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Annorauns. Ipymm 5aswnactea n-Kpyaenoh, S0 0N BMECT CHCTCMY OTIPe-
AeASOMER cooTromennlt a7 = 1 08 HEKOTOPHX AIEMEHTOR © M (0 JH0-
8010 ce WIEMEHTA G KOHEUHOIO TIODMIKA BHITIONHAETCH coorHOmenne o = 1.
B} paBore AORANMRACTCA, MTO BCC KONCHHLIC NOAIPYINTH OTHOCHTCIELRSC CBODOZ-
HEIX M-RPYHOHEX TPYI SRISI0TCH IHKmecK v rpyimanin, Oraerns, 4T 4i1a
Kazoro panra m > 1 @ aza moboro meusernors n > 1003 maomectno Hemio-
MOPGYHETR OTHOCHTEIRHG CRODOHEIX N-KPYUEHEIX TPYIITE PAHTA 1 KOHTHHYAXRHO.

MSC2010 number: 20E07; 20F05; 20F50.

Kaouessie ciosa: OTECCHTENBEO CBODOIHAS IPYINA; KOHOSHAN [OATPYINN; HEDH-
OAFYECKaAs TPYNIIA, N-KPYYenas TPYNma.

1. BBEARHHE

Tlvers X — opomspoanHLH TpyImoOROH aadaenT, R~ FEROTOROR MAOKOCTRO 3ATTH-

CAITHEIX B 9TOM AIDABHTE (JI0B, 12 > | (DUKCHPOBANTIOE HATYDAJLHOL THCIO |
(1.1) G=(X|R"=1,Re®R)
FAJAHTE HOROTOPoH rpymmel G,

Ompenenenwne 1.1. I'pynne (1.1) asasemea n-wpyaenol, ecau 0ar 400020 aaemen-

me Y € G oaubo Y™ =1, aubo Y wmeern Secronesiud nopador.

TomaTee n-xpywerct rpyomel Oeuto BEeAeEC B pabote 1], e aorasamsr Taxsxe
HEKOTODEIE BAZKHEIE CBOHCTBA 3THX TPy, Kaace n-KpyaeEsX TDYII JOCTATOTHO 00-
mizpes. Herpyano 3aMeTsTh, 970 cobOaHBIE PPYIIE! M0b0ro pasra 1, o TAKKE CBO-
Gomee GepHCad 0B TRYTTR B (112, n) SRAAIOTCA n-KPYSeREIME TDY ITAMHE 118 J0060-
ro BaTypaasHoTo . Kox yraszano B 1], moMEMo 9THX TDYIT A-RDYYRHBIME ARIAOTON
Takcke rpymel Blm,n, ), im,n,11), m > 1 (Mr0o%eeTBO KOTODBIX KOHTHHYATRHO),
cROBOMRE TPRYIITR MEOTOO0DAAHA, VAORTETRODPAIOIIETO TOXK,ECTRY [1,¥]" =1 u na
{em. [2]-4]). HexoTopste apyree TPy el KOTOPBIE, IO CYTH, ABFARTCA 1-Kpy TOHBIM,
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ObLIN MOCTPOEHBbI U u3ydeHbl B paborax C. U. Axgna, A. FO. Onsmanckoro, C. B.

Nranosa, 1. T. JIkicenka, B. C. AraGeksiHa W Ipyrux aBTOpOB (CM., Hampumep, [5]—

[11]).

Ilpengoxenne 1.1. Ecau F — abcoaromuo ceobodnas 2pynna u N — makas ee
HOPMANLHAA N0depynna, wmo daxmop epynna F/N aeasemca epynnoti 6e3 kpyuenus,
mo epynna F/N™ — n-kpyuenas epynna das abozo n > 1, 2de N™ — nodepynna

’IlOpODfC()eHHaﬂ N-oMU CNMENEHAMU BCEL INEMEHTIOB U3 T.

JHoxazameavecmso. Bo nepsbix, oueBuaHo, fisd rpynnbl F//N™ MOXKHO BbOparh cu-
CTEeMy OMpeIesSionX COOTHOIeHw Buaa r" = 1, rme r mpoberaer MHOXKeCTBO N.
Homycrum, yro snement a € F/N™ umeer koHeunslii nopsnok. Torma ero obpas B
dakrTop rpynne F/N Toxke uMeeT KOHEUHBIH MOPSAJOK W MOITOMY TPUBHAJIEH. JTO
os3mraugaer, 910 a € N/N™. Ocraerca 3ameruthb, uto rpynna N/N™ — nepuonudeckas

TPYIIa TepuoIa, n. O

Hanomunaem, uro npu mobom mederaom n > 1003 uepes I'(m,n,II) obo3uaua-
ercs cBOOOIHAS TPYIIIA PAHTa 1M MHOroOpa3us IPYIII, ONPEAeIaeMOrO CJIeTyOIIM

CeMenCcTBOM TOXKJECTB OT ABYX II€PEMEHHBIX
(12) (g =13,

rJe mapaMeTp p TMpoOeraeT MpOU3BOIBHOE MHOMKECTBO MPOCTHIX uucen II. Otu 3ua-
MeHuThIe Tpynmbl Oprar nocrpoensl C.MI.Ananom B [2] (cm. takske [3], rr. VII) s
pelenns mpodIeMbl KOHETHOTO Hbasuca, moctasaentoit b.Heiimamnom B 1937 r. HekoTo-
pble Apyrue uHTepecHsie cpoiicrsa rpyun I'(m,n,II) 6buiu usydenst 8 [11]. B pabore
[12] mokazano, 4To sMobast MOArpyma KaxK o ceoboxHoii rpynmst I'(m, n, IT) npons-
BOJIBHOIO paHra m > 1 aBasercs NUMKJIMIeCKO rpynoii. AHAIOIrMIHOE yTBEPZK IEHUE
IU1st CBOOOIHBIX GepHcaiinoBbix rpynn B(m,n) Hedernoro nepuoga n > 665 u a1060ro
pamra panuee 66110 fgokazano C. . Ansmom B [3] (cm. . VII [3]) (ms abeormoTHo
CBOBGOHBIX IPYIII OHO — IPOCTO JIOKA3YEMOE YTBEPK/ICHUE).

Hawmu Oymer mokasana ciemyromias 60jee 00Imas Teopema.

Teopema 1.1. Jwbasa koreunas nodezpynna xastcdoti omHocumesvbHo 60060010t n-

KPYUeHoOU 2pYnnovt ABAAEMCA YUKAUYECKOT 2pynnot npu arwbom wevemnom n > 1003,
4
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2. OHPE,[LE.HEHI/IEI 1 BCIIOMOTI'ATEJIbHBIE JIEMMBbI

Kaxk un B [12], mokazareabcTBo OyJeM MTPOBOINUTE TIO0 CXeMe, TIPEJJIOKEHHON B Iiia-
Be VII monorpacduu [3]. Cravyana nocTpouM eHTPaIbHbIE PACIIUPEHUs IPYIIL PAC-
CMATPUBAEMbBIX OTHOCHTEIHHO CBOOOHBIX I'PYIIT W IPUMEHUB MeTOJ, J0Ka3aTeIhCTBA
reopemblt 1 u3 [3, ro1. VII], ¢ nomompio reopembr Bapa 3aBepuium oka3areaberso.

ITycrs T'(X) — npousBosbHAsA n-KpydeHas TPYIIa ¢ MHOKECTBOM CBOOOIHBIX IO-
poxkpatonx X. Cormacro [1], rpynma I'(X) nMmeer crenpaibHYIO CHCTEMY OMpese-

JIAIOIMUX COOTHOWmeHu suma A" = 1:

(2.1) Fo(X)=(X]A"=1, A€ &)
a=1
Caenys [1], uepes I'(X, o) 0603HAUMM I'PYTIITY € TEMH e 00pa3yomuMu X U CHCTEMOM

onpeesomux coornomennit A" =1, rue A € UZ:1 Ea:

Ta(X,a) = (X[A"=1, A€ | ] &d).

a=1

Jamee, 0603HAUNM
(2.2) &= ¢
a=1

Crenyrommne 3 JeMMBI TOKa3aHHBL B [1].

JIemma 2.1. (Jlemma 8, [1]) Jas arbozo caosa C, xomopoe ne pasno 1 6 zpynne
['(X), mooicro yrasamov marue carosa T u E, wmo C = TE"T~! 6 T(X) npu nexo-
mopom yeaom 1, 2de aubo E € &, aubo E — neommevennuii anemenmaprolli nepuod

HEKOMOpo2o panza vy u ca080 K9 erodum e nexomopoe caoso us kaacca My _q.

JIemma 2.2. (Jlemma 6, [1]) Ecau E ecmv ommeuennoili ssemenmaproi nepuood
nexomopoeo paneza vy > 1 (uau ecau E € &), mo E umeem nopadox n 6 epynne
I'(X,7) (u 6 epynne T'(X)).

JIemma 2.3. (Jlemwma 7, [1]) Ecau E ecmb neommeuenmoili snemenmaproli nepuood

Hexomopozo parza vy, mo E umeem beckoneununt nopadok e T'(X).

Muozxkecrso € caerno (cMm. reopemy 2.13 rinasst VI u3 [3]), T.e. ero snemenTsr MOXK-
HO IIPOHYMEPOBATh HATYPAJIbHBIMA dncIaMi. PUKCHPYEM HEKOTODYIO HYMEPAIHUIO 1

nycrs & = {A;]j € N} (N - MHOXKECTBO HATypaJIbHBIX 4UCE).
5
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QukcupyeM TakKe MPOU3BOJILHYIO He O0jiee ueMm cueTHyio abenmeBy rpymmy D, 3a-

JaHHYIO TTOPOYKTAIOMIAMHU W OMPENeIsIIOIIMMUA COOTHOTTECHUSIMMT:
(23) D:<d1,d2,...,di,...|7“:1,7“€R>,

rae R — HEKOTOpOEe MHOXKECTBO CJIOB B IpymmoBoM ajidasutre di,ds, ..., d;, . - ..

Yepes Ap(X) o603HauuM Ipylily, 33JaHHYIO0 CUCTEMOl 06pa3yoluX ABYX BHU/IOB
(2.4) X U{d,ds,...,d;, ...}
U CHCTEMOU ONPEIEISIONNX COOTHOIIEHUN TPeX BUIOB:
r =1, muaBcex r € R,
Ve € X xd; =djz,

(2.5) A7 = d

nnst Beex A; € € (em. (2.2)) mj € N.
W3 coornomennii (2.5) Boirekaet, 4To rpynibl Ap (X)) TOKe MOPOKIAIOTCA MHOXKE-

crBoM Topoxgaromux X . Jlus rpynn Ap X) cipaBeyInBO CIIeyIOIIee YTBEPKIeHNe.

Ilpenmoxenne 2.1. [Ipu arobom nevemuom n > 1003 das a060T abeaesots epynnoy
D, umeroweti 3adanue (2.3), GLINOAHAIOMCA YCAOBUA:

1. yenmp epynno. Ap(X) cosnadaem ¢ D,

2. axmop epynna epynno. Ap(X) no nodepynne D usomoppna epynne T'(X).

IIpenmoxenne 2.1 nOKa3bIBaeTCAd TOYHO TaK:Ke KaK M MYHKTHI 3, 4 TeopeMbl 1 u3

[11]. B kavectBe rpymnmst D Bo3bMeM OECKOHEUHYIO MUKJINIECKYIO TPYIITY
2 = (d,dg,...,d;,... |d;d;" =1, jk €N).

Torma 1ieHTpoM moJrydenHoit rpymibl Az (X) Oyaer 6ecKoHeUHAs IUKINIECKast TPYIIa,

¢ mopoxaafomuM d = dj.
JIemma 2.4. I'pynnna Az (X) asasemea epynnot 6e3 Kpyuerus.

Zloxasameavcmeo. B cuny nmynakra 2 npemyioxkenus 2.1 BCAKW HETPUBUATIBHBIN 1€~
MeHT a Tpynmbl Az (X) MOXKHO TpeAcTaBuTh B BUAe a = yd’/, Te y ecTh CI0BO B
nopoxkaaomux rpyunst ['(X), a d nopoxkzaaomuit snement ee nenrpa. [Tokaxkewm,
9TO @ UMEeET OECKOHEUHBIH MOPSIIOK.

Ecmm y # 1 B I'(X), 0 B cuiy semmbl 2.1 naiinyrcs takue ciaosa I’ u E, 4ro
y = TE"T~! B rpynme I'(X) npu mekotropom memom 7, ipudem win E € & nm E

— HEOTMEYEHHbIN JIEMEHTAPHbBIH Ieproj HEKOTOPOro paHra < u cjioBo EY Bxonur B

6
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HEKOTOPOE CJIOBO U3 KJIacca ﬂv_l. B cuny myskTa 1 nmpeamoxenns 2.1, IeHTp TPY B
Ap(X) — GeckoHeUHAST IMKIWYECKas TPYTITa, TOPOXKAeHHas semMenToM d. [lpn y = 1
yTBepKaeHue TeopeMmbl odeBuaHO. Ocraercs paccMOTperTh Caydaii, korja y # 1 B
I'(X). B cayuae, korpa E — HeOTMeUeHHBI 3JIeMEHTapHBII eproji HEKOTOPOTO PaHTa
v u caoBo EY BXoauT B HEKOTOPOE CJIOBO M3 KJIacca ﬂv,l, TO 1O JeMMe 2.3, 3JIeMeHT
E, a suagur u y, umeer H6ecKoHeuHbIH nopanok B dakrop rpynmne I'(X). Torma ero
npoobpa3 a B Ap(X) Toxke mmeer GECKOHETHBIH MOPSAIOK.

Ecnu xxe F € &€, To ucnonp3ys semMy 2.2, Mbl OyKBaJIbHO TOBTOPUB JTOKA3ATEIb-

cTBO Teopembl 1.6 n3 [3] ybeauMmes, 9To @ MMeeT GeCKOHEYHBIH MOPSIIOK. a

3. JIOKABATEJILCTBO TEOPEMEI 1.1

ITycrs koneunas noarpynna G rpyumnst I'(X) nopoxiaercs sj1eMeHTaMu g1, g2, .-, Jk-
Paccmorpum noarpynmy Gy rpynmst Az (X)), TOPOXKIAEMYIO JIEMEHTAMHY g1, §2, ---y Gk, d-
Cornacuo nyakry 1 npeanoxenus 2.1 ajmement d coiep:kuTcsd B reHTpe rpynbl G.
CrenoBarenbHO, hakTOp rpymma rpynnbl (G1 MO ee IMeHTPY KOHEYHA.

ITo uzBecrnoit Teopeme Bapa (cm. [14]) uz koneuHocru GHakTOP rPYILILL 10 LEHTPY
cIelyeT KOHEYHOCTh KoMMyTaHTa. CjemoBareibHO, KOMMYTAHT rpymibl (77 KOHEYEH.
Tak kak, o semme 2.4, rpynma Az (X) siBasercss rpymmoii 6e3 KpydeHusi, To B Hel
KOHEYHA, TOJIHKO JMHUYHAS MOArPYIINa. SJHAYAT KOMMYTAHT rpynnbl (G TPUBUAJIEH,
r.e. Gy sBasercsa abenesoii rpynmoit. Ilostomy, o6pa3z G B I'(X) rpynner G Toxe
sBisercd abenepoil rpynnoit. B cuiy caencrsus 2 paborsi [1] Beskas abenesa mog-
rpyuna rpynnsl I'(X) — nukiundeckas rpynma. Takum obpasom G — HUKJIMYECKast

noarpynna. Teopema joka3aHa.

Abstract. A group is called an n-torsion group if it has a system of defining relations
of the form r™ = 1 for some elements r, and for any of its finite order element a the
defining relation @™ = 1 holds. In this paper, we prove that all the finite subgroups of
the relatively free n-torsion groups are cyclic groups. Note that for each rank m > 1
and for any odd n > 1003, the set of nonisomorphic relatively free n-torsion groups

of rank m has the cardinality of the continuum.
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KmogeBnie caoBa: CHCTEMA @z)éﬂ-l‘f(mﬁ??i; Ki)?i’.]."Hbl'f”? P CROEFEMOCTE K GOCROBOTHO-
CTH.

1. BBEJIRHUER

B 1915 roxy H. H. Myusmsem [1] Gouma mocTapiesa 3a1a9a ¢ TOM, MOKET JTH TPH-
TOROMETPHIECKEH PII CXOIATCA K 400 FA MEOKECTBE TOTOKHTRIBEON MEpEL

C ToX MOp MHOTHE MATEMATHKH HCCICI0BAIH BONPOC CROIAMOCTH HITH CY MMHPYO-
MOCTH K 00 ODTOTOHAJIBHEBIX DIAJIOR T3 MITOKECTEE TIOJORKHTUILHON MODBL

0. B. Tepvetiep [2| qoxazas, 9mo THRTOROMETPHSRCKAN DA HE MOKET CYMMADH-
paTBCA MeTO0M PrMmana x 400 8a MEOKecTBe noioxuTedssol Meper. H. H. Jlyvans
w H. Y. Mipssasor |3| nocrpomms npemvep TPRTOROMETPHIECKOTO DA, TTIOSFTH BCIOLY
CYMMEDPYOMOro K +oo Merogom Atera. A, E. Memmmos [4] goxasas, wro am moboi
pyrximm, He O0LAATENLE0 KOHOYHOH TOYTH BCIYTY, CYINECTEYET TPHTONOMOTDITO-
cREl pAg, exoagmuiics K gelf 1o Mepe. B 9acTHOCTH, ¢YMRCTRYET TDHTOHOMOTRITO-
CRTL DA, KOTODBIH IO MOPe CXOTATCA K 400 1a, [—, 7). A. A. Tamassn |5] veranosm,
=10 A7 Aobol maMepuMol 5o [— 7, 7] (hyERIEE [ CymecTRYeT TPHTOHOMBTRIOCK
AT, CROZAMANHCA K Hell 10 Mepe H TOYTHE BCHIY B MECGKeCTBe, rae [ KoHeTH:,

Haxonern, 8 1988 roxy C. B. Komsarns [6] pemmn mpobmemy H. H. JTyowsa, qoxasas

CAGIVIOIIYE TEODEMY,

tpagora 1N I Denoprama n M. [N Uprropana msnoanena npn dumanconodt nogaepmne ['RH
MOH PA » pamxax mrayusore npoexton 18T-TAGYE u I¥T-1A 48, coornereraenns,

9
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Teopema (C. B. Komsarun). ITycms S(x) u S(x) nusicnuti u seprruti npedesvi wa-

CIMUYHOLE CYMM HEKOTNOPO20 Mmpuzoromempueckozo pada. Tozda
mes{z € [—m, 7] : —o0 < S(z) < S(x) = +o0} = 0.

B wacmuocmu, mpuzoHOMempuieckuli pad He MOACEM CTOOUMCA K +00 Ha MHOdHCE-
CMBE NONOAHCUMENLHOT, MEPDL.

Hnst psago mo cucremam Xaapa u YOJIIa UMeercs cieayiomas kapruaa. A. A.
Tanansu u @. I. Apyrionsn [7] mokaszasnm, 4To psasl Mo cucreMaMm Xaapa u YoJrma
He MOI'YT CXOAMTCH K +00 Ha MHOXKECTBE IIOJOKHTEIbHOH Mepbl. B paborax [8], [9]
JIAHbI 6oJiee MPOCTHIE JOKA3aTeNbCTBa 310 Teopembl. Ograko (cM. [10]), cyrmectsy-
0T PABHOMEDPHO OIDAHMYEHHBbIE OPTOHOPMMPOBAHHBIE CHCTEMbBI (DYHKIMIA, Dbl 110
KOTOPBIM MOTYT CXOAMTCS K +00 HA MHOMKECTBE ITIOJIOKUTENHHOW MEpBI NPH 000
nepecraHoBke 4ieHoB psga. H. B. Ilorocsn [11] ycraHoBwi, 9ro Jyist KaxKI0# MOIHOM
OPTOHOPMUMPOBAHHOI CHCTEMBI CYLIECTBYET PAL, KOTOPBIA IIOCJIe NOAXOAAIIEl Iepe-
CTAQHOBKM CXOIMTCS TMOYTH BCIOAY K +00.

Opronopmanbryio B L2[0,1] cucremy ®@pankimna, ompeeneHne KOTOpoil Oyier
JIaHO B cienyiomiem maparpade, oboznadnm depes { f,, (£) }5°_,. Tanee obozuaunm I =
[0, 1] m mes(A)-JIebGerorast Mmepa MHOKecTBa A. HeapHo GbIN JOKA3aHBI CIEYIOIINE
reopembl (cM. [4]).

Teopema A (I. T. Tesopksn). Jas a106020 pada y - _q am [m(t) umeem mecmo
o
mes{t € [ : lim Z A frm (1) = +00} = 0.
V—>00 m—0

B wacmmnocmu, pad Opankiuna ve moscem crodumses K +00 Ha MHONMCECTNGE TOAO-
arcuUmMenvHol mepot.

Teopema B (I. I. Tesopkau). Ecau das pada y > am [ (t) 6vinosnsemea

n
mes{t € E : lim inf > amfn(t) = +o0} =0,

m=0
mo pad y o am fm(t) cxodumea na E nowmu 6c10dy. B wacmuocmu, pad Ppankau-
HA HE MOAHCEM, CLOUMDBCA K +00 HA MHONACECTBE TLOAOACUTNEALHOT MEDDL.
B paGore [18] mokaszaHsbr:

MNk+1

< 00, To (cm. [18], Teopema 3)

e Eciu sup,

ng
mes{z € I: kIL%n;)amfm(t) = +oo} = 0.

10
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Nk+1
Nk

CO CBOMCTBOM

= 00, 10 (cM. [18], Teopema 4) CymecTBYeT P Y oo G fn (£),

e Ecau supy,

ng
I: 1 = =1.
mes{z € Jm mZ::Oamfm(t) +o0}

Anajior TeopeMbl A 118 psI0B [0 OPTOHOPMAJIBHBIM CIIAMHAM JOKA3aH B padoTe
[16]. Ananor reopembl B 151 Takux psOB HEM3BECTEH.

B nacrosineii pabore pacCMaTpUBalOTCA KPATHBIE Psabl 0 cucreme PpaHK/MHA.
IMycts k HEKOTOPOE HATYpAJbHOE YnuCI0. PaccMoTpuM KpaTHbie psaabl OpaHKInHa,
(1.1) Z am fm(X),

meNg
rie m = (my,...,my) € NE-BeKTOp ¢ HEOTPHUITATEIHHBIMI TIETOTHCTEHHBIMI KOOD/TH-
Hatam, X = (71, ..., 7%) € [0;1F 1 fin(X) = fm, (1) -+ fonp (T1)-

O6o3naunm depe3 0, (x) KyOudeckue dacTudnble cyMMbl paaa (1.1) ¢ Homepamu
2¥, r.e.

(12) ov(x) = D amfm(x),
m:m; <2V
rae m = (mq, ..., my).

Bepmna ciemyrormmas Treopema.

Teopema 1.1. Jlas ar06020 pada (1.1) umeem mecmo

mes{z c I*: lim o,(x) = +o0} = 0.
V—00

2. OHPE,ZLEJIEHI/IE CUCTEMBI ®PAHKJIMHA W BCTIOMOTATEJILHBIE JIEMMBI

[ycre n =2+ v, p >0, rme 1 < v < 2*. O6o3HadUM

#a ang 0 <14 < 2w,
Sn,i = ]

S, A 2v <i<n.

Yepes S, 0603Ha9UM HPOCTPAHCTBO (PYHKIMHA, HEIPEPBIBHBIX U KYyCOYHO JIMHEHHBIX
ua [0;1] ¢ y3namu {s,;}i—g, T.e. f € Sy, ecnu f € C[0;1] u snuneiiHas Ha Kax-
JIOM OTPe3Ke [Spi—1;Sn, ¢ = 1,2,...,n. dcuo, uro dim S, = n + 1 u MHOKECTBO
{8n,i}]— momy1aercsa OOABIEHNEM TOUKH Sy 2,1 K MHOXKECTBY {sn—1,i}?:_01. Tlosto-
My, CyIIEeCTBYeT eIWHCTBEHHAs, C TOYHOCTHIO 10 3HaKa, (dpyukius f, € S, Koropas
oproronambua S, 1 4 || fnll2 = 1. Homaras fo(z) = 1, fi(x) = V3(2x — 1), z € [0; 1],
HOJIy9MM OpTOHOpMHUpOBaHHYI0 cucreMy { fr(2)}52 ), KOTOpas SKBUBAIEHTHBIM 00pa-

3oM oupezesena ©. Ppankiunom [12].
11
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Beegem cnenyromme obosnauenus: t7 = 2%, gkorma 0 < 5 <2Y, tY, =ty =0m
thyyq = th, = 1. Homoxnwm 6F = (t5_;;t%,,), ama 0 < j < 2¥. Tlyers §;;-cumBon
Kponexepa, T.e. §;; = 1, ecnu i = j u d;; = 0, ecom @ # j. yHKUMM ¢ onpepenrum

CIIeayIomuM 00pa3oM:

i(t]) =0ij, j=0,..,2", m Y mumeiina ma [t ;,t]], i=1,..,2".

Jas marypamsroro v momoxum NE = {0, 1, ..., 2¢}¥. [laa sextopa j = (41, ..., jx) € NF

0003HaYUM

AY =07 X x 87t = (8,0t ), m By () = @5 (tr, s th) = @5 (t1) - ¢, (th)-
Herpynmo 3ameTuTsb, 910 Z?;O ¢ (z) =1, xorna = € I. Crenoparenpo

Z ¢y (x) =1, xorma x € I*, u suppe; = A}
JENE
OueBuaHO, 9TO cUcTeMa (DYHKIUH {gbj’ }J‘EN’,i obpazyer 6a3uC B JTHHEHHOM MIPOCTPAH-

crBe Sov. meem Takske

k (6%) mes(A’-’)
Ik(b dx-/ QS dX—H/ <p] (z;)dx; = 1;[ = 2kJ .
Obo3HuauuB
2k
(21) M0 = e )
HIOJTY IHM
(2.2) My (x)dx = 1.

Ik

Bepua ciegyromas gemma (cm. [13] remma 2).

Jlemma 2.1. Jlas ar06bix M]Z"(m) UV > Uy CYWECTNEYIOM “HUCAG (Lj MAKUE MO

npuvem

- . — v vo
g aj=1, ;>0 u a; =0, ecau A Z AL
JENE

ITycts No(t) =1 —t, N1(t) =t, t € I € = (eq, ..., k), tae ¢, = 0 mmm 1. ITomoxxum

Ne(x) = Ne, (w1) - Ney (22) - - - Ney (1)
12
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Jlemma 2.2. Ilycmo

(2.3) F(z) =) acNe(z), 2de a. € R

u

(2.4) / F(x)N.(z)dz =1, das nexomopozo ¢ .
Ik

Tozda mes{z € I* : F(x) > 2F"1} > 3=k,

Jokaszameavcmeo. OdeBuHO, ITO

1 1
/INO(t)NO(t)dt:/INl(t)Nl(t)dt: o /INO(t)Nl(t)dt:a

Herpynwao nmpoBeputsb, 910

1 1
(2.5) . No(x)Ne(x)dx = T gy A le — €| := Z le; — €.
U3 (2.3), (2.4) u (2.5) nony4um
1 1
(2.6) 1= Zaeg—k e
Ob6o3raanm
(2.7) A ={e:a. >0}, A_={e:a. <0} u a:= max de.
€ecAy

N3 (2.6) u (2.7) cnexyer, aro

k
1 1 1 1 1 1 1 1 a
1= D aegp grmar = D G el <938 D gl = O (”2) = o

ecA_ e€AL
CiiemoBaTesLHO
1 2k
) > ok — .
(2 8) a2 Z e 3k 9le—¢|

ecA_
ITycts Touka €’ Takasi, 9T0 @ = a.~. Be3 orpaanuennst OOIMHOCTH, MOXKEM CIATATH,

aro €’ = (0, ...,0). O6osnasmm E = [0,37%]k. Ouesnmmo, uro

1
(2.9) No.oy®) > (1-37%)" > 5+ Kot x € B,
nu
1
(2.10) N.(x) < TR korma X € E.

N3 (2.3), (2.7)—(2.10) x € FE nonyunm

1 e 2k717|e\ 1
(2.11) F(x) > aN(O,...,O)(X) + Z GEW > 2kt — Z Qe (3k B
ecA_ eEA_

13



I'. T. TEBOPKAH, M. I'. TPUT'OPAH

N3 0 < |e| < k caenyer, 9to

2k717|e| 1

3 3k > 0.

TMostomy, uz (2.11) cnexyer
F(x) > 2F! xorma x € E.

OueBnHO, 9T0 meskE = 3=k, g
Jlemma 2.3. Ecau (UV,MJ?) =A>0,5=1,.Jk), 0<j; <2”,i=1,....k, mo
v A —kK? v
mes § T € suppA; : 0, () > By > 377 mes(A).

k

Aoxasameavemeo. Ilycrs Ay, i = 1,2,...,2% oxranrsl Kyba AY. Ouesuano, 4TO U3

YCJIOBHUSI JIEMMBI CJIEIyeT, 9TO HA OTHOM u3 A; BBIIOJHAETCS

/ o, (x) My (x)dx > 277 A.

Ky6 A; k-muneitnniM npeobpazosanuem mepeseneM B Ky6 ¢, Torma dynkims o, (%)
nepeiizier B Hekyto yunkumio suga (2.3), a My (x) B dynxmmio sua 2% N, (x). Torna
uMeeM
/k F(x)N.(x)dx >27%A.
I

st 3aBepienns: JOKAa3aTeIbCTBA OCTACTCSA IPUMEHUTH JIeMMy 2.2. ]

N3 pemmsr 2.3 caemyer
Jlemma 2.4. Ecau (UV,M]V) =A<0,5=(1,-Jr), 0<j; <2, i=1,...,k, mo
v A —k2 v
mes { T € suppA; : 0, (x) < 3 > 37" mes(AY).

3. JOKABATEJLCTBO OCHOBHOTO PE3VYJILTATA

Hoxka3zaresbcrBo Teopemsbl 1.1. Jonycrum obparnoe, cymecrsyer psza (1.1),
TAKOW YTO IJIf MOCjefoBaTebHoCTH 0,,(X), v = 1,2, ..., onpezgesnsgemoii dhopmyioi

(1.2), BblONIHSAETCS

(3.1) mes(E,) >0, e By :={xecI": li_>m o, (x) = +o0}.

MHuozkecTBa BIIA [;—i, ”;,Cl] X oo X [;—’3, lg—fl] Ha30BeM ABondHUME Kybamu. IIpumensis
aHaJIOr TEOPEMBbI O TOYKAX TJIOTHOCTU U3MEPUMBIX MHOYKECTB B MHOTOMEPHOM CJIYYae

(cm. maup. [18], Teopema 2.1), naiigem aBoudnbiii Ky6 A, Jjisi KOTOPOIO BbIIOJIHAETCS

(3.2) mes(ANE;) > (1 —v)mes(A), tae 1 := PRRLERLE
14
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HaJsee, mpuMeHss TeOpeMy O HEMPEPBIBHOCTH Mephl, HaligeMm uncao L < 0, Takoe 910

(3.3) mes(F_) < yymes(A),
rie
(3.4) E_={xeA: irylf o,(x) < L}.

fcuo, uTO NS HEKOTOPBIX Uy, j Oyaer A:S =A.
ITo wAyKIUE ONpeneInM IPECTABICHIUS
v
— (n) )
(3.5) MPx) =Y Y oM (x) + > B MY (x),
n=vo i€\l ieA2
¢ HeoTpUUATEIbHbIMU KO3bdUImenTamMmu ai(n), 5;'/).
Honaras A}, = 0, A2 = {jo} ﬁj(:") = 1, monyuum npencrasienue (3.5) s

v = 1p. OrmeruM, 9To Beimonasercsa (cM. (3.3), (3.4))
mes(A{° N E_) < yymes(A}°) ans i€ A7 .

Homnycrum umeem npezacrasienue (3.5) mug v — 1 u noayuum ee ajus v. B cuiy

jseMmMbl 2.1 numeem

(3.6) S BUTIMIT ) = S 0 MY (x).
HI S 1

O6osmammm A, = {1: (") # 0},

(3.7) Al ={l€ A, :mes(AY NE_) > yomes(AY)}, tie yp =275 37+,

(3.8) A2 = AN\AL
ITonoxum Takke

ai(”) = ni(y), ecrn i€ AL u ﬂi(y) = ﬂi(y), ecn i€ Al

Heorpumnarenpaocts KoehduiimenToB ai(y), Bi(y) ciepyer u3 jemmbt 2.1 u (3.6). Kpome

TOrO, YUUTBIBAsA, YTO MHTErPAJIbI BCeX (DYHKIW, BXOAANMX B (3.5) pABHBI €IUHUIIE,

HOJLY UM

(3.9) oY oMY s =1
n=voicA}l ieA?

3amernm, 9TO

(3.10) mes(AY N E_) < 2Fyomes(AY), xorma i€ Al

15
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JeiicTuTenbHo, econ i € AL, To nyia Hekoroporo j € A2_, mmeer mecro AY C Ay -1
Mostomy (cm. (3.7), (3.8))

(3.11) mes(Ay NE_) < mes(AJf’f1 NE_)< vgmes(AJl.’fl) < 2Fyomes(AY).
"3 (3.7), (3.8), (3.10) u (3.11) crenyet, 9ro

(3.12) mes(AY N E_) < 3 ¥ mes(AY), xorma i€ ALUAZ2.
Mpumenssa gemmy 2.4, u3 (3.12) u (3.4) momyuaem

(3.13) (0,, M{) > 2L, worma i€ AL UAZ.

g npousBosnbHOro ducia Ly > —1000L obozuatdum

(3.14) A ={ieA:mes{x€e Al 0,(x)>L} > (1—3 " )mes(A)},
nu
(3.15) AL = AZ\A2.

JlokazkeM, 9TO

(3.16) (0,, MY) > 71 ecrm i€ A3,

Honycrum obpatroe: (o, M) < % nns HekoToporo i € A3, Torma GyaeM nMerh
L

(317) (Jl/ - Ll,Miy) = 7L1 + (Uy,MiV) < 77

ITpumenss memmy 2.4 x (3.17), nomydnm
(3.18) mes {x EAY o, (x)— L1 < —L41} > 3 " mes(AY).
Coornomrenne (3.18) mporusopeunt (3.14). CnenoBarensro Bomomnasiercs (3.16).
Hycrs i € A, Te.
mes{x € AY :0,(x) > L1} < (1— 3_k2)mes(A§’).

O6o3naunm gepes A;’J-, j=1,...,2"% oxranrs Ky6a AY. Torma s OIHOrO U3 HUX,

gomyctum s Ay j(i)» BPITIOTHACTCS

(3.19) mes{x € AY ;) 1 0, (x) > L1} < (1 — 37 )mes(A} ;).
Ionoxkum
(3.20) B;tj(i) ={x¢€ Aij(i) cou(x) < Ly}

s (3.19), (3.20) cnemxyer

mes(By ;) = 3_k2mes(Azj(i)).
16
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Kaxaptit ky0 By ;), ¢ ycaopusvu (3.19), (3.20), moxker cozeparbesa He Gonee uem

B 2F pasupx kyGax AY, ¢ yenosnem i € AL, Crenoparensro

(3.21) card(A%) < 272735 mes{x € A : 0,,(x) < L1 }.

U3 (3.2) cneayer, uro aust aroboro Lq, upu 1ocTraro4Ho GOJIbIIKUX V, UMEET MECTO
(3.22) mes{x €A:0,(x) < L1} < 2*5k37k2mes(A).

U3 (3.21), (3.22) umeem

(3.23) card(A) < 27 4kov—o,

O6o3HaYuM

(3.24) G=[J 4y
icA?

Ouesmno, 4o (cum. (3.23), (3.24)) mes(G) < 2732770 u mostomy (cm. Takwxe (2.2),

(3.5), (2.1))
3.25 @) ) MY (x)dx < | M2 (x)dx < 2k+vog—3k—vo — 9=2k
( ) Z 5] /81 1 19

icAd A4 G

TTosozxum
1%

H, = U U AL

n=voicAl

"3 (3.10) creayer , 9to
mes(H,) < 2yomes(A) = 3_k2mes(A).

CrnenoBarenbho (cM. Takxke (2.2), (3.5), (2.1))

(3.26) Z Z ai(n) = Z Z ai(n)/Mi"(x)dx < /HL M (x)dx

n=vo i€\l n=vo ieA},

17 —k2
< mes(H,) 47" oo < 37 mes(A)

N3 (3.9), (3.15), (3.25), (3.26) BBITEKAET, 4TO

(3.27) S =1-3 8" - Z Yo >1-27% 27k > 05,

ieAd ieAd n=vo icAl
Kowm6uampys (3.25) — (3.27) ¢ (3.5), (3.13), (3.16), moayunm
L
d = (04, M) > Zl +2L,

rae L1 Moxker ObITh CKOJIb yTOAHO OosbiuM. [lomydernroe mpoTuBOpeYdne JOKA3bIBAET

HesepHOCTH Lpeuosoxkenus (3.1). Teopema nokazauna.
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Abstract. In this paper we prove that the quadratic partial sums of a multiple

Franklin series with indices 2”, v = 1,2,..., cannot converge to 4+oo on a set of

positive measure.
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Abstract. In this paper, by using variational methods and critical point theory we
investigate the existence of solutions for the fbllowing fractional Kirchhofflype equation:
(ol [oms D?u(t)\zdt)tho(,wD?u(t)) +it)u(t) = f(tu(t)), t € R, u € H*(R), where
LS (%, 1], —ee D§ and ¢ D% are the left and right Liouville-Wey! fractional derivatives
of order o on the whole axis B, respectively, v e R, I R — R is continuous and has a
positive mininm, £ € C(R xR, R), and §: RT — BT is a continuous function.

MSEC2010 numbers: 34A08, 35A15.
Keywords: fractional differential equation; Liouville-Woyl fractional derivative; variational
method; genus property; Morse theory.

1. INTRODUCTION

Fractional differential equations have been of great interest recently, This is because
of both the intensive development of the theory of fractional caleulus itself and
the applications of such constructions in various scientific fields such as physics,
mechanics, chemistzy, engineering, ete. For details, see [1] - citeTrujillol and the
references therein. In recent vears, fractional differential equations with Liouviile-
Weyl fractional derivative have heen studied in many papers {(see [4] - citeX0Z),
in which the authors have used the variational method to establish the existence
of solutions. For instance, in |5, 9] the authors considered the followng fractional
Hamiltonian systems:

D8 (coo DFu®)) + L{t)u(t) = VWt ult)), tek,
u e H¥(R),

where @ € (1/2,1),t e R,u e R*, Le C (R,R”Q) is a symmetric matriz-valued
function for all t e R, W € CY(R x R™,R), and VW (¢, u(?)) is the gradient of W at

u.
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Inspired by the above quoted works, the aim of this paper is to establish the
existence of solutions to the following fractional Kirchhoff-type equation:
11 { (fia |—0oDgu(t)dt); D (—se Dfult)) + U(t)u(t) = f(t,u(t), tER,

u e HY(R),

where a € (3,1], oo D{* and DZ, are the left and right Liouville-Weyl fractional
derivatives of order « on the whole axis R, respectively, u € R, [ : R — R is continuous
and has a positive minimum, f € C(R x R,R), and S : R™ — R* is a continuous
function which satisfies the following conditions:

(S1) there exists a constant s; > 0 such that S(t) > s; for all ¢ > 0;

(52) there exists a constant sy > 0 such that S(¢) < s forall ¢ >0

If S(t) = a + bt, then the problem (1.1) is reduced to the followmg:
12) {(a + b Jo oo D ult) Pdt) (D2 (oo D u(t) + H0)u(t) = (1, u(t), ¢ € R,

u € H*(R),

Observe that the problem (1.2) is related to the stationary analogue of the Kirchhoff

equation:

«@ 2 «@ «@ o T
tert (a0 [ 1LDFu(OPar) DL CDFu(0) + 100u(0) = 0,2,

which was proposed by Kirchhoff [11] as an extension of the classical d’Alembert’s
wave equation for free vibrations of elastic strings.
Recently, Nyamoradi and Zhou [8] have studied the following Kirchhoff type fractional
differential problem:
(1.3)
{ (Ji (I-ce D) + 1B u(®) ) dt) (D% (oo Dfu(t)) + UE)u(t) = f(t,u(t)), tER,
ue H® (R),

and obtained the following result on the existence of solutions of the system (1.3).

Theorem 1.1. Let « € (5, 1], and let the following assumptions hold:

1
2
(L) the function l: R — (0,400) is continuous and l(t) — +00 as [t| = oo;
(MO) there exists a constant mg > 0 such that M(t) > mq for all t > 0;
(M1) there exists a constant my > 0 such that M(t) < my for all t > 0;
(H1) |f(t,2)] < h(@)|z|9 ! for all t € R and z € R, where 2 < ¢ < oo and
h:R — R" is a continuous function such that h € L™= (R);

(H2) there exist r > 0 and X € (A1, \) such that miA\; < moX, and |u| < r implies

miAi|ul? < 2F(t,u) < moA|ul?,
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where F(t,u) fo f(t,s)ds and A > A\ such that

[ (1D + t0)uoR )at = X [ Jute) P

(H3) Q‘Tﬁf) <mo(A1 — p) for any >0 and all (t,z) € R x R.

Then the problem (1.3) has at least two nontrivial weak solutions in X .

To state our main results we need to make some assumptions for the potential [
and on the non-linearity f. In this paper, for the potential [ we make the following
assumptions.

(11) I(t) € C(R, R), Iy := infier I(t) > ag > 0;

(12) There exists r > 0 such that for any M > 0

meas({t € (y—r,y+7): () <M}) =0 as |yl = .

Also, we make the following assumptions on the non-linearity f.
(f1) f € C(RxR,R), f(t,z)x > 0, for all z > 0, and there exist ¢y > 0,2 < ¢ < +00
such that
|f(t,x)] < co(1+|z|97h), forall t,x € R;
(f2) There exist u > 4 and R > 0 such that
uF(t,z) <zf(t,xz), forall t,z €R and |z| > R;

(f3) lim4—0 @ = 0 uniformly for z € R;
(f4) f(t,—x) = —f(t,z) for all t,z € R;
(f5) For all s,z € R* and s € [0, 1], the inequality F(¢, sz) < F(¢,z) holds, for a.e.
t € R, where F: R x R — R is defined by F(t,z) = 1 f(t,2)x — F(t, z);
(f6) lim| ;o0 ‘( |4) = oo uniformly for x € R;
(f7) There exist an open interval J C R and constants 0 > 0, 7o € (1,2) and n > 0
such that
F(t,z) = nlz[™*, V¥ (t,z) € Jx[-4,0];
(£8) There exist § > 0 and A € (0, ), such that
2F(t,x) < siMz?, Y teR, |z <6

(f9) There exists R > 0 and 0 > 2% such that

0<0F(t,x) < f(t, z)x, vVt € R, |z| > R.

The following theorems are the main results of this paper.
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Theorem 1.2. Assume that (11), (12), (S1), (S2), and (f1), (f3), (f8) and (f9) hold.

Then the problem (1.1) has at least two nontrivial weak solutions.

Theorem 1.3. Assume that (11), (12) and (f1)-(f4) hold. Then the problem (1.2) has

infinitely many weak solutions.

Theorem 1.4. Assume that (11), (12), (f1) and (f3)-(f6) hold. Then the problem

(1.2) has infinitely many weak solutions.

Theorem 1.5. Assume that (11), (12), (f1)-(f4) and (f7) hold. Then the problem

(1.2) has infinitely many nontrivial weak solutions.

The reminder of the paper is organized as follows. In Section 2, we present some
preliminary facts and section 3 is devoted to the proofs of our results.
2. PRELIMINARIES AND REMINDER ABOUT FRACTIONAL CALCULUS

In this section we present some basic concepts and lemmas that we will need in

the sequel.

Definition 2.1. ([12]) The left and right Liouville-Weyl fractional integrals of order
0 < a <1 on the whole axis R are defined by

(2.1) o If(r) = ﬁ /_ (x — )" p(E)d,
(2.2) % 6(x) = ﬁ /m@—x)“%(g)dg,

respectively, where x € R.
The left and right Liouville- Weyl fractional derivatives of order 0 < a < 1 on the
whole azis R are defined by

d
23) D) = oIl 0(a),

d —a
(2.4) D o(x) = fd—xlgo o(z),

7
respectively, where x € R.

The formulas (2.3) and (2.4) may be written in an alternative form as follows:

(2.5) o D2o(x) = ma_ . /ooo () ;aczi(fc—é) dc.

(2.6 D) = it | M e
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Also, we define the Fourier transform F(u)(&) of u(x):
Flu)(§) = /OO e Sy () da.
For any o > 0, we define the semi-norm and norm respectively as follows (see [5]):
ulre . = ll~ec D3 ullL2,
(2.7 e, = (e + i)
where 12 (R) stands for the completion of C§°(R) with respect to the norm |[-[|o

Next, for 0 < o < 1, we give a relationship between the classical fractional Sobolev
space H%(R) and the space I¢__(R), where H*(R) is defined by

ool ||¢x

H*(R) = C§°(R)
with the norm
(2.8) fulle = (2 +[uf2)
and semi-norm |u|, = |||€|*F (u)]|L2-

Observe that the spaces H*(R) and I*_(R) are equal and have equivalent norms
(see [5]). Therefore, we define

H*[R) = {u € L*(R)| |¢|*F(u) € L*(R)}.
Define
X« {UEHO‘ )| / 2—|—l()|u(z€)2>dt<oo},

and observe that X is a reflexive and separable Hilbert space with the inner product:
(2.9) (4, v) xo = / (_othau(t) - _oD2u(t) + l(t)u(t)v(t))dt,
R

and the corresponding norm: ||u|%. = (u,u)xe.

We first consider the eigenvalue problem:

{th‘o(_Oonu(t)) +i)u(t) =M, teR,

(2.10) u € H(R).

By a weak solution of the system (2.10) we will mean any v € X such that
(2.11) / (,OOD,?u(t) - D2u(t) + l(t)u(t)v(t))dt - /\/ u(t)u(t)dt,
R R

for every v € X“.
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Theorem 2.1. Suppose that (1) and (12) hold. Then each eigenvalue of (2.10) is
real, and if we repeat each eigenvalue according to its multiplicity, then we have 0 <
A <A< A3 <...and Ay — o0 as k — oco. For the eigenvalues A\, (k=1,2,...) we

have the following characterizations:

Je (1-se DRl + 10) u(t)?) dt

2.12 AL = i
(2:12) LT exe\(0) Tz [u(t)Pdt ’
and
Ji (1-ceDu(®)? + 1B fu(t) ) dt
(213) Ay = inf . k>2,
ueX*NEL Jg lu(t)[2dt

where B, = @1<j<i ker([/rgb]1.00,0.00,0.00_D§ _oc D§* + I(t) — A) stand for the
eigenspaces. Furthermore, there exists an orthogonal basis {wi}5>, of X, where

wy € X is an eigenfunction corresponding to the eigenvalue .
Proof. The proof is similar to that of Theorem 1 of [8], and so, is omitted. O

Lemma 2.1. (See[9, Lemma 2.2]) Under the assumptions (11) and (12), the embedding
X < L%([0,T)) is compact.

Lemma 2.2. (See [5, Theorem 2.1]) Let oo > %, then H*(R) C C(R) and there is a
constant C = C,, such that

(2.14) sup [u(z)| < Cllul|x.
zER
Also, by Lemma 2.2, there is a constant C,, > 0 such that
(2.15) lulloo < Callullxe.

Remark 2.1. From Lemma 2.2, it follows that if v € H*(R) with £ < o < 1, then
u € LU(R) for all ¢q € [2,00), because

/R () |da < [[ull 52l -

Remark 2.2. Using Remark 2.1 and Lemma 2.1, it can easily be verified that the
embedding of X in L4(R) is also compact for ¢ € (2, 00). Therefore, for all 2 < g <
oo, the embedding of X® in L9(R) is continuous and compact, and hence, in view of

Lemma 2.2, for all ¢ € [2,00) there exists D, > 0 such that

[ellaqr) < Dglluflxa-
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The functional I: X — R corresponding to the problem (1.1) is defined by

I(u) = S(/[rgblOOOOOOOO Da()|dt> / () [u(t) |dt/Ftu

where S(t fo |S(s)|ds. It is easy to see that I € C'(X“ R) and its critical points

are solutlons of the problem (1.1). Also, for any u,v € X%, we have
I'(u)v = S(/ [rgb]l.oo,o.oo,o.ooOngu(t)th) X
R

/[rgb]l.()(),O.OO,O.OO_mD?u(t)[rgb]l.OO,O.OO,O.OO_OODf‘U(t)dtJr/l(t)uvdtf/ I, u)vdt.
R R R

Now, we provide some concepts of local linking and results that will be used in the
proofs of the main results (see [13, 14]). Let X be a real Banach space, and let
Ie CHX,R), H={ue X :I'(u) =0}. Let u € H be an isolated critical point of I
with I(u) = ¢ € R, and let U be a neighborhood of u, continuing the unique critical
point u. The group

C.(I,u) = H(I°NU, I°NU\{u}), 2 € Z

is called the zth critical group of I at w, where I° = {u € X;I(u) < ¢} and H,(.,.)
denotes the zth singular relative homology group with integer coefficients. Let a <
inf,eq¢ I(u), the group
C.(I,00) = H:(X,I"), z€Z
is called the critical group of I at infinity. We call
M, =" dimC.(I,u)
ucH
the zth Morse-type number of the pair (X, %), and

B, = dimC, (I, c0),

the Betti number of the pair (X, 1%). The core of Morse theory are the following
relations between the numbers M, and §, (see [15, 16]):

Z(—l)z_ij > Z(—l)z_jﬂj, for 2 € Z (Morse inequality);
=0 =
oo (oo}

Z(—I)ZMZ = Z(—l)zﬁz (Morse equality).
z=0 z=0
Observe that if H = (), then 3, = 0 for all z € Z. Since M, > f3,, for each z € Z,

it follows that if 8., # 0 for some z, € Z, then I must have a critical point u, with
C,. (I,uy) 2 0. If H = u,, then C,(I,00) 2 C,(I,u,) for some z € Z, and hence, I

must have a new critical point. One can use the critical group to distinguish critical
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points obtained by other methods and use the Morse equality to find new critical

points. This is the basic idea to be used in the proofs of our main results.

Lemma 2.3 ([17]). Assume that I € CY(X,R) has a critical point u = 0 with
1(0) = 0, and I has a local linking at O with respect to the direct sum decomposition
X=X @PX", k=dim X~ < oo, that is, there exists small enough r > 0 such that
I(u) >0 foru € X+ with 0 < ||ul]| <r, and I(u) <0 for uw € X~ with |u| <r. Then

Cw(I,0) 20, that is, 0 is a homological nontrivial critical point of I.

3. PROOF OF THE MAIN RESULTS

In this section, we prove Theorems 2 — 5, stated in Section 1. In what follows,
the letter C' will denote various positive constants whose value can be changed from
line to line but essential to the analysis of the problem. To prove Theorem 1.2, we
will need a number of auxiliary results, which we state in the form of lemmas or

propositions.

Lemma 3.1. Let f satisfy (f1) and (f3). Then any bounded sequence {u,} C X¢

such that I'(u,) — 0 as n — oo has at least one convergent subsequence.

Proof. Assume that {u,}ney € X is bounded in X*. Then, X* is a reflexive
Banach space, and so, passing to a subsequence if necessary (for simplicity denoted

again by {u,}), by Remark 2, we may assume that

(3.1) Uy — u, weakly in X<,
’ U — u, strongly in L4(R) (2 < ¢ < o0).

Then we can write

(1) = 1) = 0) = S [ oD, 0P dt) [ D 0)- D7 a6~ ate)i
+ /R 1) |un (8) —u(t)|2dt—S< /]R |[rgb]1.oo,o.oo,o.ooongu(t)th)

x /R [rgb]1.00,0.00, 0.00_oc D&u(t)[rgb]1.00, 0.00, 0.00_ D (un (£) — u(t))dt

- / (F (b un (1)) — £t u(8))) (n () — u(t))dt
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:S( /R |[rgb]1.00,0.00,0.00Otho‘un(t)|2dt> /R [:DE (un (t) — u(t))[*dt
+ /R 1) Jun (t) — u(t) P dt + <s( /}R |[rgb]1.00,0.00, 0.00_ o D&u,, (t)|*dt)
—S(/R|[rgb]1.00,O.OO,O.OO_Oon“u(t)|2dt)> /R[rgb]l.OO,O.OO,O.OO_OODf“u(t)
X [rgb]1.00,0.00,0.00_ o DY (un () — u(t))dt — /R (f(t,un(t)) — f(t,u(t))) (un(t) — u(t))dt
> min{sy, 1}|un — ull%e — (s( /R [rgb]1.00, 0.00,0.00_ oo D*u(t) dt) —

- S(/ |[rgb}1.00,0.00,0.00Oonun(t)|2dt)>
R

(/ [rgb]1.00,0.00, 0.00_ s Di u(t)[rgb]1.00,0.00,0.00_ oo Df* (un (t) — u(t))dt)
R

(3.2)
- / (F(tyun (1)) — F(Eu(t))) (un () — u(t))dt.

So, it follows from (3.2) that

min{sy, 1}H|un — ullfe <(I'(un) = I'(w)) (un — )
( /\[rgblOO 0.00,0.00_ o DS u(t)[? dt) /| 00D g, (t)] dt))

</ [rgb]1.00,0.00, 0.00_cc Di*u(t)[rgb]1.00,0.00,0.00_ o Df* (un (t) — u(t))dt)
R

(3-3) +/R(f(t7un(t))—f(tU(t)))(un(t)—U(t))dt-

Therefore, {u,} is bounded in X and u,, — v in X, and we have

(S (/ [rgb]1.00,0.0070.00OOD?u(t)|2dt> -5 (/ |[gb]1.00,0.00, O.OOOOD?un(t)th) )
R R

(3.4)
/ [rgb]1.00, 0.00, 0.00_ o0 D§u(t)[rgb]1.00, 0.00, 0.00_ oo D (1 (£) — u(t))dt — 0
R

as n — oo. In view of (f1) and (f3), for any given ¢ > 0, there exists C. > 0 such that

(3.5) |f(t,u)] < €lu| + Cclu|?™!, for almost every t,u € R.
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Consequently, according to (3.5), we have

[ (rtta) = rit.0) >dt\ [ (ethn )+ Colfunl ™" = ") =

e(llunllz + lull2) un = ull + Ce(llunllg™ = NJulld™) lun — ully
(3.6)
< €Chllun — ulla + C2Cclluy — u||q,

where C7 and C5 are positive constants that are independent of n and e. Since by

(3.1), |Jup, — ul|]2 = 0 and ||u,, — ully — 0 as n — oo, one has

(3.7) /R(f(t,un) — f(t,w)(up —u)dt =0 as n— 0.

Finally, since I’ (u,) — 0, then by using (3.3), (3.4) and (3.7), we get ||u, —ul|xo — 0.
This completes the proof. O

Proposition 3.1. All the (PS) sequences for I are bounded, provided that f satisfies
(f1) and (f9).
Proof. Let {u,} C X* satisfy
I(up) = ¢, I'(uy) =0 in (X*)* as n — oo.
Then, by the above relations, (S1), (S2), (f1) and (f9), we have

fc+o(1) + o([[unl]) = 01 (un) = (I'(un), un),

where

1
O1(ur) = 50501 DF %)+ 50 [ 0Pt =0 [ F(t.un)a

1
> L0l Dl + 9/ Yot |2t — 9/ (t, un)dt
1
> Lomin{sy, 1} unl%. 9/F (t, ) dt,

and

(I'(up), un) <SQ/R|,Oon‘un|2dt+/]Rl(t)|un|2dt—/]Rf(t,un)undt

< max{sz, 1} un]| —/f(t,un)undt.
R
Then, we have

1
bc+o(1) + of[junll) > (50 min{sy, 1} — max{sy, 1})|un o+

(3.8) /R (f(t,un)un — QF(t,un))dt > (%0 min{sy, 1} — max{so, 1})||un||§(a,
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implying that {u,} is bounded in X¢. O

Lemma 3.2. Assume that f satisfies the conditions (f1), (f3) and (f9). Then the
functional I satisfies the (PS) condition.

Proof. The result follows from Lemma 3.1 and Proposition 3.1, and so, we omit the
details.

Proposition 3.2. Let f satisfy the conditions (f1), (f3) and (f9). Then C.(I,00) =0
for all z € Z.

Proof. Let S! be the unit sphere in X. By (f1), (f3) and (f9), one can get
(3.9) |F(t,z)| = Clz|® — Cy|z|?, for allt,z € R.

So, by (3.9), for any u € S*, we have

I(su) = % (/ [|7gb]1.00,0.00,0.00_ o, D§*su(t)] dt) ;/Rl(t)|su(t)|2dt—/RF(t,su(t))dt

1 1
< 5 max{sn, Dllsulkn - / F(t,su(t))dt < 5 max{ss, 1} ullfn /(|su|9 ~ Cylsul?)dt
R R
(3.10)

1
< 3 max{sz, 1}s2||ull%a — s ||ull%s + C1]jul|2: — —o0, as s — +oo.

Then, there exists a; > 0, where I(su) < —ay for some s > 0. In fact, we have
d
d—](su) (I' (su), u) :S</s |- oon‘u(t)|2dt>|s|/ e DS u(t)|?dt

R

—|—s/l )|ul?dt — /ftsuudt

(3.11)
< sals| / [rgbl1.00, 0.00,0.00_o D&u(t) 2t + 5 / 1(0)]uf2dt — / F(t, su)udt
R R R

1
< s[maX{SQ,l}( / I[rgbl1.00, 0.00, 0.00_oc D% su(t)| dt + / l(t)|su2dt) _ / f(t,su)sudt]
R R
1 1
= (max{sz, 1} 8%|jul3e — /f (t, su sudt) . (maX{SQ, 1} s ||ul|%e — / F(t, su)dt
R

2 1 i 1

/F t, su)dt — /f (t, su) sudt) [ max{sz, }(mm{sl, }||Su||§(a —/F(t,su)dt)
min{sy, 1}

2max{ss, 1}

1[2max{ss, 1}
+ “min{si, 1} RF(t,su)dt - /Rf(t, su)sudt} . |:H1Hl{81,1}< sullk)) /F t, su) dt)]
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So, by (3.10) there exists A > 0 such that for any a > A and s > 0 big enough, we
can get
d
(3.12) I(su) < —a = %I(su) <0.
Hence, for any a > A, there exists a unique T := T'(u) > 0 such that
(3.13) I(T(u)u) = —a forue S

By (3.12) and the implicit function theorem, 7' is a continuous function from S! to

R. Define
1’ if I(U’) < —a,
h(u) = {1T(“) if I(u) > —a, u#0
Tullxe = Mullxe /2 ) :
and observe that h € C(X* R). Now, we define

(3.14) n(t,u) = (1 —t)u + th(u)u.

It is clear that 7 is continues, and by (3.13) and (3.14), for all u € X\ {0} with
I(u) > —a, we have I(n(1,u)) = I(h(u)u) = —a. Then n(1,u) € I~ for u € X*\{0};
n(s,u) = u for s € [0,1] and u € I7% so I~ is a strong deformation retract of
X%\ {0}. Hence, for z € Z, we have

Ca(I,00) = HA(X®, 17%) = H.(X%, X*\{0}) = H.(B*, 5") =0,
where B> = {u € X“: ||Ju| xo <1}. O

Proposition 3.3. Let f satisfy the conditions (f1) and (f8). Then C,(I,0) = ¢, 0Z
for all z € Z.

Proof. For any u € X“, in view of (S1), (f1) and (f8), we have
1~ 1
I(u) = s( / [rgb]l.O0,0.00,0.00oonu(t)th) +s / 1(0)]ult)dt — / Pt u(t))dt
R R R
winfs1, 1 fule — [

{lul<d}

> F(t,u)dt — / F(t,u)dt
{lul>6}

>

N~ N~ N

by
min{sy, 1} ul/%e — fsl/ u|?dt —/ F(t,u)dt
2 Huissy {lul>5}
A 9 ala
e = CoDglule
Since 2 < ¢ < p*, we conclude that v = 0 is a local minimizer of I, and so, C,(1,0) =
0,,0Z for all z € Z. O

1
> 3 (min{sl, 1} — s

Proposition 3.4. Assume that the conditions (12), (13), (S1), (S2), (f1) and (f8)
are fulfilled. Then Cy(I,0) # 0.
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Proof. The proof is similar to that of Lemma 4.10 of [8], and so, is omitted. O
Proof of Theorem 1.2. In view of Propositions 3.2 and 3.3, we have C,(I,00) =0,
z € Z and C,(1,0) = 6,0Z, z € Z, and hence C,(I,00) # C,(I,0). Thus, Morse
theory implies that the problem (1.1) has at least one nontrivial solution.

Also, Lemma 3.2 tells us that I satisfies the (PS) condition, is bounded from below
and has a global minimizer. Since by Proposition 3.4 we have Cy(I,0) # 0, then 0
is not the minimizer of I and is homological nontrivial. It follows from Lemma 2.3,
that I has at least two nontrivial critical points. O

The functional I : X* — R corresponding to the problem (1.2) is defined by

I(w) = /|_00Da 2di + 2 (/| D% |dt)
(3.15) +§/R ()t )\thf/RF(t w(t))dt,

where F(z,t) fo x, s)ds. Under the conditions of Theorems 1.3, 1.4 and 1.5, it is
easy to see that I € C'(X R), and its critical points are solutions of the problem
(1.2). Also, we know that for any u,v € X*

I'(u)v = <a+b/ oo Dfu ()|2dt>/ oD u(t) - _ oo DY o(t)dt

—I—/Rl(t)u t)dt — /ftu

Let E; denote the eigenspace of A;, then dim F; < co. Denote X1 = E1 ® FEs @ ... Dy
and
Xo = EB;.;;H_lEia
and observe that X has a direct sum decomposition X = X; & X5 with dim X; < cc.
Now, we recall the following theorem from Rabinowitz [18], which was introduced

to find infinitely many solutions of the problem (1.2).

Theorem 3.1. Let X be an infinite dimensional real Banach space, and let I €
CY(X,R) be even, satisfy the (PS) condition and I(0) = 0. If X = X; ® Xy with X;
being finite dimensional, and I satisfying:

(i) there exist constants p,y > 0 such that Isp,nx, > 7, where 0B, = {u € X :
[ull = p}, and

(ii) for each finite dimensional subspace X C X, there exists r = rg > 0 such that
I1<0 on )?\B,n.
Then, I possesses an unbounded sequence of critical values.
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For the reader’s convenience, we now recall the variant fountain theorem, which is
due to Zou [19]. Assume that X is a Banach space with the norm ||-|| and X = &;enE)j,
where E; are finite-dimensional subspaces of X. For each k € N, let Y}, = @?ZOEJ-,
Zy = 32 Ej and By, = {u € Yy ¢ |lull < pr}, Np = {u € Zy : |lul| < ry}, for
pr > i > 0. Consider a C'-functional ¥y : X — R defined by

Uy (u) = A(u) — AH(u), X € [1,2].

We set up the following assumptions:
(T1) ¥, maps bounded sets to bounded sets uniformly for all A € [1,2], and
Uy (—u) = ¥x(u) for all (A\u) €[1,2] x X.

(T2) H(u) >0 for all u € X; A(u) — oo or H(u) — o0 as ||ul| = oo, or

(T3) H

T3) H(u) <0 for all uw € X; H(u) = —oc0 as |Jul]| = oc.

For k > 2, define I'y, := {y € C'(By,X) : vis odd, 7|sps, = id}, and

ar(AN) ;= max  W,(u),
UEYk,Hu”:Pk
br(A) := inf Uy (u),

UE Zy, |lul|=rk

ck(A) = 'yléllfk unéaBi Uy (y(w)).

Theorem 3.2. ([19, Theorem 2.1]) Assume that the conditions (T1) and (T2) (or
(T3)) hold. If b () > ar(N) for all X € [1,2], then ck(X) > bp(N) for all X € [1,2].

Moreover, for a.e. A € [1,2], there exists a sequence {uf(\)}2; such that

sup ||qu(>\)\\ < 00, \If’)\(ufb(/\)) — 0, and \I'A(ufl()\)) — cE, a$T — 0O.

In order to find the sequence of nontrivial solutions of the problem (1.2), we will
use the genus properties, so we recall a definition and some results (see [18]).
Let X be a Banach space, g € C*(X,R) and ¢ € R. We set

Y = {AcCcX\{0}: Aisclosed in X and is symmetric with respect to 0},
K. = {zeX:g(@) =c g'(x) =0},
¢ = {rxeX: g(x)<c}

Definition 3.1. ([16]) For A € X, we say that the genus of A is j (denoted by
v(A) = j) if there is an odd map ¢ € C(A,RI \ {0}), and j is the smallest integer
with this property.
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Theorem 3.3. Let g be an even C' functional on X which satisfies the Palais-Smale
condition. For j € N, j > 0, let

Yj={A€eX: (4 = j}, ¢ = jnf Slelgg(U)-

The following assertions hold:

(i) If £; # 0 and ¢; € R, then ¢; is a critical value of g.

(it) If there exists r € N such that ¢; = cj41 = = ¢j1r =c € R and ¢ # g(0) ,
then v(K.) > r+1.

Lemma 3.3. Suppose that the condition (f2) is satisfied. Then any Palais-Smale

sequence of I is bounded in X<,

Proof. Assume that {u,},en C X is a sequence such that I(u,),y is bounded,
and I'(u,) — 0 as n — oo. Then there exists a constant M > 0 such that for any
neN

(3.16) [I(un)| <M and  ||I'(un)l|(xa)y < M.
Under hypothesis (£2), for n large enough, we can write

M+ Mlfun]lxe > Iun) = 21 (up)up > (4 = 3 ) minfa, 1w %

(3= 1) (e (1o DR un() ) + 2 o (F(t (1))
—uF(tun))dt > (4 = L) minfo, 1} unl e

Since p > 4, {u,} is bounded. O

Lemma 3.4. Suppose that the conditions (f1)-(f3) are satisfied. Then the functional

I satisfies the Palais-Smale condition.

Proof. Assume that {u, }neny C X® is a Palais-Smale sequence of I. Then, by Lemma
3.3, we see that {u,} is bounded in X®. Hence, by Lemma 3.1, the functional T

satisfies the Palais-Smale condition. O

Proof of Theorem 1.3. Observe first that, by Lemma, 3.4, the functional I satisfies

the Palais-Smale condition. Moreover, I is even due to condition (f4). Next, we

proceed to show that I satisfies the hypotheses (i) and (ii) of Theorem 3.1 by dividing

it into the following steps.

Step 1. There exist constants p,y > 0 such that Ipp,nx, > . To this end, choose

k€N, X € [\, Apyr) and y = 2infed) (1 - A,il) p?. Then by (£3), there exists § > 0
33




A. A. NORI, N. NYAMORADI, N. EGHBALI
such that
|f(t, )] < Amin{a,1}|z|, VteR, |z| <4,

and hence, by (f1), one can get

min{a,1}

(3.17) F(t,z) < )\#x + Cslz|?, Vi, zeR.
Next, for u € X5, we have
1 b 2
M = 5 [ (e DEu®P + 0P+ ([ 1owDputar)
2 R 4 R

2ty [ pa— e [ luopa

min{a, 1} ull%e — min{a,1} A

> ——lull%a — C3D 4.
> it 5 5l — CaDalulk
min{a, 1} A
> 2l (1o 2 Juli - aalul
2 Akt1
Since ¢ > 2, then there exists some small p > 0 such that
i 1 A
](U)me{a’}<1_)p2:7>0
2 Akl

for any u € Xy with ||ul|x, = p.

Step 2. We claim that for each finite dimensional subspace X cC X, there exists a
number r = 7 > 0 such that I <0 on )?\BT. To this end, observe that in view of
(f1), (£2) and (f3), there exist constants Cy,C5 > 0 such that

F(t,u) > Cylul* — Cs|ul?, Vt,ueR.

So, for any u € )~(\Br, one can get

Iw) < %/R(a|,oopgu(t)\2+z<t)|u(t>\2)dt+Z (/R|ongu<t)|2dt)2

e / fu()|“dt + Cs / fu(t) 2t

< 20T e 4 Sl - €4 [ o+ G [ P
Since X C X is a finite dimensional space, then all the norms X are equivalent,
and hence we can choose r = rg > 0 such that I <0 on )?\BT. Thus, the proof is
completed by Theorem 3.1.
O

For j € N, let X; = Rw,, where w; is the eigenfunction corresponding to the

eigenvalue A;. In order to apply the above variant fountain theorem to prove our
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Theorem 1.4, we define the family of functionals ¥, on X“ by
a b 2
Uy(u) = 7/ | _ oo Du(t)|dt + — (/ |_00Df‘u(t)|2dt>
2 Jr 4 \Jr

(3.18) +% / 1(0)]ut)2dt — )\/ Pt u(t))dt = A(u) — AB(w), ¥ A€ l,2]

Obviously, B(u) > 0 follows by the condition (f1), A(u) — oo as |ju||x- — oo and
by condition (f4), we know that Uy(—u) = ¥y (u) for all A € [1,2], u € X*. Also, ¥,
maps bounded sets to bounded sets uniformly for A € [1,2].

Now we show that W, satisfies the conditions of Theorem 3.2.

Lemma 3.5. Under the assumptions of Theorem 1.4, there exists a sequence Ty, —

+00 as k — oo such that

be(A) =  inf  Uy(u) >0,

UEZ,||ull xa=rk

where Zy = &2, B; = span{wg, ...} for all k € N.
Proof. For any 2 < g < +00, we set

(3.19) Br = sup lllq , VkeN.
wez,, |[ul|xe

It is clear that 0 < Bry1 < B, so that Bx — 3. For every k > 0, there exists uj € Zj,
such that ||ug|x- = 1 and |Jukll, > %’C . By the definition of Zj, we have u;, — 0
in X and by Remark 2.2, we have u;, — 0 in LI(R”). Thus, we have proved that
B =0, and hence 8, — 0 as k — oo.

In view of conditions (f1) and (f3), for any given ¢ > 0, there exists a positive constant

6. > 0 such that
(3.20) F(t,u) < eu® +0|ul, VtucR.

Hence, for any u € Z), and € > 0 small enough, by (3.19) and (3.20), we get

min{a, 1}
> 2L s cul - A8 ul

(mm{a’} _ 5) ull%e — ANeBull%a-
2 ao

\I/,\(u)

For any k € N, let

( At )
Ty = " .
min{a, 1}

35



A. A. NORI, N. NYAMORADI, N. EGHBALI

Then, we have

be(A) = inf U, (u)

UEZk, ||lullxa =Ty

. min{a,1} Ae
inf [( - ) ullee - Aesﬁznun%@}

UEZk, ||lullxa=T) 2 ap

. . q ﬁ _
> (mln{a, 1} _ e minfa, 1}> < A0 ) =bp — +0o ask — oo,

Y

2 ag q min{a, 1}
(because B — 0 as k — oo and ¢ > 2). Hence for € > 0 small enough, we have
bi(A\) > 0.
O

Lemma 3.6. Under the assumptions of Theorem 1.4, for the sequence {ry} obtained

in Lemma 3.5, there exists 0 < ry < py for all k € N, such that

ar(A) = max Uy(u) <0, forall Xell,2],

u€Y, |lull xe=pk
where Y, = @?zlE]— = span{wsy,...,w;} for all k € N.
Proof. For any k € N, there exist two constants 7,72 > 0 such that
(3.21) [ull2 < mflullxe and Jul|xe < nallulla

which is due to the fact that all norms on finite-dimensional space Y} are equivalent.

Next, by (f1), (3) and (f6), for any o > 0, there exists a constant ¥ > 0 such that
1
(3.22) F(t,u) > ZQU4 —9u®, VtucR.

Then, for any u € Yy, by (3.21), (3.22) and (3.23), one has

MH“H%{

b A
U@ < M + 5 lullee — Jollull + A0]]3
max{a, 1} b A
< P e+ Ll — Jondllulln + A0n?llul%e
max{a, 1} b A
(3.23) = (=5 20 ) lullXa + (5 = Tonz ) lullxe.
2 4 4
Now we take g large enough to satisfy
b A
- —— 0.
1 79 <

Then, we can choose ||u||x« = pr > 0 large enough to obtain
ai(N) = max Uy(u) <0.
wEY, [|ull xa=pk
Lemma 3.6 is proved. O
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Lemma 3.7. Under the assumptions of Theorem 1.4, there exist A, — 1 as n — oo,
and {u,(k)}5L, C X such that

sup [|un (k)| xe < oo, Wy (un(k)) =0,

Uy, (un(k)) € [br, e,

as n — oo, where ¢y, := sup,cp, Vi(u).

Proof. It is easy to see that the conditions (T1) and (T2) of Theorem 3.2 are satisfied.
Therefore ,by Lemmas 3.5 and 3.6 and Theorem 3.2, we can obtain the result. O
Proof of Theorem 1.4. For the sake of notational simplicity, in what follows we
use the notation w, := u,(k) for all n € N. By Lemma 3.7, it suffices to prove the
boundedness of {u,, }52 ;. If not, passing to a subsequence if necessary, we can assume

that ||u,||xe« — o0 as n — oo. Define v, := So ||vn|lx« = 1. Hence, X* is a

Un |l xo
reflexive Banach space (X is a Hilbert spac”e),”;(nd so, by passing to a subsequence
(for simplicity denoted again by {u,}) if necessary, by Remark 2.2, we may assume
that
vp — v, weakly in X%,

(3.24) v, — v, strongly in L9(R") 2 < ¢ < o0),
v, = v, a.e.teR.

We consider two cases: v # 0 and v = 0 in X“.

Case 1. Let v # 0 in X®. In view of Uy, (uy) € [bg, ], we get
b ~ 1
T R R
R

Dividing by ||u,|%« both sides of the above equality, we obtain

(t,u
(3.25) / n)
[
We set 2 := {t € R: v(t) # 0}. Observing that meas(2) > 0, and for ¢t € Q

F(t
lim (711") = 400,
n—00 ||up [y o
we can apply Fatou’s lemma to conclude that
t F(t

lim/ un) —=dt > lim (77;6")dt:+oo
n=o0 Jg ||tn|ka n=o0 Jo [|unxa

which contradicts (3.25).

Case 2. Let v =0 in X“. We define

(3.26) Uy, (Tpuy) := max ¥y (zuy),
z€[0,1]
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and use (3.20), to get
(3.27) / Pt vn)dt < a/ fon [2dt + 96/ 0|7 = 0, as n — oo.
R R R
Hence, choosing n sufficiently large and using (3.27), we can write

Wy, (Tnun) = Uy, (vn) = &[5 |—cc Df vy (2)|2dt + & (f]R| co D8y (¢ )\2dt)2
+3 [ L oa(®)]2dt — Ny [ F(t,va(2))dt
> LU o 30 + 4 (fi |- DR on(D)Pdt)”
2 L) |oa()2dt — Ay [ MO B (1 0, (1)) de > niel

meaning that lim, ., ¥, (z,u,) = 00. So, by Lemma 3.7, we see that \Ili\n (zpun)(Tpuy) =

0. On the other hand, by Lemma 3.7 and (f5), we can get as n — oo

00 a, (@) — 4‘11/\ (Tntun ) (Tntn)

_ /|_oo (@) |2dt + = / (6)nun|2dt
1

—l—)\n/ {4f(t7xnun)xnun—F(t,xnun)} dt
R

a a 2 1 2

— | lmeo D (un)"dt + — [ U(t)|un|dt

4 Jr 4 Jr

+>\n/ [1f(t7un)un—F(t, un)} dt
R 4

— WUy () — iw;n () () € [bes G,

IN

Therefore, the sequence {u,}22; is bounded in X.

Arguments, similar to those used in the proof of Lemma 3.4, show that there
exists a convergent subsequence of {u,} when A, — 1. Then, we may assume that
Up, — wy in X* (we know that {u,} is relevant to the choice of k). Also, we have
Wy (wy) = 0. Thus, ¥y has a critical point wy with ¥ (wg) € [Ek,Ek]. Consequently,
we see that {wg}72, is an unbounded sequence of critical points of functional ¥q = I
since Ek — 00. This completes the proof is the theorem. O
Proof of Theorem 1.5. We know that I € C1(X“ R) and, in view of Lemma 3.4, T
satisfies the Palais-Smale condition. It follows from (f4), (3.15), (3.20) and (3.22) that
I is even and I(0) = 0. In order to apply Theorem 3.3, we first prove the following

assertion:

(3.28) for any n € N there exists € > 0 such that y(I~%) > n.
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Let {e,}52, be the standard orthogonal basis of X, that is,
(3.29) llenllxe =1 and (e, ej)xo =0, 1<4i#j.
For any n € N, we set
(3.30) X =span{er,...,en}, Sp={ueX): ||u]|xe =1}

For uw € X, there exist u; € R, i =1,2,...,n such that
(3.31) u(t) = Zuiei(t) fort € R.
i=1

So, we have

330l = ( [ |u<t>|%dt>”1° _ (;m / |ei<t>|wt>$°,

and

ull X

/iO*Mqua”2+l@NU@Hﬁdt
R
= ;M?/ROOODtaei(t)F+b(t)|€i(t)|2)dt

(3.33) = > ek = ui.
=1 =1

Since all the norms of a finite dimensional normed space are equivalent, there is a
constant C’ > 0 such that

(3.34) Cllullxe < |lullgo foru e X2

In view of (£2), for u € S,,, we can take some Jy such that

335) [ Py = [ F(tZuiei(t)) @tz [ 3 et

i=1
We claim that pg > 0. Assuming that this is not true, for any bounded open set

Yo
dt .= Po-

J C R, a sequence {ug}ren € Sy, can be found to satisfy

Z pinei(t)
i=1

| utyreae = [ 3

where uy, = > i~ ke (t) such that > | p% = 1, and hence, we have

Yo
dt — 0, as k — +o0,

lim  pip 2= pg0 € [0,1]  and ZN?O =L
i=1

k—+o0
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Thus, for any bounded open set J C R,

/ n
J =1

Z pioei(t)

Since J is arbitrary, we have ug = Y. pioe;(t) = 0 a.e. on R, which contradicts the

Yo
dt = 0.

fact that ||ug||xe = 1. Therefore, we have

(3.36)
Z /-Llez t

/RF(t,u(t))dt = /RF <t,§:ﬂi€i(t)> dt > 77/0

Next, from (f2), (3.15), (3.32)-(3.34) and (3.36), one can get

J(su) = s;/R(a|_ongu(t)|2+1(t)u( dt+</| Do dt)
—/RF(t,su(t))dt

Yo
=po > 0.

s?min{a, 1 s*b
< TP e £ T e e Y \A [l
2 4
s?min{a, 1} s*b
SR L L T
s?min{a, 1} s*b
SR G O R
2 mi 1 4p
(3.37) < %Jr%—n(@s)%, VuesS, 0<s<9,

which implies that there exist € > 0 and o > 0 such that
(3.38) I(ou) < —e Yues,.

Denoting

Sy =A{ou: ue S}, Q:{(ul,---,un)eR": zn:u?<az},

i=1

and using (3.38), we conclude that

I(u) < —e Yuelsy,
which, together with the fact that I € C*(X®,R) and is even, implies that
(3.39) ST clI e,
On the other hand, it follows from (3.31) and (3.33) that there exists an odd homeomorphism
mapping ¥ € C(S7,09). By the properties of genus (see item 3° of Propositions 7.5
and 7.7 of [18]), we have
(3.40) YI7) = (S7) =n
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which completes the proof of assertion (3.28). Set

¢, = inf sup J(u).
" Aex, ueg ( )

Taking into account that J is bounded from below on X, we can use (3.40) to
conclude that —oo < ¢, < —e < 0, that is, for any n € N, ¢, is a real negative number.
Now, applying Theorem 3.3, we conclude that I has infinitely many nontrivial critical
points, and hence, the system (1.2) possesses infinitely many nontrivial solutions. This

completes the proof of the theorem. O
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AHHOTALIMA. Bo MHOrEX CiIydasx, re B M3MEDEHHAX MOXKET IPHUCYTCTBOBATH
OrpaHUY€HHAs HOIPELIHOCTD IS PACYETOB MOXKHO KCIIOJIb30BATh HEYETKUE Me-
TOABL. B Cilydae BOCCTAHOBJIEHMS BBIIIYKJIOI'O TeJa C IOMOIIBI0 KOBAPUOIDAMBI
MBI BBEJIX IIOHSATHE HEIETKOIO BBEIIYKJIOrO Tesa. B namuoit pabore Mbl mpeacras-
JiseM 3aBUCHINEe OT OPHUEHTAIMU HeYeTKOe PacCIpesesieHue CIydaifHOTO OTpe3Ka
M M3y4aeM HEKOTODBIE ero CBOMCTBA.

MSC2010 numbers: 60D05; 60A86; 53C65.

KurroueBble cJioBa: HEYETKOE BBIIMYKJIOE MHOXKECTBO; PACIIPE/EIEHIE CJIy4YaiiHOro
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1. BBEAEHUE

it BOCCTAHOBJIEHUs BBIYKJIONO TEJA BAXKHBIM HHCTPYMEHTOM SIBJISIETCS KOBa-
pruorpama ([1] - [3]). Ectb 4derkas cBa3b MeXKIy KOBApHOIDAMOIl M 3aBUCSIIAM OT
OpHMEHTALUKY PACLPEAEIEHUEM JJIMHbL CJ1ydaiinoro orpeska (cm. [3]).

OHAKO Yale BCero ecTh HeGOIbINNE TOrPEITHOCTH B U3MEPEHUIX, KOTOPhIE MOTYT
MPUBECTH K HEMPABWJIHHBIM DPE3yJIbTaTaM KACAMIINMCS M3ydaeMoro rejna. Ilosromy
KaK ¥ BO MHOTUX CIydYasX MOJEJTUPOBAHUS MOIPENTHOCTEH, H3MEPEeHus ¢ HHTEPBAIb-
HBIMY 3HAUEHUSMU (DYHKIUH, MBI UCITOJIb3YeM HEUETKUE QHAJOTH OOBIYHBIX PACUYETOR
(cm. [5]), Hagesch, Takum 06PA30M, BOCCTAHOBUTH KOBAPUOIDAMY BbIILYKJIOIO T€Ja B
HEYETKOM CMBbIC/IE (TO €CTh, TaKUM 0Opa30M, 4TOObI OHA BKJIIOYaja B cebd KOBapH-
rpaMbl MHOTHX BO3MOXKHBIX MHOKECTB).

B nameii npeapiayineii crarbe (cMm. [4]) Mbl Jasu Bce HEOOXOAMMbBIE ONPEIEJICHUST
JUIsT HEYETKOTO cyydasi 9Toi npobseMbl. CHavdasga Mbl BBEJIM TOHSATHE OOOOIIEHHOTO

lPaBora BHIMONHEHE, mpu (HbUHAHCOBOIT oaeprkKe [0Cy/1apCTBEHHOTO KOMHUTETA 0 HayKe MuHM-
crepcrBa 00pazosBanus u Hayku PA cosmectno ¢ Poccniickum poraoM QyHIaMEHTAMBHBIX HCCIIEL0-
panuil (koxer npoekros 18RF - 019 u 18-51-05010Apm-a coorBercTBeHHO). VccienoBanue epBoro

aBTOPA ObLIO TakkKe nouepxkano Llenrpom Maremarnueckux VccienoBauuit Epesanckoro Iocygap-
CTBEHHOI'O YHUBEPCHUTETA, a TaKKe TeMaTHYeCKHM rpanTtoM 7 18T-1A252.
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HEYETKOTO PACIIPEIEICHNs, ABJsionieecss (DyHKIMeH TPUHUMAIONEH HEYEeTKHNE 3Ha-
yenus (T.. HEYETKUE UUCIIA). 3aTE€M MBI JAJH ONPEIEJICHUs HEIETKOTO BBLIMYKJIOrO
MHOYKECTBA M HEYETKON KoBapuorpambl. Taxkum 00pa3oM, HEUETKOE BBIMYKJIOE MHO-
KECTBO CTPOUTCSA MPUOABJISAS W OTHUMAsT HEYETKOE UUCJIO OT M3HAYAJIHHOTO TEJIa HO
[IPHU 3TOM IPpUOABJIsis PA3MEPHOCTb HAYAIBHOTO TeJia Ha 1, mpeBpalias ero B He4eTKoe
MHOKECTBO C OJHUMW U TEMHU YK€ (-YPOBHSIMU.

To ecrtp Bhiykii0e Tesio D C R™ mbl mHemuoro moauduiupyeM, IpeBpamas ero
B HEYETKOE TEeJIO C HocuTeseM B R™, v MIPUHUMAIOIIEE T€ XK€ 3HAYEHUS JJIsd BCEX (-

YPOBHEI, a 3aTeM mpubaBseM

a:D+Aa

]

U OTHHMAEM B CMbIC/Ie XyKyXapbl

Do =D~ B,

HEYETKHE MHOXKECTBa ¢ HocuTeasaMu B R™ u ¢ Ay, B, a-ypOBHSIMH, HAYAJI0 KOOPAUHAT
NpUHAIIEKUT A, 1 B,,.
B koHeyHOM MTOre Mbl OLpee/sieM HEYETKOE BBIIYKJIOe MH2KECTBO € IIOMOIIBLIO

Q-yDOBHEH CIIeLyIOmuM 00pa3oM:
D, ={G: Geomyxmou Dy C G C D,}.

STO MOXKHO CAeJIaTh B HEKOTOPOM CMBICJI€ TOJIBKO IJIsA BBIITYKJIBIX TeJI.

Ucnonb3ys s10 onpenesenue, B pabore [4] Mbl m0Ka3anu, 910 D YZIOBIIETBOPSIET
BCEM CBOMCTBAM HEYETKUX quces1, 3a HCKJIIOYIYEHHUEM TOr'O, YTO €r0 3HAYEeHUud HEe YuCiIia,
a BBIIIYKJIbI€ MHOXKECTBA.

Jlajiee MbI ONIPEIEINIIN HEIETKYIO KOBAPUOrpaMy Kak (DyHKIIMOHAIBHOE 0000ITeHe

0OBIYHOIT KOBAPUOTPAMBI, C Q-YPOBHsIMU 33/IJaHHBIMU B CJI€/IYIOLIEM BUIE:
Co(D,u) = C(Dy,u) = {C(G,u) : G € Dy},

rae u € R", C(G,u,t) =V, (GN (G + u)), u V,(-) n-mepuas mepa Jlebera.

Camoe BazKHOE CBOHCTBO C(LN)7 u) 9TO TO, UTO JJId JAHHOTO U OHA SIBJISIETCS BbI-
IIyKJIBIM 9YHCJIOM. ILBa BO3MOZKHBIX J10Ka3aTEJIbCTBa 6I)IJII/I Haﬁ,ﬂ;eHbI, OJIMH U3 KOTOPbIX
npejcTaBieH B [4].

Janmee MBI Taau 9KBUBAJEHTHOE ONpe/Ie/eHne KOBAPHOTPAMbI ¢ TIOMOMIBLI0 OPHEH-
TaIAN U U JJIAHBI CIEIYIOMMIM 00Pa3oM .

Co(D,u,t) = C(Dy,u,t) = {C(G,u,t) : G € D}
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c C(G,u,t) =V, (GN (G +tu)), m u € S""1, t € R. B pabore [4] 6bu10 nokazano,
YTO B JJAHHOM BWJIE HEYETKAsl KOBAPUOTPAMa, sIBJISETCS HedYeTKOl (pyHKueir no ¢, mjis
JAHHOTO HAIPAaBJIeHHS U. 1O €CTh MOXKHO BOCIIONB30BATHCA U@ (epEeHITHPYEMOCTHIO
mo XyKyXape ¥ WHTErpUDPOBAHUEM O AyMmamy.

O Hako HeYeTKas KOBapuorpama Moxker ObiTh He aud epertnupyeMa mo XyKyxXa-
pe. [ToaTOMy MBI BOCTIOJIH30BAJIMCH HHTETPAJIOM AyMaHa, 9TOObI MTOJLy 9UTh 0000IeHe
3HAMEHHUTON TeopeMbl MarepoHa Jijiss HEe9eTKOro CJIydasi, KOTOpasi MPUHSIA CJIeyT0-

Wi BUT:

CoD,ut) = | <—/0t(1—Fa,9(u,u))bﬂ,a)(u)dv>,

Qe €010 (u)

rae
Q1.0(u) = {Qig(u) : G € D,},
Q¢ (u) = {mpsivble mapasutenbHble u W Mepecekawomne G},

a Fyq(u,t) SBISeTCS HEUETKUM pacIpe/efeHueM [JINHBI HePeCcedeHns IPSMbIX Ma-

palIeNbHBIX U ¢ JaHHBIM , € Q) o(u) u b o(w) = Vo1 (IIr, £ Q,), tae
ITr,. G = {oproroHasnbHast mpoeknusi G Ha MMIEPIIIOCKOCTH ¢ HOPMAJBHBIM BEKTOPOM U }.

" tak MBI MMeeM HEYeTKOe HU3MEPEHHE T.e. HEeUeTKOe HAOIIOAEHUE i IJIMHBI.
MbI JOJIKHBI TOCTPOUTH HEYETKYIO (PYHKIIUIO PACIPEIETIEHNUs, C TIOMOIIBI0 KOTOPOi
MBI MOYKEM BOCCTAHOBUTH HEYETKYIO KOBAPHOTPAMY JIJISI BCEX BO3MOYKHBIX HEUYETKUX

MHOXKECTB MEXKJy MaKCHMaJbHbBIM U MHHUMAaJIbHbBIM HEL6J'[IO,ZL€HI/IHMI/I.

2. 3ABI/ICHI_HEE OT HAIIPABJIEHVWS HEYETKOE PACIHPEJIEJIEHWE JIJINMHBI

CJIYYANHOI'O OTPE3KA.

Teneps mycTh MBI IMeeM HAOJIIONEHUS IJIMH OTPE3KOB (DUKCUPOBAHHON mywHbI [. {1

3a/IaHHOM JJIMHBI Mbl KMEEM CJiejylollee omnpejaesenne s G:
Qg1 (u, G) : {Bce oTpe3kn AnuHLL | MapaJlTeNbHbIE U, U Hepecekaonme G}
u B Oostee saBHOI popme
Do1(u, G) = {(z,y) 1z € Ir, . G,y € [-1/2,xa(u, x) +1/2]},

rae x¢(u, ) — IIMHA XOP/ABl B HANPABJIEHUA U UCXOIANIAS U3 TOYKU X MPOEKIUN.
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3amMeTnM, 9YTO KOI/1a UMEET MECTO OIMMUOKA B M3MEPEHUH, TO [JINHA, XOPbL U JIJINHA,
CIIy9aiiHOTO OTPE3KA MOTYT CUMTATHCS HEIETKUMU. 1O €CTh CYIeCTBYET IBA UCTOYHU-
Ka HEYETKOCTH, TEPBOE — JIJINHA XOP/IbI, U BTOPAs — HEYETKOCTh B M3MEPEHUIX Hepe-
cevenns. Mbl moka GepemM OIWH MCTOYHUK HEYETKOCTH. B maspHeiIeM Mbl TOKAXKEM
YTO UCTOYHUK HEYETKOCTH HE SBJISETCsS MPUHIMIAAIBHBIM, TAK-KAK COOTBETCTBYIO-
IIIie BBIPAYKEHWS OMHAKOBBI B CMBIC/IE PACIPEICICHUS.

O06bIuHOE, 3aBUCHIIIEE OT HAIPABJICHUS PACIPE/EJICHUE JJTMHBL 33/1aeTCs 10 CJIeLy-
foreit popmyite:

Vau(B&?)

Vi (Q2,0(u))

rae BE® = {(z,y) € Qo (u) : |L|(z,y) < s} nim HHBIME CJIOBAMH BCE OTPE3KH BCEX

lqld(u,s)::

PSAMBIX JIAHHOTO HAIIPABJIEHUS, [Jisi KOTOPBIX JIJIMHA [EPECEYEHUs C TEJIOM MEHbIIe
JTAHHOTO S.

Wcrounnk HEYETKOCTH 1O CyTH sBJiseTcs uMeHHO u3mepenue. OHAKO, MOXKHO 110~
JIoiTH K ToMy (bUKCUpyst HabmoAeHus (T.e. UMes YBEPEeHHOCTh B HAOJIIOJAEHUAX) U
BOCIIPUHUMAS JTAHHOE BBIMYKJIOE TEJIO KAK HEYETKOE (T.€. HEUETKOE BBIMYKJIOE TEJIO U

6esoimbounble HabMoneH s ). B aTOM cityuae umeem ciyiyronie 0603HAYEHHUS.
Qo1.0(t, D) = Qo4(u, Do) = {Q2,(u,G) : G € Dy}
Jlasee 0603HATNM
B%ga = {{(z,y) € Q(u,G) : makme wro |L|(z,y) NG < s}: G € D,}.
0 JPYTOMY 3TO MOXKHO CJI€JIaTh 33/1aB HEYETKYIO (DYyHKINIO pacrpeeseHns
Fipal(u,8) = [infoep, Fioi(u,s), supgep, Fioi(u, s)] -

SaMerumM, 4TO 3TO JOJIZKHO ObITh 3aMKHYTHIM HHTEPBAJIOM, XOTS I1IOJLY3aKPbITUIl
HMHTEPBAJI MOT ObITh TOCTATOYEH C TOYKH 3PEHUs T€Opun BeposiTHOCTEl. Jleo B ToM,
aro Flp (u, $) MOMKEH OBITH HEYETKUM YHCIOM JIJIsT BCEX U W S, M MBI MOYKEM TI€per-

CaTb

ﬁ"LLa(m s) = [mmGeDaFIL\ (u, s), margep Flr| (u, s)]

VYrBepxkaeHnue 2.1. F‘Lm(u, 3) Asasemca Hewemrum pacnpedeseruem. (Onpedeaenue

Hewemxozo pacnpedenenus cm. [4]).

JlokazaTeabCTBO OYE€BUIHO.
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TeopeMa 2.1. Umeem mecmo c,/Le(?ywuee Hewemroe cCoomHoweHue
HU,S
F V"(BD,Q)
IL‘,(X(UW S) C ——————W—.
V(22,10 (u, D))
[Ipex e gem mepeiiTi K JOKA3ATEIBCTBY A UM HEOOJIBIIOe YTOIHEHNE.

Sameuanne 2.1. Tepmun nHewemroe COOMHOUEHUE 30€CH UCTIONLIYETNCA 6 TNOM CMBLC-

A€, YN0 YKA3AGHHOE OAs Q-YPOBHET COOTMHOUWEHUE ABAALTNCH NPAGUALHOM OAA COOM-

sememeyrouur nevemrur wucen. Vo Qo q(u, D)) u V, (B}?)) 3adanw kax nevemxue
:

Yucaa, mo ecmsv OHU NPUHUMANTM 6CE BO3SMOHCHBLE 3HAYEHUA 0./1,.51 BCEL INEMEHTNO6
Vn(QQ,l;a(lhD))
Va(Bp )

3HAMEHAMEND H’u%oeaa HE NPUHUMAETT 3HAYEHUE O

6 Qa1.a(u,D) u Bg’fa, U MO HCE CaMOe 0N . Tax orce 3amemum, ¥mo

To ecTh 1jisT TOKA3aTEJIbCTBA, MBI JOJYKHBI IMOKA3aTh UTO 00€ YaCTH SIBJISIOTCS
HEYeTKUMU YUCAaMU (UM HeYeTKUMKU CPDABHUMBIMU OObEKTAMU), U YTO JAHHOE COOT-

HOIIIEHWE BBIIOJIHAECTCS sl BCeX a-ypoBHeit ([5,6]).

oxasameavcmeo. Cragana nokaxeM, ato Vi, (s o(u, D)) u Vi, (B%® ) mederkue
sty D,«a

9nCIa, 33/1aBas uX a-ypoBHH. [t 9TOrO paccmorpum
Vi(Qa.1.0(u, D)) = {V(Q4(u,G)) : G € Dy}

Bamerum, uro V,,(Q2,(u, G)) mpuHIMaeT Bce 3HAYEHHIE MEK/Y MUHIMAJBHLIM U MaK-

CUMAaJIbHBIM TEJIaMU. O

Jemma 2.1. V,,(Q2,.4(u, D)) newemsoe wucio ¢ a-yposnem:

Va(Q2,,0(u, D)) = [Va(Q2,4(u, Da)), V(22,1 (w, Do)))-
Joxasameavcmeo. Ormerum, uro Dy C Dy u Ilr, . D, C Ir,. D, (um . Do) C
Q) 5-(w) 1 xp, (v, ) < x5, (u,z) A07 Beex @ € Ir,. D, OTKyaa MOIyHaem

Vi (2,(u, Do) < Vi (Q2,(u, Do)

TaK Kak js m060ro x € Ir, . Do uveem [—1/2, xp, (u, ©)+1/2] C [~1/2, x5 _(u, )+

@) +1/2)}) <
v, ({(m,y) . 2 € ry. Dy, y € [<1/2, xp, (1, 7) +1/2] ) <
Vi ({(z,y) cx€llryDy, y € [—l/2,XDfa(u,x) + Z/Z]}) = Vn(QgJ(U,Dia))

Jastee ormeruM, uto snadenue V € [V, (Qa,(u, D)), Vi (Q2,(u, Dy))] mpunnmaercs

1/2], To ecthb

Va(Q2,(u, Do) = Vy ({(a:,y) cw€lry Dy, y € [~1/2,xp, (u

HEKOTODPDbIM BBIIIYKJIbIM T€JIOM B Da. ,H.TIH 3TOI'0 JOCTATOYHO II0Ka3aTh 3TO JAJIAd MaJIbIX
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U3MEHEHHI U g Olepanuu BKaodenue. Tpusnanbubie ciydan, korna Dy, = D, wn
Vi (Q2,1(u, &)) = Vo (Q2,(u, ﬁa))

Korna xe V,,(Q2,(u, Do) > Vi(Q2,(u, Dy)) Gepem pocrarouno manoe e > 0,
Vi (Q2,(u, Do) > (1 + €) Vi (Q2,(u, Dy)). Teno, KoTopoe HAC HHTEPECYET MOKHO TI0-
ayantb 838 r, 1 G = Ilr,. Dy u xg(u,z) = (1 + €)xp,, (u, ) + €l, ecm 310 BO3-
MOXKHO, B NMPOTUBHOM CJIy4Yae MOYKHO IOJIOXKUTh HTuLﬁa C IIr,. G » mepe3agars
XOP/TBI.

Ocranocs nokasarhb, 94To eciau S > a, TO UMEEM
[Va(Q2,1(u, Dp)), Va(Q2,1(u, Dp))] C [Va(Q2,1(u, Da)), Vo (Q2,1(w, Da)))-
DTO MOXKHO CeJIaTh, TAK KaK

Do C Dg CDg C D,

a TaKXKe
HT'UL& C HTUL% C HT’uLDiﬁ C HTuLDia
n
(2.1) [=1/2, XD, (u,2) +1/2] C [=1/2, XDy (u,2) +1/2] C

c [_l/2a Xﬁﬂ(ua {E) + 1/2} c [_1/27 Xﬁa(uv .’E) + Z/Q]
IJid BCEX T € H'f’uLba. OcraspHOE 09EBHIHO.
Ocranoch mokKa3aTh HEMPEPHIBHOCTH, 9TO MOXKHO CIEJIaTh AHAJOTMYIHO METOIY B
[4]. O

Jlemma 2.2. V,(BJ)) newemkoe wucao ¢ a-yposHamu u
;

Va(Bi52) = [Va(B2), Va(Be)|

Aorasamersemso. Buosb ucnonssys Ir,. Do C Iy Do u [—1/2, xp, (u,2)+1/2] C
[—1/2, x5 (u, ) + /2], nomyqaem
02,(u, Do) C Q2,(u, Do),

WK APYTUMHA CJIOBAMH, BCAKHUIl OTPE30K mnepecekarormit D, 04eBUIHO, IepeceKaeT

u D,. To ecth

VaBY) < Va(BLY),

Haree 3amerny, 1To Kaz1oe snadenne V € |V, (Bp”), Vo (BLS)| peanmsyetcs mexo-

TOPBIM BBIMYKJIGIM TeJIO0M. BHOBb paccMoTpuM cirydail Maibix n3dmenenuii. Iraopu-

pPys OYeBHAHBIE CAyYal MUHUMAILHBIX ¥ MaKCUMAJIbHBIX T€J, MbI Oepem V, (Bg:) <
Va(B: ) > (1+Va(Bp).
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s TOro, 9To0BI MPUBECTH AHAJOTMYHBIE BBIYUCJICHUS, 33aIAM Bg’s B OoJtee

arrOi (popme. JIeTKO 3aMeTUTH, UTO
Bg® ={(z,y) € Qu(u,G) : |L|(z,y) NG < s} =

= {(Z‘,y) S Hruin y e [_l/z’s - l/2] U [XG(U,J)) + l/2 - S,Xg(u,l') + Z/Q]}
Ormernm, uro ecmu [—1/2,s — /2] N [xg(u,z) +1/2 — s, xc(u,x) + /2] = ), nnuna
MHOKECTBA, BCEX BO3MOMKHBIX CEPEIUHHBIX TOUEK 25, M HE MOXKET ObITh W3MEHEHA.

TMosToMy 9TOGBEI MOHATH U3MEHEHHs] MBI JIOJZKHBI PACCMOTPETH CIIy9Iam, T H3Me-
HEHWe JIMHBI XOP/Ibl NPUBEJET K u3MeHeHnto yciobus [—1/2,s —1/2] N [xa(u,x) +
/2~ 5, X 2) + 1/2) = 0.

Hqs sroro onpenennm noamuoxkectsa Ir, ;o G C 1r, . G qya KOTOPHIX BBITIOJIHSA-
ercsa maHHoe ycaoBme. s BCeX OCTATBHBIX TOYEK

xa(u,z) +1/2—s<s—1/2 wm xg(u,z)<2s—1.
st IepBO# YacTH UMeeM
[=1/2,s = 1/2] U [xc(u, ) +1/2 — s, xa(u, ) + 1/2) = [-1/2, xa(u, ) + 1/2].

Orciona BeITEKaeT

VW(BZJ,S) - (XG (ua Z‘) + l) dx + 2s Vn—l(Hru,sLG)

/{L‘EHT‘ML G xa(u,x)<2s—I

/ (xa(u,z) +1)dx 425 V;, 1 (Ilr,, 1 G).
H""ui G\H’l‘u QLG

OtmeTnM, 9TO MBI HE MOXKEM U3MEHSTDH JIIMHBI OJHUX XOPJ, He TpOorasi APyTHe, TaK
KaK 3TO MOXKET HAPYMIUTHh BBIMYKJIOTh. [lo3TOMYy mocrymnaem ciemyioinmm oOpa3om -

HE JaBad ABHOI'O BbIPDAXKEHUA IJIA HBMQHeHHﬁ, JJIA JIFOOOrO 3HAYEHUST

V€ [Va(BE), V(B

u,s
5,)

MOXKHO CI€JIATh COOTBETCTBYIOIIME H3MEHEHUs (DOPMBI T€JIA, ITOOBI TOJYIUTh
Do CGCD, n Vo(BY)=V.

Jlst moxazaTehCTBa NCCaeayeM, 9To Gy IeT, ecitu MBI BosmeM X ¢ (u, ¥) = (1+€) xp, (u, T).
B stom caydae momydaem 3 momMHOXKeCTBA.

I Tr,,GDIlr, D,

IL. TIIr, s+ GN (HruL& \ H’,’u)sj_&)

mr.  (r,.G\1r, +G) N (IIr,+ Dy \ Or, g+ Do) =1Ir,. G\ r, .. G.

Hnsa I umeem: 25V, (Ilr,, 1 G).

s 1T umeem: f( u, ) + 1) dx.

Mr, . G\llr, . G)ﬂl'[rul&(XG(
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Jna 111 nveem: f(HTuLG\HTu L G)N(Ilr, L D\TIr, SL&)(XG‘(% x) +1)dx.

CpaBHUM TIOCTIEIHNE IBE BEIWUWHE:

(o ()4 dot [ (x(Da(us ) +1) dot

/(HruL G\lIr, .. G Mr, 1 GN(TIr, L Da\ITr, 1 Dy)

u,s

2s Vn(HruvsL&)V/ (xa(u,z) +1)dx + 25 V,,(IIr,, 1 G).
(HTHL G\Hru,si G)

Haunem ¢ IIocjaegHero cjaaraemMmoro
2s Vn—l (Hru’si G) —2s Vn—l (HTU’SL&) =2s Vn—l (HTU’SL G \ Hru’si&)

tak KaK Ilr, o G D 1lr, ;1 Dy,.

Jlasee paccMOTpUM Pa3HOCTH

/ (xe(uy2) + 1) dr — / (X () + 1) di =

H"',ML G\Hru‘sL G H’I‘ul G\Hru,sL G -

/ (x& () — xp, (u, 7)) da = / e Xp, (1, 2)) dz =
HT‘uJ_ G\HT‘u 1 G H’I"uJ_ G\Hru,sl G

€ / XD, (u,x)) dz.
Or, . G\llr,, . G T

TTonyuaem

Va(B&®)=Va(Bp?) = 25 Vi 1 (Tlry, 41 G\HTU,SL&)—FG/ Xp,, (u,z)) de—
B Ir, o G\lIr, |G ~—

u,s

(XD (u, ) +1) da.

/Hru,si GQ(HTHL&\HT%SL&)

Boiee nozgpobno pacemorpum Ir,, oo G\Iry, g1 Do ullr, o1 GN (Hrw& \ HTU"SL&) .
Or, s+ G\ 1r, s+ D, na caMOM Jiejie ABJIAETCA MHOXKECTBOM:
XD, (U, ) <25 =1 < (1+€) xp, (u, ).

Ocrasmasicss wacts IIr, 1 G N (H"’uLDa \ IIr, SLDQ) B TOYHOCTH TOKe camoe. To
; Za st a

€CTh MOXKEM 3alucaThb

Vi(B&®)=Va(Bp?) = 25 Vi1 (Ilry, o G\Iry o1 Dy ) +€ / Xp, (u,z)) dr—
- HTuL G\HTu7SLG -
/ (xp, (u,z) +1)dx =
HTu slG\Hru,sJ—& o
/ (25 ~1 = xpy (w,2)) do - [ XD (4, )) do.
Hru‘sL G\HTu,sL& T H’I“uL G\Hru,siG T

Kpowme Toro, nmeem

0<2s—1—xp,(w,z)<exp,(u,).
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CJ’Ie,ILOBaTeIIbHO, TIoJIy9aeM

n

Vn(Bg7S> < Vn(B%’:)—’_G (/ XDao (’LL,(E) dx +/ XDa (u,m) d{l?) '
— II HTHLG\HTu 1 G

L G\Hru,sL&
Ocrajioch MOHATH UMEET JIU MECTO ODPATHOE, T.€. MPUBOIUT Jid OOJIBINIOE 3HAUEHWE
€-a, K MEHbIIIEMY 3HAYEHUIO OrPAHUIEHUS .

Yewm Gombmme g, Tem Gombime Ilr,, ;1 G w0 6ombIlle MHOKECTBO TOHEK, [ KOTOPBIX
xoppl Jyanee, u TeM Menpie 1r, . G\ Ir, ;1 G gacrs, rae xopast kopoue. To ecrsb
qeM OoJbITie € TeM OOoJIbinie 3HadYeHue orpaHwdeHus. OYeBUIHO OrpDAHWYEHUE MUHU-
MaJIbHOE TAK-KAK €r0 HEJIb3sl C/IeJIaTh MEHbIIIE.

C apyroii CTOpPOHBI, OYEBUIHO, YTO ITO HEMPEpPbIBHbIE (DYHKIMHU IO €, TaK 9UTO

MOKHO B3sTh BCSIKOE JKeJIaeMoe 3HadeHue V € [Vn(Bg’j),Vn(Bl’g’s)] Tak Kak MBI
nMeem
Vo (Bg&®) = Vo (B(Da)™®) +/ (2s — 1 — xp, (u,z)) dx
Hru)sl G\IIry sperpDa —

—|—e/ Xp., (u,x) dz.
Or, . G\Ilrg- .G~

Mur mozkem yTBEPZKIaTh TO Ke CaMoOe IJId KOHKPETHOTO 3HAYE€HUA, a HE JIJId OTPDaHU-
YEeHUA.

Jlanee mokazkeM, 9TO

Va(Bp,): V(B € [Va(Bp,), Va(By-)]

st B> a. Ucnonb3ys (2.1) MOXKeM yTBepKIaTh

Qg,l(u, &) C Qg,l(u, %) C QgJ(U,Dig) C QQJ(U,Dia)

N Tak nmeem

Vn(Bg) =Vo{(z,y) : @ € ryr Dy, y € [=1/2,5—1/2|U[xD, (u, x)+1/2—5, X D, (u, x)+1/2]}) <

Va
Vi
Va

(
(
(

{(z,y
{(z,y
{(z,y

) @ €Ilry. Dg, y € [=1/2,s=1/2]U[xp, (u, 2)+1/2—5, X D, (u, 2)+1/2]}) = Vi (Bp,ue) <

)t @ €. Dy, y € [~1/2, =1/ AU (u, ) +1/2—5, X (s 2)+1/2]}) = Vi (Bpyzos)

IN

Y: @ €Mryi Dy, y € [—Z/Q,s—l/Q]U[xm(u,x)+l/2—s,XD—a(u,m)+l/2]}) = Vn(BD—au,s).
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OcraJjioch MoKa3aTh HEIIPEPLIBHOCTD, 9TO MOYKHO CHIEIATh aHAJOTHIHBIM 00pa30M Kak
B [4]. O

3. ITPOTOMIKEHUE JTOKABATE/IBCTBA TEOPEMBI

1 Va(BbW)
3 JBYX JIEMM MBI HOJYSACM, HTO {5 ——ZtTsss TOKE HEUCTKOC 4HCII0 (mo pac-
mupennto 3a9, cM. [7]).
Ocrasoch okKa3aThb
V HU,S
min Fi(u,s) > min%
GeD, Vi (Q2,1,0(u, D))
u
Vo (BYS
max Fjr(u,s) < max M.
Geb. Vi (Q2,1,0(u, D))
To ecTh ISt KaxKIOTO (-yPOBHS HMEEM
Vi ”]:‘J,Z ) min V;, (B ) Va(BE?)

min = =

Vo @ora(w, D)) maxViy(Qara(w D))  Va(Qoi(u, Da))

Homnycrum, uro D, # D, HHAYe HEYETKOCTH GECCMBICICHA.
CHa9aJI10 OTMETHM, 9TO
u,s
Va(Bp,)
> ——2>0
Vn (QZJ (’LL, Da))
910 cienyer u3 daxra, 9r0 D, MOXKET ObITH TOYKOM, TEM CAaMBbIM MpPEBPAIIasi 3HA-
menaresb B 0, u us-3a 1oro, 4ro Vi, (Qa(u, Dy)) > Vi (Q2,(u, D)) > Vi (Bp) uo
u,s T
onpegenenuto B”.

Bonee Toro 3amernm, uro st Besskoro G € Dy,

Va(BE) 2 V(B

Vn(QZ,l(uaG)) § Vn(QQ,l(u7Ea>)~

Bozuukaer Bompoc — cymectByer gu G* € D, Takoe, 9TO PaBEHCTBO MMeeT MECTO
OTHOBPEMEHHO /I IBYX CaydaeB. Boobie roBopst oTBeT orpuriaresien. Tem He menee

nMeeT MeCTO CIIeAYIOMUHA pe3yabTarT.

Jlemma 3.1. Jlas Dy C G* C Dy, ecau Vo (BE) = Vo(BET) w Vi (Q2,(u, Do) =
Vi (Q2,1(u, G*)), mo doasrcro umems mecmo Ir, . Dy = Ir,. Dy n.6. (neobzodumoe

HO He docmamovtoe yC./LOB’U,G).
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Hoka3zarenabcTBo. I3 paBencTna
Va(BES) = Va(BYY)
CJIeJIyeT, 9TO
Mr,.G* =Mr,. D, ..
KOTOPOE BBITEKAeT U3 CJIeIYIONIUX COOTHONICHUI
Val{(z,y) : ® € IIr, . (G*"NDy),y € [—1/2,5—1/2]U[xa= (u, x)+1/2—s, xg+ (u, x)+1/2]}) >

Vn({(l', y) RS l_IruL (G*ﬂ&), y e [71/27 571/2]U[XD70¢(U’ .Z‘)+l/2*8, X&(Uv x)+l/2]})
So if lIr,1 Dy C Ilr, . G* then

Val{(z,y) : @ € IIry D \r, 2 G*,y € [—1/2,5=1/2]U[x G+ (u, x)+1/2—5, g+ (u, x)+1/2]}) = 0,

vyro oznadaer Ir,. G* =1Ilr,. D, 1.B..

3amerum Takke, 4TO
Vo (Q2,(u, Da)) = Vo (Qa,1(u, G))

OTKy/da Cleayer, 9To
HTULG* = HTULEQ .

Tak Kak mHaue Mel mmeeM u3 G* C D, uto xg-(u,z) < x5 (u, ). Bomee Toro, B

CHIIy CKa3aHHOI'O BbLIIIE
XG~ (u> x) = XD, (u7 1')

JlLsl TOrO 4TOObI UMEJIO MECTO
Vo ({(@,y) 12 € Mryu Dy € [-1/2, x5, (u, 2) +1/2]}) =
Vo ({(2,y) s @ € Mry G,y € [=1/2, xG- (u, ) +1/2]}) .
To ecrb B KOHEYHOM UTOrE UMeeM

r,.G* =1r,. Dy =r,. D, a.e.

xG(u, ) = xp_(u,z) ..

Opnako Bo3MmoxkHa curyanus 1r,. D, = Hr(ul)Da m.B.. OCHOBHAST HETOXKIECTBEH-

HOCTB TpeOyeT, 9TOOBI 3TO HE BBIIOJIHSIIOCH XOTsd ObI B OTHOM HAIPABICHUH U. O

Taxke nnea paboraer u B cilydae 2-r0 HEPABEHCTBA.

Va(By)
max Fip|(u,s) < max ——————
GeD., Vi (Q2,1,0(u, D))
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V(B max V,, (BU) Vi (B)
max = =

‘/n(ﬁll,a(u:[)) min ‘/n(Q2,l,a(u7D) VW(QQJ(u?&)

OueBUIHO CYIIECTBYET § TAKOE, UTO

(u7s)
Va(BY)

Vi (Q2,1(u, Do)

Ho u3 nepsoro yrsepz<ienns Ml umeem, 4to F|r|(u, s) apigerca nederkoi dyHxiueit

>1

pacIpeaeieHnsa U He MOXKET NMPUHUMATH 3HAYCHUSA OOoJbInme 1.

Jlemma 3.2. Jua Dy, C G* C D, ecau V,(B&r) = Vn(B%S) u Vo (Q2,(u, Dy)) =

Vi (Q2,1(u, G¥)), donstcro umem mecmo Ilr, . Dy = Tlr, . D, n.s.
JlokazaTeabCcTBO aHAJIOTUYIHO Jemme 3.1.

3ameuanune 3.1. Samemum, wmo ycaosue obuiee 6 08YL NOCACOHUL NEMMAT 603~
MOACHO, AUWD 00HO U3 PEIYABINANOE MOICEM UMEMD MECMO (U HUKAK 066 00HOEDPE-

MEHHO).

Vrsepxaenue 3.1. Jaa dukcuposannozo s, o, u, cywecmsyem HeKul uHmepeas
A maxoti, wmo das xaxncdozo snavenus F € [mingcp Fir)(u,s), maxgep  Flrj(u, s)]

cywecmeyem D, C G* C D, (G* € D,) maxoe, wmo F = Fip(G*)(u,s).

3ameuanue 3.2. Imo ymeeporcderue onpasduieaem onpedeseHue F|L| (u, )] Komopoe

MbdL NPUBEAU.

Jokaszameabcmeo. 1o JOKaIbHOE CBOHCTBO. MBI HE CMOXKEM SIBHO TOKA3aTh BBIOOD

A. O6o3raMmM

F(’y,S) =7 mlp EL|(U,S) + (1 - ’7) max F‘\Ll(ua S)a
GeD GeD

@ [e3
rae v € (0,1) (Tak KaK rpaHUYHbIE CIy9an OYEBHIHBI MO OMPEEIEHHIO. )

Curenaem ewie cieayionye 0003Ha4eHust

. min
argmingep Fir)(u,s) =G

argmazrgep Fip(u,s) = G

OueBuHO 00a BbIPAXKEHUs 3aBUCAT OT S, ( U U.

Teneps paccMOTPUM CJIEAYIONIYIO BBITYKJIYIO KOMOWHAIIUIO

G(y) =7y G™ + (1 — ) G™™.
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PACTIPEJEJIEHUE JJTUHBI CJIVIATTHOTO OTPE3KA...
MozkHO yTBepXKIaTh
r,. G(y) = yr, . G™™ + (1 — ) r, . G™.
Bouiee roro, nust x € Ilr, . G(7)

XG(y) (U ) =7 Xgmin (U, ) 4+ (1 — ) Xgmax (u, )

n o Teopeme Bpyna-MuHKOBCKOTO mMeeM

(v (250@)) " =4 (v (985" @)+ -3 (i (085 )"

OcraBmasca 9acTh MEHee OYeBUIHA. Tak Kak

Bl ={(z,y) s w € Mrye G(y),y € [=1/2,5 = 1/2] U [Xa () (1, 2) +1/2 = 8, X () (s ) +1/2] } .

Ormernm, uTo B caydae ¢ (o MMEETCs TOMBKO OJUH OTPE30K, JIJIMHA KOTOPOTO MOZKET
OBITH MOy I€HA TPSIMBIM BHIYUCTEHUEM (B 3aBUCUMOCTH OT JIJTMHBI XOPbI). A B corydae
¢ B ectv 1Ba BapmanTa.

L xae)(u,z) <25 —1.

2. I ocraibHAasd 9aCTh.

Jljist IepBOro MBI OIISAITH UMEEM OfuH mHTepBaJs. s Broporo ciaydas nMeeMm 00b-
eIMHEHNEe 2 MHTEPBAJIOB B MO3TOMY JOJKHBI PACCMOTPETh HECKOIBKO HEIEePeCeKaro-
muxcst mopMuoKecTs IIr, 1t G(7).

L xgmin (u, x) < 25— n Xgmax (u, r) < 25 —1 1 COOTBETCTBEHHO X (~) (U, ) < 25 —1

IL. xGmin(u, 2) < 28 — 15 Xgmax(u,x) > 25 — 1, HO X@(y)(u,7) < 25 =1

L xGmin (u, ) < 25 — [; xgmax(u, ) > 25 — 1, HO X () (U, ) > 25 — 1

IV. x@gmin(u, ) > 28 — [; Xgmax(u,2) < 28 — I, HO X (y)(u, ) < 25 =1

V. xgmin (0, 2) > 25 — I; Xgmax(u, ) < 25 — 1, HO X () (u, ) > 25 =1

VL xgmin (u, ) > 25—1; xgmax (u, ) > 25—, & COOTBETCTBEHHO X ¢(~) (U, ) > 25—1

Boruuciienus ocraBmieiics 9acTu JI0BOJILHO TPOMO3IKO. He 3arpymHssa durarTeis
CKazK€M, 9TO MbI IIOKA3aJI1, 9TO [0 O6pATHOMY YCI0BHI0O MUIbMAHA IOy 9aeTCs Orpa-
HUYEHUE CBEPXY.

To ecrp umeem

V”(Bg’(s“/))

d(y) F(y,s) > F(G(7),s) = ————2"_
Y Y Y Vn(Qgg’Y)(u»

> c(y) F(v, ).

To ecrb jgocrarouno, uyro F(v,s) u F(G(Y),s) HenpepbiBHbie BDYHKIMOHAIbI, 4TOObLI

yTBEpPKIaTh, 4To /171 jiroboro 7y € (0, 1) cymecrsyer ¢ € [0, 1] rakoe, aro F(G(d), s) =

F(v,s). O
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Abstract. For most of the cases of bounded measurement errors fuzzification of
calculations can be used. In the case of reconstructing convex body by random line
segments we introduce a fuzzy convex body concept and define orientation dependent

distribution of the length of line segment. We consider several properties of the latter.
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0B OIHOM KJIACCE MHTETPAJIBHHIX YPABHEHHI C
BBHITIVKJION HEJIHHENHOCTBIO HA MOJYOCH

XA XAYHATPHH, A G HETPOCHH
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AnnoTanus. Pabora MOCRATICHY HCCHCAORAHIID OIHOTO KITACCA HHTEIDPATRHIR
yparpeHn ¢ CHMMETPHUYHBIM AXPOM H ¢ BHRVKECH nenmprefiHOCTHI HA TION0-
SRHTEIRHOR noaynpasol. Jdoralamm Teopesid CYTICCTROBAHAA H CAHHCTREHHA-
CTH HEOTPHIATCALHOTO H OTpanmacHioro pemera. Hooae aopanm RAMECTRCHHLIE
CROBCTRA ROCTPOSHACTO pemennd. B KOHIe paboThl HPHBCICHE MACTHIAC IIDHME-
PHL YRASAHHOTO KIAACCH VDARHEHHN, HMEITIHX HETIOCPEACTREHALE TIPHMEHEHRN
B HHAMHSECKOH TCOPHR D-aJiUeCKHX OTKPHTO-3AMKAVTHX CTDVH H B TEODHH
TEOTPAPHYECKOIO PACTIPOCTPAHEHNS AT MIH.

MSC2010 number: 45G05.
KmfoueBble caoBa: MOHOTONHOCTT. HOARNEHIFOCTT,, BHITVK/IOCTE] CROJAMOCTL; SADO.
1. BBE;{EHI?E

Hacroamas paloTa TOCRATENY, M3VIETHI0 CI0AYIOINETO KIaCch HOTHIeHHEIX HITe-

TRAJLITLIR YPABHOITHN 114, TOTYOCH:

(L1) Q@) = [ K@ Hrod =R = ,+o)

OTHOCHTOIBHO HCROMON HeOTPHITeLHON ¥ orpamrenaoll gyarmmm f(x).
Stapo K (z,t) - onpeaeacnmag ma Muoxkeetre BT x RY meorprmaremman dymxmms,
VAOBISTBODSTIONIAS CAISAYIONIIM YCIOBHIM:
I): K(z,t) = K(,7), (z,0)e RTxRT,
II): K(0,t) =0, t e R™ w K(z,t) >0, (z,t) € (0,+00) x (0,+c0),
o

o0

III): fK(:.c,t)dt c C(RT), sup /K(a:,t)dt =1,
0 0

zERT

Yecaenonamme pumoaneno 3a cuet rpanta Poccmlicrore maywnoro oman (mpoext N 19-11-
D0223)
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X. A. XAUATPAH, A. C. IIETPOCAH

oo
1
IV): 0 < vy(z) /thdteLlR+ /thd §5 r eRT.
0
dyuxmua @ - onpeenennad Ha R menpepoiBras GyHKINS, TPHIEM
a): y = Q(u) Bbmykia BHE3 Ha orpe3ke [0,7], rme uuciao n > 0 sBisercs

MePBBIM MOJOKUTENHLHBIM KOpHeM ypaBHenus Q(u) = u, (B majgpHedinem nist
KparkocTu OyjieM UCHoIb30Barh TepMuH "Boinykia'),

b): Q(u) T mo u Ha orpeske [0, 7],

¢): Q(0) =

Caenyer ormeruth, 4yTo ypasuenue (1.1), KpoMe 4UCTO TEOPETUIECKOIO UHTEPECA,
LPEJICTABISET MHTEPEC BO MHOCUX PA3/I€/1aX COBPEMEHHOW MAaTeMaTU4YeCKOl (pu3nku
u ecrecrBo3Hanus (cM. [1]-[7]).

B wactrocTH, B ciay4ae Korga sapo K 3aBHCAT OT Pa3sHOCTH CBOWX ApTyMEHTOB
u ynossiersopsier ycaopusM I) — I'V'), rakue ypaBHeHHs BO3HUKAIOT B KMHETUYECKON
TEOpMH Ta30B, B Teopuu nepeHoca nziaydenus (cm. [1]-[3]). B Tom wactHOM cityuae,
Korja aapo K npencraBisercs B BHIE PA3HOCTH JBYX TayCCOBCKUX S/IE€PHBIX (PyHK-
e, mepBas W3 KOTOPBIX 3aBUCUT OT PA3HOCTH CBOMX APTyMEHTOB, & BTOpPAs - OT
CYyMMBI CBOUX apryMeHTOB, ypasHerue (1.1) uMeeT HemoCpeICTBEHHOE TPUMEHEHUE B
JUHAMWYECKOH TEOPHUU P—aIuIeCKUX OTKPBITO-3aMKHYTBIX CTPYH M B MATEMATHYE-
CcKoii Teopun reorpadudeckoro pacrnpocrpanenus smugemun (cm. [4]-[7]).

Ormerum, 4TO UCCaeN0BaHKIO HesiuHeliHoro ypasuenus (1.1) ¢ pa3HOCTHBIMU UK
CyMMAapHO-Pa3HOCTHBIMY AApaMu K TIPH Pa3InIHBIX OrPAaHAIEHAAX Ha, () TTOCBAIIEHBI
paborst [6]-[15].

B macrosimeii crarbe MBI OyIeM 3aHUMATHLCA BOIMPOCAME CYIIECTBOBAHUS, €IHMH-
CTBEHHOCTH W ACHMTITOTHYECKOTO TIOBEICHWST PEITeHNs IJIs OOIIero HEJIWHEHHOTO WH-
rerpasibaoro ypasuenus (1.1). B konne paborbl npuBeieM KOHKPETHbIE IPUKJIA/IHbIE
npUMephl HeJmHeRHOCTH () U siapa K, 171 KOTOPBIX BBIMOJHAIOTCS BCE yCIOBUSA J0-

Ka3aHHbIX yTBEPKJIEHUIL.

2. OBO3HAYEHNWS U BCIIOMOTATEJIbHBIE ®AKTHI

[e]
2.1. O6 oxHoit anpuopHOii oenke cHu3y. Ilycrs K (7) - onpejesienHas Ha MHO-
xkectBe R HempepbiBHAS ¥ OrpaHUYEHHAs PYHKIINS, YIOBIETBOPSAIONIAS CJIELY FOIIAM

yciioBuAM:
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OB OJTHOM KJIACCE UHTETPAJIbHBIX YPABHEHU ...

i1): IO{(T)>O, T € R, /I%(T)dTIl,

is): K(~2) = K(z), x>0, K(r) | no 7 na R*.

Hua mo6oro € € (0,1) paccMoTpuM ClIeAyIOIee XapaKTEPUCTUIECKOE yPABHEHHE:

(2.1) /[O((t)e_ptdt = g
0

OTHOCHUTEIHHO HEOTPUIATETHLHOTO YUCIA P.
U3 cBoiicts i1) u i9), B cuity reopembt Bosbuano-Korm, MmoxHO y6eauTbest, 9To st
Besikoro € € (0,1) ypaBrenwue (2.1) nMeeT eMHCTBEHHOE MOJIOKUTEIBHOE PEIeHNe Pe.
B nenasueii pabore oxHoro uz asropos (cM. [8]) gokazana cieyoias anpuopHas

OIleHKa CHU3Y:

o0
[e]

(2.2) /(f((r ) R+ )= eV > (1 — e PeT), 1> 0.
0

Ouenka (2.2) Gymer urparh BaxKHYIO POJIb B HAIMUX JAJTbHEHIINX PACCY K ICHUSX.

2.2. O6 ogHOM BCIIOMOTraTeJIbHOM HEeJNHEIHOM ypaBHeHHH Ha moJjiyocu. Ha-
paay ¢ ypasaenuem (1.1) paccMOTpuM CJIyIOIIee BCIIOMOIaTeIbHOE HEeJUHEHHOe

ypasHenue ¢ "mouTn cyMMapHO-pa3HOCTHBIM" sapoMm:

o0
o

(2.3) Qlo(x)) = /)\(x,t)(lo((x - R 0))e(dt, xR
0
OTHOCHUTEJIbHO UCKOMO¥ HEOTPHUIATEIHHON 1 OrpaHudeHHol (yHkuuu (), rue [O( -
YAOBJIETBOPSET YCJIOBUSIM 1), 12).
Buech A(z,t) - onpesenennas Ha MHOKecTBe RT x R Bemecrsennas dyHkius,
00TaAI0NITAST CTEAYIONMMH CBOWCTBAMMU:
J1): Mz, t) = At 2), (z,t) € RT x RT,

j2): €0 i= inf Az, t) >0, Ma,t) <1 t) e RT x R
]2) €0 (x,t)é%*xk* (I7)>a (l‘,)_ 7(1'7)6 X )

J3): upu Kaxjom dukcuposanioM t € RY dbyukuus A(z,t) Bospacraer 110 T Ha
R*.

Paccmorpum ciieyionue urepaiyu jjig ypasHenus (2.3):
0 Q@) = [ Mo (i~ 0) — Kl + D)enltid

0
wo(xr)=n, n=0,1,2,..., z€R".
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Ucnons3ya caemyroliee JIETKO IpOBepsAeMOe HEPABEHCTBO:

o]

(2.5) K—t)>K(@+t), (zt eR" xR

HEIPEPBIBHOCTh, MOHOTOHHOCTh U BBILYKJIOCTh (DYHKUIUH (), a TakkKe yCJIoBHE jo),

WHIAYKIHUER TT0 1 HETPY/IHO TMPOBEPUTH, YTO

(2.6) on(z) L 1o n,

(2.7) on(z) >0, z €RT, @, € C(RY), n=0,1,2,....

Ecnu urepaiuu (2.4) npegcTaBuTh B CIEAYIONIEM BHIE:

x

Qi () = / A& — ) K ()l — 7)dr - / K + Oz, tpn(t)dt,
0

— 00
wo(r)=mn, n=0,1,2,..., v €R"

U [IPU 9TOM KCIIOJIb30BATDH YCJIOBUS i2) U j3), TO METOJOM MATEMATHYECKONH UHILYKIUU

MOYKHO TaKXKe YOeIUThCA, 9TO
(2.8) on(r) T mo zma RT, n=0,1,2,....

€
IIpeanonoxum, yro ypasuenue @Q(u) = 5 U €0 € (0, 1] uMeer HOIOKUTETHHOE
pemernne . B cuily BBITYKJIOCTM W MOHOTOHHOCTH (DYHKIWH () DEIIeHWEe SBJIAETCS

enuHCTBEHHBIM Ha maTepBate (0, 7], npudem & < n (cMm. puc. 1).

Puc. 1

Huxe nraykiueit mo n ybeauMcst, IT0

(2.9) on(z) > €1 —ePeor) x € RT n=0,1,2,...,
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[JIe Pe, SABJISAETCH €INHCTBEHHBIM MOJIOKHUTEJIbHBIM DEIIEHHEM XapaK TePHCTHIECKOTO
€0 1 .
ypasuenus (2.1) npu € = 5 € <0, 2} . HeiticrBuresnbuo, npu n = 0 ouenka (2.9)

cpasy cieayer u3 npocroro Hepasenctsa £ < 7). [Ipeanonaras, aro (2.9) umeer mecto

npu HeKOTOpoM 1 € N U mpu 3TOM HCHOJb3Ys jo) AUPUOPHYIO OLEHKY (2.2) ajist
€o

€= a TakyKe HepaBeHCTBO (2.5) u BhIMyKJIOCTh byHKINKM Q Ha orpeske [0, 7], u3

27
(2.4) 6ynem umernb

Qs (@) 2 206 [ (o~ 1) = Ko+ )1 e 7o)t >

2

o
>¢2
2

OTKyZIa B CHJIy MOHOTOHHOCTH () npuxoiuM K ouenke (2.9) musg n + 1.

(1—ePor) > Q(E(1 —eP07)), zeRT,

Nrak, n3 nomyveHHbix darTos (2.6)-(2.9) MoKeM yTBEp:KAaTh, YTO MOCJEIOBA~
TEJIbHOCTD HENPEPBIBHBIX U MOHOTOHHBIX HA RY dynkumit {¢, ()} umeer noroueu-
HBII IIpefest, Kormga n — oo :

lim @, (z) = ¢(z).

n— oo
Us (2.8) cienyer, uto o(x) ABJIsAeTCs MOHOTOHHO HeyObIBaomeil dyHkiueii Ha RT.
Ucnonsays Teopemy B. JleBn (cum. [16]), a TaksKe HempephIBHOCTH (GYHKIMN (),
JIETKO MOYKHO YOEUThCs, 9TO TIpeenbaast GyHKIus (T) yIOBIETBOPSAET yPABHEHHIO

(2.3). U3 (2.6) u (2.9) caexyer Takxe, 4TO
(2.10) §(l—e o) <p(x) <n, zeRT

Bamernm, urto () Z 7. HeficTBuTenbHO, 10T (BaKT Cpasdy CJeAyeT U3 CIeAYIOIIEro
HEPABEHCTBA

oo
o

N, ) (R (—t)— F (a-44))dt < / (R (a—t)— (a4t dt = 12 / R)dt <1, z€R*,

[PU 9TOM YYUTHIBAETCS BBITYKJIOCTh DYHKIMU Q).
Hwuxe yoeanmes, aro ¢ € C(RT). Jleficteurensho, Taxk Kak €9 < A(z,t) < 1, (z,t) €

RT x RT, upenenbhas dbyHKIusa o yJIoBaeTBOpser nenodke nepasencts (2.10), a

/ K(x—1) (x—l—t dt—1—2/
0
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HenpepbisHa Ha RT, To

oo
/ N ) (B (@ — ) — Fe(z+0)p(t)dt € C(RT).
0
Ho, rak xax Q € C(R'),Q 1 na [0,7,] To uz (2.3) cpasy ciaenyer, uro ¢ € C(RT).
CrenmoBaTesnbHo, cornacHo TeopeMe JIMHN CXOIUMOCT TTOC/IeI0BATEILHBIX TPUOIN-
>kenuit (2.4) paBHOMEpHA Ha KaxKJ0M Kommakre u3 RT. Tak, Ha OCHOBE BbIILIEU3JIO-
ZKEHHOT'O MOXKEM YTBEpPXKIAThH

JIemma 2.1. Ilpu ycaosuax i1) — i2),j1) — j3) u a) — ¢), ecau ypasnenue Q(u) =
2

5
5011, go € (0,1] umeem nosostcumenvroe pewenue, mo ypasuenue (2.3) obaadaem
HEOMPUYATNENL HOLM MOHOTMOHHO HEYOLLBAIOULUM HENPEPBIEHBIM U 0ZPAHUUEHHBIM HA

RT pewenuem (), ydosaemeoparouyum deotinomy nepasencmey (2.10) u p(x) Z 1.
2.3. NlarerpanpHasg acuMOTOTHKA peleHns ypasHenus (1.1).

Jlemma 2.2. ITycmov sdpo K u gynrxuyus QQ ydosaemeopsaom coomseemcmeerto ycao-
2
5
suam 1) —IV), a) — ¢) u ypasuenue Q(u) = Eou, g0 € (0,1] umeem nososrcumens-
noe pewenue. [ycmo, daaee, f(x) AGAACCA HEMPUBUAALHOIM DEULEHUEM YDACHEHUS

(1.1) u ydosaemesopsem caedyUUM YCAOBUAM :
1): 0< f(z) <n, zERY,
2): cywecmeyem maxoe wucao v > 0, wmo na muoscecmse [r, +00) f(x) asaa-

Eemea MOHOMOHHO HeyOueaowel Gynryued.
Tozda danmnoe pewenue obaadaem ce0TUCMEaAMU:
o f(z)<mn, zeRT,

o cywecmeyem 0 = §(r) > 0 maxoe, wmo f(x) >0, = € [§(r), +00),
e n—feLi(RT)NC(RT).

Joxasamenvcmeo. Cuepsa 3aMeTuM, 4TO U3 HempepbiBHOCTH (yHKIUM (), ¢ yue-

ToM ycaoBus 1) cremyer, 9ro

(2.11) Q(f(x)) € Cu(RT),

riae Cp(RT) - mpocTpaHcTBO HENpPEPBIBHLIX U orpaHudeHHbix dbynkiuii na RT. Tax

kak @ € C(RT),Q(u) 1 ma [0,7], To m3 (2.11) u 1) cpasy noayuaem, 9To

(2.12) feCuR"),
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U3 (1.1) B cusy ycaosus [1) ciezayer, 4ro
(2.13) f(0)=o0.

B cuny sxiouenns (2.12) moxem yrsep:kiarh, uro 1 — f € Li°¢(RT). Ypasuenue

(1.1) upeacraBuM B CJIELYOIIEM BHUJIE:

(2.14) n—Q(f(x) Jr/th n— f(t)dt, xeRT.
0

Tak xak f 1 Ha [r, +00), To u3 (2.14) u ycnosusa 1) cmemyer, 94To Beex & > 7 uMeer

MECTO HEPABEHCTBO:

0< 5= Q@) <ma) + (- f@) [ Ko tyder

(2.15) . @

+/K(m,t)(77— f@®)dt, =z € [r,+o00).
0

IMycts R > r - mpou3BoibHOE Yuciio. IIponaTerpupyemM obe 4acTh HepaBeHcTBa (2.15)
no z ua orpeske [r, R]. Torna, yuursiBas ycaosus I), I11), IV) u reopemy Dybunu
(cMm. [16]), Gymem nmerh

R R

< /(n—Q(f( ))da < 77/ dw+/ (n— f(fE))7K($at)dfdw+/R/wK(ﬂcat)(n—f(t))dtdw <
T r 0

r

§n]ofy(x)da:+;i( dx+[0/th n—f(®) dtdx+//th n—f(8))dtdz <
§n]ofy(x)d$+;T/R(n—f(x))dx—l—no/rT°°K(x,t)dxdt+i(n—f(t))/K(m,t)dmdtS
< 7 (x)dx+ = /R(n f(z dx+n/T7Ktxdxdt+/R(n f(t) /Kt:cdmdt<

< n]ov(w)dw + /R(n — f(t))dt +nr.

W3 5T0T0 HEPABEHCTBA B CUJIY BBIMYKJIOCTH (GYHKINU () Cpady CIEIyer, 9To

(2.16) 0< / (f(z) - QUf (2))dz < / y(@)da + -
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Yerpemusia B (2.16) R — +00 nomygum

(2.17) = QUf) € Lu(r, +o0)
(2.18) 0§/U@%*%ﬂﬂwmén /wmm+r

Tak kak v(x) > 0, * € R*, o uz (1.1) cpasy ciemyer, uTo
f(x)<n, =zeRt,
Samerum renepb, 9To cymecrsyer ducio § > 0, rakoe, 410
(2.19) f(z) >0, =ze€ld+o0).
Heitcreurensro, tak kak f(0) = 0, f € Cy(RT), f(z) # 0, x € R* u f 1 na

[r, +00), To B cuity ycmosusi 1), HanpuMep, Juist Beex © > r + 1 dyukuus f(z) Gymer
NIOJIOZKATEIbHOM.

Hwuxe ybemumcest, 9T0 11 BceX T > 7 + 1 WMeeT MeCTO CJIeIyIoIee HEPABEHCTBO:

[ +1) = QU +1)
(2:20) f(@) = QUI) 2 T B = (@),

JeiicTBuTesIbHO, W3 BBIMYKJIOCTH DYHKIMHK () ¢ y4erom Toro, uro f(z) > f(r+1) > 0,

npu x € [r+ 1,400) cpasy cieayer, 9TO UMEET MECTO OIEHKA

n=QU(r+1), .  QUT+1) - fr+1)
Qo) < LD ) 4 AL T,
(cM. puc. 2) orkyza cpady npuxoaum K (2.20).

Yunrssas (2.20), (2.17), (2.18) u yciosue a) 3akmodaem, uro ) — f € Li(r+1,+00)

Ji n—fr+y
0< [ =@ < AT s [ (@) - Q) <
(221) r+1 - r+1
(n— f(r+1))
S”.ZW”“+T+1fv+nQUv+nw
Tak kax 7 — f € L*(RY) un— f € Li(r +1,400), To n — f € L1 (RT). O

3. PABPEIIIMMOCTH YPABHEHUA (1.1)

3.1. Teopema cymrectBoBaHud. Bo3nukaer ecrecTBeHHBIN BOIIPOC: IIPU KAKHUX Or'Pa-
HuueHusax Ha aapo K ypasuenue (1.1) obsagaer HETPUBUAIBHBIM HEOTPUNATEILHBIM

U OIPAHMYEHHBIM PEIIEHUEM, YJIOBJIETBOPLAIONMM yCJIOBUAM JeMMbl 2.27
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Puc. 2

Cuteryromiasi TeopeMa 1aer OTBET Ha, 9TOT BOIPOC:

Teopema 3.1. Ifycmov sdpo K u dyuryus Q y0064emeopsom coomeemcmeerHHo
2
yeaosuam I) — IIT), a) — ¢) u ypasnenue Q(u) = 6—Ou, go € (0,1] umeem nososicu-

meavroe pewenue. Tozda, ecau y(x) >0, x € RT u

o o

(3.1) K(z,t) > Mz, t)(K(z —t) — K(z + 1), (z,t) € Rt x R,

[e]
20e K u A obaadarom ceoticmeamu i1)—1ia) U j1)—j3) COOMEEMCMBEHHO , MO YpasHe-
nue (1.1) umeem HeompuyamesbHoe HEMPUBUAALHOE HENPEPLIGHOE U 02PAHUYEHHOE

pewenue f(x), npuuem
§(L—ePo) < p(z) < flz) <n, xR

Boaee mozo, ecau, donoanumenvro,

(3.2) w(z) = /(1 — Az, t))dt € Ly (RT)
0
(3.3) t K(t)dt < +oo0,
/
mon— f € Li(RT)
FEcau orce
(3.4) K(z,t) = Mz, t)(K(z —t) — K(z +1)), (2,t) € RT x RT,
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o
2de A u K ydoeaemeopaiom yciosuam ji1) — j3) U i1) — ia) COOMEEMCMEEHHO, IO

f(z) T na RT.

Zlokxazameavcmeo. PaccMOTpuM CIeAyIONNE UTEPATTNN

(3.5)
folz) = ¢(z), n= 0,1,2,..., r € RT.
Ucnosnb3ysa nepasencrso (3.1), yenosus 1), I11), a) u b), a takxke jemmy 2.1 un-

JNYKIHE 0 1 HeTPYIHO YOEIUTHCS B JOCTOBEPHOCTHU CJIEAYIOININX YTBEPKICHUIA:

(3.6) fnlz) 1T nomn,
(3.7) fn€CRT), n=0,1,2,...,
(3.8) falz)<n, n=0,1,2,..., x € RT.

CiiezioBaTesIbHO, MOCIIEJ0BATEIHLHOCTD HENPephIBHBIX dyHKImi { fr () 15, mMeeT mo-

TOYedHBI npegen mpu n — oo : lim f,(z) = f(x), nupuuem f(x) ymosaersopsier
n—oo

ypasuenuto (1.1) B custy HenpepbisHOCTH byHKIMYU Q) 1 npenesnbHoit Teopembl B. Jle-

Bu. 113 (3.6) u (3.8) caenyer, uro
p(z) < f(z) <n, zeRT.

Ho Tak kak v(z) > 0, z € RT u dbynkmma @ somykna ma orpeske [0,7], To u3
(1.1) caenyer, uro f(z) < n, = € RY. Cienosareisbto, yuursisas (2.10), npuxogaum

K CJIeZIyIONeN TernovYKe HePaBeHCTB:

(3.9) §(1—ePor) <o) < flx) <nm, x€RT.
U3 wenpepwisrOCTH DyHKIHAH Q W / K(x,t)dt, c yaerom HepaBercTBa (3.9), ycaopust

x

b), caexyer, uro f € C(RT).
Ecmu Bommomnusitorces yenosus (3.2) u (3.3), To Torma B cuiy 1)

0<3(x) =1 /)\(x,t)(f{(x ) = F(w - )dt =
0

oo

Kz —t)(1 - Mz, 1) dt+2/ tdt <
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o0
<supK —|—2/ t)dt € Li(RT),
TER

o0

u6o //[O((T)dex:/T[O((T)dT < 400.
0 z

0
Crenosarensno 4 € L1 (RT). C npyroit croponsl, s g1pa

o

K(z,t) = Mz, )(K(x —t) — K(z + 1), (z,t) € RT x RT

BLBIIIO/THAETCA TaK2Ke CJIeayroiee HEPaBEeHCTBO:

/f((x,t)dtg/(K(zft) K(z+1))d
1 T 1
- _ < - +.
5 K(u)dt_2, reR
2z

Takum obpasom, upumenss jeMMmy 2 Jis ypasHenus (2.3), MOXKEM yTBEPXKAATH, YTO
(3.10) n— @ € Li(RT).

N3 (3.9) u (3.10) cpasy caemyer, 4To

(3.11) n—feLi(RY).

ITpn BeimosnHennn paseHcTBa (3.4) mosmydaeM, 49to frp(x) = @(x) ans Beex n =
0,1,2,.... Caeposarensho, f(z) = p(z), z € RT. Ho Torua, ucuosibsys jgemmy 2.1,
MOYKEM yTBEp¥1aTh, 4ro f(z) 1 no z na RT. |

3.2. Teopema emuucTBeHHOCTH. CIpAaBeINBA CJIELYOIIAS

Teopema 3.2. IIycmv ewnoanaromea ycaosus 1) —IV), a) —c¢) u ypasnenue Q(u) =
2

€
Y, g9 € (0,1] umeem nonoorcumensnoe pewenue. Tozda ypasnenue (1.1) ne mo-
2 ) )

orcem umems boaee 00H020 PEWEHUS 8 CAEIYIUWEM KAACCE PYHKUUT:
M= {f(x): 0< fz) <, f(z) £0, f(x) T na[r,+oo)}.
HoxkaszaresberBo. [Ipeonoxum obpartoe: ypasuenue (1.1) umeer nBa pernexust
f.feM, f = f. Torma cormacuo memme 2.2
al): f)f € C(R+)a
aip): cyuecrByer ducsio § > 0 Takoe, 4ro

(3.12) f(z) >0, f(x) >0, z €[5 +00),
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043):

(3.13) f@) <n, f(x) <n, zeRF,
Qy):

(3.14) n—fe€Li(RY), n—feLi(RY).

C yderoM HepaBeHCTBa TpeyrombauKa u3 (3.14) crenyer, uto f — f € L (R).

Tax xak f(0) = f(0) = 0 (cum. goxasarenscrso aemmb 2.2) u f(z) # f(z), T
CyIeCTByeT TaKas Touka &g > 0, uto f(zo) # f(xo).

B cuny mempepwiBHocTH byHKIEA f ¥ f MOXKEM yTBEpIKIATh, UTO CYIIECTBYET
8o > 0 Takoe, uro ais Beex & € (xg — 6,20 + 0) umeer mecto f(x) # f(z).

PaccMOTPIM 7 OIEHUM CITeTyIONIYI0 Pa3HOCTh:
(3.15)  0< f(2)|Q(f(2)) - Q(f(x))] < f(x)/K(x»t)\f(t) — f()ldt, «eR*.
0

Tax kak f — f € Ly(RT), To B cuny ycaosuii 1), I1]) MOXKeM yTBEpKIATh, 9TO Pa-
Bag yacrb Hepasencrsa (3.15) upunajiexur upocrpancrsy Li(RT). Cuenosaresbho,

yuaurbiBas ) u ucnosnb3yst reopemy ®y6unu, uz (3.15) noaydum

os!ﬂ@@ﬁ@) |M</f /thu F(t)dtda =

—7umﬂm7?@Mﬂmwa—/uw |/Ktx r)drdt =
0 0 0

- / £ — FOIQUA®)d,
M3 9Iero CIeIyerT, 9To ’

(3.16) /U@NQU@» QUF (@) - QU @) f(z) — f(@)[}dw < 0.
0

3amernm, 9TO

/{f(w)lQ(f(x)) ~ Q(f (@)l = Q(f (@) f(x) = f(2)[}dz =

/ {f(@)Q(f Qf () — QUf ()| f(x) — f(x)|}da,

rIe

|
—
8
m
=
+
~
/-\
o
“\N
/\
\hz

, f(x) #0, f(z) # 0}
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CrenoBaresnbHho, u3 (3.16) umeem

(3.17) /{f )|Q(f(2)) = Q(f(2))| = QUf ()| (z) — f(x)[}dz < 0.

Crnemyer oTMeruTh, UTO M3MEPUMOE MHOKECTBO F HMEeT MOJIOKUTETBHYI0 Mepy:
mesE > 0, u6o (z¢ — 0,20 +06) C E. Tak kax gus seex z € E, f(z) # 0, f(z) # f(z),

To u3 (3.17) caenyer, 4To

(3.18) / fa (Q( () — QU <””))f<x>—cz<f<x>>> dz < 0.

/(@) = f(x)]

W3 Beinyknocru gyskimyu (Q ciaemyer, 9To Ajs BeceX & € F nMeer MecTo HepaBeHCTBO

(cm. puc. 3 n puc. 4)

(z))

_ QU @) - QU @)l _ QUf(x) _
(3.19) tga = o) = f($)| > @) tgps,
ubo a >  u y = tgr - BO3pacramoIas GpyHKIus.
Puc. 3 Puc. 4

3 monyuennnix nepasencts (3.19) u (3.18) B cuiy Toro uro mesE > 0 mpuxomum
K nporusopeuuio. Cnenosarensho, f(z) = f(x), r € RT. a
3ameuanue 1. Caedyemn ommemumo, wmo ymeeporcdenue meopemovs 3.2 dacm om-
sem Ha omrpumul eonpoc cmamvu [4] o eduncmeennocmu MOHOMOHHOZ0 peuse-
HUA CACOYIOULL20 HEAUHETIHO20 UHMEZPAADLHOZ0 YPAGHEHUA CO CMeNneHHol nesunel-

HOCMbBIO:
(3.20) / e_(””+t)2) fOdt, zeR*,
0
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C 2PAHUYHBIM YCAOBUEM

(3.21) lim f(z)=1,

r—+o0

2de p > 2 - HewemHOEe YUCAO.

HeiictBuTesibHO, ecau B Kadecrse dyukimu Q(u) BoiOpars Q(u) = uP, a B kKauecrse
snpa K dysknuo Buga
K(z,t) = % (e_(x_t)z — e_(x"’t)z) , (z,t) e RT x RT,
10 BCe ycsioBus chopmysupoBanibix yreepxaenuii (Jlemma 2.1, Jlemma 2.2, Teopema
3.1, Teopema 3.2) GyayT BimONHEHBI. I'panudnas 3agada (3.20) - (3.21) Bo3HHKaer
B TEOPUM pP—aJIMYECKUX OTKPBITO-3aMKHYTHIX CTpyH (cM. [4]). B ykaszauHOii meopnu

BCTPEYAIOTCH TaKXKe HesmHejinbie ypapuenus suzaa (1.1), rae

(3.22) Q(u) = au® + (1 —a)u, ac(0,1],
a
1 (z—1)2 (a+1)2
3.23 K(z,t) = e T —e 2@ |, (x,t) eRT xRT,
323 Ko = ). @

(eMm. [5]), 71t KOTOPBHIX TAKIKe BHIMOIHSIIOTCST BCE YCIOBUS JOKA3AHHBIX YTBEPIK IEHHI.

Heb6e3unrepecHo oTMEeTHTH, ITO B TOM 9aCTHOM CIy4ae, KO

o o

K(z,t) = K(z —t) — K(z + 1),

Q7 (u) =y(1—e™),
v > 1 - uncaosoit mapamerp (Q ! - obparnas bynkuus bynkmuu () ypasnenne (1.1)
BO3HHUKAET B MATEMATUIECKON TeOpHU IeorpadpuiecKoro pacnpoCcTpaHeHus SIUJACMUN
(em. [7], [10]).

ABTOpPBI BEIpasKaIOT 6JIAN0IAPHOCTD PEIIEH3EHTY 38, TMOJIE3HbIE 3aMETaHM.

Abstract. The paper is devoted to the study of a class of integral equations with a
symmetric kernel and with convex nonlinearity on the positive semiaxis . Existence
and uniqueness theorems for a nonnegative and bounded solution are proved. The
qualitative properties of the constructed solution are investigated. At the end of the
paper, some particular examples for the above mentioned class of equations, having
direct applications in the p—adic open-closed string dynamic theory and in the theory

of geographical spread of epidemics are given.
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with multiple values and obtain three normality criteria. Examples are given to illustrate
that the conditions in our resulls are necessary,
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1. INTRODUCOTION

Let 7 be a family of meromorphic functions on a domain D in €. Then 7
s said to be normal on D, in the sense of Montel, i each sequence {fn(2)} has
a subsequence {fn (2)} that converges spherically loeally uniformly in D to a
meromorphic function or to the constant co (see [1, 2, 3|).

The following well-known result was proved by Hayman [4] in 1992

Theorem 1.1. {see [4]). Let f be a meromorphic function in C and n > 5 be
positive integer, and let a(z£ 0) and b be two finite constants. If f/ —af™ £ b, then

f is w constant.

Mues [5] gave some examples to show that Theorem 1.1 is not valid for n = 3
and n = 4. In 1967, the normality criterion corresponding to Theorem 1.1 was

confirmed by Hayman [6].

Theorem 1.2. (see [6]). Let F be a family of meromorphic functions in o domain
D and n = 3 be a positive tnteger, and let a(£ 0) and b be two finite constants. If
foreach f e, f'—aft£bin D, then 7 is normal in D.

Ye |7], Pang [8]. Schwick [9] and Xu [10] have considered the case where in
Theorem 1.2, ' is replaced by &), and proved the following theorem.
Phe research was supported by the Natural Science Foundation of Fujian Province, China

{Grant No. 201801658) and by the Key Laboratory of Applied Mathematics of Fujian Province
University {Putian University} {Grant No. SX201801}
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Theorem 1.3. (see [7] - [10]). Let F be a family of meromorphic functions in a
domain D, let n and k be two positive integers satisfying n > k + 3, and let a(# 0)
and b be two finite constants. If for each f € F, f¥) —af™ # b in D, then F is

normal in D.

In 2014, Deng et al. [11] dealt with the case where the equation f(*) —af™ =1b

has solutions (see Theorem 1.3), and proved the following result.

Theorem 1.4. (see [11]). Let m, n and k be three positive integers satisfying n >
k+m+2, and let F be a family of meromorphic functions in a domain D such
that for each f € F, all the zeros of f are of multiplicity at least k. Let a(# 0) and
b be two finite constants. If for each f € F, the expression f*) —af™ —b has at

most m distinct zeros in D, then F is normal in D.

The following question arises naturally: is it possible to extended Theorem 1.4,
and prove the result for expression (fl)(k) —af™ — b instead of f*) — qf™ —p?

In this paper, we study this problem and obtain the following result.

Theorem 1.5. Let m, n, k and [ be four positive integers satisfying n > k+ (m +
DI+ 1, and let F be a family of meromorphic functions in a domain D such that
for each f € F, all the zeros of f are of multiplicity at least k. Let a(# 0) and b
be two finite constants. If for each f € F, the expression (fl)(k) —af™—0b has at

most ml distinct zeros in D, then F is normal in D.
Remark 1.1. Observe that for [ = 1, Theorem 1.5 generalizes Theorem 1.4.

Here we raise the question: what can be expected if we relax the condition
n >k + (m+ 1)l + 1 in Theorem 1.57 We have the following results.

Theorem 1.6. Let m, n, k andl be four positive integers satisfying n > (m+1)I+2,
and let F be a family of meromorphic functions in a domain D such that for each
f € F, all the zeros and poles of f are of multiplicity at least k. Let a(# 0) and b
be two finite constants. If for each f € F, the expression (fl)(k) —af™ —b has at

most ml distinct zeros in D, then F is normal in D.

Theorem 1.7. Let m, n, k andl be four positive integers satisfying n > (m+1)I+1,
and let F be a family of meromorphic functions in a domain D such that for each
f € F, all the zeros of f are of multiplicity at least k, and all the poles of f are
of multiplicity at least k + 1. Let a(#£ 0) and b be two finite constants. If for each
f € F, the expression (fl)(k) —af™ —0b has at most ml distinct zeros in D, then F
is normal in D.
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Now we give some examples to show that the conditions in our results are

necessary.

Example 1.1. Let n and k be two positive integers, a(# 0) be a finite constant,
and let F = {f; =izF-1:i=1,2,3,---} and D = {2 : |2| < 1}. Then, for each
f € F, the expression f(*¥) — af™ — 0 has just one zero in D. But F is not normal
in D.

For the case [ = 1, Example 1.1 shows that the condition that all zeros of
functions from F have multiplicities at least k in Theorems 1.5-1.7 is the best

possible.

Example 1.2. Let m, k and [ be three positive integers, a(# 0) be a finite constant,

and let D = {2 : |z| < 1}. Set F = {f,}, where f, = W, n=123,--.
(—D)Fkin

Then we have

(-DFnkCl, a

1y (k) k4 (m-+1)1
(fn) —af, . I+k k+(m4+1)1
[”Z + (—1)’€k!nk:| ["Z + (71)%1@!714

ml
(—1)knk(]ll+k [’le + (_1)%} —a

k+(m+1)l ’
[”Z + (71)(’:klnk:|
and
k, kol
1y (k) k+(m4+1)l+1 (=1)Fn"Cp, a
(fa) " —afy (m) = . Itk . ko (mt 1)+l
[”Z + (71)kk!nk} [m + (—l)kk!nk}
1 k Iccl a ml+1 _
( ) n I+k nz + (—D)*kInF a

" k4+(m4+1)i+1
[ + e

It is clear that for each f € F, the expression (f') (k) —afFtm+Dl_( has exactly
ml distinct zeros in D, and (fl)(k) — afftm+Di+1 _ 0 has exactly ml + 1 distinct

zeros in D. But F is not normal in D.

This shows that the conditions n > k + (m + 1)l + 1 and that (fl)(k) —af™—b

has at most ml distinct zeros in Theorem 1.5 are the best possible.

Example 1.3. Let m, k and [ be three positive integers, a(# 0) be a finite constant,
andlet D = {z: |z| < 1}.Set F = {f,}, where f,, = ————— n=1,2,3,---.
[+ ot
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Then we have

k, k ik
1y (k) (m+1)I+1 (=1)"n"Cliyx a
(fn) —afy, = . lk+k k+k(m+1)1
[”Z + (—1)’“k!n"} ["Z + (71)%1@!71&]
kml
(=1)Fn*Cif [W + (_n%} —a
= E+k(m+1)l ’
|:TLZ + W]
and
(—1)*n*Clty,, a

1\ (k) m+1)1+2
(fn) —af{mty 2kt k(mi 1)l

lk+k

el . K(mit1)
(=1)*n"Cliin |n2 + otgmr a

}2k+k(m+1)l )

[”Z + O

It is clear that for each f € F, the expression (fl)(k) — afm+DIHL _ 0 has
kml > ml distinct zeros in D, and (fl)(k) —afmtDH2 _0has k(ml+1) > mil+1

distinct zeros in D. But F is not normal in D.

For the case k = 1, Example 1.3 shows that the conditions n > (m + 1)l + 2 and
that (fl)(k) — af™ — b has at most ml distinct zeros in Theorem 1.6 are the best

possible.

Example 1.4. Let m, k and [ be three positive integers, a(# 0) be a finite constant,
and let D = {z : |z| < 1}. Set F = {f,}, where f, = ﬁ, n =

R ¢ —
nz+(—1)k’k!nk

1,2,3,---. Then we have
(—D*n*Cfi a
yk+l+k o [

(7))~ aggrs

" (k+1)(m+1)i
["Z t COrEmE nzt m]

(ml—1)k+ml
| —a

lk+1 a
(—DFn*Cyiin [”Z + TOFRmE
] D) (m 1)1 ,

It is clear that for each f € F, the expression (fl)(k) —afm+tD 0 has (ml —
1)k +ml > ml distinct zeros in D. But F is not normal in D.

For the case ml = 1, Example 1.4 shows that the condition n > (m + 1)/ + 1 in
Theorem 1.7 is the best possible.

2. SOME LEMMAS

In this section we state some lemmas which will be used in the proofs of the

main results.
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Lemma 2.1. (see [3]). Let F be a family of meromorphic functions in a domain

D. Then F is normal on D if and only if F is normal at each point zy € D.

Lemma 2.2. (see [12]). Let F be a family of meromorphic functions on the unit
disc A such that all the zeros of functions from F have multiplicities > p, and
all the poles of functions from F have multiplicities > q. Let « be a real number
satisfying —p < a < q. Then F is not normal in any neighborhood of zo € A if and
only if there exist:

(i) points z, € A\, z, — 2o,

(ii) functions f, € F,

(iii) positive numbers p, — 0T,
such that g,(C) = p& fn(zn + pnC) — g(C) spherically uniformly on compact subsets
of C, where g is a nonconstant meromorphic function such that all the zeros of g
have multiplicities > p, and all the poles of g have multiplicities > q. Moreover, the

order of g is not greater than 2.

Lemma 2.3. (see [13]). Let f be a nonconstant meromorphic function in C, n be a
positive integer, and a be a finite constant such thatn > 4 and a # 0. Then f'—af™

has at least two distinct zeros.

Lemma 2.4. (see [14]). Let f be a nonconstant meromorphic function in C, n, k,
d be three positive integers, and a be a finite constant such that n > 3, a # 0 and
d > 7. If all the zeros of f have multiplicities > p, and all the poles of f have

multiplicities > d, then f*) — af™ has at least two distinct zeros.

3. PROOF OF THEOREM 1.5

Suppose that F is not normal in D. Then by Lemma 2.1, there exists at least
one point zp such that F is not normal at zp. By Lemma 2.2, there exist f; € F,

z;j — 2o, and p; — 0 such that

g9;(¢) = p;‘%fj(zj +p;¢) = 9(¢)

spherically uniformly on compact subsets of C, where g is a nonconstant meromorphic
function such that all the zeros of g have multiplicities > k, and the order of g is

not greater than 2.
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Obviously, (gl)(k) (¢)—ag™(¢) # 0. We do not suppose that g is an entire function
since n > k + (m + 1)l + 1. Thus, we have

nT(r,g) = T(r,g") =T (r, @)()) <T (7‘, (gl)(k)) +0(1)

<N (r, (gl)(k)) +m (r, (gl)(k)) +0(1) <m(r,g") +m <r, (g;)l(k)> +0(1)
<Imf(r,g) +S(r,g) <IT(r,g) + S(r, 9),

and so (n —)T(r,g) < S(r,g). This is a contradiction.

We claim that the expression (gl)(k) (¢) — ag™(¢) has at most ml distinct zeros.
Suppose that this is not the case, and (gl)(k) (¢) — ag™(¢) has ml + 1 distinct zeros
¢ (i=1,2,3,--- ,ml+1). Note that

ﬁ%UﬁW%%+mO—wﬂ%+mO—ﬂ
= (@) Q) —ag?©) = p7 b= ()™ () — ag™(©)

uniformly on compact subsets of C disjoint from the poles of g. Hence, by Hurwitz’s
theorem, for sufficiently large j, there exist points (;,;(: =1,2,3,--- ,ml + 1) such
that ¢;; — ¢;, and (f]l-)(k) (25 + pi¢) — af"(z; + p;¢) = b. However, the expression
(f;)(k) (zj + pi¢) — af"(z; + p;j¢) — b has at most ml distinct zeros in D, and
zj+p;Cj.i — 20, which is a contradiction. So, the expression (gl)(k) (¢) —ag™(¢) has
at most ml distinct zeros. Observe that if mik =1, then m = 1,1 =1, k = 1, which
contradicts the result of Lemma 2.3. Next, we consider the case where mlk > 2.
We set
()" (©

ag™(¢)
where ¢ # 1. Since all the zeros of g have multiplicities at least k, it follows that
(gl)(k) # 0, and hence ¢ # 0. From (3.1) we get

)™ (©)
o(¢)

(3.1) o(¢) =

(3.2) ag"(¢) =

Thus, in view of (3.2), we can write

a

(k)
o 0) = ,07) < (5 ) i iy < () 4 (r () o

1 (k)
<m (r, %) +m(r,g') + m (r, (gg), > +log™ ﬁ <m (r, é) +Im(r,g) + S(r,9),
implying that

(3.3) (n—=0m(r,g) <m|r, ;) + S(r, g).
77



XTAO-HUA CAI, JUN-FAN CHEN
On the other hand, we have
(gz)<k')
nN(r,g) = N (r,ag") = N (1, >

<N (r2) + N (rg) + k¥ (r.g") ~ No(r)

(v
(v

where No(r) is the reduced counting function of zeros of ¢ and (gl)(k). Then

)+ N ()™ = No(r)

) +IN(r,g9) + kN(r,g) — No(r),

SI=

<N
<N

Sl

(3.4 (1= ON(rg) < N (7 ) + KN (rg) = Nl
From (3.1) we have
(5.5) N0)+ N (n3) <8 (1) + Wlrg) + W)
By (3.3)-(3.5) and Nevanlinna’s first and second fundamental theorems, we obtain
(- 0T(rg) < T (n3) +KN(Rg) - Nolr) + 5(0.0)
< T(r,¢) +kN(r,g) = No(r) + S(r, g)
< W)+ N (ng ) + 8 (r gy )+ KNg) - Folr) + 5(00)
< N (n )+ W) +F (g | +EV00) + S(00),
(6" ~ag"
that is,
B38) (1= 07(r0) SV (0 ) + (64 DV g) + 7 re i | +5().
g (" — agn

Suppose that the expression (gl)(k) — ag™ has t(< ml) distinct zeros. Taking into

account the inequalities:

(3.7) N (r, ;) < %N (r, ;) < %T(T, g9)+5(r,g9),

(3.8) N(r,g) <T(r,9),
from (3.6), we get
1
<n—l— k—1-— k> T(r,g) <tlogr+ S(r,g).
This inequality together with the condition n > k + (m + 1) + 1 yields
mlk

—1 .

< 7 logr +5(r,9)

Thus, we we have shown that g is a nonconstant rational function satisfying

T(r,g) <

deg g < 2 for mlk = 2 and degg = 1 for mlk > 2.

Next, we discuss two cases: degg = 1 and degg = 2.
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Case 1. Let degg = 1. We set
A+ By

g(¢) = m,
where (A1, A2) # (0,0) and A3 By — A2 By # 0, and discuss two subcases.
Case 1.1. Let A; = 0. Then we can write

B
9(0) = Ao+ By’
where Ay # 0 is a constant. So, we have

(k)
NP Bl ] _aBy
(g) (€) —ag"(¢) |:(A2C+ By)! (Ao¢ + Bo)™
(=1)*BiAC (A2 + B2)"* ! — B}
(A2¢ + Ba)" .

Since n — k — 1 > ml + 1, the expression (Ql)(k)

— ag” has at least ml + 1 distinct
zeros. This is a contradiction.

Case 1.2. Let A; # 0. Then k£ = 1. We discuss two subcases.

Case 1.2.1. Let Ay = 0. Then we can write g(¢) = A({ —c¢), where A # 0 is a

constant. Hence
(6) () — ag™(Q) = 1A'(C — o) " — aA™(C — ).

Obviously, the expression (gl)/ —ag™ has at least n—[+1 > ml+k+2=ml+3
distinct zeros, which is a contradiction.
Case 1.2.2. Let Ay # 0. We set

(—«a
= A s
9(<) =
where A = ﬁ—; # 0 is a constant, and «a # .
’ rmn—1—1 .
Set ¢ = . Then (¢')" (¢) — ag"(¢) = — ¥ — & = — 45—, Obviously,

all the zeros of (gl)/ —ag™ come from the zeros of l¢'9"~'~1 4+ @ or the poles of ™.
Set o = 2" Then ¢ = /4"~ and

n—1l *
L =-p"
(TL _ Z)An—l (C _ Oé)nfl .

o(¢) =

So, we get

B-a)l (¢-p)" """
(n _ l)An—l (C _ a)nfl+1 :

(3.9) ¥'(¢) =

Obviously, ¢’ + a has at least one zero. Let ¢’ 4 a have d (> 1) distinct zeros. Then
we have
CH;‘i:l(C — ;)"
€y
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where C' # 0 is a constant, and t; > 1 (i = 1,2,3,--- ,d) are positive numbers
satisfying X¢_,#; = n — [ + 1. Thus, we have
Y (D A P1 (9]
C—ay=T
where h; is a polynomial with deg hy < d.
From (3.9) we get

(3.10) " (<)

(€= B)""2ha(Q)

C-aye
where hs is a polynomial with deghs < 1.

Observing that «, § and n; (i = 1,2, -+ ,d) are distinct, from (3.10) and (3.11),
we get Ele(ti—l) <degho <1,d>n—1>k+ml+1=ml+2. Then, ¢’ +a has

(3.11) ¢"(¢Q) =

at least ml + 2 distinct zeros, and so, (gl)/ — ag™ has at least ml + 2 distinct zeros.
In particular, if [ > 1, then (gl)/ — ag™ has at least ml + 3 distinct zeros, since « is
the pole of ™ and the zero of (gl)/ —ag™, which is different from all zeros of ¢’ +a.
This is a contradiction.
Case 2. Let degg = 2. Then we can have the following subcases: m = 1,1 = 1,
k=2sm=11=2k=1lorm=2,l=1,k=1.

Case 2.1. Let m = 1,1 =1, k = 2. We consider two subcases.

Case 2.1.1. Suppose g # 0. Let

1

9(¢) = B Oy
where Ay # 0 is a constant. By (3.6) and ¢t < ml = 1, we have

(n—0T(r,g9) < (k+1)T(r,g) + logr + S(r,g),

and hence, T'(r, g) <logr+ S(r,g). So, g is a rational function satisfying deg g = 1,
which contradicts deg g = 2.

Case 2.1.2. Suppose g has at least one zero. Note that all zeros of g have
multiplicities at least k and k = 2. Let
e

A(? 4+ Bo( + Oy
Next, again we consider two subcases.

Case 2.1.2.1. Suppose A% + By( + C5 has at most one distinct zero. Then
N(r,g) < logr. Since degg = 2 and T(r,g) = 2logr, we have N(r,g) < %T(r, g)-
By (3.6) and ¢t < ml = 1, we obtain

9(¢)

1 k+1
(n = DT(r,9) < 5T(r,9) + ~3—T(r,9) +logr + S(r. ).

Then, we get T'(r,g) < %logr + S(r, g), which is a contradiction.
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Case 2.1.2.2. Suppose A3(? + By + Cy has two distinct zeros, and let Ay(? +
By( 4 Co = A3(¢ — B1)(¢ — B2), B1 # Pa. Then, we have

T
Ax(C = B1)(C — B2)

By simple calculation, we get

9(¢)

1 ay ag

99 = & T Hc—5) " A -F)

where

_ (=B _ (c=p2)°
YT =B T Ba—B
Therefore
a(¢—c)?"

n _ 2 a a
9"(€) —ag™(Q) = %; | Thr T Tk | T T A

2437 a1 (C—B1)" 3 (C—B2) " a2 (C—B1)" (¢ —B2)" 3| —a(¢(—e)?"
N AT (=B (C—B2)" :

Obviously, g” —ag™ has at least 2 = mi+1 distinct zeros, which is a contradiction.

Case 2.2. Let m = 1,1 =2, k = 1. We consider two subcases.
Case 2.2.1. Suppose g # 0. Let
1
T A+ Bl + Gy
where A # 0 is a constant. By (3.6) and ¢t < ml = 2, we have

9(¢)

(n—=0T(r,g9) < (k+1)T(r,g) + 2logr + S(r,g),

and hence, T'(r,g) <logr+S(r,g). So, g is a rational function satisfying degg = 1,
which contradicts deg g = 2.
Case 2.2.2. Suppose g has at least one zero. Let
glg) = DB
A2C? + Ba( + Co
where(A;, Az) # (0,0). Again, we consider two subcases.
Case 2.2.2.1. Suppose Ax(% + By( + Cy has at most one distinct zero. Then

(r,g) <logr. Thus, from deg g = 2 we get T(r, g) = 2logr, and hence, N(r,g) <
1T(r,g). By (3.6) and t < mil = 2, we have

k41
(n—=0T(r,g) <T(r,g)+ %T(T, g) +2logr 4+ S(r, g),

implying that T'(r,g) < logr + S(r, g), which is a contradiction.
Case 2.2.2.2. Suppose As(?+ By +Cy has two distinct zeros 81, B2. We consider
two subcases.
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Case 2.2.2.2.1. Suppose A1¢*+ B1(+C\ has one zero. Then N(r, 1) < 3T(r, g)+
S(r,g). By (3.6) and t < ml = 2, we get

(n—0T(r,g) < %T(T, g)+ (E+1)T(r,g) +2logr + S(r,g),

then T'(r,g) < §logr + S(r,g), which is a contradiction.

Case 2.2.2.2.2. Suppose A,¢% + B1¢ + C; has two distinct zeros aq, a. Noticing
that n > k+(m+ 1)l +1=6i n > 7, by (3.6) and t < ml = 2, we get
T(r,g) <logr+ S(r,g), which is a contradiction. If n = 6, let

—a1)(¢ — as
0= ATy
where A = ’2—; # 0, a1, ag, P1, P2 are distinct. Set ¢ = é. Then (92)’ —ag® =
zwlﬁ a1t is easy to verify that all the zeros of (g2)" — ag® come from the zeros
of 2413 + a and the poles of 9.

Set ¢ = %4 Then we have ¢ = 2¢/1)* and

o) = L C=B)(C=B)"
24% (¢ — a1)M(¢ — an)*
By simple calculation, we get
(¢ = B1)°(C = B2)*hs ()
(C—a1)3(¢ —a2)’

where hg is a polynomial with deghs < 2.

¢'(¢) =

)

Obviously, ¢’ + a has at least one zero, which is different from a7 and as. Then
(92)/ — ag™ has at least 3 = mil + 1 distinct zeros. This is a contradiction.

Case 2.3. Let m = 2,1 =1, k = 1. We consider two subcases.

Case 2.3.1. Suppose g # 0. Arguments similar to those applied in Case 2.2.1
yield a contradiction.

Case 2.3.2. Suppose g has at least one zero. Let

AP+ B¢+ Gy
9(¢) = N 1 Bae 1 Oy’
where (A1, Ag) # (0,0). We consider two subcases.

Case 2.3.2.1. Suppose A3(2+ By +C5 has at most one distinct zero. As discussed

in Case 2.2.2.1, we can get a contradiction.

Case 2.3.2.2. Suppose A3(? + By +Cs has two distinct zeros 31, 2. We consider
two subcases.

Case 2.3.2.2.1. Suppose A;(?+ B1(+C; has one zero. Then as discussed in Case
2.2.2.2.1, we can get a contradiction.

Case 2.3.2.2.2. Suppose A,¢% + B1¢ + C; has two distinct zeros aq, . Noticing
that n > k+(m+ 1)l +1=5if n > 6, by (3.6) and t < ml = 2, we get

82



NORMAL FAMILIES OF MEROMORPHIC FUNCTIONS ...

T(r,g) <logr+ S(r,g), which is a contradiction. If n = 5, we set

(C—a)(C —a2)
(C=B1)(C—Ba)’

where A = % %0, a1, as, 81, B2 are distinct. Set ¢ = %. Then ¢’ —ag® = _1/}’11/235+a‘

g(Q)=A

It is clear that ¢’ — ag® and 9'¢® + a have the same zeros.
Set ¢ = %4. Then we have ¢’ = ¢/¢® and
_ 1 (=8¢ B
SO(C) Ry 2 1
(€ —a)*(¢—az)

By simple calculation, we get

(€= B1)>(C = B2)ha(C)
(¢ —a1)3(C — az)’

where h4 is a polynomial with deg hy < 2.

)

(3.12) ¢'(Q) =

By Lemma 2.3, we know that g’ —ag® has at least two distinct zeros, hence ¢’ +a
has at least two distinct zeros. Next, we need to prove that ¢’ + a has at least three
distinct zeros.

Suppose this is not the case, and ¢’ + a has only two distinct zeros 71, 2. Let
C—nm)™(C—m)®

(C—a1)®(¢C— 062)5

where C' # 0 is a constant, and d; + ds = 10.

¢ +a=C

Then, we have

(€ =)™ (¢ = m2) "= hs(Q)
(¢ —01)5(¢ — an)°
where hj5 is a polynomial with deg hs < 2.
From (3.12) we have

(3.13) ¢"(Q) =

)

(¢ — B1)°(C — B2)?hs(C)
(C - al)G(C - 02)6

where hg is a polynomial with deghg < 5.

)

(3.14) ¢"(¢) =

Since a1,a9, B1, B1, M, N2 are distinct, combining (3.13) and (3.14) we get
dy + do — 2 <5, that is, dy + do < 7. This contradicts that d; + dy = 10.

So, ¢’ 4+ a has at least 3 = ml + 1 distinct zeros, which is a contradiction.

Thus, the expression (gl)(k) — ag™ has at least ml + 1 distinct zeros, which is a
contradiction. This shows that F is normal at zy, and hence, F is normal in D.

Theorem 1.5 is proved.

As for the proof of Theorem 1.6, observe that by (3.6) and the assumption of

the theorem, all the zeros and poles of g are of multiplicities at least k. Hence, we
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have

mlk
<
“mlk+k-2
Thus, we deduce that g is a nonconstant rational function satisfying deg g < 2 for
k=1 ml>2 and degg = 1 for £k = 2, ml > 1. Since the rest of the proof of

Theorem 1.6 is similar to that of Theorem 1.5, we here omit the details.

T(r,g) logr + S(r, g).

4. PROOF OF THEOREM 1.7

Suppose that F is not normal in D. Then, by Lemma 2.1, there exists at
least one point 2y such that F is not normal at zy. By Lemma 2.2, there exist
f; € F, zj = 2z, and p; — 07 such that

9;(C) = Pj"%’fj(zj +pi¢) = 9(¢)
spherically uniformly on compact subsets of C, where g is a nonconstant meromorphic
function such that all the zeros of g have multiplicities > k, and all the poles of g
are of multiplicity > k+ 1, and the order of g is not greater than 2. As in the proof
of Theorem 1.5, we can conclude that the expression (gl)(k) — ag™ has at most ml
distinct zeros. If mik = 1, then we have m = 1, [ = 1, k = 1, which contradicts the
result of Lemma 2.4. Next, we consider the case where mik > 2.

) _ ag™ has t (< ml) distinct zeros. Since all the zeros of ¢

Suppose that (g')
have multiplicities > &, and all the poles of g are of multiplicity > k + 1, as in the

proof of Theorem 1.5, we get

T(r,g) < logr + S(r, g).

m
mlk —1
Thus, we have that g is a nonconstant rational function satisfying deg g < 2 for

mlk =2 and degg = 1 for mlk > 2. Next, we discuss two cases.

Case 1. Let mlk = 2. Then we have the following subcases: m = 1,1 =1, k = 2;
m=1L1l=2k=1lorm=2,1=1,k=1.

Case 1.1. Let m = 1, ] = 1, k = 2. By Lemma 2.4 we know that (¢')*) — ag"
has at least 2 = ml + 1 distinct zeros, which is a contradiction.

Case 1.2. Let m = 1,1 =2, k = 1. We consider two subcases.

Case 1.2.1. If g has poles, then noticing that all poles of g are of multiplicities
at least k + 1 =2 and degg < 2, we can set
A1+ Bi(+Cy

(¢—0¢?

g(¢) =

We consider two subcases.
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Case 1.2.1.1. Suppose g has at most one distinct zero. Then N(r, %) <iT(r,9)+
S(r,g), and by (3.6) and t < ml = 2, we have

1 k+1
(n = DT(r,9) < 5T(r,) + 5 —T(r,g) +2logr + S(r. ).

Thus, T(r,g) < 2logr + S(r,g), which is a contradiction.

Case 1.2.1.2. Suppose g has two distinct zeros. Noticing that n > (m+1)I+1=15
if n > 6, by (3.6) and t < ml = 2, we get T(r,g9) < logr + S(r,g), which is a
contradiction. If n = 5, then we set

(¢ — on)(C — an)
SR (P R

where A; # 0, a3, ag, ¢ are distinct. Set ¢ = é. Then we have (92)/ —ag® =

9(¢) =

—%. It is easy to verify that all the zeros of (¢2)’ — ag® come from the zeros
of 2¢"1)? + a and the poles of 9°.
Set ¢ = % Then we have ¢’ = 2¢/1? and
_ 2 (C=e
3AT (¢ — 1)3(¢ — an)”
By simple calculation, we get
(SRORE)
(¢ —a)*(¢ —az)’

where A7 is a polynomial with degh; < 2.

©(C)

©'(¢) =

)

Obviously, ¢’ + a has at least one zero, which is different from «; and «s. Then
(92)/ — ag™ has at least 3 = mil + 1 distinct zeros. This is a contradiction.

Case 1.2.2. Suppose g has no poles, then by (3.6) and ¢t < ml = 2, we have
T(r,g) <logr+ S(r,g). Hence degg = 1. Let g(¢) = A(¢ — ¢), where A # 0 is a

constant. Then we have
(9°)(©) — ag"(¢) = 24*(¢ — ) = aA"(¢ — )"
Obviously, (92)/ — ag™ has at least n — 1 > ml + 2 distinct zeros, which is a
contradiction.
Case 1.3. Let m = 2,1 =1, k = 1. We consider two subcases.

Case 1.3.1. If g has poles, then noticing that all the poles of g are of multiplicities
at least k + 1 = 2, we set

()= Bt G

T T

We consider two subcases.

Case 1.3.1.1. Suppose g has at most one distinct zero. Arguing as in Case 1.2.1.1,

we can get a contradiction.
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Case 1.3.1.2. Suppose g has two distinct zeros a1, as. Noticing that n > (m +
1)l+1=4ifn>5, by (3.6) and t < ml =2, we get T(r,g) < logr+ S(r,g), which

is a contradiction. If n = 4, then we set

(€ —a1)(€ —az)
(=02 7

where A; # 0, a1, as and ¢ are distinct. Set ¢ = é. Then we have ¢’ — ag* =

—w/’f;f“. Obviously, the expressions ¢’ — ag* and ¢/t + a have the same zeros.

9(¢) = A1

Since n > (m + 1)l + 1 = 4, by Lemma 2.3 we see that ¢’ — ag* has at least two
distinct zeros. Thus, ¥'1)? + a has at least two distinct zeros.

Next, we need to prove that ¢/¢? + a has at least three distinct zeros.

Suppose that this is not the case, and 1'% + a has only two distinct zeros 7,
N2. Set p = %3 Then we have ¢’ = 1'1)? and
_ 1 (SN
34T (- a)3(C - an)”

By simple calculation, we get

©(C)

(¢ —¢)°hg(C)
(C—a)*(¢ —az)¥’

where hg is a polynomial with deg hg < 2.

(4.1) ¢'(C¢) =

Since ¢’ = 1’42, we know that ¢’ + a has two distinct zeros. Let

(€= m)™ (¢ = n2)®
(€ —a)*(¢ —a2)’
where C' # 0 is a constant, and d; + do = 8. Then we have
(C=n)m ¢ —n2)™ he ()
(C—a1)3(¢ — )’
where hg is a polynomial with deg hg < 2.
From (4.1) we get

() +a=C

(42) (p//(C) =

)

(¢ — C)4h10(C)
(C—a1)5(¢ —a2)’

where hig is a polynomial with deghig < 4.

(4.3) ¢(C) =

7

Since a1, e, 71, 12, ¢ are distinct, combining (4.2) and (4.3), we get d1 +dos —2 <
4, that is, d; 4+ ds < 6, which contradicts the fact that dy + do = 8.
Case 1.3.2. If g has no poles, then arguing as in Case 1.2.2, we can get a

contradiction.

Case 2. Let mlk > 2, degg = 1.
Case 2.1. If g has at least one pole, then noticing that all the poles of g are of

multiplicities at least k + 1 = 2, we get degg > 2, which is a contradiction.
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Case 2.2. If g has no poles, then k = 1 and degg = 1. Let ¢g({) = A(¢ —¢), where

A # 0 is a constant. Then we have
(gl)/ (C) _ ag"(() _ ZAZ(C _ C)l—l _ G/AH(C _ C)n7

implying that (¢') — ag™ has at least n — [ + 1 > ml 4 2 distinct zeros, which is a

) _ ag™ has at least ml + 1 distinct zeros,

contradiction. Thus, the expression (gl)
which is a contradiction. This shows that F is normal at zp, and hence, F is normal

in D. Theorem 1.7 is proved.
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Abstract, A finite group G is said to be a generalized Frobeniuvs group with kernel I, if
F ig a proper nontrivial normal subgroup of G and for every element Fz of prime order
of the quotient group G/ F the coset Fr of 1he group G over F' has only p-elements for
some prime p depending on . This article considers generalized Frobenius groups with
insoluble kernel. We prove that a quotient group of a generalized Frobenius group over
its insoluble kernel is a Z-group.

MSC2010 numbers: 20D65.

Keywords: generalized Frobenius group; Camina pair.

1. INTRODUCTION

A finite group G is said t0 he a generalized Frobenius group with kernel F.# F is
a proper nontrivial normal suhgroup of G and for every element Fz of prime order
of the quotient group G/ F the coset Fx of the group G over F' has only p-elements
for some prime p depending on 2. Every Frobenius group and every Camina pair
{see |1]) are generalized Frobenius groups. In [2], generalized Frohenius groups are
described that coincide with their derived subgroup, and in particular it is shown
that the kernels of such groups are nilpotent.

This article considers generalized Frobenius groups with insoluble kemel. We

prove the following result.

Theorem 1.1. If G is a generalized Frobemius group with an insoluble kernel I,

then G/ F is a 2-group.

YThe work of the first two anthors is supported by NNSF of China {grant 11771409}, the work
of the third author is supported by Mathematical Center in Akademgoredok; the work of the
fourth and fifth authors is supported by BFBR {(grant 1%01-00507}.
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Note that one of the subgroups of index 2 in the automorphism group of the
alternating group Ag is a generalized Frobenius group with insoluble kernel, and so
Theorem 1.1 cannot be improved.

Theorem 1.1 easily follows from the following proposition.

Proposition 1.1. Suppose that F is a proper nontrivial normal subgroup of a group
G and G = F(t) for some t € G. If for every element f € F the element ft is a

primary element of odd order, then F is a soluble group.
Recall that an element is said to be primary, if its order is a prime power.
2. PRELIMINARIES
In this paper, we are keeping with the notation of the Atlas of Finite groups [3].

Lemma 2.1. Suppose that G is one of the simple groups from the following list:

Sm(Q); m 2 4;
05.(q), m =2 7;

Let P be a proper subgroup of minimal index in G. Then P is insoluble, and G has

at most two conjugacy classes of subgroups isomorphic to P.

Proof. Follows from the description of proper subgroups of minimal indices of simple
groups (see [4] — [8]). O

Lemma 2.2. (]9, Proposition 1.10.3(1)]) Let G be one of the groups L, (q), U,(q),
Sn(q) or O%(q), n = 2. In the last case, it is assumed that q is odd if G = O,(q),
where n is odd. If G is soluble, then G is one of the following groups: L2(2), L2(3),

Us(2), O3 (9), OF (2), Of (3), O (q)-

3. PROOF OF PROPOSITION 1.1

Let G be a minimal example contradicting the conclusion of the proposition,
and let p” be the order of t for a prime p. The proof of Proposition 1.1 consists of

several lemmas.

Lemma 3.1. Every soluble normal subgroup of F is trivial.
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Proof. Let N be the largest normal soluble subgroup of F. Then N # F is a
characteristic subgroup of F, and thus it is normal in G. Suppose that G = G/N,
F = F/N,t = Nt € G. Since ft = Nft and ft is a primary element for every
f € F, it follows that ft is a primary element for every f € F. Therefore G, F and

t satisfy the assumption of the lemma, and hence N = 1. O

Lemma 3.2. G = M(t) for a minimal normal subgroup M of G that lies in F.
Besides, M is a direct product of isomorphic simple nonabelian subgroups M, ..., M,
for the smallest natural number s, such that Mfs = My, M! | = M;, where

i=2,...,8, M! = My. Furthermore, s = p" for some natural n.

Proof. 1t is clear that M (t) satisfies Lemma 3.1. Due to minimality of G = M (t),
we have M = M; x --- X M, for nonabelian simple groups M, ..., My, each of
which is normal in M. Since M is a minimal normal subgroup in G, the subgroup
(t) acts transitively on the set {Mj,..., M} which can be enumerated as it is said

in the conclusion of the lemma. O
Lemma 3.3. In the notation of Lemma 3.2, we have M = M.

Proof. The conclusion is trivial for s = 1. Suppose that s > 1. It is enough to show
that M (t°) satisfies the assumption of Proposition 1.1. Let m € My. If (tm)® = 1,
then

Y= gatmg(tm)?® | pm) T ¢ Cu(tm)
for every x € M, since (M)’ ¢ M; when ¢ =0,...,s—1, and hence the elements of
the set {x, 2™, ... ,x(tm)ﬁl} commute. Therefore for nontrivial p’-element x € M;
the element y is a nontrivial p’-element, and tmy is not a p-element contrary to the

assumption. So (¢m)® is a nontrivial p-element for every m € M;. Next, we have

(tm)® =tmtmtm---tm =t° - ' mt* L 27 5mtt 2 5B me ot =
—_———
s times

(s=1)  4(s=2)
t*m! m! —ombm = tSma,

where z € N = My x -+ X My, [z,t°m]| = 1.

Obviously, N N M;(t*m) = 1, and hence t*m is the image of (¢m)® under the
natural isomorphism of M {(tm)®)/N on M;j(t*m}. Since (tm)*® is a nontrivial p-
element, it follows that ¢*m is also a nontrivial p-element, and M;{t*m) satisfies
the assumption of Proposition 1.1 with M; for F' and ¢° for ¢.

Due to minimality, we conclude that G = M;(t®), and the result follows. O

Lemma 3.4. If P is a proper insoluble subgroup of M, then the number of conjugacy
classes of subgroups isomorphic to P is at least three.
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Proof. Suppose the contrary. We can assume that G = M (t) < Aut(M). Let P
be a proper insoluble subgroup of M and Cf1,...,C, be pairwise distinct classes
of subgroups isomorphic to P and conjugate in M. By assumption r < 2. The
group Aut(M) acts naturally on {Cy,...,C,}, therefore the stabilizer of Cy in
Aut(M) contains G. This means that if P € Cy, then M Ng(P) = G, and therefore
the subgroup (Ng(P)N M) - (t1) for t = mt1, m € M, t; € Ng(P) satisfies the
assumption of Proposition 1.1 with Ng(P) N M for F and t; for t. Indeed, if m; €
Ng(P)NM, then mit; = mym~—! € M. Thus we get a contradiction with minimality
of GG, and the result follows. O

Lemma 3.5. M is isomorphic to one of the following groups:

La(q),q > 4;52(2*" ™), n > 1; R(q) = *Ga(q),q = 3',1 > 1; L3(3); Us(3).

Proof. By the assumption of Proposition 1.1, the group of outer automorphisms of
M cannot be a 2-group, that is, M is a Lie type group over some finite field R. By
Lemmas 3.4 and 2.1 the group M has a projective representation of degree at most

6 over R. Now tables in [9] and Lemma 2.2 show that the lemma is true. ]
Lemma 3.6. The group G does not ezist.

Proof. By Lemmas 3.2 and 3.3, we have G = M (t), where M is one of the
groups listed in Lemma 3.5. Obviously, G < Aut(M). Since the groups of outer
automorphisms of L3(3) and Us(3) are 2-groups, then M is isomorphic to one of
the groups Lo(q), ¢ > 4; Sz (22”“), n>=1lor R (31), [ > 1. In each of these cases
we can assume that ¢ induces in M a field automorphism. Therefore the centralizer
of t in M is not a p-group in contradiction with the assumption of Proposition 1.1,

and the result follows. O

Proof of Proposition 1.1. The result follows from Lemmas 3.1 - 3.6. d

4. PROOF OF THEOREM 1.1

Suppose that G is a counterexample to Theorem 1.1. Then G/F has an element

F't of prime odd order, and F'(t) contradicts the conclusion of Proposition 1.1.

CHOUCOK JINTEPATYPBI

[1] M. L. Lewis, Camina groups, Camina pairs, and generalization, N. S. N. Sastry and M. K.
Yadav (eds.), Group theory and computation. Springer Nature Singapore Pte Ltd, 41 — 174
(2018).

[2] X. B. Wei, A. Kh. Zhurtov, D. V. Lytkina, V. D. Mazurov, “Finite groups close to Frobenius
groups”, accetpted by Sib. Math. J.

[3] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of Finite Groups,
Clarendon Press. Oxford (1985).

91



(4]
(5]
(6]
7]
(8]
9]

X. B. WEI, W. B. GUO, D. V. LYTKINA, V. D. MAZUROV, A. KH. ZHURTOV

V. D. Mazurov, “Minimal permutation representation of finite simple classical groups”, Special
linear, symplectic, and unitary groups, Algebra and Logic, 82:3, 142 — 153 (1993).

A. V. Vasil’ev, V. D. Mazurov, “Minimal permutation representations of finite simple
orthogonal groups”, Algebra and Logic, 33:6, 337 — 350 (1994).

A. V. Vasil’ev, “Minimal permutation representations of finite simple exceptional groups of
types G2 and F4”, Algebra and Logic, 35:6, 371 — 383 (1996).

A. V. Vasil’ev, “Minimal permutation representations of finite simple exceptional groups of
types Eg, E7 and Eg”, Algebra and Logic, 86:5, 302 — 310 (1997).

A. V. Vasil’ev, “Minimal permutation representations of finite simple exceptional twisted
groups”, Algebra and Logic, 37:1, 9 — 20 (1998).

J. N. Bray, D. F. Holt, C. M. Roney-Dougal, The Maximal Subgroups of the Low-Dimensional
Finite Classical Groups, Lond. Math. Soc. Lect. Note Ser., Cambridge University Press (2013).

[ocrymuna 9 centsopst 2019
ITocse mopaborku 20 okTsabps 2019
[Mpunsra k nybaukanun 19 mexabps 2019

92



Hmaewe 77735
H3BECTHA HAH APMEHIIM: MATEMATHKA
ToMm 55, nomep 1, 2020
ConEPAARNE

A. J1. I'eeorrag, I'. T. TEBOPTAH, Komemmne moarpy s
OTHOCHTETRHO CBOBOIILIX M=KDV TETBIX TPITIIT &0\ttt trnenatat et inanannenenennns 3

I I'. TeporKzH, M. . I'parorsan, O <ommMocTs
KBALIDATHSILIX FACTHLIX CYMM KDATHOrO piaia (I’EDENTKJ?HUEI

K BOOROEETHOOTH « « 1 vt vt en vt va ettt e es e s e s st a e saaa e a et s e aaaae s bansanasnnnns 9
A. A. Norri, N. NvaMorapl, N, EgeBaLl, Multiplicity of solutions for

Kirchhoff fractional differential equations involving the Livuville-Weyl

facEIonal deriVATIVES | v v w svsmsis Gvavan £8 £8 i o B G GV £8 £8 §8 W o o 45 19

B. K. Orauag, B. I'. Baraaxqaan, B M. Yauruna, Pacopenesesme
JLITEHBI CJ{y‘?aﬁﬁO]‘O OTDesRa 7 ROBADHOIDAMA HETCTROIO BRIITYRIOPO Teda . oo, 43

X. A, Xauarras, A, C. IIErrocan, 06 ommoM KIacce HHTCTPATRILIK
VPABHCHRN ¢ BHIVEION TCHEHCHIOCTHIO A TOTVOCH 1\ tv vy vansnasssasrsasasnnss 5

X1ao-Hua Car, Jun-Fan CHEN, Normal families of meromorphic
functions coRCErNINg ZET0 DUIIDETS . L L1 ity ittt iraasenraaaarasasrataaananns T2

X. B. WeL, W. B. Guo, D. V. LytiNa, V. D. Mazurov,
A. Ku. Zuurrov, Solubility of finite geperalized Frobenius
groups with the kernel of odd Index ..o i i e 88 - 92

TZVESTIVA NAN ARMENIL MATEMATIKA

Vol. 55, No. 1, 2020
CONTENTS
A. L. GEVORGYAN, G, (. GEVORGYAN, Iinite subgroups of the
relatively f1ee n-tOrSION EOUDPE Lttt ittt et n i raaaas et e en e raaaenaenaaas 3

G. G, GEVORKYAN, M. G. GricoryaN, On convergence of quadratic
partial sums of a multiple Franklin series to Infnify ..o i i i e 9

A. A, Nori, N, NvaMoraDI, N, EaspaLl, Multiplicity of solutions for
Kirchhoff fractional differential equations involving the Livuville-Weyl
3 oA TSy T A L ATt & 000 SO OO DR 19

V. K. OBaNYaN, V. G. BARDAKHCHEYAN, E. 1. UrLrtiNa, Distribution
of length of random segment and covariogram for fuzzy convex bodies........... 43

Ku. A. Kuacgarryan, H. S, PETROsYAN, On a class of integral
equations with convex nonlinearity On SEImMEIKIS L. 0t i et 57

X1ao-Hua Car, Jun-Fan CHEN, Normal families of meromorphic
finctions cOnCerning ZOT0 DUIIDETE . o1ttt ittt ettt aaaas e eraaaaas 72

X. B. WeL, W. B. Guo, D. V. LyTiNa, V. D. Mazurov,
A. KH. Zuurtov, Sclubility of finite generalized Frobenius
groups with the kernel of odd Index .o i i e 88 - 92



	file_0
	file_0 (1)
	file_0 (2)
	file_0 (3)
	file_0 (4)
	file_0 (5)
	file_0 (6)
	file_0 (7)
	file_0 (8)
	file_0 (9)

