JU3UUSULR GUU

- SENBLUGHN
?MBBECTMH

HAH APMEHUW

UurtuusShul
MATEMATUKA




. Upuiplilljiu(i 1
o - -
. . 17Qq]ipuilijuiO n .
.. .QiupiupjiuO o2 n
R b | »1
. Ohuilijuiu (|| ) | )
piupinmrpup

PEANKUWMO HHAA KOJIJHT MNA

[naBHbIN pepakTop J1. A. CaaksH

. M. AlpaneTsH I1. 1i. MTHrH6apsH
b» B. AMbapuymsaH B. C. 3akapsaH
M. Y. ApakensH . J1. MapTupocsH
B. C. ArabeksH I» C. HaxancTtaH
I I I'eBOpKAH A. O. OraHHHesH
M C. HHOBSAH I» M. MorocsaH
B. K. OraHsH (3aM. rnaBHoOro pefakropa) A. A. TananaH

OTBeTCTBEHHbIN cekpeTapb H. I. ArapoHsH



Uszsecrus HAH Apmvennn, Maremaruka, Tom 54, u. 5, 2019, crp. 3 — 10

A NOTE ON THE GENERALIZED CESARO MEANS OF
TRIGONOMETRIC FOURIER SERIES

T. AKHOBADZE, SH. ZVIADADZE

Ivane Javakhishvili Thilisi State University, Georgia
E-mails: takhoba@gmail.com; sh.zviadadze@gmail.com

Abstract. Different generalized Cesiro summation methods are compared with
each other. Analogous of Hardy’s theorem, concerning the order of the partial sums

of trigonometric Fourier series, for generalized Cesdro means are obtained.

MSC2010 numbers: 40G05, 42A10, 42A16, 42A24.

Keywords: trigonometric Fourier series; generalized Cesdro summability; modulus
of continuity.

1. INTRODUCTION

Let f be a 2w-periodic locally integrable function and

1 [ 1 /"
an = an(f) = — f(z) cosnzdz, by, =b,(f) = — f(z)sinnzdz
T ) T J_x
be its Fourier coefficients, and let
(1.1) Sn(f,x) = 9o (ay cos kx + by sin kx)

2
k=1

be the partial sums of the Fourier series of a function f with respect to the trigonometric
systemmn.

Let () (an, > —1) and (S,,), n € N, be sequences of real numbers, and let

n

(1.2) oo =y AnnlS, JAST,
v=0
where
(1.3) AP = (an + 1)(an +2) - oo (o + k) /R

It is clear that 00 = S,,. If (v,) is a constant sequence (a,, = o, n € N), then &=
coincide with the usual Cesdro og-means (see [18, Chapter III]). If in (1.2) instead
of S, we substitute S,(f,x) (see (1.1)), then the corresponding means oo we will
denote by ¢2"(f, x).
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These means, called generalized Cesdro (C, «,)-means, were studied by Kaplan
[6], where the author compared the (C,«,) and (C,«) summability methods, and
obtained necessary and sufficient conditions, in terms of the sequence (a,), for the
inclusion (C, o) C (C, @), and sufficient conditions for the inclusion (C, ) C (C, a,).
Later on Akhobadze [1] — [4] and Tetunashvili [11] — [16] have investigated problems
concerning (C, a,,) summability of trigonometric Fourier series. In papers [1] — [4] the
behavior of generalized Cesaro (C, a,,)-means (o, € (—1;d),d > 0) of trigonometric
Fourier series of functions from various classes of continuous functions were studied,
and the sharpness of the obtained results were shown. Lebesgue [8] proved that every
function from L[0; 27] has a Fourier series the sequence of (C, 1)-means of which is a.e.
convergent, and then M. Riesz [10] generalized this result for (C, a)-means (a > 0).

Observe that if a,, — 0+, then the behavior of (C, o, )-means for Fourier series of
integrable functions is different in the sense of pointwise convergence.

In [16], Tetunashvili proved the following theorem.

Theorem 1.1. Let the sequence (o) be such that for some positive number m we

have

(677 S T
Inn

where 0 < ¢ < In2 and n > m. Then for any series with partial sums S,, satisfying
the condition:

limsup |Sp| = +o0,
n—+oo

the following is true:

limsup |op"| = +o0.
n—-+oo

Throughout the paper the letter ¢ is used to denote positive constants depending
only on the indicated parameters, the value of which can vary from line to line.

If the sequence (., ) satisfies the condition of Theorem 1.1, then in view of Kolmogorov’s
well known result (see, e.g., [7], [5, Chapter V]), we can conclude that there exists an
integrable function fy such that the sequence o2n(fy, z) diverges almost everywhere.

On the other hand, in [13] Tetunashvili proved the following theorem.

Theorem 1.2. For any function f € L(0;27) and a number ¢ > 0, there exist a
sequence of numbers o, | 0 and a set F' C [0;2x] with |F| > 2w — &, such that

im0 (,2) = f(2)

at every point x € F, where |F| denotes the Lebesgue measure of the set F.
4
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Observe that for the function constructed by Kolmogorov the conclusion of Theorem
1.2 is true. It is clear that in this case the sequence («a,) does not satisfy the condition
of Theorem 1.1.

The theorems that follow give important information on the pointwise convergence

of (C, ayp)-means of trigonometric Fourier series in the case where a,, — 0+.

Theorem 1.3. Let 0 < «, < B,,. Then the (C, o) summability of a number sequence
(Sn) to S implies the (C, B,,) summability of (S,) to S.

Theorem 1.4. Let f € L(0;27) and o, — 0+ as n — +oo. Then for almost every
x € (0;2m) we have

ngr}rloo anon(f,x) =0.

2. PROOF OF THEOREMS 1.3 AND 1.4

Proof of Theorem 1.3. To prove it we use the scheme proposed by Kaplan [6]. Let

1 1 &
Qpn Oy a,—1
Opn" = oy, Sn - oy E :Anfk Sk
An An =

We shall express o2 by numbers c%» as their regular mean. For all k € {0,1,...,n}
we examine the sums (see [18, Chapter III, (1.10)]):
k
Spk = Slf:k*BnJr,Bn — ZA;?E;B”*IS;&L.
j=0
Let us consider these expressions as a system of linear equations with respect to the
variables S,f", k €{0,1,...,n}. Taking into account that Aoa’rﬁrﬁ1 = 1, we can easily

obtain that the determinant of this system is equal to 1. By Cramer’s rule we have

1 0 . 0 5go
A =Bt 1 0 sy
Shn =
R e 1 SOt
Agn=Pn=l Aon Pnmh gl gan

Expanding this determinant by the last n-th column, we get

n
n @
Sﬁ - ZAk,n kka

k=0

5
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where Ay, ,, is the cofactor of the element S.*, k € {0,1,...,n}. It is easy to see that

n
Apn - AR
0—571 = Z ABn o.;:k'
k=0 n
Therefore, denoting
Ank = Ak,n ' Agk /A'rBLna

we get
n
(2.1) ofn = Zanka?’“.
k=0

Now we prove that matrix (a,) is regular.

The following equalities are well known (see, e.g., [18, Chapter III, (1.10)]):
k
« ar—LFn—1 n
A =" A O AR ke {0,1,..,m}
j=0
Observe that these equalities can be considered as a system of linear equations with

respect to variables A]@ ™. Then arguing analogously as above, we get

1 0 . 0 Ago
A=t 1 . 0 A
AP =
APl goni Bt 1 A
Agn=Pn=l o pon Bl APl g

Expanding this determinant by the last n-th column, we obtain

n
APr =" A - AR
k=0

Let A, = ZZ:O ank. Then by the previous equality we have
n an
(2.2) Ay =>" % =1.
k=0 n
Thus, the first condition of regularity is fulfilled.

Next, we consider the cofactors Ay, (k € {0,1,...,n}). It is clear that A, , = 1.
Now we estimate the cofactor A,,_;, in the determinant Aﬁn. To this end, in the
determinant A", we rewrite the last n-th column by the (n — 1)-th column, and
observe that the obtained determinant is equal to zero. Then expanding it by the last
column, we get 0 = A?"iﬂ"*l «Apn+ An_1n. Since o, < B, we have A‘f"*B"*l <0,

6
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and hence, taking into account that A, , = 1, from the last equality we obtain
Ap—1n > 0. Analogously, we can show that the cofactor A, _s , is nonnegative. In
particular, in the given matrix the last n-th column we can rewrite by the (n — 2)-th
column. Then the value of the corresponding determinant will be 0. If we expand the

last determinant by the last column, we obtain
0= Agn_ﬁn—l . An7n 4 Allln—l_ﬁn—l i Anf]_’n + An727n-

Therefore, A,—_2, > 0. Repeating the above reasonings for each cofactor A, and
taking into account that Axy1 n,..., Ann > 0, we get Ay, >0, k € {0,1,...,n}. Thus,

we have
No=Y ol =An=1, ne{01,.}.
k=0
It is clear that
(2.3) 0<anp <1, ke{0,1,...n}.

Finally, we show that lim an,x = 0. Let o), = o, —1/2 and 3], = 8, —1/2. It is clear
n—oo

that af, — B8], = o — Bn, k € {0,1,...,n}. Therefore, the above considered cofactors

depend only on the difference oy — 3, and hence, using the above arguments applied

to these new sequences, we get
0 S a;k - Ak,n : A(]:;Q/Agg S 17
implying that A, < Ag’/”’ /AZ‘;“. Using this estimation for the inequalities 0 < apr <
1, k € {0,1,...,n}, and taking into account that for fixed k, the numbers A;* and
Az;“ are fixed, we get
0 < anp < A% - AL J(ABr . A%R) = O(nPh Jnfr) = O(1/v/m) = 0, n — oo.

Thus, we have proved that the matrix (a,) is regular. ]

Proof of Theorem 1.4. We have (see [18, Chap. III, (5.4)])

7o () = 5 [ XK (0t + £,

where
Xz(t) = flz+t)+ flx —t) — 2f(x).
In what follows we will need the following estimates for the kernel K3~ (t) (see [18,

Chapter III] and [2, Lemmas 1 and 2]):

Qlp Qn ¢
Ko@) <nt 1 K] < o
7
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Since for almost all Lebesgue point x the value of | f(x)| is finite, we have a, f(x) — 0

as n — +o00. On the other hand, for such point x, we can write

1/n T
| enrzmas - [ oo -

™ J1/n

1 4 1
— | oK (t)dt = —
QTOX() n(®) 2

= Ai(n,z) + A2(n, x).
Besides, for any € > 0 there exists d(¢) such that for all 6 (0 < ¢ < d(¢))
1 /9
5 [ Dbl <e.
0

Let ns be a natural number for which 1/ns < § < d(g). Then, for n > ns we have

o) < "2 [ o <.
™ Jo

On the other hand, using integration by parts, we get

C s
A < — SOt dt =
As(n, )] < < /1/n|x (t)

1 n T t
J ot on) / 2o / X () dudt =
1/n 0

™
C

t
SIS Eo / e ()|
0

nn

nn

1/n
=: Bi(n,z) + Ba2(n, z).

It is easy to see that
Bi(n,z) = 0,(1).

For By(n,z) we have the estimate

(/1jn+/;> f2—an /Ot Ixe (u)|dudt =: Fy(n,z) + Fa(n, ).

Next, the functions Fj(n,z) and Fy(n,z) can be estimated as follows:

5 t 5
1 3
Fy(n,z) = & / t‘l“""f/ o ()| dudt < < / 1o gt —
ner Ji/m t Jo ne Ji/m
1 1
:cg..<n0‘n_ ><CE
nen 6n an,
c ™ t
Fy(n,z) = / tiQ*”‘"/ Iz (u)|dudt <
ne Js 0

c ot 1
< W/g /0 Xa(u)|dudt = Og 5 (nan> .

Therefore, As(n,z) = 0,(1/ay), n — +oo. O
8
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3. APPENDIX. THE CASE OF CONTINUOUS FUNCTIONS

Let C([0,27]) denote the space of 2w-periodic continuous functions with norm
L fllc (0,207 = Ig[loagcﬂu (z)]. If f e C([0,27]), then

w(d, f) = max{|f(z1) — f(z2)| : |z1 — 22| < 0, 21,22 € [0, 27|}

is called the modulus of continuity of the function f. For a given modulus of continuity
w, by H*¥ we denote the class of functions f € C([0,27]) for which (see [9]):

w(d, f) <w(d), 6 €[0,27).

If the sequence (a,) satisfies the condition of Theorem 1.1, then there exists a
continuous function fy such that 0% (fo, z) diverges at a point. On the other hand,
Tetunashvili [12] showed that for any continuous function there exists a sequence
of numbers «,, | 0, n — +oo, such that the (C,«,)-means of partial sums of
trigonometric Fourier series of this function converge at every point. Then, Akhobadze

[2] improved this result by proving the following theorem.

Theorem 3.1. If f € H¥ and a,, € (0,1], n = 3,4, ..., then

(31) ||U1?:n(af) - f()HC < c-max %w(l/n);%/%dt ’
T/n

where ¢ is an absolute constant.

From the last statement we can easily conclude that for any modulus of continuity
w there exists a positive sequence a,, = o(1) as n — 400, such that for any function
f € H“ the generalized Cesdro means o2~ (f,z) converge uniformly. Indeed, every
continuous function f € H¥, where instead of w can be considered the modulus of

continuity of f. If a,, tends to zero sufficiently “slowly”, then it can easily be proved

that
n% —1 (1)
—w|—] =0, n—4oco.
Qn,no%n n

On the other hand, we have (see [17, p. 91, (2:;8.82)]):
n [T ow( 1 1
a—/ w(2)<cw-an-w<)ln —+0, n— +oo.
n Jom t n w(l/n)
The last reasoning can be completed as follows. It is well known (see [18, Chapter
VIII, Theorem (2.1)]) that the condition w(1/n) = O(1/Inn) does not imply convergence

of S,,(f, z) for all continuous functions from H*, but for the generalized Cesdro means

we have different result.
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Theorem 3.2. Let w(1l/n) = O(1/Inn) and o, — 0+ as n — +00, and let

lim a, - -lnn = +o0,
n—-+oo

then oo~ (f,x) uniformly converge to f for every function f € H“.

(1]
(2]
(3]
[4]

5
[6

[7]

[8]

(9]
(10]
(11]
(12]
[13]
(14]
[15]
[16]
[17]

(18]
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NMHTETIPAJIBHOE YPABHEHUVE BUHEPA-XOII®A C
HECVUMMETPNYECKUM AOPOM B SAKPUTUNYECKOM
CJIVUHAE

JI. . APABAJI2KAH

Hucruryr maremaruku HAH PA
Apwmsucknit Tocynapcreennntii Tlegarornuecknit Yausepcurer um. X. A6oBsiHa
E-mail: arabajyan@mail.ru

AnHOTALIUsA. PaboTa mocssimiena BOIpoCaM pa3pernMOCTH HHTEIPAJIHHOTO yPaB-
nenusi Bunepa-Xonda B ciyyae, korga sapo K ynossersopsier ycjoBusivm 0 <

oo
K€ Li(R), [ K(t)dt> 1, K(+z) € CORt), (1) - K(£z)™ () >0, z €
— 00
R*t, n = 1,2,3. Ha ocHOBe BOMLTEPPOBCKOH (haKTOPH3AINHU OolepaTopa BuHepa-
Xonda u npuBjedeHNS HEJIUHEHHBIX (PYHKIIHOHAJIBHBIX YPABHEHUH CTPOSITCS Be-
IMEeCTBEHHbIEC PENMIeHUA OTHOPOIHOrO0 U HEOTHOPOAHOr'0 ypaBHEHHUd, IMPU BeIe-
CTBEHHOH U CyMMHUDPYEMOH (DYHKI[MH ¢ U BBHIMIEYNIOMSIHYTHIX YCIOBHAX. V3yaeHo
TaKKe IMoBeJeHUe 3TUX peH_IeHI/Iﬁ B OECKOHEUHOCTH.

MSC2010 number: 45A05; 45B05

Kurrouesbie cioBa: nnrerpajgbuoe ypasuenne Bunepa-Xomnda; HeCHMMETPUIHOE S1-
PO, BOJIBTEPPOBCKasi (pakTOpU3aIius.

1. BBEJAEHUE

1.1. Teopusa wHTErpaJbHLIX YPABHEHWI BUIA
(1.1) f(z)=g(z) —|—/K(9c —t)f(t)dt, =€ R = (0,00),
0

rae f - nckomast QyHKIUsl, MHTEHCUBHO Pa3BUBAJIACh, HAYMHA C OCHOBOIOJIArAIOIIEH
paborst H. Bunepa n E. Xomnda [1]. OcHOBO# mIf MHOMOYNCIIEHHBIX HCCIIEOBAHMUI

TAKWX YPABHEHWil ABUJIACH CYNIECTBYIOIAs CBA3L MexkIy ypauenumeM (1.1) u ero

CUMBOJIOM:
o0
(1.2) plw)y=1- / K(t)e™'dt, w € R = (—00,00),

Hau6osee riybokoe uccienosanue ypasuenuii (1.1) u cucrem Takux ypaBHEHUH IPO-

BesieHo B paborax [2]-[4], rue nosyyeHo HeobX0AUMOe 1 JOCTATOYHOE YCJI0BUE HETEPOBOCTU

11
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9THX ypaBHEHWIl (M CHCTEM aHAJIOTUYECKUX yPABHEHWIH):
(1.3) p(w) #0, VweR.

ITpu napymenun ycaosus (1.3) coorBercrByiomuii oneparop
(Af)@) = fla) = [ K@= (0t o€ R,
0

neficrBytomuit B mo6om u3 npocrpancts L,(R1), p > 1, M(RT) u C(R™), me Gyzer
un ©F, un @ - oneparopom (cm. [5, c. 108]).

Nurerpanbubivu ypasuenusgmu tuna  (1.1) onmchIBAIOTCS MHOTUE 3389 MaTe-
MaTH4YecKoil busuku, Teoperudeckoil acrpodusuku, ra3osoit qunamuku (cM. [6]-[8]).
OHAaKO, BO MHOIMX U3 3TuX ypasHenuii yciaosue (1.3) ve Bomosaserca. Takas curya-
sl UMEET MECTO, B YACTHOCTH, B KJIACCUIECKOH pobieme MujiHa B Teopun mepenoca,
uznygenns (cm. [6], [8]).

B nacrosimeit pabore paccmarpuBaioTcs ypasuenus suga (1.1) ¢ BemecTBeHHBIME
saapamu K, juig koropbix ycsosue (1.3) He BbIIOJIHAETCH.

1.2. OxHo w3 HanpapjeHuil passurus Teopun ypasHenuil (1.1), Jjisi KOTODPBIX Ha-
pymaercs ycaosue (1.3), ecTh uCCIemOBaHUSA BOMPOCOB PA3PEIMMOCTH ITUX yDPaB-
HEHHWI B T€X WM HMHBIX (PYHKIHMOHAJBHBIX MPOCTPAHCTBAX, B 3aBUCHMOCTH OT IIO-
psinka mymeit cumBona p(w) (cM. [4], [5]). WHo#t moaxoxn ais u3ydeHus ypaBHeHHi
Buza (1.1) 661 passur B paborax [9],[10]. Ou ocHoBan Ha BOJIBTEPPOBCKYIO (haKTOPH-
3allMI0 MHTErPaJIbHOrO OIEPATOpa, C IPUBJICICHUEM HEJUHEHHBIX (DYHKIUOHAIbHBIX
ypaBHEHUii. DTOT [OX0/], IO3BOJIMII B YKa3aHHBIX PAb0Tax mOAPOOHO M3yIUTh BOIIPO-
Chbl Pa3peNnIMMOCTH W MoCTpoeHus perienuil ypasuenus suzga (1.1) npu K € L (R),
(oo}
[ |K(z)|dz < 1.
— 00
IMycts B ypasuenun (1.1) aapo K-BelecTBentas, HEOTPUIATEILHAA U CyMMUPYe-

vag Ha R dyHKIus, naTerpas Koroporo 0603HaYUM Yepe3 [i:
o0
0<KeLi(R), p= / K(z)dzx.
— 00

Mpr GymeM pa3nuaarh craeayromume Kaaccs ypasaerus (1.1), B 3aBUCHMOCTH OT 3Ha-
YEHUA [1:

(o) npu p < 1 — KJ1aCC AUCCULIATUBHBIX yPABHEHUIT;

(8) mpu p = 1 — KJIACC KOHCEPBATUBHBIX yPABHEHMUIA;

(7) upu @ > 1 — KjacCC 3AKPUTUYECKUX yPABHEHUIA.

12
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OTmerum, 9TO B KOHCEPBATUBHOM cjydae yciaosue (1.3) mapymaerca B Touke w = 0.
Bompocnt paspemumoctu ypasuenust (1.1) mnsg kmaccos («) u (8) ucciaenosansr B
/91, 10].

Huxe Oymer paccMoTpeH KJace 3akpurudeckux ypasaenwii (1.1), korma Hapyma-
erca ycnosue (1.3).
1.3. ITycts E(R™) - omno u3 mpocrpancts L,(RT), p > 1, M(RT) uwm C(R1), a J -
eauHu4HbIE oneparop B E(RT).

ITpeacrasum ypasuenue (1.1) B oneparopHoit dopme:
(1.4) d-K)f =

rae K- unrerpanbubiit oneparop Bunepa-Xornda, npuuem 0 < K € Lq(R).
IIycrs OF - npocTpancTBa BOIBreppOBBIX Oneparopos Vi BHIA
oo

(V. ) /ﬁw—tw@<wﬂm=/WWmWWu

xT

rne x € RT, Vi € L1 (R™), neiicreytomue B E(RT). Paccmorpum pasioxkenue
(1.5) J—K=(F-V_)3-Vy), V. et

Pasenctso (1.5) paBHOCHJIBHO CleLyIOIel HeuHeiHol cucreme (ypashenuii Enru-

GapsiHa):

Vi(z) = Ky(z) + fV VWi(x + t)dt,
(1.6)
Vo(x)=K_( —|—fV+ V_(z +t)dt, xeR",

rae Ky (x) = K(£z), z € RT. Ina yernpix dynkuuii K (cummerpudeckuii ciydaii)

HOC/IE/IHASA CUCTEMA OOPAIAETCS B ypPaBHEHUE
(1.7) V(x) /V V(z+t)dt, =R

B srom caygae g pernenus (Vi, Vo) cucremst (1.6) umeem Vi = V.
B [9] nokasana paspermmmocth cucreMbl (1.6), ypasuennsi (1.7) m peammsoBana
dakropusanus (1.5) mis kimaccos () u () ypasuenus (1.1). (cm. [9], §1, Teopemal.2)
Huxe Gyzner mokaszana Bo3MOKHOCTH (paxropusanuu (1.5) mia kiacca () B cy-

4ae, Korja Hapyuaercs yciaosue (1.3).

13
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1.4. Ypasuenuto (1.1) B cayuae, korga sapo K cymmupyemo Ha R u npeicrasieHo B
BUJE CYTEePIIO3UINH SKCTTOHEHT:
b
(1.8) Ki(z) = / e~ dos (p), @€ R, [a,b) C [0,00),
a

rIe oy — HeyObIBAOINE HENpePHIBHBIE ceBa (BYHKINY Ha [a, b), YIOBIETBOPSIOIINe

YCIIOBHAM

e’} b b

doy (s do_(s
o= /K(x)dm:/AJr/ASL
s s

— 00 a a
[OCBSIIEHO MHOXKECTBO TEOPETUYECKUX U MPUKJIAIAHBIX uccaepoBanuii (cm. [6] — [§],
[10] — [12]). Takue ypaBHeHWst UMeIOT HAMOOJEe BaykKHbIE TIPHMEHEHHUsS] B TEOPHUH Tie-

peHOCA U3/IydYeHHs ¥ B KHHETHYECKON Teopuu ra3oB (cM. [5]-[7]).
VYpasuenuio (1.1) ¢ aapamu Buja (1.8) B 3akpuTudeckoM cirydae i > 1 ObLiu mocss-
wienbl paborst [11]-[12]. B [11], ucuonb3yst reoputo R-dyunkuumii, jokazana paspeniu-

oo
MOCTB 0iHOpoAHOrO ypasuenus (1.1) upu pononnurensuom ycnosuu [ |6/ K (¢)dt <
— 00

oo. Bagaua daxropusanuu (1.5) mia uaTerpanbaoro oneparopa Bunepa-Xonda npu
yeamosusix 1 > 1 u (1.8) 6puta mompobuo n3ydena B [12]. Ha ocnoBe paccmarpuba-
eMoil (pakTOpU3anyu B yKA3aHHONW PaboTe MOCTPOEHBI BEINECTBEHHBIE PEIIEHHUS KAK
OJIHOPOJIHOTO, TAK U HEOJHOPOIHOIO 3aKPUTUIECKOro ypasHenus (1.1) ¢ aapavmu Bu-
na (1.8). Bakpuruueckoe ypasuenue (1.1), korpa BesudunHa (i GJU3KA K €JAUHULE,
paccMarpuBaiocsk B [13]. OrmernM, uro npeacrasienne (1.8) SKBUBAJEHTHO BIIOJIHE

MonoronHocTu Ha RT dbynkuuit K, 1.e. Bbluosnenuto yciosuii (cm. [14], crp. 255.)
(1.9) Ky e C®RY) u (~1)"K™M(z) >0, 2eR", n=1,2,3,...

B pabore aBropa [15] paccmarpusasace 3aga4da dbakropusanuu omneparopa Bunepa-
Xormda ¢ CMMMETPUYIHBIM SAPOM B 3aKPUTHIECKOM Caydae i > 1, mpu 6ojiee oOImx,
gem (1.9) ycnosusix. Pesysbrarst Hacrosieil paborsl 06061AI0T U JOIOJIHSIOT Y TBEp-
KJIEHUST YKA3aHHOU PabOTHI.

1.5. U3n0xkuM HEKOTOpbIe (DaKTHI MO paspemmmoctu cucrembl (1.6) u 1m0 mocTpo-
enuto pakropuzanuu (1.5), mosydennnie B [9] musa kmacca (). Dru dakrer GymyT
MCIIOJIb30BAHBI B HACTOAIIEH paboTe.

o
IMycrs K- ecrb s/1po, yAOBIETBOPLIOLIEE YCIOBUAM (KOHCEPBATHBHOCTH)

(1.10) 0 <K€ L1 (R), / K (t)dt = 1.
14
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o o o
Yepes (V 4,V _) obosnauum pemienue cucrembr (1.6) npu K =K:

o

Vi (z)

— (2)

_ () I;+ (x +1t)dt,

<o

Ky (z)+
(1.11)

<o
Il

o go—g

Ko@)+ [Vi®V_ (x+t)dt, zeR*,

(Buecs Ko (x) =K (£x), z € R*). 13 [9] u [10] mmees

(1.12) 0<Vie Li(RY) f‘%i:/x?i Ot <1, (1—7_)(1—74) =0,
0
upudeM B Clydae cxosuMmocTd unrerpana [ |[t] K (t)dt, uz [ = K (x)dz = 0
—00 -0

oo
cremyer Vo= 1 (cm. [10]). IIpm momommurensrOM yciaosunm [ t2 K (t)dt < oo

— 00

o
umeer Mecto [ ¢ Vi (t)dt < oo, 4T0 paBHOCWIBHO Cymmupyemocts Ha RT dynkimii
0

0 o
Yi(z) = [ Vi (t)dt.
1.6. Baﬂ;qa dakropusanuu (1.5) aya oneparopos K ¢ HEOTPUIATEILHBIM AAPOM B
3aKPUTHYECKOM cirydae p > 1 ucenenosana B [12],[15]. B pabore [12] noxpobuo usy-
gena 3aza4a (1.5), korma aapo K-cymmupyemas Ha R Brosine MoHOTOHHAs DYHKIHs
(re. Ki(x) = K(+x), x € RT npencrasnsiores B suge (1.8)) mpm p > 1.

Kak 6b110 orMeueHo Bbillie B KOHCEpBATUBHOM citydae p = 1 yciosue (1.3) napy-
maercss B Touke w = 0. B [15] mokazana, 9T0 B 3aKpUTHYECKOM ciydae j > 1 s
J060ro cyMMupyemMoro cummerpudsoro (dernoro) siapa K yciaosue (1.3) Hapyaer-
€A B IBYX TOUKAX W = Fw,, TIe w, # 0. HmkenpuseneHHbIil MpuMep MOKa3bIBAET, 9TO
ycaosue (1.3) Moxker HapymmThes u st Hecummerpudanbix sgep K. Vmenno, 3a1aua

(1.5) musa Takux oneparopos K Gyner npeameroM u3ydeHus HACTOALIEH PaGOTHI.
IIpumep. /i1 HECUMMETPUIHOTO Sapa

(1.13) K(z) =

4e=%* mpum x >0,
3e*, npu z < 0,

nHTErpajbHoro oneparopa Bunepa-Xomnda K umeer mecto

o}

0< K e L1(R), ME/K(QS)de:5 u p(2v2) =0,

rae p(w) oupenenserca coracto (1.2), (em. Samedanue K reopeme 2.1).
15
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2. OAKTOPUBAILINA OIMEPATOPA BUHEPA-XOII®A C HECUMMETPUYECKUM

AOAPOM B BAKPUTUYECKOM CJIVUHAE

Paccmorpum 3azady (1.5) u coorsercrByiouyio cucremy (1.6) misi oneparopa c
o
sakpuTHIecKuUM aapoM K a takike cucremy (1.11), rae dbyukius K yIoBIeTBOPAET

o o

yeaosusam (1.10) u yeaosuio [ ¢ K (t)dt = 0. OGobmas yrsepxaenus gemMM 1 u 2
—0o0

paboTsl [15], MOKHO aHATIOTHIHBIMU PACCYZKICHAAME JTOKA3ATH CJIEITYOIIAE JTIEMMBbL.

Jlemma 2.1. ITycmv dynxyua I% ydosaemeopaem (1.10), npuuem [ z? IO( (z)dx <

— 00
o o o o
o (mozda u [ |z| K (z)dz < 00) u nyemv [ x K (x)dz = 0. Tozda dan aobozo
—0o0 —0o0
deticmeumenvnozo w gynryuu K1 u Vi, onpedeasemvie na R pasencmeamu

oo oo oo

(21) Ki(z) =Ky (2) + 0 / dt / Ko (W)du, Vi(z) =V (2) + i / Vi (t)dt,

x x

z€RY, a (X;Jr, X;,) — pewenue cucmemsvt (1.11), 6ydym ydosaemeopsms cucmeme

(1.6).

o0 o
Joxasameavcmeo. N3 yenosuss [ ¢ K (t)dt = 0 caexyer 71: 1. PaccmorpuM mep-
— 00
Boe u3 ypasuenuil cucrembl (1.11). urerpupys 910 paBeHcTBO B npejesnax or z > 0

JI0 00 W HCmonb3yst Teopemy @y6urn (cMm. [16, c. 317]), moxydaem

j‘;+ (t)dt = ZOIO(+ (t)dt + 071;_ (t)dth x;+ (w)du,

o
oTKyJ1a ¢ yyerom V_= 1 ciemyer

x/ Ko (t)dt = 0/ Vo (z+t)dt / V_ (u)du.

Y MHOXKUB 110J1y YeHHOE PABEHCTBO HA, (W, TJI€ W - IPOU3BOJIbHOE JI€HCTBUTEILHOE IUCIIO

U CJIOXKUB C 1epBbiM 13 pasercts (1.11), npuxoxum K

22 Vi@ = (e @) e [ Ko @+ [ Vo0 Vs @ttt
x 0

rae wepes V_ () obosnadtena dyHKms

(2.3) Vo (2) =V (2) + iw - / V_(t)dt, «eR*.

x

16
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Nurerpuposanue pasencrsa (2.2) B npegenax or & > 0 10 0o gaer

/Oo§+(t)dt: /K+ t)dt — iw - /dt/f{+ )du +/V()dt/V+(u)du.

x+t
YMHOXKNIB nocjeHee paBeHCTBO Ha 1w M CJIOXKUB C (2.2) TIoJIy1aeM

V+( ) K+ /V V+($C+t)d 5 T e R+,

rae

oo

(24) Ko (2) =Fs (1) +w?- / dt / Ko (Wdu, Vi(z) =V (@) +iw- / V().

Anasioruunbie upeobpazosanus Broporo u3 pasencrs (1.11) upuBoadr K paBeHcrBy
V_(z) = /V+ _(z+t)dt, xR,
rae dbyuknuu Vo onpenenens B (2.3) u (2.4), a

K_(z)= )+ w? /dt/K u)du, x € RT.

Bamerum, 9TO NpH YCIOBAN f 2 K (x)dx < oo mmeem f:z: Vi (x)dz < oo, (cm. [10,
—00 0

§4, n.1]) m oba sTH ycnoBus ObeceuanBAIOT cymmMmupyemMocth Ky u Vi ma RT. O

Jlemma 2.2. ITycmw xasrcdas us pynxyut K ydossemeopaem yciosuam
(2.5) 0< Ky e LE®RHNCO®RY), KM <0 na RY,

o
aw € RT. Tozda ynxyuu K+, onpedessemvie pageHncmeamu

(2.6) Ky (z) =Ki(z) —w- /Ki(m +t)sinwtdt, = €R*,

)
cymmupyemo. na RT, npuvem [t Ky (£)dt < co u ydosaemsoparom coomeemcmey-

0UUM YPAEHEHULAM
2.7) Ka(z) =K (2) + /t/ . (wdu, z€R*.
x t

JokazaTenpeTBO IEMMBI AHAJIOTHYHO JTOKA3ATETbCTBY JIeMMbl 2 u3 [15].

Teopema 2.1. ITycmv K-onepamop Bunepa-Xonga, ydosaemeopaowuts yYycio8usim:
17
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(a) dan adpa K umeem mecmo

oo

0< K € Li(R), / K(t)dt > 1;

o
(b) cumeon p(w) onepamopa (cm.(1.2)) umeem sewecmeennviii Kopensv: p(w) = 0,
o o
we R, npuvem w# 0; (9M0 Ycaosue 6HNOANAEMCA 6 YACTVHOCTIU, €CAY AOPO
K ecmv wemnasn dynryus, ydosaemeopsowan yciosusim (a))

(€) dna Pynruyut Ki(z) = K(+z), 2 € RT umerom mecmo
2.8 K. e Li(RY)NCORT “)"K™ >0 wna RY, n=1,23.
( ) ( ’ + ’ y 4y

Toz0a cywecmsyem daxmopusayus (1.5), npusem sdpa Vi coomeememeyrouur one-

pamopos ABAANTMCA CYMMUPYEMBIMU HA R+ KOMNAEKCHO3ZHAYHDIMU (ﬁwauwzmu euda

o0

(2.9) Vi(2) =V (2) 418 - / Ve (0)dt, ©eR*.

x

o o
3decy w - sewecmeennbili Kopens cumeona p(w), a sewecmeennvie dynryuu V4
o
onpedeasromes ua cucmemv, (1.11), 2de K1 ewpasicaromesn uepes danmvie Pynryuu

K4 nocpedcmeom pasencme

o

(2.10) K+ () = Ki(z) /Ki T +t)sin O tdt, ze Rt

npuuem npu euinosnenuy (2.8) amu GyHEYUU YOOBAEMBOPAIOM YCAOBUAM KOHCEPEA-

musHocmu

[ee] (oo}
(2.11) 0 <K€ Li(RT), p= / 4 ( dt+/Io{_
0 0

o o
u yeaosuam [ 2% Ky (z)dx < oo.

0
Jlokazamenscmeo. Bo-mepBbIxX MOKazKeM, UTO eCII W - BEMECTBEHHBIH KOPEHb CHMBO-
aa p(w), a (byHKLU/H/I K ynosierBopsioT ycjosusam (2.8), To onpegenHeMme u3 (2.10)
byHKIIN K + OyayT ynoBieTBopsaTh yeaosuam (2.11), npudem f tK(t)dt = 0. Cie-

— 00
o

o
JoBaTeIbHO s pemenus (Vi ,V _) COOTBeTCTBy}omeI‘/’I cucrembr (1.11) GymyT BbITIOJ-

HATHCSA PABEHCTBA ’g’iz 1, roe };i f Vi t)dt.

18
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Ecnu dyukuun K1 ynosnersopsitor yciosusM (2.8), To oueBuaHO, 410 K1 (00) =
lim Ky (z) = 0. Takxe serko y6eauThesi, 9To K(il)(oo) = lim K(il)(x) = 0, nbo
Tr—r o0 r—r o0

byHKIIN K(il ) Monoronns: na RY

/‘K Yt dt /K K1 () < +00,

upu 7 > 0. urerpupys 10 yacrsam uHTerpasbl B UpaBoii yacrtu pasencrsa (2.10), ¢

yaerom Ky (o00) = K (1)( ) = 0, HOCIeA0BATENIBHO Oy YaeM

(2.12) /K (z +t)cos @ tdt, = eRY,

(2.13) Kt (z) = /K 2) (z +t)sin & tdt, = eR*.

5
IMockonbky 0 < Kf) l ma R, to u3 (2.13) ana moboro x € RT umeem K () >0
(em. [17, c. 544]). I3 (2.12) momy4aem

/Io(i (as)d:cg//‘K(l)(x—Ft)‘ dx dt = //Kl) (x+t) da dt = /K ) dx < 400,
0 00 0

o
Te. K+€ L1(R"). Unrerpuposanme pasencts (2.12) B npenenax or z > 0 10 oo ¢

HCIIOb30BaHneM TeopeMbl Pybunn maer

o0
(2.14) /f(i (t)dt = —% : /K<1)(x+t) sin @ tdt.
W
(CymiecTBoBaHMEe BCEX MHTETrPAJIOB B MPABbIX dacTsax (2.12) — (2.14) obecrieunBaroT
ycsoBus (2.8)).
Ilo yciomio Teopembr cumBoil (1.2) onepaTopa HMeeT BEECTBEHHbIH KOPEHDb We
R, &+ 0. Torma u3 (1.2) umeem

(2.15) 1—/K(t)coscgtdt:1—/K+( t) cos & tdt — /K t)cos O tdt =0
oo 0 0

u
o]

/ K(t)sin & tdt = /K+(t) sin @ tdt — /K_(t) sin & tdt = 0.
0
19
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YuaursiBas coorHorenne (2.15), n3 paserncrs (2.12) moiyvaem
oo oo o0
/IO((t)dt:/ L dt+/
—o0 0

0

oo

= /K+(t)cosc?1tdt—l—/K_(t)coschtdt: 1.

Nurerpuposanue na RY pasencrs (2.14) naer

/tlo((t)dt:/t[(+ /t
—00 0 0

% / K(t)sin & tdt = 0.

17 1
- ;/K_‘_(t)sinuojtdtf;/K_(t)sinogtdt:
w QJO w

Takum obpazom, s GyHKIH ]O{ u Io(i (x) :I% (+z), x € RT umeem

(2.16) 0 <Ki€ Li(R"), /[O((t)dtzl, /ti’((t)dt:

o

IMosromy puis perenust (\;Jr, V_) cucrembr (1.11) umeer mecro %i: Ik ‘;i (t)dt =1
0

(cm. [10, Teopema 4.1]).

ITpu BbimoHEHUN yeioBuit (2.8) dyHKmMu [o(i u3 (2.10), B cuty jtlemmbl 2.2, GyayT

YAOBJIETBOPsATH paBeHcrsam (2.7) upu w =0 Orkyna caemyer

o0

/dt/Ki (u)du < ()72 K1 (),

x

oo o
aro coBMecTHO ¢ yeaosueM 0 < Ky € Li(RT) naer [ 2?2 K4 dz < oo.
0

o
Urak, npu Beimosnenun ycuosuit (a)-(c) reopemsbr 2.1 dyukuuu K1, onpejeise-
o o
Mble paBeHcTBaMu (2.6) ynosiersopsitior ypasHenusiM (2.7). Ecom (V, V _) - pernenne
o
cucrembl (1.11), coorBercrBytomuii nocrpoeHtbiM byHKImsAM K 4+, 1o dbyHxmmuun Vi

u3 (2.9) B cuiy aemmbl 2.1 6yayT yaosiersoparh cucreme (1.6). O

CsoiictBo 2.1. Ecau onepamop Bunepa-Xonga ydosasemsopsem ycaosusam (a)-(c)
meopemv, 2.1, mo cywecmeyem daxmopusayus (1.5), 2de adpa onepamopos Vi s6-

AANOMEA KOMNAEKCHOSHANHLMU CYMMmupyemvimu na R dynryuamu Vi .
20
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Sameuanue 2.1. Hcnoavsys pesysvmam JoKa3anhol Meopembl, Mol MONCEM TO-
cmpoums A0pa onepamopos vy daxmopusayuu (1.5) dasa onepamopa Bunepa-Xondga
¢ adpom (1.13).

B yxasanmom cayuae umeem o= 2V/2. s dynkyut [O(i uz (2.10) noayuaem:
IO(+ (x) = %e*%, ]%, (x) = %e’w, x € RY. /laree onpedeaum pewenue (‘?Jr,[(/)',)
cucmemv, (1.11), umerowee 6ud X;Jr (v) = A-e 22, V_ (x) = B-e®, x € RT.
IIpocmuie evivucaenua datom A = 2, B = 1. Hmax, X;Jr () =2 e %7, X;_ () =e 7,
x € RT. Haxoneu, us paserncme (2.9) noayuaem

{ Vi(z) =2(1+iv2)-e 2,
Vo(z)=(1+i-2v2)-e™®, z€RF,

Komopuie emecme datom pewenue cucmemsv, (1.6) 6 cayuae (1.13).

3. YPABHEHWE BUHEPA-XOTM®A C HECUMMETPUYHBIM sIPOM B

SAKPUTUYECKOM CJIVYAE

3.1. Ogunopoauoe ypaBHeHue. PaccmMorpum ypaBHEHHE
(3.1) S(z) = / K(z —t)S(t)dt, = €R™,
0

rae aapo K ynossersopsier yciaosusM Teopembl 2.1. @akropusanus (1.5) cBomur
perrenre 3TOT0 YpaBHEHNS K TTOCTIE/I0BATEIHHOMY PEIIeHN0 CIeAYIONINX IBYX YPaB-

HEeHUI:

(3.2) (@) = / V_(t - 2)plt)dt,

(3.3) S(z) = p(z) + / Vi(z — t)S(t)dt, xR,
0

rae (Vi,V_) - pemenue cucremst (1.6) u upeacrasnsierca B suge (2.9) nocpeacrsom
o o
pemenus (V4,V _) coorsercrBytomeii cucrembr (1.11). Torpa pemenue ypasHeHust

(3.1) MOKeT OBITH ONPEIESICHO U3 YPABHEHUS

(3.4) S(z) = e %7 4 / Vi(z — t)S(t)dt, zeR*,
0
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HOCKOJIbKY ypaBHeHue (3.2) obsiaaer OYeBUAHbIM pelenueM o(x) = emin Ypasue-
auio (3.4) yIOBIETBOPSAET BEMIECTBEHHOE PEIIeHUe COOTBETCTBYIONIEr0 KOHCEPBATHB-
HOTO ypaBHEHUS
P
(3.5) S(z) =cos Wz + / 12. (xr —t)S(t)dt, = €R™",
0
YuuTeBasg aCHMIOTOTHYECKOE TOBEIEHUE Demenust S ypaBHeHus (3.5) mpuxomuM K

crenyiomieit reopeme (cm. [15, Teopema 2]).

Teopema 3.1. Odnopodnoe ypasnenue (3.1) 6 cayuae, xK020a 6HMOAHAIOMCA YCAOBUA

(a)-(c) meopemw, 2.1 obradaem seusecmeernvim pewseruem S, npuem
S(z) = O(x), mnpu x — oo.

3.2. HeognopogHoe ypaBHeHHe. PaccMoTpuM Teneph HEOIHOPOTHOE YpaBHEHHUE
(1.1) B cayuae, korga nanubie GyHkuun K v ¢ IPUHUMAIOT NefCTBUTEIbHbIE 3HAYE-
mus, npudem g € Ly (RT), 0 < K <€ Ly (R) u mapymaerca ycaosue (1.3). Ecn siipo
K ynosaersopsier yciaoBusam Teopembl 2.1, To cyuwecrsyer dakropusanus (1.5), 4ro
[03BOJIIeT MOJIYYuTh penienue ypashenus (1.1) mocienoBaTesbHbIM DelleHreM CJie-

JYIOMIUX TBYX BOJTHTEPPOBCKUX ypPABHEHMIH:

(3.6) o(x) =g(x) + /V, (t—2)p(t)dt, xeRT,
(3.7) f@)=ola) + [ Vile - ftde, xR,
0

rae byskuun Vi onpesessTcs mocpeicTBoM pasencTs (2.9), upuuem ‘;i YJOBJIE-
TBOPSAIOT yCJIOBHUSIM Ofo&i (t)dt = 1. Ilockonbky B pabore [15] He ObLIO PACCMOTPEHO
HEOTHOPOHOE ypaBI-(I)eHI/Ie B BaKPUTUYECKOM CjIydae, B 3TOoM naparpade OyayT pac-
CMOTPEHDBI KAK CUMMETPHYCCKHI, TAK U HECUMMETPUYECKuil ciydau. B cummerpude-
ckoMm caydae umeem Ky (z) = K_(x) = K(z), z € RT, I%Jr (x) —K_ (x) —K (),

rERTn I?+ (x) —V_ (x) =V (x), Toe % OTpeJIeNISIeTCsT U3 YPABHEHMUST

o

V (z) =K (x)+/v”'(t)V(x+t)dt, z € R
0
2
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O6cy M Bopock! paspermmocty ypasaenus (3.6). Hapsiay ¢ srum ypaBHenueM pac-

CMOTPUM COOTBETCTBYIOIIIEE KOHCEPBATUBHOE YpPaBHEHNE

oo

(3.8) ¢ (z) =9 (z) + / V_ (t—2) @ (t)dt, =eRT,

T

o o
u BbIOepeM (DYHKIHIO § TaK, ITOOBL €r0 peIleHue ¥ YIOBIETBOPSIO TAKXKe YPABHEe-
o
uuo (3.6). B [10] mokasano, uro eciu § ecrb BemecrBeHHas cymmupyemas Ha R

o
byukuus, To (3.8) obiasaer MoKaIbLHO-UHTErpUPYeMbIM Ha RT pernenueM @, npudem
o0

pe Li(R"), ecnn [ z g (z)|dr < 0o. DTO yTBEpKIEHHE CIPABEIIUBO TAKIKE IS
0

KOMILTEKCHOSHAMHBIX yHKITHIT J.
o0
ycts [ z|g(x)|dx < +oo. Narerpupyst pasenctso (3.8) B npezgenax ot x > 0 10
0

00, MOJIy9aeM

oo

/ (u)du = /!3 (u)du —|—/ dt / ¢ (u)du,
x x 0 x+t
OTKY/Ia C YYETOM ’?’_: 1 cnenyer
o0 o0 o0
/ / (x +1) dt/ % _ (u)du.
T 0

YMHOXKUB TOCJIEIHEE PABEHCTBO HA 1 & W CTTOKHB ¢ (3.8), mosyuaem
o0 (o]
o o ) o o
(3.9) p@)=00 (z)—iw- | g (u)du)+ | V_(t —x) ¢ (t)dt,
xr xr
rae V_ oupegensiercst BropbiM u3 paBeHcrs (2.9).

o
Taxum obpazom, GyHKIUIO § HAIO BHIOPATH TaK, YTOOLI

oo

5(:E)—io(j'-/g(u)du:g(x)7 r € R,

xT

OTKYJa TOJIy1aeM

Qo
—

8
N

(3.10) x)+id /g (x +1) Z“’tdt, r € R,
0

IIyctb - pemienune ypaBHeHus

(3.11) oz +/ (t—z)p(t)dt, x€RH,
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rae g ectb cBOOORHBIH YsteH ypaBHeHus (1.1). (Ml mosaraem, 910 g-BeIeCTBEHHAS 1

cymmmpyemasa va RT dynxmms). Cormacro [10], 3T0 permenwne npencTapigaeTcs B BUIE

o0

(3.12) P(x) =g(x) + /q),(t)g(m +t)dt, xeRT,
0
rie pe3onbBenTHas GyHKIus P_ ompesenaeTca u3 ypaBHEHWsT

z
o_(z) =V_ (2) +/ V_ (x—t)®_(t)dt, zeR*,
0
B pa6ote [10] HE TOTBKO AOKA3AHA PA3PEITMMOCTD MOCIETHETO YPABHEHUS, HO W U3Y-
YEeHbI ACUMIITOTUIECKHE NoBenernst Gynkmuiit ¢ u ®_ B +o0o. Torma, nerko ybemnThb-
cs, uro perienueM ypasuenus (3.8) (u pewenuem ypasuenus (3.6)), rae 9 mveer BH/I

(3.10) saBastercs byHKIMs
(3.13) o(@) = (2) = ¢(x) + & / (x+ et
0

rie ¢ -BeriecTBennas pyHKIus, Koropas onpezaesnsaerca us (3.12). Ilosromy pernenue

ypasrenus (1.1) MoxkHO onpejesurb u3 ypasaenus (3.7), riae ¢ umeer Buj (3.13):

(3.14) F@) = (@) +i&- [ gla+t)e“tdt) + [ Vi(z—t)f(t)dt,
/ /

3neck GyHKIWA V) onpejensercs cornacHo (2.9).

Hapsiny ¢ (3.14) paccMoTpuM KOHCEPBATHBHOE yPABHEHUE
(3.15) f@ =)+ [ Vi @050, 2R,

u BoIOepeM (BYHKIMIO @, TaK, YTOOBI €ro PEIieHne yI0BIeTBOpAIo Takxke (3.14). Jler-

KO IIOKa3aTb, 9YTO OJId 3TOTr0 JOCTATOYHO, 9TOOBI

x

o (2) =i & - /cp*( Ydu = @(x) 4 & / “"tdt r € RT,
0 0
OTKyJa Cieiyer
0. () = G(x) +1i O / x+t) et dt 44 & i /e_i‘gtgb(t) dt+
0 0

(3.16) H(@)2 - e / —idt gy / Bt + u)e U du.
0 0
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Pemmenne ypasuenns (3.15) nmpeacrasumo B Buge (cum. [10, §3, m.1])
f@) = @)+ [ @ulo - o0t R,
0

rie @, onpesensercs u3 ypaBHeHHU
x
o o
O (z) =Vy4 () +/ Vi (x—t)®, (t)dt, xcR*.
0

Pemns ypasuenue (3.15) npu yHKIMEH @., KOTOPas ONpPEIEsieTcs OCPEICTBOM
(3.16), nonyuaem romruiekcuoe perienue f ypapuenus (1.1). Iockombky K u g -
BeuecrBentbie Gynxuuu, a ypasaenue (1.1) - suneiinoe, 1o peiicrureibias QyHK-

must f*(x) = Ref(x) rak:ke Oyzner ymoBiaerBopsaTh ypasaenuio (1.1).

YuureiBas acumnrorudeckoe nosegenue yukuuun P4 (cm. [10, §3]), momyuaem

CIIEYIOMIYIO TEOPEMY.

Teopema 3.2. Ecau 6 neodnopodnom ypasnernuu (1.1) adpo K ydosasemeopaem ycao-
susam (a)-(c) meopemn 2.1, a dynkyus g - Yycao8uim
0o
ge LR, [ algle) do < oc,
0

mo amo ypasherue 0baadaem 6eulecneertum peweruem f, npuiem
f(x)=0(x), npu x— oco.

Aprop Bbipaxkaer Osarogapaoctb upod. H.B. Exrubapsiny 3a obcyKaeHus pe3yJib-

TaTOB PAOOTHI.

Abstract. The paper is devoted to the solvability questions of the following Wiener-
Hopf integral equation in the case where the kernel K satisfies the conditions 0 <
K e Li(R), | K#)dt > 1, Ki € CO®RY), (1) - K@) > 0, 2 € RY, n =
1,2,3. Based_ooli Volterra factorization of the Wiener-Hopf operator, and invoking
the technique of nonlinear functional equations, we construct real-valued solutions
both for homogeneous and non-homogeneous equations, assuming that the function
g is real-valued and summable, and the corresponding conditions are satisfied. The

behavior at infinity of the corresponding solutions is also studied.
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Abstract. The present paper is devoted to the study of existence and uniqueness of a solution
and Ulam type stabilities for Volterra delay integro-differential equations on a finite interval.
Our analysis is based on the Pachpatte’s inequality and Picard operator theory. Examples are

provided to illustrate the stability results obtained in the case of a finite interval. Also, we give

an example to illustrate that the Volterra delay integro-differential equations are not Ulam—Hyers
stable on the infinite interval.

MSC2010 numbers: 45N05, 45M10, 34G20, 35A23.

Keywords: delay integro-differential equation; Ulam—Hyers stability; Ulam—Hyers—
Rassias stability; integral inequality; Picard operator.

1. INTRODUCTION

The basic Ulam stability problem of functional equations, formulated by Ulam
in 1940 (see [23]), has been studied and generalized by many researchers to various
kinds of differential equations, integral equations, difference equations and fractional
differential equations. The basic idea behind Ulam stability of any kind of equation
is to deal with the existence of an exact solution near to every approximate solution.
The concept of Ulam stability is applicable in various branches of mathematical
analysis and is used in the cases where finding the exact solution is very difficult.

In recent years, many researchers have involved in the study on Ulam type
stabilities of differential and integro-differential equations and obtained a number
of remarkable results. At start, using the fixed point approach, implemented by
Cadariu and Radu [1], S. M. Jung [9] has proved the Hyers-Ulam—Rassias stability
of the Volterra integral equation x(t) = fct f(s,z(s))ds, where f is a continuous
function and c is a fixed real number. Applying the fixed point arguments used in
[9], Castro and Ramos [3] obtained Hyers-Ulam-Rassias stability and Hyers—Ulam

stability for the following more general nonlinear Volterra integral equation:
t
x(t) = / ft,s,2(8))ds,—o0 < a <t <b< 400

both in finite and infinite intervals.
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The concept of fixed point approach to study Ulam—Hyers stability has been
extended by many authors. Here we mention few interesting contributions on Ulam
type stabilities of different kinds of differential and integral equations. Tunc and
Bicer [22] obtained results on the Hyers-Ulam-Rassias and Hyers—Ulam stability
for the first order delay differential equation. Castro and Guerra [2] obtained weak
conditions guaranteeing the Hyers—Ulam— Rassias stability of nonlinear Volterra
integral equations with delay. Otrocol and Ilea [17] investigated Ulam stability for
a delay differential equation. Using the idea of Cadariu, Radu and Jung, the Ulam—
Hyers stability results for Volterra integral integro-differential equations was proved
in [8] and [21]. Gachpazan and Baghani [5, 6] and Morales and Rojas [13] applied the
successive approximation method to prove the Hyers—Ulam stability of a nonlinear
integral equation. Using the method of successive approximation Huang and Li [7]
established Ulam—Hyers stability of delay differential equations.

Recently, employing Pachpatte’s inequality, Kucche and Shikhare [10] have discussed
Ulam—Hyers stabilities of semilinear Volterra integro-differential equations in Banach
spaces.

Motivated by the work of Rus [20] and Otrocol et al.[16, 17], in the present
paper we obtain existence and uniqueness results and establish Ulam type stabilities
(viz. Ulam—Hyers stability, generalized Ulam—Hyers stability, Ulam—Hyers—Rassias
stability and generalized Ulam—Hyers—Rassias stability) for nonlinear Volterra delay

integro-differential equation (VDIE) of the form:

(1.1) 2/(t)=f (t,x(t),x(g(t)),/o h(t,s,x(s),m(g(s)))ds) ,teI=10,b,b>0,

where f € C(IxR*R), h € C(IxIxR4R), ge C(I,[-r,b]), 0 <r < oo
and g¢g(t) <t.

We apply Picard’s operator theory, the abstract Gronwall lemma and the Pachpatte’s
inequality to achieve our results. The results obtained in this paper are more
general than the known results and include the study of [3, 9, 16, 17, 20] — [22]
as special cases of (1.1). For existence, uniqueness and other qualitative properties
of various forms of nonlinear delay integro-differential equations we refer the papers
by Ntouyas et al. [14, 15], Dauer and Balchandran [4], Kucche et al. [11, 12] and
the references cited therein.

The rest of this paper is organized as follows. In Section 2, we define the Ulam
type stability concepts for equation (1.1) and state theorems, needed to obtain our

main results. In Section 3, we establish different Ulam type stability results for
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VDIE (1.1) on a finite interval. Further, we give some applications of the obtained

results, and discuss examples illustrating the results.

2. PRELIMINARIES

In what follows we use the notation and definitions given in [20] to discuss the
Ulam type stabilities of VDIE (1.1). Consider the following nonlinear Volterra delay

integro-differential equations:

(2.1) ) =f (t,x(t),x(g(t)),/o h(t,s,x(s),x(g(s)))ds) ,tel,
(2.2) x(t) = ¢(t), t € [-r,0],

where ¢ € C ([-r,0],R).

Definition 2.1. A function z € C ([—r,b],R)NC" ([0,b], R) that verifies the equations
(2.1) and (2.2) is called a solution of the initial value problem (2.1), (2.2).

For a given € > 0 and a positive nondecreasing continuous function v € C ([—r,b],R),

we consider the following inequalities:

(2.3) y'(t)—f (tvy(t),y(g(t))y/o h(t7s7y(8)7y(g(8)))ds> <e tel,
(2.4) y’(t)—f(t,y@),y(g(t)), / h(t,s,y<s>,y<g<s>>>ds) < p(t), tel,

(2.5 y/(t)—f(t,ya),y(g(t)), / h(t,&y(s»y(g(s)))ds) <ep(t), tel.

0

Definition 2.2. The equation (2.1) is said to be Ulam—Hyers stable if there exists a
real number C' > 0 such that for each ¢ > 0 and for each solution y € C ([-r,b],R)
of (2.3) there exists a solution = € C' ([—r,b],R) of (2.1) with |y(t) — z(t)| < Ce
fort € [—r,bl.

Definition 2.3. The equation (2.1) is said to be generalized Ulam—Hyers stable if
there exists 0; € C(R,,R,), 07(0) = 0 such that for each solutiony € C" ([—r,b], R)
of (2.3) there exists a solution x € C" ([—,b],R) of (2.1) with |y(t) — z(t)| < ;(e)
fort € [—r,bl.

Definition 2.4. The equation (2.1) is said to be Ulam-Hyers—Rassias stable with
respect to the positive nondecreasing continuous function ¢ : [—r,b] — Ry if there
exists Cy, > 0 such that for each € > 0 and for each solution y € C" ([-r,b],R) of
(2.5) there exists a solution z € C" ([—r,b],R) of (2.1) with |y(t) —z(t)| < Cyer(t)
fort e [—rbl.
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Definition 2.5. The equation (2.1) is said to be generalized Ulam—Hyers—Rassias
stable with respect to the positive nondecreasing continuous function ¢ : [—r,b] —
R if there exists Cyy > 0 such that for each solution y € C' ([-r,b],R) of (2.4)
there exists a solution = € C" ([—r,b],R) of (2.1) with |y(t) — x(t)] < Cy¥(t) for
te[—rb.

Remark 2.1. Observe that a function y € C' (I, R) is a solution of the inequality
(2.3) if there exists a function ¢, € C(I,R) (which depends on y) such that
(i) lgy(@)| <€ tel;
() 4/ () = F (Ly(e). o(g(0). J} bt 9(). u(g()ds) +a, (1), tE L.
Similar arguments hold for the inequalities (2.4) and (2.5).

Remark 2.2. If y € C’ (I,R) satisfies the inequality (2.3), then y is a solution of

the following integral inequality:
(2.6)

]yu) o) [ g ( o)ala(s). [ S h(s,T,y<T>,y<g<T>>>dT) s

Indeed, if y € C' (I, R) satisfies the inequality (2.3), then by Remark 2.1, we have

<et, tel

’

y ()= f (t,y<t>,y<g<t>>, / h(t,s,y<s>,y<g<s>>>ds) Cg). tel
This gives

\yu) o) [ ¥ ( v oo [ h(s,r,ym,y(g(r»)dr) i< [ gy (s)lds

<et, tel.

Similar estimates can also be obtained for the inequalities (2.4) and (2.5).

We use the following inequality to obtain our main results.

Theorem 2.1 (Pachpatte’s inequality (see [18], p. 39)). Let u(t), f(t) and q(t)
be nonnegative continuous functions defined on Ry, and let n(t) be a positive and

nondecreasing continuous function defined on R, for which the inequality

u(t) < n(t) + /Ot f(s) [u(s) + /OS q(T)u(T)dT:| ds,
holds fort € Ry. Then
)y <nit) 1+ | f(s)exp ([ 1)+ atmar) as].
fort e R;.

Now we give the definition of the Picard operator and state the abstract Gronwall

lemma (see Rus [19]), which are used in our subsequent analysis.
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Definition 2.6 (Picard operator [19]). Let (X,d) be a metric space. An operator
A: X — X is said to be a Picard operator if there exists t* € X such that:
(i) Fa ={z*}, where Fo = {x € X : A(z) =z} is the fized point set of A,

(ii) the sequence (A™(x0)), oy converges to x* for all xo € X.

Lemma 2.1 (Gronwall lemma [19]). Let (X,d, <) be an ordered metric space and
let A: X — X be an increasing Picard operator (Fa = x%). Then for x € X,

x < A(x) implies © < %, while x > A(x) implies v > z7,.

3. ULAM TYPE STABILITIES FOR VDIE oN I = [0, b]

3.1. The main results. The following assumptions are needed to state and prove

our main results.

(H1) (i) Let f € C ([0,b] x R® R), h € C ([0,b] x [0,b] x R*,R) and g € C ([0, b], [, b))
be such that ¢(t) <t.
(ii) There exist constants Ly, Lj, > 0 such that

|f(t, ur,ug,ug) — f(t,v1,v2,v3)] < Ly (Jur —v1| + Jug — va| + [ug — v3|);
|h(t, s, u1,u2) — h(t,s,v1,v2)| < Lp (Jug — v1] + |ug — va|)

for all t,s € I, u;,v; €R (i =1,2,3).
(H2) The function 9 : [—r,b] — R, is positive, nondecreasing and continuous

and there exists A > 0 such that
t
/ Y(s)ds < \p(t), t € [0,0].
0

Theorem 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that
(H2) holds. If bLy [2 4 Lpb] < 1, then the following assertions hold:

(i) the initial value problem (2.1), (2.2) has a unique solution x € C ([—r,b],R)N

C' ([0,b],R);
(ii) the equation (2.1) is Ulam—Hyers—Rassias stable with respect to the function
P.

Proof. (i) Observe first that in view of assumption (H1)(i), the initial value

problem (2.1), (2.2) is equivalent to the following integral equations:
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Consider the Banach space X = C([-r,b],R) with Chebyshev norm ||, and
define the operator By : X — X by

B0 =00+ [ 1 (s.59),2(6(6), [ hls,matr)alalr)ir ) ds e

By(x)(t) = ¢(t), t € [-r,0].
Now using the contraction principle we show that By has a fixed point. Note that
(3.1) |By(x)(t) = Bf(y)()| =0, =,y € C([-r,b,R), te[-r0]
Next, for any ¢ € I, we can write

By (x)(t) = B (y)(1)]

< /0 Ly {lz(s) = y(s)[ + [2(g(s)) = y(g(s))|
+ /0 L [|l2(7) = y(7)] + [2(9(7)) = y(g(T))] dT} ds

< [ 2] s lolon) - on) + ma ata(on) - viglon)

0<01<s

<oa<7

+/OS Ly [Oglgﬁr |z(02) — y(o2)| + ,nax 2(g(02)) — y(g(@))@ d’]‘} ds

< [ 1 max Jelo) ~ wonl+_max lo(r) i)

—r<o1< —r<m <

+/OS Ly [ max_ |z(02) — y(o2)| + max |z(7) —y(m)@ dT} ds

—r<o2<b —r<712<b

t s
< [zo{2he-tore [ Lale-ylodr}as
0 0

(3.2)
<OLp (2+ Lpd) [l — yll ¢ -

From (3.1) and (3.2), it follows that
IBf(x) = Br()llc < 0Ly 2+ Lubd) |z = yllc, =,y € C([-rb],R).

Since bLy (24 Lpb) < 1, the operator By is a contraction on the complete space
X. Hence by Banach contraction principle the operator By has a fixed point z* :
[—7,b] — R, which is a solution of the problem (2.1), (2.2).

(i) Let y € C ([—r, 0], R)NC" ([0,b],R) be a solution of the inequality (2.5). Denote
by z € C ([-r,b],R) N C" ([0,b],R) the unique solution of the problem:

vt = f (ux(zs),x(g(t», / h(t,w(s),x(g(s)»ds> tel
z(t) =y(t), t € [-r,0].
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Then assumption (H1)(i) allows to write the following (equivalent to the above

problem) integral equation:

(3.3) «(t) = y(0) +/O f (s,x(s),x(g(s)),/o h(S,T,$(T)7$(g(T)))dT> ds, tel,
(3.4) z(t) =y(¢), t € [-r,0].

Ity € C ([—r,b),R)NC’ ([0,b], R) satisfies the inequality (2.5), then using assumption
(H2) and Remarks 2.1 and 2.2, we obtain

‘y@) ~0)- [ g (s,y<s>,y<g<s>>, | s y(T%y(g(T)))dT) s

(3.5) g/o g, ()] ds g/o e(s)ds < Aew(t), t € I.

Note that |y(t) — z(t)] = 0 for ¢ € [—r,0]. Next, using assumption (H1)(ii), the

equation (3.3) and the estimate in (3.5), for any ¢ € I, we can write

According to (3.6), we consider operator A : C([-r,b,Ry) — C([-rb],Ry)
defined by
A(u)(t) =0, te€[-r0],
t s
A(u)(t) = e () + Lf/ {u(s) +u(g(s)) + Lh/ [u(T) + u(g(T))] dT} ds, t€]0,b].
0 0
Next, we prove that A is a Picard operator (see Definition 2.6). To this end, observe

first that for any u,v € C ([—r,b],Ry) we have |A(u)(t) — A(v)(t)] =0, t € [—r,0].
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Using hypothesis (H1)(ii), for all ¢ € I, we can write

{1u06) = o) + o) = otaoD + L [ [1t) = o)+ ulo(r) = wla() dr  ds
< [ s { s tulon) — ol + s Juta(on) = olalon)

0<01<s

[ | s Juton) — ooa)| + max_fula(o2) - olato)) | ar | as

< /Ot Lf{ max |u(o1) —v(o1)|+ max |u(m) — v(m)|

—r<o1<b —r<7m1<b

—|—/O Ly, [Trggz<<b |u(o2) — v(o2)| + _max |u(r2) — 'IJ(TQ)|:| dT} ds
t s
< / Ly {2 lu—vlo+ 2/ Ly |Ju — v||cd7'} ds <DLy (2+ Lyb) [|[u — vl .
0 0
Therefore,

|A(u) — A(v)||o < bLy (2+ Lib) [[u — v, for all u,v € C ([—r,b],Ry).

Since bL; (2 + Lyb) < 1, Ais a contraction on C' ([—r, b], R4 ), using Banach contraction
principle, we conclude that A is a Picard operator and F4 = {u*}. Then, for ¢t € I,

we have
W) = Ab(t) + L /O {u*(s) +u(g(s)) + Ln /0 Tt () + u(g(7)] dr} ds.

Note that u* is increasing and (u*)” > 0 on I. Therefore u*(g(t)) < w*(t) for
g(t) <t, t € I, and hence

w(t) < edp(t) + /Ot 2Ly (u* (s)+ /05 L;m*(r)dr) ds.

Next, applying Pachpatte’s inequality given in Theorem 2.1, we obtain

< () {1 + /Ot 2L; exp (/O 2L; + Ly dT) ds}

exp(2Ly + Lp)b — 1
2Lf + Ly, ’

(3.7) < eNb(t) {1 +2L; <

Taking Cy, = A {1 + 2Ly (%—iﬁ’h)l)_l)} , from inequality (3.7) we get

w*(t) < Cyep(t), te[—r b

For u(t) = |y(t) — x(t)| the inequality (3.6) gives that u(t) < A(u)(t). So, we have

proved that A : C ([-r,b],R;) — C ([-r,b],R;) is an increasing Picard operator

such that for v € C ([—r,b],Ry), u(t) < Au(t) and Fu = {u*}. Hence, applying
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the abstract Gronwall lemma (Lemma 2.1), we obtain u(t) < u*(t), t € [—r,b],
implying that

(3.8) ly(t) — ()| < Cyep(t), Vte[-rDb.

Thus, the equation (2.1) is Ulam—Hyers—Rassias stable with respect to the function
1. Theorem 3.1 is proved. ([

Corollary 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that
(H2) holds. If bLs [2 + Lyb] < 1, then the problem (2.1), (2.2) has a unique solution
and the equation (2.1) is generalized Ulam—Hyers—Rassias stable with respect to the

function 1.

Proof. By taking ¢ = 1 in the proof of Theorem 3.1, we obtain (cf. (3.8)):
ly(t) —z(t)] < Cyo(t), Ve [-rb]

showing that the equation (2.1) is generalized Ulam-Hyers-Rassias stable with
respect to the function . |
Using arguments similar to those applied in the proof of Theorem 3.1, one can
prove Ulam-Hyers stability of equation (2.1).
Observing that for ¥(t) = 1, V t € [—r,b] the assumption (H2) holds, we can

state the following corollary of Theorem 3.1.

Corollary 3.2. Let the functions [ and h in (2.1) satisfy the hypothesis (H1).
If bLy 2+ Lpb] < 1, then the problem (2.1), (2.2) has a unique solution and the
equation (2.1) is Ulam—Hyers stable.

Proof. By taking ¢(t) = 1, V t € [—r,b] in the proof of Theorem 3.1, we obtain
(cf. (3.8)):

ly(t) —2(@)| < Ce, Vie[-rb]

and the result follows. O

Corollary 3.3. Let the functions f and h in (2.1) satisfy the hypothesis (H1).
If bLy 2+ Lpb] < 1, then the problem (2.1), (2.2) has a unique solution and the

equation (2.1) is generalized Ulam—Hyers stable.
Proof. The result follows from Corollary 3.2, by taking 0¢(¢) = Ce. O

3.2. Applications. In this section we consider some important special cases of the
problem (2.1), (2.2).
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Fix any r > 0, and define ¢1(t) = ¢t —r, t € [0,b]. Then we get the following
special case of the problem (2.1), (2.2):

(39 2= (t,xu),x(t ), / (b, s, 2(s), (s r))ds) L tef0.b],
(3.10) x(t) = ¢(t), t € [-r,0],

which is an initial value problem for a nonlinear Volterra integro-differential difference
equation. Consider the following inequality:

’

y ()~ fr (t,y<t>,y<t =), [ alts a5 - r))ds)\ < e(t), t € 0,0,

where €,1) and ¢ are as specified in Section 2 (Preliminaries).

As an application of Theorem 3.1, we have the following theorem for the problem
(3.9), (3.10).

Theorem 3.2. Suppose that the following assumptions are fulfilled:
(A1) (i) fi € C([0,0] xR3,R), hy € C([0,8] x [0,8] x R%,R) and g, € C ([0,b], [, b])
be such that g1(t) <t;
(ii) there exist constants Ly, Ly, > 0 such that
[f1(t, ur, ug, us) — fi(t, 1,02, 03)] < Ly, (Jur — w1 + |ug — v2] + [ug — v3]);
|hi(t, s,u1,ue) — hy(t,s,v1,v2)| < Lp, (Jug —v1| + |ug —v2]);
for all t,s € [0,b], u;,v; € R (1 =1,2,3);
(A2) the function ¢ : [—r,b] — R, is positive, nondecreasing and continuous,
and there exists A > 0 such that fot P(s)ds < Mp(t), t € [0,b];
(A3) bLy, [2+4 Lp,b] < 1.
Then the problem. (3.9), (3.10) has a unique solution z € C ([—r,b],R)NC" ([0,b],R),

and the equation (3.9) is Ulam-Hyers—Rassias stable with respect to the function

0.

Another special case of the problem (2.1), (2.2) we obtain by taking the delay
g2(t) =t%, t € I = [0,1]. Then we have
(3.11) ()= fo (t,a:(t),x(t2),/t hg(t,s,x(s),x(SQ))ds> ,teI=10,1],
(3.12) x(t) = ¢(t), te[-r0], i

which is an initial value problem for a nonlinear Volterra integro-differential equation.

Consider the following inequality:

J (0 fa (t,yu),y(s%, / h2<t,s,y<s>,y<52>>ds)

where €, and ¢ are as specified in Section 2 (Preliminaries).
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As an application of Theorem 3.1, we have the following theorem for the problem
(3.11), (3.12).

Theorem 3.3. Suppose that the following assumptions are fulfilled:
(B1) (i) fo€C([0,1] xR%R), hy € C([0,1] x [0,1] x R% R) and g, € C([0,1], [, 1])
be such that go(t) < t;
(ii) there exist constants Ly,, Ly, > 0 such that

| f2(t, ur, uz,uz) — fa(t,v1,v2,v3)| < L, (Jur — v1| + Juz — vo| + [us — vs);
|ha(t, s,u1,us) — ho(t,s,v1,v2)| < Lp, (Jug — v1| + |ug —va]);
for all t,s € [0,1], us,v; €R (i =1,2,3);
(B2) the function v : [—r,1] — Ry is positive, nondecreasing and continuous,
and there exists A > 0 such that fot P(s)ds < Mp(t), t € [0, 1];

(B3) Lys, 2+ Lp,] < 1.
Then the problem (3.11), (3.12) has a unique solution = € C ([—r,1],R)NC" ([0,1],R),
and the equation (3.11) is Ulam—Hyers—Rassias stable with respect to the function

.

Other Ulam type stability results for equations (3.9) and (3.11) can be obtained

by using the corresponding results from Section 3.1.

3.3. Examples. In this section, we present concrete examples to illustrate our

main results obtained in Section 3.1.

Example 1. Consider the following nonlinear delay Volterra integro-differential

equations:

(3.13)

K ()= 14 LA S0 syt | L /0 25 {sin(a(s)) — sin(e(g(s)} ds, t € [0,5],
(3.14)

z(t) =0, t € [-1,0],
where g(t) = %, t € [0,5]. Clearly we have g(t) <t, t € [0,5].
(i) Define h : [0,5] x [0,5] x R x R — R by
h(t,s,x(s),z(g(s))) = % [sin(z(s)) — sin(xz(g(s)))], t,s €0,5].
Then, for any ¢, s € [0,5] and x1,z2,y1,y2 € R, we have
[h(t,s,21,22) — h(t,s,y1,y2)| < % {|sinz; — siny;| + |sinzo — sinyo|}

5
< %ﬂxl — 1| + |z2 — y2l}.
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(ii) Define f:[0,5] x R x R x R — R by

1 (tat0tot0), [ At 2(5), slal9)ds )

14 L) _ 3200 tcos@;ég“))) s / = [sin(a(s)) — sin(x(g(s)))] ds, ¢ € [0,5]
_ 1y toslat) 3500, coosalot /htsx #(g(s))) ds.

Then, for any ¢ € [0, 5] and x1, z2, 23,91, Y2, Y3 € R, we have

|f(t $17x27x3) - f(t7y17y23y3)|
t 1
< {140|cosx1 cosyi| + 140| yl} + %\cosacg — cosya| + %|a:3 — ys3|.

Next, for any =,y € R with < y, by mean value theorem, there exists
COSxT—COoSsy —

Ty —sinp = |cosz — cosy| < |z — y|.

p, © < p < y such that

Therefore, we have
(1,22, 3) — £t <42 lor =gl + —ofas =l b+ s — gl + o s — el
y L1,22,23 yY1,Y2,Y3)| = 140 11—y 140 - 70 2~ Y2 20 3~ Y3

< 70{|x1 —y1| + [x2 — yo| + |23 — y3|}.

Hence the above defined functions f and h verify the assumptions (H1) and (H2)
with Ly = &, Lj = 2, b= 5. Further, we see that bL(2+bLy,) = 52 [2+ 25| =
0.84183673 < 1. Therefore, by Corollary 3.2, the problem (3.13), (3.14) has a unique
solution on [—1,5] and the equation (3.13) is Ulam-Hyers stable on [0, 5]. Other
stability results for the equation (3.13) can be discussed similarly.

In fact, we see that the function

(3.15) 2(t) = {f) lii - &5 ]6]

is the unique solution of the problem (3.13), (3.14). The verification is given below.
For z(t) =t, t €[0,5] and g(t) = £, ¢ € [0,5], we have

teos(z(t)) 3z(t) | tcos(z(g(t))) n 1

1+ /0 ;0 [sin(z(s)) — sin(z(g(s)))] ds

140 140 70 20
t cos(t) 3t tcos(%) 1 tor . /s ,
-1 - — t[ - (7)}61:1: £).
T Tt T 70 T /0 sin(s) —sin (3 )| ds z(®)

Next, we discuss the Ulam—Hyers stability of the equation (3.13) with fixed delay
g(t) = %, t € [0,5] by finding the exact solution z(t) of equation (3.13) corresponding
to given values of € and given solutions y(¢) of the inequalities.
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(i) Take € = 0.7 and y; (t) = {é i: E {%15}6] Then for t € [0, 5], we have

(0~ (1 ) Sl sty L o () = sinGn a(s))] s )|

— |y -1 - sl Sl Leost o) [ i) — sin(n (a())] ds
1 teos(f) 3(%) tcos(d) 1 [ 1. /s . (S

< 5—1— 110 + 1420 i —m/ot[mn(i)—sm(i)}ds < 0.667499 < e.

For the solution z(t) of the problem (3.13), (3.14) given in (3.15) and the constant
C = 4, we have |y (t) — z(t)] = | —t| < 2.5 < Ce¢, t €0,5], and |y1(t) — z(t)| =
0, t € [-1,0]. Therefore

‘yl(t) - x(t” < CE, te [71,5]'

(ii) Let y2(t) = 0,t € [-1,5] and € = 1.2. Then, for t € [0, 5], we have

y;(t) B <1 i tcosl(ié(t)) . Sliig) 4 tCOS(y,;O(g(t))) + %[) % [Sin(yg(s)) - sin(yg(g(s)))] ds)‘
— i) -1 - Feeslpeltd) Sl Leespol)) [ inaas) — sin(n(a(e)))] s
t t 155

For the solution x(¢) of the problem (3.13), (3.14) given in (3.15) and the constant
C =6, we have
ly2(t) —x(t)] =10 —t| <5 < Ce, t €[0,5].
Further, |y2(t) — 2(t)] = 0 < Ce¢, t € [—1,0]. Therefore corresponding to y»(t) =
0,t € [-1,5] and € = 1.2 we have the solution z(¢) given in (3.15) and the constant
C = 6 that satisfy
ly2(t) — z(t)| < Ce, t € [-1,5].

if ¢t € [0, 5],

. we have
it t € [-1,0],

t
(ili) For e = 1.5 and y3(t) = {80

(o) (14 D) Se) | Leonln(@ON L[ Binta(s) ~ sinaala(s))] s )
=iy 1 - Heslaald)  Suel)  Leeslysol) - [ inaas) — sin(n (o)) ds
< 1.0557 < e.

The solution z(t) of the problem (3.13), (3.14) given in (3.15) and the constant
C = 3 verify
|y3(t) - l’(t)| <45= CE, te [71>5]
39



K. D. KUCCHE, P. U. SHIKHARE

t2 if t € [0, 5],

i Then, for ¢t € [0, 5], we have
0 ifte[-1,0].

(iv) Take € = 10 and y4(t) = {

, tcos(ya(t))  3ya(t)  teos(ya(g(t)) . 1 ("t i’
(o)~ (14 D) ) Leonlunl@OD L Bintats) ~ sinGla(s)]ds )
=iy — 1 - Feeslal) Sl reenlynol) - L [ i) ~ sinta(a(s))] ds| < e
Further, for the solution z(¢) of the problem (3.13), (3.14) given in (3.15) and the
constant C' = 2, we have
lya(t) — x(t)] <20 = Ce, t € [-1,5].
. - )¢ ifte0,5], .

(v) Finally, we take € = 77 and y5(t) = {O it e [-1,0], to obtain

yls(t) . <1 i tCOSI(i/S(t)) . 3?1%0 + tCOS(y;O(g(t))) + QLO/O % [Sin(y5(s)) _ sin(y5(g(s)))] dS)‘
=i 1 - et Bt eenlunlol)) [ sins(e) — sinas(o(s))] ds| < e

For the solution x(¢) of the problem (3.13), (3.14) given in (3.15) and the constant
C =2, we have
lys () — x(¢)] < 120 < Ce, t € [-1,5].

Remark 3.1. If y(t) is a solution of the inequality
/ teos(y(t)) 3y(t)  teos(y(g(t)) , 1 /t b .
t)y— (1 - — [ —=s - d
/() - (1 ) B ety o i) — sin(u(a(s)] ds )| <
and z(t) is the exact solution of the problem (3.13), (3.14), then from the inequality
ly(t) — z(t)| < Ce, t € [-1,5], it follows that y(t) — x(t) as € — 0.

The same fact can be observed from the example given above and Figure 1 below.

Puc. 1
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Remark 3.2. The equation (2.1) is not Ulam—Hyers stable on the infinite interval
I=10,00).

The next example supports the assertion of Remark 3.2.

Example 2. Consider the following Volterra delay integro-differential equations:

(3.16)
() = g + g snalt) = 15 eos(ala(0)) ~ 35 [ 75 leos(a(s) + sin(a(g())] ds.t € 0.50)

(3.17)
z(t) =0, t € [-1,0],

where g(t) = £ <t, t € [0,00).
(i) Define the function h : [0,00) x [0,00) X R x R — R by
h(t,s,x(s),z(g(s))) = % [cos(z(s)) + sin(z(g(s)))], t,s € [0,00), t > s.

Then, for any ¢,s € [0,00) and x1, %2, 91, y2 € R, we have

1 . .
[h(t, s, 21,22) — h(t, s,y1,y2)| < 0 {|cos 1 — cosyi| + |sinze — sinys|}

1
< T0{|x1 —yi| + |r2 — yal} -

(ii) Define f:[0,00) x R xR xR — R by
f(ux@%w@@DzAfdt&f@%m@@ﬁﬁh>
=5+—mmm—immwm—iAmm@wmmmmws

= 3o+ g Snla(t) = 5 cos(ala(®) — 35 [ hts.as)ato(e)) ds

Then, for any ¢ € [0,00) and z1, 22, Z3, Y1, Y2, y3 € R, we have

1. ) 1 1
|f(t, 21, 22, 23) — f(t,y1,92,93)] < 50 |sinz; — siny;| + IR |cos xg — cos ya| + 12 |3 — 3]

IN

1
E{Iéﬁ — 1| + [x2 — yo| + |23 — y3|}.

The above defined functions f and h verify the assumptions (H1) and (H2) with

Ly = {5 and L, = . Further, one can easily verify that the function

)L ifte0,00),
2(t) = {5 it ¢ e[-1,0]

is the solution of the initial value problem (3.16), (3.17). Now, choose any € > %
and let
L ift €]0,00),
ym:& o)

0 ifte[-1,0]
41



K. D. KUCCHE, P. U. SHIKHARE

Then, for any t € [0, 00), we have

o/~ (3 + g5 (0~ 75 costu(a(0) ~ 75 [ g feoslyte)) +sin(u(a(e))] s )|

= 1—1—7—isin t +icos * +1/t[cos(8)+sin(s)}ds <£<6
(3 30 60 3 15 12 120 J, 3 12 ‘
But for any solution z(t) of equation (3.16) we have

— 120
|z(t) — ()] =

t t
m(t)3’§|z(t)|+3%oo as t— oo.

Therefore, the equation (3.16) is not Ulam-Hyers stable on the infinite interval
I =10,00).
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Abstract. In this paper, we focus on a conjecture concerning uniqueness problem
of meromorphic functions sharing three distinct polynomials with their difference
operators, which is mentioned in Chen and Yi (Result Math v. 63, pp. 557-565, 2013),
and prove that it is true for meromorphic functions of finite order. Also, a result of
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2014), we generalize to the case of meromorphic functions.
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In Nevanlinna theory, the study of relationship between two meromorphic functions
that share several values CM or IM is an important topic, resulting from the
Nevanlinna’s famous five and four values theorems (see [5]). In 1976, Rubel and
Yang [7] showed that if a non-constant entire function f and its first derivative f’
share two distinct values CM, then they are identical. This result was extended by
Mues and Steinmetz [4] in 1979 from sharing values CM to IM, and by Yang [8] in
1990 from first derivative to the k-th derivatives.

The difference analogues of Nevanlinna’s theory have been studied more recently
and become very popular (see [2]). In 2013, under the restriction on the order of
meromorphic functions, Chen and Yi [1] deduced a uniqueness theorem of meromorphic
functions sharing three distinct values with their difference operator A.f = f(z +
¢) — f(z), where ¢ is a non-zero constant. More precisely, in [1] was proved the
following theorem.

Theorem A. Let f be a transcendental meromorphic function such that its order
of growth p(f) is finite but is not an integer, and let ¢(£ 0) € C. If f and A.f(# 0)
share three distinct values ey, ez,00 CM, then f(z +c) = 2f(z).

IThe research was supported by NNSF of China Project No. 11601521, and the Fundamental
Research Fund for Central Universities in China Project No. 15CX05061A, 15CX05063A and
15CX08011A
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In [1], Chen and Yi conjectured that the conclusion of Theorem A still holds if
the restriction imposed on p(f) in Theorem A is omitted. In 2014, Zhang and Liao
[11] considered the difference analogue of the result by Rubel and Yang and proved
that the conjecture is true if f is an entire function of finite order. They obtained
the following result.

Theorem B. Let f be a transcendental entire function of finite order, and let a,b
be two distinct constants. If f and Af = f(z+1) — f(2)(£ 0) share a,b CM, then
Af=f.

In 2016, Lii and Lii [3] proved that the above conjecture holds if the meromorphic
function is of finite order.

Theorem C. Let f be a transcendental meromorphic function of finite order, and
let c(# 0) be a finite number. If A.f and f share three distinct values e, e2,00 CM,
then f = A.f.

In this paper, we continue the study of the above conjecture for meromorphic
functions of finite order, and show that it remains true if the constants e, es, 00
are replaced by the polynomials Py, Py, 0o .

The next theorem is the main result of this paper.

Theorem 1. Let f be a transcendental meromorphic function of finite order, and let
c(# 0) be a finite number. If A.f and f share three distinct polynomials Py, Pa, 00
CM, then f = A.f.

Remark. Obviously, Theorem 1 is an improvement of Theorem C.

We assume that the reader is familiar with the standard notation of Nevanlinna
theory (see [9, 10]). In this paper, for two meromorphic functions f and g, we use
the notation f — g # 0 to denote that f — g is not the zero function.

Next, we recall Nevanlinna’s Lemma, which plays an important role in the proof
of Theorem 1.

Nevanlinna’s lemma [6]. Let 1, @2, ..., @p be linearly independent meromorphic

functions satisfying o1 + @2+ -+ ¢, = 1. Then, for j =1,2,--- ,p, we have

T(r0) < Y NG ) = 3 Nlrgn) + N, W) = Nir, o) + 5(r),
k=1 LR Wy

where W = W (p1,p2- -+ ,¢p) is the Wronskian of ¢1,--- ,¢p, and
S(r) = O(logr) + O(logmazi1<k<pT'(r,¢;)) as r— o0, r & E,

for a set E C (0,00) of finite Lebesgue measure. If all ¢, have finite order, then E

can be chosen to be the empty set.
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Proof of Theorem 1. Observe first that if Py, P, are constants, then the theorem
becomes Theorem C above. So, below we assume that one of P;, P, is not constant,
and, without loss of generality, we assume that deg P, > deg P;. Our proof of the
theorem is based on an idea from [3].

Since f, A.f share P, P,,00 CM and f is of finite order, then there exist two

polynomials «, 8 such that
! o [P 3

1 —_— — —_— = .

@ AJ-P - BB C

Ife*=1 or ef =1,then f=A.f If e* =¢€P, then
f-P [P

Acf_jt)l B Acf_P2,
implying that f = A, f.
On the contrary, suppose that f # A.f. Then
e £1, P41, e* £l

Our aim below is to get a contradiction.
By (1), one has

2) FePt (PP AP (p )T
— 11 2 1 e,.y_lu c) — 142 2 1 e,.y_l )
where v = — a.
It follows from (2) that
(3) T(r, f) < T(r,e?) +T(r,e?) + S(r, f).

Since A.f = f(z+¢) — f(z), we can write

1 — e¥(2)=B(2)
Acf = P(2) + [P2(2) = P(2)|——7——

e’Y(z) —1
2)eBE) —
(4) =[Pi(2+¢) = Pi(2)] + [Pz + ¢) = Pi(z + CHL@_l
71(2)e 1
eB(z) 1
-P2(2) - P S

Where 51(z> o eﬂ(z"l‘c)_ﬁ(z) and fyl(z) — e’Y(Z+C)_’Y(Z)_

Next, we prove that deg f = deg~y by considering two cases.
Case 1. Assume that deg S < degry.

Then e? is a small function of ¢, and hence, we have

deg[B(z + ¢) — B(2)] < deg B(2) < degn(2), deg[y(z+¢) —7(2)] < degn(2),

implying that (31,7, are also small functions of e”. Suppose that zy is a zero of
y1€” — 1, and is not a zero of Bye — 1. If 2y is not a zero of €7 — 1, then by (4) it
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would be a pole of A, f. However, the equation (2) would imply that A.f is analytic
at zp, yielding a contradiction. If z( is a zero of €7 — 1, then ~;(20)e?(*0) —1 =0
and e7(%0) — 1 = 0 imply 7;(20) — 1 = 0. If 7,(2) — 1 # 0, then the second main

theorem gives

— — 1 —
") < - il 2 2
T(r,e )—N(T’7167_1)+N(r’ eAy)-i-N(r,e )+ S(r,e)
1
< _— 7y = 2
—N(T’Bleﬁ—1)+N(r771—1)+S(T’e ) =S(r,e),

which is impossible. Thus, v;(z) = ¢7(*+)=7(*) = 1 which means that deg~y = 1.
Noting that by assumption deg 3 < deg-y, we conclude that (3 is a constant.
Next, by (4), we get

Af =P P P P e 1
of =[Pi(z+c) = Pi(z)] + [Pz 4 ¢) — 1(Z+C)]m
P 1
— [P2(2) — Pl(Z)]m
eflz) _q
=[Pi(z+¢)— Pi(2)]+ [P2(z +¢) — Pi(z +¢) — Py(2) + P1(z)]m.
On the other hand, by (2) we have
1—e )
Acf = Po(2) + [Pa(2) = PL(2) — 57—
G'Y(Z) —1
—B(2) e PO -1
= Py(2) + [Pu(2) = Pa(2)]e™™% + [Pa(2) = Po(o)l =
where 7(z) = B(z) — a(z). Here, by careful calculation, it can be shown that

degPs(z) < degPy(z), which is a contradiction.

Case 2. Let deg 8 > degy.

Then e” is a small function of ¢”, and, as in the Case 1, we can conclude that
B1,71 also are small functions of e?. Assume that ag is a zero of e? — 1 and is not a
zero of €Y — 1. Then, ag is a zero of f — P;. Note that f and A.f share P, CM. So
ag is also a zero of A.f — P;. Putting ag into the last form of A.f in (4), we get

61(2’) — 1

Pi(ag) = [Pi(z +¢) — P1(2)] + [P2(2 + ¢) *Pl(ZJFC)}Whm

Next, we show that

51(2) -1

6) P =Pz +0) = P+ P ) = P o) 8T

47



ZHEN LI

Indeed, otherwise, by the second main theorem, we would have

1 — 1

T(r,e?) < N(r, m) + N(r, e—ﬂ) + N(r,e?) + S(r,e?)
1
< N(r, e :1) + N(r, [PL(z+¢) — Pi(2)] + [Po(z + ¢) — Pi(z+ C)]fé?fl — pl(z))

+S(r,eﬁ) = S(neﬁ)7

which is absurd.

Now we rewrite (5) in the following form

[Pa(z +¢) — Pi(z 4 ¢)]ePCEHI=PE) _ [Py(z 4 ¢) — Pi(2 +¢)]

(6) = [2P1(2) — Pi(z + ¢)]e"*) — 2P (z) — Py (z + ¢)),
and show that ~ is a constant. Suppose that deg~y > 1. Then, combining (6) and
the assumption deg 3 > deg~y, we get
[Pa(z +¢) — Pi(z 4 ¢))ePEFTI=AE) = 2P (2) — Py(2 + ¢)]e?"FF9),
g Py(z+¢) = Pr(z 4+ ¢) = 2P1(2) — Pi(z + ¢),

implying that §;(z) = ef(ZT)=A() = gr(z+e),
Next, rewriting (1.4) in the form

[Po(2) = Pa(z +¢) + Pu(2)] (e = 1)(€7 = 1)e” +[Pa(2) = Pi(2)](me” = 1)(e” —e7)

= [Pa(z4¢) = Pi(z+ )] (Bre” = 1)e(¢7 = 1) = [Pa(2) = Pr(2)](¢” = 1)(me” = 1)e”,
after a routine computation, we get
aoew + aleﬁ +as =0,

where ag = [Pa(z +¢) = Pi(2 +¢)](€7®) = 1)B1(2) — [P2(2) = Pi(2)](m(2)e?™) — 1),
and ay,ay are small functions of e®. The above equation shows that ay = 0, and

hence, we have

®) [Pz +0) - Pulz+ 0@~ DA(E) = [Pa(2) — P]((2)e - 1),

We put £1(z) = 7% into (7) to obtain

[Py(z 4 ¢) — Pi(z 4 ¢)]e?ETIHE) [Py (2 + ¢) — Pi(2 + ¢) — Py(z) + Py(2)]e?H0
+ [P2(2) = Pa(2)] = 0,

implying that ~y is a constant, say v = A. Thus, we have proved that - is a constant.

In addition, the form of f shows that f is an entire function. Then, by (4), we can
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get

Bi(2)e® —1

Af=[Pi(z+¢)— Pi(2)] + [Pe(z4+¢) — Pi(z+ C)}W

eBlz) 1
- [PQ(Z) - Pl(z)]e'y(z) 1
e
= g Pz + ) = Pz +0)IBi1(2) — [P2(2) — P(2)]}

+

eAl_ T [Po(z) — Pi(2) — Pa(z+¢) + Pi(z+ )] + [Pi(z 4+ ¢) — Pi(2)].

Note that by (2)

1—e 2 1 —ede A2
Acf = Pa(z) + [Pa(z) — P1(Z)]m = Pa(2) + [P2(z) — Pl(z)]f-
Combining the above equations, we get
hoezﬁ + hleﬁ + h2 = 0,
where h; (i = 0,1,2) are small functions of €® and hy = [Py(z) — Pl(,z)]e_A—e_A1

Obviously, he = 0, which shows that P;(z) = P(z), and we get a contradiction.
Thus, we have proved that deg 5 = deg~y. We can assume that
deg 8 =degy:=n>1,

since f is a transcendental function.
Note that 8;(z) = efG+9)=8(2) and ~;(2) = ?*+9)=7(*) are two small functions
of e and e”. Multiplying both sides of equation (4) by the factor e®(e?—1)(ye?—1),

we get

(9)
[Pa(2) = Pi(z 4 ¢) + Pi(2)](me” = 1)(e7 = 1)e” + [Po(2) = Pr(2)](me” — 1) (e —€7)

= [P2(z +¢) = Pi(z + )] (Bre” = 1)eP(e7 — 1) = [Pa(2) — Pr(2)](e” — 1)(71€” — 1)e”
From (9) we obtain
b0627 + 6165+2’y + b26ﬁ+v + bgezﬁ + b4€25+’Y + b5€6 + bﬁt’i7 = 0,

where

— Pz + o)Im(2),

[P
[Pa(
by = [Pi(z + ¢) — Pi(2) — Pa(2)]71(2) + Pa(z + ¢) — Pa(2) — Pi(2),
[P(
= [P (

—_  —

z+c¢) = Pi(z +¢)]p1(z) — Pa(2) + Pi(z
z+c) = Pz +0)|Bi(2) + [Pa(2) — Pi(2)]n(2),
bs = P1(z) + P2(2) — P2(2 + o),

(

)
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Obviously, b; (i = 0,1,---,6) are small functions of ¢” and e”. The equation (9)
can be written as follows:
6
(10) > bie? =0,
i=0
where

{9022% g1=08+2y, g2=0B+7,

93 =20, g4=28+7, g5=05, g6 =".
We claim that deg(y — 3) = n. On the contrary, suppose that deg(y— ) < n. Then
e7~P is a small function of ¢ and e”. We denote by Ng(r) the counting function
of the common zeros of e® — 1 and ¢¥ — 1. Assume that ¢y is a common zero of
e? —1 and e” — 1. Then cg is a zero of ¥~ 7 — 1. Notice e® # e, then ¥ % —1 £ 0.

Therefore
1

Ng(r) < N(r, P —

) = S(r,e7).

Since €7 is of finite order, we have S(r + |c|,e?) = S(r,e?). Assume that dj is a
zero of y1eY — 1, and is not a zero of 3;e” — 1. Similarly as above, we can conclude
that dy is also a zero of €¥ — 1. Furthermore, dy is a zero of 73 — 1. If v — 1 # 0,

then, it follows from the second main theorem that

L s N e + S0, e7)

T(r,e”) < N(r )+ N(r, -

"mer —1
< Ng(r+|c) + N(r,

po— 1)—!—5(7‘,@’*)

<T(r )+ S(r+lcl,e?)+ S(r,e?) = S(r,e7),

-1
which is a contradiction. Thus, ~;(z) = e?**t9=7() = 1 which implies that
e731¢) = ¢7(2) and degy = 1. As a consequence, noting that deg(B8 —7v) < 1, we
see that 3 — v is a constant, say A;. Recall e7(*1¢) = ¢7(2) One has e#(*T0)=8(2) =
ePlete)=7(z40)=(B(2)=7(2)) = pA1=4A1 = ] Go Pl2He) = ¢A(2) By (4), we can get
P 1

Acf =[Pi(z4+c¢)— Pi(2)]+ [Pe(z+¢) = Pi(z+¢) — Pa(2) + Pl(z)]m,
where deg 8 > 1. But in view of (2), we have deg(—a) = deg(y — 8) < 1, yielding
a contradiction. Thus, we have shown that deg(y — ) = n.

Furthermore, one has deg(g2 — g;) =n, for j =0,1,3,4,5,6, because

g2—9o=B—7% g2—g1=—7 g2—9gs=7—F,
{92—942—57 92— g5 =1, g2 — g6 = B

We assume that by = [Py(z+c¢)— P1(2) — Pa(2)]71(2) + Pa(z+¢) — Po(2) — Py (2) # 0.

Then, we consider ¢; = b;e% (j = 0,---,6). From (10) we deduce that there
exist a set I C {0,1,3,4,5,6} and complex numbers A\; # 0(j € I) such that
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Yo = D icr Aj¥j, and ¢; (j € I) are linearly independent. Rewriting this in the
b; ..
D Aig, e =L

j
jer 2
we can apply Nevanlinna’s lemma to the functions

form:

b.
QDj = /\jiﬂegj*gz’j € I,
bo

which are linearly independent and satisfy >, ; ¢; = 1.

We use the fact that the zeros and poles of ¢; and their Wronskians can come
only from the zeros and poles of functions b; whose Nevanlinna characteristic is

T(r, bj) = O(rn_l) = S(r, 90]')’
since deg(g2 — g;) = nforj € I. So, by Nevanlinna’s lemma we obtain that
T(T, 90]) S S(T)7
for all j € I with S(r) as above. This is a contradiction. Thus, by = 0. Now, we
consider the case
by = [Pi(z+¢) — Pi(2) — Pa(2)]71(2) + Pa(z + ¢) — P1(2) — P2(2) = 0.

If Pi(z+c¢)— Pi(z) — Py(z) =0, then Py(z+¢) — Py(z) — P1(2) = 0. We can obtain
Pi(z+¢) = P2(z+c¢), which is a contradiction. Thus, Py(z+c¢) — Pi(z) — Pa(z) # 0,

and we can get
_ Py(z+c) - Pa(z) - Pi(2)
(11) NE) = B G- Pie) - Pae)

Note that ~; is not a constant function. This contradicts the fact that ~1(z) is an

entire function. Thus, ~; is a constant, which implies that degy = n = 1. So, we

have deg 5 = n =1 and ~; is a constant. Suppose that

deg(y+B)=n=1, deg(y—28)=n=1

Then, one has deg(gs — g;) =n, for j =0,1,3,4,5, because
96 —90=—"96 —g1=—7—B:96 —92 =7 — 20,96 — 914 = =20, 96 — g5 =7 — .
Again applying Nevanlinna’s Lemma and replacing g2 by gg in the above discussion,
we get a contradiction.

Now, we assume that either v + 8 or v — 273 is constant. If v 4+ 8 is constant,
then for the functions g; with some constants c¢;, we have

go=—2B+co, g1 =—P+c1, gs=20+c3, ga =P +ca, g5 =P+ s,
and b; are polynomials (since $; and +; are constants). So, the identity (10) gives
bhe 2P +bie P +b3e?” +bje’ =0,
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with certain polynomials b7. This identity obviously implies that all b7 are 0, where
b3 = {[P2(z + ¢) = Pi(z + 0)|B1 + P1(2) — Pa(2) e,

If b5 = 0, we can get [Pa(z + ¢) — Pi(z + ¢)]f1(2) + Pi(z) — P2(2) = 0. Say
Py(2) = Pa(2) — Pi(2), 50 [Ps(z + ) — Po(2)]Ba(2) = P3()(1 — fa(2)). We show
that P3(z) is a constant. Indeed, assume the opposite that degPs(z) > 1. Then, we
can get B1(z) = 1 and P3(z + ¢) — P3(z) = 0, implying that Ps(z) is a constant,
which is a contradiction. Thus, P3(z) is a constant, say c(# 0). This implies that
Pi(z) = P2(z) + ¢. By (11) we can get that y1(z) = 1 + FleTo am (e Showing
that 1 (z) has a pole. Taking into account that v;(z) is an entire function, we get a
contradiction. Thus, we have b5 # 0. This rules out the case where v+ is constant.
The case where v — 203 is constant can be treated in the same way. This completes

the proof of the theorem. O
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AHHOTAIUsI. B cTarhbe 10Ka3bIBAETCA CXOAMMOCTH MOCJAEI0BATEILHON mpote-
JIypBl U3BECTHOM KaK MOKOODUHATHBIN CIYCK K OIEHKE MaKCHMAaJbHOI'O IIPaB-
nononobust jist 0000IEHHBIX JIMHEHHBIX Mogesieil. [I0OKOOpAUHATHBIN CIyCK JJIst
JMHEHHO! perpeccun u3BeCTeH KaK METO][ Y€PeAYIOIIUXCs HANMEHbIINX KBa,[pa-
ToB. ONTUMU3AIMOHHAS 3371392 B CJIydae HKCIOHEHIMAJIBHOrO CeMeHCTBa OCTa-
€TCs BOTHYTOM M CBOMCTBO KOHIIEHTDAIMU BOKDPYT UCTHHHOTO MapameTpa I03BO-
JISET MCIOIL30BATEL pa3sioxkenue Teisopa 10 BTOporo nopsaaka. Incienabe mpu-
MepBI WLIIOCTPUPYIOT JAOKA3AHHYI CXOIUMOCTb C MOCIEAYIONUM 00CY XK JIeHUEM
HAYAJIBHOTO 3HAYEHUS.

MSC2010 number: 62112, 62F12, 49MO05.

KuroueBble ciroBa: 0000IIeHHAST JUHEHHAS MOJIENIb; SKCIOHEHIINAJIHHOE CEMEHCTBO;
qepeyioniaad MaKCUMU3aIThs.

1. BBEAEHUE

MHuorue crarucTrdeckue 3a/a9u MOXKHO PACCMATPUBATH KaK 3aa4u IOy Tapa-
METPUYECKOIO OLEHUBAHUS, KOIJA HEM3BECTHOE PACIIPE/IEJICHIE JTAHHBIX OIUCHIBACT-
Cs TAPAMETPOM BBICOKOM Wi GECKOHETHON PA3MEPHOCTH, B TO BPEMsT KaK ImapamMeTp,
KOTOPBII HAC WHTEPECYET UMEET HU3KYI0 PA3MEPHOCTH. TUMUYHBIMUA MPUMEDAMU SB-
JI0TCA (DYHKIIMOHAIBHAS OIEHKA, ONEHKA (DYHKIMU B TOYKE WJIM IIPOCTO OIEHKA
JIAHHOTO TTOJBEKTOPA BEKTOPa mapameTpoB. Kiraccrmdueckas CTaTHCTHIECKAS TEOPUS
obecrieanBaeT o0IIee pelreHne ITOi 3aJa4u: OINEHUBATH IOJIHBIH BEKTOD HapaMerpa
MEeTOIOM MAKCHMaJIbHOTO MPAB/IONOA00NS U MPOEKIIMPOBATH MOy 9€HHYIO OIEHKY Ha
[IEJIEBOE TIOAMPOCTPAHCTBO. DTOT TMOAXOM M3BECTEH KAK MPOMUILHBIN METOI MAKCHU-
MAaJIbHOTO TPABIONOI00NA U sABAsgeTCd 3P HEKTUBHBIM MIPH JOCTATOYHO OOIIHX YCIO0-
BUSIX, KOTOPBIE B CJIy4ae OOODIIEHHBIX JUHEHHBIX MOeseil BoimoaHeHbl. /st Gomee
obiero ciaydast, HanpuMmep, M-OIeHOK, 9TH TEXHUYECKHe YCJIOBUs CJe/LyeT BBOIUTH
OT/IEJIHHO ¥ IIPOBEPATD, BHITOJIHEHB! JIM OHKU WK HeT. MbI ccblaemcs Ha [8], [6] u [10]

JI7IsI TIOAPOOHOIO M3JI0XKEHHSI TEOPUH U TAJbHEHIINX CChLIOK.
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B sToM mccienoBannm paccMOTpeHa 3ajada MoJIyHapaMeTPUYecKol OIEeHKHU IIpOo-
dbupHOrO Mapamerpa (cM. [4], [5] w cebkn BHYTpH 9THX cTareit). OaHolt 13 TaknX 3a-
J1ad, 0 KOTOPOIl CTOUT YIOMSHYTD, SIBJISIETCS 3a/1a9a BIOOpa Momenn. B 6oabmmHcTBe
CIy9a€eB MPAKTUIECKUX 33789 HEPEATUCTUIHO OKHUIATH, UTO MOAETbHBIE MPEITOI0-
JKeHusi OyJIyT BBIMOJIHEHBI, JJaXKe eCJIM UCIOJIb3YIOTC OOrarbie HElApaMeTPUIeCKue
MOJIeJIA. DTO O3HAYAET, YTO UCTUHHOE PACIIPEIEICHNE TaHHBIX [P HEe TPUHAIIEKUT K
PACCMATPUBAEMOMY [MAPAMETPUYECKOMY CEMEHCTBY, B HAIIEM CJIydae — KCIOHEHIIH-
anpHOMY ceMeiicTBy. IIpuMeHnMOCTD 00IIEH MOTymapaMeTpuIecKoii TeEOPUH B TAKUX
CIIy9asix COMHUTEbHA. BayKHONH 0COOEHHOCTHIO TTPEICTABIEHHOTO TOAXO0IA SBJISETCS
TO, YTO OH B PABHOM CTENEHU MPUMEHUM IPYU HENPABUIHHON crernuUKAIUT MOJIEIH.

IIycts Y 310 pacmpenesienue, u3 KOTOPOTO WIYT HAOIIOJAeMble JaHHBIE W CTATH-
CTUYECKasi MOJIEb TIPE/IIOJNATAET, 9TO HEM3BECTHOE PACIPE/IEeHne JaHHbIX P npu-

HAJIJIE’KUT 3a1aHHOMY MapaMerprdaeckomy cemeiictBy (P,):
(1.1) Y~P =Py € (Py,v€0),

rae © Hekoe mapaMeTpUdYecKoe IPOCTPAHCTBO.

MeTos, MaKCHMaJILHOTO IPaBIONON00M B MAPAMETPUUECKON OIEHKE IMO3BOJISeT
OLIEHATH BECh BEKTOP MapaMeTPOB ¥ IMyTeM MAaKCHMHU3AIUH COOTBETCTBYIOIIErO JIO-
rapupMIIECKOro MPaBI0IOa00wMsT
dpP,
dpio
JIJIST HEKOTOPOH JOMUHUPYIOMIEH MephI fig. OTpenenm OleHKy MaKCHMAIBLHOTO TTPAB-

L(v) = log

JIOITOO0MS ¥ BEKTOPHOTO TIapaMerpa v CJAeLyIonmM 00pa3omM

- def
(1.2) 0= argrvneaécL(v).

Henpasuibnas cuenudukanus mounenu osnadaer P ¢ (P,,v € ©). dpyrumu cio-
Bamu, L(v) ectb GyHKIMA KBa3W MAKCUMAJILHOrO MpaBaonogaobus Ha O. VcTuHHbit

mapamerp v* onpeaesaeTcs CaeayonmM 00pa3oM

+ def
(1.3) vt = argrgleaé(EL(v).

B caywae momymmenwsi, 9TO WCTUHHAS MOAETH HE TPWHAIJICIKUT HANIEMY TTapaMmer-
PHYECKOMY CEMEHCTBY v* OIpenenseT HamIydllee ITapaMeTpUIecKoe cOOTBeTcTBHrEe P
paccMaTprBaeMbiM ceMeidcTBOM. OTHOCHTEIbHO aHAJOMMYHBIX Pe3yJIbTaToB cM. [1].
Crauana Knaiin mauan paboTy B 9TOM HAIIPABJIEHWU, BBE/sl yIIOPIIOYEHHBIE JIUHEH-
Hble GyHKIMoHAIBL (cM. [9]). st 001uX pe3yIbTaToB Yepeyomeiicss MaKCHMHU3AIINH

(MunuMu3anuu) cM. [2].
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KutoueBoit MOMEHT JaHHON PabOThI 3aKJ0YAETCS B TOM, YTO ITOKOOD/IMHATHBIN
CTIYCK JTAeT JIUIIH HEOOJBITTON BRIMTPHINI, WJIN BOBCE JarKe He JAET, B CJIOKHOCTH BhI-
YUCJIeHUs] ONTUMAJIbHON TOYKM i JiMHEeHHbIX Mozeseidl (cm. [12]) npu HEKOTOpBIX
YCJIOBHSIX HA Pa3MepPHOCTL TapaMeTpoB. B ciydae ke ¢ HeJIMHEHHBIMH MOEJISIMHU
BBIUTPBIII OILyTUMbIH. B HeJinHeHBIX MOZEsIX B OOJBIIHHCTBE CIy9aeB PelieHus B
SBHO# (popMe HeT, B HEKOTOPBIX CIydasX JlazkKe IUCJIEHHBbIE PEIIeHns] YCIOBHA TePBO-
IO HOPSJIKA MOIYT ObITh OY€HDb CJIOKHBIME JIJIsi PEAJIM3AlUU B [OJHOW PA3MEPHOCTH
napamerpa. Meros, u3BecTHbBI METO KAK MOKOODIMHATHOrO CILyCKa (MaKCUMU3AIMU
WM MUHWMU3ANWK) [3], momMoraer B Takux CUTyarusx u 3Gh@eKTUBHO OIEHNBET BeK-
TOP [APAMETPOB.

PaccmarprBaemast MOzesib UMeeT MmapaMeTp v, pa3MepHOCTbh KOTOPOTro p + ¢, TJie
P - PA3MEPHOCTb MHTEPECYIONErocss HAaMU apaMeTpa, a ¢ - Pa3MepPHOCTb OCTAJIbHO-
ro BekTopa. OOBIMHO p HEBEJIHMKA, IOTOMY YTO MbI TaKKe 3a00THMCS O IIPUTOHOCTH
U WHTEPIPETUPYEMOCTH HAIIeH MOIEN, HO ¢ MOYKET OBbITh W OYEHb OOJIBIITUM, XOTS
OIIEHUBAHUE ITOrO MapaMerpa fBJSeTCs BTOPOCTENEHHON 3aadeil, HO JIJIsi TIOJTHOTHI
MOJIEJTM MBI HE MOYKEM er0 UCKJII0UNTh. OCHOBHBIE CIIOKHOCTH C BBIYUCTIEHUSIMU TIPO-
UCXOZAT JIJTsl CJTydasi OOJIBIIUX PA3MEPHOCTEI, T. €. B CJIydasX, KOraa p—+¢q J0CTATOIHO
BeJiuKa, TO 00paruTh Marpuily (p+ ¢) X (p+ ¢) CTAHOBUTHCSA BBIYUCIUTEIHHO HEBO3-
MOKHBIM.

MeToa TOKOOPANHATHONO CITYCKA ABISIETCS 9aCTHBIM caydaem EM-amropurma. EM-
AJITOPUTM SIBJISIETCST TIOMYJISIPHBIM AJITOPUTMOM, KOTODBIH BrIepBbIe GBI MOJTyYeH B [7].
B [7] rakxe onucano, kak EM-airopurm MOXKHO Peau30BaTh B PA3HBIX OBJIOCTIX.
M= cebimaemest Ha [11] 3a kpaTkoe BBeieHue B pazpaborky EM-anropurma u orpann-
YMBAaEMCsl CChLIKON HA M3BECTHBIA pe3ysbrar cxouaumocru [13], KoTopblil no-1pexuemy
SIBJISIETCSI CAMBIM COBPEMEHHBIM B OOJILIIUHCTBE ciy4aeB. K coxkasenuio, pe3yiabrar
omucanubrii B [13|, Kak ¥ GONBINMHCTBO PE3yJIbTATOB CXOANMOCTH TIO STHM HTEpPa-
THUBHBIM IIPOIEAYPaM, OOECIIETNBAET TOJIHKO JIOKATBHYIO CXOAUMOCTE. B 310i pabore
PACCMATPUBAETCST OJIMH M3 OCOOBIX CJIyYaeB, KOTJA MOYKHO JTOKa3aTh (DAKTUIECKYIO
CXOIUMOCTb METOIA.

OcranbHas 9acTh CTATbU MMEET CJeIyomyio cTpyKTypy. Ilaparpad 2 comepxkut
[peBapUuTeIbHbIe CBeJIeHus 00 ODODIIEHHDIX JTMHEHHBIX MOJIEJSAX B KJIacce CILydaii-

HBIX BEJINYNH, HA3BIBAEMBIX IKCIIOHEHIIHATBHBIM cemeiicTBoM. [laparpad 3 comepxkur
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OCHOBHBIE PE3YJIBTATHI O CXOAUMOCTH TTOKOOPJAMHATHOTO CITyCKA I 00OOIIEHHBIX JIU-
ueitubix Momesteit. Tlaparpad 4 waaOCTpUpyeT YnuciieHHYI0 paboTy aJrOpuTMa, 9To

MTOITBEPKIAET PE3YIBTAT TeOpeMbl u3 maparpada 3.

2. BBEJEHUE B OBOBINEHHBLIE JTUHENHLIE MOJEJN

B srom paszgene mbl BBeeM Kitace 0OOOIMEHHO TUHEHHBIX MOJEIel ¢ HeMHOrO JIpy-
roif TOYKM 3peHusA. DTOT maparpad SBIAECTCA TOATOTOBATEILHBIM IJIsT maparpada
3.

IMycrs Y; He3aBucumble ciydaiinbie Bequuuibl, X; € R? u Y; ~ P; € (P,), uro
oznavaer Jv; : P, = P,,, vae (P,) upeamonaraercs 9KCHOHEHIMAIBHBIM CEMEACTBOM
pacrpeneeHuii ¢ KAHOHUIECKUM TTapaMeTpOM. JKCIOHEHIIHAIBHOE CEMEHCTBO OyaeT
obcyxkaeno masee B 3Tom naparpade. O600IeHHbie JIMHEHHBIE MOIEIN MOTYT OBITH
3alUCaHbl caeayomum obpasom Y; ~ Py (x,). B ciydae rayccosckoro pacnpenenenus
MBI ostygaeM Y; = v(X;) + €; ¢ mpousBonbHO# dyHKImeit v(-).

Dynkius v(z) MOXKeT ObITh 3AIMCAHA KAK
o0
(@) = 0ity(x).
j=1

Torga, suneiiHoe TapaMeTpPUUecKOe MPE/IIIOJI0KEHNE TAET

p+q p p+q
(2.1) v(@) =D 0;0(x) =Y _0(x) + > 055(x)
j=1 j=1 j=p+1
1715 3a/1aHH0T0 Gasuca ¥; (+). O6ozuadnm n; = 0,4; u BekTOp cronden n = (N, ...,n,)°" €
RY,
(2.2) Y; ~ Py, v =910+,

rne U = (Pi(x),...,¢p(2)" € RP, & = (YPpy1(a),. .., Ypyq(x))’ € RI u 0 €
RP, n e RY.
Jlorapudwm npasaononobusi B JAHHOM CJIydae PaBeH

n

dP, =
log Wi(y) = > (WYi—g(w) =Y (V7 0Yi + B nYi — g(¥]6 + @) ,
0 i—1 i=1

1
9TO ClelyeT W3 KBHBaJeHTHOCTH cemedicrBa (2.10), a dbynkuus g(-) Moxer GBITH

BbIBesIeHa U3 (2.8). DKBUBANEHTHO, HMEEM

def

(2.3) L(0,n) = STO+ R"n— A(0,n),
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rae

SEN YU, eR, RE S Vo e RY, A@B,7) €Y g(0To + 0Ty,

i=1 =1 i=1

O6o3Haunm sorapudm npasmononobust depe3 L(6,n) nan L(v), rae v def 0,1m).

Torga, B TepMuHAX U IOy 9a€M

L(v) = YTy — A(v),
s\" def
roe T = ( R) € Rr+4. Marpuna nndopmanun @umepa onpenensercs kak D? =

T
0
~V2EL(v*) = F(v*), rae v = (77) € RPt4, 3 V ato onepartop mnddepeHInpona-
nusa. Marpuna [ecce B TOUKe v 3alMCHIBAETCS CIEAYIOMIM 00Pa30M
Fog(v) Fo,(v
F(v) = —V?EL(v) = ( 00(v) Eoq( )> :
Fro(v) Fypy(v)
Hasiee mbl okaxkem, 4ro dbyskuus ¢(-) BbIULYKJIA, OTKY/a OyJer C1eJ0BaTh 10JI0KU-
Te/IbHasT OMPEIEJIEHHOCTh MaTpulibl nadopmanun Purepa F.
def %
Omnpenennm Bektop V = VL(v*), a Tak e CTaHIAPTH3NPOBAHHYIO BEPCHIO 3TOTO

BEKTOPA 5 CTIEYIONIAM 0DOPa30M
E=D'v.

[TapameTpsr ¥ = (é, 7]) 3aBUCAT OT JAHHBIX, CJIEJIOBATEILHO SBJISIOTCS CITyYaiiHbI-
MU, B TO BpeMs Kak v* = (6%, n*) uctunHOe 3HaYeHue TapaMerpa, KOTOpe He sBJIseTCst
cirydaitHot BeanunHOi. B peaJbHOCTH HCTUHHOE pacipe/iesienne Y Hem3BECTHO, HO MbI
JleJIaeM [1apaMeTPUYecKoe IPeIIIOI0KeHe HA KJIACC PACIPeIeIeHu.

Banummewm onpezenenns (1.2) u (1.3) Taknm o6pazom
(2.4) o= (0,7) = arg IrglanXL(G, n), v*=(0",n") = argrrgf;}?XEL(Q, n).

W3 onpenenenns v* caenyer, uro VEL(v*) = 0 oTKyJa BbITEKaeT

o\
IE(R) = VA", n")
AN
EY = VA(v*).

Baxknoe cBoiicTBO 9KCIIOHEHIINAJIBHOTO CEMENCTBA 3aKJ/II0YAETCd B TOM, YTO CTOXa-

crudeckas KoMmionenra (60, n) sorapudma nupasuonoobus auneitna uo 6 u 7. lycrs
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ei=Y,—EY;,u(=L—-EL rorma

¢(0,n) = (ST —EST)0+ (RT —ER")n=>_&:(¥]0 + @),

i=1

Teneps paccMoTpuM CJIeAyIOIIEE TIIUNTHIECKOE MHOKECTBO

(2.5) Qo(r) & (v | Dw— )| <7}

MuozkecTBo o () Ha3BIBAETCA JTOKAIBHOM OKpecTHOCTI0 v* g D? = —V2EL(v*) =
F(v*) 1 V2 %< Cov(VL(v")).

SanureM KOBApUAIMOHHYIO MATPUILY B OJIOUHON dhopme

(2.6) vz = (‘E/; é) .

Marpuia undopmarnuu @umepa F(v*) = —VZEL(v*) B 61ounoii dopme

(27) 50 = (5) Bt

JIIst TIeHTpabHON TOYKN v* pazjoykeHnne B 0J09HON (popme
D? A
2
D = F(U*) = (AT H2> R

rne D? = Fgp(v*), A = Fy,(v*) m H?> = F,,)(v*). Pasnoxum Tax xe sexrop V o

")

2.1. DKCHOHEHIINAJIIBHOE CEMENCTBO ¢ KAHOHWYECKUM mapamerpom. B 31oii

V L(v*) caepyromum obpazom

gacTd Mbl (POPMATBLHO ONMPEIENsieM IKCIOHEHIMATHLHOE CeMEHCTBO pacipeIesieHui.
CTouT OTMETUTD, YTO IKCIOHEHIIMATHHOE CEMEHCTBO TPEJICTABIsIET CODO TOBOJIHHO
[IUPOKHI KJIACC PACHPEIEIeHnH. DTOT KIACC COMEPKUT TAKUE PACIPEJEICHUs KAK
HOPMAJIbHOE, OMHOMUAJILHOE, TTyaCCOHOBCKOE, TaMMAa, MYJbTHHOMUAIHLHOE U JIPYTHE.
IIpocreiimumn npuMepamMu pacnpeIeIeHuil, He TPUHAIIEKAIAMA K SKCTTOHEHITHA -
HOMY ceMelicTBy, saBisiorcs pacnpenenenusi Crbiomenta u pasHoMepHoe. Kpacora
7 yaoOCTBO IKCIOHEHIIMAIBHOTO CEeMeHCTBA COCTOUT B TOM, YTO JIOTApUPMUIECKAT
GYHKIHS TPaBIONON00Ns UMeeT IMPOCTOM BU M MOXKeT ObITh 3aImcaHa siBHO. B 00-
IEM CJIy9ae MbI TOBOPUM, 4TO CJIydaiiHAs BEJIUYNHA C (PYHKIMEH MIOTHOCTH BEpO-

araoCTH f(+) IPUHAIEKUT IKCIOHEHIMATBHOMY KJIACCY, €Cau (DYHKIHS MIOTHOCTH
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BEPOSATHOCTH MOXKET ObITh BBIPAXKEHA CJIEAYIONIAM 00Pa30M

(2.8) F(aln) = h(z) exp{n" T(z) — A(n)}

rae 1) BekTop napamerpos, T(X) docmamounas cmamucmuxa, a A(-) dynryus ccvu-
xu (link function).

Kaxk yke ymoMsiHy/IOCh BBIIIE, CYIIECTBYET OIPOMHOE YHCII0 W3BECTHBIX PACIIPEIe-
JieHuit, (PyHKINU TJIOTHOCTH BEPOSTHOCTU KOTOPBIX MOTYT OBITH BBIPAYKEHBI B BUJIE
(2.8). Ur0obbt y6eauThCsi B 9TOM MOXKHO BbIPA3UTH (DYHKIMIO ILIOTHOCTH HOPMAJIbHOIO
pactpeenenus B dopme (2.8) wiu dynkuuu pacnpezaenenus Beprysu, Ilyaccona

3aJlaB 3apaHee COOTBETCBYIOIIINE obyractn OonpeaesIieHud mapaMeTpa.

2.1.1. Obobusernvie auretinve modeau. Ilyctb Y siBiisieTcsi 3aBHCHMBIM BEKTOPOM OT

JBYX MHOXKECTB HE3aBUCUMBIX mepeMeHubIXx ¥ u ®. Paccmorpum mMomens
(2.9) Y ~ P e (Py)ver < po,

riae (Py)yer IKCIOHEHIMATIBHOE CEMENCTBO DACTPEEIeHNT ¢ KAHOHWYECKUM T1apa-
METPOM, & [ip HEKOTOpasl JoMuHuUpyoias Mepa. Urak,

dP,
dpio

(2.10) log (y) =y -v—g(v) nna nekoropoit GyukIwn g(-).

JIemma 2.1. ITycmo (P,) sknonenyuaavroe cemeticmso panpedesenud. Tozda,
(2.11) E,Y =4 (v), Var,(Y)=E,[Y — ¢ @)]* = ¢"(v)
Caedosamenvro, Pynryua g(-) 6bNYKLG 66€PL.

3amevanue 2.1. s mpocTarhl 10Ka3aTEIHCTBO IPUBEIEHO It OJHOMEPHON (PyHK-
mu g(-), HO IAHHBIA PE3yJbTaT BEPEH M B CIyd4ae MHOTOMEDHBIX (DYHKIHMIT U Tepe-
MeHHBIX. QHUM U3 Pa3JIuduil 9TO TO, YTO BMECTO AUCIEPCHU OYIeT KOBAPUAITMOHHAS

MaTpHIla, KOTOPasg B CBOIO OYepeIb ABJIAETCS MOJOXKUTEIHHO ONpeaesIeHHOM.

2.2. KonneHrpanusa Mepbl. HamomMauM, 9T0 U3 CBOHCTB OOOOIEHHBIX JTHHEHHBIX
MOJIeJIel CJIeIyeT, 9TO CTOXACTUIeCKasd KOMIIOHEHTA JIOrapudMIUIECKOH DYHKIIUU TTPAB-
nononobust ¢(0,n) sieasiercs auHeitHol MO 6 U 1), a AeTepMUHUPOBaHHS YacTh EL(v)
— BOTHYTOI 1O V.

PaccMorpum snamMnTHYecKoe MHOXKECTBO ompeneneHHbM B (2.5). B [12] mokasa-
HO, 4TO CyLIECTBYET TAKOE JIIMITHYECKOe MHOXKeCTBO (2 (r) BOKPYr v Takoe 4ro ¥
NPUHAJIEXKAT 3TOMY MHOMKECTBY C OOJIBINIOI BEpOATHOCTHIO. Jlamee MbI mpeanomara-

eM, 4T0 * (DUKCUPOBAHHAS U JIOCTATOYHO OOJIbIIAA BEJIMYUHA, YEM U OLPEIEIIAETCH
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YyPOBEHb JOMUHUDYIOIIEH BepoaTHOCTH. Mbl Ha3biBaeM cjiydaiinoe MHOKECTBO (2 (x)

JOMWHUDPYIOIIEH BEPOATHOCTHIO, €CIN
P(Qo(x)) >1—Ce ™.

SHadeHre T MOXKET 3aBUCETH OT 1 U CIPEMUTHCS K OECKOHEYHOCTH ¢ pocToMm n. Bos-

MOZKHBI® 3HaUeHus T 570 = < n'/? u 2 < logn, koropse maior P (Qy(z)) > 1 — €/n.

EnpHcTBeHHOE TpebGOBaHWE K IMOCIEIOBATEIHLHOCTH {Ty} 3TO, YTOOBI OHA HE pOcia
CJIMIIKOM 6BICTPO, (POPMAJILHO, T < ¢ o,

Bce pe3yaprarhi, MOyd9eHHBIE HIKE, CAUTAIOTCS BEPHBIMU HA, CJIYIANHOM MHOMKE-
crBe () u, IOCKOJBKY TO MHOXKECTBO JIOMUHUDPYIOIIEH BEPOATHOCTU, TOLJA BCE
Pe3yabTaThl BEPHBI C 0OJIBINOI BepOATHOCTHIO. MbI Beerma momuuM 00 3TOM hakTe,
HO JIJIsT yA0OCTBA U MPOCTOTHI 0O03HAUEHMI MBI MCKJII0UaeM ero u3 (hOpMyJIUpOBKU

TeopeM.

2.3. JIlokasbHasi KBagpaTU4YHas anipokcuManusa (QYHKIUU Jorapudmude-
ckoro npasaononobusi. Hanomuum, uro dbyukuus L(6, n) moxer 6bITh Iepenucana
B TepMHUHAX v Kak L(v). B 970l yacTi MBI MOKayKeM, 4TO armpoKcuManus byHKINT
L(v) 10 BTOpOro nopsijika ¢ moMolibio pasnoxenus Teilsopa siBisiercs KOpPEKTHOI B
okpecrrocTy v*. ITomoxkum L(vy,ve) = L(vy) — L(vy) n HAMOMHAM, 9TO U CaydaiiHast

OLEHKA 3aBUCUIAA OT JaHHBIX. POPMAIBHO,
U = arg max L(v), v* =arg mﬁxEL(v).
Jamnee nmeewM,
(2.12) L(v,v*) = VL(v")(v —v*) — %HDQ(’U —0")||? 4 o/ (v,v"),

rae o (-) ompenernena B (2.12).
Amnanoruunbivm 06pazom, Mbl anmnpokcumupyem dbyukuio L(v) B oKpectHOCTH U UC-

nonb3yst Tor dakt, uro VL(7) = 0, cienoBaresbHO
1
(2.13) L(v,9) = =5 1D*(v = )II* + a(v, D).

3ameuanne 2.2. CBOHCTBO KOHIEHTPAIIUU TO3BOJISET UCIOIH30BATH PA3IOKEHUE
Teiinopa 10 BTOPOTO MOPSIIKA, KOTOPAsi XOPOIIIO ANTPOKCHMUPYET N3HAYATBHY IO (DYHK-
nuio L(-). Mnes 3akiogaercss B TOM, 94TO BOrHyTas (DYHKIUS B OKPECTHOCTH MAKCH-
MyMa, UMEeT KBaJPaTHuIHy0 (DopMy, T.e. pasjoxkenne Teilyiopa 10 BTOPOro MOPSIKa

He BJjiedeT OOJIbIIHe OIMUOKH ANITPOKCUMAIIUN.
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3. METO/ YEPEJVIOIINXCSI HAUMEHBIIINX KBAJIPATOB [IJ1s1 OBOBIIEHHBIX

JIMHEMHBIX MOJIEJIEN

Oror maparpad 00606IAeT OOBIYHBIN METOJ, HAUMEHBIINX KBAJIPATOB JIJIsl JTUHEMH-
HBIX Mogzeseii (cM. [12]) ¢ mOMOIIBIO TTOKOOPANHATHOIO CIIYCKA W JIOKA3BIBAET aHAJIO-
IUYHBIA pe3yJibTar B Clydae 0OOOMIEHHbIX JIMHEAHbIX MOe/Iel. 3a1a4a HeTPUBUAIb-
Ha, TOCKOJIbKY OIEHKHU JJIst DOJIBIMMHCTBA MOJEIeH HeJlb3s MOJIyIuTh B SBHOM (hopMme.
BwmecTo 3T0r0, Mbl anmpokcuMupyeM (hyHKITHIO TPaBIOMOI00Hs ¢ TIOMOIIBIO KBAIPa-
TUYHON (PYHKIMK HA CIyd9aifiHOM MHOXKECTBE, e HAOII01aeTCsd KOHIEHTPALMS MePbI.

O06001IeHHEbBIE TUHEHHBIE MOJIEIN YAaCTO UCIOIH3YIOTCS BO MHOTHX MOIESX U MMe-
10T P&/l IPUJIOXKEHUH B cCaMbIX Pa3HbIX obsiacTsx. Hanpumep, B KareropuajibHOM aHa-
JM3e JAaHHBIX, 33aa4ax Kiaccudukanuu, [lyacconoBckoit perpecun, u T.71. B Teopun
CTATUCTUYECKOrO O0y4eHMs W OLEHMBAHUS ILJIOTHOCTH BEPOATHOCTH B IIEPBYIO O4e-
Peb PacCMaTPUBAIOTCA UMEHHO ODOOIeHHbIE JTuHeHbIe Moae . JInHelHbIe Moaen
MOPOit CJUIITKOM TIPOCTHIE, YTOOBI OMUCATH BCIO MOJIE/b, TOITOMY BO MHOTHX CJIydYasiX
11eJ1eCO00PA3HO UCIIOIH30BATH OOOOIIEHHBIE THHEITHbIE MOIE/TH.

Jlasiee MbI 0OCYIUM TOKOOPAUHATHBIN CITYCK I (DYHKIINN KBA3HU-TTPABIONOI00MS,
LIOJIy Y€HHO B Lpeablayineil riase. B obiiem ciydae npoueaypa yepegoBaHus MaKCu-
Mu3auy (MUHUMU3AUK) UCHOJIb3YETCd B TeX CJIydasdX, KOrJa NpPAMbIe BbIYUCIICHUs
MOJTHON PA3MEPHOCTH HEBO3MOKHBI WJIM OYeHb TPYIHO PEATU3YEMBbI.

IMycrs L(v) dbyskuua npasnomnonobus, rae Bektop v = (6,71) Moxer GbiTb pas-
JIOXKEH KAaK Uyeaesol mapamerp 6 u mapamerp 7), KOTOpbI HAC He mHTepecyer. Me-
TOJ, Yepeayromeicda MaKCUMU3alUuu 3TO UTEPATUBHBIA AJIrOPUTM HAYMHAIOIUICA C

KaKOTO-TO HadaJbHOTO 3HadeHns v° € RPTY i mpasmiom 0OHOBIEHNS KaK MOKA3aHO

HHN2>Ke
~ def ;5 . ~ A
O = (Ok, k) = (9k7argmaXL(9kﬂ7)> ;
neRa
~ def /5 ~ ~ ~
(3.1) Ukt1,k = (Oks1,7k) = (argglﬁaxﬁ(&nk),nk) .
cRP

B sTom pazzenie Mbl OCTAPAEMCsS OTBETUTH HA, HEKOTOPBIE €CTECTBEHHBIE BOIIPOCHI,
BO3HUKAIOIIUE C ONMCAHHON BBIINIE MTEPANMOHHON mnponeaypoil: Cxomurbes Ju Io-
CJI€IOBATEIHHOCTH (Ok)? KaxkoBa ckopocts cxomumoctu? [Ipw Kakux yCroBHsSIX 3Ta

[IOCJIEIOBATEILHOCTD CXOAUTHCA K OLEHKE MAaKCUMAaJILHOrO [IPaBI0IOno0us U7

3.1. CxoauMOCTh K OIleHKE MaKCHMMaJIbHOTO mpaBaonomobusi. OgHuM u3 oc-

HOBHBIX PE3YJIbTaTOB ABJldeTCs CJIeyIolad TeopeMa 1IPO CXOJUMOCTD [1PE/JIO?KEHHON
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MPOIEAYPHI K OIMEHKE MAKCHMAJIHLHOTO MPABIONOA00Us /11t O0ODIIEHHBIX JIHHEHBIX

MoIeneit.

Teopema 3.1. ITycmb modeav sadana xax 6 (2.2) u nosoorcum v = (0,n) € RPTL,
L(v) onpedeaena 6 (2.3) u D? = —V2EL(v*) mampuya Tecce dan aozapudmureckot
2
Pynryuu npaedonodobus L(v) 6 baouno-maempuunold gopme (gT 1.}42
&. Ipednonooicum, wmo p = ID*AH Y2 < 1 u yeaosue |D~'VZEL(v)D~! —

Ipigll < 6(r) <6 emnoaneno, 2de Iy, — edunuunas mampuya.

) 6 mouke

Tozda, Nocaed08aAMEALYHOCTND OUEHOK NOAYUEHHBLT MEMOJOM UePedyouetica Mak-
~ - def
cumusayuu crodumvca x 0 = Iyt = Ilgargmax, L(v), a Ily npoexmop sexmopa na

ceot nodeexmop 0.

3ameuanue 3.1. O6o3HAYCHUE Uy (41); UCTONB3YETCA B CAyYasX, KOTJA Pe3yJIbTaT
BepeH JJid Uk k B Vk1 k-
Joxazameavcmeo. 3ammmiem (2.13) B TrepmuHax 6 u n

L(v,?) =

1 ~ 1 N ~ _ -
(3.2) *§||D2(9 —-0)|I” - §||H2(?7 —)* = (0—6)"A(n — 7)) + a(v, D).
IMycts 6° ecTh HAYANIbHOE 3HAUEHNE W UCIOJIb3Ys METOZ, ONuaHubiil B (3.1) noxydaem
o = 7(0°) =

swgmin | 511D%(0° = 0)|F + S0 = 0)|? + (0° = ) Al = ) + a0 5)
Torma, ycJIoBHe TEpBOTO TOPAIKA JaeT HaM CJIeIyIoIee COOTHOIEHNE
H? (1t — 1) = AT(0 - 6°) + V,ya(,0, D).
AHasorndHbIM 06pa3oM, perienue 0; def 5(7}0) HMeeT CIeayoImyo Gopmy
D*(01 — 0) = A(ij — 7o) + Voa (i 0, ).
Torma uTepanuOHHBIHA IPOLECC Yepeayomeics MAKCUMU3AIUHA JAeT HaM CJIeILy IOy 0
PEKYPCUBHYIO CHCTEMY YPABHEHHUIA, 3aBUCAINYIO OT HAYAJBHOIO SHAYCHUS:
{H2(7?k: —1) = AT(0 = Ox) + V(B e, 0)
D?(Op11 — 0) = A7 — i) + Voa(Up41,k, 7).

H? (i, — 17) = AT (0 — 01) + Vya(Bp 1, 9)
D(Ok41 = 0) = D7PA() — i) + D™ Voo Tk 1,1, ).
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Hajiee Mbl Boipazkaem (7] — 7j; ) UCIOJIB3YI0 Bropoe ypasHenue (3.3) u mojcraBjisgeM B

nepBoe ypasHenue. B urore, momyunm
D(f41—0) = DPAH2AT(D™'D) (0 — 0) + D™ [Vpa(v,7) — AH >V a(v, )] .

Teneps onpemenny M, ©f D-1AH2ATD 1 &t

def

E(T)k(-&-l),k) = p! [Vga(ﬁk+17k,?j) — AH’QVna(f)k,k,f))]

JTAeT CJIeIYIONIYI0 PEKYPCUBHYIO (bopmyTy
(3.4) D041 — 0) = Mo - D(By, — 0) + E(Tp31)1)-

CrietoBaTeIbHO, CYMMUPYSI JIJIst BCeX k, HAUMHAS ¢ HAYATbHOTO 3HAYEHHSI, B3sIB HOPMY

7 UCTIOJIb3Ys HEPABEHCTBO TPEYTOJbHUKA, TTOJTYYUM CJIEIYIONINH pe3yIhbTaT

1D @i = O < 1Mol - | DO = )| + IE(@ry1),0)l| < 1Mo ]* - [|D(E° = )] +

1- ”MOHk

k—1
S L 1B @)l = I 1D = D)+ 18 0)] -
£=0 o

Hcromnsyst mpemosoxKene p |D-*AH"!|| < 1 jerko BumeTh, YTO MEPBbIif
YJIeH CTPEMHUTLCA K HYJO, KOrIa k CTPEMHUTHCA K GECKOHEYHOCTH.

Hanee Hy>KHO TIOKa3aTh, 9T0 Z(Uk(41),k) YMEHBIIAETCS C POCTOM k.

Has D71Voa(Tg11.k,0) Teopema C.1 B [2] maer HyxKHYIO BEPXHIOIO ONEHKY, KO-
Topad CTpeMuThca K 0 ¢ pocToM k. 3aMeTHM, 9TO HCIOIB3yS 3Ty TEOPEMY MOXKHO
LOCTPOUTH BEPXHHE OLEHKH [/ OCTABLIMXCH WICHOB Z(Uk(41),k), KOTOPBIE, B CBOKO
od9epesib, JAIOT BEPXHYIO ONEHKY I =(Uj(41),k) TETHKOM.

Cremosarensno, ncnonb3ys Teopemy C.1 w3 [2] n HEPABEHCTBO TPEYTOJIHHUKA TTO-

JIyYUM HY?KHYIO OHeHKY i Z(Ug(41),x). IToro, nomyyaercs

2@kl < 1D Voa(Bri,k, 0)|| + | D AH >V, o(Tp1, 0)|| — 0 xorma k — oc.
O6beMHMB BCE 110JIy YeHHBIE CBOWCTBA, IIOJIyYMM, 9TO

(3.5) D (041 — 0)|| < sp — 0 as k — .

Ncnonmb3ys Te e BBIKJIQIKK SICHO, KaK MOJYYUTh CBOHCTBO CXOAMMOCTH IS TIapa-

MeTpa 1), YTO W 3aBEPIIALT [TOKA3ATETHCTBO TEOPEMBI. g

Bameuanne 3.2. [TocienoBaresbHocrb s, u3 (3.5) MoxKeT ObITh UHTEPIPETUPOBAHA
KaK DPaJyHC JLIATITHYECKOTO MHOXKECTBA BOKDYT 6, Kyzaa OreHka 6y 1 MONAIAeT C

OOJIBIIION BEPOSITHOCTHIO.
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3ameuanue 3.3. Pesynprar Teopembr 3.1 TOBOPUT O TOM, YTO € IUHCTBEHHBIM YCJIO-

A def _ _
BHEM [[JIsT CXOANMOCTH TOCJIEIOBATEIFHOCTH <9k) apnsiercst p = || Mo|| < 1u||DVZEL(v)D~!—
Ip4ql| < 6. Bomee Toro, nabmogaeTcs IuHeHHAS CXOMUMOCTD K OLIEHKe MAKCHMAIBHOTO

HpaBﬂOHO,ZLO6I/IH 9, KOTOPYIO BO MHOTUX CJIYyYadAX BBIYUCJIUTEIBHO TPYAHO MOCYUTATH.

3.2. YUepenyromiasgcs oneHKa. Bbiiie Mbl MOKa3aJ1, 9TO MOCIEI0BATEHbHOCTD OIle-
HOK, TTOJIy 9€HHBIX C UCIIOIb30BAHUEM METO/IA, 9€PE Ty IOIINXCSA HANMEHbBIINX KBAIPATOB
CXOJUTCS K COOTBETCTBYIOMIEH OIEHKE MAKCUMAJIBHOIO MPAB/ONOI00MS. DTO CUIIbHbBIA
U TPUHIMITHATBHO BAYKHBIH JIJTsl TPAKTUKHU Pe3yabrar. Kak ObLI0 CKa3aHOo BBIIIE, eCTh
JIBE OCHOBHBIE TPOOJIEMBI, KOTOPhIE IEJIAI0T TpobieMy HeTpuBHaabHON. IlepBas u3
HUX — HEBO3MOXKHOCTB TIOJIY YUTh SIBHOE PEIIEHUE B OOJIBIITUHCTBE CJydaen, a BTopas —
60JbIMast Pa3MEPHOCTh HE MHTEPECYIOIIErocs: HaC MapaMeTpa, 9To JI€JaeT HEBO3MOXK-
HbIM HEIIOCPEJCTBEHHOE IIpUMEeHeHne u3BecTHOro merozaa Hpiorona-Padcona. Auib-
TEPHATHUBHBIA METO/ MAKCUMUBAINY TPEOIOJIE STU MPOOJIEMBI, a HEIOIMYCTUMBIE Pa-
Hee OIEHKH MMOMEHSIJINCH Ha, OIEHKHN "MpuOImKeHHbEe" K OlIEHKe MAKCUMAJIHLHOTO TTPAB-
JOIION00H.

asee B 3TOM paszzesie MbI TIOKAXKEM, ITO YePEeYIONasics OlleHKa OJIM3Ka K UCTHH-

Hoit onenke (0*,n*). Hanomuum, 4ro
* * %y def
v* = (6%,n") = argmaxEL(v).

Crenyromiasi TeopemMa W3BeCTHA KakK pasioxkenue Ourrepa u Mbl (DOPMYJTIUPYEM €e
B paMKax ODODIIEHHBIX JTHHEHHBIX MOeei. BermoMuHast onpeienenusi, IpuBeIeHHbIe
B mpezplayeM naparpade, remnepb Mbl TOTOBBI ChOPMYJINPOBATD U JTOKA3ATHh PA3JIO-

kenue @urnepa.

9

Teopema 3.2. [Tycmo ewnoanenv, ycaosus Teopemvr (3.1) u édéf D=V, 2de V =
Vo — AH*QVT,.
Tozda

| D(6 — 0*) — €] = 0, o2da k — oco.

JHoxazameavcmso. OcHoBano Ha uzesx nokasarenbcrBa Teopembr (3.1). 3aech Mbl
passaraem JiorapudMudeckyio (DyHKIHIO TPABIOIOA00NS BOKPYT v™.

Cuadajia Mbl HCIIOJIB3yE€M YCJIOBUs IEPBOTO MOPSJKA U MOy YaeM
DBy, — 6*) = D™IVyL(v*) — D™ Al — n*) + D™ Voa(Opp, v*)

(3.6) H(ijy —n*) = H 'V, L(v*) — H AT (0,1 — 0) + H 'V, a(tg_1.1,0")
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OcroBbIBasACh Ha [2] MBI MOzkeM orparmauts D' Voa (0 k. v*) 1H Vo (0g—1,k, v*).

Hns cucrembr ypasuennit (3.6) Bepro
D —0*) = D7 VyL(v*) — D HAH 2V, L(v*) — AH2AT (0,1 — 6*) +
AH 2V ,a(0—11,v")] + D™ Vot 1, v*),
OTCIOJIa CJIeayeT
D0y, — 0%) = MoD(0x—1 — 6%) + D~' [VoL(v*) — AH >V, L(v*)] +
(3.7) D™ Voa(tp,v*) — AH >V, o(Tp—1,4,0") } .

BameruM, 9TO UCTIONL3YS onpenesteHue &, (3.7) MOXKeT ObITh MEPENUCaAH CJIeLYOMIUM

obpazom
D(ék — 9*) — fv = MOD(ék_l —0")+ D! {Vga(ﬂk7k,v*) — AH_QVnOz(f}k_l)k,v*)}

Hasiee cymmupys 1o BceM k HaYWHAsS C HAYAJIbHOIO 3HAYEHUs, ITOCJIE TOr0, KAK B3N

HOPMBI OT O0€HX CTOPOH M HCIOJb3YIO Ipeanonoxenne p = || M, || < 1, nomyzaem
(3.8|D(0). — 0) — €|l < C(p) - D™ {Vpa(tyk,v*) — AH Vo0 —1,4,0%) },

rae C(p) 9TO KOHCTAHTA 3aBUCHINAS TOIBKO OT p. OcTaJbHbIE YJIEHBI MOKHO OIEHUTh
ucnonbsys Teopemst C.1 u3 [2].

HamomuwM, 910 1151 TOrO 9T00BI IOy YUTh BEPXHIO TPAHUILY /ISt D_1V90¢(17k7 k, V%)
nyxno ycaosue | D IVZEL(v)D ™! — I,4,]| < & ana mexoropoii koncranTbt § > 0.

Haxkomerr,
(3.9) | D(0r — 0") — €]| < 8 — 0, korma k — co.
0

v

OrMeruM, 9T0 MATEMATHYIECKOE OXKUIAHUE CJAydaifHON BenuduHbl & paBHA HYJIIO,

6oaee Toro, Var(£) = D=1V2D~1

3ameuanune 3.4. CTouTr TaK )Ke OTMETUTDH, UYTO pasyokeHune Puirrepa 0CTaeTCs BEp-
HBIM Jlaxke B ciydae KoHedHoro k. Torma, coOTBeTCBYIONIAsi HOPMA OIPAHUYEHA HE

HYJIEM, & MOCJIEIOBATEILHOCTHIO Sf, CTPEMSIIEMYCs K HYJIIO.

3ameuanne 3.5. CiygaiiHbIil BEKTOD 5 € RP B ciryvae mpaBu/ibHOMN crenuduKaum
MOJIEJT UMEEeT HOPMAaJIbHOE DACIpeiesieHne, Clie0BaTeIhHO ||§v |2 umeer xu-xBapar
X?) pacmpeeienne ¢ p CTEmeHsaME CBOOOAbI. B ciiydae ke HeBepHOil creruuKamm
Mozenn pacripeesenue ||€]|2 Hen3BeCTHO B KOHEYHOMEPHOM CJIydae, HO ACCHMITOTH-

YeCKU OHO MMEET XHM-KBA/JPAT PACIIPEEJIEHUE C P CTEIEHAMU CBOOOIbI.
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3.3. Bbibop HavaspHOrO 3HaUYeHusi. HadajpbHOE 3HAYEHNE MOKET ChITPATH PeIlia-
IOIIYI0 POJIb B COJIMYKEHUN UYEPEIyIOIIEerocsi MeTOIa, W eciu Mbl "mpeycreem'c HUM,
rorzaa Berpbii oyaer aposikuM. [lepsoe — ycnosus Teopembr (3.1) moryT 6biTh 0ocsiab-
JIEHBI ¥ BTOPOE — YWCJIO UTEPAIUi [IJIsi CXOAMMOCTH MOXKET OBITH CHUJILHO CHUYKEHO IO

=2 11

cpaBHeHHIO ¢ "m10x0i1" HavabHOM TO4YKOM. XOopolue HadalbHble 3HaYeHus 6° OTHO-

def _ _
caTca k nepsomy ycaosuio Teopemsbr (3.1), T.e. p = ||[D7AH 7?2 < 1.
O603nauum depe3 V BEKTOPHOE IPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB MATPUIIHL
def
M, cOOTBETCBYIOIIHE COOCTBEHHBIM 3HAYEHHSIM KOTOpbIe Oobire 1. Dopmanbuo, V =
span (v1, V2, ...,v;), IO

Mo’l)i:)\i’l)i,ViE{].,...J} u |)\7,| > 1.
JlemMma 3.3. Ecau 0° evbpar max, 4mo

(3.10) wlV,

def 5
20e uw = D(0° — 0), mozda umeem mecmo crodumocms.

JlokazaTeabCTBO ITOM JTIEMMBI OCHOBAHO HA IMIPOCTOM JIUHEHHOI anmredphl, TeM He Me-
Hee, KPATKO O0HACHIM W0 3aMETIM, UTO TPe/IoIosKente p o ID7TAHY? <1
03HAYAET, 9TO BCE COOCTBEHHBIE 3HAYEHUS HAXOAATCI BHYTPU €IUHUYHOIO KPyra, Tak
9TO MPOIECC OYIET CXOANUTHCA. DTO BEPHO HE3ABUCHMO OT TEPBOHAYAIHHOTO 3HAYE-
Husi. TeM He MeHee, Mbl MOXKEM OCJIADUTHL 3TOT pe3ysbrar "xopouum'BbIOOpOM Ha-
JaJabHBIX 3HadeHnit. Ecan marpuna M, mveer cOOCTBEHHbIE 3HAYECHNUS, HAXOISIINEC
BHE €IMHWYHOTO KPYTa, TO HAYATHLHOE MPEJIMOIOKEHe MOTJIO OBl TIOMOYh OOPATHUTH
UX B HYyJIb, OyIy9d OPTOrOHATBHBIM MPOCTPAHCTBY COOTBETCTBYIOIIUX COOCTBEHHBIX
BEKTOPOB.

Crour Takke or™MeTuTh, 9T0 ycsosue Teopembr 3.1
D VPEL()D ™! — Lyl < 8(r) <6

HUKAK HE OTHOCUTHCS K BHIOOPY HAYAJIBHONW TOYKHU U HYXKHO, YTOOBI OTPAHUYUTD WJIEH
E(Vk(41),k)- CnegosarenbHo, 310 ye/ioBue He MOXKeT ObITh 0C/1ab/IeH0 B 3aBUCHMOCTH

OT Ha4aJbHOU TOUKHU 6°.

4. YNCJIEHHBI TPUMEP

B srom maparpade mbl mpuBeeM YHCIEHHBI HPUMEP U POUJIIOCTPUPYEM €ro
CXOAUMOCTDH coryiacHO Teopeme 3.2. [Ipeanmomoxkum, 9TO Ha CTOME JIEKAT N MOHET U

KTO-TO CJIy9aiHBIM 00Pa30M BBIOMPAET OJIHY U3 MOHET u mogbpacbiBaer k pas. I[lycrs B

66



METO/J YEPEAVIOINUNXCA HAUMEHBIIINX KBAJJIPATOB ...

manpHelmem n = 2. IlycTb y mepBoit MOHETHI BEPOSATHOCTH MOSABJIEHUS OPJIa, P1, & JJIs
BTOPO# — po. B 3TOM ciiydae mapaMeTp, OTIEHNUTH KOTOPBIi ABISETCS BTOPOCTETEHHOI
3agatdeii Oyaer m — BEPOATHOCTD BHIOOpA MEPBOil MOHETHI.

[Ipeamonarasi, 970 Mpu KaxkI0M BBIOOpE MOHETa moadpackiBaercs 10 pa3 u Takux
BbIOOpOB 10, mosryuaerca 50 nabmoaenuit, 2 mapaMmerpa, KOTOpble HAC HHTEPECYIOT U
OJIWH TIapaMeTp 7, OIeHKa KOTOPOil HaM He WHTePeCHa.

IIycrp nmeem
Mowuera 2: H,T,H,T,T,H,T,H H,T.
Mownera 1: H,H,H,H H H'T H H,H.
Mowuera 1: H,T,H,T,H H H H H H.
Mownera 2: H,T,H,T,T,T,T,H, H,T.
Mowuera 1: HH, H,T,H,H,T,H, H,T.

Nudopmanus mpo MOHETHI 33/aHA JIMIIL JJis [OJYIE€HUS OIMEHOK MAaKCHMAJIHLHOI'O
PaBAONON00Hs, HO AJTOPUTM ITOrO He 3HaeT. IIoHATHO, 9TO

24 9
2 =08 Po=—"
2446 9+11
IIycte p] = 0.6 m p5 = 0.5 HauanbHBIE 3HAYEHUA TTapPaMaTpPOB D1, P2. lIpoBona ana-

p1 = = 0.45.

goruto ¢ naparpadom 3 Buaum, 4ro § 310 Bekrop(pi,p2), a 7 — 7. Bepogrnocrh

nosyuuth k opsios B 10 nogbpaceiBanugx, riae ¢ € {1,2} pasua

pe(k) = CLopE(1 — po) 0.

Samerum, 910 OMHOMUATBHBIH KO duueHT st 00enx MOHET OJMHAKOBBIHN, CJIeI0-
10—k

(4.1)

BaTeJIbLHO, OCTAETCA TOJHKO OTHOIIEHHE TAKUX (PaKTOPOB pf( 1—pe) JJ1T HEKOTO-

pbix k. Ucnosnb3ys Havaububle 3Hadenus u (4.1) nosydaeMm cieyLyiomyo rabjiuily

IlepBas ureparus
T 1—m Momnera 1 Momneta 2
0.45 | 0.55 | =2.2H,2.2T | ~2.8H,2.8T
0.80 | 0.20 | = 7.2H,0.8T | ~1.8H,0.2T
0.73 | 0.27 | =59H,1.5T | ~2.1H,0.5T
0.35 ] 0.65 | ~14H,2.1T | ~2.6H,3.9T
0.65 | 0.35 | =~4.5H,1.9T | =~ 2.5H,1.1T

’ ‘ ‘ ~ 21.3H,8.6T | =~ 11.7H,8.4T
1 torpma, B cienyioreit nrepanuu Mbl [IOJIy 9aeM

21.3

~(1
(4.2) P =
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Ywucso nurepanuit 10 CXOIUMOCTH 3aBUCHAT OT HAYAJIBHBIX YCIOBUN M HACKOIBKO JTAJIEKO
MBI HAXOIUMCSI OT OIIEHOK MAKCUMAJILHOTO TMPaBIOnoaoous. IIpu 3a1aHHBIX HAYAIB-
HbIX 3HadeHusx p] = 0.6 u p; = 0.5 HonydaeMm CIeAyIONIYIO IOCTIEI0BATEIbHOCTh
onenok. Tak ke B Tabmure 1 Tpe/ICTABIEHBI OIEHKN MOJYYEHHDBIE B CIyYae CO CIy-

YalHbIMM HAYaJbHbIMUA 3HAUYEHUSAMU.

TasaugA 1. CxogumocTs ¢ (PUKCUPOBAHHBIM U CIYYARHBIM HAYAb-
HBIM 3HaYEHHUEM

Urepanus bUKCHPOBAHHBIN CTAPT CIyvJaiiHBIN CTApPT
Py Py’ Py Py

1 0.600000000 0.500000000 0.935954410 0.0659086863
2 0.713012235 0.581339308 0.759177699 0.434881703
3 0.745292036 0.569255750  0.78052855  0.485752725
4 0.768098834 0.549535914  0.79025212  0.505705724
5 0.7831645 0.534617454 0.794205962 0.513867055
6 0.791055245 0.52628116 0.795774011 0.517227986
7 0.794532537 0.522390437 0.79639082  0.518613125
8 0.79592866 0.520729878 0.796632802 0.519183793
9 0.796465637 0.520047189 0.796727694 0.519418794
10 0.796668307 0.519770389 0.796764932 0.519515523
11 0.796744149 0.519658662 0.796779561  0.51955532
12 0.796772404 0.519613607 0.796785317 0.519571692
13 0.796782900 0.519595434

B obowux caydasix cXOIUMOCTH K OIEHKE MAKCHMAJIHHOTO MPABIOTOA00MS TTPOUCXO-

JUT ¢ OOJIBIIONA TOYHOCTHIO.

3ameuanue 4.1. 3amerum, uTo pacnpenenenue Beprynmm (noabpackiBanme MOHET)

MOYKHO JIETKO PACITPOCTPAHUThL, HATTPUMED, 0 HOPMAJIbLHOTO pactpenenerns. [lycTs
2

X1,y Xo ~ N(pa, 07) 1 Xpg, -

OBITH TPUMEHeHa U B caydae n pa3ubix pactpenenennit N(u;, 02) ,Vi € {1,...,n} ¢

-y Xy ~ N(uz, 03). Unes 10BoIbHO 00IMASA U MOKET

pasHbIMU BeposaTHOCTAMU (p;) npuHazexHocru Kiaacey @ € {1,...,n}. Bomxee roro,
BMECTO HOPMAJIbHBIX PACIIPEIEIEHUH MOXKET ObITh UCIOJIb30BAHO JII000E yI100HOe /115

JIAHHOIN 3a/1a9u PaCIpeIeeHue.

Abstract. We derived a convergence result for a sequential procedure known as
alternating maximization (minimization) to the maximum likelihood estimator for
a pretty large family of models - Generalized Linear Models (GLMs). Alternating

procedure for linear regression becomes to the well-known algorithm of Alternating
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Least Squares (ALS), because of the quadraticity of log-likelihood function L(v). In
GLMs framework we lose quadraticity of L(v), but still have concavity due to the
fact that error-distribution is from exponential family (EF). Concentration property
makes the Taylor approximation of L(v) up to the second order accurate and makes
possible the use of alternating minimization (maximization) technique. Examples and
experiments confirm convergence result followed by the discussion of the importance

of initial guess.
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Abstract. The paper deals with the question of convergence of multiple Fourier-Haar series
with partial sums taken over homothetic copies of a given convex bounded set W C R?
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for this type sets W with symmetric structure it is guaranteed almost everywhere convergence

of Fourier-Haar series of any function from the class L(InT L)?~1.
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1. DEFINITIONS AND NOTATION

We use the following notation: I is the unit interval [0, 1]; Zg is the set of all

nonnegative integers; A} and 3}9 (k € Z, i € Z) are dyadic intervals (%, 55 ) and
(=1 4
2k v 2k

Recall (see [1]) that the Haar orthonormal system h = (h,)men consists of the

|, respectively; p,q (p,q € Z, p < q) is the set [p,q] N Z.

functions defined on I in the following way: hi(z) = 1 (z € I); if m = 2¥ +i (k € Zy,
i € 1,2F), then h,,(z) = 2%/2 when z € Aijfll, hi(z) = —2%/2 when © € AZ',,,
hm(xz) = 0 when z ¢ 3}6, at the inner points of discontinuity h,, is defined as the
average of the limits from the right and from the left, and at the endpoints of 1 as
the limits from inside of the interval.

In what follows, if something else is not said, we will assume that the dimension n
is greater than 1. Let 6(1) = (97(,1)),71@;, 00 = (95,?))meN be systems of functions
on I. Their product A1) x --- x (™ is defined as the system of functions Oy, (x) =
95,2(961)97(,?2(:5”), where m = (mq,...,m,) € N* and x = (21,...,2,) € I™
The multiple Haar system is defined as the product A X --- x h.

Let E C N and A > 1. A set F is said to be A-lacunar if for every m,m* € FE
with m < m* we have m*/m > X. A set E C N" is called A-lacunar if there are

one-dimensional A-lacunar sets F1,...,F, C N such that £ C E; X --- X E,. A

*The research is supported by Shota Rustaveli National Science Foundation (project no.
217282).
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set £ C N™ is said to be lacunar if E is A-lacunar for some A > 1. A sequence
(@m)menn Or a series Y . G is said to be lacunar (vesp. M-lacunar) if the set
E ={m € N": ay, # 0} is lacunar (resp. is A-lacunar).

By H(x) (x € I") we denote the spectrum of the multiple Haar system at a
point x € I, that is, the set {m € N : hy,(x) # 0}. By I4 we denote the set of all
dyadic-irrational numbers of I.

From the definition of Haar system it easily follows that: if x € Iq, then H(x) is
a 3/2-lacunar set, and hence, taking into account that H(x) = H(z1) X+ - x H(x,,),
we have that H(x) is 3/2-lacunar at every x € I75.

Let k € Nand A > 1. A set E C N we call (k, A)-sparse if there are disjoint
A-lacunar sets Eq, ..., Ey C N such that £ = E; U --- U Ej. Obviously, the notion
of (1, A)-sparse set coincides with that of A-lacunar set. A set E C N" we call
(k, \)-sparse if there are (k, A)-sparse one-dimensional sets Ej,..., F, C N such
that E C By x --- X E,. A set E C N" we call sparse if it is (k, A)-sparse for some
keNand A > 1.

It is easy to see that if x € T\, then H(z) is a (2,3/2)-sparse set. Consequently,
taking into account that H(x) = H(x1) %X - -x H(z,,), we have that H(x) is (2,3/2)-
sparse at every x € I™ \ I7. Thus, for arbitrary point x € I" it is guaranteed
(2,3/2)-sparseness of the spectrum H(x).

A point x € R™ we call dyadic-irrational if x € I}, that is, if each coordinate of
x is a dyadic-irrational number.

A sequence (@m)menn Or a series ) . am we will call sparse (resp. (k,\)-
sparse) if the set E = {m € N : a,, # 0} is sparse (resp. is (k, \)-sparse).

Let W C R%, where R = [0,00). For a series 0 = ) _yn @m by Sw(o) we
denote its partial sum by the set W, that is, Sw (o) = > ,cy @m. Note that the
sum by empty set of indices we assume to be 0.

The convergence of partial sums S,y (o) as r — oo will be referred as W-
convergence of the series 0. Here 7W denotes the homothetic copy of the set W by
a coefficient r > 0, that is, rW = {rx : x € W}.

For the cases W =1" and W = {x € R} : 27 +---+x2 < 1}, the W-convergence
is called cubical convergence and spherical convergence, respectively.

A set W C R% we call standard if it is bounded and contains an intersection of
some neighborhood of the origin with R}.

A set E C R™ we call symmetric with respect to k-th variable if E is symmetric

with respect to hyperplane {x € R" : z;, = 0}.
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We will say that a standard convex set W C R} is of symmetric type if there
exists a symmetric with respect to each variable convex set £ C R™ for which
W =EnNRYE.

Recall that a sequence (G )menn is called convergent if a,, tends to a limit

as min(my,...,m,) — oo, and a series 0 = > am is called convergent in

mecN”»
the Pringsheim sense if the sequence of its rectangular partial sums Sy, (o) =
Sl > ai (m e N")is convergent.

By a section of a multiple sequence (am)men» we shall mean the sequence
obtained from (a,,) by fixing some coordinates of the index m, and by a section of
a series 0 = ) n» Gm We shall mean a series composed by some section of the
sequence (Gm)-

A multiple numerical series is said to converge regularly to a number s if it
converges to s in the Pringsheim sense and if each of its sections is convergent in the
Pringsheim sense (for one-dimensional sections ordinary convergence is considered).
This type of convergence for double series was studied by Hardy [2] and Moricz [3].
For the briefness of formulations, for one-dimensional series the regular convergence

will be identified with the ordinary convergence.

2. RESULTS

A rectangular partial sum of a multiple Fourier-Haar series at a dyadic-irrational
point x € I" is represented by an integral mean over an appropriate dyadic interval
containing x. From this connection and the well-known theorems by Lebesgue,
Jessen, Marcinkiewicz and Zygmund (see [4, Ch. 2]) it follows that:

1) For every function f € L(I"), the Fourier-Haar series of f cubically converges
to f(x) at almost every point x € I";

2) For every function f € L(In™ L)"~!(I"), the Fourier-Haar series of f converges
in the Pringsheim sense to f(x) at almost every point x € I".

The optimality of the class L(InT L)~ 1(I") in the last assertion was shown by
Zerekidze in [5], where it was proved that in any integral class ¢(L)(I"), wider
than L(Int L)"~(I"), there exists a function f with almost everywhere divergent
Fourier-Haar series in the Pringsheim sense. As it was proved by Karagulyan [6] (see
also [7]) a similar result is valid for Fourier series with respect to arbitrary product-
system 6 x --- x 0, where 0 is a complete orthonormal system on I consisting of
bounded functions.

Kemkhadze [8] proved that for every function f € L(In™T L)"~(I"), the Fourier-
Haar series of f spherically converges to f(x) at almost every point x € I". The
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optimality of the class L(In™ L)"~(I") in this result was established in [9] (for
n = 2) and in [10] (for arbitrary n > 2).

The following theorem shows that similar to spherical partial sums, almost
everywhere WW-convergence of Fourier-Haar series in the class L(In™ L)*~1(I") is

valid for quite general type sets W.

Theorem 2.1. Let W C R} be a standard conver set of symmetric type. Then for
every function f € L(In* L)"~1(I") the Fourier-Haar series of f is W-convergent

to f(x) at almost every point x € I".
We obtain Theorem 2.1 from the following two results.

Theorem 2.2 ([11]). For every function f € L(In" L)"~'(I") the Fourier-Haar
series of f is reqularly convergent to f(x) at almost every point x € I". Furthermore,
if f € L(In™ L)*(I"), where 0 < k < n — 2, then each (k + 1)-dimensional section

of Fourier-Haar series of f is regularly convergent at almost every point x € I™.

Theorem 2.3. Let W C R} be a standard convez set of symmetric type. Then for
an arbitrary function f € L(I") and a point x € I™ the following implication holds:
(the Fourier-Haar series of f regularly converges to f(x) at the point x) = (the

Fourier-Haar series of f W-converges to f(x) at the point x).
The next assertion is a corollary of Theorems 2.2 and 2.3.

Theorem 2.4. Let W C R} be a standard convex set of symmetric type. Then
for an arbitrary function f € L(In™ L)"»~2(I") the following implication holds: (the
Fourier-Haar series of f converges in the Pringsheim sense to f(x) at every point
x from a set E) = (the Fourier-Haar series of f W-converges to f(x) at almost

every point x from E).

Taking into account sparseness of Fourier-Haar series at every point x € 1", we

obtain Theorem 2.3 from the following result.

Theorem 2.5. Let W C R} be a standard convex set of symmetric type. Then
for an arbitrary sparse numerical series 0 = ) o am the following implication

holds: (o is regularly convergent to a number s) = (o is W-convergent to s).

Remark 2.1. For the case of lacunar series and spherical convergence, Theorem 2.4
was proved in [11]. For two-dimensional case, more complete results were obtained
in [12].
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3. PROOF OF THEOREM 2.5

Let W C R% be a standard set. Denote by ¢;(W) (i € 1,n) the supremum of
the i-th coordinates of those points of W which belong to the axes Ox;. Obviously,
t;(W) > 0. Let us consider two intervals I(W) and J(W) associated with W, defined
as follows:

I(W) = [0, £ (W)] x -+ x [0, 8 (W],

J(W) = {o, tlé:/)] X e X [0, t"gj/)}

Lemma 3.1. Let W C R be a standard convex set of symmetric type. Then
JW)cw c I(W).

Proof. We first prove the inclusion W C I(W). Assume the opposite, that is,
W\ I(W) # (. Let E be a convex set which is symmetric with respect to each
variable and such that £ N R’ = W. Observe that for each point x = (21,...,2,)
from the set W \ I(W) there is i € 1,n for which z; > t;(W). Without loss of

generality, we can assume that

(3.1) Ty >t (W).

Taking into account the symmetry of F, we have (—z1,...,—2p_1,2,) € E. The
point (0,...,0,z,) is a midpoint of the segment joining x = (x1,..., n_1, ) and
(—x1,...,—Zn_1,Ty,). Therefore, by convexity of F we conclude that (0,...,0,2,) €

FE, and consequently, we have
(3.2) 0,...,0,z,) € W.

The relations (3.1) and (3.2) contradict the definition of the number ¢, (W), and
the obtained contradiction proves the inclusion W C I(W).

Now, we prove the second inclusion J(W) C W. For every i € 1,n, by x; we
denote the point lying on the axes Oz; and having i-th coordinate equal to the
number ¢;(WW)/2. From the properties of W it follows that all points O,xy,...,%x,
belong to W (here O denotes the origin). Then we consider the convex hull of the
points O, X1, ...,X, which we denote by Conv(O,x1,...,%,). From the convexity

of W it follows that
(3.3) Conv(0,x1,...,%x,) C W.
As it is well-known, the convex hull of points y,,¥yq,...,¥,, has the following

representation {> " Ai¥; : Aoy .- Am > 0,207 A; = 1}. Consequently, we have

(3.4) Conv(0,x1,...,X,) = {ZAixi A, A, 20, ZAi < 1}.
i=1

i=1
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Let x be an arbitrary point from the interval J(W). For each i € 1,n, we take the
number )\; equal to the ratio of z; and t;(W)/2. Then we have

n

D Tt(W) (W "1 -
ZMSZ;{(%L)%g)}:Zn:L X:z;)\ixi-

i=1 i=1

From (3.3) and (3.4) we conclude that x € W. Consequently, J(W) C W. O
Let W C R", i € 1,n and t € R. Consider the section of W by hyperplane {x €

R™ : x; = t}, that is, the set W[i,t] = W N {x € R" : z; = t}). Denote by W (i, )

the projection of Wi, t] onto R"~! taken by the variables z1,..., 2 1,Zit1,- -+, Tn.

We will refer the sets W (i, t) as sections of W.

Lemma 3.2. Let n > 3 and W C R’} be a standard convex set of symmetric
type. Then for every i € 1,n and t € (0,t;(W)) the section W (i,t) C R’j_‘l is an

(n — 1)-dimensional standard convex set of symmetric type.

Proof. Without loss of generality we assume that ¢ = n. Let (e;)]—; be the
tl(W)

standard algebraic basis in R™. Suppose x = te,, x; = “5~¢; (i = 1,...,n —1)

and x,, = t*e,, where ¢* is some number from the interval (¢,¢,(W)). From the
properties of W it follows that the points x,x1,...,x, belong to W.

For each i = 1,...,n — 1 let us consider the point y, = ax, + (1 — a)x;, where
«a = t/t*. Using convexity of W we have x,y,,...,y,,_1 € W. Besides, the n-th
coordinate of each point x,y;,...,¥,_1 is equal to t. From these facts it follows
that the section W (n,t) is a standard set in R"~1,

Observe that the set W N {x € R : z,, =t} is convex as an intersection of two
convex sets. Consequently, W (n,t) is a convex subset of R"~1.

Let E be the convex set that is symmetric with respect to each variable for
which ENRY} = W. It is easy to see that EN {x € R" : x,, = t} is symmetric with
respect to variables x1,...,2,_1. Consequently, E(n,t) is a subset of R"~! that
is symmetric with respect to each variable. Now, taking into account the equality
E(n,t) "R = W(n,t), we conclude that W (n,t) is a standard convex set of
symmetric type. O

Lemma 3.3. Let W C R} be a standard conver set of symmetric type. Then for
everyt=1,...,n—1 and ty,...,t; > 0, the set

WA ([0,t1] x -+ x [0,8] x RY™)
is also a standard convex set of symmetric type.

Proof. Denote V' = [0,#] x -+ x [0,#;] x R, Tt is easy to see that V is a

convex set of symmetric type and the intersection of two convex sets of symmetric
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type is also similar one. Consequently, W NV is a convex set of symmetric type.

On the other hand, taking into account that W is standard we can conclude that

W NV is a standard set. (I
Let us introduce the following notation. We denote:

by M, the class of all subsets of 1,n;

by |M| the number of elements of a set M;

by w(n,M) (M € M,) the bijection n(n,M) : 1I,n — 1,n with the following

properties:

e 7(n, M) is increasing on the set W and maps this set onto M,

e m(n, M) is increasing on |M| + 1,n and maps this set onto 1,n \ M;
by (t,h,M) (M € M,,t € RIM h ¢ R*IMI) the point x of R™ such that
Tr(maryy = b if € 1, M| and @ () = hio v if i € [M] + 1,n;
by AxM B (M € M,,,A c RIMI B c R*IM]) the product of the sets A and B
corresponding to the set M, that is, the set {(t,h, M) :t € A, h € B} (it is clear
that A xM B = B x1n\M 4).
by A(n,M) (M € M,,1 < |M| < n) the class of “M-dimensional” intervals
A of type ([0,p1] % ... [0, pjag]) XM {(q1,- - @noyar))}, Where py,....DMps s - - -
qn—|m| € N; and by I(A) the largest among numbers g; from the definition of an
interval A € A(n, M).

By C(as,...,an) will be denoted positive constants depending on parameters

ai,...,an. For a standard set W C R’} we denote t(W) = min{t;(W),...,t,(W)}.
Obviously, we have ¢(W) > 0.

Lemma 3.4. Letk € N, A > 1, E C N" be a (k,\)-sparse set, and let W C R} be
a standard convex set of symmetric type. Then the set ENW may be decomposed
in the following way:

EnNW=(EnJW)U [ (ENA),
AEA

where A C J{A(n,M) : M e M,,,1 < |M| < n}, |A| < C(n,k,\), the intervals
A € A are disjoint and they do not intersect J(W), A CW and I(A) > t(W)/2n
for every A € A.

Proof. For i € 1,n, t € R, an one-dimensional interval I and a standard convex

set V, we denote
Pi(t) = {X eR":x; = t}, FI(I) = {X eR":z; € I},

Q:(V) = {q € (ti(v),ti(vﬂ NN:ENT;(q) # @}.

2n
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Then we have the decomposition:

(3.5) V= (Vrmqo, té?])) U (VﬂFi<(ti§:),ti(V)]>>.

Also, by virtue of (k, \)-sparseness of the set E, the following inequality holds:

(3.6) |Qi(V)] < k(1 + log,(2n)).

Let us introduce the following sets

W, =W n ([o tl(W)] X oo [07 ti(W)} xRil) (1<i<n—1)

2n 2n
Also, we define Wy = W and W,, = J(W). Obviously, we have W = Wy D Wp D
Wy D - D Wypoq D W, = J(W). Observe that by Lemma 3.3 each W; is a
standard convex set of symmetric type.
Taking into account (3.5), it is easy to see that for the cases V=W, k=1; V =
Wi, k=2;...,V =W,_1,k = n, the following decompositions hold:

(3.71) EnW=(EnW)U (J (EnWnTi(g),
q€Q1 (W)
(3.72) EnWi=(EnW)u ) (EnWinTyg),
q€Q2(Wh)
(3.7,) ENW,=(EnJW)HU | (ENW1nTa(g).
4E€EQn(Wn—1)

Consequently, we have

(3.8) ENW =(EnJW))uU O U EnwiinTi(g).
=1 qeQ;(Wi_1)

In each of decompositions (3.7;) the components W;_1 NT;(q) (¢ € Q;(W;-1)) and

W, are disjoint, and hence, we conclude that:
The components J(W) and W;_; NTi(q) (i € I,n, ¢ € Q;(Wi_1))
(3.9) in decomposition (3.8) are disjoint.
By (3.6) for every i € 1,n we have
(3.10) |Qi(Wi—1)| < k(1 + log,(2n)).
It is easy to see that for every i € 1,n
t(Wie1) =t:(W), ..., tn(Wi—1) = tn(W).

Consequently, for every i € 1,n and q € Q;(W;_1) we have

ti(Wi1)  t;(W) - t(W)
on  2n T 2n
77

(3.11) q>




G. ONIANI, F. TULONE

The representation (3.8) gives a possibility to prove the lemma by induction with
respect to n.

Taking into account that W; are standard convex sets of symmetric type and
using the properties (3.9)—(3.11), we easily conclude the validity of the lemma in
the case n = 2.

Let us perform the induction step from n — 1 to n.

Consider the projections of the sets ENT;(¢q) and W;_; NTy(q) (i € 1,n,q €
Qi(W;_1)) to the space R" ™1, taken with respect to variables x1, ..., Z;_1, Tit1,. .., Tn.
These projections are denoted by E(i,q) and W;_1 (%, q), respectively. It is easy to
see that E(i,q) is a (k, \)-sparse subset of N*~1. On the other hand, by Lemma 3.2,
W;_1(4,q) is an (n — 1)-dimensional standard convex set of symmetric type. Using
the induction hypothesis for the sets E(i, ¢) and W;_1 (i, ¢), we obtain a decomposition
of the set E(i,q) N W;_1(4,q) by means of the family A(i,q) C J{A(n —1,M) :
M eM,_1,1 <|M| < n—1} of lower-dimensional intervals, that is,

E(i,q) "N W;_1(i,q) = (ENJ(W;_1(i,q))) U U (E(i,q) N A),
ACA(i,q)
where the family A(i, ) has the properties stated in the lemma.

Next, for every i € T,n and ¢ € Q;(W;_1), let us consider the family A(4,q) of

the intervals {¢} x{" A, where A € A(i,q) or A = J(W;_1(i,q)). Then we have

EﬁW:(EﬂJ(W))UO U U Ena).

=1 q€Qi(Wi-1) AcA(i,q)
Finally, taking into account the properties (3.9)—(3.11), we easily see that the family
n
a=1J U AaGg
i=1 qeQ;(W;—-1)

possesses all the properties of the desired decomposition of the set £ N W. (]

Remark 3.1. If for every number r > 0 we use Lemma 3.4 for £ and W, then
we can conclude that the intervals A from the decomposition of E N rW satisfy
the inequality [(A) > rt(W)/2n. To prove this we have to take into account the
following evident equality ¢t(rW) = rt(W).

For x € R" denote |[x|| = Y1, |@i].

The following lemma was proved in [9] (see [9], Lemma 2).

Lemma 3.5. Let 0 = ) ;. ai be a numerical series, M € M, 1 < [M] < n,
p e NMI qe N~ and A = ([0,p1] x ... [0,pjar]) XM {a}. Then
SA(U) = Z (_1)“d||5(p,qfd,M)(o-)'
de{0,1}— M|
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Remark 3.2. For the general term of a series Y _n» a; the following well-known

ieN
representation holds: a; = Zde{oj}”(_1)|IdHSm*d(o’)‘
For any n € N assume that A(n,0) = {{q} : ¢ € N"}, and denote
A(n) = U amm.
MEeM,,,|M|<n
Also, for A = {q} € A(n,0) by I[(A) we denote the maximal among the coordinates
of q.

Lemma 3.6. Let n € N and 0 = ) ;. a; be a regularly convergent numerical
series. Then

lim Sa(0) = 0.
AeA(n), l(A)—oo

Proof. For the one-dimensional case the lemma is obvious. Let us perform the
induction step from n — 1 to n.

For an arbitrary given € > 0 we must find a natural number N such that
(3.12) |Sa(o)] < e

for every A € A(n) with [(A) > N.
Taking into account convergence of o in the Pringsheim sense, we can find a

natural number N7 such that
(3.13) |Sm (o) —s| < g/2"

for every m € N™ having all coordinates not less than N;. Here s denotes the sum
of the series o.

For every k € 1,n and t € 1, N7 let us consider the section o (k,t) of the series
0 = ) ienn @i Which we derive by n-tuples i = (i1, ...,i,) having k-th coordinate
equal to t. Using induction hypothesis for each (n — 1)-dimensional series o(k,t)
(k €1,n, t € 1, N;) we can find a natural number N(k,t) such that
(3.14) [Sa(o(k,t))| < /Ny
for every A € A(n — 1) with I[(A) > N(k,t).

Let Ny be the maximal among the numbers N(k,t) (k € T,n, t € 1, N;). Define
the number N as follows N = Ny + Ns.

Now, we proceed to prove the inequality (3.12). Suppose, A € A(n) and I(A) >
N. Note that: 1) for the case A € A(n,M), 1 < |[M| < n, A has the form:
([0, pa] x . [0, ppary]) XM {(q1, - - - gn—|n)) }; 2) for the case A € A(n,0), A has the
form: {(q1,...,qn)}-

Case 1. Each among the numbers p; and ¢; from the definition of A is greater

than Nj.
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We use Lemma 3.5 and Remark 3.2 to estimate |Sa(o)| by a sum of [Sm(o) —
S (0)] type expressions, where all coordinates of m and m’ are not less than N;.
Observe that the number of such expressions is not greater than 2"~!. Hence, taking
into account (3.13), we obtain |Sa(0)| < 2" 1(g/2" 4+ £/2") = e. Thus, in this case
the inequality (3.12) is proved.

Case 2. At least one among the numbers p; and ¢; from the definition of A is not
greater than V;.

Suppose that for a k-th dimension the above mentioned inequality is fulfilled and
that for a m-th dimension I(A) = g,,. Obviously, k& # m. The interval A will be
decomposed by sections A[k,1],..., A[k, N1]. Note that if a section Al[k,t] is non-
empty, then A(k,t) € A(n —1) and A(k,t) is derived from A by omitting its k-th
dimension. Consequently, taking into account that k # m, we have I(A(k,t)) =
Ggm = l(A) > Ny. From the last estimation, using (3.14) and the definition of
the number Ny, for every k € 1,n and ¢t € 1, N; with A[k,t] # 0, we obtain
| ZieA[k,t] ai’ < ¢/N;. Consequently, we have

Ny

€
‘SA(O'”: Zai SZ Z a;i <N1E:€.
ieA t=1ieAlk,t]
This completes the proof of inequality (3.12). |

Now, we proceed directly to the proof of Theorem 2.5.

By E denote the set {m € N" : ay, # 0}. According to the condition of the
theorem, the set E is (k, A)-sparse for some k£ € N and A > 1.

Let A, C A(n) (r > 0) be a family of lower-dimensional intervals constituting
a decomposition of the set £ N rW according to Lemma 3.4. Then, in view of
properties of A, (see Lemma 3.4), we have

Sow () = Sray (@) + > Salo),

A€EA,
A < C(n,k,A), L(A)>rt(W)/2n.

From the last two estimates and Lemma 3.6 we obtain
lim ) Sa(e) =0.
A€A.,
On the other hand, from the convergence of ¢ in the Pringsheim sense it follows

that lim S, ;w)(o) = s. Thus, lim S, (0)=s. Theorem 2.5 is proved. O
T—>00 T—>00

CHuCOK JIMTEPATYPBI

[1] B. S. Kashin and A. A. Saakyan, Orthogonal Series, Nauka, Moscow (1984); English transl.,
Transl. Math. Monogr., 75, Amer. Math. Soc., Providence, RI (1989).

[2] G. H. Hardy, “On the convergence of certain multiple series”, Proc. Cambridge Philos. Soc.,
19, 86 — 95 (1916-1919).

80



(3]
[4]
(5]
(6]

ON THE ALMOST EVERYWHERE CONVERGENCE ...

F. Moricz, “On the convergence in a restricted sense of multiple series”, Anal. Math., 5(2),
135 — 147 (1979).

M. de Guzmén, Differentiation of Integrals in R™, Lecture Notes in Math., 481, Springer-
Verlag, Berlin-New York (1975).

T. Sh. Zerekidze, “Convergence of multiple Fourier-Haar series and strong differentiablity of
integrals [in Russian|”, Trudy Tbilis. Mat. Inst. Razmadze, 76, 80 — 99 (1985).

G. A. Karagulyan, “Divergence of double Fourier series in complete orthonormal systems [in
Russian]”, Izv. Akad. Nauk Arm. SSR. Ser. Mat., 24, no. 2, 147 — 159 (1989); translation in:
Soviet J. Contemporary Math. Anal. 24, no. 2, 44 — 56 (1989).

G. Gat and G. Karagulyan, “On convergence properties of tensor products of some operator
sequences”, The Journal of Geometric Analysis, 26, no. 4, 3066 - 3089 (2016).

G. G. Kemkhadze, “Convergence of spherical partial sums of multiple Fourier-Haar series [in
Russian]”, Trudy Tbilis. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR, 55, 27 — 38 (1977).
G. E. Tkebuchava, “On the divergence of spherical sums of double Fourier-Haar series”, Anal.
Math. 20 (2), 147 — 153 (1994).

G. G. Oniani, “On the divergence of multiple Fourier-Haar series”, Anal. Math., 38 (3), 227
— 247 (2012).

G. G. Oniani, “On the convergence of multiple Haar series”, Izv. RAN: Ser. Mat., 78 (1), 99
— 116 (2014); translation in Izv. Math. 78 (1), 90 — 105 (2014).

G. G. Oniani, “The convergence of double Fourier-Haar series over homothethic copies of
sets”, Mat. Sb. 205 (7), 73 — 94 (2014); translation in Sb. Mat. 205 (7), 983 — 1003 (2014).

[Mocrynuna 24 oktabpsa 2017
ITocne mopaborku 16 ampens 2018

IIpunsara k nybsukanum 25 ampesns 2019

81



Uszsecrus HAH Apmvmennn, Maremaruka, Tom 54, H. 5, 2019, crp. 82 — 89

O ITIOBEAEHUN ABYX TUIIOB MATEMATNYECKUX
OXKNIAHUN OJ1d JIOTAPUOMUYECKN HOPMAJIBHOT'O
PACITIPEJAEJIEHN A

. C. CYKHMACHH, M. E. AJTAEN

Hucruryr maremaruku HAH PA, Epepan, Apmenus
E-mails: haik@instmath.am; m_ e _alaei@yahoo.com

AHHOTAIIUA. B craThe m3ydaioTcss (PyHKIUU, 3aBUCANIAE OT PEATU3AIUNA CIIy-
JafiHON BeJIMYHUHEL C JJOrapudMUIECKH HOPMAJIbHBIM PACIPEJEICHHEM U ABYX TH-
[IOB MaTEMATUYECKUX Okugauuii. Jlalorcs maTepuperanny 3tux QyHKIU 1 Ma-
TEeMATHIECKUX OKHIAAHUN B TEDMHUHAX aKTyapHO# Maremaruku. [IpoBesen cpas-
HUTEJbHBIN aHAJIU3 ABYX THUIIOB MATEMAaTUICCKUX O)KI/I,Z(aHI/H';'I C HCIIOJIb30BAHUEM
dbopmyn Buska-Illoyn3a. Beipaboranbl Kputepuu IOAYMHEHNUA CJIy4daliHON Ben-
YUHBL CTOXACTHIECKOMY ypaBHeHUIO quddysun. llosyuennsie kpurepuu npose-
DPEHBL Ha YUCJIEHHOM IIpHMepe M3MEHEHHS IIeHbl Ha, HePTh ¥ MOTYT OBITH HCIIOJb-
30BaHBbl [Jisd IPOTHO3UPOBAHUA (bHHaHCOBbIX KPHU3UCOB.

MSC2010 number: 60G51

KurroueBsbie ciioBa: croxacrudeckoe ypasuenune nuddysun; bopmyna Biska-ITloynsa;
JIOT-HOPMAJILHOE PACIIPEIe/IeHNE.

1. BBEAEHUE

Iycrs 3adukcupoBana peanusaunusa f(t) ciaydaiinoil sesuumabl S(t) HA KOHed-
HOM JUCKPETHOM MHOMKECTBE To4ueK tog = 0 < t1 < ... < t,, T.e. UMeeM BBIOOp-
Ky f(to), f(t1),e., f(tn). Uccnenyercsa caenyomas 3aja4a: 110 3HAYEHUSM BbIOOPKU
f(to), f(t1),..., f(tn) onpenenuts mogunnsiercs au S(t) CTOXaCTHYECKOMY YPABHEHHIO
muddy3un. Tak Kak croxacTudeckoe ypaBHeHue qudPy3un CIyKAT MOMETHI0O MHO-
IUX CIyYaiiHBIX MPOIECCOB M3YYaeMbIX B (DMHAHCOBOW MaTEMAaTHKE, TO CTAHOBHTCS
SICHBIM aKTyaJbHOCTh W BAYKHOCTH TAHHON 3a1a4u.

B crarbe usyuatorcs dbyukiyu, 3asucsiiue ot Boi6opku f(tg), f(t1),..., f(tn) m
IIBYX TUTIOB MaTe€MaTHIeCKIX Oxkuaannii. Haiimenbr cooTHOMeRnsT MesK Iy STuMu (pyHK-
LMsIME, BBIIOJIHAEMbIE [IPU yCJI0BHUHU, 4T0 BbIGOPKa f(to), f(t1),..., f(t,) B3dra U3 pe-

a/M3aIMU CJ1ydaiiHoil BeuauHbl S () NOAYUHSIONEHCS CTOXaCTUYECKOMY YPABHEHWIO

muddy3umn.
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Teoperndeckue pe3yabTaThl MPOBEPEHBI HA TPUMEPE N3MEHEHUS [I€HBI HA HEPTH 3a
nepuon ¢ 1.12.2006 mo 28.2.2009. IIpoBenerHoe duCIeHHOE CpaBHEHNE TTOATBEPINIO

CIIPABEJTUBOCTD TIOJIYY€HHBIX CBOMCTB M3Y4eHHBIX (DYHKIWI OT pPeaTn3ainii.

2. TIPEABAPUTE/ILHBLIE CBEJIEHNS U3 TEOPUU CTOXACTUYECKUX YPABHEHUI

MO,[LQ.HBIO MHOTHX cnyqaf/iHbe MTpONECCOB MU3YyYa€MbIX B aKTyapHOfI MaTe€MaTHUKe

CITy?KHAT CTOXaCTUYIECKOe ypaBHeHnne auddy3uu
(2.1) dS(t) = r(t)S(t) dt + o(t)S(t) dW(t),

re ciaydaiinas Bennauna S(t) ¢ HeMPepPBIBHBIM aPTyMEHTOM § MOJIEINPYET MTOBEICHIE
LEHbI KAKOro-Jinb0 TOBapa B MOMEHT BpeMenu ¢, byHKIims 7 (1) 1M0Ka3bIBAET CKOPOCTh
n3MeHeHNst GaHKOBCKOM crapkn (wHdusinus), W (t) — GpoyHOBCKoe nBuxkeHne (CIIy-
YaiiHbIl rayCCOBCKUil IIPOLECC C HE3ABMCUMbIMU IIpupalleHusymu). Poub nuctepcun
urpaer (yukuus o(t), Ha3bBaeMasg BOJATHILHOCTHIO IPOIECCA.

Ussecrnas gemma Uro [1] yeranasiausaer upasuio gubddepenuupoBanus ByHK-
uii OT CIyYailHbIX BEJIUYUH, YAOBJIETBOPSIOIIMX CTOXACTUYECKOMY ypaBHeHuio (2.1):

Jutst mioboit aBark el auddepentmpyemoit dbyuximn F(S,t) nmeem

OF OF 1 O*F
dF(S,t) = S0+ 555+ iaz(t)SQ(t)w dt.

— OF _n 0F _ 1 9°F _ _ 1
Ecma npunsares F(S,t) = In S, ro nonyuum Gy =0, 5 = 5, 55z = — gz 4 ypaBHenue

(2.1) cBOAMTCH K CJELYIOMEMY CTOXACTUIECKOMY YDABHEHUIO
a?(t)
(2.2) dInS(t) = (r(t) - 2) dt + o(t) dW(t).

Teopema 2.1. [1] B cayuae omcymemeus undasyuu r(t) = 0 u nocmoannod eona-
MUADPHOCTNU O PEUEHUEM CTNOTACTNUYECK020 YpasHerus (2.2) ¢ HAUAAbHIIM YCA0BU-
em S(0) = Sy asasemcea caywatinas eeauwuna S(t), y xomopot In S(t) umeem Hop-
maavnoe pacnpedeaenue N(a(t),o(t)) co cpednum a(t) = In Sy — 0°t/2 u ducnepcueti
o(t) = o?t.

Teopema 2.1 cIyKUT MOTHBAIMEN 1T PACCMOTPEHUS B HACTOAIIEH CTAaThbe CITy-
vaitHoil Beswuuunbl S(t), pacupeneseHue KOTOPOii IPeANoaaraeTcs JorapudMuaecku
HOPMaJIbHBIM, T.€. CiaydaiiHas Bejmauna InS(t) ajd KaxkJI0ro ¢ uMeer HOPMAJIbHOE
pacupenenenue N(a(t),o(t)) co cpeauum a(t) u mucnepcueit o2(t).
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3. JIBA TUIIA MATEMATUYECKUX OXKUJIAHUI U ®OPMYJIbl BJI9KA-ITTOYI/I3A
Msr uccmeyeM MaTeMAaTHYIECKOE OXKUIAHNE Cleayomeit hyHknum oT S (t):
M.(t, K) = E[S(t) - K],
riae K- IPOU3BOJIbHAA ITOJOZKUTETbHadA KOHCTaHTa U

X, ecmm X >0,

X+ ==
0 ecau 0 > X.

Iycrs t = (t1,ta, ..., ty ) - TOCIEIOBATETBHOCTD MOMEHTOB BPeMeHH t] < ty < ... < tp,
ITosenenne BesmanabI M, MBI OyIeM CpaBHUBATEH TIPH TEX YK€ 3HAYEHUSX TTAapaMeTpOB
K u t ¢ MmareMaTuvecKuM OXKHUIAHHEM IOXOXKel (DYHKIMK OT TOH Ke CIIydaiiHoit
BesmmauHbl S (t):

M, (t,K) = E[G (m,t) — K],
e G (m, f) ecTb CpeJiHee reoMerpuyieckoe m ciydaitnbix sesmaun S(t;), 1 =1,2,...,m,

T.C.

—

G (m, 1) = S(to) -+ S(tm)]'™ 1= (11,12, s tm)

DT MareMarudecKue OXKUIAHMs IPEJICTABIAIT UHTEPEC B (DMHAHCOBON MAaTeMaTH-
Ke, TaK KaK eCJId [MPHUHATH, YTO Ciydaiinasg Bejuduna S(t) Momenupyer mnoBeeHHe
[EHbI KAKOrO-JIM00 TOBApa B MOMEHT BpeMeHH t, TO M, MOXKHO MHTEPIPETUPOBATH
KAaK OKHJIAEMYIO IEHY €BPOIEHCKOro onmuona, a M, MOKHO MHTEPIPETHPOBATH KAK
OXKHJAEMYIO IIeHy a3HMaTCKOro ommuona (cM. [1]).

O6o3nauum yepes P(.) byHKUMIO pacupeeseHus CTaHIAPTHON HOPMAJIBHON CJLy-
qaitnoit Besmuunbr N (0, 1).
Teopema 3.1. (Popmyna Baska-ITloynsa mist esporneiickoro ommmona) [Tyemo S(t) —
cayuaiinas eeaununa, y komopot In S(t) umeem nopmasvroe pacnpedeaenue N(a, o)

co cpednum a(t) =In Sy — 0%t/2 u ducnepcueti o(t) = o*t. Tozda
(3.1) M. (t,K) = E[S(t) — K]+ = So®(d1) — K®(d2),

20e

o?t
dl = U\/» (IHSO —IHK+2>

o?t
d2: J\/» (h’lSo-an-Q)

Bamerum, 4ro ecsiu ciaydaiinas Beauuuna S(t), MOLEJIUPYET [OBEIEHUE LEHbI KAKOTO-
b0 TOBapa B MOMEHT BpeMmeHu ¢, TO (He CiydaiiHyio) BeJmduHy Sy MOXKHO UHTEpD-

[IPETUPOBATh KAK IIeHy TOBAapa B MOMeHT Bpemenu ¢ = 0.
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Teopema 3.2. (®opmyna Biska-Illoynsa misa azuarckoro ommona) ITycmos S(t) —
cayuwatinaa eesununa, y komopotd ln S(t) umeem nopmasvroe pacnpedeaenue N(a, o)
co cpednum a(t) = In Sy — 0?t/2 u ducnepcueti o(t) = o?t. Tozda

(3.2)

M, (E:K) = E[G (m,f) — K]+ =exp (—W;mQ

1T02) So®(dy (m)) — K®(da(m)),

20e
2

T
dy(m) lnSo—an—l—Q?Z(Q—m)),

2

el

T 2
dg(m):% (msO_an_Q;;)’ T=t1+ts+ ... +tm.

Dopwmysa (3.1) xopomio ussectHa, cM. Hanpumep, [1], [2]. Popmymna xke (3.2) menee
u3BecTHa, B [1] ona npueeeHa 6e3 mokazarenabcrBa. JlokaszarenberBo dbopmysst (3.2)

upuseieHo B [3] u [4].
4. OCHOBHBIE PE3VJIbTATHI

Cpasnusas ¢dopmyinst (3.1) u (3.2), Herpyano Bugers, uro npu m =1, T =t =t
[OJTY 48€M
M, (t, K) = M,(t,K), mua scex t, K >0,
YTO COMIACYETCS C PABEHCTBOM caiydaifHbix BeawanH S(t) u G(1,t).
Paccmorpum reneps cpepnee reomerpudeckoe G(2,t1,t2) AByX CiydailHbIX Bejid-
quH S(t1) u S(t2). O6o3naunm dt = to — ;.
Teopema 4.1. ITycts cayuaiinas Bennanna S(t) MOAUNHSIETCS CTOXaCTHIECKOMY YPaB-

umennio muddysuu. Torga nng seex ¢, K > 0 upu dt — 0 umeer mecTo
Ma(tv K) = E[G(2at - dtvt) - K]+ = Me(ta K) + O(dt)»
HdokazaTesabcTBo. 1 meem

G(2,t —dt,t) = \/S(t —dt)- S(t) = /[S(t — dt) — S(t) + S(t)] - S(¢).

Pazmaras no crenensm dS = |S(t — dt) — S(t)|, nomyunm

(4.1) G(2,t,t+dt) = S(t), 1+ 5‘,15) = 5(t) (1 + 2;‘;) + 0(dS).

Tak kak ciaydaitnas Bequuuna S(t) umeer JorapudMUUIECKUd HOPMAJbHOE PACIPE/Ie-
JICHHE C KOHEYHOI1 Juciiepcueil, TO MOKEM ITIOMEHATb MECTAMU OIlePAllUN IPEJEIbHOIO

mepexona u ycpeanenus u npu dt — 0 umeem
lim E|S(t—dt) — S(t)| =0.
Lim E|S( ) =S =0
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Orciona B cuny (4.1) noygaem
E|G(2,t,t + dt) — S(t)| = O(dt).
CrienoBaresbHO,
M, (t,K) = E[G(2,t — dt,t) — K]+ = E[S(t) — K]+ + O(dt) = M(t, K) + O(dt).

Teopema 4.1 goxa3aHa.

Iycrs 3aduxcupoBana peanusanus f(t) ciaydaiinoil Besmuubl S(t) Ha KOHEYHOM
JIUCKPETHOM MHOXKECTBe To4dek to = 0 < t; < ... < t, = t, T.e. ©MeeM BBIOOPKY
f(to) = So, f(t1),eesf (tn). Huena tg, ty, ..., t, momaraem neabivu, a aucaa f(t;) momaa-
raem nosioxkuresnbubivMu. st bukcupoBanHoit peasusanuu f(t) paccmorpum (Heciy-

qaitnyo) dbyuxnuo or K u ¢
Le(taK) = Me(t7K) - [f(t) - K]-‘r

Ormvernm, uto L.(t, K) MOXXHO WHTEPNPETHPOBATH KaK BEIMNYNHY MPHUOLLIH (Min
yOBITKOB) OT €BPOIEHCKOro OMIMOHA, KYIJIEHHOIO KOrJa LeHa ToBapa Obuia Sy, Ipu
YCJIOBHM, 9TO B MOMEHT BpeMeHN t TieHa ToBapa crana f(t).

Hus duxcuposannoii peanusanuu f(t) nosenenue byuxuuu Le(t, K) mbl 6yiem

CPaBHWBATH TIPU TEX K€ 3HAYCHUSAX apryMeHTOB K W t ¢ aHAJOrmIHON (DyHKIMEdH
Lo(t, K) = M (t, K) = [G(m, () = K] _ ,
rae G (m, f(f)) ects cpeanee reomerpuyeckoe m 3uasennit f(t;), i = 1,2,...,m, Te.

G (m, f(D) = [f(tr) - ft2) - ft)]™ 0 T= (t1, b2y tin)

Ormvernm, uro L, (t, K) MOXHO MHTEPIPETHPOBATh KaK BEJUYNHY TPHUOBLIH (Min
yOBITKOB) OT a3uaTCKOro OMIMOHA, KYIJIEHHOrO KOIJa LeHa ToBapa Oblia Sy, 1npu
YCJIOBHH, 9TO B MOMEHTBI BDEMEHH t; IeHa TOBapa craHoBuiach f(t;), 1 =1,2,...,m.

Paccmorpum ciyqgait m = 2. Hazoem ckxaurxom B TOUKe t Pa3HOCTH

dJ(t) = f(t+dt) — f(t).

Teopema 4.2. [Iycrb cayuaiinas Beauduna S(t) HOAYMHIETCH CTOXACTUIECKOMY YPaB-
nenuio auddysun. Torga musa seex ¢, K > 0 pasunoctsb Le(t, K) — Lo (¢, K) nupencra-
BUMa B BUJE CyMMbI JIByX CjIaraembix, npudem upu dt — (0 oaHO ciaraeMoe mmeer

nopsaok O(dt), a Bropoe umeer nopsagok O(dJ):

Le(t, K) — Lo(t, K) = O(dt) + O(dJ).
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HdokazareabcTBo. Meem

G2, t,t+dt) = /f{t+dt)- f(t) = VdI () f(t) + (1)

Paznaras mo crenensm d.J, mosydum

[ dJ dJ
G(2,t,t +dt) = f(t)4/1 + 0 f(t) (1 + Qf(t)) + o(dJ).

CrenoBaresbHO,

(4.2) |G(2,t,t +dt) — f(t)| = O(dJ).
Y4auThiBas MoJOKATENLHOCTD ncen f(t), umeem
Le(ta K) - La(tﬂ K) - Me(tv K) - Ma(tv K) - [f(t) - K]-i- + [G(Qvtat + dt) - K}-l-

=M,(t, K) — M,(t, K) + G(2,t,t + dt) — f(t).
Orciona B cuity coornomenus (4.2) u Teopembr 4.1, cienyer yrepxkaenue Teopembl
4.2.
Ckauok dJ nazoBem MaiibiM, eciu oH uMeer 1opsok O(dt), r.e. dJ = dt. Ckauok
dJ nazosem GosbiiuM, eciu dt = o(dJ). Y13 Teopembr 4.2 cpasy cJemyer:

Ilpennoxkenne 4.1. Manbiit ckagok dJ = dt BiedeT MajioCTh PA3HOCTH
|Le(t, K) — Lo (t, K)| = O(dt).
IIpenmoxxenne 4.2. Bosbmoii ckadok dJ >> dt Biaeder OOJIbIIYIO PA3HOCTH
|Le(t, K) — Lo (t, K)| = O(dJ) >> dt.

Ormerum, yro IIpepnoxenus 4.1, 4.2 cupaseyiuBbl 1pu ycjaosuu, 4ro Bbibopka f(tg),
f(t1),..., f(tn) B3siTA M3 pean3aMH CIIyYaiiHOM BeJHIHHBL S(t) NOTINHAIOMEHCS CTO-
XacTHUIeCKOMY ypaBHeruo nauddysnn (2.2).

B cuny roro, yro mpu yBeimdenuwm ducjaa m ciaydaiiabix Beawdaun S(t;), 1 =
1,2, ...,m yBelmmumBaercs ux pas3dpOC OT CPEIHErO reoMeTpudeckoro G (m,f) Oy~
qaeM CJeyIolee yTBep:K/IeHne.

Ilpepnoxkenme 4.3. YBequdenne BeJIWIUHBI M > 1 BjeYeT yBeIWdeHWE PA3ZHOCTU

M. (t, K) — M, (¢, K)|.

5. YUCJEHHBIM [IPUMEP

IIpennoxenus 4.1 — 4.3 npoBepeHbl HA MpUMEpPe W3MEHEHUs IIeHbl HA HEeDTH 3a
nepuoz ¢ 1.12.2006 o 28.2.2009 musx K = 65, t = 20 (cm. [5]). Ha puc. 1 pare
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1.12.2006 coorBercTByeT TOuKa 0 Ha ocm abcmucc, a gare 28.2.2009 coorBeTrCTByET

Touka 609.

Puc. 1

ITposenennoe uncinennoe cpapuenue (cM. Tabiuupt 1 1 2) noATBEPAUIIO B OCHOBHOM

cripaBeiuBoCcTh Ilpenmoxkennit 4.1 — 4.3.

T to So Jumps |L. — Lg|
2007/02/07 53  62.97 1.00 0.36
2007/08/03 176 72.49 0.29 0.18
2007/12/31 279 88.87 0.04 0.05
2008/03/03 321 99.15 0.62 0.15
2008/03/04 322 96.09 3.06 1.75
2008/03/14 330 101.75 0.79 0.88
2008/03/17 331 97.83 3.92 2.45
2008/03/18 332 102.18 4.35 6.32
2008/04/01 341 96.03 0.51 0.39
2008/05/01 363 107.04 0.59 0.68
2008/05/02 364 110.98 3.94 1.54
2008/05/20 376 130.16 3.97 1.71
2008/05/21 377 134.42  4.26 1.81
2008/06/05 387 127.40 4.79 1.09
2008/06/10 390 131.12 1.91 2.30
2008/07/29 424 124.06 2.50 1.54
2008/08/21 441 123.71 6.16 2.06
2008/08/29 447 117.38 0.32 0.74
2008/09/12 456 103.36 0.44 0.03
2008/09/18 460 98.57 0.96 0.33
2008/10/13 477 83.63 3.41 1.01
2008/10/31 491 7118  1.95 4.25

Tabsmua 1.
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T Jumps M. —M,| |[M.—-M,| [M.—-M, |M.—M,|
forim=10 for:m=6 for:m=4 for:m=2
2008/10/31  1.95 9.6 9.2 8.2 5.2
2008/11/10  1.18 9.5 8.6 75 48
2008/11/14  1.64 7.5 7.0 6.2 3.9
Tabmuua 2.

BakurroueHue. B oObIuHbIX yCii0BUsAX croxacTuueckoe ypapuenue (2.1) xopoiro omu-
CBHIBAET MOBEIEHNE [IeHbI H HedTh. B ycaoBusax ¢punamncoBOro Kpusnca mneHa Ha HedThb
He [IOJUUHSAETCs CTOXaCTUYeCKOMY ypaBHenuio (2.1).

OTKyna MOXKHO Ce/IaTh BaXKHBIM TpakTudeckuii BoBOa: Curyamnus “O0IbImoil cKa-
40K J(t) B couerannu ¢ manoit pasnocreio |Le(t, K) — L, (t, K)|” aBasgerca npensect-

HHUKOM OCTPOTrO (hMHAHCOBOTO KPHU3UCA.

Abstract. The paper considers some functions depending on the realizations of
a random process with log-normal distribution and two types of expectations. The
interpretations of these functions and expectations are given in terms of actuarial
mathematics. The comparison of the behavior of these two types of expectations
is given using the Black-Scholes formulas. Criteria for a random process to obey a
stochastic equation of diffusion are elaborated. The obtained criteria are verified on
a numerical example on the change in the price of oil, and can be used to predict

financial crises.
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Abstract. In this paper, we study bivariate homogeneous interpolation polynomials.
We show that the homogeneous Lagrange interpolation polynomial of a sufficiently
smooth function converges to a homogeneous Hermite interpolation polynomial when

the interpolation points coalesce.
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1. INTRODUCTION

The aim of this paper is to study bivariate homogeneous interpolation polynomials.
Let 3(,,(R?) be the space of all homogeneous polynomials of degree n in R2. It is
well-known that {2, 2" 1y,...,y"} is a basis for H,,(R?) and dim K, (R?) = n+1.
Aset X = {x; = (a;,b;) :i=0,...,n} C R?\ {0} is said to be pairwise projectively
distinct (PPD for short) if x; and x; are linearly independent, or equivalently
aib; —ajb; # 0, for every 0 <4 < j < n. Let f be a function defined on X. Bialas-
Ciez and Calvi [1] pointed out that there exists a unique polynomial h € H,4(R?)
interpolating f at X, that is,

h(x;) = f(x;), 0<i<nmn.

Moreover, the following equality holds:

" o abi —ya;

he)=> fx) [ ==+ x=(=y.

— 4t aby — bay

=0 7=0,j#1
The polynomial h is called the homogeneous Lagrange interpolation polynomial
of f at X, and is denoted by L"[X; f]. Here we are concerned with the following
problem.
Problem. Let {X*} be a sequence of PPD sets in R? with card(X*) =n + 1 for
k > 1. Assume that X* coalesces to a set A when k — oo. The natural questions

are the following.

(1) Does the sequence {LP[X*; f]} converge for every suitably defined function

f?
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(2) If yes, what is the limit? can it be understood as a Hermite-type interpolation

polynomial of f at A?

Positive answers to the above questions can be expected since Hermite interpolation
is usually the result of the collapsing of points in Lagrange interpolation. Note that
analogous problems have been studied by many authors. For instance, in [2, 5], the
authors found sufficient conditions that guarantee the convergence of multivariate
Lagrange interpolation polynomials of sufficiently smooth functions to the Taylor
polynomials. Phung [8] showed that the limit of bivariate Lagrange interpolation
polynomials at Bos configurations on circles is a Hermite interpolation polynomial
at the center of the circles when the radii of the circles tend to 0. In [6], based on
a beautiful result of Bos and Calvi [4], Calvi and Phung proved that the limit of
Lagrange projectors at Bos configurations on the irreducible algebraic curves in C?
are the Hermite projectors introduced by Bos and Calvi [4].

To investigate the above problem, we restrict our attention to the case where

X* lies on the right half of the unit circle, that is,

XFCet={x=(ay: x| =Lao>0}, [x| =+
This assumption does not lose of generality since h(tx) = t"h(x) for h € H,(R?),
t € R and x € R?.

In Theorem 3.1 below, we give a Hermite type interpolation scheme for J,, (R?)
in which the interpolation points lie on €. From this we infer that the Hermite
interpolation polynomial of a suitably defined function exists uniquely. In Theorem
4.1, we prove that when f is of class C™, then the homogeneous Hermite interpolation
polynomial of f at A is the limit of the sequence of polynomials {L*[X¥; f]} when
X* coalesces to A. Finally, we establish a continuity property of homogeneous
Hermite interpolation with respect to the interpolation points.

By ?,(R) we denote the vector space of all univariate polynomials of degree less
than or equal to n. Each vector space P, (R), 3, (R?) is endowed with a norm. The

set of all natural numbers is denoted by N.

2. UNIVARIATE HERMITE INTERPOLATION

Let t1,...,t\ be distinct real numbers, and let vq,...,vy be positive integers

such that n +1 = vy 4+ - -+ + vy. The following theorem is well-known.
Theorem 2.1. Given a function f for which fWi=Y(t;) exists for i = 1,... \.
Then there exists a unique p € P, (R) such that

P () = fO ), VI<i<A 0<j<w—1
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The polynomial p in Theorem 2.1 is denoted by H[{(¢1,11), ..., (tx,v2)}; f] and is
called the Hermite interpolation polynomial. The coefficient of ¢™ in H[{(¢1, 1), ..., (tx,va) }5 £,
denoted by f[(t1,v1),..., (tx,v0)], is called the divided difference. A formula for
Hermite interpolation polynomial can be found in [3, Theorem 1.1]. Using this,
we can prove the following factorization property of generalized Vandermonde

determinants (see [8] for details of the proof.)

Lemma 2.1. Let tq,..
positive integers such that n+1=wv1+---+vy. Let T = {(t1,11),..., (tx,vr)}, and

., tx be pairwise distinct real numbers, and let v, ...,V be

let F = {fo,...,fn} be a set of sufficiently differentiable functions at the t;’s. We
denote by VDM(F;T) the determinant of the generalized Vandermonde matriz:
fo(t1) fi(t1) fno1(t1) fn(t1)
fo(tr) fit) fa(ty)

V(F;T)

Then we have

k=1 i=0 1<i<i<A
where
folt1] filt1] fnlt1]
fol(t1,2)] fi(t1,2)] fl(ts, )]
DFT)=|  fol(tr. )] fil(t )] ful(t, )]

fO[(tla V1)7 (tQ’ 1)]

fol(tr, 1), (b )]

S (20 B AL (%))

fro1(t)

Farw) 1)

Fua(ty)
"Lt

D) V()

(t; - )""D(F: ),

fl[(tla V1)7 (tQ’ 1)]

il ) ()]

Here the factor [[,«;;<\(t; —t:)"""7 does not appear when X = 1.

fn[(thyl)’ (t27 1)]

Falt 1) (b 22)]

The following result gives a useful formula for Hermite interpolation polynomial

which contains the terms D(;-).

Proposition 2.1. Letty,..

., tx be pairwise distinct real numbers, and let vy, ..., vy

be positive integers such that n+1=wvy 4+ -+ vx. Let T = {(t1,v1),. .., (tr, V) },
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M={1,t,...,t"}, and let f be a well-defined function. Then
H[{(t1, 1), ..., (tx,vn)}; fI(E ZD [t f(O)]; Tt
Here M[t! < f(t)] means that we substitute f(t) for t* in M.

Proof. For convenience, we set f;(t) = t* for 0 < i < n, and write

H[{(tlayl)’ (t/\al//\ } f Zczfz

It follows from the interpolation conditions that
(2.1) S Pt = fPty), 1<j<A 0<k<y -1

The determinant of the matrix of coefficients corresponding to the above system of
linear equations is VDM (M;T'). A result in [3, p. 3] shows that

)\l/kl

voMOwT) = ([T [T I @& -t

k=1 i=0  1<i<j<A
Using the Cramer rule in (2.1) and Lemma 2.1, we obtain
_ VDMMfi < f1;T) _

“T TTVDMOWGT) (
The proof is complete. O

Mf; < f1;T), 0<i<m,

When working with Hermite interpolation and the divided difference, it is convenient
to use interpolation sets in which elements may be repeated. For example, if A =
{1,-2,3,-2,1,—4,1}, then we can write A = {(1,3),(—2,2),(3,1),(—4,1)}. More
generally, any set {sg,...,s,} can be identified with {(¢1,11),...,(tx,vr)}. Here,

t; are pairwise distinct and the notation (¢;, ;) means that ¢; is repeated v; times.
Hence, we can write H[{so, ..., sn}; f] (vesp. f[so,--.,sn]) for H[{(¢t1,v1), ..., (tx,vr)}; f]
(vesp. f[(t1,v1), .-, (Ex,va)])- It is important to note that the divided difference is

continuous with respect to interpolation points (see [3, Corollary 1.5]).

Lemma 2.2. Let I C R be an interval and g € C"(I). Then the map
(50,--+,8n) € " g[s0, ..., 5]

18 continuous.

3. BIVARIATE HOMOGENEOUS HERMITE INTERPOLATION

In this section, we first give some results concerning vanishing of derivatives of
functions, which are used to prove that the homogeneous Hermite interpolation

problem in R? has a unique solution.
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3.1. Vanishing of derivatives of functions.

Lemma 3.1. Let k be a natural number, and let g and h be k-times differentiable
functions at to € R. If g(to) # 0 and (gh) D (tg) = 0 fori =0,...,k, then h()(ty) =
0 fori=0,...,k.

Proof. Since by assumption g(to)h(to) = 0 and g(t9) # 0, we have h(ty) = 0.
Assume that the assertion holds for i = 0,...,5 — 1 with 7 < k, and prove it for j.

By the Leibnitz formula, we obtain

J
0= (1)) = (00 )+ 3= () )10 0) = 0 )
Hence, h9)(to) = 0, and the result follows. (]

Lemma 3.2. Let g be a k-times differentiable functions at 6y € (=5, %). Then

%

doi

g(tan@)’ —0, Vi=0,... .k

=00

if and only if
gW (tanfp) =0 Vi=0,... k.

Proof. We first assume that <% “g7g(tan 9)’9 - 0 for every i =0,..., k. We prove
=bo

the lemma by induction on k. The assertion is trivial for £ = 0. Assuming that the

assertion holds for k — 1, we prove it for k. For convenience, we set ¢(6) = tané.

Using Faa di Bruno’s formula from [9], we obtain

dk k! k SO(J)
3.1 L (0 ‘ I 4™ (e
61 rele®)|_ =3 = T
where n = ny + - - - + n; and the sum is over all values of ny,...,n;t € N such that

ny+2ns + -+ kngp = k. Note that n < k and n = k only if ny, = n = k and

ng = --- = ng = 0. Hence, it follows from the induction hypothesis and (3.1) that
d* 1
0=— 0 = ¢ (tan 6y) ———.
dekg(sﬁ( ) 8=, g"’ (tan 0>c052k(90)

Thus, ¢g* (tan ) = 0.

Conversely, from (3.1) we see that %g(ap(&)) - is a linear combination of
=Yo

k + 1 derivatives g(p (6?())),9'(<p(9()))7 .., 9% (©(y)). Hence, if these k + 1 numbers
W (tan@)‘ =0 for every i =0, ..., k. O

0=0,

are equal to 0, then

Corollary 3.1. Let f and g be k-times differentiable functions at 0y € (—73, 7).
Then

i i

d
daif(tan@)‘

oy daig(tan@) oo’ Vi=0,...,k,
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if and only if
fD(tanby) = ¢ (tan6y), Vi=0,... k.

3.2. Homogeneous Hermite interpolation.

Theorem 3.1. Let n,vq,...,vy be positive integers such that vy +---+vy =n+1,

and let {ny, .. .,n,\} be a set of distinct points on C with n; = (cosa;,sinq;),

aj € (=%,%). Then, for any given data {c;.}, there exists a unique polynomial

h € H,,(R?) such that
k

(3.2) —

h(cos a, sin «)

Proof. Since the relation (3.2) consists of n + 1 interpolation conditions and
dim 3(,,(R?) = n + 1, it suffices to show that if h € 3, (R?) satisfies the following
conditions

k
Wh(cosmsina) e =0, 1<i<) 0<k<y —1,

then A = 0. We write

(3.3)

h(cos a, sin ) = (cos™ a)h(1, tan ) = (cos™ a)g(tan ),

where ¢(t) = h(1,t) € P,(R). From (3.3), we have

% ((cos” a)g(tan a))

=0, 1<i<\ 0<k<uwy —1.

a=o;
Since a; € (=5, %), Lemma 3.1 gives
dk

dor !

(tan a) =0, 1<i:<\ 0<k<y —1.

=y

Using Lemma 3.2, we obtain
q(k)(tanozi) =0, 1<i<\ 0<k<y -1

The uniqueness of univariate Hermite interpolation in Theorem 2.1 implies that

q = 0 since degp < n. Hence, h(z,y) = 2"q(£) = 0. O

Corollary 3.2. Under the assumptions of Theorem 3.1, if f is a function defined on
C* such that the function o — f(cos a, sin &) is (v;—1)-times differentiable at o; for
i=1,...,), then there exists a unique polynomial h = H*[{(ny,v1),...,(nx,v2)}; f] €
H,(R?) satisfying

d* dk

Wh(cosa,sina) — Wf(cosa,sina) e 1<i<A 0<k<y—1
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4. LIMIT OF HOMOGENEOUS LAGRANGE INTERPOLATION POLYNOMIALS

In this section, we give a formula for homogeneous Lagrange interpolation polynomials,

and then use it to respond the proposed problem.

Proposition 4.1. Let X = {xq,...,X,} be a set of distinct points on CT with

x; = (cosay,sinwy), o € (=%, %), and let f be a function defined on X. Then
n

L"(X; f](x) = Y DM[t" « f(1)}; )"y,

i=0
where M = {1,t,...,t"}, T = {tanay, ..., tana, } and the function f is defined by

f(tan CM) _ flcosasina) )

cos™ «

Proof. Since L' X; f] € H4(R?), we can write LPX; fl(x) = Y7 diz" iyt

=0 "7

By definition, we have
n
Z d; cos™ "oy sin’ ap = f(cosag,sinag), k=0,...,n.
=0
Dividing both sides by cos™ o, we obtain

Zditani ap = fleosa, sin ay) = f(tanag), k=0,...,n.
= cos™ ag,

By Cramer’s rule, the coefficients d;’s are given by

_ VDM(M[t' « f(1)};T)

B VDM(M, T')

where Lemma 2.1 is used in the case of pairwise distinct points to reduce the last

d; =DM[t' « f(O)];T), 0<i<n,

fraction. O

Theorem 4.1. Let n,vq,...,vy be positive integers such that vy +---+vy =n+1,

and let X* = {X’S, e ,xﬁ}, k > 1, be sets of distinct points on CT such that

klim x?znl for 0<j<ip -1
— 00

and

klim xg?:nm for i+ 1 <j<v+-Fr,—1 2<m<)\
— 00

where n;’s are pairwise distinct points on Ct. Then, for any function f of class C"

on CT, we have

lim LMXF*; f] = H*[{(ny,11),. .., (ny,v0)}; f].

k—o0

Proof. Let us define of = arg(x¥) for 0 <i < n and o; = arg(n;) for 1 <i < A.
The hypothesis gives

(4.1) lim a?:al for 0<j<wv; -1

k—o0
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and

(4.2) lim ak—am for i+ Hrvp 1 <ji<vi+-Frv,—12<m<A

k—o0
Without loss of generality, we can assume that —5 < a3 <--- < ay < 7. Since the
interpolation polynomial is independent of the ordering of the interpolation points,

the relations (4.1) and (4.2) allow us to assume that —3 < of < aof <--- <alf < Z.

Evidently, the setting f(tan ) := % with a € (=7, J) is equivalent to
A n 1 t
H=t>+1)2 , , teR.

Hence, f € C™(R). By Proposition 4.1, we can write
(4.3) LM[X"; fl(x) = ) dia"'y,
i=0

where
df =DM[t' « f(&);T"), 0<i<n,

and M = {1,¢,....t"}, T = {tanaf,... tana’}. Let us set

T = {(tana1,ul),...,(tanoo\,w\)} = {tan Sy, tan By,...,tan B}, Lo < -+ < By
By relations (4.1) and (4.2), we have

klir{:otanaf =tanp;, 0<i<n.

From the formula for D(-;-) in Lemma 2.1, we see that the (I, m)-entries of the
matrices corresponding to D(M[t' « f()];T%) and D(M[t < f(t)];T) are

gltanaf, ... tanaf ;] and g[tanfo,..., tan B_1],

where g € {1,..., "1, f,¢7F1, ... t"}. Tt follows from Lemma 2.2 that

hm gltanak, ... tanaf || = g[tanfBo,. .., tan B;_1].
k—s o0
Therefore, we have
Jim DOVt f(0)]:T*) = DM + F(0)): 1),
—00

and consequently,

lim LP[X%; f](x) = Y DM[t' = f()); T)a" "y’ = H(z,y).

k—o0 .
=0

To complete the proof, it remains to verify that H = H*[{(ny,11),..., (nx,va)}; f]-
We have

ZD tlef t)]; )':HH[{(tanal,yl),...,(tanOémV)\)}Jﬂ(t)a
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where we use Proposition 2.1 in the second relation. It follows that, for 1 < i < A,
0<k<y—1,

d* d* /o .
ﬁH(l,t) e ﬁ(H [{(tanal,ul),...,(tanoo\,m)};ﬂ (t)) e
dr .
a ﬁf(t) t=tan ozi.

Corollary 3.1 now yields

dk dk: R

d—kH(l,tana) = - f(tana) , 1<i<X 0<k<y -1

(0% a=ao; (0% a=ao;

In other words,

d* H(cos a,sin a) d* f(cosa,sina)

da¥ cos™ o a:ai:W cos™ o a=a; 1<i<d 0<k=wun-1
Using Lemma 3.1, we get

dk dk

WH(cosa,sina) = Wf(cosoz,sina) e 1<i<A 0<k<y —1.
It follows that H must be identical with H*[{(n1,21),..., (nx,v)}; f]- O

The next example shows that Theorem 4.1 does not hold when f ¢ C"(CT).

Ezample 4.1. For simplicity, we work with n = 1. The equation (4.3) gives
L [X*; f](x) = DOM[L « f(8)}; T")x + DMt « f(); T*)y,
where M = {1,t}, T* = {tan ok, tan of}. Let us define f : €+ — R by

1 Ly f(t)
VEFT VT (124 1)

£( , tER,

with

R 313 i 1 :
f(t):{ﬁsmf ?f t#0
0 if t=0.

Since f is continuous in R but not differentiable at 0, the function f does not belong
to CH(CH). If we take aff = arctan(—s;) and of = arctan(sy) with s, = m,
then x§ and x¥ tend to (1,0). For the coefficient of y in LR[X*; f], we have

k) _fse) = fles) 1

= = — +o0.

Sk — (—Sk) \3/@

Let X = {XO7 X1, 7xn} be a set of not necessarily distinct points on €*. Then

fltan of , tan o

we can write X = {(ny,v1),..., (nx,vy)} with v; +---+ vy =n+ 1. Hence we can
identify HP[X; f] with H[{(ny,v1), ..., (nx,vx)}; f]- Note that HP[X; f] does not
depend on the ordering of points in X.
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Corollary 4.1. Let n be a positive integer, and let X* = {xo7 . ,xlfb}, k>0, be

sets of not necessarily distinct point on Ct such that
lim | X* - X% =0,
k— o0
where
| X" — X|| = max{||xF —x?|:i=0,...,n}.
Then, for any function f of class C™ on Ct, we have

lim H"[X*; f] = HX; f].

k—o0

Proof. We can find of in (=%, %) such that of = arg(x¥) for 0 < i < n and

k > 0. By hypothesis, we have
(4.4) lim max{|a¥ —a?:i=0,...,n} = 0.
k—oc0

Since the homogeneous Hermite interpolation polynomials are independent of the
ordering of the nodes, we can rearrange al’s, if necessary, to get the ordering

Y
——<af<af<--<akh<

k>
2 =0,

m
2’
and (4.4) still holds true. This enables us to group consecutive identical angles so
that the orderings in the (o)™, do not change. From the proof of Theorem 4.1,

we have

ZD [t f(O)]; TF)a" "y, TF = {tanaf,... tana’}.

Since limy_so0 tana = tan ao for i = 0,...,n, it follows from Lemma 2.2 that
the (I,m)-entry of the matrix correspondlng to D(M[t* « f(t)];T%) converges to
the (I, m)-entry of the matrix corresponding to D(M[t* « f(t)]; T°) for every 1 <

l,m <n + 1. Therefore, we have
Jim DOVt f(£)]:T*) = DO’ « F()):T°),
—00

and consequently,

n

lim H"[X*; f] =) D[’ « f(£); T)a" "y’ = H" [X7; f].

k—o0 .
=0

The proof is complete. O
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of the manuscript.
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