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1. Introduction

Let f be a 2π-periodic locally integrable function and

an = an(f) =
1

π

∫ π

−π
f(x) cosnxdx, bn = bn(f) =

1

π

∫ π

−π
f(x) sinnxdx

be its Fourier coe�cients, and let

(1.1) Sn(f, x) =
a0
2

+

n∑
k=1

(ak cos kx+ bk sin kx)

be the partial sums of the Fourier series of a function f with respect to the trigonometric

system.

Let (αn) (αn > −1) and (Sn), n ∈ N, be sequences of real numbers, and let

(1.2) σαn
n ≡

n∑
ν=0

Aαn−1
n−ν Sν/A

αn
n ,

where

(1.3) Aαn

k = (αn + 1)(αn + 2) · ... · (αn + k)/k!.

It is clear that σ0
n = Sn. If (αn) is a constant sequence (αn = α, n ∈ N), then σαn

n

coincide with the usual Ces�aro σαn -means (see [18, Chapter III]). If in (1.2) instead

of Sν we substitute Sν(f, x) (see (1.1)), then the corresponding means σαn
n we will

denote by σαn
n (f, x).
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These means, called generalized Ces�aro (C,αn)-means, were studied by Kaplan

[6], where the author compared the (C,αn) and (C,α) summability methods, and

obtained necessary and su�cient conditions, in terms of the sequence (αn), for the

inclusion (C,αn) ⊂ (C,α), and su�cient conditions for the inclusion (C,α) ⊂ (C,αn).

Later on Akhobadze [1] � [4] and Tetunashvili [11] � [16] have investigated problems

concerning (C,αn) summability of trigonometric Fourier series. In papers [1] � [4] the

behavior of generalized Ces�aro (C,αn)-means (αn ∈ (−1; d), d > 0) of trigonometric

Fourier series of functions from various classes of continuous functions were studied,

and the sharpness of the obtained results were shown. Lebesgue [8] proved that every

function from L[0; 2π] has a Fourier series the sequence of (C, 1)-means of which is a.e.

convergent, and then M. Riesz [10] generalized this result for (C,α)-means (α > 0).

Observe that if αn → 0+, then the behavior of (C,αn)-means for Fourier series of

integrable functions is di�erent in the sense of pointwise convergence.

In [16], Tetunashvili proved the following theorem.

Theorem 1.1. Let the sequence (αn) be such that for some positive number m we

have

αn ≤
c

lnn
,

where 0 ≤ c < ln 2 and n > m. Then for any series with partial sums Sn satisfying

the condition:

lim sup
n→+∞

|Sn| = +∞,

the following is true:

lim sup
n→+∞

|σαn
n | = +∞.

Throughout the paper the letter c is used to denote positive constants depending

only on the indicated parameters, the value of which can vary from line to line.

If the sequence (αn) satis�es the condition of Theorem 1.1, then in view of Kolmogorov's

well known result (see, e.g., [7], [5, Chapter V]), we can conclude that there exists an

integrable function f0 such that the sequence σαn
n (f0, x) diverges almost everywhere.

On the other hand, in [13] Tetunashvili proved the following theorem.

Theorem 1.2. For any function f ∈ L(0; 2π) and a number ε > 0, there exist a

sequence of numbers αn ↓ 0 and a set F ⊂ [0; 2π] with |F | > 2π − ε, such that

lim
n→+∞

σαn
n (f, x) = f(x)

at every point x ∈ F , where |F | denotes the Lebesgue measure of the set F .
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Observe that for the function constructed by Kolmogorov the conclusion of Theorem

1.2 is true. It is clear that in this case the sequence (αn) does not satisfy the condition

of Theorem 1.1.

The theorems that follow give important information on the pointwise convergence

of (C,αn)-means of trigonometric Fourier series in the case where αn → 0+.

Theorem 1.3. Let 0 ≤ αn ≤ βn. Then the (C,αn) summability of a number sequence

(Sn) to S implies the (C, βn) summability of (Sn) to S.

Theorem 1.4. Let f ∈ L(0; 2π) and αn → 0+ as n → +∞. Then for almost every

x ∈ (0; 2π) we have

lim
n→+∞

αnσ
αn
n (f, x) = 0.

2. Proof of theorems 1.3 and 1.4

Proof of Theorem 1.3. To prove it we use the scheme proposed by Kaplan [6]. Let

σαn
n =

1

Aαn
n
Sαn
n =

1

Aαn
n

n∑
k=0

Aαn−1
n−k Sk.

We shall express σβn
n by numbers σαn

n as their regular mean. For all k ∈ {0, 1, ..., n}
we examine the sums (see [18, Chapter III, (1.10)]):

Sαk

k = Sαk−βn+βn

k =

k∑
j=0

Aαk−βn−1
k−j Sβn

j .

Let us consider these expressions as a system of linear equations with respect to the

variables Sβn

k , k ∈ {0, 1, ..., n}. Taking into account that Aαk−βn−1
0 = 1, we can easily

obtain that the determinant of this system is equal to 1. By Cramer's rule we have

Sβn
n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 Sα0
0

Aα1−βn−1
1 1 . . . 0 Sα1

1

. . . . . . . . . . . . . . .

A
αn−1−βn−1
n−1 A

αn−1−βn−1
n−2 . . . 1 S

αn−1

n−1

Aαn−βn−1
n Aαn−βn−1

n−1 . . . Aαn−βn−1
1 Sαn

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Expanding this determinant by the last n-th column, we get

Sβn
n =

n∑
k=0

Ak,nS
αk

k ,
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where Ak,n is the cofactor of the element Sαk

k , k ∈ {0, 1, ..., n}. It is easy to see that

σβn
n =

n∑
k=0

Ak,n ·Aαk

k

Aβn
n

σαk

k .

Therefore, denoting

ank := Ak,n ·Aαk

k /Aβn
n ,

we get

(2.1) σβn
n =

n∑
k=0

ankσ
αk

k .

Now we prove that matrix (ank) is regular.

The following equalities are well known (see, e.g., [18, Chapter III, (1.10)]):

Aαk

k =

k∑
j=0

Aαk−βn−1
k−j Aβn

j , k ∈ {0, 1, ..., n} .

Observe that these equalities can be considered as a system of linear equations with

respect to variables Aβn

j . Then arguing analogously as above, we get

Aβn
n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 Aα0
0

Aα1−βn−1
1 1 . . . 0 Aα1

1

. . . . . . . . . . . . . . .

A
αn−1−βn−1
n−1 A

αn−1−βn−1
n−2 . . . 1 A

αn−1

n−1

Aαn−βn−1
n Aαn−βn−1

n−1 . . . Aαn−βn−1
1 Aαn

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Expanding this determinant by the last n-th column, we obtain

Aβn
n =

n∑
k=0

Ak,n ·Aαk

k .

Let An =
∑n
k=0 ank. Then by the previous equality we have

(2.2) An =

n∑
k=0

Ak,n ·Aαk

k

Aβn
n

= 1.

Thus, the �rst condition of regularity is ful�lled.

Next, we consider the cofactors Ak,n (k ∈ {0, 1, ..., n}). It is clear that An,n = 1.

Now we estimate the cofactor An−1,n in the determinant Aβn
n . To this end, in the

determinant Aβn
n , we rewrite the last n-th column by the (n − 1)-th column, and

observe that the obtained determinant is equal to zero. Then expanding it by the last

column, we get 0 = Aαn−βn−1
1 ·An,n+An−1,n. Since αn ≤ βn we have Aαn−βn−1

1 ≤ 0,
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and hence, taking into account that An,n = 1, from the last equality we obtain

An−1,n ≥ 0. Analogously, we can show that the cofactor An−2,n is nonnegative. In

particular, in the given matrix the last n-th column we can rewrite by the (n− 2)-th

column. Then the value of the corresponding determinant will be 0. If we expand the

last determinant by the last column, we obtain

0 = Aαn−βn−1
2 ·An,n +A

αn−1−βn−1
1 ·An−1,n +An−2,n.

Therefore, An−2,n ≥ 0. Repeating the above reasonings for each cofactor Ak,n and

taking into account that Ak+1,n, ..., An,n ≥ 0, we get Ak,n ≥ 0, k ∈ {0, 1, ..., n}. Thus,
we have

Nn =

n∑
k=0

|ank| = An = 1, n ∈ {0, 1, ...} .

It is clear that

(2.3) 0 ≤ ank ≤ 1, k ∈ {0, 1, ..., n} .

Finally, we show that lim
n→∞

ank = 0. Let α′n = αn− 1/2 and β′n = βn− 1/2. It is clear

that α′k − β′n = αk − βn, k ∈ {0, 1, ..., n}. Therefore, the above considered cofactors

depend only on the di�erence αk−βn, and hence, using the above arguments applied

to these new sequences, we get

0 ≤ a′nk = Ak,n ·A
α′k
k /A

β′n
n ≤ 1,

implying that Ak,n ≤ A
β′n
n /A

α′k
k . Using this estimation for the inequalities 0 ≤ ank ≤

1, k ∈ {0, 1, ..., n}, and taking into account that for �xed k, the numbers Aαk

k and

A
α′k
k are �xed, we get

0 ≤ ank ≤ Aαk

k ·A
β′n
n /(Aβn

n ·A
α′k
k ) = O(nβ

′
n/nβn) = O(1/

√
n)→ 0, n→∞.

Thus, we have proved that the matrix (ank) is regular. �

Proof of Theorem 1.4. We have (see [18, Chap. III, (5.4)])

σαn
n (f, x) =

1

2π

∫ π

0

χx(t)K
αn
n (t)dt+ f(x),

where

χx(t) = f(x+ t) + f(x− t)− 2f(x).

In what follows we will need the following estimates for the kernel Kαn
n (t) (see [18,

Chapter III] and [2, Lemmas 1 and 2]):

|Kαn
n (t)| ≤ n+ 1, |Kαn

n (t)| ≤ c

nαnt1+αn
.
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Since for almost all Lebesgue point x the value of |f(x)| is �nite, we have αnf(x)→ 0

as n→ +∞. On the other hand, for such point x, we can write

1

2π

∫ π

0

χx(t)K
αn
n (t)dt =

1

2π

∫ 1/n

0

χx(t)K
αn
n (t)dt+

1

2π

∫ π

1/n

χx(t)K
αn
n (t)dt =

:= A1(n, x) +A2(n, x).

Besides, for any ε > 0 there exists δ(ε) such that for all δ (0 < δ < δ(ε))

1

δ

∫ δ

0

|χx(t)|dt < ε.

Let nδ be a natural number for which 1/nδ < δ < δ(ε). Then, for n > nδ we have

|A1(n, x)| ≤
n+ 1

2π

∫ 1/n

0

|χx(t)|dt < ε.

On the other hand, using integration by parts, we get

|A2(n, x)| ≤
c

nαn

∫ π

1/n

|χx(t)|t−1−αndt =

=
c

nαn
t−1−αn

∫ t

0

|χx(u)|du
∣∣∣∣π
1/n

+
c(1 + αn)

nαn

∫ π

1/n

t−2−αn

∫ t

0

|χx(u)|dudt =

=: B1(n, x) +B2(n, x).

It is easy to see that

B1(n, x) = Ox(1).

For B2(n, x) we have the estimate

B2(n, x) ≤
c

nαn

(∫ δ

1/n

+

∫ π

δ

)
t−2−αn

∫ t

0

|χx(u)|dudt =: F1(n, x) + F2(n, x).

Next, the functions F1(n, x) and F2(n, x) can be estimated as follows:

F1(n, x) =
c

nαn

∫ δ

1/n

t−1−αn
1

t

∫ t

0

|χx(u)|dudt ≤
cε

nαn

∫ δ

1/n

t−1−αndt =

=
cε

nαn
· 1

αn
·
(
nαn − 1

δαn

)
<

cε

αn

and

F2(n, x) =
c

nαn

∫ π

δ

t−2−αn

∫ t

0

|χx(u)|dudt ≤

≤ c

nαnδ2+αn

∫ π

δ

∫ t

0

|χx(u)|dudt = Ox,δ

(
1

nαn

)
.

Therefore, A2(n, x) = ox(1/αn), n→ +∞. �
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3. Appendix. The case of continuous functions

Let C([0, 2π]) denote the space of 2π-periodic continuous functions with norm

||f ||C([0,2π]) = max
x∈[0,2π]

|f (x) |. If f ∈ C([0, 2π]), then

ω(δ, f) = max{|f(x1)− f(x2)| : |x1 − x2| ≤ δ, x1, x2 ∈ [0, 2π]}

is called the modulus of continuity of the function f . For a given modulus of continuity

ω, by Hω we denote the class of functions f ∈ C([0, 2π]) for which (see [9]):

ω(δ, f) ≤ ω(δ), δ ∈ [0, 2π).

If the sequence (αn) satis�es the condition of Theorem 1.1, then there exists a

continuous function f0 such that σαn
n (f0, x) diverges at a point. On the other hand,

Tetunashvili [12] showed that for any continuous function there exists a sequence

of numbers αn ↓ 0, n → +∞, such that the (C,αn)-means of partial sums of

trigonometric Fourier series of this function converge at every point. Then, Akhobadze

[2] improved this result by proving the following theorem.

Theorem 3.1. If f ∈ Hω and αn ∈ (0, 1], n = 3, 4, ..., then

(3.1) ||σαn
n (·, f) − f(·)||C ≤ c ·max

 nαn − 1

αn · nαn
ω(1/n),

αn
n

π∫
π/n

ω(t)

t2
dt

 ,

where c is an absolute constant.

From the last statement we can easily conclude that for any modulus of continuity

ω there exists a positive sequence αn = o(1) as n→ +∞, such that for any function

f ∈ Hω the generalized Ces�aro means σαn
n (f, x) converge uniformly. Indeed, every

continuous function f ∈ Hω, where instead of ω can be considered the modulus of

continuity of f . If αn tends to zero su�ciently �slowly�, then it can easily be proved

that
nαn − 1

αnnαn
ω

(
1

n

)
→ 0, n→ +∞.

On the other hand, we have (see [17, p. 91, (2;8.82)]):

αn
n

∫ π

π/n

ω(t)

t2
≤ cω · αn · ω

(
1

n

)
ln

1

ω(1/n)
→ 0, n→ +∞.

The last reasoning can be completed as follows. It is well known (see [18, Chapter

VIII, Theorem (2.1)]) that the condition ω(1/n) = O(1/ lnn) does not imply convergence

of Sn(f, x) for all continuous functions from Hω, but for the generalized Ces�aro means

we have di�erent result.
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Theorem 3.2. Let ω(1/n) = O(1/ lnn) and αn → 0+ as n→ +∞, and let

lim
n→+∞

αn · lnn = +∞,

then σαn
n (f, x) uniformly converge to f for every function f ∈ Hω.
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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà âîïðîñàì ðàçðåøèìîñòè èíòåãðàëüíîãî óðàâ-
íåíèÿ Âèíåðà-Õîïôà â ñëó÷àå, êîãäà ÿäðî K óäîâëåòâîðÿåò óñëîâèÿì 0 ≤

K ∈ L1(R),
∞∫
−∞

K(t)dt > 1, K(±x) ∈ C(3)(R+), (−1)n ·K(±x)(n)(x) ≥ 0, x ∈

R+, n = 1, 2, 3. Íà îñíîâå âîëüòåððîâñêîé ôàêòîðèçàöèè îïåðàòîðà Âèíåðà-
Õîïôà è ïðèâëå÷åíèÿ íåëèíåéíûõ ôóíêöèîíàëüíûõ óðàâíåíèé ñòðîÿòñÿ âå-
ùåñòâåííûå ðåøåíèÿ îäíîðîäíîãî è íåîäíîðîäíîãî óðàâíåíèÿ, ïðè âåùå-
ñòâåííîé è ñóììèðóåìîé ôóíêöèè g è âûøåóïîìÿíóòûõ óñëîâèÿõ. Èçó÷åíî
òàêæå ïîâåäåíèå ýòèõ ðåøåíèé â áåñêîíå÷íîñòè.

MSC2010 number: 45A05; 45B05

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå óðàâíåíèå Âèíåðà-Õîïôà; íåñèììåòðè÷íîå ÿä-
ðî, âîëüòåððîâñêàÿ ôàêòîðèçàöèÿ.

1. Ââåäåíèå

1.1. Òåîðèÿ èíòåãðàëüíûõ óðàâíåíèé âèäà

(1.1) f(x) = g(x) +

∞∫
0

K(x− t)f(t)dt, x ∈ R+ ≡ (0,∞),

ãäå f - èñêîìàÿ ôóíêöèÿ, èíòåíñèâíî ðàçâèâàëàñü, íà÷èíàÿ ñ îñíîâîïîëàãàþùåé

ðàáîòû Í. Âèíåðà è Å. Õîïôà [1]. Îñíîâîé äëÿ ìíîãî÷èñëåííûõ èññëåäîâàíèé

òàêèõ óðàâíåíèé ÿâèëàñü ñóùåñòâóþùàÿ ñâÿçü ìåæäó óðàâíåíèåì (1.1) è åãî

ñèìâîëîì:

(1.2) ρ(ω) = 1−
∞∫
−∞

K(t)eiωtdt, ω ∈ R ≡ (−∞,∞),

Íàèáîëåå ãëóáîêîå èññëåäîâàíèå óðàâíåíèé (1.1) è ñèñòåì òàêèõ óðàâíåíèé ïðî-

âåäåíî â ðàáîòàõ [2]�[4], ãäå ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå í�eòåðîâîñòè
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ýòèõ óðàâíåíèé (è ñèñòåì àíàëîãè÷åñêèõ óðàâíåíèé):

(1.3) ρ(ω) 6= 0, ∀ω ∈ R.

Ïðè íàðóøåíèè óñëîâèÿ (1.3) ñîîòâåòñòâóþùèé îïåðàòîð

(Λf)(x) = f(x)−
∞∫
0

K(x− t)f(t)dt, x ∈ R+,

äåéñòâóþùèé â ëþáîì èç ïðîñòðàíñòâ Lp(R+), p > 1, M(R+) è C(R+), íå áóäåò

íè Φ+, íè Φ−- îïåðàòîðîì (ñì. [5, ñ. 108]).

Èíòåãðàëüíûìè óðàâíåíèÿìè òèïà (1.1) îïèñûâàþòñÿ ìíîãèå çàäà÷è ìàòå-

ìàòè÷åñêîé ôèçèêè, òåîðåòè÷åñêîé àñòðîôèçèêè, ãàçîâîé äèíàìèêè (ñì. [6]�[8]).

Îäíàêî, âî ìíîãèõ èç ýòèõ óðàâíåíèé óñëîâèå (1.3) íå âûïîëíÿåòñÿ. Òàêàÿ ñèòóà-

öèÿ èìååò ìåñòî, â ÷àñòíîñòè, â êëàññè÷åñêîé ïðîáëåìå Ìèëíà â òåîðèè ïåðåíîñà

èçëó÷åíèÿ (ñì. [6], [8]).

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ óðàâíåíèÿ âèäà (1.1) ñ âåùåñòâåííûìè

ÿäðàìè K, äëÿ êîòîðûõ óñëîâèå (1.3) íå âûïîëíÿåòñÿ.

1.2. Îäíî èç íàïðàâëåíèé ðàçâèòèÿ òåîðèè óðàâíåíèé (1.1), äëÿ êîòîðûõ íà-

ðóøàåòñÿ óñëîâèå (1.3), åñòü èññëåäîâàíèÿ âîïðîñîâ ðàçðåøèìîñòè ýòèõ óðàâ-

íåíèé â òåõ èëè èíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, â çàâèñèìîñòè îò ïî-

ðÿäêà íóëåé ñèìâîëà ρ(ω) (ñì. [4], [5]). Èíîé ïîäõîä äëÿ èçó÷åíèÿ óðàâíåíèé

âèäà (1.1) áûë ðàçâèò â ðàáîòàõ [9],[10]. Îí îñíîâàí íà âîëüòåððîâñêóþ ôàêòîðè-

çàöèþ èíòåãðàëüíîãî îïåðàòîðà, ñ ïðèâëå÷åíèåì íåëèíåéíûõ ôóíêöèîíàëüíûõ

óðàâíåíèé. Ýòîò ïîäõîä ïîçâîëèë â óêàçàííûõ ðàáîòàõ ïîäðîáíî èçó÷èòü âîïðî-

ñû ðàçðåøèìîñòè è ïîñòðîåíèÿ ðåøåíèé óðàâíåíèÿ âèäà (1.1) ïðè K ∈ L1(R),
∞∫
−∞
|K(x)|dx ≤ 1.

Ïóñòü â óðàâíåíèè (1.1) ÿäðî K-âåùåñòâåííàÿ, íåîòðèöàòåëüíàÿ è ñóììèðóå-

ìàÿ íà R ôóíêöèÿ, èíòåãðàë êîòîðîãî îáîçíà÷èì ÷åðåç µ:

0 ≤ K ∈ L1(R), µ =

∞∫
−∞

K(x)dx.

Ìû áóäåì ðàçëè÷àòü ñëåäóþùèå êëàññû óðàâíåíèÿ (1.1), â çàâèñèìîñòè îò çíà-

÷åíèÿ µ:

(α) ïðè µ < 1 � êëàññ äèññèïàòèâíûõ óðàâíåíèé;

(β) ïðè µ = 1 � êëàññ êîíñåðâàòèâíûõ óðàâíåíèé;

(γ) ïðè µ > 1 � êëàññ çàêðèòè÷åñêèõ óðàâíåíèé.
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Îòìåòèì, ÷òî â êîíñåðâàòèâíîì ñëó÷àå óñëîâèå (1.3) íàðóøàåòñÿ â òî÷êå ω = 0.

Âîïðîñû ðàçðåøèìîñòè óðàâíåíèÿ (1.1) äëÿ êëàññîâ (α) è (β) èññëåäîâàíû â

[9],[10].

Íèæå áóäåò ðàññìîòðåí êëàññ çàêðèòè÷åñêèõ óðàâíåíèé (1.1), êîãäà íàðóøà-

åòñÿ óñëîâèå (1.3).

1.3. Ïóñòü E(R+) - îäíî èç ïðîñòðàíñòâ Lp(R+), p ≥ 1, M(R+) èëè C(R+), à J -

åäèíè÷íûé îïåðàòîð â E(R+).

Ïðåäñòàâèì óðàâíåíèå (1.1) â îïåðàòîðíîé ôîðìå:

(1.4) (J−K)f = g,

ãäå K- èíòåãðàëüíûé îïåðàòîð Âèíåðà-Õîïôà, ïðè÷åì 0 ≤ K ∈ L1(R).

Ïóñòü Ω± - ïðîñòðàíñòâà âîëüòåððîâûõ îïåðàòîðîâ V± âèäà

(V+f)(x) =

x∫
0

V+(x− t)f(t)dt, (V−f)(x) =

∞∫
x

V−(t− x)f(t)dt,

ãäå x ∈ R+, V± ∈ L1(R+), äåéñòâóþùèå â E(R+). Ðàññìîòðèì ðàçëîæåíèå

(1.5) J−K = (J− V−)(J− V+), V± ∈ Ω±.

Ðàâåíñòâî (1.5) ðàâíîñèëüíî ñëåäóþùåé íåëèíåéíîé ñèñòåìå (óðàâíåíèé Åíãè-

áàðÿíà):

(1.6)


V+(x) = K+(x) +

∞∫
0

V−(t)V+(x+ t)dt,

V−(x) = K−(x) +
∞∫
0

V+(t)V−(x+ t)dt, x ∈ R+,

ãäå K±(x) = K(±x), x ∈ R+. Äëÿ ÷åòíûõ ôóíêöèé K (ñèììåòðè÷åñêèé ñëó÷àé)

ïîñëåäíÿÿ ñèñòåìà îáðàùàåòñÿ â óðàâíåíèå

(1.7) V (x) = K(x) +

∞∫
0

V (t)V (x+ t)dt, x ∈ R+.

Â ýòîì ñëó÷àå äëÿ ðåøåíèÿ (V+, V−) ñèñòåìû (1.6) èìååì V± = V .

Â [9] äîêàçàíà ðàçðåøèìîñòü ñèñòåìû (1.6), óðàâíåíèÿ (1.7) è ðåàëèçîâàíà

ôàêòîðèçàöèÿ (1.5) äëÿ êëàññîâ (α) è (β) óðàâíåíèÿ (1.1). (ñì. [9], �1, òåîðåìà1.2)

Íèæå áóäåò äîêàçàíà âîçìîæíîñòü ôàêòîðèçàöèè (1.5) äëÿ êëàññà (γ) â ñëó-

÷àå, êîãäà íàðóøàåòñÿ óñëîâèå (1.3).
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1.4. Óðàâíåíèþ (1.1) â ñëó÷àå, êîãäà ÿäðî K ñóììèðóåìî íà R è ïðåäñòàâëåíî â

âèäå ñóïåðïîçèöèè ýêñïîíåíò:

(1.8) K±(x) =

b∫
a

e−xpdσ±(p), x ∈ R+, [a, b) ⊂ [0,∞),

ãäå σ± � íåóáûâàþùèå íåïðåðûâíûå ñëåâà ôóíêöèè íà [a, b), óäîâëåòâîðÿþùèå

óñëîâèÿì

µ =

∞∫
−∞

K(x) dx =

b∫
a

dσ+(s)

s
+

b∫
a

dσ−(s)

s
≤ 1,

ïîñâÿùåíî ìíîæåñòâî òåîðåòè÷åñêèõ è ïðèêëàäíûõ èññëåäîâàíèé (ñì. [6] � [8],

[10] � [12]). Òàêèå óðàâíåíèÿ èìåþò íàèáîëåå âàæíûå ïðèìåíåíèÿ â òåîðèè ïå-

ðåíîñà èçëó÷åíèÿ è â êèíåòè÷åñêîé òåîðèè ãàçîâ (ñì. [5]-[7]).

Óðàâíåíèþ (1.1) ñ ÿäðàìè âèäà (1.8) â çàêðèòè÷åñêîì ñëó÷àå µ > 1 áûëè ïîñâÿ-

ùåíû ðàáîòû [11]-[12]. Â [11], èñïîëüçóÿ òåîðèþ R-ôóíêöèé, äîêàçàíà ðàçðåøè-

ìîñòü îäíîðîäíîãî óðàâíåíèÿ (1.1) ïðè äîïîëíèòåëüíîì óñëîâèè
∞∫
−∞
|t|K(t)dt <

∞. Çàäà÷à ôàêòîðèçàöèè (1.5) äëÿ èíòåãðàëüíîãî îïåðàòîðà Âèíåðà-Õîïôà ïðè

óñëîâèÿõ µ > 1 è (1.8) áûëà ïîäðîáíî èçó÷åíà â [12]. Íà îñíîâå ðàññìàòðèâà-

åìîé ôàêòîðèçàöèè â óêàçàííîé ðàáîòå ïîñòðîåíû âåùåñòâåííûå ðåøåíèÿ êàê

îäíîðîäíîãî, òàê è íåîäíîðîäíîãî çàêðèòè÷åñêîãî óðàâíåíèÿ (1.1) ñ ÿäðàìè âè-

äà (1.8). Çàêðèòè÷åñêîå óðàâíåíèå (1.1), êîãäà âåëè÷èíà µ áëèçêà ê åäèíèöå,

ðàññìàòðèâàëîñü â [13]. Îòìåòèì, ÷òî ïðåäñòàâëåíèå (1.8) ýêâèâàëåíòíî âïîëíå

ìîíîòîííîñòè íà R+ ôóíêöèé K±, ò.å. âûïîëíåíèþ óñëîâèé (ñì. [14], ñòð. 255.)

(1.9) K± ∈ C∞(R+) è (−1)nK
(n)
± (x) ≥ 0, x ∈ R+, n = 1, 2, 3, ....

Â ðàáîòå àâòîðà [15] ðàññìàòðèâàëàñü çàäà÷à ôàêòîðèçàöèè îïåðàòîðà Âèíåðà-

Õîïôà ñ ñèììåòðè÷íûì ÿäðîì â çàêðèòè÷åñêîì ñëó÷àå µ > 1, ïðè áîëåå îáùèõ,

÷åì (1.9) óñëîâèÿõ. Ðåçóëüòàòû íàñòîÿùåé ðàáîòû îáîáùàþò è äîïîëíÿþò óòâåð-

æäåíèÿ óêàçàííîé ðàáîòû.

1.5. Èçëîæèì íåêîòîðûå ôàêòû ïî ðàçðåøèìîñòè ñèñòåìû (1.6) è ïî ïîñòðî-

åíèþ ôàêòîðèçàöèè (1.5), ïîëó÷åííûå â [9] äëÿ êëàññà (β). Ýòè ôàêòû áóäóò

èñïîëüçîâàíû â íàñòîÿùåé ðàáîòå.

Ïóñòü
o

K- åñòü ÿäðî, óäîâëåòâîðÿþùåå óñëîâèÿì (êîíñåðâàòèâíîñòè)

(1.10) 0 ≤
o

K∈ L1(R),

∞∫
−∞

o

K (t) dt = 1.
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×åðåç (
o

V +,
o

V −) îáîçíà÷èì ðåøåíèå ñèñòåìû (1.6) ïðè K =
o

K:

(1.11)


o

V + (x) =
o

K+ (x) +
∞∫
0

o

V − (t)
o

V + (x+ t) dt,

o

V − (x) =
o

K− (x) +
∞∫
0

o

V + (t)
o

V − (x+ t) dt, x ∈ R+.

(Çäåñü
o

K± (x) =
o

K (±x), x ∈ R+). Èç [9] è [10] èìååì

(1.12) 0 ≤
o

V ±∈ L1(R+)
o
γ±≡

∞∫
0

o

V ± (t)dt ≤ 1, (1−
o
γ−)(1−

o
γ+) = 0,

ïðè÷åì â ñëó÷àå ñõîäèìîñòè èíòåãðàëà
∞∫
−∞
|t|

o

K (t)dt, èç
∞∫
−∞

x
o

K (x)dx = 0

ñëåäóåò
o
γ±= 1 (ñì. [10]). Ïðè äîïîëíèòåëüíîì óñëîâèè

∞∫
−∞

t2
o

K (t)dt < ∞

èìååò ìåñòî
∞∫
0

t
o

V ± (t)dt < ∞, ÷òî ðàâíîñèëüíî ñóììèðóåìîñòè íà R+ ôóíêöèé

ψ±(x) =
∞∫
x

o

V ± (t)dt.

1.6. Çàäà÷à ôàêòîðèçàöèè (1.5) äëÿ îïåðàòîðîâ K ñ íåîòðèöàòåëüíûì ÿäðîì â

çàêðèòè÷åñêîì ñëó÷àå µ > 1 èññëåäîâàíà â [12],[15]. Â ðàáîòå [12] ïîäðîáíî èçó-

÷åíà çàäà÷à (1.5), êîãäà ÿäðî K-ñóììèðóåìàÿ íà R âïîëíå ìîíîòîííàÿ ôóíêöèÿ

(ò.å. K±(x) ≡ K(±x), x ∈ R+ ïðåäñòàâëÿþòñÿ â âèäå (1.8)) ïðè µ > 1.

Êàê áûëî îòìå÷åíî âûøå â êîíñåðâàòèâíîì ñëó÷àå µ = 1 óñëîâèå (1.3) íàðó-

øàåòñÿ â òî÷êå ω = 0. Â [15] ïîêàçàíà, ÷òî â çàêðèòè÷åñêîì ñëó÷àå µ > 1 äëÿ

ëþáîãî ñóììèðóåìîãî ñèììåòðè÷íîãî (÷åòíîãî) ÿäðà K óñëîâèå (1.3) íàðóøàåò-

ñÿ â äâóõ òî÷êàõ ω = ±ωo, ãäå ωo 6= 0. Íèæåïðèâåäåííûé ïðèìåð ïîêàçûâàåò, ÷òî

óñëîâèå (1.3) ìîæåò íàðóøèòüñÿ è äëÿ íåñèììåòðè÷íûõ ÿäåð K. Èìåííî, çàäà÷à

(1.5) äëÿ òàêèõ îïåðàòîðîâ K áóäåò ïðåäìåòîì èçó÷åíèÿ íàñòîÿùåé ðàáîòû.

Ïðèìåð. Äëÿ íåñèììåòðè÷íîãî ÿäðà

(1.13) K(x) =

{
4e−2x, ïðè x ≥ 0,

3ex, ïðè x < 0,

èíòåãðàëüíîãî îïåðàòîðà Âèíåðà-Õîïôà K èìååò ìåñòî

0 ≤ K ∈ L1(R), µ ≡
∞∫
−∞

K(x)dx = 5 è ρ(2
√

2) = 0,

ãäå ρ(ω) îïðåäåëÿåòñÿ ñîãëàñíî (1.2), (ñì. Çàìå÷àíèå ê òåîðåìå 2.1).
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2. Ôàêòîðèçàöèÿ îïåðàòîðà Âèíåðà-Õîïôà ñ íåñèììåòðè÷åñêèì

ÿäðîì â çàêðèòè÷åñêîì ñëó÷àå

Ðàññìîòðèì çàäà÷ó (1.5) è ñîîòâåòñòâóþùóþ ñèñòåìó (1.6) äëÿ îïåðàòîðà ñ

çàêðèòè÷åñêèì ÿäðîì K à òàêæå ñèñòåìó (1.11), ãäå ôóíêöèÿ
o

K óäîâëåòâîðÿåò

óñëîâèÿì (1.10) è óñëîâèþ
∞∫
−∞

t
o

K (t)dt = 0. Îáîáùàÿ óòâåðæäåíèÿ ëåìì 1 è 2

ðàáîòû [15], ìîæíî àíàëîãè÷íûìè ðàññóæäåíèÿìè äîêàçàòü ñëåäóþùèå ëåììû.

Ëåììà 2.1. Ïóñòü ôóíêöèÿ
o

K óäîâëåòâîðÿåò (1.10), ïðè÷åì
∞∫
−∞

x2
o

K (x)dx <

∞ (òîãäà è
∞∫
−∞
|x|

o

K (x)dx < ∞) è ïóñòü
∞∫
−∞

x
o

K (x)dx = 0. Òîãäà äëÿ ëþáîãî

äåéñòâèòåëüíîãî ω ôóíêöèè K± è V±, îïðåäåëÿåìûå íà R+ ðàâåíñòâàìè

(2.1) K±(x) =
o

K± (x) + ω2

∞∫
x

dt

∞∫
t

o

K± (u)du, V±(x) =
o

V ± (x) + iω

∞∫
x

o

V ± (t)dt,

x ∈ R+, à (
o

V +,
o

V −) � ðåøåíèå ñèñòåìû (1.11), áóäóò óäîâëåòâîðÿòü ñèñòåìå

(1.6).

Äîêàçàòåëüñòâî. Èç óñëîâèÿ
∞∫
−∞

t
o

K (t)dt = 0 ñëåäóåò
o
γ±= 1. Ðàññìîòðèì ïåð-

âîå èç óðàâíåíèé ñèñòåìû (1.11). Èíòåãðèðóÿ ýòî ðàâåíñòâî â ïðåäåëàõ îò x ≥ 0

äî ∞ è èñïîëüçóÿ òåîðåìó Ôóáèíè (ñì. [16, ñ. 317]), ïîëó÷àåì

∞∫
x

o

V + (t)dt =

∞∫
x

o

K+ (t)dt+

∞∫
0

o

V − (t)dt

∞∫
x+t

o

V + (u)du,

îòêóäà ñ ó÷åòîì
o
γ−= 1 ñëåäóåò

∞∫
x

o

K+ (t)dt =

∞∫
0

o

V + (x+ t)dt

∞∫
t

o

V − (u)du.

Óìíîæèâ ïîëó÷åííîå ðàâåíñòâî íà iω, ãäå ω - ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî

è ñëîæèâ ñ ïåðâûì èç ðàâåíñòâ (1.11), ïðèõîäèì ê

(2.2)
o

V + (x) = (
o

K+ (x)− iω
∞∫
x

o

K+ (t)dt) +

∞∫
0

V−(t)
o

V + (x+ t)dt,

ãäå ÷åðåç V−(x) îáîçíà÷åíà ôóíêöèÿ

(2.3) V−(x) =
o

V − (x) + iω ·
∞∫
x

o

V − (t)dt, x ∈ R+.
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Èíòåãðèðîâàíèå ðàâåíñòâà (2.2) â ïðåäåëàõ îò x ≥ 0 äî ∞ äàåò

∞∫
x

o

V + (t)dt =

 ∞∫
x

o

K+ (t)dt− iω ·
∞∫
x

dt

∞∫
t

o

K+ (u)du

+

∞∫
0

V−(t)dt

∞∫
x+t

o

V + (u)du.

Óìíîæèâ ïîñëåäíåå ðàâåíñòâî íà iω è ñëîæèâ ñ (2.2), ïîëó÷àåì

V+(x) = K+(x) +

∞∫
0

V−(t)V+(x+ t)dt, x ∈ R+,

ãäå

(2.4) K+(x) =
o

K+ (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K+ (u)du, V+(x) =
o

V + (x) + iω ·
∞∫
x

o

V + (t)dt.

Àíàëîãè÷íûå ïðåîáðàçîâàíèÿ âòîðîãî èç ðàâåíñòâ (1.11) ïðèâîäÿò ê ðàâåíñòâó

V−(x) = K−(x) +

∞∫
0

V+(t)V−(x+ t)dt, x ∈ R+,

ãäå ôóíêöèè V± îïðåäåëåíû â (2.3) è (2.4), à

K−(x) =
o

K− (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K− (u)du, x ∈ R+.

Çàìåòèì, ÷òî ïðè óñëîâèè
∞∫
−∞

x2
o

K (x)dx <∞ èìååì
∞∫
0

x
o

V ± (x)dx <∞, (ñì. [10,

�4, n.1]) è îáà ýòè óñëîâèÿ îáåñïå÷èâàþò ñóììèðóåìîñòü K± è V± íà R+. �

Ëåììà 2.2. Ïóñòü êàæäàÿ èç ôóíêöèé K± óäîâëåòâîðÿåò óñëîâèÿì

(2.5) 0 ≤ K± ∈ L1(R+) ∩ C(1)(R+), K
(1)
± ≤ 0 íà R+,

à ω ∈ R+. Òîãäà ôóíêöèè
o

K±, îïðåäåëÿåìûå ðàâåíñòâàìè

(2.6)
o

K± (x) = K±(x)− ω ·
∞∫
0

K±(x+ t) sinωtdt, x ∈ R+,

ñóììèðóåìû íà R+, ïðè÷åì
∞∫
0

t
o

K± (t)dt <∞ è óäîâëåòâîðÿþò ñîîòâåòñòâó-

þùèì óðàâíåíèÿì

(2.7) K±(x) =
o

K± (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K± (u)du, x ∈ R+.

Äîêàçàòåëüñòâî ëåììû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2 èç [15].

Òåîðåìà 2.1. Ïóñòü K-îïåðàòîð Âèíåðà-Õîïôà, óäîâëåòâîðÿþùèé óñëîâèÿì:
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(à) äëÿ ÿäðà K èìååò ìåñòî

0 ≤ K ∈ L1(R),

∞∫
−∞

K(t)dt > 1;

(b) ñèìâîë ρ(ω) îïåðàòîðà (ñì.(1.2)) èìååò âåùåñòâåííûé êîðåíü: ρ(
o
ω) = 0,

o
ω∈ R, ïðè÷åì o

ω 6= 0; (ýòî óñëîâèå âûïîëíÿåòñÿ â ÷àñòíîñòè, åñëè ÿäðî

K åñòü ÷åòíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì (à))

(c) äëÿ ôóíêöèé K±(x) = K(±x), x ∈ R+ èìåþò ìåñòî

(2.8) K± ∈ L1(R+) ∩ C(3)(R+), (−1)nK
(n)
± ≥ 0 íà R+, n = 1, 2, 3.

Òîãäà ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ïðè÷åì ÿäðà V± ñîîòâåòñòâóþùèõ îïå-

ðàòîðîâ ÿâëÿþòñÿ ñóììèðóåìûìè íà R+ êîìïëåêñíîçíà÷íûìè ôóíêöèÿìè âèäà

(2.9) V±(x) =
o

V ± (x) + i
o
ω ·

∞∫
x

o

V ± (t)dt, x ∈ R+.

Çäåñü
o
ω - âåùåñòâåííûé êîðåíü ñèìâîëà ρ(ω), à âåùåñòâåííûå ôóíêöèè

o

V ±

îïðåäåëÿþòñÿ èç ñèñòåìû (1.11), ãäå
o

K± âûðàæàþòñÿ ÷åðåç äàííûå ôóíêöèè

K± ïîñðåäñòâîì ðàâåíñòâ

(2.10)
o

K± (x) = K±(x)− o
ω ·

∞∫
0

K±(x+ t) sin
o
ω tdt, x ∈ R+

ïðè÷åì ïðè âûïîëíåíèè (2.8) ýòè ôóíêöèè óäîâëåòâîðÿþò óñëîâèÿì êîíñåðâà-

òèâíîñòè

(2.11) 0 ≤
o

K±∈ L1(R+), µ =

∞∫
0

o

K+ (t)dt+

∞∫
0

o

K− (t)dt = 1

è óñëîâèÿì
∞∫
0

x2
o

K± (x)dx <∞.

Äîêàçàòåëüñòâî. Âî-ïåðâûõ ïîêàæåì, ÷òî åñëè
o
ω - âåùåñòâåííûé êîðåíü ñèìâî-

ëà ρ(ω), à ôóíêöèè K± óäîâëåòâîðÿþò óñëîâèÿì (2.8), òî îïðåäåëÿåìûå èç (2.10)

ôóíêöèè
o

K± áóäóò óäîâëåòâîðÿòü óñëîâèÿì (2.11), ïðè÷åì
∞∫
−∞

tK(t)dt = 0. Ñëå-

äîâàòåëüíî äëÿ ðåøåíèÿ (
o

V +,
o

V −) ñîîòâåòñòâóþùåé ñèñòåìû (1.11) áóäóò âûïîë-

íÿòüñÿ ðàâåíñòâà
o
γ±= 1, ãäå

o
γ±=

∞∫
0

o

V ± (t)dt.
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Åñëè ôóíêöèè K± óäîâëåòâîðÿþò óñëîâèÿì (2.8), òî î÷åâèäíî, ÷òî K±(∞) =

lim
x→∞

K±(x) = 0. Òàêæå ëåãêî óáåäèòüñÿ, ÷òî K
(1)
± (∞) = lim

x→∞
K

(1)
± (x) = 0, èáî

ôóíêöèè K
(1)
± ìîíîòîííû íà R+ è

∞∫
τ

∣∣∣K(1)
± (t)

∣∣∣ dt = −
∞∫
τ

K
(1)
± (t) dt = K±(τ) < +∞,

ïðè τ > 0. Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàëû â ïðàâîé ÷àñòè ðàâåíñòâà (2.10), ñ

ó÷åòîì K±(∞) = K
(1)
± (∞) = 0, ïîñëåäîâàòåëüíî ïîëó÷àåì

(2.12)
o

K± (x) = −
∞∫
0

K
(1)
± (x+ t) cos

o
ω tdt, x ∈ R+,

è

(2.13)
o

K± (x) =
1
o
ω
·
∞∫
0

K
(2)
± (x+ t) sin

o
ω tdt, x ∈ R+.

Ïîñêîëüêó 0 ≤ K
(2)
± ↓ íà R+, òî èç (2.13) äëÿ ëþáîãî x ∈ R+ èìååì

o

K± (x) ≥ 0

(ñì. [17, ñ. 544]). Èç (2.12) ïîëó÷àåì

∞∫
0

o

K± (x) dx ≤
∞∫
0

∞∫
0

∣∣∣K(1)(x+ t)
∣∣∣ dx dt = −

∞∫
0

∞∫
0

K(1)(x+t) dx dt =

∞∫
0

K(x) dx < +∞,

ò.å.
o

K±∈ L1(R+). Èíòåãðèðîâàíèå ðàâåíñòâ (2.12) â ïðåäåëàõ îò x ≥ 0 äî ∞ ñ

èñïîëüçîâàíèåì òåîðåìû Ôóáèíè äàåò

(2.14)

∞∫
x

o

K± (t)dt = − 1
o
ω
·
∞∫
0

K(1)(x+ t) sin
o
ω tdt.

(Ñóùåñòâîâàíèå âñåõ èíòåãðàëîâ â ïðàâûõ ÷àñòÿõ (2.12) � (2.14) îáåñïå÷èâàþò

óñëîâèÿ (2.8)).

Ïî óñëîâèþ òåîðåìû ñèìâîë (1.2) îïåðàòîðà èìååò âåùåñòâåííûé êîðåíü
o
ω∈

R+,
o
ω 6= 0. Òîãäà èç (1.2) èìååì

(2.15) 1−
∞∫
−∞

K(t) cos
o
ω tdt = 1−

∞∫
0

K+(t) cos
o
ω tdt−

∞∫
0

K−(t) cos
o
ω tdt = 0

è
∞∫
−∞

K(t) sin
o
ω tdt =

∞∫
0

K+(t) sin
o
ω tdt−

∞∫
0

K−(t) sin
o
ω tdt = 0.
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Ó÷èòûâàÿ ñîîòíîøåíèå (2.15), èç ðàâåíñòâ (2.12) ïîëó÷àåì

∞∫
−∞

o

K (t)dt =

∞∫
0

o

K+ (t)dt+

∞∫
0

o

K− (t)dt =

=

∞∫
0

K+(t) cos
o
ω tdt+

∞∫
0

K−(t) cos
o
ω tdt = 1.

Èíòåãðèðîâàíèå íà R+ ðàâåíñòâ (2.14) äàåò

∞∫
−∞

t
o

K (t)dt =

∞∫
0

t
o

K+ (t)dt−
∞∫
0

t
o

K− (t)dt =

=
1
o
ω

∞∫
0

K+(t) sin
o
ω tdt− 1

o
ω

∞∫
0

K−(t) sin
o
ω tdt =

1
o
ω

∞∫
−∞

K(t) sin
o
ω tdt = 0.

Òàêèì îáðàçîì, äëÿ ôóíêöèé
o

K è
o

K± (x) =
o

K (±x), x ∈ R+ èìååì

(2.16) 0 ≤
o

K±∈ L1(R+),

∞∫
−∞

o

K (t)dt = 1,

∞∫
−∞

t
o

K (t)dt = 0.

Ïîýòîìó äëÿ ðåøåíèÿ (
o

V +,
o

V −) ñèñòåìû (1.11) èìååò ìåñòî
o
γ±=

∞∫
0

o

V ± (t)dt = 1

(ñì. [10, Òåîðåìà 4.1]).

Ïðè âûïîëíåíèè óñëîâèé (2.8) ôóíêöèè
o

K± èç (2.10), â ñèëó ëåììû 2.2, áóäóò

óäîâëåòâîðÿòü ðàâåíñòâàì (2.7) ïðè ω =
o
ω. Îòêóäà ñëåäóåò

∞∫
x

dt

∞∫
t

o

K± (u)du ≤ (
o
ω)−2 ·K±(x),

÷òî ñîâìåñòíî ñ óñëîâèåì 0 ≤ K± ∈ L1(R+) äàåò
∞∫
0

x2
o

K± dx <∞.

Èòàê, ïðè âûïîëíåíèè óñëîâèé (à)-(c) òåîðåìû 2.1 ôóíêöèè
o

K±, îïðåäåëÿå-

ìûå ðàâåíñòâàìè (2.6) óäîâëåòâîðÿþò óðàâíåíèÿì (2.7). Åñëè (
o

V +,
o

V −) - ðåøåíèå

ñèñòåìû (1.11), ñîîòâåòñòâóþùèé ïîñòðîåííûì ôóíêöèÿì
o

K±, òî ôóíêöèè V±

èç (2.9) â ñèëó ëåììû 2.1 áóäóò óäîâëåòâîðÿòü ñèñòåìå (1.6). �

Ñâîéñòâî 2.1. Åñëè îïåðàòîð Âèíåðà-Õîïôà óäîâëåòâîðÿåò óñëîâèÿì (a)-(c)

òåîðåìû 2.1, òî ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ãäå ÿäðà îïåðàòîðîâ V± ÿâ-

ëÿþòñÿ êîìïëåêñíîçíà÷íûìè ñóììèðóåìûìè íà R+ ôóíêöèÿìè V±.
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Çàìå÷àíèå 2.1. Èñïîëüçóÿ ðåçóëüòàò äîêàçàííîé òåîðåìû, ìû ìîæåì ïî-

ñòðîèòü ÿäðà îïåðàòîðîâ ν± ôàêòîðèçàöèè (1.5) äëÿ îïåðàòîðà Âèíåðà-Õîïôà

ñ ÿäðîì (1.13).

Â óêàçàííîì ñëó÷àå èìååì
o
ω= 2

√
2. Äëÿ ôóíêöèé

o

K± èç (2.10) ïîëó÷àåì:
o

K+ (x) = 4
3e
−2x,

o

K− (x) = 1
3e
−x, x ∈ R+. Äàëåå îïðåäåëèì ðåøåíèå

( o

V +,
o

V −

)
ñèñòåìû (1.11), èìåþùåå âèä

o

V + (x) = A · e−2x,
o

V − (x) = B · e−x, x ∈ R+.

Ïðîñòûå âû÷èñëåíèÿ äàþò A = 2, B = 1. Èòàê,
o

V + (x) = 2 · e−2x,
o

V − (x) = e−x,

x ∈ R+. Íàêîíåö, èç ðàâåíñòâ (2.9) ïîëó÷àåì{
V+(x) = 2

(
1 + i

√
2
)
· e−2x,

V−(x) =
(
1 + i · 2

√
2
)
· e−x, x ∈ R+,

êîòîðûå âìåñòå äàþò ðåøåíèå ñèñòåìû (1.6) â ñëó÷àå (1.13).

3. Óðàâíåíèå Âèíåðà-Õîïôà ñ íåñèììåòðè÷íûì ÿäðîì â

çàêðèòè÷åñêîì ñëó÷àå

3.1. Îäíîðîäíîå óðàâíåíèå. Ðàññìîòðèì óðàâíåíèå

(3.1) S(x) =

∞∫
0

K(x− t)S(t)dt, x ∈ R+,

ãäå ÿäðî K óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.1. Ôàêòîðèçàöèÿ (1.5) ñâîäèò

ðåøåíèå ýòîãî óðàâíåíèÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ ñëåäóþùèõ äâóõ óðàâ-

íåíèé:

(3.2) ϕ(x) =

∞∫
x

V−(t− x)ϕ(t)dt,

(3.3) S(x) = ϕ(x) +

x∫
0

V+(x− t)S(t)dt, x ∈ R+,

ãäå (V+, V−) - ðåøåíèå ñèñòåìû (1.6) è ïðåäñòàâëÿåòñÿ â âèäå (2.9) ïîñðåäñòâîì

ðåøåíèÿ (
o

V +,
o

V −) ñîîòâåòñòâóþùåé ñèñòåìû (1.11). Òîãäà ðåøåíèå óðàâíåíèÿ

(3.1) ìîæåò áûòü îïðåäåëåíî èç óðàâíåíèÿ

(3.4) S(x) = e−i
o
ωx +

x∫
0

V+(x− t)S(t)dt, x ∈ R+,
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ïîñêîëüêó óðàâíåíèå (3.2) îáëàäàåò î÷åâèäíûì ðåøåíèåì ϕ(x) = e−i
o
ωx. Óðàâíå-

íèþ (3.4) óäîâëåòâîðÿåò âåùåñòâåííîå ðåøåíèå ñîîòâåòñòâóþùåãî êîíñåðâàòèâ-

íîãî óðàâíåíèÿ

(3.5) S(x) = cos
o
ω x+

x∫
0

o

V + (x− t)S(t)dt, x ∈ R+,

Ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ S óðàâíåíèÿ (3.5) ïðèõîäèì ê

ñëåäóþùåé òåîðåìå (ñì. [15, Òåîðåìà 2]).

Òåîðåìà 3.1. Îäíîðîäíîå óðàâíåíèå (3.1) â ñëó÷àå, êîãäà âûïîëíÿþòñÿ óñëîâèÿ

(a)-(c) òåîðåìû 2.1 îáëàäàåò âåùåñòâåííûì ðåøåíèåì S, ïðè÷åì

S(x) = O(x), ïðè x→∞.

3.2. Íåîäíîðîäíîå óðàâíåíèå. Ðàññìîòðèì òåïåðü íåîäíîðîäíîå óðàâíåíèå

(1.1) â ñëó÷àå, êîãäà äàííûå ôóíêöèè K è g ïðèíèìàþò äåéñòâèòåëüíûå çíà÷å-

íèÿ, ïðè÷åì g ∈ L1(R+), 0 ≤ K ≤∈ L1(R) è íàðóøàåòñÿ óñëîâèå (1.3). Åñëè ÿäðî

K óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.1, òî ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ÷òî

ïîçâîëÿåò ïîëó÷èòü ðåøåíèå óðàâíåíèÿ (1.1) ïîñëåäîâàòåëüíûì ðåøåíèåì ñëå-

äóþùèõ äâóõ âîëüòåððîâñêèõ óðàâíåíèé:

(3.6) ϕ(x) = g(x) +

∞∫
x

V−(t− x)ϕ(t)dt, x ∈ R+,

(3.7) f(x) = ϕ(x) +

x∫
0

V+(x− t)f(t)dt, x ∈ R+,

ãäå ôóíêöèè V± îïðåäåëÿþòñÿ ïîñðåäñòâîì ðàâåíñòâ (2.9), ïðè÷åì
o

V ± óäîâëå-

òâîðÿþò óñëîâèÿì
∞∫
0

o

V ± (t)dt = 1. Ïîñêîëüêó â ðàáîòå [15] íå áûëî ðàññìîòðåíî

íåîäíîðîäíîå óðàâíåíèå â çàêðèòè÷åñêîì ñëó÷àå, â ýòîì ïàðàãðàôå áóäóò ðàñ-

ñìîòðåíû êàê ñèììåòðè÷åñêèé, òàê è íåñèììåòðè÷åñêèé ñëó÷àè. Â ñèììåòðè÷å-

ñêîì ñëó÷àå èìååì K+(x) = K−(x) = K(x), x ∈ R+,
o

K+ (x) =
o

K− (x) =
o

K (x),

x ∈ R+ è
o

V + (x) =
o

V − (x) =
o

V (x), ãäå
o

V îïðåäåëÿåòñÿ èç óðàâíåíèÿ

o

V (x) =
o

K (x) +

∞∫
0

o

V (t)
o

V (x+ t)dt, x ∈ R+.
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Îáñóäèì âîïðîñû ðàçðåøèìîñòè óðàâíåíèÿ (3.6). Íàðÿäó ñ ýòèì óðàâíåíèåì ðàñ-

ñìîòðèì ñîîòâåòñòâóþùåå êîíñåðâàòèâíîå óðàâíåíèå

(3.8)
o
ϕ (x) =

o
g (x) +

∞∫
x

o

V − (t− x)
o
ϕ (t)dt, x ∈ R+,

è âûáåðåì ôóíêöèþ
o
g òàê, ÷òîáû åãî ðåøåíèå

o
ϕ óäîâëåòâîðÿëî òàêæå óðàâíå-

íèþ (3.6). Â [10] äîêàçàíî, ÷òî åñëè
o
g åñòü âåùåñòâåííàÿ ñóììèðóåìàÿ íà R+

ôóíêöèÿ, òî (3.8) îáëàäàåò ëîêàëüíî-èíòåãðèðóåìûì íà R+ ðåøåíèåì
o
ϕ, ïðè÷åì

o
ϕ∈ L1(R+), åñëè

∞∫
0

x|
o
g (x)|dx < ∞. Ýòî óòâåðæäåíèå ñïðàâåäëèâî òàêæå äëÿ

êîìïëåêñíîçíà÷íûõ ôóíêöèé
o
g.

Ïóñòü
∞∫
0

x|g(x)| dx < +∞. Èíòåãðèðóÿ ðàâåíñòâî (3.8) â ïðåäåëàõ îò x ≥ 0 äî

∞, ïîëó÷àåì

∞∫
x

o
ϕ (u)du =

∞∫
x

o
g (u)du+

∞∫
0

o

V − (t)dt

∞∫
x+t

o
ϕ (u)du,

îòêóäà ñ ó÷åòîì
o
γ−= 1 ñëåäóåò

∞∫
x

o
g (u)du =

∞∫
0

o
ϕ (x+ t)dt

∞∫
t

o

V − (u)du.

Óìíîæèâ ïîñëåäíåå ðàâåíñòâî íà i
o
ω è ñëîæèâ ñ (3.8), ïîëó÷àåì

(3.9)
o
ϕ (x) = (

o
g (x)− i oω ·

∞∫
x

o
g (u)du) +

∞∫
x

V−(t− x)
o
ϕ (t)dt,

ãäå V− îïðåäåëÿåòñÿ âòîðûì èç ðàâåíñòâ (2.9).

Òàêèì îáðàçîì, ôóíêöèþ
o
g íàäî âûáðàòü òàê, ÷òîáû

o
g (x)− i oω ·

∞∫
x

o
g (u)du = g(x), x ∈ R+,

îòêóäà ïîëó÷àåì

(3.10)
o
g (x) = g(x) + i

o
ω ·

∞∫
0

g(x+ t)ei
o
ωtdt, x ∈ R+.

Ïóñòü ϕ̃- ðåøåíèå óðàâíåíèÿ

(3.11) ϕ̃(x) = g(x) +

∞∫
x

o

V − (t− x)ϕ̃(t)dt, x ∈ R+,
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ãäå g åñòü ñâîáîäíûé ÷ëåí óðàâíåíèÿ (1.1). (Ìû ïîëàãàåì, ÷òî g-âåùåñòâåííàÿ è

ñóììèðóåìàÿ íà R+ ôóíêöèÿ). Ñîãëàñíî [10], ýòî ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

(3.12) ϕ̃(x) = g(x) +

∞∫
0

Φ−(t)g(x+ t)dt, x ∈ R+,

ãäå ðåçîëüâåíòíàÿ ôóíêöèÿ Φ− îïðåäåëÿåòñÿ èç óðàâíåíèÿ

Φ−(x) =
o

V − (x) +

x∫
0

o

V − (x− t)Φ−(t)dt, x ∈ R+.

Â ðàáîòå [10] íå òîëüêî äîêàçàíà ðàçðåøèìîñòü ïîñëåäíåãî óðàâíåíèÿ, íî è èçó-

÷åíû àñèìïòîòè÷åñêèå ïîâåäåíèÿ ôóíêöèé ϕ̃ è Φ− â +∞. Òîãäà, ëåãêî óáåäèòü-

ñÿ, ÷òî ðåøåíèåì óðàâíåíèÿ (3.8) (è ðåøåíèåì óðàâíåíèÿ (3.6)), ãäå
o
g èìååò âèä

(3.10) ÿâëÿåòñÿ ôóíêöèÿ

(3.13) ϕ(x) =
o
ϕ (x) = ϕ̃(x) + i

o
ω

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt,

ãäå ϕ̃ -âåùåñòâåííàÿ ôóíêöèÿ, êîòîðàÿ îïðåäåëÿåòñÿ èç (3.12). Ïîýòîìó ðåøåíèå

óðàâíåíèÿ (1.1) ìîæíî îïðåäåëèòü èç óðàâíåíèÿ (3.7), ãäå ϕ èìååò âèä (3.13):

(3.14) f(x) = (ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt) +

x∫
0

V+(x− t)f(t)dt,

çäåñü ôóíêöèÿ V+ îïðåäåëÿåòñÿ ñîãëàñíî (2.9).

Íàðÿäó ñ (3.14) ðàññìîòðèì êîíñåðâàòèâíîå óðàâíåíèå

(3.15) f(x) = ϕ∗(x) +

x∫
0

o

V + (x− t)f(t)dt, x ∈ R+,

è âûáåðåì ôóíêöèþ ϕ∗ òàê, ÷òîáû åãî ðåøåíèå óäîâëåòâîðÿëî òàêæå (3.14). Ëåã-

êî ïîêàçàòü, ÷òî äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû

ϕ∗(x)− i oω ·
x∫

0

ϕ∗(u)du = ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt x ∈ R+,

îòêóäà ñëåäóåò

ϕ∗(x) = ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt+ i

o
ω ei

o
ωx ·

x∫
0

e−i
o
ωtϕ̃(t) dt+

+(
o
ω)2 · ei

o
ωx ·

x∫
0

e−i
o
ωtdt

∞∫
0

ϕ̃(t+ u)ei
o
ωudu.(3.16)
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Ðåøåíèå óðàâíåíèÿ (3.15) ïðåäñòàâèìî â âèäå (ñì. [10, �3, ï.1])

f(x) = ϕ∗(x) +

x∫
0

Φ+(x− t)ϕ∗(t)dt, x ∈ R+,

ãäå Φ+ îïðåäåëÿåòñÿ èç óðàâíåíèÿ

Φ+(x) =
o

V + (x) +

x∫
0

o

V + (x− t)Φ+(t)dt, x ∈ R+.

Ðåøèâ óðàâíåíèå (3.15) ïðè ôóíêöèè ϕ∗, êîòîðàÿ îïðåäåëÿåòñÿ ïîñðåäñòâîì

(3.16), ïîëó÷àåì êîìïëåêñíîå ðåøåíèå f óðàâíåíèÿ (1.1). Ïîñêîëüêó K è g -

âåùåñòâåííûå ôóíêöèè, à óðàâíåíèå (1.1) - ëèíåéíîå, òî äåéñòâèòåëüíàÿ ôóíê-

öèÿ f∗(x) = Ref(x) òàêæå áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1.1).

Ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè Φ+ (ñì. [10, �3]), ïîëó÷àåì

ñëåäóþùóþ òåîðåìó.

Òåîðåìà 3.2. Åñëè â íåîäíîðîäíîì óðàâíåíèè (1.1) ÿäðî K óäîâëåòâîðÿåò óñëî-

âèÿì (a)-(c) òåîðåìû 2.1, à ôóíêöèÿ g - óñëîâèÿì

g ∈ L1(R+),

∞∫
0

x|g(x)| dx <∞,

òî ýòî óðàâíåíèå îáëàäàåò âåùåñòâåííûì ðåøåíèåì f , ïðè÷åì

f(x) = O(x), ïðè x→∞.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîô. Í.Á. Åíãèáàðÿíó çà îáñóæäåíèÿ ðåçóëü-

òàòîâ ðàáîòû.

Abstract. The paper is devoted to the solvability questions of the following Wiener-

Hopf integral equation in the case where the kernel K satis�es the conditions 0 ≤
K ∈ L1(R),

∞∫
−∞

K(t)dt > 1, K± ∈ C(3)(R+), (−1)n · K(n)
± (x) ≥ 0, x ∈ R+, n =

1, 2, 3. Based on Volterra factorization of the Wiener-Hopf operator, and invoking

the technique of nonlinear functional equations, we construct real-valued solutions

both for homogeneous and non-homogeneous equations, assuming that the function

g is real-valued and summable, and the corresponding conditions are satis�ed. The

behavior at in�nity of the corresponding solutions is also studied.
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Abstract. The present paper is devoted to the study of existence and uniqueness of a solution

and Ulam type stabilities for Volterra delay integro-di�erential equations on a �nite interval.

Our analysis is based on the Pachpatte's inequality and Picard operator theory. Examples are

provided to illustrate the stability results obtained in the case of a �nite interval. Also, we give

an example to illustrate that the Volterra delay integro-di�erential equations are not Ulam�Hyers

stable on the in�nite interval.
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1. Introduction

The basic Ulam stability problem of functional equations, formulated by Ulam

in 1940 (see [23]), has been studied and generalized by many researchers to various

kinds of di�erential equations, integral equations, di�erence equations and fractional

di�erential equations. The basic idea behind Ulam stability of any kind of equation

is to deal with the existence of an exact solution near to every approximate solution.

The concept of Ulam stability is applicable in various branches of mathematical

analysis and is used in the cases where �nding the exact solution is very di�cult.

In recent years, many researchers have involved in the study on Ulam type

stabilities of di�erential and integro-di�erential equations and obtained a number

of remarkable results. At start, using the �xed point approach, implemented by

Cadariu and Radu [1], S. M. Jung [9] has proved the Hyers�Ulam�Rassias stability

of the Volterra integral equation x(t) =
∫ t
c
f(s, x(s))ds, where f is a continuous

function and c is a �xed real number. Applying the �xed point arguments used in

[9], Castro and Ramos [3] obtained Hyers�Ulam�Rassias stability and Hyers�Ulam

stability for the following more general nonlinear Volterra integral equation:

x(t) =

∫ t

a

f(t, s, x(s))ds,−∞ < a ≤ t ≤ b < +∞

both in �nite and in�nite intervals.
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The concept of �xed point approach to study Ulam�Hyers stability has been

extended by many authors. Here we mention few interesting contributions on Ulam

type stabilities of di�erent kinds of di�erential and integral equations. Tunc and

Bicer [22] obtained results on the Hyers�Ulam�Rassias and Hyers�Ulam stability

for the �rst order delay di�erential equation. Castro and Guerra [2] obtained weak

conditions guaranteeing the Hyers�Ulam� Rassias stability of nonlinear Volterra

integral equations with delay. Otrocol and Ilea [17] investigated Ulam stability for

a delay di�erential equation. Using the idea of Cadariu, Radu and Jung, the Ulam�

Hyers stability results for Volterra integral integro-di�erential equations was proved

in [8] and [21]. Gachpazan and Baghani [5, 6] and Morales and Rojas [13] applied the

successive approximation method to prove the Hyers�Ulam stability of a nonlinear

integral equation. Using the method of successive approximation Huang and Li [7]

established Ulam�Hyers stability of delay di�erential equations.

Recently, employing Pachpatte's inequality, Kucche and Shikhare [10] have discussed

Ulam�Hyers stabilities of semilinear Volterra integro-di�erential equations in Banach

spaces.

Motivated by the work of Rus [20] and Otrocol et al.[16, 17], in the present

paper we obtain existence and uniqueness results and establish Ulam type stabilities

(viz. Ulam�Hyers stability, generalized Ulam�Hyers stability, Ulam�Hyers�Rassias

stability and generalized Ulam�Hyers�Rassias stability) for nonlinear Volterra delay

integro-di�erential equation (VDIE) of the form:

x′(t) = f

(
t, x(t), x(g(t)),

∫ t

0

h(t, s, x(s), x(g(s)))ds

)
, t ∈ I = [0, b], b > 0,(1.1)

where f ∈ C
(
I × R3,R

)
, h ∈ C

(
I × I × R2,R

)
, g ∈ C (I, [−r, b]), 0 < r < ∞

and g(t) ≤ t.
We apply Picard's operator theory, the abstract Gronwall lemma and the Pachpatte's

inequality to achieve our results. The results obtained in this paper are more

general than the known results and include the study of [3, 9, 16, 17, 20] � [22]

as special cases of (1.1). For existence, uniqueness and other qualitative properties

of various forms of nonlinear delay integro-di�erential equations we refer the papers

by Ntouyas et al. [14, 15], Dauer and Balchandran [4], Kucche et al. [11, 12] and

the references cited therein.

The rest of this paper is organized as follows. In Section 2, we de�ne the Ulam

type stability concepts for equation (1.1) and state theorems, needed to obtain our

main results. In Section 3, we establish di�erent Ulam type stability results for
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VDIE (1.1) on a �nite interval. Further, we give some applications of the obtained

results, and discuss examples illustrating the results.

2. Preliminaries

In what follows we use the notation and de�nitions given in [20] to discuss the

Ulam type stabilities of VDIE (1.1). Consider the following nonlinear Volterra delay

integro-di�erential equations:

x′(t) = f

(
t, x(t), x(g(t)),

∫ t

0

h(t, s, x(s), x(g(s)))ds

)
, t ∈ I,(2.1)

x(t) = φ(t), t ∈ [−r, 0],(2.2)

where φ ∈ C ([−r, 0],R).

De�nition 2.1. A function x ∈ C ([−r, b],R)∩C ′
([0, b],R) that veri�es the equations

(2.1) and (2.2) is called a solution of the initial value problem (2.1), (2.2).

For a given ε > 0 and a positive nondecreasing continuous function ψ ∈ C ([−r, b],R+),

we consider the following inequalities:∣∣∣∣y′(t)− f (t, y(t), y(g(t)),∫ t

0

h(t, s, y(s), y(g(s)))ds

)∣∣∣∣ ≤ ε, t ∈ I,(2.3) ∣∣∣∣y′(t)− f (t, y(t), y(g(t)),∫ t

0

h(t, s, y(s), y(g(s)))ds

)∣∣∣∣ ≤ ψ(t), t ∈ I,(2.4) ∣∣∣∣y′(t)− f (t, y(t), y(g(t)),∫ t

0

h(t, s, y(s), y(g(s)))ds

)∣∣∣∣ ≤ εψ(t), t ∈ I.(2.5)

De�nition 2.2. The equation (2.1) is said to be Ulam�Hyers stable if there exists a

real number C > 0 such that for each ε > 0 and for each solution y ∈ C ′
([−r, b],R)

of (2.3) there exists a solution x ∈ C ′
([−r, b],R) of (2.1) with |y(t) − x(t)| ≤ C ε

for t ∈ [−r, b].

De�nition 2.3. The equation (2.1) is said to be generalized Ulam�Hyers stable if

there exists θf ∈ C(R+,R+), θf (0) = 0 such that for each solution y ∈ C ′
([−r, b],R)

of (2.3) there exists a solution x ∈ C ′
([−r, b],R) of (2.1) with |y(t)− x(t)| ≤ θf (ε)

for t ∈ [−r, b].

De�nition 2.4. The equation (2.1) is said to be Ulam�Hyers�Rassias stable with

respect to the positive nondecreasing continuous function ψ : [−r, b] → R+ if there

exists Cψ > 0 such that for each ε > 0 and for each solution y ∈ C ′
([−r, b],R) of

(2.5) there exists a solution x ∈ C ′
([−r, b],R) of (2.1) with |y(t)−x(t)| ≤ Cψε ψ(t)

for t ∈ [−r, b].
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De�nition 2.5. The equation (2.1) is said to be generalized Ulam�Hyers�Rassias

stable with respect to the positive nondecreasing continuous function ψ : [−r, b] →
R+ if there exists Cψ > 0 such that for each solution y ∈ C ′

([−r, b],R) of (2.4)

there exists a solution x ∈ C ′
([−r, b],R) of (2.1) with |y(t) − x(t)| ≤ Cψ ψ(t) for

t ∈ [−r, b].

Remark 2.1. Observe that a function y ∈ C ′
(I,R) is a solution of the inequality

(2.3) if there exists a function qy ∈ C(I,R) (which depends on y) such that

(i) |qy(t)| ≤ ε, t ∈ I;
(ii) y

′
(t) = f

(
t, y(t), y(g(t)),

∫ t
0
h(t, s, y(s), y(g(s)))ds

)
+ qy(t), t ∈ I.

Similar arguments hold for the inequalities (2.4) and (2.5).

Remark 2.2. If y ∈ C ′
(I,R) satis�es the inequality (2.3), then y is a solution of

the following integral inequality:

∣∣∣∣y(t)− y(0)− ∫ t

0

f

(
s, y(s), y(g(s)),

∫ s

0

h(s, τ, y(τ), y(g(τ)))dτ

)
ds

∣∣∣∣ ≤ εt, t ∈ I.
(2.6)

Indeed, if y ∈ C ′
(I,R) satis�es the inequality (2.3), then by Remark 2.1, we have

y
′
(t) = f

(
t, y(t), y(g(t)),

∫ t

0

h(t, s, y(s), y(g(s)))ds

)
+ qy(t), t ∈ I.

This gives∣∣∣∣y(t)− y(0)− ∫ t

0

f

(
s, y(s), y(g(s)),

∫ s

0

h(s, τ, y(τ), y(g(τ)))dτ

)
ds

∣∣∣∣ ≤ ∫ t

0

|qy(s)|ds

≤ εt, t ∈ I.

Similar estimates can also be obtained for the inequalities (2.4) and (2.5).

We use the following inequality to obtain our main results.

Theorem 2.1 (Pachpatte's inequality (see [18], p. 39)). Let u(t), f(t) and q(t)

be nonnegative continuous functions de�ned on R+, and let n(t) be a positive and

nondecreasing continuous function de�ned on R+ for which the inequality

u(t) ≤ n(t) +
∫ t

0

f(s)

[
u(s) +

∫ s

0

q(τ)u(τ)dτ

]
ds,

holds for t ∈ R+. Then

u(t) ≤ n(t)
[
1 +

∫ t

0

f(s) exp

(∫ s

0

[f(τ) + q(τ)]dτ

)
ds

]
,

for t ∈ R+.

Now we give the de�nition of the Picard operator and state the abstract Gronwall

lemma (see Rus [19]), which are used in our subsequent analysis.
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De�nition 2.6 (Picard operator [19]). Let (X, d) be a metric space. An operator

A : X → X is said to be a Picard operator if there exists x∗ ∈ X such that:

(i) FA = {x∗}, where FA = {x ∈ X : A(x) = x} is the �xed point set of A;

(ii) the sequence (An(x0))n∈N converges to x∗ for all x0 ∈ X.

Lemma 2.1 (Gronwall lemma [19]). Let (X, d,≤) be an ordered metric space and

let A : X → X be an increasing Picard operator (FA = x∗A). Then for x ∈ X,

x ≤ A(x) implies x ≤ x∗A, while x ≥ A(x) implies x ≥ x∗A.

3. Ulam type stabilities for VDIE on I = [0, b]

3.1. The main results. The following assumptions are needed to state and prove

our main results.

(H1) (i) Let f ∈ C
(
[0, b]× R3,R

)
, h ∈ C

(
[0, b]× [0, b]× R2,R

)
and g ∈ C ([0, b], [−r, b])

be such that g(t) ≤ t.
(ii) There exist constants Lf , Lh > 0 such that

|f(t, u1, u2, u3)− f(t, v1, v2, v3)| ≤ Lf (|u1 − v1|+ |u2 − v2|+ |u3 − v3|) ;

|h(t, s, u1, u2)− h(t, s, v1, v2)| ≤ Lh (|u1 − v1|+ |u2 − v2|)

for all t, s ∈ I, ui, vi ∈ R (i = 1, 2, 3).

(H2) The function ψ : [−r, b] → R+ is positive, nondecreasing and continuous

and there exists λ > 0 such that∫ t

0

ψ(s)ds ≤ λψ(t), t ∈ [0, b].

Theorem 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that

(H2) holds. If bLf [2 + Lhb] < 1, then the following assertions hold:

(i) the initial value problem (2.1), (2.2) has a unique solution x ∈ C ([−r, b],R)∩
C

′
([0, b],R) ;

(ii) the equation (2.1) is Ulam�Hyers�Rassias stable with respect to the function

ψ.

Proof. (i) Observe �rst that in view of assumption (H1)(i), the initial value

problem (2.1), (2.2) is equivalent to the following integral equations:

x(t) = φ(0) +

∫ t

0

f

(
s, x(s), x(g(s)),

∫ s

0

h(s, τ, x(τ), x(g(τ)))dτ

)
ds, t ∈ I,

x(t) = φ(t), t ∈ [−r, 0].
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Consider the Banach space X = C ([−r, b],R) with Chebyshev norm ‖·‖C , and
de�ne the operator Bf : X → X by

Bf (x)(t) = φ(0) +

∫ t

0

f

(
s, x(s), x(g(s)),

∫ s

0

h(s, τ, x(τ), x(g(τ)))dτ

)
ds, t ∈ I,

Bf (x)(t) = φ(t), t ∈ [−r, 0].

Now using the contraction principle we show that Bf has a �xed point. Note that

|Bf (x)(t)−Bf (y)(t)| = 0, x, y ∈ C ([−r, b],R) , t ∈ [−r, 0].(3.1)

Next, for any t ∈ I, we can write

|Bf (x)(t)−Bf (y)(t)|

≤
∫ t

0

Lf {|x(s)− y(s)|+ |x(g(s))− y(g(s))|

+

∫ s

0

Lh [|x(τ)− y(τ)|+ |x(g(τ))− y(g(τ))|] dτ
}
ds

≤
∫ t

0

Lf

{
max

0≤σ1≤s
|x(σ1)− y(σ1)|+ max

0≤σ1≤s
|x(g(σ1))− y(g(σ1))|

+

∫ s

0

Lh

[
max

0≤σ2≤τ
|x(σ2)− y(σ2)|+ max

0≤σ2≤τ
|x(g(σ2))− y(g(σ2))|

]
dτ

}
ds

≤
∫ t

0

Lf

{
max

−r≤σ1≤b
|x(σ1)− y(σ1)|+ max

−r≤τ1≤b
|x(τ1)− y(τ1)|

+

∫ s

0

Lh

[
max

−r≤σ2≤b
|x(σ2)− y(σ2)|+ max

−r≤τ2≤b
|x(τ2)− y(τ2)|

]
dτ

}
ds

≤
∫ t

0

Lf

{
2 ‖x− y‖C + 2

∫ s

0

Lh ‖x− y‖C dτ
}
ds

≤ bLf (2 + Lhb) ‖x− y‖C .
(3.2)

From (3.1) and (3.2), it follows that

‖Bf (x)−Bf (y)‖C ≤ bLf (2 + Lhb) ‖x− y‖C , x, y ∈ C ([−r, b],R) .

Since bLf (2 + Lhb) < 1, the operator Bf is a contraction on the complete space

X. Hence by Banach contraction principle the operator Bf has a �xed point x∗ :

[−r, b]→ R, which is a solution of the problem (2.1), (2.2).

(ii) Let y ∈ C ([−r, b],R)∩C ′
([0, b],R) be a solution of the inequality (2.5). Denote

by x ∈ C ([−r, b],R) ∩ C ′
([0, b],R) the unique solution of the problem:

x
′
(t) = f

(
t, x(t), x(g(t)),

∫ t

0

h(t, s, x(s), x(g(s)))ds

)
, t ∈ I,

x(t) = y(t), t ∈ [−r, 0].
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Then assumption (H1)(i) allows to write the following (equivalent to the above

problem) integral equation:

x(t) = y(0) +

∫ t

0

f

(
s, x(s), x(g(s)),

∫ s

0

h(s, τ, x(τ), x(g(τ)))dτ

)
ds, t ∈ I,(3.3)

x(t) = y(t), t ∈ [−r, 0].(3.4)

If y ∈ C ([−r, b],R)∩C ′
([0, b],R) satis�es the inequality (2.5), then using assumption

(H2) and Remarks 2.1 and 2.2, we obtain

∣∣∣∣y(t)− y(0)− ∫ t

0

f

(
s, y(s), y(g(s)),

∫ s

0

h(s, τ, y(τ), y(g(τ)))dτ

)
ds

∣∣∣∣
≤
∫ t

0

|qy(s)| ds ≤
∫ t

0

εψ(s)ds ≤ λεψ(t), t ∈ I.(3.5)

Note that |y(t)− x(t)| = 0 for t ∈ [−r, 0]. Next, using assumption (H1)(ii), the

equation (3.3) and the estimate in (3.5), for any t ∈ I, we can write

|y(t)− x(t)| =
∣∣∣∣y(t)− y(0)− ∫ t

0

f

(
s, x(s), x(g(s)),

∫ s

0

h(s, τ, x(τ), x(g(τ)))dτ

)
ds

∣∣∣∣
≤
∣∣∣∣y(t)− y(0)− ∫ t

0

f

(
s, y(s), y(g(s)),

∫ s

0

h(s, τ, y(τ), y(g(τ)))dτ

)
ds

∣∣∣∣
+

∫ t

0

∣∣∣∣f (s, y(s), y(g(s)),∫ s

0

h(s, τ, y(τ), y(g(τ)))dτ

)
−f
(
s, x(s), x(g(s)),

∫ s

0

h(s, τ, x(τ), x(g(τ)))dτ

)∣∣∣∣ ds
≤ ελψ(t) +

∫ t

0

Lf

{
|y(s)− x(s)|+ |y(g(s))− x(g(s))|

+

∫ s

0

Lh [|y(τ)− x(τ)|+ |y(g(τ))− x(g(τ))|] dτ
}
ds.(3.6)

According to (3.6), we consider operator A : C ([−r, b],R+) → C ([−r, b],R+)

de�ned by

A(u)(t) = 0, t ∈ [−r, 0],

A(u)(t) = ελψ(t) + Lf

∫ t

0

{
u(s) + u(g(s)) + Lh

∫ s

0

[u(τ) + u(g(τ))] dτ

}
ds, t ∈ [0, b].

Next, we prove that A is a Picard operator (see De�nition 2.6). To this end, observe

�rst that for any u, v ∈ C ([−r, b],R+) we have |A(u)(t)−A(v)(t)| = 0, t ∈ [−r, 0].
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Using hypothesis (H1)(ii), for all t ∈ I, we can write

|A(u)(t)−A(v)(t)|

≤ Lf
∫ t

0

{
|u(s)− v(s)|+ |u(g(s))− v(g(s))|+ Lh

∫ s

0

[|u(τ)− v(τ)|+ |u(g(τ))− v(g(τ))|] dτ
}
ds

≤
∫ t

0

Lf

{
max

0≤σ1≤s
|u(σ1)− v(σ1)|+ max

0≤σ1≤s
|u(g(σ1))− v(g(σ1))|

+

∫ s

0

Lh

[
max

0≤σ2≤τ
|u(σ2)− v(σ2)|+ max

0≤σ2≤τ
|u(g(σ2))− v(g(σ2))|

]
dτ

}
ds

≤
∫ t

0

Lf

{
max

−r≤σ1≤b
|u(σ1)− v(σ1)|+ max

−r≤τ1≤b
|u(τ1)− v(τ1)|

+

∫ s

0

Lh

[
max

−r≤σ2≤b
|u(σ2)− v(σ2)|+ max

−r≤τ2≤b
|u(τ2)− v(τ2)|

]
dτ

}
ds

≤
∫ t

0

Lf

{
2 ‖u− v‖C + 2

∫ s

0

Lh ‖u− v‖C dτ
}
ds ≤ bLf (2 + Lhb) ‖u− v‖C .

Therefore,

‖A(u)−A(v)‖C ≤ bLf (2 + Lhb) ‖u− v‖C , for all u, v ∈ C ([−r, b],R+) .

Since bLf (2 + Lhb) < 1, A is a contraction on C ([−r, b],R+), using Banach contraction

principle, we conclude that A is a Picard operator and FA = {u∗} . Then, for t ∈ I,
we have

u∗(t) = ελψ(t) + Lf

∫ t

0

{
u∗(s) + u∗(g(s)) + Lh

∫ s

0

[u∗(τ) + u∗(g(τ)] dτ

}
ds.

Note that u∗ is increasing and (u∗)
′ ≥ 0 on I. Therefore u∗(g(t)) ≤ u∗(t) for

g(t) ≤ t, t ∈ I, and hence

u∗(t) ≤ ελψ(t) +
∫ t

0

2Lf

(
u∗(s) +

∫ s

0

Lhu
∗(τ)dτ

)
ds.

Next, applying Pachpatte's inequality given in Theorem 2.1, we obtain

u∗ ≤ ελψ(t)
[
1 +

∫ t

0

2Lf exp

(∫ s

0

[2Lf + Lh] dτ

)
ds

]
≤ ελψ(t)

{
1 + 2Lf

(
exp(2Lf + Lh)b− 1

2Lf + Lh

)}
.(3.7)

Taking Cψ = λ
{
1 + 2Lf

(
exp(2Lf+Lh)b−1

2Lf+Lh

)}
, from inequality (3.7) we get

u∗(t) ≤ Cψ ε ψ(t), t ∈ [−r, b].

For u(t) = |y(t)− x(t)| the inequality (3.6) gives that u(t) ≤ A(u)(t). So, we have

proved that A : C ([−r, b],R+) → C ([−r, b],R+) is an increasing Picard operator

such that for u ∈ C ([−r, b],R+), u(t) ≤ Au(t) and FA = {u∗}. Hence, applying
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the abstract Gronwall lemma (Lemma 2.1), we obtain u(t) ≤ u∗(t), t ∈ [−r, b],
implying that

|y(t)− x(t)| ≤ Cψ ε ψ(t), ∀ t ∈ [−r, b].(3.8)

Thus, the equation (2.1) is Ulam�Hyers�Rassias stable with respect to the function

ψ. Theorem 3.1 is proved. �

Corollary 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that

(H2) holds. If bLf [2 + Lhb] < 1, then the problem (2.1), (2.2) has a unique solution

and the equation (2.1) is generalized Ulam�Hyers�Rassias stable with respect to the

function ψ.

Proof. By taking ε = 1 in the proof of Theorem 3.1, we obtain (cf. (3.8)):

|y(t)− x(t)| ≤ Cψ ψ(t), ∀ t ∈ [−r, b],

showing that the equation (2.1) is generalized Ulam�Hyers�Rassias stable with

respect to the function ψ. �

Using arguments similar to those applied in the proof of Theorem 3.1, one can

prove Ulam�Hyers stability of equation (2.1).

Observing that for ψ(t) = 1, ∀ t ∈ [−r, b] the assumption (H2) holds, we can

state the following corollary of Theorem 3.1.

Corollary 3.2. Let the functions f and h in (2.1) satisfy the hypothesis (H1).

If bLf [2 + Lhb] < 1, then the problem (2.1), (2.2) has a unique solution and the

equation (2.1) is Ulam�Hyers stable.

Proof. By taking ψ(t) = 1, ∀ t ∈ [−r, b] in the proof of Theorem 3.1, we obtain

(cf. (3.8)):

|y(t)− x(t)| ≤ C ε, ∀ t ∈ [−r, b],

and the result follows. �

Corollary 3.3. Let the functions f and h in (2.1) satisfy the hypothesis (H1).

If bLf [2 + Lhb] < 1, then the problem (2.1), (2.2) has a unique solution and the

equation (2.1) is generalized Ulam�Hyers stable.

Proof. The result follows from Corollary 3.2, by taking θf (ε) = C ε. �

3.2. Applications. In this section we consider some important special cases of the

problem (2.1), (2.2).
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Fix any r > 0, and de�ne g1(t) = t − r, t ∈ [0, b]. Then we get the following

special case of the problem (2.1), (2.2):

x
′
(t) = f1

(
t, x(t), x(t− r),

∫ t

0

h1(t, s, x(s), x(s− r))ds
)
, t ∈ [0, b],(3.9)

x(t) = φ(t), t ∈ [−r, 0],(3.10)

which is an initial value problem for a nonlinear Volterra integro-di�erential di�erence

equation. Consider the following inequality:∣∣∣∣y′
(t)− f1

(
t, y(t), y(t− r),

∫ t

0

h1(t, s, y(s), y(s− r))ds
)∣∣∣∣ ≤ εψ(t), t ∈ [0, b],

where ε, ψ and φ are as speci�ed in Section 2 (Preliminaries).

As an application of Theorem 3.1, we have the following theorem for the problem

(3.9), (3.10).

Theorem 3.2. Suppose that the following assumptions are ful�lled:

(A1) (i) f1 ∈ C
(
[0, b]× R3,R

)
, h1 ∈ C

(
[0, b]× [0, b]× R2,R

)
and g1 ∈ C ([0, b], [−r, b])

be such that g1(t) ≤ t;
(ii) there exist constants Lf1 , Lh1

> 0 such that

|f1(t, u1, u2, u3)− f1(t, v1, v2, v3)| ≤ Lf1 (|u1 − v1|+ |u2 − v2|+ |u3 − v3|) ;

|h1(t, s, u1, u2)− h1(t, s, v1, v2)| ≤ Lh1
(|u1 − v1|+ |u2 − v2|) ;

for all t, s ∈ [0, b], ui, vi ∈ R (i = 1, 2, 3);

(A2) the function ψ : [−r, b] → R+ is positive, nondecreasing and continuous,

and there exists λ > 0 such that
∫ t
0
ψ(s)ds ≤ λψ(t), t ∈ [0, b];

(A3) bLf1 [2 + Lh2
b] < 1.

Then the problem (3.9), (3.10) has a unique solution x ∈ C ([−r, b],R)∩C ′
([0, b],R),

and the equation (3.9) is Ulam�Hyers�Rassias stable with respect to the function

ψ.

Another special case of the problem (2.1), (2.2) we obtain by taking the delay

g2(t) = t2, t ∈ I = [0, 1]. Then we have

x
′
(t) = f2

(
t, x(t), x(t2),

∫ t

0

h2(t, s, x(s), x(s
2))ds

)
, t ∈ I = [0, 1],(3.11)

x(t) = φ(t), t ∈ [−r, 0],(3.12)

which is an initial value problem for a nonlinear Volterra integro-di�erential equation.

Consider the following inequality:∣∣∣∣y′
(t)− f2

(
t, y(t), y(s2),

∫ t

0

h2(t, s, y(s), y(s
2))ds

)∣∣∣∣ ≤ εψ(t), t ∈ [0, 1].

where ε, ψ and φ are as speci�ed in Section 2 (Preliminaries).
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As an application of Theorem 3.1, we have the following theorem for the problem

(3.11), (3.12).

Theorem 3.3. Suppose that the following assumptions are ful�lled:

(B1) (i) f2 ∈ C
(
[0, 1]× R3,R

)
, h2 ∈ C

(
[0, 1]× [0, 1]× R2,R

)
and g2 ∈ C ([0, 1], [−r, 1])

be such that g2(t) ≤ t;
(ii) there exist constants Lf2 , Lh2

> 0 such that

|f2(t, u1, u2, u3)− f2(t, v1, v2, v3)| ≤ Lf2 (|u1 − v1|+ |u2 − v2|+ |u3 − v3|) ;

|h2(t, s, u1, u2)− h2(t, s, v1, v2)| ≤ Lh2
(|u1 − v1|+ |u2 − v2|) ;

for all t, s ∈ [0, 1], ui, vi ∈ R (i = 1, 2, 3);

(B2) the function ψ : [−r, 1] → R+ is positive, nondecreasing and continuous,

and there exists λ > 0 such that
∫ t
0
ψ(s)ds ≤ λψ(t), t ∈ [0, 1];

(B3) Lf2 [2 + Lh2
] < 1.

Then the problem (3.11), (3.12) has a unique solution x ∈ C ([−r, 1],R)∩C ′
([0, 1],R),

and the equation (3.11) is Ulam�Hyers�Rassias stable with respect to the function

ψ.

Other Ulam type stability results for equations (3.9) and (3.11) can be obtained

by using the corresponding results from Section 3.1.

3.3. Examples. In this section, we present concrete examples to illustrate our

main results obtained in Section 3.1.

Example 1. Consider the following nonlinear delay Volterra integro-di�erential

equations:

x
′
(t) = 1 +

t cos(x(t))

140
− 3x(t)

140
+
t cos(x(g(t)))

70
+

1

20

∫ t

0

t

70
{sin(x(s))− sin(x(g(s)))} ds, t ∈ [0, 5],

(3.13)

x(t) = 0, t ∈ [−1, 0],
(3.14)

where g(t) = t
2 , t ∈ [0, 5]. Clearly we have g(t) ≤ t, t ∈ [0, 5].

(i) De�ne h : [0, 5]× [0, 5]× R× R→ R by

h (t, s, x(s), x(g(s))) =
t

70
[sin(x(s))− sin(x(g(s)))] , t, s ∈ [0, 5].

Then, for any t, s ∈ [0, 5] and x1, x2, y1, y2 ∈ R, we have

|h(t, s, x1, x2)− h(t, s, y1, y2)| ≤
t

70
{|sinx1 − sin y1|+ |sinx2 − sin y2|}

≤ 5

70
{|x1 − y1|+ |x2 − y2|} .
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(ii) De�ne f : [0, 5]× R× R× R→ R by

f

(
t, x(t), x(g(t)),

∫ t

0

h(t, s, x(s), x(g(s)))ds

)
= 1 +

t cos(x(t))

140
− 3x(t)

140
+
t cos(x(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(x(s))− sin(x(g(s)))] ds, t ∈ [0, 5]

= 1 +
t cos(x(t))

140
− 3x(t)

140
+
t cos(x(g(t)))

70
+

1

20

∫ t

0

h (t, s, x(s), x(g(s))) ds.

Then, for any t ∈ [0, 5] and x1, x2, x3, y1, y2, y3 ∈ R, we have

|f(t, x1, x2, x3)− f(t, y1, y2, y3)|

≤
{

t

140
| cosx1 − cos y1|+

3

140
|x1 − y1|

}
+

t

70
| cosx2 − cos y2|+

1

20
|x3 − y3|.

Next, for any x, y ∈ R with x < y, by mean value theorem, there exists

p, x < p < y such that cos x−cos y
x−y = − sin p ⇒ | cosx − cos y| ≤ |x − y|.

Therefore, we have

|f(t, x1, x2, x3)− f(t, y1, y2, y3)| ≤
{

5

140
|x1 − y1|+

3

140
|x1 − y1|

}
+

5

70
|x2 − y2|+

1

20
|x3 − y3|

≤ 5

70
{|x1 − y1|+ |x2 − y2|+ |x3 − y3|} .

Hence the above de�ned functions f and h verify the assumptions (H1) and (H2)

with Lf = 5
70 , Lh = 5

70 , b = 5. Further, we see that bLf (2+bLh) = 5 5
70

[
2 + 5

705
]
=

0.84183673 < 1. Therefore, by Corollary 3.2, the problem (3.13), (3.14) has a unique

solution on [−1, 5] and the equation (3.13) is Ulam�Hyers stable on [0, 5]. Other

stability results for the equation (3.13) can be discussed similarly.

In fact, we see that the function

(3.15) x(t) =

{
t if t ∈ [0, 5],

0 if t ∈ [−1, 0]

is the unique solution of the problem (3.13), (3.14). The veri�cation is given below.

For x(t) = t, t ∈ [0, 5] and g(t) = t
2 , t ∈ [0, 5], we have

1 +
t cos(x(t))

140
− 3x(t)

140
+
t cos(x(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(x(s))− sin(x(g(s)))] ds

= 1 +
t cos(t)

140
− 3t

140
+
t cos( t2 )

70
+

1

140

∫ t

0

t
[
sin(s)− sin

(s
2

)]
ds = 1 = x

′
(t).

Next, we discuss the Ulam�Hyers stability of the equation (3.13) with �xed delay

g(t) = t
2 , t ∈ [0, 5] by �nding the exact solution x(t) of equation (3.13) corresponding

to given values of ε and given solutions y(t) of the inequalities.
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(i) Take ε = 0.7 and y1(t) =

{
t
2 if t ∈ [0, 5],

0 if t ∈ [−1, 0].
Then for t ∈ [0, 5], we have

∣∣∣∣y′

1(t)−
(
1 +

t cos(y1(t))

140
− 3y1(t)

140
+
t cos(y1(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y1(s))− sin(y1(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣y′

1(t)− 1− t cos(y1(t))

140
+

3y1(t)

140
− t cos(y1(g(t)))

70
− 1

20

∫ t

0

t

70
[sin(y1(s))− sin(y1(g(s)))] ds

∣∣∣∣
≤

∣∣∣∣∣12 − 1−
t cos( t2 )

140
+

3
(
t
2

)
140

−
t cos( t4 )

70
− 1

140

∫ t

0

t
[
sin
(s
2

)
− sin

(s
4

)]
ds

∣∣∣∣∣ ≤ 0.667499 < ε.

For the solution x(t) of the problem (3.13), (3.14) given in (3.15) and the constant

C = 4, we have |y1(t)− x(t)| =
∣∣ t
2 − t

∣∣ ≤ 2.5 < Cε, t ∈ [0, 5], and |y1(t)− x(t)| =
0, t ∈ [−1, 0]. Therefore

|y1(t)− x(t)| < Cε, t ∈ [−1, 5].

(ii) Let y2(t) = 0, t ∈ [−1, 5] and ε = 1.2. Then, for t ∈ [0, 5], we have∣∣∣∣y′

2(t)−
(
1 +

t cos(y2(t))

140
− 3y2(t)

140
+
t cos(y2(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y2(s))− sin(y2(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣y′

2(t)− 1− t cos(y2(t))

140
+

3y2(t)

140
− t cos(y2(g(t)))

70
− 1

20

∫ t

0

t

70
[sin(y2(s))− sin(y2(g(s)))] ds

∣∣∣∣
=

∣∣∣∣−1− t

140
− t

70

∣∣∣∣ ≤ 155

140
< 1.2 = ε.

For the solution x(t) of the problem (3.13), (3.14) given in (3.15) and the constant

C = 6, we have

|y2(t)− x(t)| = |0− t| ≤ 5 < Cε, t ∈ [0, 5].

Further, |y2(t)− x(t)| = 0 < Cε, t ∈ [−1, 0]. Therefore corresponding to y2(t) =

0, t ∈ [−1, 5] and ε = 1.2 we have the solution x(t) given in (3.15) and the constant

C = 6 that satisfy

|y2(t)− x(t)| < Cε, t ∈ [−1, 5].

(iii) For ε = 1.5 and y3(t) =

{
t
10 if t ∈ [0, 5],

0 if t ∈ [−1, 0],
we have

∣∣∣∣y′

3(t)−
(
1 +

t cos(y3(t))

140
− 3y3(t)

140
+
t cos(y3(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y3(s))− sin(y3(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣y′

3(t)− 1− t cos(y3(t))

140
+

3y3(t)

140
− t cos(y3(g(t)))

70
− 1

20

∫ t

0

t

70
[sin(y3(s))− sin(y3(g(s)))] ds

∣∣∣∣
≤ 1.0557 < ε.

The solution x(t) of the problem (3.13), (3.14) given in (3.15) and the constant

C = 3 verify

|y3(t)− x(t)| ≤ 4.5 = Cε, t ∈ [−1, 5].
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(iv) Take ε = 10 and y4(t) =

{
t2 if t ∈ [0, 5],

0 if t ∈ [−1, 0].
Then, for t ∈ [0, 5], we have

∣∣∣∣y′

4(t)−
(
1 +

t cos(y4(t))

140
− 3y4(t)

140
+
t cos(y4(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y4(s))− sin(y4(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣y′

4(t)− 1− t cos(y4(t))

140
+

3y4(t)

140
− t cos(y4(g(t)))

70
− 1

20

∫ t

0

t

70
[sin(y4(s))− sin(y4(g(s)))] ds

∣∣∣∣ < ε.

Further, for the solution x(t) of the problem (3.13), (3.14) given in (3.15) and the

constant C = 2, we have

|y4(t)− x(t)| ≤ 20 = Cε, t ∈ [−1, 5].

(v) Finally, we take ε = 77 and y5(t) =

{
t3 if t ∈ [0, 5],

0 if t ∈ [−1, 0],
to obtain

∣∣∣∣y′

5(t)−
(
1 +

t cos(y5(t))

140
− 3y5(t)

140
+
t cos(y5(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y5(s))− sin(y5(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣y′

5(t)− 1− t cos(y5(t))

140
+

3y5(t)

140
− t cos(y5(g(t)))

70
− 1

20

∫ t

0

t

70
[sin(y5(s))− sin(y5(g(s)))] ds

∣∣∣∣ < ε.

For the solution x(t) of the problem (3.13), (3.14) given in (3.15) and the constant

C = 2, we have

|y5(t)− x(t)| ≤ 120 < Cε, t ∈ [−1, 5].

Remark 3.1. If y(t) is a solution of the inequality∣∣∣∣y′
(t)−

(
1 +

t cos(y(t))

140
− 3y(t)

140
+
t cos(y(g(t)))

70
+

1

20

∫ t

0

t

70
[sin(y(s))− sin(y(g(s)))] ds

)∣∣∣∣ < ε,

and x(t) is the exact solution of the problem (3.13), (3.14), then from the inequality

|y(t)− x(t)| ≤ Cε, t ∈ [−1, 5], it follows that y(t)→ x(t) as ε→ 0.

The same fact can be observed from the example given above and Figure 1 below.

Ðèñ. 1
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Remark 3.2. The equation (2.1) is not Ulam�Hyers stable on the in�nite interval

I = [0,∞).

The next example supports the assertion of Remark 3.2.

Example 2. Consider the following Volterra delay integro-di�erential equations:

x
′
(t) =

17

30
+

1

60
sin(x(t))− 1

15
cos(x(g(t)))− 1

12

∫ t

0

1

10
[cos(x(s)) + sin(x(g(s)))] ds, t ∈ [0,∞),

(3.16)

x(t) = 0, t ∈ [−1, 0],
(3.17)

where g(t) = t
4 ≤ t, t ∈ [0,∞).

(i) De�ne the function h : [0,∞)× [0,∞)× R× R→ R by

h (t, s, x(s), x(g(s))) =
1

10
[cos(x(s)) + sin(x(g(s)))] , t, s ∈ [0,∞), t ≥ s.

Then, for any t, s ∈ [0,∞) and x1, x2, y1, y2 ∈ R, we have

|h(t, s, x1, x2)− h(t, s, y1, y2)| ≤
1

10
{|cosx1 − cos y1|+ |sinx2 − sin y2|}

≤ 1

10
{|x1 − y1|+ |x2 − y2|} .

(ii) De�ne f : [0,∞)× R× R× R→ R by

f

(
t, x(t), x(g(t)),

∫ t

0

h(t, s, x(s), x(g(s)))ds

)
=

17

30
+

1

60
sin(x(t))− 1

15
cos(x(g(t)))− 1

12

∫ t

0

[cos(x(s)) + sin(x(g(s)))] ds

=
17

30
+

1

60
sin(x(t))− 1

15
cos(x(g(t)))− 1

12

∫ t

0

h (t, s, x(s), x(g(s))) ds.

Then, for any t ∈ [0,∞) and x1, x2, x3, y1, y2, y3 ∈ R, we have

|f(t, x1, x2, x3)− f(t, y1, y2, y3)| ≤
1

60
|sinx1 − sin y1|+

1

15
|cosx2 − cos y2|+

1

12
|x3 − y3|

≤ 1

12
{|x1 − y1|+ |x2 − y2|+ |x3 − y3|} .

The above de�ned functions f and h verify the assumptions (H1) and (H2) with

Lf = 1
12 and Lh = 1

10 . Further, one can easily verify that the function

x(t) =

{
t
2 if t ∈ [0,∞),

0 if t ∈ [−1, 0]

is the solution of the initial value problem (3.16), (3.17). Now, choose any ε > 1
2

and let

y(t) =

{
t
3 if t ∈ [0,∞),

0 if t ∈ [−1, 0].
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Then, for any t ∈ [0,∞), we have∣∣∣∣y′
(t)−

(
17

30
+

1

60
sin(y(t))− 1

15
cos(y(g(t)))− 1

12

∫ t

0

1

10
[cos(y(s)) + sin(y(g(s)))] ds

)∣∣∣∣
=

∣∣∣∣13 − 17

30
− 1

60
sin

(
t

3

)
+

1

15
cos

(
t

12

)
+

1

120

∫ t

0

[
cos
(s
3

)
+ sin

( s
12

)]
ds

∣∣∣∣ ≤ 19

120
< ε.

But for any solution x(t) of equation (3.16) we have

|x(t)− y(t)| =
∣∣∣∣x(t)− t

3

∣∣∣∣ ≤ |x(t)|+ t

3
→∞ as t→∞.

Therefore, the equation (3.16) is not Ulam�Hyers stable on the in�nite interval

I = [0,∞).
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Abstract. In this paper, we focus on a conjecture concerning uniqueness problem

of meromorphic functions sharing three distinct polynomials with their di�erence

operators, which is mentioned in Chen and Yi (Result Math v. 63, pp. 557-565, 2013),

and prove that it is true for meromorphic functions of �nite order. Also, a result of

Zhang and Liao, obtained for entire functions (Sci China Math v. 57, pp. 2143-2152,

2014), we generalize to the case of meromorphic functions.
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In Nevanlinna theory, the study of relationship between two meromorphic functions

that share several values CM or IM is an important topic, resulting from the

Nevanlinna's famous �ve and four values theorems (see [5]). In 1976, Rubel and

Yang [7] showed that if a non-constant entire function f and its �rst derivative f ′

share two distinct values CM, then they are identical. This result was extended by

Mues and Steinmetz [4] in 1979 from sharing values CM to IM, and by Yang [8] in

1990 from �rst derivative to the k-th derivatives.

The di�erence analogues of Nevanlinna's theory have been studied more recently

and become very popular (see [2]). In 2013, under the restriction on the order of

meromorphic functions, Chen and Yi [1] deduced a uniqueness theorem of meromorphic

functions sharing three distinct values with their di�erence operator ∆cf = f(z +

c) − f(z), where c is a non-zero constant. More precisely, in [1] was proved the

following theorem.

Theorem A. Let f be a transcendental meromorphic function such that its order

of growth ρ(f) is �nite but is not an integer, and let c(6= 0) ∈ C. If f and ∆cf( 6≡ 0)

share three distinct values e1, e2,∞ CM, then f(z + c) = 2f(z).

1The research was supported by NNSF of China Project No. 11601521, and the Fundamental
Research Fund for Central Universities in China Project No. 15CX05061A, 15CX05063A and
15CX08011A
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In [1], Chen and Yi conjectured that the conclusion of Theorem A still holds if

the restriction imposed on ρ(f) in Theorem A is omitted. In 2014, Zhang and Liao

[11] considered the di�erence analogue of the result by Rubel and Yang and proved

that the conjecture is true if f is an entire function of �nite order. They obtained

the following result.

Theorem B. Let f be a transcendental entire function of �nite order, and let a, b

be two distinct constants. If f and ∆f = f(z + 1)− f(z)( 6≡ 0) share a, b CM, then

∆f = f .

In 2016, L�u and L�u [3] proved that the above conjecture holds if the meromorphic

function is of �nite order.

Theorem C. Let f be a transcendental meromorphic function of �nite order, and

let c( 6= 0) be a �nite number. If ∆cf and f share three distinct values e1, e2,∞ CM,

then f = ∆cf .

In this paper, we continue the study of the above conjecture for meromorphic

functions of �nite order, and show that it remains true if the constants e1, e2,∞
are replaced by the polynomials P1, P2,∞ .

The next theorem is the main result of this paper.

Theorem 1. Let f be a transcendental meromorphic function of �nite order, and let

c(6= 0) be a �nite number. If ∆cf and f share three distinct polynomials P1, P2,∞
CM, then f = ∆cf .

Remark. Obviously, Theorem 1 is an improvement of Theorem C.

We assume that the reader is familiar with the standard notation of Nevanlinna

theory (see [9, 10]). In this paper, for two meromorphic functions f and g, we use

the notation f − g 6≡ 0 to denote that f − g is not the zero function.

Next, we recall Nevanlinna's Lemma, which plays an important role in the proof

of Theorem 1.

Nevanlinna's lemma [6]. Let ϕ1, ϕ2, . . . , ϕp be linearly independent meromorphic

functions satisfying ϕ1 + ϕ2 + · · ·+ ϕp = 1. Then, for j = 1, 2, · · · , p, we have

T (r, ϕj) ≤
p∑
k=1

N(r,
1

ϕk
)−

p∑
k=1,k 6=j

N(r, ϕk) +N(r,W )−N(r,
1

W
) + S(r),

where W = W (ϕ1, ϕ2 · · · , ϕp) is the Wronskian of ϕ1, · · · , ϕp, and

S(r) = O(log r) +O(logmax1≤k≤pT (r, ϕj)) as r →∞, r 6∈ E,

for a set E ⊂ (0,∞) of �nite Lebesgue measure. If all ϕk have �nite order, then E

can be chosen to be the empty set.
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Proof of Theorem 1. Observe �rst that if P1, P2 are constants, then the theorem

becomes Theorem C above. So, below we assume that one of P1, P2 is not constant,

and, without loss of generality, we assume that degP2 ≥ degP1. Our proof of the

theorem is based on an idea from [3].

Since f, ∆cf share P1, P2,∞ CM and f is of �nite order, then there exist two

polynomials α, β such that

(1)
f − P1

∆cf − P1
= eα,

f − P2

∆cf − P2
= eβ .

If eα = 1 or eβ = 1, then f = ∆cf . If e
α = eβ , then

f − P1

∆cf − P1
=

f − P2

∆cf − P2
,

implying that f = ∆cf.

On the contrary, suppose that f 6= ∆cf . Then

eα 6= 1, eβ 6= 1, eα 6= eβ .

Our aim below is to get a contradiction.

By (1), one has

(2) f = P1 + (P2 − P1)
eβ − 1

eγ − 1
, ∆cf = P2 + (P2 − P1)

1− e−α

eγ − 1
,

where γ = β − α.
It follows from (2) that

(3) T (r, f) ≤ T (r, eβ) + T (r, eγ) + S(r, f).

Since ∆cf = f(z + c)− f(z), we can write

(4)

∆cf = P2(z) + [P2(z)− P1(z)]
1− eγ(z)−β(z)

eγ(z) − 1

=[P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)]
β1(z)eβ(z) − 1

γ1(z)eγ(z) − 1

−[P2(z)− P1(z)]
eβ(z) − 1

eγ(z) − 1
,

where β1(z) = eβ(z+c)−β(z) and γ1(z) = eγ(z+c)−γ(z).

Next, we prove that deg β = deg γ by considering two cases.

Case 1. Assume that deg β < deg γ.

Then eβ is a small function of eγ , and hence, we have

deg[β(z + c)− β(z)] ≤ deg β(z) < deg γ(z), deg[γ(z + c)− γ(z)] < deg γ(z),

implying that β1, γ1 are also small functions of eγ . Suppose that z0 is a zero of

γ1e
γ − 1, and is not a zero of β1e

β − 1. If z0 is not a zero of eγ − 1, then by (4) it
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would be a pole of ∆cf . However, the equation (2) would imply that ∆cf is analytic

at z0, yielding a contradiction. If z0 is a zero of eγ − 1, then γ1(z0)eγ(z0) − 1 = 0

and eγ(z0) − 1 = 0 imply γ1(z0) − 1 = 0. If γ1(z) − 1 6≡ 0, then the second main

theorem gives

T (r, eγ) ≤ N(r,
1

γ1eγ − 1
) +N(r,

1

eγ
) +N(r, eγ) + S(r, eγ)

≤ N(r,
1

β1eβ − 1
) +N(r,

1

γ1 − 1
) + S(r, eγ) = S(r, eγ),

which is impossible. Thus, γ1(z) = eγ(z+c)−γ(z) = 1, which means that deg γ = 1.

Noting that by assumption deg β < deg γ, we conclude that β is a constant.

Next, by (4), we get

∆cf = [P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)]
β1e

β(z) − 1

γ1eγ(z) − 1

− [P2(z)− P1(z)]
eβ(z) − 1

eγ(z) − 1

= [P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)− P2(z) + P1(z)]
eβ(z) − 1

eγ(z) − 1
.

On the other hand, by (2) we have

∆cf = P2(z) + [P2(z)− P1(z)]
1− e−α(z)

eγ(z) − 1

= P2(z) + [P1(z)− P2(z)]e−β(z) + [P1(z)− P2(z)]
e−β(z) − 1

eγ(z) − 1
,

where γ(z) = β(z) − α(z). Here, by careful calculation, it can be shown that

degP2(z) < degP1(z), which is a contradiction.

Case 2. Let deg β > deg γ.

Then eγ is a small function of eβ , and, as in the Case 1, we can conclude that

β1, γ1 also are small functions of eβ . Assume that a0 is a zero of eβ − 1 and is not a

zero of eγ − 1. Then, a0 is a zero of f − P1. Note that f and ∆cf share P1 CM. So

a0 is also a zero of ∆cf − P1. Putting a0 into the last form of ∆cf in (4), we get

P1(a0) = [P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)]
β1(z)− 1

γ1(z)eγ(z) − 1
|a0 .

Next, we show that

(5) P1(z) = [P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)]
β1(z)− 1

γ1(z)eγ(z) − 1
.
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Indeed, otherwise, by the second main theorem, we would have

T (r, eβ) ≤ N(r,
1

eβ − 1
) +N(r,

1

eβ
) +N(r, eβ) + S(r, eβ)

≤ N(r,
1

eγ − 1
) +N(r,

1

[P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)] β1−1
γ1eγ−1 − P1(z)

)

+ S(r, eβ) = S(r, eβ),

which is absurd.

Now we rewrite (5) in the following form

[P2(z + c)− P1(z + c)]eβ(z+c)−β(z) − [P2(z + c)− P1(z + c)]

(6) = [2P1(z)− P1(z + c)]eγ(z+c) − [2P1(z)− P1(z + c)],

and show that γ is a constant. Suppose that deg γ ≥ 1. Then, combining (6) and

the assumption deg β > deg γ, we get

(7)
[P2(z + c)− P1(z + c)]eβ(z+c)−β(z) = [2P1(z)− P1(z + c)]eγ(z+c),

P2(z + c)− P1(z + c) = 2P1(z)− P1(z + c),

implying that β1(z) = eβ(z+c)−β(z) = eγ(z+c).

Next, rewriting (1.4) in the form

[P2(z)−P1(z+ c) +P1(z)](γ1e
γ − 1)(eγ − 1)eβ + [P2(z)−P1(z)](γ1e

γ − 1)(eβ − eγ)

= [P2(z+ c)−P1(z+ c)](β1e
β − 1)eβ(eγ − 1)− [P2(z)−P1(z)](eβ − 1)(γ1e

γ − 1)eβ ,

after a routine computation, we get

a0e
2β + a1e

β + a2 = 0,

where a0 = [P2(z+ c)−P1(z+ c)](eγ(z)− 1)β1(z)− [P2(z)−P1(z)](γ1(z)eγ(z)− 1),

and a1, a2 are small functions of eβ . The above equation shows that a0 = 0, and

hence, we have

(8) [P2(z + c)− P1(z + c)](eγ(z) − 1)β1(z) = [P2(z)− P1(z)](γ1(z)eγ(z) − 1).

We put β1(z) = eγ(z+c) into (7) to obtain

[P2(z + c)− P1(z + c)]eγ(z+c)+γ(z) − [P2(z + c)− P1(z + c)− P2(z) + P1(z)]eγ(z+c)

+ [P2(z)− P1(z)] = 0,

implying that γ is a constant, say γ = A. Thus, we have proved that γ is a constant.

In addition, the form of f shows that f is an entire function. Then, by (4), we can
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get

∆cf =[P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)]
β1(z)eβ(z) − 1

γ1(z)eγ(z) − 1

− [P2(z)− P1(z)]
eβ(z) − 1

eγ(z) − 1

=
eβ(z)

eA − 1
{[P2(z + c)− P1(z + c)]β1(z)− [P2(z)− P1(z)]}

+
1

eA − 1
[P2(z)− P1(z)− P2(z + c) + P1(z + c)] + [P1(z + c)− P1(z)].

Note that by (2)

∆cf = P2(z) + [P2(z)− P1(z)]
1− e−α(z)

eγ(z) − 1
= P2(z) + [P2(z)− P1(z)]

1− eAe−β(z)

eA − 1
.

Combining the above equations, we get

h0e
2β + h1e

β + h2 = 0,

where hi (i = 0, 1, 2) are small functions of eβ and h2 = [P2(z) − P1(z)] −e
A

eA−1 .

Obviously, h2 = 0, which shows that P1(z) = P2(z), and we get a contradiction.

Thus, we have proved that deg β = deg γ. We can assume that

deg β = deg γ := n ≥ 1,

since f is a transcendental function.

Note that β1(z) = eβ(z+c)−β(z) and γ1(z) = eγ(z+c)−γ(z) are two small functions

of eβ and eγ . Multiplying both sides of equation (4) by the factor eβ(eγ−1)(γ1e
γ−1),

we get

(9)
[P2(z)− P1(z + c) + P1(z)](γ1e

γ − 1)(eγ − 1)eβ + [P2(z)− P1(z)](γ1e
γ − 1)(eβ − eγ)

= [P2(z + c)− P1(z + c)](β1e
β − 1)eβ(eγ − 1)− [P2(z)− P1(z)](eβ − 1)(γ1e

γ − 1)eβ .

From (9) we obtain

b0e
2γ + b1e

β+2γ + b2e
β+γ + b3e

2β + b4e
2β+γ + b5e

β + b6e
γ = 0,

where 

b0 = [P1(z)− P2(z)]γ1(z),

b1 = [P2(z) + P1(z)− P1(z + c)]γ1(z),

b2 = [P1(z + c)− P1(z)− P2(z)]γ1(z) + P2(z + c)− P2(z)− P1(z),

b3 = [P2(z + c)− P1(z + c)]β1(z)− P2(z) + P1(z),

b4 = [P1(z + c)− P2(z + c)]β1(z) + [P2(z)− P1(z)]γ1(z),

b5 = P1(z) + P2(z)− P2(z + c),

b6 = P2(z)− P1(z).
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Obviously, bi (i = 0, 1, · · · , 6) are small functions of eβ and eγ . The equation (9)

can be written as follows:

(10)

6∑
i=0

bie
gi = 0,

where {
g0 = 2γ, g1 = β + 2γ, g2 = β + γ,

g3 = 2β, g4 = 2β + γ, g5 = β, g6 = γ.

We claim that deg(γ−β) = n. On the contrary, suppose that deg(γ−β) < n. Then

eγ−β is a small function of eβ and eγ . We denote by NE(r) the counting function

of the common zeros of eβ − 1 and eγ − 1. Assume that c0 is a common zero of

eβ − 1 and eγ − 1. Then c0 is a zero of eγ−β − 1. Notice eβ 6= eγ , then eγ−β − 1 6= 0.

Therefore

NE(r) ≤ N(r,
1

eγ−β − 1
) = S(r, eγ).

Since eγ is of �nite order, we have S(r + |c|, eγ) = S(r, eγ). Assume that d0 is a

zero of γ1e
γ − 1, and is not a zero of β1e

β − 1. Similarly as above, we can conclude

that d0 is also a zero of eγ − 1. Furthermore, d0 is a zero of γ1 − 1. If γ1 − 1 6= 0,

then, it follows from the second main theorem that

T (r, eγ) ≤ N(r,
1

γ1eγ − 1
) +N(r,

1

eγ
) +N(r, eγ) + S(r, eγ)

≤ NE(r + |c|) +N(r,
1

γ1 − 1
) + S(r, eγ)

≤ T (r,
1

γ1 − 1
) + S(r + |c|, eγ) + S(r, eγ) = S(r, eγ),

which is a contradiction. Thus, γ1(z) = eγ(z+c)−γ(z) = 1, which implies that

eγ(z+c) = eγ(z) and deg γ = 1. As a consequence, noting that deg(β − γ) < 1, we

see that β − γ is a constant, say A1. Recall e
γ(z+c) = eγ(z). One has eβ(z+c)−β(z) =

eβ(z+c)−γ(z+c)−(β(z)−γ(z)) = eA1−A1 = 1. So eβ(z+c) = eβ(z). By (4), we can get

∆cf = [P1(z + c)− P1(z)] + [P2(z + c)− P1(z + c)− P2(z) + P1(z)]
eβ(z) − 1

eγ(z) − 1
,

where deg β ≥ 1. But in view of (2), we have deg(−α) = deg(γ − β) < 1, yielding

a contradiction. Thus, we have shown that deg(γ − β) = n.

Furthermore, one has deg(g2 − gj) = n, for j = 0, 1, 3, 4, 5, 6, because{
g2 − g0 = β − γ, g2 − g1 = −γ, g2 − g3 = γ − β,

g2 − g4 = −β, g2 − g5 = γ, g2 − g6 = β.

We assume that b2 = [P1(z+c)−P1(z)−P2(z)]γ1(z)+P2(z+c)−P2(z)−P1(z) 6≡ 0.

Then, we consider ψj = bje
gj (j = 0, · · · , 6). From (10) we deduce that there

exist a set I ⊂ {0, 1, 3, 4, 5, 6} and complex numbers λj 6= 0(j ∈ I) such that
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ψ2 =
∑
j∈I λjψj , and ψj (j ∈ I) are linearly independent. Rewriting this in the

form: ∑
j∈I

λj
bj
b2
egj−g2 = 1,

we can apply Nevanlinna's lemma to the functions

ϕj = λj
bj
b2
egj−g2 , j ∈ I,

which are linearly independent and satisfy
∑
j∈I ϕj = 1.

We use the fact that the zeros and poles of ϕj and their Wronskians can come

only from the zeros and poles of functions bj whose Nevanlinna characteristic is

T (r, bj) = O(rn−1) = S(r, ϕj),

since deg(g2 − gj) = n for j ∈ I. So, by Nevanlinna's lemma we obtain that

T (r, ϕj) ≤ S(r),

for all j ∈ I with S(r) as above. This is a contradiction. Thus, b2 ≡ 0. Now, we

consider the case

b2 = [P1(z + c)− P1(z)− P2(z)]γ1(z) + P2(z + c)− P1(z)− P2(z) = 0.

If P1(z+ c)−P1(z)−P2(z) = 0, then P2(z+ c)−P2(z)−P1(z) = 0. We can obtain

P1(z+c) = P2(z+c), which is a contradiction. Thus, P1(z+c)−P1(z)−P2(z) 6≡ 0,

and we can get

(11) γ1(z) =
P2(z + c)− P2(z)− P1(z)

P1(z + c)− P1(z)− P2(z)
.

Note that γ1 is not a constant function. This contradicts the fact that γ1(z) is an

entire function. Thus, γ1 is a constant, which implies that deg γ = n = 1. So, we

have deg β = n = 1 and γ1 is a constant. Suppose that

deg(γ + β) = n = 1, deg(γ − 2β) = n = 1.

Then, one has deg(g6 − gj) = n, for j = 0, 1, 3, 4, 5, because

g6 − g0 = −γ, g6 − g1 = −γ − β, g6 − g2 = γ − 2β, g6 − g4 = −2β, g6 − g5 = γ − β.

Again applying Nevanlinna's Lemma and replacing g2 by g6 in the above discussion,

we get a contradiction.

Now, we assume that either γ + β or γ − 2β is constant. If γ + β is constant,

then for the functions gj with some constants cj , we have

g0 = −2β + c0, g1 = −β + c1, g3 = 2β + c3, g4 = β + c4, g5 = β + c5,

and bj are polynomials (since β1 and γ1 are constants). So, the identity (10) gives

b∗0e
−2β + b∗1e

−β + b∗3e
2β + b∗4e

β = 0,

51



ZHEN LI

with certain polynomials b∗j . This identity obviously implies that all b∗j are 0, where

b∗3 = {[P2(z + c)− P1(z + c)]β1 + P1(z)− P2(z)}ec3 .
If b∗3 ≡ 0, we can get [P2(z + c) − P1(z + c)]β1(z) + P1(z) − P2(z) = 0. Say

P3(z) = P2(z) − P1(z), so [P3(z + c) − P3(z)]β1(z) = P3(z)(1 − β1(z)). We show

that P3(z) is a constant. Indeed, assume the opposite that degP3(z) ≥ 1. Then, we

can get β1(z) = 1 and P3(z + c) − P3(z) = 0, implying that P3(z) is a constant,

which is a contradiction. Thus, P3(z) is a constant, say c(6= 0). This implies that

P1(z) = P2(z) + c. By (11) we can get that γ1(z) = 1 + c
P2(z+c)−2P2(z)

, showing

that γ1(z) has a pole. Taking into account that γ1(z) is an entire function, we get a

contradiction. Thus, we have b∗3 6≡ 0. This rules out the case where γ+β is constant.

The case where γ − 2β is constant can be treated in the same way. This completes

the proof of the theorem. �
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Àííîòàöèÿ. Â ñòàòüå äîêàçûâàåòñÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîé ïðîöå-
äóðû èçâåñòíîé êàê ïîêîîðäèíàòíûé ñïóñê ê îöåíêå ìàêñèìàëüíîãî ïðàâ-
äîïîäîáèÿ äëÿ îáîáùåííûõ ëèíåéíûõ ìîäåëåé. Ïîêîîðäèíàòíûé ñïóñê äëÿ
ëèíåéíîé ðåãðåññèè èçâåñòåí êàê ìåòîä ÷åðåäóþùèõñÿ íàèìåíüøèõ êâàäðà-
òîâ. Îïòèìèçàöèîííàÿ çàäà÷à â ñëó÷àå ýêñïîíåíöèàëüíîãî ñåìåéñòâà îñòà-
åòñÿ âîãíóòîé è ñâîéñòâî êîíöåíòðàöèè âîêðóã èñòèííîãî ïàðàìåòðà ïîçâî-
ëÿåò èñïîëüçîâàòü ðàçëîæåíèå Òåéëîðà äî âòîðîãî ïîðÿäêà. ×èñëåííûå ïðè-
ìåðû èëëþñòðèðóþò äîêàçàííóþ ñõîäèìîñòü ñ ïîñëåäóþùèì îáñóæäåíèåì
íà÷àëüíîãî çíà÷åíèÿ.

MSC2010 number: 62L12, 62F12, 49M05.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ ëèíåéíàÿ ìîäåëü; ýêñïîíåíöèàëüíîå ñåìåéñòâî;
÷åðåäóþùàÿ ìàêñèìèçàöèÿ.

1. Ââåäåíèå

Ìíîãèå ñòàòèñòè÷åñêèå çàäà÷è ìîæíî ðàññìàòðèâàòü êàê çàäà÷è ïîëó ïàðà-

ìåòðè÷åñêîãî îöåíèâàíèÿ, êîãäà íåèçâåñòíîå ðàñïðåäåëåíèå äàííûõ îïèñûâàåò-

ñÿ ïàðàìåòðîì âûñîêîé èëè áåñêîíå÷íîé ðàçìåðíîñòè, â òî âðåìÿ êàê ïàðàìåòð,

êîòîðûé íàñ èíòåðåñóåò èìååò íèçêóþ ðàçìåðíîñòü. Òèïè÷íûìè ïðèìåðàìè ÿâ-

ëÿþòñÿ ôóíêöèîíàëüíàÿ îöåíêà, îöåíêà ôóíêöèè â òî÷êå èëè ïðîñòî îöåíêà

äàííîãî ïîäâåêòîðà âåêòîðà ïàðàìåòðîâ. Êëàññè÷åñêàÿ ñòàòèñòè÷åñêàÿ òåîðèÿ

îáåñïå÷èâàåò îáùåå ðåøåíèå ýòîé çàäà÷è: îöåíèâàòü ïîëíûé âåêòîð ïàðàìåòðà

ìåòîäîì ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ è ïðîåêöèðîâàòü ïîëó÷åííóþ îöåíêó íà

öåëåâîå ïîäïðîñòðàíñòâî. Ýòîò ïîäõîä èçâåñòåí êàê ïðîôèëüíûé ìåòîä ìàêñè-

ìàëüíîãî ïðàâäîïîäîáèÿ è ÿâëÿåòñÿ ýôôåêòèâíûì ïðè äîñòàòî÷íî îáùèõ óñëî-

âèÿõ, êîòîðûå â ñëó÷àå îáîáùåííûõ ëèíåéíûõ ìîäåëåé âûïîëíåíû. Äëÿ áîëåå

îáùåãî ñëó÷àÿ, íàïðèìåð, Ì-îöåíîê, ýòè òåõíè÷åñêèå óñëîâèÿ ñëåäóåò ââîäèòü

îòäåëüíî è ïðîâåðÿòü, âûïîëíåíû ëè îíè èëè íåò. Ìû ññûëàåìñÿ íà [8], [6] è [10]

äëÿ ïîäðîáíîãî èçëîæåíèÿ òåîðèè è äàëüíåéøèõ ññûëîê.
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Â ýòîì èññëåäîâàíèè ðàññìîòðåíà çàäà÷à ïîëóïàðàìåòðè÷åñêîé îöåíêè ïðî-

ôèëüíîãî ïàðàìåòðà (ñì. [4], [5] è ññûëêè âíóòðè ýòèõ ñòàòåé). Îäíîé èç òàêèõ çà-

äà÷, î êîòîðîé ñòîèò óïîìÿíóòü, ÿâëÿåòñÿ çàäà÷à âûáîðà ìîäåëè. Â áîëüøèíñòâå

ñëó÷àåâ ïðàêòè÷åñêèõ çàäà÷ íåðåàëèñòè÷íî îæèäàòü, ÷òî ìîäåëüíûå ïðåäïîëî-

æåíèÿ áóäóò âûïîëíåíû, äàæå åñëè èñïîëüçóþòñÿ áîãàòûå íåïàðàìåòðè÷åñêèå

ìîäåëè. Ýòî îçíà÷àåò, ÷òî èñòèííîå ðàñïðåäåëåíèå äàííûõ P íå ïðèíàäëåæèò ê

ðàññìàòðèâàåìîìó ïàðàìåòðè÷åñêîìó ñåìåéñòâó, â íàøåì ñëó÷àå � ýêñïîíåíöè-

àëüíîìó ñåìåéñòâó. Ïðèìåíèìîñòü îáùåé ïîëóïàðàìåòðè÷åñêîé òåîðèè â òàêèõ

ñëó÷àÿõ ñîìíèòåëüíà. Âàæíîé îñîáåííîñòüþ ïðåäñòàâëåííîãî ïîäõîäà ÿâëÿåòñÿ

òî, ÷òî îí â ðàâíîé ñòåïåíè ïðèìåíèì ïðè íåïðàâèëüíîé ñïåöèôèêàöèè ìîäåëè.

Ïóñòü Y ýòî ðàñïðåäåëåíèå, èç êîòîðîãî èäóò íàáëþäàåìûå äàííûå è ñòàòè-

ñòè÷åñêàÿ ìîäåëü ïðåäïîëàãàåò, ÷òî íåèçâåñòíîå ðàñïðåäåëåíèå äàííûõ P ïðè-

íàäëåæèò çàäàííîìó ïàðàìåòðè÷åñêîìó ñåìåéñòâó (Pv):

Y ∼ P = Pv∗ ∈ (Pv, v ∈ Θ),(1.1)

ãäå Θ íåêîå ïàðàìåòðè÷åñêîå ïðîñòðàíñòâî.

Ìåòîä ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ â ïàðàìåòðè÷åñêîé îöåíêå ïîçâîëÿåò

îöåíèòü âåñü âåêòîð ïàðàìåòðîâ v ïóòåì ìàêñèìèçàöèè ñîîòâåòñòâóþùåãî ëî-

ãàðèôìè÷åñêîãî ïðàâäîïîäîáèÿ

L(v) = log
dPv
dµ0

äëÿ íåêîòîðîé äîìèíèðóþùåé ìåðû µ0. Îïðåäåëèì îöåíêó ìàêñèìàëüíîãî ïðàâ-

äîïîäîáèÿ ṽ âåêòîðíîãî ïàðàìåòðà v ñëåäóþùèì îáðàçîì

ṽ
def
= arg max

v∈Θ
L(v).(1.2)

Íåïðàâèëüíàÿ ñïåöèôèêàöèÿ ìîäåëè îçíà÷àåò P /∈ (Pv, v ∈ Θ). Äðóãèìè ñëî-

âàìè, L(v) åñòü ôóíêöèÿ êâàçè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ íà Θ. Èñòèííûé

ïàðàìåòð v∗ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

v∗
def
= arg max

v∈Θ
EL(v).(1.3)

Â ñëó÷àå äîïóùåíèÿ, ÷òî èñòèííàÿ ìîäåëü íå ïðèíàäëåæèò íàøåìó ïàðàìåò-

ðè÷åñêîìó ñåìåéñòâó v∗ îïðåäåëÿåò íàèëó÷øåå ïàðàìåòðè÷åñêîå ñîîòâåòñòâèå P
ðàññìàòðèâàåìûì ñåìåéñòâîì. Îòíîñèòåëüíî àíàëîãè÷íûõ ðåçóëüòàòîâ ñì. [1].

Ñíà÷àëà Êíàéï íà÷àë ðàáîòó â ýòîì íàïðàâëåíèè, ââåäÿ óïîðÿäî÷åííûå ëèíåé-

íûå ôóíêöèîíàëû (ñì. [9]). Äëÿ îáùèõ ðåçóëüòàòîâ ÷åðåäóþùåéñÿ ìàêñèìèçàöèè

(ìèíèìèçàöèè) ñì. [2].
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Êëþ÷åâîé ìîìåíò äàííîé ðàáîòû çàêëþ÷àåòñÿ â òîì, ÷òî ïîêîîðäèíàòíûé

ñïóñê äàåò ëèøü íåáîëüøîé âûèãðûø, èëè âîâñå äàæå íå äàåò, â ñëîæíîñòè âû-

÷èñëåíèÿ îïòèìàëüíîé òî÷êè äëÿ ëèíåéíûõ ìîäåëåé (ñì. [12]) ïðè íåêîòîðûõ

óñëîâèÿõ íà ðàçìåðíîñòü ïàðàìåòðîâ. Â ñëó÷àå æå ñ íåëèíåéíûìè ìîäåëÿìè

âûèãðûø îùóòèìûé. Â íåëèíåéíûõ ìîäåëÿõ â áîëüøèíñòâå ñëó÷àåâ ðåøåíèÿ â

ÿâíîé ôîðìå íåò, â íåêîòîðûõ ñëó÷àÿõ äàæå ÷èñëåííûå ðåøåíèÿ óñëîâèé ïåðâî-

ãî ïîðÿäêà ìîãóò áûòü î÷åíü ñëîæíûìè äëÿ ðåàëèçàöèè â ïîëíîé ðàçìåðíîñòè

ïàðàìåòðà. Ìåòîä, èçâåñòíûé ìåòîä êàê ïîêîîðäèíàòíîãî ñïóñêà (ìàêñèìèçàöèè

èëè ìèíèìèçàöèè) [3], ïîìîãàåò â òàêèõ ñèòóàöèÿõ è ýôôåêòèâíî îöåíèâåò âåê-

òîð ïàðàìåòðîâ.

Ðàññìàòðèâàåìàÿ ìîäåëü èìååò ïàðàìåòð v, ðàçìåðíîñòü êîòîðîãî p + q, ãäå

p - ðàçìåðíîñòü èíòåðåñóþùåãîñÿ íàìè ïàðàìåòðà, à q - ðàçìåðíîñòü îñòàëüíî-

ãî âåêòîðà. Îáû÷íî p íåâåëèêà, ïîòîìó ÷òî ìû òàêæå çàáîòèìñÿ î ïðèãîäíîñòè

è èíòåðïðåòèðóåìîñòè íàøåé ìîäåëè, íî q ìîæåò áûòü è î÷åíü áîëüøèì, õîòÿ

îöåíèâàíèå ýòîãî ïàðàìåòðà ÿâëÿåòñÿ âòîðîñòåïåííîé çàäà÷åé, íî äëÿ ïîëíîòû

ìîäåëè ìû íå ìîæåì åãî èñêëþ÷èòü. Îñíîâíûå ñëîæíîñòè ñ âû÷èñëåíèÿìè ïðî-

èñõîäÿò äëÿ ñëó÷àÿ áîëüøèõ ðàçìåðíîñòåé, ò. å. â ñëó÷àÿõ, êîãäà p+q äîñòàòî÷íî

âåëèêà, òî îáðàòèòü ìàòðèöó (p+ q)× (p+ q) ñòàíîâèòüñÿ âû÷èñëèòåëüíî íåâîç-

ìîæíûì.

Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì EM-àëãîðèòìà. EM-

àëãîðèòì ÿâëÿåòñÿ ïîïóëÿðíûì àëãîðèòìîì, êîòîðûé âïåðâûå áûë ïîëó÷åí â [7].

Â [7] òàêæå îïèñàíî, êàê EM-àëãîðèòì ìîæíî ðåàëèçîâàòü â ðàçíûõ îáëîñòÿõ.

Ìû ññûëàåìñÿ íà [11] çà êðàòêîå ââåäåíèå â ðàçðàáîòêó EM-àëãîðèòìà è îãðàíè-

÷èâàåìñÿ ññûëêîé íà èçâåñòíûé ðåçóëüòàò ñõîäèìîñòè [13], êîòîðûé ïî-ïðåæíåìó

ÿâëÿåòñÿ ñàìûì ñîâðåìåííûì â áîëüøèíñòâå ñëó÷àåâ. Ê ñîæàëåíèþ, ðåçóëüòàò

îïèñàííûé â [13], êàê è áîëüøèíñòâî ðåçóëüòàòîâ ñõîäèìîñòè ïî ýòèì èòåðà-

òèâíûì ïðîöåäóðàì, îáåñïå÷èâàåò òîëüêî ëîêàëüíóþ ñõîäèìîñòü. Â ýòîé ðàáîòå

ðàññìàòðèâàåòñÿ îäèí èç îñîáûõ ñëó÷àåâ, êîãäà ìîæíî äîêàçàòü ôàêòè÷åñêóþ

ñõîäèìîñòü ìåòîäà.

Îñòàëüíàÿ ÷àñòü ñòàòüè èìååò ñëåäóþùóþ ñòðóêòóðó. Ïàðàãðàô 2 ñîäåðæèò

ïðåäâàðèòåëüíûå ñâåäåíèÿ îá îáîáùåííûõ ëèíåéíûõ ìîäåëÿõ â êëàññå ñëó÷àé-

íûõ âåëè÷èí, íàçûâàåìûõ ýêñïîíåíöèàëüíûì ñåìåéñòâîì. Ïàðàãðàô 3 ñîäåðæèò
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îñíîâíûå ðåçóëüòàòû î ñõîäèìîñòè ïîêîîðäèíàòíîãî ñïóñêà äëÿ îáîáùåííûõ ëè-

íåéíûõ ìîäåëåé. Ïàðàãðàô 4 èëëþñòðèðóåò ÷èñëåííóþ ðàáîòó àëãîðèòìà, ÷òî

ïîäòâåðæäàåò ðåçóëüòàò òåîðåìû èç ïàðàãðàôà 3.

2. Ââåäåíèå â îáîáùåííûå ëèíåéíûå ìîäåëè

Â ýòîì ðàçäåëå ìû ââåäåì êëàññ îáîáùåííî ëèíåéíûõ ìîäåëåé ñ íåìíîãî äðó-

ãîé òî÷êè çðåíèÿ. Ýòîò ïàðàãðàô ÿâëÿåòñÿ ïîäãîòîâèòåëüíûì äëÿ ïàðàãðàôà

3.

Ïóñòü Yi íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, Xi ∈ Rp è Yi ∼ Pi ∈ (Pv), ÷òî

îçíà÷àåò ∃vi : Pi = Pvi , ãäå (Pv) ïðåäïîëàãàåòñÿ ýêñïîíåíöèàëüíûì ñåìåéñòâîì

ðàñïðåäåëåíèé ñ êàíîíè÷åñêèì ïàðàìåòðîì. Ýêñïîíåíöèàëüíîå ñåìåéñòâî áóäåò

îáñóæäåíî äàëåå â ýòîì ïàðàãðàôå. Îáîáùåííûå ëèíåéíûå ìîäåëè ìîãóò áûòü

çàïèñàíû ñëåäóþùèì îáðàçîì Yi ∼ Pv(Xi). Â ñëó÷àå ãàóññîâñêîãî ðàñïðåäåëåíèÿ

ìû ïîëó÷àåì Yi = v(Xi) + εi ñ ïðîèçâîëüíîé ôóíêöèåé v(·).
Ôóíêöèÿ v(x) ìîæåò áûòü çàïèñàíà êàê

v(x) =

∞∑
j=1

θjψj(x).

Òîãäà, ëèíåéíîå ïàðàìåòðè÷åñêîå ïðåäïîëîæåíèå äàåò

v(x) =

p+q∑
j=1

θjψj(x) =

p∑
j=1

θjψj(x) +

p+q∑
j=p+1

θjψj(x)(2.1)

äëÿ çàäàííîãî áàçèñà ψj(·). Îáîçíà÷èì ηi = θp+i è âåêòîð ñòîëáåö η = (η1, . . . , ηq)
T ∈

Rq.

Yi ∼ Pvi , vi = ΨT
i θ + ΦTi η,(2.2)

ãäå Ψi = (ψ1(x), . . . , ψp(x))T ∈ Rp, Φi = (ψp+1(x), . . . , ψp+q(x))T ∈ Rq è θ ∈
Rp, η ∈ Rq.
Ëîãàðèôì ïðàâäîïîäîáèÿ â äàííîì ñëó÷àå ðàâåí

log
dPθ
dµn0

(Y) =

n∑
i=1

(viYi − g(νi)) =

n∑
i=1

(
ΨT
i θYi + ΦTi ηYi − g(ΨT

i θ + ΦTi η)
)
,

÷òî ñëåäóåò èç ýêâèâàëåíòíîñòè ñåìåéñòâà (2.10), à ôóíêöèÿ g(·) ìîæåò áûòü

âûâåäåíà èç (2.8). Ýêâèâàëåíòíî, èìååì

L(θ, η)
def
= ST θ +RT η −A(θ, η),(2.3)
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ãäå

S
def
=

n∑
i=1

YiΨi ∈ Rp, R def
=

n∑
i=1

YiΦi ∈ Rq, A(θ, η)
def
=

n∑
i=1

g(ΨT
i θ + ΦTi η).

Îáîçíà÷èì ëîãàðèôì ïðàâäîïîäîáèÿ ÷åðåç L(θ, η) èëè L(v), ãäå v
def
= (θ, η).

Òîãäà, â òåðìèíàõ v ïîëó÷àåì

L(v) = ΥT v −A(v),

ãäå Υ =

(
S
R

)T
∈ Rp+q. Ìàòðèöà èíôîðìàöèè Ôèøåðà îïðåäåëÿåòñÿ êàê D2 def

=

−∇2EL(v∗) = F (v∗), ãäå v =

(
θ
η

)T
∈ Rp+q, à ∇ ýòî îïåðàòîð äèôôåðåíöèðîâà-

íèÿ. Ìàòðèöà Ãåññå â òî÷êå v çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì

F(v) = −∇2EL(v) =

(
Fθθ(v) Fθη(v)
Fηθ(v) Fηη(v)

)
.

Äàëåå ìû äîêàæåì, ÷òî ôóíêöèÿ g(·) âûïóêëà, îòêóäà áóäåò ñëåäîâàòü ïîëîæè-
òåëüíàÿ îïðåäåëåííîñòü ìàòðèöû èíôîðìàöèè Ôèøåðà F.

Îïðåäåëèì âåêòîð ∇ def
= ∇L(v∗), à òàê æå ñòàíäàðòèçèðîâàííóþ âåðñèþ ýòîãî

âåêòîðà ξ̆ ñëåäóþùèì îáðàçîì

ξ̆ = D−1∇.

Ïàðàìåòðû ṽ = (θ̃, η̃) çàâèñÿò îò äàííûõ, ñëåäîâàòåëüíî ÿâëÿþòñÿ ñëó÷àéíû-

ìè, â òî âðåìÿ êàê v∗ = (θ∗, η∗) èñòèííîå çíà÷åíèå ïàðàìåòðà, êîòîðå íå ÿâëÿåòñÿ

ñëó÷àéíîé âåëè÷èíîé. Â ðåàëüíîñòè èñòèííîå ðàñïðåäåëåíèå Y íåèçâåñòíî, íî ìû

äåëàåì ïàðàìåòðè÷åñêîå ïðåäïîëîæåíèå íà êëàññ ðàñïðåäåëåíèé.

Çàïèøåì îïðåäåëåíèÿ (1.2) è (1.3) òàêèì îáðàçîì

ṽ = (θ̃, η̃) = arg max
θ,η

L(θ, η), v∗ = (θ∗, η∗) = arg max
θ,η

EL(θ, η).(2.4)

Èç îïðåäåëåíèÿ v∗ ñëåäóåò, ÷òî ∇EL(v∗) = 0 îòêóäà âûòåêàåò

E
(
S
R

)T
= ∇A(θ∗, η∗)

èëè

EΥ = ∇A(v∗).

Âàæíîå ñâîéñòâî ýêñïîíåíöèàëüíîãî ñåìåéñòâà çàêëþ÷àåòñÿ â òîì, ÷òî ñòîõà-

ñòè÷åñêàÿ êîìïîíåíòà ζ(θ, η) ëîãàðèôìà ïðàâäîïîäîáèÿ ëèíåéíà ïî θ è η. Ïóñòü
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εi = Yi − EYi è ζ = L− EL òîãäà

ζ(θ, η) = (ST − EST )θ + (RT − ERT )η =

n∑
i=1

εi(Ψ
T
i θ + ΦTi η),

∇ζ(θ, η) =
(
S − ES R− ER

)
=
(∑n

i=1 εiΨi

∑n
i=1 εiΦi

)
.

Òåïåðü ðàññìîòðèì ñëåäóþùåå ýëëèïòè÷åñêîå ìíîæåñòâî

Ω◦(r)
def
= {v : ‖D(v − v∗)‖ ≤ r}.(2.5)

Ìíîæåñòâî Ω◦(r) íàçûâàåòñÿ ëîêàëüíîé îêðåñòíîñòüþ v∗ äëÿD2 = −∇2EL(v∗) =

F(v∗) è V2 def
= Cov(∇L(v∗)).

Çàïèøåì êîâàðèàöèîííóþ ìàòðèöó â áëî÷íîé ôîðìå

V2 =

(
V 2 E
ET Q2

)
.(2.6)

Ìàòðèöà èíôîðìàöèè Ôèøåðà F(v∗) = −∇2EL(v∗) â áëî÷íîé ôîðìå

F(v) =

(
Fθθ(v) Fθη(v)
Fηθ(v) Fηη(v)

)
.(2.7)

Äëÿ öåíòðàëüíîé òî÷êè v∗ ðàçëîæåíèå â áëî÷íîé ôîðìå

D2 = F(v∗) =

(
D2 A
AT H2

)
,

ãäå D2 = Fθθ(v∗), A = Fθη(v∗) è H2 = Fηη(v∗). Ðàçëîæèì òàê æå âåêòîð ∇ def
=

∇L(v∗) ñëåäóþùèì îáðàçîì

∇ =

(
∇θ
∇η

)
.

2.1. Ýêñïîíåíöèàëüíîå ñåìåéñòâî ñ êàíîíè÷åñêèì ïàðàìåòðîì. Â ýòîé

÷àñòè ìû ôîðìàëüíî îïðåäåëÿåì ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé.

Ñòîèò îòìåòèòü, ÷òî ýêñïîíåíöèàëüíîå ñåìåéñòâî ïðåäñòàâëÿåò ñîáîé äîâîëüíî

øèðîêèé êëàññ ðàñïðåäåëåíèé. Ýòîò êëàññ ñîäåðæèò òàêèå ðàñïðåäåëåíèÿ êàê

íîðìàëüíîå, áèíîìèàëüíîå, ïóàññîíîâñêîå, ãàììà, ìóëüòèíîìèàëüíîå è äðóãèå.

Ïðîñòåéøèìè ïðèìåðàìè ðàñïðåäåëåíèé, íå ïðèíàäëåæàùèìè ê ýêñïîíåíöèàëü-

íîìó ñåìåéñòâó, ÿâëÿþòñÿ ðàñïðåäåëåíèÿ Ñòüþäåíòà è ðàâíîìåðíîå. Êðàñîòà

è óäîáñòâî ýêñïîíåíöèàëüíîãî ñåìåéñòâà ñîñòîèò â òîì, ÷òî ëîãàðèôìè÷åñêàÿ

ôóíêöèÿ ïðàâäîïîäîáèÿ èìååò ïðîñòîé âèä è ìîæåò áûòü çàïèñàíà ÿâíî. Â îá-

ùåì ñëó÷àå ìû ãîâîðèì, ÷òî ñëó÷àéíàÿ âåëè÷èíà ñ ôóíêöèåé ïëîòíîñòè âåðî-

ÿòíîñòè f(·) ïðèíàäëåæèò ýêñïîíåíöèàëüíîìó êëàññó, åñëè ôóíêöèÿ ïëîòíîñòè
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âåðîÿòíîñòè ìîæåò áûòü âûðàæåíà ñëåäóþùèì îáðàçîì

f(x|η) = h(x) exp{ηTT (x)−A(η)}(2.8)

ãäå η âåêòîð ïàðàìåòðîâ, T (X) äîñòàòî÷íàÿ ñòàòèñòèêà, à A(·) ôóíêöèÿ ññûë-

êè (link function).

Êàê óæå óïîìÿíóëîñü âûøå, ñóùåñòâóåò îãðîìíîå ÷èñëî èçâåñòíûõ ðàñïðåäå-

ëåíèé, ôóíêöèè ïëîòíîñòè âåðîÿòíîñòè êîòîðûõ ìîãóò áûòü âûðàæåíû â âèäå

(2.8). ×òîáû óáåäèòüñÿ â ýòîì ìîæíî âûðàçèòü ôóíêöèþ ïëîòíîñòè íîðìàëüíîãî

ðàñïðåäåëåíèÿ â ôîðìå (2.8) èëè ôóíêöèè ðàñïðåäåëåíèÿ Áåðíóëëè, Ïóàññîíà

çàäàâ çàðàíåå ñîîòâåòñâóþùèå îáëàñòè îïðåäåëåíèÿ ïàðàìåòðà.

2.1.1. Îáîáùåííûå ëèíåéíûå ìîäåëè. Ïóñòü Y ÿâëÿåòñÿ çàâèñèìûì âåêòîðîì îò

äâóõ ìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ Ψ è Φ. Ðàññìîòðèì ìîäåëü

Y ∼ P ∈ (Pv)v∈R � µ0,(2.9)

ãäå (Pv)v∈R ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé ñ êàíîíè÷åñêèì ïàðà-

ìåòðîì, à µ0 íåêîòîðàÿ äîìèíèðóþùàÿ ìåðà. Èòàê,

log
dPv
dµ0

(y) = y · v − g(v) äëÿ íåêîòîðîé ôóíêöèè g(·).(2.10)

Ëåììà 2.1. Ïóñòü (Pν) ýêïîíåíöèàëüíîå ñåìåéñòâî ðàïðåäåëåíèé. Òîãäà,

EνY = g′(ν), Varν(Y ) = Eν [Y − g′(ν)]2 = g′′(ν)(2.11)

Ñëåäîâàòåëüíî, ôóíêöèÿ g(·) âûïóêëà ââåðõ.

Çàìå÷àíèå 2.1. Äëÿ ïðîñòàòû äîêàçàòåëüñòâî ïðèâåäåíî äëÿ îäíîìåðíîé ôóíê-

öèè g(·), íî äàííûé ðåçóëüòàò âåðåí è â ñëó÷àå ìíîãîìåðíûõ ôóíêöèé è ïåðå-

ìåííûõ. Îäíèì èç ðàçëè÷èé ýòî òî, ÷òî âìåñòî äèñïåðñèè áóäåò êîâàðèàöèîííàÿ

ìàòðèöà, êîòîðàÿ â ñâîþ î÷åðåäü ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé.

2.2. Êîíöåíòðàöèÿ ìåðû. Íàïîìíèì, ÷òî èç ñâîéñòâ îáîáùåííûõ ëèíåéíûõ

ìîäåëåé ñëåäóåò, ÷òî ñòîõàñòè÷åñêàÿ êîìïîíåíòà ëîãàðèôìè÷åñêîé ôóíêöèè ïðàâ-

äîïîäîáèÿ ζ(θ, η) ÿâëÿåòñÿ ëèíåéíîé ïî θ è η, à äåòåðìèíèðîâàííÿ ÷àñòü EL(v)

� âîãíóòîé ïî v.

Ðàññìîòðèì ýëëèïòè÷åñêîå ìíîæåñòâî îïðåäåëåííûì â (2.5). Â [12] äîêàçà-

íî, ÷òî ñóùåñòâóåò òàêîå ýëëèïòè÷åñêîå ìíîæåñòâî Ω◦(r) âîêðóã v òàêîå ÷òî ṽ

ïðèíàäëåæèò ýòîìó ìíîæåñòâó ñ áîëüøîé âåðîÿòíîñòüþ. Äàëåå ìû ïðåäïîëàãà-

åì, ÷òî x ôèêñèðîâàííàÿ è äîñòàòî÷íî áîëüøàÿ âåëè÷èíà, ÷åì è îïðåäåëÿåòñÿ
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óðîâåíü äîìèíèðóþùåé âåðîÿòíîñòè. Ìû íàçûâàåì ñëó÷àéíîå ìíîæåñòâî Ω0(x)

äîìèíèðóþùåé âåðîÿòíîñòüþ, åñëè

P (Ω0(x)) ≥ 1− Ce−x.

Çíà÷åíèå x ìîæåò çàâèñåòü îò n è ñòðåìèòüñÿ ê áåñêîíå÷íîñòè ñ ðîñòîì n. Âîç-

ìîæíûå çíà÷åíèÿ x ýòî x � n1/2 è x � log n, êîòîðûå äàþò P (Ω0(x)) ≥ 1− C/n.

Åäèíñòâåííîå òðåáîâàíèå ê ïîñëåäîâàòåëüíîñòè {xn} ýòî, ÷òîáû îíà íå ðîñëà

ñëèøêîì áûñòðî, ôîðìàëüíî, x ≤ xc
def� n1/2.

Âñå ðåçóëüòàòû, ïîëó÷åííûå íèæå, ñ÷èòàþòñÿ âåðíûìè íà ñëó÷àéíîì ìíîæå-

ñòâå Ω◦(x) è, ïîñêîëüêó ýòî ìíîæåñòâî äîìèíèðóþùåé âåðîÿòíîñòè, òîãäà âñå

ðåçóëüòàòû âåðíû ñ áîëüøîé âåðîÿòíîñòüþ. Ìû âñåãäà ïîìíèì îá ýòîì ôàêòå,

íî äëÿ óäîáñòâà è ïðîñòîòû îáîçíà÷åíèé ìû èñêëþ÷àåì åãî èç ôîðìóëèðîâêè

òåîðåì.

2.3. Ëîêàëüíàÿ êâàäðàòè÷íàÿ àïïðîêñèìàöèÿ ôóíêöèè ëîãàðèôìè÷å-

ñêîãî ïðàâäîïîäîáèÿ. Íàïîìíèì, ÷òî ôóíêöèÿ L(θ, η) ìîæåò áûòü ïåðåïèñàíà

â òåðìèíàõ v êàê L(v). Â ýòîé ÷àñòè ìû ïîêàæåì, ÷òî àïïðîêñèìàöèÿ ôóíêöèè

L(v) äî âòîðîãî ïîðÿäêà ñ ïîìîùüþ ðàçëîæåíèÿ Òåéëîðà ÿâëÿåòñÿ êîððåêòíîé â

îêðåñòíîñòè v∗. Ïîëîæèì L(v1, v2) = L(v1)−L(v2) è íàïîìíèì, ÷òî ṽ ñëó÷àéíàÿ

îöåíêà çàâèñèùàÿ îò äàííûõ. Ôîðìàëüíî,

ṽ = arg max
v

L(v), v∗ = arg max
v

EL(v).

Äàëåå èìååì,

L(v, v∗) = ∇L(v∗)(v − v∗)− 1

2
‖D2(v − v∗)‖2 + α′(v, v∗),(2.12)

ãäå α′(·) îïðåäåëåíà â (2.12).
Àíàëîãè÷íûì îáðàçîì, ìû àïïðîêñèìèðóåì ôóíêöèþ L(v) â îêðåñòíîñòè ṽ èñ-

ïîëüçóÿ òîò ôàêò, ÷òî ∇L(ṽ) = 0, ñëåäîâàòåëüíî

L(v, ṽ) = −1

2
‖D2(v − ṽ)‖2 + α(v, ṽ).(2.13)

Çàìå÷àíèå 2.2. Ñâîéñòâî êîíöåíòðàöèè ïîçâîëÿåò èñïîëüçîâàòü ðàçëîæåíèå

Òåéëîðà äî âòîðîãî ïîðÿäêà, êîòîðàÿ õîðîøî àïïðîêñèìèðóåò èçíà÷àëüíóþ ôóíê-

öèþ L(·). Èäåÿ çàêëþ÷àåòñÿ â òîì, ÷òî âîãíóòàÿ ôóíêöèÿ â îêðåñòíîñòè ìàêñè-

ìóìà èìååò êâàäðàòè÷íóþ ôîðìó, ò.å. ðàçëîæåíèå Òåéëîðà äî âòîðîãî ïîðÿäêà

íå âëå÷åò áîëüøèå îøèáêè àïïðîêñèìàöèè.
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3. Ìåòîä ÷åðåäóþùèõñÿ íàèìåíüøèõ êâàäðàòîâ äëÿ îáîáùåííûõ

ëèíåéíûõ ìîäåëåé

Ýòîò ïàðàãðàô îáîáùàåò îáû÷íûé ìåòîä íàèìåíüøèõ êâàäðàòîâ äëÿ ëèíåé-

íûõ ìîäåëåé (ñì. [12]) ñ ïîìîùüþ ïîêîîðäèíàòíîãî ñïóñêà è äîêàçûâàåò àíàëî-

ãè÷íûé ðåçóëüòàò â ñëó÷àå îáîáùåííûõ ëèíåéíûõ ìîäåëåé. Çàäà÷à íåòðèâèàëü-

íà, ïîñêîëüêó îöåíêè äëÿ áîëüøèíñòâà ìîäåëåé íåëüçÿ ïîëó÷èòü â ÿâíîé ôîðìå.

Âìåñòî ýòîãî, ìû àïïðîêñèìèðóåì ôóíêöèþ ïðàâäîïîäîáèÿ ñ ïîìîùüþ êâàäðà-

òè÷íîé ôóíêöèè íà ñëó÷àéíîì ìíîæåñòâå, ãäå íàáëþäàåòñÿ êîíöåíòðàöèÿ ìåðû.

Îáîáùåííûå ëèíåéíûå ìîäåëè ÷àñòî èñïîëüçóþòñÿ âî ìíîãèõ ìîäåëÿõ è èìå-

þò ðÿä ïðèëîæåíèé â ñàìûõ ðàçíûõ îáëàñòÿõ. Íàïðèìåð, â êàòåãîðèàëüíîì àíà-

ëèçå äàííûõ, çàäà÷àõ êëàññèôèêàöèè, Ïóàññîíîâñêîé ðåãðåñèè, è ò.ä. Â òåîðèè

ñòàòèñòè÷åñêîãî îáó÷åíèÿ è îöåíèâàíèÿ ïëîòíîñòè âåðîÿòíîñòè â ïåðâóþ î÷å-

ðåäü ðàññìàòðèâàþòñÿ èìåííî îáîáùåííûå ëèíåéíûå ìîäåëè. Ëèíåéíûå ìîäåëè

ïîðîé ñëèøêîì ïðîñòûå, ÷òîáû îïèñàòü âñþ ìîäåëü, ïîýòîìó âî ìíîãèõ ñëó÷àÿõ

öåëåñîîáðàçíî èñïîëüçîâàòü îáîáùåííûå ëèíåéíûå ìîäåëè.

Äàëåå ìû îáñóäèì ïîêîîðäèíàòíûé ñïóñê äëÿ ôóíêöèè êâàçè-ïðàâäîïîäîáèÿ,

ïîëó÷åííîé â ïðåäûäóùåé ãëàâå. Â îáùåì ñëó÷àå ïðîöåäóðà ÷åðåäîâàíèÿ ìàêñè-

ìèçàöèè (ìèíèìèçàöèè) èñïîëüçóåòñÿ â òåõ ñëó÷àÿõ, êîãäà ïðÿìûå âû÷èñëåíèÿ

ïîëíîé ðàçìåðíîñòè íåâîçìîæíû èëè î÷åíü òðóäíî ðåàëèçóåìû.

Ïóñòü L(v) ôóíêöèÿ ïðàâäîïîäîáèÿ, ãäå âåêòîð v = (θ, η) ìîæåò áûòü ðàç-

ëîæåí êàê öåëåâîé ïàðàìåòð θ è ïàðàìåòð η, êîòîðûé íàñ íå èíòåðåñóåò. Ìå-

òîä ÷åðåäóþùåéñÿ ìàêñèìèçàöèè ýòî èòåðàòèâíûé àëãîðèòì íà÷èíàþùèéñÿ ñ

êàêîãî-òî íà÷àëüíîãî çíà÷åíèÿ v◦ ∈ Rp+q è ïðàâèëîì îáíîâëåíèÿ êàê ïîêàçàíî

íèæå

ṽk,k
def
= (θ̂k, η̂k) =

(
θ̂k, argmax

η∈Rq

L(θ̂k, η)

)
,

ṽk+1,k
def
= (θ̂k+1, η̂k) =

(
argmax
θ∈Rp

L(θ, η̂k), η̂k

)
.(3.1)

Â ýòîì ðàçäåëå ìû ïîñòàðàåìñÿ îòâåòèòü íà íåêîòîðûå åñòåñòâåííûå âîïðîñû,

âîçíèêàþùèå ñ îïèñàííîé âûøå èòåðàöèîííîé ïðîöåäóðîé: Ñõîäèòüñÿ ëè ïî-

ñëåäîâàòåëüíîñòü
(
θ̂k

)
? Êàêîâà ñêîðîñòü ñõîäèìîñòè? Ïðè êàêèõ óñëîâèÿõ ýòà

ïîñëåäîâàòåëüíîñòü ñõîäèòüñÿ ê îöåíêå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ṽ?

3.1. Ñõîäèìîñòü ê îöåíêå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ. Îäíèì èç îñ-

íîâíûõ ðåçóëüòàòîâ ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà ïðî ñõîäèìîñòü ïðåäëîæåííîé
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ïðîöåäóðû ê îöåíêå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ îáîáùåííûõ ëèíåéíûõ

ìîäåëåé.

Òåîðåìà 3.1. Ïóñòü ìîäåëü çàäàíà êàê â (2.2) è ïîëîæèì v = (θ, η) ∈ Rp+q.
L(v) îïðåäåëåíà â (2.3) è D2 = −∇2EL(v∗) ìàòðèöà Ãåññå äëÿ ëîãàðèôìè÷åñêîé

ôóíêöèè ïðàâäîïîäîáèÿ L(v) â áëî÷íî-ìàòðè÷íîé ôîðìå

(
D2 A
AT H2

)
â òî÷êå

ṽ. Ïðåäïîëîæèì, ÷òî ρ
def
= ‖D−1AH−1‖2

op
< 1 è óñëîâèå ‖D−1∇2EL(v)D−1 −

Ip+q‖ ≤ δ(r) ≤ δ âûïîëíåíî, ãäå Ip+q � åäèíè÷íàÿ ìàòðèöà.

Òîãäà, ïîñëåäîâàòåëüíîñòü îöåíîê ïîëó÷åííûõ ìåòîäîì ÷åðåäóþùåéñÿ ìàê-

ñèìèçàöèè ñõîäèòüñÿ ê θ̃ = Πθṽ
def
= Πθ arg maxv L(v), à Πθ ïðîåêòîð âåêòîðà íà

ñâîé ïîäâåêòîð θ.

Çàìå÷àíèå 3.1. Îáîçíà÷åíèå ṽk(+1),k èñïîëüçóåòñÿ â ñëó÷àÿõ, êîãäà ðåçóëüòàò

âåðåí äëÿ ṽk,k è ṽk+1,k.

Äîêàçàòåëüñòâî. Çàïèøåì (2.13) â òåðìèíàõ θ è η

L(v, ṽ) =

−1

2
‖D2(θ − θ̃)‖2 − 1

2
‖H2(η − η̃)‖2 − (θ − θ̃)TA(η − η̃) + α(v, ṽ).(3.2)

Ïóñòü θ◦ åñòü íà÷àëüíîå çíà÷åíèå è èñïîëüçóÿ ìåòîä îïèàííûé â (3.1) ïîëó÷àåì

η̂0 = η̃(θ◦) =

argmin
η

[
1

2
‖D2(θ◦ − θ̃)‖2 +

1

2
‖H2(η − η̃)‖2 + (θ◦ − θ̃)TA(η − η̃) + α(v, ṽ)

]
.

Òîãäà, óñëîâèå ïåðâîãî ïîðÿäêà äàåò íàì ñëåäóþùåå ñîîòíîøåíèå

H2(η̂0 − η̃) = AT (θ̃ − θ◦) +∇ηα(ṽ0,0, ṽ).

Àíàëîãè÷íûì îáðàçîì, ðåøåíèå θ̂1
def
= θ̃(η̂0) èìååò ñëåäóþùóþ ôîðìó

D2(θ̂1 − θ̃) = A(η̃ − η̂0) +∇θα(ṽ1,0, ṽ).

Òîãäà èòåðàöèîííûé ïðîöåññ ÷åðåäóþùåéñÿ ìàêñèìèçàöèè äàåò íàì ñëåäóþùóþ

ðåêóðñèâíóþ ñèñòåìó óðàâíåíèé, çàâèñÿùóþ îò íà÷àëüíîãî çíà÷åíèÿ:{
H2(η̂k − η̃) = AT (θ̃ − θ̂k) +∇ηα(ṽk,k, ṽ)

D2(θ̂k+1 − θ̃) = A(η̃ − η̂k) +∇θα(ṽk+1,k, ṽ).

èëè {
H2(η̂k − η̃) = AT (θ̃ − θ̂k) +∇ηα(ṽk,k, ṽ)

D(θ̂k+1 − θ̃) = D−1A(η̃ − η̂k) +D−1∇θα(ṽk+1,k, ṽ).
(3.3)
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Äàëåå ìû âûðàæàåì (η̃ − η̂k) èñïîëüçóþ âòîðîå óðàâíåíèå (3.3) è ïîäñòàâëÿåì â

ïåðâîå óðàâíåíèå. Â èòîãå, ïîëó÷èì

D(θ̂k+1 − θ̃) = D−1AH−2AT (D−1D)(θ̂k − θ̃) +D−1
[
∇θα(v, ṽ)−AH−2∇ηα(v, ṽ)

]
.

Òåïåðü îïðåäåëèì M◦
def
= D−1AH−2ATD−1 è

Ξ(ṽk(+1),k)
def
= D−1

[
∇θα(ṽk+1,k, ṽ)−AH−2∇ηα(ṽk,k, ṽ)

]
äàåò ñëåäóþùóþ ðåêóðñèâíóþ ôîðìóëó

D(θ̂k+1 − θ̃) = M◦ ·D(θ̂k − θ̃) + Ξ(ṽk(+1),k).(3.4)

Ñëåäîâàòåëüíî, ñóììèðóÿ äëÿ âñåõ k, íà÷èíàÿ ñ íà÷àëüíîãî çíà÷åíèÿ, âçÿâ íîðìó

è èñïîëüçóÿ íåðàâåíñòâî òðåóãîëüíèêà, ïîëó÷èì ñëåäóþùèé ðåçóëüòàò

‖D(θ̂k+1 − θ̃)‖ ≤ ‖M◦‖ · ‖D(θ̂k − θ̃)‖+ ‖Ξ(ṽk(+1),k)‖ ≤ ‖M◦‖k · ‖D(θ◦ − θ̃)‖+

k−1∑
`=0

‖M◦‖` · ‖Ξ(ṽk(+1),k)‖ = ‖M◦‖k · ‖D(θ◦ − θ̃)‖+ ‖Ξ(ṽk(+1),k)‖ · 1− ‖M◦‖k

1− ‖M◦‖
.

Èñïîëüçóÿ ïðåäïîëîæåíèå ρ
def
= ‖D−1AH−1‖ < 1 ëåãêî âèäåòü, ÷òî ïåðâûé

÷ëåí ñòðåìèòüñÿ ê íóëþ, êîãäà k ñòðåìèòüñÿ ê áåñêîíå÷íîñòè.

Äàëåå íóæíî ïîêàçàòü, ÷òî Ξ(ṽk(+1),k) óìåíüøàåòñÿ ñ ðîñòîì k.

Äëÿ D−1∇θα(ṽk+1,k, ṽ) Òåîðåìà Ñ.1 â [2] äàåò íóæíóþ âåðõíþþ îöåíêó, êî-

òîðàÿ ñòðåìèòüñÿ ê 0 ñ ðîñòîì k. Çàìåòèì, ÷òî èñïîëüçóÿ ýòó òåîðåìó ìîæíî

ïîñòðîèòü âåðõíèå îöåíêè äëÿ îñòàâøèõñÿ ÷ëåíîâ Ξ(ṽk(+1),k), êîòîðûå, â ñâîþ

î÷åðåäü, äàþò âåðõíóþ îöåíêó äëÿ Ξ(ṽk(+1),k) öåëèêîì.

Ñëåäîâàòåëüíî, èñïîëüçóÿ Òåîðåìó Ñ.1 èç [2] è íåðàâåíñòâî òðåóãîëüíèêà ïî-

ëó÷èì íóæíóþ îöåíêó äëÿ Ξ(ṽk(+1),k). Èòîãî, ïîëó÷àåòñÿ

‖Ξ(ṽk(+1),k)‖ ≤ ‖D−1∇θα(ṽk+1,k, ṽ)‖+ ‖D−1AH−2∇ηα(ṽk,k, ṽ)‖ → 0 êîãäà k →∞.

Îáúåäèíèâ âñå ïîëó÷åííûå ñâîéñòâà, ïîëó÷èì, ÷òî

‖D(θ̂k+1 − θ̃)‖ ≤ sk → 0 as k →∞.(3.5)

Èñïîëüçóÿ òå æå âûêëàäêè ÿñíî, êàê ïîëó÷èòü ñâîéñòâî ñõîäèìîñòè äëÿ ïàðà-

ìåòðà η, ÷òî è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. �

Çàìå÷àíèå 3.2. Ïîñëåäîâàòåëüíîñòü sk èç (3.5) ìîæåò áûòü èíòåðïðåòèðîâàíà

êàê ðàäóèñ ýëëèïòè÷åñêîãî ìíîæåñòâà âîêðóã θ̃, êóäà îöåíêà θ̂k+1 ïîïàäàåò ñ

áîëüøîé âåðîÿòíîñòüþ.
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Çàìå÷àíèå 3.3. Ðåçóëüòàò Òåîðåìû 3.1 ãîâîðèò î òîì, ÷òî åäèíñòâåííûì óñëî-

âèåì äëÿ ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè
(
θ̂k

)
ÿâëÿåòñÿ ρ

def
= ‖M◦‖ < 1 è‖D−1∇2EL(v)D−1−

Ip+q‖ ≤ δ. Áîëåå òîãî, íàáëþäàåòñÿ ëèíåéíàÿ ñõîäèìîñòü ê îöåíêå ìàêñèìàëüíîãî
ïðàâäîïîäîáèÿ θ̃, êîòîðóþ âî ìíîãèõ ñëó÷àÿõ âû÷èñëèòåëüíî òðóäíî ïîñ÷èòàòü.

3.2. ×åðåäóþùàÿñÿ îöåíêà. Âûøå ìû ïîêàçàëè, ÷òî ïîñëåäîâàòåëüíîñòü îöå-

íîê, ïîëó÷åííûõ ñ èñïîëüçîâàíèåì ìåòîäà ÷åðåäóþùèõñÿ íàèìåíüøèõ êâàäðàòîâ

ñõîäèòñÿ ê ñîîòâåòñòâóþùåé îöåíêå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ. Ýòî ñèëüíûé

è ïðèíöèïèàëüíî âàæíûé äëÿ ïðàêòèêè ðåçóëüòàò. Êàê áûëî ñêàçàíî âûøå, åñòü

äâå îñíîâíûå ïðîáëåìû, êîòîðûå äåëàþò ïðîáëåìó íåòðèâèàëüíîé. Ïåðâàÿ èç

íèõ � íåâîçìîæíîñòü ïîëó÷èòü ÿâíîå ðåøåíèå â áîëüøèíñòâå ñëó÷àåâ, à âòîðàÿ �

áîëüøàÿ ðàçìåðíîñòü íå èíòåðåñóþùåãîñÿ íàñ ïàðàìåòðà, ÷òî äåëàåò íåâîçìîæ-

íûì íåïîñðåäñòâåííîå ïðèìåíåíèå èçâåñòíîãî ìåòîäà Íüþòîíà-Ðàôñîíà. Àëü-

òåðíàòèâíûé ìåòîä ìàêñèìèçàöèè ïðåîäîëåë ýòè ïðîáëåìû, à íåäîïóñòèìûå ðà-

íåå îöåíêè ïîìåíÿëèñü íà îöåíêè "ïðèáëèæåííûå"ê îöåíêå ìàêñèìàëüíîãî ïðàâ-

äîïîäîáèÿ.

Äàëåå â ýòîì ðàçäåëå ìû ïîêàæåì, ÷òî ÷åðåäóþùàÿñÿ îöåíêà áëèçêà ê èñòèí-

íîé îöåíêå (θ∗, η∗). Íàïîìíèì, ÷òî

v∗ = (θ∗, η∗)
def
= arg max

v
EL(v).

Ñëåäóþùàÿ òåîðåìà èçâåñòíà êàê ðàçëîæåíèå Ôèøåðà è ìû ôîðìóëèðóåì åå

â ðàìêàõ îáîáùåííûõ ëèíåéíûõ ìîäåëåé. Âñïîìèíàÿ îïðåäåëåíèÿ, ïðèâåäåííûå

â ïðåäûäóùåì ïàðàãðàôå, òåïåðü ìû ãîòîâû ñôîðìóëèðîâàòü è äîêàçàòü ðàçëî-

æåíèå Ôèøåðà.

Òåîðåìà 3.2. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû (3.1) è ξ̆
def
= D−1∇̆, ãäå ∇̆ =

∇θ −AH−2∇η.
Òîãäà

‖D(θ̃k − θ∗)− ξ̆‖ → 0, êîãäà k →∞.

Äîêàçàòåëüñòâî. Îñíîâàíî íà èäåÿõ äîêàçàòåëüñòâà Òåîðåìû (3.1). Çäåñü ìû

ðàçëàãàåì ëîãàðèôìè÷åñêóþ ôóíêöèþ ïðàâäîïîäîáèÿ âîêðóã v∗.

Ñíà÷àëà ìû èñïîëüçóåì óñëîâèÿ ïåðâîãî ïîðÿäêà è ïîëó÷àåì

D(θ̃k − θ∗) = D−1∇θL(v∗)−D−1A(η̃k − η∗) +D−1∇θα(ṽk,k, v
∗)

H(η̃k − η∗) = H−1∇ηL(v∗)−H−1AT (θ̃k−1 − θ∗) +H−1∇ηα(ṽk−1,k, v
∗)(3.6)
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Îñíîâûâàÿñü íà [2] ìû ìîæåì îãðàíè÷èòüD−1∇θα(ṽk,k, v
∗) èH−1∇ηα(ṽk−1,k, v

∗).

Äëÿ ñèñòåìû óðàâíåíèé (3.6) âåðíî

D(θ̃k − θ∗) = D−1∇θL(v∗)−D−1[AH−2∇ηL(v∗)−AH−2AT (θ̃k−1 − θ∗) +

AH−2∇ηα(ṽk−1,k, v
∗)] +D−1∇θα(ṽk,k, v

∗),

îòñþäà ñëåäóåò

D(θ̃k − θ∗) = M◦D(θ̃k−1 − θ∗) +D−1
[
∇θL(v∗)−AH−2∇ηL(v∗)

]
+

D−1
{
∇θα(ṽk,k, v

∗)−AH−2∇ηα(ṽk−1,k, v
∗)
}
.(3.7)

Çàìåòèì, ÷òî èñïîëüçóÿ îïðåäåëåíèå ξ̆, (3.7) ìîæåò áûòü ïåðåïèñàí ñëåäóþùèì

îáðàçîì

D(θ̃k − θ∗)− ξ̆ = M◦D(θ̃k−1 − θ∗) +D−1
{
∇θα(ṽk,k, v

∗)−AH−2∇ηα(ṽk−1,k, v
∗)
}

Äàëåå ñóììèðóÿ ïî âñåì k íà÷èíàÿ ñ íà÷àëüíîãî çíà÷åíèÿ, ïîñëå òîãî, êàê âçÿëè

íîðìû îò îáåèõ ñòîðîí è èñïîëüçóþ ïðåäïîëîæåíèå ρ = ‖M◦‖ < 1, ïîëó÷àåì

‖D(θ̃k − θ∗)− ξ̆‖ ≤ C(ρ) ·D−1
{
∇θα(ṽk,k, v

∗)−AH−2∇ηα(ṽk−1,k, v
∗)
}
,(3.8)

ãäå C(ρ) ýòî êîíñòàíòà çàâèñèùàÿ òîëüêî îò ρ. Îñòàëüíûå ÷ëåíû ìîæíî îöåíèòü

èñïîëüçóÿ Òåîðåìû Ñ.1 èç [2].

Íàïîìíèì, ÷òî äëÿ òîãî ÷òîáû ïîëó÷èòü âåðõíþþ ãðàíèöó äëÿD−1∇θα(ṽk,k, v
∗)

íóæíî óñëîâèå ‖D−1∇2EL(v)D−1 − Ip+q‖ ≤ δ äëÿ íåêîòîðîé êîíñòàíòû δ > 0.

Íàêîíåö,

‖D(θ̃k − θ∗)− ξ̆‖ ≤ s̆k → 0, êîãäà k →∞.(3.9)

�

Îòìåòèì, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû ξ̆ ðàâíà íóëþ,

áîëåå òîãî, Var(ξ̆) = D−1V 2D−1.

Çàìå÷àíèå 3.4. Ñòîèò òàê æå îòìåòèòü, ÷òî ðàçëîæåíèå Ôèøåðà îñòàåòñÿ âåð-

íûì äàæå â ñëó÷àå êîíå÷íîãî k. Òîãäà, ñîîòâåòñâóþùàÿ íîðìà îãðàíè÷åíà íå

íóëåì, à ïîñëåäîâàòåëüíîñòüþ s̆k ñòðåìÿùåìóñÿ ê íóëþ.

Çàìå÷àíèå 3.5. Ñëó÷àéíûé âåêòîð ξ̆ ∈ Rp â ñëó÷àå ïðàâèëüíîé ñïåöèôèêàöèè

ìîäåëè èìååò íîðìàëüíîå ðàñïðåäåëåíèå, ñëåäîâàòåëüíî ‖ξ̆‖2 èìååò õè-êâàäðàò

χ2
p ðàñïðåäåëåíèå ñ p ñòåïåíÿìè ñâîáîäû. Â ñëó÷àå æå íåâåðíîé ñïåöèôèêàöèè

ìîäåëè ðàñïðåäåëåíèå ‖ξ̆‖2 íåèçâåñòíî â êîíå÷íîìåðíîì ñëó÷àå, íî àññèìïòîòè-

÷åñêè îíî èìååò õè-êâàäðàò ðàñïðåäåëåíèå ñ p ñòåïåíÿìè ñâîáîäû.
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3.3. Âûáîð íà÷àëüíîãî çíà÷åíèÿ. Íà÷àëüíîå çíà÷åíèå ìîæåò ñûãðàòü ðåøà-

þùóþ ðîëü â ñáëèæåíèè ÷åðåäóþùåãîñÿ ìåòîäà, è åñëè ìû "ïðåóñïååì"ñ íèì,

òîãäà âûèãðûø áóäåò äâîÿêèì. Ïåðâîå � óñëîâèÿ Òåîðåìû (3.1) ìîãóò áûòü îñëàá-

ëåíû è âòîðîå � ÷èñëî èòåðàöèé äëÿ ñõîäèìîñòè ìîæåò áûòü ñèëüíî ñíèæåíî ïî

ñðàâíåíèþ ñ "ïëîõîé"íà÷àëüíîé òî÷êîé. Õîðîøèå íà÷àëüíûå çíà÷åíèÿ θ◦ îòíî-

ñÿòñÿ ê ïåðâîìó óñëîâèþ Òåîðåìû (3.1), ò.å. ρ
def
= ‖D−1AH−1‖2 < 1.

Îáîçíà÷èì ÷åðåç V âåêòîðíîå ïðîñòðàíñòâî ñîáñòâåííûõ âåêòîðîâ ìàòðèöû

M◦ ñîîòâåòñâóþùèå ñîáñòâåííûì çíà÷åíèÿì êîòîðûå áîëüøå 1. Ôîðìàëüíî, V
def
=

span (v1, v2, . . . , vl), ãäå

M◦vi = λivi,∀i ∈ {1, . . . , l} è |λi| ≥ 1.

Ëåììà 3.3. Åñëè θ◦ âûáðàí òàê, ÷òî

u ⊥ V,(3.10)

ãäå u
def
= D(θ◦ − θ̃), òîãäà èìååò ìåñòî ñõîäèìîñòü.

Äîêàçàòåëüñòâî ýòîé ëåììû îñíîâàíî íà ïðîñòîì ëèíåéíîé àëãåáðû, òåì íå ìå-

íåå, êðàòêî îáúÿñíèì èäåþ. Çàìåòèì, ÷òî ïðåäïîëîæåíèå ρ
def
= ‖D−1AH−1‖2 < 1

îçíà÷àåò, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ íàõîäÿòñÿ âíóòðè åäèíè÷íîãî êðóãà, òàê

÷òî ïðîöåññ áóäåò ñõîäèòüñÿ. Ýòî âåðíî íåçàâèñèìî îò ïåðâîíà÷àëüíîãî çíà÷å-

íèÿ. Òåì íå ìåíåå, ìû ìîæåì îñëàáèòü ýòîò ðåçóëüòàò "õîðîøèì"âûáîðîì íà-

÷àëüíûõ çíà÷åíèé. Åñëè ìàòðèöà M◦ èìååò ñîáñòâåííûå çíà÷åíèÿ, íàõîäÿùèåñÿ

âíå åäèíè÷íîãî êðóãà, òî íà÷àëüíîå ïðåäïîëîæåíèå ìîãëî áû ïîìî÷ü îáðàòèòü

èõ â íóëü, áóäó÷è îðòîãîíàëüíûì ïðîñòðàíñòâó ñîîòâåòñòâóþùèõ ñîáñòâåííûõ

âåêòîðîâ.

Ñòîèò òàêæå îòìåòèòü, ÷òî óñëîâèå Òåîðåìû 3.1

‖D−1∇2EL(v)D−1 − Ip+q‖ ≤ δ(r) ≤ δ

íèêàê íå îòíîñèòüñÿ ê âûáîðó íà÷àëüíîé òî÷êè è íóæíî, ÷òîáû îãðàíè÷èòü ÷ëåí

Ξ(ṽk(+1),k). Ñëåäîâàòåëüíî, ýòî óñëîâèå íå ìîæåò áûòü îñëàáëåíî â çàâèñèìîñòè

îò íà÷àëüíîé òî÷êè θ◦.

4. ×èñëåííûé ïðèìåð

Â ýòîì ïàðàãðàôå ìû ïðèâåäåì ÷èñëåííûé ïðèìåð è ïðîèëëþñòðèðóåì åãî

ñõîäèìîñòü ñîãëàñíî òåîðåìå 3.2. Ïðåäïîëîæèì, ÷òî íà ñòîëå ëåæàò n ìîíåò è

êòî-òî ñëó÷àéíûì îáðàçîì âûáèðàåò îäíó èç ìîíåò è ïîäáðàñûâàåò k ðàç. Ïóñòü â
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äàëüíåéøåì n = 2. Ïóñòü ó ïåðâîé ìîíåòû âåðîÿòíîñòü ïîÿâëåíèÿ îðëà p1, à äëÿ

âòîðîé � p2. Â ýòîì ñëó÷àå ïàðàìåòð, îöåíèòü êîòîðûé ÿâëÿåòñÿ âòîðîñòåïåííîé

çàäà÷åé áóäåò π � âåðîÿòíîñòü âûáîðà ïåðâîé ìîíåòû.

Ïðåäïîëàãàÿ, ÷òî ïðè êàæäîì âûáîðå ìîíåòà ïîäáðàñûâàåòñÿ 10 ðàç è òàêèõ

âûáîðîâ 10, ïîëó÷àåòñÿ 50 íàáëþäåíèé, 2 ïàðàìåòðà, êîòîðûå íàñ èíòåðåñóþò è

îäèí ïàðàìåòð π, îöåíêà êîòîðîé íàì íå èíòåðåñíà.

Ïóñòü èìååì

Ìîíåòà 2: H,T,H, T, T,H, T,H,H, T.

Ìîíåòà 1: H,H,H,H,H,H, T,H,H,H.

Ìîíåòà 1: H,T,H, T,H,H,H,H,H,H.

Ìîíåòà 2: H,T,H, T, T, T, T,H,H, T.

Ìîíåòà 1: H,H,H, T,H,H, T,H,H, T.

Èíôîðìàöèÿ ïðî ìîíåòû çàäàíà ëèøü äëÿ ïîëó÷åíèÿ îöåíîê ìàêñèìàëüíîãî

ïðàâäîïîäîáèÿ, íî àëãîðèòì ýòîãî íå çíàåò. Ïîíÿòíî, ÷òî

p̃1 =
24

24 + 6
= 0.8 p̃2 =

9

9 + 11
= 0.45.

Ïóñòü p◦1 = 0.6 è p◦2 = 0.5 íà÷àëüíûå çíà÷åíèÿ ïàðàìàòðîâ p1, p2. Ïðîâîäÿ àíà-

ëîãèþ ñ ïàðàãðàôîì 3 âèäèì, ÷òî θ ýòî âåêòîð(p1, p2), à η � π. Âåðîÿòíîñòü

ïîëó÷èòü k îðëîâ â 10 ïîäáðàñûâàíèÿõ, ãäå c ∈ {1, 2} ðàâíà

pc(k) = C10
k p

k
c (1− pc)10−k.(4.1)

Çàìåòèì, ÷òî áèíîìèàëüíûé êîýôôèöèåíò äëÿ îáåèõ ìîíåò îäèíàêîâûé, ñëåäî-

âàòåëüíî, îñòàåòñÿ òîëüêî îòíîøåíèå òàêèõ ôàêòîðîâ pkc (1− pc)10−k äëÿ íåêîòî-

ðûõ k. Èñïîëüçóÿ íà÷àëüíûå çíà÷åíèÿ è (4.1) ïîëó÷àåì ñëåóäóþùóþ òàáëèöó

Ïåðâàÿ èòåðàöèÿ
π 1− π Ìîíåòà 1 Ìîíåòà 2

0.45 0.55 ≈ 2.2H, 2.2T ≈ 2.8H, 2.8T
0.80 0.20 ≈ 7.2H, 0.8T ≈ 1.8H, 0.2T
0.73 0.27 ≈ 5.9H, 1.5T ≈ 2.1H, 0.5T
0.35 0.65 ≈ 1.4H, 2.1T ≈ 2.6H, 3.9T
0.65 0.35 ≈ 4.5H, 1.9T ≈ 2.5H, 1.1T

≈ 21.3H, 8.6T ≈ 11.7H, 8.4T

È òîãäà, â ñëåäóþùåé èòåðàöèè ìû ïîëó÷àåì

p̂
(1)
1 =

21.3

21.3 + 8.6
= 0.71 p̂

(1)
2 =

11.7

8.4 + 11.7
= 0.58.(4.2)
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×èñëî èòåðàöèé äî ñõîäèìîñòè çàâèñèò îò íà÷àëüíûõ óñëîâèé è íàñêîëüêî äàëåêî

ìû íàõîäèìñÿ îò îöåíîê ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ. Ïðè çàäàííûõ íà÷àëü-

íûõ çíà÷åíèÿõ p◦1 = 0.6 è p◦2 = 0.5 ïîëó÷àåì ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü

îöåíîê. Òàê æå â Òàáëèöå 1 ïðåäñòàâëåíû îöåíêè ïîëó÷åííûå â ñëó÷àå ñî ñëó-

÷àéíûìè íà÷àëüíûìè çíà÷åíèÿìè.

Òàáëèöà 1. Ñõîäèìîñòü ñ ôèêñèðîâàííûì è ñëó÷àéíûì íà÷àëü-
íûì çíà÷åíèåì

Èòåðàöèÿ ôèêñèðîâàííûé ñòàðò ñëó÷àéíûé ñòàðò

p̂
(i)
1 p̂

(i)
2 p̂

(i)
1 p̂

(i)
2

1 0.600000000 0.500000000 0.935954410 0.0659086863
2 0.713012235 0.581339308 0.759177699 0.434881703
3 0.745292036 0.569255750 0.78052855 0.485752725
4 0.768098834 0.549535914 0.79025212 0.505705724
5 0.7831645 0.534617454 0.794205962 0.513867055
6 0.791055245 0.52628116 0.795774011 0.517227986
7 0.794532537 0.522390437 0.79639082 0.518613125
8 0.79592866 0.520729878 0.796632802 0.519183793
9 0.796465637 0.520047189 0.796727694 0.519418794
10 0.796668307 0.519770389 0.796764932 0.519515523
11 0.796744149 0.519658662 0.796779561 0.51955532
12 0.796772404 0.519613607 0.796785317 0.519571692
13 0.796782900 0.519595434

Â îáîèõ ñëó÷àÿõ ñõîäèìîñòü ê îöåíêå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ïðîèñõî-

äèò ñ áîëüøîé òî÷íîñòüþ.

Çàìå÷àíèå 4.1. Çàìåòèì, ÷òî ðàñïðåäåëåíèå Áåðíóëëè (ïîäáðàñûâàíèå ìîíåò)

ìîæíî ëåãêî ðàñïðîñòðàíèòü, íàïðèìåð, äî íîðìàëüíîãî ðàñïðåäåëåíèÿ. Ïóñòü

X1, . . . , X` ∼ N(µ1, σ
2
1) è X`+1, . . . , Xn ∼ N(µ2, σ

2
2). Èäåÿ äîâîëüíî îáùàÿ è ìîæåò

áûòü ïðèìåíåíà è â ñëó÷àå n ðàçíûõ ðàñïðåäåëåíèé N(µi, σ
2
i ) ,∀i ∈ {1, . . . , n} ñ

ðàçíûìè âåðîÿòíîñòÿìè (pi) ïðèíàäëåæíîñòè êëàññó i ∈ {1, . . . , n}. Áîëåå òîãî,
âìåñòî íîðìàëüíûõ ðàñïðåäåëåíèé ìîæåò áûòü èñïîëüçîâàíî ëþáîå óäîáíîå äëÿ

äàííîé çàäà÷è ðàñïðåäåëåíèå.

Abstract. We derived a convergence result for a sequential procedure known as

alternating maximization (minimization) to the maximum likelihood estimator for

a pretty large family of models - Generalized Linear Models (GLMs). Alternating

procedure for linear regression becomes to the well-known algorithm of Alternating
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Least Squares (ALS), because of the quadraticity of log-likelihood function L(v). In

GLMs framework we lose quadraticity of L(v), but still have concavity due to the

fact that error-distribution is from exponential family (EF). Concentration property

makes the Taylor approximation of L(v) up to the second order accurate and makes

possible the use of alternating minimization (maximization) technique. Examples and

experiments con�rm convergence result followed by the discussion of the importance

of initial guess.
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Abstract. The paper deals with the question of convergence of multiple Fourier-Haar series

with partial sums taken over homothetic copies of a given convex bounded set W ⊂ Rn
+

containing the intersection of some neighborhood of the origin with Rn
+. It is proved that

for this type sets W with symmetric structure it is guaranteed almost everywhere convergence

of Fourier-Haar series of any function from the class L(ln+ L)n−1.
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1. Definitions and notation

We use the following notation: I is the unit interval [0, 1]; Z0 is the set of all

nonnegative integers; ∆i
k and ∆̂i

k (k ∈ Z, i ∈ Z) are dyadic intervals ( i−1
2k ,

i
2k ) and

[ i−1
2k ,

i
2k ], respectively; p, q (p, q ∈ Z, p ≤ q) is the set [p, q] ∩ Z.

Recall (see [1]) that the Haar orthonormal system h = (hm)m∈N consists of the

functions de�ned on I in the following way: h1(x) = 1 (x ∈ I); if m = 2k+i (k ∈ Z0,

i ∈ 1, 2k), then hm(x) = 2k/2 when x ∈ ∆2i−1
k+1 , hm(x) = −2k/2 when x ∈ ∆2i

k+1,

hm(x) = 0 when x /∈ ∆̂i
k, at the inner points of discontinuity hm is de�ned as the

average of the limits from the right and from the left, and at the endpoints of I as
the limits from inside of the interval.

In what follows, if something else is not said, we will assume that the dimension n

is greater than 1. Let θ(1) = (θ
(1)
m )m∈N, . . . , θ

(n) = (θ
(n)
m )m∈N be systems of functions

on I. Their product θ(1) × · · · × θ(n) is de�ned as the system of functions θm(x) =

θ
(1)
m1(x1) . . . θ

(n)
mn(xn), where m = (m1, . . . ,mn) ∈ Nn and x = (x1, . . . , xn) ∈ In.

The multiple Haar system is de�ned as the product h× · · · × h.
Let E ⊂ N and λ > 1. A set E is said to be λ-lacunar if for every m,m∗ ∈ E

with m < m∗ we have m∗/m ≥ λ. A set E ⊂ Nn is called λ-lacunar if there are

one-dimensional λ-lacunar sets E1, . . . , En ⊂ N such that E ⊂ E1 × · · · × En. A
*The research is supported by Shota Rustaveli National Science Foundation (project no.

217282).
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set E ⊂ Nn is said to be lacunar if E is λ-lacunar for some λ > 1. A sequence

(am)m∈Nn or a series
∑

m∈Nn am is said to be lacunar (resp. λ-lacunar) if the set

E = {m ∈ Nn : am 6= 0} is lacunar (resp. is λ-lacunar).
By H(x) (x ∈ In) we denote the spectrum of the multiple Haar system at a

point x ∈ In, that is, the set {m ∈ Nn : hm(x) 6= 0}. By Id we denote the set of all

dyadic-irrational numbers of I.
From the de�nition of Haar system it easily follows that: if x ∈ Id, then H(x) is

a 3/2-lacunar set, and hence, taking into account that H(x) = H(x1)×· · ·×H(xn),

we have that H(x) is 3/2-lacunar at every x ∈ Ind .
Let k ∈ N and λ > 1. A set E ⊂ N we call (k, λ)-sparse if there are disjoint

λ-lacunar sets E1, . . . , Ek ⊂ N such that E = E1 ∪ · · · ∪ Ek. Obviously, the notion
of (1, λ)-sparse set coincides with that of λ-lacunar set. A set E ⊂ Nn we call

(k, λ)-sparse if there are (k, λ)-sparse one-dimensional sets E1, . . . , En ⊂ N such

that E ⊂ E1 × · · · ×En. A set E ⊂ Nn we call sparse if it is (k, λ)-sparse for some

k ∈ N and λ > 1.

It is easy to see that if x ∈ I\Id, then H(x) is a (2, 3/2)-sparse set. Consequently,

taking into account thatH(x) = H(x1)×· · ·×H(xn), we have thatH(x) is (2, 3/2)-

sparse at every x ∈ In \ Ind . Thus, for arbitrary point x ∈ In it is guaranteed

(2, 3/2)-sparseness of the spectrum H(x).

A point x ∈ Rn we call dyadic-irrational if x ∈ Ind , that is, if each coordinate of

x is a dyadic-irrational number.

A sequence (am)m∈Nn or a series
∑

m∈Nn am we will call sparse (resp. (k, λ)-

sparse) if the set E = {m ∈ Nn : am 6= 0} is sparse (resp. is (k, λ)-sparse).

Let W ⊂ Rn+, where R+ = [0,∞). For a series σ =
∑

m∈Nn am by SW (σ) we

denote its partial sum by the set W , that is, SW (σ) =
∑

m∈W am. Note that the

sum by empty set of indices we assume to be 0.

The convergence of partial sums SrW (σ) as r → ∞ will be referred as W -

convergence of the series σ. Here rW denotes the homothetic copy of the set W by

a coe�cient r > 0, that is, rW = {rx : x ∈W}.
For the casesW = In andW = {x ∈ Rn+ : x2

1 + · · ·+x2
n ≤ 1}, theW -convergence

is called cubical convergence and spherical convergence, respectively.

A set W ⊂ Rn+ we call standard if it is bounded and contains an intersection of

some neighborhood of the origin with Rn+.
A set E ⊂ Rn we call symmetric with respect to k-th variable if E is symmetric

with respect to hyperplane {x ∈ Rn : xk = 0}.
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We will say that a standard convex set W ⊂ Rn+ is of symmetric type if there

exists a symmetric with respect to each variable convex set E ⊂ Rn for which

W = E ∩ Rn+.
Recall that a sequence (am)m∈Nn is called convergent if am tends to a limit

as min(m1, . . . ,mn) → ∞, and a series σ =
∑

m∈Nn am is called convergent in

the Pringsheim sense if the sequence of its rectangular partial sums Sm(σ) =∑m1

i1=1 · · ·
∑mn

in=1 ai (m ∈ Nn) is convergent.

By a section of a multiple sequence (am)m∈Nn we shall mean the sequence

obtained from (am) by �xing some coordinates of the index m, and by a section of

a series σ =
∑

m∈Nn am we shall mean a series composed by some section of the

sequence (am).

A multiple numerical series is said to converge regularly to a number s if it

converges to s in the Pringsheim sense and if each of its sections is convergent in the

Pringsheim sense (for one-dimensional sections ordinary convergence is considered).

This type of convergence for double series was studied by Hardy [2] and Moricz [3].

For the briefness of formulations, for one-dimensional series the regular convergence

will be identi�ed with the ordinary convergence.

2. Results

A rectangular partial sum of a multiple Fourier-Haar series at a dyadic-irrational

point x ∈ In is represented by an integral mean over an appropriate dyadic interval

containing x. From this connection and the well-known theorems by Lebesgue,

Jessen, Marcinkiewicz and Zygmund (see [4, Ch. 2]) it follows that:

1) For every function f ∈ L(In), the Fourier-Haar series of f cubically converges

to f(x) at almost every point x ∈ In;
2) For every function f ∈ L(ln+ L)n−1(In), the Fourier-Haar series of f converges

in the Pringsheim sense to f(x) at almost every point x ∈ In.
The optimality of the class L(ln+ L)n−1(In) in the last assertion was shown by

Zerekidze in [5], where it was proved that in any integral class ϕ(L)(In), wider

than L(ln+ L)n−1(In), there exists a function f with almost everywhere divergent

Fourier-Haar series in the Pringsheim sense. As it was proved by Karagulyan [6] (see

also [7]) a similar result is valid for Fourier series with respect to arbitrary product-

system θ × · · · × θ, where θ is a complete orthonormal system on I consisting of

bounded functions.

Kemkhadze [8] proved that for every function f ∈ L(ln+ L)n−1(In), the Fourier-

Haar series of f spherically converges to f(x) at almost every point x ∈ In. The
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optimality of the class L(ln+ L)n−1(In) in this result was established in [9] (for

n = 2) and in [10] (for arbitrary n ≥ 2).

The following theorem shows that similar to spherical partial sums, almost

everywhere W -convergence of Fourier-Haar series in the class L(ln+ L)n−1(In) is

valid for quite general type sets W .

Theorem 2.1. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then for

every function f ∈ L(ln+ L)n−1(In) the Fourier-Haar series of f is W -convergent

to f(x) at almost every point x ∈ In.

We obtain Theorem 2.1 from the following two results.

Theorem 2.2 ([11]). For every function f ∈ L(ln+ L)n−1(In) the Fourier-Haar

series of f is regularly convergent to f(x) at almost every point x ∈ In. Furthermore,

if f ∈ L(ln+ L)k(In), where 0 ≤ k ≤ n − 2, then each (k + 1)-dimensional section

of Fourier-Haar series of f is regularly convergent at almost every point x ∈ In.

Theorem 2.3. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then for

an arbitrary function f ∈ L(In) and a point x ∈ In the following implication holds:

(the Fourier-Haar series of f regularly converges to f(x) at the point x) ⇒ (the

Fourier-Haar series of f W -converges to f(x) at the point x).

The next assertion is a corollary of Theorems 2.2 and 2.3.

Theorem 2.4. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then

for an arbitrary function f ∈ L(ln+ L)n−2(In) the following implication holds: (the

Fourier-Haar series of f converges in the Pringsheim sense to f(x) at every point

x from a set E) ⇒ (the Fourier-Haar series of f W -converges to f(x) at almost

every point x from E).

Taking into account sparseness of Fourier-Haar series at every point x ∈ In, we
obtain Theorem 2.3 from the following result.

Theorem 2.5. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then

for an arbitrary sparse numerical series σ =
∑

m∈Nn am the following implication

holds: (σ is regularly convergent to a number s) ⇒ (σ is W -convergent to s).

Remark 2.1. For the case of lacunar series and spherical convergence, Theorem 2.4

was proved in [11]. For two-dimensional case, more complete results were obtained

in [12].
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3. Proof of Theorem 2.5

Let W ⊂ Rn+ be a standard set. Denote by ti(W ) (i ∈ 1, n) the supremum of

the i-th coordinates of those points of W which belong to the axes Oxi. Obviously,

ti(W ) > 0. Let us consider two intervals I(W ) and J(W ) associated withW , de�ned

as follows:

I(W ) = [0, t1(W )]× · · · × [0, tn(W )],

J(W ) =

[
0,
t1(W )

2n

]
× · · · ×

[
0,
tn(W )

2n

]
.

Lemma 3.1. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then

J(W ) ⊂W ⊂ I(W ).

Proof. We �rst prove the inclusion W ⊂ I(W ). Assume the opposite, that is,

W \ I(W ) 6= ∅. Let E be a convex set which is symmetric with respect to each

variable and such that E ∩ Rn+ = W . Observe that for each point x = (x1, . . . , xn)

from the set W \ I(W ) there is i ∈ 1, n for which xi > ti(W ). Without loss of

generality, we can assume that

(3.1) xn > tn(W ).

Taking into account the symmetry of E, we have (−x1, . . . ,−xn−1, xn) ∈ E. The
point (0, . . . , 0, xn) is a midpoint of the segment joining x = (x1, . . . , xn−1, xn) and

(−x1, . . . ,−xn−1, xn). Therefore, by convexity of E we conclude that (0, . . . , 0, xn) ∈
E, and consequently, we have

(3.2) (0, . . . , 0, xn) ∈W.

The relations (3.1) and (3.2) contradict the de�nition of the number tn(W ), and

the obtained contradiction proves the inclusion W ⊂ I(W ).

Now, we prove the second inclusion J(W ) ⊂ W . For every i ∈ 1, n, by xi we

denote the point lying on the axes Oxi and having i-th coordinate equal to the

number ti(W )/2. From the properties of W it follows that all points O,x1, . . . ,xn

belong to W (here O denotes the origin). Then we consider the convex hull of the

points O,x1, . . . ,xn which we denote by Conv(O,x1, . . . ,xn). From the convexity

of W it follows that

(3.3) Conv(O,x1, . . . ,xn) ⊂W.

As it is well-known, the convex hull of points y0,y1, . . . ,ym has the following

representation {
∑m
i=0 λiyi : λ0, . . . , λm ≥ 0,

∑m
i=0 λi = 1}. Consequently, we have

(3.4) Conv(O,x1, . . . ,xn) =

{ n∑
i=1

λixi : λ1, . . . , λn ≥ 0,

n∑
i=1

λi ≤ 1

}
.
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Let x be an arbitrary point from the interval J(W ). For each i ∈ 1, n, we take the

number λi equal to the ratio of xi and ti(W )/2. Then we have
n∑
i=1

λi ≤
n∑
i=1

[
ti(W )

2n
÷ ti(W )

2

]
=

n∑
i=1

1

n
= 1, x =

n∑
i=1

λixi.

From (3.3) and (3.4) we conclude that x ∈W . Consequently, J(W ) ⊂W . �

Let W ⊂ Rn, i ∈ 1, n and t ∈ R. Consider the section of W by hyperplane {x ∈
Rn : xi = t}, that is, the set W [i, t] = W ∩ {x ∈ Rn : xi = t}). Denote by W (i, t)

the projection ofW [i, t] onto Rn−1 taken by the variables x1, . . . , xi−1, xi+1, . . . , xn.

We will refer the sets W (i, t) as sections of W .

Lemma 3.2. Let n ≥ 3 and W ⊂ Rn+ be a standard convex set of symmetric

type. Then for every i ∈ 1, n and t ∈ (0, ti(W )) the section W (i, t) ⊂ Rn−1
+ is an

(n− 1)-dimensional standard convex set of symmetric type.

Proof. Without loss of generality we assume that i = n. Let (ei)
n
i=1 be the

standard algebraic basis in Rn. Suppose x = ten, xi = ti(W )
2 ei (i = 1, . . . , n − 1)

and xn = t∗en, where t
∗ is some number from the interval (t, tn(W )). From the

properties of W it follows that the points x,x1, . . . ,xn belong to W .

For each i = 1, . . . , n− 1 let us consider the point yi = αxn + (1− α)xi, where

α = t/t∗. Using convexity of W we have x,y1, . . . ,yn−1 ∈ W . Besides, the n-th

coordinate of each point x,y1, . . . ,yn−1 is equal to t. From these facts it follows

that the section W (n, t) is a standard set in Rn−1.

Observe that the set W ∩ {x ∈ Rn : xn = t} is convex as an intersection of two

convex sets. Consequently, W (n, t) is a convex subset of Rn−1.

Let E be the convex set that is symmetric with respect to each variable for

which E ∩Rn+ = W . It is easy to see that E ∩ {x ∈ Rn : xn = t} is symmetric with

respect to variables x1, . . . , xn−1. Consequently, E(n, t) is a subset of Rn−1 that

is symmetric with respect to each variable. Now, taking into account the equality

E(n, t) ∩ Rn−1
+ = W (n, t), we conclude that W (n, t) is a standard convex set of

symmetric type. �

Lemma 3.3. Let W ⊂ Rn+ be a standard convex set of symmetric type. Then for

every i = 1, . . . , n− 1 and t1, . . . , ti > 0, the set

W ∩ ([0, t1]× · · · × [0, ti]× Rn−i+ )

is also a standard convex set of symmetric type.

Proof. Denote V = [0, t1] × · · · × [0, ti] × Rn−i+ . It is easy to see that V is a

convex set of symmetric type and the intersection of two convex sets of symmetric
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type is also similar one. Consequently, W ∩ V is a convex set of symmetric type.

On the other hand, taking into account that W is standard we can conclude that

W ∩ V is a standard set. �

Let us introduce the following notation. We denote:

by Mn the class of all subsets of 1, n;

by |M | the number of elements of a set M ;

by π(n,M) (M ∈ Mn) the bijection π(n,M) : 1, n → 1, n with the following

properties:

• π(n,M) is increasing on the set 1, |M | and maps this set onto M ,

• π(n,M) is increasing on |M |+ 1, n and maps this set onto 1, n \M ;

by (t,h,M) (M ∈ Mn, t ∈ R|M |,h ∈ Rn−|M |) the point x of Rn such that

xπ(n,M)(i) = ti if i ∈ 1, |M | and xπ(n,M)(i) = hi−|M | if i ∈ |M |+ 1, n;

by A ×M B (M ∈ Mn, A ⊂ R|M |, B ⊂ Rn−|M |) the product of the sets A and B

corresponding to the set M , that is, the set {(t,h,M) : t ∈ A,h ∈ B} (it is clear
that A×M B = B ×1,n\M A);

by ∆(n,M) (M ∈ Mn, 1 ≤ |M | < n) the class of �M -dimensional� intervals

∆ of type ([0, p1] × . . . [0, p|M |]) ×M {(q1, . . . , qn−|M |)}, where p1, . . . , p|M |, q1, . . . ,

qn−|M | ∈ N; and by l(∆) the largest among numbers qi from the de�nition of an

interval ∆ ∈∆(n,M).

By C(a1, . . . , am) will be denoted positive constants depending on parameters

a1, . . . , am. For a standard setW ⊂ Rn+ we denote t(W ) = min{t1(W ), . . . , tn(W )}.
Obviously, we have t(W ) > 0.

Lemma 3.4. Let k ∈ N, λ > 1, E ⊂ Nn be a (k, λ)-sparse set, and let W ⊂ Rn+ be

a standard convex set of symmetric type. Then the set E ∩W may be decomposed

in the following way:

E ∩W = (E ∩ J(W )) ∪
⋃

∆∈∆

(E ∩∆),

where ∆ ⊂
⋃
{∆(n,M) : M ∈ Mn, 1 ≤ |M | < n}, |∆| ≤ C(n, k, λ), the intervals

∆ ∈ ∆ are disjoint and they do not intersect J(W ), ∆ ⊂ W and l(∆) > t(W )/2n

for every ∆ ∈∆.

Proof. For i ∈ 1, n, t ∈ R, an one-dimensional interval I and a standard convex

set V , we denote

Γi(t) = {x ∈ Rn : xi = t}, Γi(I) = {x ∈ Rn : xi ∈ I},

Qi(V ) =

{
q ∈

(
ti(V )

2n
, ti(V )

]
∩ N : E ∩ Γi(q) 6= ∅

}
.
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Then we have the decomposition:

(3.5) V =

(
V ∩ Γi

([
0,
ti(V )

2n

]))
∪
(
V ∩ Γi

((
ti(V )

2n
, ti(V )

]))
.

Also, by virtue of (k, λ)-sparseness of the set E, the following inequality holds:

(3.6) |Qi(V )| ≤ k(1 + logλ(2n)).

Let us introduce the following sets

Wi = W ∩
([

0,
t1(W )

2n

]
× · · · ×

[
0,
ti(W )

2n

]
× Rn−i+

)
(1 ≤ i ≤ n− 1).

Also, we de�ne W0 = W and Wn = J(W ). Obviously, we have W = W0 ⊃ W1 ⊃
W2 ⊃ · · · ⊃ Wn−1 ⊃ Wn = J(W ). Observe that by Lemma 3.3 each Wi is a

standard convex set of symmetric type.

Taking into account (3.5), it is easy to see that for the cases V = W,k = 1; V =

W1, k = 2; . . . , V = Wn−1, k = n, the following decompositions hold:

E ∩W = (E ∩W1) ∪
⋃

q∈Q1(W )

(E ∩W ∩ Γ1(q)),(3.71)

E ∩W1 = (E ∩W2) ∪
⋃

q∈Q2(W1)

(E ∩W1 ∩ Γ2(q)),(3.72)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E ∩Wn−1 = (E ∩ J(W )) ∪
⋃

q∈Qn(Wn−1)

(E ∩Wn−1 ∩ Γn(q)).(3.7n)

Consequently, we have

(3.8) E ∩W = (E ∩ J(W )) ∪
n⋃
i=1

⋃
q∈Qi(Wi−1)

(E ∩Wi−1 ∩ Γi(q)).

In each of decompositions (3.7i) the components Wi−1 ∩ Γi(q) (q ∈ Qi(Wi−1)) and

Wi are disjoint, and hence, we conclude that:

The components J(W ) andWi−1 ∩ Γi(q) (i ∈ 1, n, q ∈ Qi(Wi−1))

in decomposition (3.8) are disjoint.(3.9)

By (3.6) for every i ∈ 1, n we have

(3.10) |Qi(Wi−1)| ≤ k(1 + logλ(2n)).

It is easy to see that for every i ∈ 1, n

ti(Wi−1) = ti(W ), . . . , tn(Wi−1) = tn(W ).

Consequently, for every i ∈ 1, n and q ∈ Qi(Wi−1) we have

(3.11) q >
ti(Wi−1)

2n
=
ti(W )

2n
≥ t(W )

2n
.
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The representation (3.8) gives a possibility to prove the lemma by induction with

respect to n.

Taking into account that Wi are standard convex sets of symmetric type and

using the properties (3.9)�(3.11), we easily conclude the validity of the lemma in

the case n = 2.

Let us perform the induction step from n− 1 to n.

Consider the projections of the sets E ∩ Γi(q) and Wi−1 ∩ Γi(q) (i ∈ 1, n, q ∈
Qi(Wi−1)) to the space Rn−1, taken with respect to variables x1, . . . , xi−1, xi+1, . . . , xn.

These projections are denoted by E(i, q) and Wi−1(i, q), respectively. It is easy to

see that E(i, q) is a (k, λ)-sparse subset of Nn−1. On the other hand, by Lemma 3.2,

Wi−1(i, q) is an (n− 1)-dimensional standard convex set of symmetric type. Using

the induction hypothesis for the sets E(i, q) andWi−1(i, q), we obtain a decomposition

of the set E(i, q) ∩Wi−1(i, q) by means of the family ∆(i, q) ⊂
⋃
{∆(n − 1,M) :

M ∈Mn−1, 1 ≤ |M | < n− 1} of lower-dimensional intervals, that is,

E(i, q) ∩Wi−1(i, q) = (E ∩ J(Wi−1(i, q))) ∪
⋃

∆∈∆(i,q)

(E(i, q) ∩∆),

where the family ∆(i, q) has the properties stated in the lemma.

Next, for every i ∈ 1, n and q ∈ Qi(Wi−1), let us consider the family ∆̃(i, q) of

the intervals {q} ×{i} ∆, where ∆ ∈∆(i, q) or ∆ = J(Wi−1(i, q)). Then we have

E ∩W = (E ∩ J(W )) ∪
n⋃
i=1

⋃
q∈Qi(Wi−1)

⋃
∆∈∆̃(i,q)

(E ∩∆).

Finally, taking into account the properties (3.9)�(3.11), we easily see that the family

∆ =

n⋃
i=1

⋃
q∈Qi(Wi−1)

∆̃(i, q)

possesses all the properties of the desired decomposition of the set E ∩W . �

Remark 3.1. If for every number r > 0 we use Lemma 3.4 for E and rW , then

we can conclude that the intervals ∆ from the decomposition of E ∩ rW satisfy

the inequality l(∆) > rt(W )/2n. To prove this we have to take into account the

following evident equality t(rW ) = rt(W ).

For x ∈ Rn denote ||x|| =
∑n
i=1 |xi|.

The following lemma was proved in [9] (see [9], Lemma 2).

Lemma 3.5. Let σ =
∑

i∈Nn ai be a numerical series, M ∈ Mn, 1 ≤ |M | < n,

p ∈ N|M |, q ∈ Nn−|M | and ∆ = ([0, p1]× . . . [0, p|M |])×M {q}. Then

S∆(σ) =
∑

d∈{0,1}n−|M|
(−1)||d||S(p,q−d,M)(σ).
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Remark 3.2. For the general term of a series
∑

i∈Nn ai the following well-known

representation holds: ai =
∑

d∈{0,1}n(−1)||d||Sm−d(σ).

For any n ∈ N assume that ∆(n, ∅) = {{q} : q ∈ Nn}, and denote

∆(n) =
⋃

M∈Mn,|M |<n

∆(n,M).

Also, for ∆ = {q} ∈∆(n, ∅) by l(∆) we denote the maximal among the coordinates

of q.

Lemma 3.6. Let n ∈ N and σ =
∑

i∈Nn ai be a regularly convergent numerical

series. Then

lim
∆∈∆(n), l(∆)→∞

S∆(σ) = 0.

Proof. For the one-dimensional case the lemma is obvious. Let us perform the

induction step from n− 1 to n.

For an arbitrary given ε > 0 we must �nd a natural number N such that

(3.12) |S∆(σ)| < ε

for every ∆ ∈∆(n) with l(∆) ≥ N .

Taking into account convergence of σ in the Pringsheim sense, we can �nd a

natural number N1 such that

(3.13) |Sm(σ)− s| < ε/2n

for every m ∈ Nn having all coordinates not less than N1. Here s denotes the sum

of the series σ.

For every k ∈ 1, n and t ∈ 1, N1 let us consider the section σ(k, t) of the series

σ =
∑

i∈Nn ai which we derive by n-tuples i = (i1, . . . , in) having k-th coordinate

equal to t. Using induction hypothesis for each (n − 1)-dimensional series σ(k, t)

(k ∈ 1, n, t ∈ 1, N1) we can �nd a natural number N(k, t) such that

(3.14) |S∆(σ(k, t))| < ε/N1

for every ∆ ∈∆(n− 1) with l(∆) ≥ N(k, t).

Let N2 be the maximal among the numbers N(k, t) (k ∈ 1, n, t ∈ 1, N1). De�ne

the number N as follows N = N1 +N2.

Now, we proceed to prove the inequality (3.12). Suppose, ∆ ∈∆(n) and l(∆) ≥
N . Note that: 1) for the case ∆ ∈ ∆(n,M), 1 ≤ |M | < n, ∆ has the form:

([0, p1]× . . . [0, p|M |])×M {(q1, . . . , qn−|M |)}; 2) for the case ∆ ∈∆(n, ∅), ∆ has the

form: {(q1, . . . , qn)}.
Case 1. Each among the numbers pj and qj from the de�nition of ∆ is greater

than N1.
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We use Lemma 3.5 and Remark 3.2 to estimate |S∆(σ)| by a sum of |Sm(σ) −
Sm′(σ)| type expressions, where all coordinates of m and m′ are not less than N1.

Observe that the number of such expressions is not greater than 2n−1. Hence, taking

into account (3.13), we obtain |S∆(σ)| < 2n−1(ε/2n + ε/2n) = ε. Thus, in this case

the inequality (3.12) is proved.

Case 2. At least one among the numbers pj and qj from the de�nition of ∆ is not

greater than N1.

Suppose that for a k-th dimension the above mentioned inequality is ful�lled and

that for a m-th dimension l(∆) = qm. Obviously, k 6= m. The interval ∆ will be

decomposed by sections ∆[k, 1], . . . ,∆[k,N1]. Note that if a section ∆[k, t] is non-

empty, then ∆(k, t) ∈∆(n− 1) and ∆(k, t) is derived from ∆ by omitting its k-th

dimension. Consequently, taking into account that k 6= m, we have l(∆(k, t)) =

qm = l(∆) ≥ N2. From the last estimation, using (3.14) and the de�nition of

the number N2, for every k ∈ 1, n and t ∈ 1, N1 with ∆[k, t] 6= ∅, we obtain∣∣∑
i∈∆[k,t] ai

∣∣ < ε/N1. Consequently, we have

|S∆(σ)| =
∣∣∣∣∑
i∈∆

ai

∣∣∣∣ ≤ N1∑
t=1

∣∣∣∣ ∑
i∈∆[k,t]

ai

∣∣∣∣ < N1
ε

N1
= ε.

This completes the proof of inequality (3.12). �

Now, we proceed directly to the proof of Theorem 2.5.

By E denote the set {m ∈ Nn : am 6= 0}. According to the condition of the

theorem, the set E is (k, λ)-sparse for some k ∈ N and λ > 1.

Let ∆r ⊂ ∆(n) (r > 0) be a family of lower-dimensional intervals constituting

a decomposition of the set E ∩ rW according to Lemma 3.4. Then, in view of

properties of ∆r (see Lemma 3.4), we have

SrW (σ) = SrJ(W )(σ) +
∑

∆∈∆r

S∆(σ),

|∆r| ≤ C(n, k, λ), l(∆) > rt(W )/2n.

From the last two estimates and Lemma 3.6 we obtain

lim
r→∞

∑
∆∈∆r

S∆(σ) = 0.

On the other hand, from the convergence of σ in the Pringsheim sense it follows

that lim
r→∞

SrJ(W )(σ) = s. Thus, lim
r→∞

SrW (σ)=s. Theorem 2.5 is proved. �
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Àííîòàöèÿ. Â ñòàòüå èçó÷àþòñÿ ôóíêöèè, çàâèñÿùèå îò ðåàëèçàöèè ñëó-
÷àéíîé âåëè÷èíû ñ ëîãàðèôìè÷åñêè íîðìàëüíûì ðàñïðåäåëåíèåì è äâóõ òè-
ïîâ ìàòåìàòè÷åñêèõ îæèäàíèé. Äàþòñÿ èíòåðïðåòàöèè ýòèõ ôóíêöèé è ìà-
òåìàòè÷åñêèõ îæèäàíèé â òåðìèíàõ àêòóàðíîé ìàòåìàòèêè. Ïðîâåäåí ñðàâ-
íèòåëüíûé àíàëèç äâóõ òèïîâ ìàòåìàòè÷åñêèõ îæèäàíèé ñ èñïîëüçîâàíèåì
ôîðìóë Áëýêà-Øîóëçà. Âûðàáîòàíû êðèòåðèè ïîä÷èíåíèÿ ñëó÷àéíîé âåëè-
÷èíû ñòîõàñòè÷åñêîìó óðàâíåíèþ äèôôóçèè. Ïîëó÷åííûå êðèòåðèè ïðîâå-
ðåíû íà ÷èñëåííîì ïðèìåðå èçìåíåíèÿ öåíû íà íåôòü è ìîãóò áûòü èñïîëü-
çîâàíû äëÿ ïðîãíîçèðîâàíèÿ ôèíàíñîâûõ êðèçèñîâ.

MSC2010 number: 60G51

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêîå óðàâíåíèå äèôôóçèè; ôîðìóëà Áëýêà-Øîóëçà;
ëîã-íîðìàëüíîå ðàñïðåäåëåíèå.

1. Ââåäåíèå

Ïóñòü çàôèêñèðîâàíà ðåàëèçàöèÿ f(t) ñëó÷àéíîé âåëè÷èíû S(t) íà êîíå÷-

íîì äèñêðåòíîì ìíîæåñòâå òî÷åê t0 = 0 < t1 < ... < tn, ò.å. èìååì âûáîð-

êó f(t0), f(t1),..., f(tn). Èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à: ïî çíà÷åíèÿì âûáîðêè

f(t0), f(t1),..., f(tn) îïðåäåëèòü ïîä÷èíÿåòñÿ ëè S(t) ñòîõàñòè÷åñêîìó óðàâíåíèþ

äèôôóçèè. Òàê êàê ñòîõàñòè÷åñêîå óðàâíåíèå äèôôóçèè ñëóæèò ìîäåëüþ ìíî-

ãèõ ñëó÷àéíûõ ïðîöåññîâ èçó÷àåìûõ â ôèíàíñîâîé ìàòåìàòèêå, òî ñòàíîâèòñÿ

ÿñíûì àêòóàëüíîñòü è âàæíîñòü äàííîé çàäà÷è.

Â ñòàòüå èçó÷àþòñÿ ôóíêöèè, çàâèñÿùèå îò âûáîðêè f(t0), f(t1),..., f(tn) è

äâóõ òèïîâ ìàòåìàòè÷åñêèõ îæèäàíèé. Íàéäåíû ñîîòíîøåíèÿ ìåæäó ýòèìè ôóíê-

öèÿìè, âûïîëíÿåìûå ïðè óñëîâèè, ÷òî âûáîðêà f(t0), f(t1),..., f(tn) âçÿòà èç ðå-

àëèçàöèè ñëó÷àéíîé âåëè÷èíû S(t) ïîä÷èíÿþùåéñÿ ñòîõàñòè÷åñêîìó óðàâíåíèþ

äèôôóçèè.
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Òåîðåòè÷åñêèå ðåçóëüòàòû ïðîâåðåíû íà ïðèìåðå èçìåíåíèÿ öåíû íà íåôòü çà

ïåðèîä ñ 1.12.2006 ïî 28.2.2009. Ïðîâåäåííîå ÷èñëåííîå ñðàâíåíèå ïîäòâåðäèëî

ñïðàâåäëèâîñòü ïîëó÷åííûõ ñâîéñòâ èçó÷åííûõ ôóíêöèé îò ðåàëèçàöèé.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ èç òåîðèè ñòîõàñòè÷åñêèõ óðàâíåíèé

Ìîäåëüþ ìíîãèõ ñëó÷àéíûõ ïðîöåññîâ èçó÷àåìûõ â àêòóàðíîé ìàòåìàòèêå

ñëóæèò ñòîõàñòè÷åñêîå óðàâíåíèå äèôôóçèè

(2.1) dS(t) = r(t)S(t) dt+ σ(t)S(t) dW (t),

ãäå ñëó÷àéíàÿ âåëè÷èíà S(t) ñ íåïðåðûâíûì àðãóìåíòîì t ìîäåëèðóåò ïîâåäåíèå

öåíû êàêîãî-ëèáî òîâàðà â ìîìåíò âðåìåíè t, ôóíêöèÿ r(t) ïîêàçûâàåò ñêîðîñòü

èçìåíåíèÿ áàíêîâñêîé ñòàâêè (èíôëÿöèÿ), W (t) � áðîóíîâñêîå äâèæåíèå (ñëó-

÷àéíûé ãàóññîâñêèé ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè). Ðîëü äèñïåðñèè

èãðàåò ôóíêöèÿ σ(t), íàçûâàåìàÿ âîëàòèëüíîñòüþ ïðîöåññà.

Èçâåñòíàÿ ëåììà Èòî [1] óñòàíàâëèâàåò ïðàâèëî äèôôåðåíöèðîâàíèÿ ôóíê-

öèé îò ñëó÷àéíûõ âåëè÷èí, óäîâëåòâîðÿþùèõ ñòîõàñòè÷åñêîìó óðàâíåíèþ (2.1):

äëÿ ëþáîé äâàæäû äèôôåðåíöèðóåìîé ôóíêöèè F (S, t) èìååì

dF (S, t) =
∂F

∂t
dt+

∂F

∂S
dS +

1

2
σ2(t)S2(t)

∂2F

∂S2
dt.

Åñëè ïðèíÿòü F (S, t) = lnS, òî ïîëó÷èì ∂F
∂t = 0, ∂F

∂S = 1
S ,

∂2F
∂S2 = − 1

S2 è óðàâíåíèå

(2.1) ñâîäèòñÿ ê ñëåäóþùåìó ñòîõàñòè÷åñêîìó óðàâíåíèþ

(2.2) d lnS(t) =

(
r(t)− σ2(t)

2

)
dt+ σ(t) dW (t).

Òåîðåìà 2.1. [1] Â ñëó÷àå îòñóòñòâèÿ èíôëÿöèè r(t) = 0 è ïîñòîÿííîé âîëà-

òèëüíîñòè σ ðåøåíèåì ñòîõàñòè÷åñêîãî óðàâíåíèÿ (2.2) ñ íà÷àëüíûì óñëîâè-

åì S(0) = S0 ÿâëÿåòñÿ ñëó÷àéíàÿ âåëè÷èíà S(t), ó êîòîðîé lnS(t) èìååò íîð-

ìàëüíîå ðàñïðåäåëåíèå N(a(t), σ(t)) ñî ñðåäíèì a(t) = lnS0 − σ2t/2 è äèñïåðñèåé

σ(t) = σ2t.

Òåîðåìà 2.1 ñëóæèò ìîòèâàöèåé äëÿ ðàññìîòðåíèÿ â íàñòîÿùåé ñòàòüå ñëó-

÷àéíîé âåëè÷èíû S(t), ðàñïðåäåëåíèå êîòîðîé ïðåäïîëàãàåòñÿ ëîãàðèôìè÷åñêè

íîðìàëüíûì, ò.å. ñëó÷àéíàÿ âåëè÷èíà lnS(t) äëÿ êàæäîãî t èìååò íîðìàëüíîå

ðàñïðåäåëåíèå N(a(t), σ(t)) ñî ñðåäíèì a(t) è äèñïåðñèåé σ2(t).
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3. Äâà òèïà ìàòåìàòè÷åñêèõ îæèäàíèé è ôîðìóëû Áëýêà-Øîóëçà

Ìû èññëåäóåì ìàòåìàòè÷åñêoe îæèäàíèe ñëåäóþùåé ôóíêöèè îò S(t):

Me(t,K) = E[S(t)−K]+,

ãäå K � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà è

X+ =

{
X, åñëè X ≥ 0,

0 åñëè 0 ≥ X.

Ïóñòü ~t = (t1, t2, ..., tm) - ïîñëåäîâàòåëüíîñòü ìîìåíòîâ âðåìåíè t1 < t2 < ... < tm.

Ïîâåäåíèå âåëè÷èíû Me ìû áóäåì ñðàâíèâàòü ïðè òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ

K è t ñ ìàòåìàòè÷åñêèì îæèäàíèeì ïîõîæåé ôóíêöèè îò òîé æå ñëó÷àéíîé

âåëè÷èíû S(t):

Ma

(
~t,K

)
= E[G

(
m,~t

)
−K]+,

ãäåG
(
m,~t

)
åñòü ñðåäíåå ãåîìåòðè÷åñêîåm ñëó÷àéíûõ âåëè÷èí S(ti), i = 1, 2, ...,m,

ò.å.

G
(
m,~t

)
= [S(t1) · S(t2) · · ·S(tm)]

1/m
, ~t = (t1, t2, ..., tm)

Ýòè ìàòåìàòè÷åñêèå îæèäàíèÿ ïðåäñòàâëÿþò èíòåðåñ â ôèíàíñîâîé ìàòåìàòè-

êå, òàê êàê åñëè ïðèíÿòü, ÷òî ñëó÷àéíàÿ âåëè÷èíà S(t) ìîäåëèðóåò ïîâåäåíèå

öåíû êàêîãî-ëèáî òîâàðà â ìîìåíò âðåìåíè t, òî Me ìîæíî èíòåðïðåòèðîâàòü

êàê îæèäàåìóþ öåíó åâðîïåéñêîãî îïöèîíà, à Ma ìîæíî èíòåðïðåòèðîâàòü êàê

îæèäàåìóþ öåíó àçèàòñêîãî îïöèîíà (ñì. [1]).

Îáîçíà÷èì ÷åðåç Φ(.) ôóíêöèþ ðàñïðåäåëåíèÿ ñòàíäàðòíîé íîðìàëüíîé ñëó-

÷àéíîé âåëè÷èíû N(0, 1).

Òåîðåìà 3.1. (Ôîðìóëà Áëýêà-Øîóëçà äëÿ åâðîïåéñêîãî îïöèîíà) Ïóñòü S(t) �

ñëó÷àéíàÿ âåëè÷èíà, ó êîòîðîé lnS(t) èìååò íîðìàëüíîå ðàñïðåäåëåíèå N(a, σ)

ñî ñðåäíèì a(t) = lnS0 − σ2t/2 è äèñïåðñèåé σ(t) = σ2t. Òîãäà

(3.1) Me(t,K) = E[S(t)−K]+ = S0Φ(d1)−KΦ(d2),

ãäå

d1 =
1

σ
√
t

(
lnS0 − lnK +

σ2t

2

)
,

d2 =
1

σ
√
t

(
lnS0 − lnK − σ2t

2

)
.

Çàìåòèì, ÷òî åñëè ñëó÷àéíàÿ âåëè÷èíà S(t), ìîäåëèðóåò ïîâåäåíèå öåíû êàêîãî-

ëèáî òîâàðà â ìîìåíò âðåìåíè t, òî (íå ñëó÷àéíóþ) âåëè÷èíó S0 ìîæíî èíòåð-

ïðåòèðîâàòü êàê öåíó òîâàðà â ìîìåíò âðåìåíè t = 0.
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Òåîðåìà 3.2. (Ôîðìóëà Áëýêà-Øîóëçà äëÿ àçèàòñêîãî îïöèîíà) Ïóñòü S(t) �

ñëó÷àéíàÿ âåëè÷èíà, ó êîòîðîé lnS(t) èìååò íîðìàëüíîå ðàñïðåäåëåíèå N(a, σ)

ñî ñðåäíèì a(t) = lnS0 − σ2t/2 è äèñïåðñèåé σ(t) = σ2t. Òîãäà

(3.2)

Ma

(
~t,K

)
= E[G

(
m,~t

)
−K]+ = exp

(
−m− 1

2m2
Tσ2

)
S0Φ(d1(m))−KΦ(d2(m)),

ãäå

d1(m) =
m

σ
√
T

(
lnS0 − lnK +

Tσ2

2m2
(2−m)

)
,

d2(m) =
m

σ
√
T

(
lnS0 − lnK − Tσ2

2m

)
, T = t1 + t2 + ...+ tm.

Ôîðìóëà (3.1) õîðîøî èçâåñòíà, ñì. íàïðèìåð, [1], [2]. Ôîðìóëà æå (3.2) ìåíåå

èçâåñòíà, â [1] îíà ïðèâåäåíà áåç äîêàçàòåëüñòâà. Äîêàçàòåëüñòâî ôîðìóëû (3.2)

ïðèâåäåíî â [3] è [4].

4. Îñíîâíûå ðåçóëüòàòû

Ñðàâíèâàÿ ôîðìóëû (3.1) è (3.2), íåòðóäíî âèäåòü, ÷òî ïðè m = 1, T = t1 = t

ïîëó÷àåì

Me(t,K) = Ma(t,K), äëÿ âñåõ t,K > 0,

÷òî ñîãëàñóåòñÿ ñ ðàâåíñòâîì ñëó÷àéíûõ âåëè÷èí S(t) è G(1, t).

Ðàññìîòðèì òåïåðü ñðåäíåå ãåîìåòðè÷åñêîå G(2, t1, t2) äâóõ ñëó÷àéíûõ âåëè-

÷èí S(t1) è S(t2). Îáîçíà÷èì dt = t2 − t1.
Òåîðåìà 4.1.Ïóñòü ñëó÷àéíàÿ âåëè÷èíà S(t) ïîä÷èíÿåòñÿ ñòîõàñòè÷åñêîìó óðàâ-

íåíèþ äèôôóçèè. Òîãäà äëÿ âñåõ t,K > 0 ïðè dt→ 0 èìååò ìåñòî

Ma(t,K) = E[G(2, t− dt, t)−K]+ = Me(t,K) +O(dt),

Äîêàçàòåëüñòâî. È ìååì

G(2, t− dt, t) =
√
S(t− dt) · S(t) =

√
[S(t− dt)− S(t) + S(t)] · S(t).

Ðàçëàãàÿ ïî ñòåïåíÿì dS = |S(t− dt)− S(t)|, ïîëó÷èì

(4.1) G(2, t, t+ dt) = S(t)

√
1 +

dS

S(t)
= S(t)

(
1 +

dS

2S(t)

)
+ o(dS).

Òàê êàê ñëó÷àéíàÿ âåëè÷èíà S(t) èìååò ëîãàðèôìè÷åñêè íîðìàëüíîå ðàñïðåäå-

ëåíèå ñ êîíå÷íîé äèñïåðñèåé, òî ìîæåì ïîìåíÿòü ìåñòàìè îïåðàöèè ïðåäåëüíîãî

ïåðåõîäà è óñðåäíåíèÿ è ïðè dt→ 0 èìååì

lim
dt→0

E|S(t− dt)− S(t)| = 0.
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Îòñþäà â ñèëó (4.1) ïîëó÷àåì

E|G(2, t, t+ dt)− S(t)| = O(dt).

Ñëåäîâàòåëüíî,

Ma(t,K) = E[G(2, t− dt, t)−K]+ = E[S(t)−K]+ +O(dt) = Me(t,K) +O(dt).

Òåîðåìà 4.1 äîêàçàíà.

Ïóñòü çàôèêñèðîâàíà ðåàëèçàöèÿ f(t) ñëó÷àéíîé âåëè÷èíû S(t) íà êîíå÷íîì

äèñêðåòíîì ìíîæåñòâå òî÷åê t0 = 0 < t1 < ... < tn = t, ò.å. èìååì âûáîðêó

f(t0) = S0, f(t1),...,f(tn). ×èñëà t0, t1, ..., tn ïîëàãàåì öåëûìè, à ÷èñëà f(ti) ïîëà-

ãàåì ïîëîæèòåëüíûìè. Äëÿ ôèêñèðîâàííîé ðåàëèçàöèè f(t) ðàññìîòðèì (íåñëó-

÷àéíóþ) ôóíêöèþ îò K è t

Le(t,K) = Me(t,K)− [f(t)−K]+.

Îòìåòèì, ÷òî Le(t,K) ìîæíî èíòåðïðåòèðîâàòü êàê âåëè÷èíó ïðèáûëè (èëè

óáûòêîâ) îò åâðîïåéñêîãî îïöèîíà, êóïëåííîãî êîãäà öåíà òîâàðà áûëà S0, ïðè

óñëîâèè, ÷òî â ìîìåíò âðåìåíè t öåíà òîâàðà ñòàëà f(t).

Äëÿ ôèêñèðîâàííîé ðåàëèçàöèè f(t) ïîâåäåíèå ôóíêöèè Le(t,K) ìû áóäåì

ñðàâíèâàòü ïðè òåõ æå çíà÷åíèÿõ àðãóìåíòîâ K è t ñ àíàëîãè÷íîé ôóíêöèåé

La(t,K) = Ma(t,K)−
[
G(m, f(~t))−K

]
+
,

ãäå G
(
m, f(~t)

)
åñòü ñðåäíåå ãåîìåòðè÷åñêîå m çíà÷åíèé f(ti), i = 1, 2, ...,m, ò.å.

G
(
m, f(~t)

)
= [f(t1) · f(t2) · · · f(tm)]

1/m
, ~t = (t1, t2, ..., tm)

Îòìåòèì, ÷òî La(t,K) ìîæíî èíòåðïðåòèðîâàòü êàê âåëè÷èíó ïðèáûëè (èëè

óáûòêîâ) îò àçèàòñêîãî îïöèîíà, êóïëåííîãî êîãäà öåíà òîâàðà áûëà S0, ïðè

óñëîâèè, ÷òî â ìîìåíòû âðåìåíè ti öåíà òîâàðà ñòàíîâèëàñü f(ti), i = 1, 2, ...,m.

Ðàññìîòðèì ñëó÷àé m = 2. Íàçîâåì ñêà÷êîì â òî÷êå t ðàçíîñòü

dJ(t) = f(t+ dt)− f(t).

Òåîðåìà 4.2.Ïóñòü ñëó÷àéíàÿ âåëè÷èíà S(t) ïîä÷èíÿåòñÿ ñòîõàñòè÷åñêîìó óðàâ-

íåíèþ äèôôóçèè. Òîãäà äëÿ âñåõ t,K > 0 ðàçíîñòü Le(t,K)− La(t,K) ïðåäñòà-

âèìà â âèäå ñóììû äâóõ ñëàãàåìûõ, ïðè÷åì ïðè dt → 0 îäíî ñëàãàåìîå èìååò

ïîðÿäîê O(dt), à âòîðîå èìååò ïîðÿäîê O(dJ):

Le(t,K)− La(t,K) = O(dt) +O(dJ).
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Äîêàçàòåëüñòâî. Èìååì

G(2, t, t+ dt) =
√
f(t+ dt) · f(t) =

√
dJ(t)f(t) + (f(t))2.

Ðàçëàãàÿ ïî ñòåïåíÿì dJ , ïîëó÷èì

G(2, t, t+ dt) = f(t)

√
1 +

dJ

f(t)
= f(t)

(
1 +

dJ

2f(t)

)
+ o(dJ).

Ñëåäîâàòåëüíî,

(4.2) |G(2, t, t+ dt)− f(t)| = O(dJ).

Ó÷èòûâàÿ ïîëîæèòåëüíîñòü ÷èñåë f(t), èìååì

Le(t,K)− La(t,K) = Me(t,K)−Ma(t,K)− [f(t)−K]+ + [G(2, t, t+ dt)−K]+

= Me(t,K)−Ma(t,K) +G(2, t, t+ dt)− f(t).

Îòñþäà â ñèëó ñîîòíîøåíèÿ (4.2) è Òåîðåìû 4.1, ñëåäóåò óòâåðæäåíèå Òåîðåìû

4.2.

Ñêà÷îê dJ íàçîâåì ìàëûì, åñëè îí èìååò ïîðÿäîê O(dt), ò.å. dJ ≈ dt. Ñêà÷îê
dJ íàçîâåì áîëüøèì, åñëè dt = o(dJ). Èç Òåîðåìû 4.2 ñðàçó ñëåäóåò:

Ïðåäëîæåíèå 4.1. Ìàëûé ñêà÷îê dJ ≈ dt âëå÷åò ìàëîñòü ðàçíîñòè

|Le(t,K)− La(t,K)| = O(dt).

Ïðåäëîæåíèå 4.2. Áîëüøîé ñêà÷îê dJ >> dt âëå÷åò áîëüøóþ ðàçíîñòü

|Le(t,K)− La(t,K)| = O(dJ) >> dt.

Îòìåòèì, ÷òî Ïðåäëîæåíèÿ 4.1, 4.2 ñïðàâåäëèâû ïðè óñëîâèè, ÷òî âûáîðêà f(t0),

f(t1),..., f(tn) âçÿòà èç ðåàëèçàöèè ñëó÷àéíîé âåëè÷èíû S(t) ïîä÷èíÿþùåéñÿ ñòî-

õàñòè÷åñêîìó óðàâíåíèþ äèôôóçèè (2.2).

Â ñèëó òîãî, ÷òî ïðè óâåëè÷åíèè ÷èñëà m ñëó÷àéíûõ âåëè÷èí S(ti), i =

1, 2, ...,m óâåëè÷èâàåòñÿ èõ ðàçáðîñ îò ñðåäíåãî ãåîìåòðè÷åñêîãî G
(
m,~t

)
ïîëó-

÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 4.3. Óâåëè÷åíèå âåëè÷èíû m > 1 âëå÷åò óâåëè÷åíèå ðàçíîñòè

|Me(t,K)−Ma(t,K)|.

5. ×èñëåííûé ïðèìåð

Ïðåäëîæåíèÿ 4.1 � 4.3 ïðîâåðåíû íà ïðèìåðå èçìåíåíèÿ öåíû íà íåôòü çà

ïåðèîä ñ 1.12.2006 ïî 28.2.2009 äëÿ K = 65, t = 20 (ñì. [5]). Íà ðèñ. 1 äàòå
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1.12.2006 ñîîòâåòñòâóåò òî÷êà 0 íà îñè àáñöèññ, à äàòå 28.2.2009 ñîîòâåòñòâóåò

òî÷êà 609.

Ðèñ. 1

Ïðîâåäåííîå ÷èñëåííîå ñðàâíåíèå (ñì. Òàáëèöû 1 è 2) ïîäòâåðäèëî â îñíîâíîì

ñïðàâåäëèâîñòü Ïðåäëîæåíèé 4.1 � 4.3.

T t0 S0 Jumps |Le − La|
2007/02/07 53 62.97 1.00 0.36
2007/08/03 176 72.49 0.29 0.18
2007/12/31 279 88.87 0.04 0.05
2008/03/03 321 99.15 0.62 0.15
2008/03/04 322 96.09 3.06 1.75
2008/03/14 330 101.75 0.79 0.88
2008/03/17 331 97.83 3.92 2.45
2008/03/18 332 102.18 4.35 6.32
2008/04/01 341 96.03 0.51 0.39
2008/05/01 363 107.04 0.59 0.68
2008/05/02 364 110.98 3.94 1.54
2008/05/20 376 130.16 3.97 1.71
2008/05/21 377 134.42 4.26 1.81
2008/06/05 387 127.40 4.79 1.09
2008/06/10 390 131.12 1.91 2.30
2008/07/29 424 124.06 2.50 1.54
2008/08/21 441 123.71 6.16 2.06
2008/08/29 447 117.38 0.32 0.74
2008/09/12 456 103.36 0.44 0.03
2008/09/18 460 98.57 0.96 0.33
2008/10/13 477 83.63 3.41 1.01
2008/10/31 491 71.18 1.95 4.25

Òàáëèöà 1.
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T Jumps |Me −Ma| |Me −Ma| |Me −Ma| |Me −Ma|
for : m = 10 for : m = 6 for : m = 4 for : m = 2

2008/10/31 1.95 9.6 9.2 8.2 5.2
2008/11/10 1.18 9.5 8.6 7.5 4.8
2008/11/14 1.64 7.5 7.0 6.2 3.9

Òàáëèöà 2.

Çàêëþ÷åíèå. Â îáû÷íûõ óñëîâèÿõ ñòîõàñòè÷åñêîå óðàâíåíèå (2.1) õîðîøî îïè-

ñûâàåò ïîâåäåíèå öåíû íà íåôòü. Â óñëîâèÿõ ôèíàíñîâîãî êðèçèñà öåíà íà íåôòü

íå ïîä÷èíÿåòñÿ ñòîõàñòè÷åñêîìó óðàâíåíèþ (2.1).

Îòêóäà ìîæíî ñäåëàòü âàæíûé ïðàêòè÷åñêèé âûâîä: Ñèòóàöèÿ �áîëüøîé ñêà-

÷îê J(t) â ñî÷åòàíèè ñ ìàëîé ðàçíîñòüþ |Le(t,K)−La(t,K)|� ÿâëÿåòñÿ ïðåäâåñò-
íèêîì îñòðîãî ôèíàíñîâîãî êðèçèñà.

Abstract. The paper considers some functions depending on the realizations of

a random process with log-normal distribution and two types of expectations. The

interpretations of these functions and expectations are given in terms of actuarial

mathematics. The comparison of the behavior of these two types of expectations

is given using the Black-Scholes formulas. Criteria for a random process to obey a

stochastic equation of di�usion are elaborated. The obtained criteria are veri�ed on

a numerical example on the change in the price of oil, and can be used to predict

�nancial crises.
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1. Introduction

The aim of this paper is to study bivariate homogeneous interpolation polynomials.

Let Hn(R2) be the space of all homogeneous polynomials of degree n in R2. It is

well-known that {xn, xn−1y, . . . , yn} is a basis for Hn(R2) and dimHn(R2) = n+1.

A set X = {xi = (ai, bi) : i = 0, . . . , n} ⊂ R2\{0} is said to be pairwise projectively

distinct (PPD for short) if xi and xj are linearly independent, or equivalently

aibj − ajbi 6= 0, for every 0 ≤ i < j ≤ n. Let f be a function de�ned on X. Bialas-

Ciez and Calvi [1] pointed out that there exists a unique polynomial h ∈ Hd(R2)

interpolating f at X, that is,

h(xi) = f(xi), 0 ≤ i ≤ n.

Moreover, the following equality holds:

h(x) =

n∑
i=0

f(xi)

n∏
j=0,j 6=i

xbj − yaj
aibj − biaj

, x = (x, y).

The polynomial h is called the homogeneous Lagrange interpolation polynomial

of f at X, and is denoted by Lh[X; f ]. Here we are concerned with the following

problem.

Problem. Let {Xk} be a sequence of PPD sets in R2 with card(Xk) = n + 1 for

k ≥ 1. Assume that Xk coalesces to a set A when k → ∞. The natural questions

are the following.

(1) Does the sequence {Lh[Xk; f ]} converge for every suitably de�ned function

f?
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(2) If yes, what is the limit? can it be understood as a Hermite-type interpolation

polynomial of f at A?

Positive answers to the above questions can be expected since Hermite interpolation

is usually the result of the collapsing of points in Lagrange interpolation. Note that

analogous problems have been studied by many authors. For instance, in [2, 5], the

authors found su�cient conditions that guarantee the convergence of multivariate

Lagrange interpolation polynomials of su�ciently smooth functions to the Taylor

polynomials. Phung [8] showed that the limit of bivariate Lagrange interpolation

polynomials at Bos con�gurations on circles is a Hermite interpolation polynomial

at the center of the circles when the radii of the circles tend to 0. In [6], based on

a beautiful result of Bos and Calvi [4], Calvi and Phung proved that the limit of

Lagrange projectors at Bos con�gurations on the irreducible algebraic curves in C2

are the Hermite projectors introduced by Bos and Calvi [4].

To investigate the above problem, we restrict our attention to the case where

Xk lies on the right half of the unit circle, that is,

Xk ⊂ C+ = {x = (x, y) : ‖x‖ = 1, x > 0}, ‖x‖ =
√
x2 + y2.

This assumption does not lose of generality since h(tx) = tnh(x) for h ∈ Hn(R2),

t ∈ R and x ∈ R2.

In Theorem 3.1 below, we give a Hermite type interpolation scheme for Hn(R2)

in which the interpolation points lie on C+. From this we infer that the Hermite

interpolation polynomial of a suitably de�ned function exists uniquely. In Theorem

4.1, we prove that when f is of class Cn, then the homogeneous Hermite interpolation

polynomial of f at A is the limit of the sequence of polynomials {Lh[Xk; f ]} when
Xk coalesces to A. Finally, we establish a continuity property of homogeneous

Hermite interpolation with respect to the interpolation points.

By Pn(R) we denote the vector space of all univariate polynomials of degree less

than or equal to n. Each vector space Pn(R), Hn(R2) is endowed with a norm. The

set of all natural numbers is denoted by N.

2. Univariate Hermite interpolation

Let t1, . . . , tλ be distinct real numbers, and let ν1, . . . , νλ be positive integers

such that n+ 1 = ν1 + · · ·+ νλ. The following theorem is well-known.

Theorem 2.1. Given a function f for which f (νi−1)(ti) exists for i = 1, . . . , λ.

Then there exists a unique p ∈ Pn(R) such that

p(j)(ti) = f (j)(ti), ∀1 ≤ i ≤ λ, 0 ≤ j ≤ νi − 1.
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The polynomial p in Theorem 2.1 is denoted by H[{(t1, ν1), . . . , (tλ, νλ)}; f ] and is
called the Hermite interpolation polynomial. The coe�cient of tn in H[{(t1, ν1), . . . , (tλ, νλ)}; f ],
denoted by f [(t1, ν1), . . . , (tλ, νλ)], is called the divided di�erence. A formula for

Hermite interpolation polynomial can be found in [3, Theorem 1.1]. Using this,

we can prove the following factorization property of generalized Vandermonde

determinants (see [8] for details of the proof.)

Lemma 2.1. Let t1, . . . , tλ be pairwise distinct real numbers, and let ν1, . . . , νλ be

positive integers such that n+1 = ν1+ · · ·+νλ. Let T = {(t1, ν1), . . . , (tλ, νλ)}, and
let F = {f0, . . . , fn} be a set of su�ciently di�erentiable functions at the tj's. We

denote by VDM(F;T ) the determinant of the generalized Vandermonde matrix:

V(F;T ) =



f0(t1) f1(t1) · · · fn−1(t1) fn(t1)
f ′0(t1) f ′1(t1) · · · f ′n−1(t1) f ′n(t1)

...
...

. . .
...

...

f
(ν1−1)
0 (t1) f

(ν1−1)
1 (t1) · · · f

(ν1−1)
n−1 (t1) f

(ν1−1)
n (t1)

...
...

. . .
...

...

f0(tλ) f1(tλ) · · · fn−1(tλ) fn(tλ)
f ′0(tλ) f ′1(tλ) · · · f ′n−1(tλ) f ′n(tλ)

...
...

. . .
...

...

f
(νλ−1)
0 (tλ) f

(νλ−1)
1 (tλ) · · · f

(νλ−1)
n−1 (tλ) f

(νλ−1)
n (tλ)


.

Then we have

VDM(F;T ) =
( λ∏
k=1

νk−1∏
i=0

i!
) ∏
1≤i<j≤λ

(tj − ti)νiνjD(F;T ),

where

D(F;T ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f0[t1] f1[t1] · · · fn[t1]
f0[(t1, 2)] f1[(t1, 2)] · · · fn[(t1, 2)]

...
...

. . .
...

f0[(t1, ν1)] f1[(t1, ν1)] · · · fn[(t1, ν1)]
f0[(t1, ν1), (t2, 1)] f1[(t1, ν1), (t2, 1)] · · · fn[(t1, ν1), (t2, 1)]

...
...

. . .
...

f0[(t1, ν1), . . . , (tλ, νλ)] f1[(t1, ν1), . . . , (tλ, νλ)] · · · fn[(t1, ν1), . . . , (tλ, νλ)]

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Here the factor
∏

1≤i<j≤λ(tj − ti)νiνj does not appear when λ = 1.

The following result gives a useful formula for Hermite interpolation polynomial

which contains the terms D(·; ·).

Proposition 2.1. Let t1, . . . , tλ be pairwise distinct real numbers, and let ν1, . . . , νλ

be positive integers such that n+ 1 = ν1 + · · ·+ νλ. Let T = {(t1, ν1), . . . , (tλ, νλ)},
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M = {1, t, . . . , tn}, and let f be a well-de�ned function. Then

H[{(t1, ν1), . . . , (tλ, νλ)}; f ](t) =
n∑
i=0

D(M[ti ← f(t)];T )ti.

Here M[ti ← f(t)] means that we substitute f(t) for ti in M.

Proof. For convenience, we set fi(t) = ti for 0 ≤ i ≤ n, and write

H[{(t1, ν1), . . . , (tλ, νλ)}; f ](t) =
n∑
i=0

cifi(t).

It follows from the interpolation conditions that

(2.1)

n∑
i=0

cif
(k)
i (tj) = f (k)(tj), 1 ≤ j ≤ λ, 0 ≤ k ≤ νj − 1.

The determinant of the matrix of coe�cients corresponding to the above system of

linear equations is VDM(M;T ). A result in [3, p. 3] shows that

VDM(M;T ) =
( λ∏
k=1

νk−1∏
i=0

i!
) ∏
1≤i<j≤λ

(tj − ti)νiνj .

Using the Cramer rule in (2.1) and Lemma 2.1, we obtain

ci =
VDM(M[fi ← f ];T )

VDM(M;T )
= D(M[fi ← f ];T ), 0 ≤ i ≤ n,

The proof is complete. �

When working with Hermite interpolation and the divided di�erence, it is convenient

to use interpolation sets in which elements may be repeated. For example, if A =

{1,−2, 3,−2, 1,−4, 1}, then we can write A = {(1, 3), (−2, 2), (3, 1), (−4, 1)}. More

generally, any set {s0, . . . , sn} can be identi�ed with {(t1, ν1), . . . , (tλ, νλ)}. Here,
ti are pairwise distinct and the notation (ti, νi) means that ti is repeated νi times.

Hence, we can write H[{s0, . . . , sn}; f ] (resp. f [s0, . . . , sn]) for H[{(t1, ν1), . . . , (tλ, νλ)}; f ]
(resp. f [(t1, ν1), . . . , (tλ, νλ)]). It is important to note that the divided di�erence is

continuous with respect to interpolation points (see [3, Corollary 1.5]).

Lemma 2.2. Let I ⊂ R be an interval and g ∈ Cn(I). Then the map

(s0, . . . , sn) ∈ In+1 7−→ g[s0, . . . , sn]

is continuous.

3. Bivariate homogeneous Hermite interpolation

In this section, we �rst give some results concerning vanishing of derivatives of

functions, which are used to prove that the homogeneous Hermite interpolation

problem in R2 has a unique solution.
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3.1. Vanishing of derivatives of functions.

Lemma 3.1. Let k be a natural number, and let g and h be k-times di�erentiable

functions at t0 ∈ R. If g(t0) 6= 0 and (gh)(i)(t0) = 0 for i = 0, . . . , k, then h(i)(t0) =

0 for i = 0, . . . , k.

Proof. Since by assumption g(t0)h(t0) = 0 and g(t0) 6= 0, we have h(t0) = 0.

Assume that the assertion holds for i = 0, . . . , j − 1 with j ≤ k, and prove it for j.

By the Leibnitz formula, we obtain

0 = (gh)(j)(t0) = g(t0)h
(j)(t0) +

j∑
i=1

(
j

i

)
g(i)(t0)h

(j−i)(t0) = g(t0)h
(j)(t0).

Hence, h(j)(t0) = 0, and the result follows. �

Lemma 3.2. Let g be a k-times di�erentiable functions at θ0 ∈ (−π2 ,
π
2 ). Then

di

dθi
g(tan θ)

∣∣∣
θ=θ0

= 0, ∀i = 0, . . . , k

if and only if

g(i)(tan θ0) = 0 ∀i = 0, . . . , k.

Proof.We �rst assume that di

dθi g(tan θ)
∣∣∣
θ=θ0

= 0 for every i = 0, . . . , k. We prove

the lemma by induction on k. The assertion is trivial for k = 0. Assuming that the

assertion holds for k − 1, we prove it for k. For convenience, we set ϕ(θ) = tan θ.

Using Faa di Bruno's formula from [9], we obtain

(3.1)
dk

dθk
g(ϕ(θ))

∣∣∣
θ=θ0

=
∑ k!

n1! · · ·nk!
g(n)(ϕ(θ0))

k∏
j=1

(ϕ(j)(θ0)

j!

)nj
.

where n = n1 + · · ·+ nk and the sum is over all values of n1, . . . , nk ∈ N such that

n1 + 2n2 + · · · + knk = k. Note that n ≤ k and n = k only if n1 = n = k and

n2 = · · · = nk = 0. Hence, it follows from the induction hypothesis and (3.1) that

0 =
dk

dθk
g(ϕ(θ))

∣∣∣
θ=θ0

= g(k)(tan θ0)
1

cos2k(θ0)
.

Thus, g(k)(tan θ0) = 0.

Conversely, from (3.1) we see that dk

dθk
g(ϕ(θ))

∣∣∣
θ=θ0

is a linear combination of

k+ 1 derivatives g(ϕ(θ0)), g
′(ϕ(θ0)), . . . , g

(k)(ϕ(θ0)). Hence, if these k+ 1 numbers

are equal to 0, then di

dθi g(tan θ)
∣∣∣
θ=θ0

= 0 for every i = 0, . . . , k. �

Corollary 3.1. Let f and g be k-times di�erentiable functions at θ0 ∈ (−π2 ,
π
2 ).

Then
di

dθi
f(tan θ)

∣∣∣
θ=θ0

=
di

dθi
g(tan θ)

∣∣∣
θ=θ0

, ∀i = 0, . . . , k,
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if and only if

f (i)(tan θ0) = g(i)(tan θ0), ∀i = 0, . . . , k.

3.2. Homogeneous Hermite interpolation.

Theorem 3.1. Let n, ν1, . . . , νλ be positive integers such that ν1+ · · ·+νλ = n+1,

and let {n1, . . . ,nλ
}
be a set of distinct points on C+ with ni = (cosαi, sinαi),

αj ∈ (−π2 ,
π
2 ). Then, for any given data {cik}, there exists a unique polynomial

h ∈ Hn(R2) such that

(3.2)
dk

dαk
h(cosα, sinα)

∣∣∣
α=αi

= cik, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

Proof. Since the relation (3.2) consists of n + 1 interpolation conditions and

dimHn(R2) = n + 1, it su�ces to show that if h ∈ Hn(R2) satis�es the following

conditions

(3.3)
dk

dαk
h(cosα, sinα)

∣∣∣
α=αi

= 0, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1,

then h = 0. We write

h(cosα, sinα) = (cosn α)h(1, tanα) = (cosn α)q(tanα),

where q(t) = h(1, t) ∈ Pn(R). From (3.3), we have

dk

dαk

(
(cosn α)q(tanα)

)∣∣∣
α=αi

= 0, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

Since αi ∈ (−π2 ,
π
2 ), Lemma 3.1 gives

dk

dαk
q(tanα)

∣∣∣
α=αi

= 0, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

Using Lemma 3.2, we obtain

q(k)(tanαi) = 0, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

The uniqueness of univariate Hermite interpolation in Theorem 2.1 implies that

q = 0 since deg p ≤ n. Hence, h(x, y) = xnq( yx ) = 0. �

Corollary 3.2. Under the assumptions of Theorem 3.1, if f is a function de�ned on

C+ such that the function α 7→ f(cosα, sinα) is (νi−1)-times di�erentiable at αi for

i = 1, . . . , λ, then there exists a unique polynomial h = Hh[{(n1, ν1), . . . , (nλ, νλ)}; f ] ∈
Hn(R2) satisfying

dk

dαk
h(cosα, sinα)

∣∣∣
α=αi

=
dk

dαk
f(cosα, sinα)

∣∣∣
α=αi

, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.
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4. Limit of homogeneous Lagrange interpolation polynomials

In this section, we give a formula for homogeneous Lagrange interpolation polynomials,

and then use it to respond the proposed problem.

Proposition 4.1. Let X = {x0, . . . ,xn} be a set of distinct points on C+ with

xi = (cosαi, sinαi), αi ∈ (−π2 ,
π
2 ), and let f be a function de�ned on X. Then

Lh[X; f ](x) =

n∑
i=0

D(M[ti ← f̂(t)];T )xn−iyi,

where M = {1, t, . . . , tn}, T = {tanα0, . . . , tanαn} and the function f̂ is de�ned by

f̂(tanα) = f(cosα,sinα)
cosn α .

Proof. Since Lh[X; f ] ∈ Hd(R2), we can write Lh[X; f ](x) =
∑n
i=0 dix

n−iyi.

By de�nition, we have
n∑
i=0

di cos
n−i αk sin

i αk = f(cosαk, sinαk), k = 0, . . . , n.

Dividing both sides by cosn αk, we obtain
n∑
i=0

di tan
i αk =

f(cosαk, sinαk)

cosn αk
= f̂(tanαk), k = 0, . . . , n.

By Cramer's rule, the coe�cients di's are given by

di =
VDM(M[ti ← f̂(t)];T )

VDM(M, T )
= D(M[ti ← f̂(t)];T ), 0 ≤ i ≤ n,

where Lemma 2.1 is used in the case of pairwise distinct points to reduce the last

fraction. �

Theorem 4.1. Let n, ν1, . . . , νλ be positive integers such that ν1+ · · ·+νλ = n+1,

and let Xk =
{
xk0 , . . . ,x

k
n

}
, k ≥ 1, be sets of distinct points on C+ such that

lim
k→∞

xkj = n1 for 0 ≤ j ≤ ν1 − 1

and

lim
k→∞

xkj = nm for ν1 + · · ·+ νm−1 ≤ j ≤ ν1 + · · ·+ νm − 1, 2 ≤ m ≤ λ,

where ni's are pairwise distinct points on C+. Then, for any function f of class Cn

on C+, we have

lim
k→∞

Lh[Xk; f ] = Hh[{(n1, ν1), . . . , (nλ, νλ)}; f ].

Proof. Let us de�ne αki = arg(xki ) for 0 ≤ i ≤ n and αi = arg(ni) for 1 ≤ i ≤ λ.
The hypothesis gives

(4.1) lim
k→∞

αkj = α1 for 0 ≤ j ≤ ν1 − 1
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and

(4.2) lim
k→∞

αkj = αm for ν1 + · · ·+ νm−1 ≤ j ≤ ν1 + · · ·+ νm − 1, 2 ≤ m ≤ λ.

Without loss of generality, we can assume that −π2 < α1 < · · · < αλ <
π
2 . Since the

interpolation polynomial is independent of the ordering of the interpolation points,

the relations (4.1) and (4.2) allow us to assume that−π2 < αk0 < αk1 < · · · < αkn <
π
2 .

Evidently, the setting f̂(tanα) := f(cosα,sinα)
cosn α with α ∈ (−π2 ,

π
2 ) is equivalent to

f̂(t) = (t2 + 1)
n
2 f
( 1√

t2 + 1
,

t√
t2 + 1

)
, t ∈ R.

Hence, f̂ ∈ Cn(R). By Proposition 4.1, we can write

(4.3) Lh[Xk; f ](x) =

n∑
i=0

dki x
n−iyi,

where

dki = D(M[ti ← f̂(t)];T k), 0 ≤ i ≤ n,

and M = {1, t, . . . , tn}, T k = {tanαk0 , . . . , tanαkn}. Let us set

T = {
(
tanα1, ν1

)
, . . . ,

(
tanαλ, νλ

)
} = {tanβ0, tanβ1, . . . , tanβn}, β0 ≤ · · · ≤ βn.

By relations (4.1) and (4.2), we have

lim
k→∞

tanαki = tanβi, 0 ≤ i ≤ n.

From the formula for D(·; ·) in Lemma 2.1, we see that the (l,m)-entries of the

matrices corresponding to D(M[ti ← f̂(t)];T k) and D(M[ti ← f̂(t)];T ) are

g[tanαk0 , . . . , tanα
k
l−1] and g[tanβ0, . . . , tanβl−1],

where g ∈ {1, . . . , ti−1, f̂ , ti+1, . . . , tn}. It follows from Lemma 2.2 that

lim
k→∞

g[tanαk0 , . . . , tanα
k
l−1] = g[tanβ0, . . . , tanβl−1].

Therefore, we have

lim
k→∞

D(M[ti ← f̂(t)];T k) = D(M[ti ← f̂(t)];T ),

and consequently,

lim
k→∞

Lh[Xk; f ](x) =

n∑
i=0

D(M[ti ← f̂(t)];T )xn−iyi =: H(x, y).

To complete the proof, it remains to verify that H = Hh[{(n1, ν1), . . . , (nλ, νλ)}; f ].
We have

H(1, t) =

n∑
i=0

D(M[ti ← f̂(t)];T )ti = HH
[
{
(
tanα1, ν1

)
, . . . ,

(
tanαλ, νλ

)
}; f̂
]
(t),
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where we use Proposition 2.1 in the second relation. It follows that, for 1 ≤ i ≤ λ,

0 ≤ k ≤ νi − 1,

dk

dtk
H(1, t)

∣∣∣
t=tanαi

=
dk

dtk

(
HH
[
{
(
tanα1, ν1

)
, . . . ,

(
tanαλ, νλ

)
}; f̂
]
(t)
)∣∣∣
t=tanαi

=
dk

dtk
f̂(t)

∣∣∣
t=tanαi

.

Corollary 3.1 now yields

dk

dαk
H(1, tanα)

∣∣∣
α=αi

=
dk

dαk
f̂(tanα)

∣∣∣
α=αi

, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

In other words,

dk

dαk
H(cosα, sinα)

cosn α

∣∣∣
α=αi

=
dk

dαk
f(cosα, sinα)

cosn α

∣∣∣
α=αi

, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

Using Lemma 3.1, we get

dk

dαk
H(cosα, sinα)

∣∣∣
α=αi

=
dk

dαk
f(cosα, sinα)

∣∣∣
α=αi

, 1 ≤ i ≤ λ, 0 ≤ k ≤ νi − 1.

It follows that H must be identical with Hh[{(n1, ν1), . . . , (nλ, νλ)}; f ]. �

The next example shows that Theorem 4.1 does not hold when f /∈ Cn(C+).

Example 4.1. For simplicity, we work with n = 1. The equation (4.3) gives

Lh[Xk; f ](x) = D(M[1← f̂(t)];T k)x+D(M[t← f̂(t)];T k)y,

where M = {1, t}, T k = {tanαk0 , tanαk1}. Let us de�ne f : C+ → R by

f
( 1√

t2 + 1
,

t√
t2 + 1

)
=

f̂(t)

(t2 + 1)
1
2

, t ∈ R,

with

f̂(t) =

{
3
√
t2 sin 1

t if t 6= 0

0 if t = 0.

Since f̂ is continuous in R but not di�erentiable at 0, the function f does not belong

to C1(C+). If we take αk0 = arctan(−sk) and αk1 = arctan(sk) with sk = 1
π/2+2kπ ,

then xk0 and xk1 tend to (1, 0). For the coe�cient of y in Lh[Xk; f ], we have

f̂ [tanαk0 , tanα
k
1 ] =

f̂(sk)− f̂(−sk)
sk − (−sk)

=
1

3
√
sk
→ +∞.

Let X =
{
x0,x1, . . . ,xn

}
be a set of not necessarily distinct points on C+. Then

we can write X = {(n1, ν1), . . . , (nλ, νλ)} with ν1 + · · ·+ νλ = n+1. Hence we can

identify Hh[X; f ] with Hh[{(n1, ν1), . . . , (nλ, νλ)}; f ]. Note that Hh[X; f ] does not

depend on the ordering of points in X.
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Corollary 4.1. Let n be a positive integer, and let Xk =
{
xk0 , . . . ,x

k
n

}
, k ≥ 0, be

sets of not necessarily distinct point on C+ such that

lim
k→∞

‖Xk −X0‖ = 0,

where

‖Xk −X‖ = max{‖xki − x0
i ‖ : i = 0, . . . , n}.

Then, for any function f of class Cn on C+, we have

lim
k→∞

Hh[Xk; f ] = Hh[X0; f ].

Proof. We can �nd αki in (−π2 ,
π
2 ) such that αki = arg(xki ) for 0 ≤ i ≤ n and

k ≥ 0. By hypothesis, we have

(4.4) lim
k→∞

max{|αki − α0
i | : i = 0, . . . , n} = 0.

Since the homogeneous Hermite interpolation polynomials are independent of the

ordering of the nodes, we can rearrange αki 's, if necessary, to get the ordering

−π
2
< αk0 ≤ αk1 ≤ · · · ≤ αkn <

π

2
, k ≥ 0,

and (4.4) still holds true. This enables us to group consecutive identical angles so

that the orderings in the (αki )
m
i=0 do not change. From the proof of Theorem 4.1,

we have

Hh
[
Xk; f

]
=

n∑
i=0

D(M[ti ← f̂(t)];T k)xn−iyi, T k = {tanαk0 , . . . , tanαkn}.

Since limk→∞ tanαki = tanα0
i for i = 0, . . . , n, it follows from Lemma 2.2 that

the (l,m)-entry of the matrix corresponding to D(M[ti ← f̂(t)];T k) converges to

the (l,m)-entry of the matrix corresponding to D(M[ti ← f̂(t)];T 0) for every 1 ≤
l,m ≤ n+ 1. Therefore, we have

lim
k→∞

D(M[ti ← f̂(t)];T k) = D(M[ti ← f̂(t)];T 0),

and consequently,

lim
k→∞

Hh
[
Xk; f

]
=

n∑
i=0

D(M[ti ← f̂(t)];T 0)xn−iyi = Hh
[
X0; f

]
.

The proof is complete. �
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