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À. Ë. ÃÅÂÎÐÃßÍ, Ã. Ã. ÃÅÂÎÐÃßÍ

áûëè ïîñòðîåíû è èçó÷åíû â ðàáîòàõ Ñ. È. Àäÿíà, À. Þ. Îëüøàíñêîãî, Ñ. Â.

Èâàíîâà, È. Ã. Ëûñåíêà, Â. Ñ. Àòàáåêÿíà è äðóãèõ àâòîðîâ (ñì., íàïðèìåð, [5]�

[11]).

Ïðåäëîæåíèå 1.1. Åñëè F � àáñîëþòíî ñâîáîäíàÿ ãðóïïà è N � òàêàÿ åå

íîðìàëüíàÿ ïîäãðóïïà, ÷òî ôàêòîð ãðóïïà F/N ÿâëÿåòñÿ ãðóïïîé áåç êðó÷åíèÿ,

òî ãðóïïà F/Nn � n-êðó÷åíàÿ ãðóïïà äëÿ ëþáîãî n ≥ 1, ãäå Nn � ïîäãðóïïà

ïîðîæäåííàÿ n-ûìè ñòåïåíÿìè âñåõ ýëåìåíòîâ èç n.

Äîêàçàòåëüñòâî. Âî ïåðâûõ, î÷åâèäíî, äëÿ ãðóïïû F/Nn ìîæíî âûáðàòü ñè-

ñòåìó îïðåäåëÿþùèõ ñîîòíîøåíèé âèäà rn = 1, ãäå r ïðîáåãàåò ìíîæåñòâî N .

Äîïóñòèì, ÷òî ýëåìåíò a ∈ F/Nn èìååò êîíå÷íûé ïîðÿäîê. Òîãäà åãî îáðàç â

ôàêòîð ãðóïïå F/N òîæå èìååò êîíå÷íûé ïîðÿäîê è ïîýòîìó òðèâèàëåí. Ýòî

îçíà÷àåò, ÷òî a ∈ N/Nn. Îñòàåòñÿ çàìåòèòü, ÷òî ãðóïïà N/Nn � ïåðèîäè÷åñêàÿ

ãðóïïà ïåðèîäà n. �

Íàïîìèíàåì, ÷òî ïðè ëþáîì íå÷åòíîì n ≥ 1003 ÷åðåç Γ(m,n,Π) îáîçíà÷à-

åòñÿ ñâîáîäíàÿ ãðóïïà ðàíãà m ìíîãîáðàçèÿ ãðóïï, îïðåäåëÿåìîãî ñëåäóþùèì

ñåìåéñòâîì òîæäåñòâ îò äâóõ ïåðåìåííûõ

(1.2) {(xpnypnx−pny−pn)n = 1},

ãäå ïàðàìåòð p ïðîáåãàåò ïðîèçâîëüíîå ìíîæåñòâî ïðîñòûõ ÷èñåë Π. Ýòè çíà-

ìåíèòûå ãðóïïû áûëè ïîñòðîåíû Ñ.È.Àäÿíîì â [2] (ñì. òàêæå [3], ãë. VII) äëÿ

ðåøåíèÿ ïðîáëåìû êîíå÷íîãî áàçèñà, ïîñòàâëåííîé Á.Íåéìàíîì â 1937 ã. Íåêîòî-

ðûå äðóãèå èíòåðåñíûå ñâîéñòâà ãðóïï Γ(m,n,Π) áûëè èçó÷åíû â [11]. Â ðàáîòå

[12] äîêàçàíî, ÷òî ëþáàÿ ïîäãðóïïà êàæäîé ñâîáîäíîé ãðóïïû Γ(m,n,Π) ïðîèç-

âîëüíîãî ðàíãà m ≥ 1 ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé. Àíàëîãè÷íîå óòâåðæäåíèå

äëÿ ñâîáîäíûõ áåðíñàéäîâûõ ãðóïï B(m,n) íå÷åòíîãî ïåðèîäà n ≥ 665 è ëþáîãî

ðàíãà ðàííåå áûëî äîêàçàíî Ñ. È. Àäÿíîì â [3] (ñì. ãë. VII [3]) (äëÿ àáñîëþòíî

ñâîáîäíûõ ãðóïï îíî � ïðîñòî äîêàçóåìîå óòâåðæäåíèå).

Íàìè áóäåò äîêàçàíà ñëåäóþùàÿ áîëåå îáùàÿ òåîðåìà.

Òåîðåìà 1.1. Ëþáàÿ êîíå÷íàÿ ïîäãðóïïà êàæäîé îòíîñèòåëüíî ñâîáîäíîé n-

êðó÷åíîé ãðóïïû ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé ïðè ëþáîì íå÷åòíîì n ≥ 1003.
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2. Îïðåäåëåíèÿ è âñïîìîãàòåëüíûå ëåììû

Êàê è â [12], äîêàçàòåëüñòâî áóäåì ïðîâîäèòü ïî ñõåìå, ïðåäëîæåííîé â ãëà-

âå VII ìîíîãðàôèè [3]. Ñíà÷àëà ïîñòðîèì öåíòðàëüíûå ðàñøèðåíèÿ ãðóïï ðàñ-

ñìàòðèâàåìûõ îòíîñèòåëüíî ñâîáîäíûõ ãðóïï è ïðèìåíèâ ìåòîä äîêàçàòåëüñòâà

òåîðåìû 1 èç [3, ãë. VII], ñ ïîìîùüþ òåîðåìû Áýðà çàâåðøèì äîêàçàòåëüñòâî.

Ïóñòü Γ(X) � ïðîèçâîëüíàÿ n-êðó÷åíàÿ ãðóïïà ñ ìíîæåñòâîì ñâîáîäíûõ ïî-

ðîæäàþùèõ X. Ñîãëàñíî [1], ãðóïïà Γ(X) èìååò ñïåöèàëüíóþ ñèñòåìó îïðåäå-

ëÿþùèõ ñîîòíîøåíèé âèäà An = 1:

(2.1) ΓG(X) = 〈X |An = 1, A ∈
∞⋃
α=1

Eα〉.

Ñëåäóÿ [1], ÷åðåç Γ(X,α) îáîçíà÷èì ãðóïïó ñ òåìè æå îáðàçóþùèìèX è ñèñòåìîé

îïðåäåëÿþùèõ ñîîòíîøåíèé An = 1, ãäå A ∈
⋃n
α=1 Eα:

ΓG(X,α) = 〈X |An = 1, A ∈
n⋃
α=1

Eα〉.

Äàëåå, îáîçíà÷èì

(2.2) E =

∞⋃
α=1

Eα.

Ñëåäóþùèå 3 ëåììû äîêàçàííû â [1].

Ëåììà 2.1. (Ëåììà 8, [1]) Äëÿ ëþáîãî ñëîâà C, êîòîðîå íå ðàâíî 1 â ãðóïïå

Γ(X), ìîæíî óêàçàòü òàêèå ñëîâà T è E, ÷òî C = TErT−1 â ΓG(X) ïðè íåêî-

òîðîì öåëîì r, ãäå ëèáî E ∈ E, ëèáî E � íåîòìå÷åííûé ýëåìåíòàðíûé ïåðèîä

íåêîòîðîãî ðàíãà γ è ñëîâî Eq âõîäèò â íåêîòîðîå ñëîâî èç êëàññà Mγ−1.

Ëåììà 2.2. (Ëåììà 6, [1]) Åñëè E åñòü îòìå÷åííûé ýëåìåíòàðíûé ïåðèîä

íåêîòîðîãî ðàíãà γ ≥ 1 (èëè åñëè E ∈ Eγ), òî E èìååò ïîðÿäîê n â ãðóïïå

Γ(X, γ) (è â ãðóïïå Γ(X)).

Ëåììà 2.3. (Ëåììà 7, [1]) Åñëè E åñòü íåîòìå÷åííûé ýëåìåíòàðíûé ïåðèîä

íåêîòîðîãî ðàíãà γ, òî E èìååò áåñêîíå÷íûé ïîðÿäîê â Γ(X).

Ìíîæåñòâî E ñ÷åòíî (ñì. òåîðåìó 2.13 ãëàâû VI èç [3]), ò.å. åãî ýëåìåíòû ìîæ-

íî ïðîíóìåðîâàòü íàòóðàëüíûìè ÷èñëàìè. Ôèêñèðóåì íåêîòîðóþ íóìåðàöèþ è

ïóñòü E = {Aj |j ∈ N} (N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë).
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Ôèêñèðóåì òàêæå ïðîèçâîëüíóþ íå áîëåå ÷åì ñ÷åòíóþ àáåëåâó ãðóïïó D, çà-

äàííóþ ïîðîæäàþùèìè è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:

(2.3) D = 〈d1, d2, . . . , di, . . . | r = 1, r ∈ R〉,

ãäå R � íåêîòîðîå ìíîæåñòâî ñëîâ â ãðóïïîâîì àëôàâèòå d1, d2, . . . , di, . . ..

×åðåç AD(X) îáîçíà÷èì ãðóïïó, çàäàííóþ ñèñòåìîé îáðàçóþùèõ äâóõ âèäîâ

(2.4) X ∪ {d1, d2, ..., di, ....}

è ñèñòåìîé îïðåäåëÿþùèõ ñîîòíîøåíèé òðåõ âèäîâ:

r = 1, äëÿ âñåõ r ∈ R,

∀x ∈ X xdj = djx,

(2.5) Anj = dj

äëÿ âñåõ Aj ∈ E (ñì. (2.2)) è j ∈ N.
Èç ñîîòíîøåíèé (2.5) âûòåêàåò, ÷òî ãðóïïû AD(X) òîæå ïîðîæäàþòñÿ ìíîæå-

ñòâîì ïîðîæäàþùèõ X. Äëÿ ãðóïï ADX) ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2.1. Ïðè ëþáîì íå÷åòíîì n ≥ 1003 äëÿ ëþáîé àáåëåâîé ãðóïïû

D, èìåþùåé çàäàíèå (2.3), âûïîëíÿþòñÿ óñëîâèÿ:

1. öåíòð ãðóïïû AD(X) ñîâïàäàåò ñ D,

2. ôàêòîð ãðóïïà ãðóïïû AD(X) ïî ïîäãðóïïå D èçîìîðôíà ãðóïïå Γ(X).

Ïðåäëîæåíèå 2.1 äîêàçûâàåòñÿ òî÷íî òàêæå êàê è ïóíêòû 3, 4 òåîðåìû 1 èç

[11]. Â êà÷åñòâå ãðóïïû D âîçüìåì áåñêîíå÷íóþ öèêëè÷åñêóþ ãðóïïó

Z = 〈d1, d2, . . . , di, . . . | djd−1k = 1, j, k ∈ N〉.

Òîãäà öåíòðîì ïîëó÷åííîé ãðóïïûAZ(X) áóäåò áåñêîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà

ñ ïîðîæäàþùèì d = d1.

Ëåììà 2.4. Ãðóïïïà AZ(X) ÿâëÿåòñÿ ãðóïïîé áåç êðó÷åíèÿ.

Äîêàçàòåëüñòâî. Â ñèëó ïóíêòà 2 ïðåäëîæåíèÿ 2.1 âñÿêèé íåòðèâèàëüíûé ýëå-

ìåíò a ãðóïïû AZ(X) ìîæíî ïðåäñòàâèòü â âèäå a = ydj , ãäå y åñòü ñëîâî â

ïîðîæäàþùèõ ãðóïïû Γ(X), à d ïîðîæäàþùèé ýëåìåíò åå öåíòðà. Ïîêàæåì,

÷òî a èìååò áåñêîíå÷íûé ïîðÿäîê.

Åñëè y 6= 1 â Γ(X), òî â ñèëó ëåììû 2.1 íàéäóòñÿ òàêèå ñëîâà T è E, ÷òî

y = TErT−1 â ãðóïïå Γ(X) ïðè íåêîòîðîì öåëîì r, ïðè÷åì èëè E ∈ E, èëè E

� íåîòìå÷åííûé ýëåìåíòàðíûé ïåðèîä íåêîòîðîãî ðàíãà γ è ñëîâî Eq âõîäèò â
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íåêîòîðîå ñëîâî èç êëàññàMγ−1. Â ñèëó ïóíêòà 1 ïðåäëîæåíèÿ 2.1, öåíòð ãðóïïû

AD(X) � áåñêîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà, ïîðîæäåííàÿ ýëåìåíòîì d. Ïðè y = 1

óòâåðæäåíèå òåîðåìû î÷åâèäíî. Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé, êîãäà y 6= 1 â

Γ(X). Â ñëó÷àå, êîãäà E � íåîòìå÷åííûé ýëåìåíòàðíûé ïåðèîä íåêîòîðîãî ðàíãà

γ è ñëîâî Eq âõîäèò â íåêîòîðîå ñëîâî èç êëàññà Mγ−1, òî ïî ëåììå 2.3, ýëåìåíò

E, à çíà÷èò è y, èìååò áåñêîíå÷íûé ïîðÿäîê â ôàêòîð ãðóïïå Γ(X). Òîãäà åãî

ïðîîáðàç a â AD(X) òîæå èìååò áåñêîíå÷íûé ïîðÿäîê.

Åñëè æå E ∈ E, òî èñïîëüçóÿ ëåììó 2.2, ìû áóêâàëüíî ïîâòîðèâ äîêàçàòåëü-

ñòâî òåîðåìû 1.6 èç [3] óáåäèìñÿ, ÷òî a èìååò áåñêîíå÷íûé ïîðÿäîê. �

3. Äîêàçàòåëüñòâî òåîðåìû 1.1

Ïóñòü êîíå÷íàÿ ïîäãðóïïàG ãðóïïû Γ(X) ïîðîæäàåòñÿ ýëåìåíòàìè g1, g2, ..., gk.

Ðàññìîòðèì ïîäãðóïïóG1 ãðóïïûAZ(X), ïîðîæäàåìóþ ýëåìåíòàìè g1, g2, ..., gk, d.

Ñîãëàñíî ïóíêòó 1 ïðåäëîæåíèÿ 2.1 ýëåìåíò d ñîäåðæèòñÿ â öåíòðå ãðóïïû G1.

Ñëåäîâàòåëüíî, ôàêòîð ãðóïïà ãðóïïû G1 ïî åå öåíòðó êîíå÷íà.

Ïî èçâåñòíîé òåîðåìå Áýðà (ñì. [14]) èç êîíå÷íîñòè ôàêòîð ãðóïïû ïî öåíòðó

ñëåäóåò êîíå÷íîñòü êîììóòàíòà. Ñëåäîâàòåëüíî, êîììóòàíò ãðóïïû G1 êîíå÷åí.

Òàê êàê, ïî ëåììå 2.4, ãðóïïà AZ(X) ÿâëÿåòñÿ ãðóïïîé áåç êðó÷åíèÿ, òî â íåé

êîíå÷íà òîëüêî åäèíè÷íàÿ ïîäãðóïïà. Çíà÷èò êîììóòàíò ãðóïïû G1 òðèâèàëåí,

ò.å. G1 ÿâëÿåòñÿ àáåëåâîé ãðóïïîé. Ïîýòîìó, îáðàç G â Γ(X) ãðóïïû G1 òîæå

ÿâëÿåòñÿ àáåëåâîé ãðóïïîé. Â ñèëó ñëåäñòâèÿ 2 ðàáîòû [1] âñÿêàÿ àáåëåâà ïîä-

ãðóïïà ãðóïïû Γ(X) � öèêëè÷åñêàÿ ãðóïïà. Òàêèì îáðàçîì G � öèêëè÷åñêàÿ

ïîäãðóïïà. Òåîðåìà äîêàçàíà.

Abstract. A group is called an n-torsion group if it has a system of de�ning relations

of the form rn = 1 for some elements r, and for any of its �nite order element a the

de�ning relation an = 1 holds. In this paper, we prove that all the �nite subgroups of

the relatively free n-torsion groups are cyclic groups. Note that for each rank m > 1

and for any odd n ≥ 1003, the set of nonisomorphic relatively free n-torsion groups

of rank m has the cardinality of the continuum.
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Òåîðåìà (Ñ. Â. Êîíÿãèí). Ïóñòü S(x) è S(x) íèæíèé è âåðõíèé ïðåäåëû ÷à-

ñòè÷íûõ ñóìì íåêîòîðîãî òðèãîíîìåòðè÷åñêîãî ðÿäà. Òîãäà

mes{x ∈ [−π, π] : −∞ < S(x) ≤ S(x) = +∞} = 0.

Â ÷àñòíîñòè, òðèãîíîìåòðè÷åñêèé ðÿä íå ìîæåò ñõîäèòñÿ ê +∞ íà ìíîæå-

ñòâå ïîëîæèòåëüíîé ìåðû.

Äëÿ ðÿäîâ ïî ñèñòåìàì Õààðà è Óîëøà èìååòñÿ ñëåäóþùàÿ êàðòèíà. À. À.

Òàëàëÿí è Ô. Ã. Àðóòþíÿí [7] äîêàçàëè, ÷òî ðÿäû ïî ñèñòåìàì Õààðà è Óîëøà

íå ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû. Â ðàáîòàõ [8], [9]

äàíû áîëåå ïðîñòûå äîêàçàòåëüñòâà ýòîé òåîðåìû. Îäíàêî (ñì. [10]), ñóùåñòâó-

þò ðàâíîìåðíî îãðàíè÷åííûå îðòîíîðìèðîâàííûå ñèñòåìû ôóíêöèé, ðÿäû ïî

êîòîðûì ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû ïðè ëþáîé

ïåðåñòàíîâêå ÷ëåíîâ ðÿäà. Í. Á. Ïîãîñÿí [11] óñòàíîâèë, ÷òî äëÿ êàæäîé ïîëíîé

îðòîíîðìèðîâàííîé ñèñòåìû ñóùåñòâóåò ðÿä, êîòîðûé ïîñëå ïîäõîäÿùåé ïåðå-

ñòàíîâêè ñõîäèòñÿ ïî÷òè âñþäó ê +∞.

Îðòîíîðìàëüíóþ â L2[0, 1] ñèñòåìó Ôðàíêëèíà, îïðåäåëåíèå êîòîðîé áóäåò

äàíî â ñëåäóþùåì ïàðàãðàôå, îáîçíà÷èì ÷åðåç {fn(t)}∞m=1. Äàëåå îáîçíà÷èì I =

[0, 1] è mes(A)-Ëåáåãîâàÿ ìåðà ìíîæåñòâà A. Íåäàâíî áûëè äîêàçàíû ñëåäóþùèå

òåîðåìû (ñì. [4]).

Òåîðåìà À (Ã. Ã. Ãåâîðêÿí). Äëÿ ëþáîãî ðÿäà
∑∞
m=0 amfm(t) èìååò ìåñòî

mes{t ∈ I : lim
ν→∞

2ν∑
m=0

amfm(t) = +∞} = 0.

Â ÷àñòíîñòè, ðÿä Ôðàíêëèíà íå ìîæåò ñõîäèòüñÿ ê +∞ íà ìíîæåñòâå ïîëî-

æèòåëüíîé ìåðû.

Òåîðåìà Á (Ã. Ã. Ãåâîðêÿí). Åñëè äëÿ ðÿäà
∑∞
m=0 amfm(t) âûïîëíÿåòñÿ

mes{t ∈ E : lim inf
n→∞

n∑
m=0

amfm(t) = +∞} = 0,

òî ðÿä
∑∞
m=0 amfm(t) ñõîäèòñÿ íà E ïî÷òè âñþäó. Â ÷àñòíîñòè, ðÿä Ôðàíêëè-

íà íå ìîæåò ñõîäèòüñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû.

Â ðàáîòå [18] äîêàçàíû:

• Åñëè supk
nk+1

nk
<∞, òî (ñì. [18], òåîðåìà 3)

mes{x ∈ I : lim
k→∞

nk∑
m=0

amfm(t) = +∞} = 0.
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• Åñëè supk
nk+1

nk
=∞, òî (ñì. [18], òåîðåìà 4) ñóùåñòâóåò ðÿä

∑∞
m=0 amfm(t),

ñî ñâîéñòâîì

mes{x ∈ I : lim
k→∞

nk∑
m=0

amfm(t) = +∞} = 1.

Àíàëîã òåîðåìû À äëÿ ðÿäîâ ïî îðòîíîðìàëüíûì ñïëàéíàì äîêàçàí â ðàáîòå

[16]. Àíàëîã òåîðåìû Á äëÿ òàêèõ ðÿäîâ íåèçâåñòåí.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ êðàòíûå ðÿäû ïî ñèñòåìå Ôðàíêëèíà.

Ïóñòü k íåêîòîðîå íàòóðàëüíîå ÷èñëî. Ðàññìîòðèì êðàòíûå ðÿäû Ôðàíêëèíà

(1.1)
∑

m∈Nk0

amfm(x),

ãäå m = (m1, ...,mk) ∈ Nk0-âåêòîð ñ íåîòðèöàòåëüíûìè öåëî÷èñëåííûìè êîîðäè-

íàòàìè, x = (x1, ..., xk) ∈ [0; 1]k è fm(x) = fm1
(x1) · · · fmk(xk).

Îáîçíà÷èì ÷åðåç σν(x) êóáè÷åñêèå ÷àñòè÷íûå ñóììû ðÿäà (1.1) ñ íîìåðàìè

2ν , ò.å.

(1.2) σν(x) =
∑

m:mi≤2ν

amfm(x),

ãäå m = (m1, ...,mk).

Âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.1. Äëÿ ëþáîãî ðÿäà (1.1) èìååò ìåñòî

mes{x ∈ Ik : lim
ν→∞

σν(x) = +∞} = 0.

2. Îïðåäåëåíèå ñèñòåìû Ôðàíêëèíà è âñïîìîãàòåëüíûå ëåììû

Ïóñòü n = 2µ + ν, µ ≥ 0, ãäå 1 ≤ ν ≤ 2µ. Îáîçíà÷èì

sn,i =

{
i

2µ+1 , äëÿ 0 ≤ i ≤ 2ν,
i−ν
2µ , äëÿ 2ν < i ≤ n.

×åðåç Sn îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ è êóñî÷íî ëèíåéíûõ

íà [0; 1] ñ óçëàìè {sn,i}ni=0, ò.å. f ∈ Sn, åñëè f ∈ C[0; 1] è ëèíåéíàÿ íà êàæ-

äîì îòðåçêå [sn,i−1; sn,i], i = 1, 2, ..., n. ßñíî, ÷òî dimSn = n + 1 è ìíîæåñòâî

{sn,i}ni=0 ïîëó÷àåòñÿ äîáàâëåíèåì òî÷êè sn,2ν−1 ê ìíîæåñòâó {sn−1,i}n−1
i=0 . Ïîýòî-

ìó, ñóùåñòâóåò åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî çíàêà, ôóíêöèÿ fn ∈ Sn, êîòîðàÿ
îðòîãîíàëüíà Sn−1 è ‖fn‖2 = 1. Ïîëàãàÿ f0(x) = 1, f1(x) =

√
3(2x− 1), x ∈ [0; 1],

ïîëó÷èì îðòîíîðìèðîâàííóþ ñèñòåìó {fn(x)}∞n=0, êîòîðàÿ ýêâèâàëåíòíûì îáðà-

çîì îïðåäåëåíà Ô. Ôðàíêëèíîì [12].
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: tνj = j
2ν , êîãäà 0 ≤ j ≤ 2ν , tν−1 = tν0 = 0 è

tν2ν+1 = tν2ν = 1. Ïîëîæèì δνj = (tνj−1; tνj+1), äëÿ 0 ≤ j ≤ 2ν . Ïóñòü δij-ñèìâîë

Êðîíåêåðà, ò.å. δij = 1, åñëè i = j è δij = 0, åñëè i 6= j. Ôóíêöèè ϕνj îïðåäåëèì

ñëåäóþøèì îáðàçîì:

ϕνj (tνi ) = δij , j = 0, ..., 2ν , è ϕνj ëèíåéíà íà [tνi−1, t
ν
i ], i = 1, ..., 2ν .

Äëÿ íàòóðàëüíîãî ν ïîëîæèì Nkν = {0, 1, ..., 2ν}k. Äëÿ âåêòîðà j = (j1, ..., jk) ∈ Nkν
îáîçíà÷èì

∆ν
j = δνj1 × · · · × δ

ν
jk
, tνj = (tνj1 , ..., t

ν
jk

), è φνj (t) = φνj (t1, ..., tk) = ϕνj1(t1) · · ·ϕνjk(tk).

Íåòðóäíî çàìåòèòü, ÷òî
∑2ν

j=0 ϕ
ν
j (x) = 1, êîãäà x ∈ I. Ñëåäîâàòåëüíî∑

j∈Nkν

φνj (x) = 1, êîãäà x ∈ Ik, è suppφνj = ∆ν
j .

Î÷åâèäíî, ÷òî ñèñòåìà ôóíêöèé {φνj }j∈Nkν îáðàçóåò áàçèñ â ëèíåéíîì ïðîñòðàí-

ñòâå S2ν . Èìååì òàêæå∫
Ik
φνj (x)dx =

∫
∆ν

j

φνj (x)dx =
k∏
i=1

∫
δνji

ϕνji(xi)dxi =
k∏
i=1

mes(δνji)

2
=

mes(∆ν
j )

2k
.

Îáîçíà÷èâ

(2.1) Mν
j (x) =

2k

mes(∆ν
j )
φνj (x)

ïîëó÷èì

(2.2)

∫
Ik
Mν

j (x)dx = 1.

Âåðíà ñëåäóþùàÿ ëåììà (ñì. [13] ëåììà 2).

Ëåììà 2.1. Äëÿ ëþáûõ Mν0
j0

(x) è ν > ν0 ñóùåñòâóþò ÷èñëà αj òàêèå ÷òî

Mν0
j0

(x) =
∑
j∈Nkν

αjM
ν
j (x),

ïðè÷åì ∑
j∈Nkν

αj = 1, αj ≥ 0 è αj = 0, åñëè ∆ν
j 6⊂ ∆ν0

j0
.

Ïóñòü N0(t) = 1− t, N1(t) = t, t ∈ I ε = (ε1, ..., εk), ãäå εi = 0 èëè 1. Ïîëîæèì

Nε(x) = Nε1(x1) ·Nε2(x2) · · ·Nεk(xk).
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Ëåììà 2.2. Ïóñòü

(2.3) F (x) =
∑
ε

aεNε(x), ãäå aε ∈ R

è

(2.4)

∫
Ik
F (x)Nε′(x)dx = 1, äëÿ íåêîòîðîãî ε′.

Òîãäà mes{x ∈ Ik : F (x) ≥ 2k−1} ≥ 3−k
2

.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî∫
I

N0(t)N0(t)dt =

∫
I

N1(t)N1(t)dt =
1

3
è

∫
I

N0(t)N1(t)dt =
1

6
.

Íåòðóäíî ïðîâåðèòü, ÷òî

(2.5)

∫
Ik
Nε′(x)Nε(x)dx =

1

3k
· 1

2|ε−ε′|
, ãäå |ε− ε′| :=

∑
|εi − ε′i|.

Èç (2.3), (2.4) è (2.5) ïîëó÷èì

(2.6) 1 =
∑
ε

aε
1

3k
· 1

2|ε−ε′|
.

Îáîçíà÷èì

(2.7) A+ = {ε : aε ≥ 0}, A− = {ε : aε < 0} è a := max
ε∈A+

aε.

Èç (2.6) è (2.7) ñëåäóåò, ÷òî

1−
∑
ε∈A−

aε
1

3k
· 1

2|ε−ε′|
=
∑
ε∈A+

aε
1

3k
· 1

2|ε−ε′|
≤ a 1

3k

∑
ε

1

2|ε−ε′|
= a

1

3k

(
1 +

1

2

)k
=

a

2k
.

Ñëåäîâàòåëüíî

(2.8) a ≥ 2k −
∑
ε∈A−

aε
1

3k
· 2k

2|ε−ε′|
.

Ïóñòü òî÷êà ε′′ òàêàÿ, ÷òî a = aε′′ . Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæåì ñ÷èòàòü,

÷òî ε′′ = (0, ..., 0). Îáîçíà÷èì E = [0, 3−k]k. Î÷åâèäíî, ÷òî

(2.9) N(0,...,0)(x) ≥
(
1− 3−k

)k
>

1

2
, êîãäà x ∈ E,

è

(2.10) Nε(x) ≤ 1

3k|ε|
, êîãäà x ∈ E.

Èç (2.3), (2.7)�(2.10) x ∈ E ïîëó÷èì

(2.11) F (x) ≥ aN(0,...,0)(x) +
∑
ε∈A−

aε
1

3k|ε|
≥ 2k−1 −

∑
ε∈A−

aε

(
2k−1−|ε|

3k
− 1

3k|ε|

)
13
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Èç 0 < |ε| ≤ k ñëåäóåò, ÷òî

2k−1−|ε|

3k
− 1

3k|ε|
> 0.

Ïîýòîìó, èç (2.11) ñëåäóåò

F (x) ≥ 2k−1 êîãäà x ∈ E.

Î÷åâèäíî, ÷òî mesE = 3−k
2

. �

Ëåììà 2.3. Åñëè (σν ,M
ν
j ) =: A > 0, j = (j1, ..., jk), 0 < ji < 2ν , i = 1, ..., k, òî

mes

{
x ∈ supp∆ν

j : σν(x) ≥ A

2

}
≥ 3−k

2

mes(∆ν
j ).

Äîêàçàòåëüñòâî. Ïóñòü ∆i, i = 1, 2, ..., 2k îêòàíòû êóáà ∆ν
j . Î÷åâèäíî, ÷òî èç

óñëîâèÿ ëåììû ñëåäóåò, ÷òî íà îäíîé èç ∆i âûïîëíÿåòñÿ∫
∆i

σν(x)Mν
j (x)dx > 2−kA.

Êóá ∆i k-ëèíåéíûì ïðåîáðàçîâàíèåì ïåðåâåäåì â êóá Ik. Òîãäà ôóíêöèÿ σν(x)

ïåðåéäåò â íåêóþ ôóíêöèþ âèäà (2.3), à Mν
j (x) â ôóíêöèþ âèäà 2kNε(x). Òîãäà

èìååì ∫
Ik
F (x)Nε(x)dx ≥ 2−kA.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ ïðèìåíèòü ëåììó 2.2. �

Èç ëåììû 2.3 ñëåäóåò

Ëåììà 2.4. Åñëè (σν ,M
ν
j ) =: A < 0, j = (j1, ..., jk), 0 < ji < 2ν , i = 1, ..., k, òî

mes

{
x ∈ supp∆ν

j : σν(x) ≤ A

2

}
≥ 3−k

2

mes(∆ν
j ).

3. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Äîêàçàòåëüñòâî òåîðåìû 1.1. Äîïóñòèì îáðàòíîå, ñóùåñòâóåò ðÿä (1.1),

òàêîé ÷òî äëÿ ïîñëåäîâàòåëüíîñòè σν(x), ν = 1, 2, ...,, îïðåäåëÿåìîé ôîðìóëîé

(1.2), âûïîëíÿåòñÿ

(3.1) mes(E+) > 0, ãäå E+ := {x ∈ Ik : lim
ν→∞

σν(x) = +∞}.

Ìíîæåñòâà âèäà
[
i1
2ν ,

i1+1
2ν

]
×· · ·×

[
ik
2ν ,

ik+1
2ν

]
íàçîâåì äâîè÷íèìè êóáàìè. Ïðèìåíÿÿ

àíàëîã òåîðåìû î òî÷êàõ ïëîòíîñòè èçìåðèìûõ ìíîæåñòâ â ìíîãîìåðíîì ñëó÷àå

(ñì. íàïð. [18], òåîðåìà 2.1), íàéäåì äâîè÷íûé êóá ∆, äëÿ êîòîðîãî âûïîëíÿåòñÿ

(3.2) mes(∆ ∩ E+) > (1− γ1)mes(∆), ãäå γ1 := 2−5k3−k
2

.
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Äàëåå, ïðèìåíÿÿ òåîðåìó î íåïðåðûâíîñòè ìåðû, íàéäåì ÷èñëî L < 0, òàêîå ÷òî

(3.3) mes(E−) < γ1mes(∆),

ãäå

(3.4) E− = {x ∈ ∆ : inf
ν
σν(x) ≤ L}.

ßñíî, ÷òî äëÿ íåêîòîðûõ ν0, j0 áóäåò ∆ν0
j0

= ∆.

Ïî èíäóêöèè îïðåäåëèì ïðåäñòàâëåíèÿ

(3.5) Mν0
j0

(x) =
ν∑

n=ν0

∑
i∈Λ1

n

α
(n)
i Mn

i (x) +
∑
i∈Λ2

ν

β
(ν)
i Mν

i (x),

ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè α
(n)
i , β

(ν)
i .

Ïîëàãàÿ Λ1
ν0 = ∅, Λ2

ν0 = {j0}, β
(ν0)
j0

= 1, ïîëó÷èì ïðåäñòàâëåíèå (3.5) äëÿ

ν = ν0. Îòìåòèì, ÷òî âûïîëíÿåòñÿ (ñì. (3.3), (3.4))

mes(∆ν0
i ∩ E−) < γ1mes(∆

ν0
i ) äëÿ i ∈ Λ2

ν0 .

Äîïóñòèì èìååì ïðåäñòàâëåíèå (3.5) äëÿ ν − 1 è ïîëó÷èì åå äëÿ ν. Â ñèëó

ëåììû 2.1 èìååì

(3.6)
∑

i∈Λ2
ν−1

β
(ν−1)
i Mν−1

i (x) =
∑
l

η
(ν)
l Mν

l (x).

Îáîçíà÷èì Λν = {l : η
(ν)
l 6= 0},

(3.7) Λ1
ν = {l ∈ Λν : mes(∆ν

l ∩ E−) ≥ γ2mes(∆
ν
l )}, ãäå γ2 = 2−k · 3−k

2

,

(3.8) Λ2
ν = Λν\Λ1

ν .

Ïîëîæèì òàêæå

α
(ν)
i = η

(ν)
i , åñëè i ∈ Λ1

ν è β
(ν)
i = η

(ν)
i , åñëè i ∈ Λ2

ν .

Íåîòðèöàòåëüíîñòü êîåôôèöèåíòîâ α
(ν)
i , β

(ν)
i ñëåäóåò èç ëåììû 2.1 è (3.6). Êðîìå

òîãî, ó÷èòûâàÿ, ÷òî èíòåãðàëû âñåõ ôóíêöèé, âõîäÿùèõ â (3.5) ðàâíû åäèíèöå,

ïîëó÷èì

(3.9)

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i +

∑
i∈Λ2

ν

β
(ν)
i = 1.

Çàìeòèì, ÷òî

(3.10) mes(∆ν
i ∩ E−) ≤ 2kγ2mes(∆

ν
i ), êîãäà i ∈ Λ1

ν .

15
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Äåéñòâèòåëüíî, åñëè i ∈ Λ1
ν , òî äëÿ íåêîòîðîãî j ∈ Λ2

ν−1 èìååò ìåñòî ∆ν
i ⊂ ∆ν−1

j .

Ïîýòîìó (ñì. (3.7), (3.8))

(3.11) mes(∆ν
i ∩ E−) ≤ mes(∆ν−1

j ∩ E−) ≤ γ2mes(∆
ν−1
j ) ≤ 2kγ2mes(∆

ν
i ).

Èç (3.7), (3.8), (3.10) è (3.11) ñëåäóåò, ÷òî

(3.12) mes(∆ν
i ∩ E−) ≤ 3−k

2

mes(∆ν
i ), êîãäà i ∈ Λ1

ν ∪ Λ2
ν .

Ïðèìåíÿÿ ëåììó 2.4, èç (3.12) è (3.4) ïîëó÷àåì

(3.13) (σν ,M
ν
i ) > 2L, êîãäà i ∈ Λ1

ν ∪ Λ2
ν .

Äëÿ ïðîèçâîëüíîãî ÷èñëà L1 > −1000L îáîçíà÷èì

(3.14) Λ3
ν = {i ∈ Λ2

ν : mes{x ∈ ∆ν
i : σν(x) > L1} > (1− 3−k

2

)mes(∆ν
i )},

è

(3.15) Λ4
ν = Λ2

ν\Λ3
ν .

Äîêàæåì, ÷òî

(3.16) (σν ,M
ν
i ) ≥ L1

2
, åñëè i ∈ Λ3

ν .

Äîïóñòèì îáðàòíîå: (σν ,M
ν
i ) < L1

2 äëÿ íåêîòîðîãî i ∈ Λ3
ν . Òîãäà áóäåì èìåòü

(3.17) (σν − L1,M
ν
i ) = −L1 + (σν ,M

ν
i ) < −L1

2
.

Ïðèìåíÿÿ ëåììó 2.4 ê (3.17), ïîëó÷èì

(3.18) mes

{
x ∈ ∆ν

i : σν(x)− L1 ≤ −
L1

4

}
≥ 3−k

2

mes(∆ν
i ).

Ñîîòíîøåíèå (3.18) ïðîòèâîðå÷èò (3.14). Ñëåäîâàòåëüíî âûïîëíÿåòñÿ (3.16).

Ïóñòü i ∈ Λ4
ν , ò.å.

mes{x ∈ ∆ν
i : σν(x) > L1} < (1− 3−k

2

)mes(∆ν
i ).

Îáîçíà÷èì ÷åðåç ∆ν
i,j , j = 1, ..., 2k, îêòàíòû êóáà ∆ν

i . Òîãäà äëÿ îäíîãî èç íèõ,

äîïóñòèì äëÿ ∆ν
i,j(i), âûïîëíÿåòñÿ

(3.19) mes{x ∈ ∆ν
i,j(i) : σν(x) > L1} < (1− 3−k

2

)mes(∆ν
i,j(i)).

Ïîëîæèì

(3.20) Bνi,j(i) = {x ∈ ∆ν
i,j(i) : σν(x) ≤ L1}

Èç (3.19), (3.20) ñëåäóåò

mes(Bνi,j(i)) ≥ 3−k
2

mes(∆ν
i,j(i)).
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Êàæäûé êóá Bν
i,j(i), ñ óñëîâèÿìè (3.19), (3.20), ìîæåò ñîäåðæàòüñÿ íå áîëåå ÷åì

â 2k ðàçíûõ êóáàõ ∆ν
i , ñ óñëîâèåì i ∈ Λ4

ν . Ñëåäîâàòåëüíî

(3.21) card(Λ4
ν) ≤ 2ν2k3k

2

mes{x ∈ ∆ : σν(x) < L1}.

Èç (3.2) ñëåäóåò, ÷òî äëÿ ëþáîãî L1, ïðè äîñòàòî÷íî áîëüøèõ ν, èìååò ìåñòî

(3.22) mes{x ∈ ∆ : σν(x) < L1} < 2−5k3−k
2

mes(∆).

Èç (3.21), (3.22) èìååì

(3.23) card(Λ4
ν) ≤ 2−4k2ν−ν0 .

Îáîçíà÷èì

(3.24) G =
⋃
i∈Λ4

ν

∆ν
i .

Î÷åâèäíî, ÷òî (ñì. (3.23), (3.24)) mes(G) < 2−3k2−ν0 , è ïîýòîìó (ñì. òàêæå (2.2),

(3.5), (2.1))

(3.25)
∑
i∈Λ4

ν

β
(ν)
i =

∑
i∈Λ4

ν

β
(ν)
i

∫
Mν

i (x)dx ≤
∫
G

Mν0
i0

(x)dx ≤ 2k+ν02−3k−ν0 = 2−2k.

Ïîëîæèì

Hν :=
ν⋃

n=ν0

⋃
i∈Λ1

n

∆n
i .

Èç (3.10) ñëåäóåò , ÷òî

mes(Hν) ≤ 2kγ2mes(∆) = 3−k
2

mes(∆).

Ñëåäîâàòåëüíî (ñì. òàêæå (2.2), (3.5), (2.1))

(3.26)

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i =

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i

∫
Mn

i (x)dx ≤
∫
Hµ

Mν0
j0

(x)dx

≤ mes(Hµ)‖Mν0
j0
‖∞ ≤ 3−k

2

mes(∆)
2k

mes(∆)
≤ 2−k.

Èç (3.9), (3.15), (3.25), (3.26) âûòåêàåò, ÷òî

(3.27)
∑
i∈Λ3

ν

β
(ν)
i = 1−

∑
i∈Λ4

ν

β
(ν)
i −

ν∑
n=ν0

∑
i∈Λ1

n

α
(n)
i ≥ 1− 2−2k − 2−k > 0.5.

Êîìáèíèðóÿ (3.25) � (3.27) ñ (3.5), (3.13), (3.16), ïîëó÷èì

d := (σν0 ,M
ν0
i0

) >
L1

4
+ 2L,

ãäå L1 ìîæåò áûòü ñêîëü óãîäíî áîëüøèì. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò

íåâåðíîñòü ïðåäïîëîæåíèÿ (3.1). Òåîðåìà äîêàçàíà.
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Abstract. In this paper we prove that the quadratic partial sums of a multiple

Franklin series with indices 2ν , ν = 1, 2, ..., cannot converge to +∞ on a set of

positive measure.
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Inspired by the above quoted works, the aim of this paper is to establish the

existence of solutions to the following fractional Kirchho�-type equation:

(1.1)

{
S
( ∫

R |−∞D
α
t u(t)|2dt

)
tD

α
∞(−∞D

α
t u(t)) + l(t)u(t) = f(t, u(t)), t ∈ R,

u ∈ Hα(R),

where α ∈ ( 1
2 , 1], −∞D

α
t and tD

α
∞ are the left and right Liouville-Weyl fractional

derivatives of order α on the whole axis R, respectively, u ∈ R, l : R→ R is continuous

and has a positive minimum, f ∈ C(R × R,R), and S : R+ → R+ is a continuous

function which satis�es the following conditions:

(S1) there exists a constant s1 > 0 such that S(t) > s1 for all t > 0;

(S2) there exists a constant s2 > 0 such that S(t) 6 s2 for all t > 0.

If S(t) = a+ bt, then the problem (1.1) is reduced to the following:

(1.2)

{(
a+ b

∫
R |−∞D

α
t u(t)|2dt

)
tD

α
∞(−∞D

α
t u(t)) + l(t)u(t) = f(t, u(t)), t ∈ R,

u ∈ Hα(R),

Observe that the problem (1.2) is related to the stationary analogue of the Kirchho�

equation:

uxx +

(
a+ b

∫
R
|−∞Dα

t u(t)|2dt
)
tD

α
∞(−∞D

α
t u(t)) + l(t)u(t) = g(t, x),

which was proposed by Kirchho� [11] as an extension of the classical d'Alembert's

wave equation for free vibrations of elastic strings.

Recently, Nyamoradi and Zhou [8] have studied the following Kirchho� type fractional

di�erential problem:

(1.3){
M
(∫

R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt
)

(tD
α
∞(−∞D

α
t u(t)) + l(t)u(t)) = f(t, u(t)), t ∈ R,

u ∈ Hα(R),

and obtained the following result on the existence of solutions of the system (1.3).

Theorem 1.1. Let α ∈ ( 1
2 , 1], and let the following assumptions hold:

(L) the function l : R→ (0,+∞) is continuous and l(t)→ +∞ as |t| → ∞;

(M0) there exists a constant m0 > 0 such that M(t) ≥ m0 for all t ≥ 0;

(M1) there exists a constant m1 > 0 such that M(t) ≤ m1 for all t ≥ 0;

(H1) |f(t, x)| ≤ h(t)|x|q−1 for all t ∈ R and x ∈ R, where 2 < q < ∞ and

h : R→ R+ is a continuous function such that h ∈ L∞(R);

(H2) there exist r > 0 and λ̃ ∈ (λ1, λ) such that m1λ1 < m0λ̃, and |u| ≤ r implies

m1λ1|u|2 ≤ 2F (t, u) ≤ m0λ̃|u|2,
20
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where F (t, u) =
∫ u

0
f(t, s)ds and λ > λ1 such that∫

R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt ≥ λ

∫
R
|u(t)|2dt;

(H3) 2F (t,x)
|x|2 < m0(λ1 − µ) for any µ > 0 and all (t, x) ∈ R× R.

Then the problem (1.3) has at least two nontrivial weak solutions in Xα.

To state our main results we need to make some assumptions for the potential l

and on the non-linearity f . In this paper, for the potential l we make the following

assumptions.

(l1) l(t) ∈ C(R, R), l0 := inft∈R l(t) > a0 > 0;

(l2) There exists r > 0 such that for any M > 0

meas({t ∈ (y − r, y + r) : l(t) ≤M})→ 0 as |y| → ∞.

Also, we make the following assumptions on the non-linearity f .

(f1) f ∈ C(R×R,R), f(t, x)x ≥ 0, for all x ≥ 0, and there exist c0 > 0, 2 < q < +∞
such that

|f(t, x)| ≤ c0(1 + |x|q−1), for all t, x ∈ R;

(f2) There exist µ > 4 and R > 0 such that

µF (t, x) ≤ xf(t, x), for all t, x ∈ R and |x| ≥ R;

(f3) lim|x|→0
f(t,x)
x = 0 uniformly for x ∈ R;

(f4) f(t,−x) = −f(t, x) for all t, x ∈ R;
(f5) For all s, x ∈ R+ and s ∈ [0, 1], the inequality F(t, sx) ≤ F(t, x) holds, for a.e.

t ∈ R, where F : R× R+ → R is de�ned by F(t, x) = 1
4f(t, x)x− F (t, x);

(f6) lim|x|→∞
F (t,x)
|x|4 =∞ uniformly for x ∈ R;

(f7) There exist an open interval J ⊂ R and constants δ > 0, γ0 ∈ (1, 2) and η > 0

such that

F (t, x) ≥ η|x|γ0 , ∀ (t, x) ∈ J × [−δ, δ];

(f8) There exist δ > 0 and λ̃ ∈ (0, λ1), such that

2F (t, x) 6 s1λ̃|x|2, ∀ t ∈ R, |x| ≤ δ;

(f9) There exists R > 0 and θ > 2max{s2,1}
min{s1,1} such that

0 < θF (t, x) 6 f(t, x)x, ∀t ∈ R, |x| ≥ R.

The following theorems are the main results of this paper.
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Theorem 1.2. Assume that (l1), (l2), (S1), (S2), and (f1), (f3), (f8) and (f9) hold.

Then the problem (1.1) has at least two nontrivial weak solutions.

Theorem 1.3. Assume that (l1), (l2) and (f1)-(f4) hold. Then the problem (1.2) has

in�nitely many weak solutions.

Theorem 1.4. Assume that (l1), (l2), (f1) and (f3)-(f6) hold. Then the problem

(1.2) has in�nitely many weak solutions.

Theorem 1.5. Assume that (l1), (l2), (f1)-(f4) and (f7) hold. Then the problem

(1.2) has in�nitely many nontrivial weak solutions.

The reminder of the paper is organized as follows. In Section 2, we present some

preliminary facts and section 3 is devoted to the proofs of our results.

2. Preliminaries and reminder about fractional calculus

In this section we present some basic concepts and lemmas that we will need in

the sequel.

De�nition 2.1. ([12]) The left and right Liouville-Weyl fractional integrals of order

0 < α < 1 on the whole axis R are de�ned by

−∞I
α
x φ(x) =

1

Γ(α)

∫ x

−∞
(x− ξ)α−1φ(ξ)dξ,(2.1)

xI
α
∞φ(x) =

1

Γ(α)

∫ ∞
x

(ξ − x)α−1φ(ξ)dξ,(2.2)

respectively, where x ∈ R.
The left and right Liouville-Weyl fractional derivatives of order 0 < α < 1 on the

whole axis R are de�ned by

−∞D
α
xφ(x) =

d

dx
−∞I

1−α
x φ(x),(2.3)

xD
α
∞φ(x) = − d

dx
xI

1−α
∞ φ(x),(2.4)

respectively, where x ∈ R.
The formulas (2.3) and (2.4) may be written in an alternative form as follows:

−∞D
α
xφ(x) =

α

Γ(1− α)

∫ ∞
0

φ(x)− φ(x− ξ)
ξα+1

dξ,(2.5)

xD
α
∞φ(x) =

α

Γ(1− α)

∫ ∞
0

φ(x)− φ(x+ ξ)

ξα+1
dξ.(2.6)

22



MULTIPLICITY OF SOLUTIONS FOR KIRCHHOFF FRACTIONAL ...

Also, we de�ne the Fourier transform F(u)(ξ) of u(x):

F(u)(ξ) =

∫ ∞
−∞

e−ix·ξu(x)dx.

For any α > 0, we de�ne the semi-norm and norm respectively as follows (see [5]):

|u|Iα−∞ = ||−∞Dα
xu||L2 ,

||u||Iα−∞ =
(
||u||2L2 + |u|2Iα−∞

) 1
2

,(2.7)

where Iα−∞(R) stands for the completion of C∞0 (R) with respect to the norm || · ||Iα−∞ .
Next, for 0 < α < 1, we give a relationship between the classical fractional Sobolev

space Hα(R) and the space Iα−∞(R), where Hα(R) is de�ned by

Hα(R) = C∞0 (R)
‖·‖α

,

with the norm

||u||α =
(
||u||2L2 + |u|2α

) 1
2

,(2.8)

and semi-norm |u|α = |||ξ|αF(u)||L2 .

Observe that the spaces Hα(R) and Iα−∞(R) are equal and have equivalent norms

(see [5]). Therefore, we de�ne

Hα(R) =
{
u ∈ L2(R)| |ξ|αF(u) ∈ L2(R)

}
.

De�ne

Xα =

{
u ∈ Hα(R)|

∫
R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt <∞

}
,

and observe that Xα is a re�exive and separable Hilbert space with the inner product:

〈u, v〉Xα =

∫
R

(
−∞D

α
t u(t) · −∞Dα

t v(t) + l(t)u(t)v(t)
)
dt,(2.9)

and the corresponding norm: ‖u‖2Xα = 〈u, u〉Xα .
We �rst consider the eigenvalue problem:

(2.10)

{
tD

α
∞(−∞D

α
t u(t)) + l(t)u(t) = λu, t ∈ R,

u ∈ Hα(R).

By a weak solution of the system (2.10) we will mean any u ∈ Xα such that∫
R

(
−∞D

α
t u(t) · −∞Dα

t v(t) + l(t)u(t)v(t)
)
dt = λ

∫
R
u(t)v(t)dt,(2.11)

for every v ∈ Xα.
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Theorem 2.1. Suppose that (l1) and (l2) hold. Then each eigenvalue of (2.10) is

real, and if we repeat each eigenvalue according to its multiplicity, then we have 0 <

λ1 ≤ λ2 ≤ λ3 ≤ . . . and λk →∞ as k →∞. For the eigenvalues λk (k = 1, 2, . . .) we

have the following characterizations:

λ1 = inf
u∈Xα\{0}

∫
R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt∫

R |u(t)|2dt
,(2.12)

and

λk = inf
u∈Xα∩ETk

∫
R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt∫

R |u(t)|2dt
, k ≥ 2,(2.13)

where Ek = ⊕1≤j≤k ker([rgb]1.00, 0.00, 0.00−∞D
α
t −∞D

α
t + l(t) − λk) stand for the

eigenspaces. Furthermore, there exists an orthogonal basis {wk}∞k=1 of Xα, where

wk ∈ Xα is an eigenfunction corresponding to the eigenvalue λk.

Proof. The proof is similar to that of Theorem 1 of [8], and so, is omitted. �

Lemma 2.1. (See [9, Lemma 2.2]) Under the assumptions (l1) and (l2), the embedding

Xα ↪→ L2([0, T ]) is compact.

Lemma 2.2. (See [5, Theorem 2.1]) Let α > 1
2 , then H

α(R) ⊂ C(R) and there is a

constant C = Cα such that

sup
x∈R
|u(x)| ≤ C‖u‖Xα .(2.14)

Also, by Lemma 2.2, there is a constant Cα > 0 such that

‖u‖∞ ≤ Cα‖u‖Xα .(2.15)

Remark 2.1. From Lemma 2.2, it follows that if u ∈ Hα(R) with 1
2 < α < 1, then

u ∈ Lq(R) for all q ∈ [2,∞), because∫
R
|u(x)|qdx ≤ ‖u‖q−2

∞ ‖u‖2L2(R).

Remark 2.2. Using Remark 2.1 and Lemma 2.1, it can easily be veri�ed that the

embedding of Xα in Lq(R) is also compact for q ∈ (2,∞). Therefore, for all 2 ≤ q <
∞, the embedding of Xα in Lq(R) is continuous and compact, and hence, in view of

Lemma 2.2, for all q ∈ [2,∞) there exists Dq > 0 such that

‖u‖Lq(R) ≤ Dq‖u‖Xα .
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The functional I : Xα → R corresponding to the problem (1.1) is de�ned by

I(u) =
1

2
Ŝ

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
+

1

2

∫
R
l(t)|u(t)|2dt−

∫
R
F (t, u(t))dt,

where Ŝ(t) =
∫ t

0
|S(s)|ds. It is easy to see that I ∈ C1(Xα,R) and its critical points

are solutions of the problem (1.1). Also, for any u, υ ∈ Xα, we have

I ′(u)υ = S

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
×∫

R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)[rgb]1.00, 0.00, 0.00−∞D

α
t υ(t)dt+

∫
R
l(t)uυdt−

∫
R
f(t, u)υdt.

Now, we provide some concepts of local linking and results that will be used in the

proofs of the main results (see [13, 14]). Let X be a real Banach space, and let

I ∈ C1(X,R), H = {u ∈ X : I ′(u) = 0}. Let u ∈ H be an isolated critical point of I

with I(u) = c ∈ R, and let U be a neighborhood of u, continuing the unique critical

point u. The group

Cz(I, u) = Hz(I
c ∩ U, Ic ∩ U\{u}), z ∈ Z

is called the zth critical group of I at u, where Ic = {u ∈ X; I(u) 6 c} and Hz(., .)

denotes the zth singular relative homology group with integer coe�cients. Let a <

infu∈H I(u), the group

Cz(I,∞) = Hz(X, I
a), z ∈ Z

is called the critical group of I at in�nity. We call

Mz =
∑
u∈H

dimCz(I, u)

the zth Morse-type number of the pair (X, Ia), and

βz = dimCz(I,∞),

the Betti number of the pair (X, Ia). The core of Morse theory are the following

relations between the numbers Mz and βz (see [15, 16]):
z∑
j=0

(−1)z−jMj ≥
z∑
j=0

(−1)z−jβj , for z ∈ Z (Morse inequality);

∞∑
z=0

(−1)zMz =
∞∑
z=0

(−1)zβz (Morse equality).

Observe that if H = ∅, then βz = 0 for all z ∈ Z. Since Mz ≥ βz, for each z ∈ Z,
it follows that if βz∗ 6= 0 for some z∗ ∈ Z, then I must have a critical point u∗ with

Cz∗(I, u∗) � 0. If H = u∗, then Cz(I,∞) � Cz(I, u∗) for some z ∈ Z, and hence, I

must have a new critical point. One can use the critical group to distinguish critical
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points obtained by other methods and use the Morse equality to �nd new critical

points. This is the basic idea to be used in the proofs of our main results.

Lemma 2.3 ([17]). Assume that I ∈ C1(X,R) has a critical point u = 0 with

I(0) = 0, and I has a local linking at 0 with respect to the direct sum decomposition

X = X−
⊕
X+, κ = dimX− <∞, that is, there exists small enough r > 0 such that

I(u) > 0 for u ∈ X+ with 0 < ‖u‖ 6 r, and I(u) 6 0 for u ∈ X− with ‖u‖ 6 r. Then
Cκ(I, 0) 6∼= 0, that is, 0 is a homological nontrivial critical point of I.

3. Proof of the main results

In this section, we prove Theorems 2 � 5, stated in Section 1. In what follows,

the letter C will denote various positive constants whose value can be changed from

line to line but essential to the analysis of the problem. To prove Theorem 1.2, we

will need a number of auxiliary results, which we state in the form of lemmas or

propositions.

Lemma 3.1. Let f satisfy (f1) and (f3). Then any bounded sequence {un} ⊂ Xα

such that I ′(un)→ 0 as n→∞ has at least one convergent subsequence.

Proof. Assume that {un}n∈N ⊂ Xα is bounded in Xα. Then, Xα is a re�exive

Banach space, and so, passing to a subsequence if necessary (for simplicity denoted

again by {un}), by Remark 2, we may assume that{
un ⇀ u, weakly in Xα,
un → u, strongly in Lq(R) (2 6 q <∞).

(3.1)

Then we can write

〈I ′(un)− I ′(u)〉(un − u) = S

(∫
R
|−∞Dα

t un(t)|2dt
)∫

R
−∞D

α
t un(t)−∞D

α
t (un(t)− u(t))dt

+

∫
R
l(t)|un(t)− u(t)|2dt− S

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
×
∫
R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)[rgb]1.00, 0.00, 0.00−∞D

α
t (un(t)− u(t))dt

−
∫
R

(
f(t, un(t))− f(t, u(t))

)
(un(t)− u(t))dt
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= S

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t un(t)|2dt

)∫
R
|tDα
∞(un(t)− u(t))|2dt

+

∫
R
l(t)|un(t)− u(t)|2dt+

(
S
( ∫

R
|[rgb]1.00, 0.00, 0.00−∞D

α
t un(t)|2dt

)
− S

( ∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

))∫
R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)

× [rgb]1.00, 0.00, 0.00−∞D
α
t (un(t)− u(t))dt−

∫
R

(
f(t, un(t))− f(t, u(t))

)
(un(t)− u(t))dt

> min{s1, 1}‖un − u‖2Xα −
(
S
( ∫

R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
−

− S(

∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t un(t)|2dt)

)
(∫

R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)[rgb]1.00, 0.00, 0.00−∞D

α
t (un(t)− u(t))dt

)

−
∫
R

(
f(t, un(t))− f(t, u(t))

)
(un(t)− u(t))dt.

(3.2)

So, it follows from (3.2) that

min{s1, 1}‖un − u‖2Xα 6 〈I ′(un)− I ′(u)〉(un − u)

+

(
S
( ∫

R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
− S(

∫
R
|−∞Dα

t un(t)|2dt)
)

(∫
R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)[rgb]1.00, 0.00, 0.00−∞D

α
t (un(t)− u(t))dt

)
+

∫
R

(
f(t, un(t))− f(t, u(t))

)
(un(t)− u(t))dt.(3.3)

Therefore, {un} is bounded in Xα and un ⇀ u in Xα, and we have

(
S

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
− S

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t un(t)|2dt

))
∫
R
[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)[rgb]1.00, 0.00, 0.00−∞D

α
t (un(t)− u(t))dt→ 0

(3.4)

as n→∞. In view of (f1) and (f3), for any given ε > 0, there exists Cε > 0 such that

|f(t, u)| 6 ε|u|+ Cε|u|q−1, for almost every t, u ∈ R.(3.5)
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Consequently, according to (3.5), we have

∣∣∣∣ ∫
R

(
f(t, un)− f(t, u)

)
(un − u)dt

∣∣∣∣ 6 ∫
R

(
ε(|un|+ |u|) + Cε(|un|q−1 − |u|q−1)

)
|un − u|dt

6 ε
(
‖un‖2 + ‖u‖2

)
‖un − u‖+ Cε

(
‖un‖q−1

q − ‖u‖q−1
q

)
‖un − u‖q

6 εC1‖un − u‖2 + C2Cε‖un − u‖q,
(3.6)

where C1 and C2 are positive constants that are independent of n and ε. Since by

(3.1), ‖un − u‖2 → 0 and ‖un − u‖q → 0 as n→∞, one has

(3.7)

∫
R

(
f(t, un)− f(t, u)

)
(un − u)dt→ 0 as n→ 0.

Finally, since I ′(un)→ 0, then by using (3.3), (3.4) and (3.7), we get ‖un−u‖Xα → 0.

This completes the proof. �

Proposition 3.1. All the (PS) sequences for I are bounded, provided that f satis�es

(f1) and (f9).

Proof. Let {un} ⊆ Xα satisfy

I(un)→ c, I ′(un)→ 0 in (Xα)∗ as n→∞.

Then, by the above relations, (S1), (S2), (f1) and (f9), we have

θc+ o(1) + o(‖un‖) = θI(un)− 〈I ′(un), un〉,

where

θI(un) =
1

2
θŜ(‖−∞Dα

t ‖
2
) +

1

2
θ

∫
R
l(t)|un|2dt− θ

∫
R
F (t, un)dt

>
1

2
θs1‖−∞Dα

t un‖
2
L2 +

1

2
θ

∫
R
l(t)|un|2dt− θ

∫
R
F (t, un)dt

>
1

2
θmin{s1, 1}‖un‖2Xα − θ

∫
R
F (t, un)dt,

and

〈I ′(un), un〉 6 s2

∫
R
|−∞Dα

t un|
2
dt+

∫
R
l(t)|un|2dt−

∫
R
f(t, un)undt

6 max{s2, 1}‖un‖2xα −
∫
R
f(t, un)undt.

Then, we have

θc+ o(1) + o(‖un‖) > (
1

2
θmin{s1, 1} −max{s2, 1})‖un‖2Xα+∫

R

(
f(t, un)un − θF (t, un)

)
dt > (

1

2
θmin{s1, 1} −max{s2, 1})‖un‖2Xα ,(3.8)
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implying that {un} is bounded in Xα. �

Lemma 3.2. Assume that f satis�es the conditions (f1), (f3) and (f9). Then the

functional I satis�es the (PS) condition.

Proof. The result follows from Lemma 3.1 and Proposition 3.1, and so, we omit the

details.

Proposition 3.2. Let f satisfy the conditions (f1), (f3) and (f9). Then Cz(I,∞) ∼= 0

for all z ∈ Z.

Proof. Let S1 be the unit sphere in Xα. By (f1), (f3) and (f9), one can get

(3.9) |F (t, x)| > C|x|θ − C1|x|2, for all t, x ∈ R.

So, by (3.9), for any u ∈ S1, we have

I(su) =
1

2
Ŝ

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t su(t)|2dt

)
+

1

2

∫
R
l(t)|su(t)|2dt−

∫
R
F (t, su(t))dt

6
1

2
max{s2, 1}‖su‖2Xα −

∫
R
F (t, su(t))dt 6

1

2
max{s2, 1}s2‖u‖2Xα −

∫
R

(|su|θ − C1|su|2)dt

6
1

2
max{s2, 1}s2‖u‖2Xα − sθ‖u‖θLθ + C1‖u‖2L2 → −∞, as s→ +∞.

(3.10)

Then, there exists a1 > 0, where I(su) 6 −a1 for some s > 0. In fact, we have

d

ds
I(su) = 〈I ′(su), u〉 = S

(∫
R
s2|−∞Dα

t u(t)|2dt
)
|s|
∫
R
|tDα
∞u(t)|2dt

+ s

∫
R
l(t)|u|2dt−

∫
R
f(t, su)udt

6 s2|s|
∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt+ s

∫
R
l(t)|u|2dt−

∫
R
f(t, su)udt

(3.11)

6
1

s

[
max{s2, 1}

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t su(t)|2dt+

∫
R
l(t)|su|2dt

)
−
∫
R
f(t, su)sudt

]
=

1

s

(
max{s2, 1} s2‖u‖2Xα −

∫
R
f(t, su)sudt

)
=

1

s

(
max{s2, 1} s2‖u‖2Xα −

∫
R
F (t, su)dt

+

∫
R
F (t, su)dt−

∫
R
f(t, su)sudt

)
=

1

s

[
2 max{s2, 1}
min{s1, 1}

(
min{s1, 1}

2
‖su‖2Xα −

∫
R
F (t, su)dt

)
+

2 max{s2, 1}
min{s1, 1}

∫
R
F (t, su)dt−

∫
R
f(t, su)sudt

]
6

1

s

[
2 max{s2, 1}
min{s1, 1}

(
1

2
Ŝ(‖su‖2Xα)

)
−
∫
R
F (t, su)dt

)]
.

29



A. A. NORI, N. NYAMORADI, N. EGHBALI

So, by (3.10) there exists A > 0 such that for any a > A and s > 0 big enough, we

can get

I(su) 6 −a⇒ d

ds
I(su) < 0.(3.12)

Hence, for any a > A, there exists a unique T := T (u) > 0 such that

I(T (u)u) = −a for u ∈ S1.(3.13)

By (3.12) and the implicit function theorem, T is a continuous function from S1 to

R. De�ne

h(u) =

{
1, if I(u) 6 −a,

1
‖u‖Xα T ( u

‖u‖Xα ), if I(u) > −a, u 6= 0,

and observe that h ∈ C(Xα,R). Now, we de�ne

η(t, u) = (1− t)u+ th(u)u.(3.14)

It is clear that η is continues, and by (3.13) and (3.14), for all u ∈ Xα \ {0} with
I(u) > −a, we have I(η(1, u)) = I(h(u)u) = −a. Then η(1, u) ∈ I−a for u ∈ Xα\{0};
η(s, u) = u for s ∈ [0, 1] and u ∈ I−a, so I−a is a strong deformation retract of

Xα \ {0}. Hence, for z ∈ Z, we have

Cz(I,∞) = Hz(X
α, I−a) ∼= Hz(X

α, Xα\{0}) ∼= Hz(B
∞, S1) ∼= 0,

where B∞ = {u ∈ Xα : ‖u‖Xα ≤ 1}. �

Proposition 3.3. Let f satisfy the conditions (f1) and (f8). Then Cz(I, 0) ∼= δz,0Z
for all z ∈ Z.

Proof. For any u ∈ Xα, in view of (S1), (f1) and (f8), we have

I(u) =
1

2
Ŝ

(∫
R
|[rgb]1.00, 0.00, 0.00−∞D

α
t u(t)|2dt

)
+

1

2

∫
R
l(t)|u(t)|2dt−

∫
R
F (t, u(t))dt

>
1

2
min{s1, 1}‖u‖2Xα −

∫
{|u|6δ}

F (t, u)dt−
∫
{|u|>δ}

F (t, u)dt

>
1

2
min{s1, 1}‖u‖2Xα −

λ̃

2
s1

∫
{|u|6δ}

|u|2dt−
∫
{|u|>δ}

F (t, u)dt

>
1

2

(
min{s1, 1} − s1

λ̃

λ1

)
‖u‖2Xα − C0D

q
q‖u‖

q
Xα .

Since 2 < q 6 p∗, we conclude that u = 0 is a local minimizer of I, and so, Cz(I, 0) ∼=
δz,0Z for all z ∈ Z. �

Proposition 3.4. Assume that the conditions (l2), (l3), (S1), (S2), (f1) and (f8)

are ful�lled. Then C1(I, 0) 6= 0.
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Proof. The proof is similar to that of Lemma 4.10 of [8], and so, is omitted. �

Proof of Theorem 1.2. In view of Propositions 3.2 and 3.3, we have Cz(I,∞) ∼= 0,

z ∈ Z and Cz(I, 0) ∼= δz,0Z, z ∈ Z, and hence Cz(I,∞) 6≡ Cz(I, 0). Thus, Morse

theory implies that the problem (1.1) has at least one nontrivial solution.

Also, Lemma 3.2 tells us that I satis�es the (PS) condition, is bounded from below

and has a global minimizer. Since by Proposition 3.4 we have C1(I, 0) 6= 0, then 0

is not the minimizer of I and is homological nontrivial. It follows from Lemma 2.3,

that I has at least two nontrivial critical points. �

The functional I : Xα → R corresponding to the problem (1.2) is de�ned by

I(u) =
a

2

∫
R
|−∞Dα

t u(t)|2dt+
b

4

(∫
R
|−∞Dα

t u(t)|2dt
)2

+
1

2

∫
R
l(t)|u(t)|2dt−

∫
R
F (t, u(t))dt,(3.15)

where F (x, t) =
∫ t

0
f(x, s)ds. Under the conditions of Theorems 1.3, 1.4 and 1.5, it is

easy to see that I ∈ C1(Xα,R), and its critical points are solutions of the problem

(1.2). Also, we know that for any u, v ∈ Xα

I ′(u)v =

(
a+ b

∫
R
|−∞Dα

t u(t)|2dt
)∫

R
−∞D

α
t u(t) · −∞Dα

t v(t)dt

+

∫
R
l(t)u(t)v(t)dt−

∫
R
f(t, u(t)v(t)dt.

Let Ei denote the eigenspace of λi, then dimEi <∞. Denote X1 = E1⊕E2⊕ . . .⊕k
and

X2 = ⊕∞j=k+1Ei,

and observe that X has a direct sum decomposition X = X1⊕X2 with dimX1 <∞.

Now, we recall the following theorem from Rabinowitz [18], which was introduced

to �nd in�nitely many solutions of the problem (1.2).

Theorem 3.1. Let X be an in�nite dimensional real Banach space, and let I ∈
C1(X,R) be even, satisfy the (PS) condition and I(0) = 0. If X = X1 ⊕X2 with X1

being �nite dimensional, and I satisfying:

(i) there exist constants ρ, γ > 0 such that I∂Bρ∩X2
≥ γ, where ∂Bρ = {u ∈ X :

‖u‖ = ρ}, and
(ii) for each �nite dimensional subspace X̃ ⊂ X, there exists r = rX̃ > 0 such that

I ≤ 0 on X̃\Br.
Then, I possesses an unbounded sequence of critical values.
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For the reader's convenience, we now recall the variant fountain theorem, which is

due to Zou [19]. Assume that X is a Banach space with the norm ‖·‖ andX = ⊕j∈NEj ,
where Ej are �nite-dimensional subspaces of X. For each k ∈ N, let Yk = ⊕kj=0Ej ,

Zk = ⊕∞j=kEj and Bk = {u ∈ Yk : ‖u‖ ≤ ρk}, Nk = {u ∈ Zk : ‖u‖ ≤ rk}, for
ρk > rk > 0. Consider a C1-functional Ψλ : X → R de�ned by

Ψλ(u) = A(u)− λH(u), λ ∈ [1, 2].

We set up the following assumptions:

(T1) Ψλ maps bounded sets to bounded sets uniformly for all λ ∈ [1, 2], and

Ψλ(−u) = Ψλ(u) for all (λ, u) ∈ [1, 2]×X.

(T2) H(u) ≥ 0 for all u ∈ X; A(u)→∞ or H(u)→∞ as ‖u‖ → ∞, or

(T3) H(u) ≤ 0 for all u ∈ X; H(u)→ −∞ as ‖u‖ → ∞.

For k ≥ 2, de�ne Γk := {γ ∈ C(Bk, X) : γ is odd, γ|∂Bk = id}, and

ak(λ) := max
u∈Yk,‖u‖=ρk

Ψλ(u),

bk(λ) := inf
u∈Zk,‖u‖=rk

Ψλ(u),

ck(λ) := inf
γ∈Γk

max
u∈Bk

Ψλ(γ(u)).

Theorem 3.2. ([19, Theorem 2.1]) Assume that the conditions (T1) and (T2) (or

(T3)) hold. If bk(λ) > ak(λ) for all λ ∈ [1, 2], then ck(λ) > bk(λ) for all λ ∈ [1, 2].

Moreover, for a.e. λ ∈ [1, 2], there exists a sequence {ukn(λ)}∞n=1 such that

sup
n
‖ukn(λ)‖ <∞, Ψ′λ(ukn(λ))→ 0, and Ψλ(ukn(λ))→ ck, as n→∞.

In order to �nd the sequence of nontrivial solutions of the problem (1.2), we will

use the genus properties, so we recall a de�nition and some results (see [18]).

Let X be a Banach space, g ∈ C1(X,R) and c ∈ R. We set

Σ = {A ⊂ X \ {0} : A is closed in X and is symmetric with respect to 0},

Kc = {x ∈ X : g(x) = c, g′(x) = 0},

gc = {x ∈ X : g(x) ≤ c}.

De�nition 3.1. ([16]) For A ∈ Σ, we say that the genus of A is j (denoted by

γ(A) = j) if there is an odd map ψ ∈ C(A,Rj \ {0}), and j is the smallest integer

with this property.
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Theorem 3.3. Let g be an even C1 functional on X which satis�es the Palais-Smale

condition. For j ∈ N, j > 0, let

Σj = {A ∈ Σ : γ(A) ≥ j}, cj = inf
A∈Σj

sup
u∈A

g(u).

The following assertions hold:

(i) If Σj 6= ∅ and cj ∈ R, then cj is a critical value of g.

(ii) If there exists r ∈ N such that cj = cj+1 = · · · = cj+r = c ∈ R and c 6= g(0) ,

then γ(Kc) ≥ r + 1.

Lemma 3.3. Suppose that the condition (f2) is satis�ed. Then any Palais-Smale

sequence of I is bounded in Xα.

Proof. Assume that {un}n∈N ⊂ Xα is a sequence such that I(un)n∈N is bounded,

and I ′(un) → 0 as n → ∞. Then there exists a constant M > 0 such that for any

n ∈ N

|I(un)| ≤M and ‖I ′(un)‖(Xα)∗ ≤M.(3.16)

Under hypothesis (f2), for n large enough, we can write

M +M‖un‖Xα ≥ I(un)− 1
µI
′(un)un ≥

(
1
2 −

1
µ

)
min{a, 1}‖un‖2Xα

+b
(

1
4 −

1
µ

)(∫
R

(
|−∞Dα

t un(t)|2dt
)2

+ 1
µ

∫
R(f(t, un(t))un

−µF (t, un))dt ≥
(

1
2 −

1
µ

)
min{a, 1}‖un‖2Xα .

Since µ > 4, {un} is bounded. �

Lemma 3.4. Suppose that the conditions (f1)-(f3) are satis�ed. Then the functional

I satis�es the Palais-Smale condition.

Proof. Assume that {un}n∈N ⊂ Xα is a Palais-Smale sequence of I. Then, by Lemma

3.3, we see that {un} is bounded in Xα. Hence, by Lemma 3.1, the functional I

satis�es the Palais-Smale condition. �

Proof of Theorem 1.3. Observe �rst that, by Lemma 3.4, the functional I satis�es

the Palais-Smale condition. Moreover, I is even due to condition (f4). Next, we

proceed to show that I satis�es the hypotheses (i) and (ii) of Theorem 3.1 by dividing

it into the following steps.

Step 1. There exist constants ρ, γ > 0 such that I∂Bρ∩X2
≥ γ. To this end, choose

k ∈ N, λ ∈ [λk, λk+1) and γ = min{a,1}
2

(
1− λ

λk+1

)
ρ2. Then by (f3), there exists δ > 0
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such that

|f(t, x)| ≤ λmin{a, 1}|x|, ∀ t ∈ R, |x| ≤ δ,

and hence, by (f1), one can get

F (t, x) ≤ λmin{a, 1}
2

x2 + C3|x|q, ∀ t, x ∈ R.(3.17)

Next, for u ∈ X2, we have

I(u) ≥ 1

2

∫
R

(
a|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt+

b

4

(∫
R
|−∞Dα

t u(t)|2dt
)2

−min{a, 1}
2

λ

∫
R
|u(t)|2dt− C3

∫
R
|u(t)|qdt

≥ min{a, 1}
2

‖u‖2Xα −
min{a, 1}

2

λ

λk+1
‖u‖2Xα − C3D2‖u‖qXα

≥ min{a, 1}
2

(
1− λ

λk+1

)
‖u‖2Xα − C3D2‖u‖qXα .

Since q > 2, then there exists some small ρ > 0 such that

I(u) ≥ min{a, 1}
2

(
1− λ

λk+1

)
ρ2 = γ > 0

for any u ∈ X2 with ‖u‖Xα = ρ.

Step 2. We claim that for each �nite dimensional subspace X̃ ⊂ Xα, there exists a

number r = rX̃ > 0 such that I ≤ 0 on X̃\Br. To this end, observe that in view of

(f1), (f2) and (f3), there exist constants C4, C5 > 0 such that

F (t, u) ≥ C4|u|µ − C5|u|2, ∀ t, u ∈ R.

So, for any u ∈ X̃\Br, one can get

I(u) ≤ 1

2

∫
R

(
a|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt+

b

4

(∫
R
|−∞Dα

t u(t)|2dt
)2

−C4

∫
R
|u(t)|µdt+ C5

∫
R
|u(t)|2dt

≤ max{a, 1}
2

‖u‖2Xα +
b

4
‖u‖4Xα − C4

∫
R
|u(t)|µdt+ C5

∫
R
|u(t)|2dt

Since X̃ ⊂ Xα is a �nite dimensional space, then all the norms X̃ are equivalent,

and hence we can choose r = rX̃ > 0 such that I ≤ 0 on X̃\Br. Thus, the proof is

completed by Theorem 3.1.

�

For j ∈ N, let Xj = Rwj , where wj is the eigenfunction corresponding to the

eigenvalue λj . In order to apply the above variant fountain theorem to prove our
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Theorem 1.4, we de�ne the family of functionals Ψλ on Xα by

Ψλ(u) =
a

2

∫
R
|−∞Dα

t u(t)|2dt+
b

4

(∫
R
|−∞Dα

t u(t)|2dt
)2

+
1

2

∫
R
l(t)|u(t)|2dt− λ

∫
R
F (t, u(t))dt := A(u)− λB(u), ∀ λ ∈ [1, 2].(3.18)

Obviously, B(u) ≥ 0 follows by the condition (f1), A(u)→∞ as ‖u‖Xα →∞ and

by condition (f4), we know that Ψλ(−u) = Ψλ(u) for all λ ∈ [1, 2], u ∈ Xα. Also, Ψλ

maps bounded sets to bounded sets uniformly for λ ∈ [1, 2].

Now we show that Ψλ satis�es the conditions of Theorem 3.2.

Lemma 3.5. Under the assumptions of Theorem 1.4, there exists a sequence rk →
+∞ as k →∞ such that

bk(λ) = inf
u∈Zk,‖u‖Xα=rk

Ψλ(u) > 0,

where Zk = ⊕∞j=kEj = span{wk, . . .} for all k ∈ N.

Proof. For any 2 < q < +∞, we set

βk = sup
u∈Zk

‖u‖q
‖u‖Xα

, ∀ k ∈ N.(3.19)

It is clear that 0 < βk+1 ≤ βk, so that βk → β. For every k ≥ 0, there exists uk ∈ Zk
such that ‖uk‖Xα = 1 and ‖uk‖q > βk

2 . By the de�nition of Zk, we have uk ⇀ 0

in Xα, and by Remark 2.2, we have uk → 0 in Lq(RN ). Thus, we have proved that

β = 0, and hence βk → 0 as k →∞.

In view of conditions (f1) and (f3), for any given ε > 0, there exists a positive constant

θε > 0 such that

F (t, u) ≤ εu2 + θε|u|q, ∀ t, u ∈ R.(3.20)

Hence, for any u ∈ Zk and ε > 0 small enough, by (3.19) and (3.20), we get

Ψλ(u) ≥ min{a, 1}
2

‖u‖2Xα − λε‖u‖22 − λθε‖u‖qq

≥
(

min{a, 1}
2

− λε

a0

)
‖u‖2Xα − λθεβ

q
k‖u‖

q
Xα .

For any k ∈ N, let

rk =

(
λqθεβ

q
k

min{a, 1}

) 1
2−q

.
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Then, we have

bk(λ) = inf
u∈Zk,‖u‖Xα=rk

Ψλ(u)

≥ inf
u∈Zk,‖u‖Xα=rk

[(
min{a, 1}

2
− λε

a0

)
‖u‖2Xα − λθεβ

q
k‖u‖

q
Xα

]
≥

(
min{a, 1}

2
− λε

a0
− min{a, 1}

q

)(
λqθεβ

q
k

min{a, 1}

) 2
2−q

:= b̃k → +∞ as k →∞,

(because βk → 0 as k → ∞ and q > 2). Hence for ε > 0 small enough, we have

bk(λ) > 0.

�

Lemma 3.6. Under the assumptions of Theorem 1.4, for the sequence {rk} obtained
in Lemma 3.5, there exists 0 < rk < ρk for all k ∈ N, such that

ak(λ) = max
u∈Yk,‖u‖Xα=ρk

Ψλ(u) ≤ 0, for all λ ∈ [1, 2],

where Yk = ⊕kj=1Ej = span{w1, . . . , wk} for all k ∈ N.

Proof. For any k ∈ N, there exist two constants η1, η2 > 0 such that

‖u‖2 ≤ η1‖u‖Xα and ‖u‖Xα ≤ η2‖u‖4(3.21)

which is due to the fact that all norms on �nite-dimensional space Yk are equivalent.

Next, by (f1), (f3) and (f6), for any % > 0, there exists a constant ϑ > 0 such that

F (t, u) ≥ 1

4
%u4 − ϑu2, ∀ t, u ∈ R.(3.22)

Then, for any u ∈ Yk, by (3.21), (3.22) and (3.23), one has

Ψλ(u) ≤ max{a, 1}
2

‖u‖2Xα +
b

4
‖u‖4Xα −

λ

4
%‖u‖44 + λϑ‖u‖22

≤ max{a, 1}
2

‖u‖2Xα +
b

4
‖u‖4Xα −

λ

4
%η4

2‖u‖4Xα + λϑη2
1‖u‖2Xα

=

(
max{a, 1}

2
+ λϑη2

1

)
‖u‖2Xα +

(
b

4
− λ

4
%η4

2

)
‖u‖4Xα .(3.23)

Now we take % large enough to satisfy

b

4
− λ

4
%η4

2 < 0.

Then, we can choose ‖u‖Xα = ρk > 0 large enough to obtain

ak(λ) := max
u∈Yk,‖u‖Xα=ρk

Ψλ(u) ≤ 0.

Lemma 3.6 is proved. �
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Lemma 3.7. Under the assumptions of Theorem 1.4, there exist λn → 1 as n→∞,

and {un(k)}∞n=1 ⊂ Xα such that

sup
n
‖un(k)‖Xα <∞, Ψ′λn(un(k)) = 0,

Ψλn(un(k)) ∈ [̃bk, c̃k],

as n→∞, where c̃k := supu∈Bk Ψ1(u).

Proof. It is easy to see that the conditions (T1) and (T2) of Theorem 3.2 are satis�ed.

Therefore ,by Lemmas 3.5 and 3.6 and Theorem 3.2, we can obtain the result. �

Proof of Theorem 1.4. For the sake of notational simplicity, in what follows we

use the notation un := un(k) for all n ∈ N. By Lemma 3.7, it su�ces to prove the

boundedness of {un}∞n=1. If not, passing to a subsequence if necessary, we can assume

that ‖un‖Xα →∞ as n→∞. De�ne vn := un
‖un‖Xα . So ‖vn‖Xα = 1. Hence, Xα is a

re�exive Banach space (Xα is a Hilbert space), and so, by passing to a subsequence

(for simplicity denoted again by {un}) if necessary, by Remark 2.2, we may assume

that

(3.24)


vn ⇀ v, weakly in Xα,

vn → v, strongly in Lq(Rn) 2 ≤ q <∞),

vn → v, a.e. t ∈ R.

We consider two cases: v 6= 0 and v = 0 in Xα.

Case 1. Let v 6= 0 in Xα. In view of Ψλn(un) ∈ [̃bk, c̃k], we get

b

4
‖un‖4Xα ≥ b̃k −

max{a, 1}
2

‖un‖2Xα +

∫
R
F (t, un)dt.

Dividing by ‖un‖4Xα both sides of the above equality, we obtain

o(1) +
b

4
≥
∫
R

F (t, un)

‖un‖4Xα
dt.(3.25)

We set Ω := {t ∈ R : v(t) 6= 0}. Observing that meas(Ω) > 0, and for t ∈ Ω

lim
n→∞

F (t, un)

‖un‖4Xα
= +∞,

we can apply Fatou's lemma to conclude that

lim
n→∞

∫
R

F (t, un)

‖un‖4Xα
dt ≥ lim

n→∞

∫
Ω

F (t, un)

‖un‖4Xα
dt = +∞,

which contradicts (3.25).

Case 2. Let v = 0 in Xα. We de�ne

Ψλn(xnun) := max
x∈[0,1]

Ψλn(xun),(3.26)
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and use (3.20), to get∫
R
F (t, vn)dt ≤ ε

∫
R
|vn|2dt+ θε

∫
R
|vn|q → 0, as n→∞.(3.27)

Hence, choosing n su�ciently large and using (3.27), we can write

Ψλn(xnun) ≥ Ψλn(vn) = a
2

∫
R |−∞D

α
t vn(t)|2dt+ b

4

(∫
R |−∞D

α
t vn(t)|2dt

)2
+ 1

2

∫
R l(t)|vn(t)|2dt− λn

∫
R F (t, vn(t))dt

≥ min{a,1}
2 ‖vn‖2Xα + b

4

(∫
R |−∞D

α
t vn(t)|2dt

)2
+a

2

∫
R l(t)|vn(t)|2dt− λn

∫
R

min{a,1}
2 F (t, vn(t))dt ≥ min{a,1}

2 ,

meaning that limn→∞Ψλn(xnun) =∞. So, by Lemma 3.7, we see that Ψ′λn(xnun)(xnun) =

0. On the other hand, by Lemma 3.7 and (f5), we can get as n→∞

∞ ← Ψλn(xnun)− 1

4
Ψ′λn(xnun)(xnun)

=
a

4

∫
R
|−∞Dα

t (xnun)|2dt+
1

4

∫
R
l(t)|xnun|2dt

+λn

∫
R

[
1

4
f(t, xnun)xnun − F (t, xnun)

]
dt

≤ a

4

∫
R
|−∞Dα

t (un)|2dt+
1

4

∫
R
l(t)|un|2dt

+λn

∫
R

[
1

4
f(t, un)un − F (t, un)

]
dt

= Ψλn(un)− 1

4
Ψ′λn(un)(un) ∈ [̃bk, c̃k].

Therefore, the sequence {un}∞n=1 is bounded in Xα.

Arguments, similar to those used in the proof of Lemma 3.4, show that there

exists a convergent subsequence of {un} when λn → 1. Then, we may assume that

un → wk in Xα (we know that {un} is relevant to the choice of k). Also, we have

Ψ1(wk) = 0. Thus, Ψ1 has a critical point wk with Ψ1(wk) ∈ [̃bk, c̃k]. Consequently,

we see that {wk}∞k=1 is an unbounded sequence of critical points of functional Ψ1 = I

since b̃k →∞. This completes the proof is the theorem. �

Proof of Theorem 1.5. We know that I ∈ C1(Xα,R) and, in view of Lemma 3.4, I

satis�es the Palais-Smale condition. It follows from (f4), (3.15), (3.20) and (3.22) that

I is even and I(0) = 0. In order to apply Theorem 3.3, we �rst prove the following

assertion:

for any n ∈ N there exists ε > 0 such that γ(I−ε) ≥ n.(3.28)
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Let {en}∞n=1 be the standard orthogonal basis of Xα, that is,

‖en‖Xα = 1 and 〈ei, ej〉Xα = 0, 1 ≤ i 6= j.(3.29)

For any n ∈ N, we set

Xα
n = span{e1, . . . , en}, Sn = {u ∈ Xα

n : ‖u‖Xα = 1}.(3.30)

For u ∈ Xα
n , there exist µi ∈ R, i = 1, 2, . . . , n such that

u(t) =
n∑
i=1

µiei(t) for t ∈ R.(3.31)

So, we have

‖u‖Lγ0 =

(∫
R
|u(t)|γ0dt

) 1
γ0

=

(
n∑
i=1

|µi|γ0
∫
R
|ei(t)|γ0dt

) 1
γ0

,(3.32)

and

‖u‖2Xα =

∫
R

(
|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt

=
n∑
i=1

µ2
i

∫
R

(
|−∞Dα

t ei(t)|2 + b(t)|ei(t)|2
)
dt

=

n∑
i=1

µ2
i ‖ei‖2Xα =

n∑
i=1

µ2
i .(3.33)

Since all the norms of a �nite dimensional normed space are equivalent, there is a

constant C ′ > 0 such that

C ′‖u‖Xα ≤ ‖u‖Lγ0 for u ∈ Xα
n .(3.34)

In view of (f2), for u ∈ Sn, we can take some J0 such that∫
R
F (t, u(t))dt =

∫
R
F

(
t,

n∑
i=1

µiei(t)

)
dt ≥ η

∫
J0

∣∣∣∣∣
n∑
i=1

µiei(t)

∣∣∣∣∣
γ0

dt := ρ0.(3.35)

We claim that ρ0 > 0. Assuming that this is not true, for any bounded open set

J ⊂ R, a sequence {uk}k∈N ∈ Sn can be found to satisfy∫
J

|uk(t)|γ0dt = η

∫
J

∣∣∣∣∣
n∑
i=1

µikei(t)

∣∣∣∣∣
γ0

dt→ 0, as k → +∞,

where uk =
∑n
i=1 µikei(t) such that

∑n
i=1 µ

2
ik = 1, and hence, we have

lim
k→+∞

µik := µi0 ∈ [0, 1] and

n∑
i=1

µ2
i0 = 1.
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Thus, for any bounded open set J ⊂ R,∫
J

∣∣∣∣∣
n∑
i=1

µi0ei(t)

∣∣∣∣∣
γ0

dt = 0.

Since J is arbitrary, we have u0 =
∑n
i=1 µi0ei(t) = 0 a.e. on R, which contradicts the

fact that ‖u0‖Xα = 1. Therefore, we have

(3.36)∫
R
F (t, u(t))dt =

∫
R
F

(
t,

n∑
i=1

µiei(t)

)
dt ≥ η

∫
J0

∣∣∣∣∣
n∑
i=1

µiei(t)

∣∣∣∣∣
γ0

dt = ρ0 > 0.

Next, from (f2), (3.15), (3.32)-(3.34) and (3.36), one can get

J(su) =
s2

2

∫
R

(
a|−∞Dα

t u(t)|2 + l(t)|u(t)|2
)
dt+

s4b

4

(∫
R
|−∞Dα

t u(t)|2dt
)2

−
∫
R
F (t, su(t))dt

≤ s2 min{a, 1}
2

‖u‖2Xα +
s4b

4
‖u‖4Xα − ηsγ0

n∑
i=1

|λi|γ0
∫
I0

|ei(t)|γ0dt

≤ s2 min{a, 1}
2

‖u‖2Xα +
s4b

4
‖u‖4Xα − ηsγ0‖u‖γ0γ0

≤ s2 min{a, 1}
2

‖u‖2Xα +
s4b

4
‖u‖4Xα − η(C ′s)γ0‖u‖γ0Xα

≤ s2 min{a, 1}
2

+
s4b

4
− η(C ′s)γ0 , ∀ u ∈ Sn, 0 < s < δ,(3.37)

which implies that there exist ε > 0 and σ > 0 such that

I(σu) < −ε ∀ u ∈ Sn.(3.38)

Denoting

Sσn = {σu : u ∈ Sn}, Ω =
{

(µ1, . . . , µn) ∈ Rn :

n∑
i=1

µ2
i < σ2

}
,

and using (3.38), we conclude that

I(u) < −ε ∀ u ∈ Sσn ,

which, together with the fact that I ∈ C1(Xα,R) and is even, implies that

Sσn ⊂ I−ε ∈ Σ.(3.39)

On the other hand, it follows from (3.31) and (3.33) that there exists an odd homeomorphism

mapping Ψ ∈ C(Sσn , ∂Ω). By the properties of genus (see item 3◦ of Propositions 7.5

and 7.7 of [18]), we have

γ(I−ε) ≥ γ(Sσn) = n,(3.40)
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which completes the proof of assertion (3.28). Set

cn = inf
A∈Σn

sup
u∈A

J(u).

Taking into account that J is bounded from below on Xα, we can use (3.40) to

conclude that −∞ < cn ≤ −ε < 0, that is, for any n ∈ N, cn is a real negative number.
Now, applying Theorem 3.3, we conclude that I has in�nitely many nontrivial critical

points, and hence, the system (1.2) possesses in�nitely many nontrivial solutions. This

completes the proof of the theorem. �
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òîäû. Â ñëó÷àå âîññòàíîâëåíèÿ âûïóêëîãî òåëà ñ ïîìîùüþ êîâàðèîãðàìû
ìû ââåëè ïîíÿòèå íå÷åòêîãî âûïóêëîãî òåëà. Â äàííîé ðàáîòå ìû ïðåäñòàâ-
ëÿåì çàâèñÿùåå îò îðèåíòàöèè íå÷åòêîå ðàñïðåäåëåíèå ñëó÷àéíîãî îòðåçêà
è èçó÷àåì íåêîòîðûå åãî ñâîéñòâà.

MSC2010 numbers: 60D05; 60A86; 53C65.

Êëþ÷åâûå ñëîâà: íå÷åòêoå âûïóêëoå ìíîæåñòâo; ðàñïðåäåëåíèå ñëó÷àéíîãî
îòðåçêà; êîâàðèîãðàìà.

1. Ââeäåíèå

Äëÿ âîññòàíîâëåíèÿ âûïóêëîãî òåëà âàæíûì èíñòðóìåíòîì ÿâëÿåòñÿ êîâà-

ðèîãðàìà ([1] - [3]). Åñòü ÷åòêàÿ ñâÿçü ìåæäó êîâàðèîãðàìîé è çàâèñÿùèì îò

îðèåíòàöèè ðàñïðåäåëåíèåì äëèíû ñëó÷àéíîãî îòðåçêà (ñì. [3]).

Îäíàêî ÷àùå âñåãî åñòü íåáîëüøèå ïîãðåøíîñòè â èçìåðåíèÿõ, êîòîðûå ìîãóò

ïðèâåñòè ê íåïðàâèëüíûì ðåçóëüòàòàì êàñàþùèìñÿ èçó÷àåìîãî òåëà. Ïîýòîìó

êàê è âî ìíîãèõ ñëó÷àÿõ ìîäåëèðîâàíèÿ ïîãðåøíîñòåé, èçìåðåíèÿ ñ èíòåðâàëü-

íûìè çíà÷åíèÿìè ôóíêöèé, ìû èñïîëüçóåì íå÷åòêèå àíàëîãè îáû÷íûõ ðàñ÷åòîâ

(ñì. [5]), íàäåÿñü, òàêèì îáðàçîì, âîññòàíîâèòü êîâàðèîãðàìó âûïóêëîãî òåëà â

íå÷åòêîì ñìûñëå (òî åñòü, òàêèì îáðàçîì, ÷òîáû îíà âêëþ÷àëà â ñåáÿ êîâàðè-

ãðàìû ìíîãèõ âîçìîæíûõ ìíîæåñòâ).

Â íàøåé ïðåäûäóøåé ñòàòüå (ñì. [4]) ìû äàëè âñå íåîáõîäèìûå îïðåäåëåíèÿ

äëÿ íå÷åòêîãî ñëó÷àÿ ýòîé ïðîáëåìû. Ñíà÷àëà ìû ââåëè ïîíÿòèå îáîáùåííîãî

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå Ìèíè-
ñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÀ ñîâìåñòíî ñ Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäî-
âàíèé (êîäû ïðîåêòîâ 18RF - 019 è 18-51-05010Àðì-à ñîîòâåòñòâåííî). Èññëåäîâàíèå ïåðâîãî
àâòîðà áûëî òàêæå ïîääåðæàíî Öåíòðîì Ìàòåìàòè÷åñêèõ Èññëåäîâàíèé Åðåâàíñêîãî Ãîñóäàð-
ñòâåííîãî Óíèâåðñèòåòà, à òàêæå òåìàòè÷åñêèì ãðàíòîì # 18T-1A252.
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íå÷åòêîãî ðàñïðåäåëåíèÿ, ÿâëÿþùååñÿ ôóíêöèåé ïðèíèìàþùåé íå÷åòêèå çíà-

÷åíèÿ (ò.å. íå÷åòêèå ÷èñëà). Çàòåì ìû äàëè îïðåäåëåíèÿ íå÷åòêîãî âûïóêëîãî

ìíîæåñòâà è íå÷åòêîé êîâàðèîãðàìû. Òàêèì îáðàçîì, íå÷åòêîå âûïóêëîå ìíî-

æåñòâî ñòðîèòñÿ ïðèáàâëÿÿ è îòíèìàÿ íå÷åòêîå ÷èñëî îò èçíà÷àëüíîãî òåëà íî

ïðè ýòîì ïðèáàâëÿÿ ðàçìåðíîñòü íà÷àëüíîãî òåëà íà 1, ïðåâðàùàÿ åãî â íå÷åòêîå

ìíîæåñòâî ñ îäíèìè è òåìè æå α-óðîâíÿìè.

Òî åñòü âûïóêëîå òåëî D ⊂ Rn ìû íåìíîãî ìîäèôèöèðóåì, ïðåâðàùàÿ åãî

â íå÷åòêîå òåëî ñ íîñèòåëåì â Rn, è ïðèíèìàþùåå òå æå çíà÷åíèÿ äëÿ âñåõ α-

óðîâíåé, à çàòåì ïðèáàâëÿåì

Dα = D + Ãα

è îòíèìàåì â ñìûñëå Õóêóõàðû

Dα = D − B̃α

íå÷åòêèå ìíîæåñòâà ñ íîñèòåëÿìè â Rn è ñ Ãα, B̃α α-óðîâíÿìè, íà÷àëî êîîðäèíàò

ïðèíàäëåæèò Ãα è B̃α.

Â êîíå÷íîì èòîãå ìû îïðåäåëÿåì íå÷åòêîå âûïóêëîå ìíæåñòâî ñ ïîìîùüþ

α-óðîâíåé ñëåäóþùèì îáðàçîì:

D̃α = {G : G âûïóêëî è Dα ⊂ G ⊂ Dα}.

Ýòî ìîæíî ñäåëàòü â íåêîòîðîì ñìûñëå òîëüêî äëÿ âûïóêëûõ òåë.

Èñïîëüçóÿ ýòî îïðåäåëåíèå, â ðàáîòå [4] ìû ïîêàçàëè, ÷òî D̃ óäîâëåòâîðÿåò

âñåì ñâîéñòâàì íå÷åòêèõ ÷èñåë, çà èñêëþ÷åíèåì òîãî, ÷òî åãî çíà÷åíèÿ íå ÷èñëà,

à âûïóêëûå ìíîæåñòâà.

Äàëåå ìû îïðåäåëèëè íå÷åòêóþ êîâàðèîãðàìó êàê ôóíêöèîíàëüíîå îáîáùåíèå

îáû÷íîé êîâàðèîãðàìû, ñ α-óðîâíÿìè çàäàííûìè â ñëåäóþùåì âèäå:

Cα(D̃, u) = C(D̃α, u) = {C(G, u) : G ∈ D̃α},

ãäå u ∈ Rn, C(G, u, t) = Vn(G ∩ (G+ u)), è Vn(·) n-ìåðíàÿ ìåðà Ëåáåãà.

Ñàìîå âàæíîå ñâîéñòâî C(D̃, u) ýòî òî, ÷òî äëÿ äàííîãî u îíà ÿâëÿåòñÿ âû-

ïóêëûì ÷èñëîì. Äâà âîçìîæíûõ äîêàçàòåëüñòâà áûëè íàéäåíû, îäèí èç êîòîðûõ

ïðåäñòàâëåí â [4].

Äàëåå ìû äàëè ýêâèâàëåíòíîå îïðåäåëåíèå êîâàðèîãðàìû ñ ïîìîùüþ îðèåí-

òàöèè u è äëèíû ñëåäóþùèì îáðàçîì .

Cα(D̃, u, t) = C(D̃α, u, t) = {C(G, u, t) : G ∈ D̃α}
44



ÐÀÑÏÐÅÄÅËÅÍÈÅ ÄËÈÍÛ ÑËÓ×ÀÉÍÎÃÎ ÎÒÐÅÇÊÀ...

ñ C(G, u, t) = Vn(G ∩ (G + tu)), è u ∈ Sn−1, t ∈ R. Â ðàáîòå [4] áûëî ïîêàçàíî,

÷òî â äàííîì âèäå íå÷åòêàÿ êîâàðèîãðàìà ÿâëÿåòñÿ íå÷åòêîé ôóíêèåé ïî t, äëÿ

äàííîãî íàïðàâëåíèÿ u. Òî åñòü ìîæíî âîñïîëüçîâàòüñÿ äèôôåðåíöèðóåìîñòüþ

ïî Õóêóõàðå è èíòåãðèðîâàíèåì ïî Àóìàíó.

Îäíàêî íå÷åòêàÿ êîâàðèîãðàìà ìîæåò áûòü íå äèôôåðåíöèðóåìà ïî Õóêóõà-

ðå. Ïîýòîìó ìû âîñïîëüçîâàëèñü èíòåãðàëîì Àóìàíà, ÷òîáû ïîëó÷èòü îáîáùåíèå

çíàìåíèòîé òåîðåìû Ìàòåðîíà äëÿ íå÷åòêîãî ñëó÷àÿ, êîòîðàÿ ïðèíÿëà ñëåäóþ-

ùèé âèä:

Cα(D̃, u, t) =
⋃

Ωα∈Ω̃1,α(u)

(
−
∫ t

0

(
1− F̃α,Ω(u, v)

)
bΩ, α)(u) dv

)
,

ãäå

Ω̃1,α(u) = {Ω1G(u) : G ∈ D̃α},

Ω1G(u) = {ïðÿìûå ïàðàëëåëüíûå u è ïåðåñåêàþùèå G},

à F̃α,Ω(u, t) ÿâëÿåòñÿ íå÷åòêèì ðàñïðåäåëåíèåì äëèíû ïåðåñå÷åíèÿ ïðÿìûõ ïà-

ðàëëåëüíûõ u ñ äàííûì Ωα ∈ Ω̃1,α(u) è bΩ,α(u) = Vn−1(Πru⊥Ωα), ãäå

Πru⊥G = {îðòîãîíàëüíàÿ ïðîåêöèÿ G íà ãèïåðïëîñêîñòü ñ íîðìàëüíûì âåêòîðîì u }.

È òàê ìû èìååì íå÷åòêîå èçìåðåíèå ò.å. íå÷åòêîå íàáëþäåíèå äëÿ äëèíû.

Ìû äîëæíû ïîñòðîèòü íå÷åòêóþ ôóíêöèþ ðàñïðåäåëåíèÿ, ñ ïîìîùüþ êîòîðîé

ìû ìîæåì âîññòàíîâèòü íå÷åòêóþ êîâàðèîãðàìó äëÿ âñåõ âîçìîæíûõ íå÷åòêèõ

ìíîæåñòâ ìåæäó ìàêñèìàëüíûì è ìèíèìàëüíûì íàáëþäåíèÿìè.

2. Çàâèñÿùåå îò íàïðàâëåíèÿ íå÷åòêîå ðàñïðåäåëåíèå äëèíû

ñëó÷àéíîãî îòðåçêà.

Òåïåðü ïóñòü ìû èìååì íàáëþäåíèÿ äëèí îòðåçêîâ ôèêñèðîâàííîé äëèíû l. Äëÿ

çàäàííîé äëèíû ìû èìååì ñëåäóþùåå îïðåäåëåíèå äëÿ G:

Ω2,l(u,G) : {âñå îòðåçêè äëèíû l ïàðàëëåëüíûå u, è ïåðåñåêàþùèå G}

è â áîëåå ÿâíîé ôîðìå

Ω2,l(u,G) = {(x, y) : x ∈ Πru⊥G, y ∈ [−l/2, χG(u, x) + l/2]},

ãäå χG(u, x) � äëèíà õîðäû â íàïðàâëåíèè u èñõîäÿùàÿ èç òî÷êè x ïðîåêöèè.
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Çàìåòèì, ÷òî êîãäà èìååò ìåñòî îøèáêà â èçìåðåíèè, òî äëèíà õîðäû è äëèíà

ñëó÷àéíîãî îòðåçêà ìîãóò ñ÷èòàòüñÿ íå÷åòêèìè. Òî åñòü ñóùåñòâóåò äâà èñòî÷íè-

êà íå÷åòêîñòè, ïåðâîå � äëèíà õîðäû, è âòîðàÿ � íå÷åòêîñòü â èçìåðåíèÿõ ïåðå-

ñå÷åíèÿ. Ìû ïîêà áåðåì îäèí èñòî÷íèê íå÷åòêîñòè. Â äàëüíåéøåì ìû ïîêàæåì

÷òî èñòî÷íèê íå÷åòêîñòè íå ÿâëÿåòñÿ ïðèíöèïèàëüíûì, òàê-êàê ñîîòâåòñòâóþ-

ùèå âûðàæåíèÿ îäèíàêîâû â ñìûñëå ðàñïðåäåëåíèÿ.

Îáû÷íîå, çàâèñÿøåå îò íàïðàâëåíèÿ ðàñïðåäåëåíèå äëèíû çàäàåòñÿ ïî ñëåäó-

þùåé ôîðìóëå:

F|L|(u, s) =
Vn(Bu,sG )

Vn(Ω2,l(u))

ãäå Bu,sG = {(x, y) ∈ Ω2,l(u) : |L|(x, y) < s} èëè èíûìè ñëîâàìè âñå îòðåçêè âñåõ

ïðÿìûõ äàííîãî íàïðàâëåíèÿ, äëÿ êîòîðûõ äëèíà ïåðåñå÷åíèÿ ñ òåëîì ìåíüøå

äàííîãî s.

Èñòî÷íèê íå÷åòêîñòè ïî ñóòè ÿâëÿåòñÿ èìåííî èçìåðåíèå. Îäíàêî, ìîæíî ïî-

äîéòè ê ýòîìó ôèêñèðóÿ íàáëþäåíèÿ (ò.å. èìåÿ óâåðåííîñòü â íàáëþäåíèÿõ) è

âîñïðèíèìàÿ äàííîå âûïóêëîå òåëî êàê íå÷åòêîå (ò.å. íå÷åòêîå âûïóêëîå òåëî è

áåçîøèáî÷íûå íàáëþäåíèÿ). Â ýòîì ñëó÷àå èìååì ñëóäóþùèå îáîçíà÷åíèÿ.

Ω̃2,l,α(u, D̃) = Ω̃2,l(u, D̃α) = {Ω2,l(u,G) : G ∈ D̃α}.

Äàëåå îáîçíà÷èì

B̃u,sD,α = {{(x, y) ∈ Ω2,l(u,G) : òàêèå ÷òî |L|(x, y) ∩G < s} : G ∈ D̃α}.

ïî äðóãîìó ýòî ìîæíî ñäåëàòü çàäàâ íå÷åòêóþ ôóíêöèþ ðàñïðåäåëåíèÿ

F̃|L|,α(u, s) =
[
infG∈D̃αF|L|(u, s), supG∈D̃αF|L|(u, s)

]
.

Çàìåòèì, ÷òî ýòî äîëæíî áûòü çàìêíóòûì èíòåðâàëîì, õîòÿ ïîëóçàêðûòèé

èíòåðâàë ìîã áûòü äîñòàòî÷åí ñ òî÷êè çðåíèÿ òåîðèè âåðîÿòíîñòåé. Äåëî â òîì,

÷òî F̃|L|(u, s) äîëæåí áûòü íå÷åòêèì ÷èñëîì äëÿ âñåõ u è s, è ìû ìîæåì ïåðåïè-

ñàòü

F̃|L|,α(u, s) =
[
minG∈D̃αF|L|(u, s),maxG∈D̃αF|L|(u, s)

]
Óòâåðæäåíèå 2.1. F̃|L|,α(u, s) ÿâëÿåòñÿ íå÷åòêèì ðàñïðåäåëåíèåì.(Îïðåäåëåíèå

íå÷åòêîãî ðàñïðåäåëåíèÿ ñì. [4]).

Äîêàçàòåëüñòâî î÷åâèäíî.
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Òåîðåìà 2.1. Èìååò ìåñòî ñëåäóþùåå íå÷åòêîå ñîîòíîøåíèå

F̃|L|,α(u, s) ⊂
Vn(B̃u,sD,α)

Vn(Ω̃2,l,α(u, D̃))
.

Ïðåæäå ÷åì ïåðåéòè ê äîêàçàòåëüñòâó äàäèì íåáîëüøîå óòî÷íåíèå.

Çàìå÷àíèå 2.1. Òåðìèí íå÷åòêîå ñîîòíîøåíèå çäåñü èñïîëüçóåòñÿ â òîì ñìûñ-

ëå, ÷òî óêàçàííîå äëÿ α-óðîâíåé ñîîòíîøåíèå ÿâëÿåòñÿ ïðàâèëüíûì äëÿ ñîîò-

âåòñòâóþùèõ íå÷åòêèõ ÷èñåë. Vn(Ω̃2,l,α(u, D̃)) è Vn(B̃u,sD,α) çàäàíû êàê íå÷åòêèå

÷èñëà, òî åñòü îíè ïðèíèìàþò âñå âîçìîæíûå çíà÷åíèÿ äëÿ âñåõ ýëåìåíòîâ

â Ω̃2,l,α(u, D̃) è B̃u,sG,α, è òî æå ñàìîå äëÿ
Vn(Ω̃2,l,α(u,D̃))

Vn(B̃u,sD,α)
. Òàê æå çàìåòèì, ÷òî

çíàìåíàòåëü íèêîãäà íå ïðèíèìàåò çíà÷åíèå 0.

Òî åñòü äëÿ äîêàçàòåëüñòâà ìû äîëæíû ïîêàçàòü ÷òî îáå ÷àñòè ÿâëÿþòñÿ

íå÷åòêèìè ÷èñëàìè (èëè íå÷åòêèìè ñðàâíèìûìè îáüåêòàìè), è ÷òî äàííîå ñîîò-

íîøåíèå âûïîëíÿåòñÿ äëÿ âñåõ α-óðîâíåé ([5,6]).

Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî Vn(Ω̃2,l,α(u, D̃)) è Vn(B̃u,sD,α) íå÷åòêèå

÷èñëà, çàäàâàÿ èõ α-óðîâíè. Äëÿ ýòîãî ðàññìîòðèì

Vn(Ω̃2,l,α(u, D̃)) = {Vn(Ω2,l(u,G)) : G ∈ D̃α}.

Çàìåòèì, ÷òî Vn(Ω2,l(u,G)) ïðèíèìàåò âñå çíà÷åíèå ìåæäó ìèíèìàëüíûì è ìàê-

ñèìàëüíûì òåëàìè. �

Ëåììà 2.1. Vn(Ω̃2,l,α(u, D̃)) íå÷åòêîå ÷èñëî ñ α-óðîâíåì:

Vn(Ω̃2,l,α(u, D̃)) = [Vn(Ω2,l(u,Dα)), Vn(Ω2,l(u,Dα))].

Äîêàçàòåëüñòâî. Îòìåòèì, ÷òî Dα ⊂ Dα è Πru⊥Dα ⊂ Πru⊥Dα (èëè Ω1,Dα(u) ⊂
Ω1,Dα

(u)) è χDα(u, x) ≤ χDα(u, x) äëÿ âñåõ x ∈ Πru⊥Dα, îòêóäà ïîëó÷àåì

Vn(Ω2,l(u,Dα)) ≤ Vn(Ω2,l(u,Dα))

òàê êàê äëÿ ëþáîãî x ∈ Πru⊥Dα èìååì [−l/2, χDα(u, x)+ l/2] ⊂ [−l/2, χDα(u, x)+

l/2], òî åñòü

Vn(Ω2,l(u,Dα)) = Vn

({
(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, χDα(u, x) + l/2]

})
≤

Vn

({
(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, χDα(u, x) + l/2]

})
≤

Vn
({

(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, χDα(u, x) + l/2]
})

= Vn(Ω2,l(u,Dα))

Äàëåå îòìåòèì, ÷òî çíà÷åíèå V ∈ [Vn(Ω2,l(u,Dα)), Vn(Ω2,l(u,Dα))] ïðèíèìàåòñÿ

íåêîòîðûì âûïóêëûì òåëîì â D̃α. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü ýòî äëÿ ìàëûõ
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èçìåíåíèé è äëÿ îïåðàöèè âêëþ÷åíèå. Òðèâèàëüíûå ñëó÷àè, êîãäà Dα = Dα èëè

Vn(Ω2,l(u,Dα)) = Vn(Ω2,l(u,Dα)).

Êîãäà æå Vn(Ω2,l(u,Dα)) > Vn(Ω2,l(u,Dα)) áåðåì äîñòàòî÷íî ìàëîå ε > 0,

Vn(Ω2,l(u,Dα)) > (1 + ε)Vn(Ω2,l(u,Dα)). Òåëî, êîòîðîå íàñ èíòåðåñóåò ìîæíî ïî-

ëó÷èòü âçÿâ Πru⊥G = Πru⊥Dα è χG(u, x) = (1 + ε)χDα(u, x) + ε l, åñëè ýòî âîç-

ìîæíî, â ïðîòèâíîì ñëó÷àå ìîæíî ïîëîæèòü Πru⊥Dα ⊂ Πru⊥G è ïåðåçàäàòü

õîðäû.

Îñòàëîñü ïîêàçàòü, ÷òî åñëè β > α, òî èìååì

[Vn(Ω2,l(u,Dβ)), Vn(Ω2,l(u,Dβ))] ⊂ [Vn(Ω2,l(u,Dα)), Vn(Ω2,l(u,Dα))].

Ýòî ìîæíî ñäåëàòü, òàê êàê

Dα ⊂ Dβ ⊂ Dβ ⊂ Dα

à òàêæå

Πru⊥Dα ⊂ Πru⊥Dβ ⊂ Πru⊥Dβ ⊂ Πru⊥Dα

è

(2.1) [−l/2, χDα(u, x) + l/2] ⊂ [−l/2, χDβ (u, x) + l/2] ⊂

⊂ [−l/2, χDβ (u, x) + l/2] ⊂ [−l/2, χDα(u, x) + l/2]

äëÿ âñåõ x ∈ Πru⊥Dα. Îñòàëüíîå î÷åâèäíî.

Îñòàëîñü ïîêàçàòü íåïðåðûâíîñòü, ÷òî ìîæíî ñäåëàòü àíàëîãè÷íî ìåòîäó â

[4]. �

Ëåììà 2.2. Vn(B̃u,sD,α) íå÷åòêîå ÷èñëî ñ α-óðîâíÿìè è

Vn(B̃u,sD,α) =
[
Vn(Bu,sDα), Vn(Bu,s

Dα
)
]
.

Äîêàçàòåëüñòâî. Âíîâü èñïîëüçóÿ Πru⊥Dα ⊂ Πru⊥Dα è [−l/2, χDα(u, x)+l/2] ⊂
[−l/2, χDα(u, x) + l/2], ïîëó÷àåì

Ω2,l(u,Dα) ⊂ Ω2,l(u,Dα),

èëè äðóãèìè ñëîâàìè, âñÿêèé îòðåçîê ïåðåñåêàþùèé Dα, î÷åâèäíî, ïåðåñåêàåò

è Dα. Òî åñòü

Vn(Bu,sDα) ≤ Vn(Bu,s
Dα

).

Äàëåå çàìåòèì, ÷òî êàæäîå çíà÷åíèå V ∈
[
Vn(Bu,sDα), Vn(Bu,s

Dα
)
]
ðåàëèçóåòñÿ íåêî-

òîðûì âûïóêëûì òåëîì. Âíîâü ðàññìîòðèì ñëó÷àé ìàëûõ èçìåíåíèé. Èãíîðè-

ðóÿ î÷åâèäíûå ñëó÷àè ìèíèìàëüíûõ è ìàêñèìàëüíûõ òåë, ìû áåðåì Vn(Bu,sDα) <

Vn(Bu,s
Dα

) è ìàëîå ε > 0, Vn(Bu,s
Dα

) > (1 + ε)Vn(Bu,sDα).
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Äëÿ òîãî, ÷òîáû ïðèâåñòè àíàëîãè÷íûå âû÷èñëåíèÿ, çàäàäèì Bu,sG â áîëåå

ÿâíîé ôîðìå. Ëåãêî çàìåòèòü, ÷òî

Bu,sG = {(x, y) ∈ Ω2,l(u,G) : |L|(x, y) ∩G < s} =

= {(x, y) : x ∈ Πru⊥G, y ∈ [−l/2, s− l/2] ∪ [χG(u, x) + l/2− s, χG(u, x) + l/2]}.

Îòìåòèì, ÷òî åñëè [−l/2, s − l/2] ∩ [χG(u, x) + l/2 − s, χG(u, x) + l/2] = ∅, äëèíà
ìíîæåñòâà âñåõ âîçìîæíûõ ñåðåäèííûõ òî÷åê 2s, è íå ìîæåò áûòü èçìåíåíà.

Ïîýòîìó ÷òîáû ïîíÿòü èçìåíåíèÿ ìû äîëæíû ðàññìîòðåòü ñëó÷àè, ãäå èçìå-

íåíèå äëèíû õîðäû ïðèâåäåò ê èçìåíåíèþ óñëîâèÿ [−l/2, s − l/2] ∩ [χG(u, x) +

l/2− s, χG(u, x) + l/2] = ∅.
Äëÿ ýòîãî îïðåäåëèì ïîäìíîæåñòâà Πru,s⊥G ⊂ Πru⊥G äëÿ êîòîðûõ âûïîëíÿ-

åòñÿ äàííîå óñëîâèå. Äëÿ âñåõ îñòàëüíûõ òî÷åê

χG(u, x) + l/2− s ≤ s− l/2 èëè χG(u, x) ≤ 2s− l.

Äëÿ ïåðâîé ÷àñòè èìååì

[−l/2, s− l/2] ∪ [χG(u, x) + l/2− s, χG(u, x) + l/2] = [−l/2, χG(u, x) + l/2].

Îòñþäà âûòåêàåò

Vn(Bu,sG ) =

∫
x∈Πr

u⊥G;χG(u,x)≤2s−l
(χG(u, x) + l) dx+ 2s Vn−1(Πru,s⊥G)∫

Πr
u⊥G\Πru,s⊥G

(χG(u, x) + l) dx+ 2s Vn−1(Πru,s⊥G).

Îòìåòèì, ÷òî ìû íå ìîæåì èçìåíÿòü äëèíû îäíèõ õîðä, íå òðîãàÿ äðóãèå, òàê

êàê ýòî ìîæåò íàðóøèòü âûïóêëîòü. Ïîýòîìó ïîñòóïàåì ñëåäóþùèì îáðàçîì -

íå äàâàÿ ÿâíîãî âûðàæåíèÿ äëÿ èçìåíåíèé, äëÿ ëþáîãî çíà÷åíèÿ

V ∈
[
Vn(Bu,sDα), Vn(Bu,s

Dα
)
]

ìîæíî ñäåëàòü ñîîòâåòñòâóþùèå èçìåíåíèÿ ôîðìû òåëà, ÷òîáû ïîëó÷èòü

Dα ⊂ G ⊂ Dα è Vn(Bu,sG ) = V.

Äëÿ äîêàçàòåëüñòâà èññëåäóåì, ÷òî áóäåò, åñëè ìû âîçìåì χG(u, x) = (1+ε)χDα(u, x).

Â ýòîì ñëó÷àå ïîëó÷àåì 3 ïîäìíîæåñòâà.

I. Πru,s⊥G ⊃ Πru,s⊥Dα

II. Πru,s⊥G ∩
(
Πru⊥Dα \Πru,s⊥Dα

)
III.

(
Πru⊥G \Πru,s⊥G

)
∩
(
Πru⊥Dα \Πru,s⊥Dα

)
= Πru⊥G \Πru,s⊥G.

Äëÿ I èìååì: 2sVn−1(Πru,s⊥G).

Äëÿ II èìååì:
∫

(Πr
u⊥G\Πru,s⊥G)∩Πr

u⊥Dα
(χG(u, x) + l) dx.
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Äëÿ III èìååì:
∫

(Πr
u⊥G\Πru,s⊥G)∩(Πr

u⊥Dα\Πru,s⊥Dα)
(χG(u, x) + l) dx.

Ñðàâíèì ïîñëåäíèå äâå âåëè÷èíû:∫
(Πr

u⊥G\Πru,s⊥G
(χDα(u, x)+l) dx+

∫
Πr

u,s⊥G∩(Πr
u⊥Dα\Πru,s⊥Dα)

(χ(Dα(u, x)+l) dx+

2s Vn(Πru,s⊥Dα)V

∫
(Πr

u⊥G\Πru,s⊥G)

(χG(u, x) + l) dx+ 2s Vn(Πru,s⊥G).

Íà÷íåì ñ ïîñëåäíåãî ñëàãàåìîãî

2s Vn−1(Πru,s⊥G)− 2s Vn−1(Πru,s⊥Dα) = 2s Vn−1(Πru,s⊥G \Πru,s⊥Dα)

òàê êàê Πru,s⊥G ⊃ Πru,s⊥Dα.

Äàëåå ðàññìîòðèì ðàçíîñòü∫
Πr

u⊥G\Πru,s⊥G
(χG(u, x) + l) dx−

∫
Πr

u⊥G\Πru,s⊥G
(χDα(u, x) + l) dx =

∫
Πr

u⊥G\Πru,s⊥G
(χG(u, x)− χDα(u, x)) dx =

∫
Πr

u⊥G\Πru,s⊥G
ε χDα(u, x)) dx =

ε

∫
Πr

u⊥G\Πru,s⊥G
χDα(u, x)) dx.

Ïîëó÷àåì

Vn(Bu,sG )−Vn(Bu,sDα) = 2s Vn−1(Πru,s⊥G\Πru,s⊥Dα)+ε

∫
Πr

u⊥G\Πru,s⊥G
χDα(u, x)) dx−

∫
Πr

u,s⊥G∩(Πr
u⊥Dα\Πru,s⊥Dα)

(χDα(u, x) + l) dx.

Áîëåå ïîäðîáíî ðàññìîòðèì Πru,s⊥G\Πru,s⊥Dα è Πru,s⊥G∩
(
Πru⊥Dα \Πru,s⊥Dα

)
.

Πru,s⊥G \Πru,s⊥Dα íà ñàìîì äåëå ÿâëÿåòñÿ ìíîæåñòâîì:

χDα(u, x) ≤ 2s− l ≤ (1 + ε)χDα(u, x).

Îñòàâøàÿñÿ ÷àñòü Πru,s⊥G ∩
(
Πru⊥Dα \Πru,s⊥Dα

)
â òî÷íîñòè òîæå ñàìîå. Òî

åñòü ìîæåì çàïèñàòü

Vn(Bu,sG )−Vn(Bu,sDα) = 2s Vn−1(Πru,s⊥G\Πru,s⊥Dα)+ε

∫
Πr

u⊥G\Πru,s⊥G
χDα(u, x)) dx−

∫
Πr

u,s⊥G\Πru,s⊥Dα
(χDα(u, x) + l) dx =∫

Πr
u,s⊥G\Πru,s⊥Dα

(2s− l − χDα(u, x))) dx+ ε

∫
Πr

u⊥G\Πru,s⊥G
χDα(u, x)) dx.

Êðîìå òîãî, èìååì

0 ≤ 2s− l − χDα(u, x) ≤ ε χDα(u, x).
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Ñëåäîâàòåëüíî, ïîëó÷àåì

Vn(Bu,sG )− Vn(Bu,sDα) > 0

è

Vn(Bu,sG ) ≤ Vn(Bu,sDα)+ε

(∫
Πr

u,s⊥G\Πru,s⊥Dα
χDα(u, x) dx+

∫
Πr

u⊥G\Πru,s⊥G
χDα(u, x) dx

)
.

Îñòàëîñü ïîíÿòü èìååò ëè ìåñòî îáðàòíîå, ò.å. ïðèâîäèò ëè áîëüøîå çíà÷åíèå

ε-à, ê ìåíüøåìó çíà÷åíèþ îãðàíè÷åíèÿ.

×åì áîëüøå ε, òåì áîëüøå Πru,s⊥G è áîëüøå ìíîæåñòâî òî÷åê, äëÿ êîòîðûõ

õîðäû äëèííåå, è òåì ìåíüøå Πru⊥G \Πru,s⊥G ÷àñòü, ãäå õîðäû êîðî÷å. Òî åñòü

÷åì áîëüøå ε òåì áîëüøå çíà÷åíèå îãðàíè÷åíèÿ. Î÷åâèäíî îãðàíè÷åíèå ìèíè-

ìàëüíîå òàê-êàê åãî íåëüçÿ ñäåëàòü ìåíüøå.

Ñ äðóãîé ñòîðîíû, î÷åâèäíî, ÷òî ýòî íåïðåðûâíûå ôóíêöèè ïî ε, òàê ÷òî

ìîæíî âçÿòü âñÿêîå æåëàåìîå çíà÷åíèå V ∈
[
Vn(Bu,sDα), Vn(Bu,s

Dα
)
]
. Òàê êàê ìû

èìååì

Vn(Bu,sG ) = Vn(B(Dα)u,s) +

∫
Πr

u,s⊥G\Πru,sperpDα
(2s− l − χDα(u, x)) dx

+ε

∫
Πr

u⊥G\Πr⊥u,sG
χDα(u, x) dx.

Ìû ìîæåì óòâåðæäàòü òî æå ñàìîå äëÿ êîíêðåòíîãî çíà÷åíèÿ, à íå äëÿ îãðàíè-

÷åíèÿ.

Äàëåå ïîêàæåì, ÷òî

[Vn(Bu,sDβ ), Vn(Bu,s
Dβ

)] ⊂ [Vn(Bu,sDα), Vn(Bu,s
Dα

)]

äëÿ β > α. Èñïîëüçóÿ (2.1) ìîæåì óòâåðæäàòü

Ω2,l(u,Dα) ⊂ Ω2,l(u,Dβ) ⊂ Ω2,l(u,Dβ) ⊂ Ω2,l(u,Dα)

è

χDα(u, x) ≤ χDβ (u, x) ≤ χDβ (u, x) ≤ χDα(u, x).

È òàê èìååì

Vn(Bu,sDα) = Vn({(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, s−l/2]∪[χDα(u, x)+l/2−s, χDα(u, x)+l/2]}) ≤

Vn({(x, y) : x ∈ Πru⊥Dβ , y ∈ [−l/2, s−l/2]∪[χDβ (u, x)+l/2−s, χDβ (u, x)+l/2]}) = Vn(BDβu,s) ≤

Vn({(x, y) : x ∈ Πru⊥Dβ , y ∈ [−l/2, s−l/2]∪[χDβ (u, x)+l/2−s, χDβ (u, x)+l/2]}) = Vn(BDβ
u,s) ≤

Vn({(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, s−l/2]∪[χDα(u, x)+l/2−s, χDα(u, x)+l/2]}) = Vn(BDα
u,s).

51



Â. Ê. ÎÃÀÍßÍ, Â. Ã. ÁÀÐÄÀÕ×ßÍ, Å. È. ÓËÈÒÈÍÀ

Îñòàëîñü ïîêàçàòü íåïðåðûâíîñòü, ÷òî ìîæíî ñäåëàòü àíàëîãè÷íûì îáðàçîì êàê

â [4]. �

3. Ïðîäîëæåíèå äîêàçàòåëüñòâà òåîðåìû

Èç äâóõ ëåìì ìû ïîëó÷àåì, ÷òî
Vn(B̃u,sD,α)

Vn(Ω̃2,l,α(u,D̃))
òîæå íå÷åòêîå ÷èñëî (ïî ðàñ-

øèðåíèþ Çàäý, ñì. [7]).

Îñòàëîñü ïîêàçàòü

min
G∈D̃α

F|L|(u, s) ≥ min
Vn(B̃u,sD,α)

Vn(Ω̃2,l,α(u, D̃))

è

max
G∈D̃α

F|L|(u, s) < max
Vn(B̃u,sD,α)

Vn(Ω̃2,l,α(u, D̃))
.

Òî åñòü äëÿ êàæäîãî α-óðîâíÿ èìååì

min
Vn(B̃u,sD,α)

Vn(Ω̃2,l,α(u, D̃))
=

minVn(B̃u,sD,α)

maxVn(Ω̃2,l,α(u, D̃))
=

Vn(Bu,sDα)

Vn(Ω2,l(u,Dα))
.

Äîïóñòèì, ÷òî Dα 6= Dα, èíà÷å íå÷åòêîñòü áåññìûñëåíà.

Ñíà÷àëî îòìåòèì, ÷òî

1 >
Vn(Bu,sDα)

Vn(Ω2,l(u,Dα))
≥ 0.

Ýòî ñëåäóåò èç ôàêòà, ÷òî Dα ìîæåò áûòü òî÷êîé, òåì ñàìûì ïðåâðàùàÿ çíà-

ìåíàòåëü â 0, è èç-çà òîãî, ÷òî Vn(Ω2,l(u,Dα)) > Vn(Ω2,l(u,Dα)) ≥ Vn(Bu,sDα) ïî

îïðåäåëåíèþ Bu,sG .

Áîëåå òîãî çàìåòèì, ÷òî äëÿ âñÿêîãî G ∈ D̃α

Vn(Bu,sG ) ≥ Vn(Bu,sDα)

è

Vn(Ω2,l(u,G)) ≤ Vn(Ω2,l(u,Dα)).

Âîçíèêàåò âîïðîñ � ñóùåñòâóåò ëè G∗ ∈ D̃α òàêîå, ÷òî ðàâåíñòâî èìååò ìåñòî

îäíîâðåìåííî äëÿ äâóõ ñëó÷àåâ. Âîîáùå ãîâîðÿ îòâåò îòðèöàòåëåí.Òåì íå ìåíåå

èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Ëåììà 3.1. Äëÿ Dα ⊂ G∗ ⊂ Dα, åñëè Vn(Bu,sG∗ ) = Vn(Bu,sDα) è Vn(Ω2,l(u,Dα)) =

Vn(Ω2,l(u,G
∗)), òî äîëæíî èìåòü ìåñòî Πru⊥Dα = Πru⊥Dα ï.â. (íåîáõîäèìîå

íî íå äîñòàòî÷íîå óñëîâèå).
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Äîêàçàòåëüñòâî. Èç ðàâåíñòâà

Vn(Bu,sG∗ ) = Vn(Bu,sDα)

ñëåäóåò, ÷òî

Πru⊥G
∗ = Πru⊥Dα ..

êîòîðîå âûòåêàåò èç ñëåäóþùèõ ñîîòíîøåíèé

Vn({(x, y) : x ∈ Πru⊥(G∗∩Dα), y ∈ [−l/2, s−l/2]∪[χG∗(u, x)+l/2−s, χG∗(u, x)+l/2]}) ≥

Vn({(x, y) : x ∈ Πru⊥(G∗∩Dα), y ∈ [−l/2, s−l/2]∪[χDα(u, x)+l/2−s, χDα(u, x)+l/2]}).

So if Πru⊥Dα ⊂ Πru⊥G
∗ then

Vn({(x, y) : x ∈ Πru⊥Dα\Πru⊥G∗, y ∈ [−l/2, s−l/2]∪[χG∗(u, x)+l/2−s, ?G∗(u, x)+l/2]}) = 0,

÷òî îçíà÷àåò Πru⊥G
∗ = Πru⊥Dα ï.â..

Çàìåòèì òàêæå, ÷òî

Vn(Ω2,l(u,Dα)) = Vn(Ω2,l(u,G
∗))

îòêóäà ñëåäóåò, ÷òî

Πru⊥G
∗ = Πru⊥Dα ..

òàê êàê èíà÷å ìû èìååì èç G∗ ⊂ Dα, ÷òî χG∗(u, x) ≤ χDα(u, x). Áîëåå òîãî, â

ñèëó ñêàçàííîãî âûøå

χG∗(u, x) = χDα(u, x)..

äëÿ òîãî ÷òîáû èìåëî ìåñòî

Vn
({

(x, y) : x ∈ Πru⊥Dα, y ∈ [−l/2, χDα(u, x) + l/2]
})

=

Vn ({(x, y) : x ∈ Πru⊥G
∗, y ∈ [−l/2, χG∗(u, x) + l/2]}) .

Òî åñòü â êîíå÷íîì èòîãå èìååì

Πru⊥G
∗ = Πru⊥Dα = Πru⊥Dα a.e.

è

χG∗(u, x) = χDα(u, x) ..

Îäíàêî âîçìîæíà ñèòóàöèÿ Πru⊥Dα = Πr(u
⊥)Dα ï.â.. Îñíîâíàÿ íåòîæäåñòâåí-

íîñòü òðåáóåò, ÷òîáû ýòî íå âûïîëíÿëîñü õîòÿ áû â îäíîì íàïðàâëåíèè u. �

Òàæå èäåà ðàáîòàåò è â ñëó÷àå 2-ãî íåðàâåíñòâà.

max
G∈D̃α

F|L|(u, s) ≤ max
Vn(B̃

(u,s)
D,α )

Vn(Ω̃2,l,α(u, D̃))
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max
Vn(B̃

(u,s)
D,α )

Vn(Ω̃2,l,α(u, D̃)
=

maxVn(B̃
(u,s)
D,α )

minVn(Ω̃2,l,α(u, D̃)
=

Vn(B
(u,s)

Dα
)

Vn(Ω2,l(u,Dα)

Î÷åâèäíî ñóùåñòâóåò s òàêîå, ÷òî

Vn(B
(u,s)

Dα
)

Vn(Ω2,l(u,Dα)
> 1

Íî èç ïåðâîãî óòâåðæäåíèÿ ìû èìååì, ÷òî F|L|(u, s) ÿâëÿåòñÿ íå÷åòêîé ôóíêöèåé

ðàñïðåäåëåíèÿ è íå ìîæåò ïðèíèìàòü çíà÷åíèÿ áîëüøèå 1.

Ëåììà 3.2. Äëÿ Dα ⊂ G∗ ⊂ Dα, åñëè Vn(Bu,sG∗ ) = Vn(Bu,s
Dα

) è Vn(Ω2,l(u,Dα)) =

Vn(Ω2,l(u,G
∗)), äîëæíî èìåò ìåñòî Πru⊥Dα = Πru⊥Dα ï.â.

Äîêàçàòåëüñòâî àíàëîãè÷íî ëåììå 3.1.

Çàìå÷àíèå 3.1. Çàìåòèì, ÷òî óñëîâèå îáùåå â äâóõ ïîñëåäíèõ ëåììàõ âîç-

ìîæíî, ëèøü îäíî èç ðåçóëüòàòîâ ìîæåò èìåòü ìåñòî (è íèêàê îáà îäíîâðå-

ìåííî).

Óòâåðæäåíèå 3.1. Äëÿ ôèêñèðîâàííîãî s, α, u, ñóùåñòâóåò íåêèé èíòåðâàë

A òàêîé, ÷òî äëÿ êàæäîãî çíà÷åíèÿ F ∈ [minG∈D̃αF|L|(u, s),maxG∈D̃α F|L|(u, s)]

ñóùåñòâóåò Dα ⊂ G∗ ⊂ Dα (G∗ ∈ D̃α) òàêîå, ÷òî F = F|L|(G
∗)(u, s).

Çàìå÷àíèå 3.2. Ýòî óòâåðæäåíèå îïðàâäûâàåò îïðåäåëåíèå F̃|L|(u, s)] êîòîðîå

ìû ïðèâåëè.

Äîêàçàòåëüñòâî. Ýòî ëîêàëüíîå ñâîéñòâî. Ìû íå ñìîæåì ÿâíî ïîêàçàòü âûáîð

A. Îáîçíà÷èì

F (γ, s) = γ min
G∈D̃α

F|L|(u, s) + (1− γ) max
G∈D̃α

F|L|(u, s),

ãäå γ ∈ (0, 1) (òàê êàê ãðàíè÷íûå ñëó÷àè î÷åâèäíû ïî îïðåäåëåíèþ.)

Ñäåëàåì åùå ñëåäóþùèå îáîçíà÷åíèÿ

argminG∈D̃αF|L|(u, s) = Gmin

è

argmaxG∈D̃αF|L|(u, s) = Gmax

Î÷åâèäíî îáà âûðàæåíèÿ çàâèñÿò îò s, α è u.

Òåïåðü ðàññìîòðèì ñëåäóþùóþ âûïóêëóþ êîìáèíàöèþ

G(γ) = γ Gmin + (1− γ)Gmax.
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Ìîæíî óòâåðæäàòü

Πru⊥G(γ) = γΠru⊥G
min + (1− γ) Πru⊥G

max.

Áîëåå òîãî, äëÿ x ∈ Πru⊥G(γ)

χG(γ)(u, x) = γ χGmin(u, x) + (1− γ)χGmax(u, x)

è ïî òåîðåìå Áðóíà-Ìèíêîâñêîãî èìååì(
Vn

(
Ω
G(γ)
2,l (u)

))1/d

≥ γ
(
Vn

(
ΩG

min

2,l (u)
))1/d

+ (1− γ)
(
Vn

(
ΩG

max

2,l (u)
))1/d

.

Îñòàâøàÿñÿ ÷àñòü ìåíåå î÷åâèäíà. Òàê êàê

Bu,sG(γ) =
{

(x, y) : x ∈ Πru⊥G(γ), y ∈ [−l/2, s− l/2] ∪ [χG(γ)(u, x) + l/2− s, χG(γ)(u, x) + l/2]
}
.

Îòìåòèì, ÷òî â ñëó÷àå ñ Ω2 èìååòñÿ òîëüêî îäèí îòðåçîê, äëèíà êîòîðîãî ìîæåò

áûòü ïîëó÷åíà ïðÿìûì âû÷èñëåíèåì (â çàâèñèìîñòè îò äëèíû õîðäû). À â ñëó÷àå

ñ B åñòü äâà âàðèàíòà.

1. χG(γ)(u, x) ≤ 2s− l.
2. È îñòàëüíàÿ ÷àñòü.

Äëÿ ïåðâîãî ìû îïÿòü èìååì îäèí èíòåðâàë. Äëÿ âòîðîãî ñëó÷àÿ èìååì îáú-

åäèíåíèå 2 èíòåðâàëîâ è ïîýòîìó äîëæíû ðàññìîòðåòü íåñêîëüêî íåïåðåñåêàþ-

ùèõñÿ ïîäìíîæåñòâ Πru⊥G(γ).

I. χGmin(u, x) ≤ 2s− l è χGmax(u, x) ≤ 2s− l è ñîîòâåòñòâåííî χG(γ)(u, x) ≤ 2s− l
II. χGmin(u, x) ≤ 2s− l; χGmax(u, x) > 2s− l, íî χG(γ)(u, x) ≤ 2s− l
III. χGmin(u, x) ≤ 2s− l; χGmax(u, x) > 2s− l, íî χG(γ)(u, x) > 2s− l
IV. χGmin(u, x) > 2s− l; χGmax(u, x) ≤ 2s− l, íî χG(γ)(u, x) ≤ 2s− l
V. χGmin(u, x) > 2s− l; χGmax(u, x) ≤ 2s− l, íî χG(γ)(u, x) > 2s− l
VI. χGmin(u, x) > 2s−l; χGmax(u, x) > 2s−l, è ñîîòâåòñòâåííî χG(γ)(u, x) > 2s−l
Âû÷èñëåíèÿ îñòàâøåéñÿ ÷àñòè äîâîëüíî ãðîìîçäêî. Íå çàòðóäíÿÿ ÷èòàòåëÿ

ñêàæåì, ÷òî ìû ïîêàçàëè, ÷òî ïî îáðàòíîìó óñëîâèþ Ìèëüìàíà ïîëó÷àåòñÿ îãðà-

íè÷åíèå ñâåðõó.

Òî åñòü èìååì

d(γ)F (γ, s) ≥ F (G(γ), s) =
Vn(Bu,sG(γ))

Vn(Ω
G(γ)
2,l (u))

≥ c(γ)F (γ, s).

Òî åñòü äîñòàòî÷íî, ÷òî F (γ, s) è F (G(γ), s) íåïðåðûâíûå ôóíêöèîíàëû, ÷òîáû

óòâåðæäàòü, ÷òî äëÿ ëþáîãî γ ∈ (0, 1) ñóùåñòâóåò δ ∈ [0, 1] òàêîå, ÷òî F (G(δ), s) =

F (γ, s). �
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Abstract. For most of the cases of bounded measurement errors fuzzi�cation of

calculations can be used. In the case of reconstructing convex body by random line

segments we introduce a fuzzy convex body concept and de�ne orientation dependent

distribution of the length of line segment. We consider several properties of the latter.
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IV): 0 < γ(x) := 1−
∞∫
0

K(x, t)dt ∈ L1(R+) è

∞∫
x

K(x, t)dt ≤ 1

2
, x ∈ R+.

Ôóíêöèÿ Q - îïðåäåëåííàÿ íà R+ íåïðåðûâíàÿ ôóíêöèÿ, ïðè÷åì

a): y = Q(u) âûïóêëà âíèç íà îòðåçêå [0, η], ãäå ÷èñëî η > 0 ÿâëÿåòñÿ

ïåðâûì ïîëîæèòåëüíûì êîðíåì óðàâíåíèÿ Q(u) = u, (â äàëüíåéøåì äëÿ

êðàòêîñòè áóäåì èñïîëüçîâàòü òåðìèí "âûïóêëà"),

b): Q(u) ↑ ïî u íà îòðåçêå [0, η],

c): Q(0) = 0.

Ñëåäóåò îòìåòèòü, ÷òî óðàâíåíèå (1.1), êðîìå ÷èñòî òåîðåòè÷åñêîãî èíòåðåñà,

ïðåäñòàâëÿåò èíòåðåñ âî ìíîãèõ ðàçäåëàõ ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè

è åñòåñòâîçíàíèÿ (ñì. [1]-[7]).

Â ÷àñòíîñòè, â ñëó÷àå êîãäà ÿäðî K çàâèñèò îò ðàçíîñòè ñâîèõ àðãóìåíòîâ

è óäîâëåòâîðÿåò óñëîâèÿì I)− IV ), òàêèå óðàâíåíèÿ âîçíèêàþò â êèíåòè÷åñêîé

òåîðèè ãàçîâ, â òåîðèè ïåðåíîñà èçëó÷åíèÿ (ñì. [1]-[3]). Â òîì ÷àñòíîì ñëó÷àå,

êîãäà ÿäðî K ïðåäñòàâëÿåòñÿ â âèäå ðàçíîñòè äâóõ ãàóññîâñêèõ ÿäåðíûõ ôóíê-

öèåé, ïåðâàÿ èç êîòîðûõ çàâèñèò îò ðàçíîñòè ñâîèõ àðãóìåíòîâ, à âòîðàÿ - îò

ñóììû ñâîèõ àðãóìåíòîâ, óðàâíåíèå (1.1) èìååò íåïîñðåäñòâåííîå ïðèìåíåíèå â

äèíàìè÷åñêîé òåîðèè p�àäè÷åñêèõ îòêðûòî-çàìêíóòûõ ñòðóí è â ìàòåìàòè÷å-

ñêîé òåîðèè ãåîãðàôè÷åñêîãî ðàñïðîñòðàíåíèÿ ýïèäåìèè (ñì. [4]-[7]).

Îòìåòèì, ÷òî èññëåäîâàíèþ íåëèíåéíîãî óðàâíåíèÿ (1.1) ñ ðàçíîñòíûìè èëè

ñóììàðíî-ðàçíîñòíûìè ÿäðàìèK ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ íà Q ïîñâÿùåíû

ðàáîòû [6]-[15].

Â íàñòîÿùåé ñòàòüå ìû áóäåì çàíèìàòüñÿ âîïðîñàìè ñóùåñòâîâàíèÿ, åäèí-

ñòâåííîñòè è àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ äëÿ îáùåãî íåëèíåéíîãî èí-

òåãðàëüíîãî óðàâíåíèÿ (1.1). Â êîíöå ðàáîòû ïðèâåäåì êîíêðåòíûå ïðèêëàäíûå

ïðèìåðû íåëèíåéíîñòè Q è ÿäðà K, äëÿ êîòîðûõ âûïîëíÿþòñÿ âñå óñëîâèÿ äî-

êàçàííûõ óòâåðæäåíèé.

2. Îáîçíà÷åíèÿ è âñïîìîãàòåëüíûå ôàêòû

2.1. Îá îäíîé àïðèîðíîé îöåíêå ñíèçó. Ïóñòü
◦
K(τ) - îïðåäåëåííàÿ íà ìíî-

æåñòâå R íåïðåðûâíàÿ è îãðàíè÷åííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ñëåäóþùèì

óñëîâèÿì:
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i1):
◦
K(τ) > 0, τ ∈ R,

∞∫
−∞

◦
K(τ)dτ = 1,

i2):
◦
K(−x) =

◦
K(x), x > 0,

◦
K(τ) ↓ ïî τ íà R+.

Äëÿ ëþáîãî ε ∈ (0, 1) ðàññìîòðèì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

(2.1)

∞∫
0

◦
K(t)e−ptdt =

ε

2

îòíîñèòåëüíî íåîòðèöàòåëüíîãî ÷èñëà p.

Èç ñâîéñòâ i1) è i2), â ñèëó òåîðåìû Áîëüöàíî-Êîøè, ìîæíî óáåäèòüñÿ, ÷òî äëÿ

âñÿêîãî ε ∈ (0, 1) óðàâíåíèå (2.1) èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå pε.

Â íåäàâíåé ðàáîòå îäíîãî èç àâòîðîâ (ñì. [8]) äîêàçàíà ñëåäóþùàÿ àïðèîðíàÿ

îöåíêà ñíèçó:

(2.2)

∞∫
0

(
◦
K(τ − τ ′)−

◦
K(τ + τ ′))(1− e−pετ

′
)dτ ′ ≥ ε(1− e−pετ ), τ ≥ 0.

Îöåíêà (2.2) áóäåò èãðàòü âàæíóþ ðîëü â íàøèõ äàëüíåéøèõ ðàññóæäåíèÿõ.

2.2. Îá îäíîì âñïîìîãàòåëüíîì íåëèíåéíîì óðàâíåíèè íà ïîëóîñè. Íà-

ðÿäó ñ óðàâíåíèåì (1.1) ðàññìîòðèì ñëåäóþùåå âñïîìîãàòåëüíîå íåëèíåéíîå

óðàâíåíèå ñ "ïî÷òè ñóììàðíî-ðàçíîñòíûì" ÿäðîì:

(2.3) Q(ϕ(x)) =

∞∫
0

λ(x, t)(
◦
K(x− t)−

◦
K(x+ t))ϕ(t)dt, x ∈ R+

îòíîñèòåëüíî èñêîìîé íåîòðèöàòåëüíîé è îãðàíè÷åííîé ôóíêöèè ϕ(x), ãäå
◦
K -

óäîâëåòâîðÿåò óñëîâèÿì i1), i2).

Çäåñü λ(x, t) - îïðåäåëåííàÿ íà ìíîæåñòâå R+ × R+ âåùåñòâåííàÿ ôóíêöèÿ,

îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

j1): λ(x, t) = λ(t, x), (x, t) ∈ R+ × R+,

j2): ε0 := inf
(x,t)∈R+×R+

λ(x, t) > 0, λ(x, t) ≤ 1, (x, t) ∈ R+ × R+,

j3): ïðè êàæäîì ôèêñèðîâàííîì t ∈ R+ ôóíêöèÿ λ(x, t) âîçðàñòàåò ïî x íà

R+.

Ðàññìîòðèì ñëåäóþùèå èòåðàöèè äëÿ óðàâíåíèÿ (2.3):

(2.4)
Q(ϕn+1(x)) =

∞∫
0

λ(x, t)(
◦
K(x− t)−

◦
K(x+ t))ϕn(t)dt,

ϕ0(x) ≡ η, n = 0, 1, 2, . . . , x ∈ R+.
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Èñïîëüçóÿ ñëåäóþùåå ëåãêî ïðîâåðÿåìîå íåðàâåíñòâî:

(2.5)
◦
K(x− t) ≥

◦
K(x+ t), (x, t) ∈ R+ × R+,

íåïðåðûâíîñòü, ìîíîòîííîñòü è âûïóêëîñòü ôóíêöèè Q, à òàêæå óñëîâèå j2),

èíäóêöèåé ïî n íåòðóäíî ïðîâåðèòü, ÷òî

(2.6) ϕn(x) ↓ ïî n,

(2.7) ϕn(x) ≥ 0, x ∈ R+, ϕn ∈ C(R+), n = 0, 1, 2, . . . .

Åñëè èòåðàöèè (2.4) ïðåäñòàâèòü â ñëåäóþùåì âèäå:

Q(ϕn+1(x)) =

x∫
−∞

λ(x, x− τ)
◦
K(τ)ϕn(x− τ)dτ −

∞∫
0

◦
K(x+ t)λ(x, t)ϕn(t)dt,

ϕ0(x) ≡ η, n = 0, 1, 2, . . . , x ∈ R+

è ïðè ýòîì èñïîëüçîâàòü óñëîâèÿ i2) è j3), òî ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè

ìîæíî òàêæå óáåäèòüñÿ, ÷òî

(2.8) ϕn(x) ↑ ïî x íà R+, n = 0, 1, 2, . . . .

Ïðåäïîëîæèì, ÷òî óðàâíåíèå Q(u) =
ε20
2
u, ε0 ∈ (0, 1] èìååò ïîëîæèòåëüíîå

ðåøåíèå ξ. Â ñèëó âûïóêëîñòè è ìîíîòîííîñòè ôóíêöèè Q ðåøåíèå ÿâëÿåòñÿ

åäèíñòâåííûì íà èíòåðâàëå (0, η], ïðè÷åì ξ < η (ñì. ðèñ. 1).

Ðèñ. 1

Íèæå èíäóêöèåé ïî n óáåäèìñÿ, ÷òî

(2.9) ϕn(x) ≥ ξ(1− e−pε0x), x ∈ R+, n = 0, 1, 2, . . . ,
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ãäå pε0 ÿâëÿåòñÿ åäèíñòâåííûì ïîëîæèòåëüíûì ðåøåíèåì õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ (2.1) ïðè ε =
ε0
2
∈
(
0,

1

2

]
. Äåéñòâèòåëüíî, ïðè n = 0 îöåíêà (2.9)

ñðàçó ñëåäóåò èç ïðîñòîãî íåðàâåíñòâà ξ < η. Ïðåäïîëàãàÿ, ÷òî (2.9) èìååò ìåñòî

ïðè íåêîòîðîì n ∈ N è ïðè ýòîì èñïîëüçóÿ j2) àïðèîðíóþ îöåíêó (2.2) äëÿ

ε =
ε0
2
, à òàêæå íåðàâåíñòâî (2.5) è âûïóêëîñòü ôóíêöèè Q íà îòðåçêå [0, η], èç

(2.4) áóäåì èìåòü

Q(ϕn+1(x)) ≥ ε0ξ
∞∫
0

(
◦
K(x− t)−

◦
K(x+ t))(1− e−pε0t)dt ≥

≥ ξ ε
2
0

2
(1− e−pε0x) ≥ Q(ξ(1− e−pε0x)), x ∈ R+,

îòêóäà â ñèëó ìîíîòîííîñòè Q ïðèõîäèì ê îöåíêå (2.9) äëÿ n+ 1.

Èòàê, èç ïîëó÷åííûõ ôàêòîâ (2.6)-(2.9) ìîæåì óòâåðæäàòü, ÷òî ïîñëåäîâà-

òåëüíîñòü íåïðåðûâíûõ è ìîíîòîííûõ íà R+ ôóíêöèé {ϕn(x)}∞0 èìååò ïîòî÷å÷-

íûé ïðåäåë, êîãäà n→∞ :

lim
n→∞

ϕn(x) = ϕ(x).

Èç (2.8) ñëåäóåò, ÷òî ϕ(x) ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé ôóíêöèåé íà R+.

Èñïîëüçóÿ òåîðåìó Á. Ëåâè (ñì. [16]), à òàêæå íåïðåðûâíîñòü ôóíêöèè Q,

ëåãêî ìîæíî óáåäèòüñÿ, ÷òî ïðåäåëüíàÿ ôóíêöèÿ ϕ(x) óäîâëåòâîðÿåò óðàâíåíèþ

(2.3). Èç (2.6) è (2.9) ñëåäóåò òàêæå, ÷òî

(2.10) ξ(1− e−pε0x) ≤ ϕ(x) ≤ η, x ∈ R+.

Çàìåòèì, ÷òî ϕ(x) 6≡ η. Äåéñòâèòåëüíî, ýòîò ôàêò ñðàçó ñëåäóåò èç ñëåäóþùåãî

íåðàâåíñòâà

∞∫
0

λ(x, t)(
◦
K(x−t)−

◦
K(x+t))dt ≤

∞∫
0

(
◦
K(x−t)−

◦
K(x+t))dt = 1−2

∞∫
x

◦
K(t)dt < 1, x ∈ R+,

ïðè ýòîì ó÷èòûâàåòñÿ âûïóêëîñòü ôóíêöèè Q.

Íèæå óáåäèìñÿ, ÷òî ϕ ∈ C(R+). Äåéñòâèòåëüíî, òàê êàê ε0 ≤ λ(x, t) ≤ 1, (x, t) ∈
R+ × R+, ïðåäåëüíàÿ ôóíêöèÿ ϕ óäîâëåòâîðÿåò öåïî÷êå íåðàâåíñòâ (2.10), à

ôóíêöèÿ

ρ(x) :=

∞∫
0

(
◦
K(x− t)−

◦
K(x+ t))dt = 1− 2

∞∫
x

◦
K(t)dt
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íåïðåðûâíà íà R+, òî

∞∫
0

λ(x, t)(
◦
K(x− t)−

◦
K(x+ t))ϕ(t)dt ∈ C(R+).

Íî, òàê êàê Q ∈ C(R+), Q ↑ íà [0, η, ] òî èç (2.3) ñðàçó ñëåäóåò, ÷òî ϕ ∈ C(R+).

Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå Äèíè ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëè-

æåíèé (2.4) ðàâíîìåðíà íà êàæäîì êîìïàêòå èç R+. Èòàê, íà îñíîâå âûøåèçëî-

æåííîãî ìîæåì óòâåðæäàòü

Ëåììà 2.1. Ïðè óñëîâèÿõ i1) − i2), j1) − j3) è a) − c), åñëè óðàâíåíèå Q(u) =
ε20
2
u, ε0 ∈ (0, 1] èìååò ïîëîæèòåëüíîå ðåøåíèå, òî óðàâíåíèå (2.3) îáëàäàåò

íåîòðèöàòåëüíûì ìîíîòîííî íåóáûâàþùèì íåïðåðûâíûì è îãðàíè÷åííûì íà

R+ ðåøåíèåì ϕ(x), óäîâëåòâîðÿþùèì äâîéíîìó íåðàâåíñòâó (2.10) è ϕ(x) 6≡ η.

2.3. Èíòåãðàëüíàÿ àñèìïòîòèêà ðåøåíèÿ óðàâíåíèÿ (1.1).

Ëåììà 2.2. Ïóñòü ÿäðî K è ôóíêöèÿ Q óäîâëåòâîðÿþò ñîîòâåòñòâåííî óñëî-

âèÿì I) − IV ), a) − c) è óðàâíåíèå Q(u) =
ε20
2
u, ε0 ∈ (0, 1] èìååò ïîëîæèòåëü-

íîå ðåøåíèå. Ïóñòü, äàëåå, f(x) ÿâëÿåòñÿ íåòðèâèàëüíûì ðåøåíèåì óðàâíåíèÿ

(1.1) è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì :

1): 0 ≤ f(x) ≤ η, x ∈ R+,

2): ñóùåñòâóåò òàêîå ÷èñëî r > 0, ÷òî íà ìíîæåñòâå [r,+∞) f(x) ÿâëÿ-

åòñÿ ìîíîòîííî íåóáûâàþùåé ôóíêöèåé.

Òîãäà äàííîå ðåøåíèå îáëàäàåò ñâîéñòâàìè:

• f(x) < η, x ∈ R+,

• ñóùåñòâóåò δ = δ(r) > 0 òàêîå, ÷òî f(x) > 0, x ∈ [δ(r),+∞),

• η − f ∈ L1(R+) ∩ C(R+).

Äîêàçàòåëüñòâî. Ñïåðâà çàìåòèì, ÷òî èç íåïðåðûâíîñòè ôóíêöèè γ(x), ñ ó÷å-

òîì óñëîâèÿ 1) ñëåäóåò, ÷òî

(2.11) Q(f(x)) ∈ CM (R+),

ãäå CM (R+) - ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ ôóíêöèé íà R+. Òàê

êàê Q ∈ C(R+), Q(u) ↑ íà [0, η], òî èç (2.11) è 1) ñðàçó ïîëó÷àåì, ÷òî

(2.12) f ∈ CM (R+).
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Èç (1.1) â ñèëó óñëîâèÿ II) ñëåäóåò, ÷òî

(2.13) f(0) = 0.

Â ñèëó âêëþ÷åíèÿ (2.12) ìîæåì óòâåðæäàòü, ÷òî η − f ∈ Lloc1 (R+). Óðàâíåíèå

(1.1) ïðåäñòàâèì â ñëåäóþùåì âèäå:

(2.14) η −Q(f(x)) = ηγ(x) +

∞∫
0

K(x, t)(η − f(t))dt, x ∈ R+.

Òàê êàê f ↑ íà [r,+∞), òî èç (2.14) è óñëîâèÿ 1) ñëåäóåò, ÷òî âñåõ x ≥ r èìååò

ìåñòî íåðàâåíñòâî:

(2.15)

0 ≤ η −Q(f(x)) ≤ ηγ(x) + (η − f(x))
∞∫
x

K(x, t)dt+

+

x∫
0

K(x, t)(η − f(t))dt, x ∈ [r,+∞).

Ïóñòü R > r - ïðîèçâîëüíîå ÷èñëî. Ïðîèíòåãðèðóåì îáå ÷àñòè íåðàâåíñòâà (2.15)

ïî x íà îòðåçêå [r,R]. Òîãäà, ó÷èòûâàÿ óñëîâèÿ I), III), IV ) è òåîðåìó Ôóáèíè

(ñì. [16]), áóäåì èìåòü

0 ≤
R∫
r

(η−Q(f(x))dx ≤ η
R∫
r

γ(x)dx+

R∫
r

(η−f(x))
∞∫
x

K(x, t)dtdx+

R∫
r

x∫
0

K(x, t)(η−f(t))dtdx ≤

≤ η
∞∫
r

γ(x)dx+
1

2

R∫
r

(η−f(x))dx+
R∫
r

r∫
0

K(x, t)(η−f(t))dtdx+
R∫
r

x∫
r

K(x, t)(η−f(t))dtdx ≤

≤ η
∞∫
r

γ(x)dx+
1

2

R∫
r

(η−f(x))dx+η
r∫

0

∞∫
r

K(x, t)dxdt+

R∫
r

(η−f(t))
R∫
t

K(x, t)dxdt ≤

≤ η
∞∫
r

γ(x)dx+
1

2

R∫
r

(η−f(x))dx+η
r∫

0

∞∫
0

K(t, x)dxdt+

R∫
r

(η−f(t))
∞∫
t

K(t, x)dxdt ≤

≤ η
∞∫
r

γ(x)dx+

R∫
r

(η − f(t))dt+ ηr.

Èç ýòîãî íåðàâåíñòâà â ñèëó âûïóêëîñòè ôóíêöèè Q ñðàçó ñëåäóåò, ÷òî

(2.16) 0 ≤
R∫
r

(f(x)−Q(f(x)))dx ≤ η
∞∫
r

γ(x)dx+ ηr.
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Óñòðåìëÿÿ â (2.16) R→ +∞ ïîëó÷èì

(2.17) f −Q(f) ∈ L1(r,+∞)

è

(2.18) 0 ≤
∞∫
r

(f(x)−Q(f(x)))dx ≤ η

 ∞∫
r

γ(x)dx+ r

 .

Òàê êàê γ(x) > 0, x ∈ R+, òî èç (1.1) ñðàçó ñëåäóåò, ÷òî

f(x) < η, x ∈ R+.

Çàìåòèì òåïåðü, ÷òî ñóùåñòâóåò ÷èñëî δ > 0, òàêîå, ÷òî

(2.19) f(x) > 0, x ∈ [δ,+∞).

Äåéñòâèòåëüíî, òàê êàê f(0) = 0, f ∈ CM (R+), f(x) 6≡ 0, x ∈ R+ è f ↑ íà

[r,+∞), òî â ñèëó óñëîâèÿ 1), íàïðèìåð, äëÿ âñåõ x ≥ r + 1 ôóíêöèÿ f(x) áóäåò

ïîëîæèòåëüíîé.

Íèæå óáåäèìñÿ, ÷òî äëÿ âñåõ x ≥ r + 1 èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

(2.20) f(x)−Q(f(x)) ≥ f(r + 1)−Q(f(r + 1))

η − f(r + 1)
(η − f(x)).

Äåéñòâèòåëüíî, èç âûïóêëîñòè ôóíêöèè Q ñ ó÷åòîì òîãî, ÷òî f(x) ≥ f(r+1) > 0,

ïðè x ∈ [r + 1,+∞) ñðàçó ñëåäóåò, ÷òî èìååò ìåñòî îöåíêà

Q(f(x)) ≤ η −Q(f(r + 1))

η − f(r + 1)
f(x) + η

Q(f(r + 1))− f(r + 1)

η − f(r + 1)
,

(ñì. ðèñ. 2) îòêóäà ñðàçó ïðèõîäèì ê (2.20).

Ó÷èòûâàÿ (2.20), (2.17), (2.18) è óñëîâèå a) çàêëþ÷àåì, ÷òî η−f ∈ L1(r+1,+∞)

è

(2.21)

0 ≤
∞∫

r+1

(η − f(x))dx ≤ η − f(r + 1)

f(r + 1)−Q(f(r + 1))

∞∫
r+1

(f(x)−Q(f(x)))dx ≤

≤ η

 ∞∫
r+1

γ(x)dx+ r + 1

 (η − f(r + 1))

f(r + 1)−Q(f(r + 1))
.

Òàê êàê η − f ∈ Lloc1 (R+) è η − f ∈ L1(r + 1,+∞), òî η − f ∈ L1(R+). �

3. Ðàçðåøèìîñòü óðàâíåíèÿ (1.1)

3.1. Òåîðåìà ñóùåñòâîâàíèÿ. Âîçíèêàåò åñòåñòâåííûé âîïðîñ: ïðè êàêèõ îãðà-

íè÷åíèÿõ íà ÿäðî K óðàâíåíèå (1.1) îáëàäàåò íåòðèâèàëüíûì íåîòðèöàòåëüíûì

è îãðàíè÷åííûì ðåøåíèåì, óäîâëåòâîðÿþùèì óñëîâèÿì ëåììû 2.2?
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Ðèñ. 2

Ñëåäóþùàÿ òåîðåìà äàåò îòâåò íà ýòîò âîïðîñ:

Òåîðåìà 3.1. Ïóñòü ÿäðî K è ôóíêöèÿ Q óäîâëåòâîðÿþò ñîîòâåòñòâåííî

óñëîâèÿì I) − III), a) − c) è óðàâíåíèå Q(u) =
ε20
2
u, ε0 ∈ (0, 1] èìååò ïîëîæè-

òåëüíîå ðåøåíèå. Òîãäà, åñëè γ(x) > 0, x ∈ R+ è

(3.1) K(x, t) ≥ λ(x, t)(
◦
K(x− t)−

◦
K(x+ t)), (x, t) ∈ R+ × R+,

ãäå
◦
K è λ îáëàäàþò ñâîéñòâàìè i1)−i2) è j1)−j3) ñîîòâåòñòâåííî , òî óðàâíå-

íèå (1.1) èìååò íåîòðèöàòåëüíîå íåòðèâèàëüíîå íåïðåðûâíîå è îãðàíè÷åííîå

ðåøåíèå f(x), ïðè÷åì

ξ(1− e−pε0x) ≤ ϕ(x) ≤ f(x) < η, x ∈ R+.

Áîëåå òîãî, åñëè, äîïîëíèòåëüíî,

(3.2) µ(x) :=

∞∫
0

(1− λ(x, t))dt ∈ L1(R+)

è

(3.3)

∞∫
0

t
◦
K(t)dt < +∞,

òî η − f ∈ L1(R+).

Åñëè æå

(3.4) K(x, t) = λ(x, t)(
◦
K(x− t)−

◦
K(x+ t)), (x, t) ∈ R+ × R+,
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ãäå λ è
◦
K óäîâëåòâîðÿþò óñëîâèÿì j1) − j3) è i1) − i2) ñîîòâåòñòâåííî, òî

f(x) ↑ íà R+.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëåäóþùèå èòåðàöèè

(3.5)
Q(fn+1(x)) =

∞∫
0

K(x, t)fn(t)dt,

f0(x) = ϕ(x), n = 0, 1, 2, . . . , x ∈ R+.

Èñïîëüçóÿ íåðàâåíñòâî (3.1), óñëîâèÿ II), III), a) è b), à òàêæå ëåììó 2.1 èí-

äóêöèåé ïî n íåòðóäíî óáåäèòüñÿ â äîñòîâåðíîñòè ñëåäóþùèõ óòâåðæäåíèé:

(3.6) fn(x) ↑ ïî n,

(3.7) fn ∈ C(R+), n = 0, 1, 2, . . . ,

(3.8) fn(x) ≤ η, n = 0, 1, 2, . . . , x ∈ R+.

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ ôóíêöèé {fn(x)}∞n=0 èìååò ïî-

òî÷å÷íûé ïðåäåë ïðè n → ∞ : lim
n→∞

fn(x) = f(x), ïðè÷åì f(x) óäîâëåòâîðÿåò

óðàâíåíèþ (1.1) â ñèëó íåïðåðûâíîñòè ôóíêöèè Q è ïðåäåëüíîé òåîðåìû Á. Ëå-

âè. Èç (3.6) è (3.8) ñëåäóåò, ÷òî

ϕ(x) ≤ f(x) ≤ η, x ∈ R+.

Íî òàê êàê γ(x) > 0, x ∈ R+ è ôóíêöèÿ Q âûïóêëà íà îòðåçêå [0, η], òî èç

(1.1) ñëåäóåò, ÷òî f(x) < η, x ∈ R+. Ñëåäîâàòåëüíî, ó÷èòûâàÿ (2.10), ïðèõîäèì

ê ñëåäóþùåé öåïî÷êå íåðàâåíñòâ:

(3.9) ξ(1− e−pε0x) ≤ ϕ(x) ≤ f(x) < η, x ∈ R+.

Èç íåïðåðûâíîñòè ôóíêöèé Q è

∞∫
x

K(x, t)dt, ñ ó÷åòîì íåðàâåíñòâà (3.9), óñëîâèÿ

b), ñëåäóåò, ÷òî f ∈ C(R+).

Åñëè âûïîëíÿþòñÿ óñëîâèÿ (3.2) è (3.3), òî òîãäà â ñèëó i1)

0 < γ̃(x) := 1−
∞∫
0

λ(x, t)(
◦
K(x− t)−

◦
K(x+ t))dt =

=

∞∫
0

◦
K(x− t)(1− λ(x, t))dt+ 2

∞∫
x

◦
K(t)dt ≤
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≤ sup
τ∈R

◦
K(τ)µ(x) + 2

∞∫
x

◦
K(t)dt ∈ L1(R+),

èáî

∞∫
0

∞∫
x

◦
K(τ)dτdx =

∞∫
0

τ
◦
K(τ)dτ < +∞.

Ñëåäîâàòåëüíî γ̃ ∈ L1(R+). Ñ äðóãîé ñòîðîíû, äëÿ ÿäðà

K̃(x, t) := λ(x, t)(
◦
K(x− t)−

◦
K(x+ t)), (x, t) ∈ R+ × R+

âûïîëíÿåòñÿ òàêæå ñëåäóþùåå íåðàâåíñòâî:

∞∫
x

K̃(x, t)dt ≤
∞∫
x

(
◦
K(x− t)−

◦
K(x+ t))dt =

=
1

2
−
∞∫

2x

◦
K(u)dt ≤ 1

2
, x ∈ R+.

Òàêèì îáðàçîì, ïðèìåíÿÿ ëåììó 2 äëÿ óðàâíåíèÿ (2.3), ìîæåì óòâåðæäàòü, ÷òî

(3.10) η − ϕ ∈ L1(R+).

Èç (3.9) è (3.10) ñðàçó ñëåäóåò, ÷òî

(3.11) η − f ∈ L1(R+).

Ïðè âûïîëíåíèè ðàâåíñòâà (3.4) ïîëó÷àåì, ÷òî fn(x) = ϕ(x) äëÿ âñåõ n =

0, 1, 2, . . . . Ñëåäîâàòåëüíî, f(x) = ϕ(x), x ∈ R+. Íî òîãäà, èñïîëüçóÿ ëåììó 2.1,

ìîæåì óòâåðæäàòü, ÷òî f(x) ↑ ïî x íà R+. �

3.2. Òåîðåìà åäèíñòâåííîñòè. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ I)−IV ), a)−c) è óðàâíåíèå Q(u) =
ε20
2
u, ε0 ∈ (0, 1] èìååò ïîëîæèòåëüíîå ðåøåíèå. Òîãäà óðàâíåíèå (1.1) íå ìî-

æåò èìåòü áîëåå îäíîãî ðåøåíèÿ â ñëåäóþùåì êëàññå ôóíêöèé:

M := {f(x) : 0 ≤ f(x) ≤ η, f(x) 6≡ 0, f(x) ↑ íà [r,+∞)}.

Äîêàçàòåëüñòâî.Ïðåäïîëîæèì îáðàòíîå: óðàâíåíèå (1.1) èìååò äâà ðåøåíèÿ

f, f̃ ∈M, f 6≡ f̃ . Òîãäà ñîãëàñíî ëåììå 2.2

α1): f, f̃ ∈ C(R+),

α2): ñóùåñòâóåò ÷èñëî δ > 0 òàêîå, ÷òî

(3.12) f(x) > 0, f̃(x) > 0, x ∈ [δ,+∞),
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α3):

(3.13) f(x) < η, f̃(x) < η, x ∈ R+,

α4):

(3.14) η − f ∈ L1(R+), η − f̃ ∈ L1(R+).

Ñ ó÷åòîì íåðàâåíñòâà òðåóãîëüíèêà èç (3.14) ñëåäóåò, ÷òî f − f̃ ∈ L1(R+).

Òàê êàê f(0) = f̃(0) = 0 (ñì. äîêàçàòåëüñòâî ëåììû 2.2) è f(x) 6≡ f̃(x), òî

ñóùåñòâóåò òàêàÿ òî÷êà x0 > 0, ÷òî f(x0) 6= f̃(x0).

Â ñèëó íåïðåðûâíîñòè ôóíêöèé f è f̃ ìîæåì óòâåðæäàòü, ÷òî ñóùåñòâóåò

δ0 > 0 òàêîå, ÷òî äëÿ âñåõ x ∈ (x0 − δ, x0 + δ) èìååò ìåñòî f(x) 6= f̃(x).

Ðàññìîòðèì è îöåíèì ñëåäóþùóþ ðàçíîñòü:

(3.15) 0 ≤ f(x)|Q(f(x))−Q(f̃(x))| ≤ f(x)
∞∫
0

K(x, t)|f(t)− f̃(t)|dt, x ∈ R+.

Òàê êàê f − f̃ ∈ L1(R+), òî â ñèëó óñëîâèé I), III) ìîæåì óòâåðæäàòü, ÷òî ïðà-

âàÿ ÷àñòü íåðàâåíñòâà (3.15) ïðèíàäëåæèò ïðîñòðàíñòâó L1(R+). Ñëåäîâàòåëüíî,

ó÷èòûâàÿ I) è èñïîëüçóÿ òåîðåìó Ôóáèíè, èç (3.15) ïîëó÷èì

0 ≤
∞∫
0

f(x)|Q(f(x))−Q(f̃(x))|dx ≤
∞∫
0

f(x)

∞∫
0

K(x, t)|f(t)− f̃(t)|dtdx =

=

∞∫
0

|f(t)− f̃(t)|
∞∫
0

K(x, t)f(x)dxdt =

∞∫
0

|f(t)− f̃(t)|
∞∫
0

K(t, x)f(x)dxdt =

=

∞∫
0

|f(t)− f̃(t)|Q(f(t))dt,

èç ÷åãî ñëåäóåò, ÷òî

(3.16)

∞∫
0

{f(x)|Q(f(x))−Q(f̃(x))| −Q(f(x))|f(x)− f̃(x)|}dx ≤ 0.

Çàìåòèì, ÷òî
∞∫
0

{f(x)|Q(f(x))−Q(f̃(x))| −Q(f(x))|f(x)− f̃(x)|}dx =

=

∫
E

{f(x)|Q(f(x))−Q(f̃(x))| −Q(f(x))|f(x)− f̃(x)|}dx,

ãäå

E := {x ∈ R+ : f(x) 6= f̃(x), f̃(x) 6= 0, f(x) 6= 0}.
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Ñëåäîâàòåëüíî, èç (3.16) èìååì

(3.17)

∫
E

{f(x)|Q(f(x))−Q(f̃(x))| −Q(f(x))|f(x)− f̃(x)|}dx ≤ 0.

Ñëåäóåò îòìåòèòü, ÷òî èçìåðèìîå ìíîæåñòâî E èìååò ïîëîæèòåëüíóþ ìåðó:

mesE > 0, èáî (x0− δ, x0 + δ) ⊂ E. Òàê êàê äëÿ âñåõ x ∈ E, f(x) 6= 0, f(x) 6= f̃(x),

òî èç (3.17) ñëåäóåò, ÷òî

(3.18)

∫
E

|f(x)− f̃(x)|

(
|Q(f(x))−Q(f̃(x))|
|f(x)− f̃(x)|

f(x)−Q(f(x))

)
dx ≤ 0.

Èç âûïóêëîñòè ôóíêöèè Q ñëåäóåò, ÷òî äëÿ âñåõ x ∈ E èìååò ìåñòî íåðàâåíñòâî

(ñì. ðèñ. 3 è ðèñ. 4)

(3.19) tgα =
|Q(f(x))−Q(f̃(x))|
|f(x)− f̃(x)|

>
Q(f(x))

f(x)
= tgβ,

èáî α > β è y = tgx - âîçðàñòàþùàÿ ôóíêöèÿ.

Ðèñ. 3
Ðèñ. 4

Èç ïîëó÷åííûõ íåðàâåíñòâ (3.19) è (3.18) â ñèëó òîãî ÷òî mesE > 0 ïðèõîäèì

ê ïðîòèâîðå÷èþ. Ñëåäîâàòåëüíî, f(x) = f̃(x), x ∈ R+. �

Çàìå÷àíèå 1. Ñëåäóåò îòìåòèòü, ÷òî óòâåðæäåíèå òåîðåìû 3.2 äàñò îò-

âåò íà îòêðûòûé âîïðîñ ñòàòüè [4] î åäèíñòâåííîñòè ìîíîòîííîãî ðåøå-

íèÿ ñëåäóþùåãî íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ ñî ñòåïåííîé íåëèíåé-

íîñòüþ:

(3.20) fp(x) =
1√
π

∞∫
0

(
e−(x−t)

2

− e−(x+t)
2
)
f(t)dt, x ∈ R+,
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ñ ãðàíè÷íûì óñëîâèåì

(3.21) lim
x→+∞

f(x) = 1,

ãäå p > 2 - íå÷åòíîå ÷èñëî.

Äåéñòâèòåëüíî, åñëè â êà÷åñòâå ôóíêöèè Q(u) âûáðàòü Q(u) = up, à â êà÷åñòâå

ÿäðà K ôóíêöèþ âèäà

K(x, t) =
1√
π

(
e−(x−t)

2

− e−(x+t)
2
)
, (x, t) ∈ R+ × R+,

òî âñå óñëîâèÿ ñôîðìóëèðîâàííûõ óòâåðæäåíèé (Ëåììà 2.1, Ëåììà 2.2, Òåîðåìà

3.1, Òåîðåìà 3.2) áóäóò âûïîëíåíû. Ãðàíè÷íàÿ çàäà÷à (3.20) - (3.21) âîçíèêàåò

â òåîðèè p�àäè÷åñêèõ îòêðûòî-çàìêíóòûõ ñòðóí (ñì. [4]). Â óêàçàííîé òåîðèè

âñòðå÷àþòñÿ òàêæå íåëèíåéíûå óðàâíåíèÿ âèäà (1.1), ãäå

(3.22) Q(u) = au3 + (1− a)u, a ∈ (0, 1],

à

(3.23) K(x, t) =
1√
4πa

(
e−

(x−t)2

4a − e−
(x+t)2

4a

)
, (x, t) ∈ R+ × R+,

(ñì. [5]), äëÿ êîòîðûõ òàêæå âûïîëíÿþòñÿ âñå óñëîâèÿ äîêàçàííûõ óòâåðæäåíèé.

Íåáåçèíòåðåñíî îòìåòèòü, ÷òî â òîì ÷àñòíîì ñëó÷àå, êîãäà

K(x, t) =
◦
K(x− t)−

◦
K(x+ t),

à

Q−1(u) = γ(1− e−u),

γ > 1 - ÷èñëîâîé ïàðàìåòð (Q−1 - îáðàòíàÿ ôóíêöèÿ ôóíêöèè Q) óðàâíåíèå (1.1)

âîçíèêàåò â ìàòåìàòè÷åñêîé òåîðèè ãåîãðàôè÷åñêîãî ðàñïðîñòðàíåíèÿ ýïèäåìèè

(ñì. [7], [10]).

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ.

Abstract. The paper is devoted to the study of a class of integral equations with a

symmetric kernel and with convex nonlinearity on the positive semiaxis . Existence

and uniqueness theorems for a nonnegative and bounded solution are proved. The

qualitative properties of the constructed solution are investigated. At the end of the

paper, some particular examples for the above mentioned class of equations, having

direct applications in the p�adic open-closed string dynamic theory and in the theory

of geographical spread of epidemics are given.
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Theorem 1.3. (see [7] - [10]). Let F be a family of meromorphic functions in a

domain D, let n and k be two positive integers satisfying n ≥ k+ 3, and let a(6= 0)

and b be two �nite constants. If for each f ∈ F , f (k) − afn 6= b in D, then F is

normal in D.

In 2014, Deng et al. [11] dealt with the case where the equation f (k) − afn = b

has solutions (see Theorem 1.3), and proved the following result.

Theorem 1.4. (see [11]). Let m, n and k be three positive integers satisfying n ≥
k + m + 2, and let F be a family of meromorphic functions in a domain D such

that for each f ∈ F , all the zeros of f are of multiplicity at least k. Let a(6= 0) and

b be two �nite constants. If for each f ∈ F , the expression f (k) − afn − b has at

most m distinct zeros in D, then F is normal in D.

The following question arises naturally: is it possible to extended Theorem 1.4,

and prove the result for expression
(
f l
)(k) − afn − b instead of f (k) − afn − b?

In this paper, we study this problem and obtain the following result.

Theorem 1.5. Let m, n, k and l be four positive integers satisfying n ≥ k+ (m+

1)l + 1, and let F be a family of meromorphic functions in a domain D such that

for each f ∈ F , all the zeros of f are of multiplicity at least k. Let a(6= 0) and b

be two �nite constants. If for each f ∈ F , the expression
(
f l
)(k) − afn − b has at

most ml distinct zeros in D, then F is normal in D.

Remark 1.1. Observe that for l = 1, Theorem 1.5 generalizes Theorem 1.4.

Here we raise the question: what can be expected if we relax the condition

n ≥ k + (m+ 1)l + 1 in Theorem 1.5? We have the following results.

Theorem 1.6. Let m, n, k and l be four positive integers satisfying n ≥ (m+1)l+2,

and let F be a family of meromorphic functions in a domain D such that for each

f ∈ F , all the zeros and poles of f are of multiplicity at least k. Let a(6= 0) and b

be two �nite constants. If for each f ∈ F , the expression
(
f l
)(k) − afn − b has at

most ml distinct zeros in D, then F is normal in D.

Theorem 1.7. Let m, n, k and l be four positive integers satisfying n ≥ (m+1)l+1,

and let F be a family of meromorphic functions in a domain D such that for each

f ∈ F , all the zeros of f are of multiplicity at least k, and all the poles of f are

of multiplicity at least k + 1. Let a(6= 0) and b be two �nite constants. If for each

f ∈ F , the expression
(
f l
)(k)− afn− b has at most ml distinct zeros in D, then F

is normal in D.
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Now we give some examples to show that the conditions in our results are

necessary.

Example 1.1. Let n and k be two positive integers, a(6= 0) be a �nite constant,

and let F = {fi = izk−1 : i = 1, 2, 3, · · · } and D = {z : |z| < 1}. Then, for each
f ∈ F , the expression f (k) − afn − 0 has just one zero in D. But F is not normal

in D.

For the case l = 1, Example 1.1 shows that the condition that all zeros of

functions from F have multiplicities at least k in Theorems 1.5-1.7 is the best

possible.

Example 1.2. Letm, k and l be three positive integers, a(6= 0) be a �nite constant,

and let D = {z : |z| < 1}. Set F = {fn}, where fn = 1
nz+ a

(−1)kk!nk
, n = 1, 2, 3, · · · .

Then we have

(
f ln
)(k) − afk+(m+1)l

n =
(−1)knkCll+k[

nz + a
(−1)kk!nk

]l+k − a[
nz + a

(−1)kk!nk

]k+(m+1)l

=
(−1)knkCll+k

[
nz + a

(−1)kk!nk

]ml
− a[

nz + a
(−1)kk!nk

]k+(m+1)l
,

and

(
f ln
)(k) − afk+(m+1)l+1

n =
(−1)knkCll+k[

nz + a
(−1)kk!nk

]l+k − a[
nz + a

(−1)kk!nk

]k+(m+1)l+1

=
(−1)knkCll+k

[
nz + a

(−1)kk!nk

]ml+1

− a[
nz + a

(−1)kk!nk

]k+(m+1)l+1
.

It is clear that for each f ∈ F , the expression
(
f l
)(k)−afk+(m+1)l−0 has exactly

ml distinct zeros in D, and
(
f l
)(k) − afk+(m+1)l+1 − 0 has exactly ml + 1 distinct

zeros in D. But F is not normal in D.

This shows that the conditions n ≥ k + (m+ 1)l + 1 and that
(
f l
)(k) − afn − b

has at most ml distinct zeros in Theorem 1.5 are the best possible.

Example 1.3. Letm, k and l be three positive integers, a(6= 0) be a �nite constant,

and letD = {z : |z| < 1}. Set F = {fn}, where fn = 1[
nz+ a

(−1)kk!nk

]k , n = 1, 2, 3, · · · .
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Then we have(
f ln
)(k) − af (m+1)l+1

n =
(−1)knkClklk+k[

nz + a
(−1)kk!nk

]lk+k − a[
nz + a

(−1)kk!nk

]k+k(m+1)l

=
(−1)knkClklk+k

[
nz + a

(−1)kk!nk

]kml
− a[

nz + a
(−1)kk!nk

]k+k(m+1)l
,

and(
f ln
)(k) − af (m+1)l+2

n =
(−1)knkClklk+k[

nz + a
(−1)kk!nk

]lk+k − a[
nz + a

(−1)kk!nk

]2k+k(m+1)l

=
(−1)knkClklk+k

[
nz + a

(−1)kk!nk

]k(ml+1)

− a[
nz + a

(−1)kk!nk

]2k+k(m+1)l
,

It is clear that for each f ∈ F , the expression
(
f l
)(k) − af (m+1)l+1 − 0 has

kml ≥ ml distinct zeros in D, and
(
f l
)(k)− af (m+1)l+2− 0 has k(ml+ 1) ≥ ml+ 1

distinct zeros in D. But F is not normal in D.

For the case k = 1, Example 1.3 shows that the conditions n ≥ (m+ 1)l+ 2 and

that
(
f l
)(k) − afn − b has at most ml distinct zeros in Theorem 1.6 are the best

possible.

Example 1.4. Letm, k and l be three positive integers, a(6= 0) be a �nite constant,

and let D = {z : |z| < 1}. Set F = {fn}, where fn = 1[
nz+ a

(−1)kk!nk

]k+1 , n =

1, 2, 3, · · · . Then we have(
f ln
)(k) − af (m+1)l

n =
(−1)knkClk+llk+l+k[

nz + a
(−1)kk!nk

]lk+l+k − a[
nz + a

(−1)kk!nk

](k+1)(m+1)l

=
(−1)knkClk+llk+l+k

[
nz + a

(−1)kk!nk

](ml−1)k+ml
− a[

nz + a
(−1)kk!nk

](k+1)(m+1)l
,

It is clear that for each f ∈ F , the expression
(
f l
)(k) − af (m+1)l − 0 has (ml −

1)k +ml ≥ ml distinct zeros in D. But F is not normal in D.

For the case ml = 1, Example 1.4 shows that the condition n ≥ (m+ 1)l + 1 in

Theorem 1.7 is the best possible.

2. Some lemmas

In this section we state some lemmas which will be used in the proofs of the

main results.
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Lemma 2.1. (see [3]). Let F be a family of meromorphic functions in a domain

D. Then F is normal on D if and only if F is normal at each point z0 ∈ D.

Lemma 2.2. (see [12]). Let F be a family of meromorphic functions on the unit

disc ∆ such that all the zeros of functions from F have multiplicities ≥ p, and

all the poles of functions from F have multiplicities ≥ q. Let α be a real number

satisfying −p < α < q. Then F is not normal in any neighborhood of z0 ∈ ∆ if and

only if there exist:

(i) points zn ∈ 4, zn → z0,

(ii) functions fn ∈ F ,
(iii) positive numbers ρn → 0+,

such that gn(ζ) = ραnfn(zn + ρnζ)→ g(ζ) spherically uniformly on compact subsets

of C, where g is a nonconstant meromorphic function such that all the zeros of g

have multiplicities ≥ p, and all the poles of g have multiplicities ≥ q. Moreover, the

order of g is not greater than 2.

Lemma 2.3. (see [13]). Let f be a nonconstant meromorphic function in C, n be a

positive integer, and a be a �nite constant such that n ≥ 4 and a 6= 0. Then f ′−afn

has at least two distinct zeros.

Lemma 2.4. (see [14]). Let f be a nonconstant meromorphic function in C, n, k,
d be three positive integers, and a be a �nite constant such that n ≥ 3, a 6= 0 and

d ≥ k+1
n−2 . If all the zeros of f have multiplicities ≥ p, and all the poles of f have

multiplicities ≥ d, then f (k) − afn has at least two distinct zeros.

3. Proof of Theorem 1.5

Suppose that F is not normal in D. Then by Lemma 2.1, there exists at least

one point z0 such that F is not normal at z0. By Lemma 2.2, there exist fj ∈ F ,
zj → z0, and ρj → 0+ such that

gj(ζ) = ρ
k

n−l

j fj(zj + ρjζ)→ g(ζ)

spherically uniformly on compact subsets of C, where g is a nonconstant meromorphic

function such that all the zeros of g have multiplicities ≥ k, and the order of g is

not greater than 2.

76



NORMAL FAMILIES OF MEROMORPHIC FUNCTIONS ...

Obviously,
(
gl
)(k)

(ζ)−agn(ζ) 6≡ 0. We do not suppose that g is an entire function

since n ≥ k + (m+ 1)l + 1. Thus, we have

nT (r, g) = T (r, gn) = T

(
r,

(gl)
(k)

a

)
≤ T

(
r,
(
gl
)(k))

+O(1)

≤ N
(
r,
(
gl
)(k))

+m
(
r,
(
gl
)(k))

+O(1) ≤ m
(
r, gl

)
+m

(
r,

(gl)
(k)

gl

)
+O(1)

≤ lm(r, g) + S(r, g) ≤ lT (r, g) + S(r, g),

and so (n− l)T (r, g) ≤ S(r, g). This is a contradiction.

We claim that the expression
(
gl
)(k)

(ζ)− agn(ζ) has at most ml distinct zeros.

Suppose that this is not the case, and
(
gl
)(k)

(ζ)− agn(ζ) has ml+ 1 distinct zeros

ζi (i = 1, 2, 3, · · · ,ml + 1). Note that

ρ
nk
n−l

j

[(
f lj
)(k)

(zj + ρjζ)− afnj (zj + ρjζ)− b
]

=
(
glj
)(k)

(ζ)− agnj (ζ)− ρ
nk
n−l

j b→
(
gl
)(k)

(ζ)− agn(ζ)

uniformly on compact subsets of C disjoint from the poles of g. Hence, by Hurwitz's

theorem, for su�ciently large j, there exist points ζj,i(i = 1, 2, 3, · · · ,ml + 1) such

that ζj,i → ζi, and
(
f lj
)(k)

(zj + ρjζ)− afnj (zj + ρjζ) = b. However, the expression(
f lj
)(k)

(zj + ρjζ) − afnj (zj + ρjζ) − b has at most ml distinct zeros in D, and

zj +ρjζj,i → z0, which is a contradiction. So, the expression
(
gl
)(k)

(ζ)−agn(ζ) has

at most ml distinct zeros. Observe that if mlk = 1, then m = 1, l = 1, k = 1, which

contradicts the result of Lemma 2.3. Next, we consider the case where mlk ≥ 2.

We set

(3.1) φ(ζ) =

(
gl
)(k)

(ζ)

agn(ζ)
,

where φ 6≡ 1. Since all the zeros of g have multiplicities at least k, it follows that(
gl
)(k) 6≡ 0, and hence φ 6≡ 0. From (3.1) we get

(3.2) agn(ζ) =

(
gl
)(k)

(ζ)

φ(ζ)
.

Thus, in view of (3.2), we can write

nm(r, g) = m (r, gn) ≤ m
(
r,

(gl)
(k)

φ

)
+ log+ 1

|a| ≤ m
(
r, 1
φ

)
+m

(
r,
(
gl
)(k))

+ log+ 1
|a|

≤ m
(
r, 1
φ

)
+m

(
r, gl

)
+m

(
r,

(gl)
(k)

gl

)
+ log+ 1

|a| ≤ m
(
r, 1
φ

)
+ lm(r, g) + S(r, g),

implying that

(3.3) (n− l)m(r, g) ≤ m
(
r,

1

φ

)
+ S(r, g).
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On the other hand, we have

nN(r, g) = N (r, agn) = N

(
r,

(gl)
(k)

φ

)
≤ N

(
r, 1
φ

)
+N

(
r,
(
gl
)(k))−N0(r)

≤ N
(
r, 1
φ

)
+N

(
r, gl

)
+ kN

(
r, gl

)
−N0(r) ≤ N

(
r, 1
φ

)
+ lN(r, g) + kN(r, g)−N0(r),

where N0(r) is the reduced counting function of zeros of φ and
(
gl
)(k)

. Then

(3.4) (n− l)N(r, g) ≤ N
(
r,

1

φ

)
+ kN(r, g)−N0(r).

From (3.1) we have

(3.5) N(r, φ) +N

(
r,

1

φ

)
≤ N

(
r,

1

g

)
+N(r, g) +N0(r).

By (3.3)-(3.5) and Nevanlinna's �rst and second fundamental theorems, we obtain

(n− l)T (r, g) ≤ T

(
r,

1

φ

)
+ kN(r, g)−N0(r) + S(r, g)

≤ T (r, φ) + kN(r, g)−N0(r) + S(r, g)

≤ N(r, φ) +N

(
r,

1

φ

)
+N

(
r,

1

φ− 1

)
+ kN(r, g)−N0(r) + S(r, g)

≤ N

(
r,

1

g

)
+N(r, g) +N

(
r,

1

(gl)
(k) − agn

)
+ kN(r, g) + S(r, g),

that is,

(3.6) (n− l)T (r, g) ≤ N
(
r,

1

g

)
+ (k+ 1)N(r, g) +N

(
r,

1

(gl)
(k) − agn

)
+S(r, g).

Suppose that the expression
(
gl
)(k) − agn has t(≤ ml) distinct zeros. Taking into

account the inequalities:

(3.7) N

(
r,

1

g

)
≤ 1

k
N

(
r,

1

g

)
≤ 1

k
T (r, g) + S(r, g),

(3.8) N(r, g) ≤ T (r, g),

from (3.6), we get(
n− l − k − 1− 1

k

)
T (r, g) ≤ t log r + S(r, g).

This inequality together with the condition n ≥ k + (m+ 1)l + 1 yields

T (r, g) ≤ mlk

mlk − 1
log r + S(r, g).

Thus, we we have shown that g is a nonconstant rational function satisfying

deg g ≤ 2 for mlk = 2 and deg g = 1 for mlk > 2.

Next, we discuss two cases: deg g = 1 and deg g = 2.
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Case 1. Let deg g = 1. We set

g(ζ) =
A1ζ +B1

A2ζ +B2
,

where (A1, A2) 6= (0, 0) and A1B2 −A2B1 6= 0, and discuss two subcases.

Case 1.1. Let A1 = 0. Then we can write

g(ζ) =
B1

A2ζ +B2
,

where A2 6= 0 is a constant. So, we have

(
gl
)(k)

(ζ)− agn(ζ) =

[
Bl1

(A2ζ +B2)l

](k)
− aBn1

(A2ζ +B2)n

=
(−1)kBl1A

k
2C

l
k+l(A2ζ +B2)n−k−l − aBn1
(A2ζ +B2)n

.

Since n− k − l ≥ ml + 1, the expression
(
gl
)(k) − agn has at least ml + 1 distinct

zeros. This is a contradiction.

Case 1.2. Let A1 6= 0. Then k = 1. We discuss two subcases.

Case 1.2.1. Let A2 = 0. Then we can write g(ζ) = A(ζ − c), where A 6= 0 is a

constant. Hence(
gl
)′

(ζ)− agn(ζ) = lAl(ζ − c)l−1 − aAn(ζ − c)n.

Obviously, the expression
(
gl
)′−agn has at least n− l+ 1 ≥ ml+k+ 2 = ml+ 3

distinct zeros, which is a contradiction.

Case 1.2.2. Let A2 6= 0. We set

g(ζ) = A
ζ − α
ζ − β

,

where A = A1

A2
6= 0 is a constant, and α 6= β.

Set ψ = 1
g . Then

(
gl
)′

(ζ) − agn(ζ) = − lψ′

ψl+1 − a
ψn = − lψ

′ψn−l−1+a
ψn . Obviously,

all the zeros of
(
gl
)′−agn come from the zeros of lψ′ψn−l−1 +a or the poles of ψn.

Set ϕ = lψn−l

n−l . Then ϕ
′ = lψ′ψn−l−1 and

ϕ(ζ) =
l

(n− l)An−l
(ζ − β)

n−l

(ζ − α)
n−l .

So, we get

(3.9) ϕ′(ζ) =
(β − α)l

(n− l)An−l
(ζ − β)

n−l−1

(ζ − α)
n−l+1

.

Obviously, ϕ′+a has at least one zero. Let ϕ′+a have d (≥ 1) distinct zeros. Then

we have

ϕ′(ζ) + a =
CΠd

i=1(ζ − ηi)ti
(ζ − α)n−l+1

,
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where C 6= 0 is a constant, and ti ≥ 1 (i = 1, 2, 3, · · · , d) are positive numbers

satisfying Σdi=1ti = n− l + 1. Thus, we have

(3.10) ϕ′′(ζ) =
Πd
i=1(ζ − ηi)ti−1h1(ζ)

(ζ − α)n−l+2
,

where h1 is a polynomial with deg h1 ≤ d.
From (3.9) we get

(3.11) ϕ′′(ζ) =
(ζ − β)n−l−2h2(ζ)

(ζ − α)n−l+2
,

where h2 is a polynomial with deg h2 ≤ 1.

Observing that α, β and ηi (i = 1, 2, · · · , d) are distinct, from (3.10) and (3.11),

we get Σdi=1(ti−1) ≤ deg h2 ≤ 1, d ≥ n− l ≥ k+ml+ 1 = ml+ 2. Then, ϕ′+a has

at least ml+ 2 distinct zeros, and so,
(
gl
)′ − agn has at least ml+ 2 distinct zeros.

In particular, if l > 1, then
(
gl
)′ − agn has at least ml+ 3 distinct zeros, since α is

the pole of ψn and the zero of
(
gl
)′−agn, which is di�erent from all zeros of ϕ′+a.

This is a contradiction.

Case 2. Let deg g = 2. Then we can have the following subcases: m = 1, l = 1,

k = 2; m = 1, l = 2, k = 1 or m = 2, l = 1, k = 1.

Case 2.1. Let m = 1, l = 1, k = 2. We consider two subcases.

Case 2.1.1. Suppose g 6= 0. Let

g(ζ) =
1

A2ζ2 +B2ζ + C2
,

where A2 6= 0 is a constant. By (3.6) and t ≤ ml = 1, we have

(n− l)T (r, g) ≤ (k + 1)T (r, g) + log r + S(r, g),

and hence, T (r, g) ≤ log r+S(r, g). So, g is a rational function satisfying deg g = 1,

which contradicts deg g = 2.

Case 2.1.2. Suppose g has at least one zero. Note that all zeros of g have

multiplicities at least k and k = 2. Let

g(ζ) =
(ζ − c)2

A2ζ2 +B2ζ + C2
.

Next, again we consider two subcases.

Case 2.1.2.1. Suppose A2ζ
2 + B2ζ + C2 has at most one distinct zero. Then

N(r, g) ≤ log r. Since deg g = 2 and T (r, g) = 2 log r, we have N(r, g) ≤ 1
2T (r, g).

By (3.6) and t ≤ ml = 1, we obtain

(n− l)T (r, g) ≤ 1

2
T (r, g) +

k + 1

2
T (r, g) + log r + S(r, g).

Then, we get T (r, g) ≤ 1
2 log r + S(r, g), which is a contradiction.
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Case 2.1.2.2. Suppose A2ζ
2 + B2ζ + C2 has two distinct zeros, and let A2ζ

2 +

B2ζ + C2 = A2(ζ − β1)(ζ − β2), β1 6= β2. Then, we have

g(ζ) =
(ζ − c)2

A2(ζ − β1)(ζ − β2)
.

By simple calculation, we get

g(ζ) =
1

A2
+

a1
A2(ζ − β1)

+
a2

A2(ζ − β2)
,

where

a1 =
(c− β1)2

β1 − β2
, a2 =

(c− β2)2

β2 − β1
.

Therefore

g′′(ζ)− agn(ζ) = 2
A2

[
a1

(ζ−β1)3
+ a2

(ζ−β2)3

]
− a(ζ−c)2n

An
2 (ζ−β1)n(ζ−β2)n

=
2An−1

2 [a1(ζ−β1)
n−3(ζ−β2)

n+a2(ζ−β1)
n(ζ−β2)

n−3]−a(ζ−c)2n

An
2 (ζ−β1)n(ζ−β2)n

.

Obviously, g′′−agn has at least 2 = ml+1 distinct zeros, which is a contradiction.

Case 2.2. Let m = 1, l = 2, k = 1. We consider two subcases.

Case 2.2.1. Suppose g 6= 0. Let

g(ζ) =
1

A2ζ2 +B2ζ + C2
,

where A2 6= 0 is a constant. By (3.6) and t ≤ ml = 2, we have

(n− l)T (r, g) ≤ (k + 1)T (r, g) + 2 log r + S(r, g),

and hence, T (r, g) ≤ log r+S(r, g). So, g is a rational function satisfying deg g = 1,

which contradicts deg g = 2.

Case 2.2.2. Suppose g has at least one zero. Let

g(ζ) =
A1ζ

2 +B1ζ + C1

A2ζ2 +B2ζ + C2
,

where(A1, A2) 6= (0, 0). Again, we consider two subcases.

Case 2.2.2.1. Suppose A2ζ
2 + B2ζ + C2 has at most one distinct zero. Then

N(r, g) ≤ log r. Thus, from deg g = 2 we get T (r, g) = 2 log r, and hence, N(r, g) ≤
1
2T (r, g). By (3.6) and t ≤ ml = 2, we have

(n− l)T (r, g) ≤ T (r, g) +
k + 1

2
T (r, g) + 2 log r + S(r, g),

implying that T (r, g) ≤ log r + S(r, g), which is a contradiction.

Case 2.2.2.2. Suppose A2ζ
2+B2ζ+C2 has two distinct zeros β1, β2. We consider

two subcases.
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Case 2.2.2.2.1. Suppose A1ζ
2+B1ζ+C1 has one zero. Then N(r, 1g ) ≤ 1

2T (r, g)+

S(r, g). By (3.6) and t ≤ ml = 2, we get

(n− l)T (r, g) ≤ 1

2
T (r, g) + (k + 1)T (r, g) + 2 log r + S(r, g),

then T (r, g) ≤ 4
3 log r + S(r, g), which is a contradiction.

Case 2.2.2.2.2. Suppose A1ζ
2 +B1ζ +C1 has two distinct zeros α1, α2. Noticing

that n ≥ k + (m + 1)l + 1 = 6 if n ≥ 7, by (3.6) and t ≤ ml = 2, we get

T (r, g) ≤ log r + S(r, g), which is a contradiction. If n = 6, let

g(ζ) = A
(ζ − α1)(ζ − α2)

(ζ − β1)(ζ − β2)
,

where A = A1

A2
6= 0, α1, α2, β1, β2 are distinct. Set ψ = 1

g . Then
(
g2
)′ − ag6 =

− 2ψ′ψ3+a
ψ6 . It is easy to verify that all the zeros of

(
g2
)′ − ag6 come from the zeros

of 2ψ′ψ3 + a and the poles of ψ6.

Set ϕ = ψ4

2 . Then we have ϕ
′

= 2ψ′ψ3 and

ϕ(ζ) =
1

2A4

(ζ − β1)
4
(ζ − β2)4

(ζ − α1)4(ζ − α2)
4 .

By simple calculation, we get

ϕ′(ζ) =
(ζ − β1)

3
(ζ − β2)3h3(ζ)

(ζ − α1)5(ζ − α2)
5 ,

where h3 is a polynomial with deg h3 ≤ 2.

Obviously, ϕ′ + a has at least one zero, which is di�erent from α1 and α2. Then(
g2
)′ − agn has at least 3 = ml + 1 distinct zeros. This is a contradiction.

Case 2.3. Let m = 2, l = 1, k = 1. We consider two subcases.

Case 2.3.1. Suppose g 6= 0. Arguments similar to those applied in Case 2.2.1

yield a contradiction.

Case 2.3.2. Suppose g has at least one zero. Let

g(ζ) =
A1ζ

2 +B1ζ + C1

A2ζ2 +B2ζ + C2
,

where (A1, A2) 6= (0, 0). We consider two subcases.

Case 2.3.2.1. Suppose A2ζ
2+B2ζ+C2 has at most one distinct zero. As discussed

in Case 2.2.2.1, we can get a contradiction.

Case 2.3.2.2. Suppose A2ζ
2+B2ζ+C2 has two distinct zeros β1, β2. We consider

two subcases.

Case 2.3.2.2.1. Suppose A1ζ
2 +B1ζ+C1 has one zero. Then as discussed in Case

2.2.2.2.1, we can get a contradiction.

Case 2.3.2.2.2. Suppose A1ζ
2 +B1ζ +C1 has two distinct zeros α1, α2. Noticing

that n ≥ k + (m + 1)l + 1 = 5 if n ≥ 6, by (3.6) and t ≤ ml = 2, we get
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T (r, g) ≤ log r + S(r, g), which is a contradiction. If n = 5, we set

g(ζ) = A
(ζ − α1)(ζ − α2)

(ζ − β1)(ζ − β2)
,

where A = A1

A2
6= 0, α1, α2, β1, β2 are distinct. Set ψ = 1

g . Then g
′−ag5 = −ψ

′ψ3+a
ψ5 .

It is clear that g′ − ag5 and ψ′ψ3 + a have the same zeros.

Set ϕ = ψ4

4 . Then we have ϕ′ = ψ′ψ3 and

ϕ(ζ) =
1

4A4

(ζ − β1)
4
(ζ − β2)4

(ζ − α1)4(ζ − α2)
4 .

By simple calculation, we get

(3.12) ϕ′(ζ) =
(ζ − β1)

3
(ζ − β2)3h4(ζ)

(ζ − α1)5(ζ − α2)
5 ,

where h4 is a polynomial with deg h4 ≤ 2.

By Lemma 2.3, we know that g′−ag5 has at least two distinct zeros, hence ϕ′+a
has at least two distinct zeros. Next, we need to prove that ϕ′+a has at least three

distinct zeros.

Suppose this is not the case, and ϕ′ + a has only two distinct zeros η1, η2. Let

ϕ′(ζ) + a = C
(ζ − η1)

d1(ζ − η2)d2

(ζ − α1)5(ζ − α2)
5 ,

where C 6= 0 is a constant, and d1 + d2 = 10.

Then, we have

(3.13) ϕ′′(ζ) =
(ζ − η1)

d1−1(ζ − η2)d2−1h5(ζ)

(ζ − α1)6(ζ − α2)
6 ,

where h5 is a polynomial with deg h5 ≤ 2.

From (3.12) we have

(3.14) ϕ′′(ζ) =
(ζ − β1)

2
(ζ − β2)2h6(ζ)

(ζ − α1)6(ζ − α2)
6 ,

where h6 is a polynomial with deg h6 ≤ 5.

Since α1,α2, β1, β1, η1, η2 are distinct, combining (3.13) and (3.14) we get

d1 + d2 − 2 ≤ 5, that is, d1 + d2 ≤ 7. This contradicts that d1 + d2 = 10.

So, ϕ′ + a has at least 3 = ml + 1 distinct zeros, which is a contradiction.

Thus, the expression
(
gl
)(k) − agn has at least ml + 1 distinct zeros, which is a

contradiction. This shows that F is normal at z0, and hence, F is normal in D.

Theorem 1.5 is proved.

As for the proof of Theorem 1.6, observe that by (3.6) and the assumption of

the theorem, all the zeros and poles of g are of multiplicities at least k. Hence, we
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have

T (r, g) ≤ mlk

mlk + k − 2
log r + S(r, g).

Thus, we deduce that g is a nonconstant rational function satisfying deg g ≤ 2 for

k = 1, ml ≥ 2, and deg g = 1 for k = 2, ml ≥ 1. Since the rest of the proof of

Theorem 1.6 is similar to that of Theorem 1.5, we here omit the details.

4. Proof of Theorem 1.7

Suppose that F is not normal in D. Then, by Lemma 2.1, there exists at

least one point z0 such that F is not normal at z0. By Lemma 2.2, there exist

fj ∈ F , zj → z0, and ρj → 0+ such that

gj(ζ) = ρ
k

n−l

j fj(zj + ρjζ)→ g(ζ)

spherically uniformly on compact subsets of C, where g is a nonconstant meromorphic

function such that all the zeros of g have multiplicities ≥ k, and all the poles of g

are of multiplicity ≥ k+ 1, and the order of g is not greater than 2. As in the proof

of Theorem 1.5, we can conclude that the expression
(
gl
)(k) − agn has at most ml

distinct zeros. If mlk = 1, then we have m = 1, l = 1, k = 1, which contradicts the

result of Lemma 2.4. Next, we consider the case where mlk ≥ 2.

Suppose that
(
gl
)(k) − agn has t (≤ ml) distinct zeros. Since all the zeros of g

have multiplicities ≥ k, and all the poles of g are of multiplicity ≥ k + 1, as in the

proof of Theorem 1.5, we get

T (r, g) ≤ mlk

mlk − 1
log r + S(r, g).

Thus, we have that g is a nonconstant rational function satisfying deg g ≤ 2 for

mlk = 2 and deg g = 1 for mlk > 2. Next, we discuss two cases.

Case 1. Let mlk = 2. Then we have the following subcases: m = 1, l = 1, k = 2;

m = 1, l = 2, k = 1 or m = 2, l = 1, k = 1.

Case 1.1. Let m = 1, l = 1, k = 2. By Lemma 2.4 we know that (gl)(k) − agn

has at least 2 = ml + 1 distinct zeros, which is a contradiction.

Case 1.2. Let m = 1, l = 2, k = 1. We consider two subcases.

Case 1.2.1. If g has poles, then noticing that all poles of g are of multiplicities

at least k + 1 = 2 and deg g ≤ 2, we can set

g(ζ) =
A1ζ

2 +B1ζ + C1

(ζ − c)2
.

We consider two subcases.
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Case 1.2.1.1. Suppose g has at most one distinct zero. Then N(r, 1g ) ≤ 1
2T (r, g)+

S(r, g), and by (3.6) and t ≤ ml = 2, we have

(n− l)T (r, g) ≤ 1

2
T (r, g) +

k + 1

2
T (r, g) + 2 log r + S(r, g).

Thus, T (r, g) ≤ 4
3 log r + S(r, g), which is a contradiction.

Case 1.2.1.2. Suppose g has two distinct zeros. Noticing that n ≥ (m+1)l+1 = 5

if n ≥ 6, by (3.6) and t ≤ ml = 2, we get T (r, g) ≤ log r + S(r, g), which is a

contradiction. If n = 5, then we set

g(ζ) = A1
(ζ − α1)(ζ − α2)

(ζ − c)2
,

where A1 6= 0, α1, α2, c are distinct. Set ψ = 1
g . Then we have

(
g2
)′ − ag5 =

− 2ψ′ψ2+a
ψ5 . It is easy to verify that all the zeros of

(
g2
)′ − ag5 come from the zeros

of 2ψ′ψ2 + a and the poles of ψ5.

Set ϕ = 2ψ3

3 . Then we have ϕ′ = 2ψ′ψ2 and

ϕ(ζ) =
2

3A3
1

(ζ − c)6

(ζ − α1)3(ζ − α2)
3 .

By simple calculation, we get

ϕ′(ζ) =
(ζ − c)5h7(ζ)

(ζ − α1)4(ζ − α2)
4 ,

where h7 is a polynomial with deg h7 ≤ 2.

Obviously, ϕ′ + a has at least one zero, which is di�erent from α1 and α2. Then(
g2
)′ − agn has at least 3 = ml + 1 distinct zeros. This is a contradiction.

Case 1.2.2. Suppose g has no poles, then by (3.6) and t ≤ ml = 2, we have

T (r, g) ≤ log r + S(r, g). Hence deg g = 1. Let g(ζ) = A(ζ − c), where A 6= 0 is a

constant. Then we have(
g2
)′

(ζ)− agn(ζ) = 2A2(ζ − c)− aAn(ζ − c)n.

Obviously,
(
g2
)′ − agn has at least n − 1 ≥ ml + 2 distinct zeros, which is a

contradiction.

Case 1.3. Let m = 2, l = 1, k = 1. We consider two subcases.

Case 1.3.1. If g has poles, then noticing that all the poles of g are of multiplicities

at least k + 1 = 2, we set

g(ζ) =
A1ζ

2 +B1ζ + C1

(ζ − c)2
.

We consider two subcases.

Case 1.3.1.1. Suppose g has at most one distinct zero. Arguing as in Case 1.2.1.1,

we can get a contradiction.
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Case 1.3.1.2. Suppose g has two distinct zeros α1, α2. Noticing that n ≥ (m +

1)l+ 1 = 4 if n ≥ 5, by (3.6) and t ≤ ml = 2, we get T (r, g) ≤ log r+S(r, g), which

is a contradiction. If n = 4, then we set

g(ζ) = A1
(ζ − α1)(ζ − α2)

(ζ − c)2
,

where A1 6= 0, α1, α2 and c are distinct. Set ψ = 1
g . Then we have g′ − ag4 =

−ψ
′ψ2+a
ψ4 . Obviously, the expressions g′ − ag4 and ψ′ψ2 + a have the same zeros.

Since n ≥ (m+ 1)l+ 1 = 4, by Lemma 2.3 we see that g′ − ag4 has at least two

distinct zeros. Thus, ψ′ψ2 + a has at least two distinct zeros.

Next, we need to prove that ψ′ψ2 + a has at least three distinct zeros.

Suppose that this is not the case, and ψ′ψ2 + a has only two distinct zeros η1,

η2. Set ϕ = ψ3

3 . Then we have ϕ′ = ψ′ψ2 and

ϕ(ζ) =
1

3A3
1

(ζ − c)6

(ζ − α1)3(ζ − α2)
3 .

By simple calculation, we get

(4.1) ϕ′(ζ) =
(ζ − c)5h8(ζ)

(ζ − α1)4(ζ − α2)4
,

where h8 is a polynomial with deg h8 ≤ 2.

Since ϕ′ = ψ′ψ2, we know that ϕ′ + a has two distinct zeros. Let

ϕ′(ζ) + a = C
(ζ − η1)d1(ζ − η2)d1

(ζ − α1)4(ζ − α2)
4 ,

where C 6= 0 is a constant, and d1 + d2 = 8. Then we have

(4.2) ϕ′′(ζ) =
(ζ − η1)d1−1(ζ − η2)d1−1h9(ζ)

(ζ − α1)5(ζ − α2)
5 ,

where h9 is a polynomial with deg h9 ≤ 2.

From (4.1) we get

(4.3) ϕ′′(ζ) =
(ζ − c)4h10(ζ)

(ζ − α1)5(ζ − α2)
5 ,

where h10 is a polynomial with deg h10 ≤ 4.

Since α1, α2, η1, η2, c are distinct, combining (4.2) and (4.3), we get d1+d2−2 ≤
4, that is, d1 + d2 ≤ 6, which contradicts the fact that d1 + d2 = 8.

Case 1.3.2. If g has no poles, then arguing as in Case 1.2.2, we can get a

contradiction.

Case 2. Let mlk > 2, deg g = 1.

Case 2.1. If g has at least one pole, then noticing that all the poles of g are of

multiplicities at least k + 1 = 2, we get deg g ≥ 2, which is a contradiction.
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Case 2.2. If g has no poles, then k = 1 and deg g = 1. Let g(ζ) = A(ζ− c), where
A 6= 0 is a constant. Then we have(

gl
)′

(ζ)− agn(ζ) = lAl(ζ − c)l−1 − aAn(ζ − c)n,

implying that
(
gl
)′ − agn has at least n− l + 1 ≥ ml + 2 distinct zeros, which is a

contradiction. Thus, the expression
(
gl
)(k)− agn has at least ml+ 1 distinct zeros,

which is a contradiction. This shows that F is normal at z0, and hence, F is normal

in D. Theorem 1.7 is proved.
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Note that one of the subgroups of index 2 in the automorphism group of the

alternating group A6 is a generalized Frobenius group with insoluble kernel, and so

Theorem 1.1 cannot be improved.

Theorem 1.1 easily follows from the following proposition.

Proposition 1.1. Suppose that F is a proper nontrivial normal subgroup of a group

G and G = F 〈t〉 for some t ∈ G. If for every element f ∈ F the element ft is a

primary element of odd order, then F is a soluble group.

Recall that an element is said to be primary, if its order is a prime power.

2. Preliminaries

In this paper, we are keeping with the notation of the Atlas of Finite groups [3].

Lemma 2.1. Suppose that G is one of the simple groups from the following list:

Lm(q), m > 4; L3(q), q > 4;

Sm(q), m > 4;

Um(q), m > 5;

Oε
m(q), m > 7;

F4(q);
2F4(q),

2F4(2)
′;

E6(q),
2E6(q), E7(q), E8(q);

3D4(q).

Let P be a proper subgroup of minimal index in G. Then P is insoluble, and G has

at most two conjugacy classes of subgroups isomorphic to P .

Proof. Follows from the description of proper subgroups of minimal indices of simple

groups (see [4] � [8]). �

Lemma 2.2. ([9, Proposition 1.10.3(1)]) Let G be one of the groups Ln(q), Un(q),

Sn(q) or Oε
n(q), n > 2. In the last case, it is assumed that q is odd if G = On(q),

where n is odd. If G is soluble, then G is one of the following groups: L2(2), L2(3),

U3(2), O
+
2 (q), O

+
4 (2), O

+
4 (3), O

−
2 (q).

3. Proof of Proposition 1.1

Let G be a minimal example contradicting the conclusion of the proposition,

and let pr be the order of t for a prime p. The proof of Proposition 1.1 consists of

several lemmas.

Lemma 3.1. Every soluble normal subgroup of F is trivial.
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Proof. Let N be the largest normal soluble subgroup of F . Then N 6= F is a

characteristic subgroup of F , and thus it is normal in G. Suppose that G = G/N ,

F = F/N , t = Nt ∈ G. Since ft = Nft and ft is a primary element for every

f ∈ F , it follows that ft is a primary element for every f ∈ F . Therefore G, F and

t satisfy the assumption of the lemma, and hence N = 1. �

Lemma 3.2. G = M〈t〉 for a minimal normal subgroup M of G that lies in F .

Besides, M is a direct product of isomorphic simple nonabelian subgroups M1, . . . ,Ms

for the smallest natural number s, such that M ts

1 = M1, M t
i−1 = Mi, where

i = 2, . . . , s, M t
s = M1. Furthermore, s = pn for some natural n.

Proof. It is clear that M〈t〉 satis�es Lemma 3.1. Due to minimality of G = M〈t〉,
we have M = M1 × · · · ×Ms for nonabelian simple groups M1, . . . ,Ms, each of

which is normal in M . Since M is a minimal normal subgroup in G, the subgroup

〈t〉 acts transitively on the set {M1, . . . ,Ms} which can be enumerated as it is said

in the conclusion of the lemma. �

Lemma 3.3. In the notation of Lemma 3.2, we have M = M1.

Proof. The conclusion is trivial for s = 1. Suppose that s > 1. It is enough to show

that M1〈ts〉 satis�es the assumption of Proposition 1.1. Let m ∈M1. If (tm)s = 1,

then

y = xxtmx(tm)2 . . . x(tm)s−1

∈ CM (tm)

for every x ∈M , since x(tm)i ∈Mi when i = 0, . . . , s−1, and hence the elements of

the set {x, xtm, . . . , x(tm)s−1} commute. Therefore for nontrivial p′-element x ∈M1

the element y is a nontrivial p′-element, and tmy is not a p-element contrary to the

assumption. So (tm)s is a nontrivial p-element for every m ∈M1. Next, we have

(tm)s = tm tm tm · · · tm︸ ︷︷ ︸
s times

= ts · t1−smts−1 · t2−smts−2 · ts−3m · · · tm =

= tsmt(s−1)

mt(s−2)

· · ·mtm = tsmx,

where x ∈ N = M2 × · · · ×Ms, [x, t
sm] = 1.

Obviously, N ∩M1〈tsm〉 = 1, and hence tsm is the image of (tm)s under the

natural isomorphism of M〈(tm)s〉/N on M1〈tsm〉. Since (tm)s is a nontrivial p-

element, it follows that tsm is also a nontrivial p-element, and M1〈tsm〉 satis�es
the assumption of Proposition 1.1 with M1 for F and ts for t.

Due to minimality, we conclude that G = M1〈ts〉, and the result follows. �

Lemma 3.4. If P is a proper insoluble subgroup of M , then the number of conjugacy

classes of subgroups isomorphic to P is at least three.
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Proof. Suppose the contrary. We can assume that G = M〈t〉 6 Aut(M). Let P

be a proper insoluble subgroup of M and C1, . . . , Cr be pairwise distinct classes

of subgroups isomorphic to P and conjugate in M . By assumption r 6 2. The

group Aut(M) acts naturally on {C1, . . . , Cr}, therefore the stabilizer of C1 in

Aut(M) contains G. This means that if P ∈ C1, then MNG(P ) = G, and therefore

the subgroup (NG(P ) ∩M) · 〈t1〉 for t = mt1, m ∈ M , t1 ∈ NG(P ) satis�es the

assumption of Proposition 1.1 with NG(P )∩M for F and t1 for t. Indeed, if m1 ∈
NG(P )∩M , thenm1t1 = m1m

−1 ∈M . Thus we get a contradiction with minimality

of G, and the result follows. �

Lemma 3.5. M is isomorphic to one of the following groups:

L2(q), q > 4;Sz(22n+1), n > 1;R(q) = 2G2(q), q = 3l, l > 1;L3(3);U3(3).

Proof. By the assumption of Proposition 1.1, the group of outer automorphisms of

M cannot be a 2-group, that is, M is a Lie type group over some �nite �eld R. By

Lemmas 3.4 and 2.1 the group M has a projective representation of degree at most

6 over R. Now tables in [9] and Lemma 2.2 show that the lemma is true. �

Lemma 3.6. The group G does not exist.

Proof. By Lemmas 3.2 and 3.3, we have G = M〈t〉, where M is one of the

groups listed in Lemma 3.5. Obviously, G 6 Aut(M). Since the groups of outer

automorphisms of L3(3) and U3(3) are 2-groups, then M is isomorphic to one of

the groups L2(q), q > 4; Sz
(
22n+1

)
, n > 1 or R

(
3l
)
, l > 1. In each of these cases

we can assume that t induces in M a �eld automorphism. Therefore the centralizer

of t in M is not a p-group in contradiction with the assumption of Proposition 1.1,

and the result follows. �

Proof of Proposition 1.1. The result follows from Lemmas 3.1 - 3.6. �

4. Proof of Theorem 1.1

Suppose that G is a counterexample to Theorem 1.1. Then G/F has an element

Ft of prime odd order, and F 〈t〉 contradicts the conclusion of Proposition 1.1.
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