE JOCTATOYHbBIE YCJIOBUS IIPU KOTOPBIX 000DIIEHHO-0/{HOPOSHBIi MHOTOYIEH
yaosjiersopsier ycaosuio Teopembr 1.1 (nemmbr 2.1-2.3) u, B TepMUHAX HEKOTOPOIO
[IpE/ICTaBIEHUsT OOIEro MHOro4aeHa P, oqHO HeOOXOAuMOe U JOCTATOYHOE YCJIOBUE
ana P ¢l (memma 2.5).

Crenyroliee mpeajioKeHue JaET KPUTEPUii TPUHAIJIEKHOCTH 0000IIIEHHO-OTHOPOIHOTO
(A—O0HOPOAHOIr0) MHOIOYJIEHA K MHOYKECTBY [,, B TepMUHAX HOPSIKA U KPATHOCTEIl

HyJIe# 3TOTO MHOTOYJICHA.

Teopema 1.1. ITycmo R \—0dnopodnwvii mnozounen A—mnopsaodka d(N). Tozda R €

ﬁn 6 MoM U MOAbKO 6 TMOM CAYHae, noeaa
(1.1) Ira(n) < d(X) Vi € X(R,N).

Jloxasamenvcmeo. Heobxomumocts. ITycrs R € I, 10KazkeM CIIpaBeInBOCTb (1.1).
Tak kaK Y-\ )—aon) [DYR(E)| = const == co u Y2\ o) <ip () [P R(N)| = 0 izt Beex
n € (R, \), 1o, npexnonaras obparnoe, 9to I A (n°) = d(\) mnsa HEKOTOPOH TOUKH

n° € X(R, \), nomyanm

RE)=R(s*") = > |D*R(E&)|+
(A, @)=d(A)
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(1.2) + > s OIDYRMO)| = co, (s=1,2,...).
(A a)<d(A)=lr, A(n°)
Taxk kak A € R NR™% u [n° \| =1, 10 [£¥| = 00 npu s — oo, nosromy (1.2)
uporusopednr ycaosuio R € I, u 10Ka3bIBaeT HEOOXOIUMOCTD TEOPEMBL.
Hocrarounocts. [Iycrs, HaoGopor, npu BbimosHenun ycaosus (1.1) cymecrByor

nocsenoBareabHoCTh {°} 1 [€%] = oo mpm s — oo m uyncno C > 0 Takue, 9TO

(1.3) RE)<C (s=1,2,..).

[omoxum 0 = £5/| €5, M> (s =1,2,...). Tak kax |n°,A\| =1 (s=1,2,...), To MHO-
3KecTBO {n®} orpannveno. 3a cueT BLIOOPA MO/IOCIEJOBATEILHOCTH MOYKHO CUUTATH,
49T0 nmocsenoBaresbHOCTh {N°} cxomures ( mycTh K HEKOTOPOH Touke 1) : |n, Al =1).
B cumy A—omropommoctn MEorounenos R(Y) 1 a € NI (A— mopsaakos d(\) — (), a))

u3 (1.3) umeem Jyis OCTATOYHO OOTIBIINX §
C2R(E) =) € NN OD RO ) =Y 1€, ATV [RO ()] + o(1)].

Tak xak |€%,\| = oo mpu s — oo, T0 orciona cieayer, uro R(*)(n) = 0 mns Beex
a e Ny : (N a) <dN), re. aro n € (R, \) u lg x(n) > d(N). dro nporusopednt

yciopuio (1.1) u nokasbiBaer Teopemy. a

OueBnIHO, YTO JId IPOU3BOJILHOTO BeKTOopa A € R T NR™ O 10601t MHOrOWIEH

P(&) =), Va&® MOXKHO PEACTABUTHL B BUIE CYMMBI A—OJHOPOIHBIX MHOTOWIEHOR

M M
(1.4) PEO=Y P =Y > 7,
j=0

=0 (Aa)=d,

rae gucaa dg > dy > ... > dp, > 0 onpenenstoTcs OgHO3HAYTHO.

Teopema 1.2. ITycms no dannomy eexmopy A € R™T NR™ O mmnozouren P npeo-

cmasaen 6 eude (1.4). Ecau lp, A(n) < do das ecex n € X(Py, \), mo P € 1,,.

Zoxasameavcmeo. 1lycTsb, HA000OPOT, TPU YCJIOBUSX TEOPEMBI CYIIECTBYIOT MOCJIEI0-

BaTenbHOCTh {£°} u uncimo C' > 0 rakue, 4to [£%] — oo mpu § — 0O U

(1.5) P <C (s=1,2,...).
Tax kax MHOXKeCTBO { 7° 1= £°/|¢%, A\|*} orpammdeno, To 3a caeT BBIGOpa MOATIOCTE-

JIOBATEJILHOCTU MOZKHO CUHTATDb, 9TO 1OCJAEA0BATENbHOCTL {n°} cxomurcs (1mycrb K
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HekoTopoii Touke 7 : |, \| = 1). Torma B custy (1.5) U A—OIHOPOJHOCTH MHOIOUJIE-

woB {P;} (A—mopsiakos {d;}) n3 (1.4) nmeem 1151 JOCTATOTHO GOMBIAX §

M
C = P(E) 2 [P(E)] 2 IR ()] = > Pi(E)

M
= &5, 1% [Po(n®)] = 1 D 1% A% Pi(n™)Il = 1€°, A1 [|Po(n)| + o(1)].
j=1

Tak kaxk dy > 0, To orcioma cienyer, uro 1 € X(Py, ). OTkyma, B cuiay ycioBuii
lpy,x(n) < do, do > dy > ... > dy > 0 u onpenenennst uucia lp,, (1), EMeeM mpu

§ — 00

PE)> 3 IPYE)I= Y IIRYE) -1 B

(Na)=lpy, x (M) (N)=lpy, (M)

M
_ Z |€s7)\|do—()\,a) |P(§oz)(ns)| _ |Z I3 )\‘dj—()\,a) Pj(a)(ns)| |
(Me)=lpy,x(n) J=1

= [¢5, A[do=tran(m N B ()] 1+ 0(1)] = oo
(X, )=lpy, A (1)

DTO MPOTUBOPEYUT TIPEANOIoKeHuo (1.5) 1 JOKA3BIBAET TEOPEMY. O

Bameuanne 1.1. Ommemum, wmo a) umes 6 sudy meopemy 1.1, meopemy 1.2 moorc-
HO CHOPMYAUPOBATL MAK: ECAU 2Aa6HAA 00HOPOIHAA “acmb Py muozounen P npu-
nadaescum I,, mo P € I, 6) amo ycaosue He sABAAEMCA HEOOLOOUMbBLM, KAK TO-
Kasweaem caedyrowuts npumep: muozouaen Po(€) = (&1 — &)* ne npunadaesrcum

mroocecmey Iy, 6 mo epema, wax P(€) = Py(€) + €2 + €2 € L.

Teneps MBI IpUBeeM HECKOTHKO HAIMIAMHBIX IeOMETPHYIeCKHX IIPIMEPOB, KOTIa
ycaosue (1.1) mas A—OXHOPOJHOIO MHOTOWIEHA UIH YCIOBHE lp, z(1) < do ans 06-
IEro MHOIOYJIEHA BbIIOJHAIOTCH. JIpyrue npumepbl (Jjiss MHOIMOYJIEHOB TPEX Hepe-

MEHHBIX ) Oy/yT NPUBEJEHbI BO BTOPOM IIyHKTE.

JIemma 1.1. ITyemo R € Pol(n,n) A—o00nopoduvi mruozousern A—nopadsa d(X).
Toz0a lr, A(n) < d(N\) daa aw0b0G mouku n € L(R,\) npu swnosnenuu 001020 u3

CACOYIOUUT YCA0BUTE
a) ROR)NR™O £ 0, b) \i #X; npui#j, (i,j=1,...,n).

Jlokasameavcmso. Tlyrkr a). I[Iycrs o € RONR™Y. Torma cymecrsyer sextop \° €
R™T NR™Y takoit, uro dy := (A%, %) > maz{(A\°,a) : a € (R)\ {a°} }. [Ipeacrasum
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A\—OIHOPOIHLIH MHOTOUIeH R B BHIe cyMMbI A —0IHOPOAHBIX MHOTOUIeHOB: R(E) =
ijvio r;(€), toe r; A’—ommoponmstii Muorounen \°—nopsaxa d; (j = 0,1,..., M),
dy > dy > ... > dp > 0, npu aTom a? >1@{G =1,..,n) uref = ’yofo‘o pinieet
rekoToporo vy # 0. Torma Iy, xo(7) < do — minj<j<n AY @) < do mis moGoro 7 €
(7o, A%). Tosromy Ha ocrosanun Teopempr 1.2 R € I,,, a no teopeme 1.1 Ig A(n) <
d(\) ngist Beex 1 € B(R, A), 9TO IOKa3bIBAET MYHKT a)

IMyukr b). dokazareabcrso OyueM uposecr 1O uuayKuuu 1o n. pu n = 2
sTa memma gokazana B [15]. TlycTs yTBepKaeHWe JeMMbl cipaBeueo npu n < k —
1 (k > 3), mokaxkem ero cmpaBemauBocTh mpn n = k. Ilpeamosnoxkum obpaTHOe,
910 pu n = k cyumecrByior BeKTOp A = (A1, ..., A\k), YJOBJIETBOPSAIONINII yCIOBHUIO
b) memmbi, A\—omHOpoHbIi MHOrOUTeH R € Pol(k,k) u mouka n° € L(R,\) ans
kotopeix g A(n°) = d(N\). U3 ycnosus ma A caemyer, ato (6bITb MOXKET TOCHE

HEKOTOPO# HepeHyMepam/H/I) €r0 KOOPAUHATHI YIO0BJIETBOPAIOT yCIOBUIO
(1.6) 0< A <A <o < Ag.

Honoxum By := {a € (R),a1 = maxg—_s,,..3,)e(r) P1}, Bjr1 = {a € (B)),a; =
maxgep, 3;} (j=1,...k—1).

W3 mocrpoenus muoxects B; (j = 1,..., k) caenyer, uro MHOXKecTBO Bj, cocrout
u3 equacTBennoit Touku a’ € (R), mpu sTom of > 0, aus (1.6) cieayer, uro {3 € (R) :
B >a’—(1,0,..,0)} = {a’}. Caegosarensuo D’ =100 R(€) = ol y,0 & VE €
R". Tak kax o € (R), T0O 740 # 0, TO3TOMY € HEKOTOPOi MOCTOAHHO# ¢ > 0 oTCI0NA

nMeemMm
(1.7) 61| < ¢ R(€) Ve eR™

Tak kak R A—omHOpOaHbIil MHOTOUMIEH 17151 KoToporo [r x(n°) = d(X), To Ha mocse-
nosarensaoct £ = s*° (s =1,2,...) R(E%) = const :== by, au3 (1.7) u ycaosus
A1 > 0 creayer, uto |09 s* < cbg (s =1,2,...), Te. n) =0.

Iycrs pamm onpenenenroctn ) =19 = ... =02 =0, 0.0 #0 1 <r <k
Honoxum € = (&1, ..,6), € = (Eraty i)y N = (A1, An) N = Mgty s Ai)
u mpescTaum mMuOrOwTeH R B Bume R(E) = R(E,€) = Do eN: (5/)0‘/ q, (&), tne
q, N —oHopoHbLil MHOrOWIEH A —IOpsiIKa d(\) — ()\/7 a/). IIpu sTom, Tak Kak
R € Pol(k, k), 10, 0O4€BUIHO, CYIIECTBYET MYJILTUUHIEKC g e Ny : (6,N) < d(\)
TaKoil, 4To gy # const.

B cuny roro, uro (7)° =0, Ig.a(n°) =d(\) u (8,)\) < d(\) umeenm

(1.8) 0= (D" R)(n®) = Bl ay ((n")°).
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Ou4eBuaHO, 9TO JI000 HEHY/IEBON A—OTHOPOIHBIN MHOTOUIEH MOJOXKUTEIBHOTO MO~
PAIKA OT OTHON MEPEMEeHHOl 0OpaIaeTcs B HyJIb TOJIBKO B HadaJe KoopauHart. [Tosro-
My, ©Mes B BHAY TO, 9TO (7]”)O € RF=0 d(X\)— (B,, )\/) >0 uqy N —omrOpOHBI
MHOTOWIeH \ —IopsiKa d(N) — ()\I,ﬁ/), MoJIyYuM, uTO0 k — 7 > 2, TpPH ITOM Cy-
ECTBYIOT MHIEKCH i1 M iz : 7 < 41,42 < k Takue, 4T0 BbIpaenue D, gy " -
Di,qp (§") OTAMIHO OT TOKIECTBEHHOTO HYJIbA.

Hycrs gy € Pol(k — k1), tne 2 < ki < k —r < k. [dna oupenenennocru
npeanonoxkuM, 910 Dyy1 qg .. Dygk, @y 01 Dyyjqe (§) =0 (j =k +1,..,k—7).
Homowmu £ = (€7,67), te € = (Gri1orn,)s €V = (Etbirts &) Tax

1"

kak jis moboro o € Ngt o (N ) < d(\) — (N, B) m (A (8,a7,01Y)) <
d()\), To B cuy mpeanonoxenns [g x(n) = d(\) numeem 0 = =~ (D D* )R(n°) =
(Da qﬁ,)((n”/)o)’ T.€. qu/,)\///((’r’
/1

qjiena qg N —mopsiaka d(\) — (A, 8) > 0 monyuaem, uro T € E(qB/,/\W) u
l, () =dA) = (N, B). Tax xax ki < k u gy € Pol(ki k1), 0 910 npo-

THUBOPEYUT IPEAIIOJIOZKEHUIO NHAYKIUN WU JOKA3bIBAET JIEMMY. O

1
B
" ’ ’

)%) =d(X) = (X, 8).

AN 11
YO, 0|2 . Torpa B cuty A —OJHOPOJHOCTH MHOIO-

11

2
Monoxum 7 = (n

Cuieytoliee IpejioKeHne OTHOCUTCA K IOYTH I'MIIO3/IIMITHYECKUM MHOIMOYJIEHAM
7 JIOKA3bIBAETCS AHAJOTHIHBIME cOOOpaxkeHusaMu. OTMETHM TOJIBKO, ITO U3 ONpEIe-
JIEHUS TIOYTH TUMOJLIANITUIHOCTH MHOrOWIeHa (CM. ompenenenue 1.2) ciemyer, 94To
TaKOW MHOTOWJIEH MPUHAJIEIKUT ﬁn TOTJA ¥ TOJBKO TOT/A, KOTZIa KOT/Ia OH MPWHA/I-

aexur I,,.

JIemma 1.2. ITyemo P € Pol(n,n) nowmu eunosasunmuyeckud muozouaen. Tozda
P e 1, npu ewnoanenuu odnozo u3 caedyrowur ycaoeud

1) RO(P)NR™O £ 0,

2) cywecmeyem sexmop A € A(R(P)) maxod, wmo \; # \; npu @ # j (1,5 =
1,2,...,n).

2. MHOTOYJIEHBI OT TPEX NMEPEMEHHBIX

B srom mynkTe MbI OyeM paccMaTpbIBATh MHOIOYJIEHBL OT TPEX epeMeHHbix. I1pu
3TOM, B OTJIMYHE OT NPEIbIIYIIero MIyHKTa, B HACTOAIIEM IIyHKTE 110/, MHOTOI'DAHHHU-

koM Hpiorona muorowiena R Gyjnem nonumars muororpannuk Heiorona nabopa (R).
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—_ « (%
Jlemma 2.1. Ilyemv R(§) = 325 4y—a(n) Yo §  A—00H0poduwili MHozowren, MHozo-
eparnnur Horomona R(R) xomopoeo AGAAEMCA 0OHOMEPHULM C BEPUUHAMU HA KOOD-
dunammnz naockocmar R® . Ecau R(R) me napaaresen nu 0dnoti xoopdunammoti

naockocmu R3, mo lp A (n) < d(\) das ecex n € B(R,\).

Joxasameavcmeo. Iycrs o # ol sepmmnb Muororpananka R(R). U3 oaHomepHo-

ctu R(R) caemyer, 9ro MHOKECTBO ToYek ¥ (R) MOXKHO NPEJACTABUTH B BUJIE

(2.1) R(R)={v(t) =ta’+(1-t)a'; te[0,1]}.

Tax kax o u o! nexar ma koopaumarnbix miockocrax u R(R) me mapasienen

O 1 o' nexkar Ha Pa3sHBIX KOOPJMHATHBIX

nnockocrax. Ilyers, aas ompenenennoctn o = (0,a3,a3) u ol = (a},0,03). Us

HU OJIHON KOOPJAMHATHON MMJIOCKOCTH, TO &

YCIIOBHS JTeMMBI ciiefyet, ato at a3 # 0 u o # ai (myets o > od ). Dro snauur,
gro R € Pol(3,3).

Paccmorpum coesyromue Bo3MozkHbie ciaydan: 1) af # 0, 2) ad = 0.

Tax Kak, OYeBUJIHO, B CHJIY yCJIOBHSA af > ai (cM. Takske npejcrasienue (2.1) ),
B cayuae 1): 1.a) {a € (R),a > (0,0,a9)} = {a"}, To D?gR(f) =ad ! a0 §§g V€ €
R? u 1.b) {a € (R),a3 > ab, ay = 0} = {a'}, 10 DSPR(E1,0,6) = all yar €1 Ve €
R3.

C apyrii CTOPOHBI, TAK KAK Va0 * Vo1 7 0, TO Juist Bcex ) € L(R, \), 11 KOTOPBIX
ne # 0 3 l.a) momyuaem IgA(n) < Azad = d(A) — Aaad < d(N\). A aas rex n =
(m,0,m3) € 2(R,\), asa koropeix 11 # 0, u3 1.b) nonyqaem g z(n) < d(N) — A o
< d(N).

Ecim e mp = o = 0 ma n € X(R,\), To n = £(0,0,1) u, Tak Kak s
{a€(R):az>ad o #0} = {a), 10 D5R(p) = (DY R)(n) = of Lyae 5° # 0.
Orciona crenyer, ato I x(n) < d(X) — Azal < d(N).

OTuM yTBEpXKIEHUE JIeMMBI B Caydae 1) moKa3aHo.

Paccmorpum ciiy4aii 2), T.e. korga o = (0,09, a3), ol = (ai,0,0) e a9-a3-af #
0. U3z ycnous ol € RO(R) menocpencrrenno ciaeayer, uto +(1,0,0) ¢ L(R,\).
CrenoBarenbro |n2| + 03] > 0 mas moboro n € 3(R,\) u, Tak Kak B ciaydae 2) (cM.
takske mpescrasiaenne (2.1)) ag < aJ u az < af aas mo6oro a € (R) 1 a # o,
10 D§*R(€) = 0 1700 5%, DSSR(E) = af 1700 = al L ya0 £5° VE € R,

Orciona, B culy ycuaoBHS 7,0 7 0, HEMOCPEACTBEHHO cieayeT, 4To lp a(1) <
maz{A2a3, A\3al} nisa npoussonbuoii ) € X(R, \). Jlemma nokasana. O
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Jlemma 2.2. Ilycmo R(§) = 325 ay—an) Ya € A—00HOpoduuili muozowren, eepuiu-
Hol MHozozpannuka Hvtomona R(R) xomopozo aescam na K00pOUHAMHBLT NAOCKO-
cmazx. Ecau R(R) umeem 00HOMEPHYIO 2PaHb He NAPAANEALHYIO HU 00HOT KOOPOU-

nammol naockocmu, mo lg x(n) < d(X) das scex n € L(R, \).

JHoxazamesvemeo. Ilycrs I'— onaomepnas rpans R(R), He mapasuenbHas HE K O

HOfl KoopamHaTHOH miockoctn u RV (€) = Zaef‘ﬂ( r) Ya&”. IoBropas paccyxae-
HWS, TIPOBOAMMBIE TPHU TEPBOI 9aCTW JOKA3ATEILCTBA JeMMbI 2.1, MOJydmM, 9TO
RY € Pol(3,3), cienoaremsio R € Pol(3.3).

IMokazxeM, uro cymecTayeT BekTop A0 € R¥TNR3 0, gpaaomuiica Bremmeit HOp-
mambio rpanu I, (torma (A%, a) = const := do(\°) nma moboit Toukn « € T' ) u
OPTOrOHAJIBHEIA BeKTOPY A TaK, 4To0bl do = do(A°) > maxgen(r)\rjn(r) (A%, 8). Ha
camowm gmefe, mycTh Al mpomssoabHas Hopmanh rpanu [ ( aBasIomasics W BHenTHed
HOpMaJiblo MHOrorpannuka R(R)) oproronasnbuas BekTopy A. Torma iy Kaxkio-
ro € > 0 BexTop eA! + \ TaxKe ABIAETCA BHemIHeH HopMaibio rpanm I. Tak Kax
A e R AR, 10 el + X € R¥T N R3O gna mocrarouno mamsix €. C apyroit
CTOPOHBI, TI0 BBIGOPY BeKTOpa Al 1yia npousBosbHbX Touek o € I'm 3 € [R(R) \ T
(AL, @) > (A1, B), mostomy, ouesumno, (A + X, ) > (eAl+ A, B) aua moBoro € > 0.
CrenoBaTennHo, B KadecTse BekTopa A’, MOXKHO 6paTh IPOM3BOMBHEIN BEKTOD BHIA
A0 = goAl + )\, Tae umcio £y > 0 BbIOpaHo Tak, 4Tobh A0 € R+ N R3O,

[peacrasum MHOro4ner R B Buje cyMmbl A’ —0MHOPOAHBIX MHOTOUYEHOB: R(£) =
Z;”:OR]-(@ = Z;n:o Z(Ao’a):dj V€%, e dy > dy > ... > dp > 0, mpum 3TOM,
ouesuaHO, Ro(£) = RM'(€) V& € R3.

Tak kak mMHOrouseH Ry ymoiersopsier ycioBusM jemMbl 2.1, 10 g, yo(T) < do
nas mo6oit Toukn 7 € N(Ry, A\Y). Torma, B cuy Teopemb 1.2, R € [ u, Tak Kak

R \—onuopomuslit MHOrO4YTEH, TO B cuiy TeopeMbl 1.1 Ig A(n) < d(\) mpu Bcex

n € (R, \). Jlemma JoKa3aHa. O

Ha mpumepe mokazkem, 910 TpeDOBaHUE O CYIECTBOBAHUHU OJHOMEDHOM IDaHM, HE

napaJijlieJIbHON HU OJIHOU KOOPIMHATHOU IJIOCKOCTH, CYyLIECTBEHHO.

Ipumep 2.1. ITyems A = (1,1,2), R(&) = (& — &)* €3 +£5 A—o0dnopodnwiii mmo-
2ounen A—nopadka d(\) = 10. Bepwunw et = (0,4,3), e* = (4,0,3) u e3 = (0,0,5)

€20 MH0202PAGHHUKA Huvtromona aescam Ha noop&unamm)m; NnAOCKOCMAL, NPU ITMOM

odnomepnnie epanu (e, e3) u (e3,e?) aescam na xKoopdunammuT NAOCKOCTATL, @ 00-

nomepras epans I = (e',€?) napartresvna naockocmu & = 0. Taxum obpaasom,
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6ce OOHOMEPHBLE 2PAHBL TLAPAAAEALHDL COOTNEEMCTNEYIOULUM KOOPOIUHATNHOM TLAOCKO-
cmam. Tpanu T coomsememeyem nodmmozounen Rr(E) = (& — &) €5 ¢ nyaamu
£n = :t(@, g,O), npu amom Ip »(£n) = 10 = d(A).

Jlemma 2.3. ITycmv R(§) = 30\ o)=an) Ya € A= (A1, A2, A3) - 0dropodnviti mro-

2ounen (A1 £ Ay ), npedemasaennoili 6 sude

M . M
(2.2) R(€) = Z & q;(61,6) = Z R;(€),

ede r,M € Ny, q; p:= (A1, A2)—00r0podnsiii mrozousen pi—nopadka d(X) — j A3
deyz nepemennnr (j =1,...,M). Ecau aubo a) 0 < r < d(N)/As u ¢, € Pol(2,2)
aubo b) 0 < M < d(N)/As u qu € Pol(2,2), mo Igrx(n) < d(N\) dan ecex n €
S(R, ).

Joxasamenvcmeo. OUeBUIHO, DY BBHITIOJIHEHUH KAXKIOr0 U3 yCJIOBUi &) uiu b) R €
Pol(3,3). Tak Kak JOKa3aTeIbCTBO JIEMMbI B 000MX CJIydasdxX HPOBOJUTCS aHAJIOIHMY-
HO, TO PACCMOTPHUM TOMBKO ciiydaii a). ycts A0 = (A1, Mg, AJ), time 0 < A\J < 3. Tak
Kak MHOrownenst R; (j = r,...,M) aBasiorcs A0 —01HOPOAHbIMY TIOPAIKOB d; =
d(X\) — (A3 — AD), To mpescrasienne (2.2) sBjsecs NPeJCTABICHUEM \—OJHOPOJHOTO
muOrOwIeHa R B Bume cyMMil A\’ —OTHOPOIHBIX MHOTOUIEHOB. IIpeacTaBuM MHOXKe-

crBo X(R,, \0) B ciemytomem Buie
SR, AY) = {7 € B(R,A\"), 73 # 0} U {1 € B(R,,\"), 73 = 0} =: By U Bos.

Tak kak ¢.(71,72) = 0 g Bcex 7 € By, 1o ycaosuio a) ¢, € Pol(2,2) sapusercs
1= (A1, A2) —OIHOPOAHBIM MHOIOYJIEHOM f—mopsanka d(\) —r A3, u A\ # A2, TO Ha
ocuoBanuu jeMmbl 1 paborst [15] Iy, (71, 72) < d(X) —7 Ag. CaenoBarensno Iy, xo(T)
=g, u(11,72) <dX\) =7 (A3 — A}) =do s Beex T € By.

Ecmn g, (11,72) # 0 ana gaunoro 7 € Bs, To, oueBmano, lg, zo(T) < 7 A3 < do.
Ecnu xe ¢.(11,72) =0 ans 7 € By, 10 Ha OCHOBaHMU TOH 2Ke jieMMbl 1 paborsl [15]
lr, 2o (T) <7 A3+l (11, 72) <7 Ay +d(N) —r A3 = dy. CemoBarensro lg, yo(7) <
do mns Beex T € By, Orcroga B cuiy Teopembl 1.2 umeem, yro R € Eg Tak kak R
A—OZIHOPOJEH, TO B CHIy TeopeMbl 1.1 310 o3mHadaer, 410 Ik (1) < d(A\) mas Bcex
1€ D(R,N). O

IIpumep 2.2. Ha npumepe nokascem, 4mo 6unoAHEHUE Yeaosus a) uau b) cyue-

cmeerno das sunosnerus coommowenusn L (1) < d(X) dan ecex n € L(R, N).
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Hycrs A = (1,3/2,3/2), R(§) = &5+(6&2—&)* A—oanopo/mbiii MEOTOUIEH MOpsI-
kad(\) =6, D(R,\) = {n = £(0,v2/2,v2/2)}, r=0, M =4=d(\)/(3/2), Te.
HapymaloTcs oba yeaosus a) u b). Jlerko mocantars Toraa, uto [r A (nt) = 6 = d()).

"3 memwm 1.1 - 1.2 m 2.2 - 2.3 HEMOCPECTBEHHO CJIETYET

CaencrBue 2.1. ITycmos R(§) = Z()\,a):d()\) Yo £ A—00HOpOoHBLT MHO2OUNEH. TO-
2da lpa(n) < d(N) das scex n € L(R,\) npu 6unosnenuy 001020 U3 CALOYIOUWUT
mpex yceaosuti 1) R(R) umeem sepuuny 6 R3, 2) R(R) umeem odnomepnyro zpan,
HE NAPLANEALHYIW HU K 00HOT Koopdunammuol naockocmu, 3) R(R) moocem umems
0OHOMEDHYIO 2PAND, TAPAAAEALHYI KAKOT - Aub0 KoOPPIuHamMHOT naockocmu (Ha-

npumep xooppounammot naockocmu & = 0), no ne aescawet 6 wel u maxot, wmo
Ao #£ As.

Huxxe MBI Oy1eM MOMb30BATHCS CAEIYIONNM OYEBUTHBIM HIPEITOKEHIEM

Ipennoxenue 2.1. ITycmo R A—00Hopoduviti mrozousen A—nopadka d(N). Ecau

A1 = A3 =t 1, Mo mmozouaen R mooicro npedcmasums 6 6ude R(§) = 3 c 4. &5 qr2(61,83),
2de Ay = Az(R) := {r € No, [d(A) — rA2]/u € No}, a gr2 00H0pOOHBIT MHOZOwACH
nopadka [d(N\) — rA2]/u.  Ipu smom

A I A

OTMeTI/IM, YTO B 3TOM IIPEACTAaBJICHUN MHOXKECTBO .AQ MOZKHO 3aME€HHUTH Ha MHO-

xkecrBa Ap, umm Az, coorBercrByIONUM 00pA30M MEHHAA ¢p o HA ¢y 1 WIH G 3.

JIemma 2.4. ITycmos R(E) = Z(ha):d()\) Yo €* € Pol(3,3) A—o00nopodnwiii mmozo-
wnen A—nopadka d(X) makod, wmo (R)N{&; =0} #0, j=1,3, mg:= O{ré?é(){az} <
dN) /A2 u lpa(n°) = d()) dan nexomopot mouxu n° € B(R,N). Toeda a) \; = A3,

bndny #0, c¢) cywecmeyem A—odnopodnwiii mnozousen Ry € Pol(3.3) A—nopadka
d1(N) = ma Ay maxoti, wmo (0,ma,0) € RO(R1), n° € (R, A\) u lr, A(n°) = di(N),
npu omom R(E) = (1§ &1 — n &)l1N =N Ry (¢).

JHoxazameavcmeo. 113 ycnosust P € Pol(3,3) caenyer, aro ms > 0, a u3 ycuoBus
IrA(m°) = d(N\) u cnencrsus 2.1, uto 1) Bee Bepumubt R(R) exkar Ha KoOp/ -
HATHBIX TJIOCKOCTSAX, 2) KaXKJas OfHOMepHas rpanb f(R) napajuenbHa K HEKOTOPOi
KOOpuMHATHO# 1ockocTu, 3) Ecin kakasg - 10 ojHOMepHasi rpaHb MHOMOIDAHHUKA,
R(R) napasienba (HanpuMep) KOOPAMHATHOM m1ockocTu £ = 0, HO HE JIEXKUT Ha,

9TOH IJTIOCKOCTH, TO Ay = A3.
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U3 yenoswuit (R)N{&; =0} # 0 (j = 1,3) crenyer, aro RO(R)N{& =0} £ 0. (j =
1,3). Hyers a® = (0,09, a3), a! = (o}, al,0) € RO(R) Taxme, uro o
(0,a2,03) € (R) N{& = 0})}, o3 = maz{az;a = (a1,02,0) € (RN {& = 0})}

Jlerko BuzeTh, uTO W3 cBoiicTBa 1) cieayer, uto G = {v(t) = ta’ + (1 —t)al t €

= maz{ag;a =

[0,1]} sBasierca ommomepnoit rpanbio R(R). Tak xak oY, a3 < my < d(\)/A2 TO

af ai > 0, caemoBarenvro B cuity 2) G mapasienbHa MI0CKocTH £ = 0 U TI03TOMY

0_ o1 _
oy = oy = Ma.

Orciona B cuity 3) mosaydaem, 910 A\ = A3 =: 4 U
(23) CYO = (O, ma, [d()\) — M2 /\2]//\1), L= ([d()\) — ma )\2]/)\1, ma, 0)
Torpa B cury npemyioxkenus 2.1 MHOro4YIeH R MOXKHO TPEACTABATH B BUIE
(24) R =) a6, &),

JEA2

rae ¢j,2 OAHOPOAHbIA Muorowien nopsaka [d(A) — jo A2]/p, 1P 9TOM ¢, 2 €
Pol(2,2), # @my,2(1,0) - Gm,, 2(0,1) # 0 (em (2.3) ). Orciona, B CBOIO 0Yepesp,
cremyer, aro n9.n9 # 0.

Urak, nokazano, 9to A\; = Az, 79.79 # 0 1 ¢y, 2 € Pol(2,2).

[To waayKINHN O YyOBIBAHUIO j € Ay MOKAYKEM, UTO

(2.5) lguny. 2 (10, 03) = [d(X) = m2Xa] /1,
(2.6) lqj, 2(77(1),773) > [d(X) — maXa]/p Vi € As.
Hast tex o € N3 st kotoperx o + ag = [d(A\) — made]/pw — 1 ( HanomunM, 9TO

(A, @) =d(\) — p < d(N\) ) uz yenosus [g A (n°) = d()\) umeem
0 = [D*R](n") = D" D5, 2 (17, 15).

Orciona, B cumy dbopmysr Jimepa misg OMHOPOAHBIX (DYHKIHUi, UMes eme B BHIY
TO, ITO MHOTOWIECH ¢y, 2 OTJIHYEH OT TOXKIECTBEHHOIO HYIS U Ord¢m, 2 = [d(N\) —
ma A2]/p, nomyqaem (2.5).

Hycs k € Ay uly, ,(1n9,n9) > [d(X)—mg Ao]/p punst Beex j € Ay = j > k. Tokaxen,
1o lg, , (11, 18) = [d(A) — maXo]/p.

Oycrs o = (a1, k,a3) € N3, a1 + a3 = [d(A\) — ma Xo]/p — 1. Tax xax (A, @) =
d(X) — (ma — k)Xo — p < d(N), T0 B cuy yeaosust I, A(n°) = d(A\) n npeanonoxenns
WHIYKIIUA AMEEM

0=[DR(°) = > G J!k), (n2)7~*[D D2 ;5] (0, m9)
A23j>k '
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= [DY' D5 i 2] (n?, m3).-
Tak KaK ¢, 2 OXHOPOTHBIN MHOTOWIEH, TO B CHJIY YIOMSIHYTOMH JIeMMbI Diiiepa 0TCiona
nosyuaem, 410 lg, ,(n9,13) > [d(X) — maAz]/p. TIo npeanonoxkeHnio nuAyKIuM, 310
BMecTe ¢ (2.5) moka3bpiBaeT coorHoreHue (2.6).

Tax xax mpu j € Ay ¢, 2 OZHOPOJHLINA MHOTOUJIEH, TO B CHITY JeMMbI B.Ilunn (cm.
[6] muist omHOpOsHbIX 1 [14] Ay 06OBIIEHHO -~ OAHOPOAHBIX MHOIMOYJIEHOB) J1Jist JIIOGOro
Jj € As cyumecTByeT OIHOPOIHBIA MHOTOYJIEH q;72 (qgm,z = const # 0) Takoii, 9To
j,2(&1, &) = (0 & —nf &)l —ma Aal/n Q;‘72(517£3)~ Orciona, B custy npe/cras/ienus
(2.4) nmeem

R(&) = (n§ & — nf &)l 22l N e 0o (&1, 68)

JEA2
(2.7) =2 (1§ &1 — 1 &)1V 2V Ry (6),
r7ie, O9eBUIHO, 1 \—OTHOPOTHBIH MHOTOWIEH A—TIOPAAKa Mo Az. Tak Kak [g, A(n%)

d(\), To w3 (2.7), B cuiy ycmosus ma < d(X)/A2 nemmbr, crenyer, aro n° € B(Ry, \)
u g, A(n°) = ma Aa. O

W3 nokazanmoil TeMMbI HETTOCPEJICTBEHHO CJIETYET

Cnencreme 2.2. ITycmo R(§) =37y o)y Yo £ € Pol(3,3), (R)N{§; =0} # 0,
u my =maxeer{a;} <dA) /A (j=1,2,3). Beau R ¢ I3, mo A\j = Ay = \s.

OcHOBHBIM PE3Yy/IbTaTOM HACTOAHIIETO IIYHKTA ABJAACTCA CJIEYIOIad

Teopema 2.1. (8 cayuwae n = 2 cm. [17]) Hyemo R € Pol(3,3) A—odropodroii
mrozousen A—nopadka d(A) > 0, A\ = Ay # A3. Tozda R ¢ I3 6 mom u moavko 6
mom cayuae, Kozda cyuecmeyrom wucaa a,b,c; j € As(R) (onpedeaenue mmoorce-
cmea A3(R) em. 6 npedaoocenuu 2.1 ) makue, wmo muozouaen R npedemasasemes
6 eude
(2.8) RE)= D, & la& +bg)W=arl/A,

j € As(R)
JHoxazameavemso. docrarounocrs oyeBuina. JJokaxkem neobxomumoctsb. Ilycrs R ¢
I3, moKakeM, 9T0 MHOrowIeH R mpejcrasisercs B Buje (2.8). Pacemorpuy ciieyio-
IIge /1B BO3MOXKHBIX ciaydas: 1) M := ;Iel?%(){ag} =d(N)/As, 2) M <d(N)/As.

B custy npemioxkenust 2.1 MHOrOUIeH R MOYKHO TIPEJICTaBUTL B BUJE

(2.9) R(§) = Z & qj.3(81,&) = Z R;(8),

j€ Asz(R) j € As(R)
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rae, 1 Kakaoro j € Az(R), ¢j,3 OQHOPOAHBLE MEHOrOWIeH Hopsaaka [d(A)—j As]/A1,
a R; wenyneroit A—0IHOPOIHBI MHOTOUIEH A—TopsaaKa d(A).

B cuny teopemu 1.1 u u3 ycnosus R ¢ I3 crenyer, uto Iga(n°) = d(\) mns
nekoropoit Toukn 1’ € L(R, \).

B ciayuae 1) Bosmoxkubl caenyomue noaciaydan: 1.1) 0 < A3 < Ay = Ao, 1.2)
0 < A1 = Az < A3. Jlerko nposeputb, uro B mogcaydae 1.1) {a € (R),as3 > M — 1}
= {(0,0, M)}, nosromy

(2.10) D" R(§) = M y0,0,m) &3 V€ € R,

Tax kak B ciaydae 1) Y(0,0,a) 7 0, TO OTCIO/IA € HEKOTOPOiT TIOCTOAHHOM K1 > 0 mMeeMm
&3] < K1 R(E) V€ € R3. Orkyma, B cuny yenosuii 10 € B(R,\) u lga(n°) = d(\),

nosydaem, uro 7§ = 0. Tak kak

(211)  (DIR)(&1,,0) = jlgj 5(61, &) V(€1 &) € R?,j € A3(R),j < M,
T0 B cmry yenosusi Iga(nY) = d()\) orcroma momywaem, uro g; 3(nd,n9) = 0 m
Ly, 5,00.00) (9,m9) = d(X) — j As > 0.

IMokazkem, uro B moxcaydae 1.1) u3 ycaosust R € Pol(3,3) caenyer, 910 ¢4, 3 €
Pol(2,2). IIpeanonozxum obparHoe, uto, Hanpumep, D g;, (§) = 0, T.e. g;,, 3 € Pol(2,1)
Juist HeKoToporo jo € As(R), jo < M. Torna B CHIIy OJHOPOZHOCTH MHOTOUJIEHA (. 3
nosygaem, uro 1) = 0, t.e n° = £(0,1,0). Torga u3 (2.11) caemyer, 9To Ay JHOGOrO
JE A3, <M ¢;3(0,1) =0m I, , (x2)(0,1) = d(\) — jA3. Tak xax g; 3 omHO-
poImHbIit MHOTOUIeH TopAaKa [d(A) — j As] /A1 Takoii, aro Iy, ,(0,1) = [d(X) —j As]/M\1
Jutst roboro j € As,j < M, To B cuiy jieMMbl Diisiepa 00 OIHOPOAHBIX (DYHKIHAX
nomyuaem, 9to gj, 3(£1,&2) = qj, 3(£1,0) musa Beex E € R? m j € Az, j < M.

Tax xax qpr, 3(€1,&2) = const, To orcioga B cuity npejcrapienus (2.9) noaydaem,
aro R € Pol(3,2). IlomyuenHoe mpoTuBOpetdne IOKa3LIBAET, UTO ¢; 3 € Pol(2,2).
a5 Tex j € Ag, I KOTOPBIX @ 3 He obpamarcs B Hyab ToxaecTsenno. Torma B
cuy semmbl [Tunu, Jis OJHOPOJHOrO MHOrOYIEHA ¢j 3, Asi Koroporo Ly, . (1f,n9)
= [d(\) — j A3]/A1, cymiecTByer umciIO ¢; Takoe, UTO
(212)  g53(61,. &) = ¢ (1361 — &) IV e e R j e Ag,j < M,
orkyna B cuiy (2.9) mosiyuaem yrBepxKieHue JeMmMmbl B noaciaydae 1.1) ¢ ¢y =
7Y(0,0,M)-

Ilepeiinem k nopcayuaio 1.2). Ilycrs r := mingegy{as}. Ouesuano r € Az(R).
U3 ycaosus R € Pol(3,3) cnexyer, uro r < M. Tak Kak B pacCMaTpUBaEMOM CJIydae
{a=(o1,a2,a3) € (R) : aq + g > [d(X) —r A3]/A\1 — 1} = {a = (a1, 00,7) € (R)}
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(#0), 10 Yo [P Dy* DER(E)| = 1! 3 |DT D3*ar, 3(€1,€2)|; rae cymmer pacnpo-
crpansiores o MEHOKeCTBY O, 1= {(a1,a2) € N3 1 ag + ag = [d(N) — 7 A3]/A — 1}
Tak kak B cuiy ycaoBug 0 < Ay = Ao npu a1 + g = [d(A) — rA3]/A1 — 1 unme-
€T MEeCTO COOTHOIIEHUuE A0y + Aoag + Az = d(A\) — A\ < d(\), TO yuuTbiBas, 910
Ir 2 (n°) = d()\) orcrona momyuaem: DS D% q,. 5(n?,n3) = 0 nna Beex (aq, an) € N3 :
a1+ ag = [d(A) —r Ag]/A1 — 1L

Tax kak lg, , (a0 (17,19) = d(X) — A37, T0 orciona, B cuny nemmbl iinepa,
nomydaeM, 9to ¢y, 3(nY,19) =0 u lg. (1), n8) = [d(X) — Az r]/A1.

Ilycts g;, 3 me obpammaioTcs B HyIb TOXKIECTBEHHO IJA j € A3(R),j < M. Io-
KazKeM TI0 WHAyKnuu 1o Bospactanmio j € Az(R) : j < M, uro qx 3(n?,79) = 0 u
law s (M, m9) = [d(X) — Ag k]/A1. mpu Beex k € As(R) : k < M.

Hycrs k € A3(R) :7 <k < M unpuscex j <k gq;3(n?,nd)=0uly ,(n),n9) =
[d(A) — Az 5]/ A1. Tak xKak myst (OTAMIHOrO OT TOXKAECTBEHHOTO HYJIsT) MHOTOWIEHA ¢, 3
cipasezymBo cootromenue lq, o (1?,1n9) > [d(X) — As k]/A1, To mo npexnonoxkenmio

MHyKIud mpu Beex (g, a2) € N2 : ag + az = [d(A\) — r A3]/A1 — 1 umeem

0="> |[D{* D> DER|(n°)| = k! > [[D5 D3> qr, 5] (n°))-
O oy

Orciona, B cuty semmbl iiepa, umeeM qi, 3(n),19) = 0 u lg, (0, n8) = [d(\) —
A3 k]/A1. D1HM, HpH OTIIMYME OT TOXKJECTBEHHOIO HyJIsl MHOTO4YIEHOB ¢j, 3 (j € As(R) :
j < M), no npuHIMIYy MaTeMATHYeCKOH MHIYKINH, J0Ka3aHo, 9to ¢; 3(n),n3) =0 n
Ly s (m9,m3) = [d(X) — X3 j]/A1. st moGoro j € Az(R) :j < M.

Torna, npumensis gemMy [Tunu, ¢ HEKOTOPBIME IOCTOSHHBIMHE ¢; (Ipu 9TOM ¢; = 0
mpu ¢j,3(§) = 0 ¢; # 0 B IpOTUBHOM CiTyvae) TOTydaeM Tpejacrasiaenne (2.12). A
u3 npejcrasienuii (2.9) u (2.12) nosydaem yrBepKieHue TeopeMbl B ciydae 1.2) ¢
ey = (0,0, M).

Paccmorpum cityuait 2), korga M < d(X)/As. Mbl cBegem aror ciydail K ciydaro
1). Crauana mokazeM, 9To B ciydae 2) B npencrasienuu (2.9) ga, s € Pol(2,2).
ITyctsb, HAOGOPOT, IS ONpEAENeHHOCTH ¢y, 3 € Pol(2,1) me. Daqu 3(8) = 0, a
Dy qpr, 3 ormMdeH oT TOXKAecTBeHHOrO Hyns. U3 ycnosus R ¢ ﬂg n ciaeacreus 2.1
uMeeeM

I) Bepumabl MHOrOrpantuka R(R) aeKar B KOOPAUHATHBIX IJIOCKOCTAX

IT) kaxkmas ogHOMEpHast rpadb R R) napaJsueibHa HEKOTOPOI KOOPAMHATHOI MI0C-

KOCTH.
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13 ycnosusa R € ﬁg caenyet, uro M > 0, a u3 ycjaosu#i Ha MHOrO4IeHbl Diqpy, 3 1
Daqar, 3,910 % := (af,0, M) € RO(R), tme of) := ord qpr, 3(€1,0) = [d(N) — A3 M]/ .
Tax KaK MaXq—(0,a,a5)e(R)13} < M ( manmomumm, ato Dagpr, 3(§) = 0), To B iy
nyakra 1) (R) N {& = 0} = (. Torma w3 yemosua R € Pol(3,3) cmemyer, aro
RO(R) N {& =0} # 0.

Hycrs o' = (af,a3,0) € RO(R) Beibpan Tak, 970 af = MiNg—(a;,a5,0)e(R){Q1}-

I3 reomerpuieckux coobpazkeHuii 04eBIAHO, 9TO of = Mily—(a,,0,04)c(r) {1 }- To-
ria Jerko yoeautbes B ToM, urto Gy = {v(t) = tal + (1 —t)al,t € [0,1]} asasercs

omHomepHoit Tpanbio R(R). Torma ns myrkra II) nomywaem, aro of = o} (cienosa-

tebHO ay > 0. ) Tak Kak >, Vo€ = f‘(l) . > V(0 an,05)82 65° =
ae(R)NG (af,a2,03)€(R)
5?? q(&2,&3), tae ¢(1,0).¢(0,1) # 0, To ¢ € Pol(2,2) (A2, \3)—OTHOPOIHBI MHOTO-
anen (A2, \3)—mnopanka d(A\) —adA; > 0. Torma B cwry nemmnt 2.3 [ 5 () < d()\) ana
aoboit 7 € X(R, A). Ionydennoe npoTuBOpedne AOKA3BIBAECT, ITO qu3 € Pol(2,2).
Torna B cuiy semmbt (2.4) muorounen R npencrasiasrbes B uge R(E) = (n9¢; —
n0&) [N =M Xsl/A R (€) e Ry € Pol(3,3) A—0mHOPOIHDI MHOTOWICH \—IOPSIKA,
M A3 > 0 rakoit, aro n° € (Ry, A), Ig, A(n°) = M A3 u (0,0, M) € (Ry).
Tak KaK MHOTOWIEH R YIOBIETBOPAET yCJIOBUAM JTOKA3BIBAEMON TEOPEMBI

maxqe(g,){as} = M, T0 B cHTy JOKa3aHHOII YaCTH 3TON TEOPEMbI HEMOCPe/ICTBEHHO

LOJIyYaeM yTBEepK/JeHUe TeOPEMbl U B CiIydae 2). ]

Abstract. Denote by I, (by I,, respectively) the set of polynomials of n variables
P(&) = P(&,&2,...,&,) with real coefficients such that |P(£)] — oo as |[§] — o©
(respectively P(¢) := 3, |DYP(£)| — oo as €] — oo). In terms of a degree m,
the geometrical structure of Newton polyhedron R(P) of polynomial P and the
multiplicity of zeros of its main homogeneous subpolynomial P,, necessary and sufficient
conditions are obtained for P € I, (respectively P € I,,). For generalized homogeneous
polynomials R of three variables geometrical sufficient conditions are obtained for
R e ;.
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Abstract, In this article, we study the existence resulls of large positive weak solution
for nonlinear system with singular weights (1.4), where (2 g a bounded domain of ™ with
bhoundary 80,0, 1 <pg<n, 0<r < %, 0<s< %, and Apu = [u|P"%u, gp, 0q,

A, i, 7, 8 are positive constants and a, b are weight functions. We prove the existence of a large

T (0 (p(m)) TT)

- =0, for every

positive weak solutions for mappings. A, p large when lim
x—+too

M > 0. Here, there is no any sign-changing conditions on a or b. The proof of the main regults
is based on the sub-supersolutions method. Application and concluding remark are provided
to demonstrate the effectiveness of our results.

MSC2010 numbers: 35D30, 35J92, 93C10.
Keywords: weak solution; P—Laplacian; nonlinear system; sub-supersolutions.

1. INTRODUCOTION

Positive weak solutions for systems involving Laplacian, p—Laplacian, weighted
p—Laplacian or singular p—Laplacian operators have been obtained by many authors
through the sub-supersolutions method (see [1, 2, 5].]9]-[17].120, 22},

In the recent past, systems involving singular p-Laplacian nonlinear systems have
heen studied by many authors ([10, 16, 19, 26]).

On the other hand, some other authors have obtained the existence of weak
solutions for p—Laplacian, weighted p—Laplacian or singular p—Laplacian nonlinear
systermns using the method of the theory of nonlinear monotone operators (see
[18, 24|y and an approximation method (see |3, 25]).

In {[6]). existence and uniqueness of positive solutions have been studied by
Dalmas for the following semilinear clliptic system

—Au=f(v) in

(1.1) —Av=g(u) m &,
u=v=0 on 0,

YPhe authors would like to thank the Deanship of Scientific Research at Majmaah University
for supporting this work under Award No. 38/58/1439-2018.
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when f(cg(z)) is sublinear at 0 and oo for every ¢ > 0. Relevant results are obtained
in [8], in the case f(0) < 0 or ¢g(0) < 0, where the authors extended the study of
[6] to the case with no sign conditions on f(0) or g(0).
In [7], the authors considered the existence results of positive solutions for the
nonlinear p-Laplacian system
—Apu=Af(v) in Q,

(1.2) —Apu=Ag(u) in Q,
u=v=0 on 0,

in the semiposotone case, i.e., f(0) or g(0) is negative. Under the condition

(1.3) lim T 0, for every M >0,

T—r+00 xP

the existence results of positive weak solutions was given for system (1.2) when A
is large enough.

In this paper, we discuss the existence of positive weak solution for A, u large for
the singular nonlinear system

—div[|x|7"P|Vu[P72Vu] — gpApu = Aa(x)[x|TCFUPHf(v)  in Q,
(14)  —div]x| 9| Vv["=2Tv] — ggAqv = ub(x)|x|~+DHg(u)  in ©,

u=v=20 on 0,

where 2 is a bounded domain of R™ with boundary 0Q, 0 € Q, 1 < p,q < n,
0<r< %, 0<s< %,Apu = |ulP~2u, 0p, 04, \, 11,7, 8 are positive constants,
a, b are weight functions and f, g are given functions. We prove through the sub—
supersolutions rlnethod, thei existence of a large positive weak solutions for A, i large
when EEIEOO w =0, for every M >0

In this paper we are dealing with the singular (p, ¢)—Laplacian nonlinear system
with no any sign-changing conditions on the functions a or b.

This paper is organized as follows: we introduce some basic definitions, technical
results, notations and some assumptions on the functions a,b, f,g in section 2.
Section 3 is devoted to the study of the existence and nonexistence of positive
weak solutions for (1.4) by using the sub-supersolutions method. In section 4, we
present an application and concluding remark showing that our results complement

previously reported results.

2. DEFINITIONS AND TECHNICAL RESULTS

Let Q be a bounded domain in R™ with smooth boundary Q. If 0 < r < %
and p > 1, we define the weighted L, (€, |z|~("+1)P+7) space with the norm (see
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[27])

p

(21) Jullzy ooy = | [ IOV | < o

)
If1<p<mnand0<r<*7E, we define W, P(2, |z|") as being the closure of
Cs°(Q) in WHP(Q,|z|~"P) with respect to the norm defined by

1

(22 g g pormy = | [ 12l 70| < oc.

The space WyP(Q, |z|~"?) is a separable reflexive Banach space.

Definition 2.1. We say that a pair of functions (u,v) € WyP (2, || ") x Wy 9(, || ~59)
is a weak solution for system (1.4) if and only if:
(2.3)

[ 27| VuP~2VuVidz — o, [ [ulP~2uldz = X [ a(z)|z|~"+HIPHY f(v)(d,

Q Q Q
[ || =54 Vv|T2VoVndz — o4 [ |v]?7 ?vndz = ufb(ax)\x|_(s+1)q+5g(u)nda:,
Q Q Q
for all test functions (C,n) € Wa(Q,|z|~") x W 4(Q, ||~59) with ¢,n > 0.
n 0 0 n

Definition 2.2. We say that a pair of functions (Y1,v2) € I/Vol’p(Q7 |z|~"P) x
Wyl |z|~%9) is a weak subsolution of (1.4) if and only if:
(2.4)

S{WI—’”PIV%IP‘?WNCCIJ: = 0p [ (1P 1Cda < A [ a(a) |z~ (o) G,

0 Q
[ 12729V |12V pa Vinda — oq [ [2] 92 anda < pu [ b(z)|x|~ DI g (4 )ndz,
Q Q Q
for all test functions (C,n) € Wy (Q, |z]77P) x Wy 9(Q, || ~59) with ¢, > 0.

Definition 2.3. We say that a pair of functions (z1,22) € Wy™P(Q,|z|~™) x
Wol’q(Q, |x|~%9) is a weak supersolution of (1.4) if and only if:
(25)

f|x| "P|V 2 |P2V 2 V(dr — pr|zl|p 221¢dx > )\f a(x)|z|~ TP £(25)Cde,

f || 75|V 22|92V 2o Vpdw — qu |22]972 z9ndx > ufb x)|z| =TI g (2 )nda,
for all test functions (C,n) € WyP(Q, |z|~"P) x Wy UK, |z|~59) with ¢,n > 0.
Then the following result holds:

Lemma 2.1. ([4]) Suppose there exist subsolutions and supersolutions (11,12) and
(21, z2) respectively of system (1.4) such that (1,1%2) < (21, 22). Then system (1.4)

has a solution (u,v) such that (u,v) € [(1,v2), (21, 22)].
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We suppose that a,b, f and g verify the following hypotheses:

(H,) 3 ag,a1,bp,b1 > 0 such that ag < a(x)z|~"FVP™7 < a; and by <
b(x)|x|7(s+1)q+6 <b.

(H,) f,g : [0,00) — [0,00) are C'! nondecreasing continuous functions such
that f(s),g(s) > 0 for s > 0 and 3 ko > 0 such that f(s),g(s) > —ko for all s > 0.

(Hy) 3 & k,0,6,A,T > 0 such that f(v) < qu(p%), g(u) < kT with
1,1 _
lyl=n

(H,) For all M > 0,

1 1

(2.6) S OEDT _,

’ T—+00 xT ’
For simplicity, we make use of the following notations
(2.7) I n Aay n urby _0q | krbr | Aay

ap  pag qbo ’ He =% qbo pag
where the unknown quantities will be defined later.

Now, for the following singular eigenvalue problems ([27])

(2.8) —div[[x|7"P|VuP~2Vu] = a(x) x| CFUPHYuP~2u inQ,
) u=0 on 992,
and
(2.9) —div[|x| 79| Vv|972Vv] = Ab(x)|x| =+t |y|a=2y  inQ,
) v=0 on 99,

we introduce the following technical results.

Theorem 2.1. (|27]) There exists the simple isolated first eigenvalue A, > 0
(respectively Aq > 0) and precisely one corresponding eigenfunction ¢, > 0 (respectively
¢q > 0) a.e. in Q of the eigenvalue problems (2.8) (respectively (2.9)). Moreover,
they are characterized by

Ap [ a(a) |z 7T @I, P < [ |27V, [P, and

o Q
(2.10) Ag [ (@) |z 5@ D0 p |7 < [ || =59 V|7,
S Q

Theorem 2.2. (Young’s Inequality) Let 1 < p < oo and let q be the conjugate
index of p, that is ]% + % = 1.Then for all X, Y >0,

(2.11) Xy <-4 —.
P

3. EXISTENCE AND NONEXISTENCE RESULTS

Theorem 3.1. Let (H,)— (H,) are hold. Then system (1.4) has a positive weak
solution (u,v) € Wy (Q, |z|~™P) x Wy 9(Q, || ~*%) for \, u large.
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Proof. Let m, o > 0 be such that |z|7"?|V¢,|P — )\pa(a:)|x\*r(p+1)+v¢g >m
and [z 73 Veg|? — Ab(z)|z| >0 HpT > m on Q, = {2 € Q : d(z,09) <
c}. We shall verify that (1[11,1/12) is a subsolution of (1.4) for A\, u large where
(b1, 1s) = ( L (Remba) 77 gp"T o= (utuho) 7)o ¢ ¢ WP(P,Q) with

¢ > 0. A calculation shows that

/|$\_Tp\v¢1|p_2v¢1VCdl‘—Qp/|¢1|p_2¢1Cd93

Q Q

Aagk r -
< 200 [ 1a] 76, 196,P72V6,Vda
Q
Aagk
- / 2]V 6PV 8,V (9, — / o] 77V gy ¢
Aagk . .
(1) = % / (pa(a)lal D168 — (2]~ |V ) Cdr

Q
Similarly, for n € Wy9(Q, Q) with 5 > 0, we have

/ 2]~ Va2V, Vipdz — o, / 2|~V gy [ 2yl

bok —s
B2 < B[O fal 06— fa| T, .
Q
Now, on Q,, we have |z|~"P|V [P — Apa(z)|z|~"PTDT7¢E > m. Hence, Using (H,)
and (H,), we have

)\aoko

(Apa(@)]a] " PHDIGE — [ 7P|V, |P) < ~Aaoko < Aa(x)|a] I f(1hy).

A similar argument shows that

bok _ _ _
FEO2 (hgb(a) e~ D+008 — [a] =V, |) < —pboko < pb(a) x|~ 0g(n).

Next, on  — Q,, we have ¢, > p,, ¢, > p, for some py,, p, > 0. Also g(1/1) and
f(s) are depending on A, respectively and nondecreasing continuous functions

and therefore for A, ;1 large we have, using (2.10), (H,) and (H,),

Aaok r r Aaok _r
T Q)2 TR — (2| TPV, P) < SN, < Aaa) | TP f (),
bok . . bok .
2 (gb(@)lal 060 — [af 7V, |) < E0N, < pub(e)al ~HD g ().

Hence, (3.1) becomes

/ | [V P2V Veda— 0, / [P~ 2p1 Gl < A / ala) || OO () Cda.
Q Q Q
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Similarly, for n € Wy9(Q, Q) with 5 > 0, (3.2) becomes

/ |29 Ve | T2V, Vinda — o / [92] 72 pandz < A / b(x)|a| DT (3 )nda.
Q Q Q

That is, according to (2.4), (¥1,12) is a subsolution of (1.4) for A, u large.
Supersolution:
Next, let (e, eq4) be the unique solution of (see [21])
—div[|x|7™P|Ve,|P72Vep] =1 in Q,
(3.3) —div[[x| 59| Veq|972Vey] =1  in Q,
ep=¢4=0 on 09,
where as it is known ep, e, > 0 on 2 and %, % < 0 on 0.

Let
C A 1

72 = —(————=)7 ey,
R e =lac
by I A IE T
3.4 Z = — ) a1 C(——————)v1)]|aTe,,
3.9 s = (R O e
where C' > 0 is a large enough to be chosen later, v, = [le,||  and v4 = |leg|| .-

Now, let us verify that (21, 22) is a supersolution of (1.4 ) for A, u large. To this
end, let ¢ € WyP(Q, |z|~"?) with ¢ > 0. Then we have, using (3.3) and (3.4)

[l - g, [l
Q Q

A N\t
= 1( ) /|x|_rp|Vep|p_2VepVCdx
Q

— (—
1—opvp Vp

A o\ -
2 (E) a [lel e
1= opwp Yp Q

(3.5) > A(i)p_l/gdx.
Q

By (H,), we can choose C large enough so that

(™ 2 anf (g 7)),
Vp ~ Qq¥q L—optp

Hence (3.5) becomes,

/|x|7”’|V21|p72Vzl -V(dx — op / |zl|p*221(dx
Q Q

ar [ f([(l_*;blq_nq%ng(c(Anzﬁ)]qu)cdx
P qVq

%

11— QpVg_

vV

A/ a(z)|z|~TIPTY £ (25)Cd.
Q
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Next, for 7 € Wy 4(, || ~*%) with n > 0, one can have

[ sl o1922t292Vnde = g, [ |zalt~22nds
Q Q

by A 1 s _
= g™ [ el Ve Ve Ve
QqVq Oplp o
by A 1 _
N —19(C( p—1)”’1)9q/|eq|q 2eqnda
L= 0474 L—opvp o
by C A 1 _
> —19(—( p_l)Pflep)[/ndx—/@qV;’ Lda]
L — o414 Vp 1 —optp 2 A
b1 C A 1 1 /
— —_ r—1le 1-— l/q dﬂ?
G T e et [
>

C A 1 (s
11b1 /9(7(71 . —1)7ep)nde > u/b(m)lwl (D40 g (21 )nda.
p L7 Cp¥p
Q Q

That is, according to (2.5), (21, 22) is a supersolution of (1.4) with z; > ; for C
large, i = 1, 2. Thus, according to (Lemma 1), there exists a positive weak solution

(u,v) of (1.4) with ¢ <u < 21, ¥ < v < 2. This completes the proof.

Theorem 3.2. If f and g satisfy hypothesis (H,), then system (1.4) has not

nontrivial positive weak solution if
(3.6) 0< A <Apand 0< py < pg,

where A\, s are given by (2.7).

Proof. Multiplying the first equation of system (1.4) by u, and using Young
inequality given by (2.11), we get

/|a:|*’"p|Vu|pdxfgp/|u|pda: = )\/a(x)|x|fr(p+l)+7f(v)d:c < Agal/qu(%)dx
Q Q Q Q
)\fal

) Q/[up + (p — 1)v9)dx.

It follows that

A A
/|$|7Tp|vu|pdw <lop+ gal]/updf-i- &/qum
Q Q Q

p q

Using (2.10), we have
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Ao / WPde < A, / o) T P e < / |~ [V ulPdz
Q Q Q
< [&)‘F&]/ wPdr + 227 501 /qux,
b Q Q
and hence,
_ % M P )\5(11 7 <
67) Py — &2 20ty 2010 <,

On the other hand, multiplying the second equation of system (1.4) by v, and
using (2.11), we have

/|x|75q|VU\qu—Qq/\v|qda: = u/b(x)|x|7s(q+1)+5g(u)vdm Sumbl/up(%)vda:
Q Q Q Q

Kby
q

IN

/ (g — 1) + v,
Q

which implies

, b b
/|m|_“’q|Vv\qda: < ﬂ/updx—i— [0g + i 1]/qu33.
p q
Q

Q Q

Using (2.10), we have

)\qbo/|v|qu < )|z 75D +6|U|qu</|x| |\ Vo|ldz
Q
b
< /updm+ [0g + ﬂ]/qu:r,
Q I Q
and hence,
:u”ibl p Oq M'k‘./bl q
3.8 - -1 - <0.
35) 2l + [y — 22— B o]
Combining (3.7) and (3.8), we obtain
op | Aai MFéb1 vy 0q , kb1 | Aay p
3.9) [\, — (2 + % 4 w2 <0,
3:9) Py (24 25 B gy [, - (24 S0y 20 e

which is a contradiction if (36) holds. This completes the proof.
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4. APPLICATION AND CONCLUDING REMARK

Consider the following nonlinear system
—div[[x|"P|Vu[P~2Vu] = a(x)[x|CTUPHvEin Q,
(4.1) —div[|x| 79| Vv|972Vv] = pb(x)|x|~C+tDatiye  in Q,
u=v=20 on aQ,
under the assumptions
(a1) Let a(x),b(x) be weight functions such that ag < a(z)|z|~"+P+7 < ay,
bo < b(x)|z|~(tDaHs < by

(a2) 0<a<p—land0<fB<qg-—1.

Corollary 4.1. If (a1) and (az2) are hold, then system (4.1) has a large positive

weak solution for A\, u large.

Proof. If f(v) = v? g(u) = u®, then (H,) implies a3 < (p — 1)(q — 1). Then,
according to theorem 3.1 with g, = g, = 0, system (4.1) has a large positive weak

solution for A, p large.

Remark 4.1. Existence results obtained in this paper still hold if we replace the

SIM(g(:

1
condition (2.6), given in (Hy), by the condition lim AM@@) ] — 0 for every

r—r+00
M > 0.

Remark 4.2. The results of this paper generalize and complement some results
reported in the literature:

DIfle|™™ = |z| "= 1,p=q=2,0p = 0g = 1,\ = p =1 and a(z)|z|~"+DP+7 =
b(x)|z|~ TV = 1, then we have some results for the existence theorem in [1].

2) If |2| ™ = |2|™* = L,p =q, 0p = 04 = 0,\ = p and a(x)|z|~"TVPHT =
b(x)|z|~ TV = 1, then we have some results for the existence theorem in [7].

D) a7 =[]0 = Lp = g = 2.0y = g, = O,[a] 0TI <[] (30000 1
and A = p, then we have some results for the existence theorem in [22].

4) If a7 = |27 = Loy = 0 = 0,[a|"CHIPET = [g|7(FDat =1 and
A = u, then we have some results for the existence and nonezistence theorems in
[23].
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Abstract. In this paper, we prove some factorization theorems of Cesdre and Copson
spaces on an arbitrary time scale T, which offer enhancements of dynamic Copson’s
and Hardy's inequalities. Our results enhance, among others, the best-known forms

of dynamic Hardy’s inequality. The main resulis will be proved by emploving the time

scales Halder's inequality and the derived time scales power rule of integration.
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inequality.

1. INTRODUCOTION

In 1920 Hardy [7] proved the discrete inequality

o T £ o0
(1.1) Z lZak < <p>pZaﬂ, p> 1.
i ply ot

This inequality has been discovered in his attempt to give an elementary proof of
Hithert's inequality for double series that was known at that time, where a, > 0
for n > 1. In 1925 Hardy |8 proved the continucus mequality, using the caleulus of
variations, which states that for f > 0, integrable over any finite mterval (0, z), f?

is integrable, convergent over (0,c0) and p > 1, then

(1.2) /OOO (i fo f(t)dt)pda: < (pﬂ)pf:o FP(z)de.

The constant (p/ (p — 1)) in (1.1) and (1.2} is the hest possible. Hardy’s inequalities

(1.1) and {1.2), can be interpreted as inclusions between the space of sequences I,
o0

1 . .
o 1 lex”)? < oo} and Cesaro space

(i.e. space of all seemonces (an)y>1 such that (&

of sequences (respectively functions). That s

lp, Cces(p), p> 1.
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The Cesaro space of sequences is defined to be the set of all real sequences (a,)n>1

that satisfy
o (1o N
Ha”Cesp = (Z <n Z |ak> > < o0,
k=1

n=1

and the Cesaro space of functions is defined to be the set of all Lebesgue measurable

real functions on [0, c0) such that

T € A s L

The same interpretation is valid if the Hardy operator is substituted by its dual.
In his celebrated book, Bennett [4, Theorem 4.5] “enhanced” the classical Hardy
inequality by substituting it with an equality, factorizing the Cesaro space of sequences,
with the final aim to characterize its Kéthe dual. He proved that a sequence x

belongs to the Cesaro space of sequences ces(p) if and only if it admits a factorization

(1.3) r=y-z

with

(1.4) yelpandzf*+22p*+--~+sz*:O(n),

where p* = p% is the conjugate index of p. This factorization gives also a better

insight in the structure of Cesaro spaces. Since the discovery of this new way of
looking at inequalities, various papers which deal with new proofs, generalizations
and extensions have appeared in the literature. Several mathematicians such as
Barza [3], Carton and Heinig (see [6]), Manna [12], Johnson and Mohapatra (see
[9], [10] and [11]) studied the generalizations of the sequence spaces [, and ces(p).

The natural question emerges now: Is it possible to extend the factorization
concept (1.3) and (1.4) to an arbitrary time scale T and obtain their continuous
and discrete analogues as special cases?. The aim of this paper is to give an
affirmative answer to this question. In particular, we will prove the time scales
version of Bennett’s result. The main results will be proved by applying the time
scales Holder’s inequality and the time scales power rule of integration.

The paper is organized in the following way: In Section 2, we give some basic
concepts of the calculus on time scales and some other lemmas which will be used

throughout the paper. In Section 3, we prove the main results of the paper.

2. PRELIMINARIES AND BASIC LEMMAS

In this section, we present some basic definitions concerning the delta calculus

on time scales. A time scale T is an arbitrary nonempty closed subset of the real
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numbers. For ¢t € T, we define the forward jump operator o : T — T by o(¢) :=
inf{s € T : s > t}. The mapping p : T — R = [0,00) such that u(t) := o(t) —t
is called graininess. A function f : [a,b] — R is said to be right—dense continuous
(rd—continuous) if it is right continuous at each right—dense point and there exists
a finite left limit at all left—dense points, and f is said to be differentiable if its
derivative exists. The space of rd—continuous functions is denoted by C,.4(T, R). In
addition, we presume that sup T = oo and the time scale interval [a, b]T is defined
by [a,b]r := [a,b] N'T. For a function f : T — R, we define the delta derivative f4
as follows: For ¢t € T, if there exists a number « € R such that for all € > 0 there

exists a neighborhood U of ¢ with

[f(o(t)) = f(s) = alo(t) = s)| < ela(t) — s,

for all s € U, then f is said to be differentiable at ¢, and we call o the delta
derivative of f at t denoted by f2(t). For example, if T = R, then

AW = f(t) = lim i+ A - f(t)

Lim, At ,forall teT.

If T = N, then f2(t) = f(t+1)—f(t) for all t € T. A useful formula is f* = f+uf>,
where f? := f o 0. The following theorem gives the product rule for the derivative
of the product fg of two differentiable functions f and g. Assume f, g: T — R are
delta differentiable at ¢ € T, Then

(2.1) (f9)® = 29+ [79% = fo™ + [24°.
Now, we pass to the antiderivative and the integration on time scales for detla
differentiable functions. For a,b € T, and a delta differentiable function f, the
Cauchy integral of f2 is defined by
b
[ wae=ro) - s
a

An integration by parts formula reads

b b
(2.2) / FHg> (AL = f(Hg®) / FA (87 (DAL

More details about delta calculus on time scales and the corresponding integral
can ce found in [5, Chapter 1]. In the following, we present a time scales chain
rule. Let f : R — R be continuously differentiable and suppose ¢g : T — R is delta
differentiable. Then fog: T — R is delta differentiable and the formula

(2.3) (fog)(t) = {/O f(g(t) + hu(t)gA(t))dh} g2 (),
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holds. A special case of (2.3) is given by
1
(2.4) (27(0) = 7/ hat + (1— R)a]" "L dha (), ~ > 0.
0

The Holder inequality, see [5, Theorem 6.13], on time scales is given by

b
/ 9(t)" At

where a, b € T and f, g € C,.q(I,R), v > 1 and %—i—%: 1.

1 1
~ v

b b
(2.5) / F(Bg(t)|AL < / £t At

b

In the following, we will introduce the time scales power rule for integration

presented and proved in [14].

Lemma 2.1. Let T be a time scale with a,x € T and x > a. If 0 <p < 1, then

o(z) p o(z) o(t) p—1
(2.6) </ f(t)At> > p/ f(t) (/ f(s)As) At,

the inequality reversed for p > 1.

Lemma 2.2. Let T be a time scale with b€ T. If 0 < p < 1, then

b P b b p-l
(2.7) ( / f(t)At> =0 [ 50 ( / f(s)As> At

for x € T, x < b. The inequality reversed for p > 1.

The following special form of the dynamic Mikowski inequality, presented in

[14],will be needed in the sequel.

Lemma 2.3. Let T be a time scale with a, b € T and let f and g be nonnegative

rd—continuous functions on [a,bly. If m > 1, then

(2.8) ( / NG ( / U(t)g<s>As>mAt>:ﬂ </ e ( / bf(t)At>mAs.

Finally, the following two Hardy’s lemmas will play a remarkable role in the

proofs of our main results, see [15, Page 476] for their detailed proofs.

Lemma 2.4. Let T be a time scale with a, b € T and f, g, h € Crq([a,bly ,RT). If
o(t) o(t)
/ fl@)Azx §/ g(x)Az,

then
b b
(2.9) / FOH(AL < / o) H (1AL,
)Ax

where H(t) := fb

, h(w
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Lemma 2.5. Let T be a time scale with a, b € T and f, g, h € Crq([a,bly ,RT). If

k is a positive constant such that

b b
F(t):= /t flx)Azx < k:/t g(x)Az = kG (t),

then
(2.10) / " FOET (A < k / () H () A,

where H (t) := fa(t) h(x)Ax.

a

3. FACTORIZATION THEOREMS OF CESARO SPACE

Throughout this section (without mentioning) the integrals in the statements of
the theorems are assumed to exist. We assume throughout the paper that T has
the topology that it inherits from the standard topology on the real numbers R and
assume that the functions in the statements of the theorems are rd-continuous and
A—integrable functions defined on [0, co)r. We say that the function f : [0, c0)7— R
belongs to the space LY (T) if

fligem = ([ 1r0rar)” <o i1 <p<oc

or there exists a constant C' € R* such that || f|| . = sup;>, ()] < C, if p = 4o0.
The Cesaro space Cesi (T) for p > 1 is the space of all functions f defined on
[0, 00)T such that

o] o(x) p 1/p
(3.1 ||f|cesm=</0 ((,(lx) / If(t)IAt> Ax> <.

For p > 1, the space Ces) (T) is obvious a Banach space with the norm (3.1). For
1 < p < 00, we define the function space Ga(p) as

=

o (@)
Ga(p) == h:sup | — / WP At < ooy,

>0 | o(z)
0

and we denote

1ty = inf {lgll, 1Al ooy }
where infimum is taken over all factorizations f = ¢ -h with g € L%(T) and
heGa (p*)

Theorem 3.1. Let T be a time scale with a € T. If 1 < p < oo, then

(3:2) Cesp(T) = LA(T) - Gal(p),
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which means that the function f belongs to Ces) (T) if and only if it admits a
factorization f = g-h with g € LY (T), h € Ga(p*) and

(33) (P =17 1 < flleesy, <.

Proof. “Imbedding <”. For f € Ces\ (T), f # 0 and = > 0, let

0o . 1 o(u) p—1
k:(x):/$ " <c7(u)/0 f(t)|At> Au.

Then k(x) > 0, k is decreasing and by Holder’s inequality (2.5)

Kz) = /:Oul (O@/Oo(u) f(t)|At>p1Au
([ ([ (s o) )

1
Using time scales chain rule (2.4) on the term ([ °u"PAu)”, we get that
o0 i 1
</ ’LLPAU> S 1 1
. (p—1ra's

1

which leads directly to

k() < o1y -

(p—1)72'"3

Cousider the factorization f = ¢ - h, where

9(x) = (|f(@)|k(@)? sen f(x)  and  h(x) = ()]

Applying Lemma 2.3, we obtain that

p—1

[ [ ( [ i At) Aubz
o ( [ At) .

By using Hoélder’s inequality (2.5), we get that

o(x) . P
(/ |h(t)|” At)
0

lglly

IN

o(u)
| 1@l ansu =11y
0

Il
/N
c\q

O
=
S
S~—

OO At)

o(a) A .
(/ If(t)At> (/ O k() At).
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Since k(x) is decreasing, we have that
P

0o o(x) .
/ <025)/0 ()P At) As
T ! e )| At e k()P At
L s (U()/ 1) ) (/ ) R() )

o(x) .
T / FOIRE ™ AL
‘7(37) . o(x) .
[ womerar= [T mor an
0 0

equivalently,

As

IN

IN

p—1

0o . o(x) o
/x (0(5)) A(/ (o) At) <1,
o(x) . p=1
( / ok At) < (-1,

and hence (note that = < o(x))

which leads to

1 O'(E) . |
sup—is [ O A< (p- )7
0

>0 0’(1’
or Al < (P— 1)% , which proved that
Cesp C LA(T) - Galp"),

and (p — 1)%1!f! < Hf”Cesg which proves the right hand side.
“Imbedding «=". Let f = g-h with g € LY (T), h € Ga(p*). Then

o(x) o o(z)
[ mor s, [ an
0 0

Applying Lemma 2.4 for any decreasing function w on (0, 00) , we get that

o(x) o(x)
| e woa < g, ., [ wwar

By Hoélder’s inequality (2.5), we find that

o () p . p
(/ If(t)IAt> - (/ |wv<>|h<)|ww<t>m>

0 0
/ Pl P () At /U(w)|h(t)|P*w(t)At "
0 0

o(x) . o () p-1
/0 Pwt TP ALAE () (/0 w(t)At> :
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and, thus
p

00 1 o(x)
/0 (m/o |f(t)At) Az
00 . o(x) p 1y o(x) p—1 »
< [ ) (/ o oA ([T wmat) A lalg,g.

1

Taking in the last estimate w(t) = ¢~ », we obtain that (note that W <1
) o(x) 1—1\ P71
(T (/ g >At> (1 . ) A A, )
P

. 00 o(x) pl—— L
S /(/ o(t)"t <>At>x Az ||hl?,.

Using Lemma (2.3), we obtain that

11 Ees, (p*)”*l/o (/t xﬂm) lg(t)[P ¢ 1_5At|\h||GA(p
(") / 9O ALIRIZ, ey = ) IIEIAIE, o)

or [fllcess cry < P NGl 1Allgy ey - that s,
LA(T) - Ga(p*) € Cesi(T),

and ||f||CespA(T) < p*lf! which proved the left hand side of (3.3). The proof is
complete. (Il

IN

As a consequence from Theorem 3.1, we could get the best form of the dynamic

Hardy inequality for 1 < p < oo due to Rehdk [13] with the same constant.

Corollary 3.1. Let T be a time scale with 0 € T, f are positive rd-continuous

functions defined on [0,00)p. If 1 < p < oo, then

I ((fﬁt) /Og(t)w)mt) o<y [T

Proof. By taking f(xz) = h(z) and g(x) = 1, > 0, the right-hand side of (5.3)
results the required inequality. This completes the proof. (I

The next two special cases cover known factorizations to both Cesaro sequence

and Cesaro function spaces for p > 1.

Remark 3.1. If we set T = R in Theorem 3.1, we get the factorization to unweighted
Cesaro function space due to [2], [3] and [6].

Remark 3.2. If we set T = N in Theorem 3.1, we get the factorization to unweighted
Cesaro sequence space due to Bennett [4].
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We conclude this section by presenting the corresponding factorization results

for the case p = 1. For this case, we will denote
9]l := esssup|g(z)| < oo,
>0
which allows us to define the space LY (T) associated with this norm, and

1t = int { gl Ay )

where infimum is taken over all factorizations f = g-h with g € LY and h € LY (T).

k(z) ::/ % <,

we will denote by ¢; the least constant for which the above inequality is satisfied.

By considering

Similarly, co is the biggest constant for which the reverse inequality is satisfied.
Assume that there is some positive constant A for which the inequality o(z) < Az
holds.

Theorem 3.2. Let T be a time scale, then the function f belongs to Cesk (T) if
and only if it admits a factorization f = g-h with g € LX(T), h € LY (T) and

(34) )\Cg!fll S Hf”CeslA S Cllfll.

Proof. For g € LY and h € L (T), we will prove that the factorization f = g-h
belongs to Cesk (T). Consider the factorization f = g-h. Using Hélder’s inequality
(2.5) we get that

00 1 o(z) 00 1 o(x)
/0 (O’(:Z?)/o |f(t)| At) Az = /0 <O’(l‘)/0 |g(t) . h(t)| At) Az
o o(x)
< ol | (0(1) [ o At) As.

Applying Lemma 2.3, we obtain that f € Cesh (T) and

1 llcess o < evinf {lglloe Il o }

where infimum is taken over all possible factorizations of f. This completes the first
part of the proof.
Conversely, suppose that f € Cesi (T) and

< At
k:(x):/ 7>O,f0rallt>0.

By setting
9(x) = (|f(2) k(x)) sgn f(x), h(z) = k(z)"",
this leads directly to

gl Ly 1y < AMfllcesy () < oo
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Moreover, we have that

1
Ifllcesy, =~ 1lloy () = e2 IRl (ry N9lloc »
which asserts the left-hand side inequality (3.4). This completes the proof. O

4. FACTORIZATION THEOREMS OF COPSON SPACE

Following the same spirit as the previous section, in this section we present the
factorization theorems for the Copson spaces CopX, 1 < p < oo, consisting of all

functions f defined on [0, 00) associated with the norm

||f||copg=(/0 (/ 'f”m) Ax>’1°<oo.

We define the dynamic function spaces Ga(p) as
1 = f(@)P ’
G* = . 5%s) A < )
A(p) f iglg (ft x_pr/t P a:) 00

I1f1, = inf {Ilgllp 1%l Gz<p*>} ’

where infimum is taken over all factorizations f = ¢ -h with g € L%(T) and
h e Gi(p*).

and

Theorem 4.1. Let T be a time scale with a € T. If 1 < p < oo, then
(4.1) Copip = LA(T) - GA(p"),

which means that the function f belongs to Cop'} if and only if it admits a factorization
f=g-h with g€ LY (T), h € Gi(p*) and

Lok
(4.2) Wity <[ fllcopy, < p7 (7)) 77 1f1p.
Proof. “Imbedding <. For f € Coply, f # 0 and = > 0, let

o2 [ ([ 1)

Counsider the factorization f = ¢ - h, where

g9(x) = ([f(x)[k(x))? sgn f(x)  and  h(z) = [f(z)
As in Theorem 3.1 and applying Lemma 2.3, we can obtain that

—1

" h(x) 7

lglly = 110 <

but using Holder’s inequality (2.5) and the definition of h(x), we get that
. p

[ s s () [
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We estimate first the right-hand side term of the above inequality multiplied by
o(x), we have that

(/O“”At) (/ f()IAt> / |f§>\k;<>m
(7 (s ([

= anio ([T WO 0, )

since, by definition, o(x)k(z) is an increasing function. This implies that

</O"<”‘) At) (/m Ifgt)lm) /EOOVSf)"“_;}’“L)AK/; f(t)kl%(t)m-

From the definition of h(z), we can write that h?" (z) = f(z)k'~P" (z), which leads

to
TR (S —
T T ( OU(;E) At) P (f;o 1—p* At)y

o
(p* — 1)7"

1
1 he" (t) ”
S = At <1,
250 ( N t—f’*At/I P ) -

Gi(pr) < 1, which means that h € G (p*) and then

IN

<

9

equivalently,

or ||h|

Coply, C LR(T) - GA(p),
with
WA < liglly = 1£ll cop -

“Imbedding <. Let f = g-h with g € LX(T), h € Gi(p*) and w(t) be any
increasing function on (0, 00)y , we get by Holder’s inequality (2.5) that

/:O @At = /OO g(wth(t)ﬁt:/jg(t)w‘l(t)h(t)“)(t)m

t

(/; gp(t)w_p(t)At> ’ </1 hp(t)p*()AQ I |

1
Applying Lemma 2.5 to the term (f;o WA?S) " we get that

JREEONE ( | gﬁ(t)wﬂ(tmt); ( Ia calll At) "
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and thus after raising to p*"* power and integrating from 0 to oo, we have that

VAR SOE
< Wty [ ([ worwnd) ([T 0a) " ae

Using Lemma 2.3, we obtain that
oo o] p
[ ([ e
0 T t
) o(x) ) wp* (8) p—1
p p—
Gz(p*)/o g7 (z) </0 </t e As) At | w™P(z)Axz.

—1

Taking w(t) = ([, 277 Az)"" and applying Lemma 2.2, we can write that

[e’s) p* [e%s} [e%s) 1%**1 [e'e] . 1%*
/ v (S)As :/ i* </ L A;v) As < p* </ sP As) .
t sP ¢ SP ¢ P t

Inserting this in the above inequality,
[e%¢) e’} p
i ( / f(t)At) A
0 T t
. o o(x) o 1 pT_*l o . p%
(")’ ||h||gz(p*)/O gp(:c)/0 (/t SP*A3> At (/m tP At) Az
L < L \F
O ey [ o) ([ )
o@) [ o) \F L, e q el \
X / / As (/ *As> / As At | Azx.
0 0 ¢ SP 0

By the definition of the constant C, we can write
1

/ (/ 1) At) Az < (p)'~ 1|h|G*(p)/ </ t p*At>‘°*
X (/00(1) </Oo(t) A8>p ((p* . 1% < > ) )Ax
= Yl [ @ ([ t—p*At)"l*
« (/Oam (1))~ (p_ll) (Uf)>_ At) Aw
= () ||h||’g;/,3(p,‘)/OO<> g (z) (/:O t"’*At)p* <(p—11)p!'1 /Oa(@ tp*lAt> Az,
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Finally, after using time scales chain rule (2.4) to estimate the inner integrals, we

can easily obtain that

s«\p—1
1@ 0opn, <0 @) IR

;Z;*A(p*)/o 9" (z)Az,

G pe) that is,

Loy
or [[flcopy, <27 (0°)7 llgll, 112
LA(T) - GA(p*) € Coply,

and ||l copy < p7 (p°)7 1111 This completes the proof. m
As a consequence from Theorem 3.1, we could get the best form of the dynamic

Copson inequality for 1 < p < oo (see [1]).

Corollary 4.1. Let T be a time scale with 0 € T, f are positive rd-continuous

functions defined on [0,00). If 1 < p < oo, then

o5} oo t p 1 1 o5}
L7 ([ B ) ae <t o0 [T e
0 T 0
Proof. By taking f(z) = h(z) and g(x) = 1, > 0, the right-hand side of (4.2)

results the required inequality. This completes the proof. ([
The next two special cases cover known factorizations to both unweighted Copson

sequence and Copson function spaces for p > 1.

Remark 4.1. If we set T =R in Theorem 4.1, we get the factorization to Copson
function space due to [2] and [3].

Remark 4.2. If we set T =N in Theorem 4.1, we get the factorization to Copson

sequence space due to Bennett [4, Theorem 5.5].

We conclude this section by presenting the corresponding factorization results

for the case p = 1. For this case, by denoting ||g|| ., := sup,~|g(x)|] < oo, we get

that - -
P 1
| I8 <ol [ S,
t xP ¢ P

and !Ifly = inf{||g||Oo Hh||L1A (T)} , where infimum is taken over all factorizations
f =g -h with g € LX(T) and h € L4 (T). Suppose that there is some constant
C for which the inequality o(z) < Cz, and assume that there exists a positive
constant c4 the least constant for which this inequality is satisfied. Similarly, c5 is
the biggest constant for which the reverse inequality is satisfied. The proof of the

following theorem is similar to the proof of Theorem 3.2 and hence is omitted.

Theorem 4.2. Let T be a time scale with a € T. The function f belongs to Copk
if and only if it admits a factorization f = g-h with g € LX(T), h € L\(T) and

(43) C5”f”1 S ||f||Cop1A S C4”f”1
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